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Abstract

The description of the Paley-Wiener space for compactly supported smooth functions C$°(G) on a
semi-simple Lie group G, involves certain intertwining conditions, that are difficult to handle. In the
present paper, we make them completely explicit for G = SL(2,R)? (d € N) and G = SL(2,C). Our
results are based on a defining criterion for the Paley-Wiener space, valid for general groups of real rank
one, that we derive from Delorme’s proof of the Paley-Wiener theorem. In a forthcoming paper, we will
show how these results can be used to study solvability of invariant differential operators between sections
of homogeneous vector bundles over the corresponding symmetric spaces.
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1 Introduction

Consider a Riemannian symmetric space of non-compact type X = G/K, where G is a real connected
semi-simple Lie group with finite center of non-compact type and K C G its maximal compact subgroup.
Arthur [Art83] as well as Delorme ([Del05], Thm. 2) established a Paley-Wiener theorem for (K -finite)
compactly supported smooth functions on G. Their results involved the so-called Arthur-Campolli and
Delorme conditions respectively. Later van den Ban and Souaifi [vdBS14] proved, without using the proof
nor validity of any associated Paley-Wiener theorems of Arthur or Delorme, that the two compatibility
conditions are equivalent.

In [OlPa22-1], we proved a topological Paley-Wiener(-Schwartz) theorem for sections of homogeneous
vector bundles by adapting Delorme’s intertwining conditions for our purposes. We considered the inter-
twining conditions in three levels, namely (Level 1) refered to Delorme’s condition in the setting of van
den Ban and Souaifi [vdBS14], (Level 2) corresponded to the conditions for sections over homogeneous
vector bundles and (Level 3) stood for spherical functions.

However, these intertwining conditions are very difficult to check in practice, even for special K-types.
The most important source of such conditions are the Knapp-Stein ([KSt71] & [KSt80]) and Zelobenko
[ZeloT6] intertwining operators, as well as the embedding of discrete series into principal series HZ*, for
(0,\) € M x ai.

Therefore, in this article, we rewrite them in a more accessible way involving such intertwining oper-
ators and the Harish-Chandra c-functions, which we introduce in the first Section 2. Moreover, we show
that only a part of them is already sufficient for G of real rank one (Section 3, Thm 3). This is already
implicitly contained in Delorme’s proof of the Paley-Wiener theorem (|Del05], Thm. 2). For our proof, we
essentially use an intermediate result of Delorme ([Del05], Prop. 1) and his induction procedure (|Del05],
Prop. 2) on the length of minimal K-types of a generalized principal series representation.

To apply it, one has to know more or less the complete composition series of reducible principle series
representations, which is the case for the two special examples, SL(2,R) and SL(2,C), which are in the



focus of the present paper.

In fact, for G = SL(2,R), in Section 4, by drawing its principal series representations HX* by ’boa-
pictures’ (Fig. 1), we can see in which closed G-submodule of HX* there is an intertwining condition
in (Level 2) (Thm. 6). Afterwards, we can deduce the corresponding results also for the other levels
(Thms. 7 & 5) and even go beyond by illustrating the intertwining conditions for finite products of
SL(2,R) (Thm. 8). As last example, in Section 5, we consider G = SL(2,C). The description of its
intertwining conditions (Thms. 10, 11 & 14) are more difficult then for the previous examples. We remark
that SL(2,R) and SL(2,C) are locally isomorphic to SO(1,n),n = 2,3 respectively. In fact, based on
Thm. 3, we have already checked that it is possible to obtain analogous results for all n. We are grateful to
P. Delorme for mentioning to us that the results for odd n (including SL(2,C)) can also be derived from
his earlier Paley-Wiener theorem for groups with only one conjugacy class of Cartan subgroups [Del82].
This work is part of the second author’s doctoral dissertation [Pa22]. In fact, our results can be used to
study solvability of invariant differential operators between sections of homogeneous vector bundles on
the corresponding symmetric spaces. The way we expressed the intertwining conditions in (Level 3) is
particularly adapted to the solvability questions. In an upcoming paper [OlPa22-3], these questions will
be discussed in detail.

2 Intertwining conditions and operators

We adopt the same notations as in [OlPa22-1]. Let G be a real connected semi-simple Lie group with
finite center of non-compact type with Lie algebra g. Consider its Iwasawa decomposition G = K AN,
where K C G its maximal compact subgroup with Lie algebra ¢, A = exp(a) abelian and N nilpotent.
The quotient X = G/K is a Riemannian symmetric space of non-compact type.

Let M = Zk(a) be the centralizer of A in K. Then P = M AN is a minimal parabolic subgroup of G. Let
(0,E,) € M be a finite-dimensional irreducible representation of M and A € af, the complexified dual
of the Lie algebra of A. For (o, ) € M x at, consider HZ* the space of smooth vectors of the principal
series representations of G induced from the P-representation oy on the vector space F, ([Kna86], p.
168). By HZ, we denote its representation space in the compact picture, which is given by functions on
K and is independent of A\. Given o € M , let us consider the map

7o, : G = (ag = End(HZ)), g — (A = 751(9))-

In [OlPa22-1], we introduce the m-th derived principal series representation of G, which is a very similar
definition of derived G-representation ([Del05], Déf. 3 (4.4) & [vdBS14], Sect. 4.5).

Definition 1 (m-th derived representation, [OlPa22-1], Def. 2). For A € af, let Holy be the set of germs
at A of C-valued holomorphic functions p— f,, and mx C Holy the maximal ideal of germs vanishing at
A.

Denote by Hﬁ] the set of germs at A of H -valued holomorphic functions p— ¢, € HZ, with G-action

(qu)IL = WJ,;A(g)(bH, g < G.

(m)
A

For m € Ny, it induces a representation m, ' on the space

H(r,)\

00,(m

which is equipped with the natural Fréchet topology. We call this representation the m-th derived principal
series representation of G.

Let us briefly recall the intertwining conditions in the three levels, for more details we refer to
[OlPa22-1].

Intertwining conditions and Paley-Wiener theorem in (Level 1). We denote by Hol(a) the space
of holomorphic functions on af and by Hol(af, End(HZ)) the space of maps af 5 A — ¢(\) € End(HZ,)
such that for ¢ € HZ, the function A — ¢(N\)p € HZ is holomorphic.

Definition 2 (Delorme’s intertwining condition in (Level 1), [OlPa22-1]|, Def. 3). Let Z be the set of all
3-tuples (o, \,m) with 0 € M, A € ai and m € Ng. Consider the m-th derived G-representation Hgo)‘(m)

defined in (2.1). For every finite sequence £ = (£1,&2,...,&) € E%,s € N, we define the G-representation

S

He = @ HZC?’();;I@)

=1



We consider proper closed G-subrepresentations W C He.
Such a pair (§, W) with £ € Z° and W C H¢ as above, is called an intertwining datum. Every function
¢ € [1,cq7 Hol(ag, End(HS,)) induces an element

¢ € @DEnd(HZ () C End(He).
i=1

(D.a) We say that ¢ satisfies Delorme’s intertwining condition, if ¢¢(W) C W for every intertwining
datum (§,W).

Moreover, for r > 0, one can introduce a corresponding Paley-Wiener space

PW,(G) c ] Hol(ag, End(HZ,)),
oeﬁz

which is characterised by the usual growth condition ([Del05], Déf. 3 (4.3) and [O1Pa22-1|, Def. 4 (1.ii),.)
and intertwining condition (D.a). Let B,(0) be the preimage of the closed ball of radius 7 > 0 centered
at o € X under the projection p : G — X. Write by C2°(G) the space of smooth complex functions on G
with support in B,.(0). Then, by taking the union over all 7 > 0, and considering the Fourier transform

of fe CX(Q):

M x at € (0,A) = For(f) ==mon(f / f(g)mon(g) dg € H Hol(ag, End(HZ,)),
ceM

we have the following isomorphism.

Theorem 1 (Delorme’s Paley-Wiener Theorem in (Level 1), [Del05], Thm. 2). For any r > 0, the Fourier

transform e
CX(G) > f Fou(f) € PW.(G), (0,\) €M xag

is a topological isomorphism between the two Fréchet spaces C°(G) and PW,(G). O

Intertwining conditions and Paley-Wiener theorems in (Level 2) and (Level 3). Next, consider
two finite-dimensional, not necessary irreducible, K-representations (7, E;) and (v, E,). We consider the
space of smooth compactly supported sections of homogeneous vector bundles E, over X by

CR(XE,) = | OR(XE,) = (J{f: G 55 Br | f(gk) =77 (k)(£(9)).Vg €.k € K & supp(f) C B, (0)}.

r>0 r>0

The group G acts on C°(X,E,) by left translations, (¢ - f)(¢') = f(g~'g'),Vg,¢' € G. It is not difficult
to see that we have the G-isomorphisms C®(X,E,) = C®(G, E,)X = [0*(G) ® E,]X. Moreover, we
also consider the space of (v, 7)-spherical functions on G

G,y.m) =] (G, T

r>0

J{f: G = Hom(E,, E.) | f(kigks) = 7(k2) " f(g)v(k1) ™", Vk1, ks € K & supp(f) C B,(0)}.
>0

Note that by taking topological linear duals, we obtain the spaces of distributional sections C~>° (X, E,)
and C~°°(G, v, 7). We are particularly interested in distributional sections with compact support C; (X, E;)
and C_ (G, v, T).

The Fourier transform for (distributional) sections of homogeneous vector bundles in (Level 2) and
(Level 3) is given in the following definition.

Definition 3 (Fourier transforms, [OlPa22-1], Def. 5 & 6). Let g = £(g)a(g)n(g) € KAN = G be the
Twasawa decomposition. For fized A € ag. and k € K, we define the function e ;. by

exr:G — End(E;)=E:®E;
g — einlg) =T1(r(g k) ralgT k)T, (2.2)

where p is the half sum of the positive roots of (g, a).



(a) (Level 2) For f € C*(X,E;), the Fourier transformation is given by

Fof LK) = /G u(9)f(9) dg = / T1(9)/(9) do. (2.3)

G/K
where the last equality makes sense, since the integrand is right K-invariant. Similar, for distribu-
tional sections T € C7 (X, Er): FrT(\ k) == (T, €} ) =T(e3 ;) € Er, with (A, k) € ag x K/M.
(b) (Level 8) The Fourier transformation for f € C°(G,~,T) is given by
oS0 [ Rala)fa) do. Ne (24)
Similar, for T'€ C;*(G,v,7), we have \F.T(X) := (T, €] ;).

Note that F,(f), Fr(T) € Hol(ak, HIM), where HZ™ = {f : K S5 E, | f(km) = 7(m)~'f(k)} and
that , 7, (f), ,F-(T) € Hol(ag, Homy, (E,, E;)). We also remark that Hom g (£, H;lM) =~ Homuy (E,, E;),
by Frobenius reciprocity. We will also consider H;[A(ﬂrf‘) defined as in Def. 1 with o replaced by 7|as.
Definition 4. We define

HomM(ET,Ea)(Am) := Hol(a, Homps (E,, E,))/my " Hol(ag, Homp (E,, E,))

as in (2.1). For 7 € K and an intertwining datum (£, W), we set

s —~1
Dy, = {te@@Homy(E,, By}, | T =Frob (i) € Homy(E,, W) C Homp (E,, He)}
i=1
C PHomu(E,, By - (2.5)
=1

We have shown ([Ol1Pa22-1], Def. 7+8, Prop. 7 & Thm. 2) that Delorme’s intertwining condition (D.a)
correspond to the following intertwining conditions in (Level 2) and (Level 3).

Definition 5 (Intertwining conditions in (Level 2) and (Level 3), [O1Pa22-1], Thm. 2 ). Let = be as in
Def. 2 and let = the set of all tuples (A\,m) with X € af and m € Ny. We define a map

E—>§a fz(a,/\,m)HEZ(A,m)
For s € N and &£ € Z°, we have the corresponding element & € =

(D.2) (Level 2) We say that ¢ € Hol(a(f:,H;O‘M) satisfies the intertwining condition, if for each inter-
twining datum (§,W) and each non-zero t = (t1,ta,...,ts) € D, the induced element wg €

b, HTaA HglM satisfies

Oox(mt)
tO’(/JE: (t1°¢17-~-7t2°¢s) ew.
(D.3) (Level 8) We say that ¢ € Hol(af, Homps (E,, E;)) satisfies the intertwining condition, if for each

intertwining datum (£, W) and each non-zero t = (t1,ta,...,ts) € D, the induced element Pz €
D HOmM(Ey,Er)E\;;%) =: Hg’T satisfies

tops= (t1o@1,...,ta0ps) € D},
Example 1 ([OlPa22-1], Example 1). Consider now s = 2 and m; = mg = 0. Let
L:HP™M — H2

be an intertwining operator between the two principal series representations.
The corresponding intertwining data is given by £ := ((o1, A1,0), (02, A2,0)) €
HZ A @ HZ22. Moreover, define I” : Hom s (E,, E,,) — Homy(E,, E,,) by
I7(t)(v) = L(t7() " ) (e) = L(¢u(t))(e),
where the element ¢,(t) € HZ is given by the function ¢,(t)(k) := tr(k~)v, for k € K,v € E, and
t € Homps(E;, Ey, ). Then
Dy ={(t1,t2) [ t2 =1"(t1)} = {(@1"(t)) [t € Homp (E-, Es, )}
- HOHl]\/[ (ET, Eol) D HomM (E.,-, E(TZ)'

=2 and W = graph(L) C

In this situation, we get the following intertwining conditions.



(D2.L) (Level 2) For each t € Hom s (E;, E, ), we have for ¥();,-) € HIM = 1,2
L(to(A,)) =17(t) op(Aa, ). (2.6)
(D3.L) (Level 3) For each t € Homu(E;, E,, ), we have for ¢(X;) € Homy (E,, E-),i = 1,2
(o)) =17(t) o p(A2). (2.7)

Similar as in (Level 1), for r > 0, we introduce a Paley-Wiener space in:

— (Level 2) PW,.(ax x K/M) C Hol(a%, HI™),

— (Level 3) , PW,(ag) C Hol(ag,, Hom (E,, Er)),
which is characterised by the usual growth condition ([OlPa22-1], Def. (2.ii), resp. (3.ii),) and the
corresponding intertwining condition (D.2) and (D.3), respectively. The Paley-Wiener-Schwartz space
for distributional sections is denoted by PW.S:(ag x K/M) respectively ., PW S (ag). It is characterised
in the same way as above except that we replace the growth condition by a weaker one ([OlPa22-1],
Def. (2.i1s), resp. (3.iis),). As in (JOIPa22-1], Sect. 6) we equip the Paley-Wiener(-Schwartz) space with

the inductive limit topology and the space of distributional sections C; *°(X,E;) and C;*°(G, v, T) with
the strong dual topology. In [O1Pa22-1], we derived the following.

Theorem 2 (Topological Paley-Wiener(-Schwartz) theorem for sections in (Level 2) and (Level 3),
[O1Pa22-1] Thms. 3 & 4). The Fourier transform
CE(X,E;) 3¢ = Fr()(\ k) € PW(S),(ag x K/M), (\k)€at x K

is a topological isomorphism between CE>(X,E,) and PW(S),(ag x K/M).
Moreover, by considering an additional K -representation (v, E.) with associated homogeneous vector bun-
dle E., then the Fourier transform

CE=(G,7,7) 2 9 = Fr(9)(N) € ,PW(S),(ag), A€ at

is a topological isomorphism between CE<(G,~,T) and LPW(S)7(ag). O

In Example 1, we worked out the intertwining conditions coming from intertwining operators between
principal series representations of G. We want to make them more explicit for the most important case,
the Knapp-Stein intertwining operators, which we now recall.

Knapp-Stein intertwining operator. Let W4 := Ng(a)/M be the Weyl group. Note that W4 acts
on af as well as on M. Let w € Wy be represented by m,, € M’ := Nk (a) and 0 € M. We realise o on
the vector space E,. We define a new representation wo € M of M acting on E, by

wo(m) == o(my mm,), m e M.

Its equivalence class only depends on w € W4 and not on the choice of my,,.

Definition 6 (Knapp-Stein intertwining operator, [KSt71|, [KSt80] & [Kna02|, Chap. V). Let A} be
the positive root system of (g,a) corresponding to N. Let Ay := —AT and N be the unipotent subgroup
coming from the associated Iwasawa decomposition corresponding to Ay . Write N, :== N NwNw~™1. For
(o, M) € M x at with (Re(\),a) > 0, for all « € A Nw™ A7 and for a fized representative m,, € M’,
we define the intertwining operator

Jwon: HZY — HYUoWA

by the convergent integral
Juwo(#(9)) = / pgnmy,) dn, g€ G pe HZ,
Ny
which depends holomorphically on A € ag.. This operator has a meromorphic continuation to ag.

For later reference, let us state the intertwining conditions coming from the Knapp-Stein operators.



Example 2 (Knapp-Stein intertwining condition in (Level 1). For w € Wy and fixed (o, \) € M x ag,
we consider the Knapp-Stein intertwining operator J, »  as in Def. 6.
Let ¢ € [[, .57 Hol(ag, End(HS,)). Then, the condition

Jw,a,)\ o ¢(0—7 )‘) = ¢(woa w)‘) O Jw,o,\» (28)

is a special intertwining condition of (D.a) in Def. 2. Note that the corresponding intertwining datum
(¢, W) is given by & = ((0, \,0), (wo,wA,0)) and W = graph(Ju ) C HE* @ H2** | (compare Exam-
ple 1).

Definition 7 (Harish-Chandra c-function, (e.g. [OIb95], Def. 3.8)). Let 7 € K,w € Wa, Ny =
NNw 'Nw and X € a}. with (Re(A\),«) >0, for all « € AF Nw™tA;. The c-function is defined by

Cur(\) = /N a(7)~ )7 (k(R)) di € Enduy (E,),

which can be extended to a meromorphic function on ag.

Furthermore, we have €y (0, X) := pry 0 €y +(A) o pry € Endy(Er(0)), where pry : Er — E (o) is the
projection on the o-isotypic compenent.

Consider now w € W4 as a Weyl element with mazimal length, then, we set

c:(A)i=cu-(A)  and ¢ (0,A) :=cy (0, A).

One can express the Knapp-Stein intertwining operators, by the Harish-Chandra c-functions ([O1b95],
Lem. 3.12 & Satz 3.13):

Jw,ox(@Pu(t)) = ¢u(to T(m;l)cw—l77(—1U)\>), (2.9)

where ¢, (t) is defined as in Example 1 for v € E; and t € Homp(E;, E;). Set Jy 7 x := T(Mw)Jw 70,2
which is independent of the choice of w € W,4. Hence, this leads to the following statement.

Proposition 1 (Knapp-Stein intertwining condition in (Level 2) and (Level 3)).
(a) (Level 2) Let ¢ € Hol(ag, HCQM) satisfying (D.2). Then, we have

Jw 2PN, 2) = cp=1 (—wN)P(wA, ), A€ ag,w e Wy. (2.10)
(b) (Level 3) Let ¢ € Hol(af, Homs(E., E;)) satisfying (D.3). Then, we have
PN v(my")ey-1 (—wA) = T(my")e,-1 , (—wA) o p(wA), A€ af,w e Wa. (2.11)

Proof. We consider the operator I™ : Homp, (E-, E,) — Homps (F-, E,) as in Example 1 associated by
L = Jy . Them (2.9) says that

() = to r(my) o o1 o (—wA).
Now the proposition follows from (2.6) and (2.7), as in Example 1. O

Example 3. (a) Let 7 be a trivial one-dimensional represenation. Then, C°(X,E,) = C°(X) and
HIM = C>(K/M). Helgason showed in ([Hel89], Thm. 5.1.) that 8 € Hol(ag, C*°(K/M)) belongs
to the Paley-Wiener space if, and only, if it satisfies the usual growth condition and the intertwining
condition:

/ T (@)BwA, Kk = / Ga(@BOR)dR,  we W, (2.12)
K/M K/M

It is not difficult to show that Helgason’s intertwining condition is equivalent to (2.10). In fact,
for X € af, consider the Poisson transform (e.g. [Hel89] or [O1b95], Def. 3.2) Py : C*°(K/M) —
C>=(X) given by Px(f)(9) := [, € x(9)f(k) dk, for g € G. Then, Helgason’s condition (2.12) can

be expressed in terms of Poisson transform
Pxrofr="PuxroPur, weEWa,\eEag,

where () := B(A,-). The result now follows from the functional equation of the Poisson transform
([O1n95], Satz 3.15).

(b) Let 7 and v be two trivial one-dimensional representations. Consider a function 8 € Hol(ag) which
satisfies the usual growth condition. Helgason and Gangolli ([Gan71] & [Hel20], Thm. 7.1) proved
that 8 € ,PW,(ag), if and only, if

B(A) = B(w)), for A € af,w € Wiy.

This condition is equivalent to (2.11) in the case v, 7 are trivial.



3 Sufficient intertwining conditions for rank one

We want to reduce the amount of intertwining data in (D.a) of Def. 2 to a minimum. In this section, we
assume that G has real rank one. In this situation, the set of positive restricted roots A consists of at
most two elements, namely a and possibly 2c. The Weyl group is reduced to {—1,1} acting on af by
multiplication.

We have the following special intertwining condition. An irreducible unitary representation (m, E,)
of G is called a representation of the discrete series if there is a G-invariant embedding E, — L*(G).
Here, L?(G) denote the space of all square integrable functions with respect to invariant measure dg on
G. Write @d the set of equivalence classes of discrete series representations of G. Let H; be any Hilbert
space, where the representation m € G4 is realized. Let H2° C H, be the corresponding space of smooth
vectors. For every representation of discrete series m € éd, we choose an embedding

in s HX s HI

into some principal series representation (Casselman’s subrepresentation theorem, [Wal88], Thm. 3.8.3.
& Casselman’s and Wallach’s globalization Thm. [Wal92], Chap. 11) and set

Wy =i (HX) C H7 M
It is a closed G-invariant subspace. Hence, the condition
30, An)(Wr) C Wr, 7€ Gy (3.1)
is also of the form (D.a), with s = 1 and m = 0, and it permits us to define that

d(m) := ¢(0r, Ax)|lw, € End(Wy). (3.2)

Thus, for 7 > 0, we define the ’special’ Paley-Wiener space PW,F(G) by replacing Delorme’s inter-
twining condition (D.a) by the conditions (2.8) and (3.1) only.
Let w € W4 be the non-trivial element. For A € af with (Re(X), ) > 0, let m € Ny be the maximal order

of the zeros of Jy o, (fu) at = X, where p — f,, € HZ* runs over all germs of holomorphic functions at
A with fy # 0.
We consider the induced operator

(m=1) | ryo,x wo,—\
Jw RPN H ,(m—1) — Hoo ,(m—1) (33)

A

and its kernel Ker(J(m % ) C H ¢ By convention, we set HY’ 1) = {0}, for m = 0. Notice that

w,o,A ,(m—1)"

due to condition (2.8), we have for ¢(™~1) (o, \) € End(H? )‘(m 1)

o™ (0, A)(Ker (")) € Ker(J V) € HT, (0,A) € M x dai.

s(m—1)
Let 7 € K with highest weight p, € it*, where t C £ is the Lie algebra of a maximal torus 7' C K. We
define
2p 1= Z o € ait”
aEAT (1)

the sum of all positive roots of t(c in ¢¢. For a K-representation V', we denote by V(1) its corresponding
isotypic component. For o € M and 7 € Gy, we define lo], |7| € [0, 0] by

ol := min -+ 2p.|| and |7| := min -+ 2p.
ol {r 1 Hg (r)#{0}} e pell Il {7 | He(7)#{0}} e pel

i.e. |o],|A| are the lengths of ’the’ minimal K-type 7 of HZ and HZ° respectively, ([Del05], Sect. 1.3).
Denote by B(c), B(w) C K the finite set of all minimal K-types of HZ , H>.

Example 4. Let G = SL(2,R) and K :ASO(Q) its maximal compact subgroup. With the notations
introduced in Sect. 4 below, we have that K = Z and p. = 0.
(i) M = {£1}, thus
- if o is trivial, then B(o) = {0} C Z, (trivial K-type) and |o]| =0,
- if o is non-trivial, then B(o) = {+1,—1} C Z and |o| = 1.



(ii) Let m = Dy, k € Z\{0} be the discrete series representation of G parametrized as in Thm. 4 below,

then
k+1}, k>0,
{k—1}, k<0

and |7 =k + 1.

The following result tells us that the intertwining conditions (2.8) and (3.1) with an additional 'van-
ishing’ condition are sufficient for semi-simple Lie group G of real rank one.

Theorem 3. Let tkg(G) = 1. Forr > 0, let A be a linear closed and K x K invariant subspace of
PWH(G) satisfying Fo x(C2°(G)) C A and the following condition:

(D.b) Leto € M and ¢ € A such that
(i) ¢(c’,\) =0, for all ' € M with |0'| > || and X € aX,
(i) ¢(mw) =0, for all m € G4 with |w| > |o|.
Then, for all X € af. with (Re(\), ) > 0, ¢ induces the zero-operator on Ker(J(m_l)):

w,o, A

¢(m—1) (0_7 )\)

Ker(J(" 1)

Here, (m — 1) depends on (o, \) as defined above (3.3) and ¢(w) is defined in (3.2).

Then,
A= PW’I‘(G) = ]:U,)\(CSO(G))

Proof of Thm. 8. By Delorme’s Paley-Wiener Thm. 1, we already know that PW,.(G) = F, A(C°(G)) is
a closed and K x K invariant subspace of PW,(G). Therefore, it suffices to show that 7, \(C°(G)) C A
is dense. Thus for every K x K-finite element ¢ € A, we need to find a function f € C°(G)kxx such
that -

Toex(f) = é(o,A), ¥Y(o,A\) € M X ag.

Let ¢ € Axxk. It is given by a collection (¢),0 € M. By K x K-finiteness, only finitely many ¢, are
non-zero. Similar, by K x K-finiteness, ¢(m) = 0, for all but finitely many 7 € @d. Indeed, for any given
K-type 7, there are only finitely many 7w € (A?d, with H2°(7) # 0 (e.g. [Wal88|, Cor. 7.7.3).

We define [(¢) € [0,00) by

[(¢) := max{|o|, |7| | 0 € M, ¢, # 0;7 € Ga, d(r) # 0}.

We can now imitate the inductive proof of Prop. 2 in Delorme’s paper [Del05].
Assume, as induction hypothesis, that for all ¢» € A with I(¢) < [(¢), there are f € C°(G) with F(f) = .
We enumerate -

{ceM||o|=lp)}={o1,...,0n} U{woy,...,wo,}

and R

{meGq||r|=Ud)} ={m,...,7s}
Condition (i) together with (2.8) says, in particular, that ¢,, belongs to a space that Delorme denotes by
Ko;, ([Del05], Def. 1). Strictly speaking Delorme has a condition for (Re(A),«) > 0. But if rkg(G) = 1,
only (Re()\),a) > 0 matters. Note, that ¢(m;) belongs automatically to Kr,. We can apply Prop. 1
together with Eq. (1.38) of Delorme’s paper [Del05], to deduce the existence of fi, fa,..., fn € CZ(G)
and g1, 92, ...,9s € C°(G) with

T a(fi) = é(oi,N), 1€{1,2,...,n},
Tr](g]) = ¢(ﬂ])7 je {172775}7

for X € af. Moreover, the discussion after Eq. (3.9) in ([Del05], p.1018), makes clear that we can choose
the f; and g; such that

(i) UF(fi) =UF(g;)) =), Vi€ {1,2,...,n},j €{1,2,... s} and
(i) 7o, A (fi) = 0,Vk # 1,
(iil) 7o, A(g5) = 0,Vi, 7,
(iv) m;(fi) = 0, ¥4,



(v) mr(g;) =0,k # 3.

Now, we set
S

vi=o= F(fi) =3 Floy).
i=1 j=1
Then, by (i)-(v) we have I(¢)) < I(¢). Thus, by induction hypothesis ¢ = F(fy). We conclude that
¢=F(f)with f=fo+fit-Ffotg+gat-+gs m

Remark 1. The result above can be extended to higher real rank. The extension involves representations
induced from all cuspidal parabolic subgroups P as well as the Knapp-Stein intertwining operator for
them.

4 The case G = SL(2,R) and beyond

We consider G = SL(2,R) = {g = <CCL Z) € GL(2,R) ‘ det(g) = 1} the special linear group of R2. It

has dimension three. We fix the Iwasawa decomposition G = K AN, where

cosf sinf et 0
K—SO(2)_{kg._ (—sme COS&) ‘GER}, A_{at._ (0 e—t> ‘teR},
N:{ngg::@ f) ‘xeR}.

G is a connected and simple Lie group with maximal compact subgroup K of dimension one. Clearly, K
is isomorphic to the unit circle S'. Hence

K={6,|neZ} =7, 6,(ks):=e" € GL(1,C) = C\{0}
is the set of all irreducible representations of K. The representation space Ej, is one-dimensional and

t 0
0 —t) € a, then the
positive root « is given by a(H) = 2t and p(H) = t, for all t € R. We identify af isometricaly to C with
respect to the norm of the invariant twice trace form on g = sl(2,R), i.e., za + z and p — %

Since M = {£Id}, we have M = Z/27. Let + be the trivial and — the non-trivial element of M.

For 0 =4+ € M and X € C = af, we write (74 », HZE?) for the principal series representations of G. Its
restriction to K is the set of Fourier series on S' with only non-zero even or odd Fourier coefficients

equal to C. We sometimes denote the K-representation d,, simply by n. If H = (

K
HE ={f € C®(K,C)| f even or odd } = @ On,-

n even or odd

In order to write down the composition series of HOiOJ‘, we will from now on denote, for convenience, an
exact, non-splitting, module sequence

0—A—B—C—0,

shortly by a ’boxes-picture’

C
A

B =

A proof of the following classical result can be found for example in ([Wal88], 5.6) or in ([La75], Ch. VI).
Note that the referenced proof is also valid for G-representations of smooth vectors instead of (g, K)-
modules, if we apply Casselman’s and Wallach’s globalization theorem ([Wal92|, Prop. 11).

Theorem 4 (Structure of principal series representations of SL(2,R)). The principal series representa-
tions HE* of SL(2,R) is exactly reducible, if

1
ly7 —
A6111={2+ , o=+,
, o= —.

For)\zgeli,keN, we have



D_i & Dy, . Fy,
= Fy, HZ? = D_. & Dy,

+,—
00

(Ve
ol

H

where I, := f_i(k 1) do; are the finite-dimensional irreducible SL(2, R)-representation of dimension k

and Dy, resp. D_j, are smooth vectors of a representation of the discrete series, which are characterized
by the K-type decomposition D) = @j205i(k+1+2j). Furthermore, for A =0, we have

I -

where Dy = ®j205i(1+2j) are the limits of the discrete series. O

Remark 2. Let W), be a proper closed invariant G-submodule of Hoio”\7 for A € I, as in Thm. 4. Then,
one can observe that

- for A >0, W, € {D_k,Dk,D_k @Dk}, k =2\,

D .| [ Ds
—for/\<O,W,\e{Fk, P | | Fk },k:2>\,
- while for A\=0and 0 = —, Wy € {D;,D_}.

To describe the intertwining conditions for G = SL(2, R) in the three levels, we first need some preparation.
The Harish-Chandra c-function for G is denoted by c,(\) for n € Z. Due Cohn ([Co74], App. 1), it is
given explicitly in terms of gamma function I'(+), by the formula (for a suitable normalization of the Haar
measure dn)

1 INCY NP
VAT + 500+ A5)]

Let n = m (mod 2), not necessary distinct, then using the gamma function recurrence formula

cn(N) = c_pn(\) = A€ ab. (4.1)

FA+a)=A+(@—1))TA+(a—1)), a€Z,)€Ea; (4.2)

repeatedly, the quotient of the c-functions is given by

1, for |n| = |m|,
T(\ 14+m T(\ 1—-m m A lnl=1y oy _Inl=3y
Cn()/;) _ F( )\+ 7i )F(A+ ) _ E)\er 1;E>\+‘”§7B§ E/\+|m| ; for [n| > |m|, (4.3)
cm(A) A+ E2ro+ 52) ()\+Mn171)(>\+\7n\2 .. ()\_,'_MH» )t inl < ||
()\_ ‘77L‘271)(A_|77L£73)“.(>\_ \n|2+1)7 .
Note that the quotient has zeros \ € {ln‘f1 |"‘73, cee, |m‘+1} and poles in
{- |"|2_1, |"‘ S ‘mlH} for |n| > |m|, and inversely for |n| < |m|. We know by (2.11) that the

matrix coefﬁ(nent of the Knapp-Stein intertwining operator Jy, +  : H3; A, H £-2 with respect to the
Fourier decomposition of HX* = @ 0p, is given by cn()\) (up to Slgn)

n even or odd

Theorem 5 (Intertwining conditions in (Level 1)). For r > 0, let A be the space of all
XS HaeJ\’Z Hol(ag, End(HZ)) such that ¢ statisfies the corresponding growth condition as well as the two
intertwining conditions (2.8) and

(D.b’) ¢ leaves every proper closed G-submodule Wy of HE, listed in Remark 2, invariant.
Then, A satisfies the conditions of Thm. 3, this means that A = PW,.(QG).
Proof. Note first, that the space A is K x K invariant and linear closed, due the intertwining conditions
(2.8) and (D.V).
We have that (D.b) of Thm. 3 gives a condition for each 0 € M = {£}. Let us first consider 0 = {+} € M.

By Example 4, we have |+ | =0 and |r| = k+1 > 0. Now let ¢ € A satisfying the assumption (D.b) (i3),
i.e., in particular
k
o (+, f)‘ =0, ke€2Z+1. (4.4)
2/1D_w@Dy
Let us check that:
(a) for Re(\) > 0, the intertwining operator J_ 4 x has zeros of order at most one.

(b) the kernel of J,, 1 x is equal to 0 or D_j;, @ Dy, for Re(X) > 0.
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Consider the K-type n € 2Z and the Harish-Chandra c-function ¢, as in (4.1). If n = 0, then co(\) =
I
VT T(A+1)
quotient

and we see that co(A), for Re(A\) > 0, has no zeros and no poles. Thus, we can consider the

N_ T2 (=)
A TA+ENTA+5) v+
It has zeros A € {3, - -, W;l} of first order. Due to (2.9), we know that the intertwining operator Jy, + x
is in relation with the c-function. If on all K-types, we have zeros of first order, then J, 4+ » should also
have zeros of first order. Hence J,, 4 x has zeros of at most order one, this proves the first assertation (a)
of the claim.

Concerning (b), we need to check for which K-type n, the quotient 23((2)) has a zero, for fixed Re(\) > 0.

It is clear that, if A ¢ I, then €2 has no zeros, i.e. that Ker(J, 4+ 1) =0. For fixed A = %, ke2Z+1,

co(X)
the c-quotient ig—(()\’\)) has zeros if, and only if, n is a K-type of D_j and Dy, i.e. Ker(Jy + ) = D_; ® Dy.

Thus, this implies (b).

By (b) and (4.4), we have that the operator ¢(*)(+, \) annihiliates Ker(J,, 4 ) for o = {+} € M and
Re(A) > 0. By (a), we have that the order m is equal to the one, thus this condition is sufficient.
By arguing in a similar way as above for 0 = {—~} € M with | — | = 1, and @ = Dy, € G, k € 2Z\{0},
with |7| = |k| + 1, we can conclude that A satisfies the condition (D.b) of Thm. 3. O

Now let us move to (Level 2).

Theorem 6 (Intertwining conditions in (Level 2)). Let m € Z be a K-type, Then, ¢ € Hol(aE,Hg‘M)
satisfies the intertwining condition (D.2) of Def. 5 if, and only if,

(2.a) Jwm (A, ) =cpn(AN)Y(=A,-), for all X € af,
(2.b) w(N,-) € Wy, where Wy is the invariant (colored in blue) G-submodule of HE represented by the
bozes-pictures in Fig. 1. Here the choice of + depends on the parity of m.

Notice that if W) is the whole colored blue box, then there are no intertwining condition.

Proof. We need to show that the conditions (2.a) and (2.b) correspond to the condition (D.2) in Def. 5.
In fact, by Prop. 1(a), we have that (2.a) is a special case of (D.2).

Concerning (2.), condition (D.2) says that for each W we have an intertwining condition corresponding
to (D.V') in Thm. 5. Now we need to extract in which of these W), there is an intertwining condition. If
the K-type m is in a closed G-submodule W) of HE*, then D% is one-dimensional. Hence, by (D.2),
1 has values in this G-submodule Wy. By (D.V/) in Thm. 5, we thus take the smallest closed proper
invariant G-submodule of them. Otherwise, if the K-type is not in a closed G-submodule W), of Hoio’)‘,
then Dy = {0} and thus there are no intertwining conditions. Consequently, we obtain the boxes-pictures
in Fig. 1. O

The final step will be to move in (Level 3). Note that Homps(Ey,, Ep,) = {0} if n = m (mod 2).

Definition 8. Let n = m (mod 2) K-types. We define the polynomial ¢, . in A € af with values in
Homy (Eyp, Ep) =2 C by

17 an =m,
(A = A+ ‘mljl)()\ + |m|;(r3) (A4 M%l), if In| > |m| and same signs, (4.5)
- (A= ‘nl;l)()\ - ln‘;&) (A= Iml%), if In| < |m| and same signs,
(A+ ‘”'2’1 YA+ ‘”';3) (A= %), else, with different signs.

Theorem 7 (Intertwining conditions in (Level 3)). Let n =m (mod 2) be two K -types.
Then, ¢ € Hol(ag, Homu (Ey, Er)) satisfies the intertwining condition (D.3) of Def. 5 if, and only if,
there exists an even holomorphic function h € Hol(A?) such that

QO()‘) = h(/\) 'qn,m(/\)a A€ CIEE, (46)
where G m is the polynomial (4.5).

11



e for m =0:

11118

~

A

1 1 1
T T T
3 1 1 3 5 A
2 2 2 2 2
o for m € 27Z:
-m >0
1 1 1
T T T
m+3 m+1 _m—1 _1 1 m—1 m+ m+
2 2 2 2 2 2 2 2
t t t
m+3 m+1 m—1 _l 1 m—1 m+ m+
2 2 2 2 2 2 2 2
e form e 2Z + 1:
-m > 0O
t t
m+3 m+1 _ m—1 — m—1 m+ m+4
2 2 2 2 2 2
- m <0
t t
m+3 m+1 _m—1 — m—1 m-+ m-+
2 2 2 2 2 2

Figure 1: Boxes-pictures for G = SL(2,R).

Proof. By Thm. 6, it is sufficient to prove that the conditions (2.a) and (2.b) correspond to (4.6). In
particular, we want to show that (), kg) — ¢()\)e!™? satisfies (2.b) if, and only if, ¢ has zeros at the zeros
of the polynomial ¢, ,,,. From Thm. 6 (2.b), we know that the invariant G-submodule W) are represented
by the boxes-pictures in Fig. 1. Thus, we need to check, where the K-type n is not in the colored blue
invariant G-submodule W). We leave it to the reader to check that this happens exactly at the zeros of
Gn,m- Thus, we can deduce that ¢ is of the form (4.6) with h an arbitrary holomorphic function.

Concerning the correspondence between the conditions (2.a) and (4.6), by Prop. 1(b), we observe that
(2.a) corresponds to (D.3):

(A

(—nym=m2 e o) o), Aeasnme . (47)
cm(A)

By using Def. 8, we observe that q;‘n":f( ’;) = (—1)(m—")/2§::7((>‘>\)), for X € af.,n,m € Z. Hence, we obtain

(N w(=N)

qn,m()‘> Qn,m(_)‘) '

12



This means, (4.7) is satisfied if, and only if, h(X) = h(=X), for X € a¢. O

We have completely determined the Paley-Wiener-(Schwartz) spaces for G = SL(2,R) in (Level 2)
and (Level 3).

The case G = SL(2,R) x SL(2,R)

Let
G :=G"x G =SL(2,R) x SL(2,R) = {g = (g1,92) | 91,92 € G'}
be the Cartesian product of two copies of semi-simple non-compact connected real Lie group G' =
SL(2,R). Since K’ = SO(2) is the maximal compact subgroup of G’, K := K’ x K’ is maximal compact
in G.
The irreducible representations of K are given by pairs (n1,n2),n; € K’ =2 Z ([Wal73], Sect. 2.36).

~

More precisely, we denote by a tuple of integers n := (ny,ng) € Z x Z = 7Z? = K the K representions
on the vector space E, := E,, ® E,, € C with action [ny,no](k1,k2) = n1(k1) ® na(kz2). The asso-
ciated homogeneous line bundle over X := X’ x X’ is denoted by E,. For I,n € K , we observe that
Homy (Ey, Ey,) = {0}, if [1 # nq (mod 2) or ls # ny (mod 2). Note that ai, = C x C. By using Def. 8, we
define for I,n € Z2, l; = ny (mod 2), Iy = ny (mod 2), the polynomial g, given by

QA5 A2) = iy ny (M) - Qo na(A2), (A1, A2) € C x C = ag, (4.8)

where ¢, », (A;) is the ’intertwining’ polynomial (4.5) for \; € C,i =1, 2.

Theorem 8 (Intertwining condition in (Level 3)). Let I,n € Z? be two tuples of integers. Then, ¢ €
Hol(af, Homy (Ey, E,,)) satisfies the intertwining condition (D.3) of Def. 5 if, and only if, there exists an
even holomorphic function h € Hol(A3,A3): h(A1, A2) = h(—=A1, A2) = h(A1, —A2) such that

©(A1, A2) i= h(A1, A2) - qin(A1, A2), (4.9)

where qp., is the polynomial (4.8) in (A1, A2) € ag.

To prove Thm. 8, we need first a density argument, which permits us to approximate the even holo-
morphic function h in (4.9) by even polynomials.

Lemma 1. Consider the subset P of polynomial functions in A := {h € Hol(C?) | h(A1, A2) = h(=A1,A2) =
h(A1, —X2),¥(A1, A2) € C?}. Then, P C A is dense with respect to uniform convergence on compact subset
of C2.

Proof. Let h(A1,A2) € A be a holomorphic function. Consider the Taylor series at the point 0 = (0,0) in

two variables (A1, \2) € af:
D00 = Y daraaXTAS,
e

1,02

C 2
where a, are constants and the sum runs over multi-indices o = (a1, a2),a; € No. Let [af =375, a;

be the length. Note that aq,,q, = 0 if a; or as is odd. Thus the corresponding Taylor polynomials
Z\a| <k @aA” belong to P. The Taylor polynomials converge uniformly for k£ going to infinity on each ball

B,.(0). O

Next, by using the Iwasawa decomposition of g = (g1, ¢92) € G, the ’exponential’ function el can be
rewritten as follows.

Proposition 2. For fived A = (A1, \2) € ag and k = (k1,k2) € K, the function e} ; € C*(G) defined as
in Def. 3, is a product of the corresponding functions on G':

e k(91,92) = e\i ;. (91) - ez 1 (92),  (91,92) € G.
Proof. Consider the Iwasawa decomposition of
9= (91,92) = (nja1ky,nhaskh) =n'ak’ € G

so that n’ = (n},n}) € N,a = (a1,a2) € A and k¥ = (k},k5) € K. One can easily deduce that for
A= (A1, A2) € af, we get

e(AFp)log(a) _ o(M1+p)log(ar)+(Xe+p)loglaz) — ,Ai1te  ,Aatp
= =0 2- -
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Hence, for g € G, we then have

A A A A
eri(9) = exr(91,92) = a}* TPay PeR (ki ka) = a} TPy Py (ki )na(ks)
= "y (ka)es? (k)

(2.2)
= 621,1@ (91) - eg\f,kz (92)- O

Let ;PW S, u(ay) = {¢ € Hol(af,Hom(E;, Ey,)) | ¢ satisfies (D.3)} be the 'pre’-Paley-Wiener-
Schwartz space. Note that ;PW,(at) C ;PWS,(a5) C ,PWS, m(ay).

Proof of Thm. 8. 1t suffices to show that
(a) every function ¢ € ;PW, (af) is of the form (4.9) and
(b) (inversely) if ¢ is of the form (4.9) then it is in ;PW .S, m(af).
Let ¢ € ;PW,(ag). By the Paley-Wiener Thm. 2, there exists f € C®(G,1,n) with ;F,(f) = ¢. By

Fubini’s theorem and Prop. 2, we have
FuDN = [ e [ aronm) ) dn = [ aliefue) dn
= llfn1.f)\2 (/\1)7 (410)

where we set fi,(g1) = Jor €2 1(92)f(91,92) dga. Note that fr, € CX(X' E,,). Similarly, if we fix

A1 € ag, we have f)\l(g2) = fc/ e;ikl(gﬂf(ghgg) dg1 € C°(X',En,) and ; Fn(f)(A) = 12]:n2f/\1()\2)-
Thus, by Thm. 7, the Fourier transform has the form

l]:n(f)()‘) = h/\z ()‘1) “Qlyng = h’>\1 ()‘2) “ iy, ()‘2)? (4'11)

where hy, is an even holomorphic function in A; € af and ¢, », is the 'intertwining’ polynomial in A; € ag,
defined in (4.5). By (4.8), we deduce that there exists h € Hol(A?, \3) such that

©(A) = 1 Fnf(A) = (A1, X2) - @in(A1, A2), A= (A1, A2) € ag,

as desired.
Concerning (b), let ¢ of the form (4.9), by (4.8), we have that

©(A1,A2) = h(A1, A2) @1y 0y (A1) Gy ng (N2),

for (A1, A2) € af. By Lem. 1, we can approximate h by the sum of products of two monomials A" and
A52. By Thm. 7 and the Paley-Wiener-Schwartz Thm. 2:

AL Qs (M) = 1, Fng (fi)(Ai) € , PW S, (ag)

is the image of the Fourier transform of a distribution f; € C;*°(G’,l;,n;),i = 1,2. Consider now the
tensor product of these two distributions: f1 ® fo € C;°°(G,[,n). By taking the Fourier transform and
using the computations involving Fubini’s theorem, we obtain that

1Fnlfr @ fa)(N) = 1, Fny (f1) (A1) - 1, Fna (f2)(A2) = A% ().

By using Paley-Wiener-Schwartz Thm. 2, we have | F,,(f1 ® f2) = A%q1, € [ PWS,(af) C [ PWS, m(ag).
Since ;PW S, g(af) C Hol(af) is closed with respect to uniform convergence on compact subsets, we
conclude that ¢ = h - ¢, € ; PWS, g(ag). O

By Thm. 8, we have explicitly determined the Paley-Wiener(-Schwartz) spaces for G = SL(2,R) x
SL(2,R) in (Level 3).
Moreover, all the previous results can be generalized to G = SL(2,R)%,d > 2.

5 The case G = SL(2,C)

Let G = SL(2,C) = {g € GL(2,C) | det(g) = 1} be the special linear group of C? with maximal compact
subgroup

K =SU(2) = { (_ozﬂ g) € GL(2,Q) | |a|* +|8)* = 1}.
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Note that K is homeomorphic to the 3-sphere, therefore simply connected. Furthermore, the one-
dimensional abelian subgroup A of G (A C SL(2,R) C G) is the same as in Sect. 4 and the nilpotent

subgroup N of G is given by N = { (é i) ‘ te (C}. We identify af = C by sending A to A(H), where

H = (1) _01> € a. Note that p(H) = 2. For the irreducible complex representations of K, we have (e.g.
[Wal88], Sect. 5.7)

K = {6, | n € Ng} 2Ny with ds, := dim(,) = n + 1.

The tensor product of two irreducible K-representations decomposes into irreducibles according to the
classical Clebsch-Gordan rule (e.g. [Wal88], 5.7.1 (1)):

Op ® O = @ 5n+mf2j> n,m € Ny. (51)

0<j <min(n,m)

i0
In addition, M = Zk(A) = {mg = (60 e_ow) ‘ 0 e R}, which is abelian and a maximal torus in K.
We parametrize M = {0, | | € Z} = Z by the integers with o,(mg) = €'® € Z. Moreover, let x : M — C
denotes the character of a finite-dimensional irreducible representation (d,,E,) of K. Then, the Weyl
character formula for mg € M (e.g. [Kna02|, Chap. V.6)

ei(n+1)0 _ e—i(n-i—l)@ sin((n 4 1)9)

_ _ _ _ _—inb —i(n—2)0 inf
X(me) _Tr((sn(ma)) - 61‘9 _6_1;9 — sln(ﬂ) =e +e ( ) ++6

tells us that the weights of (4, ) have the form —n, —(n —2),...,n — 2, n, each with multiplicity one,
with n € Ny a highest weight. The following important result clarifies the reducibility of the principal
series representations of SL(2,C). We refer for example to Wallach’s book ([Wal88|, Sect. 5.7) for a
proof. Note that Wallach’s proof is also valid for G-representation on smooth vectors (see remark before
Thm. 4).

Theorem 9 (Structure of principal series representations of SL(2,C)). The principal series representa-
tions HZ* of SL(2,C) is exactly reducible, if X is real and

Al > |o] & |A| —|o| even integer.

In this case, for A > 0, there is an unique irreducible subrepresentation R of each HZ®. Then, we have

RU,)\ me
Hfa,f)\ — HU’/\ =
[eS) Fm,n S RU,)\
where m = %A —1,n= % —1 and F, ,, is an irreducible finite-dimensional G-representation that is

isomorphic to 6, ® 6, as a K-representation. Moreover, there is an intertwining opertator
Loy:HM7 — HZ
so that Ker(Jy o)) = Im(L, ) = R%*. In particular R°> is isomorphic to H M. Here, Jy o -
Ho* — H=%~> denotes the Knapp-Stein intertwining operator defined in Def. 6 with w = —1 and
-1

m= (1)

Furthermore, from the intertwining operator L, y, we can deduce the existence of further intertwining
operators:

Ao
Hoo




Note that the operators L, x, Ly x, L;’ 5, and E; \ are precisely the Zelobenko operators (also called
BGG-operators) for G = SL(2,C) ([Zelo76], [BGGT1], [BGGT75] & [BGGT76]). In Fig. 2, we illustrate
the principal series representations (with regular integral infinitesimal character) in a grid, where the
horizontal axis represents the values of A € af and the vertical one the values of o € M. Note that inside
the region {£|o| > A}, we have the irreducible principal series representations H '~ respectively H2:"
colored in gray and outside the reducible ones, colored in black.

\ N ° ° ° ° P ’
4,0 4,2
N H H ,
N\ L4 L4 4
» —-3,1 ’
- H' -
. S ° L .
2,0 2,4
. H . HY
° .
1,-3
Ho . .
) . N p .
0,—4 0,—2 . 7 0,2 0,4
Hso H Hsg H
. ° N ° .
, N —1,3
Hoo
) 4 N . .
—2,—4 7 —2,0
HOO ) e H007 N
. °
—-3,1
, H ? N
g . L7 ’): . .
—4,—-2 —4,0
, H’x H% N
e © © N\
A , N
° ° ° °

Figure 2: Principal series representations, where the colored one indacte the intertwining relations that
occures between each others with the same colors.

Example 5. Fix (0, ) € M x af such that A\ — |o| € 2N, we have the special condition
Lyyod(—A, —0) = ¢(0,)) 0 Ly 5. (5.2)

Theorem 10 (Intertwining condition in (Level 1)). For r > 0, let A be the space of all

¢ € [1,cqz7 Hol(ag, End(HZ,)) such that ¢ statisfies the corresponding growth condition as well as the
two intertwining conditions (2.8) and (5.2). Then, A satisfies the conditions of Thm. 3, this means that
A= PW,.(G).

Before we proceed with the proof of Thm. 10, let us first state the explicit expression of the Harish-
Chandra c-function ([Co74], App. 2) for G = SL(2,C), which is given by the following formula, for
lo| < n,o0 =n (mod 2):

L(35(A+0)l(5(\ - 0))
(A +n+2)T(5(A=n))’

Consider an additional, not necessary distinct, K-type m and fix A € ai. Then, by using repeatly the
relation (4.2), we obtain for n = m (mod 2), the following quotient:

Cno(A) 1= dn(on) = T A€ ag.

N m N om 1, ifn=m
cho(N) TE+5+D0(5-%) Otm)(Atm—2)(A+m—4)--(Atn+2) ifn<m (5.3)
- n - A—m)(A—(m-+2))(A—(m+4))---(A—=(n+2))’ .
cno(A) T3 +5+DI(G - 3) 55 AR S A AT e s
) OFn—2)bn—4)—(Afmt2) L1 =m.
Hence, we can directly see that the quotient has zeros in {—m, —m+2,..., —n —2} and poles in {m, m+
2,...,n+ 2} for n < m and inversely for n > m.

Proof of Thm. 10. Note that A is a K X K invariant closed linear subspace, due the intertwining condi-
tions. We proceed similar as in the proof of Thm. 5. Note that G4 = (. Consider ¢ € A such that for
each o € M, the assumption (D.b)(¢) of Thm. 3:

¢or =0, for all o’ € M with || > |o| (5.4)
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is satisfied. Analogous to the proof of Thm. 5, we need to check that:
(a) for Re(A\) > 0, the intertwining opertator J, - x has a zero of order at most one.
(b) the kernel of J,, ,  is equal to 0 or R%*, for Re(\) > 0.

The minimal K-type of the principal series representation HZ? is n = |o|, hence its Harish-Chandra
c-function (5) ¢, is regular for Re(A) > 0. Let n € K, then we see that for n > |o| and for Re(X) > 0:

Cno(d) _ A=n)A-n+2)A-(n+4) - (A= (0+2))
o) AFn)A+n—-2)A+n—4)---A+o+2)
is also regular and has no poles, but zeros A € {n,n+2,...,0 + 2} of first order. Hence due (2.9), Jy 0.2
has zeros of order one, this proves the first assertation (a) of the claim.
By Thm. 9, we have Ker(.J, ,.,) = Im(L, ) = R, thus, this implies (b).
Now, by putting everyting together and using the intertwining condition (5.2) as well as (5.4), we
have, for each Re(A) > 0 with |A| = | — A| > |o]|, that

$s(N) © Loy = Lo 0 ¢_x(—0) =0.
=0

Thus, by (b) and the assumption, we deduce that the operator ¢((70)()\) annihiliates Ker(Jy o) =
Im(L, ) = R%*, for [A\| > |o| and |\| — |o| even. Moreover, by (a), this condition is sufficient since
the order of m is one. This completes the proof. O

Now let us move to (Level 2) and state the corresponding intertwining conditions there. In fact, this
will determine explicitly the Paley-Wiener(-Schwartz) spaces for G = SL(2,C) in (Level 2). In order to
distinguish between representation spaces of K and M, we denote Ej5, by E,. while the one-dimensional
space E,, is denoted by C;.

Theorem 11 (Intertwining condition in (Level 2)). Let n € Ny be a K-type and k,l € M =7 so that
n > |k|,|l|,1 > |k| and k =1=mn (mod 2). Consider the operator

ljy; : Homps (B, Cy) — Hompy (E,, Cy)

defined as in Example 1 corresponding to L = Ly, and 7 = 6,. Then, ¢ € Hol(a[{:,H&‘M) satisfies the
intertwining condition (D.2) of Def. 5 if, and only if,

Cnon(N) 0 e 0
0 Cn,n—2(>\) e O
(2.0) Junatth(\) = , , , , b_k(=N), for all X € a,
0 0 o Cnn(N)

(2.b) Ly (to(=k)) =1} ,(t) op(l), for all X € af and t € Homps(Ey, E-y).

Proof of Thm. 11. By Prop. 1, we have that (2.a) corresponds to (2.6), hence it corresponds to the
intertwining condition (D.2) in Def. 5 Similar for (2.b), which is, by Example 1 (2.6), a special intertwining
condition of (D.2). Hence, we have equivalence between the conditions (2.a) & (2.b) and (D.2). O

In order to move to (Level 3), let us first consider the case where the two K-type (n, E,) and (m, E,,)
are equal and then progress to the case of distinct K-types.

Initial case: The K-types m and n are equal

Definition 9. Let (m, E,,) be a fized K-type and k = —m, —(m — 2),...,m — 2, m.
We define ,,, A, the space of all elements in Hol(af, End s (Ey,)), which are given by holomorphic functions
vi : af. = C, ordered to a (m + 1) x (m + 1) matriz with respect to M -weight vectors as a basis of Ep,:

Y= . . . S HOI(GE, EndM(Em))
0 0 o pem)
such that
or(A) = @ k(=A), for € ag
erl) = @i(k), fork=1l=m (mod2) & |k|,|l| < m. (5.5)
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Note that ,,.A,, C Hol(af, Ends(E,)) is even an algebra. Let ,, PW S, g(af) be the pre-Paley-Wiener-
Schwartz space such that ¢ € Hol(af, Endas(Er,)) and satisifies the intertwining condition (D.3) of Def. 5.

Theorem 12. With the previous notations, we have that
mAm =, PW S, m(ag).

Proof. We need to check that the intertwining conditions (5.5) of ,,.A,, correspond to the intertwining
condition (D.3) of ,, PWS,, u(ag). More precisely, by Example 1, it suffices to show that the intertwining
condition (2.7) for L = Jy,x and L = L, corresponds to (5.5).

We know from Prop. 1 with m = v = 7 € Ny, that for each intertwining datum ((o, A, 0), (—o, —A,0); W)
and t € Hom s (Fy, E,), we have

5m(mw)*1<p()\)5m(mw) =@(=A), A€ag,p € Hol(ag, Endy (En)),

Note that the complex hull of a is the sum of a and m, where m is in the maximal torus M. This
means that the Weyl group Wy acts on a as well as on m by —1. Thus, also on im* by —1. Let
—k,—(k—2),...,k—2,k be the weights of the representation m € Ny. Then, by the d,,(m,, )-component
is sent to &, (—my,)-component. The matrix diag(om(A),...,o—m(A)) is reversed by conjugation by
Im(my), L.e., we get diag(w_m (—A), ..., em(—=A)). Hence, ¢_(—A) = @i (A), for all |k| < m and X € af.
Let |I],|k| <m and k =1 =m (mod 2). Let [}, as in Thm. 11. We know that for the intertwining
datum ((k,,0),(l,k,0); W) and t € Homps (Ey,, C_;), we have (2.7) for m =~ =7 € Ny and [ > |k|:

la(top(=k)) = 1 (t) o (D).

Normalized ¢t € Homp; (E,,,C_;) and ¢ € Homp;(E,,, Ci) such that ¢_; =t oy and ¢ = t' o p. We have
that I3 (t) = c-t', where c € C. Note that, ¢ # 0. In fact, by Thm. 9, the intertwining operator Ly ; on
the K-type m is not zero, hence [}, too. Consequently, we have

Ru(to(=k)) =LL(t) opl) <= c-o_i(-k)=c-pr(l) = o_i(—k) = oi(l). (5.6)
For 0 <1 < k|, we consider L; | instead. Combined with ¢_;(—k) = ¢;(k), we obtain (5.6) for every
pair k, [ as above. This completes the proof. O

We also consider the corresponding situation in polynomial functions:

Pol,, := {¢ € Pol(ag,Endp(E),)) | ¢k satisfies (5.5) V|k| < m}.

m

Note that ,,Pol,, is equal to the vector space ,, PW .S, o(ag). We will sometimes write element of ,,Pol,,
and ,,, A, as functions of two-variables: (A, k) = pr(A). We consider the subalgebra of ,,Pol,, generated
by A? 4+ k2. It is the subalgebra generated by the Fourier image of the Casimir operator and isomorphic
to Pol(C). Thus , we can view ,,Pol,, as a Pol(C)-module. Similarly, ,,.A,, has the structure of Hol(C)-
module. Here, h € Hol(C) acts on ,,, A, by

(- 0)(\) = h(A2 + k%) pr(N), h € Hol(C),p € ,,Am.

Theorem 13. The algebra ,, A, is a free Hol(C)-module with the m + 1 generators (kA)! € ,, Pol,, C
mAm, 1 =0,...,m. Furthermore, we have

mAm = HOI((C) ®P01((C) mPOlm (57)

Analogously, ,,,Pol,, is a free Pol(C)-module with same generators as ,, Ap,.

Note that Thm. 13 also tells that the two elements A\?> + k% and kl generate ,,Pol,, as a algebra.
Observe also that ,,Pol,, is isomorphic to Dg(E,, Ey)), the set of all invariant differential operators
D:C*(X,E,) — C®(X,E,,) (JOlPa22-1], Sect. 7).

Proof. Consider ¢ € ,, A,,,. It is sufficient to show the existence and the uniqueness of holomorphic
functions ho, ..., hy € Hol(C) so that

Vr(A) = Zhl()\Q + k%) - (kN for k= —m,...,m (5.8)
1=0
and
¢ € ,,Poly, implies h; € Pol(C), forl=0,...,m. (5.9)
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Then, ,, A, is a free Hol(C)-module with generators (kA)!,l = 0,...,m. Similarly for ,,Pol,,. Note that
Hol ®p,; Pol & Hol. Since, we have m + 1 free generators,

mAm = Hol(C)™*! and ,,Pol,, = Pol(C)"*!

we thus have that (5.8) & (5.9) imply (5.7).
We proceed by a step two induction on m € Ny, for the existence of h; € Hol(C), I =0,...,m.
For m =0:
0Ao = {0 € Hol(ag) | ¢o(A) = ¢o(—A), VA € ac}

we see immediately that there is exactly one holomorphic function hg such that pg(X) = ho(A?). ¢p is a
polynomial function, if and only, if Aq is one.

For m = 1, we have that | A; = {¢1,¢_1 € Hol(ag) | p—1(A) = ¢1(=A),YX € ai} and ¢1(N) can be
decomposed into an even and odd part as follows:

©1(A) = V() 4+ @299 (\) = ho(A2 + 1) + My (A2 4 1).

Then, ¢_1(A) = ¢1(=A) = ho(A\%2 + 1) — Ah1 (A2 + 1). Hence, this leads us to desired relation () =
ho(A2+k?)+(kX)hi (A2 +Kk?), for all k = £1. hg and h; are polynomials, if and only, if ¢4 are polynomials
as well.

Assume now the existence of h; satisfying (5.8) & (5.9) for m replaced by m — 2. Let ¢ € ,,, A,,. We have
P = diag(<pm_2(/\), Qam—4(>‘)a R ‘P—(m—4)(/\)a ‘P—(m—Q)(/\)) € m—QAm—Z so that, by induction hypothesis,
there exsits h; € Hol(C) with

m—2
hi(N2 4 k2) (BN for [k| <m —2,
=0

and hy € Pol(C) if ¢ € ,,Pol,,. Consider ¢ := diag(Pm(A), @m—2(A), -+ 0—m-2)(A), P=m(N)) € ,,Am
with

m—2
Gem(N) =D m(A? +m?)(EmA).
1=0
By taking the difference of ¢ and @, we get that p — @ = diag(¢; (A),0,...,0,07, (X)) € ., An, where

we have set ¢L, (\) := ©1m(\) — Gm()). Notice that oL, (1) =0 for |I| < m — 2,1 =m (mod 2). We
introduce the polynomial function:

pmNE)= [ *k-DA-=1)€,,Poly.
[1|<m—2
I=m (mod 2)

Note that p,, (A, k) = 0 for |k] < m — 2,k = m (mod 2). Moreover, if k = m, then p,,(\,m) =
cm Il jij<m—2 (A —1), where ¢, is a non-zero constant depending on the integer m. We conclude that
I=m (mod 2)
there exist kg, hi € Pol(C) if ¢ € ,,Pol,, such that
Pm(A) = [hg (A +m?) + hif (A2 +m?) (mA)|pm (A, m).
This implies that (¢ —@)(\, k) = [h+(/\2 +E2) +hT (A2 +E2)(kN)]pm(A, k). In addition, (k—X)(A—1)(k+
DA+1) = (k2 = 12)(N2 = 1?) = (kA)2 — I2(\? + k?) + [* and thus p,,(\, k) is of the form

PN k) = (EN)™L + P (A2 + k) (RN, (5.10)

where p;” are certain polynomials. We obtain

m—3
(¢ =@)Nk) = hfW+EYEN™ T HhF 2 +E) Y PO R (RN
1=0

l=m— 1_(mod 2)
m—3

+hT A2 4 E2)(EN™ + b (A2 + k?) S o HE (RN

=0
I=m—1 (mod 2)
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This implies that ¢ — @ is of the desired form, hence .
Concerning the uniqueness, we need to show that

D> (N +E)(kN) =0 V|k| <m, A€ af implies by = 0,1=0,...,m. (5.11)

1=0
We proceed again by a two step induction on m € Ny. For the initial cases m = 0,1, the assertation
is clear, see above. Assume that (5.11) holds true for m — 2 and let us prove that it holds for m. Let
¢ €, Am. By using the polynomial function (5.10), we have for |k| < m — 2:

0 = > A +E)EN = A1 (A + E7) + (kX o (A + k) pim (X, k)]

0
-2 m—3
= O (VA IO o D W i O o [V

I=m—1 (mod 2)

2T

Il
o

m—3
—hm (A2 + k?) S Pt R (RN

I=m—1 (mod 2)

in ,,_9Am—_2. By induction hypothesis, this implies that for | < m — 2:

_ S hmaa(p" (1), 1=m—1 (mod 2)
k) = {hmm)pm(u), = m (mod 2)

Then, for kK = m, this implies

0="> m(\+m?) (kN = [hn-1 (A +m2) + b (A + m?) (mN)|pm (X, m).
=0

Since py, (A, m) is not identical zero on A € af, we obtain that h,,_1 and h,, are zero. Hence h; = 0 for
I < m. This completes the proof. O

General case: The K-types n and m are distinct

Consider now two distinct K-types (n, E,) and (m, E,,). Since Hom s (FEy, E,) = 0 for n Z m (mod 2),
we assume throughout the section that n = m (mod 2). We define

wAm =, PWS,, m(ag) C Hol(ag, Homp (Ey, Epy))

and ,Pol,, := ,PWS,, o(af). Here, ,PWS,, u(af) denotes the pre-Paley-Wiener-Schwartz space such
that ¢ € Hol(af, Homy(E,, E,,)) and satisfies the intertwining condition (D.3) of Def. 5, same for
2 PW S 0(ag) but for polynomial functions Pol(ag, Homps(E,, Ey)). Note that after a choice of basis
vectors in E,, E,, consisting of M-weight vectors, we can write the elements in the following way:

0 . 0
0 . 0
Pn(N) 0
: : if n <m,
_ 0 @—n(/\)
Y= 0 0
0 o 0 (m+1)x (n+1)
0 0 ©m(N) 0 0 0
if n>m.
0 0 0 p-m(A) 0 (m+1)x (n+1)

We start with the case |[n —m| = 2.
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Proposition 3. Let m be a K-type. There exists an unique, up to normalization, operator of first order
q i, Poly o (resp. g, in , oPoly, by taking the adjoint), which corresponds to

0 - 0
1 - 0
A+m+2) :

0 1
0 (m+2)xm
0 d(m,m) 0 0

(resp. (A= (m+2))- : . : : )
0 0 ... d(m,—m) 0

mx (m+2)
under some appropriate basis choice and where d(m,k) = (m + 2)? — k2, for all |k| < m.

Proof. Consider the symmetric algebra S(p) of p = R3 over C. From (|O1b95]|, Folgerung 2.5), we deduce
that the associated graded module of ,,Pol,, o is isomorphic to [S(p) @ Homps(Ey,, Epmi2)]’. By using
Clebsch-Gordan rule (5.1), we have

[S=1(p) @ Hom(Ep, Emi2)]™ = [(S°(p) @ S'(p)) ® (B2 ® Ey @ -+ @ Fapi2)]™
[S'(p) ® E5)¥,

1

where [S1(p) ® E3]X is one-dimensional. Note that S!(p) = pc =2 E5. This means that ,,Pol,, 2 contains
exactly (up to normalization) one element g, of filter degree 1. According to an appriopate chose of
basis, we can write ¢;f, ,,(\) in a matrix form as above. Since qj,; x(A) is of first order (but the individual
components could be constants), this means that all elements, under normalization, are of the form

+ ()\) _ 6(m7k)a |k‘ <m or
Tt (A+c(m, k), k| <m,\ € af (at least for one k).

Here é(m, k) are constants depending on k and m. Consider @i, € ,, Apmi2. By Prop. 1 (b) and Harish-
Chandra c-functions (5.3), we have that

Ay m A_m
poal ) = ()RS ) = () )
— (D)
(A (m+2)
= Ormra) W

Since ¢_j has no singularities, we conclude that ¢y has a zero at —(m +2). Applying this to ¢ = ¢, we

see that
q:r_z (A = O
’ A+ (m+2).

Analogously, there exists exactly one (up to normalization) ¢,, € ,, 24, of degree 1. We consider
Ghtdm € maoAmy2. Then gfg, (A, £(m + 2)) = 0. This implies that g},q,,(£(m + 2),k) = 0 for
k| < m,k = m (mod 2) of degree 2. Hence, ¢},q;, (X k) = d(m,k)(A\* — (m + 2)?) for some constants

d(m, k). Since q,, = c- (g)*, where * stands for the adjoint p*(\) := p(—\)*, we have d(m, k) # 0 for all
|k| < m. In addition, by (5.5)

d(m,0) - 7(7?;2_2;)_;“2 #0, m even
d(m, ]{i) = (m+2)27k2
d(m, 1) . m # 0, m odd.

We conclude that ¢, (A, k) = A+ c(m, k) = A+ (m+2)? and ¢;,(\, k) = (m+2)? = k*)(A— (m+2)) (up
to normalization). O

Now we consider general n,m € No,n = m (mod 2).
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Definition 10. Consider ¢t and ¢t as in Prop. 3. We define the polynomial Gn,m € pPoly, in X € af by

Gho Gy al gt ifn<m
Id, if n=m.
Finally, the following theorem, gives explicitly the Paley-Wiener(-Schwartz) spaces in (Level 3) for

G = SL(2,C). Note that ,Pol,, is isomorphic to the set of all invariant differential operators D¢ (E,,, E,)
([O1Pa22-1], Sect. 7)..

Theorem 14 (Intertwining condition in (Level 3)). Let n,m € Ny be two K -types, which are not necessary
distinct, and let | := min(n,m). Then, ,Pol,, (resp. ,,Am) is a free ;Pol; (resp. A;)-module with
generator Gn . This means that there exists an unique function h € | A; such that

dam(R(Y,  ifmsn, TN ESE (5.13)

n-Am =] 90()‘) = {

Moreover, if L = max(n, m), then ,Pol,, (resp. ,Am) is a [ Poly (resp. ;Ar)-module generated by g m.

Proof. Consider the case m < n, it suffices to prove that
(a) there exists a unique h € ,,A,, such that ¢ = h - ¢ m € , Am,.
(b) there exists a he nAn such that ¢ = g, m - he nAm.

The polynomial case as well as m > n can be proved in a similar way. Consider
dm.n n-Am C {g S n-An | gk = O, V|k| > m} - nAn'

We also have zeros between the lines —m and m, this means ¢;(k) = 0,Vk = £(m+2),£(m+4),...,+n.
Let ¢ € ,A;,. Every component of g = gy, - ¢ has zeros at described above and ¢y, , has zeros only

at negative A, we have that every component ¢ has zeros at m + 2,...,n. Hence, there exists a unique
h € Hol(ag, End(E,,)) so that

Y = h- dn,m-
In fact, since g satisfies the intertwining condition gx(I) = ¢;(k) as well as the symmetry one gx(\) =
g—r(—=A), and
Qm,n(ka /\)Qmm(ky >\) = %n,n(_k; _>\>Qn,m(_ka _>\)
Qm,n(kJ)Qmm(kal) Qm,n(lak)Qn,m(lvk)
we then have that (k) = hi(I) and hg(X) = h_g(=A) for k =1 =m (mod 2), |k| <m and X € af. This
proves (a).
For (b), we know from (a) that ¢ = h - ¢y, is in the ’small’ space, thus we need to find

h = diag(hns- -, sz Bans <o B B2y, - o hn) € Ay

with hy = hy for |k| < m, so that hy(l) = hy(k) = hy(k) and hy(\) = h_g(—A) for VIl and k > m and
A € af. Then ¢ =, ¢y, - h. By using the interpolation polynomial for each |k| > m, we define recursively
for A € ag:

m m

- A—1
P = 30 hi(m+2) ] (ﬁ)
i=m (mod 2) l:l;im
B m+2 B m+2 A - l
hmya(N) = Z hi(m +4) H (ﬁ)
i=—(m+2) =—(m+2)
i=m+2 (mod 2) I#i
~ n—4 n—4 A—1
n_a(\) = Y k-2 ]I (z—l)
i=—(n—4) l=—(n—4)
i=n—4 (mod 2) l#1
~ n—2 ~ n—2 N_1
W) = > ke T (55)
) i=—(n—2) lzf(an)
i=n—2 (mod 2) l#1
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and h_i(\) := hy()\). The intertwining relations are also satisfies for ||, |k| > m due h €, Ap,. O

We observe an anologue of Thm. 13, in particular relation (5.7), is also true in general for distinct
K-type n and m.

Corollary 1. With the notations above, ,, Ay, = Hol(C) ®poi(c) ,,POlm.

Proof. As a consequence of Thm. 14, the Hol(C)-module ,,.A,, is isomorphic to ;.A4;, and ,,Pol,, is isomor-
phic to ;Pol; as Pol(C)-module. Then, we can apply Thm. 13 and obtain the desired result. O
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