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Birkhoff Theorem and its Generalizations

Synopsis

In the following | demonstrate three versions of Birkhoff's theorem, which is a characterization of spherically symmetric
solutions of the Einstein equations. The three versions considered here correspond to taking the "Einstein equations" to be:
(1) the vacuum Einstein equations; (2) the Einstein equations with a cosmological constant (3) the Einstein-Maxwell equations
| will restrict my attention to 4-dimensional spacetimes. For recent references with additional results, details, and references to
the literature, see [1, 2].

For any of the 3 versions, the gist of the theorem is as follows. A 4-dimensional spacetime is said to be spherically symmetric if
itadmits an SO(3) isometry group with orbits which are spacelike 2-spheres. Because the codimension of the orbits of the
isometry group is two, one expects that spherically symmetric solutions of the field equations would be characterized by PDEs
in two independent variables, leading to solutions depending upon arbitrary functions of one variable; these functions
corresponding to a choice of spherically symmetric initial data. But Birkhoff's theorem asserts that (modulo coordinate
freedom) the spherically symmetric solutions form a finite-dimensional family of solutions - the Schwarzschild metric and its
generalizations. The reason for this is that spherically symmetric solutions to the Einstein equations always admit at least one
additional continuous symmetry whose group orbits are orthogonal to the spherical orbits. Consequently, the symmetry-
reduced field equations are actually ODEs instead of PDEs. The existence of an additional Killing vector for spherically
symmetric solutions of the Einstein equations is another way of stating the Birkhoff theorem.

In this worksheet | will:

» Characterize spherically symmetric metrics
» Compute the general spherically symmetric solution for the vacuum Einstein equations.



« Compute the general spherically symmetric solution for the vacuum Einstein equations including a cosmological constant.
» Compute the general spherically symmetric solution for the Einstein-Maxwell equations.

Spherically symmetric metrics

| will define a spherically symmetric metric to be one which admits an SO(3) isometry group with orbits which are spacelike
2-spheres. Locally, such spaces can be topologically identified with (an open subset of) R? x Sz, with coordinates

(tr)e R? which are invariants under the group action, and spherical coordinates (6, ¢) € S? which transform in the usua
way with respect to SO(3). In such coordinates the spherically symmetric metric is a "warped product",

gab = tab + p Sab’

where t_, is any Lorentz signature metric on R2, S, Is the standard constant curvature ("round") metric on 82, and pisa

function on R?.

Load the DifferentialGeometry package and the Tensor sub-package.

[> with(DifferentialGeometry): with(Tensor): with(LieAlgebras): with(GroupActions):

> interface(typesetting = extended):
> Preferences("TensorDisplay", 1):

Initialize the coordinate chart.

> DGsetup([t, r, theta, phil, M);
Manifold: M 11

Define the metric.
M > g := evalDG(2xf(t,r)xdt & dr + rho(t, r)x(dtheta &t dtheta + sin(theta)”2xdphi &t

dphi));

g=f(t,r)dt®dr+f(t,r)dr ®dt+ p(t,r)dO® dO+ p(t, 1) sin(@)2 do ® do (1.2



This metric depends upon the specification of three functions of two variables, f(f,r) and p(t,r). The most general metric
includes ft and rr components, as we shall show below. For convenience in the next computation we have chosen a null

coordinate system on R? in which those two components vanish.

[We can verify that this metric is spherically symmetric by computing its infinitesimal isometry generators - its Killing vector
fields. A direct assault on the Killing equations for this metric is possible.

=M > KVO := KillingVectors(g);
J -1+ cos(26) N J -1+ cos(26) cos(d) 5 + J -1+ cos(26) sin(¢) cos(8)
sin(0) ¢ sin(0) 8

J -1+ cos(26) sin(o) 5 + J -1+ cos(26) cos(d) cos(6) 5
Sin(e) 0 sin(9)2 ¢
M > KV := simplify(evalDG(sqrt(2)/Ix~eval(KVO, cos(2xtheta) = cos(theta)”2 - sin(theta)”"2)

)) assuming theta > 0, theta < Pi;
2 sin(¢) cos(0)

sin(0)

Ko =

0, (1.3
sin(8) ¢

5

2 cos(0) cos(0) 3 (1.4

KV :=
sin(0) ¢

26¢, —2cos(0) 9, + 6¢,2 sin(0) 9, +

Here we compute the commutators of the Killing vector fields, which determines the Lie algebra of the isometry group.

M > LieAlgebraData(KV);
[el,e2]=2e3, [el,e3]= —2e2 [e2,e3]|=2el 1.5

Here we recognize that the isometry algebra is the Lie algebra of SO(3). (This can be made more obvious with a change of

basis e3— %es‘.) The orbits are the 2-spheres t = const., r = const., which are spacelike provided p(t,r) > 0.

Conversely, we can show that, up to a choice of coordinates, the metric g is defined by its invariance with respect to the
vector fields generating the SO(3) action on the 2-sphere.

Symz2 is a basis for the set of rank-2 symmetric tensors. Sym2inv is a basis for the set of rank-2 symmetric tensors which are
invariant under the symmetries generated by the Killing vector fields. The general spherically symmetric rank-2 symmetric
tensor is then a linear combination from Sym2inv with coefficients which are arbitrary functions of the scalar invariants t and



r.

;M > Sym2 := GenerateSymmetricTensors([dt, dr, dtheta, dphi], 2):
M > Sym2inv := InvariantGeometricObjectFields(KV, Sym2, output = "list");

1 2 1 1
d0®de—|-— + Cos(e)]d(])@dq),dr@dr,[z]dt@dr—i-[2Jdr®dt,dt®dt} (1.6

2 2
M > simplify(eval(Sym2inv, [cos(2xtheta) = cos(theta)”2 - sin(theta)”"2]));
[de ® do + sin(e)2 do ® do, dr ® dr, [;] dt® dr +(; dr ® dt, dt ® dt} 1.7

Sym2iny =

The subsequent analysis depends upon the nature of the first derivatives of p(f, r) . We distinguish three possibilities: in
some open set, either (1) dp is non-null; (2) dp is non-zero and null; (3) dp=0.

In case (1) we can choose the r coordinate such that p(t,r) = r? and we pick the t coordinate so that (r, t) are orthogonal
coordinates on R%. We denote this metric as gt.

M > gl := evalDG( f(t, r)xdt &t dt + h(t,r)xdr &t dr + r*2x(dtheta &t dtheta + sin(theta)
~2xdphi &t dphi));
gl=f(t,r)dt®dt+ h(t,r)dr ® dr + 2 do ® do + sin(9)2d¢® do 1.8

In case (2) we can still choose p(t,r) = r? but, if we do, the hypersurfaces r = const. are null, so that the metric takes the
form:

M>g2 :=evalDG(f(t, r) *x dr &t dr + 2xh(t, r) x dt & dr + r*2x(dtheta &t dtheta + sin
(theta)”2xdphi &t dphi));
@2i=h(t,r)dt®dr+ h(t,r)dr ® di+ [(t,r) dr ® dr + > d8 ® d8 + > sin(8)” do ® do (1.9

In case (3) the spacetime is geometrically the product R? x Sz, there is a single sphere of radius r0. For later convenience
we use a null coordinate system in the R2.

{M > g3 := evalDG( 2xh(t,r)xdt &s dr + r0~2x(dtheta &t dtheta + sin(theta)”2xdphi &t dphi))



{ @3 = h(t,r) dt® dr + h(t,r) dr ® dt + r0° d8 ® d6 + r0° sin(8)° do ® do (1.10

V¥ Birkhoff for vacuum

The classical Birkhoff theorem — evidently first proved by Jebsen [2] — asserts that a spherically symmetric solution to the
vacuum Einstein equations is isometric to (an open submanifold of) the Schwarzschild spacetime. We prove this by
considering the vacuum Einstein equations, which we write as the vanishing of the Ricci tensor, R,-j(g) =0, in each ofthe

three cases shown above.
Case 1.

Here is the Ricci tensorin case (1).

M > RT1l:=RicciTensor(gl);
) 2

1 02 0 0
RTI = [—Zh(t,r)f(t,r) [2 f(t,r)j r—2h(t,r) [2 h(t,r)]f(t,r)r+ (6 f(t,r)) hit,r)r (2.1
or "

Af(tr) h(tr)r or

+f(¢t,7) ((E?r h(t,r))r—4h(t,r)] (aar f(t,r)) +r (E?t h(t,r)) (f(t,r) (E?t h(t,r)) + h(t,r) (E?t f(,

0 0

- h(tr) — h(t,r) 5

ot ot 1 0 0
V))j)dl‘@dt—Frh(mdt@dr+wdr®dl+ 4f(t’r)2h(t,r)r[(6l h(l‘,?‘)) f(l‘,?')l"*'(at

0 0 2 0 0 2
h(l,r)jh(t,r) (atf(l,r)jr-l- (ar f(t,r)j ht,r) r+ (Gr f(t,r)) ((')r h(t,r)jf(t,r)r—2h(t,r) (;’tz
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_(;)r f(z,r))rh(t,l”) +£(t,7) ((E?r h(z,r)jr—|—2h(t,r)2_2h(t,r))
+

21(t,r) h(t, r)?

sin(6)° (—(; f(t,r)) Fh(t ) + £ (6 r) ((:r h(t,r)] r 4 20t ) —2h(t,r)))

do ® do

+ 5 do® do
2h(t,r) f(tr)
Here is the general solution to the vacuum Einstein equations in this case:
M > DGsolve(RT1, gl);
1) FlI
(r—i-_Cr) 1) @ e+ ﬁ dr ® dr + 1> d0 ® d6 + 1> sin(8)” do ® do 2.2

With an appropriate choice of the t coordinate (corresponding to setting _F1(t) =-1) and with an appropriate choice of the
constant _C1 (i.e., _C1 =-2m), this is (an open subspace of) the Schwarzschild solution.

Case 2.

Here is the Ricci tensor in case (2):

M > RT2 := RicciTensor(g2);
2

2 0 0 0
h(t,r) ((’?tz f(t,r)] —2h(t,r) ( aiat h(t,r)) — (at h(t,r)) (_261” h(t,r) + or f(t,r)j

RT2 = : dt ® dr 2.3
2h(tr)
02 02 0 0 0
h(t, r) [af f(t,r)] 2 k(4 ) ( - h(t,r)) . (az h(t,r)) (—2 - h(er) + atf(t,r)j
+ 5 dr ® dt

2h(t,r)




1 2

2h(t,r) r

r)) (rf(t,r) (gt h(t,r)j +2h(t,r)2)] dr® dr +d ® do + sin(0)” do ® do

, 2 , L
FromR,,=1= R¢¢/3|n(9) we see that there are no vacuum solutions in this case.

Case 3.

Here is the Ricci tensor in case (3):

M > RT3 := RicciTensor(g3);
2

ih(t,r) ih(t,r) —h(t,r) 0 h(t,7)
ot or orot

RT3 = 5 dt® dr
h(t,r)
(a h( ))(a (i) ) = i )( " ))
— h(t,r — h(t,r) | — h(t,r T
PR or —; 0ror dr ® di +dB ® do + sin(0)” do ® do
(t,r)

, , 2 : —
Once again, from R, =1 = Rw/sm(e) we see that there are no vacuum solutions in this case.

0> . : : 0 0
+ 3 ([61‘2 f(t,r))h(t,r)f(t,r)r—2h(t,r)f(t,r)(arat h(t,r))r—(—Zarh(t,r)nL

Q2.4

Thus only case (1) admits vacuum solutions, which are isometric to (a subspace of) the Schwarzschild solution. This is the

classical version of the Birkhoff theorem.

Birkhoff with cosmological constant

This generalization of the Birkhoff theorem characterizes spherically symmetric solutions of the Einstein equations with a
cosmological constant. These equations can be written as R,.j= A gj- From the contracted Bianchi identity, A must be a



constant.
Case 1.

Case (1) leads to the Kottler-Weyl metric, which can be viewed as the generalization of the Schwarzschild solution to
include a cosmological constant. The Einstein equations in this case are E7 = 0, where

M > E1 := evalDG(RT1l - lambdaxgl);

o 1 [zhw vrer [ pen ) r—2nn [ nen ) sen e+ (2 fen) henr @
= - T ) | —= r) | r— ) | — T L) -— T L) .
4h(t,r) f(tr)r ( ar ) [ or ] [ or )

0 2
/) ((% h(””)) ”—4h(t,")) (% f(t,r)) —4r [kf(t,r)zh(f,r)z_ (E h(t’z)) J6r)

0 0
— h(tr) — h(t,r)

ot ot
dt®dl‘+Wdl‘®dr+Wdr®dt

1 ) ) 0 2 0 0 0
T [—Mf(z,r) B4, )2 r + (E h(t,r)j )+ (E h(t,r)j h(t, ) (E f(t,r)) e+ (E

(% h(t,l”)) (% f(m)) h(t,r)
4

2

ih 2h a—h 2h il o
160 (G men ) stary e =2 (5 men | r=2nen e (35 160 e+ (5 16

2

r)) Bt r) r+ 4 (% h(t,r)jf(t,r)zj dr ® dr

0
— h(t,r) |r
_(%f(t,r)Jrh(t,r)—2[_ (61’ 2 ) +(Mz_l)h(t’r)2+h(t’r)]f(t’r)

2h(t, 1) f(t,7)

+ do ® do




(; f(t,r)j rh(t,r)
sin(e)2 . >

0
(ar h(t,r)) r
- p + (AP = 1) h(t,r) +h(tr) | f(tr)

. do ® do
flt,r)h(t,r)

+

The general solution to these equations is:

M > DGsolve(El, gl);
[_F](t) (A —3 CI1—3r) 3r

dt ® dt — dr ® dr + 1> d8 ® d6 + 1* sin(8)” do ® do

(3.2
r AP —3 Cl—3r

With an appropriate choice of the t coordinate and constant of integration _C1 this is the Kottler-Weyl metric.

Case2.

Case 2 does not admit a solution to the field equations - see the 60 and ¢¢ components of the Einstein equations, which se

the constant A = 1—2
r

_M > E2 := evalDG(RT2 - lambdaxg2);
2

2 0 0 0
(1, r) (2:2 f(z,r)J —2h(t,r) ( o h(t,r)j + (2 ()= o f(t,r)) (az h(t,r)) — 2N (s )’

E2 =

3 dt 3.3
2h(t,r)
®dr
2 92 0 0 a 3
. h(t,r) [atz f(t,r)] —2h(t,r) ((’W h(t,r)) + 12 or h(t,r) — o/ f(t,r)) (at h(t,r)j —2MNh(tr) )
r
2 h(t,r)*

2

1 02 0
Rdt—|Lf(t,r) — ( 5 f(t,r)jh(t,r)f(t,r)r—2h(t,r)f(t,r)(arat h(t,r))r




At —1|d0®de+ (-1

dr ® dr —

rf(tr) | — h(t,r)
—2[ (at ) +h(t,r)2] (—2%h(t,r)+%f(t,r))
|+ 1) sin(0)” do ® do

‘M > evalDG(E2, [D_theta, D_theta]);
2 2

0 0 4
h(t,r) [% f(t,r)] —2h(t,r) (% h(t,r)) + (2 o h(t,r) — Ef(t,r)) (E h(t,r)) —2%h(t,r)3

5 dt® dr 34
2h(t,r)
2 2 0 a 4
h(t,r) [2—[2 f(t,r)] —2h(t,r) ( 6?”61‘ h(t,r)) + (2 o h(t,r) — Ef(t,r)) (E h(t,r)) —27\,h(t,r)3
+ > dr
2h(t,r)
Rdt—|Af(t,r) — ! & f(tr) h(t,r)f(t,r)r—2h(t,r)f(t,r)( i h(t,r))r
2h(t,r) r (| 87 0rot
rf(tr) [% h(t,r)) 5 5
) ] +h(s ) (—2§h(t,r)+5f(t,r)) dr@dr— W2 —1do®do+ (-4

Case 3.

Case 3 admits a solution which is the product of a round, Riemannian 2-sphere with a Lorentzian 2-manifold of constant
positive curvature.

> E3 := evalDG(RT3 - lambdaxg3);

3.5



AR r) + (('?t h(t,r)j ((,?r h(t,r)j . ( 6?/2('% h(z,r)j

E3 = 5 dt® dr
h(tr)

“ANh(tr) + ((,?t h(t,r)) ((,?r h(t,r)) — h(t,r) ((,3; h(t,r))

T 2

dr®di—|hr0* —1|d0 ® do + (-\ r0?
h(tr)

+1) sin(6)” do ® do
_M > g3lambdasol :=DGsolve(E3, g3, {r0, f(t,r), h(t,r)});

2 C2 C3 2 C2 C3 1
g3lambdasol = 2 ¢ S dt®dr + 2 C s dr®dt+ — do® db
cosh( C2t+ C3r+ CI)"A cosh( C2t+ C3r+ CI)"A A
. 2
+ Sm(ke) do ® do

This solution is isometric to the Nariai metric. Aside from the cosmological constant there are no free parameters in this
solution - the integration constants _C1, C2, C3 can be absorbed into a a redefinition of the coordinates (¢, r).

V¥ Birkhoff for electrovacuum

The Einstein-Maxwell equations are given by (in appropriate units)

1
Gab = FachC - Zanangab’ Vb,:ab =0= V[anc]’

where G, is the Einstein tensor of the metric g_,, and F,, = F[ab] is the electromagnetic field.

If a spacetime metric features in a solution to these equations itis called an "electrovacuum®”, generalizing the Ricci-flat
"vacuum" metrics. A simple and elegant way to find all spherically symmetric electrovacua is to solve the Rainich

conditions for non-null electrovacua. Here non-null means that at least one of the scalar invariants

3.5

3.6



bcd
F,F”and e °F,F_,

is non-vanishing. There are no spherically symmetric null electrovacua, which we demonstrate at the end of this section.

Case 1.

Compute the Rainich conditions. RC1 and RC2 are the algebraic conditions; RC1 is too long to display here. RC3 is the
differential condition, which is automatically satisfied.

;M > RC1, RC2, RC3 := RainichConditions(gl, output = "equations"):
M > RC2;
1

272 (6, 7)Y h(t, r)

+rf(tr) ((a h(t,r))r—4h(t,r)) ((,?r f(t,r)) +4 ((,?r h(t,r))f(t,r)zr—|—r2f(t,r) (gl h(t,r)j

2
5 [—2 P rtr) h(t,r) [;’; f(t,r)j — 27 [2; h(t,r)]f(t,r) ht,r) +r* h(t,r) ((,?r f(t,r)) 4.1

2

or

) 0
+ 7 h(t,r) (az f(t,r)) (at h(t,r)) FAf ) h(tr) (h(tr) — 1)]

M > RC3;
0di A dr 4.2

Solve the Rainich conditions.

M > glsol:=DGsolve([RC1l, RC2&t dt, RC3], gl);
glsol = |_c1 F2(r)dr ® dr + 1> d8 ® d8 + > sin(8)” do ® do,

1) FI
rt O I yeas —"— aredr+1*d 4.3
r r+ ClI

FI(t) (_C2r+ 7" — _CI ’
0® 0+ sin(6)” dp ® do, (1) L. rrr - ¢ ) aroar+ L dr® dr+ r* d8 ® do
r Cr+r— (I

+ 2 sin(0)” do ® do

The first "solution" is not a metric. The second solution is trivial - it's Ricci-flat, i.e., a vacuum solution.



M > RicciTensor(glsol[2]);
0dt® dt

(4.4

The third solution is (locally, and up to a choice of the t coordinate) the Reissner-Nordstrom solution. We use the Rainich

theory to reconstruct the electromagnetic field from the metric satisfying the Rainich conditions..

M > g1RN := eval(glsol[3], [ Cl = -q*2, €2 = -2%m, _F1(t) = -1]);
) 2 2 2
gIRN = — 2"”+2q T @di+ L dr®dr+ 12 do®do + 1 sin(0) do ® do
r 2mr+gq +r

_M > Ric := RicciTensor(glRN);

2mgr+q +q 7~ : : sin(@)2 :
Ric = 1779 290 1@ dr+ T daredr+ L a0edo + 1 dp®dy
r 2mr —q r —r r r
M > DRic := CovariantDerivative(Ric, Christoffel(glRN));
8mq2r—4q4—4q2r2 4q2 2(]2
DRic = 5 dt® dt® dr — 5 v 3 dr®dr®dr— —— dr®dé ® db
r 2mr—gq —r)r r
. 2 2 2 2 . 2 2
2 0 2 4 2 0
_ 250 ¢ g o edo— 2L dvedreds— 2L dedo®dr— 2501 4y ar e do
r r r r
. 2 9
4sin(0) ¢
— 5 —do®dy®dr

r

> 0, theta < Pi;

12
Fi= COS(—CZ)J_‘] dt A dr +sin(_CI)sin(8) V2 ¢ do A do

r

Up to the usual duality rotation symmetry, this is the Coulomb field of the point charge featuring the Reissner-Nordstrom

spacetime.

We conclude by verifying the Einstein-Maxwell equations for this solution.

M > F := RainichElectromagneticField(glRN, Ric, DRic) assuming q > 0, m > 0, r > 0, theta

@45

(4.6

@.7

4.8



Einstein equations:

M > 6 : EinsteinTensor(glRN):
[M > T := EnergyMomentumTensor("Electromagnetic", glRN, F):

M > evalDG(G - T);
0 4.9

Maxwell equations:

M > MatterFieldEquations("Electromagnetic", glRN, F);
Oat,Odt/\ dr N\ d© 4.10

Case 2.

This case admits no solution to the Rainich conditions. We show this by taking a few components of the Rainich conditions
and checking that they are inconsistent.

;M > RC1, RC2, RC3 := RainichConditions(g2, output = "equations"):

M > RC2;
2 2 0 0 0
h(t, r) (2;2 f(t,r)j —2h(t,r) ( — h(t,r)) - (at h(t,r)) (-2 - h(tr) + atf(t,r)) )
- + = @11
i h(t,r) r
M > RC3;
0dt A dr .12

M > eql = Hook([D_t, D_r], RC1); ; ; ;
N S O o a2 32 ., 9 9 9
ol = [[r h(t, r) ( " f(t,r)j 22 h(1, r) ( O (e )) ( 2= () + f(t,r)j [ N CRE

0
&7

d
hit,r) | +2htr) | [P (e r) if(n) — 27 h(t,7) ( )—r Zih(tr) if(rr)
JOREXC ) a7 10 (2% ren + 5 100




h(t,r)j b4 ) ]

=M > eq2 := Hook([D_r, D_rl, RCl1 );
2

1 0 0° 0 0
qu::W[(_ ?f(t,r))h(l‘,l”)f(t,l’)r+2h(t,r)f(l‘,r) (W h(t,r))r+(—2a—h( )+Ef(t’ 4.14
0 2 62
r)) (rf(t,r) (E h(t,r)) 4t r) )] (—h(t,r) [? f(t,r)) +2h(tr) (ara ) ( ) (
9 0 1 92 2
_25h(t,r)+Ef(t’r)j)j_W[f(t’r) [4(% h(l‘,l’)j ht l” +4I’ [ (

2

f(t,r)]—i—(%h(t,r)] (—2%h(t,r)—l—%f(t,r))]h(t,r)(aiat h(t,r)) ( 2f(tr)] (tr)2 —2[;

2

0 0 0 0 0
h(t,r)jr4h(t,r) (—25 h(t,r) + Ef(t,r)) (% f(t,r)j + (—25 h(t,r) +Ef(t,r)) (E h(t,r))

+4h(t,r)6]j

=M > eq3 := Hook([D_theta, D_theta], RC1l);
3ime—t ({2 KL — 2/ h(t i 22 i+ L O 41
s = [P (7 1en ] =2 hen (G5 en | = (2 g hen + Gren) (5@

2

2

h(t,r)J +2h(t,r)3j (rzh(t,r) [% f(t,r)J — 277 h(t,r) ( a%t h(t,r)j — (—2 % h(t, r) + %f(t,r)) (%

h(t,r)) - 2h(t,r)3j]

M > pdsolve([eql, eq2]);
| Warning: System is inconsistent

We elaborate on this inconsistency by resolving two of the Rainich conditions for second derivatives of h followed by
substitution into another Rainich condition, which yields an equation which has no acceptable solution.



Here we resolve eq1 and eq3 for a second derivative of h(t,r).
M > sol_13 := pdsolve([eql, eq3]);

2

sol 13 := aiat h(t,r) (4.16
2 d d d d
) 1 (glz f(t,r)j +2 (az h(t,r)) (ar h(t,r)) P — (az f(t,r)) (az h(t,r)) +2h(t,r)
B 2r2h(t,r) ’
62
% h(t,r)
2 0 d 0 0
) P h(t,r) (Stz f(t,r)j +2 ((’)t h(t,r)) ((’)r h(t,r)) P = (az f(t,r)) (az h(t,r)) —2h(t,r)’
B 22 h(t,r)
> simplify(sol 13[1][1][1] - sol 13[2][1][1])
2
OZM 4.17

2
r

The solution h(t, r) = 0 is not acceptable since the metric becomes degenerate and the original PDEs become undefined.

Case 3.

This is the case where the metric on R® x S? is the metric product of two 2-dimensional constant curvature metrics.

Compute the Rainich conditions (output suppressed) and solve them:

|:M > RC3_1, RC3_2, RC3_3 := RainichConditions(g3, output = "equations"):
fM > g3sol:=DGsolve([RC3_1, RC3_2&t dt, RC3_31, g3);



2000 C2 C3 2007 C2 C3
— = dt ® dr — — =

5 - dr ®dt+r0° do ® do
cosh( C2t+ C3r+ CI) cosh( C2t+ C3r+ CI)

g3sol = [ —

+ 0% sin(8)” do ® do

The integration constants _C1, C2, C3 can all be eliminated by an appropriate choice of the tand r coordinates.

M > g3soll := eval(g3sol[1l], { C1=0, _C2 =1, _C3 = 1});

270° 2707 > 2 2
5 dt®dr — 5> dr®dt+r0”do®do +r0 sin(0)” do ® do
cosh(r + 1)

g3soll = —
cosh(r + 1)

Reconstruct the electromagnetic field from the metric satisfying the Rainich conditions.

M > F@:=RainichElect romagneticField(g3soll);

7
1 . cosh(r + ¢ ) 2 1
2cos(_C1)/csgn[2 ) +1 70 sm(_C])/ g ( )2 r0° sin(0) /csgn( e ] + 1
i r
FO = 0 dt A dr + 10 sin(6)

do
2 2
LA‘ cosh(r + t)4 Lél cosh(r + t)4
cosh(r + 1) cosh(r + 1)
A do
M > F3 := simplify(eval(F0, _C1l = 0)) assuming r@ > 0, t::real, r::real;
F3 = 2\/7r02dt/\dr+0d9/\d¢
cosh(r + 1)

Verify the Einstein-Maxwell equations.

M > G3 := EinsteinTensor(g3soll);
2 2
cosh(#f)a@a +C<>Sh(#f)a 04+ L @0 +— 1 5@
2}"0 t r r t 4 0

G3 = o . 5
2r0 r0 70 sin(e) (Y o
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M > T3 := EnergyMomentumTensor("Electromagnetic", g3soll, F3);

2 2
cosh(r0)” oo cosh(rbn)” oL L o 4.23
27'04 ¢ r 27"()4 r t 0 0 ¢

T3 =
r0* 70 sin(8)”
M > evalDG(G3 - T3);

0 (4.24
M > MatterFieldEquations("Electromagnetic", g3soll, F3);
Oat,Odt/\ dr N\ d6 4.25

[ This solution, known as the Bertotti-Robinson solution, is again a product of constant curvature spaces (this time a

negative curvature for Rz). Notice that the Bertotti-Robinson solution looks remarkably similar to the Nariai solution in
these coordinates. Butthese two solutions are notisometric. Indeed, the Nariai solution does not solve the Rainich
conditions. An easy way to see this is to compare their Ricci scalars. The key difference physically is that the Nariai
solution is an Einstein space while the Bertotti-Robinson solution is an electrovacuum.

_S > g3sol;
2 2
2107 C2 C3 210 C2 C3
- e —dt®dr — e ~dr®dit+r0°dO®do+ r0’ sin(0) do® d  (4.26
cosh( C2t+ C3r+ CI) cosh( C2t+ C3r+ CI)

+ 3

=M > g3lambdasol;

. 2
2 €26 — di®dr+ 2 626 - dr®dt+Ld9®d9+Md¢®d¢ 4.27
cosh( C2t+ C3r+ CI)"A cosh( C2t+ C3r+ CI)" A A
M > RainichConditions(g3sol[1]);
true 4.28
M > RainichConditions(g3lambdasol[1]);
false 4.29

=M > RicciScalar(g3lambdasol[1]);

4 4.30



M > RicciScalar(g3sol[1l]);
0 431

The key difference geometrically is that the Nariai solution is the product of two positive curvature spaces while the Bertotti-
Robinson solution is the product of a positive curvature and a negative curvature space.

Null Electrovacua

Finally, let us consider the possibility of spherically symmetric null electrovacua. A necessary condition for a null
electrovacuum is that the Ricci tensor should be non-vanishing and null [3]:

R, R =0.

Such spacetimes correspond to "pure radiation" solutions of the Einstein equations (if the energy density is non-
negative). This condition will be used here to rule out the possibility of spherically symmetric null electrovacua.

Case 1.

For this case itis convenient to make a change of t coordinate t — t + w(u, r) with w(u,r) chosen so that 0. is null. The
metric takes the following form.

(M > DGsetup([u, r, theta, phi], Mlnull);
Manifold: MInull “4.1.1

jM > glnull := evalDG(f(u,r)*xdu &t du - 2xh(u,r)*du & dr + r*2x(dtheta &t dtheta + sin
(theta)”2xdphi &t dphi));

glnull :== f(u,r)du ® du — h(u,r) du ® dr — h(u,r) dr ® du + ¥ dO ® do + 1 sin(e)2 do® do 4.1.2

The functions fand h # O are arbitrary.

Compute the Ricci tensor and its square. Set the latter to zero and solve.



M > RT1lnull := RicciTensor(glnull):
| M > RTlsquared := TensorInnerProduct(glnull, RT1lnull, RT1lnull, tensorindices=[1]):
M > DGsolve(RTlsquared, glnull);

{ - [_F](u)z _ P2 gy @ du— Fl(u)du®dr — FI(u)dr®du+ 1> de® de + > sin(8)” do ® do 4.1.3

r

With an appropriate choice of coordinate u this is the Vaidya metric, which is known not to be an electrovacuum [3].

Case 2.

Here we find there are no null Ricci tensors. The metric, the Ricci tensor, and the square of the Ricci tensor are as
follows.

_M>gz;
h(t,r)dt® dr + h(t,r)dr ® di+f(t,r) dr ® dr + 1> d0 ® d8 + > sin(8)” do ® do 4.1.4
M > RT2 := RicciTensor(g2);

ner) [ riem) =2n0r) (L nr) = (2 2 e+ 2
) [ S | =20 (5 her) | = [ hwn) ) (<250 )+ )

RT2 = 5 dt® dr 4.1.5
2h(t,r)
02 02 0 0 0
X h(t,r) (? f(t,r)j —2h(t,r) [ Fyry h(t,r)] — (E h(t,r)) (—2 o h(t,r) + Ef(t,r)j e
2h(t,r)?

1 0 h 2h i h Zih 0
+2h(z‘,r)3r((6tz f(t,r)] (tLr)f(t,r)r— (t,r)f(t,r)(arat (t,r)jr—(— o (z‘,r)+atf(t,

r)) (rf(t,r) (% h(t,r)) +2h(t,r)2)j dr ® dr +d0 ® d6 + sin(6)” do ® do

_M > RT2squared := TensorInnerProduct(g2, RT2, RT2, tensorindices=[1]);



RT2squared =
4h(tr)
2 2 0 0 ad 2
[h(t,r) (2—[2 f(t,r)) —2h(t,r) ( aiat h(t,r)) — (E h(t,r)j (—2 ar h(t,r) + Ef(t,r)))
t®dr+ 3 dr
4h(tr)

1 02 02 0 0 0
® dt + W([ﬁ(l‘,r) [g f(t,r)) —2h(t,r) ( 0ror h(l‘,r)j — (E h(t,r)j (—25 h(t,l’)-l-E

2

f(tr) & h(tr)f(tr)r—2h(tr)f(tr)(a— h(tr)]r_ 2 i+ 2
’)a#’ ") PIET) | e M5 (Gr’at’

2

r)) (rf(t,r) (% h(t,r)) +4h(t,r)2)j] dr ® dr + rizdecadeJr —Sinr(e)

The spherical components cannot vanish.

M > evalDG(RT2squared, [D_theta, D_theta]);
2
(h(t,r) [8—22 f(t,r)] —2h(t,r) (i h(t,r)) - (i h(z‘,r)) (—2 o h(t,r)+ if(t,r)j)
or orot ot or ot

5

dt® dr 4.1.7
4h(t,r)




_ 2
{ ") (% h(t,r)j +4h(z,r)2)jjdr®dr+%de®d9+%d¢®d¢

r
Case 3.

Again we find there are no null Ricci tensors. The metric, the Ricci tensor, and the square of the Ricci tensor are as
follows.
M > g3;
h(t,r) dit ® dr + h(t,r) dr ® di + r0> d8 ® d6 + r0* sin(8)” do ® do 4.1.8
M > RT3 := RicciTensor(g3);
2

(% h(t,r)j (% h(t,r)] — h(t,r) [% h(t,l’)j

RT3 : i ® dr 4.1.9
h(t,r)
(4 hen) (5 men) = (o hwn)
— h(t,r — h(t,r) | —h(t,r 7
TR or - oror dr ® di + d6 ® dé + sin(8)” do ® do
h(t,r)

=M > TensorInnerProduct(g3, RT3, RT3, tensorindices=[1]);

((% h(t,r)) (% h(t,r)) —Sh(t,r) ( fffat h(t’r))jz dt® dr (4.1.10
h(t,r)

b 2

+ ((% h(m)) (% h(t’r)) _Sh(t’r) ( a?»at h(t’r))j dr @ di+ —— 6 ® do + sin(8)”

h(t,r) r0 r0*

do ® do

Commands lllustrated

 KillingVectors, LieAlgebraData, GenerateSymmetricTensors, InvariantGeometricObjectFields, RicciTensor, DGsolve,
RainichConditions, RainichElectromagneticField
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