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ABSTRACT

Cheng, Li-Hui Ph.D., Purdue University, December 2017. Phase Difference Index: A
Frequency-domain Analysis Tool for Structural Mode Identification. Major Profes-
sor: Ayhan Irfanoglu.

A new structural mode-identification approach, called the Phase Difference Index
plot (PDI plot), is used to identify the natural modes in a building from its accel-
eration records response to earthquake ground motion. The phase difference index
can be calculated by the Hilbert transform of displacement response curves obtained
from acceleration records at two different floors in the building. The torsional mode
can also be identified if two accelerometers are installed on opposite sides in a floor.
To demonstrate the power of the new approach, earthquake acceleration records from
ten buildings in Taiwan and the U.S. are used. After applying narrow band-pass
filter (frequency bandwidth of 0.05-0.1 Hz) to the acceleration records, and then us-
ing Hilbert transform on pairs of displacement records on chosen floors (obtained
from the acceleration records), the phase difference between the corresponding pair
of designated floors can be calculated. The cosine of the phase difference angle of the
two displacement curves is defined as the phase difference index (PDI). The phase
difference index versus frequency graph forms a PDI plot. Structural behavior at
chosen floors and in various frequency bands can be found by studying the PDI plot.
From comparison of PDI plot and typical building mode shapes obtained based on
estimated stiffness and mass distribution, the natural modes can be identified. The
method has been tested for accuracy and limitations by applying it to data obtained
from numerical simulations. Response of one full scale four-story model in Japan,
and ten actual buildings in U.S. and Taiwan have been studied using the proposed

method. It is shown that using the PDI plot method more modes of a building can
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be identified confidently compared to traditional frequency-domain and time-domain

based methods.



1. INTRODUCTION

1.1 Background and Previous Research

System identification is the most common approach used to estimate characteristic
dynamic parameters of a building from dynamic response data. Using harmonic
vibration generators, natural frequency and damping of natural modes of a building
can be found experimentally. Results obtained from studying records before and
after an earthquake can be compared. Permanent reduction in natural frequency
of a building often indicates that the stiffness of the structure has decreased. Some
government agencies have begun to install accelerometers in various kinds of buildings
to collect earthquake response data and observe the behavior of those buildings. For
instance, in Taiwan, more than 30 buildings have been selected for monitoring under
seismic excitation [1]. In the U.S., over 100 buildings, bridges and dams have been
instrumented with accelerometers [2].

Methods to find the dynamic parameters of buildings can be grouped into two
types: time-domain methods and frequency-domain methods. A comparison of these
methods is given in Table 1.1.

Most of the time, the first (fundamental) lateral mode is regarded as the most
important mode of a building. One practical and intuitive way to identify the funda-
mental mode is to plot frequency spectrum (obtained through Fourier transform of a
record) and searching for the peak with the maximum spectral (Fourier) amplitude.
However, the maximum peak is often blurred by noise, mixed with and shifted due to
torsional mode interaction, or cannot be identified clearly due to change in stiffness
properties within the time window studied. Fig. 1.1 illustrates the difficulty. In this
figure, the frequency response function, i.e. the ratio of the Fourier spectra of accel-

eration recorded at the roof and at the ground floor, of the 7-story hotel building in



Van Nuys, CA is shown. The records are from the June 1, 2014 Westeood Village
earthquake. The first translational mode and torsional mode are with the range of
f = 2 ~ 4Hz. However, the identification cannot be accomplished without using
other tools. In addition, sometimes the maximum peak does not correspond to the
fundamental mode of the building but to a higher mode or site soil mode, as often
observed in high-rise buildings, especially in the ambient noise analysis [3]. Besides,
there is no way to tell the ordering of the various modes only by looking at a frequency
spectrum. Frequency-domain analysis not only loses the time-dependent information
but also has difficulty to provide enough information to tell which frequency peak
corresponds to the fundamental mode or other modes. One often needs to use a
time-domain analysis, such as subspace method, to identify the natural modes and
corresponding frequencies [4] [5] [6].

By means of time-domain analysis, the eigenvalues (modal frequencies) and eigen-
vectors (mode shapes) may be calculated, and thus the order of modes can be con-
firmed. However, the computational demand of time-domain methods is very heavy,
especially in high-rise buildings where large number of modes are present. Inevitably,
influenced by noise, the time-domain analysis sometimes generates dummy eigenval-
ues or spurious mode shapes. Therefore, a frequency-domain tool called “stability
diagram” [5] may need to be drawn and used for checking. The idea behind a sta-
bility diagram is simple: for the same system, the first few eigenvalues should be the
same regardless the order of the model chosen to represent the system and regardless
how many input and output data were used to describe the system. If the same set of
signals were tested with different order models, the eigenvalues persisting in different
order models are accepted as the real parameters of the system.

From the above discussion, it is seen that frequency-domain analysis only identifies
the frequencies with relatively high energy without knowing whether these frequencies
correspond to natural modes of the structure, and if so, to which modes, while time-
domain analysis can calculate the eigenvalues and the corresponding mode shapes

without assurance that no mode is missed.



Another branch of system identification is the analysis method of seismic interfer-
ometry. Seismic interferometry reconstructs wavefields propagating between receivers
using the waves originally generated by earthquakes [7]. For example, Nakata [7] ap-
plied the method based on deconvolution to earthquake data observed in a building
at Tokyo Metropolitan University and successfully extracted building response and
estimated velocities and frequencies of traveling waves inside the building. Also, Pri-
eto [3] used the method and analyzed the instrumented University of California, Los
Angeles, Factory building, while Petrovic [8] identified eight buildings of different
construction types by this method.

In addition to time-domain analysis and frequency-domain analysis, an integrated
concept, i.e, time-frequency domain analysis is also widely used in signal processing.
Timefrequency analysis techniques decompose signal data into forms that separate the
time-varying amplitude, frequency, and phase content [9]. Several kinds of tools can
be applied to the structural health monitoring, such as short-term Fourier transform,
Hilbert-Huang transform, wavelet transform. These approaches may provide good
insight into structural dynamic properties.

Although there are many ways to do the signal processing, one question remains.
There is no way to tell the order of modes from the identified results only by either
time-domain analysis or frequency-domain analysis. Displacements corresponding
to the identified modes from all sensors in the building need to be calculated and

corresponding mode shapes need to be plotted determine the mode order.

1.2 Outline of the Research

In this proposed research, a new approach called the “Phase difference Index plot
(PDI plot)” is developed to help identify the natural modes of a building from its
response to ground shaking.

The main idea of the proposed method is based on the fact that there are patterns

in the mode shapes of typical buildings. Thus, the phase difference between modal



displacements at different floors should also have patterns. By analyzing the common
patterns of mode shapes, the natural frequencies of buildings can be identified.

In this dissertation, Chapter two introduces the concept of the phase difference of
the inter-story displacements of SDOF and MDOF buildings. Then, Chapter three
discusses the methodology in the research, including defining the“phase difference
index (PDI)” and three different ways to calculating the phase difference of two waves.
Thereafter, a real building is offered as an example to illustrate the calculation of PDI.

In Chapter four, four different numerical models are analyzed to test the fea-
sibility of PDI with both white noise acceleration input and the Ji-Ji earthquake
record(Station-WNT, Jiji-Earthquake, Taiwan, 1999/09/20). Chapter five discusses
the issue of torsion. The chapter not only shows how the torsion influences the fre-
quency spectrum and phase, but also uses four types of numerical models to confirm
this.

In Chapter six and seven, five real buildings in the U.S. and another five buildings
in Taiwan are adopted to test the PDI method to see if the recommended method
is feasible. In Chapter eight, the time-frequency application in PDI method is intro-
duced and two cases including one building studied in Chapter seven and a full scale
model tested in Japan were studied and compared with the subspace method. At

last, Chapter nine and ten are conclusion and recommendation for the PDI method.



Table 1.1.
Comparison of time-domain analysis and frequency-domain analysis

Time-domain Frequency-domain

analysis analysis
Time-dependent information Yes No
Mode order identification possible No
Torsional mode identification possible No
Graphical analysis No Yes
Phase information No Yes

System stability judgment cumbersome easy
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Fig. 1.1. Frequency response function obtained as ratio of Fourier
Spectra of the roof acceleration record and the ground acceleration
record. The data are from Ch.03 an Ch.14 of the 7-story hotel building
in Van Nuys, CA, and recorded during the June, 1, 2014 Westwood
Village earthquake.



2. PHASE DIFFERENCE CONCEPT FOR BUILDING
RESPONSE MODE IDENTIFICATION

2.1 Phase Angle in SDOF System

A linear single degree of freedom (SDOF) system with linear viscous damping,
shown in Figure 2.1, has the following governing equation of motion when subject to
harmonic excitation [10]:

mii + ct + ku = posinwt (2.1)

where m, ¢, and k are mass, damping and stiffness of the system, and the harmonic
excitation with forcing frequency w acts on the mass directly. If the structure is

damped subcritically (as in civil structures), the steady-state solution will be:
u(t) = (ust)oRasin(wt — ¢) (2.2)

where (ug)o is the displacement if peak load was applied statically, R, is the displace-
ment amplification factor, and ¢ is the phase angle.

The displacement dynamic amplification factor of the system is:

1
fa= TP+ 0y 238)

where:

B = : (forcing frequency/ natural frequency)

€= C%: damping ratio of viscous damping
Wy = \/% : natural frequency of the system

C. = 2\/muw,: critical damping coefficient



The complex frequency response function(FRF) H(w) is:

1
H(w) = 2.4
N R 24
The phase angle of the SDOF system is:
2ep
-1

Dynamic amplification factor and phase angle plots are shown as Figure 2.2. It
is observed that when the excitation frequency is equal to the natural frequency, i.e.
w, of the SDOF system, the amplification factor reaches its maximum value. When
the frequency of excitation is equal to the natural frequency of the SDOF system, the
phase angle is 90 degrees, i.e. 7/2 radians. The physical meaning can be illustrated in
Figure 2.2. This gives us important insight to develop a phase difference method for
multiple degrees of freedom structures (buildings). The phase is related to direction
relative of motion no matter how big or small the amplitude of the movement may

be. This property is key in making identification of a natural frequency simpler.

2.2 Phase Angle in MDOF System
2.2.1 2DOF System

Similar to SDOF systems, the same notion of phase difference also applies in a
linear MDOF structure. A 2-DOF system under seismic force shown in Figure 2.4 is
used to illustrate to concept. An illustration of phase difference in response for the
2-DOF system considered is given in Figure 2.5. The middle part of Figure 2.5 shows
the mode shape of the first mode, indicating that the roof and ground move in phase
if the external excitation is equal to the first mode frequency. Similarly, the right
part of Figure 2.5 reveals that the roof and ground move out of phase in case that
the external excitation is equal to the second mode frequency.

If it is assumed that the diaphragms of a building move horizontally under seismic

excitation, the theoretical mode shapes of a building dictate the relative movement



of each floor. Taking Figure 2.5 as an example, the first floor and second floor move
in phase in the first mode, but out of phase in the second mode. Thus, if accelera-
tion records are available, the displacements corresponding to any specific range of
frequencies can be obtained. Thus, the phase difference from the displacement curves
in first and second floors, i.e, A¢ with the corresponding forcing frequency, i.e., feu
can be calculated. By analyzing the relationship between A¢ and f..:, the frequency

band corresponding to a specific mode can be identified.

Time-domain analysis

The equation of motion of a 2DOF system with two identical floor masses, story

stiffness can be expressed as follows. The modal damping matrix is assumed to be

diagonal:
m 0 ’ljl Cel —Cec1 ’lll k’l —k’l U1l m .
+ + = — X ug
0 m| |tse —Ce1l Cel FCeo| |Uo —ky ki + kol |us m

Calculating the natural frequencies for the 2DOF system in Fig. 2.4 is a traditional
eigenvalue problem. First, without considering the damping terms, let xq(t) = e**

and z5(t) = €. The determinant of Eq.2.6 becomes:

kE — mw? —k
= k* — 3km?* + m*w? (2.7)
—k 2k — mw?
1 3k 3k k
2 o (2 (22 g2 2.8
R Ly EIL 28)

Thus, w = 2.62(£) or 0.38(£). Let m=1 (kgsec?/m) and k=2500 (kg/m), the

natural frequencies (f = 5%) of the system are 4.92 and 12.88 Hz. By modal super-

position method, the steady state solution of displacements can be obtained as:

u 1.17 iy () Jw? —0.17 —iiy(t) /w3
= + 2.9
Uy 0.72 - V(1= B3)? + (21)? 0.28 . V(1= B3)? + (2ef,)? 29)
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. = 2)
iy 12.88
1 1
° [¢] =
0.62 —1.62

(mode shape vectors are normalized to unit value at top(roof) degree of freedom)

From Eq.2.9, the displacement dynamic amplification factor of this 2DOF system
can be computed. It is shown as Figure 2.6. This figure gives us clear information that
the response will be amplified when the excitation frequency is around 4.92 or 12.88
Hz. Although Eq.2.9 is very useful to find the amplified response, it is not helpful to
derive the relationship between phase angle and excitation frequency. Thus, another
approach, namely the frequency-domain analysis is adopted to determine the phase

angle of the 2DOF system.

Frequency-domain analysis

Frequency-domain analysis (FDA) is another approach to study structural dy-

namics. For a undamped MDOF system, the governing equation can be written as:

[(M]{a()} + [K]{u(®)} = {f()} (2.10)

The general solution by FDA is expressed as [11]:

{U} = la(@)]{F} (2.11)



11

where: a(w) is defined as the receptance frequency response function (FRF) matrix

of the system [11], i.e.:

_ozn(w) app(w) .. ozln(w)_
a(w)] = ag(w)  agp(w) ... ay(w) (2.12)
| a1 (W) apa(w) . un (w)_

And the definition of one single receptance can be given as:
[a(w)] = [@[w; — w7 [@]" (2.13)

For a single receptance FRF a,,(w), the equation can be expressed as:

DD, n DD P D, Py

Qpg(w) = P R B R g (2.14)
where:
[®] is the mass-normalized mode shape(given in Eq.2.15).
m, is orthogonal mass for 7y, mode(given in Eq.2.16).
(@], = ! {6}, (r=1,2,...... ,n) (2.15)
iy
and
m, = [pF[M][6), (r=1,2,...... , M) (2.16)

In a similar way, Eq.2.11 can be applied to damped MDOF system as long as the

receptance term a(w) is modified by adding the damping ratio term [11]:

N
rA .
Qpg = Z R j'qwzﬂ - (structural damping) (2.17)
r—=1 T r
or
N
rA ‘
Qpg = Z - (viscous damping) (2.18)

2 2 ;
— wy — W+ 2wwe]

where:, A,, = ©,, P, (the product of the pth and qth elements in the rth mode

shape), and j is the unit imaginary number.
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In Eq.2.18 , oy, is a frequency response function or a kind of transfer function of
the system. For a 2DOF system, , A,, can be expressed as:

A A

141pq 24pg

Opg = -+ , 2.19
PO w2 — w02 4 2wwief  w? — w? 4 2wwse] (2.19)

In Eq. 2.19, 1A,, and 5 A, represent the contribution factors of 1st mode and 2nd
mode. If 3A,, is much smaller than ;A,,, it means the 2nd mode can be ignored, and
this 2DOF system can be regarded as a SDOF'. In order to observe the phase plot of
2DOF and even higher MDOF systems, all , A,, are assumed to be equal to 1 in the
following MDOF system.

Qg is written in complex form. Taking a;, as an example, we can draw the
Nyquist plot as Fig. 2.7. If we focus on the relationship between the real part and
the imaginary part, the Nyquist plot is shown in Figure 2.8. By means of the Nyquist
plot, it is easy to derive the phase angle of oy, in this 2DOF system:

imaglaig(w)]

01 = arct 2.20
1 = arctan( reallany(@)] (2.20)

or, avoiding the infinity occurring in tan#,
0, = arctch(w (2.21)

real[aq,(w)]
For the 2DOF shown in Fig. 2.4, the frequency response function of a;, can be
expressed as:

1.17 n —0.17
4922 —w?)+2%4.92xwxej  (12.882 —w?) +2%12.88 xw * £j

ayg(w) = ( (2.22)

The coefficients [1.17 , -0.17] in Eq. 2.22 match the numbers in the first row of
Eq.2.9. As mentioned, because -0.17 is small compared to 1.17, if we want to make
the phase of 2nd mode more observable, we need to adjust the coefficients. Thus, the
frequency response function of a;, can be expressed as:

1 -1
4922 —w?) +2%4.92 % w * €] * (12.882 — w?) + 2% 12.88 x w * €

ayg(w) = ( (2.23)

Using relationship given in Eq.2.21, the phase angle of a;, can be plotted in Fig.
2.9. The lower part of Fig.2.9 is very similar to the phase angle plot of SDOF in Fig.
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2.5. However, the plot is not very practical to identify the natural frequency of the
2DOF system easily. Another index—“cosfl” is adopted to observe the fluctuation of
phase angle2.10. One benefit of cosf plot is that the zero-crossing point matches the
corresponding natural frequency so it is easier to identify the natural modes of the

system.

2.2.2 MDOF System

Multiple-degree of system(MDOF) system shares the same equations as 2DOF
system. For any degree of freedom system, Eq.2.15 ~ 2.21 are valid to calculate the
transfer function and phase angle. In this section, an eight degrees of freedom system
shown in Fig. 2.11 is used to develop relevant Nyquist plot and phase angle plot.
For a building system, the coefficient of the 1st mode is usually larger than the rest.
It is unfavorable to observe the variation of phase plots. Thus, similar to the 2DOF
example mentioned in previous sections, the summation of each ,A,, for each mode
in this case are also adjusted to be 1 so that the phase angle plot is more identifiable.
The 3D and 2D Nyquist plots of the 8 DOF system are shown as Fig. 2.13 and 2.14.
The phase angle plots are given as Fig. 2.15 and 2.16 respectively. In Fig. 2.16, the
calculated natural frequencies of this 8 DOF system match the zero-crossing points
in the cosf phase plot.

Moreover, the same idea of phase difference as developed for a 2DOF system,
though more complicated, also holds true in MODF, and the mode shapes corre-
sponding to different modes also help us to locate the natural frequency of a building.
Figure 2.12 presents all mode shapes of the 8 DOF system considered. For a typical
simple structure, by observing the relative motion of each floor corresponding to each
mode, we can conjecture the sign (positive or negative) of phase difference of each
diaphragm under external force with specific frequency. For instance, under ideal

circumstance, given the acceleration records of the 9th floor (roof) and 2nd floor,


https://angle2.10
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the sign of the phase difference between the displacement curves of the the 9th floor
(roof) and 2nd floor should be positive, negative, positive, negative, i.e. alternating.

In a well monitored building, usually multiple accelerometers are installed in the
building. We can acquire different and useful information from all accelerometers in
each floor. In the perspective of system identification, the most useful information
would be on the roof, the 2nd floor and the ground. First, if we refer to Eq. 2.11, the

frequency response function on the roof of a building can be expressed as:

H(w) = L reos

(2.24)
U(w) ground

where:

U (W)roof: The frequency spectrum of roof acceleration.

U (W)ground: The frequency spectrum of ground acceleration.

For most buildings, the largest inertial force driven by the earthquake is on the
roof. It is because the largest displacement occurs on the roof in the first mode.
Therefore, it is easy to identify the first mode only by observing the frequency response
function from Eq. 2.24. Second, as for the acceleration record on the 2nd floor, by
observing the mode shapes of MDOF system such as Fig. 2.12, we can see that the
phase of displacement direction corresponding to each mode frequencies is always

opposite between roof and 2nd floor. This characteristic gives us a convenient tool to

target the frequency bandwidth for each mode.
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Fig. 2.4. 2DOF system (a simplified shear frame).
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Fig. 2.5. Physical interpretation of phase in 2DOF system (a sim-
plified shear frame). w/w, << 1 the 2 masses and the ground move
in-phase; w/w,1 = 1 the resonance occurs in the system and the build-
ing shakes in the first mode ; w/w,2 = 1 the resonance occurs in the
system and the building shakes in the second mode.
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27

javascript:void(0);

Receptance: Real(o:1j)

10 . .
_10 1 1
0 5 10 15
Receptance: Imag(«,.)
1j
20 | T
g
e 0 V
_20 1 |
0 5 10 15
c @ = arctan2(imag/real)
T T
_5 1 |
0 ] 10 15

Hz

Fig. 2.15. Real part, imaginary part and phase angle of a4 in 8 DOF

system (f, = [1.25, 3.70, 6.02, 8.14, 9.98, 11.48, 12.59, 13.27] Hz, ¢
=0.02)


javascript:void(0

cos {

Phase angle of the 8 DOF system

0 5 10 15
Frequency (Hz)
cos ¢ of phase angle

1 3 . .

_1 L_ 1 |
0 5 10 15
Frequency (Hz)

Fig. 2.16. Phase angle of oy, and cosf in 8 DOF system (f,, = [1.25,
3.70, 6.02, 8.14, 9.98, 11.48, 12.59, 13.27] Hz, £ =0.02 )

28



29

3. PHASE DIFFERENCE INDEX APPLICATION
3.1 Properties of Linear Time-invariant System

Key properties of linear time-invariant systems, i.e., linear elastic systems, are

introduced in order to illustrate various applications of the phase difference index

(PDI).

3.1.1 Fundamental Properties of Fourier Transform

In frequency domain analysis, two fundamental properties of Fourier transform

hold true [12]. For any two functions f(¢) and ¢(¢) in time domain:

e Linearity

FLU) +9W0)] = ZFIf ()] + Flg(t)]

e For any constant k

Ff(O)] = kZ[f(1)]

3.1.2 Definition of A Linear Time-invariant System

In engineering, the simplest and most common assumption is to consider a dy-
namic system to be a linear time-invariant (LTI) system. In this dissertation, all
systems are LTI unless stated otherwise. LTI system is a system which satisfies the
following relationships between input z(n) and output y(n) (See Table 3.1) : a single
input x1[n] produces a single output y;[n]; sum of z1[n] + x[n| as input produces
y1[n] + y2[n], input ax;[n] + bxs[n] produces ay;[n] + byz[n] [13].

Figure 3.1 illustrates the idea of LTI system in an intuitive way. In the left part
of Figure 3.1, the response of an object exerted by a group of forces: > " | Fi(w) =
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Fi(wy) + Fa(wy) + F3(ws) shall be equal to the superposition of response caused by

each force separately.

3.2 Phase Difference Index Calculation

There are four major steps to calculate the phase difference index from acceleration

records of a monitored building:

1. Frequency spectrum decomposition:
Decompose frequency spectrum of roof and another selected floor acceleration
records by band-pass finite impulse response (FIR) filter with a very narrow
frequency bandwidth to get acceleration records corresponding to each narrow
frequency bandwidth. In this research, the bandwidth is 0.05~ 0.1 Hz, and the
related issues will be discussed in Section 3.2.1. In addition, the “selected floor”

in this research means ground floor (GF) or the 2nd floor (2F).

2. Obtain displacement curve from acceleration records:
To find all displacement curves for roof and ground (or 2nd Floor (2F)) corre-

sponding to each narrow frequency bandwidth.

3. Calculate the phase difference:
Estimate the phase difference of displacement curves between roof and ground

(or 2F), i.e. relative displacement, obtained from step 2.
4. Draw the Phase Difference Index plot.

The details of the four steps are explained in the following sections.

3.2.1 Frequency Spectrum Decomposition

Frequency spectrum decomposition is to use a continuous set of band-pass filters
to separate the Fourier spectrum into many narrow bandwidth spectra. The main

idea could be inferred from Figure 2.5 and Figure 3.1: 2.5 shows us an interesting
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dynamic property of a 2DOF system. For a 2DOF system, if the external excita-
tion frequency is close to w1, the resulting displacements will follow the first mode
shape(¢;). In other words, when the external excitation frequency is close to w1,
the contribution of the first mode response to the displacement would be much larger
than the contribution of the second mode, if any. In a similar way, when the ex-
ternal excitation frequency is close to w2, the response will be dominated by the
second mode shape(¢s). Thus, if we use the notion of “frequency sweep” to observe
the mode shape corresponding to each different frequency of external excitation, it
would be possible to determine the first mode and the second mode period (or natural
frequency) for the 2DOF system. The same idea applies in structures with greater
degrees of freedoms. Figure 3.1 provides a vague indication of how to achieve “fre-
quency sweep” for a frequency spectrum. If we need to “frequency sweep” a frequency
spectrum, referring to figure 3.1, we can use band-pass filters with consecutive cutoff
frequencies to filter the original frequency spectrum and get consecutive “filtered”
signals. The concept of the band-pass filter is illustrated in figure 3.2. The frequency
bandwidth of the original signal ranges from f; to f;. If the original signal is applied
with a band-pass filter,the bandwidth of which is f; ~ f5, only components within f;
to fo bandwidth would be left in the filtered signal.

For instance, in a given acceleration record, if the preferable analyzed frequency
range is from f=0 Hz to f =10 Hz, and the cutoff frequency bandwidth is assumed to
be 0.1 Hz, one can use band-pass filters with the cutoff frequencies such as: [0~0.1]
Hz, [0.1~0.2] Hz, [0.2~0.3] Hz, [0.3~0.4] Hz.....[9.8~9.9] Hz, [9.9~10] Hz to analyze
the given acceleration record and then get the corresponding filtered signals.

Another issue is about the value n which represents the number frequency bands
used [14]. In general, the number “n” must obey the uncertainty principle of short-
time Fourier transform analysis. In this principle, the following equation dominates

the relationship between time interval and frequency bandwidth:

AT x Aw > 4i (3.1)

™
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or

Atfozé (3.2)

where: At: time interval of (sec), w: frequency (rad), and f: frequency (Hz)

Thus, in the PDI plot analysis, the minimum frequency bandwidth should obey

the following equation:

1
A ey > ——————— )
fb.pleter = 9% At (3 3)

accel.

: where: fy,riner: the cutoff frequency of bandpass filter, At,cee.: time range of the

given acceleration record.

For example, if one considers no less than 60 seconds long earthquake acceleration
records, i.e. AT > 60s in a strong ground motion, from Eq. 3.3, the minimum

window length of frequency bandwidth should be:

Af > m ~ 0.008(H>2)

In addition, the window function of an FIR filter is a also a concern in signal
processing. Different window has its own pros and cons. In PDI analysis, the behavior
in the main lobe of each filtered signal is still the major concern. Therefore, the

Hamming widow [15] is adopted in this research.

3.2.2 Obtaining Displacement Curves from Acceleration Records

Most of the dynamic response monitoring instruments installed in buildings are
accelerometers. If we need to obtain the displacement history curves of a specific story
in a monitored building, we have to integrate over time the acceleration records twice.
However, because of back ground noise or unknown conditions, when we integrate di-
rectly the acceleration twice, large deviation inevitably occurs in displacement curves.
Such outcome often confuses the researchers in earthquake analysis. For example, ac-
cording to Chiu’s research [16], such deviations might be caused by instrument errors

and constant Drift, background noise, initial values and manipulation errors.
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Proposed Procedures for Strong Motion Data Processing

Chiu [16] proposed three steps to correct the deviation:

1. Least-squares fitting in acceleration:
The purpose of the step is to reduce the low-order baseline errors. As previously
mentioned, any signal inevitably has initial errors. Ideally, displacement is the
integral of velocity, and velocity is the integral of acceleration. If all initial
conditions are zero, the relationships for displacement, velocity and acceleration

o A(t)
o V(t)= [A(t)dt + C4
e D(t)= [V(t)dt+ Cy

However, due to the existence of initial terms, the true acceleration, velocity

and displacement would be:

o A(t) = Ao+ A(t)

o V(t)=Vo+ [A(t)dt + Cs

o D(t) = Vot + $Ast* + [[ A(t)dt + C4
In order to eliminate the Ay term, we can use the least-squares fitting for the
acceleration record. In general, the least-squares fitting is just shifting the base

line of original acceleration curve. In Matlab [17], “detrend” can be used to

remove the trend from an acceleration record.
2. High-pass (or band-pass) filtering in acceleration:

o A(t) = Ap + Aga(t) + At
o V(t)=Vo+ Ant+ [Ap(t)dt+ [ A(t)dt + Cs

o D(t) = Vot + SAnt® + [[ Ap(t)dt + [[ A(t)dt + Cs



34

where:

Ap1: linear initial acceleration
Aps(t): nonlinear initial acceleration
A(t): acceleration response

(1 ~ Cg: constant

In order to eliminate the Ay(t) term, we can use frequency domain analysis
to process the record. The first step is to apply the Fourier Transform to
the acceleration record and then use the high-pass filter or band-pass filter
to remove the low frequency signals. The band range or the cutoff frequency
depends on the ratio of noise and earthquake signals. According to Chiu [16],
high -pass filter is enough to achieve the goal of removing the unnecessary
signals. However, according to reference [18], band-pass filter is recommended
to remove the low and high frequency background noise. The recommended

frequency pass for the band filter is between 0.5 Hz and 25Hz.

. Subtracting the initial value in the velocity
The purpose of the step is to reduce the low-order baseline errors. From step 1

and step 2, we have removed Ag; and Age(t) terms shown as follows:

o A(t) = Aol + Aoft] + A()
o V(t) = Vo + Agt + [ Aeoftydt + [ A(t)dt
o D(t) = Vit + s Aqit® + [[ Agstt)dt + [[ A(t)dt
In the above equations, all A(t) terms are what’s desired to have, and the V}

terms are what are sought to be removed. Chiu [16] has three alternatives to

achieve this goal:

n b"L
0 27 fp

(a) Use Fourier transform analysis of the acceleration signal: Vo =)

(b) Find the least-squares fit for the new velocity curve.
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(c¢) Find linear trend in new displacement curve.

In this dissertation, (b) alternative is adopted to remove the V; term.

Following three steps mentioned above, well-fitting displacement curves would
be obtained from acceleration records. However, if the deviation still exists,
the problem may be caused by the band width of band-pass filter. One feasible
approach is to use trial and error to adjust the lower cutoff frequency to improve

the deviation.

3.2.3 Calculating the Phase Difference

Following the steps described in Section 3.2.2 step, two filtered displacement sig-
nals corresponding to specific narrow frequency bandwidth are obtained. By ana-
lyzing the phase difference of the two signals, the phase difference of displacement
between roof and ground (or 2F) are obtained. Thus, one can identify whether a
mode shape exists at the specific frequency and determine if the given frequency is
a natural frequency. Three different methods may be used to calculate the phase

difference of two displacement curves:

1. Phase difference by Fourier spectrum of two signals
2. Cross correlation of two signals

3. Instantaneous phase difference of two signals

The above three methods are explained in section 3.3.

3.2.4 Draw the Phase Difference Index Plot

Three different methods are proposed above to calculate the phase difference index
between two signals. For any linear time-invariant system, theoretically, results from

the three methods should be equal. However, after testing them on actual earthquake
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records from Taiwan and U.S, it is found that there are still some differences among
the three methods, and the third method seems more favorable for analysts (see as
Appendix A for a discussion). Therefore, in the following chapters, the PDI will
mainly be calculated using Eq. 3.12 unless otherwirse noted.

In section 3.2.1, the notion of frequency spectrum decomposition by band-pass
filter was introduced. If the frequency bandwidth is divided into n equal parts, the
i*" unit narrow frequency bandwidth is f; ~ fi11 and i is from 0 to n. Therefore, the
representative frequency of the i"* frequency bandwidth is: %

Each narrow bandwidth spectrum represents the summation of a few sinusoid or
cosine waves with approximately equal frequencies. Such characteristic causes the
beat frequency occurring in the corresponding wave in time domain. To prevent
unfavorable influence in the PDI analysis by such phenomenon. Removal of low
amplitude is a feasible measure adopted by this research. Related concept is discussed
in Appendix B.

For each unit narrow frequency bandwidth of roof and ground(or 2F) response, one
can calculate the phase difference index by Eq. 3.12; and then obtain a corresponding
PDI;. Since the frequency bandwidth is divided into n parts, repeating the procedure
for n times results in n pairs of (%, PD1I;) coordinate points. Let frequency(Hz)

be the x axis, and PDI to be the y axis. These n pairs of (%, PDI;) points shall

compose a phase difference index plot(PDI).
3.3 Three Methods to Calculate Phase Difference of Two Signals

3.3.1 Phase Difference by Fourier Spectrum of Two Signals

For a given periodic signal, the phase angle form of the Fourier series can be

expressed as:

1 o
u(t) = 500 + Z ¢ cos(nwot + 6) (3.4)
n=1

where:
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cn =/a2 + b2
0 = —arctan(Z—Z)

ay = 2 ;;Hp u(t) cos(nwot)dt

b, = 123 ;00+p u(t) sin(nwot)dt
p: period
Therefore, the phase difference of any two signals can be calculated by the follow-
ing equation:

by, by,
A = 6, — Oy = — arctan(—); + arctan(— ) (3.5)

an 7

In section 2.2.1, cos(Af) was introduced. The phase difference index by Fourier

Spectrum can be defined as:
PDIpourier = cos(AB)

or

by, by,
PDIpyyrier = cos(— arctan(—); + arctan(—)s) (3.6)

an, an,
3.3.2 Cross-Correlation of Two Signals

In signal processing, cross-correlation is a tool to measure the similarity of two
series of data as a function of one relative to the other. For continuous functions f

and g, the cross-correlation is defined as:

Fea) = [ Fgler (3.7)
where

f*: the complex conjugate of f.
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7 is the lag (or difference).

For discrete signals, the cross correlation is defined as:

(fxg)nl= > fltlglm+n] (3.8)

m=—o0
Cross-correlation is also called sliding dot product, the phase difference of two
signals occur at the peak (or maximum) of the dot product of two signals.
Thus, with two known signals as input and calculating the cross-correlation, the
phase difference finds where maximum absolute cross-correlation occurs. For this

method, the Phase difference index can be defined as follows:
PDI.. = cos(lagDif f) (3.9)
where:
c.c : abbreviation for cross-correlation

lagDiff: phase difference(or lag) of s; and s

3.3.3 Instantaneous Frequency Difference by Hilbert Transform

Although Fourier spectrum or cross-correlation can calculate the phase differ-
ence of two signals, they are based on the assumption that the system is linear and
time-invariant at all times. Such an assumption implies that the frequency response
corresponding to specific external excitation would not change when the external force
is applied. This can be too strong an assumption for structures. Thus, another ap-
proach is used here to calculate the instantaneous frequency and instantaneous phase
of two signals. Then, the instantaneous phase difference of two signals at any time

step would be obtained.
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Analytic Signal and Hilbert Transform

An analytic signal is a complex-valued function that has no negative frequency
components [19]. The real and imaginary parts of an analytic signal are real-valued
functions related to each other by the Hilbert transform.

The analytic signal can be expressed as the following form [9]:
Sa(t) = s(t) + js(¢) (3.10)

where: 5(t) is Hilbert transform of s(¢); j is the the imaginary unit

Instantaneous Amplitude, Phase, and Frequency

Hilbert transform calculates the envelope of an oscillating signal with a slowly
varying amplitude, phase, and frequency. Once an signal is obtained, the following
parameters can be found

citeD.Huston2010:
e Instantaneous amplitude: A(t) = |S,(t)]
e Instantaneous phase: ¢(t) = arg{S.(t)}
e Instantaneous frequency: w(t) = L(t)

Another issue is the instantaneous phase of analytic signal. Since the analytic
signal operates in complex domain, it is favorable to use arctan2 rather than arctan
when there is a need to calculate the phase. The definition of arctan2 is shown as

below:
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arctan(%), x>0
5 — arctan(¥), y>0
_ —5 —arctan(¥), y <0
arg(z + jy) = atan2(y, x) = N (3.11)
7 +arctan(?), = <0,y>0
—7m +arctan(?) = <0,y <0
unde fined x=0,y=0

The purpose to use arctan?2 rather than arctan is that arctan2 uses two inputs,
i.e. (y,x) while arctan only needs one input,(£). Accordingly, one can obtain the sign
information and determine the appropriate quadrant of the computed angle. Another
benefit is that arctan2 can avoid the infinity caused by zero denominator i.e. x = 0.

From the discussion in the section, if the difference between phase angles of re-
sponse of two floors or, simply, of records (duration = T) obtained by two accelerom-
eters at any time step (t=i) is A¢;, Phase Difference Index (PDI) of instantaneous
phase difference is defined as:

>y cos(Ady)

PDI;, = N

(3.12)

where:
i.p. : instantaneous phase
Ag;: phase difference of two signals in any time step (t=i)
N= sampling ratex duration of the acceleration record.

The Phase Difference Index can also be comprehended intuitively. For any lateral

movement of a building:
e If two floors move in-phase, PDI = cos(0 £ 27) =1
e If two floors move fully out-of-phase, PDI = cos(+m) = —1

e If two floors move randomly, (PDI) = 0 where average is taken over a time

window.
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3.4 Example of Phase Difference Index Calculation

A simple case is presented in this section to demonstrate how to use those equa-
tions mentioned in this chapter and draw the phase difference index (plot). The

related information about the station and earthquake record are listed below:

3.4.1 Station Information
- Station No.: CGS - CSMIP Station 24386
- Station name: Van Nuys - 7-story Hotel, LA
- Location: 34.220N, 118.471W
- Earthquake: Westwood Village Earthquake of 01 Jun 2014
- Start Time: 6/02/14, 02:36:24.0 UTC
- Record Length(sec): 57.00
- Sample Rate(Hz): 200
- Sensor Locations plan : Fig. 3.3
- Selected Sensor: Ch.09 (Roof), & Ch.16 (ground)
- Peak acceleration = -9.502 cm/sec? at 25.545 sec.

- Data Source : Center For Engineering Strong Motion Data

http://www.strongmotioncenter.org/

3.4.2 Example of Frequency Spectrum Decomposition

The steps of spectrum decomposition are as follows:


http://www.strongmotioncenter.org

1.
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The total frequency bandwidth in Fig.3.4 (b) and Fig.3.4 (d) is O~ 15 Hz. Base
on Eq. 3.12, N is selected to be 150 i.e. the unit narrow bandwidth Af = 0.1
Hz. Therefore, the sequence of narrow bandwidth = [0, 0.1, 0.2....., 14.9, 15]
Hz.

. Apply a band-pass filter (Hamming window) to the roof acceleration and ground

acceleration records. The cut off frequencies shall be [0, 0.1],(0.1, 0.2],(0.2, 0.3
| T [14.9, 14.9],[14.9, 15.0] by turns. In this section, we use two different
narrow bandwidths:[2.2~ 2.3] Hz and [3.2~ 3.3] Hz as examples to demo the

effect of band-pass filter.

(a) Case 1: frequency bandwidth=[2.2 ~ 2.3] Hz :
The comparison of original acceleration signal and filtered acceleration sig-
nal is shown as Fig. 3.5. It is obviously observed that the plot (¢)&(d) only
have apparent frequency of [2.2~ 2.3] Hz while other frequency components

are filtered.

(b) Case 2: frequency bandwidth=[3.2 ~ 3.3] Hz :
The comparison of original acceleration signal and filtered acceleration sig-
nal is shown as Fig. 3.6. It is obviously observed that the plot (¢)&(d) only
have apparent frequency of [3.2~ 3.3] Hz while other frequency components

are filtered.

3.4.3 Example of Obtaining Displacement from Double Integral of Ac-

celeration

The procedures are as follows:

1.

Integrate the acceleration into velocity, and then remove the trend to get the

velocity without deviation.

. Integrate the velocity into displacement, and then remove the trend to get the

displacement without deviation.
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3. (a) Case 1: frequency bandwidth=[2.2~2.3] Hz :
The displacement curves from double integral of filtered acceleration are
shown as Fig.3.7. Fig.3.7 (a) and (b) are the same plots. The difference is
that (a) represents the response in whole duration while (b) only focuses

on the time interval from 30 second to 42 second.

(b) Case 2: frequency bandwidth=[3.2~3.3] Hz :
The displacement curves from double integral of filtered acceleration are
shown as Fig.3.8. Fig.3.8 (a) and (b) are the same plots. The difference is
that (a) represents the response in whole duration while (b) only focuses

on the time interval from 20 second to 32 second.

From the two cases given above, it is clear that Fig. 3.7 is an “in phase” movement

of Ch.09 and Ch.16, while the Fig. 3.8 represents an “out of phase” movement.

3.4.4 Example of Calculating the PDI of Two Filtered Displacement

Curves

1. Case 1: frequency bandwidth=[2.2~2.3] Hz :
The PDI; corresponding to the external excitation of which bandwidth =(2.2~2.3)Hz
is shown as Fig. 3.9. By Eq. 3.12, PDI (Phase difference index) is the mean
of all PDI; of all time steps. In this case, PDI = 0.76. Judging from Fig.3.9,
we can observe that in most of the time steps, the PDI; is close to 1. Thus,
it seems that we can conjecture that frequency bandwidth=[2.2~2.3|Hz is very
close to the natural frequency of the system. But unless we finish the whole
picture of PDI, we have no idea at which order of mode does this frequency

bandwidth belongs to.

2. Case 2: frequency bandwidth=[3.2~3.3] Hz :
The PDI; corresponding to the external excitation of which bandwidth =(3.2~3.3)Hz
is shown as Fig. 3.10. By Eq. 3.12, PDI (Phase difference index) is the mean
of all PDI; of all time steps. In this case, PDI = 0.8. Judging from Fig.3.10,


https://Fig.3.10
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we can observe that in most of the time steps, the PDI; is close to -1. Thus,
it seems that we can conjecture that the roof(Ch.09) and ground(ch.16) always
move out of phase under the external excitation. But unless we finish the whole
picture of PDI, we have no idea that which order of mode does this frequency

bandwidth belongs to.

3.4.5 Example of Drawing the PDI Plot

The final step is to use the notion of “frequency sweep” to calculate the PDI for
the whole frequency bandwidth of a system. For a building, the frequency range of
1 ~ 10 Hz is more important than others. In this example, only f =1 ~ 10Hz are
presented in the final result.

Let frequency(Hz) be the x axis, and PDI to be the y axis. Now we have 100 pairs
of (%, PDI;) points, and these points shall compose a phase difference index plot
in x-y coordinate.

Figure 3.11-(a) is the result of PDI plot for the given example. Because the zero-
crossing point of a PDI curve should be a natural frequency of the building, it is easy
to identify that f,; = 2.43. The second mode f,» seems between 7.73~ 8.1 Hz. It
seems a little unstable. Without further information, the research just assumes the
first zero-crossing point to be the 2nd mode. Figure 3.11-(b) is frequency response
function(FRF) of Ch.09 over Ch.16. The FRF can be calculated by Eq. 2.24 i.e. the
deconvolution of . (w)cn.09 and F (w)cn.16-

It should be pointed out that the original FRF of Ch.09 over Ch.16. is not smooth.
In order to smooth the FRF curve, Welch’s method was used [20]. In Figure 3.11-(b),
two vertices can be observed in the FRF curve, the left one is more obvious while the
right one is more flat. The first peaks match the zero-crossing points in Figure 3.11-
(a) very well while the 2nd one approximately matches well. It is easier to identify

the natural modes of the system by cross-checking PDI plot and FRF plot.


https://ground(ch.16
https://roof(Ch.09

Table 3.1.
Properties of linear time-invariant(LTI) system

Input Output

x1[n] 1 [n]

az1[n] ay[n]

o [n] y2[n]
z1[n] + z2[n] yi[n] + ya[n]

axi[n] + bza[n]  ayi[n] + bya[n]
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Fig. 3.4. Acceleration records of Ch.09 & Ch.16 of Van Nuys 7-story
building Westwood Village Earthquake of 01 Jun 2014: (a) Ch.09
Acceleration time history curve, (b) Ch.09 Fourier Spectrum of Ac-
celeration Ch.09 record, (c) Ch.16 Acceleration time history curve,
(d) Fourier Spectrum of Acceleration Ch.16 record
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(a) FFT - CH.09 (b) Filtered FFT - CH.09
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Fig. 3.5. Original & filtered Fourier Spectrum of acceleration records
of Ch.09 & Ch.16 with cutoff frequency =[2.2, 2.3] Hz. (a) Ch.09
original acceleration signal, (b) Ch.09 filtered acceleration signal,
(c)original Ch.16 acceleration signal, (d) filtered Ch.16 acceleration
signal.
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(a) FFT - CH.09 (b) Filtered FFT - CH.09
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Fig. 3.6. Original & filtered Fourier Spectrum of acceleration records
of Ch.09 & Ch.16 with cutoff frequency =[3.2, 3.3] Hz. (a) Ch.09
original acceleration signal, (b) Ch.09 filtered acceleration signal,
(c)original Ch.16 acceleration signal, (d) filtered Ch.16 acceleration
signal.
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Fig. 3.7. Displacement curve integrated twice from filtered acceler-
ation.(a) Displacement curve of whole duration. (b) Displacement
curve zoom in 30~42 second. ** cutoff frequency of band-pass filter

=[2.2~2.3]Hz
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st i

Fig. 3.8. Displacement curve integrated twice from filtered acceler-
ation.(a) Displacement curve of whole duration. (b) Displacement
curve zoom in 30~42 second. The cutoff frequency of band-pass filter

—[3.2~3.3]Hz
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Fig. 3.9. PDI; (Phase difference index) corresponding to the external
excitation of which bandwidth =(2.2~2.3)Hz. The average PDI; =
0.76
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Fig. 3.10. PDI; (Phase difference index) corresponding to the external

excitation of which bandwidth =(3.2~3.3)Hz. The average PDI; =
—0.8
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Fig. 3.11. PDI-X plot vs. FRF-X of Van Nuys 7 story Hotel (E-W)
This plot use Ch.09 & Ch.16 to analyze PDI and FRF. Earthquake
record: Westwood Village Earthquake of 01 Jun 2014. The FRF curve
is modified by Welch method, the window size is 25% of signal length.
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4. NUMERICAL MODELS FOR PDI ANALYSIS
4.1 Introduction

In this chapter, numerical models are used to test the idea of phase difference
index. Four types of frame buildings; namely a 2-story building, a 4-story building,
a 7-story building, and a 10-story building are adopted to demonstrate how the PDI
plots help identify the natural frequencies of these buildings. Two kinds of ground
acceleration are selected to be the input acceleration of numerical models. The first
one is white noise (1 em/sec? for 60 seconds) input, and the second one is a record

from the 1999 Ji Ji earthquake in Taiwan.

4.2 Numerical Model Description

Four types of numerical models are illustrated as Figure 4.3 and 4.4. Among them,
Figure 4.3(a) is 2DOF system, and 4.3(b) is 4-DOF system. In addition, Figure 4.4(a)
is TDOF system, while Fig. 4.4(b) is 10-DOF system. Specific conditions are given

to all four models as follows. The number 1%’39[ will be assigned to certain values in

order to manipulate the first mode period of each model to be 0.1 H (H:Total height

of structure). The conditions of each model are:
e mass of each story = 1 (i.e., unit mass)

e height of each story = h

12E1 __
h3

— 2500 (2-DOF system)

— 2000 (4-DOF system)
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— 1800 (7-DOF system)

— 1600 (10-DOF system)
e damping ratio (¢) of each mode = 0.05

o All models are linear (Time-invariant elastic system).

4.2.1 Governing Equation of Translational Motion

For moment frame buildings (also known as shear beam models), the governing

equation of earthquake response in an N-DOF system can be expressed as:

[M]{a(t)} + [CT{a(t)} + [K]{u(t)} = —[M] {iy} (4.1)
For N degrees of freedom system with the conditions given in Section 4.2, Eq. 4.1

can be expanded as:

1 -1 0 0 ... 0
-1 2 -1 0 ... 0
0 ) :
M ] nxn {ﬂ(t)}nxﬁ-[C]an {u(t)}nxl_'_% ‘ . {u(t)}nxl
-1
I 0 .. =1 2 1o
= —m[I]nxn {lg}, (4.2)

where: u,(t) relates to the top mass, and w,(t) relates to the bottom mass.

4.2.2 Natural Frequencies of Numerical Models

Eq. 4.2 comprises a traditional eigenvalue problem. Natural frequencies of the

systems can be acquired by finding the eigenvalues. For the four selected systems(2-
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DOF, 4-DOF, 7-DOF, 10-DOF) with given conditions, the natural frequencies are as

follows:
e 2-DOF system
— fn=14.92,12.88] Hz
e 4-DOF system
— fn=1247,7.12, 10.90, 13.38] Hz
e 7-DOF system
— fo=1[141,4.17, 6.75, 9.04, 10.93, 12.34, 13.21] Hz
e 10-DOF system

— f. =1[0.98, 2.92, 4.79, 6.56, 8.18, 9.62, 10.84, 11.82, 12.54, 12.98] Hz

4.2.3 Steady State Solution of Displacement on the Roof

The displacement solutions of four models can be found easily by modal superpo-
sition method. The PDI plot form (Roof/Ground) reveal the natural frequencies by
observing the zero-crossing points. Thus, only steady state solutions on the roof, i.e

uy(t) of four numerical models when the forcing acceleration is i, are listed as below:

e 2-DOF system:

up (t) = —iig (1) /w} —iig (£) /w2 " 1.17 (43)
1 Vagree?  a-mres? | | g7 '
e 4-DOF system:
1.24
U (t) = —ﬁg(t)/w% —iig(t)/w% —ﬁg(t)/wg —ﬁg(t)/wz y —0.33
1 V=82 +(2e81)2  \/(1-B3)2+(2:62)2  /(1-52)2+(2e83)2  +/(1—B3)2+(2¢f4)? 019
—0.03

(4.4)



e 7-DOF system:

il (1) /w}

_ —iig(t) /w}
Ul(t) - \/<17ﬁ%)2+(2€'81)2

e 10-DOF system

Uy (t) _ —iig (t)/w?

V/ (1-53)2+(2¢62)2

—ilg (t) /w}

—iig (1) /w}

/ (1—B2)2+(2¢7)2

—iiy () /wiy

0.006

V (1-52)2+(2¢51)>

where:

b=t

V(1-53)2+(2¢2)2

V (1=B2,)2+(2p10)?

fni: natural frequency of iy, mode (Hz)(see section 4.2.2)

e = 0.05 for each mode

w;: natural frequency of i, mode (rad)

60

1.26
-0.39
0.20
—0.11
0.057
—0.024

(4.5)

1.26]
_0.41

0.23
—0.14
0.093
—0.06
0.037
0.0
0.009

—0.002
(4.6)
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4.2.4 Calculating Dynamic Response Numerically

In this dissertation, linear acceleration method is used to solve the dynamic re-
sponse problem. The procedure is listed as follows [10]:
For any dynamic linear system, in any time step t;;1, the dynamic equilibrium

equation can be expressed as:
Miliy1 + Clipr + kuir = pia (4.7)
For linear acceleration method, v =1/2, and f =1/6

1. initial calculations

.. —ctio—k
(a) dig = Bo=cp=e

(b) select At
(¢) ap = ﬁ(Tlt)gm + 386
ay = ﬁm%— (% —1)¢
as = (% —m+ At(3 —1)c
(d) k=k+a
2. Calculations for each time step, i =0,1,2,...
(&) Dit1 = Piy1 + aru; + azt; + azii;

(b) Ui = p¢£1

() diiv1 = grape (Wit — i) = gart — (55 — Diiy

3. Repetition for the next time step. Replace i by i+1 and implement steps 2.(a)
to 2.(d) for the next time step.



62
4.3 Numerical Model Tests with White Noise Input

First, white noise signal is used to test whether the phase difference index analysis
works for the selected numerical models effectively when the input ground motion is
expected to excite all natural modes of the structure. White noise is a random signal
and theoretically has equal intensity at different frequencies. In Matlab, the function-
“wgn” can be used to generate white noise. For 1 cm/sec® white noise with 60 second

duration, the time history and frequency spectrum are plotted as Figure 4.5.

4.3.1 Result from 2DOF Numerical Model with White Noise Input

By using linear acceleration method and white noise input mentioned in section 4.3
and 4.2.4, we can generate the Power Spectrum of the roof of the 2DOF system. Since
the natural frequencies of this system are set at 4.92 and 12.88 Hz, it is predictable
that the response peaks shall occur at both 4.92 and 12.88 Hz in power spectrum.

Figure 4.6 indicates that the response fully matched the above prediction. Al-
though many rapid variations appear in the spectrum, two peaks occurring at the
natural frequencies of the set structure(model) are obvious.

In addition, Figure 4.7-(a) includes the frequency response spectrum of the roof(blue
line), 2nd floor(orange line), and ground(yellow line). If we let the blue curve(roof)
of the frequency spectrum be divided by the yellow curve(ground), the frequency
response function(FRF) of roof (shown as the blue curve in Figure 4.7-(b)) can be
obtained. The procedure is also called “deconvolution” of the spectrum. Theoreti-
cally, the FRF of roof should be identical as Eq. 4.3. By observing Figure 4.7, the
FRF(blue curve at the (b) plot) matches our prediction. Accordingly, it is shown

that the 2DOF numerical model with white noise input is working properly.
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Phase Difference Index of 2-DOF Numerical Model with white noise input

PDI method is applied to the response data on the roof, 2nd floor as well as the

input at ground. The results are illustrated in Fig. 4.8 which comprises three parts:

a. Phase difference index plot (Roof vs. ground)
b. Phase difference index plot (Roof vs. 2F)

c. Frequency response function plot (Roof)

In Figure 4.8-(a) plot, there are two zero-crossing points, which represent the
natural frequencies of the model. In this numerical model, the identification results
match the default frequencies quite well. The comparison is shown in Table 4.1. In
general, the error is equal or less than 1 %.

In Figure 4.8-(b) plot, the coordinate plot is separated by the PDI double curva-
ture curve. Technically, when PDI=1, it means the roof and the second floor move in
the same direction at all times, i.e. moving in-phase. On the contrary, if PDI=-1, the
roof and the second floor move toward the opposite direction at all times, i.e. moving

out of phase. From visual judgment, we can divide the PDI coordinate into 3 parts:

e f <5 : RF and 2F move always in-phase
e 5 < f < 11: RF and 2F not always in-phase or out-of-phase

e f > 11: RF and 2F move always out-of-phase

It should be noticed that the above demarcation points are only determined by
visual judgment so they are not precise. The real points should be 4.92 and 12.88
rather than 5 and 11. Nevertheless, the plot offers a useful information to assist evalu-
ators to identify the modes of buildings. For example, if we identify some building by
peak-picking method or subspace method and need to determine the order of mode,
a figure like Figure 4.8-(b) can help exclude some spurious modes.

Figure 4.8-(c) is a traditional FRF plot, and evaluators can judge the natural fre-

quencies by peak-picking method. However, peak-picking method becomes subjective
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when the peak is not clear. On the contrary, if we use Figure 4.8-(a) to determine
the natural frequency, it is easier and clearer because only one zero-crossing point

corresponds to the specific mode in the PDI plot if the data quality is good.

Conclusion of 2DOF Numerical Model with White Noise Input

From previous discussion, Figure 4.8 provides a good format for identifying the
modes of buildings. The first crossing point in plot (a) should match the peak in
plot(c), and both of them should fall into the area of first mode in plot(b). Similarly,
the second crossing point in plot (a) should match the peak in plot(c), and both of
them should align with the area of second mode in plot(b). In fact, the peaks in
higher modes are usually flatter so that they are harder to recognize. By interactive
reference from multiple plots, one can have greater confidence in detection of the

modes of buildings.

4.3.2 Result from 4-DOF Numerical Model with White Noise Input

Similar to 2-DOF system, we can also generate the Power Spectrum of the roof
of the 4-DOF system. The default natural frequencies of this system are 2.47, 7.12,
10.90, and 13.38 Hz so there should be four peaks. However, Figure 4.9 partially
matches the above prediction. Besides many rapid variation appear in the spectrum,
only first three peaks clearly can be observed at the default natural frequencies.
Referring to Eq. 4.4, the mode contribution factor of the fourth mode is only 0.03.

The factor is so small that the fourth mode can be seen barely in the power spectrum.

Phase Difference Index of 4DOF Numerical Model with White Noise Input

PDI method is applied to the response data on the roof, 2nd floor as well as the

input at ground. The results are illustrated in Fig. 4.11 which comprises three parts:
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a. Phase difference index plot (Roof vs. ground)
b. Phase difference index plot (Roof vs. 2F)
c. Frequency response function plot (Roof)

In Figure 4.11-(a) plot, there are four zero-crossing points, which represent the
natural frequencies of the model. In this numerical model, the identification results
match the default frequencies well. The comparison is shown in Table 4.2. In general,
the error is less than 2 %, and there is no error in the 1st mode.

In Figure 4.11-(b) plot, the coordinate plot is separated by the PDI curve into

approximate four parts. From visual judgment, we can define the four parts as:
[. f <3 : The first mode frequency bandwidth.
II. 3 < f < 9: The second mode frequency bandwidth.
III. 9 < f < 13: The third mode frequency bandwidth.
IV. f > 13 : The fourth mode frequency bandwidth.

Figure 4.11-(c) is a traditional FRF plot. In this plot (c) , the first peak is not
definite. In addition, the third mode and the fourth mode are barely recognized.
Thus, some better way has to be proposed. If we use Figure 4.11-(a) to determine
the natural frequencies, it is easier and clearer since there is only one zero-crossing

point corresponding to each mode in the PDI plot.

Conclusion of 4-DOF Numerical Model with White Noise Input

From previous discussion, Figure 4.11 provides a good format for identifying the
modes of buildings. The first crossing point in plot (a) should match the first peak
in plot(c), and both of them should align with the area of first mode in plot(b).
Similarly, the second, third and fourth crossing points in plot (a) should match the

peak in plot(c), and all |of them should fall into the area of the corresponding modes
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in plot(b). In fact, the peaks in higher modes in FRF spectrum are usually flatter
so that it is harder to recognize those modes. By interactive reference from multiple

plots, one can have greater confidence in detection of the modes of buildings.

4.3.3 Result from 7TDOF Numerical Model with White Noise input

The Power Spectrum of the roof of the TDOF system is shown as Figure 4.12.
The default natural frequencies of this system are [1.41, 4.17, 6.75, 9.04, 10.93, 12.34,
13.21] Hz so there should be seven peaks in the spectrum. However, there are only
three obvious peaks in Figure 4.12. Referring to Eq. 4.5, the mode contribution
factors from the fourth mode to the seventh mode are [-0.11, 0.057, -0.024, 0.006].

These factors are so small that they can barely be seen in the power spectrum.

Phase Difference Index of 7-DOF Numerical Model with White Noise In-
put

PDI method is applied to the response data on the roof, 2nd floor as well as the

input at ground. The results are illustrated in Fig. 4.14 which comprises three parts:
a. Phase difference index plot (Roof vs. ground)
b. Phase difference index plot (Roof vs. 2F)
c. Frequency response function plot (Roof)

In Figure 4.14-(a) plot, there should be seven zero-crossing points, which represent
the natural frequencies of the model. However, only six zero-crossing points are
recognized. In this numerical model, the identification results of the first six points
exactly match the default frequencies.The comparison is shown in Table 4.3. In
general, the error is less than 1.2 %, and no error occurs in the 1st mode.

In Figure 4.14-(b) plot, the coordinate plot is separated by the PDI curve into

approximate six parts. From visual judgment, we can define the six parts as:
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[. f < 2: The first mode frequency bandwidth.

II. 2 < f < 5: The second mode frequency bandwidth.
III. 5 < f < &8 The third mode frequency bandwidth.
IV. 8 < f < 10: The fourth mode frequency bandwidth.

V. 10 < f < 12: The fifth mode frequency bandwidth.
VI. 12 < f: The sixth mode frequency bandwidth.

** The seventh mode frequency bandwidth can not be determined.

Figure 4.14-(c) is a traditional FRF plot for 7-DOF system, and evaluators can
judge the natural frequencies by peak-picking method. Taking this plot (c) as an
example, the third mode and after modes are barely recognized. If we use Figure
4.14-(a) to determine the natural frequencies, it is easier and clearer to identify the

higher modes.

Conclusion of 7-DOF Numerical Model with White Noise Input

From previous discussion, Figure 4.14 provides a good format for identifying the
modes of buildings. The first crossing point in plot(a) should match the first peak in
plot(c), and both of them should fall into the area of first mode in plot(b). Similarly,
the second, third and fourth crossing point in plot (a) should match the peak in
plot(c), and all of them should align with the area of the corresponding modes in
plot(b). In fact, the peaks in higher modes in FRF spectrum are usually flatter so
that it is harder to recognize those modes. By interactive reference from multiple

plots, one can have greater confidence in detection of the modes of buildings.
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4.3.4 Result from 10DOF Numerical Model with White Noise Input

The Power Spectrum of the roof of the 10DOF system is shown as Figure 4.15.
The default natural frequencies of this system are [0.98, 2.92, 4.79, 6.56, 8.18, 9.62,
10.84, 11.82, 12.54, 12.98] Hz so there should be 10 peaks in the spectrum. However,
there are only four obvious peaks in Figure 4.15. Referring to Eq. 4.6, the mode
contribution factors from the fifth mode to the tenth mode are [0.093, -0.06, 0.037,
-0.02, 0.009,-0.002]. These factors are so small that they can barely be seen in the

power spectrum.

Phase Difference Index of 10DOF Numerical Model with White Noise
Input

PDI method is applied to the response data on the roof, 2nd floor as well as the

input at ground. The results are illustrated in Fig. 4.17 which comprises three parts:
a. Phase difference index plot (Roof vs. ground)
b. Phase difference index plot (Roof vs. 2F)
c. Frequency response function plot (Roof)

In Figure 4.17-(a) plot, there should be seven zero-crossing points, which represent
the natural frequencies of the model. However, only nine zero-crossing points are
recognized. In this numerical model, the identification results of the first nine points
exactly match the default frequencies. The comparison is shown in Table 4.4. In
general, the error is less than 1.2 %, and no error occurs in the 1st mode.

In Figure 4.17-(b), the coordinate plot is separated by the PDI curve into approx-

imate eight parts. From visual judgment, we can define the eight parts as:
[. f < 1: The first mode frequency bandwidth.

IT. 1 < f < 3: The second mode frequency bandwidth.
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ITI. 3 < f < 5.5: The third mode frequency bandwidth.
IV. 5.5 < f < 7.5: The fourth mode frequency bandwidth.
V. 7.5 < f < 9: The fifth mode frequency bandwidth.
VI. 9 < f < 10.5: The sixth mode frequency bandwidth.
VII. 10.5 < f < 11.5: The seventh mode frequency bandwidth.
VIII. 11.5 < f < 12.5: The eighth mode frequency bandwidth.
X. 12.5 < f: The ninth mode frequency bandwidth.

** The tenth mode frequency bandwidth can not be determined.

Figure 4.17-(c) is a traditional FRF plot for 10-DOF system, and evaluators can
judge the natural frequencies by peak-picking method. In this plot (c), the fifth mode
and after modes are barely recognized. If we use Figure 4.17-(a) to determine the
natural frequencies, it is easier and clearer since there is only one zero-crossing point

corresponding to each mode in the PDI plot.

Conclusion of 10-DOF Numerical Model with White Noise Input

From previous discussion, Figure 4.17 provides a good format for identifying the
modes of buildings. The first crossing point in plot (a) should match the first peak
in plot(c), and both of them should correspond to the area of first mode in plot(b).
Similarly, the second and after crossing points in plot (a) should match the peak in
plot(c), and all of them should align with the area of the corresponding modes in
plot(b). In fact, the peaks in higher modes in FRF spectrum are usually flatter so
that it is harder to recognize those modes. By interactive reference from multiple

plots, one can have greater confidence in detection of the modes of buildings.
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4.4 Numerical Model Tests with Earthquake Record Input

In this section, an actual earthquake record from a free field station in Taiwan
is adopted to test the same numerical structural models. The related information of

the ground acceleration are as follows:

- Station Code: WNT

- Station Name: Xin-Jie elementary school, Nantou County, Taiwan
- Location: 122.1 E, 23.27 N

- Start Time: 1999/09/20 -17:47:12.000

- Record Length(sec): 60.00

- Sample Rate(Hz): 200

- Direction: E-W ground acceleration

- Amplitude MAX. E-W: 808.691, -921.143 c¢m /s>

- Acceleration time history : given in Fig. 4.18 (a)

- Acceleration frequency spectrum: given in Fig. 4.18 (b)

- Data Source : Central Weather Bureau, Taiwan.

ftp://gdms.cwb.gov.tw /19990921 /FreeField/

4.4.1 Result from 2DOF Numerical Model with Earthquake Record In-

put

The same as section 4.3, in this model test, three kinds of plots are generated to

make comparison with the outcome of white noise test:

a. Power Spectrum of 2DOF system : Fig. 4.19


ftp://gdms.cwb.gov.tw/19990921/FreeField
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b. Frequency spectrum & Frequency response function of 2DOF system : Fig. 4.20
c. Phase difference index plot of roof of 2DOF system : Fig. 4.21

d. Comparison of identification results with actual frequencies: Table 4.5

4.4.2 Result from Higher Degree of Freedom Numerical Model with Earth-

quake Record Input

The 4-DOF, 7-DOF, 10-DOF models also have the same category of plots:
a. Power Spectrum:

— 4-DOF system: Fig. 4.22
— 7-DOF system: Fig. 4.25

— 10-DOF system: Fig. 4.28
b. Frequency spectrum & Frequency response function:

— 4-DOF system: Fig. 4.23
— 7-DOF system: Fig. 4.26

— 10-DOF system: Fig. 4.29
c. Phase difference index plot of roof:

— 4-DOF system: Fig. 4.24
— 7-DOF system: Fig. 4.27

— 10-DOF system: Fig. 4.30
d. Comparison of identification results with actual frequencies:

— 4-DOF system: Table 4.6

— 7-DOF system: Table 4.7
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— 10-DOF system: Table 4.8

Comparing the results of white noise test with earthquake record test for higher
degree of freedom models, the plots are almost the same. The only difference is that
the FRF and PDI curves of the models with earthquake records input are smoother
than the plots of white noise test.

In addition, from Table 4.6, Table 4.7 and Table 4.8, the error of identification
results all are within 5 % , and most of them are smaller than 1 %. Thus, it is
convincing that the PDI plot can identify the natural frequencies by checking the

Zero-crossing points.

4.5 Limit of Modal Order Identification in Different Stories

In this chapter, the numerical model analysis are presented with three Figures:

a. Phase difference index plot (Roof vs. ground)
b. Phase difference index plot (Roof vs. 2F)

c. Frequency response function plot (Roof)

Figures (a) and (c) undoubtedly play vital roles in system identification because we
can obtain the natural frequencies from PDI for roof vs. ground as well as FRF
for roof. Figure (b) can help us locate the possible frequency bandwidth of natural
frequencies. However, sometimes the accelerometers are not installed on the second
floor in buildings. For example, as will be seen, some buildings in U.S and Taiwan,
from which these are acceleration records, no data from 2F are available. Therefore,
a good question to consider is whether records from another could be used as an
alternative for second floor acceleration data. Before answering the question, a 4DOF
typical building is used to explain the feasibility.

The typical 4DOF building was shown in Figure 4.3-(b). By Modal superposition

method, we can obtain the steady solution of displacement of each floor:
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Uy 1.24 —0.33 0.12 —-0.028 U,

U9 1.09 -0 —-0.16 0.07 U,

U3 0.81 0.33 —-0.06 —-0.08 Us

Uy 0.43 0.33 0.18 0.05 Uy
where:

u; : The displacement of i;, mass

U; : The displacement of i;, modal mass

Available Records Only on Roof and 2F

In case that the record from roof, i.e. u; and the record from 2F, i.e. wuy4 are
available, the sign of phase difference index between u;&u, would be as shown in
table 4.9. The result is a sequence of +, -, +, - which results in a PDI illustrated
in Figure 4.1. Therefore, the f,; must be located in the first zone, the f,2 must be

located in the second zone, and so on.

Available Records Only from Roof and 3F

In case that the record from roof, i.e. u; and the record of 3F, i.e. u3 are available,
the sign of phase difference index between u;&us would be shown as table 4.10. The
result is not preferable, because the sign in sequence is +, -, -, + which results in a
PDI illustrated in Figure 4.2. The f,; is located in the first zone. But f,» and f,3
would be located in the same zone. Therefore, one could not distinguish the possible
bandwidth of f,3. Since aliasing occurs, the identification limit can only reach to the

second mode. Thus,we define a simple index for for the identification limit.

Limit of Modal Order Identification

LMOI(N);;: (Limit of Modal Order Identification)
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The definition of the index is:“ The maximum modal order which can be detected
by PDI between iy, and j;, degrees of mass in an N-DOF system”. Taking the 4DOF
system as an example, in the case that only data from roof( the fourth story, i=1)
and the third floor (the second story, j=3) are available, the Limit of Modal Order

Identification of this case can be expressed as:

Also, LMOI(4)14 = 4. Generally, the larger the index is, the more modal zones
can be detected in the corresponding PDI curve. However, each building has different
structural system(stiffness & mass distribution). It is impractical to calculate all
LMOI for all buildings. However, one can do is to calculate the index for standard
models and make a general judgment. Several general cases are listed in Table 4.11.

Some of them will be used in ensuing cases analysis.



Table 4.1.
Comparison of identification results of 2-DOF system (white noise input)

Mode | No. | Actual frequency | PDI method | Error
Order (Hz) (Hz) %
1 f1z 4.92 4.97 1.02
2 for 12.88 12.91 0.23

Related PDI plot is shown in Fig.4.8

Table 4.2.
Comparison of identification results of 4-DOF system (white noise input)

Mode | No. | Actual frequency | PDI method | Error
Order (Hz) (Hz) %
1 f1z 2.47 247 0
2 for 7.12 7.16 0.56
3 [z 10.9 11.04 1.3
4 faz 13.38 13.67 2.17

Related PDI plot is shown in Fig.4.11
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https://Fig.4.11

Table 4.3.

Comparison of identification results of 7-DOF system (white noise input)

Mode | No. | Actual frequency | PDI method | Error
Order (Hz) (Hz) %
1 f1z 1.41 1.41 0
2 for 4.17 4.22 1.2
3 [z 6.75 6.80 0.74
4 faz 9.04 9.07 0.33
5 Iz 10.93 10.96 0.27
6 foz 12.34 12.48 1.13
7 frz 13.21 - -

Related PDI plot is shown in Fig.4.14


https://Fig.4.14

Comparison of identification results of 10-DOF system (white noise input)

Table 4.4.

Mode | No. | Actual frequency | PDI method | Error

Order (Hz) (Hz) %
1 fiz 0.98 1.01 3.06
2 for 2.92 2.95 1.03
3 faz 4.79 4.84 1.68
4 faz 6.56 6.58 0.3
5 fsa 8.18 8.26 0.98
6 fo 9.62 9.69 0.73
7 fre 10.84 10.9 0.55
8 fs 11.82 11.94 1.02
9 fo 12.54 12.82 2.23
10 J10z 12.98 - -

Related PDI plot is shown in Fig.4.17

7


https://Fig.4.17

Table 4.5.
Comparison of identification results of 2-DOF system (earthquake input)

Mode | No. | Actual frequency | PDI method | Error
Order (Hz) (Hz) %
1 f1z 4.92 4.97 1.02
2 for 12.88 12.84 0.23

Related PDI plot is shown in Fig.4.21

Table 4.6.
Comparison of identification results of 4-DOF system (earthquake input)

Mode | No. | Actual frequency | PDI method | Error
Order (Hz) (Hz) %
1 f1z 2.47 2.51 0.02
2 for 7.12 7.12 0
3 [z 10.9 10.94 0.37
4 faz 13.38 13.60 1.64

Related PDI plot is shown in Fig.4.24
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https://Fig.4.24
https://Fig.4.21

Table 4.7.
Comparison of identification results of 7-DOF system (earthquake input)

Mode | No. | Actual frequency | PDI method | Error

Order (Hz) (Hz) %
1 f1z 1.41 1.44 0.02
2 for 4.17 4.21 0.96
3 [z 6.75 6.77 0.3
4 faz 9.04 9.02 0.22
5 Iz 10.93 10.97 0.37
6 foz 12.34 12.44 0.81
7 frz 13.21 - -

Related PDI plot is shown in Fig.4.27


https://Fig.4.27

Table 4.8.

Comparison of identification results of 10-DOF system (earthquake input)
Mode | No. | Actual frequency | PDI method | Error
Order (Hz) (Hz) %

1 fiz 0.98 1.02 4.08
2 fou 2.92 2.92 0

3 faz 4.79 4.79 0

4 faz 6.56 6.58 0.3
5 foz 8.18 8.24 0.73
6 fox 9.62 9.65 0.31
7 Fr 10.84 10.92 0.74
8 fsz 11.82 11.86 0.34
9 fou 12.54 12.84 2.39
10 J10z 12.98 - -

Related PDI plot is shown in Fig.4.30
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https://Fig.4.30

Table 4.9.
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Sign of PDI corresponding to each natural frequency of typical 4DOF structure

Mode

fnl

fn2

fn3

fn4

sign(1.24 x 0.43)

sign(—0.33 x 0.33)

sign(0.12 x 0.18)

sign(—0.028 x 0.05)

Sign

_|_

_|_

Table 4.10.

Sign of PDI corresponding to each natural frequency of typical 4-DOF structure

fnl

fn2

fnS

fn4

sign(1.24 x 0.81)

sign(—0.33 x 0.33)

sign(0.12 x —0.06)

sign(—0.028 x —0.08)

Sign

+

+
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Table 4.11.
LMOI(N),; of standard N-DOF structure
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Fig. 4.1. Phase difference plot of (Roof/2F) of a typical 4-DOF building.
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Fig. 4.2. Phase difference plot of (Roof/3F) of a typical 4-DOF building.
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Fig. 4.3. Numerical model of 2-DOF and 4-DOF systems.(Simplified Shear frames)
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Fig. 4.4. Numerical model of 7-DOF and 10-DOF systems.(Simplified

Shear frames)
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(a)lnput Ground Acceleration (white noise)
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Fig. 4.5. White noise input:(a) input record, (b) frequency spectrum
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Fig. 4.6. Roof Power Spectrum of 2-DOF system with white noise
input. (f, = 4.92 & 12.88 Hz, ¢ =0.05 ). The black arrow marks
point at the actual frequencies. In this power spectrum, the two
peaks of the curve are approximately identified.
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(a)Frequency Spectrum(FFT)
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Fig. 4.7. Frequency spectrum & Frequency response function of 2DOF
system (White noise input) a. Frequency spectrum of Roof, 2F and
Ground floor. b. Frequency response function of Roof and 2F (f,, =
4.92 & 12.88 Hz, ¢ =0.05 ).
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Fig. 4.8. Phase difference plot of 2DOF system (White noise input).
a. PDI plot (Roof vs. Ground). The zero-crossing points indicate the
natural frequencies of the 2DOF system. b. PDI plot (Roof vs. 2F).
The PDI curve points out the theoretical zone of natural frequencies.
c. Frequency response function of Roof(f, = 4.92 & 12.88 Hz, ¢
=0.05 ). In figure (a), the two zero-crossing points match the actual
frequencies. In figure(c), the two peaks of FRF are also identified
although the second seems a little flat.
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Fig. 4.9. Power Spectrum of 4DOF system (White noise input) (f, =
[2.47, 7.12, 10.90, 13.38] Hz, ¢ =0.05 ). The black arrow marks point
at the actual frequencies. In this power spectrum, the first two peaks
of the curve are approximately identified while others are missing.
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(a)Frequency Spectrum(FFT)
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Fig. 4.10. Frequency spectrum & Frequency response function of 4-
DOF system (White noise input) a. Frequency spectrum of Roof, 2F
and Ground floor. b. Frequency response function of Roof and 2F
(fn = [2.47, 7.12, 10.90, 13.38] Hz, £ =0.05 )
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Fig. 4.11. Phase difference plot of 4-DOF system (White noise input).
a. PDI plot (Roof vs. Ground). The zero-crossing points indicate the

natural frequencies of the 4-DOF system. b.

PDI plot (Roof vs. 2F).

The PDI curve points out the theoretical zone of natural frequencies.

c. Frequency response function of Roof(f,, =

[2.47, 7.12, 10.90, 13.38]

Hz, e =0.05 ). In figure (a), the first three zero-crossing points match
the actual frequencies, while the last one has a little deviation with

tolerable error. In figure(c), only the first two
identified, and the third seems a little flat.

peaks of FRF are clearly
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Fig. 4.12. Power Spectrum of 7-DOF system (White noise input) (f,,
= [1.41, 4.17, 6.75, 9.04, 10.93, 12.34, 13.21] Hz, € =0.05 ). The black
arrow marks point at the actual frequencies. In this power spectrum,
the first three peaks of the curve are approximately identified while
others are missing.
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Fig. 4.13. Frequency spectrum & Frequency response function of 7-
DOF system (White noise input) a. Frequency spectrum of Roof, 2F
and Ground floor. b. Frequency response function of Roof and 2F
(fo = [L.41, 4.17, 6.75, 9.04, 10.93, 12.34, 13.21] Hz, ¢ =0.05 )
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(a)Phase Difference Index Plot (RF-GF)
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Fig. 4.14. Phase difference plot of 7-DOF system (White noise input).
a. PDI plot (Roof vs. Ground). The zero-crossing points indicate the
natural frequencies of the 7-DOF system. b. PDI plot (Roof vs. 2F).
The PDI curve points out the theoretical zone of natural frequencies.
c. Frequency response function of Roof(f, = [1.41, 4.17, 6.75, 9.04,
10.93, 12.34, 13.21] Hz, € =0.05 ). In figure (a), the first six zero-
crossing points match the actual frequencies, while the last one seem
missing. In figure(c), only the first three peaks of FRF are clearly
identified. The forth peak is flatter.
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Fig. 4.15. Power Spectrum of 10-DOF system (White noise input)( f,,
= [0.98, 2.92, 4.79, 6.56, 8.18, 9.62, 10.84, 11.82, 12.54, 12.98] Hz, ¢
=0.05 ). The black arrow marks point at the actual frequencies. In
this power spectrum, the first three peaks of the curve are approxi-
mately identified while others are missing.
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Fig. 4.16. Frequency spectrum & Frequency response function of 10-
DOF system (White noise input): a. Frequency spectrum of Roof,
2F and Ground floor. b. Frequency response function of Roof and 2F
(f, = [0.98, 2.92, 4.79, 6.56, 8.18, 9.62, 10.84, 11.82, 12.54, 12.98] Hz,
e =0.05)
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(a)Phase Difference Index Plot (RF-GF)
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Fig. 4.17. Phase difference plot of 10-DOF system (White noise in-
put). a.PDI plot (Roof vs. Ground). The zero-crossing points in-
dicate the natural frequencies of the 10-DOF system. b. PDI plot
(Roof vs. 2F). The PDI curve points out the theoretical zone of nat-
ural frequencies. c. Frequency response function of Roof(f,, = [0.98,
2.92, 4.79, 6.56, 8.18, 9.62, 10.84, 11.82, 12.54, 12.98] Hz, ¢ =0.05 ).
In figure (a), the first eight zero-crossing points match the actual fre-
quencies, while the last two seem mixed by each other. In figure(c),
only the first three peaks of FRF are clearly identified. The forth
peak is much flat.
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Fig. 4.18. Input Ground Acceleration:  Station-WNT, Jiji-

Earthquake, Taiwan, 1999/09/20
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Fig. 4.19. Power Spectrum of Roof of 2-DOF system (Input: Station-
WNT, Jiji-Earthquake, Taiwan, 1999/09/20) (f, = 4.92 & 12.88 Hz,
e =0.05 ). The black arrow marks point at the actual frequencies. In

this power spectrum, the two peaks of the curve are approximately
identified.
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Fig. 4.20. Frequency spectrum & Frequency response function
of 2-DOF system (Input: Station-WNT, Jiji-Earthquake, Taiwan,
1999/09/20) a. Frequency spectrum of Roof, 2F and Ground floor.
b. Frequency response function of Roof and 2F (f, = 4.92 & 12.88
Hz, ¢ =0.05 )
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(a)PDI plot (RF/GF) of 2DOF Num. Model
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Fig. 4.21. Phase difference plot of 2-DOF system (Input: Station-
WNT, Jiji-Earthquake, Taiwan, 1999/09/20). a. PDI plot (Roof vs.
Ground). The zero-crossing points theoretically indicate the natural
frequencies of the 2DOF system. b. PDI plot (Roof vs. 2F). The
PDI curve points out the theoretical zone of natural frequencies. c.
Frequency response function of Roof(f,, = 4.92 & 12.88 Hz, ¢ =0.05 ).
In figure (a), the two zero-crossing points match the actual frequen-
cies. In figure(c), the two peaks of FRF are also identified although
the second seems a little flat.
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Fig. 4.22. Power Spectrum of 4-DOF system (Input: Station-WNT,
Jiji-Earthquake, Taiwan, 1999/09/20) (f, = [2.47, 7.12, 10.90, 13.38]
Hz, ¢ =0.05 ). The black arrow marks point at the actual frequen-
cies. In this power spectrum, the first two peaks of the curve are
approximately identified while others are missing.
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(a)PDI plot (RF/GF) of 4ADOF Num. Model
1 ~ : — —
= \ | A \\ L
A \ L \ YV
8 Illll\ // \‘\"/\ A A ."'J
-1 I I i AT
0 5 10 15
] (b)PDI plot (RF/2F) of ADOF Num. Model
= \ e N
2 II' \\\ A |{" Ii
‘E;; 0 l\\ll !1\ 'II Illl'- 'IIII Ill". |II III| II
8 L / A
_1 — et |
0 5 10 15
15 (c)Frequency Response Function (RF)
g f
:E 10 .'I |'| I
e
© B /=N T
A T

= 0 b — 8 S— — T e

0 5 10 15

Frequency (Hz)

Fig. 4.24. Phase difference plot of 4-DOF system (Input: Station-
WNT, Jiji-Earthquake, Taiwan, 1999/09/20). a. PDI plot (Roof vs.
Ground). The zero-crossing points theoretically indicate the natural
frequencies of the 4-DOF system. b. PDI plot (Roof vs. 2F). The
PDI curve points out the theoretical zone of natural frequencies. c.
Frequency response function of Roof(f, = [2.47, 7.12, 10.90, 13.3§]
Hz, € =0.05 ). In figure (a), the first three zero-crossing points match
the actual frequencies, while the last one has a little deviation with

tolerable error. In figure(c), only the first two peaks of FRF are clearly
identified.
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Fig. 4.25. Power Spectrum of 7-DOF system (Input: Station-WNT,
Jiji-Earthquake, Taiwan, 1999/09/20) (f, = [1.41, 4.17, 6.75, 9.04,
10.93, 12.34, 13.21] Hz, ¢ =0.05 ). The black arrow marks point at
the actual frequencies. In this power spectrum, the first four peaks of
the curve are approximately identified while others are missing.
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Fig. 4.26. Frequency spectrum & Frequency response function

of 7-DOF system (Input: Station-WNT, Jiji-Earthquake, Taiwan,
1999/09/20) a. Frequency spectrum of Roof, 2F and Ground floor. b.

Frequency response function of Roof and 2F (f,

9.04, 10.93, 12.34, 13.21] Hz, £ =0.05 )
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(a)PDI plot (RF/GF) of 7DOF Num. Model
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Fig. 4.27. Phase difference plot of 7-DOF system (Input: Station-
WNT, Jiji-Earthquake, Taiwan, 1999/09/20). a. PDI plot (Roof vs.
Ground). The zero-crossing points theoretically indicate the natural
frequencies of the 7-DOF system. b. PDI plot (Roof vs. 2F). The PDI
curve points out the theoretical zone of natural frequencies. c. Fre-
quency response function of Roof(f,, = [1.41, 4.17, 6.75, 9.04, 10.93,
12.34, 13.21] Hz, € =0.05 ). In figure (a), the first six zero-crossing
points match the actual frequencies, while the last one seem missing.
In figure(c), only the first three peaks of FRF are clearly identified.
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Fig. 4.28. Power Spectrum of 10-DOF system (Input: Station-WNT,
Jiji-Earthquake, Taiwan, 1999/09/20)(f, = [0.98, 2.92, 4.79, 6.56,
8.18, 9.62, 10.84, 11.82, 12.54, 12.98] Hz, £ =0.05 ). The black arrow
marks point at the actual frequencies. In this power spectrum, the
first three peaks of the curve are approximately identified while others
are missing.
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Fig. 4.29. Frequency spectrum & Frequency response function of
10-DOF system (Input: Station-WNT, Jiji-Earthquake, Taiwan,
1999/09/20): a. Frequency spectrum of Roof, 2F and Ground floor.
b. Frequency response function of Roof and 2F (f,, = [0.98, 2.92, 4.79,
6.56, 8.18, 9.62, 10.84, 11.82, 12.54, 12.98] Hz, £ =0.05 )
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(a)PDI plot (RF/GF) of 10DOF Num. Model
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Fig. 4.30. Phase difference plot of 10-DOF system (Input: Station-
WNT, Jiji-Earthquake, Taiwan, 1999/09/20). a.PDI plot (Roof vs.
Ground). The zero-crossing points theoretically indicate the natural
frequencies of the 10-DOF system. b. PDI plot (Roof vs. 2F). The
PDI curve points out the theoretical zone of natural frequencies. c.
Frequency response function of Roof( f,, = [0.98, 2.92, 4.79, 6.56, 8.18,
9.62, 10.84, 11.82, 12.54, 12.98] Hz, ¢ =0.05 ). In figure (a), the first
eight zero-crossing points match the actual frequencies, while the last

two seem mixed by each other. In figure(c), only the first three peaks
of FRF are clearly identified.
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5. PHASE DIFFERENCE IN TORSION

5.1 Introduction

Since most buildings have eccentricities in plane, torsion inevitably occurs when
the earthquake ground motion excites the building. The torsional response happens
because eccentric response generates additional inertial force which twists the build-
ing. In ASCE code, a minimum of 5% accidental torsion is required to be taken into
consideration in the building design [22]. Therefore, when it comes to system identi-
fication for a building, it is impractical to exclude the torsional mode. In fact, several
factors may generate torsion, such as asymmetric stiffness distribution in plane or el-
evation, asymmetric mass distribution in plane or elevation, external torsional force,
asymmetric geological condition at foundation, and so on. Each factor has different
influence on the building. As finding the analytic solutions for all kinds of torsional
problems is not within the scope of the dissertation, only pure torsion problems and
plate-mass problems will be discussed to illustrate how torsion affects the frequency

spectrum in order to find a way to identify the torsional frequency of a building.

5.2 Pure Torsion

For a simple system structure (shown in Figure 5.1), there is a theoretical solution
for rotational mode [10]. The solution is based on the assumption that displacements
of the structure are very small, and the whole system remains linear elastic under
rotational excitation. In earthquake engineering, since the first translational mode
of low-rise building always dominates the dynamic response, similar notion might

also hold true in the rotational frequency for a multiple degrees of freedom system.
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In an undamped simple system shown as Figure 5.1, the dynamic equation for pure

rotational(torsional) response can be expressed as Eq.5.1:

I(ﬂl@ + /{ZQUQ == —I(ﬂ./;gg (51)

where:
e [y: moment of inertia of the plate.
o kp = (k,d* + k,b?): rotational stiffness of the simple system.

e iy: angular acceleration of the simple system.

tige:ground angular acceleration.

Eq.5.1 can be rewritten:

Ug + OJSUQ = —ﬁgg (52)

If a viscous damping term of the system is considered, the Eq.5.2 becomes:
iig + 2e9Bptip + wWhttg = —iig (5.3)
where:
e ¢y rotational damping ratio of the system
e [ = wingz frequency ratio

It is obvious that the governing equation has completely the same form as the
translational motion equation. Therefore, it is not surprising that the frequency
response function and phase angle of this rotational system have the same forms as
the translational motion equation.

The frequency response function(FRF) is:

1
(1 — B3) + 2001

Hy(w) = (5.4)

The phase angle of the rotational system is:
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_1 22959
1 -5
Similarly, the governing equation of SDOF can also be applied to MDOF rotational

¢y = tan (5.5)

system:

] {iio(t)} + [Col {uin ()} + [Ko] {ug(t)} = =[] {iig, } (5.6)

If the modal damping matrix is diagonal, by modal superposition method, n sets

of independent dynamic equations for n-DOF system would be obtained:

UGi(t) + 2501'591'091'(75) + wiUpi(t) = _UgHi (5.7)

Thus, by modal superposition method, we can find the steady solution of ug to

be the linear combination of Uy corresponding to each fundamental mode.

Therefore, from Eq.5.3 and Eq.5.7, we know that all equations and plots related

to translational motion are also applicable to rotational motion.

5.3 Torsion with Lateral Force

The equation of motion of a single story building is [10]:

m Uy koo Ky Kao Uy m 1 0 0
m Uy ¢ | kye Eyy Kyo Uy ¢ = — m (Q0 pilgetQ 1 pilgy+< 0 p igp)
L| |6 koo Koy koo| | 0 L| |0 0 1

From Eq.5.8, the equation of motion governing torsional response can be ex-

pressed:

Ioé + k@g@ == —]0699 — k@xum — k)gyuy (59)

In periodic motion, i, & w2u,, i, ~ wzux.
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Then, rearranging the equation:

é—i— wﬁ@ = —égg — kgxu—z Yy (510)
0

— ko
1 Wy y[owz
Considering that the torsion is driven by the inertia force of eccentric mass, and
the eccentricity in both directions are e, and e,. Assuming that both eccentricities

are small so that the moment inertia remain constant. Then the input torsional

acceleration can be expressed:

m

= (Ealigy + €yig) (5.11)
0
Solving Eq. 5.10 by Fourier Transform, the solution for the angle of rotation is:
9(75) = —Hg(w)./—'- 0 o+ ]{ng UI + ]{79 ﬁ,y (512)
g Io(,daz: ylowg

where:

e Hy(w): frequency response function of this rotation system

o F {9g9} = O,4(w) : Fourier Transform of ground angular acceleration.

o F{kpyiln)(Tow?)} = o2 H, () Uy (w):

Ipw?
— H,(w): frequency response function in X direction

- ng(w): Fourier Transform of ground acceleration in X direction.

® f{kgydy/(fowj) = ﬂHy(w)Ugy(w)

T Iow?
— H,(w): frequency response function in Y direction

- Ugy(w): Fourier Transform of ground acceleration in Y direction.

5.4 Concept of Torsional Mode Spectrum

Figure 5.2 is the top view of figure 5.1. A; and Ay are two accelerometers in-
stalled on the two sides of the diaphragm. Referring to Figure 5.2-(b), acceleration
a; measured by A; is:

a1 (t) ~ iig(t) +m6(t) (5.13)
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Acceleration as; measured by A, is:
as(t) = i, (t) — Tgé(t) (5.14)

Subtracting a, from a;, the difference can be written as:

Aa(t) = (ry + r)f(t) = R x (1) (5.15)

where: R = (ry +r7)

If we analyze Eq. 5.15 in frequency domain, this equation becomes:
AA(w) = R x O(w) (5.16)

By Eq.5.12, we can rewrite Eq.5.16 as:

.. ko

k .
AA((,U) =—R X Hg(w) {@gg(w) + m Oy

jowzHy(W)Ugy(w)} (5.17)

Y

Ho(w)Uye(w) +

Now, we define the absolute value of AA(w) to be the “Torsional Mode Spectrum”-
Fr(w), then:

Fiw) = R x |Halw)] { Oyp(0) + 125 [H)| Uynli) + 125 |, ()] U

[0(.&.)2
(5.18)

T

where:
o |Hp(w)| = Ag/+/(1 — beta2)? : ABS. value of FRF in 6 direction
o |H,(w)| = A./y/(1— B2)% ABS. value of FRF in X direction
o |Hy(w)| = A,/{/(1—p2)% ABS. value of FRF in Y direction

o A, Ay, Ap: modal contribution factors of MODF system in X, Y and ¢ direc-
tion(see Chapter 2.2.1).

o [y, By, Bo = w/wng, w/wyy,and w/wyg respectively

Although Eq.5.18 looks a little complicated, there is no need to use it to do any cal-

culation. The reason Fr(w) is called torsional mode spectrum is because in Eq.5.18,
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when 3, =1, B, = 1, or By = 1, the torsion spectrum would be close to infinity. Thus,
if there are data from two accelerometers on the same floor,and away from each other
are available, in low-rise buildings, the Fourier Spectrum of their difference should
reveal three peaks which represent w,, w,, and wy. In high-rise buildings, even more
peaks could be observed in torsion spectrum. Normally, one can tell the translational
frequencies w, and w, by peak-picking method from the Fourier Spectra in X and Y
direction. Therefore, it is possible to exclude w, and w, in torsion spectrum and the

remaining frequency peak would be wy.

Despite the use of torsion spectrum seems encouraging, there are still some re-

strictions to its use:

1. The torsional and translational response must be coupled. If the # and wu, or
u, are orthogonal, it means that in Eq.5.8, kg, and ky, = 0. Thus, the w, and

w, could disappear in torsion spectrum.

2. Two accelerometers should be available on the same floor and their location
may not be too close. If their locations are close, the frequency spectrum of
their difference would be near zero. In addition, the accelerometers may not
be installed close to the stiffness center of the building, or else the torsional

response will be too weak to be detected.

3. High-rise buildings often have long periods, so the first modes of w,, w, and wy
are usually very close. Therefore, in high-rise buildings or skyscrapers, some-

times there may be difficulties to distinguish w,, w, and wy

4. The chosen pair of accelerometers must be on the roof or an upper story because

torsional response is weaker at lower stories.

The practical use of torsional mode spectrum shall be introduced in Chapters 6

and 7, and illustrated by actual building examples.
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5.5 Phase Difference and Rotation

The idea of phase difference can also be used in the identification of torsional
modes. The concept can be illustrated by using Figure 5.3. Figure 5.3 illustrates
rigid diaphragm with two accelerometers set on opposite sides in plan on a given
floor. In torsional mode, points A and B move out-of-phase; in non-torsional mode,
points A and B move in phase. Thus, the concept of PDI also works in torsional
mode identification. However, there are still some conditions in using this method to

identify torsional modes.
e A pair of accelerometers on the same story must be available.

e Both of the accelerometers must be far away from the center of stiffness. The rel-
ative motion (or phase difference of displacement) of two accelerometers would

be hard to observe if one of them is too close to the rotation center.
e The chosen accelerometers must be on an upper story.

e In strong ground motions, the first torsional mode would often be mixed with

the first translational modes, especially in high-rise buildings.

e For high rise buildings, the w,, w, and wy are usually very close. If we need to
separate w,, w, and wy by band-pass filter, we need a very narrow bandwidth

of frequency and a band-pass filter with high order to achieve the goal.

5.6 Numerical Model for Torsion and PDI Analysis

In this section, we would like to use a simple model to simulate the effects of
added torsion in translational motion. Referring to Eq.5.8, and assuming that in K
matrix, only k., by, and kg # 0, i.e. a symmetric K system, equation of motion can

be written as:



119

m Ug Ky Uy m 1 0
m Uy ¢ Kyy Uy ¢ = — m (Q0 pilgets 1 p g+

I| | 0 koo | | 0 I| |0 0

(5.19)
or:
Uiy + W2y = —ligy
Uy + Wiy = —iig, (5.20)
0+ w3 = —iiyg

The measured rotational acceleration relates to the sensor location in the nu-
merical model. Taking Figure 5.4 to explain the notion, in the following analysis
of numerical models, plots with translational acceleration only and translational plus
torsional acceleration will be both presented. In Figure 5.4, the acceleration recored in
A1 sensor is translation only, while A2 records translation plus torsional acceleration.

Referring to Figure 5.4 and assuming that the torsional acceleration is driven by
eccentric mass inertial force, and the eccentricities in X and Y directions are both

5%x length (or width). The iz can be expressed as:

ligyo = m x (0.05 X b) X iy /1o (5.21)
ligeg = m % (0.05 x d) X gy /1o

where: Iy ~ m(b? 4+ d?)/12 for small e, and e,

Normally, 5% accidental torsion is demanded in ASCE code for building design.
However, after initial testing the numerical model, the 5% torsion only has little
effect in frequency spectra and PDI plots. This is unfavorable to observe the impact
of torsion in PDI analysis. Thus, in this section, four times larger than the basic

demanded torsion is going to be added in the numerical models analysis.

0 ug@)
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In addition, the parameters of Figure 5.4 and all numerical models are assumed

to be:
e b=d=1000(cm)

e 1 =350(cm) per story

fundamental period (sec):

— Ty, =Ty, = 0.2x N (No. of stories) for 1,5 & 10-story building

— Ty =Ty = 0.1x N for 26-story building

fundamental torsional period (sec):

— Ty =~ Ty, /1.4 for 1, 5 & 10-story building;

— Ty = T, /1.2 for 26-story building;

viscous damping ratio of each mode: 5%

e ground acceleration: The same as considered in Chapter 4.4

— E-W acceleration: X direction
— N-S acceleration: Y direction
In the following examples, since the models are symmetric in X-Y plane, the

analysis results in X and Y direction should be the same. Therefore, only results in

X direction will be shown.
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5.6.1 One Story Structure (Torsional Analysis)
Basic Information

1. Model figure: Figure 5.5

2. Spectrum of input acceleration: Figure 5.6-(a)
3. Spectrum of roof response: Figure 5.6-(b)

4. Frequency response function of X direction

e FRF measured at center(Al in Fig.5.2) : Figure 5.7-(a)(pure translation)

e FRF measured at corner(A2 in Fig.5.2) : Figure 5.7-(b)(translation plus

torsion)
5. PDI plot of X direction

e PDI-X measured at center(Al in Fig.5.2) : Figure 5.8-(a)(pure translation)

e PDI-X measured at corner(A2 in Fig.5.2) : Figure 5.8-(b)(translation plus

torsion)
6. Triple plots(PDI-X+PDI-T+ FRF-X): Figure 5.9
7. Comparison of identification and actual frequencies: Table 5.1
8. Stiffness per story: 12ET/h* = 900
9. Default f,,: 4.77 Hz

10. Default f,;: 6.94 Hz

Identification Result

1. FRF-X plot
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FRF-X(pure trans.): 4.76 Hz
The FRF plot is shown as Fig.5.7)-(a). The peak in FRF is a good ap-
proximation as default frequency (f = 4.77 Hz), and there is one peak

only.

FRF-X(torsion): 4.8 Hz

The FRF plot is shown as Fig.5.7)-(b). The peak in FRF is a good ap-
proximation as default frequency (f = 4.77 Hz), and there is another peak
at f ~ THz. Since we let fi; = 6.94Hz in this numerical model, we know
that the second peak indicates the torsional response. Thus, normally,
in a LTI building with approximate symmetric plan, the second peak be-
side the fundamental mode in frequency spectrum can be inferred as the

fundamental torsional mode.

2. PDI plot

(a)

PDI-X (pure trans.): 4.79 Hz
The PDI plot of pure translation is shown as Figure 5.8-(a). The first
zero-crossing point is at 4.79 Hz. The identification results is a good ap-

proximation as default numerical model.

PDI-X (trans.+ torsion): 4.80 Hz

The PDI plot of pure translation is shown as Figure 5.8-(b). The first
zero-crossing point is at 4.80 Hz. The identification results is a good ap-
proximation as default numerical model. Another minor peak occurs at
the frequency bandwidth [6~7]Hz. Since fi; = 6.94Hz in this numerical

model, it is clear that the fluctuation is caused by added torsion.

PDI-T (torsion): 6.9 Hz

The PDI plot of torsion is shown as Figure 5.9-(b). The default torsional
fundamental frequency is 6.94 Hz. Thus, the identification result is pretty
good. However, what has to be pointed out is that the sometimes the PDI-

T plot only can show a bandwidth range rather than a certain point. In
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that case, we have to use other information such as FRF plot or torsional

spectrum to help identify the torsional mode.

3. Triple plots (PDI-X 4+ PDI-T +FRF): The triple plots shown as Figure 5.9 can

identify the fundamental modes if one follows the procedure described below:

(a) The first crossing point of (a) and the corresponding peak in (c) indicates

the natural frequency of first mode.

(b) Three indicators: (1) the vertex of the curve near f =7 Hz in (b), (2) the
corresponding peak in (c) and (3) the corresponding minor peak in (a)

indicate the torsional fundamental frequency.

5.6.2 Five Story Structure (Torsional Analysis)
Basic Information

1. Model figure: Figure 5.10

2. Spectrum of input acceleration: Figure 5.11-(a)
3. Spectrum of roof response: Figure 5.11-(b)

4. Frequency response function of X direction

e FRF measured at center(Al in Fig.5.2) : Figure 5.12-(a)(pure translation)

e FRF measured at corner(A2 in Fig.5.2) : Figure 5.12-(b)(translation plus

torsion)
5. PDI plot of X direction

e PDI-X measured at center(Al in Fig.5.2) : Figure 5.13-(a)(pure transla-

tion)

e PDI-X measured at corner(A2 in Fig.5.2) : Figure 5.13-(b)(translation plus

torsion)
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6. Triple plots(PDI-X+PDI-T+ FRF-X): Figure 5.14

7. Comparison of identification and actual frequencies: Table 5.2

8. Stiffness per story: 12EI/h* = 400

9. Default f,,: [0.91, 2.65, 4.17, 5.36, 6.11] Hz

10. Default f,;: [1.36, 3.97, 6.25, 8.03, 9.16] Hz

Identification Result

1. FRF-X plot

(a)

FRF-X(pure trans.): 0.9 Hz

The FRF plot is shown as Fig.5.12)-(a). The first peak in FRF is a good
identification in comparison with the default frequency(f = 0.91 Hz), and
in the FRF, there are three obvious peaks:[0.9, 2.6, 4.2] Hz, while the
actual frequencies=[0.91, 2.65, 4.17]

FRF-X( with torsion): 0.9 Hz

The FRF plot is shown as Fig.5.12)-(b). The peak in FRF is a good
approximation as default frequency (f = 0.91 Hz), and there is another
blurry peak at f ~ 1.4Hz. Since we let f;; = 1.36Hz in this numerical
model, we know that the second peak indicates the torsional response.
However, in this case, the peak can not be clearly identified, so do other

torsional modes.

In f ~ 4Hz, there seems a bifurcation occurring in the response peak.
Knowing the acted frequencies, we know that it is clear that a mode alias-
ing between the third translational(4.17 Hz) mode and the second rota-
tional(3.97 Hz) mode is happening.

2. PDI plot


https://tional(3.97
https://translational(4.17
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PDI-X (pure trans.): 0.92 Hz

The PDI plot of pure translation is shown as Figure 5.13-(a). The first
zero-crossing point is 0.92 Hz. The identification results is a good approx-
imation as default numerical model. There are three obvious zero-crossing
points:[0.92, 2.62, 4.23, 5.35], while the actual frequencies=[0.91, 2.65,
4.17, 5.36].

PDI-X (trans.+ torsion): 0.92 Hz
The PDI plot of pure translation is shown as Figure 5.13-(b). The first zero-

crossing point is 0.92 Hz. There are three obvious zero-crossing points:[0.92,

2.65, 4.38, 5.32], while the actual frequencies=[0.91, 2.65, 4.17, 5.36].

There is a minor deviation occurring in the third translational mode and
we have known the reason from the discussion of FRF in last paragraph.
The third translational mode and the second rotational mode make a mode

aliasing so that the phase curve is affected.

Another minor peak occurs at the frequency bandwidth [1.2~1.4]Hz. Since
we let fi; = 1.359Hz in this numerical model, we know that the fluctuation
is caused by added torsion. Nevertheless, the second and after torsional

modes can not be observed in this way.

PDI-T (torsion): 1.4 Hz

The PDI plot of torsion is shown as Figure 5.14-(b). The default torsional
fundamental frequency is 1.36 Hz. Thus, the identification result is not
bad. However, The concave in the torsional PDI curve is rather smoother
so it is a rather a little subjective to determine the torsional mode. Simi-
larly, the second torsional mode can be guessed around 4 Hz, but can not

be determined definitely.

In f ~ 6.3Hz, third concave point is observed which corresponds to the

third default natural torsional frequency( f;3 = 6.25Hz)


https://frequencies=[0.91
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3. Triple plots (PDI-X + PDI-T + FRF): The triple plots shown as Figure 5.14

can identify the fundamental modes by following the steps described below:

(a) The first crossing point of (a) and the corresponding peak in (c) indicates
the natural frequency of first mode, and the second mode also can be
identified successfully. The third mode in (a) is 10% larger than the default
frequency, while the (c) plot can not determine the third mode because

there is a bifurcation in the peak around f = 4Hz.

(b) Three indicators-(1) the vertex of the curve near f =1.3 Hz in (b), (2) the
corresponding peak in (c¢) and (3) the corresponding minor peak in (a),
indicate the torsional fundamental frequency. However, in this case, on

the contrary, (a) is a better indicator to tell us where f; is.

5.6.3 Ten Story Structure (Torsional Analysis)
Basic Information

1. Model figure: Figure 5.15

2. Spectrum of input acceleration: Figure 5.16-(a)
3. Spectrum of roof response: Figure 5.16-(b)

4. Frequency response function of X direction

e FRF measured at center(Al in Fig.5.2) : Figure 5.17-(a)(pure translation)

e FRF measured at corner(A2 in Fig.5.2) : Figure 5.17-(b)(translation plus

torsion)
5. PDI plot of X direction

e PDI-X measured at center(Al in Fig.5.2) : Figure 5.18-(a)(pure transla-

tion)
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PDI-X measured at corner(A2 in Fig.5.2) : Figure 5.18-(b)(translation plus

torsion)

6. Triple plots(PDI-X+PDI-T+ FRF-X): Figure 5.19

7. Comparison of identification and actual frequencies: Table 5.3

8. Stiffness per story: 12E1/h% = 400

9. Default f,,: [0.48, 1.42, 2.33, 3.18, 3.97, 4.67, 5.26] Hz (only the first 7 modes
listed)

10. Default f,;: [0.67, 2.00, 3.29, 4.50, 5.61] Hz (only the first 5 modes listed)

Identification Result

1. FRF-X plot

(a)

FRF-X(pure trans.): 0.47 Hz

The FRF plot is shown as Fig.5.17)-(a). The first peak in FRF is a good
identification in comparison with the default frequency (f = 0.48 Hz), and
in the FRF, there are five obvious peaks:[0.47, 1.42, 2.35, 3.17, 3.92] Hz,
while the actual frequencies=[0.48, 1.42, 2.33, 3.18, 3.97]

FRF-X( with torsion): 0.47 Hz

The FRF plot is shown as Fig.5.17)-(b). The first peak in FRF is a good
identification in comparison with the default frequency (f = 0.48 Hz), and
in the FRF, there are three obvious peaks:[0.47, 1.42, 2.20] Hz, while the
actual frequencies=[0.48, 1.42, 2.33]. From previous cases, we know that
the dual peaks in frequency spectrum usually means a torsional response
occurring. Since we let fi; = 0.67Hz in this numerical model, we know
that the second peak indicates the torsional response. In this case, the

second peak is exactly 0.67 Hz.


https://frequencies=[0.48
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2. PDI plot

(a)

PDI-X (pure trans.): 0.5 Hz

The PDI plot of pure translation is shown as Figure 5.18-(a). The first zero-
crossing point is 0.5 Hz. The identification results is close to default nu-
merical model. There are more than five obvious zero-crossing points:|[0.5,
1.43, 2.31, 3.2, 3.98, 4.70, 5.21], while the actual frequencies=[0.48, 1.42,
2.33, 3.18, 3.97, 4.67, 5.26].

PDI-X (trans.+ torsion): 0.5 Hz

The PDI plot of pure translation is shown as Figure 5.18-(b). The first zero-
crossing point is 0.5 Hz. There are five obvious zero-crossing points:[0.5,
1.43, 2.32, 3.15, 4.00, 4.64], while the actual frequencies=[0.48, 1.42, 2.33,
3.18, 3.97, 4.67].

PDI-T (torsion): 0.67 Hz

The PDI plot of torsion is shown as Figure 5.19-(b). The default torsional
fundamental frequency is 0.67 Hz. Thus, the identification result is very
accurate. In addition, the (b) plot also identify f = [1.98,3.49], which are
close to the default second and third modes: f =[2.00, 3.29].

In this case, another interesting phenomenon can be observed. The Fig-
ure 5.19-(a) and (b) are approximately complementary relationship. The
downward concaves in (b) plot, such as f =[0.67m 1.98,3.49] have corre-
sponding concaves in plot (a). This similarity can help us to guess the

torsional modes, if the PDI-T is not available in other buildings.

3. Triple plots (PDI-X + PDI-T +FRF): The triple plots shown as Figure 5.19

can identify the fundamental modes following the steps described below:

(a)

The first crossing point of (a) and the corresponding peak in (c) indicates

the natural frequency of first mode.


https://1.98,3.49
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(b) Three indicators: (1) the vertex of the curve near f =0.6 Hz in (b), (2)
the corresponding peak in (c) and (3) the corresponding minor peak in (a)

indicate the torsional fundamental frequency.

(¢) The same procedure can also be applied to other higher modes.

5.6.4 Twenty-Six Story Structure (Torsional Analysis)
Basic Information

1. Model figure: Figure 5.20

2. Spectrum of input acceleration: Figure 5.21-(a)
3. Spectrum of roof response: Figure 5.21-(b)

4. Frequency response function of X direction

e FRF measured at center(Al in Fig.5.2) : Figure 5.22-(a)(pure translation)

e FRF measured at corner(A2 in Fig.5.2) : Figure 5.22-(b)(translation plus

torsion)

5. PDI plot of X direction

e PDI-X measured at center(Al in Fig.5.2) : Figure 5.23-(a)(pure transla-

tion)

e PDI-X measured at corner(A2 in Fig.5.2) : Figure 5.23-(b)(translation plus

torsion)
6. Triple plots(PDI-X+PDI-T+ FRF-X): Figure 5.24
7. Comparison of identification and actual frequencies: Table 5.4

8. Stiffness per story: 12E1/h* = 1600
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9. Default f,,: [0.38, 1.13, 1.88, 2.62, 3.36, 4.08, 4.79] Hz (only the first 7 modes
listed)

10. Default f,;: [0.45, 1.36, 2.25, 3.14, 4.02, 4.89, 5.74] Hz (only the first 7 modes
listed)

Identification Result

1. FRF-X plot

(a)

FRF-X(pure trans.): 0.38 Hz

The FRF plot is shown as Fig.5.22)-(a). The first peak in FRF is a good
identification in comparison with the default frequency (f = 0.38 Hz), and
in the FRF, there are five obvious peaks:[0.38, 1.13, 1.88, 2.61, 3.34] Hz,
while the actual frequencies=[0.38, 1.13, 1.88, 2.62, 3.36]

FRF-X( with torsion): 0.37 Hz

The FRF plot is shown as Fig.5.22)-(b). The first peak in FRF is a good
identification in comparison with the default frequency (f = 0.38 Hz), and
in the FRF, there are three obvious peaks:[0.37, 1.14, 1.89] Hz, while the
actual frequencies=[0.38, 1.13, 1.88]. From previous cases, we know that
the dual peaks in frequency spectrum usually means a torsional response
occurring. Since we set f;; = 0.45Hz in this numerical model, we know
that the second peak indicates the torsional response. In this case, the
second peak is 0.46 Hz, very close to the default torsional fundamental

mode.

2. PDI plot

(a)

PDI-X (pure trans.): 0.38 Hz
The PDI plot of pure translation is shown as Figure 5.23-(a). The first
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zero-crossing point is 0.38 Hz. The identification results is equal to default
numerical model. There are seven obvious zero-crossing points:[0.38, 1.14,
1.89, 2.62, 3.39, 4.04, 4.82], while the actual frequencies=[0.38, 1.13, 1.88,
2.62, 3.36, 4.08, 4.79].

(b) PDI-X (trans.+ torsion): 0.47 Hz
The PDI plot of pure translation is shown as Figure 5.23-(b). The first
zero-crossing point is 0.47 Hz. There are seven obvious zero-crossing
points:[0.47, 1.15, 1.89, 2.63, 3.45, 4.08, 4.81], while the actual frequen-
cies=[0.38, 1.13, 1.88, 2.62, 3.36, 4.08, 4.79].

Here, we can find that with the effect of torsion, there is a larger deviation
occurring in the first zero-crossing point. The first apparent zero-crossing
point actually not the real first mode, but the aliasing mode misled by
first torsional mode. Because fi, and f1; are too close, the PDI curve can
not separate them apart. Such phenomenon will also occurs in other high
rise buildings. Thus, to solve the problem, we can use FRF plot to be
an auxiliary information for identification. In high rise buildings, the first
mode should be determined by the FRF peak rather than the zero-crossing
point in PDI plot.

(c) PDI-T (torsion): 0.47 Hz
The PDI plot of torsion is shown as Figure 5.24-(b). The default torsional
fundamental frequency is 0.45 Hz. Thus, the identification result is very
close. In addition, the (b) plot also identify f = [1.38,2.28,3.15], which
are also close to the default second and third modes: f =[1.36, 2.25, 3.14].

3. Triple plots (PDI-X + PDI-T +FRF): The triple plots shown as Figure 5.24

can identify the fundamental modes by following thinking procedures:

(a) The first crossing point of (a) and the corresponding peak in (c) indicates
the natural frequency of first mode. If the two plot are not consistent in

the first mode, in high rise building, the FRF plot would be more accurate.
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(b) Three indicators: (1) the vertex of the curve near f =0.4 Hz in (b), (2)
the corresponding peak in (c) and (3) the corresponding minor peak in (a)
indicate the torsional fundamental frequency.The concave in (b), the cor-
responding peak in (c¢) and the corresponding minor peak in (a) indicates

the torsional fundamental frequency.

(c) The same procedure can also be applied to other higher modes.*’

5.7 Conclusion

1. In the studied numerical models, the following are observed about the FRF

curves:

(a) In pure translational analysis, the FRF curves are smooth, and the first few

peaks of FRF would be exactly identical to the default natural frequencies.

(b) If the input is the combination of translation and 5% eccentric torsion, the
ideal FRF would be blurred, and rapid variations appear everywhere in

the FRF curves.

2. In a typical, symmetric-plan building of LTI system, if there is a dual-peak in the
first mode response in the FRF curve, the first peak is usually the translational
mode while the second one is the torsional mode. However, this judgment

should be double checked by PDI plots.

3. If the FRF curves is blurred by a small amount of torsion, it is difficult to
identify the third and following higher modes by peak-picking method. It can
be inferred that if a very clear FRF from some building is obtained, the torsion

might be small enough to be neglected.
4. In the numerical model studies, the following are found about PDI curves:

(a) In pure translational analysis, the PDI curves are smooth, and the zero-

crossing points of FRF would be exactly identical to the default natural
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frequencies. In addition, the PDI curve can detect more modes than the

FRF curve.

(b) If the PDI curves are for responses influenced by a small amount of torsion,
compared to pick-peaking method it is still possible to identify the third
and following higher modes, but in some specific mode where the torsion

mode and translational mode are very close, the error would be larger than

10%.

5. In the PDI curve of translation plus torsion, small downward or upward changes

would appear and correspond to the torsional modes in PDI-T curve.

6. In the PDI-T(torsion) plot, the apparent local vertex in the PDI curve can
be inferred as a torsional mode, and this can be double checked by PDI-X
curve(corresponding small concaves) or FRF curves(corresponding bigger fre-

quency response).

7. In high-rise buildings, if the corresponding frequency of the first zero-crossing

point of PDI curve is larger than the peak in FRF":

(a) The first-zero-crossing point in PDI is inferred as the first torsional mode.

(b) The first peak in FRF is inferred as the first translational mode.



Table 5.1.
Torsion analysis of 1-story system (earthquake input)

Mode | No. | Actual freq. | PDI (Trans.+Torsion) | Error
Order (Hz) (Hz) %0
1| fu 477 48 0.63
2 | fu 6.94 6.9 0.58

Related PDI plots are shown in Fig.5.8~ Fig.5.9

Table 5.2.
Torsion analysis of 4-story system (earthquake input)

Mode | No. | Actual freq. | PDI (Trans.+Torsion) | Error
Order (Hz) (Hz) %
1| fu 0.91 0.92 1.1
Jit 1.36 1.4 2.94
2 Joz 2.65 2.65 0
o 3.97 4 0.76
3 32 4.17 4.38 5.04
o 6.25 6.3 0.8
4 Jiz 5.36 6.25 0.75
fu 8.03 - .
5 J5e 6.11 - -
sy 9.16 - -

Related PDI plots are shown in Fig.5.13~ Fig.5.14
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Table 5.3.

Torsion analysis of 10-story system (earthquake input)
Mode | No. | Actual freq. | PDI (Trans.+Torsion) | Error
Order (Hz) (Hz) %

1 fiz 0.48 0.5 4.17
Jut 0.67 0.67 0
2 fox 1.42 1.43 0.7
for 2.00 1.98 1
3 J3e 2.33 2.32 0.43
Jat 3.29 3.49 6.08
4 faz 3.18 3.15 0.94
fa 4.50 - -
5 Iz 3.97 4.00 0.76
It 5.61 - -
6 fox 4.67 4.64 0.64
Jot - - -

Related PDI plots are shown in Fig.5.18~ Fig.5.19
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Table 5.4.

Comparison of identification results of 10-DOF system (earthquake input)
Mode | No. | Actual freq. | PDI (Trans.+Torsion) | Error
Order (Hz) (Hz) %

1 Jiz 0.38 0.47 23.68
Jit 0.45 0.47 4.44
2 Fou 1.13 1.15 1.77
Jo 1.36 1.38 1.47
3 f3a 1.88 1.89 0.53
3t 2.25 2.28 1.33
4 Jix 2.62 2.63 0.38
fa 3.14 3.15 0.32
5 e 3.36 3.45 2.68
It 4.02 - -
6 Jox 4.08 4.08 0
fot 4.89 - -
7 Fre 4.79 4.81 0.42
For 5.74 - -

Related PDI plots are shown in Fig.5.23~ Fig.5.24
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Fig. 5.2. Top view of a simple structure under earthquake and eccentric torsion



A & B move in phase

Fig. 5.3.

A & B move out of phase

Phase concept in the torsion identification
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Al: Recordingtranslational acceleration only

A2: Recordingtranslational acceleration +
torsional acceleration

Fig. 5.4. Sensor locations of a 1-story numerical model(torsion analysis).



500 ~
400 -
300 -
200 -
100 h:350*1

0 -

P~ d- 0 -

1000 1000 p:100 —

=~ _ 1000

0 T~ =
H\“-‘-mh _{..--—-"'_-__-- 0
-1000 ~——
-1000
Y(N-S) XE-W)

Simple Structure  unit: cm

Fig. 5.5. One story structure model (Torsion analysis)

139



5 X 104 (a) Spectrum (Free Field) E-W
£ 2 ﬁ V _ —
=i
E 1| ﬂ M |
Dm ‘ " J' ﬁ |
N 0 M W VWHIW"M‘“\‘WN“W A vt M A e e oo
0 2 4 6 8 10
Frequency (Hz)
3 X 10* (b) Sectrum of 1-Story Building (Roof)
i% 73 r V ]
= {
colihe, -
=1 Oh 1 e
0 2 4 6 8 10

Frequency (Hz)

Fig. 5.6. One story structure (torsion analysis)-(a) Spectrum of input
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Fig. 5.7. FRF of one story structure (Torsion analysis) (a) Transla-
tion. (b)Translation + Rotation. In the two plots, arrow marks are
added to help target the actual modes of the system. The black ar-
rows point at the translational modes, and the red arrow points at
the torsional mode. In Fig.-(a), the peak of the curve represents the
fundamental translational mode of the system. In Fig.-(b), in addi-
tion to the first peak, a 2nd peak appears, representing the torsional
fundamental mode. However, a slightly deviation between the actual
mode and the 2nd peak.
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(a) PDI-X of 1-Story bldg (Trans. only)-(RF/GF)
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Fig. 5.8. PDI of one story structure (Torsion analysis) (a) Translation.
(b)Translation + Rotation. In the two plots, arrow marks are added
to help target the actual modes of the system. The black arrows point
at the translational modes, and the red arrow points at the torsional
mode. In Fig.-(a), the zero-crossing point represents the fundamental
translational mode of the system. In Fig.-(b), the sudden peak in the

range of f = 6 ~ 8 Hz is caused by torsion. This characteristic can
be used to detect the torsional mode.
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(a) PDI-X of 1-Story bldg (Trans + Torsion) (RF!GF)
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Fig. 5.9. PDI-X + PDI-T +FRF plots of one story structure (Torsion
analysis) (a) PDI-X, (b) PDI-T, (¢) FRF-X. In (a) and (b) plots,
arrow marks are added to help target the actual modes of the system.
The black arrow points at the translational modes, and the red arrow
points at the torsional mode.
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Simple Structure  unit: cm
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Fig. 5.10. 5 story structure model (Torsion analysis)



5 X 104 (a) Spectrum (Free Field) E-W
)
8 ,Hl “ ﬂ |
£
=2
ém 1r h‘ JN “l |
2 ‘ | r| rl’l
0 m Iw wﬂ‘ ll'J IL“'M'II\V‘MM A JNW\JW‘MM'\WMMW P o]
0 1 2 3 4 5 6 7
Frequency (Hz)
5 X 10° (b) Sectrum of 5-Story Building (Roof)
g 1.5 { J
7, |
E 1r r [ _
€ 05 ( hﬂ i
2 ' “‘ﬂ
0 ,.\-’-r‘\rVﬁ'h”J | w\mwwﬂﬁwua. . e I I
0 1 2 3 4 5 6 7
Frequency (Hz)

Fig. 5.11. 5-story structure (torsion analysis)-(a) Spectrum of input

ground acceleration. (b) Spectrum of roof response
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Fig. 5.12. FRF of 5-story structure (Torsion analysis) (a) Translation.
(b)Translation + Rotation. In the two plots, arrow marks are added
to help target the actual modes of the system. The black arrows point
at the translational modes, and the red arrows point at the torsional
modes. In Fig.-(a), the peak of the curve represents the fundamental
translational modes of the system. In Fig.-(b), small torsion blurs the
FRF curve, making it more difficult to identify the translational and
torsional modes.However, the small peak in the range of f =1.2 ~ 1.4

Hz can be regarded as the first torsional mode. Thus, it is possible to
detect the 1st torsional mode by FRF curve.
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Fig. 5.13. PDI of 5-story structure (Torsion analysis) (a) Translation.
(b)Translation+Rotation. In the two plots, arrow marks are added
to help target the actual modes of the system. The black arrows
point at the translational modes, and the red arrows point at the

torsional mode. In Fig.-(a), the zero-crossing points represent the
fundamental translational modes of the system. The first four modes
are accurate, while the last one is not correct. In Fig.-(b), the sudden
peak in the range of f = 1.2 ~ 1.4 Hz is caused by torsion. This
characteristic can be used to detect the first torsional mode. However,
the higher torsional modes are mixed with translational modes and

hard to detect.

147



(a) PDI-X of 5-Story bldg (Trans.+ Torsion )-(RF/GF)

\/v—’—\/\ T T A
||I|I II'III f \_\I
s 'u A
~_<_]« 0r B/ d.(
2 L \
&) | .
\ A \
-1 I I I I I
0 1 2 3 4 5 6
frequency (Hz)
] (b) PDI-T
/_\_/“\,_‘III T -\.\._\_/\_ T I T T T
\/\ W /\/ \/\/ \/”nl / \ J /\ P
— | \ \ \ \‘. \
S 4 AV
Dot ’ VA 4
g III \/\‘/ |III
8 | J ~
) A R S A
0 1 2 3 4 5 6
frequency (Hz)
(c) FRF X (Trans.+Torsion)
3 10f | :
Lj I|
~ *.
":‘3\ 5L ||II II _
t lL 1 1
S W A
g [N SV M NN A
0 1 2 3 4 5 6 7

Frequency (Hz)

Fig. 5.14. PDI-X + PDI-T + FRF plots of 5-story structure (Torsion
analysis) (a) PDI-X, (b) PDI-T, (c) FRF-X. In (a) and (b) plots, the
black arrows point at the translational modes, and the red arrows
point at the torsional mode. In this case, converging results can not

be detected in PDI-T plot for torsional modes, but credible frequency
ranges still can be obtained.
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Fig. 5.15. 10-story structure model(Torsion analysis)
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Fig. 5.16. 10-story structure (torsion analysis)-(a) Spectrum of input
ground acceleration. (b) Spectrum of roof response
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Fig. 5.17. FRF of 10-story structure (Torsion analysis) (a) Transla-
tion. (b)Translation + Rotation. In the two plots, arrow marks are
added to help target the actual modes of the system. The black ar-
rows point at the translational modes, and the red arrows point at
the torsional modes. In Fig.-(a), the peak of the curve represents the
fundamental translational modes of the system. In Fig.-(b), small
torsion blurs the FRF curve, making it more difficult to identify the
translational and torsional modes. However, the peak in the range of
f=10.6 ~0.7 Hz can be regarded as the first torsional mode.
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Fig. 5.18. PDI of 10-story structure (Torsion analysis) (a) Translation.
(b)Translation + Rotation. In the two plots, arrow marks are added
to help target the actual modes of the system. The black arrows point
at the translational modes, and the red arrows point at the torsional
modes. In Fig.-(a), the zero-crossing points represent the fundamental
translational modes of the system. The first six modes are accurate,
while the next two are a little deviated. In Fig.-(b), the sudden peak
in the range of f = 0.7 Hz is caused by torsion. The 2nd mode may be
identified because a variation occurs. However, the higher torsional
modes are mixed with translational modes and hard to detect.
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Fig. 5.19. PDI-X 4+ PDI-T + FRF plots of 10-story structure (Torsion
analysis) (a) PDI-X, (b) PDI-T, (c) FRF-X. In (a) and (b) plots, the
black arrows point at the translational modes, and the red arrows
point at the torsional mode. In this case, converging results can not

be detected in PDI-T plot for torsional modes. but credible frequency
ranges still can be obtained.
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Fig. 5.21. 26-story structure (torsion analysis)-(a) Spectrum of input
ground acceleration. (b) Spectrum of roof response
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Fig. 5.22. FRF of 26-story structure (Torsion analysis) (a) Transla-
tion. (b)Translation + Rotation. In the two plots, arrow marks are
added to help target the actual modes of the system. The black ar-
rows point at the translational modes, and the red arrows point at the
torsional modes. In Fig.-(a), the peak of the curve represents the fun-
damental translational modes of the system. In Fig.-(b), small torsion
blurs the FRF curve, making it more difficult to identify the transla-
tional and torsional modes. Because the the first torsional mode and
translational mode are too close, it is even harder to detect this using
FRF plot.

156



cos(A 0)

cos(A 1)
T\,__

(a) PDI-X of 26 -Story bldg (Trans. only)-(RF/GF)

\
W v ¢

0.; _|'|r\|\ // \ [ B | R |

| / / A
-05r lll. \ II'. || II"Jl i
L \f \

frequency (Hz)

(b) PDI-X of 26- Story bldg (Trans.+ Torsmn) (RF!GF)
'|

RN e s
'.\/ﬂ..,llllqlll' "«,lu," ]

0.5 \/‘/\J \\A// f/ I A

3 4 5 6
frequency (Hz)

Fig. 5.23. PDI of 26-story structure (Torsion analysis) (a) Translation.
(b)Translation + Rotation. In the two plots, arrow marks are added
to help target the actual modes of the system. The black arrows point
at the translational modes, and the red arrows point at the torsional
modes. In Fig.-(a), the zero-crossing points represent the fundamental
translational modes of the system. The first seven modes are accurate,
while the next one are a little deviated. In Fig.-(b), although the red

arrows point at the torsional modes, the PDI curve is blurred and no
torsional mode can be detected.
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Fig. 5.24. PDI-X 4+ PDI-T + FRF plots of 26-story structure (Tor-
sion analysis) (a) PDI-X, (b) PDI-T, (c¢) FRF-X. In (a) and (b) plots,
the black arrows point at the translational modes, and the red arrows
point at the torsional mode. In this case, converging results for tor-
sional modes can be obtained. Although there are slight deviations,
it seems tolerable for practical application.
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6. CASE STUDY I - PDI ANALYSIS OF SAMPLE
BUILDINGS IN U.S.

6.1 Introduction

In this chapter, five actual buildings in U.S.with strong ground motion records
are studied to test the PDI analysis. All of the information on the buildings and
acceleration records were obtained from the “Center for Engineering Strong Motion

Data” website [21]. These five buildings are chosen based on the following criteria:

1. The acceleration records at both horizontal directions on the roof, on any lower

floor(2F is preferable), and at ground are available.

2. At least one pair of accelerometers, pointing to the same direction at the roof(or

any upper floor) is available.
3. The selected buildings fall in a wide range of height.

4. System identification results from other sources are available.

6.2 Analysis Procedure

The selected five buildings, ranging from 6 to 54 stories are listed in Table 6.1.
The basic information of each building are listed in from Table 6.2 to Table 6.6.
All of them experienced the 1994 Mw 6.7 Northridge earthquake [23]. Northridge
earthquake records from each building were used to test the PDI analysis. All cases

include the following information:

1. Identify the frequency in one of the principal plan direction of the building(X-
direction, or E-W direction) by three figures:
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(a) Draw the PDI plot(Roof/Ground) in X direction:
The obvious zero-crossing points of PDI curve are considered to be the

natural frequencies in X direction.

(b) Draw the PDI plot(Roof/2F (or other story)) in X direction:
Although the PDI curve of (Roof/2F) cannot point out the natural fre-
quencies directly, it can divide the frequency domain into several zones
which point out the possible bandwidth of each mode. Thus, this kind of

PDI curve is also a useful tool for reference.

(¢) Draw the FRF in X direction:
The FRF curve can help us to identify the natural frequency. Most of
the time, peak picking is the most convenient method to pinpoint the first

mode(fundamental mode).

2. Identify the frequency in the other principal plan direction of the building( Y
direction) by three figures:

The procedures is identical to the one used for the X direction.

3. Identify the torsional frequency by two figures:
The requirement to draw the PDI curve for torsion is that at least a pair of
accelerometers installed on the roof (or upper story) are available. Furthermore,
these accelerometers must be on the opposite side with respect to the stiffness
center on that floor. If one of the accelerometers is close to the stiffness center
of the building, it would be difficult to observe the relative motion and phase

difference in frequency domain.

(a) Draw the PDI plot of torsion:
In each case, two sets of accelerometers are selected to draw the PDI plots.
Basically, one pair is in X direction while another pair should be in Y
direction. If only one direction is available on the roof, another pair in a

different story, if available, is also an option.
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(b) Draw the torsional mode spectrum:
In section 5.4, the torsional spectrum is defined as the difference between
the frequency spectra of two accelerometers on the same floor. Normally,
there should be three obvious peaks in the torsional spectrum which repre-
sent the natural modes in X, Y and Rotation. Therefore, when compared
the two plots from response in two principal plan direction together, it is

possible to identify the torsional mode of the building.

4. Compare PDI-based results with those from other existing system identification
work:
Multiple methods are able to identify the natural modes of a building. In
order to verify the utility of PDI, results compared provided by PDI plots with
results presented in other work. All five buildings were investigated after the
1994 Northridge earthquake. Structural identification results for them are given
in a report by Naeim et al. [24] in 2005. In particular, the identified periods
presented are relevant. The report mainly focuses on the first mode period of
each building. Thus, the comparison are also focused on the first mode while

other identified higher modes by PDI plots are still listed.

6.3 Analysis Results
6.3.1 PDI method vs. Other Methods

The five buildings were analyzed by two methods: PDI method and Peak-Picking
method. In addition, research works by Naeim et al. [24] in 2005 and Rahmani [25]
were cited for comparison. The results are shown in Table 6.7, Table 6.8, Table 6.9,
Table 6.10, and Table 6.11. The results were also illustrated by Fig. 6.1. The average
difference between PDI method and other method or research works is only 3%. The

detailed discussions and PDI figures are collected in Appendix C.
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6.3.2 Higher modes to First Mode Frequency Ratios

The natural frequencies ratio of a rigid diaphragm moment resisting frame building
is close to a shear beam model, and the ratio is close to 1:3:5.......2i — 1(i=1......n) [25].
Therefore, the ratio of frequencies higher modes to that of the first mode can be used
to check the identification results. The results of fi,/ fiz, fiy/f1y and fir/ fi: are also
listed in Table 6.7, Table 6.8, Table 6.9, Table 6.10, and Table 6.11, and the results
are illustrated by Fig. 6.2. The results approximately match the shear beam model.
However, the larger deviations occur in the X direction of Station 24643. It is because
in Station 24643, X-braced steel frames are installed in the transverse direction. The

behavior of the structure in X direction may be close to a bending beam.
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Table 6.1.
Selected buildings and earthquake event in U.S. structure array

NO. STATION STATION NUMBER OF EVENT
NO. NAME STORIES
1 24468 L.A - CSULA Admin. Bldg. 8 Northridge-17Jan1994
2 13589 Newport Beach - Hospital 11 7
3 24629 L.A - Office Bldg. 54 7
4 24655 L.A - Parking Structure 6 7
5 24643 L.A - Office Bldg. 19 7
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Table 6.2.
Basic Information of CSMIP-STATION-24468

No. Topic Description

1 | Station No. CSMIP-STATION-24468

2 Location 34.0664 N | 118.1691 W

3 | Number of Stories (above/below) | 8/1

Ground

4 | Typical Floor Dimensions 63’-2”7 x 154’

5 | Vertical Load Carrying System Reinforced concrete slab, beams and
columns.

6 | Lateral Force Resisting System Concrete shear walls except between levels 1
and 2 where concrete and steel columns resist
lateral forces.

7 | Accel. Record for Identification | Northridge-17Jan1994-CE24468P

8 | Accel. Peak Ground: 0.17 g
Building: 0.25 g

9 | Max. Roof Drift(cm) 10.24

10 | Max. Roof Drift Ratio(%) 0.3

11 | Sensor Location Fig. C.1
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Table 6.3.
Basic Information of CSMIP-STATION-13589

No. Topic Description
1 | Station No. CSMIP-STATION-13589
2 | Location 33.6243 N | 117.9304 W
3 | Number of Stories (above/below) | 11/0
Ground
4 | Typical Floor Dimensions 88" x 147
5 | Vertical Load Carrying System Base to 3rd floor: reinforced concrete
columns and walls supporting beams and
concrete slab floors. 4th floor to roof: con-
crete columns and walls supporting concrete
flat slab floors with drop panels at supports.
6 | Lateral Force Resisting System Perimeter concrete shear walls (10”7 to 147
thick) with openings. The north, east and
west walls are stepped at the 3rd floor, but
the south wall is continuous throughout the
height of the building.
7 | Accel. Record for Identification | Northridge-17Jan1994-CE13589P
8 | Accel. Peak Ground: 0.08 g
Building: 0.26 g
9 | Max. Roof Drift(cm) 2.69
10 | Max. Roof Drift Ratio(%) 0.06
11 | Sensor Location Fig. C.6
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Table 6.4.
Basic Information of CSMIP-STATION-24629

No. Topic Description

1 | Station No. CSMIP-STATION-24629

2 | Location 34.0483 N | 118.2617 W

3 | Number of Stories (above/below) | 54/4

Ground

4 | Typical Floor Dimensions 196'x121" to 156'x121’

5 | Vertical Load Carrying System Concrete slab (2.5” thick) over 37 steel deck
with welded metal studs, supported by steel
frames. The spans between columns vary
from about 10’ to 47”.

6 | Lateral Force Resisting System Moment resisting perimeter steel frame
(framed tube) with 10" column spacing.
There are Virendeel trusses and 48 inch deep
transfer girders at the 36th and 46th floors
where vertical setbacks occur.

7 | Accel. Record for Identification | Northridge-17Jan1994-CE24629P

8 | Accel. Peak Ground: 0.14 g
Building: 0.19 g

9 | Max. Roof Drift(cm) 16.76

10 | Max. Roof Drift Ratio(%) 0.09

11 | Sensor Location Fig. C.11
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Table 6.5.
Basic Information of CSMIP-STATION-24655

No. Topic Description

1 | Station No. CSMIP-STATION-24655

2 | Location 34.0211 N | 118.2903 W

3 | Number of Stories (above/below) | 6/0

Ground

4 | Typical Floor Dimensions 259 x 306 ft (73.2 x 33.5 m)

5 | Vertical Load Carrying System Concrete slabs supported on precast concrete
beams and columns.

6 | Lateral Force Resisting System Six cast-in-place concrete shear walls in the
N/S direction and two cast-in-place concrete
shear walls in E/W direction.

7 | Accel. Record for Identification | Northridge-17Jan1994-CE13589P

8 | Accel. Peak Ground: 0.29 g
Building: 1.21 g

9 | Max. Roof Drift(cm) 6.99

10 | Max. Roof Drift Ratio(%) 0.34

11 | Sensor Location Fig. C.16
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Table 6.6.
Basic Information of CSMIP-STATION-24643

No. Topic Description

1 | Station No. CSMIP-STATION-24643

2 | Location 34.0595 N | 118.4177 W

3 | Number of Stories (above/below) | 19/4

Ground

4 | Typical Floor Dimensions 240 x 110 ft (73.2 x 33.5 m)

5 | Vertical Load Carrying System 4.5”7(11.4 em) concrete slabs supported on
steel frames.

6 | Lateral Force Resisting System Moment resisting steel frames in the longitu-
dinal and X-braced steel frames in the trans-
verse direction.

7 | Accel. Record for Identification | Northridge-17Jan1994-CE13589P

8 | Accel. Peak Ground: 0.32 g
Building: 0.65 g

9 | Max. Roof Drift(cm) 30.92

10 | Max. Roof Drift Ratio(%) 0.93

11 | Sensor Location Fig. C.21




Table 6.7.
Comparison of identification results of CSMIP-STATION-24468
Mode | No. | PDI plot || f;/f1 | Peak-Picking | Ref. [24]
Order (Hz) (Hz) (Hz)
st | fi 0.64 1.0 0.64 0.65
fiy 0.64 1.0 0.59~ 0.62 0.62
i 0.80 1.0 ; ;
ond | fou 1.84 2.9 ; ;
Fay 2.00 3.1 ; ;
For 2.30 2.9 ; ;
3rd e 4.04 6.3 - -
Fa 4.2 6.6 - -
fe | - : : :

Related PDI plots are shown in Fig.C.2~ Fig.C.5
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Table 6.8.
Comparison of identification results of CSMIP-STATION-13589
Mode | No. | PDI plot || f;/f1 | Peak-Picking | Ref. [24]
Order (Hz) (Hz) (Hz)
1st Jia 1.24 1 1.15 1.18
fiy 1.41 1 1.34 1.35
fut 2.00 1 : ;
2nd | for 3.85 3.1 3.80 -
fay 4.55 3.2 4.70 -
for 5.80 2.9 - -
3 fa 5.91 4.8 - ;
fsy 7.95 5.6 - -
fat - - -

Related PDI plots are shown in Fig.C.7~ Fig.C.10
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Table 6.9.
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Comparison of identification results of CSMIP-STATION-24629

Mode | No. | PDI plot || f;/f1 | Peak-Picking | Ref. [24] | Rahmani 2014
Order (Hz) (Hz) (Hz) (Hz) [25]
Ist | fio 0.18 1 0.18 0.17 0.192

fiy 0.16 1 0.15 0.16 0.162
Jit 0.37 1 - - 0.360
ond | fou 0.53 2.9 0.52 - 0.527
fay 0.52 3.3 0.49 - 0.500
fot 0.98 2.6 - - 0.936
3rd f3a 0.85 4.7 0.85 - 0.842
f3y 0.86 5.4 0.82 - 0.822
VED 1.48 4.0 - - 1.483
4th fio 1.21 6.7 1.22 - 1.196
fay 1.21 7.6 1.16 - 1.168
Jat 2.10 5.7 - - 2.042
5th f5a 1.57 8.7 1.52 - 1.530
fsy 1.55 9.7 1.46 - 1.510
st 2.55 6.9 - - 2.508
6" | foa 2.00 11.1 - - 1.960
foy 1.89 11.8 - - 1.828
Jet 3.25 8.8 - - 3.200
7th fra 2.50 13.9 - - -
fry 2.35 14.7 - - -
It - - - - -
gth sz 2.80 15.6 - - -
fsy 2.74 17.1 - - -
Jst - - - - -
9gth Jou 3.18 17.7 - - -
foy 3.02 18.9 - - -
ot - - - - -

Related PDI plots are shown in Fig.C.12~ Fig.C.15
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Table 6.10.
Comparison of identification results of CSMIP-STATION-24655
Mode | No. | PDI plot || f;/fi | Peak-Picking | Ref. [24]
Order (Hz) (Hz) (Hz)
Ist | fi 1.95 1 1.9 ~ 2 1.89
fiy 2.60 1 2.4 2.50
Fue 2.50 1 : _
2nd fou 5.70 2.9 - -
B |- : : :
for 6.55 2.6 - -

Related PDI plots are shown in Fig.C.17~ Fig.C.20
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Table 6.11.
Comparison of identification results of CSMIP-STATION-24643
Mode | No. | PDI plot || f;/fi | Peak-Picking | Ref. [24]
Order (Hz) (Hz) (Hz)
1st Jia 0.30 1 0.29 0.347
fiy 0.23 1 0.24 0.254
e 0.23 1 - -
2nd fou 1.23 4.1 1.21 -
fay 0.72 3.1 0.70 -
ot 0.97 4.2 - -
3rd fa 2.58 8.6 2.61 -
I3y 1.28 5.6 1.19 -
JEY 2.00 8.7 - -
4th faz 3.83 12.8 - -
fay 1.77 7.7 - -
Jat 3.08 13.4 - -
5% | foa 4.78 15.9 - -
foy 2.33 10.1 - -
st - - -
6" | foo | - : : :
foy 2.87 12.5 : ;
fu |- : :
7t frz - - -
fry 3.47 15.1 - -
Fo |- : :
8t S8z - - -
fay 4.19 18.2 : _
fe |- : :
9t Jou - - -
foy 4.71 20.5 - -
fo |- : :

Related PDI plots are shown in Fig.C.22~ Fig.C.25
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Frequency Identification (Cases from U.S. buildings )
PDI method vs. Other methods
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Fig. 6.1. Frequency Identification -PDI method vs. Other meth-
ods. The data are from Table 6.7~ Table 6.11.(** p.p: peak-picking
method)
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7. CASE STUDY 1I - PDI ANALYSIS OF SAMPLE
BUILDINGS IN TAIWAN

7.1 Introduction

In this chapter, five buildings in Taiwan are studied to test the PDI-based natural
mode identification method analysis. All the information about the buildings and
acceleration records are acquired from the Central Weather Bureau of Taiwan [26].
The criteria used in choosing these five buildings in Taiwan are identical to those used

in choosing the studied sample buildings in U.S.(Chap. 6).

7.1.1 Analysis Procedure

The selected five buildings, ranging from 7 to 26 stories high are listed in Table
7.1. The basic information of each building are listed in from Table 7.2 to Table 7.6.
Records from four different earthquakes are used to test the PDI analysis. Similar to

investigation of sample buildings in U.S., All cases include the following information::

1. Identify the frequency in X direction by three figures:

(a) Draw the PDI plot(Roof/Ground) in X direction
(b) Draw the PDI plot(Roof/2F (or other available story)) in X direction

(c) Draw the FRF in X direction
2. Identify the frequency in Y direction by three figures:

(a) Draw the PDI plot (Roof/Ground) in Y direction
(b) Draw the PDI plot (Roof/2F(or other available story)) in Y direction

(c) Draw the FRF in Y direction



177
3. Identify the Torsional frequency by two figures:

(a) Draw the PDI plot of torsion

(b) Draw the torsional spectrum

4. Compared the results with other existing work information about in which

natural modes of the buildings are presented:

Multiple methods are available to identify the natural modes of a building. In
order to verify the utility of PDI, results compared provided by PDI plots with
results presented in other work. All five buildings were investigated from historic
earthquake database in Taiwan and compared with the reports “Application
of CWB structural earthquake monitoring data to evaluate the horizontal /
vertical building seismic design code of Taiwan” in 2014 [27] and 2015 [28§]
published by the Central Weather Bureau, Taiwan.

7.2 Analysis Results
7.2.1 PDI method vs. Other Methods

In the research, the five buildings were analyzed by two methods: PDI method
and Peak-Picking method. In addition, research works about the subspace method
by Loh [27], [28] were cited for comparison. Thus, the analysis results by the subspace
method are also provided. The identification results are shown in Table 7.7, Table
7.8, Table 7.9, Table 7.10, and Table 7.11. The data points of all (fppr/ fothers) Were
also illustrated by Fig. 7.1. The average difference between PDI method and other
method or research works is about 4.5%. The detailed discussions and PDI figures
are collected in Appendix D, and the introduction of the subspace method is available

in Appendix E.
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7.2.2 Ratio of Higher Modes to the First mode

The results of fi,/ fiz, fiy/f1y and fit/ fi: arve listed in Table 7.7, Table 7.8, Table
7.9, Table 7.10, and Table 7.11. The results were also illustrated by Fig. 7.2.



Table 7.1.

Selected buildings and earthquake events in Taiwan
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NO. STATION STATION NO. OF EVENT
NO. NAME STORIES
1 TCUBA3 Building of CE, NCHU 7 UT 1999/07/07
2 TAPBAS5 Building of CCE, TTU 8 UT 2004/05/16
3 TCUBA6  Dormitory of Faculty & Staff, NCTU 14 UT 1994/10/05
4 TAPBA4 Office building, Taipower Company 26 UT 1999/09/20
5) TCUBAA Library building, NCTU 8 UT 1999/09/20
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Table 7.2.
Basic Information of Station-TCUBA3

No. Topic Description

1 | Station No. TCUBA3
2 | Station Name Building of CE, NCHU
3 | Location E 120.678 N 24.120
4 | Number of Stories (above/below) | 7/1

Ground
5 | Typical Floor Dimensions 3750 x 6020 cm?
6 | Structure System RC rigid frame
7 | Earthquake record UT1999/ 7/ 7-13:53:13.37
8 | Magnitude (M) 5.1
9 | Epicenter E120.735, N23.319, Z 13.78
10 | Distance between Epicenter and | 89.35

Station (km)
11 | Accel. Peak Ground: 0.004 g

Building: 0.018 g

12 | Max. Roof Drift(cm) 0.57
13 | Max. Roof Drift Ratio(%) 0.02
14 | Drawing Elevation: Fig.D.1

Plan: Fig.D.2
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Table 7.3.
Basic Information of Station-TAPBAS

No. Topic Description

1 | Station No. TAPBA5S

2 | Station Name Building of CCE, TTU

3 | Location E 121.541 N 25.013 ,

4 | Number of Stories (above/below) | 8/1

Ground

5 | Typical Floor Dimensions 8000 x 650 cm?

6 | Structure System The structure is a ductile moment-resisting
frame. The height is about 35.3m. The
east side of the building at the first and sec-
ond floor retreat 7.8m. The third and above
floors become a cantilever stretching out.

7 | Earthquake record UT2004/ 5/16- 6: 4: 8.70

8 | Magnitude (M) 5.72

9 | Epicenter E:121.979, N:23.051, Z:12.85

10 | Distance between Epicenter and | 222.9

Station (km)

11 | Accel. Peak Ground: 0.0013 g
Building: 0.007 g

12 | Max. Roof Drift(cm) 0.078

13 | Max. Roof Drift Ratio(%) 0.016

14 | Drawing Elevation: Fig.D.10

Plan: Fig.D.11
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Table 7.4.
Basic Information of Station-TCUBAG6

No. Topic Description
1 | Station No. TCUBAG6
2 | Station Name Dormitory of Faculty & Staff, NCTU
3 | Location E 120.678 , N 24.120 ,
4 | Number of Stories (above/below) | 14/2
Ground
5 | Typical Floor Dimensions 2802 x 4650 cm?
6 | Structure System The structure is a RC rigid frame.
7 | Earthquake record UT2002/ 2/12- 3:27:25.00,
8 | Magnitude (M) 6.2
9 | Epicenter E:121.723, N:23.741, 7:29.98,
10 | Distance between Epicenter and | 114.4
Station (km)
11 | Accel. Peak Ground: 0.02 g
Building: 0.068 g
12 | Max. Roof Drift(cm) 0.56
13 | Max. Roof Drift Ratio(%) 0.014
14 | Drawing Elevation: Fig.D.19

Plan: Fig.D.20
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Table 7.5.
Basic Information of Station-TAPBA4

No. Topic Description

1 | Station No. TAPBA4

2 | Station Name Office building, Taipower Company

3 | Location E 121.523 |N 25.019

4 | Number of Stories (above/below) | 26/3

Ground

5 | Typical Floor Dimensions 5,216 x 3,960 cm?

6 | Structure System A ductile steel rigid frame with bracing in
1 ~ 17 F along E-W side and 1 ~ 8 F along
N-S side.

7 | Earthquake record UT1999/ 9/20-17:47:15.850

8 | Magnitude (My) 7.3

9 | Epicenter E:120.8150, N:23.853, Z:8.00,

10 | Distance between Epicenter and | 148.31

Station (km)

11 | Accel. Peak Ground: 0.047 g
Building: 0.19 g

12 | Max. Roof Drift(cm) 10.44

13 | Max. Roof Drift Ratio(%) 0.11

14 | Drawing Elevation: Fig.D.28

Plan: Fig.D.29
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Table 7.6.
Basic Information of Station-TCUBAA

No. Topic Description

1 | Station No. TCUBAA

2 | Station Name Library building, NCTU

3 | Location E 120.998 N 24.787

4 | Number of Stories (above/below) | 8/1

Ground

5 | Typical Floor Dimensions 6,400 x 9,600 cm?

6 | Structure System A ductile RC rigid frame with mat founda-
tion. 8 spans in E-W direction and 12 spans
in N-S direction.

7 | Earthquake record UT1999/ 9/20-17:47:15.85

8 | Magnitude (My) 7.3

9 | Epicenter E:120.8150, N:23.853, Z:8.00,

10 | Distance between Epicenter and | 105.62

Station (km)

11 | Accel. Peak Ground: 0.079 g
Building: 0.27 g

12 | Max. Roof Drift(cm) 7.77

13 | Max. Roof Drift Ratio(%) 0.15

14 | Drawing Elevation: Fig.D.36

Plan: Fig.D.37




185

Table 7.7.

Comparison of mode identification results of TCUBA3
Mode | f, | PDI plot || f;/f1 | Peak-Picking | Loh, 2014 [27]
Order (Hz) (Hz) (Hz)

Ist | fua 3.1 1 3.31 3.02
fiy 3.22 1 3.12 3.05
fie 3.8 1 3.54~ 3.9 3.9

2nd | fo 9.3 3.0 - -
fay 8.78 2.7 - -
for 7.8 2.1 -

Related PDI plots are shown in Fig.D.3~ Fig.D.9

Table 7.8.

Comparison of mode identification results of TAPBAbS

Mode | f, | PDI plot || f;/f1 | Peak Picking | Loh, 2014 [27]
Order (Hz) (Hz) (Hz)
Ist | fie | 148 1 1.44 1.432
fo | 245 1 9.99 2,938
fie 1.75 1 - 1.812
md | for | 524 3.5 5.45 ;
fo | 770 3.2 i :
for 5.2 3.0 ; ;
3| fa 9.27 6.3 - ;
| - : : :
fau | 92~94 | 53 ; ;

Related PDI plots are shown in Fig.D.12~ Fig.D.18
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Table 7.9.

Comparison of mode identification results of TCUBAG
Mode | f, | PDI plot || f;/f1 | Peak Picking | Loh, 2015 [28]
Order (Hz) (Hz) (Hz)

1st fia 1.71 1 1.68 1.624
fiy 2.18 1 2.17 2.015
fu 2.4 1 ; :

ond | fo 5.85 3.4 ] ]
fay 8.43 3.9 - -
for 5.6 2.3 - -
3| fra - - - -
Fu| - : : :
for | 8.4~9.4 ; ;

Related PDI plots are shown in Fig.D.21~ Fig.D.27
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Table 7.10.
Comparison of mode identification results of TAPBA4

Mode | f, | PDI plot || f;/f1 | Peak Picking | Loh, 2015 [28]
Order (Hz) (Hz) (Hz)
st | f.| 0.37 1 0.35 0.358
fiy 0.4 1 0.35 0.368
fie 0.45 1 - -
2nd fou 1.03 2.8 1.0 1.012
foy | 109 2.7 1.2 1.078
for | 121 2.7 . ;
3| fa 1.83 4.9 1.82 1.919
I3y 2.0 5.0 2.0 1.919
oy 9.9 4.9 ; ;
4t | fy ; ; 2.4 :
fay 2.82 7.1 2.9 -
far . . B, B,

Related PDI plots are shown in Fig.D.30~ Fig.D.35
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Table 7.11.
Comparison of mode identification results of TCUBAA

Mode | f, | PDI plot || f;/fi | Peak Picking | Loh, 2015 [28]
Order (Hz) (Hz) (Hz)
Ist | fio | 148 1 1.5 1.45
fiy 1.10 1 1.15 1.16
fie 0.96 1 - 1.02
od | for | 48 3.2 4.9 ;
for | 3.9 3.5 4.4 .
|- : : :

Related PDI plots are shown in Fig.D.38~ Fig.D.44

188


https://Fig.D.44

189

Frequency Identification (Cases from buildings in Taiwan )
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Fig. 7.1. Frequency Identification- PDI method vs. Other meth-
ods. The data are from Table 7.7 ~ Table 7.11.(** p.p: peak-picking
method)
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8. TIME-FREQUENCY ANALYSIS
8.1 Introduction of Time-PDI analysis

Time-frequency analysis decomposes signal data into forms that separate the time-
varying amplitude, frequency, and phase content [9]. There are several tools available
for the structural health monitoring, such as short-term Fourier transform, Hilbert-
Huang transform, and wavelet transform. Since most of the buildings are assumed to
remain linear elastic under small seismic forces, these techniques were not often used in
structural health monitoring. Nevertheless, time-frequency analysis is a time-sensitive
technique. By using this method, more detailed information of dynamic properties
can be obtained. Therefore, this research would try to broaden the application of
PDI method into time-frequency domain analysis.

The concept of the time-frequency analysis in PDI, i.e, Time-PDI analysis is not
complicated. The basic idea is to truncate the displacement time history curve into
two or more segments such as shown in Fig. 8.1. This figure is the acceleration record
on the roof and ground from the case 5 analyzed in Chapter 7, i.e., National Chiao
Tung University Library (TCUBAA). In traditional PDI analysis, the instantaneous
phase difference between both displacement curves in whole duration, i.e, from 0~
120 sec are included to calculate the phase difference index. In the concept of time-
frequency analysis, the displacement curves are divided into two segments- Ty, and
Ty2. The two segments are not necessary equal in length. Then, one can calculate the
PDI for both sets of displacement curves (Ty; and Tyo) individually. If this system is
an LTI system, the PDI curves in Tj;; and Ty should be the same. On the contrary, if
the PDI curves are not the same, a possible explanation is that the natural frequency

changed during the earthquake event.
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Time-frequency analysis also works in subspace method, and the concept is shown
in Fig.8.2. Instead of using displacements as analysis data, in this building identifi-
cation case, the subspace method uses the acceleration records as input and output.
In Fig.8.2, the acceleration records are truncated into five segments, and each piece
represents the dimension of a Hankel matrix. In a LTI system, the obtained eigen-
values should be the same in any Ty section. By finding repeated eigenvalues, the
natural frequencies may be identified and confirmed. Theoretically, the natural fre-
quencies of a non-linear system also may be traced by this method, but the question
is how the eigenvalues on the stable plots can be confirmed as the true frequencies if
the eigenvalues keep changing all the time. The answer is: to use the PDI plots to
identify the natural frequencies of the buildings.

In the following, two examples are studied to demonstrate how the PDI method
work in non-linear-time-invariant system, and help the subspace method to target the

possible natural frequencies.

8.2 Case 1: National Chiao Tung University Library (TCUBAA)
8.2.1 introduction

The fifth case in Chapter 7, i.e., National Chiao Tung University Library (TCUBAA)
with the same earthquake record is studied again by the perspective of time-frequency
analysis. The detailed information is shown in Table 7.6. The first step is to deter-
mine the time intervals in Fig. 8.1. By observation, the ¢, ts, tzand ¢4 are set to be
20, 40, 70, and 100 seconds, and the corresponding PDI plots in X and Y direction are
shown in Fig. 8.4 and Fig. 8.5. From these Time-PDI plots, it can be inferred that
the natural frequencies of the building were not constant during Ji-Ji earthquake. In
addition, the analysis results by the subspace method are shown in Fig. 8.7 and Fig.
8.8.
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8.2.2 Analysis Result

The identified results by PDI method and subspace method are shown in Table 8.1
and Table 8.2. The variation of frequencies in X and Y direction with time are shown
in Fig. 8.6. This figure provides the information of how the frequencies changed with
time.

From the above results, it is found that the structure was not an LTI system
during the JiJi earthquake event. The first three natural modes of X and Y directions
were changing during the response. However, there is no knowing that whether this
phenomenon was either due to the original property of the building or because of
damage during the earthquake. If the prior and the following events of the building
can be analyzed thoroughly, the answer probably might be clearer.

In addition, in this case, from Fig. 8.7 and Fig. 8.8, the subspace method demon-
strates extraordinary ability to trace the variation of frequencies of the building with
time, especially the fundamental modes. However, it is easier to identify the order of
modes by PDI method because spurious modes often occur in the analysis of subspace

method.

8.3 Case 2: A Full-Scale, Four-Story RC Building on the NIED E-Defense
Shake Table

8.3.1 introduction

The second case is a full-scale, four-story RC building tested on the NIED E-
Defense shake table. The full-scale building was tested on December, 2010. The
basic information of this building is given in Table 8.3. JMA-Kobe motions (1995)
was selected to be the input acceleration. The intensity of input ground motions
was gradually increased to observe the damage progress. The adopted factors for
JMA-Kobe were 10 %, 25 %, 50 %, and 100 %. In the tests of the first two input

records, no obvious damage was observed in the building. The beam-column joints,
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beam ends, column and wall bases showed minor cracking after the JMA-Kobe-50%
test [29]. It can be inferred that the building became inelastic in this event. Thus, in
this research, the 50 % JMA-Kobe input and corresponding output are selected for
the time-PDI analysis. The acceleration records on the ground and roof are shown in

Fig. 8.9 and Fig. 8.10.

8.3.2 Analysis Result

Fig. 8.14 provides the frequency response function plots in X and Y directions.
The first obvious peaks can be regarded as the first modes in X and Y direction,
i.e., fi, = 1.1Hz, and f;, = 1.66Hz. Compared with the initial natural frequencies
shown in Table 8.3, the building could be damaged in this event based on the fact
that the natural frequencies decreased. However, there is no knowing the variation
of frequencies during the 50 % JMA-Kobe motion only by relying on the FRF plots.

By observing Fig. 8.9 and Fig. 8.10, the acceleration records are separated into
three sections, and the time intervals are: [0 ~ 10] sec, [10 ~ 30] sec, and [30 ~ 50] sec.
The PDI curves are calculated based on the corresponding time intervals separately.
The results are shown in Fig. 8.15 and Fig. 8.16.

The identified results by the PDI method and the subspace method are shown in
Table 8.5 and Table 8.6. The variation of frequencies in X and Y direction with time
are shown in Fig. 8.17. This figure provides the information of how the frequencies
changed with time.

In addition, the subspace method is also used to identify the building for com-
parison. The identified results with the stable plots are shown in Fig. 8.18 and Fig.
8.19. Similar to the first case (TCUBAA), the subspace method also demonstrates
extraordinary advantage to trace the variation of frequencies of the building with
time. However, it is easier to detect the higher modes by PDI method while spurious

modes often appear in high frequency range in stable plot.
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8.4 Conclusion

This research truncated the acceleration records into three intervals, i.e.,“before
the main shock”, “during the main shock”, “after the main shock”, and the corre-
sponding PDI plots were obtained. From the two studied cases, here are the findings

about the time-frequency analysis by the PDI method and the subspace method:

1. The PDI method successfully identified the three-stage natural frequencies of
a building during a single event, including the natural frequencies “before the

main shock”, “during the main shock”, “after the main shock”.

2. In the two cases, the PDI method identified more modes than the subspace
method. In addition, the PDI method does not need the sketches of mode

shapes to confirm the mode order.

3. For the fundamental modes, the subspace can be used to trace the change in
frequency. However, in the two cases studied, spurious modes occurred in higher

frequencies, and the PDI plots can be helpful to exclude them.
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Table 8.1.
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Method Time (sec) | fi. (Hz) | for (Hz) | f3, (Hz) Figure
20 ~ 40 sec 1.98 6.40 8.64
PDI method 40 ~ 70 sec 1.48 4.86 7.02 Fig. 8.4
70 ~ 100 sec 1.42 4.69 6.59
20 ~ 40 sec 1.92 6.16 —**
Subspace method | 40 ~ 70 sec 1.47 5.27 - Fig. 8.7
70 ~ 100 sec 1.37 4.65 -

**The third modes cannot be identified independently by the subspace method.

Identified Frequencies in Y Direction of TCUBAA Station

Table 8.2.

Method Time (sec) | fi1, (Hz) | fo, (Hz) | f3, (Hz) Figure
20 ~ 40 sec 1.59 5.25 9.88
PDI method 40 ~ 70 sec 1.15 4.08 7.65 Fig. 8.5
70 ~ 100 sec 1.08 3.90 7.54
20 ~ 40 sec 1.63 5.31 —**
Subspace method | 40 ~ 70 sec 1.13 4.06 - Fig. 8.8
70 ~ 100 sec 1.00 3.69 -

**The third modes cannot be identified independently by the subspace method.
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Table 8.3.
Basic Information of Four-Story RC Building

No. Topic Description

1 | Elevation of RC specimen Fig.8.11

2 | Plan of RC specimen Fig.8.12

3 | Sensor Location Fig.8.13

4 | Number of Stories (above/below) | 4/0

Ground

5 | Typical Floor Dimensions 144 m x 7.2 m

6 | Story height 3m

7 | Building weight o877 KN

8 | Structural System The moment frame system was adopted in
the longer (X) direction of two spans of 7.2
m, and a pair of multi-story walls were incor-
porated in the exterior frames in the shorter
(Y) direction of one span of 7.2 m. The foun-
dations were fixed on the shaking table by a
number of prestressing post-tensioned bars.

9 | Initial natural frequency X dir.: 2.33 Hz; Y dir.:3.33 Hz

10 | Input Accel. Record JMA-Kobe motions (1995) scaled by 50%

11 | Accel. Peak Ground: 0.33 g
Building: 1.1 g

12 | Maximum inter-story drift (rad) | 0.015 ( X dir.)

Data source: [29] [30]
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Table 8.4.
Selected Sensors in Four-Story RC Building
Direction | Floor | Channel NO.
X Roof 2-RRA1-X
1F 2-R1A1-X
Y Roof 2-RRA1-Y
1F 2-R1A1-Y
Table 8.5.
Identified Frequencies in X Direction of Four-Story RC Building
Method Time (sec) | fi. (Hz) | for (Hz) | f5. (Hz) Figure
0 ~ 10 sec 2.61 8.12 14.75
PDI method 10 ~ 30 sec 1.35 4.94 9.32 Fig. 8.15
30 ~ 50 sec 1.49 5.88 10.94
0 ~ 10 sec 2.42 7.88 —*
Subspace method | 10 ~ 30 sec 1.39 5.14 - Fig. 8.18
30 ~ 50 sec 1.54 6.18 -

*The third modes cannot be identified independently by the subspace method.
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Identified Frequencies in Y Direction of Four-Story RC Building
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Method Time (sec) | fi, (Hz) | fo, (Hz) | f5, (Hz) | Figure
0 ~ 10 sec 2.73 14.17 -
PDI method 10 ~ 30 sec 1.62 7.60 - Fig. 8.16
30 ~ 50 sec 1.84 7.83 -
0 ~ 10 sec 3.22 5.63™ -
Subspace method | 10 ~ 30 sec 1.68 6.81 - Fig. 8.19
30 ~ 50 sec 1.91 7.99 -

** From Fig. 8.16-(a), fay, =5.63 Hz is not a correct identification.
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Fig. 8.5. The Time-PDI plots in Y direction of the four-story RC

building.
(c):[1.08, 3.90, 7.54|Hz.

fay= (2):[1.59, 5.25, 9.88]Hz, (b):[1.15, 4.08, 7.65|Hz,
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Fig. 8.6. The time-frequency analysis of TCUBAA station, Taiwan.
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Fig. 8.7. The stable plot by the subspace method in X direction of
TCUBAA station. In this case, the conversion of time and rows is:

102.4 seconds ~4,800 rows. For example, T= 0~12.8 sec represents
Row= 0 ~600.



Number of Rows

207

Stable Plot-Y @ TCUBAA x10°
5000 | | | |
| * * *
4500 . ¥ * * 17
* * * *
4000 [ * * *
* * % * 16
* * * *
3500 - * * * *
* * ¥ * 15
3000 k¢ * * ¥
* * *
| * * * * _
2500 . * * 4
* % * *
2000 # * * 1a
* * *
| * * *
1500 * * *
* * * 12
1000 - #* * *
* * * 1
| * 0k 7
500 %
*
0 et oy ety i \ " O
0 2 4 6 8 10
Frequency (Hz)

Fig. 8.8. The stable plot by the subspace method in Y direction of
TCUBAA station. In this case, the conversion of time and rows is:

102.4 seconds ~4,800 rows. For example, T= 0~12.8 sec represents
Row= 0 ~600.
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Fig. 8.14. The frequency response function of the four-story RC build-
ing. The plot was smoothed by Welch’s method with Hamming win-
dow of 20% signal length.
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9. SUMMARY

9.1 Objectives and Scope

The objective of this research is to develop a method for identifying the frequen-
cies and order of natural modes of buildings using dynamic response records obtained
in them. The core idea of the proposed method is based on the fact that there are
patterns in the mode shapes of typical buildings. Therefore, the phase difference be-
tween modal displacements at different floors should also have patterns. For example,
the pattern of relative motion between the roof and ground is “in-phase”, “out-of-
phase”, “in-phase” and so on, i.e., between “in-phase” and “out-of-phase” switching
regularly corresponding to mode order. Using common patterns of phase difference,
the natural frequencies of buildings can be identified and so can the order modes.

Along with describing the proposed method, the scope of this research is to verify
the proposed method with numerical models and to apply the proposed method to ten
monitored buildings in U.S. and Taiwan selected from earthquake response databases,
and one full-scale 4-story RC model tested on an earthquake simulator in Japan. The

method is verified with the following simulations and earthquake strong motion data:

1. Numerical Models of 2DOF, 4DOF, 7TDOF, and 10DOF building with equal
mass, equal story height and stiffness k. Two kinds of input seismic force are
used, including 1 Watt white noise for 60 seconds, and a record from 1999 the

Ji-Ji earthquake record in WNT station from Taiwan database [31].

2. Numerical Models of 1-story, 5-story, 10-story and 26-story with equal mass per
story, equal inter-story height and stiffness k. Ji-Ji earthquake(20 September
1999 at 17:47:12.6 UTC) record in WNT station is adopted to be the input

acceleration.
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3. Five buildings selected from the “ Center for Engineering Strong Motion Data
” website [2].

e Case 1: Los Angeles, 8 story building of California State University, Northridge-
17Jan1994.

e Case 2: Newport Beach - 11-story Hospital, Northridge-17Jan1994.

e Case 3: Los Angeles - 54 story Office Building, Northridge-17Jan1994.

e Case 4: Los Angeles - 6-story Parking Structure, Northridge-17Jan1994.

e Case 5: Los Angeles - 19 story Office Building, Northridge-17Jan1994.
4. Five buildings selected from the Taiwan’s earthquake database [31].
e (Case 1: Building of Department of Civil Engineering, National Chung Hsin

University (TCUBA3), Earthquake UT1999/ 7/ 7

e Case 2: Building of Department of Civil and Construction Engineering,
National Taiwan University of Science and Technology (TAPBAS), Earth-
quake UT2004/ 5/16

e Case 3: Dormitory Building of Faculty & Staff, National Chiao Tung Uni-
versity (TCUBAG6), Earthquake UT2002/ 2/12

e Case 4: Headquarters building, Taiwan Power Company (TAPBA4), Earth-
quake UT1999/ 9/20

e Case 5: National Chiao Tung University Library (TCUBAA), Earthquake
UT1999/ 9/20

5. A full-scale, four-story RC building on the NIED E-Defense earthquake simu-
lator [29], [30].
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9.2 Method Description

The main procedure of PDI analysis are as follows:

1. Decompose frequency spectrum of roof and ground (or other assigned floor) by
band pass FIR (finite impulse response) filter, frequency bandwidth of which
is 0.05 or 0.1 Hz, into N sets to get acceleration records corresponding to each
narrow frequency bandwidth. The cutoff frequencies in each corresponding band

pass filter are (f;, fix1), and ¢ = 1....N.

2. Find all the displacement curves of roof and ground (or other assigned floor)

corresponding to each narrow frequency bandwidth in step one.

3. Calculate the phase difference [32] and the PDI corresponding to each nar-
row frequency bandwidth obtained from step 2 . Then, set of points ((f; +
fi+1)/2, PDI;) can be obtained.

4. To Collect N pairs of points and drawing the Phase Difference Index(PDI) plot.

5. In PDI (Roof/Ground floor) plot, zero-crossing points are thought to be the
natural frequencies. In PDI (Roof/2nd floor) plot, the frequency zones within
each zero-crossing point indicates the corresponding frequency window for the
associated natural frequency. In the PDI-torsion plot (calculated by a pair of
accelerometers on the roof), the frequency corresponding to PDI=-1 (or close

to -1) represents the natural torsional frequency.

6. The identification results from PDI curves are compared with peak-picking

method in FRF plots.

7. In Time-PDI method, the displacement curves are truncated into two or more
intervals, and the PDI of each truncated signal is calculated individually. The

dynamic properties of the structure can be observed in the Time-PDI curve.
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9.3 Conclusion

1. For the studied theoretical and actual buildings with modal properties listed
in Tables 4.1~4.8, Tables 5.1~5.4, Tables 6.7~6.11 and Tables 7.7~7.11, the
proposed method to estimate periods of linear building structures using phase

differences (PDI) produced:

e period estimates within 1.4% of theoretical estimates obtained with modal

analysis (Chapter 4 & 5)

e period estimates within 3.7% of values obtained by Naeim et al., 2005
and Loh et al., 2010 using the conventional peak-picking method for ten

instrumented buildings, and

e Higher-mode period estimates (for 2/3 to 1/5 of the total number of nom-
inal modes) within 17% of values estimated from the rule of thumb indi-
cating that the ratios of frequencies in a typical buildings follow the shear

beam model, i.e., the sequence 1:3:5:7:9....

2. In cases with obvious nonlinear response, estimates produced by the proposed

method (PDI) still could identify the variation of natural frequencies.

3. In cases in which the first mode and the torsional mode had similar periods,
estimates produced by the proposed method (PDI) were less accurate because

of aliasing.

4. No other method known to the writer can produce as many period estimates for
a given structure as the proposed method does and with similar confidence. An-
other advantage of the proposed method is that it helps pairing period estimates

and mode shapes.
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10. RECOMMENDATIONS

Recommendations for future work include:

10.1

1.

10.2

Method Application

Long term monitoring data analysis by PDI method:

Using PDI plot to analyze a building over a long term of seismic response
monitoring data and comparing results with other methods would be a good
study to see how sensitive PDI is to small and slow changes, if any, in modal

properties of a building .

. Applying the PDI method to analyze monitored bridges:

PDI plot may also apply to bridges because typical bridges have mode shape

patterns.

Method Improvement

. In this dissertation, PDI is taken as the arithmetic mean of each instanta-

neous phase difference in each time step. Although such definition has already
achieved good identification results, it might be still worth, in mathematical
terms, to try to use different weights based on such as amplitude of response
or length of time interval, to calculate the PDI, and observe if there is any

improvement.

In PDI calculation, the frequency spectrum is decomposed into 100~200 narrow
frequency bands, and all bands are equal in width. The narrower bandwidth

one uses, the higher order of FIR filter one needs, and the more time com-
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puters need to do the calculation. Most of the time, a narrower frequency
bandwidth is needed in the low frequency zone of high-rise buildings. Thus,
changing frequency bandwidth (window size) might become a practical issue if

the calculation time matters.

Currently all identification methods for buildings need manual post-processing
to determine the mode order because the mode orders can not be interpreted
only by spectrum in frequency-domain analysis or eigenvalues calculated in
time-domain analysis. PDI plot may offer a different perspective to achieve the

goal automatically using computer interpretation.

Other Suggestions

. In numerical model tests, it is found that even a small amount of torsion blurs

the FRF curves and PDI curves. The phenomenon deteriorates the quality
of building monitoring, perhaps more than it is acknowledged in publications.
Thus, it is better, if feasible, to install the accelerometer at the stiffness center

to avoid the interference of torsion.

In order to obtain the PDI-T curve, it is recommended that a pair of accelerom-

eters be installed at opposite sides on the roof (or in an upper floor).

For targeting the possible frequency bandwidth of each mode, it is strongly
recommended that at least two accelerometers (in both principal directions) be

installed on the second floor.
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A. COMPARISON OF THREE METHODS FOR PHASE
DIFFERENCE CALCULATION

In Chapter 3, three methods are introduced for phase difference calculation. In this
chapter, the three methods are used in the same example to compare the differences.
In the following content, we use Van Nuys 7 story hotel with Westwood Village
earthquake in June 1st ,2014 as an example. The sensor locations in the hotel is
shown as Fig. A.1. In this example, channel 9 and channel 16 are selected to be

analyzed. There are three possible ways to calculate the phase difference between the

Ch.16 (Ground) and Ch.9 (Roof):
1. Phase angle difference from Fourier Spectrum
2. Maximum cross correlation of two signals

3. Instantaneous frequency difference calculated by Hilbert Transform.

A.1 Basic Information
A.1.1 Station Information

- Station No.: CGS - CSMIP Station 24386

- Station name: Van Nuys - 7-story Hotel, LA

- Location: 34.220N, 118.471W

- FEarthquake: Westwood Village Earthquake of 01 Jun 2014
- Epicenter: 34.100 N, 118.490W

- Distance between station and epicenter: 13.47 km

- Start Time: 6/02/14, 02:36:24.0 UTC

- Record Length(sec): 57.00
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Sample Rate(Hz): 200

Sensor Locations plan : Fig. A.1

Selected Sensor: Ch.09 (Roof), & Ch.16 (ground)

Peak acceleration = -9.502 cm/sec? at 25.545 sec.

- Data Source : Center For Engineering Strong Motion Data
http://www.strongmotioncenter.org/
A.1.2 PDI Plot by Three Methods
Fig.A.3 is the comparison of PDI plots in X direction by using three different
methods (Fourier transform, Max cross correlation, and Hilbert transform).
Fourier transform

In the Fig.A.3-(a), the approximate 1st mode and 2nd mode (zero-crossing points
with y-axis) can roughly be identified. However, the disadvantage is its obvious noise

interference. Therefore, it seems not an ideal method to identify the natural mode.

Max. Cross-correlation

In the Fig.A.3-(b), the 1st mode and 2nd mode (zero-crossing points with y-axis)
can be identified clearly. The curve is even smoother than Fig.A.3-(c) in the range
of f =[0 ~ 5] Hz. The only concern is that larger jumps occurring at f=9.5 Hz and
f=13.2 Hz.

Hilbert Transform

In the Fig.A.3-(c), the 1st mode and 2nd mode (zero-crossing points with y-axis)

can be identified clearly. Although there are some small fluctuations in the curve, in


http://www.strongmotioncenter.org
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general, the curve has no big jumps. Therefore, it would be easier to find zero-crossing

points.

A.2 Conclusion

The Van Nuys 7-story hotel is used as an example to test the difference of (i) phase
difference of Fourier Spectrum, (ii) maximum cross correlation of 2 signals, and (iii)
instantaneous phase difference by Hilbert transform. All three methods can generate
similar curves. However, the first one (true phase by Fourier spectrum) has more
noise interference. The 2nd method and 3rd method have clearer resolution and thus
can be studied further. From the adopted example, it is found that setting amplitude

criteria or not does not affect the identification of the 1st mode.
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B. AVOIDANCE OF SINGULARITY IN HILBERT
TRANSFORM

B.1 Instantaneous Frequency of Analytic Signal

Hilbert transform sometimes is criticized for the singularity occurring at the low
amplitude point. The following equation explains the how the singularities occur.
For any given signal

f(t) =a x (cosf + i * sin 0) (B.1)
let = cosf,y = sinf — 0 = arctan (¥)

g (%) 1 dy dx

S B4 (B.2)

“ (L)2 2 TV

+ Bl

where:
a:amplitude of signal
w:instantaneous frequency (rad/s)

If a (amplitude) is near zero, the frequency will become a singular point. To il-
lustrate the limitation of Hilbert transform, we still use Van Nuys 7 story hotel with
data from the Westwood Village earthquake in Jun. 1st ,2014 as an example to illus-
trate the phenomenon. Fig.B.1-(a) is the filtered signal of Ch.16 and Ch.9 of which
the frequency bandwidth is [2~2.1] Hz. For a narrow bandwidth frequency, the beat
frequency may be observed obviously (shown as Fig.B.1-(a)). In the range of small
amplitude, the corresponding phase difference becomes unstable (shown as Fig.B.1-
(a)-b & c¢). Such singular points might cause imprecise results of phase difference

index (PDI) since PDI is the average of phase difference of whole time steps.
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B.2 Eliminating Singularity Points

To eliminate singular points of instantaneous frequency, we have to ignore the
phase differences of small amplitude. However, the definition of small is rather sub-
jective. In this dissertation, a standard procedure is proposed here, and the threshold

of small amplitude is suggested to be the 0.1 maximum amplitude of filtered signal.

1. Calculating the instantaneous amplitude:

The relationship of analytic signal and amplitude is:
Sa(t) = s(t) + js(t) (B.3)
The instantaneous amplitude :
A(t) = |Sa(1))] (B.4)

Shown as Fig. B.2, (a) is Ch. 9 and (b) is Ch.16. The upper figure is the original

filtered signal and the lower figure is the absolute amplitude envelope.

2. Defining a threshold of low amplitude:
In this example, the threshold of low amplitude is defined as 0.1 maximum of
filtered signal (shown as Fig. B.3). If the amplitude < 0.1 X maxz amplitude,
the weight of PDI is 0. If the amplitude > 0.1 X max amplitude, the weight of
PDI = 1.

3. Calculating the weighted PDI:
After defining the threshold of low amplitude, we can calculate the weighted PDI
and compare the weighted PDI with original PDI. The calculation equations can

be expressed as below:

Ny
1
PDInon—weighted - M X ZZIPD]z (B5)
1 &
PDIweighted = E X Zw(Z>PDIz (B6)

where:
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Ny: The length of S,(t)
Ny: The length of S,(t) of which magnitude > 0.1 x max(|S,(t)])
w(i): weight of PDI
=0; if PDI; < 0.1 x max(]S,(¢)|)
=1; if PDI; > 0.1 x maz(|S.(t)])
In the case of Van Nuys 7 story hotel with the condition of 0.1 max amplitude

as threshold, the weighted PDI is 0.96 by using Eq.B.6, while the original PDI
is 0.76 by using Eq.B.5.

B.3 Comparison of Different Amplitude Criteria

In last paragraph, we know that different criteria of low amplitude make different
PDI value in each frequency bandwidth. Here, we use the same example with

different criteria and observe the difference of PDI curve plot.

Figure B.5 includes four different criteria of amplitude limit condition: 0, 0.1
,0.2 and 0.3. Four different amplitude criteria have approximate the same PDI
curves, but are slightly different in details. At the first zero crossing point, four
plots are almost the same. However, at the second zero crossing point, the four
plots have different results. Although the differences seem tolerable, it is still

worth to check if other cases have similar trend.
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C. DETAILED ANALYSIS OF SMAPLE BUILDINGS IN
U.S.

C.1 Case 1: Los Angeles- 8 story Building at California State University
C.1.1 Basic information

Case one is an 8 story building at California State University(CSMIP-STATION-
24468). The structure is a reinforced concrete frame with shear walls at E-W sides
from 2F to Roof. In this event, the maximum displacement is 10.22 ¢cm (Ch.6). The
corresponding drift is 10.24 cm (relative to Ch.16), and the drift ratio is 0.3%. The

detailed information is shown in Table 6.2.

C.1.2 Sensors Information

There are 16 accelerometers in three levels of this building. The location of sensors
are shown in Figure C.1. Eight sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table C.1.

C.1.3 Identification Result
Parameter for PDI plots

In case one, the adopted parameters are as listed:
e Observed frequency bandwidth: 0 ~ 5 Hz

e Unit narrow frequency bandwidth: 0.05 Hz

e Order of FIR bandpass filter: 990

e Window length of Hamming window (for FRF plot): 25% data length.
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X Direction

The PDI plot in X direction of this building is shown in Fig. C.2 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig. C.2-(a), there are three zero-crossing points, which represent the natural

frequencies of the building (the fourth and other points are not recognizable).
— zero-crossing points of PDI-X: [0.64, 1.84, 4.04] Hz

A suspected zero-crossing point occurs in f &3 Hz, but it is not a natural mode

frequency. The reason is explained in the next section.

b. Phase difference index plot (Roof vs. 2F)
In Fig. C.2-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving in the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the second floor moving
in the opposite directions, i.e. moving out-of-phase. The available acceleration
had been bandpass filtered with cutoff frequency= [(0.15 ~ 0.3) (23 ~ 25)] Hz
in advance. Thus, the signals below f = 0.2 Hz can be ignored. Upon a visual

review, we can divide the PDI coordinate into four parts:

~ 0 < f <0.2: Ignored area.

~ 0.2 < f <0.8: RF and 2F move in-phase

~ 0.8 < f < 3.6: RF and 2F move out-of-phase

~ f > 3.6 : RF and 2F move in-phase
Since the PDI is from Roof/2F, the LMOI(8);s = 8. Therefore, the plot may
offer a useful information to assist evaluators to identify the modes of buildings.
For example, in Fig. C.2-(a), f = 3 Hz seems to be a zero-crossing point,
but the (b) plot can help people to exclude this spurious mode. A possible

explanation for the spurious mode is that f = 3 ~ 3.2 is the 3rd torsional mode.

By observing Fig. C.2-(a) and C.3-(a), responses around f = 3.2 Hz occur in



243

both plots. However, the guess can not be proven since the 3rd torsional mode

can not be identified in Fig.C.9 and C.5.

c. Frequency response function plot (Roof vs.ground)

Figure C.2-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the first mode frequency is

0.64 Hz while higher modes are not clear.

Y Direction

The PDI plot in Y direction of this building is shown in Fig. C.3 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig. C.3-(a), there are three zero-crossing points, which represent the natural
frequencies of the building (the fourth and higher zero-crossing points are not

recognizable).
— zero-crossing points of PDI-Y: [0.64, 2.00, 4.2] Hz

b. Phase difference index plot (Roof vs. 2F)
In Fig. C.3-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving in the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the second floor moving
in the opposite directions, i.e. moving out-of-phase. The available acceleration
had been bandpass filtered with cutoff frequency= [(0.15 ~ 0.3) (23 ~ 25)] Hz
in advance. Thus, the signals below f = 0.2 Hz can be ignored. Upon a visual

review, we can divide the PDI coordinate into four parts:
~ f <0.2: Ignored area.
~ 0.2 < f <0.85: RF and 2F move in-phase
~ 0.8 < f < 3.9: RF and 2F move out-of-phase

~ f>3.9: RF and 2F move in-phase
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Since the PDI is from Roof/2F, the LMOI(8),5 = 8. The PDI (Rf/2F) should
provide enough information. The above three intervals:0.2 < f < 0.85,0.8 <
f < 3.9, and f > 3.9 indeed indicate the corresponding natural frequency in Y

direction.

c. Frequency response function plot (Roof vs.ground) Figure C.3-(c) is a traditional
FRF plot, and evaluators can judge the natural frequencies by peak-picking
method. In this case, the first mode is about 0.62 Hz while higher modes are

not clear.

Rotation

In this building, two pairs of channels, namely, (Ch. 2 & 10) and (Ch. 3 & 11)

are used to draw the torsional PDI plots:
1. The PDI-T plot of RF pair (Ch. 2 & 10) is shown in Fig. C.4-(a)
2. The PDI-T plot of 2F pair (Ch. 3 & 11) is shown in Fig. C.5-(a)

3. The Torsion spectrum is shown in Fig. C.4-(b) and Fig. C.5-(b)

Figure C.4 is not a good plot to identify the torsional mode because no apparent
frequency corresponds to PDI=-1. We can only guess approximately the torsional
modes are around [0.7 ~ 0.9], [2.4 ~ 3], [4.7 ~ 4.8] Hz.

Figure C.5 is much better than Figure C.4 for torsional identification. At least, we
can confirm that the 1st torsional mode is around 0.7 Hz. In addition, by observing
the interval of f = 2 ~ 3 Hz, it can be confirmed that the second torsional mode is

f =23 Hz.

C.1.4 Comparison with Existing Research

From the above discussion and existing research, a comparison of results are given
in the table 6.7. The comparison shows that the three methods acquire the same

identification results for the first mode.
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C.2 Case 2: 11 Story Hospital in Newport Beach
C.2.1 Basic Information

Case two is a 11 story building at Newport Beach, California. The structure
is a reinforced concrete frame with perimeter concrete shear walls. But only shear
wall in the south side is continuous through the height of the building. In this
event( Northridge Earthquake), the maximum displacement is 3.57 ¢cm (Ch.15). The
corresponding drift is 2.69 cm (relative to Ch.16), and the drift ratio is 0.06%. The

detailed information is shown in Table 6.3.

C.2.2 Sensors Information

There are 18 accelerometers in four levels of this building. The location of sensors
are shown in Figure C.6. Ten sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table C.2.

C.2.3 1dentification Result

Parameter for PDI plots

In case one, the adopted parameters are as listed:
e Observed frequency bandwidth: 0 ~ 8 Hz

e Unit narrow frequency bandwidth: 0.1 Hz

e Order of FIR bandpass filter: 990

e Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig. C.7 which comprises
three parts:
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a. Phase difference index plot (Roof vs. ground)
In Fig. C.7-(a), there are three zero-crossing points, which represent the natural

frequencies of the building (the fourth and after points are not recognizable).
— zero-crossing points of PDI-X: [1.24, 3.85, 5.91] Hz

b. Phase difference index plot (Roof vs. 3F)

In Fig. C.7-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving in the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the second floor moving
in the opposite directions, i.e. moving out-of-phase. From visual judgment, we
can approximately divide the PDI coordinate into three parts:

~ 0 < f < 1.4: RF and 3F move in-phase

~ 1.4 < f < 2.6 : Interfered by torsion f;, = 2Hz.

~ 2.6 < f < 5: RF and 2F move out-of-phase
Since the PDI is from Roof/3F, the LMOI(11);3 = 6. The PDI (Rf/3F) should
still provide enough information.The phase difference index is 1, -1, 1, -1....in
the first 6 modes. Thus, it still helps us to locate the interval of 1st and 2nd

mode.
c. Frequency response function plot (Roof vs. ground)

Figure C.7-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the first mode is 1.15 Hz, the

second mode is 3.8 Hz while other higher modes are not clear.

Y Direction

The PDI plot in Y direction of this building is shown in Fig. C.8 which comprises
three parts:
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a. Phase difference index plot (Roof vs. ground)
In Fig. C.8-(a), there are three zero-crossing points, which represent the natural

frequencies of the building (the fourth and after points are not recognizable).
— Zero-crossing points of PDI-Y: [1.41, 4.55, 7.95] Hz

b. Phase difference index plot (Roof vs. 2F)
From visual judgment, we can approximately divide the PDI coordinate into
three parts:
~ f < 1.5: RF and 2F move in-phase.
~ 1.5 < f < 5.8: RF and 2F move out-of-phase
~ f>5.8: RF and 2F move in-phase
Since the PDI is from Roof/3F, the LMOI(11);3 = 6. The PDI (Rf/3F) should
still provide enough information. The plot offers a useful information to assist

evaluators to identify the modes of buildings because in Fig. C.8-(a) the divided

intervals match the corresponding modes properly.

c. Frequency response function plot (Roof vs. ground) Figure C.8-(c) is a tra-
ditional FRF plot, and evaluators can judge the natural frequencies by peak-
picking method. In this case, the first mode is 1.34 Hz, the second mode is 4.7

Hz while other higher modes are not clear.

Rotation

In this building, two pairs of channels, namely, (Ch. 14 & 15) and (Ch. 10 & 12)

are used to draw the torsional PDI plots:
1. The PDI plot of RF pair (Ch.14 & 15) is shown in Fig. C.9-(a)
2. The PDI plot of 6F pair (Ch.10 & 12) is shown in Fig. C.10-(a)
3. The Torsion spectra are shown in Fig. C.9-(b) and Fig. C.10-(b)

In Fig. C.9, we can observe a very clear torsional mode f = 2 Hz, while the second

torsional mode is not so clear.
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Figure C.10 is a little better than Figure C.9 for torsional identification. In ad-
dition to that the first torsional mode is identified as 2 Hz, we can also tell that the

second torsional mode is approximate 5.8 Hz.

C.2.4 Comparison with Existing Research

From the above discussion and existing research, a comparison result is shown
as the table 6.8. The comparison shows that the three methods acquire the same
identification results for the first mode. In addition, the PDI plots can identify more
modes than traditional peak picking method.

C.3 Case 3: Los Angeles - 54 story Office Building
C.3.1 Basic Information

Case three is a 54 story building at Los Angeles, California(CSMIP-STATION-
24629). The structure is a moment resisting perimeter steel frame. In this event
(Northridge Earthquake), the maximum displacement is 16.76 cm (Ch.18). The cor-
responding drift is 17.41 cm (relative to Ch.18), and the drift ratio is 0.09%. The

detailed information is shown in Table 6.4.

C.3.2 Sensors Information

There are 20 accelerometers in six levels of this building. The location of sensors
are shown in Figure C.11. Nine sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table C.3.
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C.3.3 Identification Result
Parameter for PDI plots

In case one, the adopted parameters are as listed:
e Observed frequency bandwidth: 0 ~ 4 Hz

e Unit narrow frequency bandwidth: 0.04 Hz

e Order of FIR bandpass filter: 3000

e Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig. C.12 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig. C.12-(a), there are nine zero-crossing points, which represent the natural

frequencies of the building (the tenth and after points are not recognizable).

— zero-crossing points of PDI-X:

foe = [0.18,0.53,0.85,1.21,1.57,2.00, 2.50, 2.80, 3.18] Hz

b. Phase difference index plot (Roof vs. 20F)

In Fig. C.12-(b), the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving in the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the second floor moving
in the opposite directions, i.e. moving out-of-phase.

However, the plot is not as useful as in the previous cases because the PDI is
between Roof and 20F rather than 2F. Since the PDI is from Roof/20F, the
LMOI(54)1 34 = 2. It means we can target only the first two modes from Fig.
C.12-(b). When we check the Fig. C.12-(a) and (c), the third and fourth modes
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just correspond to the third zone of Fig. C.12-(b), which means the aliasing

occurs.

c. Frequency response function plot (Roof vs.ground) Figure C.12-(c) is a tradi-
tional FRF plot, and evaluators can judge the natural frequencies by peak-
picking method. In this case, we can determine the first five modes by peak

picking method, and the rest modes are not recognizable.

fn =1[0.18,0.52,0.85,1.22, 1.52]Hz

Y Direction

The PDI plot in Y direction of this building is shown in Fig. C.13 which comprises

three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig. C.13-(a), there are nine zero-crossing points, which represent the natural

frequencies of the building (the tenth and after points are not recognizable).

— zero-crossing points of PDI-Y:

fny =[0.16,0.52,0.86,1.21, 1.55,1.89,2.35,2.74, 3.02] Hz
b. Phase difference index plot (Roof vs. 20F)

In Fig. C.13-(b) plot, the coordinate plot is separated by the PDI curve. The
situation in Y direction is similar to that in the X direction. Since the PDI is
from Roof/20F, the LM OI(54); 34 = 2. It means we only can target the first
two modes from Fig. C.13-(b). When we check the Fig. C.13-(a) and (c), the
third and fourth modes just correspond to the third zone of Fig. C.13-(b), which

means the aliasing occurs.

c. Frequency response function plot (Roof vs.ground)
Figure C.13-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, we can determine the first

five modes by peak picking method, and the rest modes are not recognizable.

fuy = 0.15,0.49,0.82,1.16, 1.46]Hz,
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Rotation

In this building, two pairs of channels, namely, (Ch. 19 & 20) in the penthouse
and (Ch. 12 & 14) in the 36F are used to draw the torsional PDI plots:

1. The PDI plot of penthouse pair(Ch. 19 & 20) is shown in Fig. C.14-(a)
2. The PDI plot of 36F pair(Ch. 12 & 14) is shown in Fig. C.15-(a)
3. The Torsion spectra are shown in Fig. C.14-(b) and Fig. C.15-(b)

In Fig. C.14, we can observe six very clear torsional mode. The plot (a) and (b)
correspond to each other very well and:
fnt = [0.37,0.98,1.48,2.10, 2.55, 3.25| H 2

Figure C.15 is not so good as figure C.14 for torsional identification. In plot (a),
the second mode is missing and in plot (b), the second and the forth mode are missing,.
Except for those missing modes, the identification result of Fig. C.15 are the same

in Fig. C.14.

C.3.4 Comparison with Existing Research

From the above discussion and existing research, a comparison is shown as the
table 6.9. In this case, we refer to another paper for additional comparison [25]. The

results are listed below:

1. The comparison table shows that the four methods acquire equal identification

results for the first mode.

2. In addition, the PDI plots can identify more modes than traditional peak picking
method.

3. PDI plots are able to identify the torsional modes with precise graphical solu-

tions.

4. PDI analysis results are very close to Rahmani’s research [25] in the first six

modes including torsional modes.
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C.4 Case 4: Los Angeles - 6-story Parking Structure
C.4.1 Basic Information

Case four is a 6 story parking structure in Los Angeles, California. The structure
is a concrete slabs supported on precast concrete beams and columns with concrete
shear walls. In this event( Northridge Earthquake), the maximum displacement is
6.99 cm (Ch.10). The corresponding drift is 4.25 cm (relative to Ch.3), and the drift
ratio is 0.34%. The detailed information is shown in Table 6.5.

C.4.2 Sensors Information

There are 14 accelerometers in three levels of this building. The location of sensors
are shown in Figure C.6. Nine sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table C.2.

C.4.3 Identification Result

Parameter for PDI plots

In case one, the adopted parameters are as listed:
e Observed frequency bandwidth: 0 ~ 10 Hz

e Unit narrow frequency bandwidth: 0.1 Hz

e Order of FIR bandpass filter: 2000

e Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig. C.17 which comprises
three parts:
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a. Phase difference index plot (Roof vs. ground)
In Fig. C.17-(a), there are two zero-crossing points, which represent the natural

frequencies of the building (the third and after points are not recognizable).
— zero-crossing points of PDI-X: [1.95, 5.70] Hz

b. Phase difference index plot (Roof vs. 4F)
In Fig. C.17-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving in the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the second floor moving
in the opposite directions, i.e. moving out-of-phase. From visual judgment, we

can approximately divide the PDI coordinate into four parts:

~ 0 < f <2.2: RF and 4F move in-phase

~ 2.2 < f <6.1: RF and 4F move out-of-phase

~ 6.1 < f < 8 RF and 4F move in-phase

~ 8 < f < 10: RF and 4F move out-of-phase
Since the PDI is from Roof/4F, the LMOI(6);4 = 1. It means we only can
target the first modes from Fig. C.12-(b). But when we check the Fig. C.12-(b),

we find the plot is not bad. However, the Fig. C.12-(a) and (c) only can identify
the first two modes, which makes the (b) plot less useful.

c. Frequency response function plot (Roof vs.ground)
Figure C.17-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the first mode is about 1.9 ~

2 Hz, and the second mode is close to 6 Hz.

Y Direction

The PDI plot in Y direction of this building is shown in Fig. C.18 which comprises
three parts:
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a. Phase difference index plot (Roof vs. ground)
In Fig. C.18-(a), there is one zero-crossing points, which represents the natural

frequencies of the model (the fourth and after points are not recognizable).
— gzero-crossing points of PDI-Y: 2.6 Hz

b. Phase difference index plot (Roof vs. 4F)
From visual judgment, we can approximately divide the PDI coordinate into two

parts:
~ f < 3.7: RF and 4F move in-phase.
~ 3.7 < f : The phase cannot be determined because the curve fluctuates

about the y axis.

Since the PDI is from Roof/4F, the LMOI(6);4 = 1. It means we can target
only the first modes from Fig. C.13-(b).

c. Frequency response function plot (Roof vs.ground)
Figure C.18-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the first mode is about 2.4
Hz, the second mode and higher modes are not clear. In the FRF plot, there are
two obvious peaks. In this case, the torsional frequency just happened to be the
same as the 1st mode in y direction. The second peak should be the frequency
response of torsion, but we need to collect more earthquake records and identify

the building with different inputs to make sure the answer.

Rotation

In this building, two pairs of channels, namely, (Ch. 9 & 11) and (Ch. 6 & 7) are
used to draw the torsional PDI plots:

1. The PDI plot of RF pair(Ch. 9 & 11) is shown in Fig. C.19-(a)
2. The PDI plot of 4F pair(Ch. 6 & 7) is shown in Fig. C.20-(a)

3. The torsion spectra are shown in Fig. C.19-(b) and Fig. C.20-(b)
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In Fig. C.19, we can observe a very clear torsional mode: f,; = [2.5,6.55] Hz.

C.4.4 Comparison with Existing Research

From the above discussion and existing research, a comparison result is shown
as the table 6.10. The comparison shows that the three methods acquire similar
identification results but the errors are bigger than the previous cases. It is probably
because the system is not linear elastic during the Northridge earthquake. The phase
plot only consider the moving direction of the floor rather than the signal strength in
the spectrum. To fix the problem is another issue and not discussed in the section,
but if we use more earthquake records input to analyze the building, such as small

earthquakes. we should gain more information about the building.

C.5 Case 5: Los Angeles - 19 story Office Building
C.5.1 Basic Information

Case five is a 19 story Office Building in Los Angeles, California(CSMIP-STATION-
24643). The structure is moment resisting steel frames in the longitudinal and X-
braced steel frames in the transverse direction. In this event( Northridge Earthquake),
the maximum displacement is 30.92 cm (Ch.10). The corresponding drift is 32.51 cm
(relative to Ch.4), and the drift ratio is 0.93%. The detailed information is shown in
Table 6.6.

C.5.2 Sensors Information

There are 15 accelerometers in three levels of this building. The location of sensors
are shown in Figure C.21. Nine sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table C.5.
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C.5.3 Identification Result
Parameter for PDI plots

In case one, the adopted parameters are as listed:
e Observed frequency bandwidth: 0 ~ 5 Hz
e Unit narrow frequency bandwidth: 0.1 Hz

e Order of FIR bandpass filter: 2000

e Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig. C.22 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig. C.22-(a), there are five zero-crossing points, which represent the natural

frequencies of the building (the sixth and after points are not recognizable).
— zero-crossing points of PDI-X: [0.30, 1.23, 2.58, 3.83, 4.78] Hz

b. Phase difference index plot (Roof vs. 2F)

In Fig. C.22-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving in the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the second floor moving
in the opposite directions, i.e. moving out-of-phase. From visual judgment, we
can approximately divide the PDI coordinate into four parts:

~ 0 < f <0.3: RF and 2F move in-phase

~ 0.3 < f <1.35: RF and 2F move out-of-phase

~ 1.35 < f < 2.95: RF and 2F move in-phase

~ 2.95 < f <4.75: RF and 2F move out-of-phase
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The plot is useful because the PDI is from Roof/2F. The phase difference indices
of this plot theoretically are 1, -1, 1, -1....in sequence. As expected, the identified
frequencies bandwidth indeed correspond to the first four natural frequencies in

X direction (identified in C.22-(a)) accordingly.

c. Frequency response function plot (Roof vs. ground)
Figure C.22-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the identified modes in X
direction are:
fn=[0.29, 1.21, 1.61]

(The higher modes are not recognizable.)

Y Direction

The PDI plot in Y direction of this building is shown in Fig. C.18 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig. C.18-(a), there are three zero-crossing points, which represent the natural

frequencies of the building (the fourth and after points are not recognizable).

— zero-crossing points of PDI-Y: [0.23, 0.72, 1.28, 1.77, 2.33, 2.87, 3.47, 4.19,
4.71] Hz

b. Phase difference index plot (Roof vs. 2F)
From visual judgment, we can approximately divide the PDI coordinate into two
parts:
~ f <0.27: RF and 2F move in-phase.
~ 0.27 < f < 0.8 : RF and 2F move out-of-phase.
~ 0.8 < f < 1.3 : RF and 2F move in-phase.
~ 1.3 < f <2.0: RF and 2F move out-of-phase.

~ 2.0 < f <26 : RF and 2F move in-phase.
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The plot is useful because the PDI comes from Roof/2F. The phase difference
indices of this plot theoretically are 1, -1, 1, -1....in sequence. As expected,
the identified frequencies bandwidth indeed correspond to the first six natural
frequencies in Y direction (identified in C.23-(a)) accordingly. However, when
f > 3, plot (a) and (b) do not match properly. Because only one earthquake
record of this building is provided, we do not have other data to Fig. out the

problem.

c. Frequency response function plot (Roof vs.ground)
Figure C.23-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the first three modes are:

[0.24, 0.70, 1.19] Hz (The higher modes are not clear.)

Rotation

In this building, two pairs of channels, namely, (Ch. 13 & 14) and (Ch. 10 & 11)

are used to draw the torsional PDI plots:
1. The PDI plot of RF pair (Ch.13 & 14)is shown in Fig. C.24-(a)
2. The PDI plot of 8F pair (Ch.10 & 11)is shown in Fig. C.25-(a)
3. The torsion spectra are shown in Fig. C.19-(b) and Fig. C.25-(b)

In Fig. C.24-(a), clear torsional modes can be observed:

for = [0.23,0.93,1.99,3.10] Hz.

C.5.4 Comparison with Existing Research

From the above discussion and reference [24] , a comparison result is shown as the
table 6.11. It shows that the three methods acquire similar identification results for
the first mode, but the errors are still bigger than the previous cases. It is probably
because the system is not linear elastic during the Northridge earthquake. According

to the earthquake data, the maximum acceleration in the building is 0.65g, a quite
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huge acceleration for a typical structure. To fix the problem is another issue and not
discussed in the section, but if we use more earthquake records input to analyze the
building, such as other small earthquakes, we should obtain more useful information

about the building.



Table C.1.
Selected Sensors in CSMIP-STATION-24468
Direction | Floor | Channel NO.
X RF 6
2F 7
GF 16
Y RF 10
2F 11
GF 1
T RF 2 &10
2F 3 &11

Sensor maps :

Fig.C.1
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Table C.2.
Selected Sensors in CSMIP-STATION-13589
Direction | Floor | Channel NO.
X RF 15
2F 8
GF 5
Y RF 13
2F 6
GF 3
T RF 14 &15
6F 10 &12

Sensor maps :

Fig.C.6
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Table C.3.
Selected Sensors in CSMIP-STATION-24629
Direction Floor Channel NO.
X Penthouse 18
20F 8
GF 3
Y Penthouse 20
20F 10
GF 5
T Penthouse 19 &20
36F 12 &14

Sensor maps : Fig.C.11
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Table C.4.
Selected Sensors in CSMIP-STATION-24655
Direction | Floor | Channel NO.
X RF 10
4F 6
GF 3
Y RF 12
4F 8
GF 5
T RF 9 &11
4F 6 &7

Sensor maps :

Fig.C.16
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Table C.5.
Selected Sensors in CSMIP-STATION-24643
Direction | Floor | Channel NO.
X RF 13
2F 8
GF 2
Y RF 15
2F 9
GF 4
T RF 13 &14
8F 10 &11

Sensor maps :

Fig.C.21
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Los Angeles - 8-story CSULA Admin Bldg
(CSMIP Station No. 24468)
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Fig. C.1. Sensor Locations for CSMIP-STATION-24468
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(a) PDI plot X dir.(RF-GF) @ CSMIP-STATION-24468
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Fig. C.2. PDI plot of CSMIP-STATION-24468 in X direction. In
Fig.(a), the black arrow marks point at the translational modes.



267

(a) PDI plot Y dir.(RF-GF) @ CSMIP-STATION-24468
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Fig. C.3. PDI plot of CSMIP-STATION-24468 in Y direction. In

Fig.(a),

the black arrow marks point at the translational modes.
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(a) Torsion PDI (RF)@ CSMIP-STATION-24468
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Fig. C.4. Torsional PDI plot of CSMIP-STATION-24468 (RF). (Ch.2
& 10). The black arrow marks point at the torsional modes.
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Fig. C.5. Torsional PDI plot of CSMIP-STATION-24468 (2F)(Ch.3
& 11). The black arrow marks point at the torsional modes.

269



Newport Beach - 11-story Hospital

(CSMIP Station No. 13589)
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Fig. C.6. Sensor Locations for CSMIP-STATION-13589



(a) PDI plot X dir.(RF-GF) @ CSMIP-STATION-13589
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Fig. C.8. PDI plot of CSMIP-STATION-13589 in Y direction. In
Fig.(a), the black arrow marks point at the translational modes.
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(a) Torsion PDI (RF)@ CSMIP-STATION-13589
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Fig. C.9. Torsional PDI plot of CSMIP-STATION-13589 (RF) (Ch.
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Fig. C.22. PDI plot of CSMIP-STATION-24643 in X direction. In
Fig.(a), the black arrow marks point at the translational modes.
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Fig. C.23. PDI plot of CSMIP-STATION-24643 in Y direction. In
Fig.(a), the black arrow marks point at the translational modes.
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D. DETAILED ANALYSIS OF SAMPLE BUILDINGS IN
TAIWAN

D.1 Case 1: Department of Civil Engineering Building, National Chung
Hsin University (TCUBAS3)

D.1.1 Basic information

Case one is a 7 story building at National Chung Hsin University, Taichung,
Taiwan(TCUBA3). The structure is a reinforced concrete frame . In this event,
the maximum displacement is 0.57 cm (Ch.22). The corresponding drift is 0.53 cm
(relative to Ch.25), and the drift ratio is 0.02%. The detailed information is shown
in Table 7.2.

D.1.2 Sensors Information

There are 29 accelerometers in this building. The location of sensors are shown
in Figure D.1 and D.2. Eight sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table D.1.

D.1.3 Identification Result

Parameter for PDI plots

In case one, the adopted parameters are as listed:
e Observed frequency range: 0 ~ 10 Hz
e Unit narrow frequency bandwidth: 0.05 Hz

e Order of FIR bandpass filter: 1500
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e Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig.D.3 which comprises

three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig.D.3-(a), there are two zero-crossing points, which represent the natural

frequencies of the model (the third and after points are not recognizable).
— zero-crossing points of PDI-X: [3.1, 9.3] Hz

b. Phase difference index plot (Roof vs. 4F)
In Fig.D.3-(b) plot, the coordinate plot is separated by the PDI curve. From
visual judgment, we can approximately divide the PDI coordinate into three

parts:
~ 0 < f <3.31: RF and 4F move in-phase
~ 3.31 < f : The PDI fluctuates along the y-axis

Since the PDI is from Roof/4F, the LMOI(6);4 = 1. It means we only can
target the first mode from plot (b). And Fig.D.3-(b) confirmed our assumption.

c. Frequency response function plot (Roof vs. ground)
Figure D.3-(c) is a traditional FRF plot, and we can judge the natural frequencies
by peak-picking method. In this case, the natural frequencies in X direction is:
f=[3.05, 9.3] Hz. In addition, an obvious peak can be observed at f=3.9 Hz.
In Chapter 5, the phenomenon was discussed, it might be caused by torsional
force. By checking the PDI-T plot (Fig.D.5), it can be confirmed that f= 3.9

Hz is torsional mode.
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Y Direction

The PDI plot in Y direction of this building is shown in Fig.D.4 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig.D.4-(a), there are two obvious zero-crossing points, which represent the
natural frequencies of the model. Maybe the earthquake is a small one so that

higher modes are barely excited.
— zero-crossing points of PDI-Y: [3.22, 8.78] Hz

b. Phase difference index plot (Roof vs. 4F)
From visual judgment, we can approximately divide the PDI coordinate into

three parts:

~ 0 < f <4.5: RF and 9F move in-phase

~ 4.5 < f: The PDI fluctuates along the axis of y=-1.

Since the PDI is from Roof/4F, the LMOI(6);4 = 1. It means we only can
target the first modes from plot (b) . Figure D.4-(b) confirmed our assumption.

c. Frequency response function plot (Roof vs.ground)
Figure D.4-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the natural frequencies are:
f=3.12 Hz. In addition, an obvious peak can be observed at f=3.5 Hz. In
Chapter 5, the phenomenon was discussed, it might be caused by torsional force.
By checking the PDI-T plot (Fig.D.6), it can be confirmed that f= 3.9 Hz is
a torsional mode. However, it is weired that the detected torsional mode in
X direction is slightly difference from the identification result in Y direction.
Similar results is also observed in torsion spectrum (Fig.D.5-(b) and D.6-(b)).
Two obvious peaks can be seen in f=3.5 Hz and f=3.9 Hz, but the two peaks do
not match the translational mode in X and Y direction. A possible explanation is

that the building is not symmetric in plan and elevation. There is a sub-building
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(3 story structure) attached at the right side of the main building, lengthening
the dimension in Y direction. When the building shakes, the minor building

somehow interferes the torsional period in different direction.

Rotation

In this building, two pairs of channels: (Ch. 15& 13) and (Ch. 21& 28) are used
to draw the torsional PDI plots, i.e PDI-T plots:

1. The PDI-T plot of RF(Ch. 21& 28) is shown in Fig.D.5-(a)
2. The PDI-T plot of 4F(Ch. 15& 13) is shown in Fig.D.6-(a)
3. The torsion spectra are shown in Fig.D.5-(b) and Fig.D.6-(b)

From the above figures, we can observe three clear torsional modes: f,; = [3.8,7.8]

Hz.

D.1.4 Comparison with Existing Research

From the above discussion and existing research, a comparison of results is shown
from PDI-analysis and from publications published by others as the Table 7.7. The
comparison shows that the three methods, namely PDI, peak-picking and subspace
method acquire similar identification results with tolerable errors.

The original plot of subspace method in [4] is not available. Therefore, this re-
search analyzed the same earthquake data by subspace method again and produce the
comparison plots as shown in Fig.D.7 and D.8. The adopted parameters of subspace

method are listed as below:

e Order: 12
e Size of Hankel matrix: 150

e Sampling rate of signal: 50 Hz
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Fig.D.7 and D.8 demonstrate the comparison of PDI-plot method, peak-picking
method,and subspace method. It can be observed that three plots identify similar
results of natural frequencies.

In addition, by aligning the PDI-X, PDI-Y, PDI-T together, we can identify the
modal order of each identified frequency more easily. The triple PDI plot is shown
in Fig.D.9. By initial check, the first three modes identified by Loh match well with
the triple PDI(RF-GF)-XYT plots. Thus, it is proven that PDI-plot method can be

an independent method for system identification.

D.2 Case 2: Building of Department of Civil and Construction Engineer-
ing, National Taiwan University of Science and Technology (TAPBAS5)

D.2.1 Basic information

Case two is a eight story building at National Taiwan University of Science and
Technology, Taipei, Taiwan(TAPBAS5). The structure is a reinforced concrete frame
. In this event, the maximum displacement is 0.084 cm (Ch.26). The corresponding
drift is 0.078 cm (relative to Ch.1), and the drift ratio is 0.016%. The detailed

information is shown in Table 7.3.

D.2.2 Sensors Information

There are 29 accelerometers in this building. The location of sensors are shown in
Figure D.10 and D.11. Eight sensors in this building are chosen to be studied. The
channels and corresponding floors are listed in Table D.2.

D.2.3 Identification Result

Parameter for PDI plots

In case two, the adopted parameters are as listed:
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Observed frequency range: 0 ~ 10 Hz

Unit narrow frequency bandwidth: 0.05 Hz

Order of FIR bandpass filter: 2000

Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig.D.12 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig.D.12-(a), there are three zero-crossing points, which represent the natural

frequencies of the model (the fourth and after points are not recognizable).
— zero-crossing points of PDI-X: [1.48, 5.24, 9.27] Hz

b. Phase difference index plot (Roof vs. 2F)
In Fig.D.12-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving toward the same direction i.e. mov-
ing in-phase. On the contrary, PDI=-1 means the roof and the second floor
moving toward the opposite direction, i.e. moving out-of-phase. From visual

judgment, we can approximately divide the PDI coordinate into three parts:

~ 0 < f <1.94: RF and 2F move in-phase

~ 1.94 < f <5.72 : RF and 2F move out-of-phase

~ 5.72 < f: RF and 2F move in-phase
The plot is quite useful since the PDI is between Roof and 2F. The phase dif-
ference indices are not 1, -1, 1, -1....in sequence. The identified modes in X

direction correspond to the interval accordingly. Therefore, it means that we

can use the PDI(RF-2F) to locate the natural frequencies with more confidence.

c. Frequency response function plot (Roof vs. ground)

Figure D.12-(c) is a traditional FRF plot, and evaluators can judge the natural
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frequencies by peak-picking method. In this case, the natural frequencies in X

direction is: f= [1.44, 5.45] Hz.

Y Direction

The PDI plot in Y direction of this building is shown in Fig.D.13 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig.D.13-(a), there are two obvious zero-crossing points, which represent the

natural frequencies of the model.
— zero-crossing points of PDI-Y: [2.45, 7.7] Hz

b. Phase difference index plot (Roof vs. 2F)
From visual judgment, we can approximately divide the PDI coordinate into
three parts:
~ 0 < f < 2.55: RF and 9F move in-phase
~ 2.55 < f <84 : RF and 9F move out-of-phase
~ 8.4 < f: The PDI fluctuates along the y-axis

Although the PDI plot is not RF/2F, the plot is still useful. The reason is the

same as the condition in Y direction.

c. Frequency response function plot (Roof vs.ground)
Figure D.13-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the natural frequencies are:

f=2.29 Hz.

Rotation

In this building, two pairs of channels, namely (Ch.28 & 30) and (Ch. 21& 23)

are used to draw the torsional PDI plots:
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1. The PDI-T plot of RF(Ch.28 & 30) is shown in Fig.D.14-(a)
2. The PDI-T plot of 6F(Ch. 21& 23) pair is shown in Fig.D.15-(a)
3. The torsion spectra are shown in Fig.D.14-(b) and Fig.D.15-(b)

From Fig.D.14 and Fig.D.15, we can observe three torsional modes clearly: f,; =

[1.75,5.2,9.2 ~ 9.4] Hz.

D.2.4 Comparison with Existing Research

From the above discussion and existing research, a comparison of results is shown
from PDI-analysis and from publications published by others as the Table 7.8. The
comparison shows that the three methods, namely PDI, peak-picking and subspace
method acquire similar identification results with tolerable errors.

The original plot of subspace method in [4] is not available. Therefore, this re-
search analyzed the same earthquake data by subspace method again and produce
the comparison plots as shown in Fig.D.16 and D.17. The adopted parameters of

subspace method are listed as below:

e Order: 10
e Size of Hankel matrix: 150

e Sampling rate of signal: 50 Hz

Fig.D.16 and D.17 demonstrate the comparison of PDI-plot method, peak-picking
method,and subspace method. It can be observed that three plots identify similar
results of natural frequencies.

Similar to the previous case, by aligning the PDI-X, PDI-Y, PDI-T together, we
can identify the modal order of each identified frequency more easily. The triple PDI
plot is shown in Fig.D.9. By initial check, the first three modes identified by Loh
match well with the triple PDI(RF-GF)-XYT plots.
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D.3 Case 3: Dormitory Building of Faculty & Staff, National Chiao Tung
University (TCUBAS)

D.3.1 Basic information

Case two is a eight story building at National Taiwan University of Science and
Technology, Taipei, Taiwan(TAPBAS). The structure is a reinforced concrete frame .
In this event, the maximum displacement is 0.56 cm (Ch.20). The corresponding drift
is 0.53 cm (relative to Ch.8), and the drift ratio is 0.014%. The detailed information

is shown in Table 7.4.

D.3.2 Sensors Information

There are 29 accelerometers in this building. The location of sensors are shown in
Figure D.19 and D.20. Eight sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table D.3.

D.3.3 Identification Result

Parameter for PDI plots

In case three, the adopted parameters are as listed:
e Observed frequency range: 0 ~ 10 Hz

e Unit narrow frequency bandwidth: 0.1 Hz

e Order of FIR bandpass filter: 2000

e Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig.D.21 which comprises
three parts:


https://Fig.D.21
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a. Phase difference index plot (Roof vs. ground)
In Fig.D.21-(a), there are two zero-crossing points, which represent the natural

frequencies of the model (the third and after points are not recognizable).
— zero-crossing points of PDI-X: [1.71, 5.85] Hz

b. Phase difference index plot (Roof vs. 2F)
In Fig.D.21-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the second floor moving toward the same direction i.e. mov-
ing in-phase. On the contrary, PDI=-1 means the roof and the second floor
moving toward the opposite direction, i.e. moving out-of-phase. From visual

judgment, we can approximately divide the PDI coordinate into three parts:

~ 0 < f < 1.8: RF and 2F move in-phase
~ 1.8 < f < 8.5 : RF and 2F move out-of-phase

~ 8.5 < f: The PDI fluctuates along the y-axis

Although the PDI is between Roof and 2F, very limited information can be
obtained. Because the building is “ C ”-shaped in plan, the structural behavior
is dominated by the first mode accompanied with some torsional effects. In the
frequency range of f =1 ~ 10 Hz, only the first mode can be identified without
ambiguity:.

c. Frequency response function plot (Roof vs. ground)
Figure D.21-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the natural frequencies in X

direction is: f= 1.68 Hz.

Y Direction

The PDI plot in Y direction of this building is shown in Fig.D.22 which comprises
three parts:


https://Fig.D.22
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a. Phase difference index plot (Roof vs. ground)
In Fig.D.22-(a), there are two obvious zero-crossing points, which represent the

natural frequencies of the model (the third and after points are not recognizable).
— zero-crossing points of PDI-Y: [2.18, 8.43] Hz

b. Phase difference index plot (Roof vs. 2F)
From visual judgment, we can approximately divide the PDI coordinate into
three parts:
~ 0 < f <2.48: RF and 2F move in-phase
~ 248 < f < 8.8 : RF and 2F move out-of-phase
~ 8.8 < f: The PDI fluctuates along the y-axis
c. Frequency response function plot (Roof vs.ground)
Figure D.22-(c) is a traditional FRF plot, and evaluators can judge the natural

frequencies by peak-picking method. In this case, the natural frequencies are:

f=2.17 Hz.

Rotation

In this building, two pairs of channels: (Ch. 19& 23) and (Ch. 16& 18) are used
to draw the torsional PDI plots:

1. The PDI-T plot of RF(Ch. 19& 23) is shown in Fig.D.23-(a)
2. The PDI-T plot of 7F(Ch. 16& 18) is shown in Fig.D.24-(a)
3. The torsion spectra are shown in Fig.D.23-(b) and Fig.D.24-(b)

In Fig.D.23, we can observe torsional modes at f,; = [2.4,5.6,8.4 — 9.4] Hz. This
building is close to “ C ” shape i.e. an asymmetric plan. From Fig.D.20, an eccentric
torsion might occur in X direction under seismic force. Therefore, one has to be very
careful in mode frequency identification. Observing Fig.D.23-(b) and Fig.D.24-(b),

we find that these are standard torsional spectra. Three observed frequency peaks


https://Fig.D.20
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1.6, 2.0, 2.4] Hz represent the approximate fi,, fi,, fi. Comparing with the identified

fiz, f1, in previous sections, it can be inferred that fi; ~ 2.4 Hz.

D.3.4 Comparison with Existing Research

From the above discussion and existing research, a comparison of results is shown
from PDI-analysis and from publications published by others as the Table 7.9. The
comparison shows that the three methods, namely PDI, peak-picking and subspace
method acquire similar identification results with tolerable errors.

The original plot of subspace method in [4] is not available. Therefore, this re-
search analyzed the same earthquake data by subspace method again and produce
the comparison plots as shown in Fig.D.25 and D.26. The adopted parameters of

subspace method are listed as below:

e Order: 12
e Size of Hankel matrix: 200

e Sampling rate of signal: 50 Hz

Fig.D.25 and D.26 demonstrate the comparison of PDI-plot method, peak-picking
method,and subspace method. It can be observed that three plots identify similar
results of natural frequencies.

Similar to the previous case, by aligning the PDI-X, PDI-Y, PDI-T together, we
can identify the modal order of each identified frequency more easily. The triple PDI
plot is shown in Fig.D.27. By initial check, the first three modes identified by Loh
match well with the triple PDI(RF-GF)-XYT plots.


https://Fig.D.27
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D.4 Case 4: Headquarters building, Taiwan Power Company (TAPBAA4)
D.4.1 Basic information

Case four is a twenty six story headquarters building of Taiwan Power Company,
Taipei, Taiwan(TAPBA4). The structure, finished in 1982, is the first steel rigid
frame skyscraper in Taiwan . In this event, the maximum displacement is 10.44 cm
(Ch.16). The corresponding drift is 11.80 cm (relative to Ch.7), and the drift ratio is
0.11%. The detailed information is shown in Table 7.5.

D.4.2 Sensors Information

There are 18 accelerometers in this building. The location of sensors are shown in
Figures D.28 and D.29. Seven sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table D.4.

D.4.3 Identification Result

Parameter for PDI plots

In case four, the adopted parameters are as listed:
e Observed frequency range: 0 ~ 4 Hz

e Unit narrow frequency bandwidth: 0.02 Hz

e Order of FIR bandpass filter: 5000

e Window length of Hamming window (for FRF plot): 25% data length.

X direction

The PDI plot in X direction of this building is shown in Fig.D.30 which comprises
three parts:
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a. Phase difference index plot (Roof vs. ground)
In Fig.D.30-(a), there are three zero-crossing points, which represent the natural

frequencies of the model (the fourth and after points are not recognizable).
— zero-crossing points of PDI-X: [0.37,1.03,1.83] Hz

b. Phase difference index plot (Roof vs. 9F)
In Fig.D.30-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the ninth floor moving toward the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the ninth floor moving
toward the opposite direction, i.e. moving out-of-phase. From visual judgment,

we can approximately divide the PDI coordinate into five parts:

~ 0 < f <0.5: RF and 9F move in-phase

~ 0.5 < f <1.3: RF and 9F move out-of-phase

~ 1.3 < f <2.2: RF and 9F move in-phase

~ 2.2 < f <2.9: RF and 9F move out-of-phase

~ 2.9 < f: The PDI fluctuates along the y-axis
Although the PDI plot is not RF/2F, the plot is still useful. It is because for a
tall building like this case, the mode contribution factors at roof and 9th floor
have alternating signs in the first four modes. Thus, the phase difference indices

are still 1, -1, 1, -1 in sequence. The identified modes in X direction correspond

to the interval accordingly.

c. Frequency response function plot (Roof vs. ground)
Figure D.30-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the natural frequencies are:

f=[0.35, 1.0, 1.82, 2.4] Hz.
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Y Direction

The PDI plot in Y direction of this building is shown in Fig.D.31 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig.D.31-(a), there are four obvious zero-crossing points, which represent the

natural frequencies of the model (the fifth and after points are not recognizable).
— zero-crossing points of PDI-Y: [0.4, 1.09, 2.0, 2.82] Hz

b. Phase difference index plot (Roof vs. 9F)
From visual judgment, we can approximately divide the PDI coordinate into
three parts:
~ 0 < f <0.4: RF and 9F move in-phase
~ 04 < f <1.35: RF and 9F move out-of-phase
~ 1.35 < f < 2.5: RF and 9F move in-phase
~ 2.5 < f <3.2: RF and 9F move out-of-phase
~ 3.2 < f: The PDI fluctuates along the y-axis

Although the PDI plot is not RF/2F, the plot is still useful. The reason is the

same as the condition in X direction.

c. Frequency response function plot (Roof vs.ground)
Figure D.31-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the natural frequencies are:

£=[0.35, 1.2, 2.0] Hz.

Rotation

In this building, only one pair of channels, namely (Ch. 14& 17) can be used to
draw the torsional PDI plots. Another pair [13, 16] is too close to the symmetry axis

of this building, so the effect of torsion would not be obvious in measurements:


https://Fig.D.31
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1. The PDI-T plot of RF is shown in Fig.D.32-(a)
2. The torsion spectra are shown in Fig.D.32-(b)

There is a great difficulty to identify the first torsional mode for a tall building.
According to Satake et al. (2003), the relationship between the first translational
mode and torsional mode for RC building [33] is:

Ty = 0.77T} (D.1)

where:
T1;: period of first torsional mode
T7 : period of first translational mode

A rough empirical equation for estimating the first translational period is [22]:
T, = 0.1N (D.2)

where: N = number of stories above the base.

From Eq.D.1 and D.2, when the building is very tall, the first torsional mode
would be very close to translational mode in frequency. For example, for a 30 story
building, T} ~3 (sec), i.e fi ~0.33 (Hz), and T; ~2.31 (sec), i.e fi; ~0.41 (Hz). The
difference of f; and fy; is only 0.08 Hz. It is so small that it is very hard to separate
fi: from f; in signal processing.

Nevertheless, from Fig.D.32, D.30 and D.31, we still can make a reasonable guess.

e From Fig.D.32-(b), the apparent responses occur at f = 0.45 Hz and f = 1.2
Hz. It is obvious that f = 1.2 is a torsional mode, but it cannot be determined

if f =0.45 is a torsional mode.

e From Fig.D.30-(b), the obvious PDI(RF/9F) index of “ out-of-phase ” occur at
the range between f = 1.21 Hz and f = 2.2 Hz. In f = 0.45, PDI(RF/9F)
index only equal to 0.6. This does not provide evidence to suggest that there is

a torsional mode at f=0.4 Hz.
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e Fig.D.31-(b) tells us that when f = 1.2, PDI(RF/9F) index is close to -1, im-
plying that the roof and 9F move out-of-phase. Therefore, from the viewpoint

of torsional mode shape, f = 1.2 cannot be the first torsional mode.

Base on the above ideas, we can bravely consider that f = 0.45 is the first torsional

mode. The rest torsional modes are :f;=[1.21, 2.2] Hz

D.4.4 Comparison with Existing Research

From the above discussion and existing research, a comparison of results is shown
from PDI-analysis and from publications published by others as the Table 7.10. The
comparison shows that the three methods, namely PDI, peak-picking and subspace
method acquire similar identification results with tolerable errors.

The original plot of subspace method in [27] is not available. Therefore, this
research analyzed the same earthquake data by subspace method again and produce
the comparison plots as shown in Fig.D.33 and D.34. The adopted parameters of

subspace method are listed as below:

e Order: 10
e Size of Hankel matrix: 50

e Sampling rate of signal: 10 Hz

Fig.D.33 and D.34 demonstrate the comparison of PDI-plot method, peak-picking
method,and subspace method. It can be observed that three plots identify similar
results of natural frequencies.

Similar to the previous case, by aligning the PDI-X, PDI-Y, PDI-T together, we
can identify the modal order of each identified frequency more easily. The triple PDI
plot is shown in Fig.D.35. By initial check, the first three modes identified by Loh
match well with the triple PDI(RF-GF)-XYT plots.
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D.5 Case 5: National Chiao Tung University Library (TCUBAA)
D.5.1 Basic information

Case five is a eight story library building of National Chiao Tung University, Hsin
Chiu, Taiwan(TCUBAA). The structure is a RC rigid frame with mat foundation. In
this event, the maximum displacement is 7.77 cm (Ch.24). The corresponding drift
is 5.24 cm (relative to Ch.5), and the drift ratio is 0.15%. The detailed information

is shown in Table 7.6.

D.5.2 Sensors Information

There are 25 accelerometers in this building. The location of sensors are shown in
Figures D.36 and D.37. Eight sensors in this building are chosen to be studied. The

channels and corresponding floors are listed in Table D.5.

D.5.3 Identification Result

Parameter for PDI plots

In case four, the adopted parameters are as listed:
e Observed frequency range: 0 ~ 10 Hz

e Unit narrow frequency bandwidth: 0.1Hz

e Order of FIR bandpass filter: 2000

e Window length of Hamming window (for FRF plot): 25% data length.

X Direction

The PDI plot in X direction of this building is shown in Fig.D.38 which comprises
three parts:


https://Fig.D.38
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a. Phase difference index plot (Roof vs. ground)
In Fig.D.38-(a), there are two zero-crossing points, which represent the natural

frequencies of the model (the third and after points are not recognizable).
— zero-crossing points of PDI-X: [1.48, 5.15] Hz

b. Phase difference index plot (Roof vs. 2F)
In Fig.D.38-(b) plot, the coordinate plot is separated by the PDI curve. PDI=1
means the roof and the fourth floor moving toward the same direction i.e. moving
in-phase. On the contrary, PDI=-1 means the roof and the fourth floor moving
toward the opposite direction, i.e. moving out-of-phase. From visual judgment,

we can approximately divide the PDI coordinate into three parts:

~ 0 < f < 1.55: RF and 2F move in-phase
~ 1.55 < f < 5.4 : RF and 2F move out-of-phase

~ 5.4 < f: The PDI fluctuates along the y-axis

The plot is quite useful since the PDI is between Roof and 2F. The phase dif-
ference indices are not 1, -1, 1, -1....in sequence. The identified modes in X

direction correspond to the interval accordingly.

c. Frequency response function plot (Roof vs. ground)
Fig.D.38-(c) is a traditional FRF plot, and evaluators can judge the natural
frequencies by peak-picking method. In this case, the first mode is about 1.5
Hz, and the second mode is close to 4.9 Hz. It can be observed that there are
more than two peaks (f ~ 1.5 & 1.8 Hz) around the first mode in the FRF plot.
By Fig.D.38-(a), it is clear that f ~ 1.5 is the first mode. By Fig.D.40, f ~ 1.8
is not torsional mode. The remained possibility is that the building did not keep
linear during the earthquake. To figure this out, the concept of time-frequency

domain analysis will be introduced in the next chapter.
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Y Direction

The PDI plot in Y direction of this building is shown in Fig.D.39 which comprises
three parts:

a. Phase difference index plot (Roof vs. ground)
In Fig.D.39-(a), there are two obvious zero-crossing points, which represent the

natural frequencies of the model (the fourth and after points are not recogniz-

able).
— zero-crossing points of PDI-Y: [1.15, 4.05] Hz

b. Phase difference index plot (Roof vs. 2F)
From visual judgment, we can approximately divide the PDI coordinate into

three parts:

~ 0 < f < 1.2: RF and 2F move in-phase
~ 1.2 < f <44 : RF and 2F move out-of-phase

~ 4.4 < f: The PDI fluctuates along the y-axis

The phase difference indices are not 1, -1, 1, -1....in sequence. The identified

modes in Y direction correspond to the interval accordingly.

c. Frequency response function plot (Roof vs.ground)
Figure D.39-(c) is a traditional FRF plot of this building in Y direction. By
peak-picking method, the first mode is about 1.15 Hz, and the second mode is
close to 4.4 Hz(although it is somewhat subjective). Similar to X direction, it
can be observed that there are minor peaks at the right side of the first mode
in the FRF plot. By Fig.D.39-(a), it is clear that f ~ 1.5 is the first mode. By
Fig.D.40, the minor peak is not torsional mode, either. The remained possibility
is that the building did not keep linear during the earthquake. To figure this
out, the concept of time-frequency domain analysis will be introduced in the

next chapter.


https://Fig.D.40
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Rotation

In this building, two pairs of channels: (Ch. 24& 26) and (Ch. 27& 23) are used
to draw the torsional PDI plots:

1. The PDI-T plot of RF( Ch. 24& 26 - Y dir.) is shown in Fig.D.40-(a)
2. The PDI-T plot of RF( Ch. 27& 23 - X dir.) is shown in Fig.D.41-(a)
3. The torsion spectra are shown in Fig.D.40-(b) and Fig.D.41-(b)

In Fig.D.40, we can observe torsional mode at f,,; = 0.96 Hz. However, Fig.D.41

indicates that f ~ 1.5 is the torsional mode.

This building is the structure type with large mass eccentricity in elevation and
plan. From Fig.D.37, the area among column line 1 to line 5 is partially empty in lower
stories. Lacking mass in lower left part brings large amount of torsion in X direction
under lateral seismic forces. Such structural type explains the torsional spectrum in
Fig.D.41-(a). The plot indicates f ~ 1.4 is torsional mode while Fig.D.40-(a) points
out f: = 0.96. This is because the channel pair -[27, 23] is in X direction which has
large response in X direction. Without the comprehensive judgment of all conditions

for this building, it is difficult to determine the torsional mode of this building.

D.5.4 Comparison with Existing Research

From the above discussion and existing research, a comparison of results is shown
from PDI-analysis and from publications published by others as the Table 7.11. The
comparison shows that the three methods, namely PDI, peak-picking and subspace
method acquire similar identification results with tolerable errors.

The original plot of subspace method in [28] is not available. Therefore, this
research analyzed the same earthquake data by subspace method again and produce
the comparison plots as shown in Fig.D.42 and D.43. The adopted parameters of

subspace method are listed as below:


https://Fig.D.42
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e Order: 10
e Size of Hankel matrix: 200

e Sampling rate of signal: 50 Hz

Fig.D.42 and D.43 demonstrate the comparison of PDI-plot method, peak-picking
method,and subspace method. It can be observed that three plots identify similar
results of natural frequencies.

Similar to the previous case, by aligning the PDI-X, PDI-Y, PDI-T together, we
can identify the modal order of each identified frequency more easily. The triple PDI
plot is shown in Fig.D.44. By initial check, the first three modes identified by Loh
match well with the triple PDI(RF-GF)-XYT plots.


https://Fig.D.44
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Table D.1.
Selected Sensors in TCUBA3
Direction Floor Channel NO.
X RF 22
4F 13
GF 25
Y RF 21
4F 14
GF 26
T RF(Y dir.) 21 &18
4F (X dir.) 15 &13

Sensor maps : Fig.D.1~ Fig.D.2
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Table D.2.
Selected Sensors in TAPBAS
Direction Floor Channel NO.
X RF 26
2F 12
B1F 1
Y RF 27
2F 13
B1F 2
T 4F (X dir.) 28 &30
RF(X dir.) 21 &23

Sensor maps : Fig.D.10~ Fig.D.11
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Table D.3.
Selected Sensors in TCUBAG
Direction | Floor | Channel NO.
X RF 20
2F 11
GF 8
Y RF 19
2F 10
B1F 7
T RF 19 &23
7F 16 &18

Sensor maps : Fig.D.19~ Fig.D.20
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Table D.4.
Selected Sensors in TAPBA4
Direction | Floor | Channel NO.
X RF 16
19F 9
GF 7
Y RF 17
19F 10
B1F 8
T RF 14 &17

Sensor maps : Fig.D.28~ Fig.D.29
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Table D.5.
Selected Sensors in TCUBAA

Direction Floor Channel NO.
X RF 23
2F 13
B1 4
Y RF 24
2F 14
Bl 5
T RF(Y dir.) 24 &26
RF(X dir.) 27 &23

Sensor maps : Fig.D.36~ Fig.D.37
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Fig. D.6. Torsional PDI plot of TCUBA3 (4F)(Ch. 15 & 13). The
black arrow marks point at the identified modes. The results is from
referring to the Fig.D.5.
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Fig. D.7. Comparison of three methods @ TCUBA3 in X direction.(a)
PDI plot method, (b) peak-picking method, (c) subspace method.

The black arrow marks point at the identified modes.
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Fig. D.8. Comparison of three methods @ TCUBA3 in Y direction.(a)
PDI plot method, (b) peak-picking method, (c) subspace method
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(a) PDI plot X dir.(RF-GF) @ TAPBA5
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Fig. D.12. PDI plot of TAPBA5 in X direction. The black arrow
marks point at the identified modes.
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(a) PDI plot Y dir.(RF-GF) @ TAPBA5
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Fig. D.13. PDI plot of TAPBA5 in Y direction. The black arrow
marks point at the identified modes.
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Fig. D.14. Torsional PDI plot of TAPBA5 (RF)(Ch. 28 & 30). The
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Fig. D.15. Torsional PDI plot of TAPBA5 (6F)(Ch. 21 & 23). The
black arrow marks point at the identified modes.
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Fig. D.16. Comparison of three methods @ TAPBAS in X direc-
tion.(a) PDI plot method, (b) peak-picking method, (c) subspace
method. The black arrow marks point at the identified modes.

332



0.5

cos(Ad)

-0.5

3000

2000

1000

Number of Rows

(a) PDI-Y @TAPBAS5

333

(b) FRF-Y @TAPBAS5

10

14000

12000

Frequency (Hz)

10

Fig. D.17. Comparison of three methods @ TAPBAS in Y direc-
tion.(a) PDI plot method, (b) peak-picking method, (c) subspace

method. The black arrow marks point at the identified modes.
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Fig. D.18. Triple PDI plots of TAPBA5 (XY and Torsion). The
black arrow marks point at the identified modes.
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Fig. D.19. Elevation of TCUBAG
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Fig. D.20. Building Plan of TCUBAG6
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Fig. D.21. PDI plot of TCUBAG6 in X direction. The black arrow
marks point at the identified modes.
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(a) PDI plot Y dir.(RF-GF) @ TCUBAG6
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Fig. D.22. PDI plot of TCUBAG6 in Y direction. The black arrow
marks point at the identified modes.



cos(AO)RF

|'FT("L“)|/|-?__T(U-")mrr.:::|

(a) Torsion PDI (RF)@ TCUBAG
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Fig. D.23. Torsional PDI plot of TCUBA6 (RF)(Ch. 19 & 23). The
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Fig. D.24. Torsional PDI plot of TCUBAG6 (7F)(Ch. 16 & 18). The
black arrow marks point at the identified modes.
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Fig. D.25. Comparison of three methods @ TCUBA6 in X direc-
tion.(a) PDI plot method, (b) peak-picking method, (c) subspace
method. The black arrow marks point at the identified modes.
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(a) PDI-Y @TCUBA6
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Fig. D.26. Comparison of three methods @ TCUBA6 in Y direc-
tion.(a) PDI plot method, (b) peak-picking method, (c) subspace
method. The black arrow marks point at the identified modes.
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Fig. D.27. Triple PDI plots of TCUBAG (X,Y and Torsion). The
black arrow marks point at the identified modes.
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Fig. D.30. PDI plot of TAPBA4 in X direction. The black arrow
marks point at the identified modes.
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Fig. D.31. PDI plot of TAPBA4 in Y direction. The black arrow
marks point at the identified modes.
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Fig. D.32. Torsional PDI plot of TAPBA4 (RF)(Ch. 14 & 17). The
black arrow marks point at the identified modes.
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Fig. D.33. Comparison of three methods @ TAPBA4 in X direc-
tion.(a) PDI plot method, (b) peak-picking method, (c) subspace
method. The black arrow marks point at the identified modes.

349



cos(Ad)

Number of Rows

(a) PDI-Y @TAPBA4

1 T
0.5
0.5
T
O 1 1 Il 1 1 1
0 0.5 15 2 25 3 35 4
(c) Stable Plot of Y x10°
1500 T T T T T T | 10
1000 | RIS . B
{ % % £
. ¥ *ogt ! s 15
#* H * * ; * * H i *
olLls o we e et
0 0.5 15 2 25 3 35 4

Frequency (Hz)

Fig. D.34. Comparison of three methods @ TAPBA4 in Y direc-
tion.(a) PDI plot method, (b) peak-picking method, (c) subspace
method. The black arrow marks point at the identified modes.
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Fig. D.35. Triple PDI plots of TAPBA4 (X)Y and Torsion). The
black arrow marks point at the identified modes.

351



352

Unit: cm

(a) TCUBAA-Elevation

[TT]
IT

bl
T
HT]

e e e B e B S
ol Y

TTTTTTTT]

T

[TTTTTTTTT

=
—=

L
22
jgu

e

TTTTTTTTITITT

I

A B

[TTTTTTTTT

Tl
T
HTl

TT
Z(Ja-o_r‘l

3
3
-

.
%

(b) TCUBAA-Plan

TCUBAA-RF T 7 7 ¢ @ ¢ @ 9 o 0

=

XXX KXXXX

M ]
=
—]

S ] 53 <) 51 64 64
g B i

XXX KX XX X]|

Fig. D.36. (a)Elevation of TCUBAA, (b) Roof Plan of TCUBAA
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(a) PDI plot X dir.(RF-GF) @ TCUBAA

1F -
0.5 ]
. I'4
-0.5 T
1k . | | | _
0 2 4

6 8 10

cos(A0)

(b) PDI plot X dir.(RF-2F) @ TCUBAA

1
05
4
e 0
Q
&)
-0.5
-1ke | | | | 4
0 2 4 6 8 10
(c) FRF X @ TCUBAA
=
E 8
—
S 4
B2
I
T 0 | | | |
0 2 4 6 8 10

Frequency (Hz)

Fig. D.38. PDI plot of TCUBAA in X direction. The black arrow
marks point at the identified modes.



(a) PDI plot Y dir.(RF-GF) @ TCUBAA
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Fig. D.39. PDI plot of TCUBAA in Y direction. The black arrow
marks point at the identified modes.
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Fig. D.40. Torsional PDI plot of TCUBAA (RF-Y dir.)(Ch. 24 &
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Fig. D.41. Torsional PDI plot of TCUBAA (RF-X dir.)(Ch. 27 &
23). The result is different from Fig.D.40 because of mass eccentricity
in X direction.
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Fig. D.42. Comparison of three methods @ TCUBAA in X dir.(a)
PDI plot method, (b) peak-picking method, (c) subspace method.
The black arrows mark point at the identified modes.
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Fig. D.43. Comparison of three methods @ TCUBAA in Y dir.(a)
PDI plot method, (b) peak-picking method, (c) subspace method.
The black arrows mark point at the identified modes.
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Fig. D.44. Triple PDI plots of TCUBAA (X,Y and Torsion). The
black arrow marks point at the identified modes.
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E. INTRODUCTION OF THE SUBSPACE METHOD

E.1 Introduction

The subspace identification method(SIM) had been widely applied to structural

system identification. The theory in SIM was originated from the impulse response

(Markov parameter) of the state space model. The skills of these methods are based

on knowledge from linear algebra, system theory, and statistics [4]. First, one has to

understand the concept of state space .

E.1.1 State Space Concept

To consider N degrees of freedom system:

[M]{i} + [Cl{a} + [K] {z} = Hu(?)] (E.1)

Now, a new variable vector is defined to transform eq. E.1 to a eigenvalue problem:

Eq. E.1 becomes:

where:

xy=4" (E2)

Ry
[B] = (E.5)

(M) I

The same notion can also be applied to the measured signal from the system.
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y(t) = Cod + Cyptt + Cyx (E.6)

where:C,, C, and Cjy is the output location matrices of acceleration, velocity and
displacement.

y(t) can also be expressed in state space form:

y(t) =CX + Du (E.7)

E.1.2 Subspace Method

From above, the traditional MDOF equations can be transformed to a state space
form. Consider a system that combined the stochastic system with additive sensor

noises:

&(t) = Ax(t) + Bu(t) + Ke(t) (E.8)
y(t) = Cx(t) + Du(t) + e(t) (E.9)

where: A, B,C,and D are state-space matrices. K is the disturbance matrix.
u(t) is the input, y(t) is the output, x(t) is the vector of nx states and e(t) is the
disturbance [34]. In this research, Ke(t) and e(t) can be regarded as the white noise
recorded in the system.

As long as a system can be expressed as a state space form with discrete data of
input and output. It is feasible to work out the problem by the subspace method.
In Matlab, some convenient tools such as the “n4sid” command can be easily used
to calculated the A,B,C,D matrices in Eq. E.8 and Eq. E.9. Among those matrices,
A is the most important. By analyzing the eigenvalues of A matrix, the natural
frequencies and mode shape can be found by the following equation. Assume J\; is

the eigenvalues of A matrix:
In\;
A¢ = d
! At

(E.10)
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N, = a; & byj (E.11)

where:
® a; = —&w;
o b, = wi\/l—iff
e At : time step

Therefore the natural frequency of the system:

w; =1/ a? + b (rad/s) (E.12)

Wi

fi:27r

(Hz) (E.13)

From Eq. E.12 and Eq. E.13, the natural frequencies can be obtained.
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