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An RLL-Constrained LDPC Coded
Recording System Using
Deliberate Flipping and Flipped-Bit Detection

Hong-Fu Chou, Yeong-Luh Ueng, Mao-Chao Lin, Member, IEEE, and Marc P. C. Fossorier, Fellow, IEEE

Abstract—In this paper, a low-density parity-check (LDPC)
coded recording system is investigated, for which the run-length-
limited (RLL) constraint is satisfied by deliberate flipping at the
write side and by estimating the flipped bits at the read side. Two
approaches are proposed for enhancing the error performance of
such a system. The first approach is to alleviate the negative effect
of incorrect estimation of the flipped bits by adjusting the soft
information. The second approach is to increase the likelihood
of the correct detection of flipped bits by designing a flipped-
bit detection algorithm that utilizes both the RLL constraint
and the parity-check constraint of the LDPC code. These two
approaches can be combined to obtain significant improvement
in performance over previously proposed methods.

Index Terms—Constrained codes, low-density parity-check
(LDPC) codes, recording, run-length-limited (RLL).

I. INTRODUCTION

N recording systems, data bits are transformed into symbol

sequences which must satisfy a run-length-limited (RLL)
constraint. A (d,k) RLL sequence [1][2][3][4][5][6] is a
sequence for which the number of zero symbols between two
consecutive non-zero symbols is at least d and at most k in
order to alleviate the inter-symbol interference (ISI), and to
assist with timing recovery at the read side [7][8].

In order to increase storage reliability, error-correcting
codes (ECC) are usually employed in recording systems. A
low-density parity-check (LDPC) [9][10] coded recording sys-
tem with RLL constraints can be constructed by sequentially
encoding the user data through both the LDPC encoder and the
RLL encoder [11][12]. At the read side, an equalizer followed
by an RLL decoder and an LDPC decoder is applied. This
is called the ECC-RLL scheme. However, this arrangement
significantly increases the complexity in cases where turbo
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equalization [13] is needed, and is due to the insertion of the
RLL decoder between the equalizer and the LDPC decoder.
Various approaches have been proposed to overcome this
problem [14][15][16][17][18][19]. In both [17] and [19], a
reverse-concatenation scheme (or RLL-ECC scheme) is pro-
posed to enable the construction of RLL codes with error-
correcting capabilities, where the user data is first encoded
through the RLL encoder and then the LDPC encoder. A
major disadvantage of this approach is the rate loss resultant
from the RLL code, although some novel arrangements can be
used to reduce this loss. In [14], the authors propose to obtain
a sequence that satisfies the RLL constraint by deliberately
flipping those bits which violate the constraint in each LDPC
codeword. In the flipping-based scheme, turbo equalization
can still be performed since there is no RLL decoder at the
read side. The scheme relies only on the capability of the
LDPC code to correct the errors caused by the flipping opera-
tion. However, such a scheme can only be applied to systems
with a very loose RLL constraint, otherwise the number of
flipping bits becomes too large, which significantly degrades
the error performance. In order to reduce the number of flipped
bits, a selective flipping technique [15][16] is employed. The
idea is that for each LDPC codeword, we obtain multiple bit-
flipping versions (i.e., multiple candidates) and then choose
the candidate which generates the fewest flipping errors when
writing. This technique is efficient except for the need for side
information, which is required in order to inform the read side
which candidate has been chosen at the write side. The side
information should be well-protected and should also satisfy
the RLL constraint. In [18], the RLL constraint is applied
to the output of the LDPC decoder in order to detect the
flipped bits. Then, in the next iteration, the extrinsic LLRs
(log likelihood ratios) which are to be passed to the equalizer
and the LDPC decoder, respectively, are modified by reversing
the polarity of the extrinsic LLR of each of the detected flipped
bits. The detection process presented in [18] is not appropriate
for flipping-based RLL recording systems that are not based on
the selective flipping technique since the output of the LDPC
decoder may contain too many errors, which will make the
detection of the flipped bits extremely difficult.

In this paper, we focus on an LDPC-coded recording system
with the (0, k) constraint. We propose to modify the method
presented in [18] using two approaches. For the first approach,
the soft information of the detected flipped bits is adjusted to
alleviate the effect of hard errors due to the incorrect esti-
mation of flipped bits. The methods in consideration include

0090-6778/12$31.00 © 2012 IEEE
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Fig. 1. An LDPC-coded binary recording system based on RLL constraints
using deliberate flipping.

(i) erasing the soft information; (ii) using the average of the
absolute values of the LLRs generated during each iteration
as the magnitude of the soft information; and (iii) using the
average of the absolute values of the LLRs generated during
each iteration as the clipping threshold of the soft information.
For the second approach, we consider a design for flipped-
bit detection that properly utilizes both the RLL constraint
and the parity-check constraint of the LDPC code in order to
increase the likelihood of the correct detection of the flipped
bits. We show that by appropriately examining both the RLL
constraint and the parity check constraint at the output of
the LDPC decoder for each iteration, we can significantly
increase the probability of a correct detection of the flipped
bits and, hence, reduce the overall error rate of the system.
These two approaches can be combined to further improve
the error performance.

The remainder of this paper is organized as follows. In
Section II, a brief review of the flipping-based LDPC-coded
system proposed in [14] and the method of detection for flip-
ping bits in [18] is presented. In Section III, the approach for
adjusting the soft information for the flipped bits is introduced.
In Section IV, we present the approach for detecting flipped
bits based on both the RLL constraint and the parity check
constraint. Finally, conclusions are given in Section V.

II. REVIEW OF FLIPPING-BASED LDPC CODED
RECORDING SYSTEMS WITH RLL CONSTRAINTS

The idea of deliberately flipping some bits of the LDPC
codeword to meet the RLL constraint at the write side, and
using the error-correcting capability of the LDPC code to
remove the flipped bits at the read side, was proposed in [14].
Improved versions were presented in [16] and [18].

A. Deliberate Flipping at the Write Side

Fig. 1 shows the block diagram for the system presented
in [14]. A K-bit message u is forwarded to the encoder of a
binary (N, K') LDPC code to produce an N-bit codeword v =
(v1,v2, - - ,un). The codeword v is forced to satisfy the (0, k)
RLL constraint by flipping certain bits of v that violate the
(0, k) constraint, thereby obtaining a flipped version denoted
as 'y = (y1,y2, - -»yn), where v; € {0,1}, y; € {0,1}, i =
1,2,---, N. The flipping operation can be implemented as the
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summation of the codeword v and a binary location vector q =
(q1,92, -+ ,qN), 1.e., Y = VEP q, where @ represents the XOR
operation. The location vector can be obtained using a sliding-
window-based algorithm. For the case of the (0, k) constraint
considered in this work, the steps are described as follows:

Step 1: The window size is set to k + 1 bits. The N-bit
location vector q is set to the zero vector, and 7 = 1.

If both vectors (v;,Vit1, - ,Vitk) and

(Gisqit1," -+ ,Givr) are the zero (k + 1)-tuple,
then set g; 4% to 1.

Step 3: Repeat Step 2 fori =2,3--- ,N — k.

If ¢; = 1, then v; will be flipped before being stored in the
recording media.

In Fig. 1, the output of the RLL flipping operation unit,
y, is processed by a precoder to yield z = (21,22, -+, 2N),
where

Step 2:

z; = y;i + zi—1 (mod 2).

Through a modulator (binary signal mapper), we have x =
(x1,29, -+ ,xzN), where

i = (—1)7.

B. Channel Model

The signal x is written to the recording media. A practical
magneto-optical (MO) recording channel presented in [20] and
[21] is considered in this study. The channel impulse response
f(t) considered in [20] and [21] is given by

1) = grmern{—(55)%) M)

where T is the bit duration and S = 1.0 is used. If we let
[1(¢) be the function which equals 1 for 0 < ¢t < T and
equals O otherwise, then the transition response g(t) is the
convolution of [](¢) and f(t). The output signal of the MO
recording channel is

r(t) = Y wig(t— (i+ A)T) +n(t), )
where {A;} is an independent and identically distributed
random process representing the jitter effect, and n(t) is the
additive white Gaussian noise (AWGN) with one-sided power
spectral density No. We assume that each A; is a zero mean
Gaussian random variable with variance 0% . By assuming that
|oa|T is small and g(¢) is sufficiently bandlimited [21], we
have

g(t = (i + Ai)T) = g(t —iT) —

By substitution, (2) then becomes

ATf(t—iT).  (3)

r)~ Y wigt—iT)— Y mATf(E—iT)+n(t), (4)
where "0 x;A;T f(t—14T) is the jitter noise. The average

energy of the jitter noise for each received code symbol is

E{afy E{ATYEL Y ITF(GT)*)

j=o0

ol Z [Tf(5T)]? (5)
j=o00

My
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Fig. 2. Block diagram for the read side of the LDPC-coded binary recording
system presented in [18].

The jitter noise effect is simulated according to (4) using a
Gaussian distributed A;. In the simulation, the energy of the
signal x; is fixed as 1 and the energy of the jitter noise My
is set to be proportional to Ny. We set My = SNy, where
B = 0.15. In simulation, discrete time samples are required.
From f(t) and g(t), we have T'f(—2T) = T f(2T) = 0.0962,
Tf(-T)=Tf(T) = 0.1085, Tf(0) = 0.1128 and ¢(T) =
g(4T) =0.1114, g(2T) = g(3T) = 0.1028. In addition, we set
f@ET) =0, for | i |> 2 and g(iT) = 0 for i <0 and ¢ > 5.
Using (4), we can obtain the associated discrete-time output
sequence denoted as r.

C. Turbo Equalization at the Read Side

The sequence r suffers not only from noise (AWGN and
jitter noise), but also from intersymbol interference (ISI). As
shown in Fig. 1, the sequence r is forwarded to a SISO (soft-
input soft-output) MAP (maximum a posteriori) equalizer
combined with the precoder and a PR (partial response)
channel in order to combat the effect of ISI. The MAP
equalizer utilizes the BCJR algorithm [22] to produce the
soft outputs (log likelihood ratios, LLRs) L(y;) for bits
yi» where ¢ = 1,2,--- N. The a priori LLRs L,(v;),
where ¢ = 1,2,.-- | N, for the LDPC decoder are calculated
according to L,(v;) = L(y;) — La(y:), where L,(y;) is
the a priort LLR for the MAP equalizer, and is produced
from the soft output L(v;) of the LDPC decoder according
to Lo(yi) = L(v;) — La(v;). The sum-product algorithm
presented in [10] using U; inner iterations is performed in the
LDPC decoder. Moreover, U, outer iterations are processed
between the MAP equalizer and the LDPC decoder in order
to realize the turbo equalization [13].

D. Detection of Flipped Bits at the Read Side

Fig. 2 shows the block diagram for the read side of the
system proposed in [18], where turbo equalization with the
consideration of flipped-bit detection is used. The MAP equal-
izer and the LDPC decoder sequentially process the sequence
r to yield a decoded codeword v’. Then, v’ is forwarded to an
RLL-violation detector so as to identify the bit positions which
need to be flipped in order to meet the RLL constraint. This
RLL-violation detector follows exactly the same procedure
as described in Steps 1 to 3 in Section II-A to produce the
resultant location vector denoted as q’. Then, the polarities of
the extrinsic LLRs of the bit positions corresponding to the
non-zero bits in q’ are reversed in the LLR adjuster before
being passed to the decoder and the equalizer. Specifically,
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Fig. 3. BER results for LDPC-coded recording systems over the MO channel,
where 8 = 0.15, (64,64)-regular (4095,3367) EG-LDPC code, and the (0,7)
constraint are considered. Outer iteration U, = 15. Inner iteration U; = 1.
(A1) Non-flipped system using a non-reset LDPC decoder; (A2) Non-flipped
system using a reset LDPC decoder; (B1) Flipped system using the Soft-O
method and a non-reset LDPC decoder; (B2) Flipped system using the Soft-
O method and a reset LDPC decoder; (C1) Flipped system using the Soft-I
method and a non-reset LDPC decoder; (C2) Flipped system using the Soft-I
method and a reset LDPC decoder; (D1) Flipped system using the Soft-II
method and a non-reset LDPC decoder; (D2) Flipped system using the Soft-
II method and a reset LDPC decoder; (E1) Flipped system using the Soft-III
method and a non-reset LDPC decoder; (E2) Flipped system using the Soft-IIT
method and a reset LDPC decoder.

when ¢, = 1, the inversion operation used in [18] will change
both the sign of the a priori LLR L,(y;) of y; for the MAP
equalizer and the sign of the a priori LLR L,(v;) of v; for
the LDPC decoder. The adjustment method described in [18]
is denoted as method Soft-O.

Example 1: Consider the MO channel with jitter noise
as described in Section II-B. Suppose that the (0,7) RLL
constraint is used. The LDPC code is a rate-0.82 (64, 64)-
regular (4095,3367) EG-LDPC code [23]. The number of
outer iterations is U, = 15 and the number of inner iterations
is U; = 1. A syndrome check is used to determine whether
or not the decoded codeword is valid. If a valid codeword is
obtained, we will terminate the process even if the number of
outer iterations does not reach the maximum number U, = 15.
Based on the flipping system described in [18] and also in this
section, we can obtain the BER performance, which is shown
as Curve (B1) in Fig. 3, where the non-reset LDPC decoder
is used. For comparison, Curve (Al) in Fig. 3 depicts the
BER performance of the non-flipped system, for which all the
parameters are the same as that used for Curve (B1), except
that the (0,7) constraint is removed. We see that Curve (B1)
greatly deviates from Curve (A1), which implies that there
is significant room for improvement in the flipping system
considered in [18]. Curves (B2) and (A2) in Fig. 3 show the
BER performances of the flipped system used in [18] and
the non-flipped system, respectively, where the reset LDPC
decoder is used, and it can be seen that Curve (B2) deviates
markedly from Curve (A2). Moreover, we see that using the
reset LDPC decoder will lead to inferior BER performances
as compared to using the non-reset LDPC decoder. [J
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We propose two approaches designed to tackle the problems
related to the possible incorrect detection of flipped bits. In
Section III, we will present the first approach, which consists
of methods to alleviate the negative effects of the incorrect
detection of the flipped-bit locations. In Section IV, we will
present the second approach, which consists of methods to
enhance the likelihood of the detection of flipped bits.

III. ADJUSTING THE SOFT INFORMATION OF FLIPPED
BITS

In order to alleviate the negative effects of the incorrect
detection of the flipped-bit locations in the system presented
in [18], we propose modifying the LLR adjuster illustrated
in Fig. 2 in such a way that the magnitudes of L,(y;) and
Lo (v;) will be adjusted if ¢, = 1, while the values of L,(y;)
and L,(v;) will remain unchanged if ¢, = 0.

A. Proposed Adjustment Methods for Soft Information

Three methods, denoted Soft-I, Soft-1I, and Soft-II1, respec-
tively, for implementing the LLR adjustment are presented as
follows:

Soft-I: We apply erasure to each of the detected flipped
bits. Hence, L,(y;) and L,(v;) are set to zero for ¢, = 1.

Soft-II: The inversion operation of the LLR adjuster for
each of the detected flipped bits remains the same as in Soft-
O [18]. However, the magnitude of the a priori LLR, L,(y;)
(and L,(v;)) for each of the detected flipped bits is adjusted
to the average magnitude of all the L.(y;) values (and all the
L.(v;) values) during the same iteration. The average of the
extrinsic LLR values |Lq(y;)|, ¢ = 1,2,---, N, is denoted
as 7y, and the average of the extrinsic LLR values |L.(v;)],
1=1,2,--- N, is denoted as ~,.

Soft-III: The LLR adjuster illustrated in Fig. 2 is modified
as follows. An average-based clipping operation is applied
in addition to the inversion operation used in Soft-O. This
method is also based on the average magnitude setting
used in Soft-Il. In this method, <, and <, are used as
the clipping ratios for vectors [Lc(y1), Le(y2), -, Le(yn)]
and [L¢(v1), Le(v2), - -+, Le(vn)], respectively. The clipping
operation is activated if ¢ = 1. When the LLR magnitude
|Le(yi)| (|Le(vs)]) is larger than 7, (v,), we reverse the
polarity of the LLR value and set its magnitude to the value
Yy(¥»). On the other hand, when the LLR magnitude is
smaller, then only the polarity of the LLR value is reversed.

B. Performance Evaluation

1) EXIT characteristics: We employ EXIT (extrinsic in-
formation transfer) characteristics [24] analysis to evaluate
the information exchange between the LDPC decoder and
the MAP equalizer (detector). Since there is an LLR adjuster
inserted between the MAP equalizer and the LDPC decoder,
the transfer functions of the MAP equalizer and the LDPC
decoder in this paper is defined as follows. The transfer
characteristic Tz for the MAP equalizer takes one half of
the LLR adjuster into consideration. Hence, the input mutual
information is Iz ;, = Iz(La(yi),y:), and the output mutual
information is Iz oyt = I7(La(vi),vs) = Tz (17 in). Since the
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Fig. 4. EXIT curves for the MAP equalizer and the LDPC decoder over the
MO channel, where 8 = 0.15, E}/Ng = 7.6 dB, (64,64)-regular (4095,3367)
LDPC code, the Soft-O method, and the (0,7) constraint are considered. The
transfer characteristic of the MAP equalizer is denoted as 7'z and the transfer
characteristic of the LDPC decoder is denoted as Tp. (A) T'z based on perfect
q’; (B) Tz based on detected q’ using a non-reset LDPC decoder; (C) Tz
based on detected q’ using a reset LDPC decoder; (D) T based on perfect
q’; (B) Tp based on detected q’ using a non-reset LDPC decoder; (F) Tp
based on detected q using a reset LDPC decoder.
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Fig. 5. EXIT curves for the MAP equalizer and the LDPC decoder over the
MO channel, where 8 = 0.15, E},/Ng = 7.6 dB, (64,64)-regular (4095,3367)
LDPC code, the Soft-I method, and the (0,7) constraint are considered. The
transfer characteristic of the MAP equalizer is denoted as 7'z and the transfer
characteristic of the LDPC decoder is denoted as T'p. (A) T’z based on perfect
q’; (B) Tz based on detected q’ using a non-reset LDPC decoder; (C) Tz
based on detected q using a reset LDPC decoder; (D) Tp based on perfect
q’; (B) Tp based on detected q’ using a non-reset LDPC decoder; (F) T
based on detected q’ using a reset LDPC decoder.

MAP equalizer takes the channel condition into consideration,
Ty is dependent on Ey /Ny, 3, and k, which are the AWGN,
jitter noise, and RLL constraint parameters, respectively. The
transfer characteristic Tp for the LDPC decoder takes the
other half of the LLR adjuster into consideration. Hence,
the input mutual information is Ip ;, = Ip(Le(vi),v;), and
the output mutual information is Ip oyt = Ip(Le(¥i),yi) =
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Fig. 6. EXIT curves for the MAP equalizer and the LDPC decoder over the
MO channel, where 8 = 0.15, E}, /No = 7.6 dB, (64,64)-regular (4095,3367)
LDPC code, the Soft-II method, and the (0,7) constraint are considered. The
transfer characteristic of the MAP equalizer is denoted as T’z and the transfer
characteristic of the LDPC decoder is denoted as T'p. (A) Tz based on perfect
q’; (B) Tz based on detected q' using a non-reset LDPC decoder; (C) Tz
based on detected q’ using a reset LDPC decoder; (D) Tp based on perfect
q’; (BE) Tp based on detected q’ using a non-reset LDPC decoder; (F) Tp
based on detected q’ using a reset LDPC decoder.

Tp(Ip,in)-

Based on the MO channel, the RLL constraint and the
LDPC code shown in Example 1, the EXIT results using
the Soft-O, Soft-I and Soft-II methods are obtained and are
shown in Fig. 4, Fig. 5 and Fig. 6, respectively. Due to space
limitations, the EXIT results for Soft-III are not shown in this
paper.

Transfer characteristics can be obtained by using either
the perfect ¢/, i.e., @ = q, or the detected q'. First, we
examine the transfer characteristics obtained using the perfect
q’. We follow the approach described in [25] to obtain the
transfer characteristics of the MAP equalizer and the LDPC
decoder, where the perfect q’', and U; = 1 are used. The
input mutual information Iz ;, and Ip ;, for the equalizer
and the decoder are obtained based on the assumption that the
random variable L, (y;) and L,(v;) are Gaussian distributed.
Using L,(y;) as the input, we execute the BCJR algorithm in
the equalizer to obtain the output LLR and then numerically
compute the output mutual information Iz 4. In a similar
way, we execute the sum-product algorithm in the decoder
to obtain the output LLR and then numerically compute the
output mutual information Ip o+ using L,(v;) as the input.
The EXIT curve Tz (1Ip) for the equalizer (decoder) can
be obtained by plotting Iz oyt (ID,out) versus Iz i, (Ip in).
In Fig. 4, Curve (A) and Curve (D) intersect at a mutual
information value extremely close to 1, which indicates that
the Soft-O method converges at F /Ny = 7.6dB. In Fig. 5,
Curve (A) and Curve (D) do not converge at E}, /Ny = 7.6dB,
since in the Soft-I method the erasure operation of the LLR
value on the perfectly-detected flipped bits induces some loss
of mutual information output compared to that of the Soft-O
method. In Fig. 6, the convergence behavior of Curve (A) and
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Curve (D) for the Soft-II method is similar to that obtained
using the Soft-O method.

Now, we examine the transfer characteristics obtained using
the detected q’. Turbo equalization using the detected q' can
be analyzed by extracting the envelope curve of the trajectory
characteristics. We rely on the simulation of iterative message
passing between the MAP equalizer and the LDPC decoder to
obtain the trajectory characteristics 7z and Tp for the EXIT
chart. We first take the envelopes of the staircase path for
the trajectory of the iterative detection to obtain the transfer
functions for the MAP equalizer and the LDPC decoder,
respectively, based on each codeword v. The final curves for
Tz and Tp are then obtained by averaging an ensemble of
codewords. Both the reset and non-reset operations are con-
sidered in the LDPC decoder. Although the non-reset LDPC
decoder needs more memory to store check-to-bit messages
passed from the previous outer iteration, using the non-reset
LDPC decoder can provide better performance compared to
using the reset decoder, as can be seen from Figs. 4, 5 and 6.

In Fig. 4, Curves (B) and (E), using the Soft-O method, do
not converge to a mutual information point with value close to
1 at E}, /Ny of 7.6 dB. In contrast, Curves (B) and (E) in Fig. 5
at B, /Ny of 7.6 dB can converge to a mutual information point
with value close to 1. This shows that the erasure operation of
the Soft-I method reduces the negative effect of the incorrect
detection of flipped bits present in the Soft-O method.

The Soft-II method adjusts the LLR magnitudes of the
flipped bits, which prevents the spread of erroneous LLRs
with large magnitudes. In Fig. 6, we can see that Curve (B)
and Curve (E) intersect at a mutual information value close to
1.

2) BER performance: Based on the MO channel, the RLL
constraint and the LDPC code shown in Example 1, we
obtain the BER performances of the non-flipped system and
the flipping-based systems using the Soft-O method and the
proposed methods, where both the reset and the non-reset
algorithms are considered in the LDPC decoder. The results
are given in Fig. 3, where it can be seen that the proposed
Soft-I and Soft-II methods can achieve an improved BER per-
formance as compared to the Soft-O method. Moreover, using
the Soft-II method can achieve a better BER performance
than using the Soft-I method. It can also be observed that
using the non-reset algorithm can provide a better performance
compared to using the reset algorithm, which is consistent with
the results implied by the EXIT curves shown in Figs. 4, 5
and 6.

Note that in the Soft-II method, the LLR magnitude is raised
to the average value even if the magnitude of the incorrectly-
detected LLR is smaller than the average value. However,
this effect may deteriorate the detection process, although this
undesired effect can be eliminated by applying the clipping
operation employed in Soft-III. It can be seen from Fig. 3
that the proposed Soft-IIl method can further improve the
performance as compared to the Soft-II method.

IV. IMPROVED DETECTION OF FLIPPED BITS

From the EXIT curves shown in Fig. 4 and Fig. 6, we see
that for both the Soft-O method and the Soft-1I method, using



3592

the perfect ¢’, i.e., q = q, can achieve a better convergence
performance compared to using the detected q’. From the
EXIT curves not shown in this paper, the same conclusion
was reached for the Soft-III method as the curve displayed
a pattern that closely followed those of Soft-II. Note that
the conclusion is not true for using the Soft-I method, as
can be seen from Fig. 5. These results imply that improving
the detection of q' can improve the BER performance of
the flipping-based system, except for the Soft-I method. In
Fig. 2, the estimated location vector q’ is obtained from v’
by checking the RLL constraint, while v/ is obtained by
applying a hard decision to the output LLR values of the
LDPC decoder. In the flipping-based system, the received
symbols are corrupted by a combination of the AWGN, the
jitter noise and the flipping operation. The AWGN and the
jitter noise may be combined to be approximated as the
Gaussian-distributed noise. However, hard errors introduced
by the flipping operation may not. Therefore, the LLR value
can not closely reflect the likelihood of the associated symbol.
Thus, there is room to improve the detection of q' by further
examining the parity check constraint and the RLL constraint
on V.

A. Parity-check Constraint for Estimating Unreliable Bits

For a binary linear code, the number of failed checks
associated with each bit position can be employed in order
to estimate the possible errors in the vector to be decoded. A
well-known example is the simple bit flipping (BF) algorithm
[23], which is designed such that some unreliable bits are
identified by examining the parity check constraint, and then
these unreliable bits are flipped part as the error correction
operation. We denote the simple BF algorithm with only
one iteration as Pcheck-1, which is used for identifying the
unreliable bits of output v/ in our LDPC decoder. In this
subsection, two variations, denoted as Pcheck-2 and Pcheck-3,
will be presented.

Let an M x N matrix, denoted as H, be a parity-check
matrix of an (N, K) LDPC code, where M > (N — K).
The parity-check matrix H can be represented by a Tanner
graph [26], which is a bipartite graph consisting of variable
(bit) nodes and check nodes representing the columns and
rows of H, respectively. If there is a 1 at the i-th column
and the j-th row of H, then there is an edge between the i-th
variable node and the j-th check node in its Tanner graph.
For j =1,2,---, M, let W; denote the index set of variable
nodes connected to the j-th check node and h; denote the j-th
row of H. In Pcheck-1, the vector p = (p1,p2, - - ,pn ), Which
indicates the location of unreliable bits (i.e., the bits which are
estimated to be in error) in v/, is obtained using the following
steps.

Step 1: Compute the syndrome vector s according to
s = [51,82, ..., 50 = VHT 6)

where s; = v/ h;‘-r is the parity-check sum for the
j-th parity-check equation of H, j = 1,2,..., M. It
should be noted that the calculation of (6) is over
GF(2).
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Step 2: Compute a length-/N vector f, which is called the
reliability profile, according to

M
fE(f17f2,~-~,fN)=Zthj (7
=1

where the summation is performed over the real field.
The value f; indicates the number of parity-check
equations corresponding to the ¢-th bit node with a
non-zero checksum.

Step 3: Write Sp = {f;|i = 1,2,--- , N}. Denote the max-
imum element in Sg as fjs1. Identify the elements
of f which are equal to fjs1, and then set all the bits
in p corresponding to those elements to 1. The other
bits in p are set to zero.

The performance of Pcheck-1 algorithm and its variations
described later depend on the construction of the parity check
matrix (or the associated Tanner graph). It is assumed that
all the variable nodes have identical degrees, and there is no
cycle of length 4, where the degree of a variable node is the
number of check equations which check the node. If the -th
bit node is the only bit of v/ in error, then f; has the largest
value and the p vector will clearly indicate that p; is the only
component with value equal to 1.

In the case where the number of decoding errors in v’ is
more than one, it is possible that the positions of non-zero
elements in p are different from the positions of the errors.
In order to increase the probability of correctly identifying
error locations, in the literature, there were many variations
of the simple BF algorithm (with only one iteration), which
are obtained by i) using a preset threshold ¢ such that p; is
set to 1 for f; > 4, ii) using a weighted reliable profile, or iii)
iterative decoding which uses v'@p to replace v’ in the next
iteration.

In this paper, iterative decoding will be considered for the
message passing between the LDPC decoder and the MAP
equalizer. In addition, we consider two variations, denoted as
Pcheck-2 and Pcheck-3, respectively. Steps 1 and 2 of both
Pcheck-2 and Pcheck-3 are the same as those of Pcheck-1.
The only difference lies in Step 3. In Pcheck-1, the location
of elements in the reliability profile f with a value of fjq
are estimated to be unreliable, where fjs; is the maximum of
all the elements in Sg. In Pckeck-2, the location of elements
in f with values equal to not only fps1, but also fpso, are
considered to be unreliable, where f;o denotes the second
largest element in S. In Pcheck-3, for each check node j with
a non-zero checksum s;, the location of elements in {f;|i €
W;} equal to max;cw, {fi} are viewed as unreliable.

A more detailed description for Step 3 of both Pcheck-2
and Pcheck-3 is as follows.

Step 3 of Pcheck-2: Identify the elements of f equal
to either fy;1 or faro and then set all the bits in p
corresponding to those elements to 1. The other bits
in p are set to 0.

Step 3 of Pcheck-3:
(a) Initialize j as 1.
(b)  When s; # 0 for check node j, identify the
elements in { f;|¢ € W;} which are equal to
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Fig. 7. The Tanner graph used in Example 2.

TABLE I
THE OUTCOMES FOR PCHECK-1, PCHECK-2, AND PCHECK-3.

Outcome I | Outcome II | Outcome III | Outcome IV
Pcheck-1 93.1423% 3.7654% 0.03055% 3.06175%
Pcheck-2 | 72.1472% 17.8734% 0.0681% 9.9113%
Pcheck-3 93.4865% 3.34984% 0.0087% 3.15496%

max;cw, { fi} and then set all the bits in p
corresponding to those elements to 1.

(c)  Increase j by 1. If j > M, go to Step 3(d).
Otherwise, go to Step 3(b).

(d)  The bits in p that are not assigned with
values in Step 3(b) are set to zero.

We illustrate the three methods for obtaining the p vectors
using the following example.

Example 2: Consider the LDPC code with the Tan-
ner graph shown in Fig. 7. Let v be an all zero code-
word and V' = [1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,1],
meaning that v’ contains 3 bits in error. It can be
calculated that s = [1,1,0,0,0,0,0,0, 0,1,0,1,1,0,1,0]
and f = hy + hy + hijg + hs + hi3 + hj; =
2,1,1,1,1,1,0,0,0,1,2,1,2,1,2, 3,0, 3]. Pcheck-1 yields p
= [0,0,0,0,0,0,0,0,0,0,0, 0,0,0,0,1,0,1] while Pcheck-
2 yields p = [1,0,0,0,0,0,0,0,0, 0,1,0,1,0,1,1,0,1]. Tt
can be seen from Fig. 7 that W7 = {1,2,4}, Wy =
{1,3,5,15}, Wyo = {6,10,12,14}, Wi» = {15,16,18},
Wis = {11,13,16,18}, and Wy5 = {11,13,16,18}.
Based on Pcheck-3, we have p [1,0,0,0,0,1,0,
0,0,1,0,1,0,1,1,1,0,1]. O

It can be seen from Example 2 that all three methods using
the parity check constraint can not correctly identify all the
erroneous bits. We need more statistics to evaluate these three
methods. Hence, we perform simulation based on the MO
channel, RLL constraint and the LDPC codes, as shown in
Example 1. We compare the N-bit LDPC codeword v with
the decoded codeword v’ and observe the obtained p vector.
Four outcomes, respectively called Outcomes I, II, III and IV,
are observed. Outcome I represents the correctly decoded bits
where p; = 0, Outcome II represents the incorrectly decoded
bits where p; = 0, Outcome III represents the correctly
decoded bits where p; = 1 and Outcome IV represents the
incorrectly decoded bits where p; = 1. Outcomes I and IV
are regarded as consistent outcomes, while Outcomes II and
IIT are regarded as inconsistent. Table I shows the occurrence
of these four outcomes for an LDPC-coded recording system
using Pcheck-1, Pcheck-2, and Pcheck-3, respectively, at an
Ey/No of 7 dB with U, = 1. The associated BER of the
decoded codeword v’ is around 1073,

From Table I, we observe that Pcheck-3 provides the highest

/
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percentage of consistent outcomes among the three methods
using parity check constraints. A similar trend can be observed
for other E}/Ny values in the simulation. We will see in
the next subsection that Pcheck-3 can also help to obtain the
best BER performance by considering the overall detection
including using the parity check constraint and the RLL
constraint.

B. Enhanced RLL Detection

Using the algorithm presented in [18], the locations of
flipped bits q’ can be estimated by searching for a segment of
k+ 1 consecutive zeros in v'. The procedure is also described
in detail in the first paragraph of Section II-D and is denoted
as Rcheck-O in this paper.

With the assistance of p, which indicates the unreliable
bits of the decoded codeword V', it is possible to obtain
a BER performance better than that presented in [18]. One
possible way of employing the RLL constraint for obtaining
q’, denoted as Rcheck-I, is simply to replace v/ with v'®p
before checking the RLL constraint. However, the information
for the unreliable bits provided by p is far from perfect, as
demonstrated in Table I. Consequently, using Rcheck-I results
in an obvious error floor, which will be seen in Section IV-C.

Statistics obtained from simulation show that, given p; =
1, the probability that v; # v} is not much higher than the
probability that v; = v}. The high frequency of incorrectly
estimated bit flipping is likely to cause error propagation in
obtaining q'. In particular, erroneous p; bits in a cluster, such
as the case where p; and p; are in error and are within |i —
jl < k, is likely to cause error propagation. To reduce the
occurrence of such conditions, we restrict the estimated bit
flipping to two patterns. Then, we have Rcheck-II presented
below.

Step 1: The window size is set to k+1 bits when the (0, k)
constraint is considered. Initialize the N-bit location
vector ¢’ with zeros and set ¢ to 1.

Step 2: If (¢;, 41, »qj4p—_1) is not the all-zero k-tuple,
go to Step 3. Otherwise, v;_, is viewed as a bit to
be flipped if either pattern described in the following
is matched.

Pattern I: If both vectors (vj,v;, ,---,vj,,;) and
(pi,pi+1, -+, Pitk) are the all-zero (k+1)-
tuple, then set ¢;_, to 1.

Pattern II: For 0 < [ < k, if all the bits in
vector (vj, Vi q," -,V ) are zeros except
that v/ 4 = 1, and all the bits in vector
(pi,Pi+1,- - ,Pitk) are zeros except that
pit1 = 1, then set ¢;, to 1. In the case that
l = k, the a prior: information for y;,j of
the MAP equalizer obtained from the LDPC
decoder shown in Fig. 2 is modified as

La (yiJrk) = Le (viJrk)a

while the a prior: information of v;1 of
the LDPC decoder obtained from the MAP
equalizer is

Lo(vitr) = —Le(Yitr)-
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TABLE 11
AN EXAMPLE ILLUSTRATING THE DETECTION BASED ON BOTH THE
PARITY-CHECK CONSTRAINT AND THE RLL CONSTRAINT, WHERE THE
(0,3) RLL CONSTRAINT IS CONSIDERED.

v [[I]1JOJO[O0O]0O[O0]O0JO0O]0]O
v T[T [1[0[O0[O0[T[O0[T][0][0]0

P O[T [T][O0JO[O[T[O0O[T[O0]O0]1
vVap T[0[0[0[0[0]O0][0]O0][0]0]1

q 000000 [T[O0]O0[O0][T]O
Qaoneer 0 | 0]0]0[0]0]0]0]0]0]0]0]0
Qenees 7 ] 0] 0] 00T |0]0[O0]T[0]0]0
Dyeneen_17 |0]0[0]0[0]0[T]0][0]0][T]0

Event probability ( Pl Py
5
T

- I I
0 5 10 15
Outer iteration number (Uo)

Fig. 8. Detection performance for LDPC-coded recording systems over the
MO channel, where 8 = 0.15, E}, /No = 7.6 dB, (64,64)-regular (4095,3367)
EG-LDPC code, and the (0,7) constraint are considered. (A) be using

Rcheck-O; (B) Plf using Rcheck-I and Pcheck-3; (C) Plf using Rcheck-II and
Pcheck-3; (D) P, using Rcheck-O; (E) P;™ using Rcheck-I and Pcheck-3;
(F) Pj™ using Rcheck-1I and Pcheck-3.

Step 3 Repeat Step 2 fori =2,3--- , N — k.

The reason that L,(yirx) = Le(vitx) and Lg(vitr) =
—Le(yiyr) for Pattern II with [ = k is given as follows. In this
case, we have (vj,vj,,---,vj,;) = (0,---,0,1), while the
the correct version is (v;, vi11, -+ ,Viyg) = (0,---,0,0). The
input to the LDPC decoder should be the corrupted version of
(0,---,0,0). Hence, the polarity of the extrinsic information
fed from the MAP equalizer to the LDPC decoder should be
reversed, since v, = 1 must be reversed as v;;; = 0. On
the other hand, the input to the MAP equalizer should be the
corrupted version of (0,---,0,1). Hence, the polarity of the
extrinsic information fed from the LDPC decoder to the MAP
equalization remains unchanged, since v;_, = 1 is the bit to
be modulated and sent to the channel.

Example 3: Here, we illustrate the possible advantage of
Rcheck-II over Rcheck-I. As indicated in Table II, decoding
errors for q are located at the 7th and the 9th positions,
respectively. In p, there are 1’s located at the 2nd, 3rd, Tth,
9th and 12th positions. Note that the q' vector obtained using
Rcheck-1I is less disturbed by the incorrect bits in v/ and p
than that obtained using Rcheck-I. From Table II, we can
observe that the q’ vector obtained using Rcheck-O is also
not satisfactory. [

Basically, we are interested in correctly detecting the com-
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Fig. 9. BER results for LDPC-coded recording systems over the MO
channel, where 8 = 0.15, (64,64)-regular (4095,3367) EG-LDPC code, the
Soft-O method, a non-reset LDPC decoder, and the (0,7) constraint are
considered. Outer iteration U, = 15. Inner iteration U; = 1. (A) Rcheck-
II combined with Pcheck-1; (B) Rcheck-II combined with Pcheck-2; (C)
Rcheck-II combined with Pcheck-3; (D) Rcheck-I combined with Pcheck-3.

ponents with values of “1” in the location vector q. The
performance of the detector can be evaluated based on the
probability of false alarms and missing detections. In the
flipping-based system, a false-alarm event is defined as ¢; =0
and ¢; = 1, and a missing-detection event is defined as ¢; = 1
and ¢} = 0. Let Qo (Q1) denote the index set of variable nodes
1 where ¢; = 0 (¢; = 1). The probability of a false alarm,
denoted as be, can be calculated from |{¢; = 1|i € Qo}|/|Qol.
Similarly, the probability of a missing detection, denoted as
P™, can be calculated from |{¢; = 0|i € Q1}|/|Q1|. Based on
the MO channel, the RLL constraint and the LDPC code used
in Example 1, we perform simulation for the flipping-based
system using Rcheck-O, Rcheck-I and Rcheck-II, respectively,
to obtain the data for be and P, which are shown in
Fig. 8. For Rcheck-I and Rcheck-II, vector p is obtained using
Pcheck-3. It can be seen that as the number of outer iterations
U, increases, the values be and P" decrease. Using either
Rcheck-I or Rcheck-II can obtain lower be and P]" values as
compared to using Rcheck-O. Moreover, Rcheck-1I is superior
to Rcheck-I in obtaining lower values for both be and P".

We also perform simulation for which vector p is obtained
using Pcheck-1. Due to space limitations, the associated results
are not plotted in any of figures in this paper. However,
we observe from the simulated data that the combination
of Rcheck-II and Pcheck-3 is superior to the combination
of Rcheck-II and Pcheck-1 through the observation of lower
values for both be and P,

C. BER Performances

Based on the MO channel, the RLL constraint and the
LDPC code used in Example 1, we conducted further sim-
ulation to determine the BER performance of the flipped-
based system by applying various parity check constraint
and the RLL constraint methods, where the non-reset LDPC
decoder and the Soft-O method was used. The results are
provided in Fig. 9, where it can be seen that using Rcheck-
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Fig. 10. BER results for LDPC-coded recording systems over the MO
channel, where 8 = 0.15, a non-reset LDPC decoder, and the (0,7) constraint
are considered. Outer iteration U, = 15. Inner iteration U; = 1. For Curves
(A) to (F), the (64,64)-regular (4095,3367) EG-LDPC code is used while for
Curves (G) to (H), the (4,64)-regular (16383,15363) RS-LDPC code is used.
(A) Non-flipped system (rate-0.82 code); (B) Flipped system (rate-0.82 code)
without using any flipped-bit detection technique; (C) Flipped system (rate-
0.82 code) using Soft-O and Rcheck-O [18]; (D) Flipped system (rate-0.82
code) using Soft-O, Rcheck-1I, and Pcheck-3; (E) Flipped system (rate-0.82
code) using Soft-III, Rcheck-II and Pcheck-1; (F) Flipped system (rate-0.82
code) using Soft-1II, Rcheck-II and Pcheck-3; (G) Non-flipped system (rate-
0.9376 code); (H) Flipped system (rate-0.9376 code) using Soft-III, Rcheck-1I
and Pcheck-3.

I combined with Pcheck-3 (Curve (D)) results in an error
floor at about 4 x 10>, while using Rcheck-II combined
with either Pcheck-1, Pcheck-2 or Pcheck-3 does not result in
any error floor. Furthermore, using Rcheck-II combined with
Pcheck-3 achieves a BER performance superior to that using
either Rcheck-II combined with Pcheck-1 or using Rcheck-II
combined with Pcheck-2. The trend of the BER performances
shown in Fig. 9 is consistent with the trend implied by the
data highlighted in both Table I and Fig. 8.

Finally, we can examine the overall BER performances by
integrating the soft information adjustment approach and the
improved detection for flipped bits approach, where the MO
channel and the RLL constraint used in Example 1 and non-
reset LDPC decoder are considered. The results are provided
in Fig. 10. We see that by using the combination of Soft-
III, Rcheck-II and Pcheck-3, a BER performance (Curve (F))
close to the performance of the ideal case, which is the
non-flipped system (Curve (A)) can be achieved. The BER
performance when using the combination of Soft-O, Rcheck-II
and Pcheck-3 (Curve (D)) is slightly inferior. The disadvantage
of using Soft-O as compared to using Soft-III, as illustrated
in Fig. 10, is not as significant as that revealed in Fig. 3. This
phenomenon is due to the fact that vector q’ used in Fig. 10
is much improved in the sense that the correct rate of the
estimated flipped bits is significantly increased. Fig. 10 also
shows the BER performance when using the combination of
Soft-III, Rcheck-II and Pcheck-1 (Curve (E)). We see that the
BER represented by Curve (E) is slightly inferior to the BER
represented by Curve (F).

For comparison purposes, the BER performances of the
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flipped system without using any flipped detection techniques
(Curve (B)) and the flipped system using the detection tech-
nique (Curve (C)) presented in [18] (i.e., the combination of
Soft-O, Rcheck-O without considering p) are also provided in
Fig. 10. Obviously, these BER performances are much inferior
to those obtained using the proposed techniques.

In order to verify whether the proposed techniques are also
effective for LDPC codes with code rates greater than 0.9, we
also applied the proposed techniques to a rate-0.9376 (4, 64)-
regular (16383,15363) RS-LDPC code [27]. The associated
results are also included in Fig. 10. As indicated by Curve
(H), using a combination of the the proposed techniques can
also achieve a BER performance quite close to that of the
non-flipped system (Curve (G)).

V. CONCLUSIONS

We have presented two approaches for improving the error
performance of a flipping-based system based on the technique
presented in [18]. The idea of the first approach is to mitigate
the performance degradation resulting from the incorrect de-
tection of flipped bits by adjusting the soft information. The
idea of the second approach is to properly employ the RLL
constraint and the parity-check constraint of the LDPC code
in order to increase the probability of the correct detection
of flipped bits. By combining these two approaches, we can
achieve error performance which is close to that of the non-
flipped system. The results of this research imply that, based
on the same coding rate, the BER degradation of the LDPC
coded recording system using the RLL constraint can be very
minor as compared to the LDPC coded recording system that
does not include the RLL constraint if the RLL constraint is
not very strict.
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