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1. Introduction

For Lebesgue integrable functions f, g : [a,b] — C we consider the complex
Cebysev functional

C(f.8) =

1 b 1 b 1 b
o [ g — 2 [ [ g
For two integrable real-valued functions f, ¢ : [4,b] — R, in order to compare the

integral mean of the product with the product of the integral means, in 1934, G. Griiss [1]
showed that

C(F.9)] < (M —m)(N —n), &

provided m, M, n, N are real numbers with the property that

—co<m< f<M<oo, —ow0<n<g<N<co ae on [qb. (2)

The constant % is most possible in (1) in the sense that it cannot be replaced by a
smaller one. For other results, see [2-7].

To extend this symmetric inequality for complex-valued functions we need the follow-
ing preparations.

For ¢, ® € C and [a, b] an interval of real numbers, define the sets of complex-valued
functions (see [4,8,9])

Uy (9, @) = {g: [a,b] — C| Re[@ —q(b) (@—aﬂ > 0forae. t € [a,b]}
and
Riog) (9,®) = {g: la,5] = C| ‘g(t) _ "’;q” < %|q>f¢| for ae. € [a,b}}.

For any ¢, ® € C, ¢ # @, we have that U, (¢, P) and A, 4 (¢, P) are nonempty,
convex and closed sets and

U1 (9, @) = Bl (¢, P). ®)
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We observe that for any z € C we have the equivalence

p+@| 1
_ < Z|Pp —
’z 5 72|Q> ]

if and only if
Re[(®—2)(z—7)] 0.

This follows from the equality

1
e -9~z

that holds for any z € C.
The equality (3) is thus a simple consequence of this fact.
For any ¢, ® € C, ¢ # ®,we also have that

Ujp)(¢, @) = {g: [a,b] = C| (Re® —Reg(t))(Reg(t) —Req) )
+(Im® —Img(t))(Img(t) —Im¢) > O0fora.e. f € [a,b]}.

Now, if we assume that Re(®) > Re(¢) and Im(P) > Im(¢), then we can define the
following set of functions as well:

Siap) (¢, P) :={g: [a,b] = C| Re(®) > Reg(t) > Re(¢) ®)
andIm(®) > Img(t) > Im(¢) fora.e. t € [a,b]}.

One can easily observe that S (5] (¢, P) is closed, convex and

D # g[a,b]@’l ) € ab](¢/ ) (6)

This fact provides also numerous example of complex functions belonging to the class

Aoy (9, D).
In [4] we obtained the following complex version of Griiss’ inequality:

1
[Cf, 8] < 71— 9lIY — | @)

provided f € AW’] (¢, ®) and g € A[a,b] (1, YY), where g denotes the complex conjugate
function of g.
We denote the variance of the complex-valued function f : [a,b] — C by D(f) and
defined as
2‘| 1/2

D(f) = [C(£,)]"* = [_Q/U'zw—]/f £t

where f denotes the complex conjugate function of f.
If we apply the inequality (7) for ¢ = f, then we obtain

D(f) < 519l ®

We observe that, if g € Ay, (1, ¥), then ‘g IHT‘ < 1Y —¢|forae. t € [a,b]

g(t) — ¢+‘Y < 3[¥ — ¢| meaning that g € Ay, (¥, F) and by (7),
for g instead of g we also have

that is equivalent to

1
C(f8)| < 5@ —gI[¥ —yl ©)
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provided f € Ay, (¢, @) and g € Ay (1, F).
We can also consider the following quantity associated with a complex-valued function

f:lab] = C,

E(f) = CUf”2| [ s ﬂ—(%_/f mf

Using (9) we also have

1/2

E(f) < 51— ¢, (10)

For an integrable function f : [a,b] — C, consider the mean deviation of f defined by

R() =5 [

The following result holds (see [10] or the more extensive preprint version [11]).

G /abf(s)ds dt

Theorem 1. Let f : [a,b] — C be of bounded variation on [a,b] and g : [a,b] — C a Lebesgue
integrable function on [a, b]. Then

1

b b
ce)l <5 VIARE) <5 VDR, an

N —

where \/(f) denotes the total variation of f on the interval [a,b]. The constant 1 is best possible

in (11)."

Corollary 1. If f, g : [a,b] — C are of bounded variation on [a, b], then

b b b b
1 1
< VAR < 3 V(D) < VN V(s (12)
a a a a
The constant § is best possible in (12).
We also have
<V,
5 (13)
2 a

and the constant % is best possible in (13).

Using the above results we can state, for a function of bounded variation f : [a,b] — C, that

N\»—x

b 10 2
VIR < 3 VAP < vw] : (14)

In the recent paper [12] we obtained the following result that extends to complex
functions the inequalities obtained in [13]:

Theorem 2. Let f, g : [a,b] — C be measurable on [a,b]. Then
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inflg — YR (/) i € Leola, bl and f € Lla,b],
v

a7 DEllE =Ry (f), & € Lgla,Bl, f € Lyla,b],

15
andp,q>1with%+%:1, (15)

IC(f,8)l <

77 nf g = vl Reo(f) i g € Lla,b] and f € Leo[a, b).

An important corollary of this result is:

Corollary 2. Assume that g : [a,b] — C is measurable on [a,b] and g € A[a,b] (y,Y) for some
distinct complex numbers , ¥. Then

C(F.9)] < 3%~ YIR(S) (16)

if f € Lla,b].

In particular, we have
1
D(g) < 5[¥ — ¥IR(g). (17)

This generalizes the following result obtained by Cheng and Sun [14] by a more
complicated technique

C(f,)] < 5(M—m)R(), 18)

provided m < g < M for a.e. x € [a, b]. The constant % is best in (18) as shown by Cerone
and Dragomir in [15] where a general version for Lebesgue integral and measurable spaces
was also given.

Motivated by the above results, in this paper we establish other bounds for the absolute
value of the Cebysev functional when the complex-valued functions are of bounded
variation. Applications to the trapezoid and mid-point inequalities are also provided.

2. Main Results

We have the following inequality for the complex Cebysev functional that extends
naturally the real case:

Theorem 3. If f, g : [a,b] — C are Lebesgue integrable on [a, b), then

max{|C(f,&)I, [C(If, &I, IC(f, gDl ICCf] 18D} < D(f)D(g) (19)

and

max{|C(£. R, IC(If1. 3. |c(F I¢])|} < D(AID(). 20)

Proof. As in the real case, we have Korkine’s identity
1 b b
Ch.9) = [ [ (PO = F(5))(8(t) = g(s))dtas
2(b—a)”Ja Ja

that can be proved directly by doing the calculations in the right hand side.
By the properties of modulus, we have
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forany t,s € [a,b].
Using the properties of the integral versus the modulus, we also have

s [0 = £t - ot o
Jy SOV = F©)5(8) = g(s)ldds,
L1 fabfabl(lf(t)l—If(S)I)(g() g(s))|dtds,
T 20 | [ S0 — FENS(0] ~ g(G)lds,
T2 PP = 1D ()] — Ig(s)])|dtds,
S V@) = F(9))(3(8) - g(s))dtds|
.1 T2 EUF®] = 1£6)) (8(8) — g(s))dds
T o - | SR — £(9)) ()] — |g(s)|dtds
ST AFOI= £ (0] — g(s) dtds|
IC(f,8)l,
c(fl.9)l,
[SeAro
Ic(If1,11)].

Using the Cauchy-Bunyakovsky-Schwarz integral inequality, we have
/ / £(8) = F$)] () — g(s) s 22)

1/2
[ s)]| dtds]

[ — //|g 2dtdsr/2

and since

s)|dtds

:Ml,/a (F0) — F) T = Fo s
= g [ [0 s (70 - 7

=c(£.7) =D’

and a similar equality for g, hence we obtain from (21) and (22) the desired result (19).
The inequality (20) follows from (19). O

For a function of bounded variation f : [a,b] — C we define the Cumulative Variation
Function (CVF) of f by Vy : [a,b] — [0,00) where V(t) := V/},(f), the total variation of f on
the interval [a, t] with t € [a, b].

It is know that the CVF is monotonic nondecreasing on [a, b] and is continuous in a
point ¢ € [a, b] if and only if the generating function f is continuous in that point. If f is
Lipschitzian with the constant L > 0, i.e,,

|f(t) — f(s)| < L|t —s|forany t, s € [a,b],
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then V7 is also Lipschitzian with the same constant.

Theorem 4. Let f, g : [a,b] — C be Lebesgue measurable on [a, b].
(i) If f is of bounded variation and g is Lebesgue integrable on [a, b], then

max{|C(f, &I, |C(If, &I, IC(f, [gDI IC(fI gD} < D(Vf)D(g); (23)

(ii) I f and g are of bounded variation on [a,b], then

max{[|C(f, )|, [C(If, &)1, IC(f, DI, IC(f] [gDI} < C<Vf/Vg)/' (24)
(iii) If f is Lipschitzian with the constant L > 0 and g is of bounded variation on [a, b], then

max{|C(f, )|, IC(If], &)I, IC(f, 18D, IC(IfI, IsD1} < LC(L, V), (25)

where { is the identity mapping of the interval [a, b], namely ((t) = t, t € [a, b].

Proof. (i) If f is of bounded variation then fora < s < t < b we have

t

(1) < V() = Vi(s)-

Bl

Ifa <t < s <bthenalso

S

(1) < V() = V(b).

t

Therefore
F(5) = F5)] < |Vt = V(o)

forany t,s € [a, b].
Using the Cauchy-Bunyakovsky-Schwarz integral inequality, we have

TS / £ £l - (5 laeas 6)
: L 2 o= sopas]
b //|g ufdsr”
<

] dtds] .

lz 1/2
/ / lg(¥) |dtds]
:D<Vf> (g).

Using the inequality (21) and (26) we obtain the desired result (23).
(ii) If f and g are of bounded variation on [a, b], then for any t, s € [a, b] we have

£(5) = F5)l18(5) = ()] < |Vi(t) = Vi(s)]| [ Vi(h) = Vi(s)]
= (Vy(5) = Vy(s) ) (Ve(t) = Vgs)
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since V¢ (-) and Vg(-) are monotonic nondecreasing on [a, b].
Then

/ /v 5)|Ig(t) — g(s)ldtds @7)

wawflé wm—W@ﬂ%m—%@Mw
= (v, )

Using the inequality (21) and (27) we obtain the desired result (24).
(iii) If f is Lipschitzian with the constant L > 0 and g is of bounded variation on
[a,b], then

£(6) — FOIg(t) — ()] < LIt — sl [ Ve t) — Vi(s)]
= L(t ) (Vy(t) — Ve(s))

since V(+) is monotonic nondecreasing on [a, b].
Then

//v 3)l[g() — g(s)dtds 28)

ngﬂgéﬁu—mwm—%wW%
= 1C(Vy, V).

Using the inequality (21) and (28) we obtain the desired result (25). O

In 1970, A. M. Ostrowski [16] proved among other things the following result, which
is somehow a mixture of the Cebysev and Griiss results

(29)

1
C(f,8)] < g(b—a)(M—m)
provided f is Lebesgue integrable on [a,b] and satisfying (2) while g : [a,b] — R is
absolutely continuous and g’ € Leo[a, b]. Here the constant % is also sharp.
The following lemma for real-valued functions holds [17].
Lemma 1. Let h : [a,b] — R be an integrable function on [a, b] such that

—o00o <y <h(x) <T < oo forae. xonla,bl. (30)

Then we have the inequality

s [ o 5= [ 2
S;(bi /ﬂ u)du — >(F (u)du)llzifly
< -7 —a)

The constants % and % are sharp in the sense that they cannot be replaced by smaller constants.

When one function is complex-valued, we can state the following refinement and
extension of Ostrowski’s inequality (29). This extends the corresponding result from [17] in
which both functions are real-valued.
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Theorem 5. Let f : [a,b] — R be measurable and such that there exist the constants m,
M e R with

—oo<m < f(x) <M < oo for a.e. x on [a,b]. (32)

If ¢ : [a,b] — C is absolutely continuous on [a,b] with ' € Le|a,b] then we have
the inequality

(5% J2 f () —m) (M= g5 [ f()x)
M—-—m

IC(f,9)] <

<

18"lles

(b—a)(M—m)||g'[|

(b—a) (33)

R = N =

The constants % and % are sharp in the above sense.

Proof. Integrating by parts, we have

i ([ =22 [ o) g o
- bia [(/axf(t)df— — /abf(u)du>g(x) h

_/:g(x)[f(x)—bia/abf(u)du]dx}
B _bia /abg(x)f(x)dx+ blfa /ab g(x)dx- bia /abf(x)dx

= —C(f,8)-

Taking the modulus, we have

b| rx _ b
ol < g [ | [ Fwe— 3= [ pupdu
X —a

S O =y

(5 S} Fydx = m) (M= gLy f7 f(x)dx)
M—m (b—a).

|8 (x)] dx

dx (by Lemma 1)

1
< 2o
< 51l8'lle
The sharpness of the constants follows from the real-valued case outlined in [17]. O

3. Some Examples
Assume that the function f : [a,b] — C is of bounded variation on [a, b]. Since the
function Vy is monotonic nondecreasing on [a, b], then 0 < V((t) < VE(f) for any t € [a,b],

and by (8) we have D (Vf) <1 VE(f). Using (23) we have

b
1
max{|C(f, &)L, IC(If], &), IC(f, 1gDL IC(IfL g} < 5 V(FHD(3) (34)
a
for any g Lebesgue integrable function on [a, b].
Ifge A[ﬂ,b] (1, F) for some distinct complex numbers ¢, ¥, then by (34) we have

b

Y -9 V() (35)

a

max{|C(f,&)I, [C(If &I, IC(f, [gDI ICCUfI gD} < 411
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If f and g are of bounded variation on [a, b], then Vy and V, are monotonic nonde-
creasing on [a,b] and by (12) we have

b b b b
(Vi ve)| < 2 VINR(Y) < 2 VD (V) < 1V Vig). (36)

a

Using the inequality (24) we then have

max{[C(£, )\, IC(f1, &)L 1C(F, lg ), IC(IfL, 18D} @)
b b b b
< SVOR() < 2V(OD(%) < V() V()

a

If f and g are of bounded variation on [a, b], then by (15) we have
inf ||V, — R(Vy),
inf || Ve 7]l (v)

c(vvy)| < { T g2l =k (v7)-

T (38)
wherep,q>1w1th?+ﬁ:l,

ke inf [ Vg =71 Re (V7).
Using the inequality (24) we then have

max{|C(f,¢)I, [C(If &I, IC(f, [gDI IC(f] gD} (39)
inf | Vg ~ 7[R (V).

(b_i)l/ﬂ ;IG‘{:HVg - ’)/Hqu (Vf>’
where p, g > 1with%—|—%:1,

IN

ta Inf [ Ve =71 Re (V7).
From (39) we obtain in particular
max{|C(f,&)[, IC(IfI, &)1, IC(f, gD IC(If], g} (40)

10 10
Ve 3 V@) R(v) <5 V@OR(V).

<

[e9)

Now, we observe that for f = ¢, where / is the identity mapping of the interval [a, b],
namely ¢(t) =t, t € [a,b], we have

1 b a+b 1
R(Z)_b_a/a -2 ‘dt—4(b—u).
Then we have by (18) that
1 b
|C(6, V)| < g(b—a)\/(g). (41)

Therefore, if f is Lipschitzian with the constant L > 0 and g is of bounded variation
on [a,b], then by (25) and (41) we have
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max{|C(f, &I, [C(If, &I, IC(f, gDl ICCfI gD} < %(b—ﬂ)L\/(g)- (42)

b
From (33) for f = Vj,and ¢ = { we have m = 0 and M = \/(h) and
a

b b
v < 51— ———— [t | ["vioa 43)

provided that & : [a,b] — C is of bounded variation on [a, ).
Therefore, if f is Lipschitzian with the constant L > 0 and g is of bounded variation
on [a,b], then by (25) and (43) we have

max{|C(f,&)|, [C(If], &I, IC(f, 1gDI, ICCIfI gD} (44)

This is an improvement of the inequality (42) above.

It is known that, if & : [a,b] — Cis absolutely continuous on [a,b], then [18]
(Theorem 16), V}, is absolutely continuous and Vj,(x) = [|i/(t)|dt for any x € [a,b].
Moreover, V} (x) = |I'(x)| for a.e. x € [a,b].

Assume that ¢ : [2,b] — C is absolutely continuous with ¢’ € Leo[a,b] and f : [a,b] —
C is of bounded variation. From (33) for V¢, V, we have

b b
L [ vetwe | [ v (45)

—a)\/(g)

a

c(veve)| < 518/l | 1

b

) V)]l

a

OOM—‘

Using (24) we then have

max{|C(f, )|, [C(If], &)l IC(f. g, IC(fI gD} (46)

—/ab Ve (bt /ab Ve (bt

< 2llg'll. b
(b—a)\/(g)

1 b
< sb-a) V(g

provided that ¢ : [a,b] — C is absolutely continuous with ¢’ € Le[a,b] and f : [a,b] — C
is of bounded variation on [a, b].
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4. Applications to Trapezoid Inequality

Let h : [a,b] — C be an absolutely continuous function on [a,b]. Then we have the
trapezoid equality

h(a) +hb) 1 /%Mﬂﬂ: 1 /*G_“;b>@qg_5wt (47)

2 b—a a b—a a

for any § € C. This is obvious integrating by parts in the right hand side of the equality.
Using the inequality (12) for f =h' —dand g = ¢ — ”*b we obtain
1 /%t_a+b (W (t) 10( _a+b 8)
b—alla 2 -2 2 )

a+b 1 b a+b
t= 2 _bal(s_ 2 )ds‘

1 (b, a+b 1
_ b_aAt— z‘m_4w—@,
then by (47) and (48) we obtain
h(a)+h(b) 1 b 1 b
_ < Z(p— _
‘ . 7 [ hna] < 2o )V =) (49)
provided that /' is of bounded variation and § € C.
If ,
A _ _
V(r-55Y) < 50-ar -y )
for some complex numbers ¢, ¥ € C, then by (49) we obtain
h(a)+ h(b) 1 b 1
_ < —(p—
AR [T < e - a2t -yl 61

provided h satisfies the condition (50). We observe that, a sufficient condition for the
condition (50) to hold is that  is twice differentiable on (a,b) and 1" € A, 5 (9, ¥).

Using the inequality (12) for f = £ — %2 and ¢ = ' — § we obtain

A e L e (o L B
Since \h/( a;b>_b_a
" R(h/*‘s):bia/abh/(t) h(bg:h(a) a,

then by (52) and (47) we obtain

m@;M@_biaA%UMﬂﬁilh

provided 4 : [a,b] — C is an absolutely continuous function on |4, b].
If we use the inequality (16) for f = I’ with i’ € A[a,b] (¢, @) for some distinct complex

_ (@) — h(a)

W (t) dt (53)
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numbers ¢, d and g = £ — 252, then

bia/f(t—”;b)h’(t)dt‘§;|¢—¢|R(£—”;b) (54)
= L(b-a)®—g|
Using (47) we then obtain
h h(b 1 b 1
‘ @ ()—bia/a h(t)dt‘gS(b—a)|d>—¢|

provided 4 : [a,b] — C is an absolutely continuous function on [a, b] and there exist the
distinct complex numbers ¢, ® such that i’ € A[a,b] (¢, D).

Forgzé—#wehave
t
Vg(t):\u/<€—a;b>:t—a,te[a,b].
If we use the inequality (44) for f =W and g = ¢ — “zib we obtain
1 b a+b\,,
— 5
b_ﬂ/ﬂ(t ; )h(t)dt’ (55)
1 1 b b
<K 1—7/ (t— a)dt /(t—a)dt
2 b a a
-2 V(g
a
namely
1 b a+b ’ 1 2
_ < Z(p—
ba/ﬂ(t ; >h(t)dt’_8(b a)’K, (56)

provided K is Lipschitzian with the constant K > 0.
If we use (47) and (56), we obtain

(b—a)’K

IR

provided 7’ is Lipschitzian with the constant K > 0.

| =

5. Applications to Mid-Point Inequality

Let i1 : [a,b] — C be an absolutely continuous function on [, b]. Then we have the
mid-point equality

h(“;b> - bia /uhh(t)dt - bia /abp(t)(h’(t) — 8)dt (57)

for any ¢ € C, where the kernel p : [a,b] — R is given by

t—aift e [a,#},
p(t) := (58)
t-bifte (5420).

This is obvious integrating by parts in the right hand side of the equality.
Using the inequality (12) for f = h' — § and ¢ = p we obtain
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b
/ﬂbp(t)(h’(t) —5)dt‘ < VI ~O)R(p). (59)

Since

then by (57) and (59) we obtain

’h(a;b)—bla/abh(t)dt’<;(b—a)\/(h’—(5) (60)

provided that /' is of bounded variation and § € C.
If h satisfies the condition (50) for some complex numbers i, ¥ € C, then by (60)

we obtain ) ,
a—+ 1 1 2
— < — — —
‘h( . ) — [ h(t)dt‘_w(b a)|¥ — y| (61)

provided & satisfies the condition (50). We observe that, a sufficient condition for the
condition (50) to hold is that  is twice differentiable on (a,b) and 1" € A, 5 (9, ¥).
Using the inequality (12) for f = p and g = i’ — § we obtain

1
b—a

b 1b
[ P w0 = o)at] < 3R ~o) )

b
Since \/(p) =b—aand
a

then by (57) and (62) we obtain

a+b 1 P 1 (b
_ < =
(") it [ o] <5 |
provided h : [a,b] — C is an absolutely continuous function on |4, b].

If we use the inequality (16) for f = I’ with i’ € AW,} (¢, @) for some distinct complex
numbers ¢, ® and g = p, then

h/(t) _ h(bg : Z(a)

dt (63)

1
b—a

b 1 1
[ pom ] < 5@ pIR() = o= a)je . (64

a

By (57) and (64) we obtain

(E52) st [ <booo-

provided that i : [a,b] — C is an absolutely continuous function on [4,b] and /' €
Ay (¢, @) for some distinct complex numbers ¢, O.

The kernel p defined by (58) is of bounded variation and we have for t € {a, %] that
Vp(t) =Vi(p) =t—a andfort € (#,b]
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therefore, for any t € [a,b] we have V) (t) =t — a. We observe that, this is an example of a
function of bounded variation for the CVF is differentiable for every t € [a, b].
Now, if we take ¢ = p and f = I’ — ¢ and use the inequality (24), then we obtain

b
‘h(ﬂw;b) _ bia/a h(f)dt‘ (65)
1 b 1 b
b_aA Vh/_g(f)(t—a)dt—il Vh/_é(t)dt.

<

Using the inequality (33) we also have
|C(Viy—s, € — )| (66)

(55 S Vio—s()dx) (VE(H = 6) = 5L 2 Vig_s(x)dx)
Vi (W —6)

< (b—a)

N =

1 b
gb—a) /(W ~0).

IN

Then by (57) and (66) we obtain
a+b 1 b
‘h< 2 ) ; b—a/a h(t)dt‘ (67)
1 b b
(1 i Vh’“"”")/a Vir—s()dx

b
(b—a)\/ (W —9)

VAN
N =

<

| =

for any 6 € C, where h : [a,b] — C is an absolutely continuous function on [a, b] and the
derivative is of bounded variation. This is a refinement of (60).

6. Conclusions

In this paper, we provide several bounds for the modulus of the complex Cebysev functional

Cf,) = o [ Fgat — 5 [ foyar [ s

under various assumptions for the integrable functions f, g : [a,b] — C. We show among
other things that, if f and g are of bounded variation on [a, b], then

max{|C(f,&)|, IC(If|, &I, IC(f, [gDI, [Cf], 18D} < C(Vf, Vg)/

where the cumulative variation function Vy : [a,b] — [0, 00) is defined by V¢(t) := VE(S).
Applications to the trapezoid and mid-point inequalities are also provided.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.



Symmetry 2021, 13, 990 15 of 15

References

1.

®

10.
11.
12.
13.
14.
15.

16.
17.

18.

Griiss, G. Uber das maximum des absoluten Betrages von ﬁ f: f(x)g(x)dx — (bja)z fub f(x)dx - fah g(x)dx. Math. Z. 1934, 39,
215-226. [CrossRef]

Cerone, P; Dragomir, S.S. Some new Ostrowski-type bounds for the Cebysev functional and applications. J. Math. Inequal. 2014, 8,
159-170. [CrossRef]

Chebyshev, P.L. Sur les expressions approximatives des inteé grals definis par les outres prises entre les méme limites. Proc. Math.
Soc. Charkov 1882, 2, 93-98.

Dragomir, S.S. A generalization of Griiss’s inequality in inner product spaces and applications. J. Math. Anal. Appl. 1999, 237,
74-82. [CrossRef]

Dragomir, S.S. Some integral inequalities of Gruss type. Indian |. Pure Appl. Math. 2000, 31, 397—415. [CrossRef]

Iordanescu, R.; Nichita, FF,; Pasarescu, O. Unification Theories: Means and Generalized Euler Formulas. Axioms 2020, 9, 144.
[CrossRef]

Lupas, A. The best constant in an integral inequality. Mathematica (Cluj) 1973, 15, 219-222.

Dragomir, S.S. Some Griiss type inequalities in inner product spaces. |. Inequal. Pure Appl. Math. 2003, 4, 42.

Dragomir, S.S.; Moslehian, M.S.; Cho, Y.J. Some reverses of the Cauchy-Schwarz inequality for complex functions of self-adjoint
operators in Hilbert spaces. Math. Inequal. Appl. 2014, 17, 1365-1373; reprinted in RGMIA Res. Rep. Coll. 2011, 14, 84. [CrossRef]
Dragomir, S.S. New Griiss’ type inequalities for functions of bounded variation and applications. Appl. Math. Lett. 2012, 25,
1475-1479. [CrossRef]

Dragomir, S.S. Bounding the Cebysev functional for functions of bounded variation and applications. RGMIA Res. Rep. Coll.
2011, 14, 5.

Dragomir, S.S. Integral Griiss’ type inequalities for complex-valued functions. RGMIA Res. Rep. Coll. 2017, 20, 13.

Cerone, P; Dragomir, S.S. New bounds for the Cebys ev functional. Appl. Math. Lett. 2005, 18, 603-611. [CrossRef]

Cheng, X.-L.; Sun, J. Note on the perturbed trapezoid inequality. J. Inequal. Pure Appl. Math. 2002, 3, 29.

Cerone, P.; Dragomir, S.S. A refinement of the Griiss inequality and applications. Tamkang J. Math. 2007, 38, 37-49; reprinted in
RGMIA Res. Rep. Coll. 2002, 5, 14. [CrossRef]

Ostrowski, A.M. On an integral inequality. Aequat. Math. 1970, 4, 358-373. [CrossRef]

Dragomir, S.S. A refinement of Ostrowski’s inequality for the Cebysev functional and applications. Analysis (Munich) 2003, 23,
287-297. [CrossRef]

Heil, C.H. Real Analysis Lecture Notes, Absolutely Continuous and Singular Functions. Available online: https://people.math.
ethz.ch/~fdalio/old /VorlesungenMassundIntegralFS16 / ACfunctions.pdf (accessed on 26 May 2021 ).


http://doi.org/10.1007/BF01201355
http://dx.doi.org/10.7153/jmi-08-10
http://dx.doi.org/10.1006/jmaa.1999.6452
http://dx.doi.org/10.1007/s13398-019-00712-6
http://dx.doi.org/10.3390/axioms9040144
http://dx.doi.org/10.7153/mia-17-100
http://dx.doi.org/10.1016/j.aml.2011.12.027
http://dx.doi.org/10.1016/j.aml.2003.09.013
http://dx.doi.org/10.5556/j.tkjm.38.2007.92
http://dx.doi.org/10.1007/BF01844168
http://dx.doi.org/10.1524/anly.2003.23.4.287
https://people.math.ethz.ch/~fdalio/old/VorlesungenMassundIntegralFS16/ACfunctions.pdf
https://people.math.ethz.ch/~fdalio/old/VorlesungenMassundIntegralFS16/ACfunctions.pdf

	Introduction
	Main Results
	Some Examples
	Applications to Trapezoid Inequality
	Applications to Mid-Point Inequality
	Conclusions
	References

