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Abstract. In this note solutions are given to an infinite family of Pell’s equations of degree

n>2 based on second order linear recursive sequences of integers.

AMS Classification Number: 11B39

1. Introduction

Let A and B be non-zero integers. The second order linear recursive sequences
R={R,}5Land V = {V,,}°2, are defined by the recursions

(1) Rn = ARn_l + BRn_Q and Vn = AVn_l + BVn_Q,

for n > 2, while Ry =0,R;1 =1,V =2and V;, = A. If A= B =1 then R, = F,
and V,, = L,,, where F,, and L, denote the n'® Fibonacci and Lucas numbers,
respectively.

The polynomial g(x) = 2 — Ax — B is said to be the characteristic polynomial
of the sequences R and V', the complex numbers « and 8 are the roots of g(x) = 0.
In this note we suppose that 42 +4B # 0, i.e. @ # . Then, by the well-known
Binet formulae, for n > 0

_an_ﬁn

(2) R, = P and V,, =a" + (".

The classical Pell’s equation 2% — dy? = £1 (d € Z) can be rewritten as

det (‘” dy) — 41,
y X
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To generalize this Lin Dazheng [1] investigated the quasi-cyclic matrix

1 dr, drp,—1 ... dzo

To T dx., ... dxs3
3)  Cn=Culdizy,72,...,2,)= | T8 T2 T ... dva |

Ty Tp-—1 Tp—2 “en T

i.e. every entry of the upper triangular part (not including the main diagonal) of
the cyclic matrix of entries x1, x2, ..., x, is multiplied by d. The equation

(4) det (C,,) = 1

is called Pell’s equation of degree n > 2. For example, if n = 3 then (4) has the
form
x} + dal + d*x3 — 3drymaws = £1.

Lin Dazheng [1] proved that det (C,, (Lp; Fon—1, Fon—2,...,F,)) = 1, ie. if
d = L, then (x1,x2,...,2,) = (Fan—1, Fan—a,...,Fy) is a solution of (4). The
aim of this paper is to extend and generalize this result for more general sequences
defined by (1) with A% 4+ 4B # 0. In the proofs of our theorems we’ll apply the
methods and algorithms developed and presented in [1] by Lin Dazheng.

2. Results
Using (1) with A2 +4B # 0 and (3), we can state our results.
Theorem 1. For n > 2
det (Cn (Vn, Rop_1,Ropn_oa,..., Rn)) = Bn(n—l)’

ie. (z1,x9,...,2n) = (Ron—1, Ron—2a,..., Ry) is a solution of the generalized Pell’s
equation of degree n

det (Cy, (Vi 21,22, ...,20)) = Brn=1),

Corollary 1. Forn > 2

n—1 n 3
H Z Rgn_j (m)j_l Ek(j—l) _ Bn(n—l)’
k=0 \j=1

where {/V,, denotes a fixed n'" complex root of V,, and ¢ = >/,
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It is known from [3] that the inverse of a quasi-cyclic matrix is quasi-cyclic. In
our case we can prove the following result, too.

Theorem 2. For n > 3 the matrix C,, (V,,; Ran—1, Ran—2, ..., Ry,) is invertible and
its inverse matrix C; ! is as follows:

C;1 (Vn7 R2n—17 R2n—2a e 7Rn) = (_1)n_1B_n(BIn + AEn - E121)7

where 1,, and E,, denotes the identity matrix of order n and the n by n matrix

00 0 Va

10 ... 0 O
(5) E,=[0 1 ... 0 0 [,

00 1 0

respectively.

Remark. Naturally, if |B| # 1 then the entries of the matrix
C;1 (Vai Ron—1, Ran—2, ..., Ry)

are not integers.

Corollary 2.

(1,A,-1,0,...,0), ifn>3o0ddand B=1,

(1,-4,1,0,...,0), ifn>3o0ddand B= -1,
(@1, @2, ) = (-=1,-A,1,0,...,0), ifn>4evenand B =1,

(1,—A,1,0,...,0), ifn>4evenand B= -1

is an other solution of the generalized Pell’s equation

(6) det (Cp, (Vp; 21,2, ..., @) = 1.

3. Proofs

To prove our theorems we need the following

Lemma. Let the sequences R and V' be defined by (1) and we suppose that o # (3
in (2). Then

(7/1) RosrRyoy — R = (—1)"B"™" (n>1),
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(7/2) R, Vi = Ran (n>0),
(7/3) VaRn1 = Rony1 + (=B)" (n=0),
(7/4) E"=V,I, and E""' =V, E, (n>3),

where E,, is defined by (5).

Proof. The first three properties of the Lemma are known or, using (2), they can
be proven easily. For the proof of (7/4) consider the multiplication of matrices. For
example:

0 0 0 V. 0
0 0 00 V,
, 10 0 0 0
E,=E., - E,=1¢9 o0 0|
0 0 1 0 0
0 0 0V, 0 0
0 0 00 V, 0
0 0 00 0 V
E}=E}.E,=|1 0 00 0 0, 7
0 1 00 0 0
00 ..1 0 0 0
V, 0 0
0V 0 0
E; = : : BRR : = Vul,
0 0 ...V, 0
0 ... 0 V,

and so E't! = E" . E,, = (V,,I,) E, = V,E,.

Proof of Theorem 1. For n = 2 we get that

A24B A3 124B
det (Ca(Vai o, Ro)) = | © 10 7 200 | = B2,
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If n > 2, let us consider the n by n matrices

1 -A -B 0 ... 0 0
o 1 -A -B ... 0 0
0 O 1 —-A ... 0 0

To=|: & i
0 0 0 o ... -A -B
0 O 0 o ... 1 -A
0 0 0 o ... O 1

and
R2n—l Van cee VnRQn—Q

Rop—2 Rop—1 ... VpRon_3
Cn = Cn(VnaR2n—laR2n—27---aRn) - . . . .

Rn Rn+1 cee RQn—l

Then, by (1), (2) and (7/1)—(7/3), one can verify that

Ron—1 BRop—2 (—B)" 0 0

Rop—2 BRop—3 0 (—B)" 0

C,T, = : : :
Rosz BRuy 0 0 (—B)"

Rui1  BR, 0 0 0

R, BR,,_1 0 0 0

Developing the det(C,T,,) we get that

R BR
_ (_1\2n+2 n+1 n _ n
det(C,Tp) = (—1) det ( R, BRn—l) det ((—=B)"L,—2)

= B(Rp4+1Rn-1 — Ri)(_B)"(n—Q) - B(_l)an—l(_B)n(n_Q)
= (_1)n(n—1)Bn(n—1) — gn(n-1)

But, since det(T,) = 1, det(C,T,) = det(C,) - det(T,) = det(C,,), therefore
det(C,) = B*»=1 ie. Theorem 1 is true.

Proof of Corollary 1. In [2] it is proven that if C,, is as in (3) then
n—1 n j—1 -

(8) det (Cp(d, z1,22,...,2p)) = H Z x; (%) k(-1
k=0 \j=1

where € = >/, Substituting in (8)

d=V, and (x1,%2,...,2n) = (Ron—1,Ran—2,..., Ryn),
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by Theorem 1, the statement of Corollary 1 immediately yields.

Proof of Theorem 2. Theorem 1 implies that C;l (Vo; Ran—1, Ron—2, ..., Ry)
exists. It is easily verifyable that

Cy, (Va; Ron—1, Ron—2, ..., Rn) = Ropn_11, + Rop_2En + -+ + R,EL !,
therefore we have to show that
(9) (Ron—1I, + Ropn—oE, + -+ R,EL) (-1)""'B™"(BL, + AE, —E2) =1,,.
By (1), the left hand side of (9) can be written as
(10)  (=1)"'B™"(Ran—1BI, + Ron_2BE, + Ron_1AE, + R, AE]

—Ry1El —R,E}T 40, +---4+0,),
where O,, is the zero-matrix of order n.
Thus, applying (1), (7/1)—(7/4) and (2), the form (10) is equal to
(=1)"'B™" (Ray—1B1, + (BRop—2 + AR,_1) E
+ R, AV, L, — R, 11V, I, — R, V,E,)
(=1)""'B™" (Ray—1BL, + (Ron — R Vi) By + Vo (AR, — Ryg1)l)
(=
(=
(=

)
" 'B~"(Ry,_1BI, + O, — V,BR, 11,
1)71 —nl (R2n—1 - Van—l) In
1)71 1B n-‘rl( B)n—l:[n — (_1)271—2301" — I'n,,

which completes the proof of Theorem 2.

Proof of Corollary 2. By Theorem 2
det (Cp, (Vio; Ron—1, Ron—2, ..., Ry)) - det (C, ' (Vs Ron—1, Ron—2,..., Ry)) =1
thus, if |B] = 1 then, by Theorem 1,
det (C,;' (Vs Ron—1, Ron—2, ..., Ry)) = 1.
E.g. let n > 3 be an odd integer and B = 1. Then, by Theorem 2,

Cr_y,l (Vn§R2n—17R2n—2a cee 7Rn) = In + AEn - EEL

1 0 0 ... 0 =V, AV,
A 1 0 0 0o -V,

o

-1 -1 A ... 0 0 0

o o0 ... -1 A 1
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ie. (z1,22,...,2n) = (1,4, —1,0,...,0) is a solution of (6).
The proof is similar when n > 3 odd and B = —1, or n > 4 even and |B| = 1.
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