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GLOSSARY OF NOTATION

Open ball of radius R > 0 in R™ about z € R"
Open disk of radius R > 0 in C about z € C

{r eR:+x >0}

Characteristic function of the set {x € R" : |z| > R}

Derivative of u : R™ — C with respect to the radial variable
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ABSTRACT

Shapiro, Jacob Z. Ph.D., Purdue University, May 2018. Semiclassical Resolvent Es-
timates and Wave Decay in Low Regularity. Major Professor: Kiril Datchev.

In this thesis, we prove weighted resolvent upper bounds for semiclassical Schrodinger
operators. These upper bounds hold in the semiclassical limit.

First, we consider operators in dimension two when the potential is Lipschitz with
long range decay. We prove that the resolvent norm grows at most exponentially in
the inverse semiclassical parameter, while near infinity it grows at most linearly. Both
of these bounds are optimal.

Second, we work in any dimension and require that the potential belong to L>™
and have compact support. Again, we find that the weighted resolvent norm grows
at most exponentially, but this time with an additional loss in the exponent.

Finally, we apply the resolvent bounds to prove two logarithmic local energy
decay rates for the wave equation, one when the wavespeed is a compactly supported
Lipschitz perturbation of unity, and the other when the wavespeed is a compactly

supported L perturbation of unity.



1. INTRODUCTION

Let

n

A=) 7 <0

j=1
be the Laplacian on R™. The central object of study in this thesis is the semiclassical

Schrodinger operator,

P=P(h) = —h*A+V —E, (1.1)

where F/ > 0 is the energy and 0 < A < 1 is the semiclassical parameter.
We suppose that
V e L*(R") is real-valued, (1.2)

with some decay at infinity. We will make more precise assumptions about the behav-
ior of V' at infinity within Theorems 1 and 2 below. By the Kato-Rellich Theorem, if
V satisfies (1.2), then P is self-adjoint L*(R™) — L*(R™) with respect to the domain
H?(R"). Therefore, the resolvent (P — z)~! is bounded L*(R") — L*(R") for all
z € C\R.

For energies E belonging to the spectrum of P, we have
(P —ie) || p2mp2 — 00 as € — 0.

However, if we take (P —ic)™! to act on suitable weighted L?-spaces, we can instead
achieve a uniform resolvent bound as ¢ — 0%. In particular, we want to display
the h-dependence of this upper bound, as this feature is important for applications
such as local energy energy decay for the wave equation. We explore in detail the
connection between resolvent estimates and local energy decay in Chapter 5.

In Chapter 3, we consider long-range Lipschitz potentials in dimension two.



Theorem 1. Let n = 2. In addition to (1.2), suppose that VV', defined in the sense
of distributions, belongs to (L*™°(R?))?, and that there exist &y, co > 0, such that

V(z) <eo(l+ )™, |[VV(2)] < co(1+ |2])~'7™, (1.3)

for almost all x € R?. Furthermore, let [Ewin, Emax] C (0,00) be a compact interval.

Then, for any s > 1/2 there are C, R, hg > 0 such that

=lQ

(L4 L) (P(R) = i)™ (U 7)™ ooy < €5 (1.4)

(1+ 2™ 12r(P(h) —ie) 1oL+ [2) ™ ogey oy < C/h,  (15)

for all E € [Epin, Fuax), 0 < e <1, and h € (0, hy], where 1sg is the characteristic
function of {x € R*: |z| > R}.

In Chapter 4, we study the case where the potential is bounded and compactly

supported in arbitrary dimension.

Theorem 2. Letn > 1,V € L2 (R™), and [Empin, Fuax] C (0,00). Forany s > 1/2,

comp

there exist C, hg > 0 such that

—S s\ — —S —4/3 1o -1
(1 [2)7*(P(R) = i) (4 [2)) ™ gy oy < €150 (1)

for all E € [Enin, Emax), 0 < e <1, and h € (0, ho).

The proofs of Theorems 1 and 2 proceed in the following manner. First, we
establish a certain Carleman estimate (see (3.11) and (4.2)) which holds for functions
in C§°(R™). Then, we apply a density argument, which uses the Carleman estimate,
to show the resolvent has the stated bound(s) as operator L*(R™) — L*(R™). Finally,
we convert the L?(R") — L?*(R") exponential bound into an L*(R") — HZ(R")
exponential bound. This last part of the argument is given in Appendix C.

Since the completion of the first draft of this thesis, the author has learned about
the independent and parallel work of Klopp and Vogel [KIVo18]. They use a different
Carleman estimate to show that, if the support of V' is contained in the ball B(0, R) :=



{r € R": |z| < R}, and x is a smooth cutoff supported near B(0, R), then for any
compact interval I C R\ {0}, there exist constants C' > 0 and hg € (0, 1] so that

. R ~4/3 1o (h—1
hm ”(—hQA + V — )\2 — ZE) 1UHH1(B(O,R)) S BCh log(h )H’UHLQ(B(O,R))a (17)

e—0t

for all h € (0, ho] and all v € L2, (B(0, R)).

Exponential resolvent bounds have been studied under a wide range of geometric,
regularity, and decay assumptions. Burq was the first to prove an O(eChfl) resolvent
bound. In [Bu98|, he showed such a bound holds for smooth, compactly supported
perturbations of the Laplacian outside an obstacle. He later established the same
bound for smooth, long-range perturbations [Bu02]. Cardoso and Vodev [CaVo02]
extended Burq’s estimate in [Bu02] to infinite volume Riemannian manifolds which
may contain cusps.

In lower regularity, Datchev [Dal4] proved (1.4) and (1.5) for dimension n # 2,
while only needing a decay condition on the radial derivative 9.V, rather than on
VV. Vodev [Vod14] showed an O(e“? ") bound, 0 < ¢ < 1, for potentials on R™,
n > 3, that are Holder continuous, h-dependent, and have decay depending on /.
Rodnianski and Tao [RT15] considered short-range, L> potentials on asymptotically
conic manifolds of dimension n > 3, and proved a non-semiclassical version of (1.6)
in which the hA-dependence of the right side is contained in an unspecified constant.

The novel aspect of Theorem 1, then, is that (1.4) and (1.5) are now established
in dimension two, while maintaining low regularity and mild decay assumptions on V'
and its derivatives. The novel aspect of Theorem 2 and (1.7) is that, when n > 3, they
are the first explicit h-dependent bound on the weighted resolvent for L>° potentials.
When n < 2, they are the first weighted resolvent bound of any kind for general
V e L*(R").

We should also mention Theorem 2.29 in [DyZw], which is a related result for com-

pactly supported L potentials in dimension one. It says that, given V € L%  (R)

comp



and [Eyin, Fnax] € (0,00), there exists a constant ¢ > 0 depending on Ein, Funax,

and V such that the meromorphic continuation of the cutoff resolvent
X(=R*0,+V —2)""x,  x€CPR)

from Imz > 0, Rez > 0 to Im z < 0, Re z > 0 has the property that
z is a resonance of the continuation, Re z € [Epnin, FPrnax] = Imz > e
(1.8)
See Section 2.3 for the definition of a resonance for a related operator, and also [DyZw,
Section 2.8] for further details.
Because resonance free regions are closely related to resolvent bounds, see, for
instance, the arguments in Section 5.3, (1.8) strongly suggests that, in dimension one,

C/h The author consider this improvement

the right side of (1.6) can be improved to e
shortly.

The O(eChfl) resolvent bound appearing in Theorem 1, as well as in [Bu98, Bu02,
Dal4, CaVo02], is well-known to be optimal. In particular, Datchev, Dyatlov, and

Zworski [DDZ15] established the lower bound

(1+[2)) " 1sr(P(h) —ie) (1 + Ja])~* > et

L2(R2)—L2(R2) =

for a suitable smooth potential and an h-dependent energy E(h) > 0. See their
paper for more background and references. However, it is still an open problem to
determine the optimal resolvent bound for general V' € L*. Relatively few results
are known in this setting, and the specific examples studied thus far [Be03, DdeH16]
have a O(eC’fl) resolvent upper bound. Therefore, it would be very interesting to
know how much low regularity problems can deviate from the known estimates, and
this will be the subject of future work by the author.

Better upper bounds are known when V' is smooth and conditions are placed on
the Hamilton flow ®(¢) := expt(2¢ -V, — V,V - V¢). The key dynamical object is the
trapped set IC(E) at energy F, defined by

K(E) = {(z0,&) € T"(R") :|&o[* + V(wo) = E,

and |®(t)(xg,&o)| is bounded as |t| — co}.



For instance, if V' € C§°(R™), s > 1/2, and K(E) = (), then there exists C,hy > 0
such that

(Ut ) (P() = i) (L 2™ gy oy < O/ (L9)

)—L2(R™

for all e > 0 and h € (0, ho.

This nontrapping estimate is due to Robert and Tamurua [RoTa87]. Proofs of
such a result typically rely on propagation of singularities. For more recent results
and references, see [BoBuRal0, Vod14, HiZw17b, Zw17].

In view of (1.9), one interpretation of the exterior estimate (1.5) is that applying
cutoffs supported far away from zero removes the losses from (1.4) due to trapping.
Although, in the setting of Theorems 1 and 2, ®(¢) may be undefined because VV
may not be continuous.

Resolvent estimates up to the spectrum have important applications to regularity
and decay results for operators involving P. In Chapter 5, we will consider the wave
equation,

(

02 — A(x)A)u(x,t) =0, (z,t) € R" x (0, 00),

(2,0) = uo(), (1.10)

kﬁtu(x, 0) = uy(x).

To establish the connection between (1.10) and semiclassical resolvent estimates,
we first take the Fourier transform of the wave operator —97 —c?A with respect to time
variable, replacing each instance of 0; with ¢A. By doing so, we arrive at the operator
—c?A — X2, X € R. Then, we identify h = A7}, A >>1,and V=1—-c2 € LY

comp)

to get
X(—AA = N) Iy = B2 (=h*A+V = 1)y 2, x € C3°(R™). (1.11)

Therefore, we can use (1.4), (1.5), and (1.6), along with an appropriate x, to obtain
A-dependent estimates for the cutoff resolvent y(—c?A — A?)~tx when |A\| >> 1. A

formal and complete argument appears in Section 5.3.



In Chapter 5, we prove a general theorem, Theorem 5, which shows that expo-
nential semiclassical resolvent bounds imply logarithmic local energy decay for the
solution to (1.10). Two special cases of Theorem 5, which correspond to the resolvent

bounds in (1.4) and (1.6), respectively, are the following.

Theorem 3. Assume that
c=c(z) >0, ccteL®R"), , supp(c—1)is compact. (1.12)

In addition, assume Ve € (L*(R™))"™. Suppose the supports of ug and uy are contained
in B(0,Ry), and that Vuy € (H*(R™))" and u; € H'(R™). Then for any Ry > 0,
there exists C' > 0 such that the solution u to (1.10) satisfies for t > 0,

: C
Vul?2 + c2|oullde ) < ——— o )
</'<(°’R2>| ul + <o x) ~ log(2+1) (I1Vuoll ey + [l |l e ny )
(\13)

Theorem 4. Consider the same setting (1.12) as in Theorem 3, but without the
assumption that the distributional derivatives of ¢ are bounded. Then for any e > 0

and Ry > 0, there exists C' > 0 such that the solution u to (1.10) satisfies for t > 0,

1
2 C
(/ |VU|2 + C_2’atU|2d.T> S —s (HVUOH(Hl(R”))" + HU’IHHl(R"))
(0,Rz) loga+e (2 4 t)
(1.M4)

In Theorem 5, we will even see that one can put additional powers of log(2 + t)

in the denominators of (1.13) and (1.14) if ug and u; possess greater regularity with
respect to the differential operator —c?(x)A.

In contrast with the local energy decay in Theorems 3 and 4, the global energy of
the solution to (1.10) is conserved because the wave propagator is unitary. See (5.6)
in Section 5.1.

The decay rate (1.13) was first obtained by Burq [Bu98,Bu02] for smooth perturba-
tions of the Laplacian outside an obstacle. Similar decay rates have been established
established on R™ when the Laplacian is defined by an asymptotically Euclidean met-
ric, see [Boll,CaVo04]. Therefore, the novel aspect of Theorem 1.13, is that (1.13)

now with a weaker regularity condition on the wavespeed.



For logarithmic decay rates in transmission problems and general relativity, see
[Be03, Gal7,Mo16].

Logarithmic decay rates are well-known to be optimal when resonances are expo-
nentially close to the real axis. This connection was observed by Ralston [Ra69].
He later showed [RaT71] that such resonances exist for a certain class of smooth
wavespeeds. See [HoSm14] for a related construction in general relativity.

The study of local energy decay more broadly has a long history which we will
not review here. Additional papers that use techniques similar to those in this thesis
include [PoVo99] and [Ch09]. See also [HiZw17a] for more historical background and
references.

Semiclassical resolvent bounds have proven useful in several other contexts. Exte-
rior bounds such as (1.5) are known to imply Kato local smoothing [DyZw, Theorem

7.2]:

/{(H(@51>R90(P)6(”P/h)UH%z(Rn) < Cllullfe@ny,  » € C57(0,00).

Christiansen [Chrl5] used a resolvent bound of the form (1.5) to find a lower bound
on the resonance counting function on even-dimensional Riemannian manifolds that
are flat near infinity and contain a compactly supported perturbation. Furthermore,
resolvent estimates are related to integrated local energy [RT15] and Strichartz es-
timates for the wave equation [SmSo00, Bu03, Me04, BoTz07, MMTO08]. See also
[St02, Mi04, GuHaSi13] for further applications of exterior resolvent estimates like
(1.5).

Apart from the appendices, most of the presentation in this thesis also appears in

the preprints [Sh16,Sh17,Sh18].



2. PRELIMINARIES

In this chapter, we recall several facts about the analytic continuation of the cutoff
resolvent for the free Laplacian. We also explain why, when the resolvent is perturbed
to include a suitable wavespeed, the cutoff resolvent still continues meromorphically,
and that there are no real poles, away from zero. Finally, we introduce a certain
homogeneous Sobolev space and decribe how the homogeneous Sobolev space of a
ball behaves with respect to the perturbed resolvent. Several proofs in Chapter 5
rely on these facts. The interested reader can consult Appendices A and B for more

details.

2.1 Continuation of the free resolvent

If Im A > 0, then \* ¢ R,. Therefore,
Ro(\) = (—A — X))~ L*(R™) — H*(R")

is well-defined as a bounded operator, as standard elliptic estimates like those in

Appendix C show. Moreover, for x € C§°(R"), the cutoff resolvent is bounded
XRo(M)x = x(=A = N7y : L*(R") — H*(R"),

and continues analytically from Im A > 0 to C when n > 2 is odd and to C\ i/R_
when n > 2 is even. In fact, in even dimensions, the continuation can be made to the
logarithmic cover of C \ {0}, although we will not need this stronger fact.

Furthermore, the continuation of x Ry(\)x has the expansion
XRo(N)x = E1(A) + A" %log AEy(N), (2.1)

for A\ € C\ iR_. Here, Fi()\) and F»()\) are entire operator-valued functions, and
FEs = 0 when n is odd.



In Appendix A, we establish the meromorphic continuation of xRo(\)x : L*(R™) —
L?(R™) and justify (2.1) by computing the integral kernel of yRo(A\)y. Further details
can be found in [DyZw, Chapters 2 and 3], [Sj, Section 2.1] and [Vo01, Section 1.1].

2.2 Estimates for the continued free resolvent

Next, we recall well-known L*(R™) — L?*(R") estimates for the cutoff resolvent
away from the origin. In section 5.3, we will use these estimates to establish a bound

on the perturbed resolvent at high energy.

VM >0, 30y >0: if|ReA|> M, ImA>—M, and |ay| + |as| < 2, then
0% X Ro(A)X0°2|| 2(mmy s r2(mmy < Cag| A1 F1o21=L, (2.2)
Using the Cauchy formula with (2.2) implies, for a different constant Cy >0,
d fe! o S | |+]az]—1
— 0% X Ro(A)x0™ < O |A[rrTes=, (2.3)

dX L2(R™)—L2(R™)

|[ReA| > M, ImA > —M, |og| + |as] < 2.

We omit the justification of (2.2), but note that one way to obtain it is to apply Schur’s
estimate [DyZw, Section A.5] to the integral kernel that we compute in Section A.2
of Appendix A. See also [DyZw, Section 3.1] for the odd dimensional case as well
as [Vod14, Section 5.

2.3 Continuation of the perturbed resolvent

Consider a wavespeed ¢ as in (1.12). We show in Appendix B that the operator
—c?(z) is self-adjoint and nonnegative on the Hilbert space L?(R") := L?(R", ¢ 2dx)
with respect to the domain H?*(R"). Set R(\) := (—c*A — X*)~!, Im A > 0. For
X € C§°(R™), the cutoff resolvent yR(\)x satisfies the assumptions of the black box
scattering framework introduced in [SjZw91] and also presented in [DyZw, Sj]. This
implies that Y R(\)x continues meromorphically L*(R™) — H?*(R™) from Im A > 0 to
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C\ {0} when n > 2is odd, and to C\ iR_ when n > 2 is even. As in the case of the
free resolvent, the continuation in even dimensions can be made to the logarithmic
cover of C\ {0}, although this stronger result is not needed for our purposes. The
poles of this meromorphic continuation are referred to as resonances of xR(\)y

It is also follows that if A € R\ {0} is a resonance, then there must exist an
embedded eigenvalue corresponding to A. That is, there exists a nonzero function
w € HZ, (R") such that (—c*A — A)u = 0. For more details, see Theorems 4.17
and 4.18 in [DyZw]. However, a Carleman estimate [DyZw, Lemma 3.31] rules out
the possibility of embedded eigenvalues on R \ {0}. Therefore, the continuation of
XR(A)x has no poles there.

We give some additional details in Appendix B.

2.4 The homogeneous Sobolev space

Let Q C R” be open, and let H'(Q2) denote the homogeneous Sobolev space of

order one, defined as the Hilbert completion of C§°(2) with respect to the norm

loll? = / V() Pdz.

Thus, elements of H'(Q) are equivalence classes [¢,,] of sequences {p,} € C5°(Q)
which are Cauchy with respect to the || - ||;-norm. For an element u = [p,,] € H'(Q),
we denote by Vu the vector which is the limit in (L*(2))" of the vectors Vip,,.

Because the non-homogeneous Sobolev space H!(R") is the completion of C5°(R")
with respect to a stronger norm, by inclusion we may regard H'(R") as a closed
subspace of H'(R™). Also, for any Q C R”, the inclusion map C5°(Q) — CS°(R™)
induces an isometry H'(Q) — H'(R"). So we may also regard H'(Q) as a closed
subspace of H'(R").

We note, for the sake of completeness, that, for n > 2, H 1(R") may be regarded

as a set of translation classes of functions v € H}_(R") such that Vu € L*(R"),

loc

equipped with the inner product

(u,v) = (Vu, Vo) (2mny)n-
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See [OrSul2] for further details.

2.5 Operators on the homogeneous Sobolev space of a ball

If \2 ¢ R, there is a constant C' depending on A such that

IBN)ellaz@ny < Callollz@ny, ¢ € G (R). (2.4)

This follows from integration by parts and an elementary ellipticity argument, which
we present in Appendix B.
Furthermore, if the support of ¢ is required to lie in a fixed ball B(0, R), there is

a Poincaré-type inequality for all n > 2,

lellzz@n) < CrlVellz@n, @€ C(B(0, R)), (2.5)

where Cr — 00 as R — oo. We prove (2.5) in Appendix C.
Having (2.4) and (2.5) allow us to extend R()\) : L*(R") — H?(R"™) to a bounded
operator H'(B(0, R)) — H?*(R") by setting

R(N)lpw] = R\ (L*-limepy) ( [pn] € H(B(O,R)), N ¢Ry,  (26)

where L*-lim ,, denotes the L?(R")-limit of {(,,}, which exists on account of (2.5).
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3. SEMICLASSICAL RESOLVENT BOUNDS FOR
LIPSCHITZ POTENTIALS IN DIMENSION TWO

In this chapter we prove Theorem 1. Our proof hinges on a Carleman estimate
(3.11) that is similar to the Carleman estimates in [CaVo02,Dal4]. The strategy to
produce the Carleman estimate is to construct two radial weight functions, ¢(r) and
w(r) that interact favorably with the conjugated operator r~(=1/2pr(n=1/2 " This
conjugation gives rise to the so-called effective potential term, which takes the form
(n — 1)(n — 3)(2r)"2. In dimension n > 3, the effective potential is positive and
decreasing, and can be discarded in the ensuing estimates. But in dimension n = 2
only, the effective potential has a negative pole at the origin. Therefore, the additional
challenge in our setting is that w needs to decay sufficiently at the origin to counteract
this negative blow-up. As a result, our Carleman estimate in dimension two comes
with a loss at the origin, because w is weak there. In Section 3.3 we make a resolvent
gluing argument that removes the loss and allows us to establish Theorem 1.

By making C' larger and hg smaller in Theorem 1, we can assume without loss of

generality that ¢y = 1/2. That is, we may assume

1 1
Viz) < +le)™  [VV (@) <50+ [ (3.1)
We may also assume without loss of generality that
0<2s—1<dy<1/2. (3.2)

This is because decreasing dy only weakens the decay of V' and VV', and increasing s
only decreases the weighted resolvent norm. To simplify notation, we set § := 2s—1 >
0 throughout this chapter, we use the same notation in Chapter 4).

The outline of this chapter is as follows. In Section 3.1 we justify the existence of

the weight function ¢ by citing lemmas from [Dal4]| and [DdeH16]. In Section 3.2,
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we prove the Carleman estimate. In Section 3.3 we glue two versions of the Carleman

estimate together and then prove Theorem 1 via a density argument.

3.1 Construction of the Carleman weight

We use the usual polar coordinates (r,0) € (0,00) x [0,27) to denote a point
(z,y) = (rcos,rsinf) € R*\{0}. Let 9,V denote the radial distributional derivative
of V. That is,

0,V (r,0) =0,V (r,8)cosd + 9,V (r,0)siné. (3.3)

Throughout this section, we need only assume that
V<14 r)*‘so, 10, V| < (1+ )10 (3.4)

for almost all (r,6) € R?\ {0}. Note that (3.1) implies (3.4).

The following two lemmas, Lemmas 3.1 and 3.2, we state without proof. They
establish the existence of the radial weight function ¢(r) we use in the Carleman
estimate (3.11). Lemma 3.1 is a version of [Dal4, Lemma 2.1]. For each ¢ sufficiently
small, it constructs a continuous function s(r) that obeys a crucial inequality with
V and 0,V and E,;,.

Lemma 3.2 is an adaptation of [DdeH16, Proposition 3.1], and it constructs ¢ as
a solution to an ordinary differential equation with right hand side . Although we
do not prove Lemma 3.2, we remark that its proof is similar to the one for Lemma

4.3 in Chapter 4, and there we do supply all the details.

Lemma 3.1. For § > 0 sufficiently small, there exist constants B, Ry, Ry > 0 de-

pending on O and E.;, so that the function

-1
0 > TSRO,

VY =5(r) = B LEun R <r<R,

\7(1+T‘)75 4

O, r > Rl,

\
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15 continuous and satisfies the inequality

Emin
2

for almost all points (r,0) € R*\ {0}.

<oV @V - (35)

Lemma 3.2. For any h > 0, there is a solution ¢ = @y (r) € C%*(0,00) to the equation

(¢'(r)* = he"(r) = (r), (3.6)

with the properties that ¢' > 0 and the support of ¢' is contained in [0, Ro| and
independent of h.

Note that, because ¢” = ((¢')? — ) /h, it follows that ¢ (r) exists for almost all

r € [0,00).

3.2 Proof of the Carleman estimate

We continue to assume only that (3.4) holds throughout this section (that is, we
do not need to assume (3.1)). Before establishing the Carleman estimate, which is
Lemma 3.4, we need to prove a preliminary inequality.

Define the weight w(r) to be

27 r S R07
w = ws(r) =

— (1 + 7“)_5, r > Ry,

where we set ¢ = (1 — (14 Ry)™%)/R2 to make w continuous on [0, 00). Note that

W 1—(14—7“)_5

E = W, r> R(). (37)
Therefore, (3.5) shows that
Emin
— w < (Y= V) + (=0,V + ¢ )w, r > Ro. (3.8)

2
Set
V, =V — (¢) + he" — h? /4.

The inequality we need is as follows.
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Lemma 3.3. If§ > 0 is small enough, then there exists hg € (0,1] so that if h € (0, ho)
and E > Eoi,.

Or (w(r)(E = Vo (r,0))) 2 — =w(r), (3.9)
for almost all (r,0) € R*\ {0}.

Proof. First, we expand 0,(w(E —V,)), making use of (3.6),

(B~ 1) = (B =V + ) + (0.7 + ¥+ 1 (w = 22) (

We use this expansion to investigate two cases separately: first when r € (0, Ry), and
second, when r € (Rp,00). In the case r € (0, Ry), 1 = &,*, and hence ¢’ = 0. We
also have, w’ — 2w/r = 0. Using these facts, along with the bounds on V' and 0,V
from (3.4), we arrive at the following inequality for 0,(w(E — V,,)) when r € (0, Ry).

0, (w(E V) = <E+501 v TW) 6

2

> (E T - +17~>6o I +rr>”5°) <”
(

>

>

The last inequality follows because dy < 1/2.
It remains to establish (3.9) in the case where r € (Ry,o0). According to (3.8),

we have

Emin
(E—-V +)w + (=0,V +")w > 5 w', r > Ry.

And so, to establish (3.9) when r > Ry, it suffices to show that, for A small enough,

h2 2 Emin
(w’ - —w) > _Fmingy > R, (3.10)

we can achieve

4r? r 4
To this end, define g(r) to be the function

9= gs(r) 1(1_2(1+T)1+6_(1+T))< r>0.

:E ) r
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Observe that ¢ is bounded on the interval [Ry, 00), and that for r € (R, 00), we have

(B2

If we set ho = (Emin/4SUD[g, ) lg))2 > 0, then (3.10) holds for h € (0, hq).
[

Define m to be the function m = ms(r) == (1 + r2)19/4 We now establish the

Carleman estimate.

Lemma 3.4 (Carleman estimate). Let §, hg, and ¢ and be as in Lemma 3.3. There

1s a C > 0 such that

Ce
h

1

1 -1 C -1 . -1
()2 wlla ey < G5llme?™ (P = ie)vliage) + 2= € wllfage)  (3.11)

for all, v € C*(R?), E € [Ewin, Bmax), € >0, and h € (0, hy).

Proof. We consider the conjugated operator

= ¥l r%(P - ia)r’%e’“ﬂfl

= —h*0? +2h'0, + A+ V, — E — i,

where

0 S A = ——ZAgl,
T

and Ag: is the spherical Laplacian on the unit circle S!.

Next, let f [o denote the integral over (0,00) x S! with respect to drdf, where
df is the usual arclength measure on S'. Throughout the remainder of this chapter,
C > 0 denotes a constant depending possibly on w, ¢, E, and 9, but not on h or u.
Its precise value will change from line to line, but it will always remain independent
of h and w.

To show (3.11) it suffices to prove that

C w Ce R
/<8r(w(E —V)lul® < ﬁ/ J|P¢U|2 + 7/'( ul?, u € e r2C(R?).
0 0 0
(3.12)
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This is because we can apply (3.9) along with the fact that w/w’ < max{2/d, Ry/2}m?
for all r € [0, 00). Additionally, because w’ is bounded, we may assume without loss
of generality that ¢ < h € (0, hg]. Our first step in showing (3.12) is to define the

following spherical energy functional
F(T) = ||h@ru(r, 9)”?9 - <(A + Vsﬁ(ra 9) - E)U(’F, 9)7U(T7 9)>S> r > 0.

Here, || - ||s and (-,-)s denote the norm and inner product on L*(S!), respectively.
This functional was used by Cardoso and Vodev [CaVo02] and by Datchev [Dal4] to
prove their own Carleman estimates.

We compute the derivative of F', which exists for almost all r > 0,
F' =2Re(h*u" u')s — 2Re((A + V,, — E)u,u')s + 2r " (Au, u)s — (V]u, u)s
= —2Re(P,u, u')s + 4he'||u/||§ 4 2e Tm(u, u') s 4 2r~ " (Au, u) — (Vu, u)s.

The calculation of F” is straightforward, but it relies on fact that we can apply the

dominated convergence theorem to get,

lim V(r+t,0)—V(r0)
t—0 st t

lu(r, 0)>d0 = /g(@ﬂ/(r, 0)|u(r, 0)|*do (3.13)

for almost all » > 0. This is a consequence of Fubini’s theorem. For now, we continue
with the proof of (3.12) and postpone the proof of (3.13) until the very end . The

formula for F” allows us to compute wF” + w'F,
wF' +w'F = = 2wRe(Pyu,u')s + (4h~'wy' + w') [fha/||% + 2we Im(u, u') s
+ (iwr_l —u') (Au,u)s + ((w(F — |£))/u,u)s.
If we now use the facts\wy’ > 0, wA> 0, A > 0, 2wr™! —w’ > 0, and —2Re(a, b) +
16]|> > —||a||?, then the preceding inequality implies

w2

wF'+w'F2 _W

| Pyul|% + 2we Im{u, u') s + {(w(E — V,)) u,u)s. (3.14)

In addition, Fatou’s lemma, along with the fundamental theorem of calculus, show

that

r—0

/((w(r)F(r))' < —liminfw(r)F(r) = 0. (3.15)
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Integrating (3.14) with respect to dr and using (3.15), we arrive at

1 2
/ (w(E = Vo)) lul* < - /( %|P¢,u|2 + 25/( wlud|. (3.16)
r,0 0 0

We focus on the last term in (3.16). Our goal is to show

2/ wluu'| < g/ w2|P¢,u|2+€/ |ul?. (3.17)
"0 h J\e h J\e

If we have shown (3.17), we can substitute it into (3.16) to get

1 2
/ (wW(E — V) Jul? < / Y pup + €8 / W Pl + £ / W, (3.18)
r,0 h'2 w' h r,0 h 0

If we use the assumptions € < h, h < hy < 1, along with the fact (w?/w’ + w?) <

(14 0)w/w', we see that (3.18) implies (3.12).
To show (3.17), we first write.

We will now show that

| c c
E/rﬁwQ\hu']Q < ﬁ/waIP@uIQ—i— E/,(GW’ (3.19)

which will complete the proof of the Lemma. To show this, we use integration by

parts, along with the facts that h < 1 and ab < ya?/2 + b*/2~ for any v > 0.

/'( 2]hu|2——Re /{ —2h*ww'u’) +/r,6 u(—h*w? ”)]
< Ll [ s /(Hwﬂhuw%fae[ [ at >}<

Furthermore, for any n > 0,

1 2.2 //
ERe[/(g a(~hw)]
1
= ERe [/( w*u(P, — 2h¢'0, — A — VSO—I—E—l—z'e)u] (
0

l 2P g 2 /hl l ZE_V 2

w”| Poullu| + w ' |hu||ul + w”| ol[ul
h J\e h Jig h J\g

1 nmax ¢’

oh rﬁwQ]P@u]Z—{—T/(?wQ]hu'\Q

1 /00,2 2

+ = ( O | (w0 (B + |V, ]) + X0 )) /( lul?.
0

IA

A
|

i 2
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Now, take v = 1/4,n7 = 1/(4max ¢’). and combine the previous two estimates to get

1 , 1 C 1
1 2 < — 2(p 2 _/ 2 _/ 2|2,
hg[éiu| ! _.Qhulézu| alt 4 G g [ i

If we subtract the last term to the left side of this inequality, and multiply through
by 2, we arrive at (3.19).

To finish, we now prove (3.13). Because VV € L>*(R?), V has a Lipschitz repre-
sentative, and the Lipschitz constant for V' is bounded by ||V V|| feo(g2). Furthermore,
both 9,V and 9,V exist in the strong sense at almost all points (z,y) € R?. See, for in-
stance, [Ev, Section 5.8]. If (zg, yo) = (10 cos Oy, 7o sinfy) € R?\ {0} is a point at which
both 0,V and 0,V exist, then the chain rule implies that the map (r,0) — V(r,8) is
differentiable with respect to r and the point (r¢,0y), and the formula for 0,V (rg, 6y)
is given by (3.3).

Our goal is to show that, for almost all 7 > 0, the complement in S! of the set

W, = {9 e S':lim Vir+ t,@l)l— vir.9) =0,V (r, 9)} (

t—0

has measure zero with respect to the arclength measure on S'. If we combine this

with the fact that

V(r+t,0)—V(r0)
t

< IVl D,

then (3.13) follows from Lebesgue’s dominated convergence theorem. To show W, has
zero arclength, let N C R? be a set of Lebesgue measure zero such that 9,V, 9,V exist
in the strong sense at all points (z,y) € R?\ N. And set xy to be the characteristic
function of N. The integral of yx over R? equals the integral of xx over the product

space (0,00) x S,

O:/ XN(a:,y)d:cdy:/([(XN(rcosﬁ,rsinﬁ)dﬁrdr. (3.20)
R2 1

Fubini’s Theorem then says that the inner integral

f(r):= 4)@\/(7’ cos ), rsin 0)dd.
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is itself a measurable function of r. Since f > 0 and

/( F(r)rdr =0,

we must have f(r) = 0 for almost all » > 0. That is, the set
N, :={0€S": (rcosf,rsinf) € N}

has measure zero with respect to the arclength measure on S'. A straightforward set
containment argument shows that S'\ W, C N,., and this finishes the proof of (3.13).
O

3.3 Proof of Theorem 1

Set Cy = 2max ¢. Our strategy is to take the Carleman estimate (3.11) and show
that there exist constants C' > 0, R > 0 so that

CCoh- _ _ C . Ce
O i gl + [ g < (P — il + S, (3:21)

for all v € C§°(R?). Then (3.21) allows us to prove (1.4) and (1.5) using the same
density argument given by Datchev in in [Dal4], which is independent of dimension.
We cannot obtain (3.21) directly from our Carleman estimate (3.11), because the
estimate is weak near the origin. However, the decay assumption on VV from (1.3)
allows us to make a small shift of coordinates and still maintain (3.4). We obtain
the same Carleman estimate as (3.11) with respect to a new origin. We add the two

estimates together and recover (3.21).

Lemma 3.5. Suppose V € L>(R?), VV € (L*(R?))? and that V, VV satisfy (3.1).
If 2y € R? is chosen so that
|| < 20H00)7" (3.22)

then the functions V(- — ), 0,V (- — xo) obey (3.4).

Proof. Observe that

do
1
o J (L4 [e]) ™,

1 1
Ve — < (1 — 0o — Z |~ T
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—_

OV (x —x0) < |[VV(x —30)| < (14 |z — x0|) 717

-2

L[ L4 )
= |— 1 0,
A B

Because (1 + |z])/(1 + |x — zo|) < 1+ |o], it suffices to choose |zq| small enough so
that
max{(1 + |zo])?, (1 + |o]) T} = (1 4 |z|)' ™™ < 2.

And this is achieved if we pick z( to satisfy (3.22).
O

Proof of Theorem 1. Let L* = L*(R?), H? = H*(R?), C°(R?) = C§°. Pick zy € R?
so that

0 < |zo| < 20007 — 1.

Then V(- + z¢) satisfies the bounds (3.4), according to Lemma 3.5. Therefore, the

Carleman estimate (3.11) can be applied to the operator
Py:=—h*A+V(-+x) — E.

We shift coordinates, apply (3.11) with P, in place of P, and then shift back.

2 2
. — 3 (=0 )n ™ - Nsefh™ (.
(w!(] - —zol))be N R
C _ 2
< 5 me?" (Py —ig)v(- + x0) L
Ce —1 2
= eh .
+to- e v(- + o) L
C _ 2
— ﬁ m(| . _x0|)e¢(|~—x0|)h 1(P . iE)U p
L 98 et—mopnty, 2
h L2

Summarizing this estimate, we have

. C -
(w'(] - =ao)) 20y <o (|-~ eI (P — e
2~ h L2
o (3.23)
()
h L2

To proceed, choose R > 0 large enough so that || > R implies that ¢(|z|) =
o(|]z — x0|) = max ¢. Multiply both (3.11) and (3.23) through by e~ to obtain

C ) Ce
Slim(P — ieyellf + ol (324

e M ' Lepulfe + w1z golFe <
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e (| - —wol) 1<r|Fa + [|w'(] - —ao]) Lz rvl[Ze

) Ce
< ﬁ\lm(\f — 20|)(P —ie)vl|7z + Tllvlliw
(3.25)

Next, note that there exists some constant K > 0, depending on xy and dg, so that
(m™)? < K((w)?*+ (w'(| - —x0]))?),  m*+ (m(] - —x0]))* < Km*  (3.26)

If we then add (3.24) and (3.25) and apply (3.26) to both sides of the inequality, we

arrive at

Ce

_ -1
e Coh _
h

Im ™ 1<rvll7> + Im ™ 1o gL < alm(P = ie)vllze + = IlvliZe,

which is (3.21).
From this point, we follow reasoning from the proof of the Theorem in [Dal4].

For any v,n > 0, we have
2e|v]|2: = —2Im{(P — i)v,v) 2
<y Imlsp(P —ie)vza +vllm™ 1 pv]Z:
+ 17 [ml<r(P —ie)vllz> + nllm ™ L<pvl 7.
Setting vy = h/C and 1 = e~2%0""" | we estimate ||v||2, from above in (3.21) and find
that, for h sufficiently small

e Im T 1 eg)|2a + M 15 R0)12

-1 C
< e Imlcp(P —ie)ol7. + 7allmlzr(P — i€)v|72-
(3.27)

The final task is to use (3.27) to show that for any f € L?,

e 1er(P —ig) m T f |7 + m T s g (P —de) T hm T £

. , 8. , (3.28)
< e |<rfllze + 55 1=r S 7,

from which (1.4) and (1.5) follow. To establish (3.28), we prove a simple estimate

and then apply a density argument which relies on (3.27).
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In what follows, we use a S b to denote a < C. ,b for C.j, depending on ¢ and h,
but not on v. By the Kato-Rellich Theorem, (P —ic)~! : L? — H? is bounded. In
addition, the commutator [P,m] = —h?Am + 2h*Vm -V : H?> — L? is bounded. So

for v € H? such that mv € H?, we have

lm(P —ie)vllz S (P —ig)mol[r2 + (I[P, m]v] 2
S mwlle + lvf|

S [[mol[ g2

Thus we have shown
|m(P —ie)v|| 2 < Copllmu|| g2, v € H? such that mv € H>. (3.29)
For fixed f € L?, the function m(P —ic) " 'm~' f € H? because

m(P —ie) 'm™tf = (P —ie) ' f +[m, (P —ie) m~'f

=(P—ie) ' f+ (P —ie) ' [P,m](P —ie)'m™'f.

Now, choose a sequence v, € C§° such that vy, — m(P —ig)"'m~'f in H% Define

Up == m 'vg. Then, as k — oo
|lm ™o, —m ™ (P —ie) " 'm 7 f||e < |low — m(P —ig) 'm 7 f || g2 — 0.
Also, applying (3.29)
|m(P —ie)tp — fllzz < llow — m(P —ie) " 'm~ f|lg2 — 0.

We then achieve (3.28) by replacing v by 0 in (3.27) and sending k — oc.
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4. SEMICLASSICAL RESOLVENT BOUND FOR
COMPACTLY SUPPORTED L>* POTENTIALS

The key to proving Theorem 2 is to establish a slightly different Carleman estimate
from (3.11).

Lemma 4.1 (Carleman estimate). Let Ry > 3 so that suppV C B(0, Ry/2). There
exist K,C >0, hy € (0,1], and ¢ = 5, € C?(0,00) depending on Ewin, Emax, ||V oo,
Ry, n, and s such that

max ¢ = K log(h™!), h € (0, ho], (4.1)
and
<1§1\x|1/2 +15(1+ \x|)*s) ﬁ/hmv ;(Rn) <
hg/3 (1 + |a])2e®"* (P(h) — ie)v ;(Rn) + % ey ;(Rn),

(4.2)

for all E € [Enin, Fuax), € >0, h € (0, hg], and v € C°(R™).

In addition to (4.1), a key property of the Carleman weight ¢ is that 0, is large
on supp V. We construct ¢ to have these properties in Lemma 4.3.

To prove Lemma 4.1, we adapt the strategy appearing in the previous chapter and
in [CaVo02,Dal4,RT15]. As before, we start with a certain spherical energy functional
F : (0,00) — R that includes ¢, see (4.28). As before, we intend to differentiate the
product wF', where w : (0,00) — R is a second weight function defined by (4.7).
But since we cannot necessarily differentiate V' € L°°, this time we leave V out of F',
and add it back only after differentiation. By doing so, we recover the terms needed
to prove (4.2), at the cost of introducing a remainder term that may be large on

the support of V. We control the remainder with two innovations that go beyond
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the techniques used in the previous chapter and in [CaVo02, Dal4, RT15]. First we
increase the h-dependence of the exponent in (4.2) to from h~' to h™*3 (compare
with (3.11)). Second, we require that 0, > ¢ on supp V', where ¢ is chosen large
enough to satisfy (4.3) and (4.4) below.

A previous version of Lemma 4.1 asserted only that max ¢ < Kh~'/3 resulting in
an larger h~°/3 exponent on the right side of (1.6). Not until seeing the estimate (1.7)
of Klopp and Vogel did the author realize that, without changing the construction, ¢’
could be estimated more sharply outside the support of V' (see (4.25)). As a result,
the author was able to improve the exponent in (1.6) from h~%/% to h=*/3log(h™')
where it currently stands. The author is very grateful to Klopp and Vogel for helping
to bring about this improvement.

The outline of this chapter is as follows. In Section 4.1, we construct the weights
w and ¢ and prove their key properties. In Section 4.2, we prove the Carleman
estimate. In Section 4.3, we first glue two versions of the Carleman estimate togther
to remove the loss at the origin. Then we prove the Theorem via a density argument.
The density argument is straightforward and closely follows the one from the previous

chapter and the ones in [Dal4, DyZw|, but we recall it for the reader’s convenience.

4.1 Construction of the Carleman weight
As in the previous chapter, we put
0:=2s—1.
Without loss of generality, we assume 0 < § < 1. Fix Ry > 3 large enough so that
suppV C B(0, Ry/2).
Next, choose ¢ > 1 large enough so that

¢ > IV ]lwRo/A, 43)
Vetanh(v/e/2) > max{||V|o0/4, 1} (4.4)
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W(r)
¢ :
R() Rl r
Fig. 4.1. The graph of .
Set
(
0 <r < Ry,
wzdjh(?a) = D) —% Ry <r < Ry, (45)
O r 2 R17

where we put

2/3 17
B = B(h) = <c+ h#) 63,

4B 4¢
2 2 o _ 2
= Ri(h) = WRE . (1 + h2/3Emin) é(”

so that 1 is continuous. In Lemma 4.3, we will construct the Carleman weight ¢ so

(4.6)

that (¢’)? is approximately equal to 1 for h small. From this relationship, we will
deduce the properties of ¢ needed to prove the Carleman estimate.

To continue, define

2 0<7r<Ry,
w = wps(r) = (4.7)

%‘i‘l—(l—{—(r—Rl))_é TZRl.
According to (4.5), ¢ and w satisfy the inequality

Emin
1 w, r>0, r# Ry, r# Ry (4.8)

h_2/3(w1/1)/ >



Ri+1
Ry

Fig. 4.2. The graph of w.
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We use (4.8) in the proof of the Carleman estimate to ensure that a group of remainder
terms is not too negative, see (4.31).

The next lemma proves elementary estimates involving w and w’. We use them in
the proof of Lemma 4.1 to bring intermediate steps closer to (4.2), note in particular

(4.35).

Lemma 4.2. Suppose h € (0,1]. There exists C > 1 depending on Fy,, Ro, ¢, and
0 so that for each r # Ry, it holds that

2ur~t —w' >0, (4.9)
w(r) < Ch™%3, (4.10)
w?(r) /w'(r) < Ch=Y3(1 + 7)1+, (4.11)
w'(r) > C7' (1aqr 4+ 154(1 +r)—1—5)( (4.12)
Proof. When r < Ry, 2wr~t —w' = 0. If r > R, then

2ur™ —w' =2r" (R} +1— (1+ (r — k)™ ( S(1+ (r—Ry))
So to finish proving (4.9), it is enough to show,
OR?>2(1+7r—R) P +or(l4+4r—R)™°  r>R,.
Using 0 < § < 1 and Ry > Ry > 3, we estimate,
QA+ (r—R)) P +or(14+r—R) " <240+6R,
< 2Rj.
To show (4.10), simply note that
w(r) < R+ 1
< 2R}
= 8h*/*BE,;

min*

For (4.11), when 0 < r < Ry,
w?(r)/ (w’(r)(l + T‘)1+6) C 212
< 27 R?

=2h**BE,|

min*
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If r > Ry, then we use the bound w(r) < 2R?,

1+7’—R1 1+9
14+7r

w?(r)/ (w’(r)(l + r)1+5) C 5w (r) <
467 R}

= 64h~ Y36 ' B2E 2

As for (4.12), observe that when 1 < r < Ry,

w' (r)(1 4 7r) 0 = 2r(1 +7)F°

and when r > Ry,

]

We now construct the Carleman weight ¢ € C?(0, 00) as a solution to an ODE with

right hand side equal to ¢. The argument is modeled after Proposition 3.1 [DdeH16].

Lemma 4.3. Let h € (0,1]. There exists ¢ = @p, € C*(0,00) with the properties that

()2 = 30" =, r>0, (4.13)
0<¢(r) <+, r >0, (4.14)
0<¢(r) < Krh, Ry <r <R, (4.15)

1 <maxy = K log(h™), (4.16)

¢'(r) > y/ctanh(y/c/2), 0<r<Ry/2, (4.17)

where K > 0 depends on ||V | s, Ro and Epn, but not on h.

Once we construct ¢ according to (4.13), it holds that ¢’ & /3 for h small, and
so (4.14) through (4.17) follow naturally from the definition of .
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Proof. To begin, consider the solution to the initial value problem

y =h0 =), y(R) =0 (4.18)

According to Theorem 1.2 in Chapter 1 of [CoLe], there exists an open interval [
containing R; and a solution y € C'(I) to (4.18). In fact, this solution is unique on
I. For if y;, yo are two solutions to (4.18), then § := y; — yo solves ¢’ = (y1 + y2)7,
g(Ry) = 0, and hence is identically zero.

We take

p(r) = / y(s)ds. (4.19)

Hence ¢ satisfies (4.13). We now analyze y to establish (4.14), (4.16) and (4.17).

First, we show that y(r) = 0 for r > Ry, r € I, and therefore y extends to be
identically zero on [R;,00). Because y(R;) = 0, there exists ¢ € (0,h"?) so that
[R1,R1+¢) C I and |y(r)| < 1/2on [Ry, Ry +¢). Therefore, using (4.18), we see that
1y (r)| = h=43|y(r)|* < (4h*3)~Y on [Ry, Ry +¢). Hence

()| < /( MOl

1
<_7
4

on [Ry, Ry + €) another time, we then get |y/(r)| <

re [Rl,Rl + 8).
Applying [y (r)| = h=*7[y(r)|?
(16R*/3)~1 and use it to show that |y(r)] < 167!, r € [Ry, Ry + ¢). Continuing in
this fashion, we see that y(r) = 0 for r € [Ry, Ry + ). Therefore y extends to be

identically zero on [Ry, 00).

Moving on, we now show that

0<y< Vif(Ro) = Ve (4.20)
where it is defined on (0, R;]. To show y > 0, assume for contradiction that there
exists 0 < 79 < Ry with y(r) < 0. Then, because ¢/ = h=*/3(y? — ) < h=/3y?, we
have y/(r)/(y(r))? < h=%3, for r near 7. This implies

1 _ ()t — y'(s) s
o)) /(<y<s>>2d (4.21)

< T =T
— h4/3 )

r > 709, T NEear 7.
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As r approaches inf{r € [rg,00) : y(r) = 0} < Ry, (4.21) must hold. But this is
a contradiction because the left side becomes arbitrarily large, while the right side
remains bounded. So y(r) > 0 where it is defined on (0, R;].

To show y < /¥ (Ryp), we compare y to the solution of the initial value problem

2= W32 (Ry))
= h 322 - ¢), z(Ry) =0,
This solution exists for all » > 0 and is given by

1— 2h~43\Jc(Ry —
) = el SR Vel — 1)
1+ exp (J‘2h*4/3\/E(R1 —7))
_ VGtanh (»(—4/%(31 — 1) (h
Suppose for contradiction that there eXists o < R; such that y(rg) > z(rg). Set
¢ =y —z Then ¢’ > h™*3(y + 2)¢, (ro) > 0, and ((R;) = 0.

Put ry == inf{r € (ro, R1] : ((r) = 0}. By the mean value theorem, there exists

7 € (19,71) so that

< 0.

In addition, ¢(7) > 0 by the definition of ;. But this contradicts ¢'(7) > h=*/3((7) (y(F)+
z(7)) since y + z > 0 where y is defined on (0, Ry).

So we have shown that 0 < y < z < y/c where it is defined on (0, R;).It then
follows by Theorem 1.3 in Chapter 2 of [CoLe| that y extends to all of (0, R;), where
it obeys the same bounds.

We omit the proof of (4.15). However, we remark that one can show

y <&(r) = B/r on (Ro, Ry), (4.22)

B - (qm ) <2,

where


https://0,R1).It
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by first noting that & solves
& =h"( —(B/r?), &(R)=B/r, (4.23)

and then comparing y and £ by the same method as in the preceding paragraph.
Lastly, we show that

y(r) > +/ctanh (v/c/2) r € (0, Ry/2]. (4.24)
To see this, let z solve the initial value problem
F = h3(32 — ), #(Ry) = 0.

Then z is given by
Z(r) = y/ctanh ((4/3\/5(}20 —r))

Set ¢ :== y—2. To show (4.24), it is enough Yo see that (>0 c(n (0, Rp), and we give an
argument similar to the one in the preceding paragraph. For contradiction, suppose
there exists 0 < ry < Ry such that ((ry) < 0. Put r3 == inf{r € (rqy, Ro] : (1) = 0}.
Such an 3 exists because ¢(Ry) = y(Ry) > 0. By the mean value theorem, there is
some 1* € (1, 73) so that ¢'(r*) = —(rs — r5)"'¢(ry) > 0, and furthermore {(r*) < 0
by the definition of r3 . But also ¢'(r*) = h=¥3C(r*)(y(r*) + 2(r*)) < 0, and so we
have contradiction.

We now have enough properties of y to finish the proof. With ¢ defined by (4.19),
we observe that (4.14) follows from (4.20), and (4.17) from (4.24).

Lastly, we use (4.6), (4.4), (4.22), Ry > 3, and h € (0, 1] to see

0/2
max ¢ > +/c f tanh (v/c/2) ds > 1,
0 1 - -
max p < / Jads + /{ B/sds < \JeRo + Blog(R\/Ry) < Klog(h™Y), (4.25)
0

where K > 0 depends on ||V||oo, Ro and Ep, but not on h. This shows (4.16) and

completes the proof.
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4.2 Proof of the Carleman estimate

In this section, we use the weight functions w and ¢ constructed in the previous
section to prove Lemma 4.1. We make integral estimates using polar coordinates
(r,0) € (0,00) x S*™! on R™. As in the previous chapter, the starting point is a

conveniently chosen conjugation

P, = #M 02 (p(h) — B — je)p= (020 /MY
= —h20? +20*BY0, + A+ p+V —h 3 — E — ie,

where
0<A=A(r)=—h*r"?Agn1, p=pn(r) = h*2r)%(n —1)(n — 3).

To prove the Carleman estimate, we need another simple estimate, this time involving

involving w, w' and p.

Lemma 4.4. There exists hy € (0,1] depending on Ey;, and n so that

(2w(r)r — /(1)) (m > ), (4.26)

for all E > Ey, r # Ry, and h € (0, hy].

Proof. If r < Ry, then 2wr™ —w’ = 0 and (4.26) follows immediately. On the other

hand, if » > Ry, we use Ry > 3 to see that

(2w(r)7’_1 — w'(r)) p(r) > —h*(2r)%n — 1||n — 3|w'(r)

v

> —h?*ln — 1||n — 3|w'(r)/36.

So we obtain (4.26) for r > R; by taking hg sufficiently small.
O

Proof of Lemma 4.1. Let ft denote the integral over (0,00) x S"~! with respect to

drdf, where d is the usual urface measure on S* .
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To show (4.2), it suffices to prove that

/(9 (Lrr Lo (1 4 1) D)uf <

C
h10/3 ([<(1 + T)1+6|P<pu|2 + 5/ |U|2> ( u € T(n_l)/26¢/h4/3080(Rn)‘
0 r,0

(4.27)
Without loss of generality, we may assume ¢ < h'%3. To show (4.27), we proceed
in the spirit of the previous chapter and of [CaVo02, Dal4, RT15] and define the

functional F' by
F(r) = ||hd||% = (A +p— b2 — BE)u, u)sg, r>0, (4.28)

where || - ||s and {-,-)s denote the norm and inner product on S"~!, respectively.
We compute the derivative of F', which exists for all » # Ry, r # Ry,
F'(r) = 2Re(h*u" /) g — 2Re((A + p — b3 — B)u,u)g
+ 2r (A + p)u, u) + (W23 u, u)sg.
Next, we calculate, for r # Ry, r # Ry,
wF' + w'F = 2wRe(h*u",u')s — 2wRe((A + p — h™*3¢ — E)u,u')g
+ 20r Y (A + p)u, u)s + h™2Pwi||ul?
+w'||hd |2 — w' (A + p)u, u)s + w' (2P + B)u,u)g
= —2wRe(Pyu,u)g + 2we Im(u, u') g
+ B2 ||)|% + 2wr™t — w') (A + p)u, u)s
+ Ew'|u|? + 4h*Pwe||u'||% + R (wid) ||ul|% + 2w Re(Vu, u)g.
Note that we have have added and subtracted 2w Re(Vu,u')g, 4h* 3w’ ||u|%, and

2we Im(u, u')s in order to recover P,u in line four. Using w’ > 0, 2wr™ —w' > 0,

A >0 and —2Re{a,b) + ||b]|* > —||al||?, we estimate, for r # Ry, r # Ry,
2
w

'U)F/ —I—’LU/F Z _W

+ Ew'|[ul|% + 2wr™ — w')pl|ul|? (4.29)
s s

||P¢u||§ + 2we Im{u, u') g

+ 4h2/3wg0'||u’||?g + h_2/3(w¢)'||u||§ + 2w Re(Vu,u')s.
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To continue, let 1p( r,/2) denote the characteristic function of B(0, Ry/2). We
bound 2w Re(Vu,u’)s from below by

2wRe(Vu,u')s > —Qw(r)/\V(r, O)u(r,0)u'(r,0)|do

> =V lloe 150,02 (r)w ()l (r, 0)|5
= IV o 1B0.Ro/2) (Mw () Ju(r, 0)[[5, 7> 0.

Plugging this lower bound into (4.29), we get for r # Ry, r # R;.

2

w

’LUF, —|— U),F Z _W|
+ (4023 — Y|V || coLB(o,me/2)) 101120 I

+ (Bw' + wr™ = w')p+ h*Rw) — v |V o 1B0,R02)0) (UH%-

(4.30)

]P¢u||§ + 2we Im(u, u') 5

Now, fix 7 = h?/3 (the author is grateful to Jeff Galkowski for the suggestion to use
an h-dependent 7). Then, use 1) = ¢ on (0, Ry] along with (4.3) to get

(wih) — HVHOOlB(O,Ro/?)w > 1 (2c = ||Vl R0/2)
>0, re(0,Ro2.

Combining this with (4.8) and (4.26), we have

(Bw' + ur™ —w)p+ h™23(w) — v V]leoLpo,ro/2)w) fulls > Erzmnw'HuH?g.

( (4.31)

for all » > 0, r # Ro, r # Ry, and all h € (0, ho|, where hq is as given in Lemma 4.4.
On the other hand, according to (4.4), (4.14), and (4.17), we have

40" = IV |loo1B(0,R0/2) = 0, r > 0.

Updating (4.30) with these lower bounds, we get

2

w
wF' +w'F > —WHRpH%—l—Qwelmw,u’)S
o (4.32)
+ 2w ||ul|3, r# Ry, Ri.
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Next, we apply Fatou’s lemma, along with the fundamental theorem of calculus to
get
/ (w(r)F(r)) < —liminf w(r)F(r) = 0. (4.33)

r—0

Integrating (4.32) with respect to dr and using (4.33), we arrive at

Emin 1 U)2
5 /r,e w'|ul? < m/'QU\P@uF + 2&?/’<9w|uu’|. (4.34)

Combining (4.34) with, (4.11) and (4.12) gives for h € (0, ho|

C
/( (lair + 1 (1 +7)770) fu? < T073 / (14 7) 0| Pul® + 25/ wlu'|, (4.35)
0 r,0

r,0
where C' > 1 is a constant that depends on E;,, Rg, n, ¢ and §, but is independent
of h and u. We will reuse C' is the ensuing estimates, but its precise value will change
from line to line.

We focus on the last term in (4.35). Our goal is to show
no C 2 2 2 2\ 1,12
2 9w|uu|§ﬁ Taw | Pyul” + 0(1+w +pw)(u| h € (0, ho]. (4.36)
If we have shown (4.36), we can substitute it into (4.35) and use (4.10) along with
|pw?| < Ch?/3, r >0

to get

1 C Ce
/ (Lerr + 1ay(1 4 7)) ’ZSW/ (1+7’)1+5\P¢u\2+m/ Pl
0 0 r0

Ty

Ce
+ W /(9 |u|2, h e (0, ho].

Using ¢ < h'%/3 then gives (4.27).
To show (4.36), we first write

1
2/(w]uu'! < ﬁ/ \u|2+[<w2]hu’|2. (4.37)
0 "0 0

We will now show that

C
/T0w2|hu’\2 < C/'<6w2|P¢u\2 + 37 (9(11;2 + [pw?)|ul?,  h e (0,h), (4.38)
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which will complete the proof of the Lemma. To show (4.38), we first integrate by

/ w?|hu/|* = Re (/( w?iu(—h*u") — 2h2ww’ﬂu') (
r,0 6

and then estimate,

h2
Re/( —2h*ww'an’ < — [ (w)?ul* +m /,( w?|hu |, m >0, (4.39)
0 m Jre 0

Re /(9 w?u(—h*u")

= Re/( wi(P, — 20%2p'0, — A — p =V + h™ 3 + E +ic)u
0

< / w? Pl + 2 /<w2so'|h2/3u’\|ur
0 0

W E = p =V + h 2y uf

_2/ 21Pu|2+n2f/ i+ [ fou

c 1
—|— Fnax + [|V]|oo + + —) w?|ul?, ny > 0.
* 3 2)

Now, take n; = 1/4 n2 = 1/(44/c), and bound [/ w?|hu'|* from above in (4.37) using
(4.39) and (4.40). We get, for h € (0, ho],

C 1
[t < [ i <<w2+pw2>|u|2+§ /(gwﬂhu'ﬁ

Subtracting the last term to the left side and multiplying through by 2, we arrive at
(4.38).

parts,

(4.40)

4.3 Proof of Theorem 2

In this final section, we use Lemma 4.1 to prove Theorem 2. We condense notation
by setting L? = L*(R"), H?> = H?(R"), and by renaming the weight appearing on the
left side of (4.2),

b(r) = 1317“1/2 +1(1+7)7 %
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We also employ of a smooth version of the weight (1 4+ r)®, as we did in the last

chapter,

m = mg(r) == (14 r2)1H/4,

Proof of Theorem 2. Let Ry > 3 be large enough so that supp V C B(0, 1:20/4). Pick
xo € R™ with 1/2 < |x| < 3/4, which implies

supp Vo(- + 20) € B(0, Ro/2).

We shift coordinates, apply (4.2) to the operator Py = Py(h) .= —h*A+V (- +x9)— E
in place of P, and then shift back.

2 2

b(| - —ao|)e#(—moDh=2,, b v (- + )

2 2

C - , 2

< 71073 me#" 4/3(]30 —ig)v(- + xo) L
Ce —4/ 2

+ oo )
C A4/ L2
Ce - 2

+ i3 pe(l—ao)h=1/3, o he(0h]

For C' > 1 depending on E, |V||s, Ro, n, and s. Summarizing in a single inequality,

we have

b(| - —mo|)eP T, m(] - —zo|)e? IR (P _ i)y

2~ h1o/3 L2

4.41)
Ce o Yh—4/3 (

+ W BW(I ol) (% 2 s h € (O, ho]
Set C, = C,(h) = 2max ¢. Recall that by (4.16),

1<C, < Klog(h™), (4.42)

for K > 0 depending on Ry, ||V ||o, and Eui,, but not on h. Multiply (4.2) and (4.41)
through by e~ to obtain for h € (0, ho),

. Ce
Im(P — i)ols + 2 goog o], (4.43)

e_C(ph74/3||bv||%2 < hlo

— h10/3

_ —4/3 C . CE
e O o] - —zol)ollie < oz llmll- —wo) (P = ieollfe + s llellia  (444)
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It is straightforward to show that
47 Im ™2 <0+ 03(| - —ao)), m? +m?(| - —xo])) < 17m?, (4.45)

We add (4.44) and (4.43) and apply (4.45) to arrive at

_ . Ce
m~ 7. < oz Im (P = ie)olze + sz vl

_ —4/3
e Cyh “ hlo

For any n > 0,
2e||v]|3: = —2Im{(P — ig)v,v) 2
< Hm(P — g7z +nllm ™ vl|7..

Setting 7 = h'0/3(2C) e~ %" and applying (4.42), we estimate &||v]|2, from above
and find that

Im = |2, < PP (P — ig)u|%,  h o€ (0, hy). (4.46)
The final task is to use (4.46) to show that for any f € L?,
lm= 1 (P — i) tm L f| 2. < PP  Fl2,0 e (0, h)- (4.47)

from which (1.6) follows.

To establish (4.47), we prove a simple Sobolev space estimate, (4.48), and then
apply a density argument which uses (4.46). The proof of (4.48) is identical to the
proof of (3.29), and the density argument matches the one given at the end of the
proof of Theorem 1. However, we repeat both arguments for the reader’s convenience.

We use a < b to denote a < C. b for C.) depending on € and h, but not on
v € H?. The commutator [P,m] = —h?Am + 2h*Vm -V : H?> — L? is bounded. So

for v € H? such that mv € H?, we have

lm(P —ie)vll2 < [[(P —ig)mol[r2 + ([P, m]v] 2
S [lmollg2 + ol a2

S [lmwllze.
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Thus we have shown
|m(P —ie)v|| 2 < Copllmu|| g2, v € H? such that mv € H?. (4.48)

For fixed f € L?, the function m(P —ic) " 'm~' f € H? because

m(P —ig) 'm™tf = (P —ie) ' f +[m, (P —ie) m ' f

= (P —ie) ' f+ (P —ig) ' [P,m](P —ig) 'm ™' f.

Now, choose a sequence vy € Cg° such that v, — m(P —ie)"'m~'f in H% Define

Up == m 'vg. Then, as k — oo
|m 0 — m (P —ie) " 'm  f |2 < ok — m(P —ig) " 'm = f||g2 — 0.
Also, applying (4.48)
lm(P — i)tk = fllzz < llok — m(P —ie)~'m™" fll g2 — 0.

We then achieve (4.47) by replacing v by 0y in (4.46) and sending k — 0.
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5. LOCAL ENERGY DECAY FOR L>* WAVESPEEDS

Theorems 3 and 4 follow from the more general Theorem 5, which we prove in this
chapter. To prove Theorem 5, the key is to establish suitable Sobolev space estimates
at high and low energy on the norm of the meromorphic continuation of the cutoff
resolvent yR(A)x = x(—c*A — \?)71y, where y € C5°(R™) and A € R\ {0}. Here,
the relevant spaces are L2(R") and H'(R"). They correspond to the second and first
terms on the left side of (1.13), respectively.

Throughout this chapter, we suppose the dimension n > 2, and, as before, that

our wavespeed has the properties
c=c(z) >0, cc'elL®R"), supp(c — 1) is compact.

Our other standing assumption is that we have an exponential semiclassical resolvent

bound depending on a parameter ¢ > 1.

Assumption. Letn > 2. Suppose thatV € L, (R™) is real-valued. Let [Erin, Emax] €

comp

0,00) and x € C°(R™). There exist constants ¢, C, hg > 0 so that
( ) ) X 0 )y~

IX(P(h) —ie) "Xl p2msre < e (5.1)
for all E € [Enin, Emax), 0 <e <1, h € (0, hl.

For instance, Theorem 1, along with the Theorem in [Dal4], show that (5.1)
holds for ¢ = 1 when VV € L*(R"). Theorem 2 shows that (5.1) holds, at worst, for
¢ =4/3+mn, any n > 0. As discussed in Chapter 1, the sharp value of ¢ for general
V € L™ is still an open problem.

We use (5.1) and the connection suggested by (1.11) to show that, at high energy
(Proposition 5.2):

INROOX| 2y szo@n < €@ X €R\[-M, M], some M > 1. (5.2)
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At low energy, we use properties of the free resolvent to find (Proposition 5.1):

IXRO)X 22 (ny r2ny < Cr(1+ [A]"?[log A|), (5.3)

A € [—e0,€0] \ {0}, some 0 < gy < 1.

One technical innovation presented in this chapter is the careful distinction be-
tween H'(R") and H'(B(0,R)) in order to deduce from (5.2) and (5.3) analogous
estimates for the homogeneous space.

If n > 3, one can extend the continuation of yR(\)x as bounded operator

H'(R™) — H'(R™) using that for any y € C3°(R"), there exists C,, > 0 such that
Ixelliz@n < CillVelz@n,  all ¢ € G(R™). (5.4)

This estimate follows, for instance, from the Gagliardo-Nirenberg-Sobolev (GNS) in-
equality [Ev, Theorem 1, Section 5.6.1]. In Appendix D, we use the GNS inequality
to prove (5.4).

On the other hand, (5.4) fails when n = 2, also see Appendix D for a counterexam-
ple. However, for any R; > 0 as in Theorem 3, restricting to C§°(B(0, Ry)) restores
access to (5.4), with C,, now also depending on R;. Then, for any dimension n > 2,
the continuation of yR(\)x extends as a bounded operator H'(B(0, Ry)) — H'(R")
with norm estimates similar to (5.2) and (5.3), which are sufficient to prove Theorem
5.

The logarithmic singularity appearing in (5.3) when n = 2 differs from the case
of an obstacle, where the resolvent is bounded near zero in all dimensions. Although,
this singularity is still weak enough to allow integral estimates via Stone’s formula,
similar to the those appearing in [PoVo99]. From these estimates (Section 5.5) we
conclude Theorem 5.

The outline of this chapter is as follows. In Section 5.1, we set up the energy
space H in which we work, and give the more general statement of the local energy
decay (Theorem 5). In Sections 5.2 and 5.3, we prove the L*(R") — L?(R") cutoff

resolvent estimates at high and low energy, respectively. In Section 5.4 we convert
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these estimates on L*(R™) into estimates on H. Finally, in Section 5.5, we combine
these estimates with Stone’s formula to prove the local energy decay rate.
We remind the reader that Appendix B contains various facts about the operators

—c2A and (—c®A — A?)7! to which we refer throughout this chapter.

5.1 Functional analytic statement of the local energy decay

For Q C R™ open, set L*(Q)) = L*(Q, ¢ 2dx). We work in the Hilbert space
H = H'(R") ® L3(R"). For R > 0, let

Hp = {(ug,u) € H : ug € H(B(0, R)), suppu; € B(0,R)}. (5.5)

This is a closed subspace of H, and is the space on which our logarithmic decay rate
holds.
Set L = —c*(x)A : L*(R™) — L?(R™), which is nonnegative and self-adjoint with
respect to the domain D(L) = H?*(R"). Define the operator B by the matrix
0 il
B := :H — H,
—iL 0

which is self-adjoint with respect to the domain
D(B) = {(ug,u1) € H : Aug € L*(R"),u; € H'(R")}.

The proofs that L and B are self-adjoint are in Appendix B.

Another fact we will deploy in Section 5.5 is that if (ug, u1) = ([pm], w1) € D(B)N
Hpg, then B(ug,uy) = (iuy, —iLug) € Hgr for some R’ > R. To show this, first observe
that since u; € H'(R™) and suppu; C B(0, R), u; may be approximated in H'(R") by
Cg°(R)-functions with supports contained in a slightly larger ball B(0, R') D B(0, R).
Therefore u, € Hl(B(O, R')). To see that supp Aug C B(0, R'), we integrate against
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v € CP(R™\ B(0,R)) and apply integration by parts twice. We may then take
advantage of the fact that each supp p,, C B(0, R),

/ Augp = —/ Vuy - Vo
"\ B(0,R) R™\B(0,R)

= — lim ﬂ( Vo - Ve

m—ro0

"\B(0,R)
= lim OmAp
m=00 Jrn\B(0,R)
=0.

For k € N, let || - || p(sr) be the graph norm associated to B*:
(w0, wi) [l sy = Il (wo, w)ller + 1B (o, wi)lir, (w0, wr) € D(BY).

The operator B allows us to write the wave equation as a first order system. That

is, given (ug,u1) € H,

U(t) = (Us(t), Ur(t)) = e (uo, w1), (5.6)
is the unique solution in H to the wave equation

oU +iBU =0, in R™ x (0, 00),

(0) = (ug, w1).

We now state the local ehergy decay rate for the solution of (5.7).

Theorem 5. Assume (5.1) holds and suppose (uy,ug) € D(B*)NHpg, for somek € N
and Ry > 0. Then for any Ry > 0, there exists C' > 0 depending on ¢, Ry, and Rs
such that fort > 0,

i ’ : # Ug, U X
([((O’RQ) VU *(t) + | U7 (t)dx) < (1og(2+t))k/f”( 0, 1) || p(sr)- (5.8)

5.2 Resolvent estimate at low energy

The purpose of this section is to combine the expansion for the free cutoff resol-
vent with a remainder argument to establish the following low energy bound for the

perturbed cutoff resolvent.
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Proposition 5.1. Suppose that x € C§°(R™). Then there exists an 0 < g9 < 1 so
that
XR(A)x : L*(R") — H*(R"),

is analytic in Qe, == {X € C: |Re |, |ImA| < ego} \ iR_. Furthermore, there exists
C > 0 such that

ROz < O 2llog A, A€ Q. (5.9)

Proof. 1t suffices to take x = 1 on the support of ¢ — 1. Initially, for Im A > 0, define
K(\) : L*(R") — L*(R"™) by

K\ = (1-c)N(-A—-)\)!
= (1 —-c?)Nx(—A - N1

The continuation of yRy(A)yx then provides a continuation for K(A)y to C\ ‘R_.
From (2.1), we see that

KO)x = (1 — 2N (E(A) + A" 2log AE» (V).

This implies that there exists 0 < gy < 1 sufficiently small so that

1
A€ Qo = IKMXprny o) < 5 (5.10)

Therefore, I + K(\)x can be inverted by a Neumann series for A € @Q.,,

o0

(I+KW\y) ™" = Z(—Un(K(A)X)n : LA(R") — L*(R™).

n=0
Furthermore, (I + K()\)x)™! is analytic in Q., because the series converges locally
uniformly there.

To proceed, notice that (1—x)K(\) = 0 for Im A > 0 because (1—x)(1—c2) = 0.
From this, it follows that, when Im A > 0, (I — K(A\)(1 — x)) is both a left and right
inverse for (I + K(A)(1 — x)). Additionally, observe that

T+KWN) =T+KN1=x)I+KXy), Imi>0.
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Putting the two facts together, we get a left and right inverse for I + K (\)
T+EXN)T=T+EN) (I -EKXN(1-x), ImA>0, A€ Qx,
We can now write for, ImA > 0, A € Q..

X(=A =) Iy = x (A = X) T (T + K(V) X
= X(—A = 2)THIT+ KM\)x) ™' = KA1 = x)x
= X(=A = X))+ K\)x) "1+ K(\)x) — K(\))x
= XRo(M)x = x(=A = X*) 7T + K(\)x) 'K (\)x

o0

= xRo(\)x — x(=A =A%)~ Z(—l)” (KX

n=0
oo

= xRo(\)x — x(—A = X)L K (\)x Z(—l)” (K(\)x)"

= XRo(\)x — XRo(\)XK (N)x (—1)” (K(\)x)"

= xRo(M)x 1 — f}(l)" (K(A)X)”“> (

For the second-to-last equality, we use K(A\) = xK(A). We see that the left side
continues analytically to )., because the right side does.

To finish the proof, observe that

IXRoA) x|l 2 @n)—r2@ny < C(14 [A|" 72| log A]), A€ Qe

according to (2.1). It also follows from (5.10) that

n=0

- f(w (K™ <3 aeq.

L2(R")—L2(R")

We now conclude (5.9) because

X(=A =22 Iy = xR(\)xe®.
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5.3 Resolvent estimate at high energy

The goal of this section is to establish an exponential bound on the perturbed cutoff

resolvent when | Re A| is large. Specifically, we prove the following.

Proposition 5.2. For each x € C§°(R"), there exist constants Cy,Cy > 0, M > 1

such that the cutoff resolvent xR(\)x continues analytically from Im A\ > 0 into the
set {A\ € C:|ReX| > M, |Im\| < e~ IR XY “where it satisfies the bound

e 3
HXR<)\)XHL2(]R”)—>L2(R”) S GCI‘R )\‘ . (511)

To prove Proposition 5.2, we need two Lemmas. Essentially, these lemmas convert
(5.1) into suitable statements about xR(A)x, from which we conclude (5.11). For
z € Cand R > 0, let Dg(z) denote the disk {w € C: [w—z| < R}. The first lemma is
a non-semiclassical version of a continuation argument due to Vodev [Vod14, Theorem

1.5].

Lemma 5.1. Let x € C§°(R™). Suppose that there exist C' >0 and M > 1 such that
whenever g € R\ [—=M, M|, the continuation of xR(\)x from Im X > 0 to C\ iR_
satisfies

IXR(A0)x |z 12 (rmy < 7L (5.12)

Then there exist Cy,Cy > 0 such that for each Ay € R\ [-M, M], the continued cutoff

resolvent is analytic in the disk D,\O(e’cﬂ’\‘)'e), where it has the estimate

INRO)X| 2y 22y < @1l (5.13)

Proof. Let x1 € C3°(R™) have the property that xy; = 1 on the support of ¢ — 1.
Without loss of generality, we may assume that x = 1 on the support of x;. For Im A,

Im g > 0, we have the resolvent identity

R(A) = R(p) = (N = )R R(p) =

R(A) = R(p) = (N = ) RO)xa (2 = x)R(p) + (V= p*)R(A) (1 = x1)*R(p), (5.14)

The first equality implies the second because (1 — x1)? + x1(2 — x1) = 1.
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We also compute
R(A)(1=x1) = (1 = x1)Ro(A) = R(A)[x1, A]Ro(A),  ImA >0, (5.15)

(1= x0)R(p) = Ro(u)(1 = x1) = Ro(w)[A, xa]R(p),  Tmp > 0. (5.16)
Using (5.14), (5.15), and (5.16), we express xR(A)x — xR(u)x as a sum of five oper-
ators which we denote by Ty(A\, i), k =1,...,5.

XBO)x = xR(u)x = (A = 1) (xR(O)x) (1 (2 = xa)) (xR(u)x)

1 —x1) [XRo(A)x — xRo(r)x] (1 — x1)

1 —x1) IXRo(M)x — xRo ()X [A, xa] (xR(k)x)
XR)X) (A, xa] [XRo(A)x — xRo()x] (1 = x1)
XR(A)X) [A, xa] [XRo(A)x — xRo()x] [A, xa] (xR (1) x)-

1 (5.17)

This formula continues to hold after continuing both A and p to C\ iR.

+

~—~

e =

B
Il

To proceed, take = \g. We bound the L?(R™) — L?(R™) norm of each Ty (), \o)
for A € Dy, (e~ M), where the precise value of Cy > 0 will be determined later.
Suppose that A € Dy, (e~2I) is not a pole of yR(\)x. Using (2.3) along with the
fundamental theorem of calculus for line integrals, we have, for |a;| + |az| < 2,

102 x Ro(A) X052 — 05 xRo(Xo) x| L2(rmy— L2 (rm) <

Curlh = Ao sup Ajortee=l N e Dy (em ol
0

|A—Xo|<e~C2lR0l

Therefore, for some K > 0 large enough,
105" x Ro(A)x 05> — 05" X Ro(Xo) X0y || L2 ()= L2 ()

(5.18)
< A = AglefPol A € Dy, (el

Using (2.2), (5.18), and further increasing K > 0 if necessary, we conclude that
for A € Dy, (e=C2l)
175X A0) | r2qnysr2eny < IA = AoleFPl) k=23,

TN Ao) | 2@y 2@y < IA = Aol Pl X RO X | 2@y 2@y, k= 1,4, 5.
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Hence, by (5.17) we arrive at
IX RO X 2@y r2ny < 3JA — Aol e Pl RO x || 2 12 + 2eK11,

Now, require C5 to be large enough so that

3|\ — Agle™ Ml < %

in which case there is a C; > 0 so that
¢ _ ¢
IXBO) x| 2@y 2mny < e A € D, (e 2Pl

We have shown then, that yR(\)y is uniformly bounded in Dy, (e~2") when A is
not a pole. Therefore, we conclude that yR(A)x has no poles in D, (e~ 2Pl
[

With Lemma 5.1 now in hand, we just need to show (5.12), which will complete
the proof of Proposition 5.2. To establish (5.12), we apply the exponential resolvent
estimate (5.1). By setting V. :=1—c¢2 € L2 (R") and identifying h = |Re A| !,

comp

we can translate (5.1) into estimates for xR(A)x when | Re )| is large.

Proof of (5.12). Set V,:=1—c?and O :={\A € C:ReA #0, ITm\ > 0}. Without
loss of generality, take Y = 1 on supp V.. Define on O the following families of
operators L*(R") — L*(R") with domain H?(R"),

AN) = —(Re M) 2A + V. + (ImA)*(ReA) 22 —i2Im A(Re M) 12 — 1,
B(\) = —(ReA\) A + V., —i2Im A(Re \) ™! + (Im A\)*(Re )2 — 1,
(5.19)

Furthermore, define on O the family L*(R") — L?(R"),
D(A) = (Im A2 (Re \) "2V, — i2 Im A(Re A) V.

We first subtract,
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Composing with inverses, we get
AN =BT =B\ T DWAN T = (I - B\ T'DW)AN) T =BT

Multiplying on the left and right by x and noticing that D(\) = xyD(\)x, we arrive
at
(I =xBN\) " 'XD))XAN) 'x=xBA) ', Ae€O. (5.20)

Setting £ =1 and h = | Re A|™!, we apply (5.1) to B(\)~!. This gives M,C >0
so that
IXBO) Xl 2@y srz@ny < €SB [ ReA > M, Ae€O. (5.21)

There exists a constant L) > 0 depending on Re A so that

1
DO || 2@y 2@n) < §e*C|R“|Z, |ReX| > M, 0 <ImA < Ly. (5.22)

Therefore, if [ReA| > 0 and 0 < Im A < Ly , we can invert (I — xB(A)"'xD()\)) by

a Neumann series. From (5.20) we get

XAV X = ) B(A)_lxD(A))k> éB(A)_lx- (5.23)
Next, we notice that
YR\ x = (Re )" 2xA(N) e 2y, Ae 0.

Then (5.12) follows from the estimates (5.21) and (5.22) as well as the identity (5.23).
[

5.4 Resolvent estimate on the energy space

The objective in this section is to prove Proposition 5.3. It states that when the
resolvent Rp(A) acts on initial data in Hpg, it continues analytically from Im A > 0 to
a region in the lower half plane with estimates on the norm there. These properties
follow from the resolvent estimates proved for yR(A)x : L*(R") — L*(R"™) in the

previous two sections.
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To keep our notation manageable, we set
(L3)" = (L*(B(0, R))" & L*(B(0, R)).

Define Sg : H — (Lg)"*" by Sg(uo,u1) = (Vug, u1). Note that [[Sgllg_ 2w = 1.
Also, throughout this section, a < b means that a < Cb for some C' > 0 that does

not depend on .

Proposition 5.3. Let Ry, Ry > 0. There exist C;,Cy > 0, M > 1, and 0 < gy < 1
so that for all (ug,uy) € Hg,, Sr,Re(\)(ugp, u1) continues analytically from Im X > 0

to the region

O :={AeC:|ReA| > M, Im\> —e RNy 520
5.24
{A€C:0<|ReA <M, Im\> —eM},

One possible © is depicted in Figure 5.1. Furthermore, Sg,Rp(\)(uo,u1) obeys the
estimate
1[R[ A€ ©n{|Re)| > g},

HSRQRB()\)(U&Ul)H(L;)nH S
+ A" 2[logA] A €O N{0<|Re)| <ep}.

(5.25)

€0
M M
| i

\ /Im/zj ¢~ Cal e

Fig. 5.1. One possible region ©.

To prove Proposition 5.3, we first make a compactness argument to show that we

may combine the resolvent estimates of Propositions 5.1 and 5.2 to obtain an estimate

for YR(\)x : L*(R™) — L*(R") resembling (5.25) in a region of the form (5.24).
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Lemma 5.2. There exist C;,Cy > 0, M > 1, and 0 < ¢y < 1 such that the mero-
morphic continuation of the cutoff resolvent YR(\)x : L* — L? has no poles in the
region © of (5.24), where it obeys
eG1IRe Al A€ On{|Re) > g},
IXR(A)X |2 rm)—r2n) S (5.26)
+ A" 2log A\l A€ ON{0<|Re)| <ep}.

Proof. Let g9 be as in the statdment of Proposition 5.1. Let C;, Cy, and M be as in
the statement of Proposition 5.11.

Set L := min{eo, e~ M}, There exist only finitely many poles of yR(\)y in the
compact set {\ € C: ey < |ReA| < M,—L <ImA < 0}. Furthermore, as discussed
in Section 2.3, there are no poles of xR(A)x on the strips {\ € R: gy < |Re )| < M}.
Therefore, there exists 0 < L' < L so that {A € C : g9 < |Re)| < M,-L" <
Im\ < 0} contains no poles of yR(\)x. If we redefine M* = —(log L')/Cy (so that
L = e=@M") then yR(\)y has no poles in (5.24)

Using (5.9), (5.11), and the continuity of yR(\)x on the rectangles {A € C : g <
|IRe M| < M, e @M < —Tm ) < 1}, we get

||XR(/\)X||L2(R")—>L2(R")

(

Cl‘Re/\V |Re)\| > ]\4’7 ’Im)\| S e—CQ‘Re)\‘Z’
(5.27)

< (OB g0 < |ReA| <M, —e @M <ImA<1,

L+ [N"2[logA] 0<|ReA| <&y, —e @M <ImA<I1,
(
where it may be (ecessary to increase the value of .

To finish showing (5.26), we invoke the spectral theorem, which says that for

ImA >0,

1
A < — .

The above bound implies, for instance,
(Jm )~ < e@IReM | Re \| > M, Im\ > e~ CalReAl

IXROA)X |l H—m S (5.28)
|ReA| < M, ImA > 1.
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Piecing together (5.27) and (5.28), and further increasing C if needed, we arrive at
(5.26).
[

Recall in section 2.5 we extended R()A) for A ¢ R, to a bounded operator
H'Y(B(0,R)) — H*(R") using (2.6). Along with this, we now define bounded I :
H'(B(0,R)) — H'(R™) by

L] = L*-lim gy, [pom] € Hl(Bma R)).

The estimate (2.5) shows that the above limit function exists and belongs to H'(R").

Using these operators, we build the bounded matrix operator Mg(\) : Hp —
HY(R") & H'(R") C H,

Mg(N) = : ImA\ >0, (5.29)
w | [=2RO) - il AR (;
where R()) acts on u; as the usual resolvent sending L*(R") — H?*(R™). A brief

calculation shows that for all (ug,u;) € Hg

Uop Uo Ug

MEg(N) D(B) and (B — A\Mg(N) = , Im A > 0.
Ui C Uy Uy
Therefore we conclude
u
Re(\)(uo,u1) = Mr(\) | (up,w) € Hp,  ImA > 0. (5.30)
Uy

Now that we have the estimate (5.26) and the identity (5.30), we can prove Proposition
5.3.

Proof of Proposition 5.3. Let x € C§°(R™) with x = 1 on B(0, R;) U B(0, Ry). For
(ug,u1) = ([om),u1) € Hp,, set ¢ = L*limy,,. Note that yp = ¢. Also, for any
function v € H'(R"), Vu = V(xu) as vectors in (L*(B(0, R)))"”. Combining these

observations with (5.29) and (5.30), we get
AVXR(A)xp +iVXR(A)xu

SRQRB()\)(U(),Ul) = , ImA > 0. (531)
—iNXR(A)xp — ip + AXR(A) xu
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By Lemma 5.2, the entries in the second component of the right side of (5.31)
continue analytically from Im A > 0 to (5.24). Their L*(B(0, Ry))-norms have esti-
mates of the form (5.26) for a possibly larger constant Cy, to account for the factors
of A that appear.

The terms in the first component continue analytically to (5.24) by the identity

VXR(A)x = VXRo(A)x + VXX Ro(N)X(L — ¢72)(x + YR(N)XX). (5.32)

where ¥ € C§°(R"™) is identically one on supp xr, U supp(l — ¢ 2). The bounds
(2.2) and (5.26) imply that ||VxR(A)x||z2- 2y~ also has a bound of the form (5.26),
where again we may need to increase C';. Because we have shown each component
of Sp,Mg, (A)(uo,u1) obeys an estimate of the form (5.26), the triangle inequality
ensures that (5.25) holds.

[

We collect one additional fact before proving the local energy decay in the next
section. By the spectral theorem, R(A\)* = R()), A2 ¢ R,.. Therefore, when Im A < 0,

we have the identities

IXRBA)X | 2=r2 = | (XRA)X)" || 222
= [IXRON) x| z2 12,
102 X Ro(A) x| 2222 = [[(Of X R(N)X)*|| 2= 12

= [IXRO)XO; 22522, |ol = 1.

Noting that we can make the same definition (5.29) for Im A < 0, and then using

(5.33)

(5.26), (5.33), and the proof strategy of Proposition 5.3, we get
1| ReA[* |ReA| > &0, ImA <0,

SryRp(A)(uo, ur) S (5.34)
+ A" 2[log A] 0 < |Re)| <ep, ImA < 0.

5.5 Proof of Theorem 5

We now give the proof of Theorem 5.1, our local energy decay. The proof proceeds

in the spirit of [PoV099, Proposition 1.4]. The idea is to rewrite the wave propaga-
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tor using the spectral theorem and Stone’s formula, and then make an appropriate

contour deformation which is made possible by Proposition 5.3.

Proof of Theorem 5.1. Throughout the proof, we use a < b to denote a < Cb, where
C' > 0 is a constant that does not depend on t or the initial data (ug,u1). If a norm
appears without a subscript, it denotes the norm on (L%)"*1.

It it enough to show that

1SR, e™? (ug, wr)|| S w”(uo,m)nmmw t>0.

Moreover, we can replace ||(uo, u1)||psry by ||(B — 4)*(uo,u1)||g on the right side
because the spectral theorem shows that the operators B* and (B —1i)* have the same
domain and that the norms ||(uo, u1)| p(pry and [|(B — i)*(ug, u1)||z are equivalent.
Let E denote the spectral measure associated to B, and let X = X(t) be a
parameter which depends on ¢. In the last step of the proof, we give the explicit
dependence of X on t.
To keep our notation concise, set F(\) = e #*(\ — )%, The wave propagator

may be rewritten as

e—itB( ztB

Ug, U - @)k(uo,ul)

( — ) g, )
(5.35)
( N dE(\ /A ox F()\)dE()\)) <B — )" (ug, uy)

= (Injex + Ipzx)(B — i)* (o, ur)
We apply Sg, to each of the two integrals and estimate them by separate methods.

To handle the term Sg,Ijx>x(B — )*(uo, u1), let 1g\—x,x) denote the indicator
function of the set R\ [—X, X|. Then, by properties of the spectral measure,

1SR x| o2yt < [ nsx lr—m

< sup F(A)1p\-xx)(A) (5.36)
IA>X

< Xk
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Fig. 5.2. The contour deformation for I*(g).

To estimate the term Sg,Ij\<x (B —4)*(ug, u1), we use Stone’s formula, which says

that, with respect to strong convergence, the spectral measure may be expressed as

dE(\) = lim (2mi) Y (Rp(\ +ig) — Rp(\ — ig))d\.

e—0t

For each € > 0, we can move (B — 4)*(ug,u;) inside the integral. In addition, the

boundedness of Sg, allows us to commute it through this strong limit. We get

e—0t

/( A)Sgr,Rp(\ —ig)(B — @)k(u(),ul)d)\) (

+’LE
hm /( i) Sp, RN (B — i) (g, uy )N

2m1S R, Iz x (B)* (1o, up) = hm /( N Sr, R\ +ie) (B — i)* (ug, up )dA

e—0t X tie

Xza

— 231_1)1%1+ (It(e)+ 1 (g)) (

F(\+ig)Sp,R(\)(B — i)k(uo,ul)d)\) (

(5.37)

The endpoints for the final two integrals indicate that we integrate over the line
segments {\ +ie: X € [ X, X]}.

As discussed in section 2.6, the operator B sends Hpg, into Hpg for some R’ > R,
hence (B — i) (ug,u;) € Hp. Therefore, Proposition 5.3 applies to Sg, Rp(\)(B —
i)*(ug, u). Setting Cs := max{2C;, Cy}, we perform a contour deformation for I*(g)

which has seven segments, I} = I,'(¢), 1 < k < 7. See Figure 5.2.
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Fig. 5.3. The contour deformation for I~ (g).

We use (5.25) to estimate the integral over each segment, and omit the factor

(B — i)*(ug, u1)||r that should appear on the right side of each inequality:

_oax?
||IT(E)|I7 ”];(E)H 5 Xe_te C3X +01X[7

I I S (o) x ke
5.38
LACINTACIES /( _ loglrlar, (5:38)
e “3

@IS [ loglrldr

To handle I~ (¢), we deform it into three segments, I, = I, (¢), 1 < k < 3. Using

(5.34), and again omitting the factor ||(B — i)*(uq, )|z, we have

I ()] < Xete?™ +aax’,

- - —k_(C1—C3)X" (5.39)
115 (), 15 (e)]] S X Fet™ =7,

Taking ¢ — 07 and using the bounds from (5.36), (5.38), and (5.39), we get

. _ 4
IS (0, w1) | S ({ Praxt ) x o) ((B — i) (o, )by (5.40)

To finish the proof, set

log(2 + 1) 1/
Xit)=|——= .
0= ("55")
We have,

(log(2 + )Y < t(t+2)7Y2 — 1 (2C3) log(2 + t) (5.41)
5.41
=t X0 _ o X (1), t— .
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Furthermore, for any C' > 0,

xe—C;t < CC'_k

~ I

z > 0. (5.42)

Plugging the expression for X (¢) into (5.40) and estimating using (5.41) and (5.42)

completes the proof.
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A. THE FREE RESOLVENT

In this Appendix, we first give a short review of Bessel functions in Section A.1. Then
in Section A.2, we use spectral theory and special functions to compute the integral

kernel for the free cutoff resolvent
XRo(A)x == x(—A = X*) "'y : L*(R") — L*(R"),

where xy € C§°(R") and Im A > 0. Throughout, we assume n > 2. Note once again
that Tm A > 0 implies A\ ¢ R,

Our calculations yield the following formula for the integral kernel:

(XBo(M)x)p(z)

%z'ei?fx(x)/ﬂ{ ! ( 4 y|) HV(iXz = y))x(y)e(y)dy,

o 21 \ brr|a —

(A.1)

for ¢ € C3°(R") and Im A > 0, and where HS" is the Hankel function of the first kind

of order v, and v is related to the dimension by
n

v=——1
2

Since both sides of (A.1) are analytic in {\ : Im A > 0}, it suffices to show (A.1)
holds on the positive imaginary axis, that is when A\ = iy, > 0. Therefore, when
we calculate (A.1) in Section A.2, we work exclusively with A of this form.

) in terms of the

In section A.3, we use (A.1), along with the expression for 2%
Bessel functions J, and Y,,, to deduce that yRy(A)x continues meromorphically to C
when 7 is odd, and to the logarithmic cover of C\ {0} when n is even. The series
for J, and Y, yield the expansion (2.1) for xRy(A)x, which we recall for the reader’s

convenience

XRo(A)x = E1(A) + X" 2log AEy (),
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for A € C\ iR_ and E;(\), Es(\) entire operator-valued functions, Ey = 0 when n is
odd.

One can apply Schur’s test to the kernel in (A.1) to prove, for the continuation
of xRo(N)x, the A-dependent bounds (2.2) for |0 xRo(\)x0*?|| 12— 12. However, we
omit the details of this argument.

The reader who is interested in the one dimensional case may consult [DyZw,

Chapter 2].

A.1 Review of Bessel functions

Our notational conventions for the various special functions match those of [Ol].
We begin with the Bessel function of the first kind of order v. It is denoted by J,(z)
and defined by the series [Ol, page 57]:

hz) = (_2) Oooéry+kju)1
J

where I' is the Gamma function [Ol, page 31

= /[ et dt, Rez > 0.

Next, we consider the Bessel function of the second kind of order v, denoted by Y, (z).
It has a different formula depending on whether v is an integer. If v ¢ N (that is, if
n is odd), then [Ol, page 243]:

Jy(z) cos(vm) — J_,(2)

sin(v)

Y, (z) =

On the other hand, if v € N (that is, if n is even) [Ol, equation (5.07)]:

Y, (2) = (%i) i ni (‘" —s =) (iﬁ)k + zlog (%z) J,(2)

e ) Ookzo 1y . (A.2)
27T §{¢(8+1 +¢(n+3+1)}—8!(n+8)! <{z2) :

where ¢p = I'//T" is the logarithmic derivative of the Gamma function.
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The Hankel function H, l(,l)(z) of the first kind of order v is given by [Ol, page 241]:

HWY(2) = J,(2) + Y, (2).

v

In turn, the modified Bessel function K, (z) of order v, also known as Macdonald’s
function, is defined in terms of H" [Ol, page 250):

1 [ 8%
K, (z) = §m’eTH,El) (iz). (A.3)

The asymptotics of K, (z) are [Te, page 202],

(2”) (2” +0(z7""%) v>0,
5)

+ O(1) v =0,

Ky (z) =
log
as |z| — 0, and

K,(z) = e (14+0(z7h)

z

for |z| — oo. The small-z asymptotics follow simply by v(riting K, in terms of the
series that define J, and Y,,. See also [Ol, page 250] for a more explicit version of the

large-z asymptotic for K, as well as its derivation.

A.2 Computation of integral kernel in the upper half-plane

As mentioned above, in this section we work exclusively on the positive imaginary
axis, that is, with A of the form A = iu, u > 0. The principle of analytic continuation
then ensures that (A.1) holds throughout {A € C: Im A > 0}.

We start with the following two facts from [Te, Section 7.5]. Their proofs rely
on the spectral theorem for unbounded self-adjoint operators on a Hilbert space.
The particular operator we are concerned with is —A : L*(R™) — L*(R™), which is
nonnegative and self-adjoint with respect to the domain H?(R™). The reader can find

a thorough introduction to the spectral theorem in [Te, Chapter 3].

Proposition A.1. For all p > 0,

Ro(ip) = /( e et A gt - [A(R™) — L2(R™).



65

Proposition A.2. Fort > 0 and ¢ € C§°(R"),

=Ry (z) = W/ﬂ( e_lx%‘zlp(y)dy-

Combining the two previous propositions with Fubini’s Theorem we get, for ¢ €

Coe(R™),
Ro()\)@:/ e P te A dp

0

- /O°° o {W/ﬂ( elz‘“stO(y)dy] ét
- / . [/( (47;)71/2 s dt} é( y)dy.

Our goal is to compute the final bracketed expression, which in the integral kernel.

For |z — y| > 0, we make the change of variables t = |x — y|e®/(2u) to find

1 o, —o—yl? T — 2
/[ (471'15)"/26_# e = | 2uy’ (2%\1’”— y\) '
/( 6—(g—1)s€_u\z;y|es_mzfgw—sds
ool , .
- (ZW\x—y\> | (A.6)
/( (5-1)s o —nle—y| cosh(s) 7

(2W|y|>
/( cosh ((% - 1) s) iwycosh@ds.

To continue, we express the last integral in“terms of

pecial functions. In terms

of the modified Bessel function K, (z), v =n/2 — 1 [Ol, page 250]:

Kol ) = /[ cosh ((f = 1) s) sl gs. (A7)

We now combine (A.3), (A.5), (A.6), and (A.7) to achieve (A.1) for A = iu, p > 0.
Note in particular that Note in particular that the integral kernel of (A.1) is locally

integrable on account of (A.4). Then, by analytic continuation, (A.1) holds in all of
{AeC:ImA\ > 0}.
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A.3 Meromorphic continuation of the free resolvent

We now meromorphically continue beyond the upper half-plane. First, suppose
that v is not an integer (that is, suppose n is odd). Then both 2”.J,(z) and 2"J_,(z)
are entire in z. Because, in this case, 2" H, M is a linear combination of the functions
z¥J, and z¥J_,, we conclude that z¥ H M is entire when v is not an integer. Therefore,

(A.1) may be extended to all of C and we may write

(R (M) () = /ﬂ( B\ 2. )(0)dy

where F is analytic in A\, compactly supported in x and y, as well as locally integrable
in | — y|. This justifies (2.1) when n is odd.

If v is an integer (that is, if n is even), then again 2 H."(2) is entire in z except
for the logarithmic factor that now appears in the formula (A.2) for Y, (z). Hence, in
this case, (A.1) continues to the logarithmic cover of C\ {0}.

Extracting the A-dependence from the z¥ factors multiplying the logarithmic term

in (A.2), we find

(XRo(A)(r) = /ﬂ( (B .) + X log AB(A, .1) 6@)@,

where E; and E, have the same properties as E; above. This justifies (2.1) when n

1s even.
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B. THE RESOLVENT OF THE LAPLACIAN WITH A
ROUGH WAVESPEED

In this appendix, we first prove the elliptic estimate (2.4) for the perturbed resolvent
R()\) = (=c*A — X?)71, which we recall:

IR |2y < Callellzzgny, ¢ € CER™), X* ¢ Ry
Then, we show that the operators L = —c?(x)A and

B 0 il |
—iL 0

as defined in Section 5.1, are self-adjoint with respect to their given domains. Fi-
nally, we present some details concerning the meromorphic continuation of black box
scatterers, and explain how the cutoff resolvent x R(A)y fits into this framework. The
theory of black box scatterers was first developed in [SjZw91]. More recent presenta-

tions can be found in [Sj, Chapter 2] and [DyZw, Chapter 4].
As in Appendix A, we work in dimension n > 2. We abbreviate L? = L*(R"),

L? = L*(R*, ¢ %dx), H? = H*(R"), and H' = H'(R™).

B.1 Elliptic estimates for the perturbed resolvent

Proposition B.1. Let \*> ¢ R,. The resolvent R(\) is bounded L?(R") — H*(R").

Proof. Let ¢ € C§°(R™). Integration by parts yields

Re((L = X*)¢, )12 = Re (/((—Aso - C‘QAZSO)G) (
_ /<|Vsol2 — P Re(A) gl
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Rearranging terms, estimating with Cauchy-Schwarz, and using ab < a?/2 + b*/2, we
get
IVl < Ox (I(L = N)e

w2+ llell) ( (B.1)
where C'y > 0 depends on \.
By density, (B.1) holds for any ¢ € H?(R"), yielding

IVR(Nellzz < Cx ([lellez + IRV ¢l 2) ( p € C°(R").
We then calculate
BN @l + IVRA)elle + [[ARMA)¢ll 22 < [lellollell 2
+Cx ([ellzz + 1ROV ¢ L2)< B2)
+llepllze + MR 2
< Crellell Lz,

where C'y . > 0 depends A and c. Note that we have used the identity

AR\ = c 2 + ¢ 2N R(\)

as well as the fact that R(\) is bounded L*(R™) — L?*(R™). By properties of the

Fourier transform,

S fru <2 ARl

la|=2 L2

Therefore || R(A)g|| g2 is bounded by a constant, depending on n, times the left side
of (B.2). This shows R()) is bounded L*(R") — H?*(R™) as desired.

B.2 Self-adjointness of the perturbed Laplacian
Proposition B.2. The operator L is self-adjoint L*(R™) — L?(R").
Proof. We need to show that D(L*) = H?(R"), and that

(Lu,v)r2 = (u, Lv) 2, u,v € H*(R™). (B.3)
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First, we show that H?(R™) C D(L*), and that (B.3) holds. Let u,v € H*(R"). We
use the fact that integration by parts holds for functions u,v € H?(R").

(u, Lv) 2 = /(u(%)c2
= —/uAﬂ
= —/Au@
:/<—02Au60_2
= (Lu,v) 2.
To see that D(L*) C H?*(R"), suppose u € D(L*). Then, by definition of the

domain of the adjoint, there exists a unique @ € L?(R™) so that for all v € H*(R")

(u, Lv) 2 = (@, v) 2. (B.4)

c

Let F denote the Fourier transform. Using the Fourier transform characterization

of u € H*(R™), it suffices to show there exists C' > 0 so that for all ¢ € C5°(R"™)
(L+]- ) Fu, e < Cllglre, (B.5)

By properties of F,

(U] P)Fu, )z = (u, FHL+ ] [P)p) 2
= (u, F o) + (u, LF ' 9) 2
= (u, F o)z + (0, F o) 2
< ull 2| F ellze + 1 [loo 1@l 2 | F ol 22
< Cllel| 12,

where C' > 0 depends on u, @, ¢ and ||F || 2_2. This establishes (B.5) and com-

pletes the proof.

Proposition B.3. The operator B s self adjoint H — H.
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Proof. Suppose that (u1,v1), (u2,v2) € D(B). We compute

((u1,v1), B(ug,v2)) i = (Vus,iVug) 2 4 (v1, —iLug) 12
= —(Auy,ivg) 12 + (Vvy,iVug) 2
= (—iLuy,va) 12 + (1Vvr, Vug) 12
= ((1v1, —tLuy), (ug, v2)) g
= (B(u1,v1), (u2,v2)) n.

It remains to show that D(B*) C D(B). To this end, suppose (u,v) € D(B*). Then
there exists unique (a,?) € H such that for all (uy,v,) € D(B),

<(U,U),B(U1,Ul)>H = <<a7ﬁ)7(ulavl)>H- (B6)

This implies that
<’U, —ZLU1>L2 = <?],U1>H1, Uy € Hl, Au1 € L2, (B?)
(u,1v1) g = (0, v1) 12, v € H'. (B.8)

To show that (u,v) € D(B), it suffices to show that

(1+[¢]?)2Fv e LA(R™), (B.9)
iﬁj}"(@%u) € LA(R™). (B.10)

Observe that (B.10) ensures that the distributional Laplacian of u belongs to L*(R"),

according to the calculation

n

/<u(x)Ade = — /(2 ﬁxju(x)ﬁxjmdx

J

- /(Z (5f<axju><5>fso<5>ds, o€ (R,

j=1
To show (B.9), we first demonstrate that the subspace {|{|F¢ : ¢ € S(R")} is
dense in L*(R"). Suppose that u € L*(R™) has the property that

/<|s|u<§>fso<g>dg —0,  peSEY.
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This implies that | - |u € Lj,.(R") has the property that

loc

/<|§|u<s>n<§>d§ —0,  neCERY.

So, almost everywhere, we must have |¢|u(§) = 0, which in turn requires that u = 0
in L?(R").
Now, for all p € S(R"), (B.7) says that
(-1, Fehual = /(v(x)——momdx
= (v, —iL(ip)) L2
= |(@, i) |
< lall gallell g
= [lall gl - [Fell e

This shows that | - | Fv € L*(R").
Next, we want to show (B.10). For ¢ € S(R"), we use (B.8) to calculate

<Z<j}—(aﬂﬁj“)ai}—¢>( = [(Vu,iVp) 12|

= [(u, i) g
= <2~]7‘:0>L%
< lelloollol z2llpllz2-

This establishes (B.10) and completes the proof that B is self-adjoint.

B.3 Meromorphic continuation of the perturbed resolvent
B.3.1 General assumptions for black box Hamiltonians

Suppose H is a complex Hilbert space with the orthogonal decomposition

H =Hgr, © L*(R"\ B(0, Ry)), Ry >0,
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where Hpg, is an arbitrary Hilbert space. Let 1p( r,) and 1lgn\p,r,) denote the
orthogonal projections onto the first and second summands, respectively. To condense

notation, we set
u|B(0,Ro) = 1B(0,Ro)Us
Uulrm\B(0,Ry) = Lrm\B(0,Re) Uy

for each v € ‘H. To go along with H, we define the subspaces

Hcomp = {u cH: U|R"\B(O,Ro) € Lzomp(Rn \ B(O, Ro)},

Hloc = HRO ¥ leoc(Rn \ B(07 RO))

If x € L*(R™) and x = € C on B(0, Ry), then we can define y as a bounded

multiplication operator H — H

Xt = Bulp(o,ro) + X|rm\B0,Ro) UlRm\BO,R0)-

We also assume we have an unbounded self-adjoint operator P : H — H, with

the domain D C ‘H. The elements locally in D are defined by
Dioe = {u € Hioe : X € C5°(R"), X|B(0,rR)) =1 = xu € D},
and the compactly supported elements of D are
Deomp = D N Heomp-

In addition, we place several conditions on P and its domain:
L. 1gm po,ry P € H*(R™\ B(0, Ry)),
2. 1rm\B(0,Ro) (Pu) = —Aulrm\p(0,r,), € D,
3. v e H*(R™), v|p(0,re+e) = 0 for some ¢ > 0 implies v|p( ry+e) € D,
4. 1p(0,r,)(P —i)~" is compact.

Each P satisfying these four properties is referred to as a black box Hamiltonian.
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We pause briefly to notice how the operator —c?A, defined on H = L?(R", c~2dx)
with domain D = H?(R", dz), is a black box Hamiltonian. First, L?(R", ¢ 2dx), may

be decomposed as
L*(R", ¢ %dz) = L*(B(0, Ry), ¢ *dx) @ L*(R"\ B(0, Ry), dx)

for any Ry > 0 such that B(0, Ry) 2 supp(l — ¢). Properties 1, 2, and 3 follow
immediately by the definition of —c?A and the fact that the domain is H?(R"). The
compactness of 1p(g gy (P — )~ follows from the Rellich-Kondrachov Compactness

Theorem, see for instance [Ev, Section 5.7].

B.3.2 Meromorphic continuation for black box Hamiltonians

The cutoff resolvent for each blackbox Hamiltonian has a meromorphic continua-
tion to C when n is odd and to the logarithmic cover of C\ {0} when n is even. This
continuation follows from the meromorphic continuation of the free cutoff resolvent,
as developed in the previous Appendix A, along with the theory of analytic Fred-
holm operators. We omit the details, which can be found in [DyZw, Theorem 4.4]
and [Sj, Theorem 2.2], and just state the result.

Theorem 6. Suppose P is a black box Hamiltonian in the sense described in Section
B.3.1.Then
RA)=(P-N)":H—=D

1s meromorphic for Im A > 0.

Moreover, when n is odd, the resolvent extends to a meromorphic family

R(A) + Heomp = Deomp, AreC.

When n is even, the continuation still holds but with C by the logarithmic cover of
C\ {0}

Having already checked that our operator —c2A fits into the blackbox framework,

Theorem (6) justifies the existence of the continuation of x(—c?A — A?)~!y, which we

make repeated use of in Chapter 5.



74
B.3.3 Absence of resonances on the real axis

Let P be a black box Hamiltonian. We say that £ > 0 is an embedded eigenvalue
of P if there exists v € D such that (P — E)v = 0.

An important property of the meromophic continuation of R(\) is that any poles
A € R\ {0} must also be embedded eigenvalues. This follows from [DyZw, Theorems
4.17 and 4.18].

However, a Carleman estimate [DyZw, Lemma 3.31], which can be successfully
applied to our operator —c?A, rules out the possibility of embedded eigenvalues for
—c2A. We omit further details about this Carleman estimate, but remark that related

but more complicated Carleman estimates can be found in Chapters 3 and 4.
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C. ELLIPTIC ESTIMATE FOR WEIGHTED
RESOLVENTS

Suppose that V € L*(R™). Let
P(h)=—WA+V —E, E, h>0,

be a semiclassical Schrodinger operator. As noted before, it is self-adjoint L?(R™) —
L?(R™) with respect to the domain H?(R").

Our goal is to show the following semiclassical elliptic estimate. See [Zw, Theorem
7.1] for a related simpler version of such an estimate.

As we have done previously, in the estimates we abbreviate L? = L*(R"), H' =

HY(R™), and H? = H*(R")

Theorem 7. Suppose that there exists s > 1/2, 0 < hg < 1 and some function
A(h) > 1 depending on h such that

(x)"*(P(h) — E —ig) H{x)~* < A(h), (C.1)

L2—L2 —

for all E € [Epin, Fmax] C (0,00), € >0 and h € (0, hy]. Then there exists a constant
Cve

»min

Emaens > 1 depending on Epin, Enax, ||V]eo, n and s such that

(@)"*(P(h) — E —ie)(z)~ < Cvp

[2sH2 — ) minyEmaxyn’s

hPAR),  (C.2)
for all 0 < e <1 and h € (0, hy).

Theorem 6 is a standard result, but we prove it here for the reader’s convenience and
for the sake of completeness. It shows that one only needs to prove that (1.4) and
(1.6) hold L*(R™) — L*(R™).

First, we prove some preliminary lemmas, which are all straightforward widely-

known, and then use them to prove Theorem 7.
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Lemma C.1. For any u € L*(R") and € > 0, it holds that
—A(P(h)—E —ie)lu= (h?=h?(V - E—ic)(P(h) — E —ic)") (
Proof. We write

—A = h72((=h?A) +V—E—z’5)£ h2(V — E — i)

=h?(P(h)—E —ic)—h 2(K—E —ie).

Therefore
~A(P(h)—E —ie) ' =h?—-h?(V—-FE—ig)(P(h)— E—ie) .

This completes the proof of the lemma.

[
Corollary C.1. For any u € L*(R") and 0 < € < 1, it holds that
(@) A(P(h) = E —ie) @) 1, < Cyph™A(h)||ul|:
for some constant Cy.g > 1 that depends on ||V || and Eypax.
Proof. By Lemma C.1,
() *A(P(h)—E — i) z) u =
W2 ((V—E—ie)(z)*(P(h) — E — i) (z) ™" — (x) ) {l.
Using 0 < € < 1, we then get (
[(2) " A(P(h) — E —ie) ™ {z)"ul|:
< B2 (Voo + Bunax + DAR) + 1) [[ull 2,
completing the proof.
0
Lemma C.2. The operator [A, (z)~*](z)* is bounded H'(R™) — L*(R™) with
[A, (@) x)* e < Chs, (C.3)

for some constant C,, s > 1 depending on n and s.
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Proof. A quick computation shows

Az)*u = (Ax)*) u+2(V(z)*) - Vu+ (z)*Au,

for any u € C§°(R"). So, computing the commutator [A, (z)~%] = Ax)™® — () A,
we get
[A, ()" () u = Alr) ()" u — (2) " Afz)*u
= ((z)°Az)®) (—l— 2(x)*V{(z)® - Vu.

We explicity compute the functions (x) *A(z)*\and (x)*0;(z)*, j =1,...n:

(@) 7" Az)* = ns(x)™ + 5 (s — 2) [af*{a) ™

() °0;(x)® = sw;(x)~?
Both of these functions are bounded with

(z) T Ax)°| < ns+ s|s — 2|,

(@) 0y ()| < .

Lemma C.3. There exists C,, > 0 depending on n such that for all w € H*(R™)
lullgz < C ([[ullr2 + [|Au]|z2) (C.4)

Proof. By density of C§°(R™) in H?*(R™), it suffices to prove (C.4) for u € C§°(R").

For a single partial derivative 0;u, 1 < j < n, we integrate by parts just once to see

/<|3ju|2dx = — / (g(f.u) (dx < % (v /<|u\2da: +7_1/|3]2u|2dx) ., y>0.

(C.5)
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For the mixed partial derivatives 0;0,u, 1 < j # k < n, we integrate by parts several

times to get

/lﬁjﬁku\2da::/((8k8j8j8ku)ﬂda:

/ (o) de
:/ f
%( (yakuy d:c+/\a2u| dx)(

We now fix v =1 and combine (C.5) and (C.6) to find

n
[ Z(ajuué
j=1

+ > [ 19;05ul7: + || Aul7

1<j#kQqn

< n+ 2

ullZz + Call AullZ,

where the constant C),, > 0 depends on n but is independent of wu.

If we do not fix v in (C.5), we obtain the following.

Corollary C.2. It holds that

¥ 1
ol < (1+25) (uup ¢ lduls >0

We are now ready to prove Theorem 7.

Proof of Theorem 7. By Lemma C.3, it suffices to show

Alx)"*(P(h) — E —ic) Hz)*u 2 < Cvpnsh 2A(h)||ull L2,

for all 0 < e < 1 and h € (0, hg), and u € L?*(R™). We have

(C.7)

Alz)=*(P(h) — E —ie)"Ha) ™" = [A, (2) " (2)*(2) " (P(h) — E — i)~ {2)~*

+ (2) SA(P(h) — E —ig) " Ha) "%
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The following estimates are made possible by Lemma C.2 and Corollaries C.1 and

C.2. For 0 <e <1, h € (0,h], and u € L?,

|A(z)=*(P(h) — E — i)™ (z) "*ul| 2
<A, (@) "W)™ (@) = (P(h) — B — i)~ {z) " "ul 2
+ (@) A(P(h) — B —ie) ™ (@) "ul| 2
< Coll{@) (P (h) = B —ie) ™ )" ullm
+ OV g D2 AR || 2

V2 +
/2

1 —s c N—1/,\—s
+ oS IA) (P — B =) () ul

< Co o 2T AR )2

+ Cv g h 2 A(R)||1| 22

If we set v = \/§C’n7s, then we can absorb the term in line seven on the right side into

the left side. Then, after multiplying through by 2, the theorem is proved.
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D. POINCARE INEQUALITIES

In this appendix, we review the proofs of the two Poincaré inequalities, (2.5):
lellz@ny < Crl Vol ¢ e C(BO,R), n=>2,
and (5.4):
Ixellzz@ny < CyllVelz@n,  x € CE°(R™), v € C°(B(0, R)), n = 3,

that appear in Chapters 2 and 5, respectively. We also present a counterexample to

(5.4) in dimension two. It is a compactly supported version of the function
0 |z =0,

f(z) =
be(log(1 + |z|71)) |z| > 0.

D.1 Poincaré inequality with support-dependent constant

We begin with the proof of (2.5).

Proposition D.1. Let ¢ € Cg°(R™), n > 2. Suppose that the support of ¢ is con-

tained in the cube (—c,c)™. Then it’s true that
el 2y < V2| Ve[ p2 gy

Proof. Write x = (2/,x,) (so 2’ = (x1,...,2,-1)). We have:

o(x) = (2, z,) / pTad o(a' t)d Ty € (—c,c).

We can then apply Hélder’s inequality to get, for z,, € (—c,¢):

o(z)|* < (/( %(p(x’,t) dt)2
< /( dt /( V(e )Pt

— (a0 [ Vel
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And so

ol = [ /( (o) P!
< / / ((:Bn+c) /( |Vg0(:v’,t)|2dt> émndx’
[—e]n—1 J—c c
< /((mn+c)/ /<|Vg0(x',t)|2dtdx'dxn
c [—c,cn—t c

= 26|Vl 2.

D.2 Global Poincaré inequality in dimension three and higher

To prove (5.4), we first recall the Gagliardo-Nirenberg-Sobolev (GNS) inequality,

as proved in [Ev, Section 5.6].

Theorem 8 (Gagliardo-Nirenberg-Sobolev inequality). Assume 1 < p < n. There

exists a constant C' > 0, depending only on p and n, such that
[ull Lo (ny < Cl| V]| o) (D.1)

for all uw € C}(R™). Here p* is the Sobolev conjugate of p,

* np
p = .
n—p

We now apply the GNS inequality along with Holder’s inequality to prove (5.4).

Proposition D.2. Let x € C5°(R"), n > 3. There exists a constant C,, > 0 depend-

g on x and the dimensiton n such that
Ixullze < Cyl[Vaul| 2,
for all u € CL(R™).

Proof. We begin by applying the GNS inequality for
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We then get a constant C' depending on n such that
Ixullze < ClIV(xw)||g2n/nse.

We then majorize the right hand side using the triangle inequality and two applica-

tions of the generalized Holder inequality.
IV(x) |l p2n/nsa < CliXVull gzamie + CIVX)ul[ ponnsa
< ClixllinlVullze + ClIV X prrzllull p2n/n-2

To the term ||u|| 2n/n—2, we apply the GNS inequality an additional time, with

to arrive at

|l p2nsn—2 < Oyl V| 2.

D.3 Counterexample to global Poincaré inequality in dimension two

To finish this appendix, we use the function f as defined above to construct a
counterexample to (5.4) in dimension two. First, we multiply f by a cutoff ¥ and
show yf € H'(R?). Then, we show that no estimate of the form (5.4) can hold for
Xf-

Proposition D.3. Let ¥ € C5°(R?) such that x = 1 near 0 € R%. Let
0 2| =0,

f(z) =
be(log(1 + |z|~1)) |z| > 0.

Then xf € H'(R?).
Proof. Step 1: We have Y f € L*(R?) because, for € > 0 sufficiently small, Yf = f on
B(0,¢) and:
/ (log(log(1 +r~1))?rdr < oo.
0
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The finiteness of the integrals follows by combining L.’Hospital’s rule with the estimate

log(l+ ) <z, al x> 0:
lim 72 log(log(1 +77')) < lim —r'?log(r)
r—0t r—0t

=0.

Step 2: The weak derivative 9;(Xf) belongs to L*(R") and is given by

|z =0,
0;(xf) =

iX)S =X <log<1+\x|flj>(1+|x\>|w\) || > 0.

First, L*integrability of the\above function follows because for |z| > 0,

2
ZEj 1

< )
log(1 + [2[=") (1 + |2)|z] ™ log*(1 + |z[~1) [

10, f] = (D.2)

and, for 0 < e < 1,

1 1
d:lj = 271-/ d?"
/B<o,a> log?(1 + |z|~1)|z|? log?(1 + r—1)r

1
:27r/ ————dr
—1 log™(1+7)r

< 0Q.

Second, for ¢ € Cg°(R"), Lebesgue’s dominated convergence theorem and the diver-

gence theorem say that

/ XfOjpdr = lim X fO0;pdx
R2 €20 JR2\ B(0,e)
T

~ i — (0,0 f + X(0,Foda + /( e s ()

=0 Jrn\B(0,¢) B(0,¢) |z

— [ @0re+x (kégu TR lwl>|x') édx

where dS denotes surface measure on the circle of radius € in R?, and we have used

that

/ ( )Xf@%dS(x) < 0,27@52 log(log(1+¢71) < Cipe =0
B(0,e

ase — 07 .
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Proposition D.4. Let y € C°(R?), x £ 0. There does not exist a constant C\, > 0
such that, for all ¢ € C3°(R?),

Ixellz@ry < Oy IVl L2me).-

Proof. Let ¥ and f be as in Proposition D.3. Take {p,,} C C5°(R?) to be a sequence
such that ¢, — v f in H'(R?). Let {¢m, }72,; be a subsequence that converges to x f
pointwise almost everywhere with respect to Lebesgue measure.

If the proposed estimate holds for a certain C,, then for any ¢ € C§°(R?) and

Tg € RQ,
CRIVAllZ2m2) = CRIV (w0 + £2)) |72y

i /“‘(Q Ix(2)¢(xo + ex)[*dx (D.3)

S lelao)? /ﬂ( ()P

as ¢ — 0%. Setting ¢ = ¢, and letting & — oo in (D.3) says that |xf| <
CyIV(Xfllz2(r2) almost everywhere, which is a contradiction. Note that the first
line of (D.3) is the crucial step where we use the dimension two assumption. It en-
sures that scaling the integration variable by ¢ does not change the L?*-norm of the

gradient.
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