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Abstract

Many materials and structures consist of numerous slender struts or fibers. Due to the manufacturing processes of
different types of struts and the growth processes of natural fibers, their mechanical response frequently fluctuates
from strut to strut, as well as locally within each strut. In associated mechanical models each strut is often represented
by a string of beam elements, since the use of conventional 3D finite elements renders the simulations computationally
inefficient. The parameter input fields of each string of beam elements are ideally such that the local fluctuations
and fluctuations between individual strings of beam elements are accurately captured. The goal of this study is
to capture these fluctuations in several intercorrelated bounded random fields. Two formulations to describe the
intercorrelations between each random field, as well as the case without any intercorrelation, are investigated. As
only a few sets of input fields are available (due to time constraints of the supposed experimental techniques), the
identification of the random fields’ parameters is ill-posed. A probabilistic identification approach based on Bayes’
theorem is employed to treat the ill-posedness, as well as the involved uncertainties.

Keywords: Bayesian inference, Intercorrelated random fields, Copula, Intrinsic coregionalization model,
Semiparametric latent factor model, Beams

1. Introduction

Many materials and structures consist of numerous slender struts or fibers. Associated mechanical models fre-
quently employ a string of beam elements to represent each strut [1] or fiber [2]. Often, the geometry of each strut
or fiber is somewhat different (e.g. struts in open-cell metal foams [1] and metal printed lattices [3] due to the
manufacturing processes, and fibers in flora [4] and fauna [5] due to the growth processes). In this study, these
variations are treated in five intercorrelated random fields that are used as the spatially varying parameter fields of
the beam representation. The aim is to identify the parameters of the intercorrelated random input fields, given that
only a few strut geometries are known, so that not only the reaction forces and reaction moments, varying between
struts, but also the spatially fluctuating center line displacements are properly captured. Because the experimental
characterization of strut geometries is typically time-consuming, only a few geometries are considered. This makes
the identification problem ill-posed and introduces substantial uncertainties. This is treated in this contribution with
Bayesian inference.

The framework presented in this contribution is an extension of the authors’ former study [6] in which Bayesian
inference was used to identify the parameters of a single random field. Similar as in the present study, the random
field description is bounded, so that bounds of physical quantities are incorporated. The current contribution extends
the previous one to several random fields with mutual correlations. Consequently, the parameters to be identified
are the parameters of a univariate probability density function for each random field, the parameters governing the
spatial correlations, as well as the parameters that define the correlation between the fields. Once these parameters
are identified, realizations from the random fields can be used as input fields for forward problems (which is not
considered in this contribution).
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Gaussian processes and copula theory. This study heavily relies on the concept of Gaussian processes/fields (GPs)!.
GPs are well-known and the related theories are covered in classical text books [7-10]. Also in the field of mechanics,
GPs are regularly utilized [11-14].

Simply stated, a GP is a generalization of a multivariate Gaussian distribution over an infinite-dimensional
function space [8]. This implies that any finite-dimensional realization of a GP is a multivariate Gaussian distribution
with a given mean and covariance matrix. As the univariate marginal probability density functions (PDFs) in GPs
are Gaussian distributions (with the same mean and variance), they are strictly speaking not applicable to many
physical problems, because physical quantities are often bounded (e.g. Young’s modulus is positive). This issue can
be avoided by combining GPs with the copula theory in order to create a random field with bounds [15, 16].

According to the copula theory [17], one can write the dependency between several random variables independent
of their univariate marginal distributions. A copula function achieves this by combining the marginal univariate
cumulative distribution function (CDF) of each random value and producing a joint multivariate distribution function.
Using the copula theorem a multivariate Gaussian distribution can be written as a combination of univariate Gaussian
distributions linked with each other through a Gaussian copula [18]. The Gaussian copula then only dictates the
dependency/correlation structure. This implies that the marginal univariate Gaussian distribution of a GP can be
replaced by a non-Gaussian one, yielding a joint distribution with a Gaussian correlation structure and a non-Gaussian
(e.g. bounded) univariate marginal distribution.

This logic is employed by Jaimungal and Ng [15] to create kernel-based copula processes where kernel functions
[7] are employed to describe the covariance between pairs of random variables. The general definition of a copula
process is given by Wilson and Ghahramani [16] who have not limited themselves to the Gaussian copula. Rappel
et al. [6] used the same concept to bound a random field of effective Young’s moduli in polycrystalline materials.

Multi-output Gaussian processes. In the current contribution, five parameter fields are simultaneously considered.
The first and most simplistic approach would be to consider each parameter field as an independent random pro-
cess/field. However, this may lead to the loss of information, as the fields may be mutually correlated.

Multi-output Gaussian processes (MOGPs) are used to model dependencies between outputs in a wide variety
of fields: geostatistics [19, 20], machine learning [21-25], emulation of computer codes/models (simulation codes)
[26—29] as well as numerical predictions of physical systems [30, 31]. Ardent et al. [32] have furthermore employed
multiple response (multi-output) systems to improve the identifiability of calibration parameters based on the fact
that multiple responses can provide additional information if the responses depend on the same set of calibration
parameters. They have used the multi-output Gaussian process as a surrogate model that represents the computer
model. Ardent et al. [32] have demonstrated the capabilities of the framework to describe the deflection of a simply
supported beam [13] where the quantities of interest were the center line displacement and the strain in center of
the beam. MOGPs are also employed by Richardson et al. [33], who have used MOGP regression to forecast the
degradation of batteries. Extensive reviews on MOGPs are given in [34] and [35].

The aforementioned studies generally use MOGPs for nonparametric regression and data prediction. However, in
the current contribution they are used to describe (bounded) fields of geometrical and mechanical parameters with
spatial correlations as well as correlation between the different fields.

Bayesian parameter identification. The Bayesian paradigm is employed in the current contribution to identify the
parameters of the random fields/PDFs. A probabilistic framework based on Bayesian inference (BI) makes it possible
to quantify the modeling uncertainties of the identified parameters. In this paradigm the user’s a-priori knowledge
about the parameters, which is represented by a probability distribution, is updated by observations through Bayes’
theorem (formula).

Numerous studies in mechanics have used the concept of Bayesian inference for parameter identification. Some
examples are the works of Isenberg [36], Alvin [37], Beck and Katafygiotis [38], Marwala and Sibusiso [39], Gogu et
al. [40], Lai and Ip [41], Daghia et al. [42], Nichols et al. [43] and Gogu et al. [44] for elasticity, the studies of Most
[45], Rappel et al. [14, 46], Zhang et al. [47] and Zhang and Needleman [48] for elastoplasticity and plasticity the
studies of Muto and Beck [49], Liu and Au [50], Fitzenz et al. [51], Hernandez et al. [52] and Rappel et al. [53] for
other material descriptions involving dissipation. The paradigm is furthermore employed by Rappel and Beex [54]
to identify material parameter distributions/PDFs with a limited number of observations. Similarly, Mohamedou et
al. [55] have employed BI for the identification of the resin’s Young’s modulus in non-aligned short fiber composites.

INote that in this contribution a random field is a stochastic process in (Euclidean) space and using the term ‘field’ or ‘process’ will
not change our definitions.
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Furthermore, frameworks based on BI and GP are provided by Koutsourelakis to identify spatially varying
parameters for perfect plasticity [56] and elasticity [57]. The framework in [56] is based on a representation of GPs
in terms of basis functions [9]. Alternatively, [57] applies BI directly on the finite element (FE) discretization in
which the stiffness tensor (i.e the spatially varying properties) is constant within each finite element. Hence, the
components of the element-wise tensors are the random variables of the posterior (i.e. the number of dimensions of
the posterior scales with the number of FEs). Another study in which BI is used to identify spatially varying material
properties is the one of Uribe et al. [58] in which BI is employed for the identification of a hydraulic conductivity
field, represented as a GP with a Karhunen-Loéve expansion. Vigliotti et al. [59] have furthermore employed BI
to identify spatially fluctuating fields of Young’s moduli and Poisson’s ratios. In their work the parameter fields
are modeled using B-splines. Model selection is employed to select the order of the B-splines. The framework of
Rappel et al. [6] furthermore employs copula Gaussian process and BI to identify the spatially varying homogenized
Young’s modulus field of a columnar polycrystalline material. Savvas et al. [60] have proposed a Bayesian framework
to identify the parameters fields of apparent material properties of two-phase composites.

Outlook. The remainder of this paper is organized as follows. Section 2 discusses the general concept of this study
in more detail from a mechanics point of view. Section 3 presents the mechanical models employed in this study.
In Section 4 we briefly discuss the essential theoretical concepts to model the input fields as random fields. Section
5 provides a concise description of Bayesian inference. Section 6 presents the identification of the random fields
employed using the concepts discussed in Section 4. In Section 7 we discuss the result of this study and finally
conclusions are presented in Section 8.

2. The approach in a nutshell

This short section describes the main workflow in simple words. The starting assumption is that (slightly varying)
geometries of six struts are accurately known (left column in Fig. 1(a)). Accurate material descriptions for these
struts (isotropic linear elasticity), including the associated parameter values, are also assumed to be available. Five
types of virtual experiments are performed on these six struts using (computationally expensive) simulations with
conventional 3D hexahedral finite elements (FEs). Consequently, the center line displacements and rotations, as well
as the reaction forces and moments of these struts are predicted for five types of applied deformations. Note that
different deformation modes are applied, as each strut is exposed to an unknown combination of axial elongation,
axial torsion and bending around different axes in the forward simulations (not considered in this contribution).

After the results of the FE simulations are computed and processed, the same fluctuating center line displacements
are to be predicted by the beam representation of each strut; a string of perfectly aligned beam elements. This is
accomplished by deterministically identifying five input fields for the beam representation, independently for each
of these six struts (remainder of Fig. 1(a)). This deterministic identification problem of a least squares type is
tackled with a conjugate gradient framework that minimizes the difference between the locally fluctuating center line
displacements of the accurate simulations and the beam simulations.

After the five input fields of the beam representation for each of the six struts are deterministically identified, the
probabilistic part of this contribution commences (Fig. 1(b)). Each set of five input fields is considered to be a single
realization of a random field/process (in practice a multivariate PDF) and the (uncertainties of the) parameters of
this random field/process are identified using Bayesian inference. Each field is assumed to be a Gaussian-copula field
so that bounds of the parameters are incorporated. The intercorrelations between these fields are modeled by three
different formulations and the probabilistic identification is performed separately for each formulation (see Sections
4 and 6).

Finally, the approach is verified (Fig. 1(c)). This is accomplished by first generating another 994 strut geome-
tries and virtually exposing them to the five deformation modes with the FE simulations using hexahedral finite
elements (left in Fig. 1(c)). On the other hand, 994 sets of five input fields are generated from the identified ran-
dom fields/processes and used as parameter fields for the beam simulations (right in Fig. 1(c)). This is repeated
three times; for the three different formulations to describe the intercorrelation between the fields (not shown in
Fig. 1(c)). The center line displacements of the FE simulations are compared with the center line displacements of
the beam simulations in order to compare the abilities and inabilities of the three different methods of describing the
intercorrelation between the fields.

Note that in the current contribution, the geometries are artificially generated so that not only six struts can
virtually be tested, but many more. This enables a comparison between the beam results (employing the random
field descriptions) and the results of numerous FE simulations using 3D hexahedral finite elements to accurately
describe the strut geometries.
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Figure 1: Illustration of the general concept of the study. (a) Deterministic identification of six input fields (b) modeling input fields as
intercorrelated random fields and their identification (c) verification.
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Continued Figure 1: Illustration of the general concept of the study. (a) Deterministic identification of six input fields (b) modeling input
fields as intercorrelated random fields and their identification (c) verification.

3. Mechanical simulations

In this section, the two types of linear elastic mechanical simulations are discussed. The first type of simulations
(from here onwards referred to as ‘finite element simulations’ or ‘FE simulations’) uses hexahedral (eight-node) finite
elements in order to accurately represent the spatially fluctuating geometries. These simulations are used to assess
the ‘accurate’ mechanical responses of each strut geometry. In the first subsection the finite element approach of
this type of simulation is discussed, whereas the artificial generation of the fluctuating geometries, together with the
mesh generation and the applied deformations, is discussed in the second subsection.

The second type of mechanical simulations uses a string (i.e. series) of Euler-Bernoulli beam elements to describe
the mechanical responses. These beam simulations are discussed in the third subsection (and also in appendix A
of [61]). The input parameters of each beam element are to be identified such that the beam responses match the
responses predicted by the FE simulations. To this end, the input parameters of each beam element are considered as
(deterministic) variables in a least-squares problem that is solved using the conjugate gradient method. The fourth
subsection therefore discusses the adjoint method (see e.g. [62, 63]) to efficiently evaluate the beam simulation’s
gradient with respect to the input parameters.

3.1. Finite element simulations

The accurate FE simulations employ 3D trilinear hexahedral (i.e. eight-node) finite elements with eight Gauss
quadrature points to accurately represent each strut. Because isotropic linear elasticity is considered, the following
expression for the Cauchy stress, o(X) (X denotes the location of a material point in the undeformed configuration),
is employed:

o= 1C:e (1)
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where “C denotes the constant (i.e. independent of location and deformation) fourth-order stiffness tensor of which
each component is expressed in terms of a single Young’s modulus and a single Poisson’s ratio. For all finite element
simulations, Young’s modulus is set to 1 and Poisson’s ratio to 0.3. Furthermore, €(X) denotes the infinitesimal
strain tensor, which can be expressed as follows in the discretized setting:

€= % (ﬁNTm (ﬁNTﬁ)T) : 2)

where V = % denotes the gradient operator, N (X ) the column with shape functions, @ the column with the nodal
displacement vectors and superscript T the transpose.

Applying the method of weighted residuals to the following strong form without the consideration of body forces:
V.o =0, (3)
and subsequently the divergence theorem, some symmetry and algebra, eventually yields the following system of
linear vector equations:

/ VN 1C- (VN7 dV it = / N{ds, (4)
Vv S

where V and S denote the undeformed volume and surface of the discretized domain, respectively, and f()? ) denotes
the traction applied at the surface. This system is numerically integrated using eight Gauss quadrature points per
3D trilinear hexahedral element and written as a system of linear scalar equations. After partitioning to account for
Dirichlet boundary conditions, it is solved to determine the unknown nodal displacement components.

3.2. Introduced randomness

In this short subsection, more details of the finite element simulations are discussed. All struts are hollow and
have a length of 100 and an outer radius of roughly 2 and an inner radius of roughly 1. The mesh contains 400
elements in the axial direction, 52 in angular direction and 4 in radial (i.e. thickness) direction. This element grid
is chosen such that 4 elements are used over the wall thickness, while each element has roughly the shape of a cube
(with a volume of approximately 0.25 x 0.25 x 0.25). In total, 83200 elements and 104260 nodes are involved in each
simulation.

The randomness is introduced by randomly selecting 30 to 50 axial locations per strut. For each of these locations,
the strut’s cross section varies: 1) the outer and inner radii are independently selected from uniform distributions
with bounds [1.9, 2.1] and [0.9, 1.1], respectively, and 2) the center of each cross section is not located on top of the
strut’s axis, but randomly varied with a maximum distance of 0.05 from the strut’s axis. Between these 30 to 50
axial locations, the cross section is linearly interpolated and the nodal locations are slightly adjusted in the axial
direction to accurately represent the strut’s geometry.

Each strut is exposed to five different deformation modes by prescribing all the displacement components of the
end nodes (see the left column in Figs. 1(a) and 1(c)). In the first simulation, the nodes at one end are displaced
with a distance of 0.1 in the axial direction. Torsion is prescribed in the second simulation by displacing the nodes
at one end with a rotation of 0.5° around the axial direction. In the other three simulations, the nodes at one end
are displaced with a distance of 0.1 orthogonal to the axial direction; once along the xs-direction, once along the
x3-direction and once along a direction of 45° with respect to the xs-direction and the zz-direction. After each
simulation, the reaction forces and moments are extracted and the displacement results are post-processed such that
the average center line displacement and rotation is available at 400 equally spaced axial locations. The fact that
the undeformed center line is not perfectly straight is ignored in the post-processing.

3.8. Beam simulations

Each beam simulation involves a string of 400 Euler-Bernoulli beam elements (with Hermite interpolation). The
undeformed center line of each string is a perfectly straight line. The hollow cross section of each beam is presented in
Fig. 2 and hence, involves 4 input parameters: an outer radius (r,) and three distances that govern the internal shape
(ra, 7 and 7). These 4 parameters, together with Poisson’s ratio, are the parameters that are varied from beam
element to beam element in order to match the fluctuations predicted by the ‘accurate’ FE simulations (described
in the previous two subsections). Young’s modulus is constant, since it is linearly present in the governing equations
and can therefore not be used to describe relative changes of the spatially fluctuating center line results.
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Figure 2: The hollow cross section of each beam element.

Each beam simulation (in the discretized setting) is considered as the following minimization problem:

400
[gbeam’ gloeam] = argmin — iz;(tu — Mg;tg—‘,— ZEi(Q, w), (5)
uw ]

where fext and M., denote the columns with external force components and moment components, respectively. u

and w denote the columns with displacement components and rotation components, respectively. The elastic energy
of a beam element is denoted by E and is expressed as follows:

Y
E:*/ (€ac1 + €2 + €33)” +
2 Jv

Via ""Y%S
2(1+v)

where V', Y and v denote the beam’s reference volume, Young’s modulus and Poisson’s ratio, respectively. The axial
strain due to uniform elongation (in the z1-direction) is denoted by €41, the axial strain due to bending around the
xo-direction by €0 and the axial strain due to bending around the xs-direction by €p3. 12 and ;3 denote the shear
strains occurring due to axial torsion. Note that the directions are presented in Figs. 1(a) and 2.

By incorporating the linear interpolation of the axial displacement, the linear interpolation of the rotation around
the axial direction and the axial strains due to bending expressed in terms of the curvatures, Eq. (6) can be expressed
as follows:

dv, (6)

Y Yi/p =~ M/a 0%us 0%uy \* wip —wi/a\® 23 + 23
E=_ _ _ p
2%( L o@?  a@ez) T L XHW)M (7)

where subscripts a and b are used to distinguish the two nodes of a beam element. L denotes the undeformed (axial)
length of the beam element. Again, subscripts 1, 2 and 3 refer to the directions as presented in Figs. 1(a) and 2.

Hermite interpolation is employed to relate transversal center line displacement components ua(x1) and us(z1) to
the relevant nodal displacements and rotations. A third-order polynomial is employed for us(x1) and a third-order
polynomial is used for ug(x1). The coeflicients of the polynomial for us(z1) are determined by solving the following
system of linear equations:

Ouy
&cl

and the coefficients of the polynomial for uz(z1) are determined by solving the following system of linear equations:

8UQ

= W3/q 87:101

uz(z1 = 0) = ug/q uz(zy = L) = uyy = W3/ps (8)

x1=0 xr1=L

9ug
81’1

8u3
= —Wa/q Txl = —W2/p- 9)

uz(z1 = 0) = ug/q uz(zy = L) = ugy, :
xr1=

w1:0

Finally, the volume integral in Eq. (7) must be specified for the cross section of interest (Fig. 2). This yields:

E:Y/L /ro /\/7"3—963 (Ul/b_ul/a o 32U3 o 62u2 )2+ (wl/b_wl/a>2 :E%—i—m% U ds dg
2Jo Jor Joyfrraz L 0(x1)? 0(x1)? L 2(1+v)
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7/ / / Ui/p — Ul/q . 82U3 . Wi/b — wl/a
1111($3) L 36($1)2 2

where the second and fifth integral are ignored in case v/2r, = 7y, and z4(z3) to 23717 (23) are expressed as follows:

rp(xg + 7 \/ir -7
7a(2s) = \b}: :)v ayl(wg) = ———= b$3 +7e,
a —Tb

Ty
Ty —V2r II11
Ty

(11)

r5(ra — 23)

\/Era —Tp .

Now the objective function is formulated, the interior extremum theorem is applied in order to solve it, resulting
in the following system of linear equations:

Sxg4re, xy' M (z3) =

w1 () =

iint (Q’ LU) — iext
[Mim(u,w) | M’ (12)
with:
;o 400 OF; v 400 9E, -
Lint P au Mint — — ag .

This equation can be rewritten to solve for the final displacement and rotation components (i.e. u?**™ and wbea™)

as follows:
ailint BL nt ubeam f
ou Ow = — | Lext ( 1 4)
oM, OM,,, | |beam M )
Ju dw = =——ext

3.4. Adjoint method

The input parameters of each beam element (r,, rq, 7, 7. and v) are deterministically identified such that the
center line displacements and rotations, as well as the reaction forces and moments match those of the finite element
simulations for the six struts of consideration. To this end, a least squares problem is considered for each strut in
which the objective function, J, quantifies the difference between the center line displacements and rotations during
the five applied deformations:

T T
J(é) — (uI;‘E e Qllaeam,e(é)) (Hlf‘E7€ _ Q?eam,6(§)> + (wlf‘E ,t gllsoeam,t (§)> (wlf‘E St gllaeam,t (g)) +
T T
(ggE,z _ ugeam,Q(g)) ( gE 2 leaeam72(§)> n (ugE 3 Egeam,S(é)) ( gE 3 ugeam,S(é)) n

1 T 1 T
5 (@gE,QB ngam 23()) (ugE 123 ggeam,23(§)) 4+ : (ugE 23 ugeam,%(g)) (ugE 23 ygeam,23(§>), (15)

where column z = [rT rI el T ZT]

o Ta collects the input parameters of all the beam elements; the variables
in the least squares problem. The superscripts again refer to the different directions. Superscripts FE and beam
refer to the center line results of the finite element simulations and to those of the beam simulations, respectively.

Superscript e refers to axial elongation as the applied deformation mode, superscript ¢ to torsion as the applied
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deformation mode, superscript 2 to the deformation mode in which the nodes at one end are displaced in the xo-
direction, superscript 3 to the deformation mode in which the nodes at one end are displaced in the x3-direction
and superscript 23 to the deformation mode in which the nodes at one end are simultaneously displaced in the
ro-direction and the zs-direction.

Note that the differences between the reaction forces and moments predicted by the FE simulations and the beam
simulations are not considered in the objective function, since an initial guess of 1y =2, r, =1, 1, =1, r. = 1,
v = 0.28 is sufficient to guarantee a match of the reaction forces and moments within a couple of percent. It is also
worth to note that the second term on the right hand side of Eq. (15) (i.e. the one depending on rotations) is not
accompanied by a weight factor, even though the magnitude of the rotations is different than the magnitude of the
displacements. The reason for the lack of a weight factor is that Poisson’s ratio only influences the axial rotations
and nothing else. This can be seen in Eq. (6), as Poisson’s ratio is only present in the term associated with torsional
shear.

As a conjugate gradient approach is employed to minimize the objective function of Eq. (15), the objective

function’s gradient with respect to the variables (%) must be evaluated. One could apply the method of finite

differences to this end, but this requires 2000 beam simulations per gradient evaluation (400 beam elements, five
input parameters per beam element). A computationally more efficient alternative is the adjoint (state) method,
which requires two additional matrices (in the current notation):

8iint , aMint , (16)
0z 0z
which must be evaluated for the beam solution for each of the five applied deformation modes (i.e. (1) ube*™:e

and gloeam,e7 (2) ubeamﬁ, and gbeam,t7 (3) gbeam,2 and gbeam,27 (4) gbeam,S and gbeaum,S and ﬁnauy’ (5) gbeam,23 and
wbeam723).

In more detail, gradient g—g can be expressed as:

T DuPeame HyPeamst
aJ - _9 FE,e  beam,e T guberme  gybeam.e oz _9 FE,t  beam,t T dubeamt  gybeam.t 0z
az - @1 ul Hybeam,e Owbeam e agbeam,e gl g1 Oybeam,t OHwbeam,t 8£beamvt

2 e B
- HyPerm.2 T HyPeam.3
9 (FE2 _ beam.2 QusT™ 2 guberm? 0z _ 9 (FE3 _ beam;3 dubeam:s  gybeam:3 ] | TmH T |
@2 g2 8ubeam,2 awbea7n,2 agbeam,Q u3 QS aubeam,S 8wbeam,3 3ﬂbeam,3
Oz 0z
HyPoam,23 HyPeam,23
FE23  beam,23 T gubeam23 gybeam23] | =5 —— | ( PRo3  beam,23 T pybeam28  gybeam23] | == 5 —
QQ QQ Oybeam,23 Owbeam,23 agbeam,Zii @3 y?) Oubeam,23 Owbeam,23 aﬂbeam,ZB )
Oz 0z
(17)

beam,* am,t

where the components of matrices ai,ﬁw (with * denoting e, 2, 3 or 23 and j = 1,2,3) and % equal zero or

A ot beam,
. u; d . . . . :
one. Matrices Sbeam and aiéeam‘t are zero matrices. The question is how to efficiently compute matrices Ou 77 52
beam,* . 1. . . . . . . L.
and @T. To this end, the equilibrium equation in Eq. (12) is again considered, but only after it is solved, and

the dependency on parameters z is included:

iint <Ebeam’*(§)’Qbeam’*(g)’§> | — iext
[Mint(ubcam,*(z)’wbcam,*(z)’Z)_ - |: :| . (18)

== ext

The equilibrium equation is then differentiated with respect to parameters z:

gint agint 8gint 1 agb;am " 0
Z U w Z — |=
BMint, + aMint 8Mint 8£l>eam,* - |:0:| 9 (19)
Oz ybeam,x ybeam,x ou ow | 0z T
which gives the following expression:
ubem e e 17N [ e
0z _ ou Ow Oz
aﬂbeam T OM,, oM, OM; : (20)
0z ou Ow 0z ybeam,x  beam,x

]_



This expression is then incorporated in Eq. (17) and the gradient would be known. However, in that case a
problem would remain, which is that the actual inverse of the matrix in Eq. (20) must be computed (i.e. the same
matrix as the symmetric stiffness matrix in Eq. (14)), which is rather inefficient. Therefore, instead of only inserting
Eq. (20) in Eq. (17), the adjoint of Eq. (17) is taken as well. Since the adjoint is the same as the transpose in case
all involved components are real scalars (which is the case here), the resulting expression does not require the actual
inverse to be computed as it reads:

T
9 9 -1 aubeam,e
% =92 (aiint )T (aMint )T gzt g;ﬁ (‘?);kljeam’ﬂ (uFE,e _ ubeam@) +
8§ 0z Oz wbeam,e ybeam,e % % (aﬁ?eam,e )T 21 g

u Ow Buboarm, e
i m,t\ L]
[0 T | (2
2 of e T OM; ¢ T du Ow Qubeam.t wFE,t wbcam,t +
0z 0z oM., oM, beam,t \ 1’ 1 *1
= = wbeam,t beam,t | ——F4- 0t b Ow?
- = L Ou Ow | Hegbeam,t
- aiint aiint - —1 aibeam 2\ T
2 8iir,t T oM, . T ou Ow dybeam,2 UFE,Q B ubcam,Q +
0z Oz oM, oM, beam,2\ 1 | | &2 Uy
= = ybeam,2 [ beam,2 | —-Bt ==t Ouqy
- = L Ou w |\ Bwbeam2 | |
- -
(00 O 7| (2
2 8iir,t T oM, . T ou Ow dybeam,3 UFE,S beam,3 +
0z Oz aMint aMint ) beam,3\ 1’ 3 =3
z Z beam,3 ,beam,3 | —p- Bt ~ ——nt Us
€ o L Ou w _( Deybeam,3 ) ]
T
T T Oy O 17| (O
aiint oM, . ou Ow Qybeam,23 UFE,23 i ubeam,23 +
0z 0z OM,;,.. OM,. gubeam23\ T | \ =2 £2
= = beam,23 ,beam,23 [ —F-2t ~ ——nt Uo
v “ Ou Ow (m)
w! ;

—1 8ubeam,23 T
Sf T T =int ~int (%)
f i oM, ou dw dubeam, GFE23 _  beam,23 (21)
0z 0z oM oM aubeam:23\ T 23 23 :
= = ubcam,237wbca1n,23 u )

——int ——int 3
Hybeam,23

4. Formulations of the random fields

In this section we discuss the methodologies used to construct the (intercorrelated) random fields with bounds.
Thus, we first briefly discuss GPs, then the copula theorem, then the concept of Gaussian copula process, and finally
the different frameworks to formulate multi-output fields. Note that random fields are stochastic processes with
spatial variables as their index (input) set. To avoid confusion, the term process is used to discuss the main concepts.

4.1. Gaussian processes

The GP is one of the main components of the frameworks employed in this contribution to formulate multi-output
random fields. This subsection aims to present GPs in a practical way. Readers interested in more details are referred
to [7].

A GP is an extension of a multivariate Gaussian distribution to an infinite-dimensional Gaussian distribution [9].
Any finite-dimensional marginal distribution of a GP is still Gaussian. A GP is characterized by its mean m(z1) and
covariance function k(x1,)), where 21 and | denote two axial locations (which may be the same). A realization of
a Gaussian process can be written as follows:

w(z1) ~ GP(m(z1), k(z1,2))). (22)
The values of w at any n given points are drawn (realizations) from an n-dimensional Gaussian distribution with mean
m = [m(z) - m(azln)]T and covariance matrix K with (K);; = k(z},2]) or w(z1'), -+ ,w(z1™) ~ N(m, K).
Frequent choices for the covariance function can be found in [7] and [10]. Often furthermore (as in this contribution),
m(x1) = 0.
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4.2. Copulas

As mentioned before, conventional Gaussian processes do not incorporate bounds and are therefore (at least
theoretically) not able to incorporate the bounds of physical parameters. The framework given in [6] discusses how
to separate the correlation structure of a GP from its marginal univariate distributions (i.e. Gaussian distribution)
using the copula theorem [17]. This enables replacing the univariate marginal Gaussian distribution in a GP with
another (e.g. bounded) distribution. This subsection briefly discusses the copula theorem. More details can be found
in [17].

A copula is a function that models the dependency between several random variables regardless of their univariate
marginal distributions. In practice a copula takes the cumulative distribution function (CDF) of each random variable
and joins them to create the corresponding multivariate joint CDF. Once the joint CDF is formulated, the joint PDF
can be derived.

Let P= [P - Pnp]T denote a set of n, random variables (n, = 2000 here), II denotes the joint CDF of the
random variables and II; denotes the marginal univariate CDF of each random variable. Based on Sklar’s theorem
[64], an n,-dimensional copula, C, exists such that:

H(p17"' 7pnp) :C(Hl(p1)7 7an(pnp)>7 (23)
with its associated joint PDF reading as:
ﬂ-(pla T 7pnp) = C(Hl <p1)7 e 7an (pnp)) H Wi(pi), (24)
i=1
_ BC(Ulv"' 7'Unp)

where c(vy, - ,v,,) = with v; = II;(p;) and 7;(p;) denotes the i*" marginal PDF.

8@1---8vnp

A multivariate Gaussian distribution can be considered a set of univariate Gaussian distributions that are joined
by a Gaussian copula. Let v; = II;i(p;), L', € [-1,1]"»*"» denote a Pearson correlation matrix (Pearson’s p is a
measure for the linear relationship between two random variables, see e.g. [65]), ®(p) denote the standard Gaussian

CDF (i.e. p~ N(0,1) = \/%exp(f%)), | - | denote the determinant and I the n, x n, identity matrix. The density

of a Gaussian copula can then be expressed as [18]:

exp( . % [@‘1(111) ‘I’_l(vnp)} « (251 — 1) x [@‘1(111) (I’—l(vnp)]T) (25)

c(lL,) =

L

4.8. Combining Gaussian processes with the copula theorem

As mentioned in Subsection 4.1, a GP is generalization of a multivariate Gaussian distribution. This entails
that the copula theorem given in Subsection 4.2 can be used to write any finite-dimensional marginal distribution
of a Gaussian process as a multiplication of univariate Gaussian distributions and the Gaussian copula of Eq. (24).
Consequently, the univariate marginal Gaussian distribution of a GP can be changed to any other distribution,
whilst the GP’s correlation structure (here spatial) remains unchanged. The joint PDF for an n,-dimensional
marginalization of the desired process will be in the form of Eq. (24) where the univariate Gaussian distribution is
replaced by another distribution.

A sample of such a process can in practice be generated as follows:

(1) draw a sample from a GP with a given covariance function,

(2) use the standard univariate Gaussian CDF to transform each scalar of the sample drawn in step (1) to a scalar
drawn from a uniform distribution, and

(3) transform the scalars through the inverse CDF of the distribution of choice.

4.4. Multi-output random process

So far, this section has focused on a single process (including the spatial correlation). However, the main idea of
this contribution is to combine several (five) fields/processes, which come with additional correlations: the correlations
between the individual processes. In this subsection, formulations are discussed that combine the aforementioned
concepts in order to create multi-output processes/fields with mutual correlations. The formulations presented in this
subsection are special cases of a more general methodology known as the linear model of coregionalization (LMC,
see [34]) where the processes are modeled as a linear combination of independent random functions. The LMC
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guarantees that the covariance function of the final, multi-output process is a valid positive semidefinite function.
Once the covariance function is expressed (and consequently, the covariance matrix for finite-dimensional case), the
copula theorem is employed to transform the Gaussian process to a random process with the desired univariate
marginal distributions and the Gaussian correlation structure.

4.4.1. Intrinsic coregionalization model (ICM)

As mentioned before, the multi-output process are modeled as a linear combination of single random processes.
In the intrinsic coregionalization model (ICM) each field is expressed by linearly combining realizations from a single
latent GP. For simplicity, ICM is discussed below for the case of two fields.

Let w'(z1) and w?(z1) denote the two outputs and 6(z1) ~ GP(0, ks(z1,2})). The output of the ICM can then
be written as:

wy(x1) = a0t (1) + a'?6%(21)

wy(z1) = a® 6 (z1) + a®26%(z1) (26)
where 0'(z1) and 6%(z1) denote two realizations from §(x1) ~ GP(0, ks(z1,2})). Eq. (26) can be rewritten as:
w(wy) = Ad(z1), (27)
with: a1 12 Y (x1)
é: [Ql Q2] = Lm a22:| O(r1) = [52(331)] . (28)
Consequently, the resulting covariance function reads as [34]:
cov(w(z1), w(xy)) = Bks (w1, 27), (29)
with B=A éT. The covariance matrix corresponding to the input column z = [:L’% e x?]T equals to:
K=BoK, (30)

where (K );; = ks(z?, :1:]1) and ® denotes the Kronecker product. Consequently, the distribution for the two process

=
]~ (B [ ] ) -

case reads:
5

In the general case of an ng4-dimensional output system with n, realizations from §(x;) we have:
Ny
w'(z1) = Z a7 (xy), (32)
j=1

where i = 1,--- ,ng, n, denotes the number of samples and 67 (1) denotes a single realization, independently sampled
from &(z1) ~ (0,ks(x1,2})). Once again, the resulting covariance function is given by Eq. (29), where B = A A",

A=la'---a"] and @/ = [a"---a"¥]". For a finite set of n; inputs the corresponding covariance matrix is given

by Eq. (30). Note that B is a ng x ng symmetric and positive semi-definite matrix.

4.4.2. Semiparametric latent factor model (SLFM)

Various studies [27, 28, 30, 32, 33] have used the ICM formulation because of its relatively simple parameterization
and reduced complexity compared to the LMC. However, the ICM formulation can be restrictive as it uses only
one latent GP and assumes that all the outputs share the same spatial dependency/correlation structure. In this
subsection we briefly discuss the SLFM formulation, which is (similar to the ICM formulation) a simplified version
of the LMC, but includes more than only one latent GP.

The SLFM formulation uses n, realizations from n,. latent GPs. Similar to the previous subsection, the two-output
scenario is considered (i.e. w = [w!(z1) wQ(a:l)]T) with 61 (z1) ~ GP(0, ks (21, 27)) and 6%(z1) ~ GP(0, ks2 (21, 7).
Similar to the ICM, the output is a linear combination of realizations 6*(z1) and 62(z1) (see Eqgs. (26) and (27)).
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Note that 6*(z1) and 62(x1) are realizations from different GPs while in the ICM they are realizations from the same
GP. Consequently, the resulting covariance function reads [34]:

COV(Q(I1)7M(1‘/1)) = élkél (xlvxll) +é2k52(1‘1,$/1), (33)
where él = a'(a")T and QQ = a%(a®)T. Furthermore, the covariance matrix corresponding to input z; =
[#] - x?’]T reads:

£:§1 ®£51 +§2®£52’ (34)

with (K, )ij = ks (%,27) and (Ky)ij = ks (2%, 27). Considering the more general case of ng outputs, the covariance
function can be written as:

cov(w(zr), w(@))) =Y a' (&) ks (z1,2)) =Y Blkss (w1, 2)) (35)
i=1 =1
where @/ = [a'7 - .- "4 ]T. Furthermore, the covariance matrix reads:
E=) B'oK,. (36)
j=1

5. Bayesian inference

Let z be the set of n, observations and p the set of n, parameters to be identified. Bayes’ theorem can then be
expressed as:

m(p)m(z

riple) = "L~ LrioyaCalp) (37)
where 7(p) denotes the prior PDF (describing the user’s a-priori knowledge about the parameters; e.g. some param-
eters cannot be negative), (z|p) denotes the likelihood function (quantifying the plausibility of an observation set,
for a given set of parameters), 7(p|z) denotes the posterior PDF (quantifying the plausibility of a parameter set, for
a given set of observations) and 7(z) is called the evidence. The value of the evidence is known after the observations
are made. For this reason, it equals a constant number (7(z) = ¢ € R"). Equivalently, we can omit normalization
constant ¢ and write the unnormalized posterior density as:

m(plz) o< m(p)m(2[p)- (38)

Often the posterior has a complex shape and as a result calculating the statistical summaries of the posterior,
such as the mean, the MAP (i.e. the ‘maximum-a-posteriori-probability’: the parameter values at which the posterior
is maximal) and the covariance matrix (i.e. the matrix that measures the correlation between the parameters) must
be obtained using sampling approaches such as Markov chain Monte Carlo (MCMC) techniques [66]. Readers are
referred to [46, 67] for more details.

6. Sequence and details of the identification

The neatest identification framework would consider all the random fields’ parameters in a single framework that
considers the results of the FE simulations as measurements and the beam simulation as forward model (i.e. the
model that defines likelihood function). The first problem with such an approach is that a substantial number of
random variables is present (i.e. the random fields’ parameters), which makes the approximation of the posterior,
and in particular the tuning of the sampling parameters, computationally inefficient. The second problem is that
the beam simulation must be repeated numerous of times per sampling point, hereby adding even more time to the
posterior sampling. Section 2 has already made clear that the identification is split in a part in which realizations
of the random fields are deterministically identified per strut and a part in which the random fields’ parameters are
probabilistically identified. On top of that, the probabilistic part of the identification itself is also split in different
steps. This section discusses these steps in chronological order and presents the required details of each step.
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In order to reduce the number of the random variables per step as well as avoiding issues with system identifiability,
the parameters of the univariate marginal PDF of each field (i.e. the fields are the fields of 74, rp, ¢, 7o and v) are
identified first. The MAP estimates of the univariate marginal PDFs’ parameters are then considered to be true
values and are kept constant in the subsequent steps. This simplification is reasonable as the number of observations
for the univariate marginal PDF's is considerably large. Furthermore, it is assumed that the field of Poisson’s ratio
is independent of the fields of the geometrical parameters.

6.1. Deterministic identification of six struts

Sections 2 and 3 have already made clear that a conjugate gradient approach is employed to deterministically

identify the beam elements’ parameters (z = [zT 2L 2T 2T .7

Zr, Zry, Zr, Zr, 7V}T) for each strut. In the subsequent proba-
bilistic identification, these parameters are considered as observations and the parameters to be identified are the
random fields’ parameters.

The objective function to be minimized in the deterministic identification was yet presented in Eq. (15), whilst
the objective function’s gradient is computationally efficiently evaluated using Eq (21). Some details that are not
yet mentioned are that the conjugate gradient direction is taken as proposed by [68], which is reset after every 50
iterations. A backtracking line search is furthermore employed with the Armijo rule and without curvature condition.
The exact conjugate direction is taken as the initial step size, which is reduced with a factor of 50% every time the
step size does not abide the Armijo rule. The slope of the Armijo rule is given by the inner product of the conjugate
gradient direction and steepest descent direction, multiplied with a factor of 0.5.

6.2. Univariate marginal PDF's
6.2.1. Poisson’s ratio

Although for the beam model, the typical upper bound of Poisson’s ratio is not strictly required, both the
traditional lower bound and upper bound are incorporated (i.e. —1 < v < 0.5). To this end, a four parameter beta
distribution is chosen as the univariate marginal PDF:

(V — CV1)aV_1(CV2 B V)Bu_l

WV(V) B (Cuz - Cm)au—wju_lB(aua 5u)7 (39)
where ¢,, = —1 and ¢, = 0.5 denote the known lower and upper bounds, respectively, and «, and (3, denote the
parameters governing the shape of the PDF. B(:,-) denotes the beta function. Thus, the parameters to be identified
here are p = [a,, ﬁ,,]T. Assuming z,, denotes a column with n, = 2400 observations (400 Poisson’s ratios per

strut), thEVBayesian formula can be rewritten as:

m(aw, Bulz,) o< m(ay)m(By) H m((20)ilaw, By), (40)
i=1
where m(a,,) and 7(8,) together form the uncorrelated prior and 7((z,);|ay, 8,) denotes the likelihood in Eq. (39).
Once the posterior distribution is formulated, the Metropolis algorithm with an adaptive proposal distribution [69]
is used to approximate the posterior and to obtain its MAP estimates.

6.2.2. Geometrical parameters

Since the geometrical parameters (i.e. 74, 74, 7. and r,) are distances, their values cannot be negative. This is
one of the reasons that the Weibull distribution is employed for all of these fields. Another reason is that the Weibull
distribution can model left-skewed observations (empirical skewness of r, and r, show that they are left-skewed).
The Weibull distribution reads:

Qp, ( Di \YPi—? 2N
() = g (5) e (= gt) w0 (41)

where p; denotes each of the geometrical parameters. Furthermore, o, > 0 denotes the shape parameter and 6,, > 0
denotes the scale parameter of the Weibull distribution. The parameters to be identified for the univariate marginal

PDF of each geometrical parameter are p, = [, 0pi]T. Similar to the case of Poisson’s ratio, for n,, = 2400
observations the Bayesian formulation reads:

npi

ﬂ-(apz: ’ epl‘épT) S8 W(O‘Pi)ﬂ-(opi) H W((qui)j |O‘p7‘, ) 01’1‘)’ (42)
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where m(ap,) and 7(6,,) again denote our priors and w((zp, )i|cp,, Op,) denotes the likelihood in Eq. (41).

6.3. Random fields’ parameters, given the univariate marginal PDFs

As mentioned before, once the MAP estimates for the univariate marginal PDFs’ parameters are obtained, they
are treated as constants for the identification of the remaining parameters of the random fields.
To model the random fields, three cases are considered:

(1) all the parameter fields are independent,

(2) the field of Poisson’s ratio is independent and the fields of the geometrical parameters are modeled using the
ICM method of Subsection 4.4.1, and

(3) the Poisson’s ratio field is independent and the fields of the structure parameters are modeled by the SLFM
method of Subsection 4.4.2.

Since in each case the field of Poisson’s ratio is modeled independently, it is considered first.

6.3.1. Poisson’s ratio

Let n,, = 6 denote the number of struts selected for identification and n; = 1002 denote the number of observations
per strut (at n; = 100 different axial locations). Furthermore, let ¢,, = —1, ¢,, = 0.5, aMAP and BMAP denote the
known parameters of the univariate marginal PDF (see Eq. (39)). The frequently employed squared exponential
covariance function (Eq. (43)) is used to model the spatial correlation between the observations.

! 2
ky(z1, 7)) = exp( — W), (43)

where 1, denotes the length scale parameter that controls the smoothness of the random field. It is important to note
that a covariance function must be selected so that the identified parameters converge if the number of observations
per strut increases (i.e. as the spatial mesh gets refined in the fixed domain of strut).

The only parameter to be identified here is 1,. Rewriting the Bayesian formula for a single strut (i.e. the r*™")
strut, yields:

m(Yulzy) o< w(z v ) (), (44)

where 2!, denotes the column of Poisson’s ratios per strut. The likelihood 7 (27 |1,) reads as:

H T ((20):) (45)

where ,(-) is given in Eq. (39), (v.,); denotes the value of the four parameter beta CDF at (z7);, c(-[-) is given

( V|VI/JV) - C =z,

in Eq. (25) and (L, )im = exp( — %) Furthermore, n; = 100 denotes the number of Poisson’s ratios
per strut, identified with the deterministic identification approach per strut. Finally, the likelihood function for all
n, = 6 struts reads:

|'(/}V H v zT L, H 77'1/ )i) (46)

and the posterior reads:

m(Pulz,) < w(z, )7 (), (47)

where z,, collects the Poisson’s ratios of all six struts identified with the deterministic identification.

2To avoid numerical instabilities due to the observations that are positioned very close to each other we select 100 observations out of
the 400 observations for each strut.
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6.3.2. Geometrical parameters
(A) Independent fields. Arguably the most straightforward approach is to describe each random field completely
independently (i.e. without mutual correlation). This will serve as the reference case and and only requires the
length scale parameter of each field to be independent (on top of the parameters of the univariate marginal PDF of
each field). The identification of completely independent random fields is thus effectively the same as described for
Poisson’s ratio in the previous subsection 6.3.1, except that the univariate marginal PDF is the Weibull distribution
and that a Matérn class [7] covariance function is employed to describe spatial correlation.

Let aMAP and HMAP denote the MAP estimates for the parameters of the Weibull distribution of each field that is
not the ﬁeld of Pomson s ratio (i.e. p; can be rq, rp, Tc Or r,). The Matérn covariance function which asymptotically
converges for an increase of the number of locations increases reads:

V3|21 —x’1|) ( \/§|x1,—x’1|)
YO T exp( — o2 Tl
Vp; Vp;
where the length scale parameter to be identified is denoted by ,,,. Similar to the case of Poisson’s ratio for n, = 6

struts, the posterior is expressed as follows:

ky, = (1 + (48)

(Y,

Zpi ) x 7T <§:Di

Vp )T (Vp, ), (49)

and

Zp,|tp,) = H v H 7, (( (50)

where 2z, denotes the column with all geometrical parameters p; identified with the deterministic identification.

Column zj collects these geometrical parameters for each r™ strut (i.e. 2 is effectively a subset of z,, ), mp,(-) is

given in Eq. (41) (95;;. ); denotes the value of the CDF for the Weibull distribution at (zj,,);, c(+|-) is given in Eq. (25)

and (L, Jim = (14 Vo) o (- Slleitenal )

(B) ICM. Unlike in the case of independent fields, the random fields of each geometrical parameter (p;) are correlated
to each other, using only one (latent) GP. The ICM’s correlation structure is given in product form of a matrix that
defines the correlation between the geometrical parameters and a covariance function which describes the spatial
correlation (see Egs. (29) and (30)). Assuming that the field of each geometrical parameter is described by a linear
combination of four realizations from a single latent GP, matrices B, K, and K are given by Eqs. (30) and (51).
The covariance function of the latent GP is chosen as a Matérn covarlance function, which reads:
(g VBl = xll) ( ﬁ\m—mi\)
ké ( ’l/J exXp 1/}5 . (51)
Furthermore, matrix B is a symmetric 4 X 4 matrix with ten parameters to be identified. Together with a single
length scale parameter, 5, this entails that the number of parameters to be identified is 11. However, an important
characteristic of the Gaussian copula is that it uses the correlation matrix to model the dependency structure of the
observations. Combining this characteristic with the fact that the Kronecker product of two correlation matrices
(see Eq. (30)) equals the correlation matrix of the Kronecker product of the corresponding covariance matrices [70],
the number of parameters can be reduced to seven. Note that all diagonal components of a correlation matrix equal
one and therefore do not need to be identified. Bayes’ theorem per strut can be expressed as follows:

w1y Volz” o7&l s Y)m(3 (W), (52)

where 2" = [(zr )T (z0,)" (z8)7 (g"O)T] denotes the column with all the geometrical parameters of the r*®

Ta Tb Tec T

strut, 7, denotes the column with the non-diagonal components of the correlation matrix for B (i.e. £B) and:

w( g ) = el iag v v vy | I ) Hm (25 )00 ((25,)i) . (25))r, (21, ), (53)

where ., (+), m, (), 7 (-) and m, () are given in Eq. (41), (v - )i, (vyr )i, (vzr ); and (v, ); denote the values
Zra “Zry Zreo
of the CDF for corresponding Weibull distributions at (z;. ), (27, ), (27, )i and (4.0)Z7 c(-]-) is given in Eq. (25),

£y Zr
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= £§ ® K, with (K )um = (1 + W)exp( - W) Finally, the posterior for all n, = 6

=Cicm B
struts can be written as:

m(1 ¥sl2) o T et ar g 2 2] quhrf I (28,)007e, (25,0007, (25,)0) 72 T(Ws). (54)

r=1

(C) SLFM. The parameterization of the ICM formulation is relatively simple which makes its identification rather
traceable. If the multiple outputs depend on the same input set and are of similar type the assumption of similar
spatial correlation structure between the outputs used in the ICM serves well [27]. However, if the correlation between
the outputs is weak they can have different length scales and [27] proposes to model the fields independently.
Alternatively in this contribution we model the outputs as four independent random fields linearly combined
with a shared latent GP. The shared latent GP models the correlation between the outputs. This is equivalent to

an SFLM formulation with five latent GPs where a! = [1 0 0 0]7,a2=1[0 1 0 0]",a*=[0 0 1 0"

a'=[0 0 0 1]T and the vector a® which defines matrix B in Eqs. (35) and (36) that is to be identified. Similar
to previous cases we choose the Matérn class covariance function in Eq. (48) for the outputs where p; can be rq, 74,
7e Or T,. We also choose the same form of covariance function for the shared latent GP with ®gspareq as its defining
parameter. In total we need to identify nine parameters which are a® = [af a3 a§ a}], ¢p,s and Ygharea. Once
again rewriting the Bayesian formula for n, realizations of the full model with n; observations for each realization
we have:

(1, a’|z) o m(2]yp, a”)m(¥)m(a), (55)

where 7(1)) denotes the prior for the spatial correlation parameters and 7(a %) denotes the prior for the coefficients of
the shared latent GP. Furthermore, z denotes the vector that includes the observation vector for the all n,. realizations

(le. 2" = [z0, =z, 2. gio]T). The final form of Eq. (55) reads as:

mﬂcpwfwgdAﬁwlhm,amw>mﬂ4mM@mmwmm (56)

Similar to the ICM case m,(-), ™, (), 7. (-) and 7, (-) denote the marginal univariate PDFs given by Eq. (41),
(Var )iy (ar )iy (Ve )i and (ugr ) denote the values of the corresponding CDFs at (2. )i, (2], )i, (25.): and (2. )i,
Zra =y, Zre Zr, c o

¢(+]-) is given in Eq. (25), Lo
Eq. (36). Note that (K, )im ( M)exp( w) where p; is 1, 7, 7o o8 7 fori =1, -+ .4
f\($1)t*($1)m|>exp( f|(901)1*(901)m\>

l/)shaz ed wbhared

denotes the correlation matrix corresponding to K = Zl B B'® K as given in

respectively and (750)“” = (1 +

7. Results

This section concentrates on the results of the study. It is subdivided in three subsections. First, the results of
the deterministic identification of the parameter fields for each strut are concisely presented. Second, the identified
parameters of the univariate marginal PDF of each field are presented, as they are independent of the formulation
to describe the correlation between the fields. Third, the results focusing on the responses of the beam model are
presented. This last part includes a forward study (for a single strut, not for a network of struts) in which realizations
of the final posteriors are used by the beam simulation to predict center line displacements and rotations, as well as
reaction forces and moments. These are compared to those predicted by 994 validation FE simulations.

7.1. Deterministic identification results of the six struts

In this subsection, the results of the deterministic identification for each of the six struts are presented (obtained
with the deterministic approach discussed in Sections 2, 3 and 6.1). Ounly the center line results are presented, since
the reaction forces and moments are scalars that match within a couple of percent.

In Fig. 3, the center line displacements and rotations present in the objective function of Eq. (15) are shown for
each of the six struts. These center line results are presented relative to those of the homogeneous case (without any

17



515

520

randomness). The center line profiles match well. They are especially accurate for uniaxial elongation and torsion
as the applied deformation modes.

The reason for the good match of the torsion results is that regardless of the values of the geometrical parameters,
Poisson’s ratio of each beam element alone is used to match the rotations around the axial direction during torsion
(i.e. the xq-direction, Aw!). The reason for the excellent match of the uniaxial elongation results is that only the
cross sectional area is relevant and not the true shape. The reason that the remaining results do not perfectly match
is that the true cross sectional shape is important, and the cross sectional parametrization of the beams is not the
same as used in the FE simulations (which was done on purpose, as this is also not known if the FE simulations
would be based on experimentally characterized geometries).

The identified parameter fields associated with the center line results in Fig. 3 are presented in Fig. 4 and serve
as the ‘observations’ for the probabilistic identification (z). All parameter fields, except the fields of r,, show that
some boundary effect occurs, because the displacement boundary conditions in the FE simulations are applied to all
the nodes at the ends.

x10% =104 x10~*

¢
Auf

Figure 3: The final differences between the relative center line displacements and rotations of the FE simulations (sold lines) and the
beam simulations (dashed lines with circles) for the six struts. The results are presented relative to those of the homogeneous case. The
colors denote the different struts. The subscripts refer to the three directions and the superscripts refer to the five applied deformation
modes (e: axial elongation, ¢: torsion, 2: nodes at one end displaced in the z2-direction, 3: nodes at one end displaced in the x3-direction,
and 23: nodes at one end simultaneously displaced in the za-direction and x3-direction).
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Figure 4: Deterministically identified input fields for the beam representations of the six struts. The colors denote the different struts.

7.2. Results for the univariate marginal PDF's

7.2.1. Poisson’s ratio
The univariate marginal PDF for Poisson’s ratio is governed by two bounds and two shape parameters. As the
bounds are set, only the two shape parameters are to be identified: p,= [ozl, B,,]T. The selected prior for both of

the shape parameters is a modified Gaussian:

(py P22 ) ,
exp| — H—r21 ifp, >0
T G e (57
0 otherwise

where p, denotes either a, or 3, and pPY°* and sgzi‘“ denote the mean value and the standard deviation of the
Gaussian distribution from which the prior is modified. The selected values for the prior parameters are reported in
Table 1, which are selected based on the mean value and standard deviation of the observations.

The Metropolis algorithm with an adaptive proposal distribution [69] is used to sample the posterior and to
obtain its desired statistical summaries such as the mean values, the MAP estimates and the posterior covariance
matrix. To this end, 100 x 10% samples are drawn from the posterior and the first 30% are burned. Table 2 gives the
values of the MAP estimates for the parameters describing the marginal univariate PDF's.

The 2400 deterministically identified Poisson’s ratios (the six fields in Fig. 4(a)) are presented as a single PDF in
Fig. 5(a) (solid black line). Also presented in the same diagram, are the PDFs associated with 100 sampling points
randomly selected from the 95% credible region (i.e. the region that one believes 95% it contains true value of some
parameter [71]) and the PDF associated with the MAP estimate. The results show a reasonable match. Only the
MAP estimate is used in the remainder of the identification.
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Table 1: The selected values for the parameters defining the priors of the univariate marginal PDF's.

Table 2: The MAP estimates for the parameters describing the univariate marginal PDF's.

abrier 1164.7315  aPner 11.1245
Sa,  388.2483 s, 5.5623
B, 5824815 6, 1.0427
sg, 1941605  sg,,  0.5213
aPrier 153904 aRrler 59.7961
o, 7.6952 o, 29.8981
6, 10376 6, 2.0067
s0,. 0.5188  sg,,  1.0034
aprier 311125
Sa,,  15.5563
g, 1.0245
s6 0.5123

MAP

MAP

aMAP1171.9988  oMAP  11.1251
BMAP 5861201 OMAP 10427
aMAP 153916 oMAP 59.8016
oMAP 10376 gMAP 20067
aMAP 31 1199
oMAP 1 0245
—— Reference —— Reference —— Reference
PDF of MAP << PoronAP << PoronAP

1
,/ l/ \
L " S O S i oo J
0.2 0.25 0.4 0.6 0.8 1.1 1.2
v
(a)
Reference Reference
95% PDFs 95% PDFs
| |= = PDF of MAP = = PDF of MAP
& Ll
’
4
4
4
- - 2
0.4 0.6 1.8 1.85 1.9
Te
(d) (e)

Figure 5: Results for the univariate marginal PDFs. The reference results are the results of the deterministic identification s(based on
2400 observations per parameter). The grey lines are PDF's associated with the 95% credible region (i.e. the region that one believes 95%
it contains true value of some parameter [71]). The dashed line is the PDF associated with the MAP estimate. This graphical test [9]
shows a reasonable agreement between the simulated curves and the ones based on observations.

20



545

550

555

560

565

570

575

580

585

7.2.2. Geometrical parameters

As mentioned in Subsection 6.2.2, the parameters to be identified for the univariate marginal PDF of the ge-
ometrical parameters are p, = [api 9107:] with p; being ry, p, 7c Or 7,. Similar to the case for Poisson’s ratio,
the number of observations for each geometrical parameter is 2400. The priors are again selected in the form of
Eq. (57), with the prior parameters reported in Table 1. The posteriors are again evaluated using 100 x 103 samples
and the first 30% of the samples are burned. Fig. 5(b)-5(e) shows the PDFs associated with the deterministically
identified parameters, the PDFs associated with 100 samples randomly drawn from the 95% credible region and the
PDF associated with the MAP estimate. It shows a reasonable agreement. The MAP estimates for the parameters
of the univariate marginal PDF's furthermore, are given in Table 2.

7.8. Results for the random fields

Once the univariate marginal PDFs are identified, the MAP estimates (Table 2) are used as the known (and
constant) inputs for the identification of the random fields. In order to avoid numerical instabilities due to the fact
that the axial locations are substantially close to each, the parameter set of not all 400 axial locations is employed,
but one parameter set per four axial locations, i.e. n; = 100 and n, = 6 in Egs. (46), (50), (54) and (56). Similar to
the identification of the univariate marginal PDFs’ parameters, the Metropolis algorithm with an adaptive proposal
distribution is used to approximate the posterior distribution with 100 x 103 samples of which the first 30% are
burned.

In order to study the performance of the discussed models, the samples of the parameter fields are randomly
selected and propagated in the beam simulations. The center line displacements and rotations and reaction forces
and moments are then compared to those predicted by 994 FE simulations. The same center line results are presented
as are employed in the objective functions of Eq. (15). Also similar to the presentation in Subsection 7.1, is that the
relative center line results are presented, i.e. the results are corrected with those expected from the homogeneous
case. The presented reaction forces and moments are in accordance with the applied deformation modes.

7.8.1. Poisson’s ratio

The random field of Poisson’s ratio is modeled independently from the other fields in each formulation. This
entails that a single parameter is required for this field: length scale parameter ¢,. The prior for v, is chosen to
be a uniform distribution with bounds 0.25 and 100. The value of 0.25 for the lower bound is chosen since it is the
distance between two consecutive axial locations. The value of 100 for the upper bound is chosen since it is the total
length of a strut. The posterior is sampled in the same way as all other posteriors.

7.8.2. Geometrical parameters

(A) Independent fields. The parameters to be identified in case of independent fields are the length scale parameter
of each field: ¢, with p; being rq, rp, . and 7, (see Eq. (48)). Exactly the same priors are selected as for the length
scale parameter of Poisson’s ratio, with the same bounds. The same sampling approach is applied.

In order to compare the results of the independent field model, 994 samples for the five length scale parameters
(¢, and vp,) are drawn from the posteriors and together with the MAP estimates for the univariate marginal PDFs’
parameters used in the independent field model, from which realizations for the five input fields are drawn. These
realizations of input fields are used in the beam simulation to obtain the center line results that are compared to the
center line results of 994 FE simulations.

Figs. 6(a)-(b) to 11(a)-(b) present the same relative center line results as in Eq. (15) predicted by the beam
simulations and by the FE simulations for each of the five applied deformation modes. The diagrams on the left
show the mean, bounds and interval of both the beam simulations and the FE simulations and the diagrams on the
right show a small number of predicted fields. A visual inspection of these results indicates a reasonable agreement
of the bounds, of the mean and of the length scale present in the single fields. Generally speaking, the interval of
the FE results remains within the interval of the beam results. However, at some axial locations the observations
are outside the prediction bounds. This is mainly the case for the torsion test.

(B) Intrinsic coregionalization model. The parameters to be identified in the ICM model are a single length scale
parameter, s, and the six parameters in 7y, of Eq. (54). The following priors are selected:

fior 2
prior
2Sw5

exp( _ M) if 0.25 < b5 < 100

m(s) o (58)

0 otherwise
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((EB)U—@)Z"W)Z i <je {1 ap if —1< (L) <1
exp(_ 2 e ) i< R I —1s(Ly)y =S
m(Lp)i) g o ”
B 0 otherwise

where U5 =6, szr&ior =3, @)Zﬁor =0,i<je {1,---,4} and s‘()ﬁ:ij = 0.3333. Note, that i . is chosen to be
average of the mean estimates for the parameters identified in the independent fields case.

The prediction intervals for the ICM approach alongside the observations are shown in Figs. 6(c)-(d) to 11(c)-(d).
The results seem at first sight similar to those of the independent fields: similar length scales seem to be present
in the different types of results for the different applied deformation modes and the mean and the interval bounds
are similar. However, the interval associated with the ICM model consistently encompasses the interval of the FE

results, whereas this is not always the case for the formulation employing independent fields.

(C) Semiparametric latent factor model. As mentioned before, an alternative way to model the representative random
fields of the geometrical parameters is to model each parameter field as an independent random field plus a shared
random field that correlates these fields to each other. Once this modeling approach is formulated mathematically
(see Subsection 6.3.2) it leads to an SLFM model with ,,s, a single ¥sharea and a®, where p; can be rq, 4, Te OT
r, and ¢® denotes the column with the coefficients of the shared random field. We choose the priors in the modified
form of the Gaussian distribution (see Eq. (58)) with the defining values given in Table 3. Note that we have chosen

the values for E;inor based on the result for the independent fields. Furthermore, we choose @i’;;"rﬁdd to be the mean
value of the identified length scale for the ICM approach.

Table 3: The selected values for the parameters defining the priors for the SLEM approach.

3—prior

Uy 8.1483  *a@™™ " 0

5y, 4.0742 843 5
Ei:lor 45487 agprlor 0

Stpy, 2.2744 Sa3 )
ort 106418 @ttt 0

St 5.3209 Saj 5
o 22873 @™t o

Syr, 11437 ez D
Yot 35872

shared

Stpnarea 17936

The prediction intervals as well as the observations for the SLFM approach are presented in Fig. 6(e) to Fig. 11(e).
These figures show that the SLFM approach leads to prediction intervals that are wider than those of the independent
fields but narrower than those of the ICM approach. Similar to the previous cases, samples the responses of the
beam model are presented alongside sample responses of the FE model in Fig. 6(f) to Fig. 11(f).

Moreover, comparing Figs. 8, 9, 10 and 11 one can see that the predicted lateral displacements in both z2 (i.e. u2)
and x3 (i.e. ug) are similar for all approaches.

A general comparison of Figs. 6 to 11 shows that the ICM approach leads to prediction intervals that cover the
FE responses for all the tests. The SLFM approach leads to prediction intervals that are wider than the independent
random fields and fully cover the FE responses for all the tests except the axial torsion case.

The reference PDF's for the reaction forces and moments are shown in Fig. 12 as well as 100 PDFs associated
with the 95% credible region. Generally speaking one can see that the PDFs associated with the ICM approach are
wider than the two other approaches. Furthermore, for all the three methods the MAP estimate is close to the peaks
of the reference PDFs. However, in general one can say that both the independent fields and the SLFM approaches
perform better than the ICM approach.

3Length scales are bounded between 0.25 and 100.
4i=1,---,4in 615 denote rq, 7y, Tc, To respectively.
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Figure 6: Elongation: prediction intervals and observation intervals when the parameter fields are modeled as (a) independent random
fields, (c) correlated random fields using the ICM approach and (e) correlated random fields using the SLEM approach. (b), (d) and (f)
show samples of the FE model response and of the beam model response. One can see that in both the ICM and the SLFM approaches
the observations at all locations are inside the prediction intervals. However, in the case of independent fields the observations bounds
around z1 = 15 are outside the predictions intervals. Furthermore, comparing (a), (c) and (e) indicates that the ICM approach has the
widest prediction interval and the independent fields approach has the narrowest prediction interval. Although the difference between
the ICM approach and the SLFM approach for this test is not large. Moreover, the sample curves in (b), (d) and (f) show that the beam
responses are similar to the FE responses. Note that the presented responses are relative to that of the homogeneous case.
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Figure 7: Torsion: prediction intervals and observation intervals when the parameter fields are modeled as (a) independent random fields,
(c) correlated random fields using the ICM approach and (e) correlated random fields using the SLFM approach. A few sample responses
of the FE models and of the beam models are shown in the diagrams on the right. The FE responses only remain the prediction interval of
the ICM approach. Moreover, similar to axial elongation, the ICM approach has the widest prediction interval whereas the independent
fields approach has the narrowest prediction interval. Note that the presented responses are relative to that of the homogeneous case.
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Figure 8: Displacement applied in direction of x2: prediction intervals and observation intervals when the parameter fields are modeled
as (a) independent random fields, (c) correlated random fields using the ICM approach and (e) correlated random fields using the SLFM
approach. A few sample responses of the FE models and of the beam models are shown in the diagrams on the right. The FE results are
within the predictions intervals of both the ICM and SLFM approach. However, the prediction interval of the ICM approach is clearly
wider than that of the SLFM approach. Note that the presented responses are relative to that of the homogeneous case.
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Figure 9: Displacement applied in direction of x3: prediction intervals and observation intervals when the parameter fields are modeled
as (a) independent random fields, (c¢) correlated random fields using the ICM approach and (e) correlated random fields using the SLFM
approach. A few sample responses of the FE models and of the beam models are shown in the diagrams on the right. The prediction
intervals of all three formulations encompass the FE results. The ICM approach has the widest prediction interval and the independent
fields approach has the narrowest prediction interval which is slightly wider than that of the FE results. Note that the presented responses

are relative to that of the homogeneous case.
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Figure 10: Bending applied in both z2 and x3 simultaneously, lateral displacement in x2: prediction intervals and observation intervals
when the parameter fields are modeled as (a) independent random fields, (c) correlated random fields using the ICM approach and (e)
correlated random fields using the SLFM approach. A few sample responses of the FE models and of the beam models are shown in
the diagrams on the right. The prediction intervals of both the ICM approach and the SLFM approach encompass all the FE results.
However, the ICM approach yields a wider prediction interval than the SLFM approach. Note that the presented responses are relative
to that of the homogeneous case.
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Figure 11: Bending applied in both z2 and x3 simultaneously, lateral displacement in x3: prediction intervals and observation intervals
when the parameter fields are modeled as (a) independent random fields, (c) correlated random fields using the ICM approach and (e)
correlated random fields using the SLFM approach. A few sample responses of the FE models and of the beam models are shown in
the diagrams on the right. The prediction intervals of both the ICM approach and the SLFM approach encompass all the FE results.
However, the ICM approach yeilds a wider prediction interval than the SLFM approach. Note that the presented responses are relative

to that of the homogeneous case.
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Figure 12: The FE PDFs (solid black lines) as well as the PDFs associated with 95% credible region (grey lines) for the reaction forces
and moments of the different applied deformation modes (indicated by the superscript). The independent fields and the SLFM methods
are more accurate than the ICM method. However, the MAP estimates of all three approaches are sufficiently close to the peaks of the
FE PDFs. Furthermore, the PDF's associated with the ICM method are the widest.
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Continued Figure 12: The FE PDFs (solid black lines) as well as the PDFs associated with 95% credible region (grey lines) for the
reaction forces and moments of the different applied deformation modes (indicated by the superscript). The independent fields and the
SLFM methods are more accurate than the ICM method. However, the MAP estimates of all three approaches are sufficiently close to
the peaks of the FE PDFs. Furthermore, the PDF's associated with the ICM method are the widest.
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Figure 13: The PDFs for the reaction forces and moments as well as the FE values. For all the cases the reference values as well as their
bounds are inside the prediction PDFs. Except for f¢ and M? the corresponding mean values of the reaction forces and moments are
located at the peak of the PDFs. The independent fields yields narrowest PDF's (i.e. more certainty about the estimated values).

Fig. 13 furthermore, presents the PDFs for the reaction forces and moments corresponding to each approach
alongside the means and the bounds of the reference forces and moments. One can see that for all the three
approaches the reference values are inside the prediction PDFs and except for f¢ and M! the mean values are
located at the peak of the PDFs. Moreover the case of independent fields yields narrower PDFs for the reaction
forces and moments (i.e. more certainty about the estimated values).

7.8.3. Correlations

The previous subsection has concentrated on responses of single fields. The results in the current subsection focus
on the correlations between the different fields. Figs. 6(b)-6(f) to 11(b)-11(f) show samples of the responses for both
the FE and beam simulations. Comparing the curves, one can say that the reference curves are similar to the ones of
the beam simulations. A more stringent comparison of the output curves is achieved by numerically calculating the
autocorrelation functions [72] for the 994 FE reference curves and comparing them to those of the beam simulations.
The autocorrelation bounds for the FE simulations as a function of distance between two points (AL) alongside the
predictions are presented in Fig. 14 for the independent fields (left), ICM (middle) and SLFM (right). Generally
speaking, all three autocorrelation functions are similar. However, if one considers only the prediction mean and the
reference mean both for Au$ and Aw!, the independent fields and SLFM perform better than the ICM approach.
For the other outputs all three approaches perform similar. However, considering the prediction intervals the ICM
approach leads to a wider interval. Except for Au$ and Aw! the prediction intervals for the ICM approach contain
more of the reference observations.

Similarly the cross-correlation functions are given in Fig. 15 to assess the correlations between different outputs
of both the FE and beam simulations. Note that only the cross-correlation function between Au§ and Aw! is
presented in Fig. 15, as only this one shows a difference between the three formulations. Comparing the diagrams in
Fig. 15 one can see that the envelopes corresponding to independent fields (left) and SLFM (right) include all the
interval associated with the FE simulations. However, for the ICM approach (middle) the FE simulations’ interval is
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Continued Figure 14: Prediction and observation intervals for the autocorrelation functions of both the FE and beam simulations alongside
the means. Left: independent fields, center: ICM and right: SLEM. All predictions and observations are similar. However, based on the
means for Au§ and Awi, it is clear that the independent fields and SLFM are more accurate than the ICM approach. The ICM method
yields wider prediction intervals, so that, with the exception for Au$ and Awf, a larger portion of the FE results remains within its
prediction intervals. Note that AL remains smaller than 25 to avoid unreasonable numerical errors.
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Figure 15: Prediction and observation intervals for the cross-correlation functions of both the FE and beam simulations alongside the
means. Left: independent fields, center: ICM and right: SLFM. Only the cross-correlation function between Au$ and Aw! is presented as
the other cross correlations are the same for the three approaches. The envelopes of both the independent fields and the SLFM methods
include the entire FE intervals. On the other hand, the mean cross-correlation of the ICM method is more accurate than those of both
the independent fields and SLFM methods. Note that AL remains smaller 25 to avoid unreasonable numerical errors.

occasionally outside the prediction interval. Nevertheless, considering the mean cross-correlation function the ICM
method performs better than both the independent fields and SLFM methods®.

8. Conclusions

In this contribution, two formulations (i.e. the intrinsic coregionalization model and the semiparametric latent
factor model) to describe the correlations between random fields are numerically investigated and compared to the
case of independent fields (i.e. without correlation). The random fields are bounded so that bounds of the physical
parameters are incorporated.

The identification of the random fields’ parameters is hybrid: first, the spatially fluctuating parameters of each
specimen are deterministically identified, and subsequently the random fields’ parameters are probabilistically identi-
fied (using Bayesian inference). The probabilistic identification of the random fields’ parameters is required because
a limited number of specimens are available in practice.

The formulations and the identification of their parameters are applied to six hollow struts with random geome-
tries. The geometry of each hollow strut is known and several mechanical tests are virtually applied to each strut
geometry. The high accuracy of these simulations is achieved by representing each strut geometry with a detailed
finite element discretization.

The results of the detailed tests are locally fluctuating center line displacements, as well as reaction forces
and moments, which are to be described by an equivalent beam representation (since beam representations yield
significantly more efficient simulations of entire strut networks). The input fields of the beam representations are the
random fields’ realizations of interest.

The results indicate that:

e The intrinsic coregionalization model leads to wider prediction intervals that contain all the finite element
results, whereas the finite element results are occasionally outside the prediction intervals of the independent
fields model and the semiparametric latent factor model.

e The independent fields model and the semiparametric latent factor model predict the finite elements’ probability
density functions of the reaction forces and moments slightly better.

e The probability density functions of the reaction forces and moments for all three approaches contain the finite
elements’ reaction forces and moments.

5Cross-correlation function is generally not symmetric and pzy (k) = pyz(—k) (see [72]).
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e The autocorrelation functions’ mean estimators of both the independent fields model and the semiparametric
latent factor model are better than those of the intrinsic coregionalization model. However, the intrinsic
coregionalization model yields wider prediction intervals that contain more of the finite elements’ results.

e The mean estimator of the intrinsic coregionalization model is better than the ones of the independent fields
and semiparametric latent factor model. However, the prediction intervals for the independent fields model
and the semiparametric latent factor model contain all the finite elements’ results.

The linear elastic strut geometries are artificially generated, so that a numerical comparison between the ‘true’
struts and the beam representations is possible. In the future however, the strut geometries will be characterized by
experimental techniques (and elastoplasticity will be used instead of linear elasticity), entailing that a comparison
will not be possible.
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