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ABSTRACT 

Chen, Chao-Ying M.S.M.E., Purdue University, May 2018. Droplet Spreading on 
a Substrate. Major Professors: Arezoo Ardekani and Sadegh Dabiri, School of 
Mechanical Engineering. 

The present work focuses on spreading dynamics of thin viscous droplets on a 

planar and smooth substrate in a small Reynolds number regime. The droplets are 

affected by gravity, surface tension and viscous forces. For triple-phase zone, the 

moving contact-line models are provided to remove the singularity at the edge of 

the droplet. Our aim of this study is to predict the experimental results and extend 

the analysis to spreading on a porous substrate. Besides, we quantify the role of 

rheological parameters, for example, exponent for power-law liquids, on the spreading 

dynamics. 

The mathematical models for a Newtonian droplet and power-law droplet spread-

ing over different substrates are derived using the lubrication theory. The flow inside 

the saturated porous media is described by the Darcy’s law for Newtonian liquids 

or modified Darcy’s law for power-law fluids, assuming a discontinuous wetting front 

separating the saturated from the unsaturated domain. In the cases for spreading 

over porous media, we use the Beavers and Joseph boundary condition for tangential 

velocity on the surface of the substrate. In the end of the theoretical derivation, we 

have a fourth order nonlinear diffusion partial differential equation for the profile of 

droplet and a second order nonlinear diffusion partial differential equation for the 

wetting front for the case of porous substrate. 

The governing equations are solved numerically using a finite difference formula-

tion, augmented by the use of Newton-Raphson iteration scheme to treat the non-

linearity. We choose a backward-Euler method for the time advancement algorithm. 

Finally, numerical results are presented to demonstrate the dependence of spreading 



x 

exponent on rheological properties of fluids and the results are validated by the Tan-

ner’s law when the liquid is Newtonian. The dependence well matches the analytical 

relation (Starov et al. [1]) despite different choices of contact-line conditions. For 

the case of shear-thinning droplet spreading on a solid substrate, the numerical re-

sults are compared with the experimental data for xanthane droplet (Rafäı, Bonn, & 

Boudaoud [2]). Our analysis for spreading over an impermeable substrate can capture 

the behavior of the Tanner’s law when the permeability number is zero. For cases 

of spreading over a porous substrate, the evolution of the contact radius and central 

height of the droplet follows the Tanner’s law during the initial spreading period. The 

dependence of the evolution of radius and central height on the permeability number 

is reported in this study. Finally, we compare the evolution of contact radius of a 

PDMS droplet against the experimental results reported in Denesuk et al. [3] and the 

numerical results from Alleborn & Raszillier [4]. 
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1. INTRODUCTION 

The spreading of a droplet on a smooth solid surface is not only an interest-

ing phenomenon but also a difficult moving-boundary problem in fluid mechanics. 

Besides its difficulty associated with the moving interface, the motion of a fluid in 

the neighborhood of the contact line presents an additional complexity. The no-slip 

condition, which is normally used at the boundary between a solid and a liquid, intro-

duces a force singularity at the contact line (Huh & Scriven [5]; Dussan & Davis [6]; 

and Gennes [7]). This condition is replaced with the Navier slip boundary condition 

to relax the singularity at the contact line (Dussan & Davis [6]; Huh & Mason [8]; 

Hocking [9]; Davis [10]; and Haley & Miksis [11]). Many experiments found that the 

behavior of the contact angle is a complicated function of contact-line speed. The 

relation between contact angle and contact-line speed has been experimentally deter-

mined (e.g. Hoffman [12]; Johnson, Dettre & Brandeth [13]; Dussan [14]; Chen [15]). 

Tanner’s law is observed in these experiments. The competition between capillary 

and viscous forces determines the speed of the contact line, leading to Tanner's law, 

R ∼ t1/10 (Tanner [16]). In this study, we use the experimental fitting relation from 

Chen et al. [15] and the molecular kinematic theory from Blake et al. [17] to represent 

the contact-line dynamics for cases of the spreading on a smooth, solid substrate. 

There are many studies investigating the spreading of a small droplet on a surface. 

For instance, Greenspan [18] and Lopez, Miller, & Ruckenstein [19] constructed a 

model for the movement of a small viscous droplet on a surface that is based on 

the lubrication equations and uses the dynamic contact angle to describe the forces 

acting on the fluid at the contact line. Haley & Miksis [11] investigated how different 

relations between the contact angle and contact-line speed affect the spreading of a 

droplet. They found that the spreading rates strongly depend on the form of these 

relationships but the qualitative features of the droplet motion are similar in all 
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cases. More comparisons against the experiments should be carried out to study the 

accuracies of different contact-line descriptions. 

The spreading of non-Newtonian liquids is more complicated than the spreading 

of Newtonian liquids. The main difficulty of studying the spreading dynamics of 

non-Newtonian fluids is that many constitutive models are nonlinear. It is difficult 

to analytically include the complex constitutive models and to form the lubrication 

equations. However, it is still possible to numerically solve the Navier-Stoke’s equation 

coupled with the constitutive equation (Izbassarov & Muradoglu [20]; Tome et al. 

[21]). Many theoretical studies and experiments use power-law fluids to focus on the 

shear-thinning behavior (King [22]; Starov et al. [1]; Rafäı, Bonn, & Boudaoud [2]). 

In the present study, we consider a power-law fluid in our mathematical formulation. 

The detailed derivation is shown in Section 2.3. 

Capillary and gravitational spreading of particulate thin films or droplets coupled 

with absorption into substrate is an important industrial process for applications 

like coating-flow and ink-jet printing. For cases of a Newtonian droplet spreading 

on a porous substrate, there are two ways to study the dynamics of the spreading 

and the absorption of a droplet. We can numerically solve the Navier-Stoke’s equa-

tions coupled with the movement of the free surface (Reis, Griffiths, & Santos [23]). 

This method requires an interface capturing technique, for example, volume of fluid 

or level-set method, to capture the movement of the free surface (Nichols, Hirt, & 

Hotchkiss [24]; Zheng & Zhang [25]; Reis, Griffiths, & Santos [23]). During the numer-

ical implementation, special attention should be given to the effects of surface tension 

and capillary forces, the movement of the wetting front inside the porous substrate, 

and the link between the flow outside and inside the porous medium. The advantage 

of this method is that the governing equations don’t require the droplet to be thin 

and are not limited to a low Reynolds number regime. Therefore, we can study the 

impact, spreading, impingement of a spherical droplet on the substrate. However, 

this method requires more efforts on numerical programing and implementation. Be-

sides, it demands more computational resources than solving the one-dimensional 
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lubrication equation to achieve the same level of the accuracy. Another approach 

is to construct two coupled lubrication-type equations (Eq. 2.176 and Eq. 2.187 in 

chapter 2) based on the thin film approximation (Alleborn & Raszillier [4]; Zadražil, 

Stepanek, & Matar [26]; Esṕın & Kumar [27]). Small ratio of the characteristic height 

to the characteristic radius and low Reynolds number are required. Despite these lim-

itations, this method requires less effort on the numerical implementation. Several 

authors conducted the experiments to quantify the competition of the spreading and 

absorption (Daniel & Berg [28]; Denesuk et al. [3]). Two simple models under two 

limiting cases are proposed to model the kinetic behavior of the droplet: constant-

drawing-area model and decreasing-drawing-area model. In decreasing-drawing-area 

model, the contact angle of the droplet remains constant as the liquid penetrates 

into the porous substrate. The radius of the droplet decreases as the penetration 

proceeds. In constant-drawing-area model, the position of the contact line remains 

constant through the absorption process, with an associated contact-line hysteresis. 

A schematic representation (Fig. 1.1) is provided below to demonstrate the ideas 

mentioned above. Although these two limiting cases can not represent the entire 

experiments, they can indicate the upper and lower limits on the liquid depletion 

time (Denesuk et al. [3]). The competition between the viscous spreading of liquid 

on a substrate and the absorption by the substrate is analytically studied by Davis & 

Hocking [29], [30] for a pure Newtonian droplet spreading on a porous substrate for 

some limiting cases, for instance, cases of small porosities and case of zero porosity 

(i.e., spreading over an impermeable medium). 

The required information for the mathematical formulation is given in section 1.1, 

1.2 and 1.3. 

1.1 Lubrication Theory (Thin Film Approximation) 

The lubrication theory, or thin film approximation, describes the flow of fluids in a 

geometry in which one dimension is significantly smaller than the others. Mathemat-
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ically, thin film approximation can be seen as exploiting the large difference between 

two main spatial scales. In the free film lubrication theory, the position of the surface 

is unknown. The lubrication theory can be used to find the equation describing the 

position of the free surface. Surface tension plays an essential role. For an extremely 

thin film, Van der waals forces or disjoining pressure may play a crucial role when 

the film thickness is small. However, in this work, we don’t include the disjoining 

pressure. 

In the present study, the vertical length scale H is the original height of the 

droplet and the horizontal length L is the initial radius of the droplet. The key 

requirement is that the ratio � ≡ H/L � 1 or � → 0. A second requirement is that 

the Reynolds number must be small. In this work, the Reynolds number of the flow 

inside the droplet is around 1 × 10−5 to 0.1. The inertial terms are negligible in 

the lubrication limit compared to pressure gradient, body forces, and viscous terms. 

Moreover, the transverse pressure gradient is negligible while longitudinal pressure 

gradient is important. In sections 2.3 and 2.4, the details of simplification of the 

governing equations are described. 

1.2 The Slip Boundary Condition 

The no-slip boundary condition between a fluid and a solid can cause a non-

physical issue in systems with a moving contact line. Several authors (Huh & Scriven 

[5]; and Dussan & Davis [6]) have shown that the issue of stress singularity occurring 

at the contact-line is resulted from the application of no slip boundary condition at 

solid boundaries. The normal way to alleviate the singularity is to allow the liquid 

near contact line slip on the solid surface (Dussan & Davis [6]; Huh & Mason [8]; 

Hocking [9]; Davis [10]; and Haley & Miksis [11]). Therefore, in the present study, 

the slip effect is only implemented near the contact line using the Navier’s slip given 

as follows: 

u|z=0 = λ(h)~n · E · ~t 6= 0 . (1.1) 
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Here, ~n and ~t are the unit normal and tangential vectors at the fluid solid interface. 

E is the rate-of-deformation tensor. The slip model, λ(h), is a function of droplet 

height defined as follows (Haley & Miksis [11]): 

β1 β2
λ0(h) = β0, λ1(h) = , λ2(h) = , (1.2)

h h2 

where β0, β1, and β2 are the slip coefficients corresponding to different slip models, 

λ0, λ1(h), and λ2(h), respectively. 

1.3 Beavers and Joseph Boundary Condition 

The continuity of normal velocity and pressure holds for the droplet on a porous 

substrate. However, the no slip condition for the tangential velocity is not accurate. 

The condition for the flow over a porous medium has been investigated by Beavers & 

Joseph [31]. They proposed that the tangential velocity rapidly changes from Darcian 

velocity to the fluid velocity at the surface of the medium as shown in Fig. 1.2 : 

du β |z=o =√ (u|z=0 − up) , (1.3)
dz κ 

where β is the slip coefficient, κ is the permeability of the porous medium, and up is 

the volume-average velocity inside the porous substrate. The boundary condition is 

experimentally validated by Beavers & Joseph [31]. 



(a) Decreasing drawing area model (b) Constant drawing area model 
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Figure 1.1. Schematic representation of (a) the decreasing drawing area and 
(b) constant drawing area models. 

Figure 1.2. Schematic of Beavers and Joseph boundary condition. 
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2. MATHEMATICAL FORMULATION 

2.1 Problem Description and Physical Model 

Consider an axisymmetric thin droplet of incompressible viscous liquid placed 

on a smooth, solid substrate as shown in Fig. 2.1. The droplet spreads under the 

effect of gravity and the unbalanced surface forces. The spreading is affected by 

the properties of the fluid and the interaction in three phase zone. The nature of 

spreading dynamics is characterized by the movement of the contact point, flow near 

the edge, and surface properties of the solid. The spreading rate strongly depends on 

the contact line motion. The effect of Navier’s slip condition will only be included in 

the case of Newtonian fluid spreading over a solid surface to resolve the issue of stress 

singularity at the contact point. For the case of power-law droplet spreading over a 

solid, Navier’s slip condition won’t be implemented in the formulation and discussion 

will be made regarding the decision. 

Figure 2.1. Schematic of droplet spreading over a solid surface. 
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Let r be the horizontal spatial variable and z be the vertical spatial variable. Due 

to the axisymmetry of the problem, we choose cylindrical coordinate to present the 

independent variables. Besides, the velocity in θ-direction and the partial derivative 

with respect to θ are zero. The fluids flow inside the drop can be modeled by the 

mass conservation equation and Navier-Stoke’s equation in dimensional form: 

1 ∂ ∂w 
(ru) + = 0 (2.1) 

r ∂r ∂z 

∂u ∂u ∂u ∂p 
ρ( + u + w ) = − + µΔu (2.2)

∂t ∂r ∂z ∂r 

∂w ∂w ∂w ∂p 
ρ( + u + w ) = − + µΔw − ρg (2.3)

∂t ∂r ∂z ∂z 

Here, u(r, z, t) and w(r, z, t) denote the tangential and vertical velocity, respectively, 

inside the droplet. No slip boundary condition at the surface of substrate is 

written as 

u|z=0 = w|z=0 = 0 , (2.4) 

where F ≡ z − h(r, t) and ~n = rF/|rF |. The kinematic boundary condition at 

the liquid-gas interface is written as 

1 ∂F 
~u · ~n = − . (2.5)

|rF | ∂t 

After applying the gradient operator to F , we can write 

rF = 1 · ~ez −rh. (2.6) 

The normal vector ~n to a three-dimensional surface G(x, y, z) ≡ 0 has the form 

rG 
~n =p , (2.7)

(Gx)2 + (Gy)2 + (Gz)2 

where subscripts x, y and z, indicates the partial derivatives with respective to x, y, 

and z. In our case, the normal vector can be expressed as follows 

~ez −rh 
~n =p , (2.8) 

1 + |rh|2 
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where 
∂h ∂h rh = ~er + ~ez . (2.9)
∂r ∂z 

Substituting Eq. (2.6) and Eq. (2.8) into Eq. (2.5), we can find the free surface 

boundary condition in the vector form: 

1 rh 
) · (p −u · ~n = (u~er ) (2.10)p+ w~ez ~ ~ez 

1 + |rh|2 

∂h 

1 + |rh|2 

w u 
∂r −p (2.11)=p

1 + |rh|2 

1 
1 + |rh|2 

∂F 
. (2.12) 

1 + |rh|2 ∂t 
= − 

Equating Eq. (2.11) and Eq. (2.12), the final form of kinematic boundary condition 

at z = h becomes 
∂h ∂h 
+ u − w = 0 . (2.13)

∂t ∂r 

⎛ 

p 

Normal stress balance condition at z = h can be written as 

P − Pa − 2µ(E · ~n · ~n) = σ(r · ~n) , (2.14) 

where the rate-of-strain tensor is 

E = 
1
(r~u + r~u T ) (2.15)
2 ⎞ 

= 
⎜⎜⎜⎝ 

∂u 1 (∂u ∂w 0 + )
∂r 2 ∂z ∂r 

0 u 0 
r 

1 (∂w ∂u ∂w + ) 0
2 ∂r ∂z ∂z 

⎟⎟⎟⎠ (2.16) 

and the normal vector 

−∂h 1∂r (2.17)q q+~n = ~er ~ez . 
1 + (∂h )2 1 + (∂h )2 

∂r ∂r 

We, thus, have ⎞⎛ 

E · ~n =q 
1 ⎜⎜⎜⎝ 

−∂u ∂h 1 (∂u ∂w + + )
∂r ∂r 2 ∂z ∂r 

0 
⎟⎟⎟⎠ (2.18), 

1 + (∂h )2 
∂r −1 (∂u ∂w )∂h ∂w + +

2 ∂z ∂r ∂r ∂z 
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� � 
1 ∂u ∂h ∂h ∂u ∂w ∂w 

E · ~n · ~n = ( )2 − ( + ) + , (2.19)
1 + (∂h )2 ∂r ∂r ∂r ∂z ∂r ∂z 

∂r 

" # 
∂h 1 r · ~n = r · −q ∂r ~er + 0 · ~eθ +q ~ez (2.20) 

1 + (∂h )2 1 + (∂h )2 
∂r ∂r " # " # 

∂h 1 ∂ r ∂ 1 
= − q ∂r + q . (2.21) 

r ∂r )2 ∂z )21 + (∂h 1 + (∂h 
∂r ∂r 

Substituting Eq. (2.19) and Eq. (2.21) into Eq. (2.14), we can have the final form of 

normal stress balance condition as 

� � 
2µ ∂u ∂h ∂h ∂u ∂w ∂w 

P − Pa = ( )2 − ( + ) + 
1 + (∂h )2 ∂r ∂r ∂r ∂z ∂r ∂z " "∂r � ∂h � �� 

1 ∂ r ∂ 1 
+ σ − q ∂r + q . (2.22) 

r ∂r ∂z 1 + (∂h )2 1 + (∂h )2 
∂r ∂r 

The shear stress balance condition at z = h can be written as 

~ ~2µ(E · ~n · ti) − (rsσ) · ti = τext , (2.23) 

where τext stands for the externally applied shear stress and the surface gradient is 

defined as 

rs ≡ r− ~n(~n · r) . (2.24) 

In the present work, there is no externally applied shear stress. We treat surface ten-

sion coefficient as a constant, neglecting Marangoni effects in the problem. Therefore, 

Eq. (2.23) becomes 

2µE · ~n · ~ti = 0 . (2.25) 

Let tangential vector have the form 

∂h 1 ~ti =q ~er +q ∂r ~ez . (2.26) 
1 + (∂h 

∂r )
2 1 + (∂h )2 

∂r 
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Substituting Eq. (2.17) and Eq. (2.26) into Eq. (2.25), we can find that � � � � �� �2 � 
1 ∂u ∂h 1 ∂u ∂w 1 ∂u ∂w ∂h ∂w ∂h 

E ·~n· ~ti =q − + + − + + = 0 . 
∂r ∂r 2 ∂z ∂r 2 ∂z ∂r ∂r ∂z ∂r 1 + (∂h )2 

∂r 

(2.27) 

Eq. (2.1), Eq. (2.2), and Eq. (2.3) together with boundary conditions Eq. (2.4), Eq. 

(2.13), Eq. (2.22), and Eq. (2.27) present the case for a Newtonian droplet spreading 

over a solid surface. 
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2.2 Mathematical Formulation (Newtonian Droplet) 

A Newtonian droplet spreading either over a solid or porous substrate have already 

been widely studied. However, there still exist some issues regarding the physical 

representation of contact line motion over a solid or porous substrate. For cases of 

spreading over a smooth and solid substrate, the Navier slip model is applied in our 

analytical derivation and numerical computation to alleviate the stress singularity at 

the contact line. Because the radius of the droplet is time dependent, we need the 

contact-line boundary condition to govern the behavior of spreading. In the present 

study, we apply two different contact line models in our simulation and provide a 

comprehensive comparison of numerical results against experiments. 

Moreover, the case of spreading over a porous substrate is investigated using 

Beavers and Joseph conditions instead of no slip boundary conditions at the interface 

of fluid-porous medium. The contact-line boundary condition on porous medium is 

not completely known yet. Thus, we circumvent the inclusion of contact-line bound-

ary condition in numerical computation by using the idea of fixed-domain computa-

tion. The details of numerical implementation for stretched-grid method and fixed-

domain computation are described in chapter 3. The results and comparisons are 

reported in chapter 3 as well. 

2.2.1 Spreading Over a Solid Substrate 

To analyze the system described in the previous section, Navier-Stokes equations 

as well as the boundary condition from Section 2.1 are made dimensionless by the 

following relations: 

u = uc · u 0, h = H · h0 , r = L · r 0 , p = pc · p 0 � � 
L 

w = wc · w 0 , z = H · z 0, t = t0 
uc 
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Note that the variables with primes denotes the dimensionless ones. Substituting 

above relations, we can rewrite Eq. (2.1) as 

1 ∂(L · r0 · uc · u0) ∂(wc · w0)
+ = 0 , (2.28)

L · r0 L∂r0 H∂z0 

uc 1 ∂(r0u0) wc ∂w
0 

+ = 0 . (2.29)
L r0 ∂r0 H ∂z0 

From the continuity condition, we have 

uc wc 
= , (2.30)

L H 

H wc
� ≡ = � 1 . (2.31)

L uc 

For r-direction momentum equation, Eq. (2.2) becomes � � 
∂u ∂u ∂u ∂p 

ρ + u + w = − + µΔu , (2.32)
∂t ∂r ∂z ∂r 

� � 
uc ∂u0 0 uc ∂u

0
0 uc ∂u

0 
ρ + ucu + �ucw = 

L/uc ∂t0 L ∂r0 H ∂z0 � � � � 
∂2 0pc ∂p

0 uc ∂ 1 ∂ 0 uc u − + µ (r u 0) + , (2.33)
L ∂r0 L2 ∂r0 r ∂r0 H2 ∂z02 

� � � � � �
2 2 2 ∂2 0u ∂u0 uc ∂u0 uc ∂u0 ∂p0 uc ∂ 1 ∂ 0 uc 0 0 pc uc

ρ + u + w = − + µ (r u 0) + ,
L ∂t0 L ∂r0 L ∂z0 L ∂r0 L2 ∂r0 r0 ∂r0 H2 ∂z02 

(2.34) 

� � � � 
∂2 0∂u0 0 ∂u

0
0 ∂u

0 pc ∂p
0 µL uc ∂ 1 ∂ 0 uc u 

+ u + w = − + (r u 0) + . (2.35)
∂t0 ∂r0 ∂z0 ρuc 

2 ∂r0 ρuc 
2 L2 ∂r0 r0 ∂r0 H2 ∂z02 

For z-direction momentum equation, Eq. (2.3) becomes 

∂w ∂w ∂w ∂p 
ρ( + u + w ) = − + µΔw − ρg , (2.36)

∂t ∂r ∂z ∂z 

�2 2�uc ∂w
0 �u2 ∂w0 u ∂w0 c 0 c 0ρ( + u + w ) = 

L/uc ∂t0 L ∂r0 H ∂z0 � � � 0 � 
pc ∂p

0 �uc 1 ∂ 1 ∂w0 �uc ∂
2w − + µ Lr0 + − ρg , (2.37)

H ∂z0 L2 r0 ∂r0 L ∂r0 H2 ∂z02 
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�u2 ∂w0 �u2 ∂w0 �u2 ∂w0 c c 0 c 0ρ( + u + w ) = 
L ∂t0 L ∂r0 L ∂z0 � � � � 

∂2 0pc ∂p
0 �uc 1 ∂ 0 ∂w

0 �uc w − + µ r + − ρg , (2.38)
H ∂z0 L2 r0 ∂r0 ∂r0 H2 ∂z02 

� � 
∂w0 0 ∂w

0
0 ∂w

0 
ρ + u + w = 

∂t0 ∂r0 ∂z0 � � � � 
∂2 0Lpc ∂p0 µL �uc 1 ∂ ∂w0 �uc w L − + r 0 + − g · . (2.39)

�ρu2H ∂z0 �ρu2 L2 r0 ∂r0 ∂r0 H2 ∂z02 �u2 
c c c 

We, thus, have 

∂w0 ∂w0 ∂w0 ∂p0 ∂w0 ∂2 0 ρgL2�3 

1 
0r 
∂(r0u0) 
∂r0 

+ 
∂w0 

∂z0 
= 0 , (2.40) 

∂u0 

∂t0 
0 ∂u

0 
+ u 

∂r0 
0 ∂u

0 
+ w 

∂z0 
pc 

= − 
ρu2 

c 

∂p0 

∂r0 
+ 

� 
µL uc 

ρu2 
c L2 

� 
∂ 1 
∂r0 r0 

� 
∂ 0)(r 0 u 
∂r0 

+ 
uc 

H2 

� 
∂2u0 

∂z02 
, (2.41) 

∂w0 

∂t0 
0 ∂w

0 
0 ∂w

0 
+ u + w = 

∂r0 ∂z0 

Lpc ∂p0 − 
�ρu2 

c H ∂z0 
+ 

� 
µL �uc 

�ρu2 
c L2 

1 
0r 

� � 
∂ 0 ∂w

0 
r 

∂r0 ∂r0 
+ 

�uc 

H2 

� 
∂2 0w 
∂z02 

− g · L 
�u2 

c 

. (2.42) 

Then, we choose pc = µuc 

L 
1 
�2 and substitute it into Eq. (2.41) and Eq. (2.42) 

For r-direction momentum equation: 

�2 

� 
∂u0 · Re 
∂t0 

0 ∂u
0 

+ u 
∂r0 

� 
0 ∂u

0 
+ w 

∂z0 
∂p0 

= − 
∂r0 

� 
∂ 1 

+ �2 

∂r0 r0 

� 
∂ 
(r u 0)0 

∂r0 
+ 

∂2 0u 
∂z02 

. (2.43) 

For z-direction momentum equation: � � � � � � 
1 ∂ w0 0 0�4 �4 · Re + u + w = − + r + �2 − . 

∂t0 ∂r0 ∂z0 ∂z0 r0 ∂r0 ∂r0 ∂z02 µuc 

(2.44) 

where the Reynolds number, ratio of inertia forces to viscous forces, is defined as 

ρucL 
Re ≡ , 

µ 
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which is in the range of 10−1 ∼ 10−4 for the spreading of a thin and small droplet 
−4103 × 10−3 × 10 

Re ≈ ≈ 10−1 ∼ 10−4 . 
1 ∼ 1 × 10−3 

Therefore, Eq. (2.43) and Eq. (2.44), up to leading order approximation, can be 

written in much simpler form (after dropping primes): 

∂p ∂2u : 0 
+

������ � 
− + O(�2, Re · �2) = 0 , (2.45)

∂r ∂z2 

: 0∂p ρgL2�3 

��������� 
+ + O(�2, �4, Re · �4) = 0 , (2.46)

∂z µuc 

1 ∂(ru) ∂w 
+ = 0 . (2.47) 

r ∂r ∂z 

The boundary conditions (Eq. (2.4), Eq. (2.13), Eq. (2.22), and Eq. (2.27)) in the 

dimensionless form are written as follows. The no slip boundary condition at 

z = 0 can be written as 

ucu 0 = wcw 0 = 0 , (2.48) 
z0=0 z0=0 

or (after dropping primes) 

u = w = 0 . (2.49) 

The kinematic boundary condition at the free surface (z = h) can be written as 

∂h ∂h 
+ u − w = 0 , (2.50)

∂t ∂r 

H�∂h0 ucH� 0 ∂h
0

0
� + � u − ��u�cw = 0 , (2.51)

L/uc ∂t0 �L ∂r0 

or (after dropping primes) 
∂h ∂h 
+ u − w = 0 . (2.52)

∂t ∂r 

The normal stress balance condition at free surface (z = h) can be written as � � �2 � � � 
2µ ∂u ∂h ∂h ∂u ∂w ∂w 

p − Pa = − + + 
1 + (∂h )2 ∂r ∂r ∂r ∂z ∂r ∂z 

∂r " " � ∂h � �� 
1 ∂ r ∂ 1 

+ σ − q ∂r + q , (2.53) 
r ∂r ∂z1 + (∂h 

∂r )
2 1 + (∂h )2 

∂r 
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pc · p 0 − pc · Pa 
0 � � �2 � � � 

2µ uc · H2 ∂u0 ∂h0 H ∂h0 uc · ∂u0 �uc ∂w
0 �uc · ∂w0 

= − + + 
1 + H

2 
(∂h

0 L3 ∂r0 ∂r0 L ∂r0 H · ∂z0 L ∂r0 H · ∂z0 
L2 ∂r0 

)2 " � ��0 ∂h0 1 ∂ H · r 
− σ q ∂r0 , (2.54)

L · r0 L · ∂r0 (∂h
0 

1 + H
2 

L2 ∂r0 
)2 

pc · p 0 − pc · Pa 
0 � � �2 � � � 
2µ

�2 uc ∂u
0 ∂h0 ∂h0 uc ∂u

0 
+ �2 uc ∂w

0 uc ∂w
0 

= − + 
1 + �2(∂h

0 
L ∂r0 ∂r0 ∂r0 L ∂z0 L ∂r0 L ∂z0 

∂r0 
)2 " � ��0 ∂h0 � 1 ∂ r 

− σ q ∂r0 . (2.55)
L r0 ∂r0 1 + �2(∂h

0 

∂r0 
)2 

After neglecting the term �2(∂h
0 
, Eq. (2.55) can be written as

∂r0 
)2 

pc · p 0 − pc · Pa 
0 � � �2 � � � 

∂u0 ∂h0 ∂h0 uc ∂u
0 ∂w0 uc ∂w

0 
�2 uc 

+ �2 uc 
= 2µ − + 

L ∂r0 ∂r0 ∂r0 L ∂z0 L ∂r0 L ∂z0 � � �� 
� 1 ∂ 0 ∂h

0 
− σ r . (2.56)

L r0 ∂r0 ∂r0 

We divide both sides by pc and replaced pc with µu
L 
c 

� 
1 
2 , � � �2 � � � 

2L · �2 

�2 uc ∂u
0 ∂h0 ∂h0 uc ∂u

0 ∂w0 uc ∂w
0 

p 0 − P 0 = − + �2 uc 
+a uc L ∂r0 ∂r0 ∂r0 L ∂z0 L ∂r0 L ∂z0 � � �� 

σ�3 1 ∂ 0 ∂h
0 

− 0 r , (2.57) 
µuc r ∂r0 ∂r0 

or � � �2 � � � 
∂u0 ∂h0 ∂h0 ∂u0 ∂w0 ∂w0 

p 0 − P 0 = 2 �4 − �2 + �4 + �2 
a ∂r0 ∂r0 ∂r0 ∂z0 ∂r0 ∂z0 � � �� 

σ�3 1 ∂ 0 ∂h
0 

− r . (2.58) 
µuc r0 ∂r0 ∂r0 

The dimensionless normal stress balance condition to the leading order approximation 

can be rewritten as: � � �� 
σ�3 1 ∂ 0 ∂h

0 
0 − P 0 p = − r . (2.59)a µuc r0 ∂r0 ∂r0 
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Let capillary number Ca = µuc/(σ�
3), Eq. (2.59) becomes (after dropping primes) � � �� 

1 1 ∂ ∂h 
p − Pa = − r . (2.60)

Ca r ∂r ∂r 

The shear stress balance boundary condition at the free surface (z = h) is � � � � �� �2 � 
1 ∂u ∂h 1 ∂u ∂w 1 ∂u ∂w ∂h ∂w ∂h q − + + − + + = 0 . (2.61)

∂r ∂r 2 ∂z ∂r 2 ∂z ∂r ∂r ∂z ∂r 1 + (∂h )2 
∂r 

After replacing all dimensional variables with dimensionless variables and character-

istic scales, we can rewrite Eq. (2.61) as � � 
uc ∂u

0 ∂h0 1 uc ∂u
0 �uc ∂w

0 
− � + + 

L ∂r0 ∂r0 2 H ∂z0 L ∂r0 � �� �2
1 uc ∂u

0 �uc ∂w
0 ∂h0 �2uc ∂w

0 ∂h0 − + � + = 0 , (2.62)
2 H ∂z0 L ∂r0 ∂r0 H ∂z0 ∂r0 

� � � �� �2
∂u0 ∂h0 1 ∂u0 ∂w0 1 ∂u0 ∂w0 ∂h0 ∂w0 ∂h0 − �2 + +�2 − +�2 � +�2 = 0 , (2.63)
∂r0 ∂r0 2 ∂z0 ∂r0 2 ∂z0 ∂r0 ∂r0 ∂z0 ∂r0 

or 
1 ∂u0 : 0 

+������ 
O(�, �2, �4) = 0 . (2.64)

2 ∂z0 

Eq. (2.64) to the leading order approximation becomes (after dropping primes) 

∂u 
= 0 . (2.65)

∂z z=h 

We summarize the dimensionless governing equations: 

1 ∂(ru) ∂w 
+ = 0 , (2.66) 

r ∂r ∂z 

∂p ∂2u − + = 0 , (2.67)
∂r ∂z2 

∂p ρgL2�3 

+ = 0 , (2.68)
∂z µuc 

with boundary conditions 

u|z=0 = w|z=0 = 0 , (2.69) 
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∂h ∂h 
+ u|z=h − w|z=h = 0 , (2.70)

∂t ∂r � � 
1 1 ∂ ∂h 

P |z=h − Pa = − r , (2.71)
Ca r ∂r ∂r 

∂u 
= 0 , (2.72)

∂z z=h 

In the next step, we need to solve Eq. (2.68) with boundary condition Eq. (2.69) 

to find the pressure p. Once we have the expression for pressure, we can find the 

tangential velocity using Eq. (2.67). By integrating Eq (2.68) over z, we can find the 

pressure with one unknown coefficient C1(r, t) 

�3L2ρg 
p = − z + C1(r, t) . (2.73) 

µuc 

We apply Eq. 2.75 to Eq. 2.77 to find C1(r, t) � � �� 
�3L2ρg 1 1 ∂ ∂h − · h + C1(r, t) = Pa − r , (2.74) 
µuc Ca r ∂r ∂r � � �� 

�3L2ρg 1 1 ∂ ∂h 
C1(r, t) = Pa + · h − r . (2.75) 

µuc Ca r ∂r ∂r 

Therefore, � � �� 
�3L2ρg 1 1 ∂ ∂h 

p(r, t) = Pa + · (h − z) − r . (2.76) 
µuc Ca r ∂r ∂r 

The pressure gradient in the r-direction is � � �� 
∂p �3L2ρg ∂h 1 ∂ 1 ∂ ∂h 
= · − r . (2.77)

∂r µuc ∂r Ca ∂r r ∂r ∂r 

We integrate Eq. (2.68) twice over z, 

1 ∂p 2 u = z + C2(r, t) · z + C3(r, t) . (2.78)
2 ∂r 

Due to the no slip condition (Eq. (2.69)), we can immediately recognize that 

C3(r, t) = 0 . (2.79) 

From shear stress balance condition, we have one condition for C2(r, t) 

∂u ∂p 
= · h + C2(r, t) = 0 , (2.80)

∂z ∂r z=h 
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∂p 
C2(r, t) = − · h . (2.81)

∂r 

The tangential velocity can be expressed as 

1 ∂p ∂p 
u = z 2 − · h · z . (2.82)

2 ∂r ∂r 

After substituting Eq. (2.77) into Eq. (2.82), we have the final expression for the 

tangential velocity � � � ��� 
�3L2ρg ∂h 1 ∂ 1 ∂ ∂h 1 

u(r, z, t) = − r · ( z 2 − hz) . (2.83) 
µuc ∂r Ca ∂r r ∂r ∂r 2 

We integrate the continuity equation (Eq. (2.67)) with respect to z, Z h � 
1 ∂ 

� z=h 

(ru) dz + w = 0 . (2.84) 
r ∂r 0 z=0 

Due to no penetration condition at the interface (z = 0), we can recognize that 

w 
z=0 

= 0 and Eq. (2.84) becomes Z h � � 
1 ∂ 

(ru) dz + w = 0 . (2.85) 
r ∂r 0 z=h 

Then, we substitute Eq. (2.85) into kinematic boundary condition (Eq. (2.70)), Z h � � 
∂h ∂h 1 ∂ 
+ u|z=h + (ru) dz = 0 . (2.86)

∂t ∂r r ∂r 0 

According to the Leibniz’s integral rule, we have �Z h(r,t) � Z h � � 
1 ∂ 1 ∂h 1 ∂ 

ru · dz = r · u · + (ru) dz (2.87) 
r ∂r r ∂r r ∂r 0 z=h 0Z h � � 

∂h 1 ∂ 
= u · + (ru) dz . (2.88)

∂r r ∂r z=h 0 

Therefore, we can replace the second and third terms in Eq. (2.86) with left hand 

side of the Eq. (2.87): �Z h(r,t) � 
∂h 1 ∂ 
+ ru · dz = 0 . (2.89)

∂t r ∂r 0 

The vertically averaged horizontal velocity is found to be Z h � � 
1 1 ∂p 1 

h3 u = udz = − . (2.90)
h h ∂r 30 
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Then, Eq. (2.89) can expressed as � � 
∂h 1 ∂ 1 ∂p − rh3 = 0 , (2.91)
∂t r ∂r 3 ∂r 

where the pressure is given by � � 
�3L2ρg 1 1 ∂ ∂h 

p = Pa + (h − z) − r . (2.92) 
µuc Ca r ∂r ∂r 

and the capillary number is defined as 

µuc
Ca = . (2.93)

σ�3 

The no slip boundary condition is enforced at points away from the contact line. For 

points near the contact line, we need to incorporate the Navier slip model into our 

governing equation to avoid the force-singularity issue. Therefore, Eq. (2.4) can be 

expressed as � � 
∂u ∂w 

u = λ(h) + . (2.94)
∂z ∂r z=0 

After following the same derivation in this subsection, we can arrive at the similar 

lubrication equation for the droplet profile with the above mentioned slip models 

(Haley & Miksis [11]) : � � � � 
∂h 1 ∂ 1 ∂p − r h3 + λ(h) · h2 = 0 . (2.95)
∂t r ∂r 3 ∂r 

There are two regimes of spreading in this problem: gravitational spreading and 

capillary spreading. Gravitational spreading occurs when gravitational effects domi-

nate 
ρgL2 

Bo ≡ � 1 . (2.96)
σ 

The spreading is due to the action of gravity, or, more accurately, due to the gradient 

in hydrostatic pressure which is caused by nonuniform depth of the droplet. Therefore, 

we can neglect the capillary pressure as well as the Marangoni effect (Marangoni effect 

has already been ruled out due to constant surface tension coefficient: rsσ = 0 in 

Eq. (2.23)) and replace uc with σ�3/µ. The pressure p can be written as (setting 

ambient pressure to be zero for simplicity) 

p = Bo · h . (2.97) 
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The equation governing shape function of droplet h becomes � � 
∂h 1 ∂ 1 ∂h − Bo · rh3 = 0 . (2.98)
∂t r ∂r 3 ∂r 

It was originally investigated by Huppert & Simpson [32], and subsequently a relevant 

analysis has been performed by Leal [33] to answer the question regarding to spreading 

rate and the shape as a function time. For capillary spreading, the spreading is driven 

by capillary effect. It is required that 

ρgL2 

Bo ≡ � 1 . (2.99)
σ 

The pressure p can then be written as � � 
1 1 ∂ ∂h 

p = − r . (2.100)
Ca r ∂r ∂r 

The equation governing shape function of droplet h becomes � � � ��� 
∂h 
∂t 
+ 
1 1 ∂ 
Ca r ∂r 

1 ∂ 
rh3 

3 ∂r 
1 ∂ 
r ∂r 

∂h 
r 
∂r 

= 0 . (2.101) 

One can think of the internal motion which leads to the deformation of shape as being 

caused by the internal pressure gradients that are determined by the local gradients 

of surface curvature along the interface. 

The methodology to solve Eq. (2.98) and Eq. (2.101) is discussed in Chapter 

3. We can use analytical method or numerical simulations to obtain the solution to 

gravitational spreading and verify against the experiments while we can only resort 

to numerics to have the solution of the capillary spreading. However, some scaling 

argument has been purposed by Warren [34] to accurately predict the rate of spreading 

which can be verified by the Tanner’s spreading law for the Newtonian case. 
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2.2.2 Spreading Over a Porous Substrate with the Beavers and Joseph 

Condition 

In this section, the case of a Newtonian droplet spreading over a homogeneous 

porous medium (Fig. 2.2) has been investigated. The surface of the porous substrate 

is assumed to be ideally smooth which avoids implementation for surface topology. 

Therefore, the contact-line hysteresis doesn’t occur in our theoretical investigation 

and numerical results. The no slip boundary condition is replaced with the Beavers 

and Joseph condition to describe the problem more accurately and realistically. 

Figure 2.2. Schematic of a droplet spreading over a porous media. 

For fluid flow above the surface of substrate, we start from the dimensionless gov-

erning equations and the boundary conditions we’ve derived in the previous section. 

Note that the variables with subscript “p” denote the variables in porous-media and 

the variables with primes denotes the dimensionless variables. 

1 ∂(r0u0) ∂w0 
+ = 0 , (2.102) 

r0 ∂r0 ∂z0 

∂p0 ∂2u0 − + = 0 , (2.103)
∂r0 ∂z02 



����

����
���� �������� ����

����
����

����

23 

∂p0 ρgL2�3 

+ = 0 , (2.104)
∂z0 µuc 

with the dimensionless boundary conditions 

du0 β · H 0 = √ (u 0|z=0 − up|z=0) , (2.105)
dz0 κ z0=0 

∂h0 ∂h0 
+ u 0|z=h − w 0|z =h = 0 , (2.106)

∂t0 ∂r0 
0 � � �� 

1 1 ∂ ∂h0 
p 0|z=h − P 0 = − r 0 , (2.107)a r0Ca ∂r0 ∂r0 

∂u0 
= 0 . (2.108)

∂z0 z0=h0 

We have the continuity of the normal velocity and the pressure at the surface of 

substrate, 

w 0 = wp 
0 , (2.109) 

z=0 z=0 

p 0 = p 0 p . (2.110) 
z=0 z=0 

From Eq. (2.103), we know that the horizontal velocity can be written as 

0 ∂p0 02 0 0 0 u =
1 

z + C1(r , t0) · z + C2(r , t0) , (2.111)
2 ∂r0 

Given the expression for u0 is known, the tangential velocity and the shear rate at 

the surface of the porous substrate (z = 0) can be written in terms of the unknown 

coefficients, C1 and C2 

u 0 = C2(r 0, t0) , (2.112) 
z0=0 

∂u0 ∂p0 
= z 0 + C1(r 0, t0) , (2.113)

∂z0 ∂r0 

∂u0 0 = C1(r , t0) . (2.114)
∂z0 z0=0 

After applying Eq. (2.108) to the tangential velocity, we can have one more equation 

for the unknown coefficient 

∂u0 ∂p0 
h0 = + C1 = 0 , (2.115)

∂z0 ∂r0 z0=h0 
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∂p0 
C1 = − · h0 . (2.116)

∂r0 

The unknown coefficients C2 can be determined by applying the Eq. (2.112) and Eq. 

(2.116) into Eq. (2.105). The tangential velocity inside the porous medium is needed 

in Eq. (2.105) and, therefore, should be determined from the governing equations 

inside the porous medium. 

We assume the flow inside the porous substrate is governed by the Darcy’s law, 

and the Darcian velocities up and wp are volume-averaged velocities. The Darcy’s law 

in horizontal and vertical directions can be written as 

κ ∂pp
up = − , (2.117) 

µ ∂r � � 
κ ∂pp

wp = − + ρg . (2.118) 
µ ∂z 

In fact, up and wp are not the velocities which the fluid traveling through the pores 

is experiencing. However, they can still be calculated knowing the porosity of the 

substrate : 
v~ p~V = . (2.119)
φ 

Besides, the Darcy velocity still satisfies the continuity equation : � � 

r · ~vp 

φ 
= 0 , (2.120) 

or 

r · ~vp = 0 . (2.121) 

Therefore, the dimensional continuity equation in the cylindrical coordinate system 

still holds 
1 ∂(rup) ∂wp

+ = 0 . (2.122) 
r ∂r ∂z 

The boundary conditions at the wetting front (z = −hp) are 

pp|z=−hp = Pa − Pca , (2.123) 

∂hp ∂hp
φ + up + wp = 0 ,
∂t ∂r z=−hp z=−hp 

(2.124) 
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where Pca is the capillary pressure representing the pressure jump between saturated 

and unsaturated domain. The capillary pressure is defined as 

Pca = pnon−wetting phase − pwetting phase , (2.125) 

and can be calculated by the most commonly used variation of capillary pressure 

equation 
2σCosθ 

Pca = , (2.126) 
rc 

where θ is the the wetting angle of the liquid on the surface of the capillary, rc is the 

effective pore radius. 

Substituting Eq. (2.117) and Eq. (2.118) into Eq. (2.122), we can find that the 

continuity equation is transformed to a Laplace equation for pressure. � � � � �� 
1 ∂ κ ∂pp ∂ κ ∂pp− r + − + ρg = 0 (2.127) 
r ∂r µ ∂r ∂z µ ∂z 

Figure 2.3. Schematic of capillary pressure in a thin tube. 
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� � 
1 ∂ ∂pp ∂2pp

r + = 0 (2.128) 
r ∂r ∂r ∂z2 

By using the following relations, we are able to write Eq. (2.128) in the dimensionless 

form, 

0 h ≡ H · h0 0 0 u ≡ uc · u , , r ≡ L · r , p ≡ pc · p ,� � 
L0 0 0 w ≡ wc · w , z ≡ H · z , and t ≡ t , 
uc 

Thus, Eq. (2.128) can be written as � � 
1 ∂ 

�2 r 0 
∂pp 
0 
+ 

∂2pp 
0 
= 0 . (2.129) 

r0 ∂r0 ∂r0 ∂z02 

We calculate the flow field and profile of a thin droplet. We can further simplify Eq. 

(2.129) because the ratio of height to radius of a thin droplet is around or below 0.1. 

Therefore, Eq. (2.129) to the leading order approximation is given by 

∂2 0 
* 0pp � 

+ �O�(�2) = 0 . (2.130)
∂z02 

After integrating Eq. (2.130) twice with respect to z, we can have the expression for 

pressure field of flow inside the porous medium. 

pp 
0 = C3(r, t) · z + C4(r, t) . (2.131) 

Eq. (2.110) and Eq. (2.123) are made dimensionless first and rewritten in terms of 

the unknown coefficients C3 and C4 by applying Eq. (2.131) to them, 

pp 
0 = C4(r 0, t0) = p 0 , (2.132) 

z0=0 z0=0 

C3(r, t) · (−h0 p) + C4(r, t) = Pa 
0 − Pca 

0 . (2.133) 

Then, the horizontal velocity inside the medium up 
0 can be written as � � 

0 κ pca ∂C3 ∂C4 
u = − z + , (2.134)p µ ucL ∂r ∂r 

0 κ pca ∂C4 
u = − . (2.135)p

z0=0 µ ucL ∂r0 
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After substituting Eq. (2.112), Eq. (2.114), and Eq. (2.135) into Eq. (2.105), the 

Beavers and Joseph condition can be written in terms unknown coefficients, � � 
β · H κpc ∂C4

C1(r 0, t0) = √ C2(r 0, t0) − . (2.136)
κ µucL ∂r0 

The goal here is to find the expression for C1, C2, C3, and C4. The solution steps can 

be described as follows : (i) Using Eq. (2.104) and Eq. (2.107) to find pressure p, 

(ii) determining C1(r
0, t0), C3(r

0, t0), and C4(r
0, t0) from Eq. (2.116), Eq. (2.132), and 

Eq. (2.133), respectively, (iii) substituting C1(r
0, t0), C3(r

0, t0), and C4(r
0, t0) into Eq. 

(2.136) to determine C2(r
0, t0), (iv) then expressing tangential velocity u0 and up 

0 in 

terms of C1, C2, C3, and C4. 

We start our derivation from step (i). The pressure can be determine by integrat-

ing Eq. (2.104) 
∂p0 ρgL2�3 

= − , (2.137)
∂z0 µuc 

0 ρgL2�3 

p = − z + K1(r, t) . (2.138) 
µuc 

After applying Eq. (2.107) to Eq. (2.138), we can determine the integration coeffi-

cient, K1, and obtain the final form of pressure� � 
σH3 1 ∂ ∂h0 ρgL2�3 

P 0 h0 a − r = − + K1(r, t) , (2.139)
µL3uc r0 ∂r0 ∂r0 µuc � � 

0 ρgL2�3 σH3 1 ∂ ∂h0 
K1(r, t) = pa + h0 − r , (2.140) 

µuc µL3uc r0 ∂r0 ∂r0 � � 
ρgL2�3 σH3 1 ∂ ∂h0 0 = P 0 (h0 − z 0) −p a + 0 r . (2.141) 
µuc µL3uc r ∂r0 ∂r0 

After substituting Eq. (2.141) into Eq. (2.116), we can obtain the expression for the 

0unknown coefficient C1(r , t0) 

∂p0 0C1(r , t0) = − · h0 
∂r0� 
ρg�3L2 

= − 
µuc 

∂h0 

∂r0 
− 

σH3 

µL3uc 

� 
∂ 1 

0∂r0 r

� ��� 
∂ ∂h0 0 r 
∂r0 ∂r0 

· h0 . (2.142) 

After substituting Eq. (2.141) into Eq. (2.132), we can obtain the expression for the 

unknown coefficient C4(r
0, t0) 

0 0 0) = p 0 pp = C4(r , t , (2.143) 
z0=0 z0=0 
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� � 
0 0) = P 0 

ρg�3L2 

h0 − 
σH3 1 ∂ 0 ∂h

0 
C4(r , t a + r . (2.144) 

µuc µL3uc r0 ∂r0 ∂r0 

After substituting Eq. (2.141) and Eq. (2.144) into Eq. (2.133), we can obtain the 

expression for the unknown coefficient C3(r
0, t0) 

C3(r, t) · (−h0 p) + C4(r, t) = Pa 
0 − Pca 

0 , (2.145) � � 
ρg�3L2 σH3 1 ∂ ∂h0 

+ P 0 h0 − 0 = P 0 0− C3(r, t) · h0 p + r a − pca , (2.146)a µuc µL3uc r ∂r0 ∂r0 � � 
ρg�3L2 h0 σH3 1 1 ∂ ∂h0 P 0 0 0 caC3(r , t0) = − r + . (2.147) 
µuc h0 p µL3uc h0 p r ∂r0 ∂r0 h0 p 

Plugging Eq. (2.142), Eq. (2.144) into Eq. (2.136), we then have the equation to 

determine the final unknown coefficient C2(r
0, t0) � � � ��� 

ρg�3L2 ∂h0 σH3 ∂ 1 ∂ ∂h0 0 · h0− − r 
µuc ∂r0 µL3uc ∂r0 r0 ∂r0 ∂r0 � � � � ���� 

βH κpc ρg�3L2 ∂h0 σH3 ∂ 1 ∂ 0 ∂h
0 

= √ C2 + − r , (2.148)
κ µucL µuc ∂r0 µL3uc ∂r0 r0 ∂r0 ∂r0 

or � � 
∂p0 βH κpc ∂p

0 
− · h0 = √ C2 + , (2.149)

∂r0 κ µucL ∂r0 � √ � 
∂p0 κ�βpc βH − · h0 + = √ C2 , (2.150)
∂r0 µuc κ �√ � 

∂p0 κ κpc0 h0C2(r , t0) = − · + . (2.151)
∂r0 βH µucL 

Thus, we have the tangential velocity in terms of r0 and h0 

0 1 ∂p0 
u = − z 2 + C1 · z + C2 (2.152)

2 ∂r0 � � �√ � 
1 ∂p0 2 ∂p0 ∂p0 κ κpc

h0 h0 = − z + − · z + − + (2.153)
2 ∂r0 ∂r0 ∂r0 βH µucL� �√ �� 
1 κ κpc ∂p0 

= z 02 − h0 z 0 − h0 + . (2.154)
2 βH µucL ∂r0 

We integrate the continuity equation (Eq. (2.102)) with respect to z, 

0Z h0 � � z =h
1 ∂ 
0 (r 0 u 0) dz0 + w = 0 , (2.155) 
r0 ∂r0 z0=0 
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or Z h0 � � 
1 ∂ − w 0 = 
r0 

(r 0 u 0) dz0 − w . (2.156) 
z0=h0 0 ∂r0 z0=0 

We, then, substitute Eq. (2.156) into Eq. (2.106), and rewrite the kinematic boundary 

condition. Z h0 � � 
∂h0 ∂h0 1 ∂ 0 0 
∂t0 

+ u 0|z0=h0 
∂r0 

+ 
0 r0 ∂r0 

(r u 0) dz0 − w = 0 . (2.157) 
z0=0 

According to the Leibniz integral rule, we have �Z � Z h0 � �h0(r0,t0)1 ∂ 1 ∂h0 1 ∂0 0 0 0 0 r u · dz0 = r · u · + (r u 0) dz0 , (2.158) 
r0 ∂r0 0 ∂r0 0 ∂r0r r0 z0=h0 0Z h0 � � 

0 ∂h0 1 ∂ 0 = u · + (r u 0) dz0 . (2.159)
∂r0 r0 ∂r0 z0=h0 0 

Thus, we replace the second and third terms in Eq. (2.157) with left hand side of the 

Eq. (2.158). The kinematic boundary condition can be written as �Z h0(r0,t0) � 
∂h0 1 ∂ 0 0 0+ r u · dz0 − w = 0 , (2.160)
∂t0 r0 ∂r0 0 z0=0 

or � � 
∂h0 1 ∂ 0h0+ r · u 0 − w 0 = 0 . (2.161)
∂t0 r0 ∂r0 z0=0 

The vertically averaged horizontal velocity u0 can be determined by integrating Eq. 

(2.152), Z h0 1 
u 0 = 

h0 
u 0dz0 (2.162) 

0 Z h0 � �√ �� 
1 ∂p0 1 κ κpc 

= 
h0 

z 02 − h0 z 0 − h0 + dz0 (2.163)
∂r0 0 2 βH µucL� √ � 

1 ∂p0 1 κ κpc
h0

3 
h0

2 
h0 = − − − . (2.164)

h0 ∂r0 3 βH µucL 

The absorption velocity w0|z0=0 can be calculated from the continuity condition for 

the normal velocity (Eq. (2.109)) � � 
κ ∂pp0 0 pc ρg 

w = w = − + (2.165)p µ Hwc ∂z0 wcz=0 z0=0 z0=0� � 
κ pc 0 ρg 

= − C3(r , t0) + (2.166) 
µ Hwc wc� � � � � � 
κ pc ρg�3L2 h0 σH3 1 1 ∂ ∂h0 p0 ρg 

= − − r 0 + ca + . (2.167) 
µ Hwc µuc h0 µL3uc h0 r ∂r0 ∂r0 h0 wcp p p 
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After substituting Eq. (2.162) and Eq. (2.165) into Eq. (2.161), we can obtain the 

equation that governs the profile of the droplet ; � � √ �� 
∂h0 1 ∂ ∂p0 1 κ κpc0 h0

3 
h0

2 
h0+ r − − − = 

∂t0 r0 ∂r0 ∂r0 3 βH µucL� � � � � � 
κ pc ρg�3L2 h0 σH3 1 1 ∂ ∂h0 p0 ρg− − r 0 + ca + . (2.168) 
µ Hwc µuc h0 µL3uc h0 r ∂r0 ∂r0 h0 wcp p p 

Then, we let 
µuc 1 

pc = . (2.169)
L �2 

The factors can be rewritten as 

pc µ 1 
= · , (2.170)

Hwc �2 H2 

pc µ 1 
= · . (2.171)

Luc �2 L2 

After plugging above two relations into Eq. (2.168), we can rewrite the final form of 

the droplet profile evolution equation : � � √ �� 
∂h0 1 ∂ ∂p0 1 κ κ0 h0

3 
h0

2 
h0+ r − − − = 0 �2∂t0 r ∂r0 ∂r0 3 βH · L2 � � � �� 

1 1 ∂ ∂h0 − Pm Bo · h0 − r 0 + pca hp 
0 − Pm · Bo , (2.172)

Ca r0 ∂r0 ∂r0 

or (after dropping primes) � � √ �� 
∂h 1 ∂ ∂p 1 κ κ 
+ r − h3 − h2 − h 

∂t r ∂r ∂r 3 βH �2 · L2 � � � � � 0 � 
h 1 1 1 ∂ ∂h pca+ Pm Bo · 1 + − r + = 0 , (2.173)
hp Ca hp r ∂r ∂r hp 

where β is the slip coefficient and the dimensionless groups are defined as follows: 

κ · L2 ρg�3L2 µuc 0 PcaL
2 

Pm ≡ , Bo ≡ , Ca ≡ , and pca ≡ . 
H4 µuc σ�3 σH 

To find out the evolution equation for the wetting front, we start our derivation 

from dimensionless form of the continuity equation inside the porous substrate (Eq. 

(2.122)), 
1 ∂(r0u0 p) ∂wp 

0 
+ = 0 . (2.174) 

r0 ∂r0 ∂z0 
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We integrate Eq. (2.174) with respect to z, Z 0 1 ∂ 0 

(r 0 u 0 p) dz
0 = 0 , (2.175)0 + wp 

−h0 r ∂r0 −h0 pp 

or Z 0 1 ∂0 0 0 wp = (r up) dz
0 + wp . (2.176) 

0 r0 ∂r0 =−h0 −h0 pp 
0=0z z 

After substituting Eq. (2.176) into dimensionless form of kinematic boundary condi-

tion for the wetting front, we rewrite Eq. (2.124), 

∂h0 p ∂h0 p 
Z 0 1 ∂0 0 0 0φ + up + 0 (r up) dz

0 + wp = 0 . (2.177)
∂t0 0 ∂r0 −h0 r ∂r0 z =−h0 z0=0pp 

Similarly, after applying the Leibniz integral rule, we have 

p 

Z 
∂h0 1 ∂ 0 

0 0 0φ p 
+ r u dz0 + w = 0 . (2.178)

∂t0 r0 ∂r0 −h0 
p p 

z0=0 

p 

The tangential velocity inside the porous medium is given by � � 
0 κpc ∂C3 0 ∂C4 

up = − z + (2.179) 
µucL ∂r0 ∂r0 

p 

Then, we can write the vertically averaged horizontal velocity by integrating Eq. 

(2.179) Z 0 Z 0 � � � � 
κpc ∂C3 ∂C40 0 0 r up dz

0 = r − · z + dz0 (2.180) 
−h0 −h0 µucL ∂r0 ∂r � � 0

κpc 1 ∂C3 ∂C40 02 0 = − · r z + z (2.181) 
µucL 2 ∂r0 ∂r0 

p−h� 
0 

κpc 0 1 ∂C3 2 ∂C4 
= − · r − h0 + h0 (2.182) 

µucL 2 ∂r0 p ∂r0 p 

After substituting Eq. (2.165) and Eq. (2.180) into Eq. (2.177), we determine the 

evolution equation of the wetting front � � �� 
∂h0 p κ 1 ∂ 0 1 ∂C3 2 ∂C4

h0 h0φ − r − + = 
L2 0∂t0 · �2 r ∂r0 2 ∂r0 p ∂r0 p � � � � � � 

κ pc ρg�3L2 h0 σH3 1 1 ∂ ∂h0 p0 ρg− r 0 + ca + , (2.183) 
µ Hwc µuc h0 µL3uc h0 r ∂r0 ∂r0 h0 wcp p p 

� 
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or (after dropping primes) � � �� 
∂hp Pm · �2 1 ∂ 1 ∂C3 2 ∂C4− r − hp + hp = 
∂t φ r ∂r 2 ∂r ∂r � � � � � � 

Pm h 1 1 1 ∂ ∂h p0 
Bo · 1 + − r + ca , (2.184)

φ hp Ca hp r ∂r ∂r hp 

where � � 
p0 h 1 1 1 ∂ ∂h 

C3(r, t) = ca + Bo · − r , (2.185)
hp hp Ca hp r ∂r ∂r � � 

1 1 ∂ ∂h 
C4(r, t) = Pa + Bo · h − r . (2.186)

Ca r ∂r ∂r 

Eq. (2.173) and Eq. (2.184) are two coupled lubrication equations describing both 

the droplet profile and wetting front. 
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2.3 Mathematical Formulation (Power-Law Droplet) 

An important type of non-Newtonian fluids is the so-called power-law fluids fol-

lowing the Ostwaldde Waele relation. The power-law dependence of viscosity µ on 

the deformation rate γ̇ is given by 

µ(γ̇) = µ0|γ̇ |n−1 , (2.187) 

τij = µSij , (2.188) 

Here, µ0 is the zero-shear-rate viscosity, and n is the power-law exponent (n = 1 

corresponds to a Newtonian liquid). The shear rate γ̇ in Eq. (2.187) is defined using 

this the rate-of-deformation tensor S 

S = r~u + r~u T , (2.189) r 
1 

γ̇ = (S : S) . (2.190)
2 

The components of rate-of-deformation tensor are give by 

∂u u 
Srr = 2 , Sθθ = 2 , (2.191)

∂r r 

� � 
∂w ∂u ∂w 

Srz = Szr = + , Szz = 2 . (2.192)
∂r ∂z ∂z 

In this section, steps of the derivation for the evolution equations are similar to those 

in the previous section except using the rate-dependent viscosity in the derivation. 

2.3.1 Spreading Over a Solid Substrate 

We start from the continuity and Cauchy momentum equations in a cylindrical 

coordinate: 
1 ∂ ∂w 

(ru) + = 0 , (2.193) 
r ∂r ∂z � � � � 

∂u ∂u ∂u ∂p 1 ∂ ∂ τθθ 
ρ + u + w = − + (rτrr) + τzr − , (2.194)

∂t ∂r ∂z ∂r r ∂r ∂z r 
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� � � � 
∂w ∂w ∂w ∂p 1 ∂ ∂ 

ρ + u + w = − + (rτrz) + τzz − ρg . (2.195)
∂t ∂r ∂z ∂z r ∂r ∂z 

After substituting Eq. (2.187), Eq. (2.191), and Eq. (2.192) into the momentum 

equations, we can write the r-direction momentum equation as � � � � � �� � 
∂u ∂u ∂u ∂p 1 ∂ ∂u ∂ ∂w ∂u µu

ρ +u +w = − + (r·2µ )+ µ + −2 , (2.196)
2∂t ∂r ∂z ∂r r ∂r ∂r ∂z ∂r ∂z r 

or � � 
∂u ∂u ∂u 

ρ + u + w 
∂t ∂r ∂z �� �� � � 
∂p 2µ ∂u ∂µ ∂u ∂2u ∂µ ∂w ∂u ∂2w ∂2u µu 

= − + +2 +2µ + + + µ + − 2 . 
∂r r ∂r ∂r ∂r ∂r2 ∂z ∂r ∂z ∂r∂z ∂z2 r2 

(2.197) 

Similarly, we can write the z-direction momentum equation as � � � � �� � � 
∂w ∂w ∂w ∂p 1 ∂ ∂w ∂u ∂ ∂w 

ρ +u +w = − + r·µ + + µ·2 −ρg , (2.198)
∂t ∂r ∂z ∂z r ∂r ∂r ∂z ∂z ∂z 

or � � 
∂w ∂w ∂w 

ρ + u + w 
∂t ∂r ∂z � � � � � � 
∂p µ ∂w ∂u ∂µ ∂w ∂u ∂2w ∂2u ∂µ ∂w ∂2w 

= − + + + + +µ + +2 +2µ −ρg . 
∂z r ∂r ∂z ∂r ∂r ∂z ∂r2 ∂r∂z ∂z ∂z ∂z2 

(2.199) 

At surface of the substrate, the no-slip and no-penetration boundary conditions are 

given by 

u = w = 0 . (2.200) 
z=0 z=0 

At the liquid-gas surface (z = h), the kinematic and traction boundary conditions 

(normal and shear stress balance conditions) are applied to enforce no mass transfer 

across the free surface h(r, t). The kinematic boundary condition is given by 

1 ∂F 
~u · ~n = − . (2.201)

|rF | ∂t 

The normal stress balance condition is given by 

P − Pa − 2µ(S · ~n · ~n) = σ(r · ~n) . (2.202) 
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The shear stress balance condition is given by 

2µ(S · ~n · ~ti) − (rsσ) · ~ti = 0 . (2.203) 

The definition of F and the steps of simplification are documented in section 2.1. The 

kinematic boundary condition in terms of the profile of a droplet is written as 

∂h ∂h 
+ u − w = 0 . (2.204)

∂t ∂r z=0 z=0 

~After substituting expressions for normal vector ~n and tangential vector ti and fol-

lowing the same idea, we can rewrite Eq. (2.202) and Eq. (2.203) � � �2 � � � 
2µ ∂u ∂h ∂h ∂u ∂w ∂w 

P − Pa − − + + 
(∂h 1 + )2 ∂r ∂r ∂r ∂z ∂r ∂z 
∂r � � ∂h � � �� 

1 ∂ r ∂ 1 
= σ − q ∂r + q , (2.205) 

r ∂r ∂z 1 + (∂h )2 1 + (∂h )2 
∂r ∂r � � � � �� �2 � 

∂u ∂h 1 ∂u ∂w 1 ∂u ∂w ∂h ∂w ∂h − + + − + + = 0 . (2.206)
∂r ∂r 2 ∂z ∂r 2 ∂z ∂r ∂r ∂z ∂r 

The continuity equation, the Cauchy momentum equations and all boundary condi-

tions are made dimensionless by the following relations 

u ≡ uc · u 0, h ≡ H · h0 , r ≡ L · r 0 , p ≡ pc · p 0 � � 
L 

w ≡ wc · w 0 , z ≡ H · z 0, t ≡ t0 
uc 

Here, the variables with primes denotes the dimensionless ones. The dimensionless 

form of Eq. (2.193) is 

1 ∂(L · r0 · uc · u0) ∂(wc · w0)
+ = 0 , (2.207)

L · r0 L∂r0 H∂z0 

uc 1 ∂(r0u0) wc ∂w
0 

+ = 0 . (2.208)0 ∂z0L r ∂r0 H 

From the continuity condition, we should enforce 

uc wc 
= , (2.209)

L H 



--------

36 

or 
H wc

� ≡ = � 1 . (2.210)
L uc 

The r-direction momentum equation is written as � � 
uc ∂u0 0 uc ∂u

0
0 uc ∂u

0 
ρ + ucu + wcw 

L/uc ∂t0 L ∂r0 H ∂z0 
0 0 0 0pc ∂p

0 µ0uc 2µ ∂u0 µ0uc ∂µ
0 ∂u0 µ0uc ∂2u µ0uc µ u 

= − + + 2 + 2 µ 0 − 2 
L2 0 L2 L2 L2 02L ∂r0 r ∂r0 ∂r0 ∂r0 ∂r02 r�� �� � 0 0 � 

µ0 ∂µ
0 wc ∂w

0 uc ∂u
0 wc ∂2w uc ∂

2u 
+ + + µ0µ 0 + , (2.211)

H ∂z0 L ∂r0 H ∂z0 LH ∂r0∂z0 H2 ∂z02 

or 

∂u0 ∂u0∂u0 0 0+ u + w 
∂t0 ∂r0 ∂z0 � �0 ∂2 0 0pc ∂p

0 µ0 µ ∂u0 ∂µ0 ∂u0 0 u µ u 
= − + 2 + + µ − 

ρu2 
c ∂r

0 ρucL r0 ∂r0 ∂r0 ∂r0 ∂r02 r02 �� �� � � 
∂µ0 ∂w0 ∂2 0 ∂2u0∂u0 wµ0 µ0L 0 µ0 µ0L 

+ + +µ + . 
∂z0 ρucL ∂r0 ρucH2 ∂z0 ρucL ∂r0∂z0 ρucH2 ∂z02 

(2.212) 

The z-direction momentum equation is written as � � 
wc ∂w0 ucwc ∂w0 w2 ∂w0 0 c 0ρ + u + w 

L/uc ∂t0 L ∂r0 H ∂z0 

0 � � � � 
pc ∂p

0 µ0 µ wc ∂w
0 uc ∂u

0 µ0 ∂µ
0 wc ∂w

0 uc ∂u
0 

= − + + + + 
H ∂z0 L r0 L ∂r0 H ∂z0 L ∂r0 L ∂r0 H ∂z0 � � 

∂2 0 ∂2 0 ∂2 
0 wc w uc u µ0wc ∂µ

0 ∂w0 µ0wc 0 w 
+ µ0µ + + 2 + 2 µ − ρg ,

L2 ∂r02 LH ∂r0∂z0 H2 ∂z0 ∂z0 H2 ∂z2 

(2.213) 

or 

∂w0 ∂w0∂w0 0 0+ u + w 
∂t0 ∂r0 ∂z0� � � � 

pcL ∂p0 µ0 µ0 ∂w0 µ0 ∂u0 ∂µ0 µ0 ∂w0 µ0 ∂u0 
= − + + + + 

ρu2 
c �H ∂z0 r0 ρucL ∂r0 ρuc�H ∂z0 ∂r0 ρucL ∂r0 ρuc�H ∂z0 � � 

∂2 0 ∂2 0 ∂2 
0 µ0 w µ0 u µ0L ∂µ0 ∂w0 µ0L 0 w gL 

+ µ + +2 +2 µ − . 
ρucL ∂r02 ρucH� ∂r0∂z0 ρucH2 ∂z0 ∂z0 ρucH2 ∂z2 �u2 

c 

(2.214) 
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After defining Re ≡ ρucL/µ0 and pc = µ0uc/(L�
2), we can rewrite Eq. (2.212) and 

Eq. (2.214) as 

∂u0 ∂u0∂u0 0 0+ u + w 
∂t0 ∂r0 ∂z0 � �0 ∂2 0 01 1 ∂p0 2 µ ∂u0 ∂µ0 ∂u0 0 u µ u 

= − + + + µ − 
Re �2 ∂r0 Re r0 ∂r0 ∂r0 ∂r0 ∂r02 �� �� � 

r02 

0 0 � 
1 1 ∂µ0 ∂w0 ∂u0 1 1 ∂2w ∂2u 

�2 0 �2+ + + µ + ,
Re �2 ∂z0 ∂r0 ∂z0 Re �2 ∂r0∂z0 ∂z02 

(2.215) 

∂w0 0 ∂w
0

0 ∂w
0 

+ u + w 
∂t0 ∂r0 ∂z0 

0 � � � � 
1 1 ∂p0 1 1 µ ∂w0 ∂u0 1 1 ∂µ0 ∂w0 ∂u0 

�2 �2 = − + + + + 
�4 �2 0 �2Re ∂z0 Re r ∂r0 ∂z0 Re ∂r0 ∂r0 ∂z0 � � 
1 1 ∂2w0 ∂2u0 2 1 ∂µ0 ∂w0 2 1 ∂2w gL0 �2 0+ µ + + + µ − . 
Re �2 ∂r02 ∂r0∂z0 Re �2 ∂z0 ∂z0 Re �2 ∂z2 �u2 

c 

(2.216) 

We multiply Eq. (2.215) by Re · �2 and Eq. (2.216) by Re · �4 

� � 
∂u0 0 ∂u

0
0 ∂u

0 
Re · �2 + u + w 

∂t0 ∂r0 ∂z0 � �0 ∂2 0 0∂p0 µ ∂u0 ∂µ0 ∂u0 0 u µ u 
= − + 2�2 

0 + + µ − 02∂r0 r ∂r0 ∂r0 ∂r0 ∂r02 r�� �� � 0 0 � 
∂µ0 ∂w0 ∂u0 ∂2w ∂2u 

�2 0 �2+ + + µ + (2.217)
∂z0 ∂r0 ∂z0 ∂r0∂z0 ∂z02 

� � 
∂w0 ∂w0∂w0 0 0Re · �4 + u + w 

∂t0 ∂r0 ∂z0 � � � � 
∂p0 0 ∂u0 ∂w0∂w0 ∂µ0 ∂u0 

+ �2 µ �2 = − �2 + + �2 + 
∂z0 r0 ∂r0 ∂z0 ∂r0 ∂r0 ∂z0 � 0 0 � 

∂2w ∂2u ∂µ0 ∂w0 ∂2w ρgL2�3 

+ �2 0 + �2 0 µ �2 + + �2 µ − (2.218)
∂r02 ∂r0∂z0 ∂z0 ∂z0 ∂z2 µ0uc 

We can write down Eq. (2.197) and Eq. (2.218) to the leading order approximation 

∂p0 ∂µ0 ∂u0 0 ∂
2u : 0 

0 = − + + µ 
0 
+

�
O�(Re��· ��2, � �2 

� 
) , (2.219)

∂r0 ∂z0 ∂z0 ∂z02 
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: 0∂p0 ρg�3L2 

��������� 
0 = − − + O(Re · �4, �4, �2) , (2.220)

∂z0 µ0uc 

1 ∂ ∂w0 
(r 0 u 0) + = 0 , (2.221) 

r0 ∂r0 ∂z0 

where 

µ 0 = |γ̇ |n−1 . (2.222) 

In the next step, we substitute Eq. (2.191) and Eq. (2.192) into Eq. (2.190), then 

into Eq. (2.187) to find the dominant rate-of-deformation term in viscosity: 

2uc ∂u
0 2uc u

0 
Srr = , Sθθ = 0 , (2.223)

L ∂r0 L r � � 
wc ∂w

0 uc ∂u
0 2wc ∂w

0 
Srz = Szr = + , Szz = , (2.224)

L ∂r0 H ∂z0 H ∂z0 

� � � � �
2 �2 2 �2 2 0 �2

1 u ∂u0 w ∂w0 u uc c cγ̇ = 4 + 4 + 4 
2 L2 ∂r0 H2 ∂z0 L2 r0 �2 � ��1/22 � 

2 �2 
u ∂u0 ∂u0 ∂w0 w ∂w0 c ucwc c+ 2 + 4 + 2 ,
H2 ∂z0 LH ∂z0 ∂r0 L2 ∂r0 

� � � � �
2 �2 �2 0 �2

1 u ∂u0 ∂w0 u 
= c 4 + 4 + 4 

2 L2 ∂z0 0∂r0 r � �2 � �2��1/2
2 ∂u0 ∂u0 ∂w0 ∂w0 

+ 
�2 

+ 4 + 2�2 . (2.225)
∂z0 ∂z0 ∂r0 ∂r0 

Eq. (2.225) to the leading order approximation is given by � � � ��1/22 �2 
�1 uc 2 ∂u0 : 0 

γ̇ = +�O�(1�, ��2) (2.226)
2 L2 �2 ∂z0 

uc ∂u
0 

≈ . (2.227)
H ∂z0 

Therefore, � �n−1 
0 ∂u0 

µ = m . (2.228)
∂z0 

Here, the characteristic deformation rate m is defined by 

uc 
m ≡ (2.229)

H 
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Thus, we summarize the dimensionless forms of the boundary conditions : 

(i)The no slip and no penetration at the surface of the substrate (z = 0) 

u 0 = w 0 = 0 (2.230) 
z0=0 z0=0 

(ii)The kinematic boundary condition at the liquid-gas interface (z = h) 

∂h0 ∂h0 
+ u 0 − w 0 = 0 (2.231)

∂t0 ∂r0 z0=h0 z0=h0 

(iii)The normal stress balance condition at the liquid-gas interface (z = h) � � 
σH3 1 ∂ ∂h0 

p 0 − Pa 
0 = − r 0 (2.232) 

µ0ucL3 r0 ∂r0 ∂r0 

(iv)The shear stress balance condition at the liquid-gas interface (z = h) 

∂u0 
µ 0 = 0 (2.233)
∂z0 

The system of dimensionless governing equations is rewritten as (after dropping 

primes), 
∂p ∂µ ∂u ∂2u − + + µ = 0 , (2.234)
∂r ∂z ∂z ∂z2 

∂p ρg�3L2 

+ = 0 , (2.235)
∂z µ0uc 

1 ∂ ∂w 
(ru) + = 0 , (2.236) 

r ∂r ∂z 

with boundary conditions 

u = w = 0 , (2.237) 
z=0 z=0 

∂h ∂h 
+ u − w = 0 , (2.238)

∂t ∂r z=h z=h � � 
σH3 1 ∂ ∂h 

p − Pa = − r , (2.239) 
z=h µ0ucL3 r ∂r ∂r 

∂u 
µ = 0 . (2.240)
∂z z=h 

The derivation for pressure p is exactly the same as that in section 2.4.1. One can 

follow the steps described there to obtain the expression for p � � �� 
�3L2ρg σH3 1 ∂ ∂h 

p(r, z, t) = Pa + · (h − z) − r . (2.241) 
µuc µ0ucL3 r ∂r ∂r 
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Eq. (2.234) can be rewritten as � � 
∂p ∂ ∂u − + µ = 0 . (2.242)
∂r ∂z ∂z 

We integrate Eq. (2.242) over z, 

∂u ∂p 
µ = z + g(r) . (2.243)
∂z ∂r 

After applying the boundary condition (Eq. (2.237)), we can determine the unknown 

coefficient, 
∂u ∂p 

µ = h + g(r) = 0 , (2.244)
∂z ∂r z=h 

∂p 
g(r) = − h . (2.245)

∂r 

By substituting Eq. (2.245) and Eq. (2.228) into Eq. (2.243), we can compute the z 

derivative of the horizontal velocity, � �n−1
∂u ∂u ∂p 

m = − (h − z) , (2.246)
∂z ∂z ∂r 

or � �n−1 1/n−1
∂u 1 ∂p ∂p · (h − z)1/n= − . (2.247)
∂z m ∂r ∂r 

Therefore, tangential velocity u(r, z, t) can be obtained by integrating Eq. (2.247) 

over z: � �n−1 1/n−1 
n 1 ∂p ∂p · (h − z)1/n+1 u(r, z, t) = + u0(r, t) . (2.248)

1 + n m ∂r ∂r 

After applying no slip boundary condition to Eq. (2.248), we can determine the 

integration constant, � �n−1 1/n−1 
n 1 ∂p ∂p · h1/n+1 u0(r, t) = − . (2.249)

1 + n m ∂r ∂r 

Thus, the tangential velocity is given by � � � �n−1 1/n−1 
n 1 ∂p ∂p 

(h − z)1/n+1 − h1/n+1 u = · (2.250)
1 + n m ∂r ∂r 
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The vertically averaged horizontal velocity u is determined by integrating Eq. (2.250) �Z h � 
1 

u = u dz (2.251)
h 0 � �n−1 1/n−1 Z h � � 
1 n 1 ∂p ∂p 

(h − z)1/n+1 − h1/n+1 = · dz (2.252)
h 1 + n m ∂r ∂r � �n−1 1/n−1

0 

n 1 ∂p ∂p · h1/n+1 = − . (2.253)
1 + 2n m ∂r ∂r 

After following the same steps as those in section 2.4.1 from Eq. (2.87) to Eq. (2.92), 

we can obtain the lubrication equation, �Z h(r,t) � 
∂h 1 ∂ 
+ ru · dz = 0 , (2.254)

∂t r ∂r 0 

or � � 
∂h 1 ∂ 
+ rh · u = 0 . (2.255)

∂t r ∂r 

By substituting Eq. (2.251) into Eq. (2.255), we can have the final form of lubrication 

equation, � � � �n−1 1/n−1
∂h n 1 1 ∂ ∂p ∂p 1+2n 
− r · h n = 0 , (2.256)

∂t 1 + 2n m r ∂r ∂r ∂r 

where � � �� 
∂p ∂h 1 ∂ 1 ∂ ∂h 
= Bo · − r . 

∂r ∂r Ca ∂r r ∂r ∂r 

uc µ0uc ρg�3L2 

m ≡ , Ca ≡ , and Bo ≡ 
H σ�3 µ0uc 

By substituting n = 1 into Eq. (2.256), we can verify Eq. (2.256) is the same as Eq. 

2.95 in section 2.4.1 for the Newtonian case. 
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2.3.2 Spreading Over a Porous Substrate with the Beavers and Joseph 

Condition 

The mathematical model for a power-law droplet spreading over a porous substrate 

is investigated in this section. The surface of porous substrate is assumed to be 

perfectly smooth. The Beavers and Joseph boundary condition has been implemented 

in our derivation to have a more realistic and accurate model. 

For flow above the surface of substrate, we start from dimensionless governing 

equations and boundary conditions we obtained in section 2.3.1. Note that the vari-

ables with subscript “p” denote the variables in the porous media and the variables 

with primes denote the dimensionless variables. 

∂p0 ∂µ0 ∂u0 ∂2u0 − + + µ 0 = 0 , (2.257)
∂r0 ∂z0 ∂z0 ∂z02 

∂p0 ρg�3L2 

+ = 0 , (2.258)
∂z0 µ0uc 

1 ∂ 0 ∂w0 
(r u 0) + = 0 , (2.259) 

r0 ∂r0 ∂z0 

with the boundary conditions at the liquid-gas interface 

∂h0 ∂h0 0 0+ u − w = 0 ,
∂t0 0 ∂r0 0z =h0 z =h0 

(2.260) 

� � 
σH3 1 ∂ ∂h0 0 0 p − P 0 = − r ,a L3 0 

0 µ0uc r ∂r0 ∂r0 z =h0 
(2.261) 

∂u0 0 µ 
∂z0 0

= 0 . (2.262) 
z =h0 

The continuity conditions connecting flow above the surface and inside the substrate 

are given by 

w 0 = wp 
0 , (2.263) 

z0=0 z0=0 

p 0 = pp 
0 , (2.264) 

z0=0 z0=0 

du0 β · H 0 = √ (u 0|z0=0 − up|z0=0) , (2.265)
dz0 κ z0=0 
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where β is the slip coefficient and κ is the permeability of the porous substrate. 

By recognizing that there is a wetting front separating the saturated domain from 

unsaturated porous medium, we can write down a pressure-jump boundary condition 

at that boundary (z = −hp), 

pp|z=−hp = Pa − Pca . (2.266) 

For a power-law liquid inside the porous substrate, we assume that the flow is governed 

by the continuity equation and the modified Darcy’s law, 

1 ∂ ∂wp
(rup) + = 0 , (2.267) 

r ∂r ∂z � �1/n� 1/n−1� 
κ ∂pp ∂pp

up = − , (2.268) 
µ0 ∂r ∂r � �1/n� 1/n−1 � 

κ ∂pp ∂pp
wp = − + ρg . (2.269) 

µ0 ∂z ∂z 

After substituting Eq. (2.268) and Eq. (2.269) into Eq. (2.267), we make Eq. 

(2.267) dimensionless by using the following relations, 

0 h ≡ H · h0 0 0 u ≡ uc · u , , r ≡ L · r , p ≡ pc · p , pc = µ0uc/(L�
2), � � 

L0 0 0 w ≡ wc · w , z ≡ H · z , and t ≡ t . 
uc 

Thus, the continuity equation in dimensionless form is given by � � � �1/n−1 1/n−1 

�1+1/n 1 ∂ 0 ∂pp 
0 ∂pp 

0 ∂ ∂pp 
0 ∂pp 

0 

0 r + = 0 . (2.270) 
r ∂r0 ∂r0 ∂r0 ∂z0 ∂z0 ∂z0 

Eq. (2.270) to the leading order approximation is written as � �1/n−1∂p0 : 0∂ ∂p0 �p p O(�1+1/n) = 0 .+����� 
(2.271)

∂z0 ∂z0 ∂z0 

We integrate Eq. (2.271) over z, 

1/n−1∂p0 p ∂pp 
0

0 = C1(r , t0) . (2.272)
∂z0 ∂z0 
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Therefore, the z derivative of the pressure for flow inside the porous substrate is given 

by 
n−1∂p0 p 0 0 = C1(r , t0) C1(r , t0) . (2.273)

∂z0 

We compute the pressure p0 p by integrating Eq (2.273) over z, 

n−1 
0 0 0 0 0 pp = C1(r , t0) C1(r , t0) · z + C2(r , t0) . (2.274) 

The unknown coefficient C2(r
0, t0) can be determined by applying the continuity equa-

tion for the pressure (Eq. (2.264)), 

C2(r 0, t0) = p 0 (2.275) 
z=0 � � 

ρgL2�3 σH3 1 ∂ ∂h0 
= h0 − 0 r , (2.276) 

µ0uc µ0L3uc r ∂r0 ∂r0 

where the ambient pressure Pa 
0 is set to be zero. The unknown coefficient C1(r

0, t0) is 

computed by applying the pressure-jump boundary condition at the wetting front. 

n−1 

C1(r 0, t0) C1(r 0, t0) (−hp 
0 ) � � 
ρgL2�3 σH3 1 ∂ ∂h0 

+ Pa 
0 + h0 − r = Pa 

0 − Pca 
0 , (2.277)0 ∂r0µ0uc µ0L3uc r ∂r0 

n−1 0 � � 
0 0 ρgL2�3 h0 σH3 1 1 ∂ ∂h0 Pca 

0 
C1(r , t0) C1(r , t0) = − r + . (2.278) 

µ0uc hp 
0 µ0L3uc r0 h0 p ∂r

0 ∂r0 h0 p 

After substituting Eq. (2.275) and Eq. (2.278) into Eq. (2.274), we obtain the 

expression for pressure, � � � � 
0 ρgL2�3 h0 σH3 1 1 ∂ ∂h0 Pca 

0 
pp = − r + · z 

µ0uc h0 µ0L3uc r0 h0 ∂r0 ∂r0 h0 p p p � � 
ρgL2�3 σH3 1 ∂ ∂h0 

+ h0 − r . (2.279) 
µ0uc µ0L3uc r0 ∂r0 ∂r0 

Because we already had the dimensionless expression for the pressure field inside the 

substrate pp, the tangential and vertical velocities inside the medium, up and wp, can 

be computed by applying the pressure to the modified Darcy’s law, � �1/n� �1/n−1 
0 κpc ∂pp 

0 ∂pp 
0 

u = − , (2.280)p µ0uc
nL ∂r0 ∂r0 
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� �1/n� 1/n−1 � 
1 κpc ∂p0 p ∂pp 

0 ρgL2/n�3/n 

wp 
0 = − + . (2.281)

1/n 1/nwc µ0H ∂z0 ∂z0 µ0 uc 

The pressure gradient in the r-direction at surface of the substrate is given by 

∂p0 ∂C2p 
= (2.282)

∂r0 ∂r0 z0=0 � � �� 
ρgL2�3 ∂h0 σH3 ∂ 1 ∂ ∂h0 

= − r . (2.283) 
µ0uc ∂r0 µ0L3uc ∂r0 r0 ∂r0 ∂r0 

The pressure gradient in the z-direction at surface of the substrate is given by 

n−1∂p0 p 0 0 = C1(r , t0) C1(r , t0) (2.284)
∂z0 z0=0 

ρgL2�3 h0 0 σH3 1 1 ∂ 
� 

∂h0 
� 

pca 
0 

= − r + . (2.285)
h0 0 h0 h0µ0uc p µ0L3uc r p ∂r

0 ∂r0 p 

Thus, we have the tangential and the normal velocities at the surface of the porous 

medium, � �1/n�� � � ��� 
0 κpc ρgL2�3 ∂h0 σH3 ∂ 1 ∂ ∂h0 

u = − − r ×p µ0uc
nL µ0uc ∂r0 µ0L3uc ∂r0 r0 ∂r0 ∂r0 z0=0 � � �� 1/n−1� 

ρgL2�3 ∂h0 σH3 ∂ 1 ∂ ∂h0 − 0 r , (2.286) 
µ0uc ∂r0 µ0L3uc ∂r0 r ∂r0 ∂r0 

� �1/n�� � � � 
0 κpc ρgL2�3 h0 σH3 1 1 ∂ ∂h0 Pca 

0 
w = − − r + ×p µ0wnH µuc h0 µL3uc r0 h0 ∂r0 ∂r0 h0 z0=0 c p p p 

0 � � 1/n−1 � 
ρgL2�3 h0 σH3 1 1 ∂ ∂h0 P 0 ρgL2/n�3/n 

− r + ca + . (2.287)
h0 0 h0 h0 1/n 1/nµuc p µL3uc r p ∂r

0 ∂r0 p µ uc0 

We can follow the same steps as those in section 2.2 to obtain the expression for p, � � �� 
0 �3L2ρg σH3 

0 ∂ 0 ∂h
0 

p 0(r , t0) = · (h0 − z 0) − 
L3 

r r . (2.288) 
µ0uc µ0uc ∂r0 ∂r0 

To find out the flow field inside the droplet, we start from Eq. (2.257) � � 
∂p0 ∂ ∂u0 − + µ 0 = 0 . (2.289)
∂r0 ∂z0 ∂z0 

We integrate Eq. (2.289) over z, 

0 ∂u
0 ∂p0 0 µ = z + g(r 0) . (2.290)

∂z0 ∂r0 
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After applying boundary condition (Eq. (2.262)) to Eq. (2.290), we determine the 

unknown coefficient, 

0 ∂u
0 ∂p0 

µ = h0 + g(r 0) = 0 , (2.291)
∂z0 ∂r0 0=h0z 

∂p0 
g(r 0) = − h0 . (2.292)

∂r0 

By substituting expression for viscosity (Eq. (2.228)) and Eq. (2.292) into Eq. 

(2.290), we rewrite Eq. (2.290), � �n−1
∂u0 ∂u0 ∂p0 

m = − (h0 − z 0) . (2.293)
∂z0 ∂z0 ∂r0 

Thus, we compute the z derivative of the horizontal velocity, � �n−1 1/n−1
∂u0 1 ∂p0 ∂p0 0)1/n= − · (h0 − z . (2.294)
∂z0 m ∂r0 ∂r0 

The tangential velocity u(r, z, t) is determined by integrating Eq. (2.294) over z, � �n−1 1/n−1 

u 0(r 0 , z 0, t0) = 
n 1 ∂p0 ∂p0 · (h0 − z 0)1/n+1 + u0(r 0, t0) . (2.295)

1 + n m ∂r0 ∂r0 

The shear rate and horizontal velocity at the surface of the substrate are determined 

based on Eq. (2.295) � �n−1 1/n−1
∂u0 1 ∂p0 ∂p0 · h01/n= − , (2.296)
∂z0 m ∂r0 ∂r0 z0=0 � �n−1 1/n−1 

0 n 1 ∂p0 ∂p0 · h01/n+1 0 u = + u0(r , t0) . (2.297)
1 + n m ∂r0 ∂r0 z0=0 

The unknown coefficient u0(r
0, t0) is determined by the Beavers and Joseph boundary 

conditions at the fluid-porous medium interface. By substituting Eq. (2.286), Eq. 

(2.296), and Eq. (2.297) into Eq. (2.265), the equation is written as (� � � �n−1 1/n−1 n−1 1/n−1
1 ∂p0 ∂p0 β · H n 1 ∂p0 ∂p0 · h01/n · h01/n+1− = √ 
m ∂r0 ∂r0 κ 1 + n m ∂r0 ∂r0 �)� �1/n� 1/n−1

κpc ∂p0 ∂p0 
+ u0(r 0, t0) + . (2.298) 

µ0uc
nL ∂r0 ∂r0 
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Thus, the unknown coefficient is given by 

u0(r 0, t0) 
1/n−1� � �n−1 √ � �n−1 � �1/n� 

∂p0 ∂p0 n 1 κ 1 κ 
h01/n+1 h01/n= − + + . 

H2 n−1∂r0 ∂r0 1 + n m β · H m uc 

(2.299) 

By substituting Eq. (2.299) into Eq. (2.295), we obtain the horizontal velocity, � � �1/n−1 n−1
∂p0 ∂p0 n 10 0 0)1/n+1 u 0(r , z , t0) = − − · (h0 − z 
∂r0 ∂r0 1 + n m � �n−1 √ � �n−1 � �1/n� 

n 1 κ 1 κ 
h01/n+1 h01/n+ + . (2.300)

H2 n−11 + n m β · H m uc 

0To form the lubrication equation, we need to determine the vertical velocity w0|z =h0 

at the free surface in Eq. (2.260). By integrating the continuity equation over z, the 

vertical velocity is determined, Z h0 � � 
1 ∂ 0)− w 0 = (r 0 u dz0 − w . (2.301) 
r0 ∂r0 z0=h0 0 z0=0 

After substituting the vertical velocity into the kinematic boundary condition and 

applying Leibniz integral rule to the kinematic boundary condition, we can rewrite 

Eq. (2.260), �Z h0(r ,t0) � 
∂h0 1 ∂ 

0 

0 0 0+ r u · dz0 − w = 0 , (2.302)
∂t0 r0 ∂r0 0 z0=0 

or � � 
∂h0 1 ∂ 0 00h0+ r u − w = 0 . (2.303)
∂t0 r0 ∂r0 z0=0 
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Here, the vertically averaged horizontal velocity is given by Z h0(r0,t0) 
u 0 =

1 
u 0 · dz0 (2.304)

h0 0 
1/n−1 Z h0(r0,t0) � � �n−1

1 ∂p0 ∂p0 n 1 0)1/n+1 = − − · (h0 − z 
h0 ∂r0 ∂r0 0 1 + n m � �n−1 √ � �n−1 � �1/n� 
n 1 κ 1 κ 

h01/n+1 h01/n+ + + dz0 
�2L2 n−11 + n m β · H m uc� � �1/n−1 n−1

1 ∂p0 ∂p0 n2 1 · h01/n+2 = − − 
h0 ∂r0 ∂r0 (1 + n)(1 + 2n) m � �n−1 √ � �n−1 � �1/n � 
n 1 κ 1 κ 

h01/n+2 h01/n+1 h0+ + + 
n−1 

. (2.305)
1 + n m β · H m �2L2uc 

After substituting Eq. (2.305) and Eq. (2.287) into Eq. (2.303), we have the final 

form of lubrication equation, ( )
1/n−1

∂h0 1 ∂ 0 ∂p
0 ∂p0 

+ r W 
∂t0 r0 ∂r0 ∂r0 ∂r0 � �1/n�� � � � 

κ ρgL2�3 h0 σH3 1 1 ∂ ∂h0 p0 
= − − r 0 + ca 

�n+3L2un−1 r0 ∂r0 h0h0 µ0L3 h0 ∂r0 c µ0uc p uc p p� � � 
h0 0 1/n−1

ρgL2�3 σH3 1 1 ∂ 0 ∂h
0 pca ρgL2/n�3/n 

− r + + , (2.306)
1/n 1/nµ0uc h0 µ0L3uc r0 h0 ∂r0 ∂r0 h0 p p p µ uc0 

or (after dropping primes) ( ) �� � � �1/n−1
∂h 1 ∂ ∂p ∂p h 1 1 1 ∂ ∂h p0 ca+ r W = −Pm1/n Bo − r + 
∂t r ∂r ∂r ∂r hp Ca r hp ∂r ∂r hp � � �0 1/n−1

h 1 1 1 ∂ ∂h p× Bo − r + ca + BoP , (2.307)
hp Ca r hp ∂r ∂r hp 

where � 
2 � �n−1 

n 1 · h01/n+2W ≡ 
(1 + n)(1 + 2n) m � �n−1 √ � �n−1 � �1/n � 
n 1 κ 1 κ 

h1/n+2 − h1/n+1 −− h , (2.308)
1 + n m β · H m �2L2uc

n−1 
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� � �� 
∂p ∂p 1 ∂ ∂ ∂h 
= Bo · − r r , (2.309)

∂r ∂r Ca ∂r ∂r ∂r 

κ µuc ρgL2�3 ρgL2/n�3/n 

Pm ≡ , Ca ≡ , Bo ≡ , BoP ≡ ,
�n+3L2un−1 1/n 1/n 

c σ�3 µ0uc µ0 uc 

L2 
0 Pca

and p ≡ .ca σH 

We can quickly verify that Eq. (2.307), Eq. (2.308), and Eq. (2.309) are exactly the 

same as Eq. (2.173) for the Newtonian fluid (n = 1). 

For the evolution equation of wetting front, we follow the same steps as those 

in Section 2.2.2 from Eq (2.174) to Eq. (2.178) to rewrite the kinematic boundary 

condition for the wetting front, 

∂h0 p 1 ∂ � 0h0 0 � 0φ + r + w = 0 (2.310)pup p∂t0 r0 ∂r0 z0=0 

To find the expression for the vertically averaged tangential velocity up 
0 , we need to 

determine the pressure gradient inside the porous medium first. The pressure is given 

by � � � � � � 
h0 0 

0 1 1 1 ∂ 0 ∂h
0 pca 1 1 ∂ ∂h0 

p = Bo − r + · z + Bo · h0 − r (2.311)p h0 Ca r0 h0 ∂r0 ∂r0 h0 Ca r0 ∂r0 ∂r0 p p p 

Thus, the pressure gradient in r-direction is given by � � � � 
∂p0 h0 0 

p ∂ 1 1 1 ∂ 0 ∂h
0 pca = Bo − r + · z 

∂r0 ∂r0 h0 Ca r0 h0 ∂r0 ∂r0 h0 p p p � � �� 
∂h0 1 ∂ 1 ∂ ∂h0 

+ Bo − r (2.312)
∂r0 Ca ∂r0 r0 ∂r0 ∂r0 

The vertically averaged tangential velocity up 
0 is given by substituting Eq. (2.313) 

up 
0 =

1 
Z 0 

up 
0 dz0 (2.313)

h0 p −h0 p� �1/n Z 0 1/n−1
1 κpc ∂p0 ∂p0 

= − p p 
dz0 

h0 p µ0uc
nL −h0 ∂r

0 ∂r0 
p 

�1+n � �1/n� 1/n+1 1/n+1 � 
κ n K2 − K2 − h0 pK1 

= − 
h0 �3+nL2 n−1 
p uc 1 + n K1 � 1/n+1 1/n+1 � 
1 n K2 − K2 − h0 K1 

= − Pm1/n�1+n p 
(2.314)

h0 1 + np K1 
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The integration has been computed by doing symbolic evaluation in Mathematica and 

the results are verified by Maple. Here, the components for the pressure gradient are 

given by � � � � 
h0 0 

0 0) = 
∂ 1 1 1 ∂ 0 ∂h

0 pcaK1(r , t Bo − r + (2.315)
∂r0 h0 Ca r0 h0 ∂r0 ∂r0 h0 p p p� � �� 

∂h0 1 ∂ 1 ∂ ∂h0 
K2(r 0, t0) = Bo − r (2.316)

∂r0 Ca ∂r0 r0 ∂r0 ∂r0 

After substituting Eq. (2.314) and Eq. (2.287) into Eq. (2.310), we obtain the final 

form of lubrication equation (after dropping primes): 

� � 1/n+1 1/n+1 �� 
∂hp n Pm1/n�1+n 1 ∂ K2 − K2 − hp · K1− r 
∂t 1 + n φ r ∂r K1�� � � 0 � 

Pm1/n h 1 1 1 ∂ ∂h pca = Bo − r + 
φ hp Ca r hp ∂r ∂r hp� � 0 �1/n−1

h 1 1 1 ∂ ∂h pca× Bo − r + + BoP (2.317)
hp Ca r hp ∂r ∂r hp 

where 

κ µuc ρgL2�3 ρgL2/n�3/n 

Pm ≡ , Ca ≡ , Bo ≡ , BoP ≡ ,
�n+3L2un−1 1/n 1/nσ�3 

c µ0uc µ0 uc 

L2 
0 Pca

and pca ≡ 
σH 

Eq. (2.307) and Eq. (2.317) are two coupled lubrication equations. We will numer-

ically solve them to obtain the droplet profile and wetting front inside the porous 

medium. 



��������

����

����

51 

2.4 Boundary Conditions for Lubrication Equation 

In this section, we will discuss the boundary conditions for the governing equa-

tions derived in the previous four subsections. The order of the partial differential 

equation mainly depends on the order of the pressure term. To form a well-posed 

boundary value problem, the number of required boundary conditions should be equal 

to the order of the highest derivative in the equation. Besides, the radius of droplet 

remains unknown during the computation. Therefore, we need one more condition to 

determine the moving boundary. For capillary spreading over a solid substrate (Eq. 

(2.97)), we have zero-slope and axisymmetric conditions at r = 0, 

∂h 
= 0 , (2.318)

∂r r=0 

∂3h 
= 0 . (2.319)

∂r3 
r=0 

At the edge of droplet, we enforce the height of contact point to be zero, � � 
h R(t), t = 0 . (2.320) 

The volume constraint is applied to enforce the volume of drop to be constant: Z R 

V = 2π rh(r, t) · dr . (2.321) 
0 

One common way to provide the contact-line condition is to use the relationship 

between the contact angle and the slip velocity reported by Haley and Miksis [11] : � � 
dR ∂h 

= Caf − (2.322)
dt ∂r r=R � � 
= Caf θD . (2.323) 

Here, the function f can be assumed to be linear, quadratic or cubic function of 

“θD − θS”. θS is the static contact angle for a given liquid-solid system and θD is the 

dynamic contact angle which is composed of unknown height profile at the rim of the 

droplet: � � 

θD = −tan−1 ∂h 
. (2.324)

∂r r=R 
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Another model is based on the molecular kinematic theory. The driving force for 

the wetting line is resulted from the unbalanced surface tension force that arises in 

the non-equilibrium situation. This model (Blake [17]) can be reduced to 

dR σ � � 
= Cos(θS ) − Cos(θD) , (2.325)

dt ζ 

where ζ = kBT/(κ0Λ3) is the coefficient of wetting-line friction and kB is the Boltz-

mann constant. κ0 is the equilibrium frequency of the random molecular displace-

ments occurring within the three-phase zone and Λ is the average distance of each 

displacement. The detailed discussion of these molecular-related parameters can be 

found in Blake [17]. The contact-line friction for specific liquid-solid system can be 

found from the tables provided by Blake [17] as well. 

Two ways described above are based on numerical simulations. If we are given 

the initial geometries of a droplet as well as the experimental data like contact angle 

versus time (Chen [15]), we are able to carry out the simulation by treating these data 

as the boundary conditions to solve the system of equations. This so-called “hybrid 

model” can be used as a check on the accuracy of numerical scheme. 
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3. METHODOLOGY AND RESULTS 

In this chapter, scaling arguments for spreading exponent (Warren [34]) and an-

alytical method (Leal [33]) to simpler problem will be provided to support the com-

putational results reported in the present study. The governing equations that were 

developed in the previous chapter were discretized and solved using the boundary 

conditions described therein by following the classical finite difference method. De-

tailed algorithms, discretization and formulation of linear system of equations are 

discussed in the following subsections. Finally, the numerical results for a Newtonian 

and non-Newtonian droplet spreading over a solid and porous substrate are reported 

and compared. 

3.1 Scaling Argument and Analytical Investigation 

Let us consider (Warren [34]) a liquid meniscus being drawn into a tube with 

internal diameter d. After the fluid reaches a sufficient distance from the initial 

position L � d, the velocity can be described well by the Poiseuille’s flow: 

dL d2 ΔP ≈ (3.1)
dt µ L 

Consider a thin droplet spreading over a solid and smooth substrate for complete wet-

ting case. Let R and H to be the characteristic radius and height of a droplet. When 

R � H, the lubrication approximation can be performed using this key condition. 

The spreading velocity can be scaled using the above relation: 

dR H2 ΔP ≈ (3.2)
dt µ L 

The scale for pressure drop ΔP can be obtained from Eq. (2.93) 

σH 
ΔP ∼ (3.3)

R2 
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Thus, 
dR H3 σ ∼ (3.4)
dt R3 µ 

The volume constraint condition in a cylindrical coordinate is given by Z R 

V = 2π rh · dr 
0 

≈ H · R2 (3.5) 

and hence, 
dR σ V 3 

∼ (3.6)
dt µ R9 

We integrate Eq. (3.6), thus, we have � �1/10
σV 3t 

R ∼ (3.7) 
µ 

∼ V 0.3t0.1 (3.8) 

We can observe that the scaling follows the Tanner’s law (Chen [15]) for capillary 

dominant spreading. For the gravity dominant spreading, the scale for pressure drop 

ΔP is given by 

ΔP ∼ ρgH (3.9) 

Substituting Eq. (3.9) into Eq. (3.2) and integrating it, the result becomes � �1/8
ρgV 3t 

R ∼ (3.10) 
µ 

∼ V 3/8 1/8t (3.11) 

The scaling relation for gravitational spreading is well reported and verified by Lopez, 

Miller & Ruckenstein [19] and Cazabat & Cohen Stuart [35]. The results for above 

two cases can also be derived by using the similarity method. The detailed derivation 

won’t be presented here. The formal procedures for the mathematical investigation 

are reported in Leal [33]. For case of gravitational spreading, the governing equation 

is given by Eq. (2.97) with Bo = 1. The final solution to the droplet profile is given 

by � � � �1/4
9 Γ(7/3)

h = q t−1/4f(η) , (3.12)
16 πΓ(4/3) 
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f(η) = (1 − η2)1/3 , (3.13) �� �3/8
Γ(7/3)

η = (9/16)1/8(r/t1/8) q . (3.14)
πΓ(4/3) 

Here, q, a characteristic volume of the droplet, is equal to HR2 . In this case, the 

height of the droplet decreases as t−1/4 and the radius increases as t1/8 . For the case 

of capillary spreading, the governing equation is given by Eq. (2.100) with Ca = 1 

for simplicity. The final ordinary differential equation we obtain is � � �� 
d 

G2 

dη 
1 d 
η dη 

dG 
η 
dη 

0.3 
= − η ,

A3B4 
(3.15) 

which is third-order and non-linear ODE for the unknown function G(η). The profile 

of the droplet and the similarity variable are given by 

h(r, t) = At−2βG(η) , (3.16) 

η ≡ Br/tβ . (3.17) 

The constant A can be determined by enforcing G(0) = 1. The constant B can be 

chosen by transforming Z ∞ B 
2π G(η)ηdη = q , (3.18)

A0 

into Z ∞ 

G(η)ηdη = 1 . (3.19) 
0 

Because Eq. (3.15) is highly nonlinear and complex, and we can’t solve it analytically, 

we are enforced to numerically integrate it. The original form of governing equation 

(Eq. (2.100)) for capillary spreading will be numerically solved and reported in the 

following subsections. 
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3.2 Numerical Method 

The governing equations and boundary conditions we derived in previous chapters 

are discretized by using the finite difference method. We mainly utilize a second 

order central difference scheme for spatial discretization. The resulting non-linear 

equations are solved using a Newton-Raphson iteration procedure to handle non-

linearity. An implicit time advancement scheme is employed to improve the stability 

of the program. Let’s take Eq. (2.92) as our first example. The discretized form of 

Eq. (2.92) using an implicit scheme can be written as 

(hi)n+1 − (hi)n (iv)
= Fn+1(hi, h

0 , h00, h000, h ) (3.20)i i i iΔt � 
1 1 1 (pi+2)n+1 − (pi+2)n+1 

= (ri+1)n+1(hi+1)
3 

6 (ri)n+1 drn+1 2drn+1� 
(pi)n+1 − (pi−2)n+1− (ri−1)n+1(hi−1)

3 (3.21)
2drn+1 

Here, the variables marked with subscript i denote the variable at i-th grid point. 

The variables marked with subscript n and n + 1, denote the variables at time step 

n and n + 1, respectively. Because the radius of the droplet is changing with time, 

and we use the stretched grid to capture the moving contact line dynamics. ri = 

R · i/(N − 1) and dr = R/(N − 1) are functions of time and N is the total number of 

points. To implement the Newton-Raphson’s method, we should define the residuals 

for governing equations and boundary conditions as follow: 

Δt 1 1 
Resi ≡ (hi)n+1 − (hi)n − × 

6 (ri)n+1 drn+1� � 
(pi+2)n+1 − (pi+2)n+1 (pi)n+1 − (pi−2)n+1

(ri+1)n+1(hi+1)
3 − (ri−1)n+1(hi−1)

3 

2drn+1 2drn+1 

(3.22) � �� 
11 3 1 

Rbc1 ≡ − h1 + 3h2 − h3 + h4 dr − 0.0 (3.23)
6 2 3 � �� 

Rbc2 ≡ − 
5 
h1 + 9h2 − 12h3 + 7h4 − 

3 
h5 dr3 − 0.0 (3.24)

2 2 � � 
Rn+1 − Rn

Rbc3 ≡ − Ca Cos(θS ) − Cos(θD) (3.25)
dt 
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n−1 � �X ri + ri+1 hi + hi+1 dr 
Rvc ≡ V0 − 2π rihi + 4 + ri+1hi+1 (3.26)

2 2 6 
i=1 

Here, Rbc1 and Rbc2 present zero slope and axisymmetriy at the center of the droplet. 

Rbc3 stands for moving contact-line description and can be replaced with other options 

discussed in chapter 2.6. The integration in volume constraint condition is performed 

numerically by the Simpson’s rule. The height of profile at the edge of droplet is 

enforced to be zero : 

h = 0 (3.27) 
r=R 

The pressure term can be discretized as � � 
�3L2ρg σ�3 1 hi+1 − hi−1 hi+1 − 2hi + hi−1 

p ≈ pi = hi − + (3.28) 
µuc µuc ri 2dr dr2 

r=i·dr 

At boundary points, we should use forward or backward difference schemes to rep-

resent the derivatives at the boundary. Especially, at r = 0, the indeterminate con-

dition 0/0 (“zero slope at the center of droplet”/“position of the first point”) will 

occur. L’Hopital’s rule is performed to evaluate the derivative as we approach r = 0. � ��� � 
∂h/∂r ∂ ∂h ∂r ∂2h 

lim = = (3.29) 
r→0 r ∂r ∂r ∂r ∂r2 

r=0 

Hence, discretized pressure at r = 0 is given by � � 
�3L2ρg σ�3 2h0 − 5h1 + 4h2 − h3 

p ≈ p0 = h0 − 2 (3.30) 
r=0 µuc µuc dr2 

and the discretized pressure at r = R is given by 

�3L2ρg σ�3 

p ≈ p0 = h0 − 
µuc µucr=R � 3 1 � 
1 2 hN − 2hN−1 + 

2 hN−2 2hN − 5hN−1 + 4hN−2 − hN−3 × + (3.31) 
rN dr dr2 

In the above discretized equations, the unknowns are “..., (hi+1)n+1, (hi)n+1, (hi+1)n+1, ...”. 

We need to the take partial derivatives of the residuals above with respect to each un-

known to form the Jacobian matrix. The detail arrangement will be provided below. 
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The resulting system of non-linear algebraic equations is mathematically expressed 

as : 

J · (hk+1 − hk) = −Res(hk) (3.32) 

or 

J · Δhk = −Res(hk) (3.33) 

More specifically, ⎤⎡⎤⎡⎤⎡ 
∂Rbc1 ∂Rbc1 ∂Rbc1 ∂Rbc1 ∂Rbc1 ⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

(h1)k+1 − (h1)k 

(h2)k+1 − (h2)k 

(h3)k+1 − (h3)k 

(h4)k+1 − (h4)k 

. . . 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

= − 

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

(Rbc1)k 

(Rbc2)k 

(Res3)k 

(Res4)k 

. . . 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

. . .⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

∂h1 ∂h2 ∂h3 ∂h4 ∂R 

∂Rbc2 ∂Rbc2 ∂Rbc2 ∂Rbc2 ∂Rbc2 . . .
∂h1 ∂h2 ∂h3 ∂h4 ∂R 

∂Res3 ∂Res3 ∂Res3 ∂Res3 ∂Res3 . . .
∂h1 ∂h2 ∂h3 ∂h4 ∂R 

∂Res4 ∂Res4 ∂Res4 ∂Res4 ∂Res4 . . .
∂h1 ∂h2 ∂h3 ∂h4 ∂R 
. . . . ... . . . . ... . . . . 

∂Rvc ∂Rvc ∂Rvc ∂Rvc ∂Rvc . . . Rk+1 − Rk (Rvc)k∂h1 ∂h2 ∂h3 ∂h4 ∂R 

Note that, the subscripts stand for the number of iterations inside the Newton-

Raphson’s method in a given time step. Generally, the Jacobian matrix has the 

arrow-shape : 

Figure 3.1. Plot of Jacobian matrix with 201 points. 
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For the case of spreading over a porous substrate, the discretized form of governing 

equations (Eq. (2.173) and Eq. (2.184)) can be expressed as 

(hi)n+1 − (hi)n (iv)
= Fn+1(hi, h

0 , h00, h000, h ) (3.34)i i i iΔt 

(hpi)n+1 − (hpi)n 0 = Gn+1(hi, h
0 
i, hi 

00, hpi, hpi , hpi 
00) (3.35)

Δt 

The residuals for above two equations can be defined as 

(hi)n+1 − (hi)n (iv)
Reshi ≡ − Fn+1(hi, hi 

0 , hi 
00, hi 

000, hi ) (3.36)
Δt 

(hpi)n+1 − (hpi)n 0Reshpi ≡ − Gn+1(hi, h
0 
i, h

00 
i , hpi, hpi , hpi 

00) (3.37)
Δt 

Four discretized boundary conditions for Eq. (3.34) are given by � �� 
11 3 1 

Rbc1 ≡ − h1 + 3h2 − h3 + h4 dr − 0.0 (3.38)
6 2 3 � �� 

Rbc2 ≡ − 
5 
h1 + 9h2 − 12h3 + 7h4 − 

3 
h5 dr3 − 0.0 (3.39)

2 2 � � 
3 1 

Rbc3 ≡ hN − 2hN−1 + hN−2 − 0.0 (3.40)
2 2 

Rbc4 ≡ h − 0.0 (3.41) 
r=R 

Two discretized boundary conditions for Eq. (3.35) are given by � �� 
11 3 1 

Rbc5 ≡ − hp1 + 3hp2 − hp3 + hp4 dr − 0.0 (3.42)
6 2 3 

Rbc6 ≡ hp − 0.0 (3.43) 
r=l 

Because the radius of droplet may not be the same as that of the wetting area inside 

the porous medium, the positions where zero height and zero depth are enforced can 

be different (Eq. (3.39) and Eq. (3.40)). The computations are performed for one-

dimensional axisymmetric configurations within fixed rectangular domain. The figure 

to illustrate stretched grids or fixed domain is provided below. 

To avoid encountering an issue due to the singularity of the governing equations 

for hp → 0, a layer of precursor film (≈ 10−3 ∼ 10−5) covers the area which has 
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Figure 3.2. Schematic of problem with stretched grids (left) and fixed domain (right). 

not been occupied by the droplet. Here, the thickness has already been scaled by 

the characteristic length (≈ 10−3) and the dimensional value is around 10−6 ∼ 10−8 . 

Besides, the permeability number is set to be zero for positions not covered by the 

droplet to prevent the film being absorbed into the porous substrate. 

The Jacobian matrix for system of non-linear algebraic equations is expressed as 

follows ⎤⎡ ⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

∂Rbc1 ∂Rbc1 ∂Rbc1 ∂Rbc1 ∂Rbc1 ∂Rbc1 ∂Rbc1 
∂h1 ∂h2 ∂h3 

. . . 
∂hp1 ∂hp1 ∂hp3 

. . . 
∂(hp)N−1 

∂Rbc2 ∂Rbc2 ∂Rbc2 ∂Rbc2 ∂Rbc2 ∂Rbc2 ∂Rbc2 
∂h1 ∂h2 ∂h3 

. . . 
∂hp1 ∂hp2 ∂hp3 

. . . 
∂(hp)N−1 

∂Res3 ∂Res3 ∂Res3 ∂Res3 ∂Res3 ∂Res3 ∂Res3 
∂h1 ∂h2 ∂h3 

. . . 
∂hp1 ∂hp2 ∂hp3 

. . . 
∂(hp)N−1 

. . . 
. . . 

. . . 
. . . 

. . . 
. . . 

. . . 
. . . 

. . . 

∂Rbc5 ∂Rbc5 ∂Rbc5 ∂Rbc5 ∂Rbc5 ∂Rbc5 ∂Rbc5 
∂h1 ∂h2 ∂h3 

. . . 
∂hp1 ∂hp2 ∂hp3 

. . . 
∂(hp)N−1 

∂Reshp2 ∂Reshp2 ∂Reshp2 ∂Reshp2 ∂Reshp2 ∂Reshp2 ∂Reshp2 
∂h1 ∂h2 ∂h3 

. . . 
∂hp1 ∂hp2 ∂hp3 

. . . 
∂(hp)N−1 

∂Reshp3 ∂Reshp3 ∂Reshp3 ∂Reshp3 ∂Reshp3 ∂Reshp3 ∂Reshp3 
∂h1 ∂h2 ∂h3 

. . . 
∂hp1 ∂hp2 ∂hp3 

. . . 
∂(hp)N−1 

. . . 
. . . 

. . . 
. . . 

. . . 
. . . 

. . . 
. . . 

. . . 
∂ReshpN −1 ∂ReshpN −1 ∂ReshpN −1 ∂ReshpN−1 ∂ReshpN−1 ∂ReshpN −1 ∂ReshpN−1 

∂h1 ∂h2 ∂h3 
. . . 

∂hp1 ∂hp2 ∂hp3 
. . . 

∂(hp)N−1 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 
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The vector for unknowns and residuals are arranged as follows ⎤⎡⎤⎡ 
(h1)k (Rbc1)k 

h = 

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

(h2)k 

(h3)k 

. . . 

(hp1)k 

(hp2)k 

(hp3)k 

. . . �� 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

, Res = 

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

(Rbc2)k 

(Resh3)k 

. . . 

(Reshp3)k 

(Reshp4)k 

(Reshp5)k 

. . . �� 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 
(hp)N−1 k 

(Reshp)N−1 k 

The resulting Jacobian matrix has the following form 

Figure 3.3. Plot of Jacobian matrix with 251 points. 

251 grid points in the computational domain results in 500 unknown variables (for 
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both h and hp except hN −1 and (hp)N−1). Therefore, the resulting dimension of 

matrix is 500 × 500. Along the main diagonal, the bandwidth of above matrix is 7 

for entries corresponding to h and 5 for entries corresponding to hp. Along the upper 

sub-diagonal, there is only one non-zero entry because terms for absorption don’t 

contain derivatives with respect to hp. Along the lower sub-diagonal, the bandwidth 

of this diagonal is 7 because it involves a fourth-order partial derivative of Reshp with 

respect to variable h. 

The constraint for total volume including liquid in the droplet and inside porous 

substrate is not used in the simulation. However, it still can be used as a check for the 

accuracy of spatial and temporal discretization scheme. The lower order discretiza-

tion schemes with coarse grid points could possibly decrease the total volume. Note 

that the decrease in total volume can not be avoided if we don’t enforce total volume 

constraint in the calculation. In order to make total volume change as small as pos-

sible, it is required to choose a finer grid so that higher order terms, O(Δx2), remain 

small. Generally, the number of grid points depends on the length of computational 

domain and is in the rage of 300 to 1000. 

The discontinuity of permeability number near the edge of the droplet maybe one 

of the reasons causing a numerical issue and oscillation in the droplet profile. There-

fore, to reduce the difference of permeability number for adjacent grid points near 

the moving-contact-line, the permeability number, Pm, is multiplied by a thickness-

dependent prefactor (Alleborn & Raszillier [4]): ⎧ ⎪⎨ 1Pm · h > hg1+1/[C(h−hg )]2 

Pm(h) = (3.44)⎪⎩0 h ≤ hg 

Here, C is a constant to control the effect of prefactor and hg is the thickness of the 

precursor film. 

For the case of power-law droplet spreading over a solid substrate, because the 

governing equations involves computation with a non-integer exponent (Eq. 2.256), 

we need to evaluate the absolute value of pressure gradient to make sure that the 
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viscosity is always positive. The discretized form of Eq. (2.256) is very similar to Eq. 

(3.45) : � �n−1 � 
(hi)n+1 − (hi)n n 1 1 1 

= (ri+1)n+1(hi+1)
1/n+2 

Δt 1 + 2n m (ri)n+1 drn+1� �1/n−1
(pi+2)n+1 − (pi+2)n+1 (pi+2)n+1 − (pi+2)n+1 × 

2drn+1 2drn+1 � ��1/n−1
(pi)n+1 − (pi−2)n+1 (pi)n+1 − (pi−2)n+1− (ri−1)n+1(hi−1)

1/n+2 

2drn+1 2drn+1 

(3.45) 

After using the same geometry boundary conditions and contact-line description with 

different parameter setup for different liquids and forming a Jacobian matrix with the 

same arrangement as in Eq. (3.33), one can have the same shape of Jacobian matrix 

as that in Figure 3.1. 

For the case of power-law droplet spreading over a porous substrate, the gov-

erning equations become even more complicated. The numerical setup requires all 

the procedures and functions mentioned in this chapter including the discretization, 

Jacobian matrix formulation. Besides, the contact-line dynamics for non-Newtonian 

liquids spreading over a porous substrate is poorly understood. Therefore, the way to 

circumvent this issue is to implement fixed grid points over the entire computational 

domain applying geometry boundary conditions at the center of droplet and right 

end of the precursor film : Eq. (3.38) to Eq. (3.43). Instead of using stretched grids 

to present moving-contact-line, we compute the unknowns within the entire domain 

(the right plot in Fig 3.2.) and define the distance to the points closet to the left end 

of precursor film as the current radius of droplet. 
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3.3 Numerical Results, Validation, and Discussion 

The numerical results presented in this chapter are obtained by solving governing 

equations for four cases we introduced in chapter 2: those of Newtonian and power-

law droplets spreading over a solid, smooth substrate and those of Newtonian and 

power-law droplets spreading over a homogeneous porous medium. Four models are 

presented in the cylindrical coordinate and the computations are performed in an 

one-dimensional axisymmetric configuration. For cases of spreading over a solid sub-

strate, the computational domain is changing with time due to the implementation 

of stretched grid methods while for cases of spreading and absorption, the domain is 

fixed with a prescribed length of domain. 

3.3.1 Newtonian Droplet Spreading over a Solid Substrate 

In this subsection, the pressure p only includes the capillary effect in order to cap-

ture the Tanner’s law which applies to cases when the capillary pressure dominates. 

The numerical results reported here are effectively independent of the sizes of time 

step and grid size. The test cases include the simulations based on experimental data 

and molecular kinematic theory for Runs 5 and 9 from Chen et al. Runs 5 and 9 

represent different experimental setups. Here, we use experimental data for contact 

angle versus time as the contact-line boundary condition. Another way to provide 

the contact-line boundary conditions is using velocity-dependent contact angle de-

rived from the molecular kinematic theory. Fig 3.4 presents the numerical results of 

apparent radius versus time for Run 5 and Run 9 based on experimental contact-

line boundary condition and molecular kinematic theory. Fig 3.5 demonstrates the 

numerical results of center height of droplet versus time for Runs 5 and 9 based on 

experimental contact-line boundary condition and molecular kinematic theory. The 

choices for numbers of total grid points are 100, 200, and 500, respectively, presented 

by blue circles, orange triangles, and green squares. The difference for using differ-

ent numbers of grid points is discernible but acceptable for each case ((a) and (b) 
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Ca = 0.22, Bo = 0.0; (c) and (d) Ca = 0.1, Bo = 0.0). The time step size of 0.1 is 

used. The results are reported in dimensional form. 
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(a) Run 5: Using experimental data as contact-
line boundary condition. 

●●●●●●
●●●●●●
●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●
●●●●●●●●
●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲▲▲
▲▲▲▲▲▲
▲▲▲▲▲▲
▲▲▲▲▲▲
▲▲▲▲▲▲
▲▲▲▲▲▲▲
▲▲▲▲▲▲▲
▲▲▲▲▲▲▲
▲▲▲▲▲▲▲
▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲

▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲

■■■■
■■■■
■■■■
■■■■
■■■■
■■■■■
■■■■■
■■■■■
■■■■■
■■■■■
■■■■■
■■■■■
■■■■■■
■■■■■■
■■■■■■
■■■■■■
■■■■■■
■■■■■■■
■■■■■■■
■■■■■■■
■■■■■■■
■■■■■■■
■■■■■■■■
■■■■■■■■
■■■■■■■■
■■■■■■■■
■■■■■■■■
■■■■■■■■■
■■■■■■■■■
■■■■■■■■■
■■■■■■■■■
■■■■■■■■■■
■■■■■■■■■■
■■■■■■■■■■
■■■■■■■■■■
■■■■■■■■■■■

■■■■■■■■■■■
■■■■■■■■■■■

■■■■■■■■■■■■
■■■■■■■■■■■■

■■■■■■■■■■■■
■■■■■■■■■■■■■

■■■■■■■■■■■■■
■■■■■■■■■■■■■

■■■■■■■■■■■■■■
■■■■■■■■■■■■■■

■■■■■■■■■■■■■■
■■■■■■■■■■■■■■■

■■■■■■■■■■■■■■■
■■■■■■■■■■■■■■■

■■■■■■■■■■■■■■■■
■■■■■

● 100 pts

▲ 200 pts

■ 500 pts

0 10 20 30 40 50
1.15
1.20
1.25
1.30
1.35
1.40
1.45

t (sec)
R
(t
)
(m
m
)

(b) Run 5: Contact-line boundary condition 
based on molecular kinematic theory. 
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(c) Run 9: Using experimental data as contact-
line boundary condition. 
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(d) Run 9: Contact-line boundary condition 
based on molecular kinematic theory. 

Figure 3.4. Demonstration of grid independency test of numerical results for temporal 
evolution of radius, (a) and (b) Ca = 0.22, Bo = 0.0; (c) and (d) Ca = 0.1, Bo = 0.0. 
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(a) Run 5: Using experimental data as contact-
line boundary condition. 
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(d) Run 9: Contact-line boundary condition 
based on molecular kinematic theory. 

Figure 3.5. Demonstration of grid independency test of numerical results for temporal 
evolution of center height, (a) and (b) Ca = 0.22, Bo = 0.0; (c) and (d) Ca = 0.1, 
Bo = 0.0. 

The Bond number is set to be zero to focus on capturing the Tanner’s law for 

capillary spreading, where the gravitational effects are neglected. 
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The tabular experimental results for Runs 5 and 9 are given as follow 

Table 3.1. Data of Run 5 from Chen [15]. 

t (sec) R (cm) H (cm) θD (deg) C × 104 V × 104 (cm3) 

5.50 0.1135 0.0150 14.75 2.2 3.05 

10.50 0.1230 0.0128 12.08 1.2 3.05 

20.50 0.1325 0.0111 9.46 0.67 3.07 

30.50 0.1380 0.0103 8.54 0.47 3.09 

40.50 0.1425 0.0096 7.71 0,37 3.07 

50.50 0.1455 0.0090 7.08 0,30 3.00 

Table 3.2. Data of Run 9 from Chen [15] 

t (sec) R (cm) H (cm) θD (deg) C × 104 V × 104 (cm3) 

3.25 0.0980 0.0112 12.17 3.1 1.70 

13.25 0.1095 0.0087 8.34 0.88 1.64 

18.25 0.1130 0.0081 7.50 0.66 1.63 

33.25 0.1195 0.0073 6.03 0.39 1.64 

73.25 0.1315 0.0059 4.60 0.19 1.60 

93.25 0.1455 0.0054 3.91 0.16 1.59 

148.25 0.1370 0.0045 3.16 0.10 1.47 

In the table, C indicates the real time capillary number calculated by C ≡ µuc/σ. 

In our simulation, the capillary number, Ca, is obtained by dividing the initial cap-

illary number, C, reported in Tables 3.3 and 3.2 by the cubic ratio, �. Here, � is 

defined as the ratio of the initial center hight to the initial radius of the droplet. The 

unit for length is in millimeter while the unit for contact angle, θD, is in degree. The 

semi-numerical-experimental results well capture the exponent of Tanner’s law, i.e., 
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Figure 3.6. Comparison for semi-numerical-experimental results and Run 9 from 
Chen’s paper. 

0.1 for spreading, −0.2 for decrease in center height, and −0.3 for decrease in contact 

angle (Fig 3.6). The deviation in h(0, t) and θD from experimental data becomes 

obvious at larger times. The possible reason for noticeable differences in Fig. 3.6 is 

that the evaporation effect becomes more effective than that in the initial stage due 

to increase in free surface area. Fig. 3.8 demonstrates the noticeable difference in 

volume between numerical results and experimental data. The evaporation rate is 

nonuniform across the droplet (Fig 3.7; Deegan et al. [36]): the liquid evaporating 

from edge is replenished by the liquid from the interior which could lower the center 

height more rapidly than that in simulation where the volume conservation condition 

is used as a global constraint to make sure that the total volume is not changing over 

time. The snapshots of a droplet spreading at different time steps are given in Fig. 

3.9. 



Evaporation flux 
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Figure 3.7. Schematic for the nonuniform evaporation rate. 
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Figure 3.8. The comparison of volume history for numerical and 
experimental results. In simulation, the total volume is kept constant 
throughout the spreading process while volume decreases with time 
in experiments. 
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Figure 3.9. Droplet profile at different times. 
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The next set of numerical results for Run 9 uses contact-line boundary condition 

based on the molecular kinematic theory (Eq. 2.325). 

Figure 3.10. Comparison for numerical results and Run 9 from Chen [15]. 

It is obvious that the use experimental contact line boundary condition and molec-

ular kinematic models can lead to different results. As shown in Fig. 3.10, the spread-

ing exponent is around 1/7 for R, −2/7 for h(0, t), and −3/7 for θD. However, these 

results can still match the predictions from Blake [17] written as follow: 

R ∼ t1/7 (3.46) 

θD ∼ t−3/7 (3.47) 

The individual temporal evolution of variables (R and h(0, t)) are reported below 

to further demonstrate the difference between them. Although the results using 

molecular kinematic model matches experimental data quite well for initial stage in 
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Figure 3.11. Comparison of R using experimental contact line boundary 
condition and molecular kinematic model. 
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Figure 3.12. Comparison of h(0, t) using experimental contact line 
boundary condition and molecular kinematic model. 

Fig. 3.11, they predict a faster spreading than experiments, resulting in different 

spreading exponent: 0.1 in Tanner’s law and 0.13 in simulation. In, Fig 3.12, there 
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is an obvious difference in h(0, t) plot due to evaporation effect at larger times. The 

snapshots of droplet profile at various times are given below: 
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Figure 3.13. Droplet profile at different times. 
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The results and discussion for Run 5 are quite similar to those in Run 9. However, 

as shown in Table 3.3, the volume is kept constant during the experiment. Fig. 3.14 

shows the temporal evolution of volume both for numerical results and experimental 

data reported from Run 5. One can observe that the maximum difference between two 

lines doesn’t even exceed 2% with respect to original volume. Fig. 3.15 demonstrates 

the comparison of semi-numerical-experimental results with data from Table 3.3. As 

shown in Fig. 3.15, the numerical values for these three variables match experimental 

data reported in Run 5 very well. Besides, the Tanner’s law which applies only to 

capillary spreading is captured in Fig. 3.15. Snapshots of droplet profile are provided 

in Fig 3.16. 
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Figure 3.14. Plot of the temporal evolution of total volume against exper-
imental data. 
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Figure 3.15. Plot of R, h(0, t), and θD as functions of time t compared with experi-

mental data. 
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Figure 3.16. Droplet profile at different times. 
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3.3.2 Power-Law Droplet Spreading over a Solid Substrate 

Eq. (2.256) is solved subjected to the following boundary conditions: Eq. (2.318), 

Eq. (2.319), Eq. (2.320), and Eq. (2.321). Here, the length scales of droplet is 

small enough for us to only involve capillary effects in the pressure. Typically, the p
horizontal length scale is smaller than the capillary length scale σ/ρg ≈ 2.7mm. 

The system of equations with zero slope boundary condition at the rim of droplet 

(∂h 
∂r r=R

) has been analytically solved in Starov et al. [1]. The spreading exponent α 

is given by 
n 

α = (3.48)
7 + 3n 

The plot of spreading exponent is shown below to demonstrate how rheological expo-

nent affects the behavior of spreading. In the present study, the contact-line boundary 

Figure 3.17. Plot of spreading exponent versus power-law 
exponent. 

condition implemented in the simulation is based on the molecular kinematic theory 

(Eq. (2.325)) instead of using zero slope condition at the edge of droplet. The plots 
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of values of R as a function of time and logarithm of radius have been shown here to 

illustrate the spreading exponent. 
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n = 0.2 (Pseudoplastic)
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Figure 3.18. Plot of radius as a function of time. 

Figure 3.19. Logarithm of radius as a function of time. 
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The snapshots of droplet profile for spreading of shear-thinning and shear-thickening 

droplets are reported below. 

Figure 3.20. Profile of shear-thickening droplet (n = 1.3). 

Figure 3.21. Profile of shear-thinning droplet (n = 0.2). 
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Comparisons against Eq. (3.48) for different power-law exponents from 0.1 to 2.0 

are reported in the table and Fig. 3.22. 

Table 3.3. Table of comparison for the spreading exponents ob-
tained from simulations against the ones obtained using Eq. 
(3.48) for different power-law exponents. 

Power-law exponents Spreading exponents 
from Starov et al. [1] 

Spreading exponents 
from simulations 

n = 0.1 0.0137 0.0123 

n = 0.2 0.0263 0.0292 

n = 0.3 0.0380 0.0401 

n = 0.4 0.0488 0.0484 

n = 0.5 0.0588 0.0556 

n = 0.6 0.0682 0.0642 

n = 0.7 0.0769 0.0780 

n = 0.8 0.0851 0.0851 

n = 0.9 0.0928 0.0911 

n = 1.0 0.1 0.1 

n = 1.1 0.1068 0.1142 

n = 1.2 0.1132 0.1134 

n = 1.3 0.1193 0.1192 

n = 1.4 0.1250 0.1254 

n = 1.5 0.1304 0.1311 

n = 1.6 0.1356 0.1352 

n = 1.7 0.1405 0.1401 

n = 1.8 0.1452 0.1442 

n = 1.9 0.1496 0.1484 
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Figure 3.22. Plot of radius as functions of time. 

As Shown in Fig 3.18 and Fig 3.19, increase in the the power-law exponent results 

in a larger spreading exponent which means that a shear-thickening droplet spreads 

faster than Newtonian and shear-thinning droplets. Because shear rate increases upon 

approaching the contact-line, the liquid closer to the rim moves faster than interior 

liquid causing more advancement of contact line and decrease in the apparent contact 

angle. Therefore, a shear-thinning droplet has a larger spreading rate than a shear-

thickening droplet at the initial stage. Besides, the feature of reverse-curve tail for 

shear-thinning droplet (Fig 3.20) results from the increase in the shear rate near the 

contact line. The force that drives the moving-contact line in a given direction is 

equal to the out-of-balance surface-tension force arising from the deviation of current 

contact angle from the static angle. In other words, the spreading velocity varies 

with the difference of current contact angle from the static contact angle: the smaller 

difference between current state and static state, the smaller the driving force for 
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spreading and the slower contact-line moves. Therefore, the shear-thinning droplet 

has the lower spreading rate than Newtonian and shear-thickening droplets after a 

long time. 

The following results are for a Xanthane droplet spreading over a solid substrate. 

The surface tension for the air/Xanthane solution is 72 ± 2mNm−1 at 20◦C inde-

pendent of various concentrations used in the experiments from Rafäı, Bonn, & 

Boudaoud [2] and in our simulation. The shear-thinning behavior is described by 

γn−1a shear rate dependent viscosity as µ = µ0 ˙ , where µ0 is the zero shear rate vis-

cosity and n is the power-law factor reflecting the shear-thinning property of liquids. 

The plot of viscosity versus shear rate describing shear-thinning behavior of xanthane 

solutions is provided in Rafäı et al. [2]. The simulations for polymer concentration of 

125, 1000, 2500, and 5000 p.p.m are carried out and reported below. 

Figure 3.23. Radius of xanthane droplets versus time from measurements and 
simulations. 
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The zero-shear-rate viscosities µ0 for polymer concentrations of 125, 1000, 2500, 

and 5000 p.p.m. are 21.115, 34.191, 4666.593, and 21602.000 mPa, respectively. The 

power-law exponent are 0.7173, 0.3918, 0.3025, and 0.1777, respectively. Though we 

can not match the experimental data exactly, we still capture the trend of spreading 

for each case. The evaporation effect and the contact-line boundary condition may 

lead to the some deviation from experimental results. However, the evaporation effect 

can be ruled out due to high averaged molecular weight of xanthane solution for 

relatively short time experiments. The contact-line condition (Eq. (2.325)) could be 

replaced with a more advanced and complicated boundary condition including energy 

dissipation not only due to the wetting-line friction but also due to viscous losses in 

the thin wedge adjacent to the moving-contact line. Besides, the energy dissipation 

due to viscous losses can be generalized based on the shear rate dependent viscosity. 

This portion of total energy dissipation can possibly bring the numerical results closer 

to the measured data. 
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3.3.3 Newtonian Droplet Spreading over a Porous Substrate 

For the case of the spreading over an impermeable medium, i.e., φ = 0 and 

Pm = 0, the evolution of the contact radius R(t) and the center height h(0, t) shows 

the Tanner law behavior in Figs. 3.25 and 3.26 and approaches its equilibrium shape 

for t � 1. 

1/10 −2/10R ∼ t , and h(0, t) ∼ t . (3.49) 

When the spreading is coupled with the absorption effect (Figs. 3.27 and 3.28), the 

evolution of the center height, h(0, t), and contact radius, R(t), follows the Tanner’s 

law behavior during the initial phase of spreading and absorption, since the liquid 

withdrawn from the droplet during this comparatively short period is small (about 1 % 

of the total absorption time). At around t = 1.99, the advancement of contact radius 

is greatly delayed after the radius reaches its maximum value. Then the absorption 

effect starts to become dominant due to the increase in the contact radius, R(t). The 

central height of the droplet starts to drastically decrease. Hence, the contact line 

recedes until the droplet has been completely absorbed. The entire absorption process 

is considered complete when the center height approaches the thickness of thin film. 

The competition between the spreading and the absorption is measured at r = 0 and 

plotted in Fig. 3.32. Figs. 3.27 and 3.28 show the evolution of the center height, 

h(0, t), and contact radius, R(t), of the droplet on a porous substrate (Pm = 5×10−6 

and φ = 0.25). The snapshot of profiles of the free surface and the wetting front is 

plotted in Fig. 3.29. The flat wetting profile inside the porous medium near the 

center of the droplet results from the uniform absorption rate near the center. We 

can observe that the terms governing the evolution equation of the wetting front (Eq. 

(2.184)) are the suction number and the pressure at the free surface of the droplet. If 

we neglect the gravitational effect for a small droplet, the pressure at the free surface 

is related to the droplet shape by the Young-Laplace equation. 

p(r, t) = Pa + 2Hσ , (3.50) 
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where Pa is the atmosphere pressure, σ is the surface tension of the fluid and H is 

the mean curvature. For thin film, H is given by � � 
1 1 ∂ ∂h 

H ≈ r . (3.51)
2r r ∂r ∂r 

Under the effect of thin film approximation, the curvature, H, near the center of the 

droplet, r = 0, stays constant during the entire process of spreading and absorption. 

The suction number, only affected by the characteristic lengths and the capillary 

pressure jump inside the porous medium, can be considered a constant throughout 

the computational domain. Therefore, the uniform propagation of wetting profile 

near the center of the droplet results in a flat penetration front. The similar profile 

near the center of the droplet can be found in Alleborn & Raszillier [4]; Zadražil, 

Stepanek & Matar [26]. Another feature is that when the contact radius recedes, the 

wetting front ahead of the contact point barely propagates. The absorption velocity 

is zero for the points located at the right-hand-side of the contact point because there 

is no mass withdrawn from above, i.e., r > 0.87 in Fig. 3.29. Another possible cause 

of propagation is the radial velocity, up, inside the porous medium as shown in Fig. 

3.33. However, the scale of this radial velocity (Eq. (2.171)) is much smaller than 

that of the vertical velocity (Eq. (2.170)) inside the porous medium as shown in Eq. 

(3.52): 
up 1/L2 

≈ = �2 . (3.52) 
wp 1/H2 

Therefore, the combination of the above effects leads to a nearly zero propagation of 

the wetting front. 

The evolutions of the contact radius and the central height for different permeabil-

ity numbers are plotted in Figs. 3.30 and 3.31. We observe that a larger permeability 

number enhances the absorption effect and decreases the maximum contact radius. 

Thus, the droplet spreading follows the Tanner’s law for a shorter time as permeabil-

ity number increases. The total time for the droplet to be completely absorbed into 

the porous substrate gets shorter as well. For cases with stronger absorption effects, 

the contact radius of the droplet can even decrease in the beginning without showing 
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the spreading behavior as shown in Fig 3.29. The absorption effect dominates the 

governing equations during the entire simulation causing a monotonic decrease in the 

radius and the central height as time goes by. 

Finally, in Fig 3.25, we compare the evolution of contact radius against the ex-

perimental results reported in Denesuk et al. [3] using the new model (Eq. (2.173) 

and Eq. (2.184)) we proposed in chapter 2. 
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▲ Experiments from Denesuk et al. [28]

■ Alleborn & Raszillier [24]

● Present simulation
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Figure 3.24. The contact radius, Rc(t), of a droplet versus t. The green line 
indicates the experimental values of Denesuk et al. [3] for a PDMS droplet on 
a porous soda-lime-silicate substrate. The blue line indicates the numerical 
results from Alleborn & Raszillier [4]. The red line is the current numerical 
study. (Pm = 2.076 × 10−6 , Su = 680, and φ = 0.64) 
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Figure 3.25. Plot of the radius as a function of time. (Pm = 0 
and φ = 0.25) 

Figure 3.26. Plot of the center height as a function of time. 
(Pm = 0 and φ = 0.25) 
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Figure 3.27. Spreading and absorption of a droplet: contact ra-
dius R(t) as a function of time. (Pm = 5 × 10−6 , Su = 105 , and 
φ = 0.25) 
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Figure 3.28. Spreading and absorption of a droplet: center 
droplet height h(0, t) as a function of time. (Pm = 5 × 10−6 , 
Su = 105 , and φ = 0.25) 
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Figure 3.29. Dimensionless profiles of the free sur-
face and the wetting front. The red-dashed line 
indicates the profiles at t = 0. The blue-solid line 
indicates the profiles at t = 0.23. 
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Figure 3.30. The contact radius, R(t), versus t for Su = 105 and φ = 0.25. 
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Figure 3.31. The central height, h(0, t), versus t for Su = 105 and φ = 0.25. 
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Figure 3.32. The spreading and absorption terms in Eq. (2.173) as func-
tions of time. The spreading and absorption terms indicate the second 
and the third terms in Eq. (2.173), respectively. 

Figure 3.33. The schematic of flow inside the porous 
medium. 



92 

4. RECOMMENDATIONS FOR FUTURE WORK 

4.1 Better Physical Representation of Contact Line 

The physics at the contact line is complicated. The boundary condition based 

on the molecular kinematic theory only accounts for the part of rate of the energy 

dissipation due to wetting-line friction. According to the review by Blake [17], the 

rate of energy dissipation per unit length of the wetting line is the product of the flux � � 
U and the out-of-balance surface tension force σ cosθS − cosθD . The total energy is 

assumed to be composed of the energy losses due to viscous bending of the liquid-gas 

interface near the moving contact line, i.e., the viscous dissipation, plus the losses due 

to wetting-line friction. The above statement can be written in the following equation � �� � 6µU L 
σ cosθS − cosθD U = ln U + ζU2 , (4.1)

θD Lm 

i.e. � � 
σ cosθS − cosθD 

U = 6µ � 
L 
� . (4.2)

ζ + ln
θD Lm 

Here, the length scale L is the characteristic size of the droplet and Lm is the appro-

priate chosen microscopic length scale. ζ is the coefficient of the wetting-line friction. 

4.2 Higher Order Model for Flow inside the Substrate: The Brinkman 

Equation 

In chapter 2., we assume the flow inside the porous substrate is governed by the 

Darcy’s law for the Newtonian liquids and the modified Darcy’s law for the power-

law fluids. In Darcy’s law, the flow inside the porous medium is only affected by the 

pressure gradient as shown in Eq. (4.3). 

κ 
u = − rp . (4.3) 

µ 



-
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In a low Reynolds number regime, we can still neglect the inertial effect. Never-

theless, neglecting the viscous effect may result in large deviation from the actual 

phenomenon. Therefore, we need an equation that can better describe the flow inside 

the porous media. The Brinkman equation (Brinkman [37]), neglecting the inertial 

effects and considering the viscous and pressure terms, is given by 

µ 
u = −rp +Δu . (4.4)

κ 

Here, u = (u, v, w) is the averaged velocity, µ is the dynamic viscosity, and κ is the 

permeability of the porous media. The relevant analysis of the Brinkman equation 

can be found in Durlofsky & Brady [38]. 
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