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Leading quantum platforms. A single two-level system, or qubit, repre-
sents the building block of more complex quantum systems. Scaling up
these platforms to many qubits provides a formidable challenge because it
requires the precise control of exponentially growing degrees of freedom.

k-space topology. The isofrequency contour for (a) an isotropic dielectric
is a sphere, while for (b) extraordinary waves in a uniaxial medium with
extreme anisotropy (e, =€, > 0 and €, < 0) is a hyperboloid (type I). (c)
A type II hyperboloid arises when two components of the dielectric tensor
are negative (e, = €, < 0 and €, > 0). Note that hyperbolic media (b)
and (c¢) can support propagating waves with unbounded wavevectors (red
arrow) as opposed to isotropic media. . . . .. ... L

Overview of Super-Coulombic interaction. The proposed long-range
Super-Coulombic dipole-dipole interaction may be observed (a) between
single-photon defect centers in natural hyperbolic media (e.g. h-BN, BisSes,
BiyTes) or (b) between ultra-cold atoms trapped above a hyperbolic meta-
surface. (c)-(d) The Super-Coulombic interaction occurs over a broad
range of frequencies along the resonance angle of a hyperbolic medium
and causes the effective interaction distance to approach zero irrespective
of the physical distance. . . . . . . ... .. .. ... ... .. .. ...

Manifestation of Super-Coulombic interaction in hyperbolic me-
dia. Angular dependence of (a) cooperative Lamb shift (CLS) Jyq and
(b) cooperative decay rate (CDR) 74q for two z-oriented dipoles in a lossy
hyperbolic medium, lossy dielectric, and vacuum. The CLS and CDR have
large peaks near the resonance angle of the hyperbolic medium indicative
of the super-Coulombic interaction, even for distances of a wavelength.
Comparison of (¢) CLS and (d) CDR at the resonance angle versus inter-
atomic separation distance. The CLS and CDR both obey a 1/r® power
law dependence in the near-field due to the inclusion of absorption in the
hyperbolic medium. Note that the giant interactions start occuring at
distances on the order of a wavelength (arrows) even in the presence of
material absorption which is in stark contrast to vacuum. The insets show
the contrasting spatially-resolved (c) CLS and (d) CDR for vacuum and
for a hyperbolic medium. . . . . . . . .. ...
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Unique orientational dependence of RDDI in hyperbolic media.
The plot shows CLS versus orientation angle ¢ for two dipoles positioned
along the resonance angle. The cooperative Lamb shift is minimized when
the dipoles are collinear with the the resonance angle, and it is maximized
when the dipoles are perpendicular to the resonance angle. The inset
shows the asymmetric nature of the spatially-resolved Jaq/7, when the
dipoles are orthogonal to the resonance angle. . . . . . . ... ... ...

Ground-state and excited-state Casimir-Polder interaction en-
ergy in hyperbolic media. Casimir-Polder interaction energy between
two ground-state atoms (U,) and between an excited-state atom and
ground-state atom (Uy) show fundamental differences when interacting
in hyperbolic medium. Us; >> U, since resonant interactions lie com-
pletely within the bandwidth of hyperbolic dispersion and are strongly
enhanced. The results are normalized to U, in vacuum, evaluated at the
near-field interatomic distance of r, = A/100. The inset shows the giant
enhancement of the FRET rate, I',, as compared to vacuum. The FRET
rate is normalized to the vacuum energy transfer rate evaluated at r,.

Giant long-range Cooperative Lamb shift in practical structures.
(a)-(b) Plasmonic super-lattice in visible range, and (c)-(d) natural hy-
perbolic medium in infrared range. (a) The effective hyperbolic model is
compared with (b) a 40-layer multilayer system taking into account dissi-
pation, dispersion and finite unit cell size. Atom A is 4 nm away from top
interface, while atom B is adsorbed to bottom interface with a horizontal
displacement of xg = 5 nm. The inset shows the cooperative Lamb shift
dependence on atom B’s horizontal displacement when A = 550 nm. Good
agreement is seen between the EMT model and practical multilayer design
paving the way for an experimental demonstration of the Super-Coulombic
effect with cold atoms. Cooperative Lamb shift for (c¢) two atoms above h-
BN and (d) two atoms across an h-BN structure; dashed lines denote bulk
vacuum results. Note that a smaller spontaneous emission rate (y, ~ w?)
in the infrared range will contribute to a larger normalized cooperative de-
cay rate Jqq/v.- The orange and blue curves denote the two orientations
of the transition dipole moment of the atoms. The total slab thickness for
both structures is 100 nm. . . . . . . . ... Lo
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Super-Coulombic cooperative Lamb shift above hyperbolic meta-
surface. Cooperative Lamb shift, J4q, above hyperbolic metasurface with
optic axis in the X direction, calculated via dyadic Green function ap-
proach. Atom A and atom B are 2 nm above the interface. (a) Two
dimensional resonance cone on hyperbolic metasurfaces which causes gi-
ant in-plane long-range dipole-dipole interactions (b) Cooperative Lamb
shift dependence on angle 0, of atom B for a fixed separation distance of
r = A/2 = 250 nm. Note the clear enhancement of the resonant dipole-
dipole interaction near the resonance angle fg. (c) Separation distance
dependence of cooperative Lamb shift along the resonance angle 0,, = 0g.
Inset shows giant FRET enhancement (> 2000) for separation distances
of 100 nm in the metasurface plane. . . . . . . ... ... ... ... ..

Comparison of energy transfer power law behavior for dielectric, metal,
and ideal hyperbolic medium. We provide results for infinitely thin sheet
of acceptors labelled as the 2D case, as well as finite-sized 20 nm slab
of acceptors. We clearly see distinct power laws for short donor-acceptor
separation distances corresponding to d= and d=* scaling dependence for
the 3D and 2D cases respectively. We emphasize that these power laws
arise from the Coulombic r=% point-to-point interaction.. . . . . . . . . .

Long distance sheet-sheet non-radiative dipole-dipole interactions in a hy-
perbolic medium: (left) The scaling law of energy transfer between a 2D
sheet of donors and a 2D sheet of acceptors is shown versus the sheet-to-
sheet separation. We observe the persistence of the near-field Coulombic
scaling law (~d™3) up to 5-10 um, 500x the conventional near-field of 5-
10 nm. The near-field scaling is eventually curtailed by dissipative losses
at large distance. The result is shown for various donor-acceptor dipole
moment orientations. (right) This extension of the Coulombic near-field
originates from the high spatial frequency bulk hyperbolic polaritons that
propagate in the metamaterial. These high-spatial frequency modes retain
a longitudinal character even at large propagation distances, a fundamen-
tal requirement for near-field Coulombic interactions. . . . . . . .. ..
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4.4
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a The sample-types used to isolate RDDI in various material systems is
shown. Donors (Alq3, shown green) (b, ¢, d) The transmitted PL spectra
for the donor and acceptor separated by dielectric, metal and metamaterial
shown. We note that energy transfer is clearly visible in all three mate-
rial systems; that is, the donor excited state is causing the acceptor to be
excited and subsequently relax and emit a photon. This is concluded by
noting an increased intensity of acceptor emission and a quenched donor
emission when the emitters are placed in the hybrid geometry (black curve)
relative to the donor-only (blue curve) and acceptor-only (red curve) con-
trol systems. (e, f, g) The time resolved donor fluorescence for donor-only
(blue) and hybrid (black) samples are shown for the three material sys-
tems. For the donors:acceptors separated by 100 nm of SiO, or Ag (g, h),
the hybrid decay traces reveal no additional lifetime reduction compared
to the donor-only case, indicating no long-range RDDI. When the donor
and acceptors are separated by a 100 nm Ag/SiO, multilayer metamate-
rial (g), we observe a marked excited state lifetime reduction when the
acceptor molecules are present, providing evidence of long-range super-
Coulombic RDDI. . . . . . . . . .. .

Flow chart for going from point-to-point super-Coulombic dipole-dipole
interactions, to many body ensemble dipole-dipole interactions observed
in experiment. . . . . . ... L.

Spatial scaling of Super-Coulombic interactions. (a) Experimental con-
firmation of enhanced energy transfer rates due to the Super-Coulombic
effect in a hyperbolic metamaterial (green) compared to silver film (blue)
and SiO2 film (red). The noise floors are denoted by dashed curves and the
numerically calculated many-body dipole-dipole interaction curves are de-
noted by the colored bands. The theoretical predictions include 10% error
bands accounting for uncertainty in the independently extracted physical
parameters. (b) Numerically simulated spatial dependence of sheet-to-
slab (2D sheet of donors and thin slab of acceptors) many-body dipole-
dipole interactions demonstrating an enhanced FRET rate of the effective
medium model (yellow) with d~® power law dependence. Super-lattice
structures with unit-cell sizes of 40 nm, 20 nm, and 4 nm respectively are
also shown exhibiting an extended spatial range with enhanced Coulombic
interactions beyond the scale of a wavelength. The green stars correspond
to the experimentally measured data. The solid grey line shows the ideal
EMT limit of adsorbed quantum emitters on a hyperbolic medium whereas
the dashed black line presents the analytical scaling law taking into ac-
count the finite distance between the emitter and metamaterial. . . . . .
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4.6

5.1

5.2

5.3

The transmittance for extraordinary polarized light is shown for various
metal and metamaterial samples. The donor and acceptor emission peaks

are denoted by the green and yellow vertical dashed lines respectively. . . .

(a) Energy-level diagram depicting spontaneous emission. 7,4 denotes the
rate of radiative energy transfer to any location in the environment. The
acceptor is not considered as part of the environment. (b) Energy-level
diagram depicting FRET. FRET occurs when two neighboring atoms or
molecules, denoted as donor and acceptor, have overlapping emission and
absorption spectra and couple due to a Coulombic dipole-dipole interac-
tion. The FRET rate I'p4 denotes the energy transfer to the acceptor
location only. . . . . . . ...

Environment modified dipole-dipole interactions and FRET. QED
theory of dipole-dipole interactions in the near-field is completely captured
by an effective dipole model. FRET is governed by induced image dipoles
in the metallic environment explaining a multitude of puzzling experimen-
tal observations. (a) Image dipole method for half-space structure. The
magnitude of the image dipole moment is given by pimege = Z52pp. (b)
Visualization of normalized electric field plots for vertical donor dipole
(above) and vertical image dipole (below) with |es| > |€;|. Note that a
non-trivial superposition of fields due to the vectorial nature of the elec-
tric field results in regimes of suppression, enhancement, and null effect on
FRET. These regimes cannot be explained by the LDOS or Purcell factor
alone. (c) FRET rate figure of merit for two dipoles 7 nm apart, and 7
nm above silver. Enhancement is seen when |e;| < |€1|, suppression is seen
when |e5| > |€1|, while no effect is seen when |e3] ~ |e]. These regimes
are determined by the orientation of the image dipole. Note also that the
FRET rate enhancement has a non-trivial dependence on the wavelength
(see also table I). Exact QED results are denoted by the solid lines which
are in complete agreement with our analytical expressions (circles).

Effect of losses. (a) Purcell factor F,. (b) FRET figure of merit Fgr.
Bottom half-space is modelled as Drude metal with w, = 6.3 x 10%s~!
and the Drude relaxation time of 7 = 5fs (black) and 7 = 2.5fs (red).
Dashed lines correspond to the two terms, dispersive dipole-dipole inter-
action and dissipative dipole-dipole interaction, in Eqn. (??). Note the
FRET enhancement factor is in general much smaller than the Purcell
factor in agreement with widely reported observations. . . . . . . .. ..
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FRET near nanosphere. (a) FRET rate enhancement factor for spher-
ical nanoparticle systems widely used in experiment. The donor and ac-
ceptor are both 8 nm away from an Ag nanosphere of 10 nm radius. Inset:
Calculated Purcell factor for same system. The peaks are related to dipo-
lar surface plasmon resonance and higher order multipolar non-radiative
modes. We emphasize that F,, > Fgr for plasmonic systems near the
LSP resonance implying the energy transfer to the sphere (environment)
is larger than the energy transfer to the acceptor. (b) Distance dependence
of Fgr and F), at the 650 nm wavelength region (away from resonance).
Note that a tangential dipole exhibits a suppression in the Purcell factor
due to near-field interference effects. This effect can be used to boost the
FRET efficiency (F.;f x Fgr/F,). The enhancement, suppression and
null effect features in the three curves of different colors corresponding to
the orientations of the dipole moments of the acceptor and donor are in

agreement with table I. . . . . . . . .. ... o

FRET efficiency.(a) FRET efficiency enhancement occurs when Fgr/F, >
1. We show that this ratio can be optimized for particular distances away
from the nanoparticle. Results are shown for same set-up as Fig. ??7-b
but with a R = 40 nm nanoparticle. (b) Counter-intuitive to prevalent
designs, here we provide an all-dielectric design to engineer FRET effi-
ciency using a transparent nanosphere (es = 6.25 > 0) and 40 nm radius.
The efficiency enhancement in FRET implies a larger fraction of the donor
energy is transferred to the acceptor in presence of the nanosphere. This
effect arises from suppression of the Purcell factor which is necessary to

avoid energy transfer to the environment. . . . . . . . ... ... .. ...
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Figure

5.6 Comparison to experiments. (a) Theoretical comparison to experi-

6.1

ment in ref. [115]. The system configuration is shown in the inset. The
FRET figure of merit is theoretically calculated to be Frr ~ 1 for a
wide range of separation distances d from the mirror, in agreement with
the experiment (plotted at the donor’s peak emission wavelength of 525
nm). Theoretical Purcell factor F, shows excellent agreement with exper-
imental results (lower inset). However, using our theoretical model, we
predict a drastic change in the FRET FOM near the Ag SPP resonance
in the limit d — 0 (top inset). This shows that FRET rate can be mod-
ified for the same experiment if the regime is modified. (b) Theoretical
comparison to experiment in ref. [116]. The donor-acceptor pair is embed-
ded inside a nanocrystal (4 nm diameter) with assumed refractive index
n = 1.7 (LaPO,). By varying the refractive index of the surrounding
medium, we find that Fgr &~ 1 in agreement with our analysis. Note that
we also predict the linear dependence of the Purcell factor as measured
in the experiment (inset). (c) However, we predict that a silver-coated
nanocrystal would produce a drastic change in the FRET FOM as well as
the Purcell factor. This result would require the donor-acceptor overlap
spectrum to lie around the 400 nm wavelength range. Note that the above
results clearly show that FRET can be engineered by the environment even
though it is extremely difficult in comparison to modifying spontaneous
emission. The dyadic Green function formalism and results from QED
theory were used to calculate all results and parameters were obtained
from the experiments. . . . . . . . ... ..o

(a) A donor initially in its excited-state will either transfer energy to an
acceptor, or spontaneously emit light with rate 7;. Once the energy is
transferred to the acceptor, the energy can either return to the donor or
escape into vacuum with rate ~,. The energy transfer efficiency is defined
as the total probability of an acceptor emitting the initial excitation as
opposed to the donor. (b) Using this metric, we find the energy transfer ef-
ficiency will have a fundamental bound as the separation distance between
two atoms decreases (orange curve), in stark contrast to the conventional
definition for the FRET efficiency (black curve). (c¢) The result can also be
understood in terms of the renormalized transfer rate I'y, (orange curve)
having a fundamental bound as compared to the energy transfer rate I'y,.
We take 7y, = 27,4 giving an ultimate efficiency of N =2/3.. . . . . ..
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ABSTRACT

Cortes, Cristian L. PhD, Purdue University, May 2018. Quantum Correlations
in Nanophotonics: From Long-Range Dipole-Dipole Interactions to Fundamental
Efficiency Limits in Coherent Energy Transfer. Major Professor: Zubin Jacob.

Quantum properties like coherence and entanglement can lead to enhanced perfor-
mance characteristics in a wide range of applications including quantum computation,
quantum memory storage, optical sensing, and energy harvesting. Entanglement is
very sensitive to static and dynamical disorder. Similarly, the generation of highly-
entangled states requires strong coupling or strong driving fields. Satisfying all of
these requirements is generally quite difficult. In the first part of this thesis, we
present an approach to overcome these limitations through the use of exotic light-
matter states in hyperbolic media which provide a new approach to control quantum
correlations and interatomic interactions. We reveal a class of excited-state, long-
range interactions, referred to as Super-Coulombic interactions that are singular along
a material-dependent resonance angle. In practical systems, the Super-Coulombic in-
teraction achieves dipole-dipole coupling that is orders of magnitude larger than con-
ventional approaches, while also occurring across a large frequency bandwidth making
it robust to static energy-level disorder. This unique hyperbolic response is not only
naturally occurring, found in materials like h-BN, BiTey, BiSe;, and mono-layered
black phosphorus, but can also be designed with artificial nanostructured materi-
als (metamaterials) to create the desired hyperbolic dispersion across different parts
of the electromagnetic spectrum. Our theoretical prediction motivated an intense
search for the effect and was confirmed by an experimental demonstration at room
temperature. To obtain agreement with experimental results, we present a rigorous

theoretical framework that takes into account ensemble effects, finite-sized effects,
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and dimensional effects that arise from confined geometries ultimately modifying the
Super-Coulombic spatial scaling law.

In the second part of this thesis, we solve an outstanding theoretical problem
dealing with the control of resonance energy transfer in nanophotonic environments
in both the incoherent and coherent coupling limits. Resonance energy transfer is a
fundamental process that is the subject of intense research across all sciences. For
example, in chemistry for drug delivery and chemical monitoring, in engineering for
photovoltatic and up-conversion devices, and in biology for exciton transport within
photosynthetic complexes. First, we consider the disordered and weak coupling limit
of resonance energy transfer often encountered in chemistry. We propose new design
principles for enhancing and suppressing the energy transfer rate and efficiency quan-
titatively captured by a simple image dipole model. Our theory explains a wide range
of experimental results which have been the subject of an ongoing debate for the past
15 years. Second, we present our recent result aimed at understanding the funda-
mental role of entanglement and quantum coherence in resonance energy transfer. To
uncover the role of these effects, we develop a unified theory of energy transfer valid

from the incoherent to quantum coherent coupling regimes. Ultimately, our theory

Ya
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reveals a fundamental bound 7,4, = for energy transfer efficiency arising from
the spontaneous emission rates 74 and 7, of the donor and acceptor. This bound
provides an upper limit to the efficiency of energy transfer regardless of quantum
coherence or entanglement, suggesting new design principles for achieving near-unity
energy transfer efficiency in coherent systems. The result has important implica-
tions for the two-chromophore model found in photosynthetic complexes and paves

the way for nanophotonic analogues of efficiency-enhancing environments mimicking

biological photosynthetic systems.



1. INTRODUCTION

Quantum properties like coherence and entanglement can lead to enhanced perfor-
mance metrics in a wide variety of applications. In quantum computation, Shor’s
algorithm uses quantum coherence to solve prime factoring problems significantly
faster than classical algorithms [1-5]. In quantum metrology, quantum squeezed light
is used to go beyond classical noise measurement limits [6-8]. In quantum thermody-
namics, the use of quantum coherence and quantum correlations has been proposed
to go beyond the Carnot efficiency limit of classical heat engines [9-11]. And in quan-
tum biology, landmark experiments have shown long-lived coherence ranging on the
order of hundreds of femtoseconds up to several picoseconds suggesting its role in the
near-unity energy transfer efficiency of photosynthetic systems [12-14]. The idea of
quantum coherence playing a role in photosynthesis is intriguing because it indicates
many-body quantum correlations may exist in ambient conditions with the potential

for a wide range of technological applications [15-17].

vy
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Superconducting

qubits defects in solids

Trapped neutral atoms Trapped ions

Fig. 1.1. Leading quantum platforms. A single two-level system, or
qubit, represents the building block of more complex quantum sys-
tems. Scaling up these platforms to many qubits provides a formidable
challenge because it requires the precise control of exponentially grow-
ing degrees of freedom.



As shown in Fig. 1.1, the leading quantum system platforms include trapped ultra-
cold atoms, trapped ions, superconducting qubits, and dopants/defects in solid-state
systems (e.g. color centers in diamond). These platforms emerged as a result of their
long coherence times and controllable quantum states, typically achieved through
optical pumping, or external AC/DC electric or magnetic fields. As quantum sys-
tems are scaled up to include multiple qubits or atoms, the task of controlling them
will become exponentially more difficult. Generating entanglement requires strong
light-matter or inter-qubit coupling, while maintaining entanglement requires precise
decoupling from the environment. The former is difficult due to the properties of the
Rabi frequency in vacuum, which is intrinsically small. The latter is difficult because
entanglement is innately sensitive to both static disorder (static shifts in the energy
level) as well as dynamical disorder (fluctuations in the energy level). Overcoming all
of these requirements is paramount for future quantum technologies, however, as it
stands today it is an open question as to how we can generate, control, and maintain

entanglement within a large many-body system.

1.1 From quasi-particles to quantum materials

The central theme of this thesis is to tackle the control of quantum correlations
from a nanophotonics and materials engineering approach. This approach is moti-
vated by potential long-term applications as well as pure theoretical pursuit. One the
one hand, we expect the future commercialization of quantum devices will require a
solid-state platform. That is, if we ever expect integration within a robust hand-held
device, it is worthwhile to consider how that will be achieved. One possible way is
through the control of dopants or defects in solid-state systems. Consider the inter-
action between two qubits inside a material like hexagonal Boron nitride (h-BN), as
shown on the right of Fig 1.1. If such a dopant or defect state were to exist, then
it would interact with other dopants through the light-matter states, also known as

quasi-particles, of the material. This brings an additional degree of freedom from the



material itself that could potentially increase the inter-qubit interaction while also
making it robust to static or dynamical disorder. In the future, the emergent field of
quantum materials (2D materials, topological insulators, etc.) may play an impor-
tant role where one expects quantum device engineers to take advantage of the wide
range exotic material properties. From a theorist perspective, it is then important to
consider what theoretical framework will take into account all of these considerations
in the simplest way possible. The ideal framework should take into account the ma-
terial properties, the qubit properties, effects arising from external fields, as well as

full quantization of system variables to utilize quantum information protocols.

atomic, molecular
and optical physics

condensed matter
physics

quantum

information science
[¥) = |a) £ )
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This thesis utilizes a so-called macroscopic quantum electrodynamics (QED) frame-
work to provide a unified view of these aspects. Material properties are taken into
account through linear response functions like polarization P(r,¢) and magnetization
M(r, t), which may be determined experimentally or through ab-initio numerical ap-
proaches. The material response functions are incorporated into Maxwell’s equations
forming the well-known macroscopic Maxwell’s equations. Upon quantization, we
obtain a suitable framework that can describe the interaction between atoms and po-
laritons (describing light-matter states). Unlike much of the work in cavity QED that
has dealt with the interaction of a single atom and a single cavity mode, this thesis

uses a theoretical treatment that is applicable to general nanophotonic environments.



Our focus will be to study how atom-atom interactions are modified within the class

of media exhibiting hyperbolic dispersion.

1.2 Hyperbolic media

The progress of nanofabrication and material research has led to establishing the
concept of artificial materials: metamaterials. The metamaterial approach requires
the control of the material response through structural resonances and near-field cou-
pling between sub-wavelength meta-atoms. Metamaterial research has led to exotic
effects such as negative refraction, sub-wavelength imaging, invisibility cloaking, ex-
otic chiral media, meta-surfaces, and perfect absorption [18-24]. One of the most
important classes of artificial media that emerged in the optical frequency regime

are now referred to as hyperbolic or indefinite media. It is a uniaxial (birefringent)

(b)

Fig. 1.2. k-space topology. The isofrequency contour for (a) an
isotropic dielectric is a sphere, while for (b) extraordinary waves in a
uniaxial medium with extreme anisotropy (e, = ¢, > 0 and €, < 0)
is a hyperboloid (type I). (¢c) A type II hyperboloid arises when two
components of the dielectric tensor are negative (e, = ¢, < 0 and
€, > 0). Note that hyperbolic media (b) and (c¢) can support propa-
gating waves with unbounded wavevectors (red arrow) as opposed to
isotropic media.



medium described by the permittivity tensor,

€z 0 0
€ = 0 €rx 0 3 (11)
0 0 €,

where z-direction corresponds to the optic axis expressed in Cartesian coordinates.
By solving the vector wave equation, one finds two polarization wave solutions: (1)
ordinary waves satisfying the dispersion relation, k2 + k) + k2 = e;; w?/c?, and (2)
extraordinary waves satisfying the dispersion relation

K2+ k2 k2 2
2t Ry kW (1.2)

2
€22 €rx &

Conventional uniaxial crystals have permittivity components that are positive (€,,€,, >
0) representing glass-like behavior. For such a crystal, the dispersion relation at a

single-frequency, also known as the iso-frequency surface, describes the surface of an

ellipsoid (see Fig. 1.2-a). If one of the components is negative (€,.€,. < 0) represent-

ing metal-like behavior, the iso-frequency surface changes to that of a hyperboloid

(see Fig. 1.2-b and Fig. 1.2-c). The term hyperbolic medium arises from the shape

of the iso-frequency surface. It is important to note that the hyperbolic response is a

non-resonant effect occurring for a broad range of frequencies.

While the work of hyperbolic metamaterials was initiated by their ability to ex-
hibit negative refraction, research of this medium diversified into a wide-range of
applications ranging from sub-wavelength imaging, nanoscale waveguiding, as well as
broadband thermal emission and absorption [25-27] . As an example, the work by
Jacob et al. [28] proposed hyperbolic media for the use of quantum-based applications
such as room-temperature single-photon sources. Since the photonic density of states
is a measure of the infinitesimal volume of the constant energy surface (Fig. 1.2), a
hyperbolic medium accordingly has a divergent photonic density of states occurring
for a broad range of wavelengths. This property allows for enhanced emission rates

of broadband quantum emitters operating at room temperature.



1.3 Overview of the thesis

In Chapter 2, we introduce the macroscopic quantum electrodynamic framework
that will be used throughout this thesis. Note that previous work in hyperbolic media
primarily focused on the semi-classical limit that often requires many ad-hoc assump-
tions. The quantum electrodynamic framework we present in this thesis provides a
self-consistent and unified treatment of both single-atom and multi-atom processes
like the cooperative Lamb shift, cooperative decay rate, Casimir-Polder interaction,
as well Forster resonance energy transfer. In Chapter 3, we explore the modification
of dipole-dipole interactions inside a hyperbolic medium which ultimately gives rise
to Super-Coulombic interactions. This is the first major result of this thesis. Chapter
4 extends the framework to take into account incoherent many-body effects between
multiple emitters, as well as dimensional effects arising from confined geometries.
We also discuss an experiment that was performed to verify the Super-Coulombic
long-range dipole-dipole interaction.

The second part of this thesis will aim to resolve an outstanding theoretical prob-
lem regarding resonance energy transfer in nanophotonics ranging from classically
incoherent to quantum coherent regimes. Chapter 5 will deal with the disordered
and incoherent regime. We will show that a simple image dipole model can be used
to explain how Forster resonance energy transfer (FRET) is modified within vari-
ous nanophotonic environments. The model provides a simple way of understanding
multiple experiments which have used incorrect interpretations of certain observed
phenomena. In chapter 6, we consider the question of whether quantum entangle-
ment and coherence may be used to enhance the efficiency of energy transfer between
two atoms. We develop a unified quantum model that connects the incoherent and
coherent regimes, exactly solving the model to provide a simple solution for the en-
ergy transfer efficiency in both regimes. Our result uncovers a fundamental efficiency

bound that limits the energy transfer efficiency even in the presence of maximal en-



tanglement or quantum coherence. This forms the second major result of this thesis.

The final chapter provides a brief conclusion and future outlook of the current work.

Other major contributions

We have excluded the following first-author papers from this thesis:

[1] Cortes, C.L., Newman, W., Molesky, S., Jacob, Z. Quantum nanophotonics using
hyperbolic metamaterials. J. Opt. 14 063001, (2012).
[2] Cortes, C.L., Jacob, Z. Photonic analog of a van Hove singularity in metamateri-

als. Phys. Rev. B, 88 045407, (2013).

The published results represent some of the previous work accomplished by the present
author while attending the University of Alberta. This work focused on single-atom
interactions in hyperbolic media. For the sake of brevity, we chose to only include

work related to multi-atom interactions within this thesis.



2. QED IN NANOPHOTONIC ENVIRONMENTS

Historically, the success of quantum electrodynamics stems from its accurate calcula-
tion of the Lamb shift and the electron’s anomalous magnetic dipole moment [29,30].
Precision tests of the fine structure constant a have also led to spectacular agreement
between theory and experiment down to the eighth decimal place, making QED one of
the most succesful theories in physics [31,32]. The quantization of the electrodynamic
field ultimately leads to a non-classical interpretation of electromagnetic radiation.
The photon emerges as the quantized excitation of the field characterized through
statistical properties, such as Poisson probability distribution of photon detection of

laser light as well as sub-Poissonian distributions arising from single photon sources.

2.1 Quantum noise and correlations

In this thesis, we are interested in understanding how nanophotonic environments
and quasi-particle excitations within different material systems modify fundamental
physical processes. Quantum noise is the fundamental origin of many observable
properties, arising as a result of the Heisenberg uncertainty principle. Quantum noise
is defined as a signal Fj(r,t) having zero mean, ({0}|E;(r,t)|{0}) = 0, and finite
variance,

00 2

({O}][AE(I‘,If)]Q\{O}) = /o dwwzwﬁ ImGii(r,r,w)e*iw(t*t/) #0, (2.1)

o

characterizing local field fluctuations. The expectation value is taken with respect
to the zero-particle vacuum state [{0}). We have also defined AE(r,t) = E(r,t) —

(E(r,t)). Quantum noise affects local atomic properties like the spontaneous emission



rate or Lamb shift. Non-local interatomic processes are governed by non-local field
fluctuations,
2

{OYAE;(xr,t) AE;(x', 1')]{0}) = /0 O;ZwﬂQImGij(r,r',w)e_i“’(t_t,) £0, (22)

TELC

This quantity defines the correlation between two space-time points (r,t) and (r',#').
The dyadic Green function G(r,r’,w) may be viewed as the photon propagator con-
necting two spatial locations. Generally, it will composed of both free-space and scat-
tering field contributions. The dyadic Green function is a classical quantity which may
be calculated analytically for certain geometries, or numerically for general nanopho-
tonic structures. Ultimately, the control of local and non-local fundamental processes
arises directly from controlling local and non-local zero-point fluctuations. Histor-
ically, understanding how the presence of a dielectric or conducting surface affects
fundamental processes dates back to the early work of Purcell, Mandel, Agarwal and
Sipe [33-36].

In this Chapter, we will first discuss the difficulty of quantizing the electrodynamic
field in dispersive and absorbing media, followed by a straightforward quantization
procedure based on using the fluctuation-dissipation theorem. This sort of quanti-
zation procedure has a long history with contributions from many authors [35-39].
In this thesis, we use the modern approach introduced in [40,41]. Next, we will in-
troduce the minimal coupling and multipolar Hamiltonians that are used to describe
the interaction charged particles and the electrodynamic field. Finally, we present
a general algorithm for calculating mult-atom processes in hyperbolic media. This
formalism is used in Chapter 3 where we study the Super-Coulombic interaction. We
emphasize that the proposed algorithm of this chapter allows for a unified framework
for calculating a wide-range of 2-body processes including: the resonant dipole-dipole
interaction (RDDI) consisting of the cooperative Lamb shift and cooperative decay
rate, irreversible energy transfer between molecules (Forster resonance energy trans-
fer) as well as the Casimir-Polder potential between two ground-state or excited-state

atoms. Our work is among the first fully-quantized approaches to treat atom-atom
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interactions in hyperbolic media in a unified way, where we explicitly avoid ad-hoc

assumptions that are typically made within semi-classical theories.

2.2 Second quantization in lossy media

Outline of the problem. The conventional approach, also known as the canonical
approach, of quantizing the electrodynamic field in free-space consists of converting
the radiation field Hamiltonian

Hyog = % / i [60E2(r,t) + %BZ(r,t) (2.3)

into a set of uncoupled harmonic oscillators of the form
1
Houa =53 [ @Hlpt, + ', (2.4)

where the summation runs over the two transverse polarizations allowed in vacuum.
The quantities py, and gy, are analogous to the momentum and position of a classical
particle which satisfy the Poisson bracket relation {qx,, pxo'} = d(k — k')dyo. The
canonical quantization scheme amounts to promoting the Poisson bracket relation to
the commutation relation [y, Pror| = ihd(k—k')d,,. Here, the classical position and
momentum functions have been promoted to operators that exist within the Hilbert
space H. Defining the annihilation operator ay, = \/% (Gko +iw 1 Pro ), the quantized

Hamiltonian for the electrodynamic field takes the form

ﬁd:Z/dgkhwk 6l e+ ). (2.5)
Ta ~ (27'{')3 o ko o 2

One may then derive the fundamental equal-time commutation relation for the electric

and magnetic fields,
[E(r),B(r’)} _ G s -, (2.6)

€o
ensuring that we recover the quantized form of Maxwell’s equations under the Heisen-

berg picture. The problem with using this quantization scheme for the case of elec-
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trodynamics in an absorbing medium is clear if we write out the energy of the elec-
trodynamic field based on the macroscopic Maxwell’s equations,

H = %/d% |:€OE(I‘,Zf) c€-E(r,t)+ /%BQ(r, t) (2.7)

0

Here, we consider the uniaxial permittivity tensor € and permeability (1 = 1) which
are directly related to the response functions of the medium. In frequency space,
these functions are generally complex-valued (e.g. € = € + i€”) where the imaginary
component describes absorption within the medium. The Hamiltonian H’ cannot de-
scribe the energy of the system because it is non-hermitian. As a result, the canonical
quantization approach outlined above cannot be used.

The quantization of the electrodynamic field inside an absorbing medium is equiv-
alent to the quantization of lossy harmonic oscillators [see Eqn. 2.4]. The question
then becomes: how do we quantize a lossy harmonic oscillator? It turns out that this
question has been addressed by a wide variety of authors over the years. The modern
approach amounts to including an external bath, where the bath provides an addi-
tional source of fluctuations ensuring the system satisfies the fluctuation-dissipation
theorem assuring the equal-time commutation relations are satisfied. In the next few
sections, we outline the steps needed for the quantization of the electrodynamic field

in an absorbing and dispersive uniaxial medium.

2.2.1 The fluctuation-dissipation theorem

The fluctuation-dissipation theorem states that the linear response of a system to
an applied perturbation is directly related to the system’s fluctuation properties in
thermodynamic equilibrium. In other words, one may directly relate the relaxation
of a system to its fluctuations. This important theorem suggests that if we wish

to quantize the electrodynamic field in a dissipative environment, we must add a
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fluctuating quantity to ensure the fluctuation-dissipation theorem is satisfied. Using

the macroscopic form of Maxwell’s equations in frequency-space as a starting point,

V- [e€E] = py, (2.8)
V-B=0, (2.9)

V x E = iwB, (2.10)

V x B = —iwpyc.€E + pojn, (2.11)

where we introduce py and jy represent the fluctuating (noise) charges and currents.
Taking the divergence of the last equation recovers the continuity equation for the
noise charge and current: —iwpy + V - jy = 0. Similarly, taking the curl of the third

equation, we find the electric field satisfies the vector wave equation,

2
w , )

VXVXE—C—QG-E:ZMOWJN. (2.12)

Introducing the classical dyadic Green function, G(r,r’;w), defined by the vector

wave equation,

2
w

VxVXG(r,r’;w)—ge-G(r,r’;w):(S(r—r’), (2.13)

as well as the radiation condition G(r,r’;w) — 0 as |r — 1’| — 0, one may formally

define a unique solution to the electric field as

E(r,w) = z'uow/d?’r’ G(r,r;w) - jn(r',w). (2.14)

2.2.2 Second quantization

To quantize this theory, the classical noise currents jy(r,w) are promoted to quan-

tum operators. For self-consistency, this requires the equal-time commutation relation

. N h
[E(r),B(r’)} VT ) (2.15)
€o
to hold even in the presence of dispersive and absorbing environment. Writing the

noise current as jy — jn(r,w) = C,f(r,w) where C,, is a yet undetermined normal-
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ization coefficient and f (r,w) represents an operator with yet undetermined commu-

tations relations, the quantized electric and magnetic fields are given by

A

E(r,w) = iuow/d3r’ G(r,r’;w) - jn(r', w). (2.16)

and

B(r,w) = 1,V x / P Glr, v w) - (). (2.17)
where we used (2.10) to determine the magnetic field. Substituting these equations
into the equal-time commutation relation (2.15), we find the noise current operator
must satisfy the commutation relation®

[j(r, W), 5T, w')} e 5 — )0 — o) (2.18)

T

in agreement with the fluctuation-dissipation commutation relation that is well-known

within linear response theory. We have determined the normalization coefficient must

be the tensor, C,, = MZ‘;; Im[e], while the commutation relation must take the form,
[f(r,w), f(r', )] = [fi(r,w), T, )] =0 (2.19)
[f(r,w), fT(r', )] = 6(r — r')d(w — ). (2.20)

In macroscopic quantum electrodynamics, these operators represent excitations of
collective polaritons of the combined matter and electrodynamic field. The ground

state of the polariton operators are defined by
E(r,w) [{0}) = 0 (2.21)
while the single-excitation Fock state of the polariton is simply

11(r,w)) = £T(r,w) [{0}). (2.22)

'Here, we used the identity
3 w2 * / /
d sC—QG (r,s) - Imle] - G(s,7") = Im[G(r, )]
Note that we must also use
E(r) :/ dwE(r,w) :/ dwE(r,w) + h.c.
—0o0 0

where h.c. stands for the hermitian conjugate.
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Thus, we interpret fT(r, w) and f (r,w) as the creation and annihilation operators of
the polaritonic field. Using these definitions, it is straightforward to verify that the
quantum average of the noise current vanishes ((jy) = 0) as expected. Furthermore,
we can explicitly write the noise current operator in cartesian coordinates demonstrat-
ing how it depends on different components of the uniaxial permittivity. Recalling

the permittivity tensor is defined as € = diag[€,z, €2z, €], we find

. /ho 2
jz(r W i \/ e;rz fac r, W

N heow2

Jy(r,w) VImle,, fy r,w)

. h i

J.(r,w) ot Vv Imle., fz r,w) (2.23)

2.3 From the minimal coupling to the multipolar Hamiltonian

It is possible to extend the theory to include the presence of additional charged
particles. For a single-charged particle in free-space, the total Hamiltonian is given
by the minimal coupling Hamiltonian along with the radiation Hamiltonian defined
earlier

g (P—cA)
2m

It is straightforward to verify, using Hamilton’s equations of motion, that this Hamil-

+ €¢ + Hyag- (2.24)

tonian returns Maxwell’s equations along with the Lorentz force law for a charged
particle in the presence of an electric and magnetic field. Upon quantization, the

total Hamiltonian may be written as

H=H,+ Hypy+ Hpn (2.25)
where
2
A p
H,=— 2.26
- (2.26)

Hyog = /dgr/dwﬁ(r,w) f(r,w) (2.27)

A2, (2.28)
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This result resembles the free-space Hamiltonian. Note, however, that the free-space
electromagnetic field has been replaced by the polaritonic field with f'T(r,w) and
f (r,w) as the creation and annihilation operators. The minimal coupling Hamiltonian
for a single particle is easily extended to the general case of N charged particles, where

the collection of particles represent a bound atom or molecule. The definition of the

scalar and vector potentials follow from the well-known definitions

B--vo- 2 (2.20)

B=VxA (2.30)

which apply to both classical and quantum fields. In the Coulomb gauge V-A = 0, we
would have E;, = —V¢ and Er = —0A /0t where the subscripts denote the longitudi-
nal and transverse components of the electric field. In Fourier-space, these equations
reduce to simple algebraic relations. While the minimal-coupling Hamiltonian is often
used in solid-state physics, it is sometimes more insightful to split the Hamiltonian
in terms of multipolar components. Here, we provide the final result which can be

obtained through the Power-Zienau-Woolley transformation [41]
fr=UfU" with U =exp {%/d% P A} (2.31)

where P is the polarization vector defined as

1
0

P(r) = Z era/ dsé(r —r, — sry). (2.32)

The summation runs over a collection of charges and r, represents the centre-of-
mass position of all charges. Extensive algebraic manipulation yields the multipolar

Hamiltonian,

A

Houe = H; + f{;ad + H{

wnt

(2.33)
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where
2
1
i = p— v — [ @*rp? (2.34)
2€,
H ,, = /d r/dwa r,w) ,w) (2.35)
/ 1 % 62 3 A > 2
Hmt =—-d-E ra) —1m B(ra) + 8_m[r X ( a)] + 8_m[d X B(ra)]
1 - ~
— —d -B(r, 2.36
—dxp-B(r,) (2.36)

is written in the long-wavelength limit. Here d and 1 correspond to the electric
dipole and magnetic dipole moments for an atom with position r,. For the rest of
this thesis, we will only consider electric dipole interactions. For the case of two

atoms, the interaction Hamiltonian takes the simplified form

-~ ~ A

H, = —da-E(r,) —dp - E(r}) (2.37)

7

corresponding to atom A and atom B in position r, and r, respectively.

2.4 Perturbative theory of dipole-dipole processes

In this thesis, we are interested in understanding the wide range of multi-atom pro-
cesses that arise for both ground-state and excited-state atoms. A unified approach
for calculating all of these processes is based on using the well-established perturba-
tion theory of standard quantum mechanical textbooks. The transition amplitude,
Myp;, between two different states |i) and |f) is given by,

Mys = F | Hinel) + Z Er — E; " Z (Er — E;) (B — E))

1,11
N Z (F|Hipg | IITY (ITI|Hypy | IT) (1T Hipg|I) (I| Hiny|7)
EI - Ez)(EH - Ez)(EIII - Ez)

(2.38)
IIIIII

written here up to fourth order of the perturbation expansion. The summation in the

2" and higher order terms runs over all possible intermediate states; the summation
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can be replaced by an appropriate integral for the case of continuum states. The

energy level shift of state |i) is given by

where it is understood that the principal value is taken during the integration of
continuum intermediate states. The transition rate from initial state |¢) to final state
|f) is given by Fermi’s Golden rule
2m 9
Liny =~ zf: | Myil"0(Ey — E;) (2.40)

where the summation runs over all possible initial and final states.

2.4.1 Identical atoms: resonant dipole-dipole interaction

We now consider the interaction between two identical atoms, labeled atom A and
atom B respectively. The probability transition rate from state |i) and |f) is found
through (2.40) and leads to the following cooperative decay rate

_ g Tm[G (v, ra; wa)] - d (2.41)
Ydd = hec? b by Ta; Wa a .

Assuming the dipole moments of both atoms are oriented along the same direction,
the total decay rate of two identical atoms will be v;0t = 7o £ Yaa, Where 7, is
the bare spontaneous emission rate of atom A (or atom B). The initial state is |i) =
75 (lea) |gv) £19a) [en)) ®[{0}) and final state | f) = |ga) [g5) ®[{1}). Note that [{1}) =
[{1(r,w)}) represents the single-photon Fock state with position r and frequency w.

The first order dipole-dipole frequency shift of initial state |i) is then found through
evaluation of (2.39) which results in a resonant and off-resonant contribution Jyq =
Jiq + J34, specified by

w2

Jgd = _?:Cde : RG[G(I‘b, Is; wa)] : da (242)
and
Jaa = &/mdnnzﬁdb - G(rp, T3 07) - da- (2.43)
hr J, w2, + n? e
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where wye = wy; —w,. These results are in agreement with [42]. We will examine these

results thoroughly in the following chapter.

2.4.2 Resonance energy transfer rate

Considering now the interaction between two non-identical atoms or molecules,
we now calculate the irreversible and perturbative energy transfer rate from atom A

to atom B using (2.40),

27Tw
BT T p2 ¢ 204

G (T, Th; wWa) - da|*6(wa — wy) (2.44)

where we performed the calculation for the initial state i) = |e,) |gn) ® |{0}), with
atom A in the excited-state and atom B in the ground-state, and final state |f) =
|9.) |en) ® [{0}) where both atoms are in the ground-state. In both cases, the elec-

trodynamic field is assumed to be in the vacuum state.

2.4.3 Excited-state Casimir-Polder Potential

The associated energy-level shift between two non-identical atoms, given that one
is prepared in the excited-state and the other remains in its ground state, is given by

the Casimir-Polder potential: [43]

Ueg(1) = Uly(r) + Ugp (1) (2.45)
where the resonant component is
Uz (r) = S af ) Re{ TG ) G ) (2.0
and off-resonant component is given by
Uz = 22 [t oned i TG G (2.47)

k

ar(w) is the isotropic electric polarizability of atom A in the kth energy eigenstate,

defined as

ka| k|da|m> ’2
= Z . (2.48)

ol — w? — w0t

For this calculation, we had to use the fourth—order transition matrix element (2.38).
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2.4.4 Ground-state Casimir-Polder potential

The Casimir Polder potential (sometimes referred to as the Van der Waals inter-
action) between two ground-state atoms is [44]

Ualr) = =2 | dmtadin)adin) TG in)Gin) (2.49)

This result is applicable in both the retarded and non-retarded regimes. We have
dropped the spatial coordinate dependence for the Green function in (2.46), (2.47) and
(2.49). Again, we used the fourth-order transition matrix element (2.38). Note that
this result is similar to the off-resonant potential (2.47). Strictly speaking, the Van
der Waals potential refers to the % spatial scaling between two ground-state atoms,
which occurs in the non-retarded, near-field limit » < A\. Quantum electrodynamic
calculations by Casimir and Polder showed that the spatial scaling in the retarded
limit (r > A) changes to r~".

Applicability of perturbation theory. The perturbation theory formalism
used in this chapter is strictly applicable for the case of finite absorption with a
sufficiently large interatomic separation distance. This is in agreement with our sim-
ulations for practical experimental systems such as plasmonic super-lattices and hy-
perbolic meta-surfaces as we shall show in the following chapter. For the case of
low-losses and short separation distances, a non-perturbative approach will be re-
quired to treat the dipole-dipole interaction in a self-consistent manner. We present
one such non-perturbative approach in the second half of this thesis.

In the following chapter, we will take the transition frequency of atom A to be
wa/2m = 500 THz, while the transition frequency of atom B will be wy, /27 = 460 THz

for all simulations.
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Chapter addendum: Constitutive Relations

The response of a collection of charged particles must be linear and causal in the
linear response limit hence the constitutive relation required for quantization of a

dispersive and absorbing medium must generally given by

P(r,t) = eo/ dT/d3r'x(r, v, 7)-E(',t —7)+Pn(r,1) (2.50)

where x corresponds to the electric susceptibility and Py is a noise polarization term.
In this description the susceptibilities are required to provide the total polarization
of a medium at point r and time ¢ due to an applied electric field E applied at
the advanced time 7. The integration over all positions and time provides the most
complete description demonstrating how the interaction over all space and time results
in the final polarization at point r and time ¢. Note that causality restricts the space-

time points that can affect the final polarization by
X(r,t',7)=0 for |r—71'|>cr (2.51)

Thus effectively restricting the interactions to time-like or light-like separations be-
tween charged particles. This condition ensures x is a retarded response function. In
this thesis, we focus on local media with the property x(r,r’,7) = x(r,t —t')o(r — 1)
so that

P(r,t) =, /OO dr x(r,7) - E(r,t — 7) + Py (r, 1) (2.52)
The causality requirement thus simplifies to x(r,¢) = 0 for 7 < 0. In other words,
x(r,t) = O(7)x(r, ), where ©(7) represents the Heaviside function, effectively chang-
ing the integration limits from 0 to infinity. This implies the polarization depends
only on the past history of the electromagnetic field as represented by the convolu-
tion integral. It is possible to simplify the constitutive relations by working in Fourier

space

P(r,w) = e,x(r,w) - E(r,w) + Py(r,w) (2.53)
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The displacement field is then written as
D(r,w) = ¢,E(r,w) + P(r,w) = ¢,€ - E(r,w) + Py(r,w) (2.54)

where we have defined the permittivity tensor as € = 1 + x. The causality relation

implies in the Kramers-Kronig relations for the susceptibility,

1 > I ! 1 oo /
Re[x] = ;P.V./ w,m/x—(w)’ and Im[x] = —;P.V./ dw’Re/X—(M) (2.55)

N w —w . w —w
where P.V. denotes the principal value of the integral. One may use this condition to
ensure experimental response functions are physical. Similarly, one may determine the
real components of the response function based on measurements of the absorption

(imaginary) components.
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3. SUPER-COULOMBIC DIPOLE-DIPOLE
INTERACTIONS IN HYPERBOLIC MEDIA

In the following, we provide the first main result of this thesis using the formalism of
the previous chapter. The results of this Chapter have been published in the open-
access journal, Nature Communications [45], re-published with suitable editing with

permission from the Nature Publishing Group.

3.1 DMotivation for studying dipole-dipole interactions

Dipole-dipole interactions (DDI) are instrumental in mediating entanglement, su-
perradiance, as well as coherent coupling between single molecules or atoms [46-52].
There are two fundamental ways of controlling the strength and length scales of dipole-
dipole interactions. The first method involves tuning intrinsic atomic properties such
as transition dipole moments and transition frequencies (cf. highly-excited Rydberg
atoms and superconducting qubits [52-54]). The second method tunes the properties
of the quantum electrodynamic vacuum, typically achieved through cavities, waveg-
uides or photonic crystals [55-58]. Conventional electrodynamic approaches typically
rely on resonant effects that require huge quality factors along with extensive nanofab-
rication steps. It is an open question, however, whether there exists alternative non-
resonant techniques for controlling dipole-dipole interactions that would be robust
to broad spectral lineshapes of atoms or molecules with possible room temperature
applications. The main purpose of this chapter is to present work related to this new
avenue of research.

In this chapter, we reveal a class of singular excited-state atom-atom interactions
that can occur in natural and artificial media with hyperbolic dispersion. Unlike the

above mentioned approaches which engineer radiative coupling, we show that the ho-
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Fig. 3.1. Overview of Super-Coulombic interaction. The pro-
posed long-range Super-Coulombic dipole-dipole interaction may be
observed (a) between single-photon defect centers in natural hyper-
bolic media (e.g. h-BN, BiySes, BiyTes) or (b) between ultra-cold
atoms trapped above a hyperbolic meta-surface. (c)-(d) The Super-
Coulombic interaction occurs over a broad range of frequencies along
the resonance angle of a hyperbolic medium and causes the effective
interaction distance to approach zero irrespective of the physical dis-
tance.

mogeneous hyperbolic medium itself fundamentally alters the Coulombic near-field.
The resultant divergant long-range interaction, referred to as a Super-Coulombic in-
teraction, is described by an effective interaction distance that goes to zero (r. — 0)
along a material-dependent resonance angle. We show that this interaction affects
the entire landscape of real photon and virtual photon phenomena such as the coop-
erative Lamb shift, the cooperative decay rate, resonance energy transfer rates and

frequency shifts as well as resonant interatomic forces. While we find that the sin-
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gularity is curtailed by material absorption, it still allows for interactions with much
larger magnitudes and longer ranges than those found in any conventional media.
We also show that atoms in a hyperbolic medium will exhibit a strong orientational
dependence that can effectively switch the dipolar interaction off or on, providing
an additional degree of freedom to control dipole-dipole interactions. Our investiga-
tion reveals a marked contrast between ground-state and excited-state interactions
which can be used to distinguish the Super-Coulombic effect in experiment. Finally,
we provide a unified perspective for controlling dipole-dipole interactions on multiple
experimental platforms for hyperbolic media including plasmonic super-lattices, hy-
perbolic metasurfaces, and natural hyperbolic media such as hexagonal boron nitride
(h-BN).

We emphasize that the materials platform we introduce in this chapter to enhance
dipole-dipole interactions is fundamentally different from the cavity QED [59,60] or
waveguide QED regimes [50,61-63]. We do not rely on atom confinement [47, 50—
52,60], cavity resonances or modal effects such as the quasi-TEM mode in circuit
QED [62], the band-edge slow light as in PhC waveguides [50,51,64], the low mode
volume of plasmonic waveguides [63,65], or the infinite phase velocity at the cut-
off frequency of ENZ waveguides [55,66]. We also stress that the Super-Coulombic
effect engineers the conventional non-radiative (longitudinal) near-fields as opposed
to radiative (transverse) modes and will occur over a broad range of frequencies due to
the broadband nature of the hyperbolic dispersion relation [67-70]. Fig. 3.1 depicts a
schematic of the proposed Super-Coulombic dipole-dipole interaction using hexagonal
Boron Nitride (h-BN) [71-74] and two dopant atoms. In the infrared spectral range,
h-BN behaves like a hyperbolic uniaxial medium that supports extraordinary waves

satisfying the hyperbolic dispersion relation k2 /e, +k?/e, = w?/c* whenever €,¢, < 0.
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3.2 Dipole-dipole interactions in hyperbolic media

By using the QED theory of hyperbolic media developed in the previous chapter,
we now calculate the dipole-dipole interactions between two neutral, non-magnetic
atoms in a hyperbolic medium. We focus on dipolar interactions where the electrody-
namic field is initially prepared in the vacuum state [{0}). The results of this chapter
use the multipolar Hamiltonian for two neutral atoms [positions r;, transition frequen-
cies w; and transition electric dipole moments Elj (j = a,b)]. We emphasize that the
QED theory captures both ground-state, ground-state interactions and excited-state,
ground-state interactions which a semi-classical approach cannot. In the following,

we distinguish between identical and non-identical dipole-dipole processes. This dis-

tinction is useful because they have fundamentally different spatial scaling laws.

3.2.1 Interaction between 2 identical atoms

We now present the dominant dipole-dipole process for two identical atoms having
equal dipole moment magnitudes and transition frequencies. Due to the excited-state
degeneracy, we take the initial state of the atomic system to be prepared in the

symmetric or anti-symmetric state, |i) = %(!eﬁ lgb) £ 1ga) |en))-

Resonant dipole-dipole interaction Based on the perturbative theory intro-
duced in the previous chapter, we introduce the (non-hermitian) resonant dipole-
dipole interaction (RDDI),

2

.7Ydd Wa .
Vdd = FL (Jdd — Z7> = _6002 db . G(I‘b, ra,wa) . da, (31)
where d; = (g;|d,|e;) is the transition dipole moment of atom j, assumed to be

real. Jyq is the cooperative Lamb shift (also known as the virtual photon exchange

interaction) and ~4q is the cooperative decay rate commonly associated with super-
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radiant or subradiant effects. Our result for the resonant dipole-dipole interaction in
a hyperbolic medium (e = diagle,, €,, €.]) is

eikore

Vig =—————d;, -
dd AT€ g\ €512 b

[(1 = ikore) Rt — k2r2kg] - da + Vo (3.2)

valid when r, # ry,. The first term arises exclusively from extraordinary waves follow-
ing a hyperbolic dispersion while the second term \ng arises from a combination of
ordinary and extraordinary waves. Here, we have defined the near-field and far-field
dipole orientation matrix factors kns = e,c. (et —3(e7 ! -r)(e7'-r)/(r- € - 1)) and
kg = €z6.(€t — (e -r)(e!-r)/(r- e’ r)) respectively. Equation (3.2) reduces
to the vacuum RDDI expression when €, = €, = 1, which is applicable both in the
retarded (r > A) and non-retarded (r < A) regimes. The most unique aspect of
dipole-dipole interactions inside a uniaxial media is the divergence that is predicted
from the first term only when the hyperbolic condition (e,€, < 0) is satisfied. In the

ideal lossless limit, we find that the effective interaction distance between two atoms,

r, = \/exez(r celr) = r\/ez sin? 0 + e, cos? 0, tends towards the limit

re =0 as 0 — O = tan" ' \/—¢, /€. (3.3)

This Super-Coulombic effect results in the divergence of the dipole-dipole interaction
strength |Vaa|/h along the resonance angle 0y, defined with respect to the optic axis.

Atoms in a hyperbolic medium will then have an associated cooperative Lamb

shift (CLS) and cooperative decay rate (CDR)

N ., (etr)(etr)
~ —~——d,- — -d, 4
Jaa Amheyr? b-le 3 r-el-r | (3:4)
w3\ fe€
~ 2V T2, et d, 3.5
ad 3mhe, 3 b€ (3.5)

in the limit § — Or. Equations (3.4) and (3.5) are the dominant factors of the
extraordinary wave contribution only.

We now contrast the scaling of cooperative Lamb shift (CLS) with distance when
mediated by hyperbolic media as opposed to vacuum modes. In vacuum, for sep-

aration distances much larger than the transition wavelength, the CLS scales as
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Jaa ~ 7o cos(k,r)/(kor) and becomes much smaller than the free-space spontaneous
emission rate (7,). On the other hand, for distances much smaller than the wave-
length, the CLS scales as Jgq ~ 7./ (kor)?, which implies that it can become much
larger than the spontaneous emission rate. In contrast, the cooperative Lamb shift in
a hyperbolic medium is dependent on 7,3, Jyq ~ 7,/ (kore)?, for all interatomic dis-
tances. The material-dependent factor 1/r2 diverges in the lossless case and therefore
results in giant cooperative Lamb shifts for short and large interatomic distances.
This marked contrast is also revealed in the cooperative decay rate (CDR). At large
distances, the CDR in vacuum scales as yqq ~ 7, sin(k,r)/(kor), therefore becoming
weak for distances much larger than the wavelength. For distances much smaller than
the wavelength, the CDR becomes independent of position, v4q ~ 7,, and remains on
the order of the free space spontaneous emission rate. In contrast, the cooperative
decay rate in a hyperbolic medium along the resonance angle is not dependent on the
effective interaction distance r., and instead it depends crucially on the orientation
angle ¢ of the dipoles, yaa ~ Yo(€,/v/€, sin® ¢ + /€, cos? ). When both dipoles are
oriented perpendicular to the optic axis (¢ = 7/2), there exists a unique wavelength
when the medium can achieve an anisotropic epsilon-near-zero (ENZ) medium (e, — 0
and e, # 0) resulting in a divergent cooperative decay rate. Surprisingly, the effect
is independent of interatomic distance. When both dipoles are parallel to the optic
axis (¢ = 0), the same anisotropic ENZ condition gives a null CDR between the two

atoms, independent of interatomic distance.

Role of material absorption

We will now consider the role of material absorption (e, = €,+i€” and €, = €, +i€”)

on atom-atom interactions in a hyperbolic medium. We find that the effective interac-
e ape 1/2

tion distance is not zero and tends to the finite value |r.| — |r| [%} as 0 —

Or. This curtails the singularity of the hyperbolic dipolar interaction but nevertheless

allows for very large interaction strengths compared to conventional media whenever
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[re|/|7| < 1 is satisfied. Material absorption will also modify the spatial scaling laws
of the RDDI in eqn. (5.6) so that both the cooperative decay rate and Lamb shift will
scale as r;3. Another consequence of material absorption on resonant dipole-dipole
interactions is in the transition from non-retarded (r—3) to retarded (r~!) interac-
tions. In vacuum, the transition occurs when the interatomic separation distance is
on the order of wavelength, (w/c)r ~ 1. In an ideal lossless hyperbolic medium, this
transition from near-field to far-field does not occur since the effective separation dis-
tance approaches zero, r. — 0 specifically along the resonance angle of a hyperbolic
medium. Therefore we find that RDDI should scale with the characteristic power
law of near-field (longitudinal) non-radiative interactions (r=2) for all interatomic
distances. Once material absorption is included, the transition is expected to occur
approximately when (w/c)|re| ~ 1. The dipolar interactions will transition from the

power law (r7% ) to the exponential scaling law (e~«/9™[rl) which is valid at large

interatomic distances.

Fig. 3.2 shows the result of the cooperative Lamb shift and decay rate for two
z-oriented dipoles in a hyperbolic medium that includes material absorption. We
compare the resonant dipole-dipole interactions with the conventional results of a
lossy dielectric and vacuum. Note that the RDDI peaks near the resonance angle 6y
as predicted theoretically. The spatial field plots in the insets clearly demonstrate the
distinguishing features of the RDDI in a hyperbolic medium compared to vacuum.
Fig. 3.2-c and Fig. 3.2-d demonstrate the r_3 Super-Coulombic spatial dependence
along the resonance angle. Note that the sign of the interaction is dependent on the

orientation of the dipoles as well as the relative position of the dipoles within the

hyperbolic medium.

Orientational dependence

We now turn to the unique orientational dependence of the RDDI between two

atoms positioned along the resonance angle fg. In Fig. 3.3, we plot the normalized
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Fig. 3.2. Manifestation of Super-Coulombic interaction in
hyperbolic media. Angular dependence of (a) cooperative Lamb
shift (CLS) Jgq and (b) cooperative decay rate (CDR) 74q for two
z-oriented dipoles in a lossy hyperbolic medium, lossy dielectric, and
vacuum. The CLS and CDR have large peaks near the resonance
angle of the hyperbolic medium indicative of the super-Coulombic in-
teraction, even for distances of a wavelength. Comparison of (¢) CLS
and (d) CDR at the resonance angle versus interatomic separation
distance. The CLS and CDR both obey a 1/73 power law dependence
in the near-field due to the inclusion of absorption in the hyperbolic
medium. Note that the giant interactions start occuring at distances
on the order of a wavelength (arrows) even in the presence of material
absorption which is in stark contrast to vacuum. The insets show the
contrasting spatially-resolved (¢) CLS and (d) CDR for vacuum and
for a hyperbolic medium.

cooperative Lamb shift of two atoms a full wavelength apart (r = \) as a function of

dipole orientation angle ¢. The cooperative Lamb shift has a minimum when ¢ = g
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Fig. 3.3. Unique orientational dependence of RDDI in hyper-
bolic media. The plot shows CLS versus orientation angle ¢ for two
dipoles positioned along the resonance angle. The cooperative Lamb
shift is minimized when the dipoles are collinear with the the reso-
nance angle, and it is maximized when the dipoles are perpendicular
to the resonance angle. The inset shows the asymmetric nature of
the spatially-resolved J4q/7, when the dipoles are orthogonal to the
resonance angle.

and a maximum when ¢ = g + 7/2. Assuming that |¢| = |€| = |€.], €’ = € ~ €/,

and ¢’ < |€'|, we find that the ratio between the maximum and minimum is

Jaald=6x +7/2) 3 () (3.6)

1

Jualp=0k) 2 \e
showing that it is proportional to the square of the figure of merit of the hyperbolic
medium. In Fig. 3.3, we use the full Green’s function to calculate the orientational
dependence of the dipolar interaction in a hyperbolic medium with material absorp-

tion, and find excellent agreement with the analytical expression.
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3.2.2 Interaction between 2 non-identical atoms

We now consider 2" order super-coulombic QED interactions arising from initial

state preparation consisting of atom A in its excited state and atom B in its ground

state, |1) = |ea) |gb)-

Forster resonance energy transfer

In the weak-coupling regime, an incoherent and irreversible resonance energy
transfer takes place transferring a photon from atom A to atom B. This process
is known as Forster resonance energy transfer (FRET) and, as mentioned in the main
abstract of the thesis, this process has many applications across all sciences. The
transfer rate is calculated using Fermi’s golden rule is T, = 27h 1 Vaq|?0 (Aw, — hwy, ).
Along the resonance angle, FRET is mediated by hyperbolic modes and the rate is
given by

_2m |dy - Ky - dy]?

- 0(hew, — hu) (3.7)

BT (47e,)?|ex||7e |

which shows a 7 ¢ scaling dependence and giant enhancement — the key signature of

second order Super-Coulombic interactions in hyperbolic media.

Casimir-Polder potential

In addition to the FRET rate, there is also a predicted frequency shift that comes
from the initial state preparation |i) = |e,)|gp). This is the excited-state Casimir-
Polder potential, Ueg(r) = UZ(r) + Ug (r), composed of a resonant and off-resonant

contribution. The resonant excited-state Casimir-Polder potential is of the form

Ug(r) = —|da|2w§ab(wa)Re{Tr[G(rb7ra;wa)G(ra7rb;wa)]} [43]. We therefore predict

2.4
3esc

that the excited-state energy potential will also diverge with a r_ ¢ scaling dependence
similar to the FRET rate.
Fig. 3.4 shows the full numerical results for the 2nd order dipole-dipole inter-

actions in a lossy hyperbolic medium, a lossy dielectric, and vacuum. In the non-
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Fig. 3.4. Ground-state and excited-state Casimir-Polder in-
teraction energy in hyperbolic media. Casimir-Polder interac-
tion energy between two ground-state atoms (Uy,) and between an
excited-state atom and ground-state atom (Ue,) show fundamental
differences when interacting in hyperbolic medium. Ug, >> Ug, since
resonant interactions lie completely within the bandwidth of hyper-
bolic dispersion and are strongly enhanced. The results are normal-
ized to Uge in vacuum, evaluated at the near-field interatomic distance
of r, = A/100. The inset shows the giant enhancement of the FRET
rate, I', ., as compared to vacuum. The FRET rate is normalized to
the vacuum energy transfer rate evaluated at r,.

retarded regime (r < \), we clearly see the effect of the Super-Coulombic interaction
which results in a large enhancement of the dipolar interactions U, and I'y,. (shown
in inset). The super-Coulombic enhancement occurs only along the asymptotes of
the hyperboloid and is unrelated to the suppression of FRET rate of an ensemble of
emitters near a conventional metallic surface or hyperbolic medium [75-77].

It is interesting that the dispersive Van der Waals interaction between two ground
state atoms does not diverge in a hyperbolic medium. Using fourth order pertur-

bation theory [44], the interaction energy between two ground-state atoms is given
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by Ugg(Ta,rp) = *;’:g foood'r;n4aa(i77)ab(z’n)Tr[G(rb,ra;in)G(ra,rb;z'n)], where a4 p(w)

is the isotropic electric polarizability of atom A or B. In the non-retarded limit, the
dominant contribution is given by

[y Bt

Ugg ® ————
8 32m3e2

m%(in)ab(m) (3.8)

which reduces to the well known free-space non-retarded Van der Waals interaction
energy when €, = €, = 1. It is important to note that the integral is performed over
the entire range of positive imaginary frequencies (7 = iw). Generally, the hyperbolic
condition €,e, < 0 is only satisfied within a finite bandwidth of the electromagnetic
spectrum. We therefore expect that it would not alter the broadband cumulative effect
of the entire electromagnetic spectrum, and as a result we predict that the ground-
state ground-state interaction energy will not diverge in a hyperbolic medium. From
Fig. 3.4, it is also clear that the ground-state ground-state Casimir Polder potential
Usge does not show any type of enhancement for the hyperbolic medium, in agreement
with our discussion. Note that the distance scaling dependence in the non-retarded
regions is in agreement with equations (3.7)-(3.8), as expected. In the retarded regime
(r > A), the excited-state interactions U, and I',, display an exponential damping
behaviour due to material absorption, while the ground-state interaction Uy, displays

the typical Casimir-Polder power law dependence, r=7 (Fig. 3.4).
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3.3 Practical Implementations of Hyperbolic Media

In the following, we discuss multiple experimental platforms for hyperbolic me-
dia paving the way for the experimental demonstration of the long-range Super-

Coulombic interactions and unique many-body physics in hyperbolic media.

3.3.1 Plasmonic super-lattice

Fig. 3.5-a and Fig. 3.5-b propose a practical plasmonic super-lattice system to
enhance atom-atom interactions taking into account the role of dissipation, dispersion
and finite unit cell size. We show the large enhancement of cooperative Lamb shift
(Jaa) for an effective medium model and compare it to a 40-layer structure consisting
of Ag and TiO, with a total slab thickness of 100 nm. For such a system, effective
medium theory predicts a type I response (¢, > 0,¢, < 0) for wavelengths smaller
than 492 nm, and a type II response (¢, < 0,¢, > 0) for wavelengths larger than 492
nm. Atom A is 4 nm away from the top interface (see Fig. 3.5 inset), while atom B
is assumed to be adsorbed to the bottom interface. Atom B has a fixed horizontal
displacement of xg = 5 nm, and therefore there is a fixed separation angle 6, between
atom A and atom B with respect to the normal to the interface. The two large peaks
seen in Fig. 3.5 occur when the dispersive resonance angle fg(A) is equal to the
fixed separation angle, i.e. Or(\) = 0, in agreement with theory. For the material
system shown here, this occurs both in the type I and type II hyperbolic regions.
The inset shows the directional sensitivity of the interaction as a function of atom
B’s horizontal displacement. Note that accurate agreement between the effective
medium model and the super-lattice structure is achieved when the unit-cell size is

smaller than the separation distance between atom A and the top interface.
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Fig. 3.5. Giant long-range Cooperative Lamb shift in practical
structures. (a)-(b) Plasmonic super-lattice in visible range, and (c)-
(d) natural hyperbolic medium in infrared range. (a) The effective
hyperbolic model is compared with (b) a 40-layer multilayer system
taking into account dissipation, dispersion and finite unit cell size.
Atom A is 4 nm away from top interface, while atom B is adsorbed
to bottom interface with a horizontal displacement of xg = 5 nm.
The inset shows the cooperative Lamb shift dependence on atom B’s
horizontal displacement when A = 550 nm. Good agreement is seen
between the EMT model and practical multilayer design paving the
way for an experimental demonstration of the Super-Coulombic effect
with cold atoms. Cooperative Lamb shift for (c) two atoms above h-
BN and (d) two atoms across an h-BN structure; dashed lines denote
bulk vacuum results. Note that a smaller spontaneous emission rate
(7o ~ w?) in the infrared range will contribute to a larger normalized
cooperative decay rate Jyqq/7,. The orange and blue curves denote the
two orientations of the transition dipole moment of the atoms. The
total slab thickness for both structures is 100 nm.

3.3.2 Natural hyperbolic medium: hexagonal Boron Nitride
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Fig. 3.5-c and Fig. 3.5-d propose a 2D Van der Waals bonded natural material,

hexagonal Boron Nitride (hBN), as a candidate material to control optically-active
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Fig. 3.6. Super-Coulombic cooperative Lamb shift above hy-
perbolic meta-surface. Cooperative Lamb shift, Jyq, above hy-
perbolic metasurface with optic axis in the X direction, calculated
via dyadic Green function approach. Atom A and atom B are 2
nm above the interface. (a) Two dimensional resonance cone on hy-
perbolic metasurfaces which causes giant in-plane long-range dipole-
dipole interactions (b) Cooperative Lamb shift dependence on angle
6., of atom B for a fixed separation distance of r = A\/2 = 250 nm.
Note the clear enhancement of the resonant dipole-dipole interaction
near the resonance angle fr. (c) Separation distance dependence of
cooperative Lamb shift along the resonance angle 6,, = 0r. Inset
shows giant FRET enhancement (> 2000) for separation distances of
100 nm in the metasurface plane.

vibrational transitions between molecules, or electronic intersubband transitions be-
tween quantum wells. hBN is a natural hyperbolic medium in the mid-infrared spec-
tral range. We show giant cooperative Lamb shifts Jyq for the case of two atoms
10 nm away from the top interface of an h-BN structure, as well as for two atoms
across an h-BN film. In the first case, the atom-atom interaction is due to a Super-
Coulombic ray-like interaction that reflects from the bottom interface (see insets).
In the second case, the interatomic interaction is primarily due to a direct Super-
Coulombic interaction from atom A to atom B. Atom A is 10 nm above the top
interface, while atom B is assumed to be adsorbed to the bottom interface. Note that
these long-range dipole-dipole interactions are seen equally in the type I hyperbolic

region (A ~ 12 — 13 pum) as well as the type II hyperbolic region (A ~ 6 — 7 pm). We

1000
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have used the experimentally-verified permittivities for h-BN from Caldwell et al. for

our numerical simulations [71].

3.3.3 Hyperbolic meta-surface

Finally, Fig. 3.6 proposes a 2D-material system to enhance resonant dipole-dipole
interactions, using hyperbolic metasurfaces. Our theoretical proposal provides addi-
tional future directions for designer metasurfaces based on graphene, black phospho-
rous, h-BN, gold/air, or silver/air nanogratings [78-81] (see Fig. 3.6-a). We must
emphasize that all of the experimental and theoretical studies thus far have focused
on Purcell factor enhancements or the photonic spin-Hall effects. Here, we propose
hyperbolic metasurfaces to control many-body dipole-dipole interactions. Fig. 3.6-a
shows the key difference from bulk hyperbolic media where a two dimensional reso-
nance cone mediates giant long-range interactions due to in-plane hyperbolic disper-
sion (x-y plane anisotropy). In Fig. 3.6-b, we show an enhancement of the cooperative
Lamb shift Jqq versus angle 6,, of atom B. The angle 0,, is defined with respect to
the optic axis that lies parallel to the interface, such that € = diag[e,, €,,¢€,]. A clear
enhancement is seen along the resonance angle 6r compared to the vacuum and the
dielectric half-space cases. Furthermore, when the position of atom B lies along the
resonance angle 6, = g = tan™! \/T/ex we find a clear order-of-magnitude en-
hancement in the cooperative Lamb shift up to distances of 200 nm [Fig. 3.6-b and
Fig. 3.6-c|. Numerical simulations of the hyperbolic meta-surface were done using a

dyadic Green function approach given explicitly in the addendum of this report.

Chapter summary

To summarize, we have revealed a class of singular excited-state atom-atom in-
teractions in hyperbolic media that arise from a fundamental modification of the
Coulombic near-field. The experimental observation of such effects will require careful

isolation of medium-induced cooperative interactions between atoms from the effect
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of independent atoms interacting with the hyperbolic medium. Preliminary results
have shown signatures of such interactions between molecules via FRET [82]. Future
work should also focus on understanding the intricate role of non-locality [83,84] on
dipole-dipole interactions in hyperbolic media. Our work motivates the search for
defect centers in natural hyperbolic media like hexagonal boron nitride, where the
interaction is mediated by hyperbolic phonon-polaritons. It should also motivate the
study of unique many-body physics in atomic lattice quantum metamaterials with
hyperbolic response [85]. Finally, our work should also promote studies of long-range
entanglement and self-organization [51]. This work provides a first step towards cold-
atom studies with hyperbolic meta-surfaces exhibiting unique effects that are not

found in photonic crystals, waveguides, or cavities.



39

4. MANY-BODY ENERGY TRANSFER EFFECTS IN
MULTI-LAYERED NANOPHOTONIC ENVIRONMENTS

In this chapter, we extend the two-body theory of dipole-dipole interactions to take
into account the effect many acceptors confined to a finite volume. This work was
motivated by the experimental verification of the Super-Coulombic interaction (ex-
perimental work performed by Ward Newman) which lead to the successful demon-
stration of long-range dipole-dipole interactions through a hyperbolic metamaterial.
This work is currently unpublished but under review. In the following, we present the
many-body theory of Forster resonance energy transfer in multi-layered nanophotonic
environments providing the full expressions for the energy transfer rate in terms of
the dyadic Green function integrated over a finite volume. Of note, we compare the
results to the well-known energy transfer spatial scaling laws in homogeneous envi-
ronments. In the second part of the chapter, we present our experimental results and
discuss discrepancies between theory and experiment. The focus of this Chapter is

the theory but we have included experimental results for the sake of completeness.
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4.1 Many-body theory of FRET in multi-layered environments

We begin by considering the two-body energy transfer rate between two molecules.
Unlike the results of the previous chapter, we include the vibrational states of the
molecules through the Born-Oppenheimer approximation which assumes the molecule’s
nuclear degrees of freedom are slowly varying compared to the electronic degrees of
freedom. This difference in timescales allows the total wavefunction of the molecule

to be written as the product of nuclear and electronic contributions respectively.

4.1.1 Energy transfer between two molecules

For the case of two molecules, the total transition matrix element is given by
daar vy = dA(B)Vaa’(bt) i the Born-Oppenheimer approximation. vgq/s) corresponds
to the overlap integral between the vibrational states of each molecule. Here, d 4(p) is
the electronic transition dipole matrix element between the electronic ground |a) (|b))
and excited state |a’) (]b’)) of atom A(B). We assume molecule A is initially prepared
in its excited electronic state and molecule B is initially prepared in the electronic
ground state with the electrodynamic field in the vacuum state, |i) = |a’) [b) @ [{0}).
Using Fermi’s Golden rule, as outlined in Chapter 2, the Forster resonance energy

transfer (FRET) rate from molecule A to molecule B is given by

Ty = 2—7; do [Viaa () Pora(w)or () (4.1)

where Vy(w) = h (Jdd — ﬂde) = —%db-G(rb, I'a; Wa)-d, is the resonant dipole-dipole
interaction introduced in the previous chapter. o4(w) and op(w) are proportional to
the single-photon emission and absorption spectrum of molecule A and B respectively

[86] Y

oa(w) = v 0 (wara — w) (4.2)

a,a’
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and

op(w) =Y _ polops|*d(wyp, — w) (4.3)

bb/
where p; is the occupation probability of state |i). The experimental signature of
FRET is the reduction in the excited state lifetime of atom A which is sensitive to

the presence of atom B in the near-field.

4.1.2 Many-body energy transfer rate: analytical derivation

We now calculate the change in the FRET rate when there is a large distribution

of acceptors. The spatially integrated energy transfer rate is

Cpr =N, /drApA<rA)FET(rD7 ra) (4.4)

where pa(ra) represents the spatial distribution of acceptors. For the rest of the
Chapter, we consider a uniform distribution of acceptors with p4 = 1/V,, where N, is
the total number of acceptors and V,, is the confined volume surrounding the acceptor
molecules. As shown in Appendix A, for multi-layered nanophotonic environments
with cylindrical symmetry, the dyadic elements of the Green function may be written
in the form Gi; ~ [dk, fi;(k,)Ju(k,p) cos(nf) or Gy ~ [dk, fi;(k,)Jn(k,p) sin(nd),
where f;;(k,p) is a function containing the reflection or transmission coefficients of the
environment, while J,(k,) is the cylindrical Bessel function of order n. In cylindrical
coordinates, the integral over the acceptor surface area yields the following types of

integrals

;

fo% cos(nb) cos(mb)do [ pJn(kpp) Jm(k,p)dp
27 00
2 T . . 00
/Ode/opdp|na-G(rA,rD)-nd| ~ f02 sin(nf) sin(m@)do [ pJn(kop)Jm (K, p)dp

[27 cos(nb) sin(m@)do Jo~ pIn(kop) Jm (K, p)dp

0
\

The orthogonality relations of the trigonometric functions together with the closure
relation of the Bessel function ensures a complete evaluation of the surface integral for

any component of the Green function. In the following, we provide an exact expression



42

for the spatially integrated transmitted Green function. In the experiment, linearly-
polarized laser light excites the donor molecules lying parallel to the interface. The

Green function components related to parallel (x-oriented) donor dipole moment

' k
Goa(r) = SMQ /dk e [T 4 K2 ) (4.5)
k .
Gya(r) = o k2 /dk: k” etheGatza) [k24 0 — K2t,] Jo(k,p) sin 20 (4.6)
i
G.(r) = S /dk kle ih=(zatza) (94t T, (k,p) cos(6)] (4.7)

where we have used the shorthand notation for the cylindrical bessel functions Ji. =
Jo(k,p) £ Jo(k,p) cos260. The final result for the ensemble-averaged energy transfer

rate for a two-dimensional sheet of acceptors is:

27 00
k, . .

/Ode/opdpyczmy? — ﬁ /dkplkppel(kzkz)('z”zd) [3yt53k312 + 3|t pk?)?

bttt K2R 4 1 1, k;2*k2] (4.8)
4 ’L Z z
/ / o |G-l = s 5 [kt (4.9)
2 T k i(kz—k%)(za+zq) 2 212

pdp |Gy$| |8 kz‘g dkﬂ |]€ ’26 |t$8k tppk:z| (410)
To take into account the acceptor slab thickness, t,, we evaluate the following integral

ta 1— e—QIm[kz]ta
d . —2Imfkzlze _ =~ 411
/0 o€ 2Tm[k,)] (4.11)

l_e—QIm[kz]ta

and use the substitution ei(k=—*)(zatza) _ Somna

in all of the previous equa-
tions. The final result is a one dimensional integral over the radial wavevector k,.
The integral is evaluated numerically using the Gauss-Kronrod method. The final
expression (4.4) provides the total energy transfer rate from a donor to a 2-D sheet
(or 3-D slab) of acceptors depending on whether we include a finite slab thickness for
the acceptor molecules. These expressions form the main result of this Chapter. As

we show below, the dimensionality of the acceptor volume alters the energy transfer

spatial scaling law.
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Fig. 4.1. Comparison of energy transfer power law behavior for di-
electric, metal, and ideal hyperbolic medium. We provide results for
infinitely thin sheet of acceptors labelled as the 2D case, as well as
finite-sized 20 nm slab of acceptors. We clearly see distinct power
laws for short donor-acceptor separation distances corresponding to
d=? and d=* scaling dependence for the 3D and 2D cases respectively.
We emphasize that these power laws arise from the Coulombic r~°
point-to-point interaction.
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4.1.3 Comparison to energy transfer power laws in homogeneous media

We now compare the results derived above to the well-known energy transfer
spatial scaling laws for donor-acceptor systems inside a homogeneous medium where
the energy transfer rate is given by I'pr = 7,(R,/r)% in the near-field. The many-
body energy transfer rate from a single donor molecule to a 2D sheet of acceptor
molecules is given by:

o0 o0 6

Ca /O Cer pdp = cavo RS /O % = ca%%‘l (4.12)
where d is the distance between the donor to 2D-sheet of acceptors, while ¢, is the 2D
sheet concentration. This unique spatial scaling arises from the near-field Coulombic
coupling, T'gr = 7,(R,/r)%, and would not occur for radiative coupling r~2. For the
case of acceptors confined to a 3D slab with finite thickness t,, we must integrate
over the third spatial dimensions corresponding to the acceptor slab thickness. Upon
evaluation of this additional integral, we ensemble-averaged energy transfer rate be-
comes proportional to d=2. The result shown in Fig. 4.1 compares the 2D and 3D
scaling arising from a finite-slab (20 nm) of acceptors and 2D sheet of acceptors. Note
the result in Fig. 4.1 is calculated with the integral expressions in k-space, clearly

reproducing the limiting power law behavior derived in this sub-section.

4.1.4 Wavevector-resolved energy transfer

Using the expressions derived above, we numerically evaluate the wavevector-
resolved energy transfer rate as a function of k-space modes. This approach provides a
clear separation of radiative and non-radiative contributions by separating the integral
as fooo = 0k1 + fkolo These results are analogous to the k-resolved local density of
states used in nanophotonics [69], however, we must emphasize that wavevector-
resolved energy transfer rate is a non-local quantity. In Fig. 4.2 we show the origin of
the extended Super-Coulombic scaling law as a result of the high-% spatial frequency

modes allowed to propagate within a hyperbolic medium.
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Fig. 4.2. Long distance sheet-sheet non-radiative dipole-dipole in-
teractions in a hyperbolic medium: (left) The scaling law of energy
transfer between a 2D sheet of donors and a 2D sheet of acceptors
is shown versus the sheet-to-sheet separation. We observe the persis-
tence of the near-field Coulombic scaling law (~d~3) up to 5-10 um,
500x the conventional near-field of 5-10 nm. The near-field scaling
is eventually curtailed by dissipative losses at large distance. The re-
sult is shown for various donor-acceptor dipole moment orientations.
(right) This extension of the Coulombic near-field originates from the
high spatial frequency bulk hyperbolic polaritons that propagate in
the metamaterial. These high-spatial frequency modes retain a longi-
tudinal character even at large propagation distances, a fundamental
requirement for near-field Coulombic interactions.

4.2 Experimental demonstration of long-range interaction

In Fig. 4.3-a, we present the primary experimental results showing the comprehen-
sive set of samples required to demonstrate the long-range dipole-dipole interactions
through a hyperbolic metamaterial consisting of alternating layers of metal (Ag) and
dielectric (SiO3). Nine total samples are required for isolating the role of the metama-
terial on the dipole-dipole interaction as opposed to the role of the: (i) local photonic
density of states (LDOS) enhancement and (ii) non-radiative enhanced quenching of
donor molecules above the metal. [87,88]. We isolate the dipole-dipole contribution

by carefully comparing the results between donors with acceptors (hybrid, front row



46

of Fig. 4.3-a) to the donor-alone and acceptor-alone cases (middle and back rows, Fig.
4.3-a). Along with the metamaterial, experiments on Ag and SiO, control samples of
equal thickness to the metamaterial (100 nm) were also performed.

Evidence of energy transfer from donor molecules to acceptor molecules is demon-
strated through steady-state fluorescence measurements. Once again, we compare the
control samples to the hybrid, donor-acceptor samples. Fig. 4.3-b, Fig. 4.3-c, and
Fig. 4.3-d show the transmitted photoluminescence (PL) spectra for the control and
hybrid samples of three types of material systems corresponding to dielectric, metal,
and metamaterial respectively. The fabricated samples are optically pumped with a
steady-state fluence of approximately 25 yW /1 mm? from a 405 nm continuous wave
laser. Note the clear evidence of energy transfer from donor to acceptor molecules in
all three material systems given by the increase in the acceptor emission intensity for
the hybrid donor-acceptor case (black curve) compared to the acceptor-only case (red
curve). Furthermore, there is a clear decrease in the donor emission intensity rela-
tive to the donor-only case (blue curve). We must also emphasize that while energy
transfer is clearly evident for all three material systems, the transmitted PL spectra
does not provide evidence of the increased dipole-dipole interaction magnitude for
the hyperbolic metamaterial case. This is due to the acceptor molecules not having
an equivalent photonic density of states for all three material systems. Ultimately,
this will modify the observed acceptor PL spectra making it difficult to discern the
strength of the dipole-dipole interaction. Evidence of an increased FRET rate is only

attainable through the careful analysis of time-resolved photoluminescence.

4.2.1 Time-resolved photoluminesence

The main experimental result is shown in Fig. 4.3-e and Fig. 4.3-f demonstrating
the nature of the energy transfer process through time-resolved photoluminescence
of the Alg3 donor. The result clearly shows an additional increase to the donor

relaxation rate in the presence of R6G acceptors across the metamaterial. Fig. 4.3
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Fig. 4.3. a The sample-types used to isolate RDDI in various material
systems is shown. Donors (Alg3, shown green) (b, ¢, d) The trans-
mitted PL spectra for the donor and acceptor separated by dielec-
tric, metal and metamaterial shown. We note that energy transfer is
clearly visible in all three material systems; that is, the donor excited
state is causing the acceptor to be excited and subsequently relax and
emit a photon. This is concluded by noting an increased intensity of
acceptor emission and a quenched donor emission when the emitters
are placed in the hybrid geometry (black curve) relative to the donor-
only (blue curve) and acceptor-only (red curve) control systems. (e,
f, g) The time resolved donor fluorescence for donor-only (blue) and
hybrid (black) samples are shown for the three material systems. For
the donors:acceptors separated by 100 nm of SiO, or Ag (g, h), the
hybrid decay traces reveal no additional lifetime reduction compared
to the donor-only case, indicating no long-range RDDI. When the
donor and acceptors are separated by a 100 nm Ag/SiO, multilayer
metamaterial (g), we observe a marked excited state lifetime reduc-
tion when the acceptor molecules are present, providing evidence of
long-range super-Coulombic RDDI.
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compares the decay trace for the 100 nm SiO, film with (black curves) and without
acceptors (blue curves). Introducing acceptors to the far-side of the SiO, film produces
no change in the emission kinetics, despite the fact that the steady-state fluorescence
indicates that there is energy transfer from donors to acceptors. This suggests that the
energy transfer mechanism occurs through a much weaker dipole-dipole interaction
that is radiative in nature, i.e. mediated by a photon emitted by the excited donor
which propagates through the 100 nm SiOs film and is subsequently absorbed by the
acceptor. For the 100 nm Ag material system, we only observe a Purcell-based effect
which decreases the lifetime of the donor as a result of the metallic environment
[89,90], however, this system does not show any change in the donor decay trace
similar to the 100 nm SiO, thin film.

Fig. 4.3-g shows the fundamentally different emission kinetics of the donor in the
hyperbolic metamaterial system. The donor only sample shows a decreased excite-
state lifetime relative to the pure Ag sample (blue Fig. 4.3-f). This is due to the
enhanced optical density of photonic states in the near-field of HMMs [69,70]. When
acceptors are introduced to the opposite side of the hyperbolic metamaterial in the
hybrid donor-acceptor sample (black data), we observe a notable decrease in the
excited-state lifetime of the donor. This lifetime reduction offers proof of long-range
super-Coulombic dipole-dipole coupling of donors and acceptors with a physical sep-

aration distance of 100 nm.

4.3 Comparison between theory and experiment

In the following, we outline the theoretical model that was developed to provide
a theoretical estimate of the observed energy transfer rate extracted from the exper-
imental data discussed above. The final result comparing theory and experiment is

shown in Fig. 4.5.
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4.3.1 Theory of time-resolved donor fluorescence intensity

To confirm the nature of the Super-Coulombic dipole-dipole interaction over large
intermolecular distances, the experiment performed time-resolved ensemble measure-
ments of the donor fluorescence intensity. In the following, we provide a simple deriva-
tion showing how the integrated (many-body) energy transfer rate emerges naturally
from the time-resolved donor fluorescence intensity. In general, the fluorescence in-
tensity decay trace of a donor surrounded by N, acceptor molecules depends on the
probability of the energy transfer from the donor to each of the acceptors. For a
given configuration specified by the donor position rp, and acceptor positions r 4,
the total donor decay rate yp is given by vp = 7, + vaa [, . (rai,rp), where 7, is
the spontaneous emission rate of the donor in the absence of acceptor molecules. The

total donor intensity decay trace is given by [91]

ID(t) ~ 6_70t /drAl p(rAl) /drA2 p(rA2) oo /drANa p(rANa>e_tZi FETi(rAi:rD)

Ng
~ o Yol {/dI‘A IO<I.A)6—tFET(rAarD):| (4.13)

where we must spatially average over all possible acceptor locations for every acceptor
molecule. In the limit of small point-to-point energy transfer rates tI'gr < 1, an
assumption that is generally valid for large separation distances between donors and

acceptors, the exponential term may be expanded giving the final result,

Nq

]D(t) ~ 6_%75 |:/dI‘A p(I‘A)(l — tFET(I'A, I‘D))
~ e exp [—ca / dr AT (tp, 1)1 (4.14)

We used the basic definition of the exponential, exp () = lim, . (1 +2/n)", and
assumed a uniform acceptor density p(r,) = 1/V, in the thermodynamic limit (N, —
00, V, = 00, N, /V, — const). We emphasize this result predicts the measured donor’s
photoluminescence decay trace will consist of the donor’s spontaneous emission 7,
contribution, in addition to the spatially-integrated energy transfer rate from the

donor to the uniform distribution of acceptors. The integral is performed over the
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total volume of the acceptors and is in agreement with the general result derived

earlier in this Chapter.

4.3.2 Calibration of theoretical model

In Fig. 4.4, we provide a flow chart outlining the first-principles theoretical model
used to estimate the many-body energy transfer. The results from this model are
compared with the extracted energy transfer rates from the experiment. Note that
the theoretical model avoids the use of fitting parameters, only using measured exper-
imental parameters as calibrated inputs. For example, the theoretical model uses the
dielectric permittivity values obtained through ellipsometry measurements, as well
as film thicknesses independently verified through SEM imaging, a quartz crystal
monitor, and ellipsometry measurements. Similarly, the estimated two-point FRET
rate was calibrated through independent measurements of the FRET radius R,, the
spatially-averaged spontaneous emission lifetime of the donor molecules ~,, and the
acceptor concentration ¢, estimated independently through transmission measure-
ments utilizing the Beer-Lambert law. Additional details related to the FRET radius

calibration is included at the end of this Chapter.

4.4 Spatial scaling of energy transfer rate

To elucidate the distance scaling law of dipole-dipole interactions mediated by
metamaterials, we fabricated additional structures displaying varying strengths of
RDDI owing to the different separation distance (20, 60 nm) between donors and
acceptors. We experimentally quantify the effective FRET strength between the
donors and acceptors using the harmonic mean of the measured decay rates of the
donor emission kinetics with and without acceptors (see [92]). If the observed decay
traces I(t) are normalized to unity at time zero, the integral of the trace over time
yields an averaged excited-state lifetime, 37! = 7 = [d¢I(¢). Since we are in the

weak coupling limit, the difference between the average decay rate of the donors
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Fig. 4.5. Spatial scaling of Super-Coulombic interactions. (a) Ex-
perimental confirmation of enhanced energy transfer rates due to the
Super-Coulombic effect in a hyperbolic metamaterial (green) com-
pared to silver film (blue) and SiO2 film (red). The noise floors are
denoted by dashed curves and the numerically calculated many-body
dipole-dipole interaction curves are denoted by the colored bands.
The theoretical predictions include 10% error bands accounting for
uncertainty in the independently extracted physical parameters. (b)
Numerically simulated spatial dependence of sheet-to-slab (2D sheet
of donors and thin slab of acceptors) many-body dipole-dipole interac-
tions demonstrating an enhanced FRET rate of the effective medium
model (yellow) with d=3 power law dependence. Super-lattice struc-
tures with unit-cell sizes of 40 nm, 20 nm, and 4 nm respectively
are also shown exhibiting an extended spatial range with enhanced
Coulombic interactions beyond the scale of a wavelength. The green
stars correspond to the experimentally measured data. The solid grey
line shows the ideal EMT limit of adsorbed quantum emitters on a
hyperbolic medium whereas the dashed black line presents the ana-
lytical scaling law taking into account the finite distance between the
emitter and metamaterial.
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with and without acceptors yields the effective FRET rate of donors to acceptors:
Lrr = Ypa —p. Here, 7p denotes the averaged excited-state lifetime for a system of
donor molecules without acceptors, while 4p4 denotes the excited-state lifetime for a
system of donor molecules in the presence of acceptors.

The observed effective FRET rates and their scaling for three separation distances
between donor and acceptor molecules are shown in Fig. 4.5. Using the theoretical
framework developed in this Chapter, we provide a detailed quantitative comparison
of the metamaterial response in the ideal effective medium theory (EMT) limit as well
as the practical finite-sized multilayer structure. Using only physical quantities ex-
tracted independently from experiment (permittivity, layer thicknesses, FRET radius,
donor decay rate, quantum yield and acceptor concentration) with no additional fit-
ting parameters, the predicted many-body Super-Coulombic interaction theory shows
excellent agreement with the experimentally observed FRET rates across the meta-
material (Fig. 4.5-a). The enhancement of FRET due to the HMM is close to two
orders of magnitude compared to the dielectric and one order of magnitude larger
than the metal case. Our simulations take into account the discrete nature of the
metamaterial. The sawtooth behavior of the FRET rate is related to the influence of

the termination layer (metal or dielectric) in the metamaterial sample.

4.4.1 Modified Super-Coulombic scaling law

Motivated by the agreement between theory and experiment (green stars and
green dots in Fig. 4.5-b, we also compare the spatial scaling of the integrated FRET
rate for the experimental realization of the metamaterial to the ideal effective medium
theory limit of super-Coulombic RDDI for adsorbed quantum emitters on a hyper-
bolic medium (light gray line). We plots results for various unit-cell sizes. As the
unit-cell size is decreased to 4 nm, a very strong agreement is noticed between effective
medium theory (yellow curve) and the multi-layered system (black dots). We empha-

size that the dramatic spatial extension of the Coulombic spatial scaling (I'gy ~ d~3)
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to beyond the wavelength scale (d > 500 nm) despite the inclusion of realistic losses,
dispersion, absorption and finite unit-cell size of the metamaterial is evidence of the
super-Coulombic effect. The dashed black curve presents our analytical model (given
by the following equation) of the super-Coulombic FRET taking into account the
finite distance between the emitter and metamaterial (z,). The modified Coulombic

scaling law taking into account this proximity effect is

Tpr ~ (dRe[\e,/e:] + 24) 2. (4.15)

Strong agreement in the scaling law between EMT and multi-layered simulations
occurs when the unit-cell size is significantly smaller than the molecule-interface
separation distance (a, < z,). The spatial range of the Super-Coulombic interac-
tion is ultimately curtailed by material absorption (¢”) with an interaction range of

This metamaterial-mediated non-radiative Forster interaction with Coulombic
scaling should be contrasted with the previously reported super-radiant lifetime change
in quantum dots which only showed a radiative interaction and Vg ~ 1/R scaling at
the comparable distance of 150 nm [93]. Furthermore, two mesoscopic atomic clouds
have shown Forster interaction at 40 microns [94]. However, the transition wave-
length is 1 cm placing the experiment in the extreme near-field regime (d ~ \/250).
For comparison, if similar mesoscopic atomic systems were interacting through a hy-
perbolic metamaterial functioning at w = 30 GHz = 1 cm, the interaction distance

would be a centimeter.

4.4.2 Chapter Summary and Outlook

In this chapter, we developed a rigorous first-principles theoretical framework for
many-body energy transfer in multi-layered nanophotonic environments. We used
the result to estimate the long-range energy transfer rate and compared it to an ex-
periment performed by Ward Newman. We obtained excellent agreement thereby

providing the first demonstration of long-range Super-Coulombic dipole-dipole in-
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teractions mediated by metamaterials in the optical frequency regime. We envision
that Super-Coulombic interactions will impact deterministic entanglement creation
between remote emitters [95], will increase the range of bio-molecular FRET rulers
and FRET imaging systems [96], and will accelerate the progress towards the long-

standing goal of strongly coupled quantum systems at room temperature.
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Chapter Appendix: FRET radius for calibration

In order to calibrate the first-principles theory to the experiment, we use the

famous Forster formula [97]

or _ o / Falw)oa(@)n, - G(ra,Tp;w) - ngl*dw (4.16)
0

o
expressed in terms of the normalized emission spectrum fy(w) of the donor, as well
as the absorption cross-section o,(w) of the acceptor which is phenomenologically
determined through photoluminescence measurements. Here, v, is the donor decay
rate measured in a homogeneous environment with n, and n,; representing the unit
orientation vectors for each dipole. This formula is directly related to measured quan-
tities found in experiments, providing a direct approach to calibrate the theoretical
predictions.

In free-space, the dyadic Green function is frequency-independent in the near-field
limit (kr < 1). One may therefore remove the Green function contribution from the
spectral integral resulting in the conventional definition for the FRET radius,

9ctk? [ fa(w)og(w
RS =Qp = /O %dw. (4.17)

The FRET radius is defined as the donor-acceptor separation distance resulting in
the FRET rate being equal to the donor spontanecous emission rate. For general
nanophotonic environments, this definition of the FRET radius is not possible due
to the frequency- dependence of the dyadic Green function. However, as shown in
Fig. 4.6, the transmission for extraordinary-polarized light is slowly varying as a
function of wavelength. In the spectral overlap region, the transmittance changes
very slowly as a function of wavelength indicating that the permittivity values also
change slowly. This suggests we can remove the Green function dependence from the
spectral integral and approximate the FRET rate as

Upr
Yo

= 167%k* RS |n, - G(r4,Tp; waq) - Ng|? (4.18)
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where the FRET radius is equal to the conventional definition written above. The
numerical Green function is evaluated at the peak of the emission-absorption spectrum

overlap.
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Fig. 4.6. The transmittance for extraordinary polarized light is shown
for various metal and metamaterial samples. The donor and acceptor
emission peaks are denoted by the green and yellow vertical dashed
lines respectively.
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5. FIGURES OF MERIT FOR ENGINEERING FORSTER
RESONANCE ENERGY TRANSFER

This chapter presents the starting point for the second part of this thesis. Here, we
present results related to an ongoing debate regarding the control of Forster resonance
energy transfer in nanophotonic environments. We demonstrate that a simple image
dipole model can be used to explain various regions of enhancement, suppression, and
null-control of resonance energy transfer above a half-space dielectric as well as for
two atoms near a dielectric or metal nanoparticle. The results are valid in the weak
and incoherent coupling limits of resonance energy transfer. The coherent coupling
limit of resonance energy transfer requires a fundamentally different analysis as given

by the proceeding Chapter.

5.1 Motivation: an ongoing debate

Over the past 15 years there has been an ongoing debate regarding the influ-
ence of the environment on Forster resonance energy transfer (FRET). Disparate
results corresponding to enhancement, suppression and null effect of the photonic
environment have led to a lack of consensus between the traditional theory of FRET
and experiments. Here we show that the quantum electrodynamic theory (QED) of
FRET is exactly equivalent to an effective near-field model describing electrostatic
dipole-dipole interactions. This connection leads to an intuitive and rigorously exact
description of FRET, previously unavailable, bridging the gap between experimental
observations and theoretical interpretations. Furthermore, we show that the widely
used concept of Purcell factor variation is only important for understanding sponta-
neous emission and is an incorrect figure of merit (FOM) for analyzing FRET), as has

been done in several experiments. To this end, we introduce two new figures of merit
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which characterize resonance energy transfer: (1) the FRET rate enhancement fac-
tor (Fr), (2) FRET efficiency enhancement factor (F.rr) and 3) two-point resonant
dipole-dipole interaction (Vgg) which contains the photonic properties of the envi-
ronment governing FRET and is analogous to the local density of states that controls
spontaneous emission. Counter to previous claims, we show that suppression of the
donor Purcell factor is necessary for enhancing the efficiency of the FRET process.
We place bounds on the FRET figures of merit arising from both material absorp-
tion within environment as well as from intrinsic properties of the emitters including
quantum efficiencies and dipole-moment orientation dependence. Finally, we use our
approach to conclusively explain several experiments while predicting regimes where
the FRET rate is expected to be enhanced, suppressed or remain the same. Our work
paves the way for a complete theory of FRET with predictive power for designing the
ideal photonic environment to control FRET in incoherent coupling limit.

While the microscopic nature of FRET is widely understood and accepted in sim-
ple homogeneous systems, the fundamental nature of FRET in complex photonic
environments remains poorly understood and has been widely debated over the past
15 years (see table I). The debate is largely based on the vastly different and seem-
ingly contradictory results of many experiments (see table I) when donor-acceptor
pairs are placed in the vicinity of photonic cavities or nanoparticles. In some cases
FRET has been shown to be enhanced [98-110], suppressed [108-113], or remain un-
changed [114-117]. While the theory of FRET has been developed extensively since
the first initiation by Forster, ranging from semi-classical electrodynamic theories
to microscopic and macroscopic quantum electrodynamic (QED) theories [118-134],
there remains a significant disparity between experimental results and theoretical
predictions. This has also led to conjectures that the FRET rate is independent of
the photonic environment. Thus, no insightful approach exists that can explain the
underlying physics behind the disparity of observations in experiments.

The purpose of the present work is to illuminate the fundamental nature of FRET

in a nanophotonic environment for experimentally-relevant scenarios, thereby resolv-
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Table 5.1.
Experimental Results of FRET

Enhancement Suppression No effect
Microcavity [98-100, 106] [113] [114,115,117]
Nanoparticles | [101-105,107-110] | [108-112] [116]

ing the debate that has been ongoing for fifteen years. We show that the QED
perturbative approach to analyzing dipole-dipole interactions in a nanophotonic en-
vironment can be completely captured by an effective near-field dipole model. This
lends itself to a physically intuitive picture of environmental FRET rate modification
that was not available before. As a result of our model, we are able to conclusively
explain key recent experiments which have shown surprisingly contradictory results
of enhancement, suppression and even no effect of the environment on FRET. We
also show that the lack of FRET rate variation in recent experiments is not a univer-
sal behavior but is strongly dependent on environmental conditions and orientation
effects. We define a FRET rate enhancement factor analogous to the Purcell factor
used in spontaneous emission modification calculations to quantify the influence of
nanostructures on the FRET rate. These introduced figures of merit (FOM) cap-
ture the contradictory regimes of FRET completely in the widely used planar and
spherical nanostructured geometries. Our work also clarifies an important puzzling
observation that the FRET rate enhancement factor (Fgr) as generally smaller than
the Purcell factor (F,) in most experiments; however, we show how careful design
of environmental properties can result in cases where Fr can be greater than Fj,.
A striking manifestation of this property can be exploited to enhance FRET effi-
ciency in an all-dielectric (transparent and lossless) system where we predict that the
FRET efficiency can be enhanced by more than 300-400%. Finally, we place bounds
on the achievable figures of merit in realistic photonic environments that arise from

orientation effects and limitations of intrinsic quantum efficiency of donors.
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5.2 Theory of spontaneous emission

It is well understood that spontaneous emission and FRET have underlying con-
nections but we show that the environmental attributes which govern them are en-
tirely different. Using Fermi’s Golden rule and the first order transition amplitude,

one arrives at the general expression of the spontaneous emission (SE) rate

Qw%]dDP
YD,rad = W[HD -Im{G(rp,rp;wp)} - np| (5.1)
€oC
for an atom in an inhomogeneous environment. wp is the radial frequency, A is the
reduced Planck’s constant, ¢ is the speed of light, ¢, is the free-space permittivity,
and G(r,r;w) is the classical dyadic Green function (GF) related to the electric field
of the dipole with dipole moment dp = dpnp. It is well established that the SE rate
is dependent on the density of photonic modes of the environment quantified by the

partial local density of states (LDOS) [135]

6w
pe(rp;w) = 20D Im{G(rp,rp;w)} -np (5.2)
for a given dipole orientation np. Note that the LDOS depends on the position rp of
the donor dipole moment only. An enhancement in the LDOS pg(rp;w) compared to
that in vacuum p%(rp;w) translates into a larger decay rate described by the Purcell

factor
_ Vprad _ PE(TD;W)
vg,rad IOOE(rD; w)

This is the well known figure of merit that is used to describe the decay rate en-

F, (5.3)

hancement or suppression of spontaneous emission in the case of low absorption.
In the general case where the donor atom has an intrinsic quantum yield given by

Qp = %, where 7,44 1S a nonradiative decay rate that is assumed to be
Ta nra

independent of the environment, the overall enhancement of spontaneous emission

becomes [136,137]

D (1-Qp)+QpnF, (5.4)
D
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Fig. 5.1. (a) Energy-level diagram depicting spontaneous emission.
Yraq denotes the rate of radiative energy transfer to any location in
the environment. The acceptor is not considered as part of the en-
vironment. (b) Energy-level diagram depicting FRET. FRET occurs
when two neighboring atoms or molecules, denoted as donor and ac-
ceptor, have overlapping emission and absorption spectra and couple
due to a Coulombic dipole-dipole interaction. The FRET rate I'py
denotes the energy transfer to the acceptor location only.

5.3 Environment-modified FRET

While the preceding results have been well established in literature, questions
have emerged whether the same physical quantities can characterize the effect of
the environment on Forster resonance energy transfer. FRET can be understood
as spontaneous emission of a donor molecule to the specific location of the acceptor
triggered by near-field dipole-dipole interaction. Within the semi-classical picture,
a donor dipole induces a dipole moment of a nearby polarizable acceptor. If the
donor and acceptor have overlapping emission and absorption spectra (see Fig. 5.1-
b), then resonance energy transfer occurs. In the QED picture, FRET rate variation
is mediated by virtual photons [127]. One arrives at the expression for the FRET
rate,

27

PDA = ﬁ dw\VEE(w)FUD(w)UA(w) (55)

using Fermi’s Golden rule by including the second order transition amplitude [129,
138]. Here, op(w) and o4(w) represent the single-photon emission and absorption

spectra of the donor and acceptor respectively. The results given above are applica-
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Fig. 5.2. Environment modified dipole-dipole interactions and
FRET. QED theory of dipole-dipole interactions in the near-field is
completely captured by an effective dipole model. FRET is governed
by induced image dipoles in the metallic environment explaining a
multitude of puzzling experimental observations. (a) Image dipole
method for half-space structure. The magnitude of the image dipole
moment is given by Dimage = ey 03 (b) Visualization of normalized
electric field plots for vertical donor dipole (above) and vertical image
dipole (below) with |es| > |€1]. Note that a non-trivial superposition
of fields due to the vectorial nature of the electric field results in
regimes of suppression, enhancement, and null effect on FRET. These
regimes cannot be explained by the LDOS or Purcell factor alone. (c)
FRET rate figure of merit for two dipoles 7 nm apart, and 7 nm
above silver. Enhancement is seen when |es| < |€1|, suppression is
seen when |es| > |€;1], while no effect is seen when |es| & |e1|. These
regimes are determined by the orientation of the image dipole. Note
also that the FRET rate enhancement has a non-trivial dependence
on the wavelength (see also table I). Exact QED results are denoted
by the solid lines which are in complete agreement with our analytical
expressions (circles).

ble for quantum emitters placed in a linear, absorbing and dispersive electromagnetic

environment. We emphasize that elaborate calculations with macroscopic QED the-

ory yield the exact same results as a semi-classical theory with only minor differences

in the definition of the dipole moment. The dependence of FRET rate I'p4 on the

environment is clear through resonant dipole-dipole interaction (RDDI),

w2

Vep(ra,rp;w) = — dy - G(ra,rp;w)-dp

€,C2

(5.6)
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as the environmental quantity that acts in an analogous way to the LDOS but instead
mediates the magnitude of the FRET dipole-dipole interaction through virtual photon
exchange. The subscript gg refers to an electric dipole interaction which is governed
by the electric field of each dipole. The definition can be generalized to the case of
magnetic dipole interactions (Vpp) and electric-magnetic dipole interactions (Vrg) as
well. Note that in the near-field limit (kr << 1), the FRET rate reduces to the well
known Forster formula (I'pa o< 1/n%r%) with the expected r=% and n=* dependence.
Note that the LDOS and FRET rate are both dependent on the dyadic Green func-
tion which contains all of the environmental information. The FRET rate is clearly
not dependent on the LDOS, as debated in several papers [114-116]. Nevertheless, it
is dependent on the environment through the two-point Green function. While the
LDOS is a measure of the energy transfer rate to any location in the environment,
the RDDI is a measure of the energy transfer rate to the acceptor location only (see
Fig. 5.1). Analogous to the Purcell factor, we now introduce the FRET rate figure

of merit

(5.7)

where the denominator is the homogeneous FRET rate. Combining these results, the

total decay rate of a (high-yield) donor in an inhomogeneous environment is
Ypa = Fvp + Ferl'p, (5.8)

where the first term denotes the modified spontaneous emission rate and the second

term denotes the modified FRET rate.

5.4 Near-field image dipole model

We now show that the QED picture, consisting of virtual photon exchange, is
completely captured by an effective dipole model that may be derived independently
using the method of images. In a homogeneous environment, the FRET rate becomes

comparable in magnitude to the SE rate for donor-acceptor separation distances of
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r < c¢/wp. This implies that the dipole-dipole interaction is dominated by a qua-
sistatic field. Therefore to control FRET we must engineer the quasistatic fields as
opposed to the electrodynamic fields. In both semi-classical and quantum theories of
energy transfer, the FRET rate (5.5) is governed by the projected electric field in-
duced by the donor, E(r4;w) = w?t,G(ra,rp;w)-dp, at the location of the acceptor.
In the near-field of a planar interface (see Fig. 5.2-a), it can be written as

/
dD KR dimage R

ny-E(ry;wp) = (5.9)

Arn2r3 | Amn? B
which simply denotes the dipole-dipole interaction between the donor and accep-
tor (first term) and the image dipole and acceptor (second term). Here, r and r’
represent the donor-acceptor and image-acceptor separation distances respectively,
Kk = (3cosby4,cosbp, — cosfyp) is the commonly used orientation parameter be-
tween the donor and acceptor [127], and &' = (3 cos 6 4, cos O pr,r — €08 0 4 jmage) 1S the
orientation parameter between the acceptor and the image dipole.

Egs. (5.5) and (5.9) imply that the total FRET rate is dependent on the total
field generated at the acceptor location by the donor as well as its image dipole.
This leads to a subtle interplay of interference effects that completely govern the
nature of FRET. Note that while the donor dipole moment dp, is independent of the
environment, the induced image dipole has an environment-dependent dipole moment
given by
€3 — €1

= dp. (5.10)

€2+ €1

dimage

The FRET rate figure of merit is finally given by

7 2
F . K € — €1 R
ET — 3 13
T €& ter

(5.11)

At this point we must make several observations in comparison to experimental re-
sults. First, note that the magnitude of the image dipole moment is enhanced at
the surface plasmon (SP) resonance condition (€; 4+ € = 0). As expected, this ex-
plains why many experiments have observed FRET rate enhancements near the SP
resonance (see table I). More importantly, FRET can be enhanced or suppressed de-

pending on interference effects arising from the field of the image dipole. This is
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clearly evident from our theoretical model since the orientation of the image dipole
determines constructive or destructive interference effects depending on the magni-
tude of €; and €. The image dipole maintains its original orientation [see Fig. 5.2-a]
if |ea] > |€1] leading to enhancement, on the other hand, the image dipole orientation
flips if |ea] < |e1]| causing FRET rate suppression (see eqn (5.9) and (5.11)). Thus
in the case of metals which are highly dispersive, both regimes can be observed in
different wavelength ranges.

Third, note that the vectorial structure of the near-field of the donor and image
dipole results in a spatial inhomogeneity of the quasi-static fields. This affects the
FRET rate depending on the acceptor location (see Fig. 5.2-b). This explains why
various donor-acceptor geometric configurations with similar materials can result in
suppression or enhancement of FRET. We emphasize that two important aspects
which govern the regimes of enhancement, suppression or no effect throughout the
various experimental studies of FRET are (a) the spectral overlap region in which
FRET takes place and (b) the donor-acceptor separation compared to the distance
from the photonic environment. The FRET rate will be independent of the environ-
ment only if the distance of the donor-acceptor pair from the photonic environment
is much larger than the donor-acceptor separation distance. Environmental effects
are also reduced when the mode resonances of the photonic environment do not lie

in the spectral overlap region of the donor-acceptor pair [see Table 5.1].

(1) Perfect Reflector For the case of a perfect reflection eqn (5.10) shows that
the image dipole moment magnitude is equal to the donor dipole moment magnitude.
The perfect reflector condition is satisfied when there is high absorption in medium
2 (e — 00), or when there is a high contrast between the permittivities of medium
1 and 2 (|eb]/e1 > 1) which typically occurs far from the SP resonance in the long-

wavelength limit.
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A simple analysis of the FRET rate dependence yields the following table of

regimes:

Table 5.2.
Perfect reflector regimes for Fgr
Fgr collinear dipoles | parallel dipoles | randomly oriented
(k* =4) (k% =1) ((*) =2/3)
zp/p <1 suppression enhancement suppression
Zp ~ p enhancement suppression no effect
zp/p>1 no effect no effect no effect

In the table, we let z4 = zp while p denotes the horizontal separation distance

between the donor and acceptor. We have used r?

as the commonly used relative
orientation parameter between donor and acceptor. Note the large sensitivity of the
behavior of FRET to both distance and orientation which has not been elucidated
before. As outlined in table II, the perfect metal reflector can surprisingly inhibit or

enhance FRET and even have no effect depending on the orientations and distances

achieved in experiment.

(2) Realistic Metal For the case of realistic losses, the FRET figure of merit

across wavelengths has the form

(e +e) +q” | 2(1+Q)
lea + €12 |€a + €1]?

Fpr = (5.12)

where ¢ = Q(e), — €1) is a Fano-like parameter and Q = (r3/r®)(k’/k) is an orienta-
tion/distance parameter. The first term, which corresponds to a dispersive dipole-
dipole interaction, resembles a Fano resonance profile. The second term which de-
pends on €] is a dissipative dipole-dipole interaction with a Lorentzian-like profile.
When losses are sufficiently low the Fano term dominates. The result is shown in Fig.

5.2-c, which shows the excellent agreement between the exact QED result and the
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quasi-static expression [Eqn. (5.12)]. The same system can show regions of enhance-
ment, suppression, and no effect depending on the wavelength of operation. These
various regimes are explained by the image dipole model, as outlined in the perfect re-
flector case. In stark contrast, the Purcell factor for a realistic metal is approximately

given by
3 @€ K
F,=1+—
P + 16 ‘61 + €2|2 (/ﬁZD)s

which is always enhanced in the near-field (£, > 1). We now contrast the fundamental

(5.13)

differences between the Purcell factor and FRET rate enhancement factor at the SP

resonance (€5 = —ep). Eqn. (5.12) reduces to
K276 e\ 2 3\ 2
Fpr =45 (?g) - <1 + m/3> . (5.14)

where we identify the quantity () = €, /¢ as the quality factor of the SP resonance.

Similarly, eqn. (5.13) reduces to

Bo1+ 2 (2) (4 (5.15)
P 32m3n3 \ zp 24 '

at the SP resonance. Note these expressions separate the material and geometrical
properties of the system. Furthermore, the Purcell factor follows the well-known
linear dependence on the quality factor while Fgr is dependent on the square of the
quality factor.

We now use (5.14) and (5.15) to shed light on why Purcell factor enhancements
have always shown large values in comparison to FRET rate enhancements (see table
I). The key distinction between the two figures of merit lies in the difference in length
scales captured by the r®/r'® and \3,/23, terms. For the half-space problem that we
have considered here, geometric considerations imply that the donor-acceptor distance
(r) is always smaller than the image-acceptor separation (r’). This drastically reduces
the FRET figure of merit due to the sixth power dependence. The length scale factor
of spontaneous emission, on the other hand, depends on the ratio of the wavelength
of emission to the emitter distance from environment (A% /z3) and is always much

larger than 1 in the near-field. The cubed power dependence helps enhance the overall
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Fig. 5.3. Effect of losses. (a) Purcell factor F,. (b) FRET figure of
merit Fgp. Bottom half-space is modelled as Drude metal with w, =
6.3 x 10"s™! and the Drude relaxation time of 7 = 5fs (black) and
T = 2.5fs (red). Dashed lines correspond to the two terms, dispersive
dipole-dipole interaction and dissipative dipole-dipole interaction, in
Eqn. (5.12). Note the FRET enhancement factor is in general much
smaller than the Purcell factor in agreement with widely reported
observations.

Purcell factor and so in general we find that regardless of the material quality factor,
the FRET figure of merit will be much smaller than the Purcell factor for metals with
low material quality factors. In Fig. 5.3, we compare the Purcell factor and FRET
enhancement factors across wavelengths which re-emphasizes this important point.
Note that this explains the multitude of experiments which have observed negligible

enhancements of the FRET rate as opposed to the SE rate (See Table 5.1).
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5.4.1 (3) Dielectric

We now consider medium 2 as a dielectric (e > 0). In this case, there are three
general scenarios that may occur. (i) If €1 & € then the magnitude of the image
dipole moment approaches zero and Fgr ~ 1. (ii) If €5/€; > 1 then the dielectric
acts like a perfect reflector with the different regimes outlined in the previous section.
(iii) If e2/€; < 1 then the image dipole flips orientation and the dielectric acts like a

perfect reflector with opposite regimes to those outlined in Table II.

5.5 FRET efficiency

We now place limits on the FRET efficiency based on the quantum yield of the
donor and elucidate fundamental competition between FRET efficiency and the Pur-
cell factor. The efficiency of energy transfer to the acceptor location as compared to
the energy transfer to the rest of the environment is given by

I'pa
Net =

= — 5.16
Yo +1T'pa (5.16)

In many applications and experiments, controlling the FRET efficiency is as important
as controlling the FRET rate hence we introduce the FRET efficiency figure of merit:

Tet
Fepp=—

Mo
. (5.17)

- Fern, + [(1 = Qp) + QpFpl(1 —n,)

where the denominator in the first line denotes the FRET efficiency in a homogeneous

environment. It then follows that the condition of FRET efficiency enhancement
(Fopp > 1) is

Fgr>(1—-Qp)+QpF, (5.18)
which shows that the intrinsic quantum efficiency of donors (Qp) has a large effect

on the FRET efficiency.
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5.5.1 (1) High-yield donor (Qp =~ 1)

From the equations above, the condition to increase the FRET efficiency for high
yield donors requires the FRET rate enhancement factor to be larger than the Purcell
factor.

Feff >1 —= Fgr> Fp (519)

Our analysis from the previous section shows that this condition is very difficult to
achieve for realistic metals. Using (5.14) and (5.15), we find that the minimum quality
factor required to observe (Fgr > F,) is given by

3 /
0 3 (A_D) K (5.20)

>
128m3n3 \ 2p ) K?r6

For a donor-acceptor pair that is equidistant from the metal surface, the minimum
quality factor can range from 10° and upwards. Since this value is not found in
realistic metals, it is generally the case that FRET efficiency cannot be enhanced

with high-yield donors explaining experimental observations.

5.5.2 (2) Low-yield donor

Using realistic parameters for metal-based systems (e.g F}, =~ 10 and Fgr ~ 4), we
find that the intrinsic quantum efficiency must be less than 33% in order to observe
FRET efficiency enhancement. This implies that low quantum yield donors will
exhibit an increase in the FRET efficiency even if F), > Frr. We emphasize that this
explains why many plasmonic-based experiments with metallic nanoparticles have
observed enhancements in the FRET efficiency [103,139,140]. However, note that if
F, > Fpgr then there will no efficiency enhancement even with a low quantum yield

donor.



72

5.6 FRET near a nanosphere

We now turn our attention to the effect of FRET near spherical nanoparticles, as
has been the focus of a wide range of experiments [see Table I]. Our effective near-
field dipole model captures the observed effects of FRET near these structures, in full
agreement with the QED result. In the quasistatic regime, kR < 1, the nanoparticle
can be treated as a dipole-driven multipolar source that acts to modify the overall
FRET rate. For accurate predictions, we have used the full dyadic Green function
for spherically multilayered media originally developed in ref. [141] (see the Appendix
towards the end of this Chapter).

In Fig. 5.4-a, we compare the FRET rate enhancement factor with the Purcell
factor for a donor-acceptor pair that has a fixed separation distance of 8 nm across
the visible wavelength region. We consider a silver nanoparticle with a 10 nm radius.
Two distinct peaks are observed in the spectrum. The peak at lower frequencies is the
result of the dipolar surface plasmon resonance of the nanoparticle, while the second
peak at higher frequencies is the result of the high-order (non-radiative) modes in the
nanoparticle. Note that the Purcell factor (F),) is orders of magnitude larger than
the FRET rate enhancement factor (Frr) near these resonant regions, in agreement
with our previous arguments. Note, however, that in the low-frequency region the
two factors became comparable in magnitude. Most interestingly, when the donor
and acceptor are tangential to the surface of the sphere, the FRET rate is enhanced
(Fgr > 1) while the Purcell factor is suppressed (F, < 1).

In Fig. 5.4-b, we compare Fgr and F}, as a function of separation distance from
the nanoparticle for an operating wavelength of 650 nm. Note that unlike the planar
half-space case, the Purcell factor of a tangential dipole can be suppressed for certain
distances. We emphasize that the FRET characteristics from the effective dipole
model given in Table II captures the distance and orientation dependence completely

in this spherical geometry.
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Fig. 5.4. FRET near nanosphere. (a) FRET rate enhancement
factor for spherical nanoparticle systems widely used in experiment.
The donor and acceptor are both 8 nm away from an Ag nanosphere
of 10 nm radius. Inset: Calculated Purcell factor for same system.
The peaks are related to dipolar surface plasmon resonance and higher
order multipolar non-radiative modes. We emphasize that Fj, > Fgr
for plasmonic systems near the LSP resonance implying the energy
transfer to the sphere (environment) is larger than the energy trans-
fer to the acceptor. (b) Distance dependence of Fgr and F), at the 650
nm wavelength region (away from resonance). Note that a tangential
dipole exhibits a suppression in the Purcell factor due to near-field
interference effects. This effect can be used to boost the FRET ef-
ficiency (Fofs < Fgr/F,). The enhancement, suppression and null
effect features in the three curves of different colors corresponding to
the orientations of the dipole moments of the acceptor and donor are
in agreement with table I.
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In Fig. 5.5, we directly compare the ratio of Fgr and F}, which dictates the FRET
efficiency enhancement as outlined in the previous section. We consider the case
shown in the inset of Fig. 5.4-b, but with a nanoparticle with 40 nm radius. Note
that in the quasi-static regime, a larger radius enhances all of the figures of merit
since they are directly related to the polarizability of the nanoparticle. This can be
seen from the dipole contribution of the nanoparticle which has a polarizability of o =

4me, R ((:22;;;)) . In Fig. 5.5-a, we find that there exists an optimum separation distance

where Fgr/F, ~ 2.7 which occurs only for the case when the donor and acceptor have
dipole moments oriented tangential to the spherical nanoparticle (co-tangential case).
We therefore suggest the implementation of co-tangential dipoles as an important
design principle for enhancing the FRET efficiency for future experiments.

Finally, in Fig. 5.5-b we present an all-dielectric platform for enhancing the FRET
efficiency. We consider a dielectric nanosphere with e = 6.25 and 40 nm radius.
Here, the ratio is shown to be as large as Fgr/F, ~ 2.45. We note that the overall
enhancement of the efficiency is mainly due to the suppression of the Purcell factor
F, ~ 0.48 and a moderate enhancement in the FRET rate Fpr ~ 1.2. We emphasize
that while the FRET rate can be drastically enhanced near resonances with large
quality factors, the Purcell factor will be simultaneously enhanced as well. As a result,
enhancing the FRET efficiency will be difficult to achieve near resonances since most
of the energy from the donor is funneled to the environment (nanoparticle) and not
the acceptor. However as we have shown in Fig. 5.5, away from resonances we find
that engineering the FRET efficiency can result from the modification of the quasi-
static fields. In essence, the nanosphere platform allows a simultaneous suppression
of the Purcell factor while also enhancing the FRET rate close to the nanoparticle.
Moreover, the material parameters become irrelevant away from resonance whereas

the orientation and the geometrical parameters play a much more important role.
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Fig. 5.5. FRET efficiency.(a) FRET efficiency enhancement occurs
when Fgr/F, > 1. We show that this ratio can be optimized for
particular distances away from the nanoparticle. Results are shown
for same set-up as Fig. 5.4-b but with a R = 40 nm nanoparti-
cle. (b) Counter-intuitive to prevalent designs, here we provide an
all-dielectric design to engineer FRET efficiency using a transparent
nanosphere (e = 6.25 > 0) and 40 nm radius. The efficiency en-
hancement in FRET implies a larger fraction of the donor energy is
transferred to the acceptor in presence of the nanosphere. This ef-
fect arises from suppression of the Purcell factor which is necessary
to avoid energy transfer to the environment.

5.7 Comparison to experiments

To provide a conclusive settlement to the debate surrounding FRET, we use our

theory to explain recent experiments which have found that FRET intriguingly is not
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Fig. 5.6. Comparison to experiments. (a) Theoretical compari-
son to experiment in ref. [115]. The system configuration is shown in
the inset. The FRET figure of merit is theoretically calculated to be
Fgr ~ 1 for a wide range of separation distances d from the mirror, in
agreement with the experiment (plotted at the donor’s peak emission
wavelength of 525 nm). Theoretical Purcell factor F,, shows excellent
agreement with experimental results (lower inset). However, using
our theoretical model, we predict a drastic change in the FRET FOM
near the Ag SPP resonance in the limit d — 0 (top inset). This shows
that FRET rate can be modified for the same experiment if the regime
is modified. (b) Theoretical comparison to experiment in ref. [116].
The donor-acceptor pair is embedded inside a nanocrystal (4 nm di-
ameter) with assumed refractive index n = 1.7 (LaPO,). By varying
the refractive index of the surrounding medium, we find that Frr ~ 1
in agreement with our analysis. Note that we also predict the linear
dependence of the Purcell factor as measured in the experiment (in-
set). (c) However, we predict that a silver-coated nanocrystal would
produce a drastic change in the FRET FOM as well as the Purcell
factor. This result would require the donor-acceptor overlap spectrum
to lie around the 400 nm wavelength range. Note that the above re-
sults clearly show that FRET can be engineered by the environment
even though it is extremely difficult in comparison to modifying spon-
taneous emission. The dyadic Green function formalism and results
from QED theory were used to calculate all results and parameters
were obtained from the experiments.

affected by the environment. Our goal is to show that this is not universal behavior.
Our theory explains the experimental results while simultaneously pointing to regimes
in the same experiment where FRET rate enhancement or suppression can occur. We
have carefully isolated the experimental parameters of interest from the relevant works

for theoretical consideration below.
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We first turn to the planar multilayer system considered in [115] which showed a
null result of the environment on FRET. Our theory shows that this result is specific
to the experimental parameters considered. The multilayer structure is shown in the
inset of Fig. 5.6 consisting of a half cavity system. The donor-acceptor pairs are
separated by a distance d from a Ag mirror. In the experiment, the distance from the
mirror is varied in order to study the environmental influence on FRET. By using a
transfer matrix method as well as the GF formalism, we calculated the FRET figure
of merit for the exact configuration in the experiment. Here, we show that our results
capture the Purcell factor variation and match exactly with the observed null effect
in the FRET rate. There are two reasons contributing to the no-effect result: (i) the
separation distance between the donor-acceptor pair and the mirror is far too large
to influence the quasi-static fields, and (ii) the surface plasmon resonance lies near
the UV region which is outside the spectral overlap region of the donor-acceptor pair.
We show that if the same experiment is repeated with donor-acceptor spectra in the
UV region, the SPP resonance would surely have an effect on FRET. This plasmonic
resonance could be tailored with surface layers or metamaterials to overlap with the
relevant spectrum of FRET.

We also conclusively explain a more recent experiment [116] consisting of a donor-
acceptor pair inside a LaPO, nanocrystal with 4 nm diameter (see inset Fig. 5.6-c
which again showed the null result of the environment on the FRET rate. A change in
the environment was achieved by dispersing the nanocrystals in solvents with different
refractive indices. The range of the refractive index change in the experiment is
highlighted in the blue region. Our theory predicts that for the exact range of solvent
refractive indices considered in the experiment, FRET is unchanged in agreement
with experiment. We note that our calculations for the SE rate enhancement also
show the same linear dependence that was observed in the experiment (see Fig. 5.6-b
inset) reinforcing our results. However, closer inspection reveals that changing the
refractive indices beyond this range should have a clear effect on FRET. In Fig.

5.6-c, we propose a new experimental set-up where the nanocrystal has a 10 nm
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silver coating. We have calculated the results for a 400 nm operating wavelength to
elucidate the role of the resonances. It is striking that a subtle change in the exact
same environment leads to a large variation in the FRET enhancement factor across
the identical solvent index range that was probed in the experiment.

We now consider the FRET-nanoparticle experiment of [103] which consisted of
a donor-acceptor pair with a fixed separation distance of 9.2 nm placed at a fixed
position away from a silver nanoparticle with 10 nm radius. Our results help to iden-
tify the dipole moment orientation dependence of the observations and also point to
mechanisms beyond conventional weak-coupling QED FRET theory. Based on the
single-exponential lifetime fits from the experiment, the authors measured a donor
lifetime enhancement of vp /79, = 2.35, a FRET rate enhancement of I'p4 /"% , = 29.4
and an overall FRET efficiency enhancement of F.;s = 5.3. The donor molecule had
a peak emission wavelength at 662 nm. The trends of the theoretical figures of merit
will be very similar to those in Fig. 5.4-b. For our simulation, we assumed that the
donor and acceptor were both 4.5 nm away from the nanoparticle. We provide the

overall results in the following table for various orientations. In the table, Frr and F,

Fer | F, | Qp | Fesy
co-tangential | 1.58 | 3.8 | 0.48 | 1.13
co-radial 0.39 | 13.9 | 0.11 | 0.15
random 0.72 | 7.2 1022|041

were calculated independently based on the parameters mentioned above. The intrin-
sic quantum yield QQp is used as a fitting parameter to reproduce the experimental
decay rate enhancement vp/v% = 2.35. The theoretical FRET efficiency enhance-
ment factor can be obtained using (5.17) with an initial FRET efficiency of 7, = 0.12,
given in [103]. As we can see from the table, the co-tangential FRET case is the
only one able to reproduce the FRET efficiency enhancement seen in the experiment.
Since the radial and random cases are in extreme disagreement with the experimen-

tal results, this might suggest that the measured lifetime values consisted primarily
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of the co-tangential dipole contribution. Such preferred orientations can arise from
steric effects of ligands that attach the donor and acceptor to the nanoparticle. We
must emphasize that the low quantum yield of the donor is an important factor in
the observed FRET efficiency enhancement — in agreement with our previous argu-
ments. Moreover, while the co-tangential case provides qualitative agreement with
the experiment, the theoretical values of Fgpr = 1.58 and Fis; = 1.13 vastly under-
estimate the experimental values of I'pa/T'} 4 = 29.4 and F.;y = 5.3 reported in the
experiment. Since our current theory provides the upper bound for a weak-coupling
model, these experimental results are suggestive of more exotic physical phenomena
that would influence the overall energy transfer rate. The possibilities include surface
roughness-induced plasmonic hot-spots that increase the two-point Green function,
non-adiabatic effects, or coherent-like effects in energy transfer [142].

At this point, it is important to consider some of the approximations that were
made in the QED derivation of the FRET rate. The two primary approximations
consists of: (1) weak-coupling and Markovian approximation, and (2) the dipole
approximation. Since going beyond these approximations is beyond the scope of the
current work, it would be interesting to see in the future how the transition to the
strong coupling regime affects FRET in inhomogeneous environments, as well as how
finite-size emitters affects FRET. The bounds we have established for the FRET
efficiency in the weak-coupling regime will be important to identify new pathways of

energy transfer such as quantum coherence in photosynthesis [142].

5.8 Chapter Summary

In conclusion, we have shown that the environment modifies dipole-dipole inter-
actions and FRET which can be captured by an effective near-field dipole model. We
have clearly isolated the regimes which show enhancement, suppression and no effect
on the FRET rate settling the long-standing debate surrounding FRET. Finally, we

also conclusively explained several recent experiments that examined the role of the
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environment of FRET. Engineering FRET is fundamental to multitude of applica-
tions from energy harvesting to molecular sensing and our theory provides intuitive

insight unavailable up until now.
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Chapter appendix

Orientational Averaging Here, we provide the generalized coordinate-free trace
formulas for orientational averaging. The relevant quantity for the local density of

states is given by
1
(nD~G(rD,rD) '1’1D>D = gTI'[G(T’D,TD)}. (521)
Similarly, one can show that the relevant quantity for FRET is given by:
1
(Ina-G(ra,rp)-npl?)p 4 = 9 Tr[G'(ra,7p)G(ra,7p)] (5.22)

where (), , denotes orientational averaging over donor and acceptor orientations,

and T denotes the hermitian conjugate.

Spherical nanoparticle System We provide details of the calculation for a spher-
ical nanoparticle system. The formulation of the scattered dyadic Green function in
spherically multilayered media was originally cast in [141]. For self-consistency, we
provide the results here in terms of a single summation rather than the double sum-
mation originally shown in [141]. The simplification is achieved through the use of

Legendre addition rules.

ik’l hlahld
G == ) n(n+1)(2n +1) Y P, (cos )R] (5.23)
n=1 a
ik hioh .
Gy = 4—7; (2n + l)ﬁPA(COS 0) sinf R/ (5.24)
n=1 @
ik, ) hia .
Gor = (2n + 1)mp,g(cos9) sin 6 R/ (5.25)
n=1 a
ik hiachia
Goo=— 2n+1){—222p 0) R/
0= e ) { T P R

b Ry (Pn(cos 0) — P! (cos 8) cos 0) R{j} (5.26)
P1aP1d n(n+1)
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ik { R’ Ry Pl (cos6)
Gop=-— > (2n+1){—ttd-n R/
v n:l( ) prapra n(n+1) *
P! (cosB) cos b
P - RS 2
hiahid ( . (cos 0) 1) ) Rs} (5.27)

where § = 0p — 04, pu = kiri, ki = (/e&w/c, and G;; = €;,G(ra,7p)e;,. Note
that we have used the simplified notation hy; = hg)(pkl) and hy, = W where
hg)(p) is the spherical hankel function of the first kind. The indices i, j correspond
the spherical coordinates r, 0, ¢; the index k = 1,2 corresponds to outer medium and
inner medium with respect to sphere; and the index [ = d, a correspond to donor and
acceptor respectively. R;f and R/ denote the centrifugal reflection coefficients for TM
and TE polarized light as outlined in [141].

In the quasistatic regime, one can approximate these results to get an expression

for the FRET FOM in terms of a dipole-driven multipolar source. For radial dipoles,
the FRET figure of merit takes the form:

2
r3 n+ 1)2%a,P,(cosf

Fer= 1+ —Z( )m n+(2 4) (5.28)
K~ e

where @, is the renormalized polarizability for the nth mode of the nanoparticle

-1

- o ap(n+ Dkt
C—a |1 5.29
Gn = [ “nzn —1)N2n + 1) (5:29)
and
o, = M2 =€) penty, (5.30)

nes + (n+ 1)e

The resonant frequency of the nth mode is w, = v/nw,/\/nes + (n + 1)€;. Similar

expressions can be derived for other dipole orientations.
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6. FUNDAMENTAL EFFICIENCY BOUND FOR
COHERENT ENERGY TRANSFER IN
NANOPHOTONICS

In this Chapter, we ask the question of whether quantum coherence and entanglement
can enhance energy transfer efficiency in a nanophotonic environment. To obtain
a formal answer, we derive a unified quantum theory of coherent and incoherent

energy transfer between two atoms (donor and acceptor) valid in arbitrary Markovian

nanophotonic environments. Our theory predicts a fundamental bound 7,,,, = Vd“jf%
for energy transfer efficiency arising from the spontaneous emission rates 4 and -, of
the donor and acceptor. We propose the control of the acceptor spontaneous emission
rate as a new design principle for enhancing energy transfer efficiency. We predict
an experiment using mirrors to enhance the efficiency bound by exploiting the dipole
orientations of the donor and acceptor. Of fundamental interest, we show that while
quantum coherence implies the ultimate efficiency bound has been reached, reaching
the ultimate efficiency does not require quantum coherence. Our work paves the

way towards nanophotonic analogues of efficiency enhancing environments known in

quantum biological systems.

6.1 Motivation: energy transfer in photosynthesis

Energy transfer is typically distinguished as incoherent Forster-type resonance
energy transfer (FRET), or coherent excitation energy transfer. The two regimes
occur in the limits, Jgq/ver < 1 and Jgq/vier > 1, involving the ratio of the elec-
tronic dipole-dipole coupling J4; to the total linewidth ;. of each molecule. The
total linewidth is a measure of the coupling strength to the bath’s spin, vibrational

or electrodynamic degrees of freedom. In photosynthetic systems, the system-bath
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coupling is primarily dominated by vibrations. The complex nature of photosynthetic
systems results in electronic and vibrational coupling strengths varying greatly be-
tween the incoherent and coherent coupling limits. Understanding the role of the
environment from the weak-to-intermediate-to-strong coupling regimes has been an
important topic of interest required to explain experimental observations [143]. In
this regard, there has been tremendous progress in the development of a wide vari-
ety of open quantum system frameworks (modified-Redfield, Hierarchical equations
of motion, Polaron-modified master equation) [144-150] that operate under a wide
range of coupling strengths. While a complete understanding of photosynthetic energy
transfer has not been achieved [151], there has been a lot of progress outlining how
the environment can positively influence energy transfer efficiency [144-150,152-156].
Understanding the fundamental role of quantum coherence remains an open problem
in photosynthesis, and it is still not clear whether it does play a role [157,158]. It is
possible that other guiding principles give rise to near-unity efficiencies in photosyn-
thesis.

Precise control of resonance energy transfer has also emerged as a fundamental
topic of interest in the nanophotonic community. There has been a multitude of the-
oretical [57,123,132,134,159] and experimental [99, 103,104,109, 113,115, 116] work
proposing and demonstrating nanophotonic control of energy transfer with plasmonic,
optical waveguide, and cavity-based systems. Unlike work in the photosynthetic com-
munity, most nanophotonic theories of energy transfer have relied on classical electro-
dynamic descriptions or perturbative approaches based on Fermi’s golden rule. While
some authors have provided rigorous quantum electrodynamic formulations, the fi-
nal analytical expressions are typically valid in either the weak or strong coupling
regimes [42,86,127]. Moreover, a proper definition of the energy transfer efficiency
has been lacking in nanophotonics where most results use Forster’s perturbative ex-
pression.

In this Chapter together with Appendix B, we combine ideas from both com-

munities to develop an exactly solvable theory for resonance energy transfer from
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first-principles. We derive a quantum master equation providing a unified picture of
energy transfer dynamics in the coherent and incoherent coupling regimes applicable
in arbitrary Markovian nanophotonic environments. We then solve the model exactly
to derive a simple analytical expression for the energy transfer efficiency. Our re-
sult provides insight into the role of finely-tuned coupling strengths, dephasing rates,
and detuning between the donor and acceptor required to achieve near-unity energy
transfer efficiencies. The central result of this Chapter is the ultimate efficiency of

Ya
Vd + Ya

Nmaz =

(6.1)

This provides a fundamental limit to the energy transfer efficiency between two atoms
regardless of coupling strength, quantum coherence and spectral overlap. It also
implies the condition v, > 7, is required to achieve near-unity efficiency with the
corollary that two identical atoms will have a maximum efficiency of 50%. To the
best of our knowledge, this surprisingly simple and intuitive result has not been
discussed nor derived in the resonance energy transfer literature. We emphasize this
fundamental bound will also apply to quantum transport in the two-chromophore
system relevant to many biological systems.

Interestingly, this bound suggests the acceptor spontaneous emission rate can be
used as a new degree of freedom to control energy transfer. To illustrate the interplay
of these effects, we predict an experiment to control the efficiency between two atoms
above a mirror. We also show that while quantum coherence implies the ultimate
efficiency bound has been reached, reaching the ultimate efficiency does not require
quantum coherence. Ultimately, these results will enable the design of nanophotonic
systems which can mimic quantum biological environments to enhance energy transfer

efficiency.
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6.2 Perturbative energy transfer efficiency

The efficiency of energy transfer is conventionally defined as the ratio of the energy

transfer rate I'y, to the total dissipation rate of the donor,

Net = i-

Laa +7a
In free-space, the spontaneous emission rate of the donor is 74 = d2w?/(3mhe,c?). The
energy transfer rate is Tgq = 27 |Vaa|®Jua Where Jy, is the spectral overlap integral of
the donor emission and acceptor absorption. The resonant dipole-dipole interaction

(RDDI), Vig = A(—Jaa+iv4a/2) = E‘:%da-G(ra, rq,w)-dg, defines the magnitude of the
dipole-dipole coupling. The results are written in terms of the dyadic Green function
G(r,, rq, w) containing both near-field Coulombic and far-field radiative contributions.
These definitions of the spontaneous emission and energy transfer rates are based on
Fermi’s Golden rule valid in the incoherent limit. From these relations, we observe

that increasing dipole-dipole coupling (|Vzq| — o0) results in a near-unity energy

transfer efficiency, and therefore no fundamental bound exists.

6.3 Non-perturbative energy transfer efficiency

In this Chapter, we follow the extensive work of photosynthetic excitation energy

transfer [160,161] and use the following definition for the energy transfer efficiency,

Net = ’7(1\/ paa(t)dta (62)
0

valid for non-stationary processes such as when the donor is initially in its excited
state. This result is general enough to work in the weak and strong coupling regimes
between two atoms. Here, the energy transfer efficiency is proportional to the time-
integrated luminescence originating from the acceptor. pu,(t) is the time-dependent
density matrix population of the acceptor in the excited-state. For many applications,
this is a much more useful and intuitive definition for the energy transfer efficiency.
In Appendix B, we derive the RDDI master equation for two non-identical atoms

of the form, 2p = i[p, Heon + L[p], from first principles. The first term involves the
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Fig. 6.1. (a) A donor initially in its excited-state will either transfer
energy to an acceptor, or spontaneously emit light with rate v4. Once
the energy is transferred to the acceptor, the energy can either return
to the donor or escape into vacuum with rate ~,. The energy transfer
efficiency is defined as the total probability of an acceptor emitting the
initial excitation as opposed to the donor. (b) Using this metric, we
find the energy transfer efficiency will have a fundamental bound as
the separation distance between two atoms decreases (orange curve),
in stark contrast to the conventional definition for the FRET efficiency
(black curve). (c) The result can also be understood in terms of the
renormalized transfer rate Ty, (orange curve) having a fundamental
bound as compared to the energy transfer rate I'y,. We take v, = 24
giving an ultimate efficiency of 1. = 2/3.
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coherent dynamics due to dipole-dipole coupling J;3. The second term is a Lindblad
superoperator describing the incoherent dynamics due to spontaneous emission and
pure dephasing of the donor and acceptor respectively. For rest of the Chapter, we
will ignore non-local cooperative decay 744 typically associated with superradiant
and subradiant effects. We will explore these effects in a future paper. Our results
are general enough to work in any Markovian bath with a correlation time 7. that
is much smaller than the relaxation times of the atoms, 7. Y>> 44,9, Taa. This
extends the range of applicability of this approach beyond the vacuum case, allowing
the consideration of more complicated nanophotonic environments. Using the RDDI
master equation, a central result of this Chapter is the exact analytical expression of

the energy transfer efficiency valid in the coherent and incoherent coupling regimes,
Tet = = (63)

where we define the renormalized energy transfer rate,

T P)/arda

Tyo = . 6.4
: Ya + Fda ( )

Surprisingly, we recover the same functional form of Forster’s perturbative energy
transfer rate, 'y, = %_gu/;ld\?jda, however, the master equation approach allows for an
exact solution of the spectral overlap integral,

(Va + Vp.d + Va + Vp.a)/(2T)
((Dd - (Da)Q + (7d + Yo,d + Ya + 7@5,&)2/4

Jia = (6.5)

The overlap integral Jy, is equal to the integral of two Lorentzians with resonant
frequencies wg = wq + dwg, Wy = w, + 0w, and linewidths vq + Y44, Vo + Vo0 T€-
spectively. Here, we introduce v,, as the phenomenological dephasing rate for each
atom accounting for fluctuations in the transition frequency. The dephasing rate con-
tributes to an observable linewidth broadening dominant in ambient temperatures
where v4; > ;.

While the functional form for the energy transfer rate I'y, is similar to conven-

tional FRET theory, this approach goes beyond the perturbative result by taking
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Fig. 6.2. Energy transfer efficiency as function of (a) dephasing rate
7, and (b) atom-atom detuning A = @, — @,. Note the energy trans-
fer efficiency always remains below the fundamental bound regardless
of coupling strengths, spontaneous emission, dephasing or detuning.
This bound may be reached asymptotically for the case of two atoms
with zero detuning in the limit of small dephasing (green curve left).
Black arrow denotes (a) increased detuning and (b) increased dephas-
ing.

into account the modification of the resonant frequency and linewidth of each atom,
ow; = —#;di -Re G(r;,r;,w) - d; and ; = é“:—;di - Im G(r;, r;,w) - d;, resulting
in modified non-perturbative emission and absorption spectra for the donor and ac-
ceptor respectively. In general, the dyadic Green function consists of vacuum and

scattered contributions, reinforcing the applicability of this approach to more com-

plicated nanophotonic environments.

6.4 Ultimate energy transfer efficiency

The renormalized energy transfer rate (6.4) arises from the exact non-stationary
solution for two non-identical atoms. The perturbative expression for the FRET
efficiency can be recovered when I'y, < 7,. This condition suggests Forster’s result is

only valid when the acceptor has a fast enough dissipation rate to ensure irreversible
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energy transfer. In realistic systems, the finite dissipation rate of the acceptor will
result in a bottleneck effect. Energy cannot be transferred efficiently at a rate faster
than the dissipation rate of the acceptor. In the limit of large dipole-dipole coupling,
|Vaa| — oo, the renormalized transfer rate is bounded, T4e — Ya. The ultimate bound
(6.1) for the energy transfer efficiency immediately follows.

The results for the non-perturbative efficiency 7.; and the renormalized transfer
rate 'y, are shown in Fig. 6.1 for two atoms in vacuum as a function of separation

6 inverse power law dependence

distance. The renormalized transfer rate Iy, has a 7~
until it reaches the bottleneck limit of 7,, at which point the energy transfer efficiency
reaches the fundamental bound. For comparison, we plot the energy transfer efficiency
as would be predicted through Forster’s expression (black line).

In Fig. 6.2, we provide numerical evidence of the robustness of this bound to atom-
atom detuning A = &y — @, as well as dephasing. It is shown that the fundamental
efficiency bound can be approached in the limit of zero detuning, A — 0. For large
detuning, the energy transfer rate will decrease due poor spectral overlap in the

absence of dephasing. As dephasing is increased (see Fig. 6.2-a) the energy transfer

efficiency reaches a maximum when the following condition is satisfied

(@4 — @a)? = (Ya + Yo + 274)? /4. (6.6)

Here, we have assumed equal dephasing for both atoms, 74 = V4.4 = V4. Condition
(5) corresponds to the optimal emission-absorption spectral overlap. The use of de-

phasing to enhance efficiency is often referred to as environment assisted quantum

transport (ENAQT).

6.5 Role of quantum coherence and entanglement

In general, quantum coherence occurs in the strong coupling regime, |V >
Vds Ya, Y¢- The strong coupling condition coincides with the condition, |V — oo,
required to achieve the fundamental bound therefore any system with strong coupling

and quantum coherence will operate at an efficiency equal to the fundamental bound
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(1). However, we emphasize the opposite is not true: operating near the fundamental
bound does not imply the system has quantum coherence. To demonstrate this effect,
we show the population dynamics and efficiency of two distinct systems. We use
Wootter’s concurrence [162], C' = max[0, v ;1 — v A2 — VA3 — VA4, to measure
quantum entanglement. Here, \; are the eigenvalues of the operator p(o, ®0,)p* (0, ®
o,) in descending order. A concurrence of 1 implies maximally entangled states while
a concurrence of zero implies separable states with zero entanglement. Interestingly,
for the non-stationary energy transfer problem the concurrence is exactly equal to the
off-diagonal coherence, C' = 2|pyq|, therefore it serves as a measure of both coherence
and entanglement. In fig 3-a, the system consists of a perfectly tuned donor-acceptor
pair, A = 0, with zero dephasing. This system achieves the ultimate efficiency of
Nmaz = 2/3. The time-dependent concurrence (bottom plot) clearly shows quantum
coherence is present in this system. In Fig. 6.3-b, we have two detuned atoms
A/(2r) = 10 THz with large dephasing ~,/(27) = 4 THz close to the necessary
condition (5) for optimal spectral overlap. Interestingly, the second system exhibits
irreversible energy transfer with negligible concurrence and therefore lacks quantum
coherence but nevertheless reaches an efficiency that lies within 1 percent of the
fundamental bound. The clear advantage of quantum coherence is that it reaches
Nmaz for longer distances, r = 45 nm, while the detuned system requires a separation

distance of r = 4.5 nm.

6.6 Nanophotonic control of fundamental efficiency bound

The fundamental bound (1) suggests a new design strategy for increasing the
energy transfer efficiency based on control of donor and acceptor spontaneous emission
rates. In figure 4, we present a canonical example illustrating how a nanophotonic
environment can positively influence the energy transfer efficiency between two atoms
using a non-resonant mirror eliminating the need for high-Q cavities. The basic

idea is to use an orientation-dependent Purcell effect close to the mirror, understood
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Fig. 6.3. Population dynamics of donor (blue) and acceptor (orange)
as well as concurrence (bottom) used as a measure of quantum co-
herence. (a) Quantum coherent energy transfer between two atoms
(r = 45 nm) operating at the ultimate efficiency 7. = 2/3. (b)
Irreversible energy transfer between two atoms (r = 4.5 nm) oper-
ating within 1 percent of the ultimate efficiency exhibiting negligible
quantum coherence.

through an image dipole model (inset). A parallel dipole close to a mirror will form an
image dipole with the opposite orientation suppressing spontaneous emission, while
a perpendicular dipole close to a mirror will form a collinear image dipole enhancing
spontaneous emission. This suggests an ideal configuration where the donor is parallel
and acceptor is perpendicular to the mirror surface (orange curve). The mirror-
enhanced efficiency bound is reached at approximately 10 nm from the mirror. Note
that this configuration is typically forbidden in free-space, but becomes possible due

to image dipole formation.



Ed * mirror-enhanced bound

0.8 o~ —— o

vacuum bound

0.6

Mgt

0.4}

0.2 ffﬁfffff/f
I e
\- 1 —

oo

0 10 20 30 40 50
distance from mirror (nm)

Fig. 6.4. Nanophotonic control of energy transfer between two atoms
above a silver mirror. Here, we provide an example of how the envi-
ronment can positively or negatively influence the energy transfer ef-
ficiency based primarily on the transition dipole moment orientation.
We consider two atoms with spontaneous emission rates v, = 2v4
corresponding to a vacuum bound of 7,4 = 2/3. To overcome the
vacuum bound, we propose using the orientation dipole moments of
each atom relative to the mirror to control spontaneous emission rates.
The ideal configuration corresponds to a donor parallel to a mirror
and an acceptor perpendicular to a mirror, as it achieves the condi-
tion 7y, > <4 around 10 nm from the mirror. In this scenario, the
environment modifies the fundamental bound of the energy transfer
efficiency resulting in an overall enhancement. The opposite config-
uration (blue) will decrease the fundamental bound suppressing the
overall energy transfer efficiency. Results are calculated with the full
dyadic Green function for two atoms r» = 10 nm apart.
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6.7 Chapter Summary.

To conclude, we have derived a fundamental efficiency bound for resonance en-
ergy transfer between two atoms in the limit of large dipole-dipole coupling and in
the absence of cooperative decay. We use the bound to derive design principles for
controlling resonance energy transfer in nanophotonics and present an exactly solv-
able canonical example to illustrate the interplay of these effects. Our results will
be critical in understanding the role of the environment in resonance energy transfer
using nanophotonic and metamaterial approaches [45]. Future work will focus on
developing a rigorous non-Markovian theory of energy transfer expanding the range

of applicability to a wider range of electrodynamic engineered-reservoirs.
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7. CONCLUSIONS AND OUTLOOK

For hyperbolic media, we have developed a foundation towards the study of hyperbolic
many-body physics. Our work presents a unified framework to deriving a wide-
range of seemingly disparate multi-atom processes for both ground-state and excited-
state atoms. This approach avoids ad-hoc assumptions typically made through semi-
classical treatments while also providing a clear identification of quantum-enhanced
processes. Future work focusing on many-body physical phenomena in hyperbolic
media will likely result in exciting discoveries with unique properties unlike those
observed in cavity or waveguide QED.

An interesting idea to pursue, from the author’s perspective, regards the study
of light-induced self-organization in hyperbolic media. As we outlined in Chapter 3,
the Super-Coulombic effect is only manifested in excited-state atoms. This implies
this class of phenomena is only observable for atoms that are directly driven by light.
Our theory predicts light-driven, freely-moving dopants/defects inside a hyperbolic
medium would tend reorganize themselves in order to minimize their free energy. The
self-organized structure should have long-range dipole-dipole correlations with poten-
tial superradiant emission properties when arranged along the hyperbolic resonance
angle.

Regarding the second part of this thesis, the work requires further developments
in both theory and experimental fronts. Theoretically, the definition for the energy
transfer efficiency needs to be expanded to take into account the excitation of the
donor. Furthermore, a careful comparison between theory and experiment should
test the wide-ranging definitions of efficiency that exist within the literature. From
an experimental perspective, it remains challenging to control the individual positions
of atoms and molecules. Recent developments based on DNA scaffolding and STM-

based positioning systems could potentially overcome these limitations. Finally, we
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must emphasize that the quantum design principles we have proposed are basic rules
of thumb which will require further refinement for an application-based photovoltaic
design. Further work should focus on applying these principles for the design of the

designer molecules for organic-based solar cells.
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A. APPENDIX: DYADIC GREEN FUNCTION
ABOVE A UNIAXTAL MEDIUM

In this appendix, we derive the scattering coefficients and dyadic Green functions
required for the problem of two atoms interacting atoms above a uniaxial half-space.
We consider both homogeneous and scattering contributions, providing simplified

results in all cases.

A.1 Scattering coefficients of a general uniaxial half-space

In this section, we will develop a formalism that determines the reflection and
transmission coefficients between an isotropic medium and a general uniaxial medium
with arbitrary optic axis c¢. The incident, reflected and transmitted electric field

vectors will then take the form

Ei = (Als + Agpi) (Al)
Er = (Bls + ng;':) (AQ)
Et = (C’leo + Cgee) (A?))

where s = k x n is vector that lies perpendicular to the plane of incidence, and
p+ = k4 x s lies perpendicular to k and s. Inside the uniaxial medium, general wave
propagation is decomposed in terms of an ordinary wavevector e, and extraordinary
wavevector contribution e.. Using k x E;, = wu,Hy, the magnetic field intensity takes

the form
Hi = kl (Alpjz — AQS) (A4)
H, = ki(B1ps — Bss) (A.5)
Ht = (Cl(kto X eo> + CQ(kte X ee)) (A6)
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Applying these equations to the boundary conditions, we get

[A;s + Asps + Bis + Bop+ — Che, — Coel xn =0 (A.7)
[Alklp:t — AQk’lS —+ B1k1p¥ — ngls — Cl(kto X eo) — Cg(kte X ee)] xn=20 (A8)

which are vector equations. To convert to a scalar equation, we must take the dot
product with some arbitrary vector m. What is the correct choice of m? In the kDB
basis, there are only three independent choices: k,s, and p. If we apply all three,
we see that only k and s give non-zero solutions. We thus obtain the set of four

independent equations:
k-[A;s+ Asp + Bis+ Bep_ — Cre, — Che] xn=0
(A.9)

s-[A1s + Aspy + Bis+ Bop- — Cre, — Che .l x n =0
(A.10)

k- [Alkler — Agkls + Blklp, — ngls — Cl(kto X eo) — Cg(kte X ee)] xn=>0

(A.11)

s [A1kipy — Askis + Bikip- — Bokis — Ch(kyo X €,) — Co(kye X €.)] xn =0
(A.12)

A bit of simple vector manipulation yields

[A1s + Aspy + Bis + Bops — Cre, — Cae] -s =0 (A.13)
[A;s + Aspy + Bis + Bops: — Che, — Coe.] -k, =0 (A.14)
[A1k1ps — Askys + Bikips — Bokis — Ci(keo X €,) — Ca(kye X €.)] s =0 (A.15)
[A1k1py — Askys + Bikipy — Bokys — Cy (ko X €,) — Cao(kee X €.)] -k, =0 (A.16)
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where k, = n X s is a unit vector. Using the orthonormality relations s - p+ = 0,

s-k,=0,and s-s =1, we get

A1+Bl —C’l(eo-s) —Cg(ee'S) =0 (Al?)

(e, k) (ec - k)
A —C— —C—= =0 A.18
PO ) T Py A

k o) k e e)”
A2+BQ+01W;€¢+02“2¢:0 (A.19)
1 1

(kto X eo) . kp (kte X ee) . kp
A-B-C—————F —-(Cy——2—" =0 A.20
T T k(e k) 7 ki(pe k) (420

where we used py - k, = £k, /k; . Further manipulation yields

Cl 02
A = T —— (e, 8) (ko + ko) + T —(ec-8) (k1 + k.e) (A.21)
. Cl 02
B, = T (er-8)(kyy — ko) + —— T (e 8)(k1 — kse) (A.22)
Ay =4+—— 2 [k2(ey - k,) F kot(kyo X €) -8 £ —— Cs (k2 (ee - k,) F ko1 (ke X €,) - 8]
2 — kalkl p T+ K21 Ko o 2]{321]{31 e P T+ Kz1(Kee e
(A.23)
B G (k2 (ey - k,) % ko1 (kyo X €,) - 8] ¢ (k2 (e. - k,) *+ ko1 (ke x €,) - 8]
2 = kalkl o p z1\Bto o + 2kz1k1 P z1\Bte e

(A.24)

We can now write the results in matrix form as

(0)-( 2 ()
- (A.25)
A2 +c +d CQ

which we can invert to get

C ty t A
1 _ 11 12 1 <A26)
Cy to1 22 Ay
where
2ot o
tn = k(- e0) F haas - (ke X )] (A.27)
2,1k
te = F Al Lis-e) (ko + kse) (A.28)
2k,
by = — Al [k2(K, - €,) T ks - (Kyo X €,)] (A.29)
2.1k
tos = 2L (s - @) (kat + ko) (A.30)

A
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where

A = (see,) (ko tho) [k (Kyre) Fhoas (ke xe. )| —(5€.) (ko tk.e) [ (K, e,) Fhaas: (ki X €,)]
(A.31)

Similarly, we have
Bl a v Cl
B, Fd Fd Cy
CL/ b/ tll tlg A1
¥ Fd lo1 too Ay

_ a/tn + b/t21 a’t12 + b/tgg Al (A32)
Tt Fd'ty Ftio F d'tan Ay

or
B A
1 _ i1 T2 1 (A,33)
By T21 To2 Ay
where
1
" = Z(S : eo)<kzl - kzo)[k%(kp : ee) + kzls : (kte X ee)]
1
— Z(S ee) (k. — kze)[k%(kp €,) F ks (ki X €,)] (A.34)
2k 1k
ro =+ Z Lis-e)(s - e)(kso — kse) (A.35)
kalkl
=% s (ke X €.)(k,-€) — s (kio X €,)(k, - €.)] (A.36)
1

(s-ec)(ka + kze)[k%(kp €) T kais - (ki X €,)]

(s eo) (ko + kuo) (K7 (K, - ) £ koas - (Kie X €)] (A.37)
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Specific Examples

We will now use the formulas from the previous section. Here, we will specify the
geometry of the optic axis and basis vectors. The results will be used to calculate the
Green function of a dipole above a regular hyperbolic medium, as well as a hyperbolic

meta-surface.

A.1.1 Optic axis perpendicular to interface: Bulk Hyperbolic Medium

Let ¢ = z, so that the basis vectors are defined as

k, ki,
1 1
- - | _ 7 s , A.38
S= TR | R TR | TR (4.38)
— (k2 + k)
ky ikxkzp
! k d eF L +k k (A.39)
€ = ——= | —k, | and e; = . :
VEZ+E2 Veakor /K2 + k2 v
0 — (k2 + k)=
We now calculate
kZ@
k, e, =0, k, e = ﬁ , s-(kiexe.) = —y/ezko , s-(kyoxe,) =0, se, =1, s.e, =0
(A.40)
We therefore get
ko
A = ﬁ(l{le =+ kzo)(elkze + emkzl) <A41)
which leads to the transmission coefficients
2kz1 261kzl €1
t = ——— tio =1ty =0 log = ————5—/— A .42
H kzl + kzo ’ 2 & ’ > exkzl + /{561 €z ( )
and the reflection coefficients
kz - kzo xkz - kze
7“11_1— , T2 =121 =0, 7"22:¥ (A.43)

kzl + kzo 6ackzl + 6lkze
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A.1.2 Optic axis parallel to interface: application to hyperbolic Meta-

surface

Let ¢ = x and the normal n = z so that the basis vectors are defined as

k, hok,
1 1
R I S A4
ST R | TR T R | T (A.44)
— (k3 + ky)

We emphasize that the basis vectors in a uniaxial medium are defined with respect

to the optic axis, such that

X 0 — (k2 + k)&=
o = T —— , €t = A.45
e (s koo | ) €ex NGRS ey ks (A.45)
—k, +k k..
We now calculate
+ _ 2

k, e, = > ]zykZOQ =, k,-e.= > kxkzg — (A.46)

\/kw—i-k:y\/kijkzo \/ako\/k‘ze—i—ky\/k‘x—i—ky

2 :i: zkokxkze
S - (kto X eo) = - L2 ezkk;Okka 2 S - (kte X ee) = 12 \/22 L2 1 k2 <A47>

VRS T RVRE K VR T RR K
- zk k:o

s-e Fhakzo vk, (A.48)

o — y S € =

NGE NG EY NG N RN
The denominator can then be written as
ikikzoko(kzl + kzo) <€1k§g + Ezkzlkze) + Ezkzkg(kzl + kze)(elkzo + Ezkzl)
Ve (k24 k2)\ k2, + K2\ k2, + k2

(A.49)
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so that we get

kalk:r:ko 61k530 + Ezk"zlkze

b=~ VEA \/(kg + k2) (K2, + k2) A
. R NG (A.51)
AR+ k)
- qEkalkykg €1kzo + €2k (A.52)
A \/<kg + k2) (k2 + k2,)
L 2hkakeokik, ko + Ko (A.53)
A \/(k;g + k2) (k2 4 k2,)

similarly we get the following reflection coefficients
kikok'zo(kzl - kzo)(Elkzo + 6zkzlkze) + Ezksk(?;(kzl - kze)(‘EIkZO + szzl)
VEARZ +K2) [ (k2 + k2,) (k2 + k2,)

ra =

(A.54)
2kz kzokmk k2 kzo - kze \ z
T2 = - . ol JVae = T2 (A.55)
AR+ K3)\ /(87 + K2) (k2 + K2,)
Ezkzkg(kzl + kze)(elkzo - 6zkzl) + k;%kzoko(kzl + kzo)(elkgo - Ezkzlkze)

VEARZ +K2)\ [ (k3 + K2,) (k2 + k2,)

Tog =

(A.56)

Homogeneous and scattered Green functions

In the following, we provide explicit expressions for the bulk Green function as
well as the scattered (reflected and transmitted) Green functions. The dyadic Green
function approach can be used to calculate the electric and magnetic field profiles of
a dipole, as well as the resonant dipole-dipole interaction, Casimir-Polder interaction,
etc. in an arbitrary multilayered environments. In particular, we will demonstrate
how to simplify the Green function to a single 1-d integral that can be readily calcu-
lated via numerical methods. This approach can easiliy be generalized for spatially

dispersive materials.
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Simplification of bulk DGF

The non-singular part of the homogeneous dyadic Green function in an isotropic

medium is given by

G,(r) = # / dkydk,e™0 P [I - z—?] 6; (A.57)
= # /dkmdkyeik”'p [P+P=+ + ss] lkj (A.58)
where
ky ko
s = ﬁ —k, | and py = klk;\/m tkyk, (A.59)
0 — (k3 + k)

where =+ refers to directions above/below the dipole respectively. We can simplify the

integral by converting to cylindrical coordinates, using

ky =k,cos¢ , ky,=k,sin¢

x=pcost , y=psinb.

and

o0 0 21
/ dkpdls, ™0 ? = / dk &, / dp ehopeos(6-0)
_ 0 0

o0

The dyadic terms are then explicitly written as

sin? ¢ —cos¢sing 0
SS = | — cos ¢sin ¢ cos® ¢ 0 (A.60)
0 0 0
and
k2cos® ¢ kZcos¢sing Fkyk, cos
1
P+P+= 15 k2cosgsing  kisin®¢  Fk,k,sing (A.61)
1
Fhyk,cos¢  Fkyk,sing¢ k2
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Integrating over angle ¢ yields

Jy, + Jo cos 20 Jo sin 26 0

/ %dqﬁ etkopcos(9=b)gg — 27” Josin20  J, — Jycos260 0 (A.62)
' 0 0 0
_ . k%(J, — Jy cos 20) — k2 J, sin 260 F2ik k. J; cos O
/0 dg ekereoso=0p . py = Q_kf —k2J, sin 20 k2(J, + Jocos20)  F2ik,k,J;sinb
F2ik,k.Jycos0  F2ikyk,Jysind 2k>.J,
(A.63)

where we used the identities: 2sin ¢ cos ¢ = sin2¢, sin® ¢ = (1 — cos2¢)/2, cos® ¢ =
(1 + cos2¢)/2, and

27
/ de cos(ng)e*eP 00 = oxin ] (k,p) cos(nf) (A.64)
0
2w
/ dsin(ng)eFr @0 — oxin 1 (ko) sin(nb) (A.65)
0

The result is easily proven by variable substitution, expanding the exponential func-
tion, and then using the summation definition of the cylindrical bessel function of

order n. The final result is written as

' k
Goa(r) = 8%2 /dk k” ekelrmzel [k T, + k2]

P zk:z\z Zo| [k,QJQ kzjés]

I‘

Gz 87T]€2/
y /d vp zk: |z—zo| [1{32(]_ —|—k‘2<]_|_]

Y

Z/ 8 k2
dkpk2 ezl (124 J7]
87rk2
d

/k k2 ik |z— zo\ :FZZJI]

dk P zk:z|z zo\z ]{Z
o [k 2 )
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Note that G,y = Gye, Go. = Gz, Gy, = G,. We have also defined the shorthand

notation for the cylindrical bessel functions

(k,p) cos 26 (A.66)
= Jo(k,p) sin 20 (A.67)
= Ji(k,p) cos @ (A.68)
= Ji(k,p)siné (A.69)
= Jo(k,p) £ Jo(k,p) cos 26 (A.70)

Scattered DGF above a uniaxial half-space

Consider a dipole in an isotropic medium that is a distance d above a general
half-space. The scattered dyadic Green function will take the form

; etkz(d+2)
Gult) = 5o [dhadhye™? 1y (pop-) + (D) + 13 (B5) + 7ls5)]

(A.71)
Let us simplify the double integral as before by writing out the dyadic terms in

cylindrical coordinates:

X —kZcos®p  —kZcosgsing —k,k, cos ¢
PP = 2 —k2cosgsing  —k?sin®¢  —k,k,sing
kyk, cos ¢ kyk, sin ¢ k2
k.cospsing  —k,cos®’¢p 0
1
pPis = T k. sin? ¢ —k.cosgpsing 0
—k,sin ¢ k, cos ¢ 0

—k.cos¢sing  —k.sin? ¢ —k,sin ¢
1
Sp- = - k. cos® ¢ k,cosgsing k,cos¢
1
0 0 0
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Explicitly, the double integral result is given by
Gan(r) = %{ﬁ%d¢ 50 1, k2526 + Kukac(9)5(6) (s — 7ap)
B rppk:2 2 5] ko cos(6=0) ik (=) (A.72)
Gunl1) = g [ 16 T k5202 = (16 -+ 120k
k) e e (A73)

Gae(r) = - %2 /dk dep -2 [ Topkikps(9) — rppk koc(@)]eer cos@=OFih(zd) (A 74)

Ge(r) = T / dk d¢ [ sk 5(20) /2 + (1ps8°P + 1oy P) k1 k.

. Tppk? S(2¢)/2] ikpp cos(dp—0)+ik. (z+d) (A.75)
Goulv) = i [ s FE1r36%0 = (1 = o hkcl9)5(6)
. Tppk282¢]eikppcos(¢—0)+zkz(z+d) (A76)

Gy.(r) = 2k2 /dk Ao L [ropkik,c(d) — Tppk k.s(p)|eorcos@=O ika(td) (A 77)

Z

k, . .
Gealr) = o ka /dk do 7* P (= rpskrk,s(p) + rppk k.c(@)]eher cos@=OTih(zd) (A 78)
k . .
Gly(r) = o k;2 /dk d¢ k” [F1pskik,c() 4 rppk k. s(g)]elker cos@o=Otik:(zHd) (A 79)
5 .
Gealr) = 5 / dk,d¢ —r , ¢ kepcos(é=0)Fiks(z+d) (A.80)

This is the main result that will be necessary when the symmetry along the z — y
plane is broken. In such cases, the reflection coefficients will depend on the magnitude
of wavevector as well as the angle, e.g. 11 = 711(k,, ¢). This will be important when

we consider a uniaxial medium with the optic axis lying in the z — y plane.

For media that has x — y symmetry, we can integrate over the angle ¢,

) —k%(J, — Jo cos 20) k2 Jy sin 260 —2ik,k,Jy cos
S 2m
/ dp ehoreos@=0p p = BTE] k2 J, sin 20 —k2(J, + Jacos20)  —2ik,k.J; sin
0 1
2ik k. J; cos O 2ik k. J; sin 0 2k2.J,

(A.81)
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, —k,Jy sin 20 —k,(J, — Jycos20) 0
T , 2T
/ dep e*eroso=0p g = o | k(Jo + Jacos26) k.. J, sin 26 0| (A.82)
0 1
—2ik,Jy sin 0 2ik,.J, cos 0 0
k. J, sin 20 —k.(Jo + Jocos20) —2ik,J;sind
o ikpp cos(d—0) 2m . .
dg e SP- = 51— k.(J, — Joycos20) —k_Jy sin 20 2ik,Jy cos
0 1
0 0 0
(A.83)

yielding the final result
' k
Goz(r) = 871']{}2 /dk k:p gih=(2+d) [kQJC Tss — kik, J3rps + kik, Jyre, — ngfrpp} (A.84)

A 87rk:2/ ko k= (z+d) ]{;2J27"35 kiko JCrys — kik. JSre, + k2 J5ry,] (A.85)

87rk2 /d Ltk HD [ 94k K, Ty, — 2k, k. J(T,,) (A.86)

yee = & k;2 /d L etk ) T2 Jor g + ki ko JSTps + kiko o1y + K2 J57,] (A.87)
Gy (r) 87Tk /d k—P D B2 T r g + hnk, Jyrps — kiks Jyrey — K2J51y,] (A.88)
. 8%2 /d Ptk 94k |, TCry — ik k. TiT,p) (A.89)
8Wk2 /d Ltk D [ 94k K, T3 e + 20k, ks J(T,,) (A.90)
/ Ko gir: -+ [F2ik1 ke, TS ps + 2k, k. Ji7,) (A.91)

G.x(r) = kag /dk Zzelkz“” [2K2 Jorpp ] (A.92)

We emphasize that this is the most general result that can be used along the x —y

plane or the x — z plane.
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A.1.3 Transmitted DGF in uniaxial half-space (c = z)

We will first consider the case where the optic axis of the uniaxial medium lies

perpendicular to the interface ¢ = z.

i eikp~p+ik:21d B B .
o b, = e @) + bl @)k

+ [tsp(€o @ P_) + tss(e, @ 8)]e"7] (A.93)

Gi(r) =

The basis vectors in the uniaxial medium are given by

k —koks,
—kyks, (A.94)

— (kg + ky) e

Y

1

e, = —k, and e_

1
 eko /K2 F 2

The dyadic terms can be written explicitly as

sin? ¢ —cos¢sing 0
€,8 = | —cos@sin ¢ cos® ¢ 0 (A.95)
0 0 0

k.kPcos? ¢ k.kPcos¢sing kPk,cos ¢

1
e, p- = NG k.kPcosgsing  k.kPsin®¢  kPk,sin¢
kpk cos ¢ kpk. sin o= kii—:

—kPcosgsing  kPcos’¢ 0
—kPsin®¢  kPcos¢gsing 0
—k,sin ¢ kpcosgeE 0

—k,cosgsing —k,sin’¢ —k,sing
1
€oP- = - k. cos® ¢ k,cospsing k,cos o
1
0 0 0
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Applying the same procedure as before, we obtain the double integral result

Glulr) = m / dk d¢> P ltshihas®0 + ki R2e(6)5(0)

+ topkok,c(¢)s(o) + tppkzkgc%] eikop cos(¢=0)Fiks(2+d) (A.96)
Gly(r) = m / dk,d¢ Z—Z[—tssklkzs@qﬁ) /2 + tyski KPP

— topkok, 52 ) + ty k. kP s(20) |2 ker cos(o=0)Fik=(z4d) (A.97)
Goa(r) = 87221 . / dk,dg Z—j[—tspkzkpsw) + typhphle(@)] fhop @ 0r k(1)

(A.98)

Golr) = 87r+k1k2 / dk,do Z—Z[—tssklk25(2¢) 12—tk kP52

+ topkok.cp + tppk: kPs(2p) )2 ker cos(@=0)Fik:(=+d) (A.99)
Gyy(r) = 87% - /dk: do [tssklkgc%ﬂpsklk c(¢)s(¢)

+ taphakc(9)s(9) + tppkrzkzs Zglpthtorconl@mOIik (D) (A.100)
Gon(1) = gz [ T ltbayc(6) + typhyh?s(@)] e eote- 043620 (4 101)
Gurlt) = i [y 72 _—tpsklkpsw) b () | ot

(A.102)

' Ca ] —0)+ik.(z
Gay(r) = o lﬁ k2 / dk d¢> - +tpsk:1k:pc(¢) "+ typkpkas(6) ¢iliop CoS($=0) ik (z-+d)

€z |

(A.103)

i Ko |
Goa(r) = 57— [ dkyd¢ L, — e'oreo(@=0)Fik(rd) A.104
(0) = oo [l 1t e (A104)
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Veézko. Upon integrating over angle ¢ we will also obtain the simpler 1-d

Ii k K] z (& S S C
Gae(r) = R /dkpk—Zek D) [tokika JS — kikD T3t s — koks J3tey + kokPJ 1]
(A.105)
Goylr) = —— / dk, Ky it +a) kaka J3tas + KakD T by + koks T Loy + kok2 T3t
871']{51]{32 k‘
(A.106)
Go.(r) = S ; : /dk Z'” ke [ Dikok, Jit o + 20k, kP Tit ) (A.107)
TTR1R2
Ge(r) = ! / dkp@e*z(z*d) (krkoJ5tes — kikP TS tps + kok. J g, + koKD T3ty
87Tk51]€2 kz
(A.108)
i k V] z C S S (&
Gyy(r) = STk /dk: kpe R G D) [l kg J tag — kak J3tps — kok. Jstey + koKD TS t,,]
(A.109)
’ k
G,.(r) = 2 /:; p /dk k”e“‘fz D) [2ikok, JCt o + 20k kP Tit ) (A.110)
TTR1R2
G..(r) = 2 ; 3 /dk,,%eikz<z+d> —2ikiky ity = +2@k: boo It gy — } (A.111)
TTR1R2 z L
_ v kp zk: (z+d) c
Gy(r) = ik /dk "L —|—22k1k: Jltps + 2ik k. Jt ppe (A.112)
i k, .
G..(r) = dk,~L k= (=+d) 2k2J0t ‘o A113
)= g J e |2, (A113)

A.1.4 Transmitted DGF in uniaxial half-space (c = x)

We will now consider the case where the optic axis of the uniaxial medium lies
parallel to the interface ¢ = x.
ikp-ptikz1d

Gi(r) = Q/dk: dk ek—l

+ [tﬁp(eo ® p7> + tss<eo X S)]ekz"z]

([top(e; @ p_) + tps(e, @s)]e>>

(A.114)
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where
0 _(kge + kz)i_i
1
o = TF——=5 | — , €, = A.115
e, \/m kzo e, \/E_Z]{ZO kge T ,I{}f/ kykx ( )
_ky _kzkze
The dyadic terms can be written explicitly as before
0 0 0
1
€,8 = 2 2 —kyk.o kik.o O (A.116)
kor/ (K2, + K
N\ k2 keky, O
0 0 0
1
e, p- = kpkoak.o kykak.o k:zok;ﬁ (A.117)

kikpy [ (K, + K7)
’ U\ kokyka K2k k2

) —ky (k2 + k)= ko(k2 + k)= 0
€. s = — —k.k; k2k, 0 (A.118)
Vekokoy (K2 + k
2% ) —kigkykse K2k 0

kxkzl(kge + k;)i_; kykzl(kze + k;):_z ki(kge + k§>i_;

1

e p-= - - k:?ckykzl kwkgkzl kﬁkmky
eokokik, /(K2 + k
\/_ o ( y) kzkzlkze kmkykzlkze kxk?;kze
(A.119)

The full Green function can then be written as

) 1 €
R = 2 2%
Glaa(r) = T /dkpdgb kz[ torkiky /K2, + k-

T

+ t22kxkz1 /kze + k.gE_Z]eikppcos(qb—@)—i-ikz(z-i-d) (A120)
€

T
2

? /dkpdd) k:_p |:t12k2k_y€—zkzoz + t22]€$kze€_2kzez} ezkppcos(qb—Q)—szd

e iy

(A.121)
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where

by = _2kakek, ekl t ekak (A.122)

VER S+ ) (2, + )
b — g 2hakky  (ha t k) VOGS (A.123)

SERVIC RGN
. 2kaakykl ek, + ek (A.124)

A \/(kg + k) (k] + kZ,)
_ _ 2kakuokik, ko + b (A.125)

A \/(/f;g + k2)(k2 + k2,)
and
A o Fakeoko(ar + ko)(€1k2, + €harkee) + €kg5 (ki + ke (e1hzo + €2)

Ve (k2 4+ k2)\ k2, + K2\ k2, + K}
(A.126)

A.2 Green function inside a uniaxial medium.

Finally, we provide the Green tensor as the unique solution to the homogeneous

Helmholtz equation with permittivity tensor e(w),

w2

V xVxG(r1w) —ew)—5G(r,r;w) =I5(r — 1), (A.127)
¢
and radiation condition G(r,r’;w) = 0 for [r — 1’| — oco. The coordinate-free form of

the Green function is given by [163]
1 etkere [ (k2r2 + ik,re — 1
G /. — o'e o' e 2€s -1
(r,r’;w) 47?\/5{ - {( K2 )e €.€
(k:grg + 3ikore — 3) ee2(e!-r)(e! 1)

k2r? r2
(616“%7"0 ezeiko”) (rx&)(rxe)
+ - &)2
o Te (r x €)
ikoTo __ ,ikoTe A -
e i P O LR R X ) (A.128)
iko(r X €)2 (r x ¢)?

where we have fixed the spatial coordinate of the source at the origin, i.e. r' = 0.
Note that this Green function is only applicable when r # r’; since we have excluded

the singularity term that occurs when r = r'.
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B. APPENDIX: FUNDAMENTAL EFFICIENCY BOUND
FOR COHERENT ENERGY TRANSFER

Appendix B is directly related to the Chapter 6. It is divided into four sections.
Section 1 presents the quantum electrodynamic (QED) theory of two non-identical
neutral atoms in arbitrary Markovian nanophotonic environments. Section 2 derives
the non-stationary energy transfer efficiency between two atoms. Section 3 provides
an analytical expression for the time-dependent concurrence of the two-atom system.
We use this result to measure both entanglement and quantum coherence for the two-
atom quantum transport problem. Finally, section 4 provides the full Green function

expression used to describe the two-atom interaction above a mirror and in free-space.

B.1 Quantum electrodynamic theory of energy transfer

We use a quantum electrodynamic (QED) theory to describe the interaction be-
tween two neutral atoms in an arbitrary nanophotonic environment. In the dipole
approximation, the multipolar Hamiltonian is composed of three components, H =

H,+ Hy, + H;,;, where

H, = Z T q |nd><nd| + Z Twon q |na><na|» (B~1)
Hy, = /d3 /dwhwa r,w)f(r,w), (B.2)
Hint = d ) - da E(ra) (BS)

describes the two-atom system, the electrodynamic bath, and the electric-dipole in-
teraction between each atom’s electric dipole moment d; and the electrodynamic
field respectively, k = {d,a}. We assume each atom only has two electronic en-

ergy levels while also ignoring multipolar and spin contributions. This Hamiltonian
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has been derived previously by several authors and forms the basis of an effective-
field/macroscopic quantum electrodynamic theory valid in arbitrary dissipative media
satisfying Kramers-Kronig causality relations [41,42]. Here, f'T(r, w)/ f (r,w) represent
the creation/annihilation operators of the elementary excitations of matter. In vac-
uum, fT(r, w) describes the creation of a photon. In macroscopic matter, it describes

the creation of a polariton. These operators satisfy

(r,w)|{0}) =0
£(r,w) [{0}) = |1(r,w))

as well as

In dissipative quantum electrodynamics, the electric field is defined as

A 4 A~
E(r,w) =1 fiw : /d?’r'\/e”(r’,w)G(r,r',w)f(r’,w). (B.4)
|/ meoc

The electric field is decomposed in terms of positive-frequency and negative-frequency

A~

components, B(r) = B (r)+EC)(r), where EH) (r) = Jydw BE(r,w) and [EC) (1)) =
E (r) due to reality conditions for the electrodynamic field. In the following, we
derive a quantum master equation describing the atom-atom dynamics arising from
the Hamiltonian (1). While such a master equation has been derived before, it is
worth re-visiting the derivation to account for inconsistencies with different models in
the self-energy (Lamb shift and spontaneous emission) and dipole-dipole interaction

terms. Here, we derive the atom-atom dynamics without using the rotating-wave
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approximation. To obtain a closed-form solution, we truncate the Hilbert space to

the following states,

|d) = |ed, 9o, {0}) , (B.5)
|a) = |94, €q,{0}) , (B.6)
19) = [9d; gas 1(r,w)) , (B.7)
l€) = |eq, €q, 1(r, ), (B.8)

corresponding to an excited-state donor with acceptor and field in the ground-state,
an excited-state acceptor with donor and field in ground-state, a single-excitation in
the field with both atoms in the ground state, and finally a single field excitation with
both atoms in the excited-state. Due to truncation of the Hilbert space, this approach
is not fully non-perturbative and will fail to describe higher-order multi-photon effects
that occur in the ultra-strong coupling regime. As we show below, this approach to
derive the atom-atom dynamics provides a first-order correction to the dipole-dipole
interaction (B.31) that is markedly different from the dipole-dipole frequency shift
derived through the rotating wave approximation. In the truncated Hilbert space,

the temporal evolution of the system is captured by the total wavefunction

[¥(t)) = d(t) |d) +a(t) ]a>+/d3r/dwg(r,w,t) |g>+/d3r/dwe(r,w,t) le) (B.9)

Using the Schrodinger equation, ih% |W(t)) = H|Y(t)), we obtain the dynamical
equations for the probability amplitudes,

zh% = Mwy,q + We,a)d(t) + /d3r/dw [9(r, w, t)Va, + e(r, w, 1) V] (B.10)
zh% = h(wy,q4 + Weq)a(t) + /d3r/dw [g(r,w, t)Vag + e(r, w, t) Vae] (B.11)
ih% h(wya + wga +0)g(r', o, 1) + Voad(t) + Vgaal(?) (B.12)
zh@ = W(Weq + Wea +we(r, ' t) + Vead(t) + Vega(t) (B.13)

ot
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where we define Vi,, = (k|H;u|n(r,w)) as the interaction coupling coefficient with
k = {a,d} and n = {g,e}. In the interaction picture, d(t) = d(t)e @satwea g(t) =

a(t)e " Woatweat  g(t) = g(t)e  Waatwoat@)t and e(t) = é(t)e (Weatweat@)t e obtain

d . .
zhg— /d3r/dw Vdgg(t)e_l(w_“’d)t—l—Vdeé(t)e_’(w“’“)t} (B.14)
aa 3 —i(w—w ~ —i(wwg)t
zha d’r | dw [Voggl(t L V(e @] (B.15)
09 —i(wg—w)t ~ —i(wa—w)t
zha = Vyad(t)e @it LV a(t)e (e (B.16)
Zh? —_ edd( ) +i(watw)t + Vead<t>e+i(wd+w)t <B17)

where wy, = we; — wq k. The formal solutions to the third and fourth equations are

in(3(t) - §(0)) = / at! (Vyad(t)e = £ Vya()e ") (B18)
ih(é(t) — &(0)) = / tdt’ (Vedd( Netilwatt Ly a(t)e +i<wﬁw)t’>. (B.19)

Assuming the donor is initially excited, g(t = 0) = 0 and e(t = 0) = 0, we obtain the
coupled integro-differential equations through substitution of (18)-(19) into (14)-(15),

8 / &'r / dw/ dt Vg Vyad(t))e @) L v, Vo a(t) e omwaliilwe =)t

+ ‘/devdde_z (Watw)(t=t') + V:ie‘/eade_z(wa""w)tel(wd"‘w)tl)
oa 1 3 —i(w—wg)t—i(wg—w) —i(w—wa)(t-t")
o = | A | dw dt vagvgdd( Ve =il L Voaa(t e ‘

+ VaeVedde i w+wd)t€z(w+wa + V, Vogde™ i(wtwg)(t— t))
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Using the properties we defined above for the creation and annihilation operators, we

find

od L o ,
e [ [ [ e (&, Glrar )G ) e 0
TE,
+ dg . G(I‘d, r, W)GT<I'Q, r, w) . d*a d(t )e—i(w—wd)t—i(wa—w)t/
a ax —i(we+w)(t—t
+d, - G(rg, )G (rg, 1) - disd(t')e (et =)
+d? - G(r,,r)G(ry,1) - d;l:d(t/)efz(o.)a+w)t€i(wd+w)t’)
hw4
8t / 4t / dSr / dw 46//(1‘7&)) (dgg ) G(rCH r, w)GT(rda r, w) d*d d( ) B
TELC

a t xa ~ (11 —i(w—wg)(t—t
+dg, - G(re, r,w)G'(r,, r,w) - d7g a(t')e (W—wa)(t=t)

+ d;le . G(I‘d, I‘)GT<ra7 r) . dg:d(t/)e_i(“’+wd)t@i(w+wa)t’
- Gl )G (g, 7) - dla(f ) ),

We simplify the result using the relation [41],

2
(JJ *
/dgs € "(s,w)G(r,s,w)G*(s,r',w) = ImG(r,r',w) (B.20)
along with the reciprocity condition G (r,r’) = G(r/,r), thereby obtaining the main
result of this section. The temporal dynamics of two atoms are captured by the

coupled integro-differential equations,

G = [ [Kuat)d0) + Kute. a0 (B.21)
% — _% /0 dt’ [Kad(t,t’)ci(t’) + Kaa(t,t’)&(t’)} : (B.22)
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The memory Kernels are given by

R / Oo[ Jn{Gghdl,e 0 4 ds T Gy, b et ()]

Kao(t, 1) = e /O [dgglm{Gda}dgee*“w*“dﬁei(w*wﬂﬁ’ (B.23)
+ dgeIm{Gad}dgge_i(“”+w)tei(wd+“)t'] w?dw

Kaa(t, 1) = — /0 h [dgglm{Gad}djee—’(“—“’a)te"(w%)f’ (B.24)

+ dgelm{ Gaa }dgge_i(w”“)tei(w@ +”)t,] wldw

Koot t ) / [ Im{Gaa}d —i(w—wa)(t=t) | dd Im{Gdd}d —i(wtwg) (t— t)]
0

hme,c?

(B.25)

For simplicity, we used the notation, Ggr = G(rg, rp;w). Solving this set of coupled
integro-differential equations would provide the complete non-perturbative time dy-
namical description of two two-level atoms in arbitrary nanophotonic environments.
A general analytical solution of this type is not possible to the best of our knowledge,
though we will explore this notion in a subsequent paper. In the following, we provide
the exact analytical response for the case of two atoms in a Markovian nanophotonic

environment.

B.1.1 Markov approximation

A Markov process is a random process that is memoryless arising from a reservoir
with an infinitely short correlation time and a flat spectral density. In the following,
we assume the nanophotonic reservoir has a correlation time 7. that is much shorter
than the relaxation time of each atom. Generally, this is a valid assumption if the
nanophotonic reservoir consists of intermediate-to-low quality factor (Q = w/k) cavi-
ties with damping rates that are much larger than the dissipation rates of each atom,
K >> Ya, V- The Markov approximation assumes the probability amplitudes, valid in

the interaction picture only, are slowly varying compared to the bath’s correlation

Widw

Widw
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time. Evaluation of one of the dipole-dipole interaction time integrals is performed

as follows:
t t
/ e—i(w:l:wd)tei(w:twa)t’d(t/) dt’ — / e—i(w:l:wju)(t—t’)eq:iw, (t+t’)d(t/) dt’
0 0

~ a(t)e¥2iw_t / efi(wiw+)7d7_
0

Q

a(t)et?e-t [Wd(w +w,)—iP ( ! )}

wEwy
where we defined wy = (wg £+ w,)/2 and assumed w; > w_ in the second line. All
other time integrals of the memory kernels are evaluated using the same approach.
In the following, we present the self-energy and dipole-dipole interaction terms that

arise from the time-integrated memory kernels under the Markov approximation.

B.1.2 Self-energy and dipole-dipole interaction

The first terms in the memory Kernels Ky4(t,t') and K,,(t,t') respectively give

rise to an excited-state self-energy correction, ¥, = h(—dw,; + 7% /2),

2w?
k2 dlég'ImG(I‘k, ry, wk) 'd’;e

(B.26)

< 2d* - ImG(ry, vy, w) - dF
P dww—2 eg (k’ k ) ge and e =

50@1671g =
Wi — W he,c

€T Jo c

corresponding to a frequency shift and a decay rate for the excited energy level of each
atom. P denotes the principal value. As shown in [41], it is convenient to evaluate the
principal value integral using contour integration techniques. Using a quarter-circle
contour along the upper right-half of the complex w plane, the principal value integral

is decomposed into off-resonant and resonant contributions, dwe ) = dw/}** + 0wy,

given by
-1 00 .
dwep® = Po— /0 dnn? g QdEg ImG(rg, ry;in) - d];e (B.27)
and
res Wi k
dwes = oz deg ReG(ry, ry; wy) - dy,.-

The resonant contribution is much more sensitive to nanophotonic environments be-

cause it is directly proportional to the Green function evaluated at the transition
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frequency of the atom. For the rest of the appendix, we will assume the off-resonant
contribution is accounted for in the definition of the excited-state frequency w, . Pro-
ceeding with the calculation, the second terms of the memory Kernels Ky4(t,t") and
K, (t, t") respectively give rise to the ground-state self-energy

P[> w_Qd'g“e ImG(ry, 1y, w) - df,

heom Jo c? )

50(.)971C = — <B28)

composed of a frequency (Lamb) shift only. The denominator does not have a pole,
therefore the frequency shift is only composed of an off-resonant contribution. In
vacuum, this quantity is divergent within the dipole approximation. Special reg-
ularization and renormalization techniques are required to properly deal with this
divergence. As is normally done in quantum optics, the rest of the calculation will
proceed assuming the Lamb shift is accounted for in the definition of the ground-
state frequency. Focusing on the memory kernel, Ky, (¢,t"), we find the dipole-dipole

interaction gives rise to the dissipative rate,

2(,()2 /
Vek' = 2 +2d§g ImG(ry, Ty, wy ) - d} (B.29)

b
€,C 9e

also known as the cooperative decay rate. The dipole-dipole frequency shift is

0o B k 1% K/ k T
/ s w_Q d;, - ImG(rg, vy, w) - dg, B dy. - ImG(rp, 1y, w) - df,
0

c? Wy —w wy +w

5wkk/ =

€oT

P o w2 _dlég . ImG(rk, I‘k/,u}) : dl;/e B dlgg : ImG(rk,rk/,w) . d];;_

= dw —
heom Jo Yz Wy —w wy +w
© 2 |dF - ImG(r, Ty, w) - d¥
heom J_o 2 Wy —w

In the second line, we used the Onsager reciprocity condition, G*(r,r') = G(r/,r),

while the third line used the condition, G*(w) = G(—w). Using countour integration

techniques, one may show that the principal value integral is exactly equal to
wi ok 1%
Jkk/ = (kak/ = — deg . ReG(rk, rk/,w+) . dge. (B31)

he,c?

As alluded to earlier, this is the reason we chose to work within the Hilbert sub-

space (5)-(8). The cooperative frequency shift dwyy (otherwise known as the dipole-

dipole potential Ji) does not contain an off-resonant component. This is a subtle
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yet important distinction arising from the counter-rotating wave terms. This result
does not agree with previous results which calculated the dipole-dipole interaction
using the rotating-wave approximation, cf. [164]. On the other hand, this result does
agree with rigorous quantum electrodynamic calculations using perturbation theory
for intermolecular energy transfer [86,127]. The dipole-dipole potential Jix, combined
with the cooperative decay rate v, is often referred to as the resonant dipole-dipole
interaction (RDDI)

2

. w /
View = hM=Jipr + iyew /2) = 6—+dk - G(rp, Ty, wy) - db. (B.32)

2 €9
oC

Combining these results, we obtain the following set of coupled differential equations

for the probability amplitudes in the Schrodinger picture,

Zh% = — [ie,d + ig,a} d(t) — Vaaa(t) (B.33)
Zh% = _%dd(t) - [ig,d + ile,ai| a<t) (B34)

We have written everything in terms of the modified excited-state self-energy, 2. =
—hwe i, + X i, the modified ground-state self-energy igk = —hwg i + Xy, as well as
the resonant dipole-dipole interaction. These coupled differential equations form the

main result of this sub-section.

B.2 RDDI quantum master equation

Using (B.33)-(B.34), we find the following set of coupled differential equations for

the probability densities and coherences,

B 2 -
Il = >Re [z’(ze,d +5,)d? + inaad*} (B.35)
) 2 ..
ol = ZRe [iVadda* +i(S,0+ Ee,a)|a12] (B.36)
) 10 oo - ..
Sda") = = | =S+ Tya)da” = Vaalal + Vigld? + (Sga+ Te0)'da”| - (B37)
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Using the definition of the density matrix p = |¢)(¢|, it is straightforward to show
that these equations are equivalent to the RDDI quantum master equation,

0 1 Yk
0= = Hono ) = > B lolowp — 200p0] + polon.  (B3S)
kK’

where the first term contains the coherent Hamiltonian, He,, = > wn,d—i—éwn,d)a;ad%—

N
> nmge(Wna + OWna)obos + >, L1 Jkkra,:ak/, while the second term contains the rel-
evant dissipative terms. The RDDI master equation has been derived here for two
non-identical atoms. We emphasize this equation describes coherent coupling between
two atoms in a Markovian reservoir but cannot describe non-Markovian dynamics or
multi-photon effects arising from strong-coupling between the atoms and the electro-
dynamic field. In other words, it must operate in a regime where the frequency shifts
and dipole-dipole couplings are much smaller than the transition frequencies of the
atoms (dwg, Jrrw < wy, wr). Going beyond this regime requires an expansion of the
Hilbert space and corresponds to the ultra-strong coupling regime. To recover the
semi-classical Forster regime, we must include a phenomenological dephasing term
for each atom described by the super-operators, v4aLsa + Vs.aLsqa- These terms de-
scribe fluctuations in the energy levels resulting in linewidth broadening and loss of

coherence. Explicitly, the dephasing super-operators acting on the density operator

in the single-excitation sub-space are given by

0 Pda

i 1
Loa=Lloodp = =3 : (B.39)
Pad 0
1[0 pa
Low= L6160 =2 pia ) (B.40)
2\ 0
ad

Combining the results above, we find the single-excitation populations satisfy
) { .
Pda = ﬁ(VdaPad — ViaPda) — Yapad (B.41)

) 1 N
Paa = ﬁ(vadpda - Vadpad) — YaPaa (B'42)
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while the coherences obey

Pda = +iw1paa + ﬁ(‘/dapaa — Viapdd) (B.43)
i

3 (ViaPaa — Vaapad)- (B.44)

. .
Pad = — W1 Pad —

To simplify the equations, we defined wy = (@, — @q) +iv1, and v = (Ya+Vp.a+ Vo +
VYoa)/2, With Gg = we + 0wy = (Weq — Wga) + (0We,q — OWyq), and @y = wq + dwy =

(We,a — wg,a) + (we,q — dwy q) which was also used in the main text.

B.3 Non-stationary energy transfer efficiency

In this section, we derive the fundamental relation that provides a unified treat-
ment of the energy transfer efficiency in the coherent and incoherent coupling regimes.
The non-stationary energy transfer efficiency is obtained by integrating the popula-

tion equations (B.41)-(B.42) from 0 to oo,

7; o0 Z‘ (e 9] (e 9]
puslo) = paa0) = =1 = Vi [ poa®)t = 1Vi, [ pas®)dt = [ puattyat,
0 0 0

h
(B.45)
Paa(00) = paa(0) = 0= 7 ad/ Paa(t) dt — 7 ad/pad(t> dt — Vd/ Paa(t) dt.
0 0 0
(B.46)

We have assumed the donor is initially in the excited state, pgq(0) = 1, with the
acceptor in the ground state, paq(0) = 0. In the long-time limit, the initial excitation
leaves the donor-acceptor system resulting in pgq(00) = paa(cc) = 0. Adding the

population equations (B.45)-(B.46) yields the fundamental relation

Yd / pdd<t> dt + Ya / paa(t) dt = 1. <B47)
0 0

Physically, this equation determines the probability of detecting a single photon from
the two-atom system, which must equal one in the long-time limit. This result is
applicable when a single excitation is initially present in the system. We also assume

that both atoms have unit quantum efficiency and only decay through the emission of


https://B.45)-(B.46
https://B.41)-(B.42

139

a photon. It is important to note that we have assumed the cooperative decay rate,
Yda, 1s zero. We will address the role of cooperativity and superradiance in a future

publication and for now it remains out of the scope of this thesis.

B.3.1 Exact solution to the energy transfer efficiency

The energy transfer efficiency is defined as 7. = 7, fooo Paa(t)dt’. The exact solu-
tion to this expression gives the energy transfer efficiency valid in both the weak and
strong coupling regimes. There are two approaches to finding the integrated popula-
tion fooo Paa(t’)dt’. The first approach finds the expression for p,,(t’'), then performs
the time integral analytically. We introduce a second approach here. Integrating the
coherence differential equations, (B.43)-(B.44), from 0 to oo, we substitute the result

into (45)-(46),

—-1= _(:)/d + Fda)ﬁdd + Fda/aaa (B48)

0= —a + lda)Paa + Ldapad (B.49)

where we have defined py, = fooo prx(t')dt" for the donor and acceptor respectively

k = {d,a}. We also introduce the bare energy transfer rate,

Vaal? a
r, —| d;! _ (Zd+7¢, +7a + Vo) . (B.50)
h2 (@a — @a)? + (Va + Vg + Vd + Vpa)?/4
Solving for p,., the non-perturbative expression for the FRET efficiency is
Laa
n=-—% (B.51)
LPao +7a
where Ty, is the renormalized energy transfer rate
- fYaFda
Fgo = ——— B.52
; Ya + I‘da ( )

as shown in Chapter 6. This modified energy transfer rate is one of the major results
of Chapter 6 highlighting the drastic modification of the energy transfer efficiency

compared to previous theoretical models. These results imply a fundamental bound
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for the energy transfer rate and efficiency as discussed in the thesis. Note we have also
derived the same analytical expression using the first approach (1), i.e. analytically

evaluating the time-integral.

B.4 Quantum entanglement in energy transfer

In the following, we introduce Wooter’s concurrence to describe quantum entan-

glement between two qubits.

Concurrence. The general wavefunction describing 2 qubits is

V) = aleq, ea) + B e, ga) + 7194, €a) + 0 |9a; a) - (B.53)

An appropriate measure of entanglement, given by the concurrence, is C' = 2|ad —
~vB| > 0. A concurrence of 1 refers to a maximally-entangled state, while C' = 0 refers
to separable states. In the energy transfer problem with a single excitation (a = 0),
the concurrence is simply given by C' = 2|5v|. Using the notation of section 1, the
time-dependent concurrence is C(t) = 2|d(t)a(t)|. The result is easily generalized for

a density operator describing mixed states. Here, the concurrence is defined as

C = max[0, VA1 — VA2 — VA3 — VA (B.54)

where \; are the eigenvalues of the operator p(o, ® o,)p*(0, ® 0,) in descending
order. For the non-stationary energy transfer problem where the donor is initially in

the excited-state, the eigenvalues are readily solved analytically giving the final result
C = 2pul (B.55)

and is therefore exactly dependent on the coherence between both atoms in the site
basis. Concurrence provides a measure of entanglement as well as coherence, making

it an appropriate choice for studying non-classicality in the energy transfer problem.
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B.5 Two atoms above a mirror
B.5.1 Free-space Green function

Here, we provide the full Green function expression for two atoms above a mirror.
The dyadic Green function in a bulk medium with refractive index n = /e satisfies

the vector wave equation,
2
V x VX G,(r,r;w) — ei—ZGo(r,r’;w) =14(r — 1'). (B.56)
The homogenecous Green function has a well-known solution (k = \/ew/c):
ikr

1 B.
G,(r) = {kQVG@V—F } 1o (B.57)
ikr
_ 22 i 712 2\a B
= 1753 [(K*r® +ikr — DI+ (3 — 3ikr — k*r*)f ® 7] _31325( r)I (B.58)

containing both Coulombic near-field (kr < 1) and radiative far-field (kr > 1)

components. We use this result for Fig. 6.1.

B.5.2 Scattered Green function

In the following, we provide the scattered Green function for two atoms above a
mirror defined through the normal unit vector n = €,. The scattered Green function
is found self-consistently through the use of electrodynamic boundary conditions. It
is possible to show, upon simplification, that the scattered Green function takes the

following form in cylindrical coordinates [86]

G2, (r) = 2 'kQ /dk Z" Ak K2 T rg — k2T 1] (B.59)
G () = ﬁ /dk;p% 2ikd [0k o Jy (kop)rs) (B.60)
GS (r) = 87%]{; /dk ZP 2k 124k kb, J1 (kpp)7p) (B.61)
GLLr) = 'kz /dk ’;f’ 2iked (242 ], (k)1 (B.62)

where d is the distance of the donor and acceptor from the mirror interface, and p is

the lateral separation distance between the donor and acceptor. We also introduced
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Jy = Jo(k,p) £ J2(k,p), where J,(k,p) is the cylindrical Bessel function of order n.

The Fresnel reflection coefficients for p and s polarized light are:

ngz — szg d kz - kz2
Tp=—F——> — and rg = -———.
kz + kz2

Egkz + Ekzg
with z-component wavevectors, k, = |/ew?/c? — k2 and k.» = y/€aw?/c* — k3. The

full Green function integral is evaluated numerically using an adaptive Gauss-Kronrod

(B.63)

quadrature. In the near-field limit (d, p < \) the interaction between each atom and
the mirror, |es| > €1, is easily understood through the image dipole model described

in the main text.
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