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Capacity Approaching Run-Length-Limited Codes for Multilevel Recording
Systems

Hsin-Yi Chen’, Hong-Fu Chou', Mao-Chao Lin', and Shih-Kai Lee?

IGraduate Institute of Communication Engineering, National Taiwan University, Taipei 10617, Taiwan, R.O.C.
2Department of Communications Engineering, Yuan Ze University, Chungli, Taiwan, R.O.C.

We propose two constructions for multilevel run-length-limited (RLL) block codes for which the rates are very close to the capacity.
For each code construction, we propose a variation that has the advantage of low complexity of encoding and decoding. We conducted
a simulation to see the combined effect of channel coding and our proposed RLL coding over an optical recording channel.

Index Terms—Constrained codes, multilevel run-length-limited codes, optical recording channel.

1. INTRODUCTION

N recording systems, run-length-limited (RLL) coding

[1]-[3] is usually used to avoid the adverse effect of
inter-symbol interference (ISI) and to facilitate the operation
of synchronization. In particular, binary RLL coding has been
extensively investigated [4]-[12]. With the increased demand
for higher capacity, M-level recording systems with M > 2
have attracted much attention recently.

A multilevel run-length-limited sequence is a sequence with
the run length of zeros between two consecutive nonzero sym-
bols being under a given constraint. For example, an (M, d, k)
sequence [13]-[17] is an M-level (or M-ary) RLL sequence
with symbol alphabet, {0,1,..., M — 1}, where 2 < M < oo,
for which the number of zeros between two consecutive nonzero
symbols is at least d and at most k. A multilevel RLL code
is a collection of multilevel RLL sequences. An M-level RLL
(M, d, k) code has a code rate R = @Q/n in bits/symbol, if it
contains 29 n-symbol sequences satisfying the M-level (d, k)
constraint. The capacity of the M-level RLL (M,d, k) code
[18], denoted by Caz,4,1), is given by

Car,dk) = logy A (H

where ) is the largest real root of the characteristic equation

ZR2 gk (M -2 e M —1=0. ()
The code efficiency of an M-level RLL (M, d, k) code is ex-
pressed as ) = R/C(a,a,k)-

By now, some M-level RLL (M, d, k) codes using fi-
nite-state machine encoders have been designed in [19]-[21].
Instead of the sequential design as in [19]-[21], we focus on
(M, 0, k) block coding in this paper, where M > 4. We look
for efficient (M, 0, k, ki, k,.) codes of finite length, where an
(M,0,k, ki, k) sequence is an M-level (0,k)-constrained
RLL sequence which has at most k; leading zeros and at most
k.. trailing zeros. The condition of k; + k,. < k is required such
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that concatenating any two (M, 0, k, ki, k,.) sequences can still
meet the (M, 0, k) constraint.

In this paper, we propose two code constructions. Using Con-
struction I, we can obtain (M, 0, k, k;, k,.) RLL codes of length
n = k; + k. + 2k, for which the number of code sequences
is M"~1(M — 1). The encoding is implemented by first map-
ping a message P into a sequence @ = (ug, ..., Un—1), Where
P=01,.... M Y(M~-1)—-1,u; € {0,1,...,.M — 1},
i1=0,1,....,n—2and u,—1 € {1,2,..., M — 1}, and then
@ is encoded into a code sequence ¥ = (vg, ..., v,_1), Where
v; € {0,1,..., M — 1}. For binary (0, k) RLL codes of length
n, some classes of rate (n — 1) /n code constructions have been
reported [4]. In the sense of coding rate, the code obtained from
Construction I may be regarded as an analogue of the rate (n —
1)/n binary (0, k) RLL codes of length n. In Construction II,
the condition of u,, 1 # 0 is relaxed so that the code size can
be greater than M"~Y(M — 1), where n = k; + k, + 2k — 2.
Employing either Construction I or Construction II, the con-
structed code has a code rate close to the capacity given in (1).
In case that the message P is in the form of a binary sequence
and log, M is an integer, then we propose an extended design of
Construction I, denoted as Construction I°**, for which the com-
plexity of encoding and decoding is low. Similarly, we modify
Construction II into Construction T1°**,

The RLL decoding may result in significant error propagation
if some of the critical symbols in the RLL sequence are in error.
We will assess the likely error propagation of the proposed code
construction. Then, we will investigate the joint effect of RLL
coding and error-correcting coding (ECC). We consider the ap-
plication of the proposed code constructions to two recording
systems. The first is composed of a Reed-Solomon (RS) en-
coder, an RLL encoder, a precoder using pulse length modula-
tion (PLM), an optical recording channel corrupted by additive
white Gaussian noise (AWGN) and jitter noise, a maximum a
posteriori (MAP) decoder for the combined PLM precoding and
the recording channel, an RLL decoder and an RS decoder. The
second is obtained by replacing the RS encoder and the RLL
encoder by an RLL encoder followed by a nonbinary LDPC en-
coder and a uniform interleaver [9], and moreover replacing the
RLL decoder and the RS decoder by a uniform deinterleaver,
followed by a nonbinary LDPC decoder and an RLL decoder.

The rest of this paper is organized as follows. In Section II,
two practical code constructions together with their variations

0018-9464/$26.00 © 2009 IEEE
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are presented. In Section III, possible error propagation of the
proposed RLL coding is investigated. Moreover, simulation is
implemented to see the combined effect of channel coding and
the proposed (M, 0, k) RLL coding over an optical recording
channel. Finally, conclusions are given in Section I'V.

II. PRACTICAL CODE CONSTRUCTIONS

In this section, we propose code constructions for
(M, 0, k, ki, k) RLL codes of length n, for which each code se-
quence ¥ = (vg,v1,...,U,—1) is chosen based on the sequence
@ = (ug, Uy, ...,U,_1), where v;, u; € {0,1,..., M — 1} for
1=0,1,...,n—1. A nonzero u,—_1 is frequently used. In such
a case, we denote u,,_1 by u,,_.

A. Construction 1

Let M > 4 and k > 2. We can construct an RLL code V'
consisting of (M, 0, k, ki, k,.) sequences of length n = k; +
k. + 2k, which are divided into four disjoint groups, denoted
G1, G4, G, and G4 respectively, based on .

The details of the four groups are given as follows.

Gi: In case of (ug,_1,ur,) # (0,0) and
(ukl+2k_2,ukl+2k_1) 7é (0, 0), we set v, = u;
for0 <:< ki +k—2, Vi k=1 = Uy 15 and v; = u;_1
forkj+k<i<k+k-+2k—1=mn-—1.

Go: In case of (ug,—1,ur,) = (0,0) and (ug,tor—o2,
ukl+2k,1) ;é (07()), wesetv; = u; for0 <7 < k; —2
and k; > 2, vg,—1 = Uk41, Uk, = Up_q, Vi = Uit for

ki+1 <1< k+k—-2 vgqr—1 =0, v4r = 1,
v, =uj_pfork;+k+1<:<k +k.+2k—1.
G3: In case of (ug,—1,ur,) # (0,0) and (ug,tor—o2,
ukl+2k,1) = (0,0), we set v; = u; for 0 < 7 <
ki +k —2, viq4k—1 = 0, Vpy4r = 2, v; = u;_o for
ki+k+1<i<k+2k—1, 0408 = Uy_q, Vi = Ui
fork, +2k+1<1 <k +2k+k. —1.
Gy4: In case of (ug,—1,ur,) = (0,0) and (ug,tor—o2,
ukl+2k,1) = (07()), wesetv; = u; for0 <4 < k; —2
and k‘l Z 2, Vi,—1 = Uk;+1y Vky = Up_1, Vi = Ui41 for
ki+1<t< k+k—-2 vgqr-1 =0, Vpyqr = 3,
v, = uj_q for kg +k+1 < i < ki + 2k — 2,
Vk42k—1 = L1, Ugqor = 1, v; = w;_y for
ki +2k+1<i<k+2k+k —1

Theorem 1: The code V consists of M"~1(M — 1) code
sequences which satisfy the (M,0,k, k;, k) constraint. The
coding rate in bits/symbol is

_logy[M" (M — 1)]

R

3)

Proof: For Gy, we have vy, 4+1—1 = u,,_; # 0. For G2, we
have vg, yr—1 = 0 and vg, 41 = 1. For G'3, we have vy, 11 =
0 and vy, +r = 2. For G4, we have vy, yr—1 = 0 and vy, 41 = 3.
Based on these characteristics, we see that these four groups
are disjoint. In the following, we will show that the sequences
in each group satisfy the (M, 0, k, k;, k,-) constraint and will
compute the number of sequences in each group.

G1:({)Fork > 2,wehavev; = u; for0 <i < kj+k—2 <

ki. Hence, (ukl—17ukl) = (Ukl—l7vkl) 7é (070)

In addition, vg,4x—1 = u,_; # 0. Hence, there
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will be at most k; zeros from wvy to wi, and at
most k — 1 zeros from wvg,_1 to vg,4r—1. (ii) Since
(Uky26—25 Uy +2k—1) = (Vk426—1,Vk426) 7# (0,0),
there will be at most k zeros from wi, 451 tO Vg, +2k
and at most k, zeros from vy, jor—1 to v,_1. (iii)
In Gy, we encode @ into v, where u,—1 # O,
(ukl_17ukl) # (070) and (ukl+2k—27ukl+2k—1) i
(0,0). Hence, the number of sequences in Gj is
MY (M —1) = 2M"3(M — 1) + M">(M — 1).
Gy: (i) Since vy, = u,_; # 0 and vg 4 = 1,
there will be at most k; zeros from vy to v, and
at most k — 1 zeros from wy, to wg,4r. (ii) Since
(Uky426—2, Uky42k—1) = (Vk426—1,Vk42k) 7# (0,0),
there will be at most k£ — 1 zeros from vy, 4 to vy, 25 and
at most k, zeros from vy, 4211 t0 vp_1. (iii) In Ga, we
encode % into ¥, where u,_1 # 0, (ug,—1,ux,) = (0,0)
and (ug,+2r—2, Uk, +2k—1) 7 (0, 0). Hence, the number of
sequences in Gg is M"~3(M — 1) — M"~>(M —1).
G3: (i) Since (up,—1,ur,) = (Vg,—1,v%) # (0,0) and
Uk, +k = 2, there will be at most k; zeros from vy to v, and
at most k zeros from vy, _1 t0 vk, 4. (ii) Since v, yor =
u,_1 7 0, there will be at most k — 1 zeros from vy, 4+ to
Uk, +2k and at most k,. — 1 zeros from vy, 42k to v, —1. (iii) In
G3, we encode @ into ¥, where u,,—1 # 0, (ug,—1,ux,) #
(0,0) and (ug, +2r—2, tk,+2k—1) = (0,0). The number of
sequences in Gz is M"3(M — 1) — M"75(M —1).
Gy4: (i) Since v, = u,,_q and vg, 4 = 3, there will be
at most k; zeros from vg to vy, and at most k — 1 zeros
from vy, to vy, 4. (i) Since vk, 425 = 1, there will be at
most k — 1 zeros from vg, 4, t0 vy, y2r and at most &k, — 1
zeros from vy, 421, t0 v, —1. (iii) In G4, we encode @ into T,
where u, —1 # 0, (g, —1, U, ) = (Uk,42k—2, Uky+2k—1) =
(0,0). The number of sequences in G4 is M"~3(M — 1).
Taking the logarithm of the sum of the numbers of sequences
in the four groups and dividing the result by n, we have the rate
of V given in (3). O
Example 1: We can construct an RLL code V con-
sisting of (M,0,k, ki, k.) = (4,0,7,4,3) sequences of
length n = 21 using Construction I. Let & = (uguius
U3U4U5U6U7U8U9U10U11U12U13U14U15U16U17U18Uwygo)-
The four groups are given as follows.
Gli For (u3u4) ;é (07()) and (u16u17) 75 (07()),
T = (UpU1ULUI UL UsUUTUSUYUoU10U11U12 UT3UT4UTS
U16U17’u18’u19)-
GQI For (U3’U,4) = (0/ 0) and (’LL16’LL17) ;é (070)/
0 = (Uou1UUsUgg UgUTUgUgU1001U11UI2U13 U14U15U16

UL7UIULY).
G31 For (U3U4) ;é (0/0) and (u16u17) = (07()),
T = (UoU1U2UzUsUsUcUTUSUY02UT0U11UT2UT3UT4 U5
!20”18“19)~

G4Z For (U3U4) = (0/ 0) and (u16u17) = (0/ 0) U=
(UoU1 U2U5 U9 U UTUSUGU1003U11 U2 U1 3U14 U151 1U8UT9).
There are 420 - 3 — 2.4'® . 3 + 416 . 3 distinct sequences in
G, 4'8 - 3 — 416 . 3 distinct sequences in G, 4'8 -3 — 416 .3
distinct sequences in G'3, and 4'° - 3 distinct sequences in Gy.
The total number of sequences in this RLL code is 42°-3. Hence,
the code rate R = logo(4%° - 3)/21 ~ 1.980236 bits/symbol.
The efficiency is 1.980236,/1.999983 ~ 99.01264%. O
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Encoding and Decoding: Let PP be a message to be encoded,
where P =0,1,..., M"1(M — 1) — 1. The encoding of V is
implemented by the following procedure.

1) Let P/ = P+ M"~ ' Then, P" € {M"~}, M"! +

1,...,M™—1}.
2) Find the representation of P’ in the base of M, i.e.,

P':uo+u1-M+u2-M2+~--+un_1~M"71. (4)

Note that u,_1 is nonzero and can be denoted by w,, .

3) Map @ into T according to the conditions of G1, G2, G3
and (G4 for Construction I.

The decoding of v into the message P is implemented by the

following procedure.

1) If vg4k—1 # 0, then v is in Gy. If vy, 41 = O and
Uk, +k = %, then 0 is in G41, ¢ = 1,2, and 3.

2) According to rule of G;, find the associated % from 7.

3) Obtain P’ by (4). The message is P = P/ — M™~1.

B. Construction 1%t

For Construction I, the message P is an integer in the range
of {0,1,...,M™ Y(M — 1) — 1}. In case that the message is
in the form of a binary sequence, then the mapping from the
message to @ can not be implemented. Hence, we need to modify
Construction I to Construction [¢X*,

Let V be a code of length n designed according to Construc-
tion I. Let V'L be the code of length Ln, in which each code se-
quence is in the form of (o, ..., 0¢,...,05—_1), Where vy € V.
There are [M"~1(M — 1)]* code sequences in V. For en-
coding from binary message sequences, we consider a subset
of VL, denoted V**, which consists of 29 sequences, where
Q = |loga[M"™~Y(M — 1)]¥]. The coding rate will be reduced
to

_ logy[M™ (M - 1)]"]
R= 2 I )

(&)

In general, the decoding/encoding complexity of V** may be
high. However, in case that log, M = p is an integer, the en-
coding/decoding complexity can be very low. In this case, ) =
L(n—1)p+q, where ¢ = |logy(M —1)% |, and the coding rate
of Vet g

Lin-1p+q

R =
In

(6)
The message P** for encoding and decoding is represented by
L(n — 1)p + q message bits, i.e.,

Pt =(bo, b1, .-, brn—1)p—1:OL(n-1)ps - -+ OL(n—1)ptq—1)-

Encoding and Decoding: We map P** into

at = (Uo, U1, ., Ugs oo, Up—1) )
where % = (ue,0,%e,1,- -+ Uen—2,%,_;). Then, 7"t is en-
coded into an (M,0,k, k), k) sequence of length Ln repre-
sented by

ext

v = (19,01, ..., Ve, .., VL1) ®)

TABLE 1
THE 6-BIT INPUT/4-SYMBOL OUTPUT LOOKUP TABLE FOR EXAMPLE 2
Binary Quaternary
bo,40 bo,41 b1,40 b1,41 b2,40 b3,40 || Ug 00 U120 Uo.20 U3 20

0 0 0 0 0 0 1 1 1

0 0 0 0 0 1 1 1 1 2

0 0 0 0 1 0 1 1 1 3

0 0 0 0 1 1 1 1 2 1

0 0 0 1 0 0 1 1 2 2

0 0 0 1 0 1 1 1 2 3

! l

1 1 1 0 1 0 3 3 2 1

1 1 1 0 1 1 3 3 2 2

1 1 1 1 0 0 3 3 2 3

1 1 1 1 0 1 3 3 3 1

1 1 1 1 1 0 3 3 3 2

1 1 1 1 1 1 3 3 3 3
where Uy = (ve,0,V¢,1, - - -, Ve,n—1) is a codeword of V' encoded
from i,. The mapping from P to 4®** is implemented as
follows.

1) For 0 < / < L — 17 (ui,oaue,lw"?ul,n*Z) =

(b(n—1)ep> Dn—1)ep+15 - - - > D=1y (e 1)p—1)-
2) We use a lookup table to map the binary g¢-tuple

(Lo,n—1> Yine1re s Yometse oo Q(L—1),n—1)~ The size
of the lookup table is ¢ by L (g-bit input and L-symbol
output).

The decoding of V*' can be implemented by simply re-
versing the encoding procedure.

Example 2: Let V be the 4-level RLL code designed by Con-
struction I, which consists of (M, 0, k, k;, k.) = (4,0,7,4,3)
sequences. Then, logy, M = p = 2. Letn = k; + k. + 2k = 21
and L = 4. Then, [logo(M — 1)L] = |log, 3*| = ¢ = 6. We
will encode a message P°** represented by L(n—1)p+q = 166
message bits into a (4,0,7,4,3) sequence v°** of Ln = 84. We
need a lookup table with 6-bit input and 4-symbol output as
shown in Table 1. The code rate of the resulting code V** is
(40-446)/(21-4) ~ 1.976190 bits/symbol. The efficiency of
VXt i 1.976190/1.999983 = 98.81033%. Note that the code
rate of V' is approximately 1.980236. (]

If we place M = 2 in (3), we have R = (n — 1)/n. Since
some binary (0, k) RLL codes of rate (n — 1)/n have already
been reported in the literature [4], there may be the impression
that practical (M, 0, k, k;, k) codes can be constructed in ways
which are nothing more than generalizations of binary (0, k)
codes. In fact, a larger M allows more room for RLL code con-
struction. In the following, we will show an (M,0,k, k;, k)
RLL code construction for M > 4, which can achieve better
efficiency.

C. Construction I1

Let M > 4, k; <4, k. <3and k > 3. We can construct an
RLL code V consisting of (M, 0, k, k;, k,.) sequences of length
n = k; + k. + 2k — 2, which are divided into nine disjoint
groups, denoted G 41, G 42, Ga3, Gp1, G2, GBs, Go1, Geoa,
and G ¢3 respectively, based on @. The details of the nine groups
are given as follows.

Gai:Incase of up—1 = u,_q, (u1,...,u,) # (0,...,0)
and (Up—9-k,,---,Un—3) # (0,...,0), set v; = u; for
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0<i<ki+k—3, vgtr—2 = u,_q,and v; = u;_ for
ki+k—-1<:<k+k.+2k—3=n—-1.
Gaz:Incase of up_1 = u,,_q,u1 =+ = ug, =0, set
UOZUOfOI’k‘l Z l,vi:qul fOflSiSk‘l—land
ki > 1,0, =1,v; = tUjgp,—1 forkj+1 < < ki + k-3,
Vyh—2 = 0, Uy qi—1 = 0, Vpyy4k = u,,_q, v; = u; for
ki+k+1<:< kl+2k_4avkl+2k—3 =1l,andv; = u;_1
fork;+2k-2<i<k+k.-+2k—3=n-—1.
Gaz:Incaseof up—1 = u,,_q, (u1,...,ug,) # (0,...,0)
and Up_o_k, = -+ = Up_3 =0,setv; =u; for0 <7 <
ki—land k; > 1, v, =1, v, =uj—y fork; +1 <4 <
ki+k—3, vg4k—2 = 0, Vpy4k—1 = 1, v; = u;_3 for
ki+k <io<k+2k—4 vg4on-3=1U, 1,V = U4
fork; + 2k —2 <1<k +2k—1, and v; = u;_; for
ki+2k<i<k+k +2k—-3=n-—1.
Gpi:Incase of up,_ 92 = up—1 = 0, (ug,..., ug,) #
(0,...,0) and (up—3—k,,---,un—s) # (0,...,0), set
v; = u; for0 < < kl+k_37vkl+k—2 = O’Ukl-i-k—l =2
andv; = u;_s fork;+k <i<kj+k.+2k—3=n-1.
Gpa:Incase of up_o = Up—1 =0, up = -+ =ug, =0,
set vg = ug and v; = wuy for k; > 1, v; = Uitk —1 for
2<i<k—1land k; > 1, v, = 2, v; = Ujyp,—2 for
ki4+1<4<k+k-3 vgir-—2 =0, 0p41-1 =0,
Uk,+kZQ,UiZUi_lfOI'kl—{—k-i-l§i§k1+2k—47
Vi 42k—3 = 2,and v; = u;_o for k; +2k — 2 <1 <
ki+k-+2k—3=n-—1.

Gps: Incase of up—2 = up—1 = 0, (ug,..., ur,) #
(0,...,0) and Un—3—k, = "+ = Up_5 = 0, set v; = u;
forO0 <i<k—landk; > 1,v, = 2, v, = u;—q for
ki+1<i<k+k—-3 vpqr—2 =0, vp4p-1 = 1,
vi =u;_sgfork; +k <i <k +2k—4, Vg 42k—3 = 2,

v; = u;_y fori = k; + 2k — 2, and v; = u;_o for
ki+2k—-1<i<k+k-+2k-3=n-1.
GeriIncase of up—o = 1, tpe1 = 0, (ug, ..., ug,) #

(0,...,0) and (up—3—k,, - Un—s) # (0,...,0), set
v; = u; for0 <1 < k‘l+k_377jkl+k—2 = 07'Ukl+k—1 =3
andv; = u; _ofork;+k<i<k+k.+2k—3=n-—1.
Geo:Incaseof up—o =1, up—1 =0, u2 = --- = ug, =
0, set vg = wp and vy = uy for k; > 1, v; = wiqx,—1 for
2 S ) S kl — 1 and kl Z 17 Vi, = 3, Vi = Uitk —2 for
ki+1<i<k+k-3 vpqr—2 =0, vp4r-1 =0,
vk,+k:37vi:ui,lforkl—l—k—kl§i§k1+2k—4,
Uk, 42k—3 = 3, and v; = uj_o for kj + 2k — 2 < 7 <
ki+k-+2k—3=n-—1.

Ges:Incase of w9 = 1, up—1 = 0, (ug,..., ug,) #
(0,...,0) and up—3_p, = -+ = up—5 = 0, set v; = u;
for 0 S ) S k‘l — 1andkl Z 17'Ukl = 37 Vi = Ui—1 for
Bi+1<i<k+k—3 vytro2=0 411 =1,
v; = ui—z forky + k <4 < ky + 2k — 4, vpq26-3 = 3,
v; = uj_y fori = k; + 2k — 2, and v; = wu;_o for
ki+2k—-1<i:<k+k+2k-3=n—-1.

Theorem 2: The code V in Construction II consists of

M"=2[M(M — 1) + 2] code sequences which satisfy the
(M, 0, k, ki, k) constraint. The coding rate in bits/symbol is

_ logy {M"2[M(M — 1) +2]}

R

(€))

IEEE TRANSACTIONS ON MAGNETICS, VOL. 46, NO. 1, JANUARY 2010

Proof: For G 41, we have vy, yx—2 = u,,_; 7# 0. For G 49,
we have vy, = 1,vg,46-—2 = 0, and vy, 44-1 = 0. For G 43,
we have vy, = 1, vk, 452 = 0, and v, 41—1 = 1. For Gp1, we
have vg, +r—2 = 0 and vg, +x—1 = 2. For G2, we have vy, = 2,
Vi +k—2 = 0, and Vi +k—1 = 0. For GBg, we have Vg, =
2, Vky+k—2 = 0, and Vky+k—1= 1. For ch, we have Vki+k—2 =
0 and vg, +1—1 = 3. For G2, we have vy, = 3, vg,44-2 = 0
and vy, +x—1 = 0. For G¢3, we have vy, = 3, v, 41—2 = 0 and
vk, +k—1 = 1. Based on these characteristics, we see that these
nine groups are disjoint. In the following, we will show that the
sequences in each group satisfy the (M, 0, k, ki, k) constraint
and will compute the number of sequences in each group.

Gar:(A)Fork > 3, wehave v; = u; for0 <i < k;+k—

3 < k;. Hence, we have (v, ...,v5) = (u1,...,ug,) #
(0,...,0). Hence, there are at most k; zeros from vg to
Vk,. Since vk, 4r—2 = u,_1, there are at most k zeros

from vy to vg,4x—2 for k; < 4. (ii) For £ > 2, we have
ki+k—2<n—2—Fk,andhence (v—1—k, ,...,Un_2) =
(Un—9—k, -+ un—3) 7# (0,...,0). There will be at most
k zeros from vy, +r—2 to vp_o (for k. < 3) and at most
k. zeros from vy, _1_, to v,_1. (iii) In G 41, we encode &
into ¥, where u,,—1 # 0, (u1,...,ux,) # (0,...,0) and
(Un—2—k, ;- un—3) # (0,...,0). Hence, the number of
sequences in G 47 is M~ H(M — 1) - M1k (M — 1)
- MR (M — 1) + MRk (M - 1),

G a2: (i) Since vg, = 1 and vg, 4 = u,,_;, there will be at
most k; zeros from v to vy, and at most k£ — 1 zeros from
Uk, 10 Vg, k. (i1) Since vg, 42—3 = 1, there will be at most
k — 4 zeros from vy, 4, t0 vk, +2r—3 and at most k,. zeros
from v, {23 to v,_1. (iii)) In G 42, we encode % into v,
where u, 1 # 0, (ug,...,ug,) = (0,...,0). Hence, the
number of sequences in G 4o is M1 7F (M — 1).

G a3: (i) Since vy, = 1 and vg,41—1 = 1, there will be
at most k; zeros from vy to vy, and at most k — 2 zeros
from vy, to vi,4r—1. (i) Since vy, 42r—3 = u,,_1, there
will be at most k£ — 3 zeros from vy, 45—1 tO Vg, 42k—3
and at most k,. zeros from vg, y2r_3 to v,—1. (iii) In G 43,
we encode @ into ¥, where u,—1 # 0, (u1,...,up,) #
(0,...,0) and (up—2—k,,---,Un—3) = (0,...,0). Hence,
the number of sequences in G 43 is M1~k (M — 1) —
MnflfklfkT(M _ 1)

GBli (1) Since (’UQ, ce 7'Uk1) = (UQ,.. . ,ukl) ;é (0/ . ,0)
and vg,+1—1 = 2, there will be at most k; zeros from vy
to vk, and at most k zeros from vy to vy, 41—1 for k; < 4.
(11) Since ('Un—l—kw e ,’Un_g) = (un—.?)—kM . 7Un_5)
# (0,...,0), there will be at most k zeros from vy, +x—1
to v,_3 (for k. < 5) and no more than k, zeros from
Un—_1_k, t0 vp_1. (iil) In Gp1, we encode % into U, where
Up—o = Up—1 = 0,(ua,...,ur,) # (0,...,0) and
(Un—3—k,,---,Un—s) # (0,...,0). Hence, the number of
sequences in G p; is M2 — M-k -1k
Mr—Fki—kr

Gpa: (i) Since v, = 2 and vg, 4+ = 2, there will be at
most k; zeros from v to vy, and at most k£ — 1 zeros from
Uk, 10 Vg, 4k . (i1) Since vy, 42,—3 = 2, there will be at most
k — 4 zeros from vy, 4 t0 vk, +2r—3 and at most k,. zeros
from vg, {2 —3 to v,—1. (iii) In G g2, we encode % into v,
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where u,—2 = un—1 = 0, (u2,...,ur,) = (0,...,0).
Hence, the number of sequences in Gy is M n—l-k;

Gps: (1) Since v, = 2 and vg,4,—1 = 1, there will
be at most k; zeros from vy to vy, and at most k — 2
zeros from vy, to Vg, 4r—1. (i) Since vg, 423 = 2,
there will be at most k — 3 zeros from v, 4r—1

to Vg, +2r—3 and at most k, zeros from vy, 4or—3
to v,_1. (ili) In Gp3, we encode u into v, where
Up—2 = Up—1 = 0, (u27 e 7ukl) 7& (07 s 0) and
(Un—3-—k.s--- un—35) = (0,...,0). Hence, the number of
sequences in G gy is M~ 1=Fkr — ppr—ki=ke

Gc1: The proof for this group is similar to that for
group Gpi. The number of sequences in Gy is
Mn72 _ Mnflfkl _ Mnflfkr + Mnfklfkr_

G ¢2: The proof for this group is similar to that for group
G . The number of sequences in Gy is M™ 175,
G¢3: The proof for this group is similar to that for group
G'p3. The number of sequences in G¢3z is M"~ 1=k —
Mnfkl —kr .

Summing up the numbers of sequences in G 41, G 42 and G 43
respectively, we see that there are M"~1(M — 1) sequences in
G a1 U Gz U G 43. Similarly, there are M™ 2 sequences in
Gp1 U Gy U Gps and there are M™~2 sequences in G¢q U
G ¢2UG 3. Hence, there are a total of M~ 2[M (M —1)+2] in
V. Taking the logarithm of this number and dividing the result
by n, we have the rate given in (9). O

For G 41 UG 42 UG 43, we encode u into v, where u,,—1 # 0.
For Gg1 U Gps U Gp3, we encode u into v, where u,_o =
U,_1 = 0. For Gg1 U Geo U Ges, we encode 4 into v, where
Up—2 = 1, up—1 = 0. For Construction II, we can employ @
with either u,,_1 # 0 or u,,_1 = 0. In contrast, for Construc-
tion I, u, 1 # 0 is required. This is the key point that makes
the coding rate of Construction II to be better than that of Con-
struction I.

Encoding and Decoding: The encoding of V' is designed to
map a message P into one of the M"~2[M (M — 1) + 2] code-
words in V, where P = 0,1,..., M"2[M(M — 1)+ 2] — 1.
The encoding is implemented by the following procedure.

1) Suppose that 0 < P < M™=2 — 1. (i) Find the represen-
tation of P in the base of M as in (4). (ii) Map @ into ¥
according to the rule of Gp; U G2 U Gps.

2) Suppose that M"~2 < P < 2M™~2 — 1. (i) Find the
representation of P in the base of M as in (4). (ii) Map «
into v according to the rule of Go1 U G U Ges.

3) Suppose that 2M"~2 < P < M"?2[M(M — 1) + 2] —
1. G Let P = P+ M™ 1 — 2M™ 2 where P €
{Mn"=t ... ,M"™ — 1}. (ii) Find the representation of P’
in the base of M as in (4). (iii) Map % into ¥ according to
the rule of G421 U G492 U G 43.

The decoding of v into the message P is implemented by the

following procedure.

1) According to vy, , Uk, +k—2, and vk, 1—1, classify whether
visin G471 UG 9 UG 3 0rin Gg; UGy U Gps orin
Gc1 UGer U Ges.

2) Now that we find the union of groups G;1 U G;2 U G;3,
1 = A, B, C for v. According to rule of G;; U G;2 U G;3,
we can find the associated u and the associated P.

Example 3: We can design a 4-level RLL code V
consisting of (M,0,k,k;,k.) = (4,0,7,4,3) of length
19 using in Construction II. Let & = (uqujusususus
UGU7USUQU10U11U12U13U14U15U16U17U18). The nine groups
are as follows.

GAll For (U,1UQU,3U,4) 7é (0,0,0,0) and (U14U15U16)
;é (07070)7 U1g = Uy ;é 0, set v = (U0u1UQ’lL3U4U5u6
U7U8y18U9U10U11U12U13U14U15U16U17)-

GAQZ For (U1UQU3U4) = (0/ 0,0,0)7 U8 = Ugg ;é 0, set

7 = (uousueurluguguiot1 00U guiouizuislussussusy).
GA31 For (U,1UQU,3U,4) 7é (0,0,0,0) and (U14U15U16)
= (0,0,0), U1y = Uqg # 0,setv = (UO’U,1U,2U31’U,4U,5UG
u70luguguiot1 1ty gUi2t13U17).

GBll For (UQU3U4) ;é (0,0,0) and (U13U14) ;é (0,0)
U7 = U118 = 07 set v = (u0u1u2u3u4U5u6u7u802u§,u10u11
U12U13U14U15U16).-

G po: For (’U,QU,3U4) = (0,0,0), u17 = u1g = 0, set v = (U,oul
usue2urugugt10002u1 1 U121132U14U15U16).

GBgl For (UQU3U4) ;é (0,0,0) and (U13U14) =

n —=

(0,0),

U7 = U8 = 07 set v = (UOU1UQU32U4U5U6U701u8U9U10
u112U12U15U16)-

GCll For (’U,QU,3U4) 7é (0,0,0) and U13U14 7é (0,0),
Uy = 1./ uig = 0./ set v = (UOU1U2U3U4U5UGU7U803’M9
U10U11U12U13U14U15U16)-

GCQZ For (UQU3U4) = (0,00)/ U7 = 1, u1g = 07

setv = (uou1u5u63U7u8u9u10003u11u12u133u14u15u16).
Gcgl For (’U,QU,3U4) 7é (0,0,0) and (U13U14) = (0,0),
Uy = 1, uig = 07 set v = (UOU1UQU33U,4U5UGU701U8U9
U10U113U12U15U16)-

There are 418 - 3 sequences in G 41 U G 49 U G 43; 417 ge-
quences in Gy UG po UG p3; 417 sequences in Gy U Gea U
G¢3. In total, there are 4'7 - 14 sequences of length 19. The
rate is R = log,(417 - 14)/19 ~ 1.989861. The efficiency is
1.989861/1.999983 = 99.49389%. O

D. Construction IT¢%

In case that the message is in the form of a binary sequence,
we need to modify Construction II to Construction II°**.

Let V be a code of length n designed according to Construc-
tion IL. Let V' be the code of length Ln, in which each code se-
quence is in the form of (v, ..., U¢,...,05—1), Where o, € V.
There are {M"~2[M (M — 1) + 2]} code sequences in VL.
For encoding from binary message sequences, we need to pick
a subset of VL, denoted Ve*t, which consists of 2¢ sequences,
where Q = [logo {M"~2[M (M — 1) + 2]}*|. The coding rate
will be reduced to

_ Llogy {M"2[M(M — 1) + 2]} ]
Ln '

In case that log, M = p is an integer, the encoding/decoding
complexity can be very low. In this case, Q = L(n — 2)p + ¢
where ¢ = [log,[M (M — 1) + 2]¥], and the coding rate is

Lin=2p+q
Ln )

R

(10)

R= (11)

The message P** for encoding and decoding is represented by
L(n — 2)p + q message bits, i.e.,
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PCXt = (b07 b17 R bL(n—?)p—h bL(n—?)p7 ) bL(n—?)p—l—q—l)-

Encoding and Decoding: We need to map P into
™t = (@, %U1,..., U ..., Ur_1), which is then en-
coded into a codeword 7' = (g, U1,..., 00,0 1),
where 4, = (’U,g’()?u&l, sy Ug 2, ’U,g’nfl) and 7, =
(Ve,0,Ve,15 - - - s Ve,n—2,Ve,n—1). The details are as follows.

For 0 S / S L — 17(’11,[70./1,%71,..
(bn=2)eps Din—2)tp+15 - - - > Dn—2)(t41)p—1)-

We need an efficient mapping from the binary g¢-tuple,
(bL(n=2)p>--++bL(n—2)p+q—1) to the nonbinary 2IL-tuple
(Uo,n—2-, U0n—15UT,n—2,UTn—-15-+- s W n—2,Uln—15---,
U(L—1),n—2> U(L—1),n—1)- Let IBR be the integer with the bi-
nary representation (bz,(n—2)p; - - - , bL(n—2)p+q—1). That means

’

. 7ul,n—3) —

q—1
IBR = Z DL (n—2)pts2’

7=0

12)

Then, we find the representation of IBR in the base of M (M —
1) + 2. Thus

L—-1
IBR =Y W/[M(M -1)+2
=0

where 0 < W, < M(M — 1) + 1. For each W, three cases will
be considered.

a) Supposethat0 < W, < M(M —1).Let W, = Wy + M.
Then, M < W/ < M?. Write W/ in the form of
base M, ie, W; = wy, 1M + ug,—2, Where
U1 # 0. Then, we have (u¢n—2,%,_1). Ac-
cording to the rule in G437 U G492 U G43, we encode
Uy = (U£,07 Ug 1y - 7u€,n727ﬂé,n—l) into Uy.

b) Suppose that W, = M(M — 1). Set ugn—2 = Upn—1 =
0. Then, we encode u, into vy according to the rule of
GB1 U Gp2 UGps.

c) Suppose that W, = M(M — 1) + 1. Set ugn—2 =
1,u¢n—1 = 0. Then, we encode %, into ¥, according to
the rule of G¢o1 U Geoa U Ges.

Then, we have v°** = (v, 01, ...,0

sequence encoded from (b, b1, ..., bL(n—2)ptq—1)-

The decoding is a simple reverse operation of the
encoding. Let #** be the RLL sequence for de-
coding. By checking v, vk,4k—2, and Vg 4r_1,
we can tell the group (one of the nine groups, i.e.,
Ga1,Ga2,Ga3,GB1,GR2,GB3,Ge1, Gea, Ges) to which
vy belongs.

i) fo,isin Go1 UGoa UGes, then Wy = M(M — 1)+ 1.

ii) If Uy isin Gg1 U Ggo U G 3, then W, = M(M — 1).

iii) If 7y is in G471 U Gao U G a3, then we can re-
trieve (W,n_g,g(,n_l) from v,. We then have
Wé = E(’,,n—lM + Ugn—2 and W, = Wé - M.

With W,,0 < ¢ < L — 1, we can compute IBR according to
(13). Then, we can recover (br(n—2)p;---s0L(n—-2)p+q—1)
the binary representation of IBR. With the knowledge
of the group to which v, belongs, we can also recover
(we,0,%e1,---,Upn—g) for 0 < ¢ < L — 1. Then, we can find

(bo,b1, .- bL(n—2)p—1)-

(13)
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TABLE II
(M,d, k) = (4,0, k) RLL CODES OBTAINED BY CONSTRUCTION II
(M,d,k) | Length | Rate: R Capacity : C n=R/C
4,0,3) 7 1.9724 1.9957164944207 98.832%
(4,0,4) 10 1.9807 1.9989390561406 99.089%
(4,0,5) 13 1.9851 1.9997355196971 99.269%
(4,0,6) 16 1.9879 1.9999339363403 99.399%
(4,0,7) 19 1.9898 1.9999834880591 99.494%
(4,0,8) 22 1.9912 1.9999958723044 99.564%
(4,0,9) 25 1.9922 1.9999989680965 99.614%
(4,0,10) 28 1.9931 1.9999997420255 99.659%
TABLE III
(M,d, k) = (4,0, k) RLL CODES OBTAINED BY CONSTRUCTION IT¢*¢
(M,d, k) | Length | Rate: R Capacity : C n=R/C
(4,0,3) 7 1.9642 1.9957164944207 98.421%
(4,0,4) 10 1.9750 1.9989390561406 98.804%
(4,0,5) 13 1.9807 1.9997355196971 99.049%
(4,0,6) 16 1.9843 1.9999339363403 99.219%
(4,0,7) 19 1.9868 1.9999834880591 99.344%
(4,0,8) 22 1.9886 1.9999958723044 99.434%
(4,0,9) 25 1.9900 1.9999989680965 99.504%
(4,0,10) 28 1.9910 1.9999997420255 99.554%

Note that no lookup table is needed in the encoding and
decoding.

Example 4: Suppose that we employ Example 3 and use L =
4 blocks for encoding. Remember that n = 19. In addition,
logy M = p = 2,and |loga { M(M — 1)+ 2}L| = ¢ = 15. For
the integer IBR, we have 0 < IBR < 2'%—1. According to (13),
the integer IBR = Wy - 143 + W5 - 142 + W - 14 + Wy, where
0<W,<13,for{=0,1,2and 0 < W3 < 11. The code rate
is (34-4415)/(19-4) = 1.986842 (bits/symbol), the efficiency
is 1.986842/1.999983 ~ 99.34294%. We see that this practical
realization of (4, 0, 7, 4, 3) code with low encoding/decoding
complexity has coding rate approaching the capacity and the
efficiency is very close to 1. O

The coding rates of some (M,0, k, ki, k,.) codes obtained
from Construction II and Construction II°** respectively, with
M = 4andn = 2k + k; + k, — 2 for various k are listed
in Tables II and III respectively. We can see that the proposed
(M, 0, k) code designs are efficient for a wide range of k. Note
that for binary (0, k) code, its capacity can not exceed 1 bit/
symbol. Hence, advantage of the proposed (M, 0, k) block code
over the binary (0, k) block code is obvious.

III. SYSTEM PERFORMANCE OVER AN OPTICAL
RECORDING CHANNEL

The dependency of symbols within the RLL sequence will
incur the phenomenon of error propagation for the decoded
message bits. Sometimes, only one symbol of the RLL se-
quence in error may result in many erroneous message bits after
decoding. For the RLL code of length Ln designed by Construc-
tion II°**, errors in positions of Ve koy » Ve oy +k—2> AN Vg o, 411
may result in erroneous bits in (u¢1,us2,..., % ,,—3) and
in (bL(n,Q)p, ...,bL(n,Q)pH,l) respectively. The erroneous
bits in (ue1,usr2,...,Us,n—3) may form a burst, denoted
as aBURST. The worst case of «BURST has a length up
to (logy, M)(n — 4) bits, which occurs when a sequence in
G 41 is mistaken for a sequence in Gpy. The erroneous bits
in (brm-2)p;---»bL(n—2)p+q—1) may form an error burst of
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length up to ¢, denoted as SBURST. However, errors for
other positions in vy will not cause serious error propagation.
For the (M, d, k) codes of length n listed in Table III, we see
that increasing k& will result in an increased n and hence an
increased a BURST.

We need to use an efficient error-correcting code (ECC) to
combat the combination of random errors and bursts. In this
section, we consider the joint effect of ECC and the proposed
M-level RLL code over a precoded optical recording channel.
We consider two systems. The first is the classical ECC-RLL
system, for which the ECC encoding is followed by the RLL
coding. The second is the RLL-ECC system [22], [4], [8], [9],
for which the RLL encoding is followed by the ECC encoding.
For each system, the RLL code obtained from Construction Irext
with L = 4,n = 2k + k; + k. — 2 is used. We use an M -level
PLM precoder, which uses {v;} as input and {z;} as output,
where 7 is the time index, the relation between {v; } and {z;} is
given by

zi=v;+ 21 (mod M). (14)
In each system, there is a signal mapper which maps the M -level
(M -ary) symbol z; into an M -level pulse amplitude modulation
(PAM) signal z;. Assuming that M is an even integer, we have
Zie{-(M-1)A,—(M =3)A,...,(M —=3)A, (M —1)A},
where A is a constant.

We consider the optical recording channel as presented in
[23], for which the impulse response is

2
2 2t
)= ——expl — | —
1® ST\/%GXP{ <ST> }
and the transition response g(t) is the convolution of [](¢) and

f(t), where [](t) equals 1 for 0 < ¢ < T and equals O other-
wise. The output signal of the optical recording channel is

15)

oo

> Zig(t = (i+ A)T) +n(t)

1=—00

y(t) = (16)

where T is the symbol duration, {A;} is an independently iden-
tically distributed random process representing the jitter effect,
n(t) is the additive white Gaussian (AWGN) noise with one-
sided power spectral density Ny. In the simulation, we assume
that each A, is a zero mean Gaussian random variable with vari-
ance 0% . In addition, we assume that |o A |7 is small and g(t) is
sufficiently bandlimited [24] so that

gt — (i + A)T) = g(t —iT) — AT f(E—4T).  (17)
Hence, we have
y(t)y m > Zig(t—iT)— > ZATf(t—iT)+n(t) (18)

where Y Z AT f(t — iT) is the jitter noise and n(t) is
the AWGN noise. The average energy per code symbol at the

output of the optical channel is

(e}

> 9T’

j=—c0

Sl M = (2 + D)
M

Es=E{i}}E

=2

oo

> g(T)?

j=—o0

x A’E (19)

where E{X} denotes the expected value of X. The average
energy per message bit is
Es
Ey=——7—
’ erlRe(‘,c
where R, and R... are the rates of the RLL code and the ECC
code respectively. The average energy of jitter noise for each
received code symbol is

(20)

oo

My=E{Z}YE{AI}EQ > [Tf(GT)
Y M = @t P
M
x A’0XE i [Tf(T) 1)
We use S = 3.8 [25]. Then, Tf(-2T) = Tf(2T) =

0.0981, Tf(—T) = Tf(T) = 0.2251,Tf(0) = 0.2969. We
also have ¢(7T') = g(4T) = 0.1601, g(27") = ¢(3T") = 0.2727.
For simplicity, we set f(iT) = 0, for |i| > 2 and g(iT) = 0
for + < 0 and ¢+ > 5. Hence, in the simulation, an MAP
detector with 42 states will be used for this optical recording
channel, where the state of precoder is integrated into the state
of the channel represented by ¢(i¢T'). Furthermore, we write
My = [Ny. In the simulation, we consider 3 = 0 and 0.15
respectively. Note that for § = 0, there is no jitter noise.

A. ECC-RLL System

The system under consideration is shown in Fig. 1. A se-
quence of information bits is first encoded by the Reed-Solomon
(RS) encoder. Then, its output is sequentially processed by an
M-level RLL encoder, an M-level pulse length modulation
(PLM) precoder, an M -level signal mapper to result in M -level
signals which will be used as input to the optical recording
channel. The output of the channel is processed by an M -level
MAP (maximum a posteriori) detector for the precoded optical
recording channel, an M -level RLL decoder, and finally an RS
decoder to retrieve the information bits.

For the RLL code, we consider (M, d, k) = (4,0,4) code
with n = 10 and rate R ~ 1.9750 bits/symbol, (M,d, k) =
(4,0,7) code with n = 19 and rate R ~ 1.9868 bits/symbol
respectively, which are given in Table III. The largest lengths of
the associated aBURST’s are 12 bits and 30 bits respectively,
while the largest lengths of the associated FBURST’s are both
equal to ¢ = 15.

To provide the error-correcting capability to tackle the error
burst in the M-level RLL code of length Ln, we consider the
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Fig. 1. An ECC-RLL multilevel optical recording system.
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Fig. 2. An RLL-ECC multilevel optical recording system.

(511, 455) Reed-Solomon code based on GF(2%), which is
equivalently a (4599, 4095) binary code with code rate approx-
imately 0.8904. This RS code is capable of correcting 28 9-bit
erroneous symbols. For the (M, d, k) = (4,0,4) code using
Construction IT* with n. = 10, each «BURST may result
in up to two erroneous 9-bit symbols in the RS code, while
each SBURST may also result in up to two erroneous 9-bit
symbols. Hence, the RS code can correct 7 longest aBURST’s
plus 7 longest BBURST’s for (M, d, k) = (4,0,4) code with
n = 10, and 4 longest «BURST’s plus 6 longest SBURST’s
for (M,d, k) = (4,0,7) code with n = 19. This code is also
capable of correcting a combination of some bursts and some
random errors for each k.

The simulation results of bit error rate (BER) versus Ej /Ny
based on 3 of 0 and of 0.15 are plotted in Figs. 3 and 4, re-
spectively. From Fig. 3 and Fig. 4, we see that using RS code
can somewhat alleviate the effect of channel errors and the error
propagation phenomenon of the RLL codes. For either 5 = 0
or of 0.15, the BER curves for the (M,0,k) = (4,0,4) code
are better than the curves for the (4, 0, 7) code. This results fits
our expectation since the (4, 0, 4) code has less serious error
propagation.

B. RLL-ECC System

For the second scheme shown in Fig. 2, we apply the concept
of the RLL-ECC concatenation scheme [9] to uniformly inter-
leaves the nonbinary ECC codeword to satisfy the desired multi-
level RLL constraint. In order to impose the M -level (0, k) RLL
constraint to the interleaved nonbinary ECC codeword, we need
to employ a slightly tighter M-level (0, k— h) RLL constraint to
the symbol sequence prior to the M -level ECC encoder, where
h is the number of inserted symbol from nonbinary ECC parity
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Fig. 3. Simulation results of an optical recording system with AGWN noise
only (i.e., 3 = 0). (A) RS Code + 4-level (0, 4) RLL Code; (B) RS Code +
4-level (0, 7) RLL Code; (C) 4-level (0, 3) RLL Code + LDPC Code with hard
decoding, (0, 4) constraint; (D) 4-level (0, 6) RLL Code + LDPC Code with
hard decoding, (0, 7) constraint; (E) 4-level (0, 3) RLL Code 4+ LDPC Code
with soft decoding, (0, 4) constraint, 10 iterations; (F) 4-level (0, 6) RLL Code
+ LDPC Code with soft decoding, (0, 7) constraint, 10 iterations.

6 7 8 9 710
Eb/No (dB)

Fig. 4. Simulation results of an optical recording system with both AGWN and
jitter noise (3 = 0.15). (A) RS Code + 4-level (0, 4) RLL Code; (B) RS Code
+ 4-level (0, 7) RLL Code; (C) 4-level (0, 3) RLL Code + LDPC Code with
hard decoding, (0, 4) constraint; (D) 4-level (0, 6) RLL Code + LDPC Code
with hard decoding, (0, 7) constraint; (E) 4-level (0, 3) RLL Code + LDPC
Code with soft decoding, (0, 4) constraint, 10 iterations; (F) 4-level (0, 6) RLL
Code 4+ LDPC Code with soft decoding, (0, 7) constraint, 10 iterations.

symbols. Here, we use the LDPC code over GF(M) as the non-
binary ECC.

The sequence of information bits is first encoded by an
M-level RLL encoder. Then, its output is sequentially pro-
cessed by a nonbinary systematic LDPC encoder, a uniform
interleaver, an M-level PLM precoder, an M-level signal
mapper to result in M -level signals which will be used as input
to the optical recording channel. The output of the channel
is processed by an MAP detector for the precoded optical
recording channel, a uniform deinterleaver, a nonbinary LDPC
decoder, and an M -level RLL decoder to retrieve the recorded
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information bits. The RLL-ECC system is expected to signif-
icantly reduce the error propagation from the RLL decoder
to the ECC decoder. However, the error propagation from the
input of the RLL decoder to its output still exists.

From Table III, we have (4, 0, 3) code with n = 7 and rate
R =~ 1.9642 bits/symbol, (4, 0, 6) code with n = 16 and
rate R =~ 1.9843 bits/symbol. With M = 4k = 4,h = 1
and £k — h = 3, each (4, 0, 3) sequence will be converted
into a sequence satisfying the (4, 0, 4) constraint after passing
through the systematic ECC and the uniform interleaver.
With M = 4,k = 7,h = 1 and k — h = 6, each (4, 0,
6) sequence will be converted into a sequence satisfying the
(4, 0, 7) constraint after passing through the systematic ECC
and the uniform interleaver [9]. Following the progressive
edge-growth LDPC code construction [26] and nonbinary
LDPC [27] code construction, a PEG nonbinary LDPC code
is obtained for this system. Specifically, we have the (2297,
2048) LDPC code over GF(4). The overall system rate of (4,
0, 4) and (4, 0, 7) are 1.9642 * (2048/2297) ~ 1.7512 and
1.9843 * (2048/2297) ~ 1.7691. Note that for the ECC-RLL
which uses the (511, 455) Reed-Solomon code over GF(2?)
concatenated with the (M, d, k) = (4,0,4) and (M,d, k) =
(4,0,7) RLL codes have rate of 1.9750 * (455/511) = 1.7585
and 1.9868 x (455/511) ~ 1.7690, respectively. We consider
hard decoding and soft decoding respectively for the nonbinary
LDPC code.

From the simulation results given in Figs. 3 and 4, we see
that the BER curves of the RLL-ECC system with hard de-
coding have flatter slopes than those comparable curves in the
ECC-RLL system. This slope of the BER curve for a ECC re-
flects its error-correcting capability. However, at low Ej, /Ny,
the better BER performance of the RLL-ECC system verifies
its advantage of eliminating the error propagation from RLL to
ECC which may occurs in the ECC-RLL system.

Note that using the nonbinary LDPC code with soft decoding
in the RLL-ECC system can provide very excellent error per-
formance for either 3 = 0 or § = 0.15, where the soft output
of the MAP precoded channel detector is required and 10 itera-
tions are used for the decoding. This result shows the powerful
error-correcting capability of the nonbinary LDPC code with
soft decoding even if the noise is not restricted to the AWGN
noise.

For this RLL-ECC system, the BER curves for the
(M,0,k) = (4,0,4) constraint are better than the curves
for the (4, 0, 7) constraint. Note that, in the RLL encoding/de-
coding for this system, (M, 0, k) = (4,0, 3) code will be used
for the (4, 0, 4) constraint and (4, 0, 6) code will be used for
the (4, 0, 7) constraint. The largest lengths of the associated
aBURST’s are 6 bits and 24 bits respectively, while the largest
lengths of the associated BBURST’s are both equal to ¢ = 15.
The less serious error propagation of the (4, 0, 3) RLL code
as compared to the (4, 0, 6) RLL code may result in the better
BER performance for the case of the (4, 0, 4) RLL constraint
as compared to the case of the (4, 0, 7) RLL constraint.

IV. CONCLUSION

We propose two constructions for (M,0,k,k;, k)
run-length-limited codes of finite length. The code obtained
from any of the proposed constructions has coding rate very
close to the capacity. In addition, we propose variations of the

proposed constructions to achieve the merit of low complexity
of encoding and decoding.

When an error-corrupted RLL sequence is applied to the input
of an RLL decoder, errors at some positions may cause se-
rious error propagation. We analyze the possible error propa-
gation of the (M, 0, k) codes proposed in Construction 11°*",
In particular, the numerical values of error propagation of the
(M,0,k) = (4,0,3),(4,0,4),(4,0,6) and the (4, 0, 7) RLL
codes are provided. The error propagation of the (M, 0, k) RLL
code is more serious than that of the (M, 0, k) RLL code for
k > k’. We consider the application of the constructed RLL
codes to the optical recording channel corrupted by the jitter
noise and the AWGN noise. Simulation results show that, in the
ECC-RLL system, using the (4, 0, 4) code can achieve better
BER as compared to using the (4, 0, 7) code. Simulation results
also show that, in the RLL-ECC system, using the (4, 0, 3) RLL
code for the (4, 0, 4) constraint can achieve better BER as com-
pared to using the (4, 0, 6) RLL code for the (4, 0, 7) constraint.
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