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A B S T R A C T   

The free convection of Cu-water nanofluid is simulated and investigated inside a square heat 
exchanger chamber in the presence of MHD magnetic field. The Buongiorno model with the ef-
fects of Brownian and thermophoresis motion is considered to nanoparticles distribution inside 
the chamber. The geometry consists of a square chamber with two cylinders on the right and left 
sides as heater and cooler in order to create the buoyancy force, respectively. These cylinders 
represent hot and cold pipes, and the walls of the chamber are heat and mass insulation. the FVM 
with SIMPLE algorithm are used for velocity and pressure coupling. In current two-phase simu-
lation, the effects of Rayleigh number, Hartmann number, inclination angle of chamber and 
volume fraction on streamline contours, isothermal lines, Lorentz force lines, nanoparticle dis-
tribution and Nusselt number are investigated. By modeling the motion of nanoparticles and 
evaluating it, a nanoparticle transport zone was observed. The diffusion effects of thermophoresis 
were significant in this zone. The nanoparticles were thrown from the hot cylinder to the cold 
cylinder. The application of a magnetic field enlarged the nanoparticle transport zone. However, 
increasing the Rayleigh number and decreasing the inclination angle of the enclosure caused the 
nanoparticles to disperse evenly.  
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1. Introduction 

The natural convection inside the chambers and the control of the flow characteristics and the nanoparticles have many appli-
cations in the field of environment, agriculture, renewable energy, and industrial processes [1–6]. The use of the natural convection for 
heat exchangers is one of the most applications in industrial processes. Garoosi et al. [7] investigated the free convection of three types 
of nanoparticles inside a chamber with different number and arrangement of heaters and coolers (HACs). They applied Cu, Al2O3, and 

TiO2 nanoparticles with homogeneous model for nanofluid. The whose results show that in all Rayleigh numbers, increasing the pairs 
number of HACs is more efficient than increasing the size of the HACs. Also, in low Rayleigh numbers, increasing the volume fraction 
enhances the Nusselt number, but in high Rayleigh numbers, the optimal volume fraction of nanoparticles is 1%. Heat exchangers are 

Nomenclature 

B0 Uniform magnetic flux density, [T] 
C Specific heat, [J kg− 1 K− 1] 
d Diameter, [m] 
D Diffusion coefficient, [m2 s− 1] 
g Gravitational acceleration, [m s− 2] 
H Characteristic length, [m] 
L Length of the cavity, [m] 
k Thermal conductivity, [W m− 1 K− 1] 
kB Boltzmann’s constant (=1.38066 × 10− 23), [J K− 1] 
P Pressure, [N m− 2] 
T Temperature, [K] 
V Velocity vector, [m s− 1] 
x, y Cartesian coordinates, [m] 

Greek symbols 
α Thermal diffusivity, [m2 s− 1] 
β Thermal expansion coefficient, [K− 1] 
δ Dimensionless parameter 
η Inclination angle of enclosure, [− ] 
μ Dynamic viscosity, [kg m− 1 s− 1] 
ν Kinematic viscosity, [m2 s− 1] 
ρ Density, [kg m− 3] 
σ Electrical conductivity, [Ω− 1m− 1] 
ϕ Volume fraction, [− ] 
γ Constant parameter 

Dimensionless number 
Ha Hartmann number 
Le Lewis number 
Nu Nusselt number 
NBT Ratio of Brownian to thermophoretic diffusivity 
Pr Prandtl number 
Ra Rayleigh number 
Sc Schmidt number 

Subscript 
Ave Average 
B Brownian 
C Cold 
f Fluid 
Loc Local 
H Hot 
nf Nanofluid 
np Nanoparticle 
m Mean 
T Thermophoresis 
* Dimensionless unit  
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used in a wide application in industries such as thermodynamic cycles, biomass, natural gas and oil storage and production [8–11]. 
Hence it has received diverse attention. In another study of Garoosi et al. [12], they also used cylindrical heaters and coolers inside 
square, circular and triangular chambers. They found that at Ra = 1e5, the heat transfer rate reduces with the addition of nanoparticles 
to the base fluid. On the other hand, the highest amount of heat transfer rate in a constant Rayleigh number occurs in a square, circular 
and triangular chamber, respectively. 

With the development of industry and the growing energy issues, a proper understanding of heat transfer and areas related to 
improving related technology has become very important for researchers [13–16]. One of the effective techniques to overcome the 
concerns in this regard is using an external magnetic field and nanoparticles. Here are some studies and their results on the use of 
Magneto-Hydro-Dynamics (MHD) in free convection. Ahmed et al. [17] simulated the free convection of MHD inside a porous 
triangular chamber with a vertical fin and a block at the bottom of the chamber. They studied and changed block and fin height, 
temperature condition of block and fin, and the Hartmann number. The results predicted that the presence of a magnetic field would 
reduce the flow velocity and thus reduce the heat transfer rate. Massoudi et al. [18] numerically studied the free convection of MHD 
nanofluid water-diamonds inside a trapezoidal chamber and an elliptical cylinder in the center. They understood that increasing the 
Hartmann number reduces the transfer heat transfer rate. 

One of the most important models of nanoparticle distribution in numerical simulations is the Buongiorno two-phase model [19]. 
Buongiorno pointed out that in laminar flows only the mechanisms of Brownian and thermophores diffusion are important. The 
Brownian and thermophoresis motion of the nanoparticles are due to the volume fraction gradient and the temperature gradient, 
respectively. Alhashash [20] simulated the natural convection of nanofluid with two phases model inside a porous chamber and a 
cylinder in the center. He showed that the heat transfer rate is directly related to the Darcy number and volume fraction. Sheikhzadeh 
et al. [21] showed that the two-phase model has more accurate results with experimental results by applying the Buongiorno 
two-phase model in the free convection of water-Al2O3. Also, the studies [22–25] investigated the free convection flow with two phases 
model. They showed that the density of nanoparticles distribution is directly related to increasing the temperature difference and 
decreasing the Rayleigh number. Moreover, Garoosi et al. [26] simulated the free convection of nanofluids with a two-phase model 
inside a cavity and different layouts of HACs. They concluded that HACs locations have a significant effect on heat transfer rate. Also, in 
low Rayleigh numbers, there is a non-uniform distribution of nanoparticles but in high Rayleigh numbers there is a uniform 
distribution. 

The research [27,28] simulated the natural convection of water-Al2O3 nanofluid. They modeled the Buongiorno two-phase model 
for the distribution of nanoparticles inside an enclosure with a square solid in the center. Several number of other studies also 
investigated the natural convection of nanofluids under Lorentz force. Studies [29,30] simulated the nanoparticle distribution under 
MHD conditions using the Bongiorno two-phase model. Sheremet et al. [30] showed that an intensify in the magnetic field makes the 
decreasing rate of the average Nusselt number reduces. 

In previous studies, free convection heat transfer in HAC configuration with water-Cu nanofluid in the two-phase model has not 
been investigated. Also, the parameters associated with the presence of the magnetic field, and the effects of MHD conditions have not 
been accurately evaluated. 

In the present simulation, a uniform magnetic field and Buongiorno two-phase model are applied to MHD natural convection of 
Water-Cu nanofluid inside a cavity chamber with a pair of heater and a cooler. The cavity walls are heat and mass insulation, and 
Lorentz force is applied to the momentum equation. Also, the effects of nanoparticles mass flux are considered due to Brownian and 
thermophoresis mechanisms. This study focuses on the effects of Rayleigh, Hartmann number, volume fraction and inclination angle. 

1.1. Problem description and geometry 

In this study, we intend to take a small step in this area. The geometry of the heat exchanger consists of a heat and mass insulation 
cavity with length and height L, and two pipes with diameter of 0.25 L as a heater and cooler (Fig. 1). The surface temperatures of the 
right and left pipes are at the hot temperature TH and the cold temperature TC, respectively. These HACs creates the buoyancy force for 
natural convection inside the cavity [12and31]. On the other hand, a uniform magnetic field B0 is embedded with a constant angle of 

Fig. 1. The geometry of the problem consisting of a heater and a cooler in the presence of a uniform magnetic field.  
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45◦ to the -x direction. the cavity is also deflectable with the η angle, and is filled with copper nanoparticles and water-based fluid. 

1.2. Assumptions and equations 

The MHD free convection of Cu-water nanofluid with Buongiorno model inside a chamber is simulated with Assumptions: steady, 
incompressible, Boussinesq approximation, two-dimensional, and Thermal equilibrium between the nanoparticles and the fluid [32]. 
Also, due to the presence of a uniform magnetic field, the MHD model has been used in momentum equations. On the other hand, the 
Buongiorno two-phase model is used to distribute copper nanoparticles and mass effects on the energy equation. By defining the 
appropriate dimensionless parameters and applying them to the equations, the dimensionless equations of continuity, momentum, 
energy and mass can be expressed as follows: 

dimensionless parameters [33]: 

∇* =L∇ , T* =
T − Tc

TH − TC
, V* =

VL
vf

, P* =
PL2

ρf v2
f
,B* =

B
B0

, ϕ* =
ϕ

ϕAve
,

δ =
Tc

ΔT
, D*

B =
DB

DB0
, D*

T =
DT

DT0
, DB0 =

KBTc

3πμf dnp
, DT0 = γ

μf

ρf
ϕAve 

Continuity equation [34]: 

∇* .V* = 0. (1) 

momentum equation: 
(ρnf

ρf

)

( V*.∇*)V* = − ∇*P* +∇*.

(
μnf

μf
∇*V*

)

+

(
(ρβ)nf

ρf βf

)
Raf

Pr
T*.êg − Ha2(V* ×B*) × B*. (2) 

Energy equation [35]: 

(ρCP)nf

(ρCP)f
V*.∇*T* =

1
Pr

∇*
(

knf

kf
∇*T*

)

+
1

Pr
1
Le

⎛

⎜
⎝D*

B∇
*ϕ*.∇*T* +

D*
T

NBT

∇*T*.∇*T*

1 + T*
/δ

⎞

⎟
⎠ (3) 

Mass transfer equation: 
The Buongiorno model is considered mechanisms of Brownian and Thermophoresis motion [35]. 

V*.∇*ϕ* =
1
Sc

∇*.

⎛

⎜
⎝D*

B∇
*ϕ* +

D*
T

NBT

∇*T*

1 + T*
/δ

⎞

⎟
⎠ (4) 

The dimensionless numbers that appear are as follows: 

Pr =
vf

αf
, Ra=

gβf ΔTL3

αf vf
, Ha=B0L

̅̅̅̅̅
σf

μf

√

, Le=
kf(

ρCp
)

npDB0ϕAve
, NBT =

ϕAveDB0δ
DT0

, Sc=
vf

DB0  

Which Pr, Ra, Ha, Le, Sc, and NBT are Prandtl, Rayleigh, Hartman, Lewis, Schmitt number, and ratio of Brownian to thermophoresis 
diffusivity, respectively [36–38]. 

We can calculate average Nusselt number of on wall cylinder as follow: 

NuAve =
1
A

∮

∇*T*.ds  

Which A and s is element and cylinder areas. 

1.3. Properties of nanofluids 

The thermophysical properties of water-Cu nanofluid such as: density, dynamic viscosity, thermal conductivity, heat capacity, 
coefficient of thermal expansion, and electrical conductivity, respectively [39]. 

ρnf =(1 − ϕ)ρf + ϕρnp (5)  

μnf =
μf

(1 − ϕ)2.5 (6)  

Y. Cao et al.                                                                                                                                                                                                            



Case Studies in Thermal Engineering 28 (2021) 101394

5

knf

kf
=

knp + 2kf + 2ϕ
(
knp − kf

)

knp + 2kf − ϕ
(
knp − kf

) (7)  

(ρCP)nf =(1 − ϕ)
(
ρCp
)

f + ϕ(ρCP)np (8)  

(ρβ)nf =(1 − ϕ)(ρβ)f + ϕ(ρβ)np (9)  

σnf = σf

[

1+
3
(
σnp
/

σf − 1
)
ϕ

(
σnp
/

σf + 2
)
−
(
σnp
/

σf − 1
)
ϕ

]

. (10) 

The thermophysical properties of water and copper nanoparticles are as shown in Table 1. 
To solve the coupled equations, the boundary conditions on the cavity and pipes walls are as follows: 
On the cavity walls: 

V* = 0,∇*T*.n = 0, and ∇*ϕ*.n = 0. (11) 

On the hot pipe wall: 

V* = 0, T* = 1 , and ∇*ϕ*.n = −
1

D*
B

D*
T

NBT

∇*T*

1 + T*
/δ

(12) 

On the cold pipe wall: 

V* = 0, T* = 0, and ∇*ϕ*.n = −
1

D*
B

D*
T

NBT

∇*T*

1 + T*
/δ

(13) 

In the above equations, n denotes the unit vector that is normal to the boundary. 

1.4. Numerical settings and independence of mesh 

In this study, relying on numerical solutions and methods in computational fluid dynamics (CFD), the hypotheses under discussion 
are implemented [41and42]. As the hypotheses became more complex, attempts were made to exploit them using open source and 
extensible software [43and44]. In this study, the aim is to implement computational fluid dynamics. For the present study, the 
developed C++ code is used to simulate the MHD natural convection of water-Cu nanofluid inside a cavity. The finite volume method 
with SIMPLE algorithm is applied for velocity and pressure coupling with relaxation factor of 0.5. Moreover, the first-order upwind and 
central scheme with accuracy of second order are implemented to discretize convective and diffusive terms in PDEs equation and 

Table 1 
Thermophysical properties of water, and Cu nanoparticles [40].   

ρ
(

kg
m3

)

k
(

W
mK

)

Cp

(
J

kgK

)

β× 10− 5
(

1
K

)

μ× 10− 6
(

kg
ms

)
dp(nm) σ(1 /Ω.m)

water 993  0.628  4178  36.2  695  0.384  0.05 
Cu  8933  401  385  1.67  − 30  5.96× 107   

Fig. 2. (a) Mesh sensitivity curve for two-phase Nusselt number and (b) the used mesh for present simulation.  
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Fig. 3. Results of temperature distribution in the line y = 1.5 cm for different magnetic field intensitiy between the present work and the study [18].  

Fig. 4. The volume fraction contours, isothermal lines, and streamlines from left to right, respectively. For Ra = 103, ϕAve = 0.02, and η = 30at 
a). Ha = 0, b). Ha = 15, c). Ha = 30, and d). Ha = 45. 
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boundary condition. Mesh gradient is used near the HACs and unstructured mesh is used inside cavity. Also, the sensitivity of the 
two-phase Nusselt to the mesh and used mesh (Fig. 2) is studied for the critical conditions: Ra = 103, Ha = 45, ϕAve = 0.04, η = 0. 
Nusselt values differ by less than one percent from 12k to 28k mesh and remain constant from 28k to 46k mesh. In this simulation, 46k 
mesh is selected for other cases. 

1.5. Validation 

To validate the developed code, the study [18] investigated the free convection of molten gallium in the presence of a uniform 
magnetic field inside a cavity numerically and experimentally. According to Fig. 3, results of research [18] and current work are 
compared for temperature distribution in the y = 1.5 cm line in different values of magnetic field intensity. the results are in good 
agreement. 

2. Results and discussion 

In the present study, we investigated the volume fraction counters, isothermal lines, flow patterns, and Nusselt numbers. The results 
for Ra = 103 − 105 and 0 ≤ ϕAve ≤ 0.04are also given for different inclination angles of enclosure (0 ≤ η ≤ 90) and different 
Hartmann numbers, which represent the magnetic field strength (Ha = 0–45). The effects of each of mentioned parameters are 
investigated separately in different sections. 

Evaluation and analysis of the effects of MHD magnetic field and Rayleigh number are given in Figs. 4–6. Each figure is illustrated at 
ϕAve = 0.02 and η = 30o. Fig. 4 shows the volume fraction contours, isothermal lines, and streamlines from left to right, respectively. 

Fig. 5. The volume fraction contours, isothermal lines, and streamlines from left to right, respectively. For Ra = 104, ϕAve = 0.02, and η = 30at 
a). Ha = 0, b). Ha = 15, c). Ha = 30, and d). Ha = 45. 
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According to the form of isothermal lines, it is observed that the conduction heat transfer mechanism is dominant. The flow pattern 
consists of two vortices. The middle vortex is spindle-shaped and the large vortex is in the shape of concentric circles. 

As shown in Fig. 1 the right cylinder is at a high constant temperature and the left cylinder has a lower temperature. Therefore, in 
the volume fraction contours of Fig. 4, the nanoparticles move towards the low-temperature cylinder on the high-temperature cylinder. 
This is due to the effects of thermophoresis. Based on this phenomenon, nanoparticles are thrown from the hot wall to the cold wall due 
to the temperature gradient. 

As the Ha number increases (Fig. 4), the streamlines deviate from the state of concentric circles and become elliptical. The middle 
spindle vortex is also oblique. In other word, intensifying the magnetic field has reduced the flow velocity. Since the predominant 
mechanism of heat transfer is conduction. There is not much change in isothermal lines. By increasing Ha number, the distribution of 
nanoparticles has become very non-uniform. This is because the flow velocity is reduced. As a result, the diffusion of nanoparticles 
becoming important. 

Fig. 5 shows the same results as Fig. 4, this time for Ra = 104. In this Ra number, the increase in Ha number has also caused the 
streamlines to deviate. In other words, applying a magnetic field to the fluid flow causes resistance to the movement of the fluid, which 
also slows down the velocity of the flow. The resistance created in isothermal lines is also noticeable. As the Ha number increases 
further, the isothermal lines become such as isothermal lines of pure conduction. According to the velocity decreases, the density of 
nanoparticles increases. 

Fig. 6 illustrates the streamlines, isothermal lines, and volume fraction contours at Ra = 105. Two small vortices have appeared on 
the sides of the enclosure. In the presence of small vortices, the temperature gradient intensifies and the isothermal lines approach each 
other. Also, the presence of small vortices has increased the heat transfer mechanism of the convection. Hence the form of isothermal 
lines is very different from the isothermal lines of pure conduction. In the same Ra number, the application of a magnetic field to the 

Fig. 6. The volume fraction contours, isothermal lines, and streamlines from left to right, respectively. For Ra = 105, ϕAve = 0.02, and η = 30at 
a). Ha = 0, b). Ha = 15, c). Ha = 30, and d). Ha = 45. 
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fluid flow reduces the velocity of the flow. The resistance created in the isothermal lines is also felt. And with increasing Ha number, 
the density of isothermal lines decreased. As the velocity decreases, the inhomogeneous concentration of nanoparticles increases. 

The effect of the presence of a magnetic field in three different Ra numbers evaluated. Here, we are going to evaluate the effect of 
the Ra number by comparing Figs. 4–6. In the first place, by comparing the dimensionless velocity at different Ra numbers, it is 
observed that with increasing the Ra number, the flow velocity has increased significantly. So that in Ra = 105 we see the emergence 
of two more vortices. With increasing velocity, convection heat transfer has prevailed. Which has affected the isothermal lines and the 
distortion of these lines has increased. Also, isothermal lines near the cylinders are condensed. The increase in velocity at high Ra 
numbers also caused the nanoparticles to disperse evenly. The maximum ϕ* decreased from 1.04 at Ra = 103 to 1.01 at Ra = 105. 

Fig. 7, first and second rows depicts the flow patterns with volume fraction contours for different inclination angles (η). The aim of 
this section is to analyze the effects of inclination angle of enclosure on the accumulation of nanoparticles and the flow pattern. In each 
of the flow patterns, areas are shown in red color. These areas are responsible for transporting nanoparticles. Due to the fact that when 
the flow approaches the cylinder, the flow velocity in the area of collision with the cylinder (Stagnation point) is equal to zero. Also, the 
velocity at the rear of the cylinder is also greatly reduced. Hence, the red zone in all diagrams has a low velocity. The low velocity in 
these regions causes diffusion and non-uniform dispersion of nanoparticles. This is evident in the line of volume fraction contours of 
nanoparticles. The nanoparticles are thrown from the hot cylinder to the cold cylinder. In other areas, due to the higher flow rate and 
low temperature gradient, the nanoparticles are evenly distributed. 

In Fig. 7, the flow pattern changes completely with increasing inclination angle. As far as η = 90o we see the creation of four large 
vortices. By turning more enclosure velocity decreases (not presented here). As the flow rate decreases, the non-uniform diffusion rate 
of the nanoparticles increases. At an angle of η = 90o, as the nanoparticle transfer zone gets closer to the outer walls, this region grows 
and the effects of the no-slip condition of the side walls also contribute to the stagnation point effects, resulting in more area being 
involved. Hence at η = 90o, the nanoparticle concentration is much more non-uniform. 

Third row of Fig. 7 presents the isothermal lines in different Ra numbers for two volume fractions of zero and 0.04. In the lower Ra 
numbers, the conduction is predominant. Adding the nanoparticles does not have a specific effect on isothermal lines, but with 

Fig. 7. Flow pattern (first row) and nanoparticle distribution counters (second row) for Ra = 104, ϕAve = 0.02, and Ha = 30, and isothermal lines 
(third row) for Ha = 0, η = 0o. 
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increasing Ra number and convection prevailing, the effects of volume fraction have become more pronounced. To better understand 
the effects of volume fraction on heat transfer, Fig. 8 is presented. 

Fig. 8 shows the average Nusselt number for different volume fractions and Ha numbers in three different Ra numbers. NuA VE 
improves with adding nanoparticles. This improvement can be seen in all three Ra numbers. Due to the low flow rate at the low Ra 
number, intensifying the magnetic field at Ra = 103 does not have a significant effect on the NuA VE, and only a very small amount 
reduces it. As a result, the presence of a magnetic field creates less resistance to fluid motion. With increasing Ra number NuA VE has 
increased (compared to Ra = 103). This increase is greater in the high volume fraction. At the high Ra number, the presence of a 
magnetic field has a significant effect on the heat transfer rate. The NuA VEdecreases at Ha = 30 but when the NuA VE is sufficiently low 
(close to the NuA VE values at Ra = 103) the field has less effect on NuA VE. As the Ra number increases further, the Nusselt values 
become much larger, and the increase in volume fraction increases the NuA VE, and the Ha number is inversely related to the NuA VE. 

NuA VE for investigating the inclination angle of enclosure (η) in different Ha and Ra numbers are shown in Fig. 8. At Ra = 103 the 
NuA VE decreases with increasing η. Making enclosure more horizontal causes the higher the NuA VE and the greater the effect of the Ha 
number. However, at higher η, the effects of the magnetic field are much less noticeable. At Ra = 104, the effect of η is very strong and 
with increasing η it accepts less effect of the presence of the magnetic field. However, with increasing Rayleigh number (Fig. 8), the 
effect of heat transfer rate from the magnetic field (unlike the previous two Ra numbers) is less and decreases at η = 0 with a smaller 
slope. At Ra = 104, NuA VE is greatly reduced at η = 90o and is not affected by the Ha number. 

By comparing Fig. 8, it can be seen that the Ra number has the greatest effect on the heat transfer rate. The second parameter in 
terms of effectiveness is η. In other words, the inclination angle has a significant effect on how the magnetic field or volume fraction 

Fig. 8. Average Nusselt number on hot cylinder at η = 30o(first column) for different Ha numbers and volume fractions, and ϕAve = 0.02 (second 
column) for different Ha numbers and inclination angles. 
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affects. The effect of the Ha number is similar to the η and is almost as important. Finally, the volume fraction of nanoparticles has a 
positive effect on the heat transfer rate, so that in the lower Ra number, the effects of the volume fraction of nanoparticles are more 
pronounced than the magnetic field. 

3. Conclusion 

A heat exchanger consisting of a constant-temperature hot cylinder and a cold cylinder was evaluated for being in a square 
enclosure in the presence of nanoparticles. The modeling was performed in two dimensions and the effects of the inclination angle of 
enclosure (η) and the magnetic field were evaluated under MHD conditions. The following results can be extracted by analysis and 
studies: 

One area in the study was observed in which nanoparticles were distributed unevenly and was termed the nanoparticle transfer 
zone. Clearly, the diffusion effects of thermophoresis were very pronounced in this area. In this way, the nanoparticles were moved 
from the hot cylinder inside the zone to the cold cylinder. Evaluations showed that the application of a magnetic field causes the 
nanoparticle transport area to be enlarged and the nanoparticles to be distributed more unevenly inside the enclosure. As the incli-
nation angle of the enclosure increased, the zone grew and the distribution of nanoparticles became more non-uniform. However, the 
increase in Ra number and consequently the convection effects caused them to be homogeneously distributed inside the enclosure. 

In general, increasing the Rayleigh number and volume fraction of nanoparticles improved the heat transfer rate. Applying and 
intensifying the magnetic field reduced the heat transfer rate. Especially at low Ra numbers and high η the effects of the presence of a 
magnetic field were very small. Increasing the η reduced the heat transfer rate. This effect was much more noticeable in the higher Ra 
number. 
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