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ABSTRACT 

Sadeque, Sajia. Ph.D., Purdue University, May 2018. Electro-thermal Transport in Non-

homogenous Network. Major Professor: David B. Janes. 

 

 Nano-structured networks have drawn attention as potential replacements for 

bulk-material approaches in applications including transparent conducting electrodes 

(TCEs). As TCEs, these systems can provide relatively low sheet resistances in the high 

optical transmission regime along with excellent mechanical flexibility. While percolation 

models have been developed to describe the general trends in sheet resistance and 

transmittance on nanowire density, prior experiments have not yielded details such as 

distributions of junction resistances and current pathways through the networks. Most 

experimental studies on nanostructured TCE properties have focused on large area steady 

state exploration of electrical and optical properties or more microscopic studies of 

single/few junctions within the networks. A more detailed and microscopic understanding 

of the conduction pathways is necessary to more completely understand the percolating 

transport in these network systems. 

In this thesis, we fabricate high quality graphene-silver nanowire (NW) based 

hybrid TCE and use transient thermoreflectance (TR) imaging technique with high 

temporal (200 ns) and spatial resolution (~ 200 - 400 nm) that allows simultaneous 

characterization of time and spatial dependence of the local self-heating around NW-NW 

junctions. Hotspots arise from self-heating associated with applied bias and are spatially 

correlated with current pathways through the network. Moreover, these hotspots can 

potentially redistribute and/or turn off percolating conductive current pathways due to 

elevated temperatures and thus impose reliability concerns. The ability to image the 

formation of the microscopic hotspots due to local self-heating (i.e. associated with local 

current pathways through the microscopic regions) provides a means to semi-quantitatively 
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infer current pathways in these percolating systems. First, we investigate time dependent 

temperature rise at hotspots in hybrid network at low spatial resolution (i.e. each hotspot 

comprises multiple NW-NW junctions) that allows analysis of multiple hotspots residing 

in between the electrical contacts. We quantitatively determine the thermal time constants 

of the hotspots and show their dependence on different spatial locations within the network. 

Collectively, we decouple the temperature rise into separate contributions from local self-

heating and heat spreading from the electrical contacts. As we identify the time regime 

when local self-heating at the hotspots is predominant, we focus on local self-heating 

(rather than heat spreading from contacts) for subsequent electro-thermal studies. Next, 

using high-resolution TR imaging in case of a silver NW network, we study microscopic 

hotspots corresponding to individual NW-NW junctions and show the temporal and spatial 

evolution of the temperature profiles along two crossing NWs. We quantify the local power 

generated at a hotspot (i.e. an individual junction) at steady state and the fraction of this 

power propagating along each constituent NW. We also compare material/composition 

dependence of hotspots (each containing multiple junctions) characteristics in terms of 

their transient electro-thermal response, number, average temperature, and spatial 

distribution by considering two random 2-D networks where different transport mechanism 

prevails: silver NW network (percolation) and graphene-silver NW hybrid network 

(copercolation). Finally, we do an extended study of temperature distributions (which can 

be described by Weibull distributions) in silver NW network that shows distinctive 

signatures (i.e. evolution of shape parameter with time) of local self-heating vs heat 

spreading through network. The ability to resolve the local self-heating with high temporal 

and spatial resolution uniquely enables a comprehensive understanding of electro-thermal 

response and current pathways in the distributed conductors. 
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1. INTRODUCTION 

1.1 Non-homogenous Network based Transparent Conducting Electrodes 

and its Classification 

This chapter gives an overview of the next generation transparent conducting 

electrodes including 1-D/2-D hybrid nanostructured networks as potential ITO alternatives. 

It also discusses the motivation of this work to understand the current conduction 

mechanisms and distribution of conductive pathways/resistive bottlenecks in non-

homogenous network by means of self-heating. The content of this chapter is taken from 

our previous publications in Nanophotonics [1] and IEEE Transactions on 

Nanotechnology [2], and thus copyrighted by Nanophotonics and IEEE. 

Transparent conducting electrodes (TCEs) are integral elements in many current 

and emerging electronic and optoelectronic components, including touchscreens, 

photovoltaics, displays, thin film transistors (TFTs) and OLEDs (organic light emitting 

diodes) [3]. Currently, transparent conductive oxides (TCOs) are the most widely used 

materials for TCEs. While indium tin oxide (ITO) is the most common, TCOs of interest 

include fluorine doped tin oxide (FTO) and metal doped zinc oxides (such as Aluminum 

doped zinc oxide (AZO).  A relatively large band gap and a very high concentration of free 

electrons (typically > 1020 cm-3 in the conduction band) ensure that TCOs have excellent 

optical transmission and relatively high electrical conductance, respectively [4, 5].  The 

technology is mature and mass-production of TCO-coated glass (thousands of tons/day) 

for a broad range of product categories is routine. 

Unfortunately, TCOs have several limitations: First, there appears to be a 

fundamental tradeoff between carrier concentration and optical absorption, with the 

dopants or defects required for high carrier concentrations contributing to increased optical 

absorption [6, 7].  In particular, the n-doping of TCOs arises from intrinsic defects or 

external doping – these in turn lead to strong absorption in Infra-red regions of the spectrum 

– limiting the overall transmission of 85-90%. This may be sufficient for touch-screens, 
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but photovoltaic (PV) technologies could benefit from higher performance alternatives. 

Second, in addition to conventional Moore’s scaling (for high speed/performance 

computing), ‘More-than-Moore (MtM) technology’ approaches will require flexible and 

transparent electronics/optoelectronics for applications such as flexible displays and 

touchscreens [8, 9]. ITO must be sufficiently thick to meet the conductivity requirement, 

making it difficult to fabricate it as a flexible film. Third, there is limited abundance of 

elements such as Indium; therefore, massive deployment of thin-film PV technology is 

possible only if an alternative to TCOs is found. These emerging requirements of higher 

performance, flexibility, earth-abundant supply, and most importantly, the high cost of 

TCOs have led to extensive research into alternate TCE materials, including nanostructured 

materials. In our publication [1], we provided a detailed overview of reported TCEs along 

with performance comparisons of ITO and other non-homogenous nanostructured network 

based TCEs. 

The first generation of TCO-alternatives is based on non-homogenous Metal 

nanonets: A number of two-dimensional non-homogenous networks of nanostructured 

elements have been reported, including metallic nanowire (NW) networks consisting of 

silver NWs, metallic carbon nanotubes (m-CNTs), copper NWs, gold NWs and metallic 

mesh structures [10-14].   In these single-component systems, it has generally been difficult 

to achieve sheet resistances that are comparable to ITO at a given broad-band optical 

transparency, particularly in the high sheet conductance/high optical transmittance regime. 

The second generation of TCO-alternatives is based on copercolating networks:  

A relatively new third category of non-homogenous network based TCEs consisting of 

non-homogenous networks of 1D-1D and 1D-2D nanocomposites (such as silver NWs and 

CNTs, silver NWs and polycrystalline graphene, silver NWs and reduced graphene oxide, 

graphene-silver NWs-graphene) have demonstrated TCE performance comparable to, or 

better than, ITO [15-17].  In such networks, copercolation between the two components 

can lead to relatively low sheet resistance at NW densities corresponding to high optical 

transmittance. This class is often denoted as ‘hybrid networks’. 

Schematically the three generations of TCEs are shown in Fig. 1.1. 1st generation 

are the TCOs: The TCOs are homogenous ohmic conductors e.g. current flows uniformly 

between the electrical contacts. 2nd generation are 1D metal nanonets and 2D graphene 

based percolating network: The nanonets and graphene both involve conduction through 

percolating network: the electrons hop from one stick to the next in a nanonet conductor, 

while they go around the high-resistance grain-boundaries in typical polycrystalline 
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graphene grown in CVD process. 3rd generation are the 1D-1D and 1D-2D based 

copercolating network: The copercolating network integrates both approaches, and creates 

a TCO-like conductor with very low percolation threshold. 

 

 

Fig. 1.1: Three generations of TCEs (figure is taken from [1]). 

1.2 Graphene-Silver Nanowire Copercolating Hybrid Network 

Non-homogenous nanostructured TCEs based on copercolating hybrid networks 

integrating single-layer graphene (SLG) and a silver NW network been reported with low 

sheet resistance (~ 13-20 /) at 85-92% optical transmission at 550nm wavelength, along 

with excellent mechanical strength and chemical stability [18, 19]. In this kind of co-

percolating hybrid 1D-2D structure, transport bottlenecks within the graphene or silver NW 

network (high-resistance grain boundaries and NW-NW junction resistance, respectively) 

are circumvented by one another (graphene grain boundaries are bridged by silver NWs 

and NW-NW junctions are bridged by graphene). The hybrid material, thus, provides sheet 

resistance versus transparency characteristics superior to either individual material and 

comparable (or even superior) to traditional TCOs [20]. As explained in [19], these hybrid 

networks should not be viewed as two noninteracting conductors in parallel since the 

observed resistances are significantly lower than the parallel combination of the resistances 

of the two components measured individually. Together, these elements mutually erase the 

percolating bottlenecks and reduce the overall percolation threshold as shown in details in 

[19] for copercolating systems of graphene-silver NW (solution cast). The resistance of the 

hybrid is lower than the individual films – this is an example of percolation engineering. 

This is why the figure of merit of copercolating hybrids behave as if they are classical thin-
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films, except with much higher performance. As shown in [20], for copercolating systems 

like graphene-copper nanotrough roll-to-roll network, graphene-silver NW roll-to-roll 

network, sheet conductance changes linearly with thickness, which is a characteristics of 

thin film conductors. On the contrary, silver NW based random networks show significant 

change in sheet conductance beyond threshold thickness (density) [10, 21-23].       

1.3 Current and Heat Transport in Homogenous and Non-homogenous 

Network  

As with many nanostructured approaches based on randomly deposited 

nanomaterials, non-homogenous networks (i.e. silver NW network and graphene-silver 

NW hybrid network) are spatially inhomogeneous at length scales ranging from the NW 

diameter (~ 90 nm) to the mm range. The inhomogeneity exists at two levels: (1) current 

flows selectively through percolating/copercolating pathways (assuming the NW density 

is above the percolation threshold) and (2) the resistance varies across the percolation 

paths, with the average resistance of a NW-NW junction resistance much larger than the 

resistance along a NW body. Fig. 1.2 illustrates the spatial homogeneity of traditional TCO 

based TCE e.g. ITO thin film and spatial non-homogeneity of random silver NW network 

based TCE at different spatial scale. 

Spatial inhomogeneity gives rise to spatially varying current conducting pathways 

as shown in Fig. 1.1 as well as non-uniform temperature profiles. When current flows 

through a conductor, self-heating occurs due to power dissipation. For the device, the 

overall power dissipation is P = I2R, with I and R referring to overall device current and 

resistance, respectively. Unlike a homogeneous thin film (such as ITO), power dissipation 

is not spatially uniform in non-homogenous networks. Local Joule heating based on local 

current within pathways gives rise to spatially-varying T (temperature difference between 

NW-NW junction and surrounding medium). Due to high resistivity of the NW-NW 

junctions, the Joule power is maximum there and microscopic hotspots are formed at the 

junctions. In contrast, such hotspots are not generally observed in homogeneous 

conductors. This is illustrated in Fig. 1.3 where ITO based heater shows uniform heating 

whereas silver NW network shows hotspots. These hotspots may lead to further increase 

of NW-NW junction resistance resulting in super Joule heating [24], temporary 

discontinuity and/or rerouting of a percolation path, and possibly permanent local damage 

of the material. In general, these transport phenomena are not observed in homogeneous 

conductors. 
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Fig. 1.2: (a) and (b) Homogeneous TCE e.g. ITO at different visual scales; figures are 

taken from [25] and [26] respectively; (c) and (d) Non-homogeneous TCE e.g. silver NW 

network at different visual scales; figures are taken from [27] and [28] respectively. 

 

Fig. 1.3: (a) Uniform heating in homogenous conductor (e.g. ITO heater); figure is taken 

from [29] (b) Non-uniform heating (hotspot formation) in non-homogeneous network 

[24]. 

(a) (b)
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1.4 Electro-thermal Conduction in Non-homogeneous Network  

While percolation network theories can include the effects of randomness on the 

macroscopic conductance of such systems, a more comprehensive picture of microscopic 

processes such as current pathways is required in order to understand the conduction 

properties as a function of spatial location and time. Since direct measurements of current 

at each spatial location (or even at the NW-NW junctions) of a network is experimentally 

challenging, alternative approaches, for example, temperature rise due to self-heating (i.e. 

electro-thermal response) can be taken as a method to probe current at different spatial 

locations (specially at the NW-NW junctions) within a network. As shown in Fig. 1.4(a), 

temperature rise at a junction (∆𝑇𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛) and the current flowing through that junction 

(𝐼𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛) are related by the power generated at that junction (𝑃𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛) as explained 

through the following equations. 

𝑃𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛 = 𝐼
2
𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛   𝑅𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

∆𝑇𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛 =  𝑃𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛  𝜃𝑇𝐻 𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

Here, 𝑅𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛 and  𝜃𝑇𝐻 𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛are the electrical and thermal resistance of the 

NW-NW junction respectively. Moreover, as illustrated in Fig. 1.4(b), since the maximum 

heating occurs at the weakest (i.e. the most resistive) links in the most conducting 

pathways, by comparing ∆𝑇𝐽𝑢𝑛𝑐𝑡𝑖𝑜𝑛of two junctions (where hotspots are formed), it is 

possible to semi-quantitatively determine the currents flowing through those junctions 

using the above two equations. The assumption here is that the electrical and thermal 

resistances of the junctions are similar which is generally the scenario after the annealing 

process of the non-homogenous networks. 

Most of the earlier heat-related studies of non-homogenous network focused on 

large area monitoring of temperature profiles as shown in Fig. 1.5(a) and (b). Recently, few 

studies have been reported relating temperature and current flowing, either through the 

entire network (Fig. 1.5(c)) or through one / few junctions (Fig. 1.5(d)). However, in most 

cases, the spatial resolution is in the “mm” range and the temporal resolution in “second” 

or “minute” range. A more detailed study is needed to learn about the coupled dynamics of 

temperature-current at multiple NW-NW junctions simultaneously, under the same bias 

conditions, and with high spatial and temporal resolution, but with a larger field of view of 

the thermal images so that the connection between the macroscopic and microscopic 

aspects can be comprehended. 
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Fig. 1.4: (a) Temperature rise due to self-heating (i.e. electro-thermal response) at a 

hotspot can be used to probe the current at the NW-NW junction; (b) The maximum 

heating occurs at the weak links in the most conducting paths. 

The steady-state temperature profile associated with self-heating in percolating 

and copercolating non-homogenous networks has been reported previously [24, 30], but 

transient response has not been investigated in detail. In this work, we aim to study the 

thermal response taking “time” as a tool to probe the electro-thermal response of hotspots 

in network based systems. 

From reliability point of view, since local hotspots could potentially shut off 

and/or redistribute the conduction pathways [30-33] and damage the network locally due 

to elevated temperature, the study of the time evolution of the hotspots and the knowledge 

of the heat dissipation dynamics are important, not only to gain invaluable insights about 

the physics of electrical conduction, but also to ensure the reliability of the network over 

time. 

From TCE perspective, while nanostructured networks, particularly the 

copercolating networks, can provide impressive TCE performance as well as the other 

characteristics, there are a number of open questions that must be addressed before this 

class of materials are suitable for widespread use. Most of the reported studies to date have 

focused on overall sheet resistance versus transmittance relationships. Studies on the 

microscopic conduction physics have shown spatial inhomogeneity on size scales ranging 

from the nanoscale to hundreds of microns, as well as local behavior that is different than 

Hot Spot generation at highly 
resistive NW-NW junction due to 
self-heating

TJunction = PJunction TH(Junction)

PJunction = I2
Junction  RJunction

ILocal1

ILocal2

If I1>I2, then T is max at RJ1

Contact 2

Contact 1

I1 I2

RW2RW1

RJ2RJ1

RW2RW1

(a) (b)
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macroscopic behavior. A complete understanding of the microscopic conduction physics 

will be essential in understanding the overall impact on the properties of devices employing 

these materials. This thesis aims to answer some of these questions. 

 

 

Fig. 1.5: Different methods to characterize transient heat dynamics. (a)-(c) Silver NW 

networks using Infra-red thermography, spatial resolution in ‘mm’ range. Figures are 

taken from [34], [35], and [32] respectively. (d) CNT networks using inverted optical 

microscopy, spatial resolution in ‘µm’ range; figure is taken from [36].  In all cases, 

temporal resolution is in ‘s’ or ‘min’ range. 

 

 

(a)

(b)

(c)

(d)
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1.5 Organization of Thesis  

The thesis is organized in the following way: 

In Chapter 2, we compare performances of different non-homogenous random 

networks as transparent conductors and discuss the applicability of bulk approaches in 

explaining the observed macroscopic behavior of overall sheet resistance and transmittance 

with thickness. 

In Chapter 3, we discuss the fabrication steps of two different types of non-

homogenous networks (silver NW network and graphene-silver NW hybrid network) and 

details of transient thermal measurement (i.e. thermoreflectance imaging) techniques. 

In Chapter 4, we describe the electro-thermal conduction through graphene-

silver NW hybrid network as a function of time in order to quantify the dynamics of 

hotspots. We determine the thermal time constants and show how they vary with distance 

at different spatial locations within the network. We develop a heat diffusion model to 

understand the physical origins of the thermal time constants and to explain the distance 

dependency. We quantify the time domain over which temperature rise is dominated by 

the local self-heating of NW-NW junctions rather than due to other extrinsic factors. 

In Chapter 5, we focus on obtaining high-resolution spatio-temporal profiles of 

temperature rise of the microscopic hotspots formed in the vicinity of NW-NW junctions 

due to local self-heating. Using a heat transfer model and the experimental NW temperature 

profiles, we determine the local power generated at the microscopic hotspots.  

In Chapter 6, we explore composition/material dependent characteristics of 

hotspots by monitoring and comparing time dependent temperature rise, number of 

hotspots, average hotspot temperature, and their spatial distributions within two different 

types of random networks. 

In Chapter 7, we demonstrate the temporal evolution of overall temperature 

distributions of NWs within such non-homogenous systems. We explain that the 

temperature distributions exhibit distinct characteristics of the dominant thermal process 

(local self-heating vs diffused heating from extrinsic source) occurring within the network. 

Chapter 8 provides a general summary and some closing remarks.  
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2. COPERCOLATING NETWORKS: AN APPROACH FOR 

REALIZING HIGH PERFORMANCE TRANSPARENT 

CONDUCTORS USING MULTI-COMPONENT 

NANOSTRUCTURED NETWORKS 

2.1 Overview 

In this chapter, we provide an overview of reported non-homogenous multi-

component hybrid (i.e. copercolating) networks, including a comparison of the 

performance regimes achievable as transparent conducting electrode (TCE) materials with 

those of homogenous conductors (e.g. ITO) and single-component (i.e. percolating) non-

homogenous networks. The performance is compared to that expected from bulk thin-films 

and analyzed in terms of a physical model. The content of this chapter is taken from our 

previous publication in Nanophotonics [1], and thus copyrighted by Nanophotonics.     

2.2 Performance Comparison of Thin-Film and Nanostructured Network 

Based TCEs 

2.2.1 Selection of Representative Studies 

A number of studies have been published for each class of TCEs described in 

Chapter 1 [10-17, 19-21, 23, 37-45]. In order to allow qualitative and quantitative 

comparison among the performances of the three classes, representative studies from each 

class have been selected. In this analysis, representative publications are chosen based on 

(i) performance (transmittance (T) versus sheet resistance (RS) relationship) that is 

representative of high-quality results within the class, (ii) availability of a complete set of 

data (thin film thickness (t), nanowire (NW) density/thickness, T, RS or 

conductivity/resistivity), and, (iii) a sufficiently large thickness range, allowing meaningful 

interpolation or extrapolation of T over a range of ~70-90%. In general, a variety of results 

have been obtained within a given class, corresponding to different deposition techniques, 

width and length of NWs, or post-processing techniques [19, 37-41]. Most of the studies 

account for the optical properties of the substrate, typically by correcting for the substrate 
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reflectance and normalizing the measured T values to those measured for the substrate (to 

compensate for substrate loss).  

The classes of TCE and representative studies are the following: 

I. Indium Tin Oxide 

ITO is a widely used TCO and is chosen as a representative material for TCOs. 

While materials such as AZO and FTO have shown somewhat lower sheet resistance at a 

given optical transmittance (compared to ITO) [22, 23], the transmittance versus thickness 

and sheet resistance versus thickness relationships are expected to be qualitatively similar 

to those of ITO. 

a. Peumans, et al. [42], denoted as “ITO Theory”.  The authors simulate T and RS 

of ITO thin-films based on “optical constants for e-beam deposited ITO acquired using 

spectroscopic ellipsometry.” Since ITO performance varies widely depending on 

processing details and a widely accepted empirical dataset is not available, this theoretical 

dataset is used by many groups to compare the performance of new TCEs. Unfortunately, 

the paper does not specify film thickness explicitly.  

b. Benoy, et al. [43], denoted as “ITO Benoy”.  This experimental study presents 

a complete data set (t, RS, T) for a range of thicknesses, ranging from 80 nm to 350nm.  For 

this paper, it was not clear how the authors corrected for substrate reflection and multiple 

reflections. The data compares well with “ITO Theory” for the range of thickness reported; 

however, data regarding the low-resistivity regime is not available. 

II. Silver NW and CNT Nanotube Networks 

a. Ruiz, et al.[21], denoted as “AgNW Ruiz”.  This paper presents a complete set 

of data with good performance (RS = 20.2 Ω/sqr at T = 95%). Density, RS, T data all are 

provided along with NW dimensions.  Several combinations of length and width are 

reported; the current analysis focused on a specific data set (length ~ 100 µm and width ~ 

200 nm), which represents the highest performance.   

b. Colman, et al. [23], denoted as “AgNW Colman”.   This paper also presents a 

complete set of data, including RS vs 𝑡𝑒𝑓𝑓 , T vs 𝑡𝑒𝑓𝑓 , T vs RS. The reported NW parameters 

included length = 6.6 µm and diameter = 84 nm. The effective thickness of the film, 𝑡𝑒𝑓𝑓 , 

will be defined in the next section. 

c. Lee, et al. [44], denoted as “CNT Lee”. This paper presents a relatively 

complete set of data, including conductivity vs thickness and RS vs T.  The CNT dimensions 

(diameter, length) are not stated, and thickness data has not been provided for all data 
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points. Data points that are present in both conductivity vs thickness plot and RS vs T plot 

are utilized in the current analysis. 

III. Hybrid Graphene/ NW Copercolating Networks 

a. Chen, et al.[19], denoted as “Hybrid, Solution Cast”.  Our prior study presented 

results on a high-performance hybrid network produced by drop-casting, along with an 

analysis of RS extraction from circular transfer length measurement (TLM) test structures.  

The silver NWs had nominal length/diameter of 40 µm and 100 nm and nominal NW 

densities were stated. 

b. Peng, et al. [20], denoted as “Hybrid Graphene/AgNW R2R”.  This publication 

presents a high-performance hybrid network, produced by roll-to-roll printing using a 

silver NW suspension with ~ 20 μm length and 30 nm diameter and nominal NW densities 

were stated. 

c. Peng, et al. [20], denoted as “Hybrid Graphene/Nanotrough R2R”. In addition 

to the hybrid AgNW/graphene network, Peng et al. presented results for a hybrid structure 

consisting of a single layer of graphene and a 2-D network of copper nanotroughs.  These 

samples exhibited very good performance, among the best RS versus T performance 

reported to date, particularly in the low RS/high T regime. In addition, this data set allows 

direct comparison to hybrid AgNW/graphene networks reported by the same authors. The 

dimensions and density of the Cu nanotroughs are not given. 

2.2.2 Comparison of Sheet Resistance versus Transmittance Performance 

A direct comparison of the reported performances of various TCEs is illustrated in 

Fig. 2.1, which presents the T versus RS (log scale) for the various data sets described in 

the previous section.  The graph also includes the modeling result [42], which shows the 

predicted performance of ITO over a relative broad range of parameters.  For data sets that 

present points at the same T (RS), a direct comparison can be made based on the 

corresponding values of RS (T). Of the TCE classes considered in this analysis, the hybrid 

samples, including graphene/AgNW and graphene/Cu nanotrough networks, exhibit the 

highest overall performance in the high T regime (T ~ 90% and above). For both ITO and 

percolating networks, it has proven difficult to achieve comparable GS values in the T >90% 

regime.  The thicknesses dependences of GS and T in these networks, along with a physical 

model for the GS versus thickness dependence in a percolating network, will be discussed 

in later sections. 
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Note that the overall relationship between RS and T is qualitatively different 

between various classes of TCEs. In order to allow comparison with the T vs RS relationship 

expected for bulk thin films, and associated with a common definition of a figure of merit 

(FOM), curves are also shown for three values of the FOM, as stated in the caption.  The 

specific dependences of T and RS on t will be discussed in section 2.2.4, along with a 

description of the applicability of the FOM. 

 

Fig. 2.1: Optical transmittance versus log of sheet resistance for representative studies on 

various types of transparent conductors. The various studies are summarized in the text.  

2.2.3 “Effective” Thickness of Transparent Conducting Films 

The performances of various TCE films may be compared – as we just did in Fig. 

2.1– without specifying the film thickness. However, a deeper theoretical understanding of 

the data is possible when the information regarding thickness-dependence of transmission 

and resistance are available. As we will see below, for the new class of TCEs developed 

over the recent years, the notion of ‘thickness’ is not easy to define; nonetheless, a careful 

definition allows systematic and meaningful comparison of the dataset available. 
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Typically, in TCEs based on networks of nanostructures, the density of 

nanowires/nanotubes (D) is presumed to correlate directly to the thickness of a bulk thin 

film (t).  The sheet conductance (GS) and optical transmittance (T) are expected to follow, 

at least qualitatively, the respective bulk thin film dependencies on thickness. In order to 

allow a more direct comparison between various classes of materials, it is beneficial to 

define an effective thickness, 𝑡𝑒𝑓𝑓, for each class of materials.  Such a comparison provides 

a means to quantitatively compare the sheet conductance/transmittance behavior in various 

networks and to identify regimes in which the behavior deviates from the expected 

relationships for bulk thin films. For thin film TCOs, including ITO, 𝑡𝑒𝑓𝑓 is t, the actual 

thickness of the film. For percolating and copercolating networks, we define 𝑡𝑒𝑓𝑓 as the 

thickness of a uniform thin film of the same material (e.g., Ag in the case of Ag NW 

networks) containing the same number of atoms/cm2 as the nanostructured network.  Note 

that this definition considers the nanowire/nanotrough/nanotube component, but does not 

account for the 2-D layer (e.g. graphene). 

For cases in which the authors have stated film thickness or a comparable 

quantity, the  𝑡𝑒𝑓𝑓  is determined from the parameters stated in Table 2.1.  The 𝑡𝑒𝑓𝑓 is 

calculated for the various cases as follows:  

a. AgNW Ruiz: Silver density D is given in g/m2. The 𝑡𝑒𝑓𝑓  is: 1 𝑐𝑚 × 1 𝑐𝑚 ×

𝑡𝑒𝑓𝑓 × 𝜌 =
𝐷 (𝑖𝑛 𝑔/𝑚2)

10000
 . 

b. AgNW Colman: 𝑡𝑒𝑓𝑓  is directly given. To show a smooth transition, one data 

point per 𝑡𝑒𝑓𝑓 has been taken. 

c. Hybrid Graphene/AgNW Solution Cast: Silver NW density D is given in #of 

wires/cm2. The 𝑡𝑒𝑓𝑓  is calculated from: 1 𝑐𝑚 × 1 𝑐𝑚 × 𝑡𝑒𝑓𝑓 × 𝜌 = 𝜌 × 𝑡𝑜𝑡𝑎𝑙 𝑣𝑜𝑙𝑢𝑚𝑒 =

 𝜌 ×  𝐷 (𝑖𝑛 
# 𝑜𝑓 𝑤𝑖𝑟𝑒𝑠

𝑐𝑚2 )  × 𝜋 𝑟2 𝑙  

d. Hybrid Graphene/AgNW R2R: Here silver NW density D is given in #of 

wires/mm2. D in #of wires/mm2 is multiplied by 100 to convert to #of wires/cm2. The  𝑡𝑒𝑓𝑓  

is calculated from: 1 𝑐𝑚 × 1 𝑐𝑚 × 𝑡𝑒𝑓𝑓 × 𝜌 = 𝜌 × 𝑡𝑜𝑡𝑎𝑙 𝑣𝑜𝑙𝑢𝑚𝑒 =  𝜌 ×

 𝐷 (𝑖𝑛 
# 𝑜𝑓 𝑤𝑖𝑟𝑒𝑠

𝑐𝑚2 )  × 𝜋 𝑟2 𝑙 . 

The references ‘ITO Theory’ and ‘Hybrid Graphene/Nanotrough R2R’ do not 

report thickness and/or NW density, nor do they report dimensions of nanotroughs. In order 

to obtain 𝑡𝑒𝑓𝑓  for this case, we have assumed that the 𝑡𝑒𝑓𝑓  at T=70% is the same as that 

calculated for ITO Benoy. Assuming GS vs 𝑡𝑒𝑓𝑓
∗ is linear, the  𝑡𝑒𝑓𝑓  value for a given point 

can then be directly calculated from the corresponding GS value. In the case of Hybrid 

Graphene/nanotrough R2R, neither dimensions nor density is stated for the nanotroughs.  
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In order to obtain 𝑡𝑒𝑓𝑓  for this case, 𝑡𝑒𝑓𝑓  is estimated from the reported GS values, assuming 

the same conductivity value ( = 400000 /ohm-cm) reported for individual nanotroughs. 

This assumption again implies an assumption that GS vs 𝑡𝑒𝑓𝑓
∗ is linear and yields 𝑡𝑒𝑓𝑓  at 

T=70% that is in the same range as that calculated for hybrid AgNW/Graphene samples.     

Note that the corresponding values for 𝑡𝑒𝑓𝑓  listed in Table 2.1 (value at T = 70%, shown in 

bold for these studies) are somewhat arbitrary. However, the relative values between 

various data points (used for normalized thickness, discussed below) are consistent with 

the corresponding reported RS values reported in the respective papers. 

2.2.4 Physical Model for Bulk Material and Adaptation for Nanostructured 

Non-homogenous TCEs  

In case of bulk material, the relation between transmittance (T) and thickness (t) 

of the material can be written as: 

 𝑇 =  (𝑒𝑥𝑝(−𝛼𝑡))2  (2.1) 

where 𝛼 is the absorption co-efficient. The relation between sheet conductance 

(Gs) and t can be written as: 

 𝐺𝑠 ≡ 𝑅𝑠
−1 = 𝜎 𝑡    (2.2) 

where 𝜎 is the dc conductivity of the material. 

For most TCE applications, at least 70% of the light must be transmitted (i.e. T ≥

0.7). This regime of interest corresponds to 𝛼𝑡 ≪ 1, so that Eq. (2.1) can be linearized as 

follows: 

 𝑇 ≃   1 − 2 𝛼 𝑡   (2.3) 

Assuming that comparable relationships apply for TCEs based on non-

homogenous metallic NW/CNT networks and copercolating networks, Eq. (2.2) and Eq. 

(2.3) can be rewritten in terms of the effective thickness, 𝑡𝑒𝑓𝑓 , so that: 

 𝐺𝑠 ≡ 𝑅𝑠
−1 = 𝜎𝑒𝑓𝑓𝑡𝑒𝑓𝑓   (2.4) 

 𝑇 ≃   1 − 2𝛼𝑒𝑓𝑓𝑡𝑒𝑓𝑓   (2.5) 
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where 𝜎𝑒𝑓𝑓 and 𝛼𝑒𝑓𝑓 are the corresponding effective electrical conductivity and 

effective absorption coefficient of the percolating/copercolating film. The “effective” 

designations refer to spatially average parameters, e.g., effective thickness of a random 2D 

NW network can be defined in terms of the average thickness over some macroscopic area, 

while the physical thickness of the layer will vary spatially on a microscopic scale (e.g., on 

a wire versus a gap in between wires). Strictly speaking, 𝜎𝑒𝑓𝑓 and 𝛼𝑒𝑓𝑓 are well defined 

only in the case where the behavior versus thickness follows the relationships in Eq. (2.4) 

and Eq. (2.5), respectively. Detailed electromagnetic simulations justify Eq. (2.5) for 

nanonets and metallic NW arrays [19, 46], but the justification of Eq. (2.4) will be 

considered more carefully in the next section. As discussed in this chapter, representative 

reports from percolating networks exhibit sheet conductances that deviate significantly 

from the relationship in Eq. (2.4) over the transmittance range of interest. In this case, it is 

not possible to define a single value of 𝜎𝑒𝑓𝑓 that accurately describes the overall 

relationship. Even for copercolating networks that follow the relationship of Eq. (2.4), 

carrier mobility is not a meaningful quantity, since the carrier density within the network 

is not known, and conductance is limited by junctions rather than by bulk regions. 

In order to represent various classes of materials on a single graph, we define a 

normalized effective thickness, 

 
𝑡𝑛𝑜𝑟𝑚 = 

 𝑡𝑒𝑓𝑓  (𝑇)

𝑡𝑒𝑓𝑓  (𝑇 = 0.7) 
   (2.6) 

i.e., the thickness of the film at 70% transmission is taken as 𝑡𝑛𝑜𝑟𝑚 = 1.  Fig. 2.2 

and Fig. 2.3 present the T versus tnorm  and GS versus tnorm relationships, respectively, for 

the representative studies summarized in Table 2.1. For generating the data points, 

corresponding values of T at and above 70% have been considered. Actual experimental T 

and 𝑅𝑠  data has been plotted against 𝑡𝑛𝑜𝑟𝑚. If experimental T and RS data (at T=0.7) are 

available, those are used directly to calculate 𝑡𝑛𝑜𝑟𝑚. In case, they are not available, 

experimental T is fitted with thickness 𝑡 𝑜𝑟 𝑡𝑒𝑓𝑓  with a straight line to infer the thickness 

𝑡 𝑜𝑟 𝑡𝑒𝑓𝑓  at 70% transmission. 



19                         

 

 

 

Fig. 2.2: Optical transmittance vs. normalized thickness for representative studies on 

various types of transparent conductors. A linear relationship (Eq. (2.5)) is also shown for 

reference. The various studies are summarized in the text. 

 

Fig. 2.3: Sheet Conductance versus normalized thickness for representative studies on 

various types of transparent conductors. A linear relationship (Eq. (2.4)) is also shown for 

comparison. The various studies are summarized in the text. 
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In Table 2.1, the value of 𝑡𝑒𝑓𝑓  corresponding to 𝑇 = 0.7 is shown, along with the 

thickness/density parameter reported in the corresponding paper. The 𝑡𝑒𝑓𝑓  values shown in 

bold correspond to samples in which density/thickness not provided. The 𝛼𝑒𝑓𝑓 values 

obtained by fitting the reported transmittance versus effective thickness relationships over 

the range of reported values (effectively using Eq. (2.5)) are also shown. In the case of 

hybrid samples, a pre-factor corresponding to the transmittance of single-layer graphene is 

employed. The optical transmittance in the “ITO Theory” report does not follow the 

relationship in Eq. (2.5), so a single value for 𝛼𝑒𝑓𝑓 is not suitable to describe the overall 

relationship. 

Table 2.1: Comparison of 𝑡𝑒𝑓𝑓  for representative studies on various classes of TCEs 

TCE type  𝑡𝑒𝑓𝑓  (nm) 

at 70% T 

Density 

(wires/mm2) 

Density  

(g/m2) 

Thickness  

(nm) 

ITO Theory 500     

ITO Benoy 500    80 - 350 

AgNW Ruiz 6900   3.5 – 17.7  

AgNW Colman 210   64 - 532  

Hybrid, Solution Cast 28 2x104– 4.8x104   

Hybrid Graphene/ 

AgNW R2R 

3.5 2.5x104– 5x104   

Hybrid Graphene/ 

Nanotrough R2R 

8    

CNT Lee 50   11 - 87 

 

In case of the three classes of TCEs in our discussion, experimental data shows 

significant deviations from these equations. For transparent thin film coatings like ITO 

(e.g. ITO Theory [43]), GS follows the classical equation, but T deviates at lower thickness 

regime (T actually goes down). Moreover, fitting of the T vs t data shows a pre-factor of 

0.9 (instead of 1). Both these effects are likely related to the reflection loss due to multiple 

scattering from the backside of the material that becomes significant at the low thickness 

regime. The experimental study considered in this paper (ITO Benoy [43]) contains a 

relatively small number of data points, so this effect is difficult to observe. However, 

experimental reports considering a larger number of data points exhibit T vs t relationships 

that deviate from that presented in Eq. (2.3). 

In case of percolating system like AgNW network (AgNW Ruiz [21] and AgNW 

Colman [23]), T follows the bulk equation showing a linear gradual decrease with 𝑡𝑒𝑓𝑓  as 
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expected, but GS does not – rather it shows a sudden decrease in GS as 𝑡𝑒𝑓𝑓 decreases. The 

reason behind this is straightforward: below the percolation threshold, the network 

components cannot form a continuous thin film, which is reflected in its poor sheet 

conductance, GS. The 𝑡𝑒𝑓𝑓  value at which this occurs (corresponding to the percolation 

threshold) varies with NW dimensions and potentially with deposition technique. 

For copercolating network systems (Hybrid, Solution Cast, Hybrid 

Graphene/Silver NW R2R and Hybrid Graphene/Nanotrough R2R), both T and GS follow 

the classical equations, i.e. GS increases and T decreases linearly with 𝑡𝑒𝑓𝑓  . Fitting of the 

experimental T vs 𝑡𝑒𝑓𝑓  shows a pre-factor of 0.97 (instead of 1). This number represents 

the transmission of monolayer graphene (97%) when t=0, i.e. when the NW network is 

absent. As will be discussed in detail in a later section, copercolation results in a linear 𝐺𝑠 

versus T relationship, even at  𝑡𝑒𝑓𝑓  values that would correspond to the “below percolation 

threshold” regime in single-component nanostructured networks.  

2.2.5 Physical Validity of Typical Figure of Merit 

From the discussions above, it can be stated that both thin film (ITO) and 

percolating networks deviate from expected bulk behavior for film thickness below a 

critical dimension (due to T effects for ITO and roll-off in GS for percolating network).  

With ITO, it may not be possible to attain high T even if the GS can be increased by doping 

or thickness. In the case of AgNW or CNT percolating networks, it may not be possible to 

get high GS, if one wishes to retain high 𝑇. For photovoltaics applications, however, both 

𝑇 and GS must be high simultaneously. Copercolating network systems like graphene/metal 

NWs and/or graphene/metal nanotrough bridge the gap and ensure  high GS (low RS) 

regime, without compromising high T (i.e. at lower t). 

A figure of merit (FOM) should allow comparison of the performance of different 

types of transparent electrodes. The comparison is valid only in the regime where the 

physical model that has been utilized to construct the FOM accurately describes the 

behavior of a given TCE. For percolating networks, such comparisons are valid only above 

the percolation threshold regime. In this study, we employ a modified Jain/Gordon figure 

of merit [7, 47], namely   𝐹𝑂𝑀 ≡
𝜎𝑒𝑓𝑓

𝛼𝑒𝑓𝑓
 . This FOM is consistent with the physical model 

(e.g. Eq. (2.4) and Eq. (2.5)) discussed in the previous section. It should be noted that 

neither  𝜎𝑒𝑓𝑓 nor 𝛼𝑒𝑓𝑓, in isolation, represent a valid figure of merit for a TCE; one must 
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consider the two together, along with a thickness range over which relationships 

comparable to Eq. (2.4) and Eq. (2.5) apply. 

Besides comparing the performances of different TCEs, a useful FOM should also 

allow extrapolation of the behavior of a specific TCE over a broad 𝑡𝑒𝑓𝑓  regime, i.e., to 

accurately predict how T and RS change as 𝑡𝑒𝑓𝑓  changes. For copercolating network 

systems, the thickness dependencies of both T and GS follow the relationships presented in 

Eq. (2.4) and Eq. (2.5), so the 𝐹𝑂𝑀 ≡
𝜎𝑒𝑓𝑓

𝛼𝑒𝑓𝑓
 is valid for a broader range of 𝑡𝑒𝑓𝑓  , specifically 

to the regime corresponding to T > 90%. The presence of a second layer in the hybrid 

systems (e.g. graphene in the samples reported to date) introduces a pre-factor in Eq. (2.5), 

corresponding to the transmittance of the graphene layer. This is generally a perturbation 

on the expected T vs 𝑡𝑒𝑓𝑓  relationship, modifying the FOM extracted for the material but 

not qualitatively changing the T vs 𝑡𝑒𝑓𝑓  relationship.  On the other hand, in case of 

percolating systems, within the regime below the percolation threshold, GS falls rapidly as 

𝑡𝑒𝑓𝑓  decreases.  Therefore, a single 
𝜎𝑒𝑓𝑓

𝛼𝑒𝑓𝑓
 value cannot be valid for both the percolating and 

sub-percolating regime. Efforts have been made [22, 42] to define a different FOM for the 

regime below the percolation threshold. However, the traditional FOMs for TCEs, 

including the one considered in this study, can only quantify the behavior in the regime 

above the percolation threshold.  While ITO generally follows a linear GS versus thickness 

relationship over a large range of thicknesses, the T dependence deviates significantly from 

the expected relationship (Eq. (2.5)), due to reflection/multiple reflection effects.  Because 

of this, ITO does not generally follow the overall relationship implied in the FOM.  

Therefore, different values of FOM will be extracted in various thickness regimes.  

2.3 Conclusion 

In this chapter, we have compared several different TCO-alternative technologies.  

While the T vs RS relationship allows direct performance comparison between two data 

points, a more physical-based understanding of the potential performance requires 

consideration of the dependences of T and RS on 𝑡𝑒𝑓𝑓 . We have discussed the importance 

of defining regimes over which a FOM is applicable, in order to allow meaningful 

comparison between various studies. 
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3. FABRICATION AND MEASUREMENT TECHNIQUES 

3.1 Fabrication of Non-homogenous Networks 

In this section, we describe the fabrication steps of the two types of non-

homogenous network used in this work: silver nanowire (NW) based percolating network 

and graphene-silver nanowire based hybrid network. The content of this chapter is taken 

from our publication in IEEE Transactions on Nanotechnology [2], and thus copyrighted 

by Institute of Electrical and Electronics Engineers (IEEE). 

Fig. 3.1 illustrates flow chart of the basic fabrication steps. Silver NWs (purchased 

from Blue-nano, average diameter 90 nm, average length 40 µm) were drop-cast from 

solution on quartz substrates with a density, controlled by concentration of solution and 

number of drops. Four different types of samples are fabricated with NW densities ranging 

from ~2106 to ~4.8106 NW/cm2 as shown in Fig. 3.2(c). From these, the networks with 

the highest density of NWs have been chosen for electro-thermal (i.e. transient 

thermoreflectance imaging, explained later) measurements. For hybrid network, SLG 

grown by chemical vapor deposition (CVD) (purchased from ACS materials) with an 

average grain size of 1µm was transferred over the NW network using wet transfer method. 

The samples were then annealed in forming gas at 300C for 1 hour. Fig. 3.2(a) and (b) 

shows the schematics of the side view of the silver NW and hybrid samples respectively. 

Electrical contacts were fabricated by depositing Ti/Pd/Au with thicknesses of 1 nm/30 

nm/20 nm, respectively, by electron-beam evaporation and patterning in a circular 

transmission-line model (TLM) geometry by photolithography and subsequent lift-off. The 

circular TLM configuration allows confinement of the current without the need to pattern 

the channel (e.g. for determination of sheet resistance), and also provides a geometry for 

current flow and heat spreading which can be used, with appropriate models, for 

comparison of the spatial dependencies of self-heating and heat spreading (Chapter 4). The 

choice of contact geometry (e.g. circular versus rectangular) impacts these quantities 

quantitatively due to different current distributions and heat source/flow geometries, but 

the qualitative behavior is expected to be comparable. The distance between the inner and 

the outer contact (i.e. the channel) is 100 µm. A CCD image of hybrid network as captured 

by a 20x lens is shown in Fig. 3.3.  
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Fig. 3.1:  Fabrication steps of silver NW and graphene-silver NW based hybrid non-

homogenous network. 

 

 

Fig. 3.2: (a) Schematics of silver NW network; (b) Schematics of graphene-silver NW 

hybrid network; (c) Samples prepared with 4 different densities of silver NWs. 
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Fig. 3.3: CCD image of a hybrid network as captured by a 20x lens showing the 

concentric circular inner and outer electrical contact pads along with the electrical probes 

used for electro-thermal (i.e. transient thermoreflectance) measurements. 

3.2 Transient Thermoreflectance Imaging Technique 

In this work, we use high-resolution transient thermoreflectance (TR) imaging 

technique to understand electro-thermal response of non-homogenous networks. This 

imaging technique enables spatial mapping of the self-heating as a function of time 

following the application of a voltage pulse (heating cycle) or following the end of the 

voltage pulse (cooling cycle). Previously this technique has been used to obtain transient 

thermal characteristics of bulk material and devices like field-effect transistors, 

supercapacitors, thermo-electric materials, power transistors and micro-refrigerators [48-

57]. Compared to other measurement techniques (e.g. inverted optical microscopy, infrared 

optical sensor etc.) that have been used to observe the dynamics of hotspot formation and/or 

current conducting paths in NW and CNT based system [36, 58] as shown in Fig. 1.5, TR 

imaging can provide high spatial and temporal resolution simultaneously, along with the 

ability to provide large field of view. With high-resolution TR imaging, µs resolution is 

achievable with fast scanning rate over a large region (more than 600 µm × 600 µm) [59-

62]. Moreover, TR method is contactless and thermal images are simultaneously obtained 

with CCD images so that the physical features (i.e. NW body, NW-NW junction in this 

case) can be mapped with thermal images side by side. 

TR imaging measures the small change (R, ~10-5-10-4) in surface optical 

reflectance (R) as a material undergoes temperature change due to self-heating in response 
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to an applied voltage pulse across the device. By employing a lock-in technique and high-

resolution CCD camera system (14 bit), thermal images with 50 mK temperature resolution 

along with sub-micron spatial resolution can be acquired. Since optical reflectance is very 

sensitive to temperature change, this technique gives much higher resolution than 

traditional IR imaging techniques. Fig. 3.4 shows the experimental set-up along with the 

applied bias (i.e. device heating pulse DHP) and the LED pulse to probe the relative change 

in surface reflectivity (
∆𝑅

𝑅
). A 530 nm LED has been used in this experiment. The total LED 

power over the channel area (~ 3 µ𝑊) is much lower than the applied electrical power (~ 

70 𝑚𝑊), and the duration of the LED pulse is significantly lower than the heating pulse. 

Therefore, heating from the LED pulse is insignificant compared to the Joule heating. 

Electrical contact to the devices was made by placing probes on the concentric circular 

contacts. Two different experiments consisting of 450 µs and 10 µs long DHPs were 

designed with a 10% duty cycle at a rate of 222 Hz and 10 KHz respectively in order to 

periodically heat the device, then allow the device to cool.  By controlling the delay of the 

LED pulse (as shown in the Fig. 3.4(c)) with respect to the beginning of the DHP (D), the 
∆𝑅(𝑡)

𝑅
 (which is proportional to ∆𝑇(𝑡) ) for the entire heating and cooling cycle can be 

probed. The 450 µs heating pulse allowed observation of heating transients for a 

sufficiently long interval to allow quantification of the observed long time constant as well 

as to start the cooling cycle at or near a saturated ∆𝑇. In order to keep overall measurements 

time reasonable, the step in D is 10 µs.  The 10 µs pulse allows a smaller step in D (200 

ns) and can therefore resolve time constants below 1 µs. A pulse length of 10 µs is 

sufficiently long to reach saturation in the local self-heating temperature; somewhat longer 

pulses could be employed, but would include increased contributions from heat spreading. 

The data is averaged over 10 minutes of heating-cooling cycles to improve the signal to 

noise ratio. 
∆𝑅

𝑅
 at each pixel in the image is then divided by the TR coefficient (CTH) in 

order to convert it to a map of temperature change (T). Extraction of the appropriate TR 

coefficient for the hybrid network is given in detail in [24]. In short, TR coefficient of bulk 

gold is used to derive T in the gold inner contact. Then, assuming T between gold 

contact (with known TR coefficient) and nearby hybrid network is similar over a short 

distance (~ 100 nm), TR coefficient for hybrid network is estimated from near-contact 

regions of the TR image. Since the TR signal is normalized to R and the latter is dominated 

by contributions from the NWs in the representative hotspots considered in this study, 

inhomogeneity of the network, e.g. spatial variation in number of NWs per hotspot region, 
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is expected to have minimal effect on the TR coefficient. For 530 nm LED illumination at 

20x magnification, estimated TR coefficient for hybrid network was 1.5x10-4 K-1. The 

temperature resolution of the setup is 50mK, and the 20x lens (NA= 0.4) with a field of 

view of ~ 450 µm × 450 µm gives a pixel resolution of ~ 670 nm. 

 

Fig. 3.4: (a) Experimental set-up of TR measurement (b) 20x CCD image of a hybrid 

device showing the circular contacts along with the probes (c) Schematics of the transient 

TR measurements showing the device heating pulse, heating and cooling cycle and delay 

D of the LED pulse. 

To study the electro-thermal response of microscopic hotspots formed at the NW-

NW junctions in silver NW network (Chapter 5), a high magnification 100x objective lens 

(NA = 0.75) with a field of view ~ 100 µm × 100 µm is employed. An Andor CCD camera 

with 512 × 512 active pixels captures the reflected light from the surface of the silver NWs. 

This provides a higher spatial resolution of ~ 200 - 400 nm (discussed in detail in Chapter 

5). 𝐶𝑇𝐻 for silver NW network is extracted in a similar way and is described in detail in 
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[24]. At 100x magnification 530 nm LED illumination, we estimated 𝐶𝑇𝐻 for silver NW 

network ~ 1.2×10-4 K-1. Finally, since high magnification measurements are more prone to 

spatial drift towards X, Y, Z directions due to thermal expansion, extrinsic vibrations etc. 

compared to low magnification measurements, two additional things are considered 

specifically for measurements in 100x magnification. Firstly, a laser-based auto-focus 

system was utilized to focus on the surface of the NWs and then auto-correct the focus in 

case of perturbations along the Z direction. Secondly, to correct any spatial drift in the X-

Y plane, customized MATLAB image processing scripts are developed to plot the CCD 

profiles along a sharp feature at different D s to check if the location remains the same at 

different time instants D s (i.e. if they occur around the same pixels). All the thermal 

images are adjusted accordingly with respect to D = 0. 
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4. TRANSIENT THERMAL RESPONSE OF HOTSPOTS IN 

GRAPHENE-SILVER NANOWIRE HYBRID TRANSPARENT 

CONDUCTING ELECTRODES  

4.1 Overview 

In this chapter, we report transient temperature responses of local hotspot regions 

within a hybrid network to quantify their electro-thermal properties. During both the 

heating and cooling cycles, we observe two distinct time constants. We have determined 

how the time constants and associated temperature amplitudes of the hotspots change as a 

function of distance from the contact. We found that the short time constant is associated 

with the local self-heating of the nanowire (NW)-NW junctions within the hotspot region 

and the long time constant with heat diffusion through the channel region. We have used 

heat diffusion equations to develop a physically-based explanation of the results. The 

spatial and temporal response of self-heating due to the electrical current at the hotspots 

can provide information on the coupled electro-thermal response and a means to separate 

the effects of local self-heating from those of heat spreading from electrical contacts as 

well as qualitative understanding of current pathways within the network. The content of 

this chapter is taken from our previous publication in IEEE Transactions on 

Nanotechnology [2], and thus copyrighted by IEEE. 

4.2 Transient Response of Hotspots 

In the following, we take transient thermal images of the device to see the 

temporal evolution of the hotspots. Fig. 4.1 shows representative TR images (T) captured 

at various time instants (D) after the start of a 450 µs voltage pulse.  The applied voltage 

is 1.4 V, which induces a current of ~ 50 mA. Certain localized areas in the network are 

seen to have much higher T (as high as 60 K) than surrounding areas and are recognized 

as “hotspots (HS)”. The hotspots are inhomogeneous both in spatial location and in 

temperature. In this analysis, a 4 µm  4 µm area (~36 pixels), generally encompassing 

several NW-NW junctions (microscopic hotspots, with dimensions of ~ hundreds of 

nanometers), is selected for each hotspot. Fig. 4.2 shows a schematic of such a 4 µm  4 
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µm hotspot (~36 pixels) that consists of multiple microscopic hotspots formed at the NW-

NW junctions. 

 

Fig. 4.1: Transient response at different D s showing formation of hotspots during 

heating cycle at (a) 10 µs, and (b) 450 µs respectively and during cooling cycle at (c) 520 

µs, and (d) 980 µs respectively. Left and right dotted lines represent the inner and the 

outer contacts respectively. Four different hotspots located 46, 71, 87, and 134 µm away 

from the center of the inner contact are labelled and denoted as hotspots 1- 4, 

respectively, throughout the chapter. 

 

(a)

(c)

Hotspots

(b)

(d)

10 µm 10 µm

10 µm 10 µm

1

3 42
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Fig. 4.2: Schematic of a hotspot.  

Fig. 4.3(a) shows the temperature evolution of several hotspots at different spatial 

locations as a function of time, obtained using long range pulse (DHP of 450 µs, 5 µs LED 

pulse width, and 10 µs steps in D). For each of these hotspots, there is a sharp temperature 

increase at the beginning, followed by a slower saturating trend in T. 

In order to observe T in the fast part of the transient, we also performed a 

separate TR imaging with a higher temporal resolution, by applying a short range pulse 

(DHP of 10 µs, 200 ns LED pulse width, and 200 ns steps in D) as shown in Fig. 4.4(a). 

The combination of the short and the long DHP allow us to observe the time dynamics 

from several hundred 𝑛𝑠 to 𝑚𝑠 range. Clearly, the transient heating exhibits two distinct 

thermal time constants. Similar two distinct time constants are also observed for cooling 

periods following the long and short range pulses, respectively, as shown in Fig. 4.3(b) and 

Fig. 4.4(b). 

To quantify the two step transient dynamics, we fitted the heating data with ∆T = 

A1H (1- 𝑒
− 

𝑡

𝜏1𝐻)  +   A2H (1- 𝑒
− 

𝑡

𝝉𝟐𝑯)  where 1H  and 2H are the short and long thermal time 

constants, and A1H and A2H the corresponding amplitudes, respectively (see solid lines in 

Fig. 4.3 and Fig. 4.4). Similarly, the cooling transient data has been fitted with ∆T = A1C 

𝑒
− 

𝑡

𝜏1𝐶  +   A2C 𝑒
− 

𝑡

𝜏2𝐶. The long range heating (cooling) data is used to obtain 2H (2C), A1H 

(A1C), and A2H (A1C). The short range heating (cooling) data is used to obtain 1H  (1C). In 

this way, we obtain thermal time constants for different hotspots with 𝜏1𝐻 < 1 µs and 𝜏2𝐻 

in the range ~350-1000 µs. Cooling cycles exhibit 𝜏1𝐶  < 1 µs and 𝜏2𝐶~ 450-3000 µs. 

Junction with Self-heating

4 µm

4 µm
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Fig. 4.3: T vs time (i.e. D) for long device heating pulse of 450 µs (a) heating cycle (b) 

cooling cycle for hotspots 1- 4 (Fig. 4.1). 

Different hotspots within the network show qualitatively similar behavior, but 

with varying time constants, maximum temperature change and relative weighting of the 

two time constants (shown in Fig. 4.5). Switching of current pathways under bias have 

been observed in previous TR studies on NW networks, including those with longer square-

wave bias pulses [30].  In the current study, no evidence of switching of pathways or turn-

on/turn-off of specific hotspots was observed over the time duration of the measurements.  

In comparison to the prior studies which exhibited switching, the improved device stability 

is attributed to both the lower sheet resistance of hybrid networks, leading to lower power 

(a)

(b)
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dissipation at comparable current levels, as well as improved stability associated with 

passivation and local heat spreading effects of the graphene layer [43]. In the following, 

we examine the spatial dependence in order to understand the physical origin of such 

transients. 

 

Fig. 4.4: T vs time (i.e. D) for short device heating pulse of 10 µs (a) heating cycle (b) 

cooling cycle for hotspots 1- 4 (Fig. 4.1). 

4.3 Radial Dependence of Time Constants and Amplitudes of Hotspots 

Fig. 4.5 shows the time constants and amplitudes, respectively, extracted from 

hotspots and non-hotspots (discussed later) as functions of distance r from the center of the 

(b)

(a)
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inner contact. Note that the radius of the inner contact is 40 µm and the inner radius of the 

outer contact is 140 µm. The first important observation is that the short time constant (1H 

or 1C) remains relatively constant as a function of r while the long time constant (2H or 

2C) systematically varies with 𝑟, with the longest time constants observed near the mid-

point between the two contacts. The values of 2H and 2C  are comparable, and almost 3 

orders of magnitude larger than those of 1H and 1C. Apart from the above differences in 

time constants, the steady state magnitudes of the two responses (𝐴1 and 𝐴2) also show 

distinct behavior. For example, Fig. 4.5(b) and Fig. 4.5(c) show the amplitudes A1H, A1C, 

and A2H, A2C respectively as a function of r. The magnitude of 𝐴1 (both 𝐴1𝐻  and 𝐴1𝐶) 

systematically decreases with 𝑟, while that of 𝐴2 (both 𝐴2𝐻 and 𝐴2𝐶) are higher near the 

two contacts, but decreasing towards the center. Both of the above observations play an 

important role in understanding the origin of the hotspot transients as we explain below: 

A hotspot originates at locations where local conductance inhomogeneity such as 

within the NW-NW junction results in higher heat dissipation. Temperature at the hotspot 

region rises very fast (less than 1 𝜇𝑠) due to this local self-heating, with time constant 𝜏1. 

Note that 𝜏1 entirely depends on thermal properties in the vicinity of a NW-NW junction 

and thus we do not see a systematic variation of 𝜏1 with 𝑟 (Fig. 4.5(a)). However, the steady 

state temperature due to this local self-heating does  depend on the local power dissipation. 

Since we have used a concentric radial device structure, there is a systematic 𝑟 dependence 

of the local power dissipation (described in the next section). As a result, we see that the 

steady state hotspot temperature component (𝐴1) decreases with 𝑟 (Fig. 4.5(b)). On top of 

this local self-heating, the hotspot temperature transient is also influenced by the heat 

spreading through the channel— this comprises the long-time-constant portion of the 

transients (𝐴2, 𝜏2). In the samples considered in this study, self-heating in the contact 

regions induces a relatively large temperature rise within the contacts, and heat diffusion 

from the contacts into the channel region dominates this long-time constant regime. Heat 

generated at the contacts (or stored, in case of the cooling cycle) diffuses into the channel 

region, resulting to a contribution to ∆T with longer time constant (𝜏2) and larger spatial 

extent than that of the local self-heating.  This component of ∆T depends on the thermal 

properties and diffusion geometry, including the distance from the hotspot location to the 

nearest heat source/sink. Thus, the hotspots further away from either contact (middle area 

of the channel, see Fig. 4.5(a) and Fig. 4.5(c)) have higher 𝜏2 and lower steady state 

amplitude (𝐴2), as confirmed quantitatively using a heat diffusion model shown in the next 

section. In this experiment, the observed  𝐴1𝐻 (𝐴1𝐶  ) is generally about half as large as 𝐴2𝐻 
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(𝐴2𝐶  ). Thus, in order to study the local self-heating of hotspots, one must be careful to 

exclude the extrinsic 𝐴2𝐻 , 𝜏2 transients. 

 

Fig. 4.5: (a) 1, 2 vs distance (𝑟) for hotspots (HSs) and non-hotspots (NHSs). Dashed 

line represents simulation (calculated) results for 2H (1H). (b) A1 vs 𝑟 for the same. 

Dashed line represents the analytical solution for A1H. (c)   A2 vs 𝑟 for the same. Dashed 

line represents the simulation results for A2H. The simulations and the analytical results 

(a)

2

1

(b)

(c)

1
2 3 4
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are for HSs during the heating cycle. r < 40 µm and r > 140 µm represent the inner and 

the outer electrical contact regions respectively. Vertical dashed lines correspond to the 

boundaries between contacts and channel region. 1, 2, A1, and A2 values of hotspots 1-4 

are shown in arrows. 

4.4 Self-Heating and Heat Diffusion Model 

We use a heat transfer model describing local self-heating and/or heat diffusion 

in order to model the radial dependencies of the amplitudes and time constants shown in 

Fig. 4.5. The general heat transfer equation for a homogeneous thermal conductor is: 

 𝛿∆𝑇

𝛿𝑡
=

κ

𝜌𝐶
 ∇2(∆𝑇) +

1

𝜌𝐶
 𝑄𝑟    (4.1) 

Here, 𝜌 is the mass density,  𝐶 is the specific heat, κ is the thermal conductivity, 

and 𝑄𝑟 is the generated heat per unit volume (unit W/m3) at position 𝑟 for the system under 

consideration. With appropriate geometries and source/boundary terms, the equation can 

be used to model either local generation, e.g. in the vicinity of a hotspot, or long-range 

diffusion of heat through the channel region. 

4.5 Local Self-heating 

4.5.1 Local Self-heating at Hotspots 

First, consider the local self-heating at the hotspots, quantified by 𝐴1and 𝜏1. In 

order to find the steady state temperature (𝐴1), ideally one should consider 𝑄𝑟 as localized 

functions (𝑄𝐿) corresponding to heat generation at the center of each hotspot. Over the 

course of a characteristic length 𝐿0, determined by the relative values of the thermal 

parameters within the local hotspots with respect to the values within the overall 2D 

network, heat will propagate through the network and eventually to the substrate and  T 

will return to the “background” value within that region of the larger network. Here, 𝑄𝐿 =
𝐼𝐿𝑜𝑐𝑎𝑙

2 𝑅𝐿𝑜𝑐𝑎𝑙

𝑉𝐿𝑜𝑐𝑎𝑙
; 𝐼𝐿𝑜𝑐𝑎𝑙 is the local current, 𝑅𝐿𝑜𝑐𝑎𝑙 is the local electrical resistance of the hotspot 

region, and 𝑉𝐿𝑜𝑐𝑎𝑙  is the effective volume of the hotspot. The modeled local temperature 

distribution around a hotspot would then qualitatively be: 𝐴1(𝑟0) ∝  𝑄𝐿  𝑒𝑟𝑓𝑐(
𝑟0

𝐿0
)   with 

𝜏1 =  
𝐿0

2

𝐷𝐿𝑜𝑐𝑎𝑙
 where 𝑟0 is the distance from the center of the hotspot, and 𝐷𝐿𝑜𝑐𝑎𝑙 is the thermal 

diffusion coefficient corresponding to local heat flow.  Since neither 𝐼𝐿𝑜𝑐𝑎𝑙 nor 𝑅𝐿𝑜𝑐𝑎𝑙 are 
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known for a given hotspot, it is not possible to accurately predict the relative values of 𝐴1 

for various hotspots nor an explicit dependence of 𝐴1on r. 

To calculate 𝜏1, we approximate 𝐿0 ≅  4 𝜇𝑚 for various hotspots at different 𝑟. 

Experimentally, we observe most hotspots to be contained within a 4 µm × 4 µm hotspot 

area, indicating that 𝐿0 for our hybrid network is less than or equal to 4 µm.  Assuming 

that heat spreading within the network dominates over a distance 𝐿0 (before heat transfers 

into the quartz substrate), the relevant diffusion coefficient is 𝐷 ≅ 𝐷𝐻𝑦𝑏𝑟𝑖𝑑(effective 

thermal diffusion coefficient of hybrid network). Using 𝐷𝐻𝑦𝑏𝑟𝑖𝑑 =  4.2 × 10−1  
𝜇𝑚2

𝜇𝑠
, as 

estimated from reported values for Ag NW networks and graphene (discussed in details 

later in section 4.8), we calculate 𝜏1 = 
𝐿0

2

𝐷𝐻𝑦𝑏𝑟𝑖𝑑
 ≅ 0.2 𝜇𝑠, which is in line with 

experimentally observed values. 

4.5.2 Local Self-heating in Homogenous Conductor 

In order to understand how the observed radial (r) dependence of local self-

heating compares with that expected from a homogeneous conductor, the heat transfer 

equation can be solved for a spatially uniform conductor with concentric circular geometry. 

In this case, 𝑄𝑟 is denoted as 𝑄𝐻, and corresponds to spatially-distributed Joule heating (𝑟 

dependent heat generation) caused by total current 𝐼 that flows radially from inner to outer 

contact. Here, 𝑄𝐻 =  𝐼2
𝑟𝑠

(2𝜋𝑑)2 

1

𝑟2
 where 

𝑟𝑠
 and 𝑑 are the resistivity and the thickness of 

the electrical conductor respectively.  Since the short time constant regime corresponds to 

relatively short-range heat diffusion (compared to the long time constant regime), it is 

assumed that the heat diffusion is also 2D and thermal conduction through the bulk of the 

quartz substrate can be ignored. Under this assumption, an analytical solution can be 

developed. The steady state solution of Eq. (4.1), valid for t >> 1  has the form of 

 𝐴1(𝑟) =  ∆𝑇 (𝑟) =  𝐵 [[log(𝑟)]2] + 𝐶1 log(𝑟) + 𝐶2   (4.2) 

Where, 
𝐵 =  

1

𝜅
 𝑄𝐻  𝑟

2 = 𝐼2

𝑟𝑠

𝜅 (2𝜋𝑑)2 
   (4.3) 

Details of the derivation are presented in the next section. The dashed line in Fig. 

4.5(b) shows fitting of the analytical solution for HSs for the heating cycle which 

qualitatively agrees with the experimental dependence of A1 on 𝑟. This indicates that the 



38                         

 

 

decrease of A1 with 𝑟 is consistent with spatial variations in local power generation (𝑄𝑟 ) 

rather than due to significant changes in the local thermal properties (𝜅, 𝐶 etc.). 

 Analytical Model of Local Self-heating in Homogenous Conductor 

Using heat diffusion equation, we can find out how A1 is expected to change with 

distance 𝑟 in case of a uniform thin film. Let’s consider a strip of width 𝑑𝑟 at distance 

𝑟 from the center of the inner contact in a uniform thin film of thickness 𝑑, resistivity 
𝑟𝑠

, 

and thermal conductivity 𝜅. 𝑄𝑟 is the generated heat per unit volume (
𝑊

𝑚3) of the strip due 

to Joule heating caused by current I that flows radially uniformly from the inner contact to 

the outer contact. 

 

Fig. 4.6: Geometry considered for analytical model of self-heating in homogenous 

conductor e.g. metal thin film 

Now, 

 
𝑄𝑟 =  

𝐼2𝑅′

𝑉′
   (4.4) 

Where 𝑅′ is the total resistance and 𝑉′ is the volume of the 𝑑𝑟 strip. 𝑅′ and 𝑉′ can 

be expressed as: 

 
𝑅′ =


𝑟𝑠
𝑑𝑟

2𝜋𝑟𝑑 
   (4.5) 

r1

r2

T1

T2

Qr

Tr
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 𝑉′ =  2𝜋𝑟𝑑 𝑑𝑟   (4.6) 

Plugging these in the 𝑄𝑟 expression in Eq. (4.4) gives, 

 
𝑄𝑟 = 𝐼2


𝑟𝑠

(2𝜋𝑑)2 

1

𝑟2
   (4.7) 

From heat continuity equation, 

 𝛿∆𝑇

𝛿𝑡
=

𝜅

𝜌𝐶
 ∇2(∆𝑇) +

1

𝜌𝐶
 𝑄𝑟    (4.8) 

Here, 𝜌 and 𝐶 are the mass density and specific heat capacity of the uniform film. 

Expanding ∇2(∆𝑇) in this equation gives, 

 
=>  

𝛿∆𝑇

𝛿𝑡
=

𝜅

𝜌𝐶
 [  
1

𝑟
 
𝛿

𝛿𝑟
( 𝑟

𝛿∆𝑇

𝛿𝑟
 ) ] +

1

𝜌𝐶
 𝑄𝑟    (4.9) 

using cylindrical coordinate and no z and  dependence (
𝛿∆𝑇

𝛿𝜃
= 0, 

𝛿∆𝑇

𝛿𝑧
= 0).  

In order to find an analytical expression for A1, we consider steady state condition 
𝛿∆𝑇

𝛿𝑡
= 0. From Eq. (4.9) we get, 

=>   0 =
𝜅

𝜌𝐶
 [  
1

𝑟
 
𝛿

𝛿𝑟
( 𝑟

𝛿∆𝑇

𝛿𝑟
 ) ] +

1

𝜌𝐶
 𝑄𝑟  

=>   0 =  [   
𝛿

𝛿𝑟
( 𝑟

𝛿∆𝑇

𝛿𝑟
 ) ] +

1

𝜅
 𝑄𝑟  𝑟  ;          divided by 

𝜅

𝜌𝐶
 
1

𝑟
  

                   =>   0 =  [   
𝛿

𝛿𝑟
( 𝑟

𝛿∆𝑇

𝛿𝑟
 ) ] +

𝐵´

𝑟
  ;   B´ = 𝐼2

𝑟𝑠

𝜅 (2𝜋𝑑)2 
  

=>   [   
𝛿

𝛿𝑟
( 𝑟

𝛿∆𝑇

𝛿𝑟
 ) ] =  −

𝐵´

𝑟
 

=>   ∫ [   
𝛿

𝛿𝑟
( 𝑟

𝛿∆𝑇

𝛿𝑟
 ) ]

𝑟

𝑟1

𝑑𝑟 =  −∫
𝐵´

𝑟

𝑟

𝑟1

 𝑑𝑟 

=>  𝑟
𝛿∆𝑇

𝛿𝑟
 =  −𝐵´𝑙𝑜𝑔(

𝑟

𝑟1
) + 𝐶1′ 

=>  
𝛿∆𝑇

𝛿𝑟
 =  −𝐵´

𝑙𝑜𝑔(𝑟)

𝑟
+
𝐶1

𝑟
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=>  ∫
𝛿∆𝑇

𝛿𝑟

𝑟

𝑟1

 𝑑𝑟 =  −∫ 𝐵´
log (𝑟)

𝑟

𝑟

𝑟1

 𝑑𝑟 + ∫
𝐶1

𝑟

𝑟

𝑟1

 𝑑𝑟 

=> ∆𝑇 (𝑟) − ∆𝑇 (𝑟1) =  −
𝐵´

2
[[log(𝑟)]2 − [log(𝑟1)]

2] + 𝐶1 log (
𝑟

𝑟1
) + 𝐶2′ 

 => ∆𝑇 (𝑟) =  𝐵 [[log(𝑟)]2] + 𝐶1 log(𝑟) + 𝐶2   (4.10) 

Here, ∆𝑇  is the steady state temperature profile i.e. A1.  

We fitted the experimental A1 data with this analytical model using the “Curve 

fitting tool” in MATLAB (𝐵, 𝐶1, and 𝐶2 are the fitting parameters). The fitting of the HSs 

during the heating cycle is shown in dashed line in Fig. 4.5(b). 

4.6 Heat Diffusion through Channel Region 

In order to model temperature rise exclusively due to heat diffusion (e.g. heat 

generated within the contacts and diffusing into the channel region, quantified by (𝐴2,𝜏2)), 

we solve Eq. (4.1) with 𝑄𝑟 =0 considering the time dependent temperature rise of the 

electrical contacts. As mentioned before, within time interval of 0-10 µs after the 

application of the 450 µs wide voltage pulse, temperature rises mainly due to self-heating. 

After 10 µs, temperature rise (as high as twice the increase due to local self-heating) is 

primarily due to heat spreading from the contacts. Therefore, T at any spatial location of 

the network (including the hotspots) is the superposition of temperature rise due to local 

self-heating and heat propagation from contacts. This spreading of heat from the contacts 

is predominantly through the substrate (quartz, 500 µm thick) since it provides the least 

thermally resistive pathway compared to the thin hybrid network of effective thickness ~30 

nm (calculations of thermal resistances are provided in section 4.9). Therefore, we have 

solved Eq. (4.1) for quartz using a finite element analysis tool “PDETool” in MATLAB. In 

Fig. 4.5(a) and Fig. 4.5(c), the dashed lines show the simulated results for 2H and A2H 

respectively for HSs for the heating cycle. The simulation utilized reported material 

properties for quartz and the cylindrical geometry of the device. A boundary condition 

consisting of the time-dependent T of the inner contact was calculated from the 

experimental temperature transients for hotspots within the contact; otherwise, no fitting 

parameters were used. Details of the simulation, materials parameters and procedure for 



41                         

 

 

extracting 2H and A2H from simulation are provided in the next section. In both the figures, 

the simulated plots capture the trend of how A2H and 2H change over distance 𝑟. 

4.6.1 Simulation of Diffusion of Heat from Electrical Contacts 

The partial differential Eq. (4.1) has been solved using finite element analysis with 

heat generation 𝑄 = 0 within the network/quartz and the electrical contacts as heat sources 

over the time interval 𝜏𝐷  =  0 −  450 µ𝑠. Since the thermal resistance of quartz is 3 orders 

smaller than that of hybrid network (details of thermal resistance are discussed later), we 

did the simulation for system containing only the quartz substrate (500 µm thick) to see if 

the temperature rise due to heat diffusion from the contacts is consistent with heat diffusion 

through quartz. The spatial domain is chosen such that 𝑟′ = 280 µ𝑚  corresponds to the 

center of the inner contact (𝑟 = 40 µ𝑚). The boundary conditions for this system include 

Dirichlet boundary conditions corresponding to T at 𝑟′ = 240 − 320 µ𝑚 (representing 

the inner contact) and 𝑟′ = 100 − 140 µ𝑚 𝑎𝑛𝑑 420 − 460 µ𝑚   (representing the outer 

contact) which are specified as 𝑓(𝑡) since T within the contacts takes time to rise to its 

steady state value. The expression for the boundary condition for the inner (outer) contact 

has been obtained by fitting experimental transient T of the hotspot at 𝑟 =

 32 µ𝑚 (150 µ𝑚), the measurement point closest to 𝑟 =  40 µ𝑚 (140 µ𝑚) and within the 

electrical contacts, with A1H (1- 𝑒
− 

𝑡

𝜏1𝐻)  +   A2H (1- 𝑒
− 

𝑡

𝜏2𝐻). Fig. 4.7 shows the experimental 

data and the fit for the hotspot at 𝑟 =  32 µ𝑚 during the heating cycle. 

The resulting boundary condition for the inner contact is: 

∆𝑇 (𝑟′, 𝑡) =  52.5 ∗ (1 − 𝑒𝑥𝑝 (−
𝑡

8.5
)) + 78 ∗ (1 − 𝑒𝑥𝑝 (−

𝑡

185
)) ; │𝑟′ = 240 − 320 µ𝑚  

The boundary condition for the outer contact is: 

∆𝑇 (𝑟′, 𝑡) = 11.12 ∗ (1 − 𝑒𝑥𝑝 (−
𝑡

4.8
)) + 8 ∗ (1 − 𝑒𝑥𝑝 (−

𝑡

414
)) ;│𝑟′

= 100 − 140 µ𝑚, 420 − 460 µ𝑚 

For the boundary representing the interface between quartz and the copper heat 

sink, we assume Neumann boundary, 𝜅𝑄𝑢𝑎𝑟𝑡𝑧  𝑔𝑟𝑎𝑑(∆𝑇) = ℎ ∆𝑇 

Here ℎ represents the heat transfer coefficient between quartz and underneath 

copper heat sink. Considering the thickness of the quartz, since it takes more than 45 𝑚𝑠 
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(verified by simulation for 𝜏𝐷 = 0 − 45 𝑚𝑠 ) to reach to the bottom interface, ℎ can be an 

arbitrary value in the simulation for 𝜏𝐷  =  0 −  450 µ𝑠 time domain. 

For all other boundaries, we assume 𝑔𝑟𝑎𝑑(∆𝑇) =  0 i.e. no incoming or outgoing 

heat flux. 

 

Fig. 4.7: Thermal transient of the hotspot at the edge of the inner contact (at 𝑟 =  32 µ𝑚) 

used to obtain boundary condition for temperature rise in the inner contact. 

4.6.2 Transformation of Heat Diffusion Equation from 3-D Cylindrical 

Geometry to a 2-D Cartesian Geometry 

Heat diffusion from the electrical contacts is a 3-D cylindrical heat problem. Since 

the “Partial Differential Equation Toolbox” of MATLAB supports 2-D geometry and 

requires the equation to be in Cartesian coordinates, we performed the transformation 

according to [63] in the following way. 

The heat diffusion equation for the channel region is: 

 
 𝐶 

𝜕𝑇

𝜕𝑡
− ∇. (𝜅∇(∆𝑇)) = 𝑄   (4.11) 

For heat diffusing through the network from the electrical contacts, 𝑄 = 0. Using 

Cylindrical coordinate system and plugging 𝑄 = 0 in Eq. (4.11), 

 𝐶 
𝜕𝑇

𝜕𝑡
− ∇. (𝜅∇(∆𝑇)) = 0 

 
⇒  𝐶 

𝜕𝑇

𝜕𝑡
−
1

𝑟
 
𝜕

𝜕𝑟
( 𝜅 𝑟

𝜕𝑇

𝜕𝑟
) − 

1

𝑟2
 
𝜕

𝜕𝜃
(  𝜅

𝜕𝑇

𝜕𝜃
) −

𝜕

𝜕𝑧
( 𝜅 

𝜕𝑇

𝜕𝑧
) = 0   (4.12) 
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The problem is axisymmetric i.e. 
𝜕𝑇

𝜕𝜃
 = 0. Since the Partial Differential Equation 

Toolbox requires the equations to be in Cartesian coordinates, the transformation from 

Cylindrical to Cartesian is performed according to [63]. Multiplying both sides of Eq. (4.12) 

with 𝑟, 

 
 𝑟𝐶 

𝜕𝑇

𝜕𝑡
−
𝜕

𝜕𝑟
( 𝜅 𝑟

𝜕𝑇

𝜕𝑟
) −

𝜕

𝜕𝑧
( 𝜅𝑟 

𝜕𝑇

𝜕𝑧
) = 0   (4.13) 

Defining 𝑟 as 𝑥 and 𝑧 as 𝑦 (i.e. 𝑥 axis represents 𝑟 direction and 𝑦 axis represents 

𝑧 direction), we get, 

 𝑥𝐶 
𝜕𝑇

𝜕𝑡
− ∇. (𝜅𝑥∇(∆𝑇)) = 0 

4.6.3 Simulation Results 

Fig. 4.8 shows the simulation results at D = 450 µs. The , C, 𝜅 parameters of 

quartz used in the simulation are summarized in Table 4.1. The temperature profile at D = 

450 µs shows that heat diffuses ~ 50 µm into the quartz over this time interval. We plotted 

the temperature profile at the surface of the quartz vs distance at different Ds as shown in 

solid line in Fig. 4.9. In the same figure, we also plotted experimentally extracted (T-A1H) 

with distance for various hotspots. By removing the contribution from local self-heating 

(A1H), (T-A1H) corresponds to the component of T due to only heat diffusion. As seen 

from the figure, the simulation results qualitatively capture the experimental trends with 

distance. 

In Fig. 4.10, we plotted experimental T-A1H vs time (D) for different hotspots 

along with the simulation values for the corresponding radii. Here, we also see that the 

simulation results show the trends of the experimental data. 

In order to obtain A2H vs distance from the simulation, we plotted T-A1H vs D 

for a longer D = 3000 µs as shown in Fig. 4.11. Even though we see that the profiles do 

not reach steady state due to the thickness of the quartz, 3000 µs time interval is still 

consistent with the time needed for heat to diffuse at least to the middle of the 100 µm 

channel (~ 60 µm as seen from Fig. 4.5(c)) according to 
𝐿2

𝐷𝑞𝑢𝑎𝑟𝑡𝑧
= 

(60×10−6)2

1.4𝑒−6
 ≅ 2600 µs . 

Here, 𝐷𝑞𝑢𝑎𝑟𝑡𝑧 is the thermal diffusivity of quartz. We took T - A1H value at 3000 µs as 

A2H and the time it takes to reach 63% of it (analogous to 
1

𝑒
 point for a simple exponential 

rise) as 2H. In Fig. 4.5(a) and Fig. 4.5(c), these A2H and 2H are shown respectively in 

dashed line with respect to 𝑟. 
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Fig. 4.8: (a) PDE simulation results at 450 µs across quartz. The cross-sectional view of 

the inner and outer contacts are also shown. (b) Zoomed out view of (a). Here, 𝑟’ =
280 µ𝑚 corresponds to the center of the inner contact i.e. 𝑟 = 0. 

(a)

(b)

Inner OuterOuter

Inner Contact

r

z
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Fig. 4.9: Experimental T - A1H (i.e. temperature rise due to diffusion only) vs distance at 

different time (D). A1H is different for different HSs. Solid lines represent plots generated 

from PDE simulation. Simulation plots show the trends of the experimental data. Here, 

distance corresponds to distance from the edge of the inner contact towards the right 

outer contact (𝑟′ = 320 − 380 µ𝑚 from Fig. 4.8). 
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Fig. 4.10: Experimental T - A1H vs time (D) for different HSs located at different 

distances. Solid lines represent plots generated from PDE simulation. Simulation plots 

represent the trends of the experimental data. 
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Fig. 4.11: Simulation of T - A1H vs time (D) for D = 3000 µs. 

We also performed a separate PDE simulation of a system consisting of thin silver 

film (thickness = 30 nm) on top of quartz using bulk silver material parameters as listed in 

Table 4.1. The simulation results show that silver film reaches thermal equilibrium (same 

T) with quartz in the time interval of D = 0- 450 µs which generates similar T profiles 

shown in Fig. 4.9, Fig. 4.10,and Fig. 4.11 within the film. 

4.7 Transient Response of Non-Hotspots 

In order to verify the generality of the transient response, we also extracted A and 

 values for regions close to the hotspots but with lower T (we designate these regions as 

“non-hotspots” (NHS)). Thermal image in Fig. 4.12 illustrates temperature profile of a 

hotspot and nearby non-hotspot. T vs distance scan shows T is lower for a non-hotspot. 
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Fig. 4.12: T profile for a hotspot and nearby non-hotspot. 

In general, the trends in 1, 2, A1 and A2 with r  in the NHSs are similar to those 

in the hotspots  as shown in  Fig. 4.5.  The 1 and 2  values for NHSs are in the same order 

as those for HSs. This is expected since 1 and 2 depend on how fast/slow heat is generated 

and/or propagated through the network irrespective of the actual T. In general, the A1 

values (i.e. temperature rise due to local Joule heating) are lower at the NHS areas, which 

would be consistent with less self-heating. The overall time response of most NHS regions 

with respect to that of nearby HS regions is consistent with results expected for 

superposition of the initial temperature rise, with A1 of NHS  < A1 of HS, and comparable 

longer-time responses, i.e. A2 of NHS  A2 of HS. The latter is expected since A2 is 

associated with long-range heat diffusion through the channel region.  However, for NHS 

regions within or near the inner contact, the value of A2 is lower than those in nearby HS 

regions. One possible explanation is that the HS regions are in stronger thermal contact 

with the contacts regions, e.g. through dense local pathways within the network.  In 

addition to the weak electrical coupling to the network, the NHS regions may also be more 

weakly thermally coupled to the network. Regardless of different NW-NW junction 

orientation (resulting in varying junction resistance and spatially varying T), 

heterogeneity of the network, distance from the contacts or different device geometry, A1,1 

tell qualitatively the local thermal and electrical connectivity of the NW junctions present 

in that region and A2,2 tell qualitatively how  heat diffuses from a nearby heat source (e.g. 

electrical contacts) to that region of the network. 
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4.8 Determination of Network Material Parameters 

Table 4.1: Physical properties used for calculation of 
𝐻𝑦𝑏𝑟𝑖𝑑

, C𝐻𝑦𝑏𝑟𝑖𝑑, 𝜅 𝐻𝑦𝑏𝑟𝑖𝑑  

 
Mass Density 

𝜌 (Kg/m3) 

Thermal Conductivity 

𝜅 (W/mK) 

Specific Heat 

𝐶 (J/KgK) 

Monolayer Graphene 2000 600 (on Si)[64] 748[64] 

AgNW Network - 37 (in-plane)[65] 232[35] 

Quartz 2203 1.3 740 

Bulk Silver 10490 406 238.64 

 

Mass Density of Hybrid Network, 𝜌𝐻𝑦𝑏𝑟𝑖𝑑 :  

Sample size is 1 cm × 1 cm and NW density is ~4.8×106 cm-2. We calculated previously in 

[1] that the effective thickness of the silver nanowire (NW) network 𝑑𝐴𝑔𝑁𝑊 𝑁𝑒𝑡𝑤𝑜𝑟𝑘  is ~28 

nm. 𝑑𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 = 0.34 nm. 

𝜌𝐻𝑦𝑏𝑟𝑖𝑑 = 
𝑚𝐴𝑔𝑁𝑊 𝑁𝑒𝑡𝑤𝑜𝑟𝑘  + 𝑚𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒

𝑇𝑜𝑡𝑎𝑙 𝑣𝑜𝑙𝑢𝑚𝑒
  

= 
(4.8×106×𝜋×(45×10−9)

2
×40×10−6×10490 )+(2000×10−4×0.34×10−9)

10−2×10−2×28.34×10−9
= 4.54 × 103 Kg/m3 

Taking graphene and AgNW network as two parallel thermal conductors, expressions for 

effective 𝜅𝐻𝑦𝑏𝑟𝑖𝑑 and 𝐶𝐻𝑦𝑏𝑟𝑖𝑑  are obtained. The values are then calculated using parameters 

shown in the Table 4.1. 

 

Effective Thermal conductivity of Hybrid network, 𝜅𝐻𝑦𝑏𝑟𝑖𝑑: 

𝜅𝐻𝑦𝑏𝑟𝑖𝑑 = 
𝜅𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒   𝑑𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒  +  𝜅𝐴𝑔𝑁𝑊 𝑛𝑒𝑡𝑤𝑜𝑟𝑘  𝑑𝐴𝑔𝑁𝑊 𝑁𝑒𝑡𝑤𝑜𝑟𝑘

𝑑𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒+ 𝑑𝐴𝑔𝑁𝑊 𝑁𝑒𝑡𝑤𝑜𝑟𝑘
 ≅ 45 W/mK 

 

Effective Specific heat of Hybrid network, 𝐶𝐻𝑦𝑏𝑟𝑖𝑑 : 

𝐶𝐻𝑦𝑏𝑟𝑖𝑑  =

 
𝜌𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒   𝑑𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒  𝐶𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒+ 𝜌𝐴𝑔𝑁𝑊 𝑛𝑒𝑡𝑤𝑜𝑟𝑘  𝑑𝐴𝑔𝑁𝑊 𝑁𝑒𝑡𝑤𝑜𝑟𝑘  𝐶𝐴𝑔𝑁𝑊 𝑛𝑒𝑡𝑤𝑜𝑟𝑘

𝜌𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒  𝑑𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒+ 𝜌𝐴𝑔𝑁𝑊 𝑁𝑒𝑡𝑤𝑜𝑟𝑘  𝑑𝐴𝑔𝑁𝑊 𝑁𝑒𝑡𝑤𝑜𝑟𝑘
 =

 
2×103×0.34×748+4.571×103×28×232

2×103×0.34+4.571×103×28
≅ 234 J/KgK 
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Both 𝜅𝐻𝑦𝑏𝑟𝑖𝑑  and 𝐶𝐻𝑦𝑏𝑟𝑖𝑑  approximates to silver NW network values 𝜅𝐴𝑔𝑁𝑊 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 and 

𝐶𝐴𝑔𝑁𝑊 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 respectively due to thicker NW network compared to monolayer graphene. 

 

Effective Thermal diffusion coefficient of Hybrid network, 𝐷𝐻𝑦𝑏𝑟𝑖𝑑 : 

𝐷𝐻𝑦𝑏𝑟𝑖𝑑 =
𝜅𝐻𝑦𝑏𝑟𝑖𝑑

𝜌𝐻𝑦𝑏𝑟𝑖𝑑𝐶𝐻𝑦𝑏𝑟𝑖𝑑
=  4.2 × 10−5 m2/s 

4.9 Determination of Thermal Resistances of Network and Substrate 

Cross-plane (vertical) thermal resistance of Quartz: 

Cross-plane thermal resistance of 500 µm thick quartz with a cross sectional area of 

𝜋(𝑟2
2 − 𝑟1

2) = 𝜋(1402 − 402) µm2 is, 

 𝑄𝑢𝑎𝑟𝑡𝑧−𝑐𝑟𝑜𝑠𝑠 𝑝𝑙𝑎𝑛𝑒 = 
1

1.3
 

0.5×10−3

𝜋(1402− 402)×10−12
=  6.8 × 103 K/W 

In-plane (horizontal) thermal resistance: 

In-plane thermal resistances of the channel region (𝑟1 = 40 µm 𝑡𝑜 𝑟2 = 140 µm) are 

calculated in the following way. Thermal conductivity values are from literature as 

summarized in Table 4.1. Thickness of AgNW layers and graphene are taken as 28 nm (d1) 

and 0.34 nm (d2) respectively. 

 𝐴𝑔𝑁𝑊−𝐼𝑛𝑝𝑙𝑎𝑛𝑒 =
1

𝜅𝐼𝑛−𝑝𝑙𝑎𝑛𝑒 𝐴𝑔𝑁𝑊 𝑛𝑒𝑡𝑤𝑜𝑟𝑘
∫

𝑑𝑟

2𝜋𝑟𝑑1

𝑟2=140 µm

𝑟1=40 µm
=

1

37

log (
140

40
)

2𝜋×28×10−9
= 1.9 × 105 K/W 

 𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒−𝐼𝑛𝑝𝑙𝑎𝑛𝑒 = 
1

600
 

log (
140

40
)

2𝜋×0.34×10−9
=  9.8 × 105 K/W 

Taking these two layers as parallel to one another, thermal resistance of the hybrid network 

is obtained. 

 𝐻𝑦𝑏𝑟𝑖𝑑−𝐼𝑛𝑝𝑙𝑎𝑛𝑒 =  𝑇ℎ−𝐴𝑔𝑁𝑊  ∥  𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 =  1.6 × 105 K/W 

In-plane thermal resistance of quartz (thickness 500 µm) is, 

 𝑄𝑢𝑎𝑟𝑡𝑧−𝐼𝑛𝑝𝑙𝑎𝑛𝑒 = 
1

1.3
 

log (
140

40
)

2𝜋×0.5×10−3
=  3 × 102 K/W 

In-plane  𝑄𝑢𝑎𝑟𝑡𝑧−𝐼𝑛𝑝𝑙𝑎𝑛𝑒  is 3 orders smaller than in-plane  𝐻𝑦𝑏𝑟𝑖𝑑−𝐼𝑛𝑝𝑙𝑎𝑛𝑒  which suggests 

that heat from the electrical contacts flows predominantly through quartz. 
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4.10 Conclusion 

In this chapter, we have investigated transient thermal characteristics of hybrid 

graphene-AgNW TCEs using high-resolution TR imaging technique. The observation of 

transient temperature change in hotspots provides significant insights about how heat is 

generated locally and diffused through the network and substrate. Two distinct thermal 

time constants are observed, and the spatial dependencies of both time constants and 

amplitudes have been studied for hotspot and non-hotspots. Our results quantitatively 

determine the thermal time constants of the hotspots and show their dependence on 

distance. Collectively, these studies allow the temperature rise to be decoupled into 

separate contributions from local self-heating and heat spreading from the contacts.  Such 

decoupling is extremely important to study the intrinsic local electrical and thermal 

characteristics of the network.  A heat diffusion model indicates that the long time constant 

response is due to heat diffusion from the electrical contacts through the channel region 

and can qualitatively explain the observed dependence on radius. The diffusion model is 

also consistent with the explanation of the short time constant response corresponding to 

local self-heating within a given hotspot region.  The approach and experimental method 

for decoupling local self-heating from long-range diffusion can be universally applied to 

other device geometries and to various materials, including homogeneous thin films or 

other percolating/copercolating networks. This approach of temporal imaging and 

quantifying thermal constants can be very useful in reliability studies for example in 

electro-migration etc. to detect the weakest links and also in designing and fabricating 

better TCEs both in terms of conductance and heat dissipation. 
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5. TRANSIENT SELF-HEATING AT NANOWIRE JUNCTIONS IN 

SILVER NANOWIRE NETWORK CONDUCTORS 

5.1 Overview 

As discussed in the previous chapters, nano-structured networks have drawn 

attention as potential replacements for bulk-material approaches in applications including 

transparent conducting electrodes (TCEs). As TCEs, these systems can provide relatively 

low sheet resistances in the high optical transmission regime along with mechanical 

flexibility [19-21, 23, 44, 66]. Silver nanowire (NW) networks have been widely studied 

and offer the potential for relative cost-effectiveness [7], large scale mass printing [8-11], 

and ease of fabrication and integration with device structures [12-16]. In these networks, 

NW-NW junction resistances dominate the sheet resistance, and self-heating due to current 

flow through these junctions induces hotspots in the vicinity of these junctions.  This self-

heating can potentially redistribute and/or turn off percolating conductive current pathways 

due to elevated temperatures and thus impose reliability concerns [17, 18]. Different 

techniques have been employed to minimize the effects of these transport bottleneck 

including thermal annealing, laser annealing, introduction of an additional layer/coating [9, 

19-23] and fabricating junction-free networks [17, 19], at the cost of additional fabrication 

steps. Most prior experimental studies have focused on large-area steady state exploration 

of electrical and optical properties or microscopic studies of single/few junctions within 

the networks [24]. Comprehensive studies about the hotspots, particularly their 

microscopic origin, thermal characteristics and evolution with time, are necessary to 

understand fully percolating transport in these network systems as well as the coupled 

electro-thermal response. 

In this chapter, we discuss the thermal transients of microscopic hotspots formed 

at NW-NW junctions employing high-resolution thermoreflectance (TR) imaging 

techniques. Previously, TR imaging has been employed to obtain temporal characteristics 

of bulk materials and devices such as field effect transistors, thermo-electric materials, 

super-capacitors, micro-refrigerators, and power transistors [48-52, 54, 67-70]. Recently, 

TR has been employed as a powerful tool to study intrinsic inhomogeneous network 

systems due to its spatial, temporal and temperature resolution along with its simultaneous 

ability to provide fast acquisition of thermal images over a large field of view [24, 30]. 
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Using this measurement system, 𝑛𝑠 scale temporal and 𝑛𝑚 scale spatial resolution is 

achievable with a fast scanning rate over a large region (~ 600 µ𝑚 ×  600 µ𝑚), thus 

providing the means to study multiple junctions simultaneously within the network with 

high-resolution. These attributes are advantageous compared to other thermal imaging 

techniques (scanning Joule expansion microscopy, inverted optical microscopy, infra-red 

optical sensor) that have been used to study the dynamics of hotspot formation and/or 

current conducting pathways in NW and CNT based systems [32, 34-36, 58-62, 71-73]. 

Moreover, the TR method is contact-less, making it easier to image hard-to-fabricate 

samples. Most importantly, since thermal images and CCD images are obtained 

concurrently, the microscopic origin of the hotspots can be readily mapped to physical 

features (NW-NW junction, NW body in this case) by overlaying both images [70, 74, 75]. 

Previously in Chapter 4, we studied the temporal response of hotspot regions comprised of 

areas encompassing several NW-NW junctions using a transient TR technique [76]. These 

experiments allowed study of both short-range (in the vicinity of the hotspot region) and 

long-range (network) thermal behavior, but could not resolve the dynamics of individual 

microscopic hotspots formed at the NW-NW junctions. 

In this chapter, we experimentally study local self-heating in individual hotspots 

in a silver NW network, including high-resolution spatial and temporal evolution. We 

quantitatively determine the thermal time constants and temperature rises of the 

microscopic hotspots. For both heating and cooling cycles, we observe thermal time 

constants less than 1 µs at various hotspots. For a representative hotspot, line scans along 

two crossing NWs, taken at different time instants ranging from 0-2 µs, show the temporal 

and spatial evolution of the temperature profile. We estimate the van der Waals force (~-

4.0244 N), contact width (~ 5 nm), and interface thermal resistance (~1.6×105
 K/W) 

between NWs and underlying substrate. We develop a heat transfer model that considers 

local power generated at a hotspot, local coupling between the NWs and substrate, heat 

conduction along the NWs and heat transfer into the substrate and use the model to interpret 

the experimental data. The heat transfer model and experimental temperature profile help 

to quantify the local power generated at the hotspot due to Joule heating and the fraction 

of this power propagating along each wire. Parameters including thermal time constants, 

interface thermal resistance and power generated at the hotspots provide valuable insights 

about coupled electro-thermal conduction within silver NW networks and will thus help 

guide development of future TCE technologies. 
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5.2 Thermal Transients of Microscopic Hotspots in Silver Nanowire 

network 

TR imaging at 100x magnification provides image of the entire channel length 

(illustrated in Fig 5.1(b) and (c)) with higher spatial resolution (~ 200 - 400 nm) allowing 

simultaneous characterization of all hotspots within a quadrant of the circular TLM. 

Grayscale CCD images of the silver NW network (e.g. Fig 5.1(b)), clearly show the NW 

bodies and NW-NW junctions. Corresponding TR images (e.g. Fig 5.1(c)) show that 

certain localized areas in the network have much higher T (as high as 25 K) than 

surrounding areas and are mostly formed at the NW-NW junctions. These regions are 

recognized as “microscopic hotspots”. Due to the inhomogeneous nature of the network, 

microscopic hotspots are non-uniform both in spatial location and in temperature. 

Fig. 5.2 shows representative high temporal resolution TR images of the entire 

network captured within the field of view of the 100x lens, at various D after the start of a 

10 µs voltage pulse. Left (right) column represents time points within the heating (cooling) 

cycle. During the heating cycle, ∆𝑇 at the hotspots initially increases with increasing time, 

then saturates at ~ 1 or 2 µs. During the cooling cycle, ∆𝑇 monotonically decreases. 

For thermal transient analysis, we have used customized MATLAB scripts to 

realize a masking algorithm to produce binary images from the high-resolution CCD 

images to select only the NW bodies and junctions and to eliminate the substrate. Details 

of the construction of the binary image is given in section 5.6. 
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Fig 5.1: (a) Relative timing diagrams of applied voltage pulse, LED pulse showing delay 

D, and temperature rise/fall during the heating (voltage pulse “on”) and cooling cycle; 

(b) CCD image at D = 10 µs of the portion of the silver NW network visible within the 

field of view of 100x lens; (c) Corresponding thermal image at D = 10 µs; (d) CCD 

image superimposed on the thermal image to illustrate the physical location of hotspots 

with respect to the NW  junctions. 

Delay D

Device 
Heating 
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LED pulse

T

(a)

(b) (c)

Microscopic
Hotspots

Outer circular
Electrical contact
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Fig. 5.2: Thermal images at different time (i.e. D) during the heating cycle at (a) 400 ns 

(b) 1 µs (c) 2 µs and during the cooling cycle at (d) 10.4 µs (e) 10.6 µs (f) 11 µs.    

5.2.1 Temporal Evolution of Microscopic Hotspots 

In order to analyze the behavior at a single microscopic hotspot, we considered a 

representative region within the network. Fig. 5.3(a) is a false color CCD image of the 

(a) 400 ns

(b) 1 µs

(c) 2 µs

(d) 10.4 µs

(e) 10.6 µs

(f) 11 µs

Heating Cycle Cooling Cycle
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region at D = 1 µs, showing several NWs and junctions. Two crossing NWs (NW #1 and 

NW #2) are indicated by red lines in the image; the junction formed at their intersection 

(location 1) is the site of a hotspot. (The same CCD image without the red lines is presented 

in Fig. 5.4). Fig. 5.3(b) shows a superimposed CCD image and TR image at D = 1 µs, 

illustrating that the hotspot location coincides with the junction at location 1. Although the 

overall fields of view are different, the yellow rectangles in Fig. 5.3(a) and Fig. 5.3(b) 

denote the same region. Fig. 5.5 represents the transient thermal images of this hotspot at 

different time delays (D s) which clearly shows the self-heating and spatial extent in the 

vicinity of the junction at location 1. The radius of the red circle is ~ 500 nm. 

 

Fig. 5.3: (a) False color CCD image of randomly dispersed silver NW network showing 

several NWs and junctions with NW #1 and NW #2 highlighted in red lines; (b) TR 

image superimposed on grayscale CCD image to show the physical location of the 

hotspot at the junction. Yellow rectangles in (a) and (b) denote the same region (“location 

1”). 
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Fig. 5.4: False color CCD image of randomly dispersed silver NW network near location 

1 showing several NWs and junctions. 

 

Fig. 5.5: TR images at different time (i.e. delay D) show evolution of the local heating 

near the microscopic hotspot at location 1 at (a) 0 ns (b) 400 ns (c) 1 µs (d) 2 µs. 

2.5 µm
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5.2.2 Determination of Thermal Time Constants 

Fig. 5.6(a) shows a CCD image of another representative region of the network 

containing several NW-NW junctions. From the corresponding TR image (Fig. 5.6(b)) and 

merged CCD/TR image (Fig. 5.6(c)) at D = 1 µs, we see that only few of these NW-NW 

junctions (marked as location 2, 3 and 4 in Fig. 5.6(a)) form hotspots. The marked NW-

NW junctions (hotspots) in Fig. 5.6 are spaced ~ 1 µm apart. This illustrates the 

inhomogeneity of the network and supports the observation that only a subset of the 

hotspots exhibit significant self-heating. The criterion used to define a hotspot is an average 

T  3K within a 7  7 pixel area (1.26 µm  1.26 µm), generally encompassing a single 

NW-NW junction (i.e. a microscopic hotspot with dimensions of ~ hundreds of 

nanometers). For closely spaced hotspots, non-overlapping 7  7 pixel areas have been 

chosen, with several pixels with T < 3K present in between the regions. As we discuss 

later (Fig. 5.10), this chosen spatial dimension is sufficient to enclose the local spatial 

profile associated with self-heating in the vicinity of a junction. The choice of a region 

consisting of multiple pixels also allows continuous monitoring of the time evolution in 

spite of small spatial drift (which we correct systematically), and results in an effective 

averaging of the local temperature profile over this multi-pixel region. 

Fig. 5.7(a) shows the temperature evolution of the microscopic hotspots at 

location 2, 4, and 6 as a function of D during the heating cycle, obtained using 200 ns steps 

in of D within the 0 - 10 µs interval. The transient heating exhibits a single thermal time 

constant. Fig. 5.7(b) shows the T vs time during the cooling cycle. T decreases gradually 

until it reaches ~ 0.5K. A single thermal time constant is also observed in the cooling cycle. 
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Fig. 5.6:(a) Several NW-NW junctions (location 2,3,and 4) are shown in a 100x grayscale 

CCD image of AgNW network; (b) Corresponding TR image at 1 µs;(c) Merged CCD 

and TR image at 1 µs show formation of the microscopic hotspots at these NW-NW 

junctions. 
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Fig. 5.7: T vs. D profiles of the hotspots located at 2, 4, and 6 during the (a) heating 

cycle (b) cooling cycle. 

To quantify the transient dynamics, we fitted the data from the heating portion of 

the pulse with ∆T = AH (1- 𝑒
− 

𝑡

𝜏𝐻) where H is the thermal time constant, and AH is the 

corresponding amplitude (see red solid line in Fig. 5.7(a)). Similarly, the cooling transient 

data has been fitted with ∆T = AC 𝑒
− 

𝑡

𝜏𝐶 , where C and AC are the time constant and 

amplitude, respectively. The thermal time constants and related steady state amplitudes are 

listed in Table 5.1.  

Various hotspots within the network show qualitatively similar behavior with 

similar time constants, but varying maximum temperature change and weighting of the 

time constant. Table 5.1 shows 𝜏𝐻, 𝜏𝐶 , 𝐴𝐻, and 𝐴𝐶  values of representative hotspots at 

various locations within the network.  A thermal image showing all these locations and the 

(a)

(b)
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probed hotspots is presented in Fig. 5.8. Note that hotspots located in close proximity (e.g. 

locations 2-4 or 5-6) do not necessarily have the same amplitude nor time constant. 

Table 5.1: Amplitudes and thermal time constants of different hotspots 

 Heating Cycle Cooling Cycle 

AH (K) H (ns) AC (K) C (ns) 

Location 1 5.30.2 358134 3.3 0.6 469162 

Location 2 8.50.2 663100 6.1 0.6 563118 

Location 3 13.40.3 696104 9.70.9 591110 

Location 4 110.2 65593 8.30.9 581134 

Location 5 5.20.1 401105 3.30.6 336130 

Location 6 5.20.3 345138 3.60.6 29696 

Location 7 6.70.2 687171 3.91 594314 

 

The TR image at 400 ns (Fig. 5.8) shows the locations of the microscopic hotspots 

listed in Table 5.1. The zoomed CCD and thermal images of the microscopic hotspots 

located at location 4 and 6 are shown in Fig. 5.9. Thermal transient responses of these 

microscopic hotspots during the heating and the cooling cycle are shown in Fig. 5.7. 

Although the hotspots at locations 4 and 6 are close to other hotspots (2-3 and 5, 

respectively), the observed transients are qualitatively similar to those observed at location 

1 as shown in Fig. 5.7 and Table 5.1. 

Our prior study on graphene-silver NW based hybrid networks [76], performed at 

a lower magnification (20x) to observe heat-spreading effects through the channel, showed 

that the local self-heating at NW-NW junctions exhibited a significantly different thermal 

time constant than that of macroscopic heat-spreading through the channel (<1  µ𝑠 vs. > 

400 µ𝑠, respectively), and therefore  these two effects (local self-heating at junctions vs. 

heat spreading through the network) could be isolated by considering the response 

components associated with the two distinctive time constants.  In the current study, the 

observation of a single thermal time constant (𝜏𝐻, 𝜏𝐶) for time response to a 10 µ𝑠 pulse is 

consistent with the results of that prior local self-heating study. In both cases, the time 

constants are less than 1  µ𝑠  and do not vary systematically with distance from the 

electrical contacts within the channel region, but rather depend on the properties of the 

junction. 
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Fig. 5.8: TR image at 400 ns showing various microscopic hotspots. The values of 

amplitudes 𝐴 and  of the circled hotspots are listed in Table 5.1. 

It is unlikely that self-heating induced by the pulsed bias used in this experiment 

can significantly change the morphology of the NW-NW junctions of a previously-

annealed silver NW network. The maximum hotspot 𝑇 (25C) observed within the 

channel region is much less than the typical annealing temperature (180C - 300C) [77-

81]. However, higher-current operation would induce correspondingly higher junction 

temperatures, which would induce more substantial annealing effects [82]. 

7

5 6

3 4

1
2

D = 400 ns
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Fig. 5.9: (a,b) CCD images; (c,d) TR images at 400 ns of the microscopic hotspots 

located at locations 4 and 6. 

5.3 Temperature Rise Vs Length Profile 

Next, we quantify the spatio-temporal evolution of 𝑇 of microscopic hotspots 

using high-resolution transient TR imaging which is essential to the knowledge of current 

transport in these networks. In order to understand the spatio-temporal dynamics of the 

hotspot at location 1 (Fig. 5.3(b)), we take 𝑇 profiles along the lengths NW #1 and NW 

#2 (Fig. 5.3(a)) at different delay times ranging from 0-2 µs, shown in Fig. 5.10. For both 

NWs, the profiles show distributed peaks near the NW-NW junction, and peak amplitude 

~25 K is reached at 2 µs. It is interesting to observe that the widths of the two temperature 

profiles are different, with full width at half maximum (FWHM) of ~ 1 µm and ~ 500 nm 

for NW #1 and NW #2, respectively. We will discuss the implication of this observation 

later. High spatial resolution obtained by TR imaging thus helps to probe T vs length 

profiles of adjacent hotspots that are spaced very close to each other. The parameters in our 

heat transfer model are obtained from fitting to the experimental T vs length profiles. 

(a)

(c)

Location 4

(b)

(d)

Location 6

D = 400 ns D = 400 ns
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Fig. 5.10: (a) T vs length profiles along NW #1 and NW #2 at different time delays (0 

ns – 2 µs). 

5.4 High-resolution Imaging of Adjacent Hotspots 

Fig. 5.11 demonstrates another example of the ability of TR imaging to resolve 

closely-spaced hotspots. CCD image (Fig. 5.11(a)) shows several NW-NW junctions are 

present in these portion of the network. TR image at 400 ns (Fig. 5.11(c) and (d)) show two 

closely-spaced  hotspots (distance ~ 1 µm) at the intersection of NWs 𝐵1 and 𝐵2 (location 

5) and NW 𝐵1 and 𝐵3 (location 6) respectively (labelled NWs are shown in Fig. 5.11(b)). 

In addition, there is another hotspot at the junction of NWs 𝐵1 and 𝐵4, which is located ~ 

900 nm away from the junction of NWs 𝐵1 and 𝐵3. Note that the fields of view are 

different but the yellow rectangles in Fig. 5.11(c) and Fig. 5.11(d) denote the same region. 

(a)

(b)
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Fig. 5.11(e) shows 0 – 2 µs time evolution of T vs length profiles along NW 𝐵1. Thermal 

images illustrates that hotspots are formed selectively at few NW-NW junctions. 

 

Fig. 5.11: (a) False color CCD image of portion of silver NW network showing several 

NW-NW junctions. (b) 4 NWs are labelled NW B1, B2, B3 and B4 that form junctions. 

(c) TR image at 1 µs. Two hotspots within the yellow rectangle region are 5 pixels (~ 1 

(a)

1 µm

NW #B2

NW #B1

NW #B3

NW #B4

(b)

5 6

1 µm

D =1 µs(c)

1 µm

5 6

20C

0C

D =1 µs(d)

1 µm

5 6

(e) 5
6
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µm) apart. (d) CCD images and themal image are merged to confirm that the hotspots 

(within yellow rectangle region) coincide with the NW-NW junctions. (e) T vs length 

profiles along NW B1 at different delays. Arrows indicate T peaks corresponding to 

each of the three indicated NW-NW junctions. 

The observation of distinct profiles at the two hotspots indicates that the TR 

imaging technique can resolve the temperature profiles and that the length scale over which 

heat transfers from a NW into the quartz substrate is smaller than this distance. The 

temperature profiles and time dependence at closely-spaced hotspots (e.g. clusters of 

hotspots at locations 2-4 and 5-6) are qualitatively similar to those at isolated hotspots (e.g. 

locations 1 and 7), with significant quantitative variations observed even within a cluster 

(Table 5.1). The parameters in our heat transfer model are obtained from fitting to the 

experimental T vs length profiles. 

5.5 Heat Transfer Model 

5.5.1 Single Nanowire-Nanowire Junction Analysis 

We develop a heat model with an aim to predict, within the limitations inherent 

to this complex, stochastic ensemble, the spatial temperature variation along the NW pair 

forming a hotspot at a junction as shown in Fig. 5.10 and also to determine the local thermal 

power generated at the junction. We consider a pair of NWs along with the underlying 

substrate as illustrated in Fig. 5.12(a). We assume geometrical symmetry such that the 

wires are of equal length and intersect each other at their respective centers. In order to 

model the observed hotspot, a junction heat rate, 𝑄𝐶(𝑊), is considered to be generated at 

the intersection of the two wires. An amount of heat, 𝑄𝑡𝑜𝑝, flows to the top wire, while 

𝑄𝑏𝑜𝑡 flows to the bottom wire. Heat flow rates going to the top and bottom wires are 

considered to be equally distributed on either side of the junction. In addition to the junction 

heat, a total uniform heat generation rate, 𝑞′′′ is also present due to Joule heating within 

the NW body. However, the effect of 𝑞′′′ is considered negligible compared to 𝑄𝐶(𝑊) in 

this analysis. 
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Fig. 5.12: Geometry for the heat transfer model. (a) Symmetry considered for the model 

and configuration of the top and the bottom NW along with the contact length 𝑙𝐶 . (b) 

Thermal interface resistaces (constriction and gap thermal resistance). 

The bottom NW is assumed to be in contact with the quartz substrate, and 

therefore there is a heat loss pathway through conduction from the bottom NW to the 

substrate. This effect is considered through an interfacial thermal resistance between the 

NW and quartz. The interaction of the top NW with the bottom NW is restricted to the 

junction heat that it receives. Both NWs also lose heat through conduction to air at 300 K, 

but natural convection is not predominant at these small length scales. 

Invoking symmetry, half the length of each NW is modeled as a one-dimensional 

transient fin problem with appropriate boundary conditions and heat loss terms. An 

additional consideration for the top NW is that it is in contact with the quartz substrate after 

a length 𝑙𝑐. Therefore, the only heat loss term before this contact is conduction to air. After 

the contact length 𝑙𝑐, both conduction loss to air and the quartz substrate are considered. 

From a conventional energy balance equation and neglecting radiation effects, 

𝐸𝑖𝑛 − 𝐸𝑜𝑢𝑡 = 𝐸𝑠𝑡𝑜𝑟𝑒𝑑  

 𝑞𝑥 − 𝑞𝑥+𝑑𝑥 − 𝑞𝑐𝑜𝑛𝑑 − 𝑞𝑠𝑢𝑏𝑠 =  𝐸𝑠𝑡𝑜𝑟𝑒𝑑    (5.1) 
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where 𝑞𝑐𝑜𝑛𝑑 is the conduction loss to air and 𝑞𝑠𝑢𝑏𝑠 is the conduction loss to 

substrate. 

Now, 𝑞𝑐𝑜𝑛𝑑  can be written in the form of a heat transfer coefficient ℎ . The value 

of ℎ is derived from the conduction limit Nusselt number for flow over a cylinder [83]. The 

detailed calculation of ℎ are given in section 5.7. 𝑞𝑐𝑜𝑛𝑑 involves the entire perimeter P 

when there is no contact with the substrate and only the half perimeter 
𝑃

2
, when the wire 

touches the substrate, because the other half is incorporated in the contact loss to the 

substrate. 

 

𝑞𝑐𝑜𝑛𝑑 = {
ℎ 𝑃 (𝑇(𝑥) − 𝑇𝑖𝑛𝑓)𝑑𝑥 ;            𝑥 <  𝑙𝑐

ℎ 
𝑃

2
 (𝑇(𝑥) − 𝑇𝑖𝑛𝑓)𝑑𝑥 ;            𝑥 ≥  𝑙𝑐

   (5.2) 

Regarding 𝑞𝑠𝑢𝑏𝑠 , for a differential element of length 𝑑𝑥 it can be written as, 

 
𝑞𝑠𝑢𝑏𝑠 =  

( 𝑇(𝑥) − 𝑇𝑠𝑢𝑏𝑠 )

𝑅𝑡𝑜𝑡
′  𝑑𝑥   (5.3) 

This equation is valid throughout the length of the bottom NW and for 𝑥 >  𝑙𝑐 for 

the top NW. Here, 𝑅𝑡𝑜𝑡
′ (

𝐾𝑚

𝑊
) is the interface thermal resistance normalized by contact 

length between the NW and the substrate. 

Substituting 𝑞𝑐𝑜𝑛𝑑  and 𝑞𝑠𝑢𝑏𝑠 in Eq. (5.1), the governing equation for the bottom 

NW becomes, 

 
𝜕2𝑇

𝜕𝑥2
−
ℎ
 𝑃
2
(𝑇 − 𝑇𝑖𝑛𝑓)

𝑘𝐴
−
(𝑇 − 𝑇𝑠𝑢𝑏𝑠)

𝑅𝑡𝑜𝑡
′ 𝑘𝐴

 =
𝜌𝐶

𝑘

𝜕𝑇

𝜕𝑡
   (5.4) 

The top NW is in contact with the substrate for 𝑥 >  𝑙𝑐 and is therefore governed 

by, 

 

{
 
 

 
 

𝜕2𝑇

𝜕𝑥2
 −  

ℎ 𝑃 (𝑇 − 𝑇𝑖𝑛𝑓)

𝑘𝐴
=  

1

𝛼
 
𝜕𝑇

𝜕𝑡
 ; 𝑥 <  𝑙𝑐

𝜕2𝑇

𝜕𝑥2
−
ℎ
 𝑃
2
(𝑇 − 𝑇𝑖𝑛𝑓)

𝑘𝐴
−
(𝑇 − 𝑇𝑠𝑢𝑏𝑠)

𝑅𝑡𝑜𝑡
′ 𝑘𝐴

=
𝜌𝐶

𝑘

𝜕𝑇

𝜕𝑡
; 𝑥 ≥ 𝑙𝑐

   (5.5) 

The boundary conditions are the junction heat rate at the center of the wire and an 

isothermal tip condition (𝑇 = 𝑇𝑖𝑛𝑓) at the end of the wire 𝑙. 
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{

𝑇 = 𝑇𝑖𝑛𝑓 ;            𝑥 =  𝑙

−𝑘 𝐴 
𝜕𝑇

𝜕𝑥
=  

𝑄𝑡𝑜𝑝(𝑜𝑟 𝑄𝑏𝑜𝑡)

2
 ;            𝑥 =  0+

       (5.6) 

Details of the determination of the thermal interface resistance ( 𝑅𝑡𝑜𝑡) is provided 

next. 

5.5.2 Determination of Thermal Interface Resistance between Nanowire and 

Quartz 

Thermal resistance 𝑅𝑡𝑜𝑡 is modeled based on the analysis presented in [84]. This 

overall interface resistance between the bottom NW and the substrate is a parallel network 

of the constriction resistance 𝑅𝑐𝑜𝑛𝑠 and the gap resistance 𝑅𝑔𝑎𝑝 as illustrated in Fig. 

5.12(b). 𝑅𝑐𝑜𝑛𝑠 is the thermal resistance due to contact with the substrate and depends on 

the contact width 2𝑏 which is a function of the van der Waals interaction energy between 

the wire and the substrate. On the other hand, 𝑅𝑔𝑎𝑝 comprises another heat flow pathway 

where the wire is not in direct contact with the substrate and the heat flow is expressed in 

terms of the thermal conductivity of the surrounding fluid (air) 𝑘𝑎𝑖𝑟. After estimating the 

contact width 2𝑏 based on the van der Waals interaction force and the material properties 

of the wire (𝑘𝑤) and substrate (𝑘𝑠), the thermal resistances are determined according to 

[84]. The equations are as follows, 

 
𝑅𝑐𝑜𝑛𝑠 =

1

𝜋𝑘𝑤(𝑑𝑥) 
ln (

2𝐷

𝑏
) −

1

2𝑘𝑤(𝑑𝑥)
+ 

1

𝜋𝑘𝑠(𝑑𝑥)
ln (

𝐷

𝜋𝑏
)   (5.7) 

 
𝑅𝑔𝑎𝑝 = 

1

2 𝑘𝑎𝑖𝑟  (𝑑𝑥) [cot (𝑠𝑖𝑛
−1 (

2𝑏
𝐷
)) − (

𝜋
2
+ 1)]

 
  (5.8) 

 
𝑅𝑡𝑜𝑡 = 

𝑅𝑐𝑜𝑛𝑠 𝑅𝑔𝑎𝑝
𝑅𝑐𝑜𝑛𝑠 + 𝑅𝑔𝑎𝑝

   (5.9) 

The surface approach separation distance 𝑙𝑠 and the Hamaker constant 𝐴𝐻 are key 

parameters in determining the van der Waals force of interaction and eventually the contact 

width 2𝑏. Hamaker constant 𝐴𝐻 is a material property that measures the relative strength 

of attractive van der Waals force between two surfaces. A separation distance 𝑙𝑠 of 0.2 nm 
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is a reasonable assumption for this case [85]. The Hamaker constant for the NW-quartz-air 

system 𝐴𝐻 is calculated as shown below from the Hamaker constants for silver (20.3 x 10-

20 J) and silicon dioxide (6.55 x 10-20 J) [86] and is determined to be (11.53 x 10-20 J). Note 

that the value for silicon dioxide is used instead of quartz. 

𝐴𝐻(𝐴𝑔𝑁𝑊 − 𝑎𝑖𝑟 − 𝑞𝑢𝑎𝑟𝑡𝑧)  ≈  𝐴𝐻(𝐴𝑔𝑁𝑊 − 𝑎𝑖𝑟 − 𝑆𝑖𝑂2)

=  √𝐴𝐻(𝐴𝑔 − 𝐴𝑔) 𝐴𝐻(𝑆𝑖𝑂2 −  𝑆𝑖𝑂2)  

The contact width, 2𝑏, is calculated the following way: 

 
2𝑏 = (

16 𝐹𝑣𝑑𝑤  𝐸𝑚  𝐷

𝜋
)
1
2   (5.10) 

Here, 𝐸𝑚 is the effective modulus of elasticity defined as 

 
𝐸𝑚 = 

1

2
  [
1 − 𝑣𝑠

2

𝐸𝑠
+ 
1 − 𝑣𝑤

2

𝐸𝑤
]   (5.11) 

Here, 𝑣𝑠 and 𝑣𝑤 are the Poisson ratios of substrate and NW respectively. 𝐸𝑠 and 

𝐸𝑤 are the modulus of elasticity of substrate and the NW respectively. 

The van der Waals force 𝐹𝑣𝑑𝑤 is calculated the following way, 

 

𝐹𝑣𝑑𝑤 =  − 
𝐴𝐻
𝜋
 ∫

√(𝐷 − 𝑦)𝑦

(𝑦 + 𝑙𝑠)4

𝐷

0

 𝑑𝑦   (5.12) 

Here, 𝐴𝐻 = 11.53 𝑥 10−20 𝐽 is the Hamaker constant discussed earlier and 𝑙𝑠 =

0.2 𝑛𝑚 is the separation distance between two bodies approaching contact. 

Using the above analysis, the estimated 𝑅𝑡𝑜𝑡 is used to calculate the conduction 

loss term to the substrate 𝑞𝑠𝑢𝑏𝑠.  

Table 5.2 summarizes the material and thermal parameters that are used for 

calculation of 𝑅𝑡𝑜𝑡 and are used in the simulation. Calculated values of 𝑅𝑡𝑜𝑡 and other 

derived parameter values are summarized in Table 5.3. 
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Table 5.2: Summary of the material and thermal properties. 

Material Parameters Values 

Mass density of silver,  10490 Kg/m3 

Specific heat capacity of silver, C 235 J/KgK 

Heat transfer coefficient, h 1.2×105 W/m2K 

Thermal conductivity of silver NW, kw 200 W/mK[87] 

Thermal conductivity of quartz, ks 2 W/mK 

Thermal conductivity of fluid (air),kair  0.026 W/mK 

Poisson ratio of quartz, vs 0.17 

Poisson ratio of silver NW, vw 0.37[88] 

Modulus of elasticity of quartz, Es 71.6×109
 N/m2

 

Modulus of elasticity of silver NW, Ew 83×109 N/m2[88, 89] 

 

Table 5.3: Summary of the derived parameters. 

Material Parameters Values 

Hamaker constant, 𝐴𝐻 11.53×10-20
 J 

Effective modulus of elasticity, 𝐸𝑚 1.198×10-11 N/m2 

van der Waals force, 𝐹𝑣𝑑𝑤 -4.0244 N 

Contact width, 2b 4.9554 ×10-9 m 

Constriction thermal resistance, 𝑅𝑐𝑜𝑛𝑠 2.27×105
 K/W 

Gap thermal resistance, 𝑅𝑔𝑎𝑝 5.44×105
 K/W 

Interface thermal resistance, 𝑅𝑡𝑜𝑡 1.605×105
 K/W 

Thermal conductance between NW and 

Quartz, 𝐺 

3.45 W/Km 

 

The two unknown parameters are the junction heat rate 𝑄𝐶  and the contact length 

𝑙𝐶 , which are estimated by fitting the experimental and simulated temperature profiles. 

Therefore, the model detailed here can estimate the temperature profile of each individual 

NW and the temperature evolution with time based on a macroscale 1-D transient fin 

analysis. We have taken the value of the thermal conductance (𝐺 = 
1

𝑅𝑡𝑜𝑡
′) between the NW 

and the quartz substrate to be 10 times the estimated value from the thermal model 

(𝐺𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 =  3.45
𝑊

𝑚𝐾
  ) since the actual thermal conductance could be greater than the 

theoretical value if the NW-substrate contact area is higher than the ideal line contact that 
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has been assumed in the theoretical model. This premise is experimentally verified using 

AFM measurements, the details of which are described in section 5.9. Therefore, an 

estimate of the local heat generated at the junction of the two NWs is obtained using this 

model. 

The governing differential equations (Eq. (5.4) and Eq. (5.5)) with the boundary 

condition (Eq. (5.6)) are solved using a finite volume approach in which an equation is 

discretized into a system of algebraic equations. An implicit time advancement scheme is 

used in the discretization and the resulting algebraic equations are solved using Gauss-

Seidel iteration. 20 elements are used to mesh the half length of the NW of  2.7 µ𝑚, and a 

time step of 20 𝑛𝑠 is used. The fitting parameters 𝑙𝑐, 𝑄𝑡𝑜𝑝 and 𝑄𝑏𝑜𝑡  are varied to match the 

temperature at the center of the NWs with that observed from the TR measurements. The 

time at which the match is checked is a quasi-steady state value of 1 µs. The substrate and 

air temperatures are assumed to be 300 K. An initial temperature of 300 K is set at all grid 

points, and the temperature field is allowed to evolve in time, with the temperature profile 

iterated to converge at each time step. 

Fig. 5.13 shows the simulated temperature profiles for the top and bottom wires 

in solid lines. The peak temperature matches the experimental results when a junction heat 

of 0.16 𝑚𝑊 (𝑄𝑡𝑜𝑝) goes to the top wire and 0.25 𝑚𝑊 (𝑄𝑏𝑜𝑡) goes to the bottom wire, with 

a substrate contact length for the top wire of 𝑙𝑐 = 270 𝑛𝑚. Therefore, total power 

generated at this hotspot is 𝑃𝑀𝑜𝑑𝑒𝑙 = 0.16 + 0.25 = 0.41 𝑚𝑊. Also, the bottom NW 

exhibits a slightly steeper fall as expected because it is in contact with the substrate. 

Thermal power going to the bottom NW (~60%) is greater than that for the top NW (~ 

40%) due to contact with the substrate in the immediate vicinity of the junction. This also 

implies that the experimental profiles observed in Fig. 5.10 can be interpreted as NW #1 

on top of NW #2. The numerical results obtained from the heat transfer model are compared 

to the experimental results of Fig. 5.10. The simulation results correctly capture the 

experimental trends with distance along the NW. In addition, we find that the substrate 

contact length 𝑙𝑐 = 270 𝑛𝑚 assumed in the heat transfer model is consistent with the 

configuration of the NWs in the network as confirmed by AFM measurements (Fig. 5.17). 
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Fig. 5.13: Comparison of experimental data at 1 µs with numerical results from the heat 

transfer model (a) for the top NW (i.e. NW #1) (b) bottom NW (i.e. NW #2). 

Next, we compare the total electrical power dissipated in the network (voltage 

times current) against an estimate of the sum of microscopic power at all the hotspots 

calculated from the heat transfer model. The total electrical power, 𝑃𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑  ~ 1.68 𝑉 ×

50 𝑚𝐴 = 84 𝑚𝑊. Using a binary image (discussed later section in 5.8, Fig. 5.16) created 

from the TR image at 1 µs (a representative T at which most of the hotspots have reached 

steady state) and extrapolation to the overall device area yields an estimate for the total 

number of hotspots in the network of ~ 200. Details of construction of the binary image 

and extraction of the number of hotspots are presented in section 5.6. Therefore, one can 

estimate an average power at each hotspot, 𝑃𝐴𝑣𝑒𝑟𝑎𝑔𝑒  ≈
84 𝑚𝑊

200
= 0.42 𝑚𝑊.  Assuming that 

the hotspot at location 1 is representative of those throughout the network, the estimated 

𝑃𝐴𝑣𝑒𝑟𝑎𝑔𝑒  is in reasonable agreement with 𝑃𝑀𝑜𝑑𝑒𝑙. 

(b)

(a)
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The heat transfer model can be extended to analyze multiple hotspots in close 

spatial proximity through the addition of appropriate boundary conditions at the junctions 

(next section). The spatial profiles obtained from the multiple-hotspot model show 

reasonable agreement with the measured profiles for two hotspots located within a distance 

of ~ 1.5 µm, including the profile along the common NW and those along the two crossing 

NWs. 

The average electrical current per hotspot, 𝐼𝐴𝑣𝑒𝑟𝑎𝑔𝑒 , can be estimated by 

considering the channel as a series of concentric regions, each carrying the total current  

𝐼𝑇𝑜𝑡𝑎𝑙 ≈ 50 𝑚𝐴.  This yields  𝐼𝐴𝑣𝑒𝑟𝑎𝑔𝑒  ≈  
𝐼𝑇𝑜𝑡𝑎𝑙

𝑛𝑅𝑒𝑔𝑖𝑜𝑛
 where 𝑛𝑅𝑒𝑔𝑖𝑜𝑛  is the number of hotspots 

in each of the concentric regions. The resulting 𝐼𝐴𝑣𝑒𝑟𝑎𝑔𝑒  ≈ 2 − 7 𝑚𝐴, along with the 

average power at each hotspot, can be used to estimate an average NW-NW junction 

resistance, 𝑅𝐴𝑣𝑒𝑟𝑎𝑔𝑒 = 
𝑃𝐴𝑣𝑒𝑟𝑎𝑔𝑒

𝐼𝐴𝑣𝑒𝑟𝑎𝑔𝑒
2  ≈ 8 − 100   which falls within the range of typical 

NW-NW junction resistance reported in the literature [90, 91]. 

5.5.3 Multiple Nanowire-Nanowire Junctions Analysis 

The heat model used in the single microscopic hotspot analysis is also applicable 

to analyze multiple hotspots within close proximity. The model can be used to estimate 

generated thermal power at the hotspots at location 5 (i.e. junction of NW B1 and B2) and 

location 6 (i.e. junction of NW B1 and B3) shown in Fig. 5.11. The heat model described 

in the study can be extended by including a boundary condition at the second junction. In 

this analysis, the length of the wires between the two junctions along NW B1 is modeled 

with the junctions as the boundaries. Also, the experimental T vs length profiles are not 

clearly indicative of the relative positions of the pair of wires with respect to being at the 

top or at the bottom, because the characteristic width of the temperature decay profile is 

nearly the same for all three wires. Therefore, we assume NW B1 to be the bottom NW at 

both junctions for the thermal analysis. 

The heat transfer modeling aspects remain the same for the top NWs i.e. NW B2 

and B3 at the two junctions. For NW B2, the junction heat rate is predicted to be 

𝑄𝐿𝑜𝑐5 𝐵2 𝑇𝑜𝑝 =  0.24 𝑚𝑊 and for NW B3 𝑄𝐿𝑜𝑐6 𝐵3 𝑇𝑜𝑝 = 0.19 𝑚𝑊. Fig. 5.14(a) and (b) 

show that a good agreement is obtained with the experimental profiles for these values of 

junction heat. For NW B1, the length between the junctions (~0.8 µ𝑚) is modeled. The 

junction heat rates at both boundaries are unknown and varied to fit the junction 

temperature at the two ends. Fig. 5.14(c) shows that a reasonable match with the 
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experimental T vs length profile of NW B1 is obtained. The temperature decay for the 

modeled profile is not as pronounced but the rise near the junctions is well predicted. Heat 

rates of 𝑄𝐿𝑜𝑐5 𝐵1 𝐵𝑜𝑡 =  0.26 𝑚𝑊 and 𝑄𝐿𝑜𝑐6 𝐵1 𝐵𝑜𝑡 =  0.18 𝑚𝑊 are obtained for NW B1 at 

junction location 5 and 6 respectively. The total heat produced at the hotspot at location 5 

is determined to be 𝑄𝐿𝑜𝑐5 = 𝑄𝐿𝑜𝑐5 𝐵2 𝑇𝑜𝑝 + 𝑄𝐿𝑜𝑐5 𝐵1 𝐵𝑜𝑡 = 0.24 + 0.26 =  0.50 𝑚𝑊 and 

the total heat produced at the hotspot at location 6 is 𝑄𝐿𝑜𝑐6 = 𝑄𝐿𝑜𝑐6 𝐵3 𝑇𝑜𝑝 + 𝑄𝐿𝑜𝑐6 𝐵1 𝐵𝑜𝑡 =

0.19 + 0.18 = 0.37 𝑚𝑊. As expected, the heat power is higher for the junction with 

higher temperature (i.e. location 5). 

We see that for both locations, approximately equal percentage of the generated 

power goes to the top and the bottom NW. In location 5(6), 52% (49%) of the total 

generated power goes to the bottom NW and 48% (51%) goes to the top NW. Unlike the 

single junction analysis presented previously, a much shorter length has been analyzed for 

the two-junction scenario (0.8 µm compared to 2.7 µm for the single junction). Therefore, 

even though the contact length ratios are the same (i.e. 𝑙𝑐 = 0.1 𝑙), the total length in 

contact with the substrate for heat dissipation to the substrate from the bottom NW reduces. 

Moreover, the experimental T at the junction of the top and the bottom NW are almost 

the same for both locations (~21 K at location 5 and ~ 16 K at location 6) as seen from the 

Fig. 5.11(e). Therefore, we see that the generated thermal power at a junction and the 

percentages that goes separately to the individual NWs can be determined from the T at 

the junction and spatial T vs length profiles along the NWs. Note that a higher value of 

thermal contact conductance between the NW and the quartz substrate will result in a better 

prediction of the temperature decay. 

Furthermore, the power generated at location 5 and 6, as obtained from the fitting, 

can be qualitatively related to the local current flowing through the NW-NW junctions at 

those spatial locations. Since the silver NW network is annealed, we can assume that 

electrical junction resistances of the network at different spatial locations are similar [90]. 

Therefore, 

𝑄𝐿𝑜𝑐5 = 0.50 𝑚𝑊 = 𝐼5
2𝑅, and 𝑄𝐿𝑜𝑐6 = 0.37 𝑚𝑊 = 𝐼6

2𝑅 

where 𝐼5 and 𝐼6 are the local currents at the junctions at location 5 and 6 

respectively and 𝑅 is the junction resistance. Hence, we obtain, 

 
𝐼5

𝐼6
≅ 1.2  
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i.e., local current flowing through the junction at location 5 is ~ 1.2 times higher 

compared to the local current flowing through the junction at location 6. 

 

Fig. 5.14: Comparison of experimental data with numerical results from the heat transfer 

model (a) top NW B2 at location 5 (b) top NW B3 at location 6 (c) bottom NW B1 from 

location 5 to 6. 

(a)

(b)

(c)
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5.6 Construction of Binary Mask 

For the thermal transient analysis, a masking algorithm was devised to select only 

the NW pixels and to eliminate substrate pixels. Fig. 5.15 shows the binary mask created 

from the grayscale CCD image where pixels with CCD intensity greater than a threshold 

intensity (Grayscale value ~ 375500) have been selected for analysis. This threshold 

intensity is chosen in a way such that the percentage of pixels considered for analysis 

(representing NW bodies and junctions) matches the area fill factor of NWs (~ 20%) in the 

fabricated NW network samples. Fill factor of fabricated sample is calculated in the 

following way: 

𝐹𝑖𝑙𝑙 𝑓𝑎𝑐𝑡𝑜𝑟 =   
 𝑃𝑟𝑜𝑗𝑒𝑐𝑡𝑒𝑑 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑁𝑊𝑠

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒

=  
𝑇𝑜𝑡𝑎𝑙 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑁𝑊𝑠 ×𝑁𝑊 𝐿𝑒𝑛𝑔𝑡ℎ × 𝑁𝑊 𝑊𝑖𝑑𝑡ℎ

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑆𝑎𝑚𝑝𝑙𝑒

=  
4.8 × 106  

1
𝑐𝑚2  × 90 × 10−7𝑐𝑚 ×  40 × 10−4 𝑐𝑚

1 𝑐𝑚 × 1 𝑐𝑚
 ~ 20% 

 

Fig. 5.15: Binary mask obtained from grayscale CCD image.  This mask was used to 

select pixels corresponding to NW locations, and to eliminate pixels corresponding to 

areas without NWs. 
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5.7 Determination of Heat Transfer Coefficient h 

The heat transfer coefficient, h, represents conductive and convective losses from 

the NW to the surrounding air. For a NW diameter of ~ 100 nm, the natural convective 

losses can be neglected because the Rayleigh number (𝑅𝑎 = 𝐺𝑟. 𝑃𝑟) is very small (close 

to zero). Here, Gr is the Grashoff number and Pr is the Prandtl number. Therefore, the heat 

transfer coefficient can be taken in the conduction limit. From [83], a good approximation 

for the pure conduction limit 𝑁𝑢 number for a body of any shape can be taken as 3.47. 

Using the relationship between 𝑁𝑢 number and h (𝑁𝑢 = ℎ𝐿/𝑘𝑚𝑒𝑑𝑖𝑢𝑚), we obtain a heat 

transfer coefficient ℎ of 1.2 ×  105  
𝑊

𝑚2𝐾
. Here, the characteristic length ‘𝐿’ is taken as the 

square root of the surface area of a single NW ( 𝐿 = √𝐴 ) and 𝑘𝑚𝑒𝑑𝑖𝑢𝑚  is the thermal 

conductivity of the convective medium (air). 

5.8 Determination of Number of Hotspots 

In order to determine the total number of hotspots within the entire 100 µm × 100 

µm network area (i.e. within the field of view of the 100x objective lens), we used a 

customized MATLAB script to construct a binary image from the corresponding TR image 

at 1 µs (Fig. 5.16(a)) considering only the pixels that have T greater than or equal to a 

threshold temperature change (8K in this case).  Joule heating due to the applied electrical 

power occurs mostly at these hottest hotspots. The binary image is shown in Fig. 5.16(b). 

This threshold temperature represents ~5% of the hottest pixels within the network. The 

MATLAB script is then used to obtain the total number of hotspots in the network ~200 

from Fig. 5.16(b) from the total number of the islands of connected pixels. 

 

1 µs
(b)(a)

1 µs
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Fig. 5.16: (a) TR image at 1 µs; (b) Binary image created from (a), showing all pixels 

with T greater than or equal to 8K.  The binary image is used to calculate the 

approximate number of hotspots within the network. 

5.9 Determination of Substrate Contact Length of Nanowire 

In order to determine whether the value of the substrate contact length of the top 

NW, 𝑙𝑐, used in the model is consistent with the physical geometry, we performed AFM 

measurements of annealed silver NW networks. Conventional AFM measurements are 

done (Dl3100, Bruker) in ambient conditions in tapping modes with the simultaneous 

acquisition of phase images. N type Si tip, purchased from AppNano, has been used for the 

measurements. Considering the flexibility of the NWs, a slow line scan rate of 1 Hz with 

scan speed of ~2.8 µm/s has been employed to acquire stable images. Fig. 5.17(a) shows 

topography of a NW-NW junction and Fig. 5.17(b) and (c) show  3-D views of the same 

junction from two different angles. The images show NW C1 (along profile 2) with 

diameter ~ 40 nm and NW C2 (along profile 3) with diameter ~ 100 nm. Since the overall 

height at the junction is the sum of these diameters, it appears that the two NWs are in 

contact at the junction. Height profiles along the NWs and the substrate are shown in Fig. 

5.17(d) to determine 𝑙𝑐. Near the junction, profile 2 (taken along NW C1) is slightly wider 

than profile 3 (taken along NW C2) indicating that NW C1 is the top NW. In order to 

determine 𝑙𝑐  ,we first estimate the tip broadening factor from profile 3 using the width of 

the peak (~ 170 nm) and the height of the peak (~ 40 nm); tip broadening factor =

 170 –  40 =  130 𝑛𝑚. We obtain 𝑙𝑐  of the top NW C1 by deducting tip broadening factor 

from the distance between the peak of profile 2 and the baseline. Note that the distance 

between baseline and the peak in profile 2 are different for the two sides of the NW-NW 

junction along NW C1. For the left side, 𝑙𝑐 =  455 − 
130

2
= 390 𝑛𝑚 and for the right side, 

𝑙𝑐 =  150 − 
130

2
= 85 𝑛𝑚. This value is consistent with 𝑙𝑐 = 270 𝑛𝑚  used in the heat 

transfer model. Based on the NW deposition method, annealing conditions etc. we expect 

similar 𝑙𝑐 values for other NW pairs. 
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Fig. 5.17: AFM image showing configuration of a representative NW-NW junction (a) 2-

D view; (b) (c) 3-D views from two different angles; (d) Height profiles for this NW pair. 

Profile1

Profile2

Profile3
NW #C1

NW #C2

NW #C2

NW #C1 NW #C1
NW #C2

(b)

(a)

~170 nm

~450 nm
~150 nm(d)

(c)



82                         

 

 

5.10 Circuit Representation of Hotspots in Silver Nanowire Network 

A silver NW network can be represented by a resistor network where each of the 

resistor component represents NW-NW junction resistance. Fig. 5.18 shows such a resistor 

network representing current conducting pathways through a portion of a silver NW 

network. Between the electrical contacts, two locally well-connected portions of the 

network (with lower effective resistance of R) are connected through resistor R1 (R>>R1) 

which are otherwise globally disconnected. Hotspots are formed at this high resistance 

point of the network. The maximum heating occurs at such weak points of the most current 

conducting pathways. 

 

Fig. 5.18: A resistor network representing current conducting pathways in silver NW 

network. 
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5.11 Broadening of Temperature Profiles 

Due to optical diffraction limit, TR imaging of sub-diffraction feature sizes leads 

to underestimation of hotspot temperature [92] and broadening of temperature profiles 

taken along NW lengths. The spatial resolution 𝑅 of an imaging system can be defined by, 

𝑅 = 1.22𝜆𝑁 =  
0.61 𝜆

𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 𝐴𝑝𝑒𝑟𝑡𝑢𝑟𝑒
  

Here, 𝑁 is the f-number of the objective lens. In this microscopic hotspot study, 

we have used a green LED (𝜆 = 530 𝑛𝑚) to probe the relative surface reflectance change 

and the numerical aperture of the 100x objective lens used is 0.75. This gives, 𝑅 ≅

430 𝑛𝑚. Note that the pixel dimension in this TR measurement setting is ≅ 200 𝑛𝑚. 

In order to find out the broadening of our experimental temperature rise (T) vs 

length profiles due to the optical diffraction, we determine the spread of the surface 

reflectance profile considering that temperature rises as delta function (i.e. in pulses) at 

NW-NW junctions that encompass one pixel (-100 nm to 100 nm). The pulse temperature 

rise is shown in Fig. 5.19(a). The pulse height, T, is taken 25K here. We consider an 

optical energy profile 𝑓(𝑟) (i.e. a point spread function) determined by Airy disk, and 

approximated by a Gaussian distribution [92], 

 

𝑓(𝑟) ≅
1

√2𝜋
 𝑒𝑥𝑝−

(
2.44 𝑟
𝜆𝑁

)
2

2    (5.13) 

The resulting temperature Gaussian profile (𝑓(𝑟) × T) is shown in blue in Fig. 

5.19(b) where ~51% of the probed reflected optical energy is confined in that pixel (-100 

nm to 100 nm) and ~22.5% spread to the immediate adjacent pixels. This also shows 

lowering of temperature at that pixel from 25K to ~ 14K. Taking FWHM as the effective 

broadening, we determine a spatial broadening of ~ 400 nm from the Gaussian profile. The 

red histograms at each of the pixels represent an average of the Gaussian profile. The 

function 𝑓(𝑟) thus provides a weighing function to determine the broadening due to optical 

diffraction. 
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Fig. 5.19: (a) Pulse temperature rise at NW-NW junction; (b) the broader temperature 

profile (blue Gaussian curve) resulting from optical diffraction as captured by the 100x 

objective lens showing underestimation of temperature. Histogram (shown in red) is 

estimated by averaging the Gaussian temperature curve at each pixel. 

5.12 Conclusion 

In summary, we use high-resolution TR measurements to take thermal images of 

the microscopic hotspots that are formed at NW-NW junctions in a silver NW network. 

We have observed the spatial spreading of heat from the microscopic hotspot and discussed 

its temporal thermal response. We quantitatively determined the thermal time constants 

associated with local heating and cooling. We obtained temperature profiles along the 

length of the NWs (T vs length). We model the thermal behavior using heat transfer 

equations and a finite element analysis (FEA) taking into account the NW-substrate 

interactions and conduction loss to air. We obtained the interface resistance between NW 

and substrate. We also estimated the local power generated due to Joule heating by fitting 

the experimental T vs length profiles with numerical results from our heat model. TR 

thermal images along with the parameters we obtained e.g. thermal interface resistance, 

generated local power at the junctions, number of hotspots, hotspot temperatures and 

associated thermal transients, help us to understand the coupled electro-thermal transport 

in disordered network systems. The hotspots are expected to exhibit similar transient 

thermal responses even if NW length, density etc. are varied as long as the microscopic 

configuration (e.g. thermal environment) of the junctions remains the same with similar 

annealing condition and the junctions are separated by at least a distance equivalent to heat 

diffusion length of ~ 1 –  1.5 µ𝑚. Collectively, these parameters help quantify the 

(a) (b)
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inhomogeneity of the network at a microscopic level, both in terms of the behavior at a 

single hotspot and in terms how the spatial distribution of hotspots correlates to that of 

NW-NW junctions. We see that hotspots exist at a subset of the NW-NW junctions within 

the network; for the specific network characterized in this study, hotspots occur at only 

~15 − 20% of the NW-NW junctions. Hotspots are mostly formed at the weak (i.e. highly 

resistive) links of the most current conducting pathways as illustrated in section 5.10. This 

indicates that the remainder of the junctions are either disconnected from the current 

pathways or exhibit very high or very low resistance (all resulting in negligible power 

generation). In a prior study [30], we have quantified clustering of hotspots in NW 

networks and hybrid graphene/NW networks. The clustering indicates the presence of 

subnetworks which are disconnected from the main conduction pathways but which 

contain interconnected internal pathways. Even in cases in which it is not possible to 

differentiate which of these conditions leads to negligible power at a given junction, TR 

imaging can provide at least indirect information regarding current pathways, e.g. in terms 

of the relative number of hotspots along various radial directions within the concentric 

circular channel or in comparisons between the relative behavior (spatial distribution and 

temperature rise) between networks employing different materials and fabrication 

conditions. Therefore, this technique is universally applicable to any NW/CNT network 

and even to junction free or metallic grid based networks. 
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6. COMPARATIVE STUDIES OF TRANSIENT THERMAL 

RESPONSES OF HOTSPOTS IN GRAPHENE-SILVER 

NANOWIRE NETWORK AND SILVER NANOWIRE NETWORK 

6.1 Overview 

In this chapter, we present a comparative study of thermal transients of hotspots 

in two non-homogenous networks: silver nanowire (NW) network where percolation based 

transport mechanism prevails and hybrid (graphene-silver NW) network where co-

percolation based transport mechanism is predominant.  

Among NW networks, silver NWs have been widely studied and various 

approaches have been utilized to improve the junction topography/configuration, including 

laser/thermal annealing and fabrication of junction-free networks [35, 58, 60, 93-95]. In 

many cases, highly resistive NW-NW junctions dominate the sheet resistance [62, 82, 91, 

96, 97] and corrosion due to environment is of concern for long-term stability [98-100]. 

Hybrid approaches involving integration of a 2D layer (e.g. single-layer graphene) with a 

NW network have been utilized to improve the sheet resistance, particularly in the high 

transparency regime [1, 18, 19, 61, 101-103]. In hybrid networks, copercolation through 

the two sub-networks can overcome the transport bottlenecks at NW-NW junctions and 

graphene can serve as a protective layer for the underlying NW network [104-111]. Roll-

to-roll production of NW and hybrid networks has been reported, illustrating the potential 

for large-scale manufacturing [40, 93, 101, 112-117]. Percolation and copercolation 

models have been developed to describe the general trends in sheet resistance and 

transmittance on NW density, including statistical models (e.g. using interconnected 

resistor networks) of current pathways [19]. However, prior experiments have not yielded 

details such as distributions of junction resistances and current pathways through the 

device. Most experimental studies on nanostructured TCE properties have focused on large 

area steady state exploration of electrical and optical properties or more microscopic 

studies of single/few junctions within the networks [36]. Approaches which allow more 

microscopic characterization of the electrical properties within the overall network would 

provide a more in-depth understanding of conduction processes/pathways through the 
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various types of networks as well as coupled electro-thermal response including local self-

heating, which is expected to have a direct impact on reliability.   

In previous chapters, we discussed transient studies using thermoreflectance (TR) 

imaging techniques, which provide information on self-heating at local hotspots within 

nano-structured networks with sub-micron spatial and 𝑛𝑠 range temporal resolution [2]. 

Spatial inhomogeneity and formation of hotspots at NW-NW junctions are some of the 

distinctive features of network based systems. Since hotspots form at the weakest link of 

the most conductive current pathways due to Joule heating, it is important to study the 

hotspots dynamics in NW and hybrid networks in order to understand the different current 

transport mechanisms. In this chapter, we present a comparative study of thermal transients 

of hotspots in silver NW and hybrid (graphene-silver NW) networks. In both networks, we 

find similar thermal time constants in the vicinity of a hotspot with comparable steady state 

temperature amplitudes. These thermal parameters have similar dependency with distance 

from a contact indicating the time constant arises due to the self-heating of NW-NW 

junctions. In a comparison of overall hotspot distributions at comparable bias condition, 

the hybrid network exhibited fewer hotspots (~ 5x), a lower average hotspot temperature 

(~ 1.5x) and a larger average power per hotspot (~2.6x), all in comparison to the NW 

network. Finally, we show that hotspots are more clustered in hybrid network, which 

indicates better connectivity of hybrid network. In this chapter, these observations are 

explained semi-quantitatively using representative resistor network topologies and 

estimations of the thermal resistances associated with local heat flow through NW and 

graphene. All these parameters help to understand qualitatively the underlying current 

transport mechanism in these two types of network. 

The chapter is arranged in the following way. First, we compare/contrast thermal 

transient behavior of individual hotspots in both type of networks. Next, we analyze and 

compare temporal evolution of their collective thermal behavior in terms of their number, 

average temperature change T, and spatial distributions in both networks. 

6.2 Comparative Transient Thermal Characteristics of Individual 

Hotspots 

Fig. 6.1 shows representative TR images captured at different Ds. We see that 

certain localized areas in both networks have much higher T (as high as 100K in silver 

NW network and 60 K in hybrid network) than surrounding areas and are mostly formed 

at the NW-NW junctions. These regions are recognized as “hotspots”. Due to the 
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inhomogeneous nature of the networks, these hotspots are non-uniform both in spatial 

location and in temperature. For thermal analysis, a 4 µm × 4 µm area (~ 36 pixels), 

generally encompassing several NW-NW junctions (microscopic hotspots, with 

dimensions of ~ hundreds of nanometers), is selected for each hotspot. 

 

Fig. 6.1: Transient response (i.e. TR images) at different Ds showing formation of 

hotspots during heating cycle at (a)(b) 1 µs, and (c)(d) 10 µs for silver NW and hybrid 

network respectively. The dotted lines represent the inner and the outer circular electrical 

contacts respectively. 

In order to observe comparative T evolution of hotspots with time due to the 

local self-heating at the NW-NW junctions, we take two representative hotspots, one in the 

hybrid network and one in the silver NW network, at a comparable distance (~ 60 µm) 

from the center of the inner contact. (Note that since NW distributions are random in these 

two networks, it is challenging to obtain hotspots at comparable distances for a fair 

AgNW 1 µs

AgNW 10 µs

Hybrid 1 µs

Hybrid 10 µs

(a) (b)

(c) (d)
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comparison.) Fig. 6.2 shows T Vs time profiles during the heating and the cooling cycle. 

Clearly, for both the hotspots, the transient heating exhibits a single thermal time constant. 

Similarly, for the cooling cycle, a single thermal time constant is observed for both the 

hotspots. 

 

Fig. 6.2: Comparison of T vs. D profiles of two hotspots at comparable distances in the 

silver NW and hybrid network during the (a) heating cycle (b) cooling cycle. 

To quantify the transient dynamics, we fitted the data from the heating portion of 

the pulse with ∆T = AH_Hybrid (1- 𝑒
− 

𝑡

𝜏𝐻_𝐻𝑦𝑏𝑟𝑖𝑑) for the hotspots in hybrid network and ∆T = 

AH_Silver (1- 𝑒
− 

𝑡

𝜏𝐻_𝑆𝑖𝑙𝑣𝑒𝑟) for the hotspots in silver NW network where H_Hybrid, H_Silver  are 

the thermal time constants, and AH_Hybrid, AH_Silver are the corresponding amplitudes of the 

(a)

(b)
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hotspots for hybrid and silver NW network respectively during the heating cycle (see red 

and blue solid line in Fig. 6.2). Similarly, the cooling transient data has been fitted with ∆T 

= AC_Hybrid 𝑒
− 

𝑡

𝜏𝐶_𝐻𝑦𝑏𝑟𝑖𝑑  and ∆T = AC_Silver 𝑒
− 

𝑡

𝜏𝐶_𝑆𝑖𝑙𝑣𝑒𝑟, where C_Hybrid , C_Silver and AC_Hybrid , 

AC_Silver are the time constants and amplitudes of hotspots for hybrid and silver NW 

network during the cooling cycle, respectively.  The hotspot in hybrid network shows 

𝜏𝐻_𝐻𝑦𝑏𝑟𝑖𝑑  ~ 700 𝑛𝑠, 𝜏𝐶_𝐻𝑦𝑏𝑟𝑖𝑑  ~ 600 𝑛𝑠 and 𝐴𝐻_𝐻𝑦𝑏𝑟𝑖𝑑  ~ 1.8 𝐾, 𝐴𝐶_𝐻𝑦𝑏𝑟𝑖𝑑  ~ 2.4 𝐾. On 

the other hand, the hotspot in silver NW network shows 𝜏𝐻_𝑆𝑖𝑙𝑣𝑒𝑟  ~ 800 𝑛𝑠, 

𝜏𝐶_𝑆𝑖𝑙𝑣𝑒𝑟  ~ 800 𝑛𝑠 and 𝐴𝐻_𝑆𝑖𝑙𝑣𝑒𝑟  ~ 6𝐾, 𝐴𝐶_𝑆𝑖𝑙𝑣𝑒𝑟  ~ 6𝐾. For different hotspots within both 

types of network, we obtain comparable thermal time constants H < 1 µs and C < 1 µs 

during the heating and cooling cycle. In case of these two specific hotspots, AH and AC 

values are higher for the hotspot in silver NW network( AH_Hybrid  AH_AgNW and AC_Hybrid 

 AC_AgNW ). But, in general, we see that the steady state temperature amplitudes are 

comparable in both networks (discussed later in Fig. 6.3). Various hotspots within the 

networks show qualitatively similar behavior with similar time constants, but varying 

maximum temperature change and weighting of the time constant.  

Fig. 6.3 shows the extracted 𝜏𝐻, 𝜏𝐶 , 𝐴𝐻, and 𝐴𝐶  values of representative hotspots 

in the networks at various locations measured from the center of the inner contact 𝑟. The 

radius of the inner contact is 40 µm and the inner radius of the outer contact is 140 µm. As 

we mentioned previously, we see that the steady state temperatures are comparable 

throughout the channel region. Also, we see that 𝐴𝐻 and 𝐴𝐶  of hotspots in both networks 

shows similar behavior with respect to 𝑟, systematically falling as 
1

𝑟2
 (similar to how current 

density scales with 𝑟) due to the circular structure of the device which we reported in our 

previous publication. We also find that hotspots in both network show comparable 𝜏𝐻, and 

𝜏𝐶  values less than 1 µs and remain invariant with distance 𝑟.  This observation for hotspots 

in silver NW network is consistent with our earlier findings for hotspots in hybrid network 

[2]. Previously, we reported that the thermal time constants of hotspots in hybrid network 

(formed in response to shorter device heating pulse of 10 µs) are due to the local self-

heating of the NW-NW junctions, depend on the thermal properties in the vicinity of a 

NW-NW junction, and exhibit no variation with distance. Our findings that hotspots in 

silver NW network show similar behavior regarding thermal time constants and that steady 

state temperature amplitudes falls systematically with distance similar to current density, 

confirm that these parameters origin due to self-heating of NW-NW junctions. 
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Fig. 6.3: Comparison of (a) AH vs distance 𝑟 from the center of the inner electrical 

contact; (b) AC vs 𝑟; (c) H vs 𝑟; (d) C vs 𝑟 in silver NW and hybrid network. r < 40 μm 

and r > 140 μm represent the inner and the outer electrical contact regions respectively. 

To summarize the thermal transient behaviors of individual hotspots in hybrid and 

silver NW network: we find that hotspots in both network show similar thermal behavior 

with comparable thermal time constants less than 1 µs which remain invariant with 

distance. The steady state temperature amplitudes of the hotspots are also comparable in 

both networks and vary systematically in a similar way with distance within the networks.  

6.3 Collective Thermal Characteristics of Hotspots 

6.3.1 Comparison of Evolution of Number of Hotspots 

One of the observations from the TR images shown in Fig. 6.1 is that silver NW 

network has more hotspots compared to hybrid network. This indicates that by 

incorporating 2D graphene with 1D NW network, a substantial number of electric and 

thermal bottlenecks can be reduced. We quantify and compare the change in number of 

(a) (b)

(c) (d)
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hotspots with time in these two networks. For this analysis, we consider the quarter of the 

network region that represents the shortest distance in between the two electrical probes 

and where most of the hotspots are formed (electrical contacts made with Ti/Pd/Au layers 

are thin, the corresponding resistance cannot be ignored). Both the networks have similar 

number of total pixels in the areas considered. In order to determine the total number of 

hotspots within the entire 100 µm channel area, we used a customized MATLAB script to 

construct a binary image from the corresponding TR image at Ds considering only the 

pixels that have T greater than or equal to a threshold temperature change (5K in this 

case). Joule heating due to the applied electrical power occurs mostly at these hottest 

hotspots. At D = 1 µs, this threshold temperature represents ~2% and ~10% of the hottest 

pixels within the hybrid and silver NW network respectively. The MATLAB script is used 

to obtain the total number of hotspots from the total number of the islands of connected 

pixels. Fig. 6.4 shows the binary images at D = 10 µs for both types of network. 

 

Fig. 6.4: Binary images at D = 10 µs in (a) silver NW network, and (b) hybrid network. 

Binary images are created from TR images, showing all pixels with T greater than or 

equal to 5K.  The binary images are used to calculate the approximate number of hotspots 

within the network. The dashed lines denote the inner and the outer circular electrical 

contacts. 

Fig. 6.5 shows the evolution of number of hotspots with time in both networks. 

We find that at the steady state (at after 1 µs), silver NW network has 5 times higher the 

total number of hotspots compared to hybrid network (𝑖. 𝑒.  
𝑛𝑠𝑖𝑙𝑣𝑒𝑟

𝑛𝐻𝑦𝑏𝑟𝑖𝑑
≅  

250

50
= 5) during the 

heating cycle. Here, 𝑛𝑆𝑖𝑙𝑣𝑒𝑟(𝑛𝐻𝑦𝑏𝑟𝑖𝑑) is the total number of hotspots generated within silver 

AgNW Hybrid

(a) (b)



93                         

 

 

NW (hybrid) network. This ratio remains approximately the same even if the threshold 

temperature is changed.  

 

Fig. 6.5: Comparison of number of hotspots vs time D in silver NW and hybrid 

networks. 

6.3.2 Comparison of Evolution of Average Hotspot Temperature 

Fig. 6.6 shows the average 𝑇 of these hotspots with time. At steady state, the 

hotspots in silver NW network has an average 𝑇 almost 1.6 times higher than the hybrid 

network i.e. 
∆𝑇𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟

∆𝑇𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑
≅

16

10
= 1.6 where, ∆𝑇𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟  (∆𝑇𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑) is the average 

hotspot temperature in silver NW (hybrid) network. Higher number of hotspots and higher 

average 𝑇 of the hotspots in silver NW network (opposite is true for hybrid network) 

illustrates two important aspects of transport in percolating and copercolating network. In 

hybrid network, where copercolation is the key transport mechanism, graphene contributes 

mainly two ways to reduce transport bottlenecks. 1) It provides additional low resistance 

electrical current pathways to connect portions of NW network which would otherwise be 

disconnected. 2) It reduces overall NW-NW junction resistance either electrically (by 

providing alternating route to bypass resistive junctions or conducting current in parallel 

with NWs) and/or mechanically (by providing mechanical force to fuse the junctions better 

during the annealing process). We discuss more about the average thermal power at the 

hotspots later in details. 
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Fig. 6.6: Comparison of average hotspot temperature change (T) vs time D in silver 

NW and hybrid networks. 

6.3.3 Comparison of Evolution of Spatial Distributions 

Another interesting observation from the TR images of Fig. 6.1 is that hotspots 

within silver NW network seems to be spatially more dispersed compared to copercolating 

hybrid network. In hybrid network, not only there are less number of hotpots with low 

average T but also these hotspots are more spatially closely packed compared to silver 

NW network. In an effort to quantify how the hotspots are spatially evolving with time, we 

take average nearest neighbor (ANN) ratio as a metric of clustering of hotspot. This metric 

is widely used to compare and quantify observed distributions to a control distribution in 

various fields in agriculture, biology, urban planning, geography, and regional crime 

mapping etc. 

ANN ratio for network based systems is defined as, 

 
𝐴𝑁𝑁 𝑟𝑎𝑡𝑖𝑜 =  

�̅�𝑂
�̅�𝐸

   (6.1) 

Here, �̅�𝑂 is the observed mean distance between each hotspot and its nearest 

neighbor hotspot (illustrated in details in the Fig. 6.8), i.e. �̅�𝑂 = 
∑ 𝑑𝑖
𝑛
𝑖=1

𝑛
 where 𝑑𝑖 is the 

distance between hotspot 𝑖 and its nearest neighbor hotspot, 𝑛 is the number of hotspots in 

the network. �̅�𝐸 is the expected mean distance for the hotspots given a random pattern: 
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�̅�𝐸 = 
1

2√
𝑛

𝐴
 
 where 𝐴 is the total area where 𝑛 features (hotspots in our case) reside. We 

measure all distances in terms of pixel. Similar area (𝐴) with similar total pixel count is 

considered for both the networks which is a quadrant of the 100 µm channel area in 

between the electrical probe where most of the hotspots are formed. ANN ratio < 1 

indicates that the hotspots exhibits clustering whereas ANN ratio > 1 shows the hotspots 

are spatially dispersive in nature.  

Fig. 6.7 shows schematics of how ANN ratio corresponds to spatial clustering of 

objects within a specific area [118]. 

 

 

Fig. 6.7: Schematics showing the correlation of ANN ratio with spatial clustering. 

In order to quantify ANN ratio for each type of network at a given time instant D, 

first the total number of hotspots 𝑛 are determined (the algorithm for determining the 

number of hotspots is mentioned Chapter 5). Then, for each hotspot 𝑖, its nearest neighbor 

distance 𝑑𝑖 is determined in pixels [119]. To determine 𝑑𝑖, a MATLAB program is used to 

determine the borderlines of each of the hotspots. Then mutual distances (in pixels) 

between the hotspots are determined using the individual borderlines of the hotspots. For 

each of the hotspots 𝑖, the lowest of the mutual distances is the corresponding nearest 

neighbor distance 𝑑𝑖. Fig. 6.8 shows schematics of this algorithm. For the four hotspots 

shown, nearest neighbor distances are d1, d1, d2, and d3 at a certain D. Therefore, �̅�𝑂 =

 
𝑑1+ 𝑑2+ 𝑑3+ 𝑑3

4
 at that D. 

 

ANN ratio <1ANN ratio > 1

ClusteredDispersed
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Fig. 6.8: Schematics of (a) binary images to be created from TR images showing different 

hotspots at a certain time instant D; (b) borderlines of the hotspots are shown in red and 

mutual distances are shown in yellow lines; (c) Nearest neighbor distances of individual 

hotspots are shown in blue. 

After determining �̅�𝑂 and �̅�𝐸, ANN ratio at D.is determined accordingly using 

Eq. (6.1) mentioned above. Fig. 6.9 shows these parameter values with time. We see a rapid 

decrease of �̅�𝑂 within 1 µs of the heating cycle for both networks and then it saturates 

(which is consistent with the observed thermal time constant of 1 µs and also with Fig. 6.2, 

no new hotspots are formed after this time line). Hybrid network shows comparatively 

rapid change due to the less number of hotspots formed within the network (�̅�𝑂 changes 

from 50 to 10 pixel distance) whereas silver NW network �̅�𝑂 changes from 10 to 5. During 

the cooling cycle, �̅�𝑂 increases, as expected. For silver NW network, �̅�𝑂 value remains 

steady at the value of 10. For hybrid network, the cooling cycle data is a little noisy due to 

lower T of the network and small number of hotspots. Both the networks show ANN ratio 

less than 1 during the heating cycle with silver NW network showing a higher ANN ratio 

of 0.9 and hybrid network a lower value of 0.6. Comparing ANN ratio of hybrid network 

with that of silver NW network, we have 
0.6

0.9
= 0.67. This indicates that the distribution of 

hotspots in hybrid network relative to an expected random distribution appears to be more 

concentrated than that in silver NW network relative to an expected random distribution 

(i.e. hotspots in hybrid network are more clustered than in silver NW network). During the 

cooling cycle, since T drops fast within 1 or 2 µs, it is difficult to quantify mutual 

distances of the hotspots and ANN ratios over time. 

Binary Image Mutual Distances Nearest Neighbor Distances(a) (b) (c)
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Fig. 6.9: Evolution of (a) average nearest neighbor distance �̅�𝑂 ; (b) expected mean 

distance given a random pattern �̅�𝐸 ; (c) ANN ratio with time D. 

(a)

(b)

(c)

Less Clustered
More dispersed
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6.3.4 Comparison of Evolution of Average Network Temperature 

Besides hotspots, we also compare the evolution of average network temperature 

with time taking into account temperature rise of all the NW pixels within the network. A 

masking algorithm was devised to select only the NW pixels and to eliminate substrate 

pixels from the CCD images of the networks at different Ds. Even though in 20x 

measurement, each pixel is ~ 670 nm indicating each pixel includes NWs as well as 

substrate, the masking algorithm excludes substrate to obtain highest possible accuracy 

within the limitation of the pixel spatial resolution. For both types of network, pixels with 

CCD intensity greater than a threshold intensity have been selected for analysis. This 

threshold intensity is chosen in a way such that the percentage of pixels considered for 

analysis (representing NW bodies and junctions) matches the area fill factor of NWs (~ 

20%) in the fabricated NW network samples. Then at each D, T of the selected NW pixels 

are averaged in order to obtain the average change of temperature of the network with time. 

We find that the average temperature of the silver NW network is ~ 2.5 times higher than 

that of the hybrid network as shown in Fig. 6.10.  

 

Fig. 6.10: Comparison of average T of the NWs within the channel region of silver NW 

network and hybrid network. 

Histograms of T of the selected NW pixels at 200 ns and 1 µs (Fig. 6.11) also 

show that silver NW network has hotter pixels compared to hybrid network. 
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Fig. 6.11: Comparison of temperature histograms of NW pixels within silver NW 

network and hybrid network at (a) D = 200 ns, and (b) D = 10 µs. 

6.4 Comparison of Microscopic versus Macroscopic Behavior 

It is informative to compare the observed microscopic behavior, e.g. individual 

and collective characteristics of hotspots, with macroscopic parameters, e.g. the terminal 

characteristics including total current and power. Such comparisons can provide insights 

regarding the relative contributions of electrical versus thermal properties to the relative 

differences between the two types of networks. Table 6.1 summarizes few macroscopic 

properties of the silver NW network and hybrid network. From circular transfer length 

P
ix

el
 C

o
u

n
t

T (K)

P
ix

e
l C

o
u

n
t

(a)

(b)



100                         

 

 

measurements (TLM) employing different network channel lengths (10 µm, 20 µm, 50 µm, 

and 100 µm), we obtain the sheet resistance and contact resistance of the networks. We 

find that the sheet resistance of the silver NW network is ~ 2.5 times higher than that of the 

hybrid network. We also measure the total resistances of two 100 µm devices, one from 

each type of network, on which we perform the TR measurements. We use 2-point probe 

technique to measure the total resistances (i.e. channel resistance + contact resistance). We 

determine the channel resistances by deducting the respective contact resistances from the 

total measured resistances. Comparable currents of 46.4 𝑚𝐴 and 52 𝑚𝐴 flow through the 

silver NW and hybrid network respectively. The overall electrical power dissipated within 

the channel region of each network can be determined from the current and channel 

resistance.  This yields 𝑃𝑆𝑖𝑙𝑣𝑒𝑟  = (46.4𝑚𝐴)2 × 31.6 Ω = 68 𝑚𝑊 for the silver NW 

network and 𝑃𝐻𝑦𝑏𝑟𝑖𝑑  = (52𝑚𝐴)2 × 13.1 Ω = 35.3 𝑚𝑊 for the hybrid network where  

𝑃𝑆𝑖𝑙𝑣𝑒𝑟  and 𝑃𝐻𝑦𝑏𝑟𝑖𝑑  are the total electrical power to the channel in the silver NW network 

and hybrid network respectively. Therefore, the channel power in the silver NW network 

is ~ 2 times higher compared to the hybrid network. 

 

Table 6.1: Macroscopic Properties of Silver NW and Hybrid Network 

Properties Silver NW Network Hybrid Network 

Sheet Resistance (TLM measurements) 30.9 /sqr 12.6 /sqr 

Contact Resistance (TLM measurements) 14  19.2  

Total Resistance (Measured) 45.6  32.3  

Channel Resistance(RCh) 31.6  13.1  

Current(ICh) 46.4 mA 52 mA 

Power in Channel(I2
ChRCh)𝑃𝑆𝑖𝑙𝑣𝑒𝑟 /𝑃𝐻𝑦𝑏𝑟𝑖𝑑  46.42×31.6 = 68 mW 522×13.1=35.3 mW 

 

Microscopically, we observe from Fig. 6.5 that at steady state, 
𝑛𝑆𝑖𝑙𝑣𝑒𝑟

𝑛𝐻𝑦𝑏𝑟𝑖𝑑
≅  5. We 

also observe from Fig. 6.6 that at steady state, 
∆𝑇𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟

∆𝑇𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑
≅ 1.6. Qualitatively similar 

relationships regarding microscopic hotspot temperature are also observed in comparisons 

of individual hotspots at comparable radii (Fig. 6.3). Since hotspots are the bottlenecks of 

the network, it is expected that most of the applied electrical power will be dissipated at 

those hotspots. Therefore, the average thermal power generated at each of the hotspots, 

denoted as 𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟(𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑), can be calculated:  

𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟 = 
𝑃𝑆𝑖𝑙𝑣𝑒𝑟

𝑛𝑆𝑖𝑙𝑣𝑒𝑟
 ≅ 0.27 𝑚𝑊  
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𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑 =   
𝑃𝐻𝑦𝑏𝑟𝑖𝑑
𝑛𝐻𝑦𝑏𝑟𝑖𝑑

 ≅ 0.71 𝑚𝑊 

∴
𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟
𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑

≅   
1

2.6
 

Although 𝑃𝐻𝑦𝑏𝑟𝑖𝑑  is ~ 2 times smaller than 𝑃𝑆𝑖𝑙𝑣𝑒𝑟 , the significant decrease in 

𝑛𝐻𝑦𝑏𝑟𝑖𝑑  yields a 𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑  which is ~ 2.6 times higher than 𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟 . Table 6.2 

summarizes the microscopic observations from TR measurements along with the average 

power generated at each hotspot in both types of network. Next, we will discuss how these 

effects can be explained semi-quantitatively by considering differences between NW and 

hybrid networks in both resistive pathways and local heat spreading. 

 

Table 6.2: Microscopic Observations and Average Power at Hotspots 

Properties Silver NW Network Hybrid Network 

Number of hotspots at steady 

state(𝑛𝑆𝑖𝑙𝑣𝑒𝑟 /𝑛𝐻𝑦𝑏𝑟𝑖𝑑) 

250 50 

Average hotspot temperature ∆𝑇𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟 / 

∆𝑇𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑  (from experiment) 

16 K 10 K 

Average power at hotspots 

(𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟 /𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑) 

0.27 mW per hotspot 0.71 mW per hotspot 

6.4.1 Resistive Current Pathways 

A more physical understanding of the changes in current pathways which lead to 

the observed changes in number and average power of hotspots can be developed by 

considering interconnected resistor networks representing the two network types. Broadly, 

hotspot are expected at relatively resistive links in otherwise conductive pathways. In 

hybrid networks, the resistance of NW-NW junctions can be reduced by local pathways 

through the graphene or by more intimate NW-NW contact due to mechanical force applied 

by the graphene.  In PSPICE circuit simulations, we considered two scenarios representing 

changes between hybrid and NW networks. 1) Reduction of NW-NW resistances within 

existing current pathways. 2) Additional conductive pathways which connect portions of 

the network which were weakly connected in the NW network.  Considering cases in which 

the overall resistance changes modestly, the simulated networks show increased power 
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dissipation at some weak-links, due to increased current associated with the additional 

pathways feeding current into these weak-links, and reduced power dissipation at other 

weak-links, due to either reduced resistance of the link or shunting of current away from 

the link due to new pathways. We discuss the details of the simulations in the next section. 

These trends qualitatively explain the experimental observations of increased average 

power per hotspot and reduced number of hotspots in the hybrid network, respectively.   

 Resistor Network Simulations 

In order to explain our observations of reduced number of hotspots but with higher 

thermal power in hybrid network, we did circuit simulations of resistor networks in 

PSPICE that emulates the transport mechanism within the silver NW and Hybrid network.  

A silver NW network can be represented by a resistor network where each of the 

resistor component represents NW-NW junction resistance. Fig. 6.12 shows such a resistor 

network (circuit configuration 1) representing two parallel current conducting pathways 

through a portion of a silver NW network in between the two electrical contacts. Within 

each of these two current pathway, 4 locally well-connected portions of the network (with 

lower effective resistance of R) are connected through resistors R1 (R>>R1, R ~ 25  as 

reported by [90] for similar NWs and annealing conditions) which are otherwise globally 

disconnected. Hotspots are formed at these high resistance points of the network. The 

maximum heating occurs at such weak points of the most current conducting pathways. 

We assign these high resistance points (i.e. hotspots) as HS 1 through 8.  

In case of hybrid network, parallel pathways are connected through additional 

resistors (representing additional connectivity via graphene).Two scenarios are simulated. 

1) One of the conducting pathways has been modified and made more conductive. We 

transform two of the resistive links (HS1 and HS4) more conductive by adding more 

resistors in parallel to it (Fig. 6.13, circuit configuration 2). This represents the scenario as 

graphene makes NW-NW junctions better (i.e. reduce the NW-NW junction resistance) 

either electrically by conducting more current or mechanically by making the junction 

morphologically better by exerting mechanical force. 2) New conductive pathways with a 

separate resistor network have been created through graphene which would otherwise be 

disconnected (Fig. 6.14, circuit configuration 3). This represents the scenario as graphene 

helps to create more new conductive pathways. In all cases, ~50 mA current flows through 

the network.  



103                         

 

 

We observe that for both the scenarios considered in case of hybrid network, the 

remaining resistive links (HS2, HS3) shows higher generated power. Additional current 

from the adjacent current pathways is flowing through graphene via these links, therefore, 

generating higher thermal power. Moreover, we also found that the other resistive links 

(HS 5-8) show lower electrical power (i.e. lower current flows through those links). This 

indicates lower heating at these links and overall reduced number of hotspots in hybrid 

network. Fig. 6.15 shows the electrical power obtained from the PSPICE simulations at 

each of these hotspots for all of these circuit configurations. 

 

Fig. 6.12: Circuit simulation of a resistor network showing two parallel current 

conducting pathways in a silver NW network (configuration 1). Eight hotspots (HS 1-8) 

are represented by the eight resistive links (shown in red circles). 

R1(HS7)

R << R1

(Hotspot, HS1)

(HS2)

(HS3)

(HS8)

(HS5)(HS4)

(HS6)
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Fig. 6.13: Circuit simulation of the resistor network (configuration 2) with two hotspots  

(HS 1 and 4) removed by adding more parallel conducting pathways through resistors 

(shown in green) to represent current conduction pathways in hybrid network. Moreover, 

graphene provides additional connectivity between the two parallel current conducting 

pathways (shown in pink) in hybrid network. 
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Fig. 6.14: Circuit simulation of the resistor network (configuration 3) with an additional 

current conducting pathway created through an additional resistor network (shown in 

yellow). 
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Fig. 6.15: Electrical power at each of the hotspots. Two of the hotspots (HS 2 and 3) 

show higher power in hybrid network compared to silver NW network whereas other 

hotspots (HS 5 – 8) show lower values. 

6.4.2 Local Heat Spreading 

In the previous section, we explain our observations of reduced number of 

hotspots that have higher average power in hybrid network from simulations of resistor 

networks. In order to explain the other microscopic experimental observation of reduced 

average hotspot temperature in hybrid network (even with higher average power generated 

at those hotspots), we look into the details of heat dissipation pathways in the vicinity of 

NW-NW junctions in both types of network.  

We estimated the thermal resistance from a NW-NW junction to heat sink (quartz) 

via graphene vs. through only NWs. We first determined the typical distance over which 

graphene is suspended over both sides of the NW (~ 50 nm) from AFM images and taking 

length profiles along the diameter of NW in a hybrid network. AFM images of the junctions 

in both types of network are shown in Fig. 6.16. Length profiles along the NW diameter 

are shown in Fig. 6.17. 

 

Fig. 6.16: AFM images showing configuration of representative NW-NW junctions in 

silver NW network and hybrid network. (a)(b) 2-D views; (c) - (f) 3-D views from two 

different angles of NW-NW junctions in silver NW and hybrid network respectively. In 

hybrid network, graphene wraps the NW-NW junction. 

Hybrid NetworkSilver NW Network(a) (b)

(c) (d) (e) (f)
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Fig. 6.17: (a) Length profiles from AFM images of a representative NW-NW junction in 

hybrid network show graphene draping ~ 50 nm on both sides of a NW. (b) Schematics 

along the cross-section of a NW showing graphene draping on both sides of the NW. 

By wrapping the NW-NW junctions, graphene provides additional heat 

conductive parallel pathways from junction to quartz. Using the draping distance of ~ 50 

nm and the distance over which the top NW of a junction makes contact with quartz (270 

nm, from our heat model in [120]), we determine the effective thermal resistance of 

graphene. Thermal resistances of the crossing NWs are determined in a similar way. Our 

estimation shows that graphene lowers the overall thermal resistance of NW-NW junctions 

~ 4.5x in hybrid network (𝜃𝐻𝑦𝑏𝑟𝑖𝑑 = 0.10877 × 105  
𝐾

𝑊
 and 𝜃𝑆𝑖𝑙𝑣𝑒𝑟𝑁𝑊 =  0.53 × 105  

𝐾

𝑊
). 

Even though graphene is one atomic layer thick, it conducts a considerable 

amount of heat generated at the NW-NW junction and provides better heat dissipation 

pathways. Moreover, since graphene has low convection heat transfer coefficient to air, it 

spreads heat uniformly through the network rather than dissipating heat to air [121]. The 

lower local thermal resistance in the hybrid network explains how the ∆𝑇𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑can be 

lower than ∆𝑇𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟even though 𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑  is higher than 𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟 . Table 6.3 

(a)

(b)
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summarizes the estimated thermal resistances and temperatures of the junctions in silver 

NW and hybrid network. We find that the ratio of estimated hotspot temperatures (from 

junction thermal resistances) in these two types of network is similar to the ratio of 

experimentally observed average hotspot temperature. 

∆𝑇𝐸𝑠𝑡 𝑆𝑖𝑙𝑣𝑒𝑟 = 𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟𝜃𝑆𝑖𝑙𝑣𝑒𝑟 = 13.2 𝐾  

∆𝑇𝐸𝑠𝑡 𝐻𝑦𝑏𝑟𝑖𝑑 = 𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑𝜃𝐻𝑦𝑏𝑟𝑖𝑑 = 7.7 𝐾 

∴  
∆𝑇𝐸𝑠𝑡 𝑆𝑖𝑙𝑣𝑒𝑟
∆𝑇𝐸𝑠𝑡 𝐻𝑦𝑏𝑟𝑖𝑑

 ≅   1.7 ≅
∆𝑇𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟
∆𝑇𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑

 

Table 6.3: Estimated Thermal Resistances and Temperatures of Junctions 

Properties Silver NW Network Hybrid Network 

Estimated thermal resistance of junction 

(TH) 

0.4878×105 K/W 0.10877×105 K/W 

Average power at hotspots  

(PAvg, i.e. 𝑃𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟 /𝑃𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑) 

0.27 mW per hotspot 0.71 mW per hotspot 

Estimated average temperature of junction 

(TEst  = PAvgTH) 

13.2 K 7.7 K 

Average hotspot temperature  ∆𝑇𝐴𝑣𝑔 𝑆𝑖𝑙𝑣𝑒𝑟 / 

∆𝑇𝐴𝑣𝑔 𝐻𝑦𝑏𝑟𝑖𝑑  (from experiment) 

16 K 10 K 

 

6.5 Conclusion 

In summary, we have done a comparative study of transient thermal responses of 

hotspots in silver NW and hybrid network. Through TR thermal images, we find out the 

vulnerable links of the networks where hotspots are formed. We found that hotspots in both 

networks show similar thermal time constants of less than 1 µs. The steady state 

temperatures of these hotspots show similar distance dependent behavior at different spatial 

locations of the networks. We determine that silver NW network generates ~ 5x higher 

number of hotspots with ~ 1.6x higher average hotspot temperature. This infers that on an 

average ~ 2.6x higher thermal power is generated at each of the hotspots in hybrid network. 

Simple resistor network circuit simulations verify these experimental observations. 

Monolayer graphene, in spite of atomically thin, transport a significant amount of 
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generated power from the NW-NW junction to substrate at this nanoscale. Our thermal 

resistance model shows that wrapping a silver NW network with graphene reduces the 

thermal resistance of a NW–NW junction ~ 4.5x. This becomes evident in the fact that 

despite generating higher thermal power, the hotspots in hybrid network exhibit ~ 1.6x 

lower average temperature rise. Moreover, since graphene drapes over the NWs in hybrid 

network, significant amount of strain is induced during the annealing process that reduce 

the overall electrical resistance of the NW-NW junctions. Therefore, we can infer that 

higher generated power (I2R, R is junction resistance) at hotspots in hybrid network renders 

to higher amount of current flowing through these hotspots. We find that hotspots in hybrid 

network have lower thermal resistance and higher average power; yet we obtain similar 

thermal time constants for both types of network which is probably due to the higher 

specific heat capacity of graphene (748 J/KgK [64]) compared to silver NWs (232 J/KgK 

[35]). Finally, even though TR images cannot capture heating either in NW bodies or in 

graphene (silver NW bodies, as metallic, does not heat up significantly due to its high 

electrical and thermal conductivity; on the other hand, graphene is transparent), this 

technique traces the links where heating is the maximum. By tracking the temperature of 

these resistive links, it is possible to semi-qualitatively know about current conducting 

pathways within the networks. Collectively, this electro-thermal study illustrates different 

current conduction mechanisms in silver NW (percolation) and hybrid (copercolation) 

network. It also emphasizes the significant role graphene plays in lowering electrical and 

thermal resistance. This study shows that 1D-2D layered hybrid materials are 

comparatively more reliable in terms of better thermal conductance and uniform heat 

spreader with less hotspots making hybrid nanostructured network a superior choice of 

material to be used in future technologies for novel applications.   
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7. TIME DEPENDENT TEMPERATURE DISTRIBUTIONS IN 

SILVER NANOWIRE NETWORK CONDUCTORS 

7.1 Overview 

Nano-structured network based systems have become a unique testbed to explore 

interesting anomalous percolation based transport phenomena. Unlike conventional 

uniform thin film conductors, intrinsic inhomogeneity is the key feature of such systems. 

Fundamental inhomogeneity leads to non-uniform current conducting pathways as well as 

spatially distributed hotspots at the highly resistive nanowire (NW)-NW junctions along a 

current pathway. These systems show complex non-linear behavior including super-Joule 

heating of the hotspots [24], recurring turning on/off of certain portions of the network etc. 

On the other hand, despite these, certain characteristics of such non-homogenous systems 

can be simply expressed. Recently our group has reported a single thermal time constant 

of less than 1 µs related to the hotspots in the self-heating time regime (0-10 µs). We also 

reported that at steady state, self-heating of such systems due to different applied current 

bias, can be described by a simple Weibull distribution [30]. 

In this chapter, we study transient evolution of temperature distributions in silver 

NW random network. We find that temperature distributions at different time instants at a 

constant current bias can be described by Weibull distributions. However, the 

characteristics of the shape parameters with time are opposite in the two different time 

regime considered. Over 0 – 10 µs, when the temperature rise is mainly due to the local 

self-heating of the NW-NW junctions, the value of the shape parameters decrease with time 

until it reaches a steady state value of  ~1 after 2 µs. Within the time interval of 10 - 450 

µs, when heat from nearby electrical contacts start to spread through the network and 

substrate, we find that the temperature distributions follow Weibull distributions but the 

shape parameters keep increasing with time. Self-heating simulation of silver thin film on 

quartz shows that temperature distributions do not follow Weibull distributions. On the 

other hand, heat diffusion simulation shows that temperature distributions do follow 

Weibull distributions with shape parameter increasing with time. This study reveals that 

temperature distributions of network based distributed conductors follow Weibull 

distributions in contrast with thin film uniform conductors. Nevertheless, the behavior of 
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shape parameter with time demonstrates whether local self-heating or heat diffusion is 

predominant within the network. 

This chapter is arranged in the following way. First, we discuss the temporal 

evolution of temperature distributions in the time regime of 0 - 10 µs over which faster 

local self-heating process mainly at the NW-NW junctions is predominant. Next, we 

discuss the same for longer 0 – 450 µs time domain as heat (due to resistive heating of the 

electrical contacts) starts to spread slowly through the network/substrate region from the 

contacts. Next, we discuss self-heating and heat diffusion simulation results considering a 

silver thin film on quartz. 

7.2 Temporal Evolution of Temperature Distributions in Self-Heating 

Regime of 0-10 µs 

To obtain temperature distributions of silver NW network, we devised a masking 

algorithm in MATLAB to select only NW pixels rather than the quartz substrate. A high-

resolution TR technique with spatial resolution ~ 200 - 400 nm enables to do so. At each 

time instant D, we construct a binary mask from the grayscale CCD image where pixels 

with CCD intensity greater than a threshold intensity (generally grayscale value ~ 375500) 

have been selected for analysis. Since NW pixels are comparatively more reflective than 

underneath quartz substrate, this algorithm helps to select only the NW pixels and to 

eliminate substrate pixels. Fig. 7.1 shows such a binary mask at D = 1 µs. This threshold 

intensity is chosen in a way such that the percentage of pixels considered for analysis 

(representing NW bodies and junctions) matches the area fill factor of NWs (~ 20%) in the 

fabricated NW network samples. T of only these NW pixels are considered for analysis. 

For each D, the probability distribution function f(T,D) is obtained by plotting 

the temperature histogram of the distribution with bin size of ~ 0.5K. Fig. 7.2(a)-(c) show 

representative distributions at different D s (D = 200 ns, 400 ns, and 800 ns) in the self-

heating time regime of 0 – 10 µs along with corresponding Weibull distributions. 

In order to figure out if the temperature distributions corresponds to any known 

distribution, we plotted 𝑙𝑛 (− 𝑙𝑛(1 − 𝐹)) vs. 𝑙𝑛 (∆𝑇) in a double-log plot. Here, 𝐹 (∆𝑇,

𝜏𝐷) =   ∫ 𝑓(∆𝑦, 𝜏𝐷) 𝑑𝑦
∆𝑇

0
 is the cumulative probability distribution function. In Fig. 7.2(e), 

the double-log plots at different D s are shown. Each of these plots represents a straight 

line, which is the signature of a Weibull distribution. Therefore, the experimental T 

distributions at different time instants D s can be described by a two-parameter Weibull 

distribution, 
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𝑓(𝑇, 𝐷; 𝛼, 𝛽) =  

𝛽(𝐷)

𝛼(
𝐷
)
 (

∆𝑇

𝛼(𝐷)
)𝛽(𝐷)−1 𝑒𝑥𝑝

−(
∆𝑇

𝛼(𝐷)
)𝛽(𝐷)

   (7.1) 

Here, 𝛼 and 𝛽 are the time dependent scale and shape parameters respectively. 

 

Fig. 7.1: Binary mask obtained from grayscale CCD image.  This mask was used to select 

pixels corresponding to NW locations, and to eliminate pixels corresponding to areas 

without NWs. 

While a double-log plot determines whether the experimental data follows 

Weibull distributions, it is also important to check the fit at high temperature regime where 

𝑇 ≫  𝛼 and 𝛽 approaches 1. In this high temperature regime, from Eq. (7.1), we find, 

ln(𝑓) → −(
∆𝑇

𝛼(𝐷)
)𝛽(𝐷) i.e. logarithm of pdf decreases almost linearly depending on how 

close the value of 𝛽 is to 1. Fig. 7.2(d) shows ln(𝑓) vs. ∆𝑇 plots at several representative 
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𝐷 s. Each of the plots show that Weibull distributions correctly capture the high 

temperature tails of the distributions. 

 

Fig. 7.2: Probability density function f vs. T at various time instants over local self-

heating time regime at (a) 200 ns, (b) 400 ns, and (c) 800 ns. (d) log (f) vs. T at various 

time instants to take a closer look at the tail of the temperature distributions. (e) log(-

log(1-F)) vs. log(T) at various time instants showing straight lines (signature of Weibull 

distributions). 

 

(b)

(a) (d)

(c)

(e)
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Next, we plot the derived shape parameter 𝛽 of the distributions with time 𝐷 (i.e. 

slopes of the straight lines shown in Fig. 7.2(e)). As shown in Fig. 7.3(a), we find that 𝛽 

decreases with𝐷 until it reaches a steady state ~ 2 𝜇𝑠. The value of 𝛽 changes from ~1.20 

to ~1.08 within time interval of ~ 2 𝜇𝑠.The decrease of 𝛽 with𝐷 reflects that in the self-

heating time domain of 0 − 10 𝜇𝑠, 𝑇 of the NW-NW junctions increase but 𝑇 of the 

NW bodies do not increase in the same proportion, therefore, making the standard deviation 

(i.e. the spread of data of the temperature distributions) higher with time. This decrease of 

𝛽 with 𝐷 may be an intrinsic characteristics of network based non-homogenous conductors 

when temperature rise is due to the local self-heating of the NW-NW junctions. This 

behavior is in contrast with the characteristics we observe in the longer time domain 0 – 

450 µs which we discuss in the next section. 

Within this self-heating time interval, we find that the scale parameter 𝛼 increases 

with time and eventually reaches the steady state as shown in Fig. 7.3(b). The relationship 

of 𝛼 with time delay 𝐷 can be described as, 𝛼(𝐷) = 𝐴 (1 − 𝑒𝑥𝑝−
𝐷
𝜏 ) where the time 

constant, 𝜏 < 1 𝜇𝑠 . This is consistent with individual heating and cooling thermal time 

constants of the microscopic hotspots formed at the NW-NW junctions that we previously 

reported[2]. 

 

Fig. 7.3: Over the local self-heating time regime, evolution of (a) shape parameter (b) 

scale parameter with time. 

7.3 Temporal Evolution of Temperature Distributions in Heat Diffusion 

Regime of 0- 450 µs 

Previously in [2], we showed that during the longer time domain D = 0 – 450 µs, 

temperature rise is mainly due to heat diffusion from the electrical contacts through the 
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network and substrate. Using similar procedures as mentioned in the previous section for 

the local self-heating regime of 0 – 10 µs, we obtain temperature distributions from binary 

mask and derive probability density function f(T,D) and cumulative density function 

F(T,D) within time interval of 0 – 450 µs. We find that the temperature distributions at 

different D s in this longer time domain can also be described by Weibull distributions (Eq. 

(7.1)). In Fig. 7.4(a)-(d), the probability distribution functions f(T,D) at different D s (D 

= 20, 50, 160, 400 µs) are shown which are obtained from the histograms of the temperature 

distributions. Also shown in Fig. 7.4(f), the double-log plots of the experimental data. Each 

of the plots are straight lines identifying Weibull distributions as the best fit to the 

experimental data. High temperature tails of the distributions also fit well with Weibull 

distribution (Fig. 7.4(e)) where 𝑙𝑛(𝑓) clearly shows almost linear drop with 𝑇. 
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Fig. 7.4: Probability density function f vs. T at various time instants over heat diffusion 

time regime at (a) 20 µs, (b) 50 µs, (c) 160 µs, and (d) 400 µs. (e) log (f) vs. T at various 

(a)

(b)

(c)

(d)

(e)

(f)
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time instants to take a closer look at the tail of the temperature distributions. (f) log(-

log(1-F)) vs. log(T) at various time instants showing straight lines (signature of Weibull 

distributions). 

However, we see that the shape parameter 𝛽 increases with time (Fig. 7.5(a)) in 

contrast with the behavior seen in the self-heating time regime (Fig. 7.3(a)). The initial 𝛽 

value is ~ 1.07, which is the steady state 𝛽 value at the end of the self-heating time regime 

and then it increases ~ 1.16 within 450 µs. As heat starts to spread, the temperature of the 

whole network including NW bodies as well as the substrate increases which reduces the 

standard deviation of the experimental data. This results in higher 𝛽 values as time evolves. 

The scale parameter 𝛼 increases (2K to 16K) with time but does not saturate 

within 450 µs (Fig. 7.5(b)). This behavior of 𝛼 is consistent with long time domain transient 

thermal characteristics of microscopic hotspots. 

 

Fig. 7.5: Over the heat diffusion time regime, evolution of (a) shape parameter (b) scale 

parameter with time. 

7.4 Simulation of Self-heating and Heat Diffusion in Silver Thin Film 

Next, we simulate self-heating and heat diffusion for a uniform homogenous 

conductor e.g. silver thin film to see how the temperature distributions evolve over time. 

The general heat transfer equation for a homogeneous thermal conductor is: 

 𝛿∆𝑇

𝛿𝑡
=

κ

𝜌𝐶
 ∇2(∆𝑇) +

1

𝜌𝐶
 𝑄𝑟     (7.2) 
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Here, 𝜌 is the mass density,  𝐶 is the specific heat, κ is the thermal conductivity, 

and 𝑄𝑟 is the generated heat per unit volume (unit W/m3) at position 𝑟 for the system under 

consideration. With appropriate geometries, boundary conditions, and heat generation 

terms, this partial differential equation can be used to model either local self-heating (i.e. 

heat generation within the film) over 0 – 10 µs time regime, or long-range heat diffusion 

through the channel region (i.e. silver film/quartz) over 0 – 450 µs. We solve Eq. (7.2) 

using finite element analysis in PDETool in MATLAB for a 2D system consisting of 20 

nm thin silver film on a quartz substrate (Fig. 7.6(a)). Since self-heating in silver thin film 

is a 3-D cylindrical heat problem and the PDETool (Partial Differential Equation Toolbox) 

of MATLAB supports 2-D geometry and requires the equation to be in Cartesian 

coordinates, we transformed the 3-D cylindrical geometry to 2-D Cartesian coordinate 

geometry according to section 4.6.2. 

7.4.1 Simulation of Self-heating in Silver Thin Film 

We have used Eq. (7.2) with heat generation 𝑄𝑟 = 9.5 × 104
𝑊

𝑚3 within a uniform 

continuous silver thin film over the time interval 𝜏𝐷  =  0 −  10 µ𝑠 to see how T 

distributions change due to local self-heating in order to compare/contrast those with 

nanostructured network based distributed conductors. 𝑄𝑟 is the generated heat per unit 

volume (unit W/m3) within a strip located 𝑟 distance away from the center of the inner 

contact due to Joule heating caused by current 𝐼 that flows radially uniformly from the 

inner contact to the outer contact. 𝑄𝑟 can be expressed as, 𝑄𝑟 = 𝐼2
𝑅𝑠

(2𝜋)2𝑑 

1

𝑟2
 (derivation 

details are provided in [2]) where 𝑅𝑠 is the sheet resistance, and 𝑑 is the thickness of the 

film. To make a fair comparison of the experimental data for the silver NW network with 

the thin film simulation results, we use comparable 𝐼 ≅ 50 𝑚𝐴 that flows through silver 

NW network and 𝑅𝑠 ≅ 30 /𝑠𝑞𝑟 which is the sheet resistance of the silver NW network 

so that the applied electrical power in both cases are the same. The thickness of the quartz 

substrate is taken as ~ 1 µm which is consistent with the heat diffusion length within quartz 

over 10 µs time interval according to √𝐷𝑄𝑢𝑎𝑟𝑡𝑧 = √1.4 × 10−6
𝑚2

𝑠
× 10µ𝑠  ≅ 3.7 µ𝑚. 

The spatial domain is chosen such that 𝑟′ = 180 µ𝑚  corresponds to the center of the inner 

contact and 𝑟′ = 220 − 320 µ𝑚 corresponds to the channel region. For the boundary 

representing the interface between silver film and air, we assume 𝑔𝑟𝑎𝑑(∆𝑇) =  0 i.e. no 

incoming or outgoing heat flux. For all other boundaries, we assume Dirichlet boundary 

conditions, ∆𝑇 =  0 since the boundaries are located far away from the channel region 



119                         

 

 

where heat is generated. No heat generation (𝑄𝑟 = 0) is assumed under the electrical 

contacts. 

Fig. 7.6(a) shows the layout of the simulated structure. Fig. 7.6(b) show the 

temperature profile at D = 10 µs. Bulk , C, 𝜅 values of silver and quartz are used in the 

simulation. We plotted T vs. distance at different Ds as shown in solid line in Fig. 7.6(c). 

Since the Joule heating term 𝑄𝑟 has 
1

𝑟2
 dependency, we see that T falls from the edge of 

the inner contact. Fig. 7.6(d) shows T vs. D for different spatial locations at different 

distances within the film. All the temperature profiles show saturation with time showing 

thermal time constants H_Silver ~100 ns. We find that H_Silver related to these spatial 

locations does not vary much with distance. Interestingly, we see that this behavior of 

H_Silver with spatial distance is consistent to our previously reported H vs. distance relation 

for graphene-silver NW hybrid network based conductor where H of such network system 

originating from Joule heating at the NW-NW junction does not change with distance (Fig. 

4.5(a)) [2]. 

Now, in order to get T distributions of the circular channel at different D s, we 

have taken T vs. distance profiles of Fig. 7.6(c) and converted those into pixels (1 pixel 

~ 200 nm × 200 nm) in order to make a reasonable comparison with our experimental 

findings. Fig. 7.6(e) shows probability density distribution of temperature of silver film at 

D = 10 µs. Fig. 7.6(f) shows double-log plot of the temperature distribution of the film at 

D = 10 µs. The plot do not show characteristics straight line of a Weibull distribution. 
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Fig. 7.6: (a) Device structure for self heating Simulation of silver thin film. (b) T profile 

at 10 µs. (c) T vs. distance for different D s from 200 ns to 10 µs. (d) T vs. time for 

different spatial locations. (e) pdf at 10 µs. (f) log(-log(1-F)) vs. log(T) at 10 µs. 
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7.4.2 Simulation of Heat Diffusion from Electrical Contacts to Silver Thin 

Film 

The same partial differential Eq. (7.2) has been solved to simulate heat diffusion 

from the electrical contacts through silver thin film/quartz with heat generation 𝑄 = 0 and 

the electrical contacts as heat sources over the time interval 𝜏𝐷  =  0 −  450 µ𝑠 when heat 

diffusion rather than local self-heating becomes predominant. The thickness of the silver 

film remains the same as before (20 nm) but thicker quartz substrate is considered (500 µm 

thick) due to the longer time interval. For heat diffusion simulation, the spatial domain is 

chosen such that 𝑟′′ = 240 − 320 µ𝑚  corresponds to the inner contact and 𝑟′′ = 100 −

140 µ𝑚 𝑎𝑛𝑑 420 − 460 µ𝑚   represent the outer contact. The boundary conditions for this 

system include Dirichlet boundary conditions corresponding to T at the contacts which 

are specified as 𝑓(𝑡) since T within the contacts takes time to rise to its steady state value. 

The expression for the boundary condition for the inner (outer) contact has been obtained 

by fitting experimental transient T of the hotspot within the electrical contacts closest to 

the channel region. Details of the similar boundary conditions have been discussed in our 

previous publication  [2]. 

The resulting boundary condition for the inner contact is: 

∆𝑇 (𝑟′′, 𝑡) =  52.5 ∗ (1 − 𝑒𝑥𝑝 (−
𝑡

8.5
)) + 78 ∗ (1 − 𝑒𝑥𝑝 (−

𝑡

185
)) ;  │𝑟′′

= 240 − 320 µ𝑚 

The boundary condition for the outer contact is: 

∆𝑇 (𝑟′′, 𝑡) = 11.12 ∗ (1 − 𝑒𝑥𝑝 (−
𝑡

4.8
)) + 8 ∗ (1 − 𝑒𝑥𝑝 (−

𝑡

414
)) ;  │𝑟′′

= 100 − 140 µ𝑚, 420 − 460 µ𝑚 

For all other boundaries, we assume 𝑔𝑟𝑎𝑑(∆𝑇) =  0 i.e. no incoming or outgoing 

heat flux. 

Fig. 7.7(a) shows the simulation results at D = 450 µs. Bulk values of , C, 𝜅 

parameters of silver and quartz are used in the simulation. The temperature profile at D = 

450 µs shows that heat diffuses ~ 50 µm into the quartz over this time interval. We plotted 

the temperature profile within the film vs. distance from the inner contact at different Ds 

as shown in solid line in Fig. 7.7(b). The profiles show heat diffuses ~ 50-60 µm from both 

the inner and the outer contact inside the film over this time. Fig. 7.7(c) shows the 
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temperature vs. time profiles for different locations within the film. The profiles do not 

saturate within this time interval which is consistent considering the thickness of the quartz. 

The temperature profiles vs. distance as shown in Fig. 7.7(b) is then converted to 

temperature vs. pixel profile as described in the self-heating simulation section. 

 

Fig. 7.7: Simulation results of heat diffusion through silver film (a) T profile at 450 µs. 

(b) T vs. distance for different D s from 10 µs to 450 µs. (c) T vs. time for different 

spatial locations.  

Fig. 7.8 shows probability density distribution of temperature of silver film at 

different D s. Fig. 7.9 shows the corresponding double-log plots of the temperature 

distributions of the film. The plots show characteristics straight line of Weibull 

distributions.  
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Fig. 7.8: Probability distribution function at different time instants (a) D = 20 µs, (b) D = 

50 µs, (c) D = 160 µs, and (d) D = 400 µs. 

 

Fig. 7.9: log(-log(1-F)) vs. log(T) at corresponding time instants of D = 20 µs, 50 µs, 

160 µs, and 400 µs. 
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Fig. 7.10(a) shows the evolution of shape parameter and a comparison with our 

experimental shape parameters. In this longer time regime, we see the shape parameter 

from simulation to increase with time, which is similar to experimentally obtained silver 

NW network shape parameter for long time domain but in contrast with experimental silver 

NW network self-heating time domain shape parameter (Fig. 7.3(a)). The scale parameter 

increase with time similar to the silver NW network in this longer range time regime. 

 

Fig. 7.10: Evolution of (a) shape and (b) scale parameter with time (0 – 450 µs) as 

obtained from heat diffusion simulation within silver film. 

7.5 Conclusion 

In this chapter, we study the evolution of temperature distributions of NWs in silver 

NW network with time. We found that at each time instant, the distributions could be 

described by a Weibull distribution. Our study finds that the Weibull distributions exhibit 

distinctive signatures of local self-heating in the vicinity of NW-NW junctions vs. heat 

spreading through network. The shape parameter decreases with time over the time domain 

of 0 – 10 µs when temperature rise is mostly due to the self-heating of the NW-NW 

junctions. In contrast, it increases with time over 10 – 450 µs when heat starts to diffuse 

through the network/substrate from nearby extrinsic heat sources (e.g. heating from 

electrical contacts) and temperature of the NWs rises mostly due to this spreading of heat. 

Simulation of thin silver film of comparable thickness on quartz shows that while increase 

of the shape parameter with time occurs in the heat spreading time regime but it does not 

happen in case of self-heating of the film. This suggests that decrease of shape parameter 

probably is a unique characteristic of non-homogenous networks over self-heating time 

domain when intrinsic thermal properties of the network prevails.   

(a) (b)
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8. SUMMARY, CONCLUSION, AND FUTURE WORK 

8.1 Research Objective, Summary and Conclusion 

The primary objective of this thesis was to understand the evolution of 

microscopic current conducting pathways in 2D non-homogenous network conductors. We 

took self-heating at the resistive junctions of crossing nanowires (NWs) as a means to semi-

quantitatively determine the current flowing through these NW-NW junctions. We utilized 

transient thermoreflectance (TR) imaging technique that provides high temporal and spatial 

resolution to study multiple hotspots simultaneously. Since hotspots are the vulnerable 

links within a network and are prone to breakdown due to their high temperature, 

understanding the current flow and their time dependent temperature rise is important to 

reliably use it in emerging applications in flexible photovoltaics, LED, displays etc. as 

transparent conducting electrodes.  In these novel applications, non-homogenous network 

based transparent conductors have been increasingly used due to their mechanical 

flexibility, better sheet resistance performance at higher transmittance, and most 

importantly, lower cost compared to traditional oxide based transparent conductors.  

In Chapter 4, we discussed about the time dependent temperature rise of hotspots 

in hybrid network and found two thermal time constants associated with these hotspots. In 

this study, each hotspot consists of multiple junctions, therefore the spatial resolution is 

low but the TR images provide an overall end-to-end view of all the hotspots formed within 

the network from one electrical contact to the other and give the opportunity to study 

multiple hotspots simultaneously. Using the steady state temperature amplitude values and 

thermal time constants of multiple hotspots located at different spatial distances within the 

network and analyzing their behavior, we determined the physical origin of the time 

constants. Most importantly, we resolved the time regime over which temperature rise is 

mainly due to the local self-heating of the junctions (therefore, represents intrinsic 

properties of the junctions) and the time regime over which temperature rise is due to 

diffused heat from a nearby heat source e.g. heating at the electrical contacts spreading 
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through the network and substrate (therefore, represents extrinsic properties of 

network/substrate ). In our subsequent studies, we focused on the self-heating time zone to 

learn about the hotspot characteristics. 

In Chapter 5, we advance one step closer towards our goal of determining the 

current at the NW-NW junctions. Using higher resolution TR imaging, we looked into the 

details of time dependent temperature rise of individual hotspots where each hotspot 

corresponds to one NW-NW junction. We also observed how the temperature profile 

changes along the length of two crossing NWs. Using a heat transfer model, we estimated 

the power at the junction and the percentage each constituent NW conducts. 

In Chapter 6, we looked into the material/composition dependent variation of 

hotspot characteristics by taking into account two different non-homogenous networks 

with different junction configurations and transport physics. We analyzed how the average 

hotspot temperature, number of hotspots, and their spatial distributions vary within the self-

heating time regime and how these experimental observations can be explained by 

considering differences of the network configurations in terms of both resistive pathways 

and local heat dissipation pathways. 

In Chapter 7, we explored the evolution of overall temperature distributions of the 

NWs including hotspots as a function of time. We observed that temperature distributions 

of a silver NW network at different time instants could be expressed as Weibull 

distributions. The shape parameters of the Weibull distributions, however, change 

differently with time based on the prevalent thermal process (i.e. local self-heating in the 

vicinity of the NW-NW junctions or heat diffusion through the network/substrate). 

Collectively, these studies help us to understand the evolution of hotspot 

temperature as a function of time, space and network configuration. Even though we are 

able to quantify the power generated at the junctions, the current flowing through these 

junctions is yet to be determined. In order to resolve the current, electrical resistances of 

the junctions need to be determined. Since the annealing conditions configure the junctions 

in a similar way, electrical measurements of junction resistances at few representative 

portions of the network will be sufficient to find out the distributions of junction electrical 

resistances.   
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8.2 Future Work 

There are several topics related to this work that may be interesting to explore. 

For example, we observed in Chapter 4 that the temperature profile during the heating cycle 

in response to longer device pulses of 450 µs does not saturate. It could be useful to learn 

when the temperature profile saturates experimentally by utilizing pulses longer than 450 

µs and how it relates with the substrate thickness. 

In Chapter 5, we investigated the characteristics of microscopic hotspots formed 

at the junction of two crossing NWs within silver NW network. Similar high-resolution TR 

imaging can be performed on hybrid network in order to compare/contrast the temperature 

vs. length profiles in these two types of network and to determine the power at the hotspots 

formed within hybrid network. 

In one of our transient studies, we observed recurrent turning on/off of a portion 

of a hybrid network that caused the temperature to rise/fall with time. We also observed 

structural changes of NWs with time from the captured CCD images. It could be an 

interesting research topic to correlate the change of morphology of the network with the 

time dependent repeated/reversible redistributions of current pathways. 

In a reliability related study, we observed generation and elimination of hotspots 

with changing voltage bias. We also observed that hybrid network is more stress tolerant 

(breakdown occurs later) and has extended lifetime compared to silver NW network. This 

research direction could be explored more to learn about the reliability aspects of the 

hotspots or the non-homogenous networks.    
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