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ABSTRACT

The problem of reconstructing strings from substring information has found
many applications due to its importance in genomic data sequencing and
DNA- and polymer-based data storage. Motivated by platforms that use
chains of binary synthetic polymers as the recording media and read the
content via tandem mass spectrometers, we propose new a family of codes
that allows for both unique string reconstruction and correction of multiple
mass errors.

We first consider the paradigm where the masses of substrings of the in-
put string form the evidence set. We consider two approaches: The first
approach pertains to asymmetric errors and the error-correction is achieved
by introducing redundancy that scales linearly with the number of errors
and logarithmically with the length of the string. The proposed construction
allows for the string to be uniquely reconstructed based only on its erroneous
substring composition multiset. The asymptotic code rate of the scheme is
one, and decoding is accomplished via a simplified version of the Backtrack-
ing algorithm used for the Turnpike problem. For symmetric errors, we use
a polynomial characterization of the mass information and adapt polynomial
evaluation code constructions for this setting. In the process, we develop new
efficient decoding algorithms for a constant number of composition errors.

The second part of this dissertation addresses a practical paradigm that
requires reconstructing mixtures of strings based on the union of compositions
of their prefixes and suffixes, generated by mass spectrometry devices. We
describe new coding methods that allow for unique joint reconstruction of
subsets of strings selected from a code and provide upper and lower bounds
on the asymptotic rate of the underlying codebooks. Our code constructions
combine properties of binary Bj, and Dyck strings and can be extended to
accommodate missing substrings in the pool.

In the final chapter of this dissertation, we focus on group testing. We
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begin with a review of the gold-standard testing protocol for Covid-19, real-
time, reverse transcription PCR, and its properties and associated measure-
ment data such as amplification curves that can guide the development of
appropriate and accurate adaptive group testing protocols. We then proceed
to examine various off-the-shelf group testing methods for Covid-19, and
identify their strengths and weaknesses for the application at hand. Finally,
we present a collection of new analytical results for adaptive semiquantita-
tive group testing with combinatorial priors, including performance bounds,
algorithmic solutions, and noisy testing protocols. The worst-case paradigm
extends and improves upon prior work on semiquantitative group testing

with and without specialized PCR noise models.
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CHAPTER 1

INTRODUCTION

Current digital storage systems are facing numerous obstacles in terms of scal-
ing the storage density and allowing for in-memory based computations [1].
To offer storage densities at nanoscale, several molecular storage paradigms
have recently been put forward in [2-6]. One promising line of work with low
storage cost and readout latency is [2], which proposes using synthetic poly-
mers for storing user-defined information and reading the content via tandem
mass spectrometry (MS/MS) techniques. More precisely, binary data is en-
coded using poly(phosphodiester)s, synthesized through automated phospho-
ramidite chemistry in such a way that the two bits 0 and 1 are represented by
molecules of different masses that are stitched together into strings of fixed
length. To read the encoded data, phosphate bonds are broken, and MS/MS
readers are used to estimate the masses of the fragmented polymer and re-
construct the recorded string, as illustrated in the simplified scheme shown
in Figure 1.1. Ideally, the masses of all prefixes and suffixes are recovered
reliably, allowing one to read the message content by taking the differences of
the increasing fragment masses and mapping them to the masses of the 0 or 1
symbol. Polymer synthesis is cost- and time-efficient and MS/MS sequencers
are significantly faster than those designed for other macromolecules, such as
DNA. Nevertheless, despite the fact that the masses of the polymers can be
tuned to allow for more accurate mass discrimination, polymer-based storage
systems still suffer from large read error-rates. This is due to the fact that
MS/MS sequencing methods tend to produce peaks, representing the masses
of the fragments that are buried in analogue noise due to atom disassociation
during the fragmentation process and other sources of errors.

In an earlier line of work, the authors of [7] introduced the problem of bi-
nary string reconstruction from its substring composition multiset to address
the issue of MS/MS readout analysis. The substring composition multiset of

a binary string is obtained by writing out substrings of the string of all pos-



A SYNTHETIC DIGITAL POLYMER

READOUT VIA TANDEM MASS SPECTROMETRY ‘
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Figure 1.1: The scheme is adapted from [2]. The top figure depicts a
binary string synthesized using phosphoramidite chemistry. The bottom
image is an illustration of peak series or MS Spectrum obtained by MS/MS
readout of the digital polymer. The peak series plots the charge at the
detection plates (in eV) against the ratio of the mass number of the ion and
its charge number (m/z). The charge normalization is often removed
through calibration thereby allowing one to deal with masses only. Under
ideal conditions, the peaks are supposed to correspond to the masses of
string fragments, or more precisely, masses of prefixes and suffixes of the
string. Due to measurement errors, spurious peaks arise and one needs to
apply specialized signal processing techniques to identify the correct peaks.

sible lengths and then representing each substring by its composition. As an
example, the string 101 contains three substrings of length one - 1, 0, and 1,
two substrings of length 2 - 10 and 01, and one substring of length three - 101.
The composition multiset of the substrings of length one equals {0, 1, 1}, the
composition multiset of substrings of length two equals {0'1!,0'1'} and the
composition multiset of substrings of length three equals {0'1?}. Note that
composition multisets ignore information about the actual order of the bits
in the substrings and may hence be seen as only capturing the information

.

about the “mass” or “weight” of the unordered substrings. Furthermore, the
multiset information cannot distinguish between a string and its reversal, as
well as some other nontrivial interleaved string settings. The problem ad-
dressed in [7] was to determine for which string lengths one can guarantee
unique reconstruction from an error-free composition multiset, up to string
reversal. The main results of [7, Theorem 17, 18, 20] demonstrate that bi-
nary strings of length < 7, one less than a prime or one less than twice a

prime are uniquely reconstructable up to reversal. The work in [7] relies on



the two modeling assumptions:

Assumption 1. One can infer the composition of a polymer substring from
its mass.

Assumption 2. When a polymer is broken down for mass spectrometry anal-
ysis, we observe the masses of all its substrings with identical frequency.

The masses of all binary substrings of an encoded polymer may be ab-
stracted by the composition multiset of a string, provided that Assumption
1 holds. Assumption 2 slightly deviates from practical ion series measure-
ments insofar as the latter only provides information about the masses of the
prefixes and suffixes, while the proposed modification allows one to observe
the masses of all substrings, but without a priori knowledge of their order.
Under these modeling assumptions, Chapter 2 describes efficient encoding
techniques such that the resultant string can be reconstructed from its com-
position multiset irrespective of the input string length k. Furthermore, we
also design codes that can handle constant number of composition errors.

In Chapter 3, we refine our modeling assumptions:

Assumption 1. One can infer the composition of a polymer substring from
its mass.

Assumption 2. When a polymer is broken down for mass spectrometry anal-
ysis, we observe the masses of all its prefixes and suffixes with identical
frequency.

For a single string reconstruction from its prefix-suffix composition multi-
set, it suffices to distinguish the prefix compositions from the suffix composi-
tions. However, if multiple strings are read simultaneously and the masses of
prefixes and suffixes of the same length are confusable, the problem becomes
complicated. We aim to find which combinations of coded binary strings can
be distinguished from each other based on the union of their prefix-suffix
masses and for which code rates is it possible to perform unique multistring
reconstruction. For a given constant h, we seek the largest code of binary
strings of a fixed length such that any h’ < h of the codestrings can be re-
constructed from the union of the prefix-suffix composition multiset of the
R’ individual input string.

Chapter 4 pivots from the storage application of coding and focuses on
group testing. In as little as ten months since the first case reported in the
Hubei province of China, Covid-19 had rapidly spread across all continents
except Antarctica [8]. The disease has caused more deaths than Ebola, SARS,



and the seasonal flu combined (reaching 5,000,000 mortalities in November
2021), disrupted the global economy to an extent not seen since the Great
Depression and altered the lives of hundreds of millions of people across the
globe [9].

Many analyses associated with the Covid-19 pandemic have established
that widespread population testing is key to effectively containing outbreaks
of this and other infectious diseases. In May 2020, the United States was
able to test around 150,000 people per day, while countries that had man-
aged to keep the outbreak under control, such as Germany and South Korea,
had performed millions of tests during the same stage of the spread of the
disease. To address the need for sustainable high-frequency population test-
ing, a number of countries and states proposed and implemented group test-
ing schemes in which genetic samples from different individuals are pooled
together in a manner that incorporates thresholded real time reverse tran-
scription polymerase chain reaction (RT-PCR) fluorescence signals into the
testing scheme.

A number of recent reports suggest using Dorfman’s or other mostly off-
the-shelf GT schemes for Covid-19 testing [10-19]. Most of the proposed
schemes do not incorporate relevant biological priors or exploit the highly
specific measurement and noise properties of the RT-PCR method in their
testing schemes. Chapter 4 argues that this is a significant detriment, as
in order to properly execute the effort and avoid dangerous failures, testing
schemes should be guided both by mathematical considerations as well as

social, clinical, and genomic side information.

1.1 Dissertation Overview

This dissertation is in two parts: Chapters 2 and 3 focus on coding for
polymer-based data storage. The two chapters highlight efficient coding and
decoding techniques that pertain to string recovery from the corresponding
evidence set as given by the readout mechanism. Chapter 4 deviates from
the storage application and focuses on group testing for Covid-19. Adaptive
testing schemes that take into consideration RT-PCR test outcomes and
system specific noise are designed.

Chapters 2-4 are meant to be comprehensive and can be read in a stand-



alone manner. To that end, the introductions of Chapter 2 and Chapter 3

have minor overlaps.

1.2 Bibliographical Note

The following is a chapter-wise list of the publications that include the work

presented herein:

Chapter 2

e S. Pattabiraman, R. Gabrys and O. Milenkovic, “Reconstruction and
Error-Correction Codes for Polymer-Based Data Storage,” in the pro-
ceedings of Information Theory Workshop (ITW) August 2019.

e R. Gabrys, S. Pattabiraman and O. Milenkovic, “Mass Error-Correction
Codes for Polymer-Based Data Storage,” in the proceedings of the
IEEE International Symposium on Information Theory (ISIT), 2020.

e S. Pattabiraman, R. Gabrys and O. Milenkovic, “Coding for Polymer-

Based Data Storage,” journal submission under review.
Chapter 3

e R. Gabrys, S. Pattabiraman and O. Milenkovic, “Reconstructing Mix-
tures of Coded Strings from Prefix and Suffix Compositions,” in the
proceedings of the 2020 Information Theory Workshop (ITW) April
2021.

e R. Gabrys, S. Pattabiraman and O. Milenkovic, “Reconstruction of
Sets of Strings from Prefix/Suffix Compositions,” journal submission

under review.
Chapter 4

e R. Gabrys, S. Pattabiraman, V. Rana, J. Ribeiro, M. Cheraghchi, V.
Guruswami, O. Milenkovic, “AC-DC: Amplification Curve Diagnostics

for Covid-19 Group Testing,” journal submission under review.



CHAPTER 2

SINGLE CODED STRING
RECONSTRUCTION

2.1 Introduction

Current digital storage systems are facing numerous obstacles in terms of scal-
ing the storage density and allowing for in-memory based computations [1].
To offer storage densities at nanoscale, several molecular storage paradigms
have recently been put forward in [2-6]. One promising line of work with
low storage cost and readout latency is the work in [2], which proposes using
synthetic polymers for storing user-defined information and reading the con-
tent via tandem mass spectrometry (MS/MS) techniques. More precisely,
binary data is encoded using poly(phosphodiester)s, synthesized through au-
tomated phosphoramidite chemistry in such a way that the two bits 0 and
1 are represented by molecules of different masses that are stitched together
into strings of fixed length. To read the encoded data, phosphate bonds are
broken, and MS/MS readers are used to estimate the masses of the frag-
mented polymer and reconstruct the recorded string, as illustrated in the
simplified scheme shown in Figure 2.1. Ideally, the masses of all prefixes and
suffixes are recovered reliably, allowing one to read the message content by
taking the differences of the increasing fragment masses and mapping them
to the masses of the 0 or 1 symbol. Polymer synthesis is cost- and time-
efficient and MS/MS sequencers are significantly faster than those designed
for other macromolecules, such as DNA. Nevertheless, despite the fact that
the masses of the polymers can be tuned to allow for more accurate mass
discrimination, polymer-based storage systems still suffer from large read
error-rates. This is due to the fact that MS/MS sequencing methods tend to
produce peaks, representing the masses of the fragments that are buried in
analogue noise due to atom disassociation during the fragmentation process

and other sources of errors.
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Figure 2.1: The scheme is adapted from [2]. The top figure depicts a
binary string synthesized using phosphoramidite chemistry. The bottom
image is an illustration of peak series or MS spectrum obtained by MS/MS
readout of the digital polymer. The peak series plots the charge at the
detection plates (in eV) against the ratio of the mass number of the ion and
its charge number (m/z). The charge normalization is often removed
through calibration thereby allowing one to deal with masses only. Under
ideal conditions, the peaks are supposed to correspond to the masses of
string fragments, or more precisely, masses of prefixes and suffixes of the
string. Due to measurement errors, spurious peaks arise and one needs to
apply specialized signal processing techniques to identify the correct peaks.

In an earlier line of work, the authors of [7] introduced the problem of bi-
nary string reconstruction from its substring composition multiset to address
the issue of MS/MS readout analysis. The substring composition multiset of
a binary string is obtained by writing out substrings of the string of all pos-
sible lengths and then representing each substring by its composition. As an
example, the string 101 contains three substrings of length one - 1, 0, and 1,
two substrings of length 2 - 10 and 01, and one substring of length three - 101.
The composition multiset of the substrings of length one equals {0, 1, 1}, the
composition multiset of substrings of length two equals {0'1!,0'1'} and the
composition multiset of substrings of length three equals {0'1?}. Note that
composition multisets ignore information about the actual order of the bits
in the substrings and may hence be seen as only capturing the information
about the “mass” or “weight” of the unordered substrings. Furthermore, the
multiset information cannot distinguish between a string and its reversal, as
well as some other nontrivial interleaved string settings. The problem ad-

dressed in [7] was to determine for which string lengths one can guarantee



unique reconstruction from an error-free composition multiset, up to string
reversal. The main results of [7, Theorem 17, 18, 20] demonstrate that bi-
nary strings of length < 7, one less than a prime or one less than twice a
prime are uniquely reconstructable up to reversal.

For our line of work, we will rely on the two modeling assumptions first
described in [7]:

Assumption 1. One can infer the composition of a polymer substring from
its mass. Assumption 2. When a polymer is broken down for mass spec-
trometry analysis, we observe the masses of all its substrings with identical
frequency.

The masses of all binary substrings of an encoded polymer may be ab-
stracted by the composition multiset of a string, provided that Assumption
1 holds. Assumption 2 slightly deviates from practical ion series measure-
ments insofar as the latter only provides information about the masses of
the prefixes and suffixes, while the proposed modification allows one to ob-
serve the masses of all substrings, but without a priori knowledge of their
order. Observe that one can make use of platforms that provide mass in-
formation for all substrings but such systems require more than one string
disassociation and are hence harder to implement and more expensive.

Unlike the work in [7] which has solely focused on the problem of deter-
mining under which conditions unique string reconstruction is possible, we
view the problem of multiset composition analysis from a coding-theoretic
perspective and ask the following questions:

Q1. Can one add asymptotically negligible redundancy to information
strings in such a way that unique reconstruction is possible, independent
of the length of the strings? Since only strings of specific lengths are re-
constructable up to reversals, we aim to devise an efficiently encodable and
decodable scheme that encodes all strings of length k£ > 1 into strings of a
larger length n > k that are uniquely reconstructable for all possible string
lengths. Furthermore, we do not allow for both a string and its reversal to
be included in the codebook. One simple means for ensuring that a string is
uniquely reconstructable up to reversal is to pad the string with Os to obtain
the shortest length of the form min{p — 1,2¢ — 1}, where p and ¢ primes.
For example, if £ > 89693, it is known that there exists a prime p such that
E—-1<p—1< (1 + ﬁ) k — 1. The result only holds for very large k that
are beyond the reach of polymer chemistry. Bertrand’s postulate [20] applies

8



to shorter lengths k£ > 3 but only guarantees that £k — 1 < p—1 < 2k — 4.
This implies a possible coding rate loss of up to 1/2. Note that eliminating
reversals of strings reduces the codebook size by less than a half.

Q2. Can one add asymptotically negligible redundancy to information
strings in such a way that unique reconstruction is possible even in the pres-
ence of errors, independent on the length of the strings? We focus on mass
error models under which the composition (mass) of one substring is erro-
neously interpreted as a different composition (mass). In the asymmetric
error model, no two errors can simultaneously affect the masses of two sub-
strings of length ¢ and & — ¢ + 1, while in the symmetric error model such
pairs are allowed. Clearly, the two models are the same when only one mass
error is present. Furthermore, asymmetric errors are easily detectable even
without added redundancy, while symmetric errors may not be automatically
detectable. Symmetric errors tend to be correlated as they arise during the
same fragmentation process, while asymmetric errors may be independent
as they arise during two different fragmentation processes. It is therefore of
interest to analyze both cases.

We answer both questions affirmatively by describing coding schemes that
allow for both unique reconstruction and correction of multiple symmetric
and asymmetric mass errors. For the case of asymmetric errors, encoding is
performed by interleaving symmetric strings with shifted Catalan-Bertrand
paths while decoding is accomplished through a modification of the back-
tracking decoding algorithm described in [7]. For symmetric errors, the pro-
posed encoding and decoding procedures use the polynomial factorization
approach of [7] and add redundancy in a fashion similar to that included in
Reed-Solomon codes.

Both lines of work extend the existing literature in string reconstruc-
tion [21-24] and coded string reconstruction [25-28].

The organization of this chapter is as follows. Section 2.2 introduces the
problem, the relevant terminology and notation. The topic of reconstruction
codes, or code design for unique reconstruction, is addressed in Section 2.3.
Asymmetric error-correction codes with unique reconstruction properties are
addressed in Section 2.4, while symmetric error-correction code constructions
are discussed in Section 2.5. The chapter concludes with a discussion of open

problems in Section 2.6.



2.2  Problem Statement

Let s = s182...8; be a binary string of length k£ > 2. A substring of s
starting at ¢ and ending at j, where 1 < 1<j < k, is denoted by s{ , and
is said to have composition 071", where 0 < z,w < j — i + 1 stand for
the number of Os and 1s in the substring, respectively. Let c(sg ) denote the
composition of s{ , 1 < j. A composition only conveys information about the
weight of the substring, but not the particular order of the bits. Furthermore,
let Cj(s) stand for the multiset of compositions of substrings of s of length [,
1 <[ < k; clearly, this multiset contains k —[+ 1 compositions. For example,
if s = 100101, then the substrings of length two are 10, 00,01, 10,01, so that
Co(s) = {0'11,0%,0'11, 0111, 0111}

The multiset C(s) = UF_ Ci(s) is termed the composition multiset. Tt
is straightforward to see that the composition multisets of a string s and
its reversal, 8" = s;sp_1...51, are identical and hence these two strings are
indistinguishable based on C'(-). We define the cumulative weight of a compo-
sition multiset Cj(s), with compositions of the form 0*1*, where z+w = [, as
wi(s) = D g 1wecy(s) W- Observe that wi(s) = wy(s), as both equal the weight
of the string s. More generally, one has w;(s) = wi_;11(s), for all 1 <[ < k.
This assertion can be proved by counting the objects of interest in two differ-
ent ways. One may arrange all substrings of length ¢ row-wise. In this case,
the columns represent strings of length £ — ¢ + 1. The weight counts of the
rows have to be the same as those of the columns, so that w, = wiy1_.

In our subsequent derivations, we also make use of the following notation.
For a string s = s155. .. s, we let 0; = wt(s;85_41) for i < L%J, and for odd
k, Ok = Wt(s[%]), where wt stands for the weight of the string. For our
running example s = 100101, o7 = 2, while o3 = 0 (see Figure 2.2). We use

%121 to denote the sequence (O'i)iewgn, where [a] = {1,...,a}.

e N A
nnoanofnnoannlsoonnnm

(a) (b) (c)

Figure 2.2: An illustration of »I%1: For the string s = 100101,
23 = [0’1 = 2,0’2 = 2,03 = 1]
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Whenever clear from the context, we omit the argument s.

The problems of interest are as follows. The first problem pertains to
reconstruction codes: A collection of binary strings of fixed length is called
a reconstruction code if all the strings in the code can be reconstructed
uniquely based on their multiset compositions. We seek reconstruction codes
of small redundancy and consequently, large rate.

As part of the second problem, we consider error-correcting recon-
struction codes. In this context, one is given a valid composition multi-
set of a string s, C'(s). Within the multiset C(s), some compositions may
be arbitrarily corrupted to a composition of the same length. We refer to
such errors as composition errors. For example, when s = 100101, the
multiset Cy(s) = {0'1',02,0'11,0'1",0'1'} may be corrupted to Cy(s) =
{0%,02,0'1%,0'11,0'1'}, in which case we have a single composition error.

For the case where multiple composition errors may occur so that the
symmetric difference between C(s) and C(s), denoted C(s) A C(s), may
contain more than one element, we will call the errors as asymmetric if the

following condition holds: For each i € {1,2,...,[5]},if |Ci(s) A Ci(s)| # 0,

then ’Cn_i+1<s) A én_i_t'_l(s)) = 0. In words, this means that the composition
sets Cj(s) and Cy,—;41(s) cannot both be in error. For the case of symmetric
errors, this condition need not hold (so that there are no restrictions on the
structure of the composition errors), and asymmetric composition errors are
a special case of symmetric composition errors. For the case where a single
composition error occurs between C(s) and C(s), the single composition error
is necessarily asymmetric (and therefore also symmetric).

Continuing from our previous example, the multisets Cy(s) and Cs(s) may
be corrupted to Cy(s) = {02,0%,0'1%,0'1%,0'1'} and Cs(s) = {0'1%,0°12},
in which case we say that we encountered an example of two symmetric
composition errors, given that the substrings lengths 2 and 5 sum up to
k+1 = 7. Note that this example does not represent two asymmetric
composition errors because an error has occurred in a composition of length
1 = 2 and also in composition of lengthn —14+1=6—-2+1=5.

Our main results are summarized below.

Theorem 1 establishes the existence of efficiently decodable reconstruction
codes that have asymptotic rate one (proved in Section 2.3), while Theorem 2

establishes similar results for the case of reconstruction codes capable of
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correcting one composition error (proved in Section 2.4.1).

Theorem 1. There exist efficiently encodable and decodable reconstruction

codes with information string-length k and redundancy at most % log (k) +5.

Theorem 2. There exist efficiently encodable and decodable reconstruction
codes with information string-length k capable of correcting a single compo-

sition error and redundancy at most §log (k) + 13.

Theorems 3, 4 and 5 extend the results of Theorem 2 for the case of mul-
tiple composition errors, including both the asymmetric and symmetric case
(proved in Sections 2.4.2, 2.5, and 2.5 respectively). The result in The-
orem 3 demonstrates the existence of explicit asymmetric error-correcting
reconstruction codes of asymptotic rate one that can be efficiently recon-
structed for constant ¢. The result in Theorem 4 applies to symmetric errors.
The best known redundancy is achieved using the construction supporting

Theorem 5.

Theorem 3. There exist efficiently encodable and decodable reconstruction
codes with information string-length k capable of correcting a constant num-
ber of t asymmetric composition errors and redundancy O (tlogk). The de-

coding algorithm has complexity O(n?2Y).

Theorem4. There exist efficient symmetric t-error correcting reconstruction
codes with information string-length k, redundancy O(t*logk) and decoding
complezity O(n?).

Theorem 5. There exist symmetric t-error correcting reconstruction codes
with information string-length k, redundancy O(logk +1t) and decoding com-

plexity O(n33).

2.2.1 Technical Background

For a string of length k, recall that o; = wt(s;, sx41-:), and that given C}
A

one can compute w; = Zgﬂ 0j. When 7 = 2, the bits at positions 1 and &

contribute once to wy, whereas the bits 2,...,k — 1 all contribute twice to

Way.

k
Using Cy, we can obtain o1 +2) gil 0j = wq. Generalizing this result for all

12



Ci,i < [%] is straightforward, and gives the following equalities:

1 2 11— 1 1
_.0'1+;O’Q‘i‘“""TO'Z‘,l—i‘O'i—FO'iJrl—F““i‘O"—k] = ;wl (21)

) 2

The above system of [£] linear equations with [£] unknowns can be solved
efficiently. Thus, for all error-free composition sets, one can find EN
Some of our code designs rely on the Backtracking algorithm [7], first used
in the context of the Turnpike problem. We provide an example illustrating
the operation of the algorithm. The composition multiset C'(s) of a string is
given as the input to the algorithm, and its output is the set of all strings

that have the same composition as C(s).

Example 1. Let s = 1010001010. The sequence ¥° = (0, = 1,09 = 1,03 =
1,04 = 1,05 =0) can be uniquely determined from the composition multiset.
This follows from w, = Z?:l o; and 1w, — w; = Z;;ll(@ — J)oj, for i =
1,..., f%} Solving the system of equations produces 3°.

The Backtracking algorithm starts by determining the first and the last bit
of the string and then proceeds to place the remaining bits in an inward fash-
ion. Since o1 = wt(s1810) is known, and since a string and its reversal have
the same composition multiset, the first and the last bits are placed arbitrar-
ily. In our example, without loss of generality, the Backtracking algorithm
sets s1 =1 and s190 =0 (see Figure 2.3).

Let ¢, be the length of the reconstructed prefix/suffix pair. Backtracking
produces a multiset of all compositions that are jointly determined by the
reconstructed prefiz and suffiz of length £, = 1, s1 = 1, s{) = 0 and Z°.
Denote this multiset by Ty —1.

Note that o5 = 0 implies that the composition of & is 0%. Similarly,
oy = 1 and o5 = 0 imply that the composition of s is 031. Thus, using
the information in 3° alone one can reconstruct the following compositions:
061%,0°1%,0%12,0%1",02. Note that compositions of substrings of the form s/
can be reconstructed provided that i, j satisfy: (1)1<j < 4, or (2) k+1—4, <
i<j or (3)i <l +1and j =k —{.. Thus, the composition 0°1* of s} and
the composition 0613 of si° can both be reconstructed as well. Consequently,
T: = {0%1%,0°1%,0%13, 0513, 0*1%,0%1', 02,0, 1}.

In the next step, the Backtracking algorithm tries to determine the bits

So and S9. First, recall that oo = 1 is known. The algorithm determines
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Figure 2.3: Tllustration of the Backtracking algorithm for the string

s = 1010001010. (a) Backtracking algorithm begins by reconstructing s;
and s1p. (b) When the weight of the reconstructed prefix (wt(1) = 1) is not
equal to that of the reconstructed suffix (wt(0) = 0), the backtracking
algorithm reconstructs s, and sg correctly. (c¢) However, when the weight of
the reconstructed prefix (wt(10) = 1) is equal to that of the suffix

(wt(10) = 1), the backtracking algorithm guesses the bits s3 and sg. (d)
When the reconstructed string is at odds with the evidence composition
multiset, the backtracking algorithm backtracks to its first guess and
corrects it.

the compositions of the two longest substrings in the multiset C'\ Ty to be
{0°13,0°13}. Observe that these compositions must be those of the substrings
8¢ and si° (although inconsequential for this example, it is still important to
note that in general one does not know which one of the two largest compo-
sitions in C'\ Ty correspond to the prefix). Hence, the compositions of the
prefiz-suffiz pair {s?, s’} equal {01,01}.

Since the weight of the reconstructed prefix is not equal to the weight
of the reconstructed suffiz, i.e., wt(sj) = 1 # 0 = wt(s])), the Back-
tracking algorithm outputs sy = 0,s9 = 1. This follows from fact that
given that the reconstructed prefix-suffix pair have a weight mismatch, set-
ting (so = 0,89 = 1), or setting (ss = 1,89 = 0) leads to different prefiz-suffiz
compositions. As a result, {12,0*} # {01,01}. The algorithm completes
this iteration by updating T to Ty —; = {061%,051%,0613, 0513,0513, 0513, 0113,
0512,0%12, 031, 02,01, 01,0, 1,0, 1}.

In the next iteration, following the same steps described above, the composi-
tions of the prefiz-suffix pair of length 3 are found to be {012,021}. However,
since wt(s3) = wt(s?), the Backtracking algorithm cannot determine the

bits ss,ss. Thus, whenever wt(st") = wt(si, 1o ) and ¢y = 1, the algo-
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rithm guesses the bits sy 41, 5,_s,. However, if wt(st") = wt(s},,_, ) and
o1 € {0,2}, then the reconstruction of bits sg. 1 and $,_y, is straightfor-
ward. For example, guessing that s3 = 0, and s; = 1 leads to an error. The
error is detected by encountering a multiset Ty, that is incompatible with the
composition multiset C' of the given string. Upon detection of an error, the
algorithm backtracks to the last position where it gquessed the bit assignment,
changes its quess and restarts the algorithm from that iteration. In our exam-
ple, this leads to s3 =1 and sg = 0, and one hence obtains the reconstructed
string 1010001010. O

Note that if ©l2) € {0, 2}L§J, then the string reconstruction is straightfor-
ward (see Figure 2.4).

s |[oJ(alo][x ][]
@ LJOOOR] a=0
o [JOOAR] =2
© [oJ[]fo][i][e] a5=0

Figure 2.4: Illustration of the Backtracking algorithm for the string
s = 01010.

The complexity of the Backtracking algorithm is summarized in the fol-

lowing theorem.

Theorem. [7, Theorem 32] Let

de . n 7 n
i< 5] wils) = Wil ) and sivt # s}

E, Y (v C(w)=C(s)}, 2 ¥ max,.

uels
For a given input C(s) and (s, the Backtracking algorithm outputs a set
of strings that contains s in time O(2%n%log (n)). Furthermore, E, can be

recovered in time O(2%n?log (n)).

If a string has a length that does not allow for unique reconstruction up to
reversal, the algorithm returns a set of strings and in the process backtracks

multiple times. Backtracking is possible even when the string is uniquely
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reconstructable, but a condition that ensures that the algorithm does not
backtrack is that no prefix has a matching suffix of the same length and same
weight. If the algorithm does not backtrack, the string has to be unique. This
observation is crucial for our subsequent constructions and it motivates the

use of Catalan-Bertrand paths discussed in what follows.

Theorem 6. (Whitworth [1878] , Bertrand [1887]) Among all strings com-
a+b) . (a+b
a a+1

every prefiz has at least as many 0s as 1s. Note that when a =b = h,

a+b_a+b_1 2h_c
a a+1) h+1i\n) "

The number C, is known as the h** Catalan number. Note that the central

prised of a 0s and b 1s, where a > b, there are ( ) strings in which

binomial coefficient (2;) also counts the number of strings of length 2h whose

every prefix has at least as many 0s as 1s. Furthermore, note that the scaled

2h
h

whose every prefiz contains strictly more Os than 1s.

central binomial coefficient %( ) counts the number of strings of length 2h

The second part of Theorem 6 is proved in Appendix A.1.

Strings that have the property that their every prefix contains strictly
more Os than 1s are henceforth referred to as Catalan-Bertrand strings (see
Figure 2.5).

We also find the following bounds on the central binomial coefficient useful

in our subsequent derivations.

Proposition 1. The central binomial coefficient may be bounded [29] as:

22h 2h 22h
<< )g—,Vh>1. (2.2)

Vath+1)  \h

2.3  Reconstruction Codes

We describe next a family of efficiently encodable and decodable reconstruc-
tion codes that map strings of any length £ into strings of length n <
k+ 3log (k) + 5.

Recall that for a given string of length n, the system of [ %] linear equations

with [%2] unknowns given by (2.1) can be solved efficiently. Thus, for all
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Figure 2.5: Catalan-Bertrand strings: (a) Consider a n x n grid whose (b)
diagonal is blocked. A horizontal step in the grid represents bit 0 in its
corresponding binary string, while a vertical step represents bit 1. (c) All
Catalan-Bertrand strings start with a horizontal step and never meet the
diagonal. Subfigure (d) is an example of a forbidden path, while (e) is an
example of a path that corresponds to a valid Catalan-Bertrand string.

error-free composition sets, one can find /2!, Therefore, the problem of
interest is to determine s given X[z and C(s). Note that when wt(s}) #
wt(s,;_,;), [7, Lemma 31] asserts that C(s),s}, and s]_,,; determine the
ordered pair (8;11, Sp_i)-

The previous lemma [7, Lemma 31] will be used to guide our construction

of a reconstructible code based on Catalan-Bertrand strings.

Claim 1. An asymptotic rate 1 reconstruction code can be constructed with

Catalan strings.

Claim 1 provides a simple construction for a family of reconstructible codes.
We aim to construct codes with improved block rate over the Catalan strings
and to that end we proceed as follows. Let I C [n]. The string formed by

concatenating bits at positions in I in-order is denoted by s;. We define a
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reconstruction code Sg(n) of even length n as follows:

Sr(n) ={s € {0,1}",51 =0,s, = 1, and (2.3)
371 C{1,2,...,n—1,n} such that
foralli e I,s; # spi1-4,
foralli € I,s; = spi1-4,

S[z]nr is a Catalan-Bertrand string}.

See Figure 2.6 for an example.

@ JOOOOOOOOOOOO
& OOEO0O0OB0OO0000

@ ERJEIRIAEIEIOIOOC]
@ [J[e]E]e]H]eIEEMA]CR]]RI]E]

Figure 2.6: Construction of a codestring in Sg(14): The first 7 indices of
the string (a) are partitioned into two (b). Consider the string s;s357
formed by the in-place concatenation of the indices in the orange set. No
restriction is placed on this string: s;s3s7 € {0,1}?. However, string
$284858¢ formed by the in-place concatenation of the indices in the yellow
set is restricted to Catalan-Bertrand strings. (d) To complete the string,
the partition is then mirrored. The substring si* is such that the bits at the
orange indices retain their mirror values, while those at the yellow indices
complement them.

We define a reconstruction code Sg(n) of even length n as follows:

For odd n, we define the codebook as

n—1 n—1

-1 -1
SR(n) — USESR(TL—I){Sl 2 O STTLH_l 5 Sl 2 1 SZ+1 .
2 2

The following proposition is an immediate consequence of the above con-

struction.

Lemma 1. Consider a string s € Sg(n). For all prefiz-suffiz pairs of length
1<j <5, one has wt(s]) # wt(8) ;)

The proof of Theorem 1 follows from the fact that Sg(n) is a reconstruction
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code, which may be easily established from the guarantees for the Backtrack-
ing algorithm and Lemma 1.

For n even, the size of Sg(n) may be bounded as:

—

n
2

s =5 () () >

The first equality follows from the description of the codebook, while the

second inequality follows from Proposition 1 and the binomial theorem. For
2n—3

odd n, |Sg(n)| = 2|Sg(n —1)| > = Further details are provided in Ap-
pendix A.2. As 28 < |Sg(n)|, simple algebraic manipulation reveals that the
redundancy of the reconstruction code for information lengths k& is at most
1/2log (k) + 5 for all £ > 8.

Given an information string of length &, the encoding algorithm returns
a reconstructable string of length n. The encoding algorithm that accom-
panies our reconstruction codebook (a bijective map between the set of all
information strings of length k and a subset of the reconstructable strings
of length n) can be implemented using simple lexicographical rankings of
Catalan-Bertrand strings and symmetric strings. This encoding technique
requires O(n?) time (see Appendix A.3 for details). However, as described
in [30], there exist other ordering-based constructions for Catalan strings
that may be used to further increase the efficiency of the encoding algo-
rithm. The Backtracking algorithm reconstructs the coded string in O(n?)
time. The coded string is then mapped to the information string via the
inverse encoding map, which takes an additive O(n?) time. Thus, the overall

reconstruction time remains O(n?®). This concludes the proof of Theorem 1.

2.4 Error-Correcting Reconstruction Codes: The
Asymmetric Setting

For clarity of exposition, we will start with a discussion of single error-
correcting reconstruction codes, as they illustrate the use of Catalan-Bertrand
paths and are conceptually easy to extend for the case of multiple compo-
sition errors. Our reconstruction codes with composition error-correcting

capabilities are derived using the interleaving procedure described in the
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previous section, and they require adding an additional logarithmic number

of redundant bits to recover the sequence X121,

2.4.1 Single Error-Correcting Reconstruction Codes

We begin with an intuitive discussion that leads to Claim 2.

For a given codestring from Sg(n), the backtracking algorithm identifies
a confusable string only if the composition of a prefix or a suffix is altered.
Moreover, note that when the composition of a prefix (or a suffix) is dras-
tically altered, the erroneous prefix (or a suffix) can be identified. This in
turn implies that the string can be reconstructed. Thus, only certain kinds
of errors may produce confusable strings. To see that, consider the following.
Assume that we have reconstructed the prefix (and suffix) of length i and
o;+1 = 1. There are two valid compositions each for a prefix and a suffix.
There are only 4 ways to modify the prefix-suffix composition pair such that
the erroneous composition cannot be identified readily. (There are 4 valid
compositions for the prefix and suffix of length ¢ + 1. There are 4 ways to
pick a prefix-suffix pair such that they do not together correspond to any
prefix-suffix substring pair; however, individually, they are all valid.) Since
there are n— 1 prefix-suffix pairs, there are at most 4(n—1) strings confusable
with the given string.

To construct the codebook S((Jl )(n) that can correct one error, pick any
string s € Sg(n) and add to S(Cl)(n). Remove all strings § € Sg(n) that are
at distance 2 as identified by the Backtracking algorithm. We repeat this
procedure until Sg(n) is empty. Thus, |Sé1)(n)| > +|Sr(n)|.

Claim2. There exists single error-correcting reconstruction codes with asymp-

totic rate 1.

Let Sr(n — 2) be the code of odd length n — 2, [5] divisible by three, as
described in the previous section. Then, a single (symmetric or asymmetric)
composition error-correcting code of length n, S(C1 )(n), can be constructed
by adding two bits to each string in Sg(n — 2) and subsequently fixing the
value of one additional bit. These three redundant bits allow us to uniquely
recover the sequence X/2! in the presence of a single composition error. As
will be seen from our subsequent derivations, given /21 and the erroneous

composition set of s, one can reconstruct s.
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To prove Theorem 2, let C (s) denote the set obtained by introducing a
single error in the composition set C(s) of a string s of length n. Recall that
w; stands for the cumulative weight of compositions of length j in C' and
that w; = w,—;41. Let w; denote the cumulative weight of compositions in

C'j. It is straightforward to prove the following proposition.

Proposition 2. Let j € [[2]]. Then,

7j—1
U)j:jwl— E ZO']',Z‘,
i=1

which implies

Jj—1 Jj—1
jwl— E iaj_igwjgjwl— E in_i+2.
i=2 =2

Proof. Note that w; = S/~ io; + Z[%1 jo;. Since wy = ZEE o;, we have

1=

31
wj :Ul+202+"'—|—(]’—1)0j,1 +jZO'j
i=j

51
:j ZO’i —Uj_l—QUj_Q—"-—(j—l)Ul.
=1

7—1
:jwl— E in_i.
i=1

This result immediately implies the next proposition.

Proposition 3. Let j € H%H and suppose that we are given wy, 01, ...,0;_2.

Then, the value w; mod 3 uniquely determines w;.
We also need the following three propositions.
Proposition 4. Given wt(s) mod 2, w,, and Wy, one can recover wy.

Proof. 1f w,, = wy, then clearly wy = w,, = w;. Hence, suppose that w,, # w,

and observe that |w; — w;| < 1. The last inequality follows since at most
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one composition error is allowed. If @w; mod 2 = wt(s) mod 2, then w; = wy;

otherwise, wy = w,,. O

Proposition 5. Suppose that n is odd and that either [5] + 1 or [5] is
divisible by 3. Assume that s = s1 ... 2y ...y, and let § =8 ...1—

S(%W ... Sp- Then,

Proof. Suppose that sfny = 1. Then, the bit s;a) contributes [5] to wpn;
and [§] — 1 to wrny_y.

In summary, if srap =1, then

31 31
n ol 41
sz(s>zzwi(5/)+ |_2-|(|_;-| )
i=1 i=1
The result follows if either [§] 41 or [§] is divisible by 3. O

Proposition 6. For odd n, if s1 ... s[z1 ... s, € Sg(n), then s ... 1 —
s[a) ... sp € Sr(n).

The proof of the proposition is straightforward, as it follows from the
definition of the reconstruction set Sg(n).

For odd n such that [§] =0 mod 3 our code is defined as follows:

S(Cl)(n) = {s = 515953 ... 5[2] ... Sn 25, 15n € {0,1}":

n—2
$185 “Sp = $1835485 - - - Sp—4Sn—3Sn—25n € Sp(n — 2),

wt(s) mod 2 =0,

(51
Zwi(s) = 0 mod 3, where sy < sn_l}.
i=1

The size of the code S(Cl )(n) is w, which follows from the second
constraint that siss...s,_2s, € Sg(n — 2), along with Proposition 6. To
construct a string in Sél)(n), we first fix sy and s,_; so that ZEE wi(s) =
0 mod 3. Then, we choose srz7 to satisfy wt(s) = 0 mod 2. From Proposi-

tions 5 and 6, the resulting string belongs to S(Cl )(n) The next proposition
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shows that for certain codelengths, there exists values for s; and s,_; that

always allow for the constraints to be satisfied.

Proposition 7. When [4] is divisible by 3, then for any x = x1... T3 €

{0,1}"72, there exists s35,_1 € {0,1}* so that

—
0|3

1
w; <Zl§'1$2l’21’3 .. .xn_gsn_lxn_2> = 0 mod 3,

=1

where 9 < Sp_1.

Proof. Let s = x1Sox9%3 ... Ty 35, 1T,_o. Clearly, the elements sy and s,,_;
appear in exactly one composition from C(s) (recall that C;(s) denotes the
set of compositions of s of length i). Furthermore, s, and s,_; each appear

n

twice in every set C;(s), where [ %

21 > 1 > 2. Therefore the symbol sy appears

in
n

2 (( 21- 1) +1
compositions from C(s) UCs(s) U --UCra(s), and, by symmetry, the sym-
bol s,,_1 appears 2 ([2] — 1) + 1 times as well.
Suppose Z[Z{ﬂ w;(s) = a mod 3 when (s2,5,-1) = (0,0). Then, more gen-
erally if (s2,5,-1) = (c1, ) € {0,1}? where (¢, ¢a) are not necessarily equal
to (0,0) we have

31
Zwi(s) = a+01<2([31 -1)+ 1) +cz<2([g] -1)+ 1) mod 3

i=1

=a—c —comod 3.

Since for the case (¢q, c2) = (0,0), ZEE w;(s) = a mod 3, for (¢1,¢9) = (0,1),
ZEE w;(s) = a—1 mod 3, and for (¢, ) = (1, 1), ZEE w;(s) = a—2 mod 3.
This completes the proof. n

For the next lemma, recall that C(s) is the result of a single composition

error in C(s).

Lemma 2. Suppose that s € S(CU(n) where [ 5] is divisible by 3. Then, given

C(s), one can recover X151,
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Proof. In order to prove the claim, we show that given C (s), one can recover
Wy, Wy, . . ., W,, which we know uniquely determine ¥"/2 according to (2.1).
Let j be such that w; # w,+1—;. Since at most one single composition error
is allowed, there exists at most one such j. It is straightforward to see that
due to symmetry, either w; # w; = Wp41-; Or Wy1—; # W; = Wyq1—;. Since
wt(s) mod 2 = 0 by construction, it follows that we can determine w; based
on Proposition 4. In addition, using the first identity from Proposition 2,
it follows that we can recover oy,0,...,0j_2. Also, using the constraint
ZEE w;(s) = 0 mod 3, we can recover w; mod 3. Then, according to Propo-
sition 3, we can recover w; along with wy,...,w,. One case left to consider
is when w; = W41, for all i € [|5]]. In this case, @Wyn) # wrny. Apply-
ing Proposition 3 allows us to determine wrz) for this case as well. This

completes the proof. O

Next, recall that 7; stands for the set of compositions of all substrings sé-
for which j <l <t,orn+1—i<j<l,orj<i+1andn—1i <, or
l=n+1-3j.

Let the two strings s and v be such that s] = v/ and Spt1-j = Vpi1-; and
either s;41 # vj41 or s,_; # v,—;. Then we say that the longest prefiz-suffix
pair shared by the two strings has length j.

Before we proceed to prove that S(C1 )(n) is a single error-correcting code,
we provide two illustrative examples - one for the case where the error occurs
in a composition of length (size) j < | 5], and another for the case where the

n

error occurs in a composition of length (size) j > [5].

Example 2. Let n = 11 and consider s = 00001111111 € S(Cl)(n). Let

the composition multiset with one composition error be C(s) = (C(s) U
{11\ {0*}. Given C(s), by Lemma 2, we can infer ¥ = (1,1,1,1,2,1).
The Backtracking algorithm readily reconstructs up to s1s9s3 = 000, and

s9S10511 = 111. For further details on the Backtracking algorithm, refer to
Ezample 1 and [7]. Next, observe that wy # ws, and that the two largest
compositions in C(s)\ Tz = {0*13,17} are compatible with the reconstructed
prefix, suffiv and the constraints imposed by X°. Thus, the Backtracking algo-
rithm proceeds by reconstructing s4ss = 01, and computing T;. Note that for
this string, due to the constraints imposed by os, and og, the string is imme-
diately reconstructed as 00001111111. The Backtracking algorithm finds that
0* € T4, but 0* & C’(s) Howewver, this one single incompatibility is expected
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in the given error setting. In general, for the case of a single composition
error, if the error occurs in a composition that corresponds to a substring of
length < | %], it does not affect the Backtracking algorithm. O

Example 3. Let n = 11 and once again consider s = 00001111111 € Sél)(n).
Let the composition multiset with one composition error be C(s) = (C(s) U
{015}) \ {17}. Given C(s), by Lemma 2, we can infer ¥ = (1,1,1,1,2,1).
The Backtracking algorithm readily reconstructs up to s1s9s3 = 000, and
s9S10511 = 111. Note that wy # wsg, and that the two largest compositions
in C(s)\ Ts equal {0*13,015}, implying syss = 00. Clearly, one of these two
compositions is erroneous as o4 = 1. Hence, the two possibilities for the bits
sy88 are 10 and O1. If the Backtracking algorithm assigns s1S25354 = 0001,
and sgs9s10511 = 0111, then note that while T, contains only one 1%, é(s)
contains four 1*. In particular, the number of distinct elements in the sets
é’(s) and Ty due to incorrect bit assignments is strictly greater than one.
Thus, if the Backtracking algorithm erroneously reconstructs the bits s4ss,
it backtracks and assigns sysg = 01 instead. As mentioned in FExample 2,
due to the constraints imposed by os, and og, the string is then correctly
reconstructed as 00001111111. U

Lemma 3. Let s € S((;l)(n). Given C(s), one can uniquely reconstruct the

string s.

Proof. Let j denote the index of the composition multiset C; that contains
an error. As shown in the example, single composition errors that occur in a
composition of a substring of length j < [ 4| do not affect the reconstruction
process, since the Backtracking algorithm only makes use of information pro-
vided by compositions of substrings of length > [%]. As the Backtracking
algorithm progresses, the erroneous composition is identified through a com-
parison of the erroneous observed composition multiset and the iteratively
constructed set 7,, as explained in the above examples. Errors that happen
for j < [§] are easily identified and automatically corrected by the Back-
tracking algorithm. From Lemma 2, £/21 may be determined in an error-free
manner. Using the obtained X/21, we run the Backtracking algorithm and
in the process, we possibly run into incompatible compositions for j > [%].
Note that when j = [7], the Backtracking algorithm has reconstructed the

entire string. Given an already reconstructed prefix-suffix pair of length ¢,
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si,si_;,1, we make use of the two largest cardinality compositions in C(s)\ T
to reconstruct the bits s;11 and s,_;. If 0,41 € {0,2}, s;41 and s,_; can be
determined immediately. Also, given /21, if the Backtracking algorithm can
correctly determine which of the above two compositions corresponds to a
prefix and a suffix, then s;,; and s,_; can be uniquely identified. Otherwise,
the Backtracking algorithm halts and performs a guess. Thus, in summary,
an error occurring in a composition in C; affects the reconstruction of the
bits indexed by 7 + 1 and n — 7, where ¢ is such that j +¢+ 1 = n.

Consider the case where the incompatibility manifests itself through 7; ¢
C, where j = n — i — 1. Here, we identify the element that is in 7; but
not in C'j, and add its weight to w; and compare it with w,,_;; this al-
lows us to identify the erroneous composition. The assumption is that a
composition corresponding to a substring of length j is erroneous. Clearly,
C; = (C;\ {ci,}) U {ei,}, for some compositions indexed by 4, and iy, where
¢;, corresponds to the original, correct composition, while ¢;, corresponds to
the erroneous composition. Since 7; contains some composition ¢;, of a sub-
string of length j that is not present in éj, it must be that ¢;, = ¢;,. Thus,
we have wt(c;,) = W; + wt(c;, ) — Wy41—; and the erroneous composition can
be identified and corrected. Next, suppose on the contrary that 7; C C. In
this case, consider the two largest compositions in C \ 7;. The two largest
compositions in C \ 7; are the compositions of a prefix-suffix pair of length
]l

Since we have reconstructed the prefix and suffix of length ¢, and we know
that 0,41 = 1, the prefix-suffix pair is either (s{0,1s],, ;) or (s{1,0s! ;).
To show that only one of the constructed prefix-suffix pairs is valid/compatible,
it suffices to show the following: For any two distinct strings s, v € S(C1 )(n)
that have the same X[z, and are such that the longest prefix-suffix pairs
shared by them is of length i, one has |C(s) \ C(v)] > 3. Note that it
now follows from Lemma 2 that for all strings s € S(CI)(TL), »I21 can be
determined. Thus, if two strings u,v € Sél )(n) share the same L2 se-
quence, and uj"! = si0,u?_, = 1s",_;, and v{"' = sil,v
then C'(u) = C(v) only if |C'(u) \ C(v)| < 2. Thus, |C(u)\ C(v)| > 3 implies
that C'(u) # C(v). Observe that since v € Sg)(n), the number of 0s in ¢(s})

is at least by two larger than the number of Os in c(s),;_;).

n
n—1

J— n
= Ospi145

Let us assume that on the contrary, there are two strings s, v such that
|C(s) \ C(v)| < 2, and that they differ only in their respective C; sets.
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Since the prefixes and suffixes of the strings of length i = n — 57 — 1 are
identical, we let s1,...,s; and S,11_, ..., S, denote the first and last 7 bits of
both strings. Let ¢(s) denote the composition of the string s. Furthermore,
let c(s]) denote the composition of s, i < j and let ¢ = (s %)

When n = 2(i+41) 41, the strings differ in two compositions in C),_;_; due
to the assumption that the longest prefix-suffix pair shared by the two strings
s and v is of length 7. Since s and v share the same X2 1 let Sfz] = vz =b.
Therefore, s = s1001s), ;_;,v =s71b0s}, ,_,. Observe that for the cases b = 0
and b=1, |C;_1(s) \ Cj_1(v)| = 1. Thus, |C(s) \ C(v)| = 3.

When n > 2(i + 1) + 3 and 0,49 = 1, we let s, stand for the (i + 2)*
bit in the string s, and v, stand for the (i + 2)*™® bit of string v. Figure 2.7
illustrates this setting. When 0,15 € {0,2}, we let b denote the (i + 2)*™
bits of the two strings, which are identical. Next, we determine conditions
under which C;_;(s) = C;_;(v). We know that if the compositions of the
two strings differ by three or more, the two strings cannot be confused under
the single composition error model. Due to the constraints imposed by the
very construction of the string, we know that |C;(s) \ C;(v)| = 2. Thus, for
the two strings not to be confusable under the given error model, |Cy(s) \
Cy(v)] > 0 for some ¢ € [n] \ {j}. We show that a specific ¢ satisfying the
previous inequality equals j — 1, ie., |Cj_i(s) \ Cj_1(v)| > 0. Note that

the compositions of substrings of length n — ¢ — 2 that contain the bits

1+ 1,...,n — 1 are identical for the two strings.
[si  To[se] [ENEEE
EEErn [ERTE

Figure 2.7: Two strings s and v that satisfy the assumptions used in the
proof.

Case 1: 0,40 = 1. With a slight abuse of notation, we choose to write
compositions as sets containing both bits and other compositions. On the
left-hand side of the equation below, the compositions correspond to the
substrings of s of length n — ¢ — 2 that may differ for the two strings. The

right-hand side of the equation corresponds to the same entities in v. If the
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equation holds, then the multisets C;_1(s) and C;_;(v) are equal.

( )

{e(s1), 0,54, ¢},

) {c(85),0,54,¢,1 =54},
{e(8)40), 1,1 = 54, ¢},
({e(s]2), 1,1 — 54,050} )

({c(s), 1,04, ¢},
c(sh), Loy, e, 1 — vy},
{e(8)42),0,1 — vy, e},
(

({c(s772),0,1 —vg, ¢ 0} )

The exhaustive case-by-case arguments show that the above set equality is
never true.

Case 2: o049 € {0,2} Similar reasoning leads to a set equality condition
in which s, and v, are replaced by b. Once again, it can be shown by an
exhaustive case-by-case analysis that the set equality never holds, indepen-
dently on the choice of b. This implies that the composition sets C;_;(s) and
Cj_1(v) differ, which in turn implies that the composition multisets of the

two strings are at distance > 3. L]

Recall that when [§] mod 3 = 0, the size of the code Sg)(n) is |SR(;—_2)‘
In addition to the redundancy required to construct the reconstruction code,
we require one bit to ensure n — 3 is even, three bits to fix s, s, 1 and sray,
and four bits to ensure that [%] is divisible by three. Thus, S(Cl )(n) requires
%log k + 13 redundant bits.

The backtracking string reconstruction process based on an erroneous com-
position set is straightforward: It takes O(n?) time to compute the 7; mul-
tiset, and backtracking performs O(n) steps. Thus, the decoding algorithm

can computes the original string in O(n?) time.

2.4.2 Multiple Error-Correcting Reconstruction Codes: The
Asymmetric Case

We consider an error model in which each of the multisets C;UC,, 114, i € [n]

is allowed to contain at most one composition error and the total number of
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errors is at most . The codes described in what follows add asymptotically
negligible redundancy to the information strings to correct a fixed number
of t asymmetric errors. To construct the codes, we generalize the approach
used in the previous section for correcting a single error.

We start with the description of a t-shifted reconstruction code of even
length m, denoted by Sg) (m) and defined below.

S (m) ={s € {0,1}",s! =0,s"" ,,, =1, and (2.4)
I C{t+1,...,m —t} such that
Viel, s # Smi1i
and Vi & I,8; = Smi1_i,

Sim/2)nz 1s a Catalan-Bertrand string}.

We refer to strings of the form s{sp, /o as t-shifted Catalan-Bertrand
strings. For a s € Sg)(m), every prefix of length ¢ where F > i >t + 1, has

at least t + 1 more Os than its corresponding suffix of the same length.

Lemma 4. Let s,v € Sg)(m) share the same Y2 sequence and satisfy
|Cj(s) \ Cj(v)| < 2 for all j € [m]. If the longest prefiz-suffiz pair shared
by s and v is of length i, then their corresponding composition multisets

Coi1,Cizoy .o, Crit, Con_i_y—1 each differ in at least 2 compositions.
We defer the proof to Appendix A.4.

Corollary 1. Let s € Sg)(m), and let C(s) be the composition multiset
C(s) corrupted by at most t asymmetric errors. Then, given the correct ¥

sequence, the string s can be uniquely reconstructed from C’(S)

Proof. The result immediately follows from Lemma 4. O

Henceforth, we use ng)él(n) to denote an asymmetric ¢-error-correcting re-
construction code. Strings s € Sg%(n) are constructed by adding n — m
redundancy bits to a string s’ € Sg) (m) of even length in such a way that
the 221 sequence can be recovered even in the presence of ¢ asymmetric

errors.

Claim 3. Let s be an arbitrary string of even length n and let C’(S) denote
the composition multiset C(s) corrupted by t asymmetric errors. Then, at

least & — 3t elements in (01,09, ... ,ag) can be determined based on é(S)
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Proof. The claim is a consequence of a simple analysis of the set of linear
equations in (2.1). Clearly, w; is unknown whenever C; U C,1_; contains

an error. Therefore, if we have ¢ errors we only have § — ¢ linear equations

n

2
a new system of linear equations by subtracting equation (2.1) with index

that involve 7 variables. From this system of 5 —# linear equations we form

i from the equation (2.1) with index i + 1. Note that for all values of i

such that w;_1,w; and w;;; are known, the value of o; can be found from

the new system of equations. Thus, the derived system of equations allows

one to infer at least § — 3t elements of the Y3 sequence. Note that all the
n

expressions above assume that n is even. For odd n, [%] should be used

instead. O

We illustrate the above claim with an example. If ws, w, and ws are known
then using the linear equations corresponding to ¢ = 3 and ¢ = 4, one can infer
2524 0, and using the linear equations corresponding to ¢ = 4 and 7 = b5,
one can infer 21?:5 oy. Thus, one can determine o4 = 2524 o) — Z,?:E) o

Thus, to recover the entire X2 sequence, it suffices to take the X2 string
from a systematic Reed-Solomon code over the alphabet {0, 1,2} that can
correct up to 3t erasures.

Thus, the codestrings s € Sg%(n) are constructed via the following proce-

dure:
e Pick a string s = SFS?H € Sg) (m).

e Using a systematic Reed-Solomon code over the alphabet {0, 1,2} that
can correct up to 3t erasures, the 32 sequence is mapped to ¥2. Note

that the sequence (om1,...,02) is appended to v,

e A string b of length n—m is created using the sequence (omq,...,0n)

as follows. For all k € [”‘2’”]

00, if o) = 0;
bkbnferlfk = 4 01, if 0'%_;,_]6 =1;

11, if om oy = 2.

e A codestring s € Sgi(n) is obtained by concatenating the strings s’
and b, namely s = s, b} s”%ﬁl.
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Given C(s), the composition multiset C(s) corrupted by t asymmetric
errors, the string s can be uniquely reconstructed via the the following four-

step procedure:

e Construct the linear system of equations governed by (2.1) using the

erroneous composition multiset.
e Solve for the o; values that can be inferred from the linear system.

e Infer the correct 3 sequence using an efficient polynomial evaluation

decoder.
e Reconstruct the string s using the Backtracking algorithm.

The procedure described above requires %logn + 6 redundant bits to en-
sure the Catalan-Bertrand string structure of even length, 2¢ redundant
bits for the t-shifted structure and 3tlogn redundant bits to correct era-
sures in the 2 sequence. Thus, the number of redundant bits r required
is (% + 3t) logn + 2t + 6. Furthermore, r does not exceed (% + Bt) log k +
2t + 7 + (% + 375) %, where k is supremum over all x > 0 such that n >
(1+ k) ((243t)logn+2t+ 7).

Recall that the Backtracking algorithm takes O(n?) time to reconstruct the
string (it takes O(n?) time to find the longest compositions in the set T; \ C,
and reconstruct the bits sy 15, ¢; and, there are 7 such pairs to be recon-
structed). With a slight abuse of notation, we say that index i corresponds
to an asymmetric error if a single composition error occurred in C; U C, 1 ;.
Now assume that the indices 7,7+ 1,...,j (j = 7) correspond to composition
lengths that contain asymmetric errors, and that C;_1, Cp 124, Cji1, Cp—j are

error-free. Note that the proof of Lemma 4 established that the Backtracking

n+1—1i
n+1—j

to reconstruct the bits s;;1,s,—;. Thus, every contiguous burst of errors of

algorithm can reconstruct the correct substrings s{ S before proceeding

length ' causes an additional O(n?2") reconstruction time delay. Thus, the

worst case reconstruction time is O(n?2%).

Combining this result with that of Corollary 1 establishes Theorem 3.
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2.5 Multiple Error-Correcting Reconstruction Codes:
The Symmetric Case

We now turn our attention to designing reconstruction codes capable of cor-
recting symmetric composition errors. The proposed method leverages a
polynomial formulation of the composition reconstruction problem first de-
scribed in [7]. The main result is a constructive proof for the existence of
codes with O(t*log k) bits of redundancy capable of correcting ¢ symmetric
composition errors.

To this end, we first review the results of [7] describing how to formulate the
string reconstruction problem in terms of bivariate polynomial factorization.

For a string s € {0,1}", let Ps(z,y) be a bivariate polynomial of degree n
with coefficients in {0, 1} such that Ps(z,y) contains exactly one term with
total degree ¢ € {0,1,...,n}. If s =s;...5, and if <Ps(x,y)>' denotes the

i

unique term of total degree i, then (Ps(x, y)) =1, and
0

L (Ps(af,y)>i_lv if 5 =0,
(Ps(x,y)>i B x (Ps(m7y)> g if s; = 1.

In words, we use y to denote the bit 0 and = to denote the bit 1 and then
summarize the composition of all prefixes of the string s in polynomial form.
As a simple example, for s = 0100 we have Py(z,y) = 1 +y+zy +zy? + xy?.
To see why this is true, we start with the free coefficient 1, then add y to
indicate that the prefix of length one of the string equals 0, add xy to indicate
that the prefix of length two contains one 0 and one 1, add zy?* to indicate
that the prefix of length three contains two Os and one 1 and so on.

We also introduce another bivariate polynomial Ss(z,y) to describe the
composition multiset C(s) in a manner similar to Ps(z,y). In particular,
we now associate each composition with a monomial in which the symbol y
represents the bit 0 and the symbol z with the bit 1. As an example, for
s = 0100 we have

C(s) = {0,1,0,0,01,01,0%,0°1,0°1,0°1},
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and

Ss(z,y) = o + 3y + 22y + y* + 229 + 21,

where the first two terms in Ss(x,y) indicate that the composition multiset
contains one substring 1 and three substrings 0; the next three terms indicate
that the string contains two substrings with one 1 and one 0 and one substring
with two 0s. The remaining terms are interpreted similarly.

The key identity from [7] is of the form

PP (1)~ s s (fl). e

Given a bivariate polynomial f(z,y), we use f*(x,y) to denote its reciprocal

polynomial, defined as

F (2, y) = %80 yder, () 1 (L l) ,
Ty
where deg,(f) denotes the z-degree of f(r,y) and deg,(f) denotes its y-
degree. For simplicity, we hence write d, = deg,(Ps) and d, = deg,(F).
Using the notion of the reciprocal polynomial we can rewrite the expression
in (2.5) as:

Py(z,y) P (z,y) = x%y™ (n+ 14 Ss(z,y)) + Si(z,y). (2.6)

Note that if C (s) is the composition multiset resulting from ¢ symmetric
composition errors in C(s) and Ss(z,y) is the polynomial representation of

C(s) while Sg(x,) is the polynomial representation of C(s), then

Ss(w,y) = Ss(z,y) + E(z,y),

where E(x,y) has at most 2¢ nonzero coefficients. Note that the coefficients
of E(x,y) lie in {—t,—t+1,...,—1,0,1,...,t — 1,t}. A composition error
corresponds to removing a multinomial e; from Sg(z, y) and adding a different
multinomial e;. Thus, —e;, and +e; are addends in E(x,y). Since up to ¢
errors are possible, the coefficients of every multinomial in E(z, y) are integers
in{—t,—t+1,...,-1,0,1,...,t — 1,t}. If every multinomial removed from
or added to Ss(x,y) is unique, then there are 2¢ terms in F(z,y). Otherwise,

the number of multinomials is less than 2¢. Our first result relates Ss(z,y)
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and Py(x,y).

Claim 4. Suppose that wt(s)mod (2t + 1) = ¢,, for some ¢, € {0,1,...,2t}.

Then, given Ss(z,y) and c, one can generate

Py(x,y) P;(z,y) + E(z,y),

where the polynomial E(x,y) has at most 4t terms.

Proof. First, recall that Ss(z,y) = Ss(z,y) + E(z,y) where E(x,y) has at
most 2t nonzero coefficients. Given ¢,,, we can easily determine the exact
degrees d, and d, of the polynomial encoding of s: In the error-free case, the
sum of all compositions of length 1 (i.e., the sum of the bits of the string)
equals wt(s) = d,. When the composition multiset is erroneous, we can only
observe Jx, which takes a value in the set {d, —t,d, —t +1,...,d;,d; +
1,d, +2,...,d, +t—1,d, +t}. Equivalently, we know that

dy € {dy —t,dy —t+1,...,dp,dy+1,dp+2,... . dy+t—1,d, +t}.

Since d, = ¢,, mod (2t + 1), exactly one value in the set {sz —t,d, —t+
1oooidy,do+1,dy+2, ... dy+t—1, Jx+t} will satisfy this condition. Hence,
d,, can be inferred exactly, and since d, = n — d,, the same conclusion holds
for d,.

Next, we form Ps(x,y) Pi(x,y) as follows:

% gyt (n—l— 1+ Ss(x,y) + Ss (1,1)>
Ty

= g%y b(n + 1) 4 a%y® x

(Ss(x,y) + E(z,y) + S (é i) B (i 5))

= Py(w,y) P (z,y) + 2% y™ (E(x’ v+ E (i i»

= B(z,y) Pi(z,y) + E(z,y),
where E(z,y) = %y (E(a:,y) +F (%, %)) has at most 4t nonzero coeffi-
cients, which proves the desired result. O

Let F, be a finite field of order ¢, where ¢ is an odd prime. Let a € F, be a
primitive element of the field. For a polynomial f(z) € F,[z], let R(f) denote
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the set of its roots. We find the following result useful for our subsequent

derivations.

Theorem 7. ( [31, Ch. 5]) Assume that E(z) € F,[x] has at most t nonzero
coefficients. Then, E(x) can be uniquely determined in O(n?) time given

E(a'), E(a'™Y),...,E(a°), E(a™),..., E(a™).

2.5.1 The Code Construction

Our approach to constructing a symmetric t-error-correcting code of length

n, denoted by S(Ct)s(n), relies on the fact that E(z,y) may be written as:

E(x,y) =(as, 197" + -+ + ail,milyjil’m” )"+
(ai%lyjiz,l N Uigm, yji27mZ'2 ):L‘iQ—f—
(2.7)

j' 1 . .77, ,mg ih
(aih,ly ‘h + e + azh,mihy i )'CC Y

where each a;; € {—1,1}, h < 4t and the total number of nonzero terms is
< 4t. Since E(z,y) is restricted to have at most 4¢ nonzero terms, each of the
polynomials (aihlyjievl + ot Qi yji“miE) can contain at most 4¢ nonzero
terms. Consequently, one has m;, < 4t for all £ € {1,2,... h}.

Based on the previous observations we are ready to introduce our first code
construction. We assume that Ps(x,y) is a bivariate polynomial over the field
[F,, where ¢ is the smallest prime > 2n + 1. Clearly, for a Pi(z,y) € [z, ]
over the set integers I, one can obtain Ps(z,y) € F [z, y] by simply reducing
Ps(z,y) modulo g.

Lemma 5. Let
C={se€{0,1}" s.t. wt(s) mod 2t +1 =0,
{1,a,02, ..., 0"} C R(Py(,1)),
{1,0,02, ..., 0"} C R(Py(x,)),
{17 Oé, 062, e 7a4t} g R<PS(‘r7 a4t))}'
Then, C is a symmetric t-error-correcting code.
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Proof. We prove the claim by describing a decoding algorithm that for any
given gs(x, y), which is the result of at most ¢ composition errors occurring
in Ss(z,y), uniquely recovers Sg(z,y).

Since there are at most ¢ erroneous compositions in gs(x, y), one can de-
termine wt(s) by summing up the length-one compositions (i.e., the bits)
in S(z,y) along with the fact that wt(s) mod 2t + 1 = 0. Therefore, from

Claim 4, we can construct the polynomial

F(z,y) = Ps(z,y) P (x,y) + E(z,y), (2.8)

where E(x,y) has at most 4t nonzero coefficients.
Suppose that 3,5’ € F,. First, observe that if Pi(5,3") P:(58,5) = 0,

then Py(3, 3) Pi(5,3) = 0 which immediately follows from the definition

of P*(x,y). Thus, if (8,3) is a root of Ps(-,-), then so is (87!, 8'1). Since
{1,a,02,..., 0"} C R(Ps(a’,y)) for all £, € {0,1,...,4t}, and similarly
{1,a,02,..., 0%} C R(Ps(z,a")) for all £, € {0,1,...,4t}, it follows that

F(a", o) = E(ael, a*?). Hence, we have:

0 Ao\

E(a™,a™) =

(a/il 1O[£2><ji1’1 _I_ . + ail - O{£2><ji1,mi1 )OZZI X 11
I b ll

l2Xji ) ;
+ (ai271a/2><]L2,1 + -4 aiz,miza 2 Jzz,mzz)aél X192

Lo X ji £2XJip my 01 xi
+ (a”“]_a 2XJip 1 + e _.I_ aih,miha *h mzh)a 1 lh’

for 01,05 € {0,1,...,4t,—1,—2,...,—4t}. From Theorem 7, for any fixed /5
we know the evaluations E(a’,a?) for ¢, € {0,1,...,4t,—1,—2,..., —4t},

so that we can recover the polynomials

i l2Xj; ) ]
E(LL’, 0/2) — (ai171aZ2X‘711,1 N iy, 2 ]zpmzl)xu

Lo X ji l2XJin m; i
+ (aig,la 2XJig,1 + oo+ aig,miza i ng)x 2

. f2><j' 1 . ZQinh,WL' ih
+ (@i, 070+ tay, i)z, (2.9)

using a decoder for a cyclic Reed-Solomon code of complexity O(n?).
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Let
M, (y) = aie,lyjie’l t ot Gigmy, y]iwni‘Z

be the polynomial multiplier of % in E(z, y). From the previous discussion,
we know that the maximum number of nonzero terms in M;,(y) is 4¢. Using
(2.9), we can determine M;,(a®?) for by € {0,1,2,...,4t,—1,—2,..., —4t}.
Due to Theorem 7, this implies that we can recover M;,(y) for £ € {1,2,...,h}

once again using a decoder for a Reed-Solomon code. Since
E(l‘, y) = Mi1 (y)xu + Miz (y)Iiz +oet Mih (y)xihv

we can determine E(x,y) by noting the following: 1) Given wt(s) mod (2¢+

1), we can recover wt(s) from the erroneous composition multiset, from which

d, and d, = n — d, can be determined. 2) Since d,,d, are known, and
E(x,y) = aty (E(I,y) +FE (%, i)) , E(x,y) can be determined. Subse-
quently we can reconstruct Ss(z,y) given S’s(x, Y). [

The following corollary is an immediate consequence of Lemma 5.

Corollary 2. Let

C= {S € {07 l}n s.1. PS(O/lvab) = ey lo5
wt(s) = a mod 2t + 1},

for all £1,0y € {0,1,...,4t}, a € {0,1,...,2t}, and where (ag, ,)¢'—g 4,0 i
an arbitrary vector from IF((;HH)Q. Then, C can correct t symmetric composi-

tion errors.

2.5.2 A Systematic Encoder &,

We construct next a systematic encoder &, for the previously proposed
codes.
Let r be the number of redundant bits in the proposed code construction.

We will show in Theorem 4 that for all n, one requires a redundancy that
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does not exceed

4[(4t +1)2(log(2n + 1) + 1) + log(2¢ + 1)
+ tlog ((4t + 1)*(log(2n + 1) + 1) + log(2t + 1)) ]

1
+3 log(n) + 5.

One can show that 7 does not exceed 156t?log8n. Thus, r = O(t*logn).
Furthermore, r does not exceed 156t log 8k+156¢* (1), where £ is supremum
over all K > 0 such that n > 156(1 + x)(t*log8n + 1). To express the
redundancy in terms of the information length %k, we upper bound ct? logn,

where ¢ is a constant, as follows. First, we write

—k+k
ct?*logn = ct? (logk + log (%)) .

Then, we upper bound the term log ("’T’”k) using the Taylor series for log(1+

x) and the linear term involved to arrive at log (”_—:*k) < "T_k For ky
large enough and for all k£ > ko, "T_kct2 can be upper bound by a constant
independent of n and k under the given parameter assumptions.

The encoder &, takes as input the string u € {0,1}"", where # > 0 is a
redundancy to be precisely specified later, and it produces a string s. The

evaluations of the polynomial Ps(z,y) is stored in
(wl,wQ, . ,wg) mod 2,

where we recall that w; stands for the cumulative weight of compositions of
length @ in C(s).

Let & : {0,1}™ — {0, 1}m*tle™ he a systematic encoder for a code with
minimum Hamming distance 2t + 1 that inputs a string of length m and
outputs a string of length m + tlogm. We will use this encoder with m =
(4t+1)*(1+1og(2n+1)) +log(2t+1). Clearly, such a code exists since binary
BCH codes of odd minimum distance have the desired set of parameters.

Encoder &, : {0,1}"" — {0, 1}

Input String u € {0,1}"".

Output Symmetric t-error-correcting codestring s € {0, 1}".

1. Let a € [F, be a primitive element and let ¢ be an odd prime > 2n + 1.
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For (1,05 € {0,1,...,4t}, set ag 4, = Pu(a't,a"), a = (ag1732)§f20752:0.

Let a = wt(u) mod 2t + 1.

2. Let § = &(a, a) € {0,1}7.

>7) 2 mod 2, if j is odd and 5,1 = 0,
2
5= s+ 1mod 2, if jis odd and 51 = 1,

0, if 7 is even.

4. Set s =0uz € {0,1}", where 0 is an all-zero string of length L.

The t-error-correcting code Sé%(n) is generated by the following two-step

procedure:

e An information string of length £ is first encoded using the reconstruc-

tion code Sg, resulting in the string u € Sg(n — 7).

e The string u is passed through the encoder &, ,, resulting in the code-
string s = & ,,(u) € Sgg(n)
Based on the above analysis, we set 7 to be the smallest integer > r —
(3log(n) + 5) that is divisible by 4.
The redundancy of the code may be calculated as follows:
1. Since ¢ > 2n + 1, every ay, 4,, 1,0 € {0,1,...4t} requires at most

1+1log(2n+ 1) (due to the fact that given any positive integer x, there

exits a prime number between x and 2z).

,'2

2. Note that a requires log 2¢ + 1 bits of redundancy. Thus, 7 is at most

(4t + 1)*(1 + log(2n + 1)) + log(2t + 1)
+ tlog((4t + 1)*(1 + log(2n + 1)) + log(2t + 1)).

3. As already observed, the reconstructable string u requires at most

1 .
3 logn + 5 bits of redundancy.

The redundancy of the encoder &, ,, is O(t*logn) bits.

We find the following claims useful in our subsequent derivations.
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Claim 5. At Step 3 of the encoding procedure, for odd j € [g], one has

J
Sip1 = Zl z; mod 2. (2.10)

This claim obviously follows from the definition of the string z.
Recall next that for a string s € {0,1}", its 221 sequence (o1, 09, . . . ,0[%1) €
{0,1,2}121 equals 0; = s; + Spy1_i. As a result of Step 4 of encoding with

Ein, we have the next result.

Claim 6. For j € [Z],

Zj = U§+17j.

The next claim connects the quantities w; and s, defined in Step 2 of the

encoding procedure.

Claim 7. For j € Z, the following holds
wy; = 5; mod 2.
Proof. The result is a consequence of the observation that

Wa; EQ]'LUl — (2] — 1)0'1 — (2] — 2)0'2 — T 0251 mod 2
=01 +03+- -+ 02j-1 mod 2,
where the first line follows from Equation (2.1). From Claims 5 and 6, and

the previous observation, and the fact that we set z; = 0 for even values of

7 in Step 3 of the encoding procedure, we have

2j—1 2j—1

wyj = E oj = E zj = 5; mod 2.
i=1 i=1

]

The next result will be used to prove the main finding regarding symmetric

error-correction codes, as stated in Theorem 4.
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Lemma 6. The collection of strings
C= {s :8=&n(u),ue {0, 1}”4}

constitutes a symmetric t-error-correcting code.

Proof. In order to prove the result, we will describe how to recover Sg(x,y)
given Ss(z,y), where Sg(z,7) is the result of at most ¢ composition errors in
Ss(x,y) for a codestring generated according to & ,(u) = s.

We begin by forming the string
W = <w2w4w§>

One can obtain w from S’S(x, y) by summing up the 1s in all compositions of
length two to get wy, summing up the 1s in all compositions of length four
to get wy, and so on. For simplicity, let w = <w2, Wy, . . . ,wg) for the string
S.

Since there are at most ¢ composition errors in Sg(x,y), it follows that
dy (W mod 2, w mod 2) <t

From Claim 7, since w mod 2 belongs to a code with minimum Hamming dis-
tance 2t + 1, we can recover w mod 2 from w mod 2. Then, given w mod 2,
we can recover s from Step 2 of the encoding procedure, and from § we can
determine @ = wt(u) mod (2t + 1). Using s, it is also straightforward to de-
termine z from Step 3 of the encoding procedure. Thus, wt(z) is determined
accurately as well. One can then easily determine the exact (yet potentially
erroneous) weight of u, since wt(u) = wt(s) — wt(z). Given wt(s), as deter-
mined from the sum of all compositions of substrings of length one, since we
know (1) | [wt(s) — wt(z)] — wt(u)] < ¢, and (2) a = wt(u) mod (2t + 1),

we can infer wt(u) exactly. Subsequently, we can recover
wt(s) = wt(u) + wt(z),

and from wt(s), we can determine d, and d,, the x and y degrees of the
polynomial Ps(z,y).

Next, we turn our attention to recovering the evaluations of the polyno-
mial Ps(af, af?) for £1,0, € {0,1,...,4t}. These, along with wt(s), suffice

41



according to Lemma 5 to recover s. From §, we can determine P,(a’,a?)
according to Steps 1 and 2 of the encoding procedure.

Let dyu = deg, (Pu(7,y)) and d,, = deg, (Pu(7,y)).

First, note that

PS(QJ,Z/) = P0<x7y) + y%<Pu(x7y) - 1)
+ gleuyatdin (P (2, y) — 1).

Therefore, since z is already known, we have

Py(a", ') = Po(a”,a”) + /5 (Py(a”, o) — 1)

4 @f1%deu g lox(GH+dyu) (Pz(ofl, 0/2) —1).

The proof of the claim now follows from Corollary 2. O]

We are left with the task of reconstructing the string s from its correct
composition multiset C'(s). Recall that if all pairs of prefixes and suffixes
of the same length are such that their weights differ, the string can be re-
constructed efficiently by the Backtracking algorithm. Also, recall that the
string s is obtained by concatenating three strings, i.e., s = 0uz. The prefix
of length % is fixed to be all zeros and can therefore be reconstructed imme-
diately. Lemma 6 allows one to recover the suffix z. Since u € §g(n — 7),
every prefix of length < [%] has strictly more Os than its corresponding
suffix of the same length. Thus, the Backtracking algorithm can efficiently
reconstruct the correct string s. This establishes the result of Theorem 4.

We conclude our exposition by describing another family of uniquely recon-
structable codes that can correct up to t composition errors in C(s). These
codes rely on the use of Catalan paths. Recall that Catalan paths of length
2h may be represented by binary strings that have the property that every
prefix has at least as many Os as 1s and the weight of the strings is h.

Let P(2h) C {0,1}?" denote the set of Catalan strings of even length 2h.
It is well known that the codebook P(2h) has approximately 2 logh bits
of redundancy, which follows directly from the expression for the Catalan

number C}, = %H(Q:)
The main differences between the polynomial construction and the Catalan-
based designs are that the former has a larger order of redundancy (O(t* log n)

compared to O(logn + t)) but also has an efficient decoding algorithm. At

42



this point, no algorithm scaling efficiently with both n and ¢ is known for the
Catalan-based construction.
The basic idea behind the construction is simple and it imposes two con-

straints on the underlying codestrings:

1. The Catalan string constraint: This constraint requires that the

codestrings be Catalan.

2. Parity symbols: The codestrings need to include 4t + 1 Os in the
prefix and 4t + 1 1s in the suffix.

Intuitively, the fixed prefixes of Os and suffixes of 1s, as well as the balancing
property of Catalan strings, ensure that for at least 4t + 1 choices of ¢, the
compositions multisets Cy(s) and Cy(v) of two distinct codestrings s and v
differ in at least one composition.

Throughout our subsequent exposition, due to the heavy use of subscripts
and superscripts, we write —i instead of n — ¢ + 1 for all indices used.

Let

C(n, 1) :{s € (0,1} : 51 ... 5441 =00...0, (2.11)
S_4t—1S—-4t ... S—_1 = 11... 1,

S4t+2 S4¢43 ... S_44—9 € 7)(77, — 2(4t + 1))},

where n is even.

We show next that C(n,t) is a ¢ symmetric composition error-correcting
code with O(logn + t) bits of redundancy. This redundancy is significantly
improved compared to that of the previously described polynomial evaluation
construction.

Henceforth, S; A Sy = (S1\ S2) U(S2\ S1) is used to denote the symmetric

difference of two sets S; and S,.
Theorem 8. The code C(n,t) can correct t composition errors.

Proof. We prove the result by showing that any pair of distinct codestrings
s, v € C satisfies
IC(v) AC(s)| > 4t + 1,

which implies the desired result.
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Suppose that i is the smallest integer such that either s; # v; or s_; # v_;.
Since the first and last 4¢ + 1 bits of each codestring are identical and since
every Catalan string begins with a 0 and ends with a 1, we have ¢ > 4t 4 3.

Next, assume that s_; # v_;,s; = v;. The cases s; # v;,s_; = v_; and
S; # v, S_; # v_; can be proven similarly by considering the reversals of the
strings s and v.

Consider the compositions of the following two substrings:

sl’i’1 =8182 ...5_;_1,

Vl_i_l =V1U2 ...V_;_1.
We claim that wt(s;"™") # wt(v;""!), which implies c(s;" 1) # c(vi™!).
This follows from the Catalan constraint, which ensures that wt(s) = wt(v),
the assumptions that s_; # v_;, s_;; = v_;,;, s ' = v{ ', and from the
choice of i.

As a result, we have

Next, we establish that c¢(s;""!) € C(v) A C(s). Forany 1 < j <i+1, we
have the following equality that holds for substrings of s of length n — 7 :

wi(s; ) = wi(si) + wt(s;) + wt(s_{ ).
To prove this result, we consider the strings of length n — ¢ that are in the
symmetric difference C'(v) A C(s). In particular, we consider the following

three cases:

1 j<i—1,
2. j =i,
3. j=i+1.

Clearly, for the first case it holds that

‘—(i—j+2)> _ Wt(vj—(i—j+2)>.

wt(s;

For the second case, due to the constraints that sy 19 S4v3 ... S_41—2 € P(n—
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2(4t+1)), 81 ... Syer1 =00 ... 0and s_g41 S_4¢ ... -1 = 11 ... 1, it follows
that s;"~' contains more Os than 1s, but v;? contains more 1s than Os.
A similar argument may be used for the third case, and it can be shown
in this case that vi; also contains more 1s than 0Os, which implies that

c(s7"1) € C(v) AC(s), as desired. In other words, we consider substrings of
—(i-7+2)
J

where 1 < j < ¢ — 1, the substrings of length n — ¢ in v and s have the same

—(i—j+2)\ —(i—j+2)
i ) = Wt(Vj

not affect the compositions in C'(v)AC(s). This covers the first case, Case 1.

Hence it remains to show that c¢(s7"™!) # ¢(v;"7*?) for Cases 2 and 3 (when

length n—i (because s;*~! has length n—i), of the form s . For the case

compositions, since wt(s ). Thus, these substrings do

i=jand i=j+1). For the case i = j, Wejhave c(sl_(l_l)) # c(v;?), since
sl_(i_l) has more Os than 1s, whereas v; > has more 1s than 0s. For the case
Jg=1+1, c(v;rll) also has more 1s than 0s. This completes the claim that
for | =1, c¢(s; ') = c(s;") € C(v)AC(s). The case [ > 2 can be analyzed
similarly.

Based on the discussion above, it is straightforward to identify additional
substrings whose compositions lie in the symmetric difference of C(s) and
C(v). In particular, if we can show that for every [ € {2,3,4,...,4t+1} one

of the following two claims is true:
L c(s;" ') e C(v) AC(s), or
2. c(v;"™h) e C(v) A COfs),
then |C'(s) A C(v)| > 4t + 1.
For [ € {2,3,4,... 4t + 1}, it is straightforward to see that

wi(s; 1) # wi(vi ).

Without loss of generality, we may assume that wt(s; ™) < wt(v;*~!). Then
c(s; 1) € C(v)AC(s). Similarly as before, for any [ < j < i+, the following
holds for substrings of s of length n —¢ — [ 4 1:

—(i—j+I41)

—(i—j++1)
) )

wt (s ) = wt(si 1) + wt(s; ) + wt(s_;
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If  <i—1, we have

Wt(sf(ifjJrHl)) :Wt(si- 1) —i—Wt(S-ﬁi) —I—Wt(S:EjjleJrl))

J 7 7
=wt(viT) + wi(vi?) + wt(vIi )

f(i—j+l+1))

=wt(v;

For the case 5 > ¢ > 4t + 3, note that sl_i_1 contains more zeros than ones
—(i=j+l+1)
J

but for j > ¢ — 1, the substring v contains at least as many 1s as

0s. Therefore, for any j > ¢ — 1,
(s 1) # oy, ).

We are left with analyzing the compositions of substrings of length n —¢ —
[+ 1 in v to the left of v;*~'. Since every codestring in C(n,t) starts with
4t 4+ 1 0Os, it follows that for any j <1

Wt(vj—(i—j—&-l—i-l)) < Wt(vj—_(z‘l—(j—l)H—i-l)).

Furthermore, since wt(s; ") < wt(v; "), it follows that for any j < [,

wt(s; ) < w(v; (),

Thus, ¢(s; ') € C(v) A C(s). This completes the proof. O

The result of Theorem 4 may be used to prove Theorem 5 since the number
of redundant bits, O(log k +t), is a direct consequence of the code construc-
tion described in Equation (2.11).

The reconstruction time for the described codes for a constant number

n+1
of errors t is polynomial in n. To see this, consider the (( 2 )) possible

choices for errors in distinct compositions. Each compositiont can be cor-
rupted in at most n different ways (for the composition corresponding to the
whole string this number equals n). Thus, given an erroneous composition
multiset C(s), there are at most ((ngl) )n' candidate true composition mul-
tisets {C(s), C%(s),...C™(s)}, where m = O(n3). Thus, by reconstructing
the strings as given by the compositions {C"(s), C?(s),...C™(s)} using the

Backtracking algorithm, we can recover the string s in O(n*"3!) time.
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2.6 Open Problems

Many combinatorial and coding-theoretic problems related to mass error-

correcting codes remain open and are listed below.

e In Sections 2.3, 2.4 and 2.5 we showed that the number of redundant
bits sufficient for unique and efficient reconstruction without errors and
in the presence of a constant number of ¢ errors equals O(logk) and
O(t*log k), respectively. Lower bounds on the number of redundant

bits are still unknown.

e The decoding algorithm used in the proof of Theorem 3 is efficient
only if the number of errors, ¢ is a constant. We are unaware of string

reconstruction algorithms that are efficient both in ¢ and n.

e We addressed the string reconstruction problem when the errors are
either asymmetric or symmetric. However, MS/MS errors are often
bursty and context-dependent. Thus, studying other error models is of

interest.

e Several problems outlined in [7] also remain open. We restate two
of those problems for completeness: (1) Improve the upper and lower
bounds on the number of confusable strings. (2) Determine explicit
polynomial-time algorithm for string reconstruction problems, the ex-
istence of which was established in [32-35].
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CHAPTER 3

MULTIPLE CODED STRING
RECONSTRUCTION

3.1 Introduction

Modern digital data storage systems are facing fundamental storage density
limits and to address the emerging needs for large volume archiving, it is of
importance to identify new nanoscale recording media. Recently proposed
DNA-based data storage paradigms [2-6,36-38] offer storage densities that
are orders of magnitude higher than those of flash and optical recorders
but the systems often come with a prohibitively high cost and slow and
error-prone read/write platforms. To mitigate the issues associated with
potentially ambiguous data reconstruction and to correct a diverse type of
errors inherent to DNA sequencing technologies, several new coding solutions
that aid in string assembly, dealing with asymmetries in the readout channel,
and reconciliation of multiple string evidence sets were introduced in [25,28,
39-43] (see also the related and follow-up lines of work [44-49]).

As an alternative to DNA-based data storage systems, polymer-based data
storage systems [2,36] are particularly attractive due to their low cost [2].
In such platforms, two molecules of significantly different masses are syn-
thesized to represent the bits 0 and 1, respectively. The molecules are used
as building blocks in the sequential process of recording user-defined infor-
mation content. The obtained synthetic polymers are read by tandem mass
(MS/MS) spectrometers. A mass spectrometer breaks multiple copies of the
polymer uniformly at random, thereby creating prefixes and suffixes of the
string of various lengths. The readout system outputs masses of these prefixes
and suffixes. If the masses of all prefixes from a single string are accounted
for and error-free, reconstruction is straightforward. But if multiple strings
are read simultaneously and the masses of prefixes and suffixes of the same

length are confusable, the problem becomes significantly more complicated.
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It is currently not known which combinations of coded binary strings can
be distinguished from each other based on prefix-suffix masses and for which
code rates is it possible to perform unique multistring reconstruction.

In a related research direction, the problem of reconstructing a string from
an abstraction of its MS/MS output was considered in [7], under the name
string reconstruction from its substring composition multiset. The compo-
sition of a binary string is the number of Os and the number of 1s in the
string. For example, the composition of 001 equals 021}, indicating that 001
contains two Os and one 1, without revealing the order of the bits. The sub-
string composition multiset C'(s) of a string s is the multiset of compositions
of all possible substrings of the string s. As an illustration, the set of all
substrings of 001 equals {0,0,1,00,01,001}, and the substring composition
multiset of 001 equals {0*, 0%, 1%,0% 0*1!,0%1'}. Two modeling assumptions
are used for the purpose of rigorous mathematical analysis of this problem [7]
and in subsequent works [50-52]: (a) Using MS/MS measurements, one can
uniquely infer the composition of a polymer substring from its mass. (b)
When a polymer is broken down for mass spectrometry analysis, the masses
of all its substrings are observed with identical frequencies.

Under the above modeling assumptions, the authors of [7] established that
strings are uniquely reconstructable up to reversal provided that the length
of the strings n is one less than a prime or one less than twice a prime,
or whenever n < 7. The work [50-52] demonstrated that at most loga-
rithmic code redundancy can ensure unique reconstruction of single strings
drawn from codebooks based on Bertrand-Catalan strings or Reed-Solomon-
like constructions.

However, the assumption that MS/MS output measurements include masses
of all substrings is often not true in practice, as breaking the string in one
rather than two locations is easier to perform. In the former case, one is
presented with masses of the prefixes and suffixes. Thus, for the string 001,
one would observe the multiset {0',0%,1',02,0'1!,021'}. Furthermore, in
practice the contents of multiple strings are often read simultaneously, which
complicates the matter even further as it is not known a priori which prefixes
and suffixes are associated with a given string.

The problem addressed in this work may be formally stated as follows. We
seek the size of the largest code C'(h) of binary strings of a fixed length n

with a property we refer to as h-unique reconstructability. For any subcol-
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lection s;,8s,...,s; of h < h strings from C(h), one is presented with the
union M(s;) U M(s2) U --- U M(s;) of the prefix-suffix composition mul-
tisets, M(s;), i = 1,...,h, of the individual strings s;, i = 1,...,h. The
prefix-suffix composition multiset M(s) of a string s captures the weights
of prefixes and suffixes of the string s of all lengths. Unique reconstruction
refers to the property of being able to distinguish all possible h'-unions and
unambiguously determine the identity of the strings in the collection. Our
main result provides a construction for C'(h) that asymptotically approaches
1/h, under certain mild parameter constraints. The proofs of our results rely
on the use of Dyck and binary B, strings. For the latter, only constructions
and bounds pertaining to h = 2 and h = n have been known in the liter-
ature [53-55], while we provide new results for arbitrary even values of h.
We also introduce a simple scheme for combating missing prefix-suffix errors
in the pool and motivate the study of a number of new error-control coding
problems associated with mixture reconstructions.

This chapter is organized as follows. Section 3.3 introduces the problem, as
well as the relevant terminology and notation. Section 3.4 describes the code
constructions and the corresponding lower-bound analysis for the code rate.
Upper bounds are presented in Section 3.5. Error-control coding schemes are

described in Section 3.6, along with open problems.

3.2 A Short Note on Single String Reconstruction

Before we get to the essence of this chapter, we shall briefly discuss single

string reconstruction from the prefix-suffix composition multiset.

3.2.1 Reconstruction Codes

Consider the problem of string reconstruction from prefix-suffix composition
multiset. At iteration i, the backtracking algorithm employed therein first
identified the longest prefix-suffix pair not in the set 7;. However, for the
problem of single string reconstruction from the prefix-suffix composition
multiset, one readily has access to the same. Thus, the backtracking algo-
rithm as described in the previous chapter can be employed here as well.

Furthermore, the backtracking algorithm guesses only when the weight of
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the reconstructed prefix is the same as that of the suffix. Thus, the following

codebook Sg,_s(n) is a single string prefix-suffix reconstruction code as well.

For even n,
Skp-s(n) ={s €{0,1}",51 =0,s, =1, and (3.1)
371 C{1,2,...,n—1,n} such that
forall i € I,s; # Spi1-4,
for all 7 € [, S; = Sp+1—i,
S(z)nr is a Catalan-Bertrand string}.
For odd n,

n—1 n—1

n—1 n—1
Spp-s(n) = UsesR,p,s(n—l){Sl 2 0805, 82 1sh}
2 2

Claim 8. There exists single string prefiz-suffix reconstruction codes of length

n with redundancy O(logn).

3.2.2 FError-Correction Codes

Perhaps the simplest of errors are that of erasures, as the location of the
errors can be inferred. Consider a string s € Sg,—s(n). Clearly the set of
prefix (and correspondingly its suffix) compositions can be separated from
the prefix-suffix composition multiset.

Suppose a single prefix composition multiset is erased. Clearly from the
set of the suffix compositions, the string can be reconstructed. Thus, due
to inherent redundancy present in the evidence set one need not encode
redundancy to correct a single erasure. In the same spirit, if at most ¢
erasures occur in the prefix-suffix composition multiset, it suffices to ensure
that prefix and suffix composition multisets are such that even in the presence
of at most L%j erasures, one can reconstruct the string.

Consider the following coding technique:

e Given a string s € {0,1}", construct I(s) = si(s1 + $2)(s1 + s2 +
S3)...(s1+S2+ -+ sp) =1I(s)1(s)a...I(s),, where the addition is

over [F,.

e Encode I(s) using a BCH code such that the resulting string I(s) R/ (s),
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where R'(s) denotes the redundancy bits, is of length m — 1 and can

correct | £| erasures.

o Let R(S)l = R/(S)1+I(S)1; R(S)Qi = R(S)% = 1—R(S)2Z‘, and R(S)Qi_}rl =
R/(S)Z’ + R/(S)H_l + R(S)QZ’, for all 7 € [m - n — 1] R(S)m = R(S)l +
R(s)2 + -+ R(8)m-1.

e Encode s as R(s)sR(s).

Such a code can correct up to t erasures in the prefix-suffix composition

multiset.

Claim 9. There exist single string prefix-suffix reconstruction and t-erasure

error correction codes of length n with redundancy O(tlogn).

We now consider substitution errors. Consider a composition 01" corre-
sponding to a substring (prefix or substring) of length i. A substitution error
occurs if 0°1% is modified as 071" such that z +w = 2’ + w’. Now, consider
the case where at most ¢ composition substitution errors are allowed to occur

in the prefix-suffix composition multiset. Although it is true that either the

t
2

possible to discern the set with the fewer errors. Thus, the following simple

prefix or the suffix composition set has at most |%| errors, it is not always
modification to the scheme described above corrects for ¢ composition errors.

Consider the following coding technique:

e Given a string s € {0,1}", construct I(s) = si(s1 + $2)(s1 + 2 +
S3)...(s14+ S+ -+ 8,) = I(8)11(s)2...1(8),, where the addition is

over FFy.

e Encode I(s) using a BCH code such that the resulting string (s)R'(s),
where R'(s) denotes the redundancy bits, is of length m — 1 and can

correct t substitution errors.

o Let R(s)1 = R/(s)1+1(s)1; R(s)x = R(s),; = 1 —R(s)2, and R(8)2i41 =
R'(s); + R(S)iy1 + R(8)a;, for all i € [m —n —1]. R(s),, = R(s); +
R(s)a+ -+ R(S)m_1-

e Encode s as R(s)sR(s).

Claim10. There exist single string prefiz-suffix reconstruction and t-substitution

error correction codes of length n with redundancy O(tlogn).
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3.3  Problem Statement and Preliminaries

We start by introducing the relevant notation. Let s = s1...s, € {0,1}" be
a binary string of length n and let M(s) denote the composition multiset of

all prefixes and suffixes of s. For example, if s = 01101, then
M(s) = {0,01,012,0%12,0%1%, 1,01, 01, 01%, 0°1° .

We denote the set of prefix and suffix compositions of s as M,(s) and
M(s), respectively. For the above string, M,(s) = {0,01,01% 0%12,0%1%}
and M,(s) = {1,01,012,01%,021%}.

We seek to design a binary codebook C(n,h) C {0,1}" so that for any
collection of distinct strings si,ss, ...,s; € C(n, h) with b < h, the multiset

M(s1) UM(s2) U---UM(sz) (3.2)

uniquely determines the individual strings in the collection. We refer to a
code that satisfies (3.2) as an h-multicomposition code, or an h-MC
code. For simplicity, we often use M(S) to describe the multi-composition
set for S = {sy,89,...,8,}. We also say that C,(n, h) C {0,1}" is an h-prefix
code if for any two distinct sets of size < h, say S1,S52 C C,, M,(S1) #
MP(S2)'

The next claim establishes a useful connection between our problem and
the related problem of determining binary strings based on their real-valued

sum.

Claim 11. Given M,(s1) U M,(s2) U --- U M,(sy), one can determine the

real-valued sum s; + 89 + - -+ + Sp,.

Proof. We prove the result for h = 2 as the generalization is straightforward.
Suppose that si,s9 € {0,1}". Then, given M, (s1) U M, (s2), let n; denote
the total number of ones in the two compositions of prefixes of length ¢ in
the multiset (i.e., sum of their weights). It is straightforward to see that

S1 + Sy = tltg R tn, where tz =nN; —Nj_1, with Nng = 0. ]

Example4. As an illustrative ezample, consider the strings s; = 110100 and
sy = 101010, for which we have s; + sy = 211110. Clearly, (s1 + s2)1 = 2,

which we obtained by summing the compositions of prefizes of length one,
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i.e., 1+1=2. Next, it is easy to see that (s; +82)s = (81 +82)7 — (81 +82)1,
where for simplicity of notation we used (s; + 82)? to denote the sum of the
weights of the prefives of length two. A straightforward calculation reveals
that (s1 + s2)2 = (2+ 1) — 2 = 1. The other positions in the sum of the

strings can be determined similarly. 0

The above claim provides a useful connection between our problem and
the problem of designing binary B, sequences. A binary B sequence is a
set Sp(n) of binary strings of fixed length n such that for any two distinct
subsets of strings in Sy(n), say S = {s1,82,...,85,} # T = {t1,t2,...,t5,},

where hy, hy < h, one has

h1 ha

Here, addition is performed over the reals. To avoid possible confusion with
the naming convention involving sequences of sequences, we henceforth refer
to the above entity as collection of binary By, sequences or binary By, codes

of length n.

Example 5. Consider the set S2(6) = {110100,101010,110010}. It is easy
to verify that the real-valued sums of pairs of strings in Ss(6) are distinct.
Thus, S>(6) is a binary By code.

However, S(6) = {110100,101010,110010, 101100} is not a binary B
code since 110100 + 101010 = 110010 + 101100 = 211110. 0

Based on Claim 11, it is easy to identify two sufficient conditions for a set

of strings to be an h-MC code:

1. Condition 1: One can recover M, (s;) U ---UM,(sp) from M(s;)U

-+ U M(sp), for any choice of h distinct codestrings sy, ..., s,; and

2. Condition 2: The codestrings sy, ...,s; belong to a binary Bj code
Sh(n)

These observations will be used to construct h-MC codes in Section 3.4.
Note that the condition that the codestrings in an MC code belong to a Bj-
code is not necessary. For example, consider the case s; = 011, sy = 000,
s3 = 001, s4 = 010. Then, s; +sy = 011 = 83+ 54, but 01> € M(s1) U M(ss)
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and 012 € M(s3) U M(sy), so that {s;,so} and {s3,s,} are not confusable.
However, a direct consequence of Claim 11 is that the maximum size of a By,
code is at most the maximum size of a h-prefix code.

The best currently known upper bound on the rate of binary Bs codes is
5753 [56]. For h > 2 such that h # n, we are unaware of any other bounds
on the rate of binary By, codes other the ones presented in this work. We
show next that for sufficiently large code lengths, the maximum rate of an
h-MC code is at least %

3.4 A Constructive Lower Bound for A-MC Codes

We start with a binary B), code and introduce redundancy into the underlying
strings to ensure that given the multi-composition set of at most h strings,
one can separate the prefixes from the suffixes. Then, given the set of prefixes,
one can use the same idea in Claim 11 to recover the sum of the i codestrings
and hence the codestrings themselves.

Let Sp(n) C Fy be a By, code over Ff. It is well known that Sp(n) can
be constructed using the columns of a parity-check matrix of a code with

minimum Hamming distance > 2h + 1. Using this construction, we have

1 1
lim Elog |Sh(n)| = —.

n—0o0 h

For our problem and the underlying approach for solving it, we will also
make use of Dyck strings: A string s € FY of even length N is a Dyck string

if its weight satisfies wt(s) = &, and for i € [N — 1],

wt(s182...8;) = %W ) (3.4)

The approach for generating the code C'(N,h) C FY is to ensure that it

satisfies the following two properties:
1. A string s € C(N, h) is a Dyck string;
2. The set C(N, h) is a binary Bj, code of length N.

The first property ensures that the mixtures of prefixes and suffixes can

be partitioned into two sets, one containing all the prefixes and another
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containing all the suffixes. The second property ensures that given the prefix
set (or, alternatively, the suffix set) one can recover the codestrings using
the simple observation that the prefixes uniquely determine the real-valued
sum of the strings in the mixture. We illustrate these observations with an

example.

Example 6. Consider the binary By code S»(6) = {110100, 101010, 110010}.
Clearly, all three strings are Dyck strings as their prefives of any length con-
tain at least as many ones as zeros.

Next, write s; = 110100 and s, = 101010, so that M(s;) U M(sqe) = {1,1,
01, 12, 012, 012,0%12, 013,0%13,0%13, 0313,0313, 0313, 0313, 0312, 0312, 0212,
031,021, 0%1, 01, 0%,0,0}. Since s; and sy are Dyck strings, each of the string
prefizes must have at least as many 1s as 0s. Similarly, each suffiz must
have at least as many 0s as 1s. It follows from this observation that one can
easily recover the multiset M,(s;) U M,(s2) = {1,1,01, 12,012, 012,012,
013,0213,0213, 0%13, 0%13}.

Claim 11 ensures that given M, (s1)UM,(sz2), one can determine sq+sy =
211110. Since S3(6) is a binary By code, the sum s+ sy uniquely determines

the strings s; and ss. OJ

The next claim establishes the formal result that if the code C'(N,h) sat-

isfies these two properties, then it is an A-MC code.

Claim 12. Suppose that C(N,h) is a By code where for any s € C(N,h),
FEquation (3.4) holds. Then, C(N,h) is an h-MC code.

Proof. Similar to Claim 11, we prove the statement for the case where h = 2,
since the extension for general h is straightforward. In light of Claim 11,
we need to show that the property in (3.4) allows us to uniquely recover
M, (s1) U M, (s2) from M(sy) U M(sg). To see that this is indeed possible,
observe that from (3.4) both prefixes of length ¢ in M(s;) U M(sy) have at
least [£] 1s whereas both suffixes of length ¢ in M(s;) UM (s,) have at most
[1] 1s. O

To construct codes C'(N, h) of large cardinality, we perform a simple “bal-
ancing procedure” on each codestring s € S,(n) and then append O(y/n)
bits of redundancy to the beginning and end of s so that the resulting string
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has length N = n + O(y/n). Note that under this setup, it follows that for
any €, we have
1

1
N log Su(n)| = 7

log |C(N, )| = -

1
n+ kyn -
where k is a constant, and € > 0 can be made arbitrarily small for n suffi-
ciently large.

To maximize the rate of the coding scheme and combine the two constraints
that h-MC strings need to satisfy, we use two ideas. First, we use B}, strings
parsed into blocks that allow us to tightly control the weights of the code-
strings. Second, rather than working directly with the weights of strings as
described in (3.4), we use the running digital sums (RDSs). For a string
s € F, the RDS up to coordinate i is defined as R(s); = 2wt(sysy... ;) —i.
If the subscript ¢ is omitted, then R(s) = 2wt(s) — |s|, where |s| denotes the
length of s. Using the running digital sum, the constraint in Equation (3.4)
can be rewritten as wt(s) = [4] and R(s); > 0, i € [N].

The balancing procedure operates as follows: Let s € S,(n), and for sim-
plicity, assume that y/n is an even integer. We begin by parsing s into blocks
s; of length \/n, i = 1,...,4/n, so that s = sis5...s 5 € F3. Using s
we construct an auxiliary string u = ujuy...u 4 that is “approximately”
balanced following an idea similar to Knuth’s balancing, which operates on
blocks rather than individual symbols (please refer to Figures 3.1 and 3.2
for an illustration). We start by initializing u; = s;. For a binary string u,
we use U to denote the binary complement of u. For j € {2,3,...,/n}, we

define u; according to:

(

Sj, if R(lll l_lj_l) < O, and R(Sj) = 0,
§j7 if R(u1 . uj,l) < O, and R(Sj) < O,
u; = (35)
Sy, if R(u1 R u]'_l) =0, and R(Sj) < 0,
\gj, if R(u1 C llj_l) Z 0, and R(Sj) 2 0.

The next claim immediately follows from (3.5).

Claim 13. For any j € [/n], |R(uy...u;)| < \/n. Hence, the RDS of

complete collections of subblocks is bounded in absolute value by \/n.

We also have the following result.
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Lemma 7. For any i € [n], |[R(u);| < 2y/n. Hence, the RDS of any prefix of

u does not exceed % n in absolute value.

Proof. Suppose, on the contrary, that |R(u);| > 3Vn - For simplicity, we

2
%ﬁ, as the other case can be handled
similarly. Next, assume that j € [n] is the smallest index for which R(u); >
%ﬁ and that we may assume that R(u); = %ﬁ +1. Now, let j = ki/n+ ko,
where 0 < k2 < /n. According to Claim 13, since R(u); = %ﬁ + 1 and

ke < v/n, we have

will only consider the case R(u); >

S

< R(u1 c.. ukl_l) < \/ﬁ (36)

Based on (3.5), and since R(uy ... ug,—1) > ‘/Tﬁ, it follows that R(ug,) < 0 so
that
vn (3.7)

_\/ﬁ < R(uy, )e < DN

for any ¢ € [\/n]. Combining (3.6) and (3.7), we have that R(u)y, /mik, <

%ﬁ, which is a contradiction. ]

We now describe our encoder. Let u € {0,1}" be the string which is the
result of the procedure described in (3.5), and suppose that r € {0,1}V™ is
such that for any j € [v/n]:

1, ifu; #s;,
r; = i 7S, (3.8)
0, if u; = 8S;.

Using r, we now form a string s € C'(N, h), where N = n—l—% n, and assume
for simplicity that N is an even integer. The following claim is used in our

subsequent analysis.

Claim 14. Let v = 1%/2V"ru € {0, 1}"*7/2V™. Then, for any i € [n+ Z/n],

|R(v)i| < 5v/n.
Furthermore, for any i € [n+ 7/2v/n],

R<V)z > 0.
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We now append redundant bits to the string v described in Claim 14 in
order to get a string s € {0,1}" which is a Dyck string.! This results in the

following claim.

Claim 15. Let N = n+ i\/n be an even integer and let v = 1°/*V'ru €
{0, 1}"+7/2V™ be as defined in Claim 14. Suppose that w = wt(v). Then, the

=(Iv|-w)

string s = vz v0% 1s a Dyck string.

Now, assume that C'(N, h) C FY is constructed according to the procedure
outlined in Claim 15 and once again assume that N = n + g n is an
even integer. The next theorem is the main result of this section and it
establishes the correctness of our construction through the description of a

simple decoding algorithm.

Theorem 9. Suppose that s1,Ss,...,s, € C(N,h), where C(N,h) is con-
structed according to the balancing procedure operating on By, strings. Then,
given M(s1) UM(s2)U---UM(sy), we can uniquely determine {s,...,sp}.
Furthermore, for any € > 0, there exists n, > 0 such that for all N > n.,
< log|C(N,h)| > 1 — e

Proof. For simplicity, we prove the result for h = 2, as the extension for
general values h is straightforward. According to Claims 12 and 15, we can
recover M, (s1) U M, (s2) from M(s1) U M(sq) since sy, 89 are Dyck strings.
From M, (s;) UM,(s2), we can recover s; + s9 according to Claim 11. Given

ST = 15/2\/51'11111%_1”10%_('\’1‘_1“1) and So = 15/2\/51'21121%_1”20%_('\’2‘_1“2),

from the first n + % n coordinates of s; + s we can recover
(ry + ro,u; + uy) mod 2.

Next, for shorthand, write u = u; + us mod 2 = ujus. u; and o=

ri+rymod2=ry...7 4 Let G=1;...0,. Then, for j € [\/n],

5 uj, if r; = 0,
llj =
u; if r; = 1.

'Splitting the string into blocks of length m and then performing the “approximate”
balancing task over these blocks would incur a redundancy of * + c¢m, where c is a
constant. The redundancy is minimized when the summands are of the same order, /n.
This justifies the use of our partition choice.
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It is straightforward to verify from (3.5) that @ = s; 4+ so mod 2. Since
S1,89 € Sa(n) are By strings over F%, we can recover s; and sy from @, which

concludes the proof. O

3.5 Upper Bounds on h-MC Codes

Next, we derive an upper bound on the maximum rate of an h-MC code. To
this end, recall that C, C {0, 1}" is an h-prefix code if for any two subsets of
sizes h < h, say 1,8y C Cp, M,(S1) # M,(S2). Let C}(LMC)(TL) be the size
of the largest h-MC code of codelength n and suppose that C’,(Lp ) (n) is the
size of the largest h-prefix code of codelength n. Formally, we use R,SMC) to
denote the maximum asymptotic rate of an A-MC code,

1
RELMC) = nlggo sup ~ log |C£LMC) (n)].

We show next that when h is even, R;LMC) <1- % <1i T > Once again, for
simplicity of exposition, we focus on the case h = 2 before considering the
general result.

The next lemma states that in order to derive an upper bound on the
quantity R;LMC), we can limit our attention to prefix codes. The result follows
since the set of all suffixes is a function of the set of all prefixes provided the

total number of ones in each codeword is the same and known beforehand.

Lemma 8. For any € > 0, there exists an n. > 0 such that for all n > n.,

one has . |
MC
~1og |G (m)] < ~log |G (n)] +e.

Proof. To simplify the discussion, we focus on the case where h = 2; the
extension to h > 2 is straightforward. For w € [n], let C’éw) (n) C C’,SMC) (n)
denote the set of codewords of weight w in C’Q(MC) (n). By the pigeon-hole
principle, there exists a w* € [n| where |C’2(w*)(n)| > %|C§Mc)(n)|. Given two
codewords in C’éw*)(n), say S = {si1,s2}, we can easily determine M, (S).
Assuming that only the prefix composition set is known, the set M(S) can
be derived as follows. To determine the compositions of suffixes of length ¢,
for i € [n], we subtract from w* the number of ones in each prefix of length

n—i. For instance, suppose the compositions of prefixes of length n—1 of sy, s
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are {{11“*,0”_“’*}, {1w =1 O"‘w*H}}. Then, the length-1 suffixes of s;, s, are

{{1}, {0}}. This implies that n|CY (n)] = n|CS ) (n)] = |G (n)|, which
establishes the desired result. O

Let us first turn our attention to h = 2. For any s € Cép ) (n), we write s
ass =ab € C’Q(p) (n), where a € {0,1}*" equals the first an symbols of s and
b equals the last (1 — a)n symbols of s. We represent the codewords in the
codebook using a bipartite graph G = (Vp, Vg, E) with

Vp = {a € {0,1}*" :Is € CP(n) s.t. s = ab} , (3.9)
and
Vg = {b €{0,1}0-": 3Is ¢ P (n) st. s = ab} : (3.10)

In this setting, an edge (v1,v2) € E, with v; € Vp and vy € Vg, connects an
admissible prefix (vertex in Vp) to an admissible suffix (vertex in Vg) so that
every edge corresponds to a codeword in Cép ) and vice versa.

Let w € {0,1,...,an} = [[an + 1]]. We also find it useful to work with
another bipartite graph G = (VF()w), Vs(w), E(“’)) whose edges are a subset
of the edges in E. The partition of the vertices V®) = (Vlgw), Véw)) is such
that v; € V]gw) if and only if the prefix a € {0,1}*" represented by the
vertex v; in G has weight w, and in addition, v, € Vs(w) if and only if there
exists a v; € Vlgw) such that (vy,vy) € E. The set E® C E is such that
(v1,v2) € E®™) if v, € Vlgw) and vy € Vs(w).

The next result will be used in the proof of Theorem 10.

Lemma 9. The graph G™) cannot contain a cycle of length four.

Proof. Suppose, on the contrary that G contains a 4-cycle, say
(a;by, asbs, a;bs, asby).
Then,
M, (a;by) UM, (asby) = M, (azby) U M, (ajbs).

To verify the above claim, note that all prefixes of length an have to be
the same since M,(a;) U M,(az) = M,(az) U M,(a,). Furthermore, since
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wt(a;) = wt(ag) it is straightforward to verify that all prefixes of length
longer than an are the same among M,(a;b;) U M,(asbs), M,(azsb;) U
M, (a;bsy). But this contradicts the fact that the prefixes and suffixes in-

volved correspond to a 2-prefix code. This establishes the claimed result. [J
We are now ready to prove our upper bound on h-prefix codes for h = 2.

Theorem 10. For any € > 0, there exists an ne. > 0 such that for all n > n.
one has %log|C’§p)(n)| <2+e

Proof. In order to bound the number of codewords in C’Q(p ) (n), we will upper
bound the number of edges in the graph G = (Vp, Vs, E). To this end, we con-
sider the maximum number of edges in the graph G = (Vﬁ”), Vs(w), E),
It follows from the pigeonhole principle that there exists a w* € [[an + 1]]
such that

E|

> .
an+1

‘ Ew®)

Thus, + log ‘E(wm)’ can be approximated by & log ‘C’ép)(n)‘ for n sufficiently
large.

According to the previous lemma, G®@") cannot contain a 4-cycle. It is
well known that the number of edges in an m X my bipartite graph without

cycles of length 4 is at most [57]

1

mim3 + my + ma. (3.11)
Letting an = % in (3.11) so that m; = 2"/3 and my = 22"/3 gives
1 . 2 1
—10g‘E(w( N<Zto (-) .
n 3 n
This implies the desired result. O

The next corollary follows from the previous theorem and Lemma 8.

Corollary 3. A 2-prefiz code must have a rate bounded as RéMC) < %

Next, we consider the extension to the case where h > 2 based on the
same approach. Let C’,(lp ) (n) denote an h-prefix code of length n. As be-

fore, we represent our codewords using a graph G = (Vlgh),VS(h),E(h))
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as defined in (3.9) and (3.10), except that (a,b) € E® if and only if
(a,b) € C,(lp )(n) As before, we will also work with the bipartite graph
Gwh) = (Vlgw’h), Vs(w’h),E(w’h)) C G™ which is restricted to only use pre-

fixes of weight w. Our next lemma is a natural generalization of Lemma 9.
Lemma 10. The graph G cannot contain a 2h-cycle.

Proof. Suppose, on the contrary, that the statement in the lemma does not
hold and that (ai,by), (b1,as), (ag,bs), ..., (an,by), (bp,a;). Then, we

have:

a b, asby, asbs, ... ayby € C’}(Lp)(n), (3.12)
but also that

bias, beas, bsas, ..., bya; € C,(Lp) (n). (3.13)

Since all the prefixes in G™" have weight w, it is straightforward to verify
that the set of codewords from (3.12) and the set in (3.13) have the same

prefix composition multisets. [

The next result follows from the same arguments used in Theorem 10 and

Corollary 3.

Theorem 11. For odd h, RéMc) < % For even h, R;LMC) <1-— % <1i;>'
h

Proof. The result follows using the same arguments as those described in
Theorem 10 and by noting that the maximum number of edges in a m; X
msy bipartite graph that does not contain a cycle of length 2h is at most
(mlmg)h+1 h 4+ mq +my when h is odd [57]. For the case when h is even, the
maximum number of edges is mfzi’f mQ% + my + my [57]. O

As a final note, we observe that the work in [54,55] also considered the
case of nonbinary By, codes for h = 2. The main result is that for a large
enough alphabet, the maximum asymptotic rate of nonbinary Bs codes is at

1
most 3
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3.6  Error Models and Error-Correction

The MS/MS readout technique is error prone. Often, not all the masses of
prefixes and suffixes are measured and/or reported. Furthermore, polymer
fragmentation causes the loss of some atoms and creates errors in the actual
mass values; as a result, some fragments can gain or lose in mass value based
on how the fragment was created.

Mass errors can lead to issues in the process of mixture reconstruction and
hence, in what follows, we first describe common error patterns in MS/MS
readouts and describe simple techniques that can be used to correct them.
In all the described error-modes, as throughout the whole text, we tacitly
assume that one can actually determine the length of the prefixes/suffixes
based on their masses. This is possible if the masses of Os and 1s differ
significantly (for example, if the masses of the 1 or 0 molecules differ by at
least n) or if other design criteria are met.

Converting practical mass errors into abstract error models is rather chal-
lenging. This is why we first describe how to model such errors, and in
particular, errors that cannot be automatically detected and corrected. The
focus of the first part is missing prefixes or suffixes. We start with the de-
scription of the effect of such errors on the process of reconstructing a single
string, and then proceed to describe how missing string errors affect the re-
construction of a mizture of multiple strings. In both settings, we break
up the discussion into two cases: One, in which we explain how to use the
natural redundancy ensured by the presence of both prefixes and suffixes
of the string to identify and correct errors; and another one, where we ex-
plain how to add controlled redundancy to mitigate the effect of MS/MS
errors. In the latter case, we describe several simple error-control schemes
that either add redundancy to the Bj strings themselves, and/or use un-
equal error-protection for various substrings in the Dyck-B; codestrings as
well. Furthermore, based on the approach that converts prefix /suffix masses
into sums of codestrings, we introduce a straightforward idea for encoding
that uses integrals and derivatives of strings.

Consider a prefix-suffix composition multiset M(s) of a Dyck string s
of length n. A single missing composition can be identified and corrected
without coding redundancy: Since either M,(s) or M,(s) is available for

reconstruction, one of these two multisets will contain no errors and can
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consequently be used for error-free reconstruction. The following example
illustrates that it is not always possible to reconstruct M(s) of a string s
from an erroneous prefix-suffix composition multiset M(s) that contains two

or more erasures if no redundancy is used.

Example 7. Let Mp(s) and Ms(s) denote the prefix and suffix composition
multisets of s with missing fragment errors, respectively. Furthermore, let

M(s) = M,(s) U M,(s).
o Consider the string s = 111000. Given
M ={1,13,013,0%13,0%1%,0°1%,0°12, 0%1, 0%, 0%, 0},

one can immediately see that a prefix composition of length two is miss-
ing. Since the weight of the string is three and the suffix composition

of length 6 — 2 = 4 is 031, it is clear that the missing composition is 12,

o Consider the same string, and the erroneous prefiz-suffiz composition

multiset
M ={1,13,01%,0%13,0%1%,0°1%,0°12, 0%, 0%, 0}.

Clearly, the composition of a prefix of length two and a suffix of length
four are missing. However, the constraints imposed by the prefix com-
positions 1 and 13 imply that the composition of the prefix of length two
is 12, Similarly, the constraints imposed by suffiz compositions 0312

and 03 imply that the composition of the suffiz of length four is 031.

e [n the third example, let the string be s = 110100, and the erroneous

prefiz-suffic composition multiset
M = {1,12,012,0%1%,0%1°%,0°1%,0°12, 0%1, 02, 0}.

From Mp one can reconstruct the partial prefix 110ee0 (where ‘€’ de-
notes that the corresponding bit cannot be determined from the proce-
dure described in Claim 11); similarly, from M, one can reconstruct the
partial suffix string 11e€00. By combining the partially reconstructed

strings with erasures, we can easily recover the bits in all positions
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except for position four, and then using a process similar to the one

described in the previous examples reconstruct s = 110100 and M(s).

o Neuxt, let
M = {1,12,01%,0%1%,0°1%,0%1°%,0°12, 0°1, 0%, 0}

Note that both M(111000) and M(110100) are consistent with the er-

roneous composition multiset and hence reconstruction is impossible.

O

Based on Example 7, a number of observations are in place (any com-
ment pertaining to prefixes also applies to suffixes and vice versa, due to

symmetry).

o If Mp is such that prefix compositions of lengths ¢, 1+1,:1+2, ..., 14+7—2
are erased, while compositions of prefixes of length i — 1, ¢+ j — 1 and
© + j remain intact, then the bits ¢,¢ + 1,2+ 2,...,i+ j,2+ 7 — 1 of
the prefix string cannot be inferred using the technique described in
Claim 11. Such a prefix composition list is said to have a contiguous

erasure burst of length j, starting at index 1.

e If the weight of the prefix composition of length ¢ — 1 is w;_; and
that of length ¢ +j — 1 is w;;;_;, then among the bits at positions
i, 0+1,942, ..., 14+75—2, exactly w;y,;_1 —w; are 1s, while the remaining

bit values are Os.

o If M is missing ¢ compositions, then either M, or M, is missing at

most | ] compositions.

Thus, in the presence of t prefix-suffix erasures, one is always able to recon-
struct the string with at most ¢ missing bits. The erasures that occur in the
prefix (suffix) strings are correlated and every erasure occurs as part of a
contiguous burst of length > 2. By comparing the string reconstructed using
prefixes with that using suffixes, certain types of erasures can be corrected
as further illustrated in Example 8. In summary, if at most ¢, prefix compo-
sitions are missing, and at most ¢, suffix compositions are missing, then one

needs to correct not more than 2 min {¢,,t;} erasures in the prefix (suffix)
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string, each occurring in a contiguous burst of length at least two. As will
be shown Section 3.6.3, the length-two bursts can be completely eliminated
from analysis and subsequent coding approaches by resorting to the use of
integrals of strings, which amounts to running sums (over the reals) of the

elements of the string [39].

Example8. Let us revisit EFxample 7. Given the following erroneous multiset
of the string s = 110100,

M = {1,12,012,0%1%,0°1%,0%1°,0°12, 0°1, 0%, 0},

from Mp we reconstructed 1100, and from M, we reconstructed 11e£00.
Using these two strings with erasures we were able to reconstruction the orig-
wmnal string.

Next, assume that we are instead given the multiset M = {1,12, 0?13,
0313,0313,0%12,0%,0}. From /\;l; we can reconstruct 11ee=0, and from M,
we can reconstruct 1leec00. By combining the two reconstructions we can
only recover 11e£00. The multiset M is consistent with both M(111000) and
M(110100). O

A simple observation for the ¢ missing prefix/suffix model is as follows. A
missing prefix composition of length ¢ can be recovered from a suffix composi-
tion of length n —4. Thus, the number of error patterns that can be corrected
without additional coding redundancy, independently of whether the string

is a Dyck string, is at least

202>

This follows from the fact that we can choose 0 < 7 < ¢ missing masses in the
prefix set, fix those ¢ masses in the suffix set as “observed” and then select
additional ¢ — ¢ missing masses from the remaining n — ¢ suffixes.

Based on Example 8, and by noting that prefixes are red from the left,
while suffixes are read from the right, define
Z, = {(ip, jp) s.t. the prefix string has a contiguous erasure burst of length

Jp starting at index i,},

and

Zs = {(is, Js) s.t. the suffix string has a contiguous erasure burst of length
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Js starting at index i}.
The prefix string is said to have a contiguous erasure overlap of length ¢
with the suffix string if there exists (i,,j,) € Z, and (is, js) € Zs such that
Jss Jp = € and either i, < iy, (i, + jp — is) = £ or is < ip, (is + js — ip) = L.
We say that the prefix string and the suffix string erasures do not overlap
if for all lengths ¢ > 1 the prefix string does not have a contiguous erasure

overlap with that of the suffix string.

Claim 16. A Dyck string s can be reconstructed from the prefix-suffix compo-
sition multiset M(s) without using error-correction redundancy if the missing

prefizes and suffixes are such that

o The prefix string and the suffix string do not overlap; or,

o The prefix string has exactly one contiguous erasure overlap with the

suffiz string, and the overlap is of length one.

We next turn our attention to describing the effect of missing prefixes and
suffixes on multistring reconstruction from the union of the underlying prefix-
suffix composition multiset, and detection/correction strategies that may be
used without resorting to controlled error-control redundancy.

As for the case of a single string, one missing prefix-suffix composition in
M(s1) U M(s2) -+ UM(sy) corresponding to the Dyck strings s, ss,.. .8y
can be easily corrected as either the union of prefix composition multiset
or the union of suffix composition multiset is error-free. But when more
than one error is present, it is not always possible to reconstruct M(s;) U
M(sz) - --UM(sp) from the union of the erroneous prefix-suffix composition
multiset M(s;) U M(sy) - -- U M(sy) as illustrated below. Here, we find the
following definitions useful. The partially reconstructed prefix of the sum of
strings constructed from the union of erroneous prefix composition multisets
using Claim 11 is referred to as the partial prefiz-sum string and its analogue

pertaining to suffixes is referred to as the partial suffiz-sum string.
Example 9.

o Let us revisit Example 4 under the assumption that we are given the
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erroneous multiset

M(t) UM(ts) = {1,1,01,1%,012,0%12, 013, 013, 0%1%, 0°13, 0°1°,
0°1%,0%1%,0%1%,0%12,0%12,0%1, 0°1, 0°1, 01, 0, 0, 0}.

Clearly, the composition of a prefiz of length three is missing. Thus,

using the union of the suffix composition multiset,

M (1) U M, (ts) = M, (t1) U M, (o) = {0°1%,0°1%,0%12, 0312, 0212, 0°1,
0?1,01,01,0%, 0,0},

one can easily determine t1 + to = 211110 using the procedure outlined
in Example 4. If one were to use M, (t1) U M,(ty) instead, while
setting aside the fact that a composition of length three is missing, the
same procedure applied to the third symbol of t1 + to would results in
wt(01%) — wt(01) — wi(1%) = —1, which is clearly indicative of an error.
A negative value in the partial prefiz-sum string or suffix-sum string is
a clear indication of one or more missing compositions or composition

errors in general.

In the next example, we assume that we are given the following erro-

neous multiset instead:

M(t1) UM(ty) = {1,1,01,12,012,0%12,01%,0%1%, 0%1%,0°1%, 0°1°
0°1%,0%1%,0%12%,0%12,0°1,0°1,0°1, 01, 0%, 0, 0}.

It is once again easy to see that a prefix of length three and a suffix of
length five are missing. Using the erroneous union of the prefix composi-
tion multisets, /\;lp(tl) U/\;lp(tQ), one can recover the partial prefiz-sum
21e€10, and stmilarly, using the union of the suffix composition multi-
sets, M,(t1) U M,(ts), one can recover the partial suffiz-sum e£1110.
By combining the two partial sums, one can recover t1 + to = 211110.
Note that the third bits in the two strings equal 0 and 1 or 1 and 0,
implying that the correct prefix compositions of length three are either
{012,012} or {1%,0%1}. Since {13,021} N M, (t1) U M,(ts) = &, one
can conclude that the missing prefix composition is 012. A similar line

of reasoning may be used to recover the missing suffiz composition 0312,
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e [n the third scenario, we are given the following erroneous multiset

M(t1) UM(ts) = {1,1,01,1%,012,0%12,0%1%,0%13,0%13, 0313,
0%1%,0%1%,0%12,0%12,0°1,0°1, 0°1,01, 0%, 0, 0}.

Here, one prefix of length three and one of length four are missing, as
well as a suffix of length four and another of length five. Using the
erroneous union of the prefiz composition multisets, M,(t1) U M,(t2),
one can recover the partial prefix-sum 21ece0, and similarly using the
union of the suffic composition multisets, My(ty) U M,(ts), one can
recover the partial suffiz-sum ee€110. By combining the two partial
strings, we obtain t;+te = 21£110. Since wi(t;+t2) = wi(t1)+wi(ts) =
3+ 3 =6, it must be that t, +to = 211110. Hence, as for the case of a
single string, one can recover the sum of the mizture strings even when

both the partial prefix and suffiz contain errors.

e [n the last example to consider, assume that we are given the erroneous

multiset

M(ty) UM(ts) = {1,1,01,1%,012,0%12, 013, 013, 0213, 0°1%, 0°1°,
0°1%,0%1%,0%1%,0°1%,0%1%,0%1, 01,01, 0%,0,0}.

In this case, the prefiz and suffiz of length three are missing. Using the
erroneous union of the prefiz composition multisets, Mp(tl) U Mp(tg),
one can recover the partial prefiv-sum 2110, and, similarly, using
the union of the suffit composition multisets, M(t1) U M. (t3), one
can recover the partial suffiz-sum 21e€10. However, for this case one
cannot recover the missing compositions or the sum of the two input
strings: Both M(111000) U M (101010) and M (110100) U M(101010)

are consistent with the given input erroneous composition multiset.

We hence have the following claim.

Claim 17. The sum over the reals of h Dyck strings si,Ss, ..., of length n

can be reconstructed from the union of their prefir-suffix composition multiset

with erasures M(s1) U M(sy) U---U M(sy) if
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1) The prefiz sum string and the suffix sum string do not overlap; or,
2) The prefix sum string has exactly one contiguous erasure overlap with the

suffix sum string, and the overlap is of length one.

As before, we remark that the multiset of all h prefix compositions of
length 1 < 7 < n can be recovered provided the complete multiset of A suffix
compositions of length n —1 is available. Hence, the number of error patterns
that can be corrected without additional redundancy is at least the number
of error patterns such that the missing prefix compositions of length ¢ can
be recovered from the complete set of suffix compositions of length n — 7 and
vice-versa. To that end,

1) Assume that erasures occur in compositions of exactly 1 < j < ¢ differ-
ent lengths. There are (?) different ways to choose these lengths.

2) For every i € [n], either the erasures are contained in the multiset of
prefix compositions of length ¢ or the multiset of suffix compositions of length
n—i. Thus, there are 27 different prefix-suffix composition error patterns for
the j different lengths.

3) An erroneous prefix-suffix composition multiset comprising strings of
length 7 contains between 1 and h errors. Thus, the number of error patterns
restricted to j composition lengths equals the number of positive solutions
of the equation t = t; + to + - - - + t;, such that ¢;,¢,,...,t; < h, and is well
known to be (;j) provided that t < h.

Thus, assuming that the number of missing oligos is ¢ < h and by adding up
all possible contributions for different choices of j, one can find a simple lower

bound on the number of error patterns that be corrected without additional
Lo\ [t—1 ' /n\ [t—1
> ()G -2 0)0)”
par SV o\ N\

3.6.1 One-Step Error-Correction

redundancy

In what follows, we present a simple scheme that can correct up to t miss-
ing prefix-suffix composition errors. Recall that the Bj codebook Sp(n),
described in the previous sections can be constructed using the columns of a
parity-check matrix of a code with minimum Hamming distance d > 2h + 1.

The idea behind our error-correction technique is to ensure that the real-
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valued sum of every h-string subset of the code is an error-tolerant codestring.
An approach to this problem was first proposed in [58] for the purpose of
designing signature codes for the noisy MAC problem (i.e., codes capable
of correcting errors in the syndrome of a received word) and it consists of
encoding the columns of a parity-check matrix H¥*", capable of correcting
h substitution errors, using a linear binary code that can correct |£| substi-
tution errors. Note that the parameter ¢ can be chosen independently of the
parameter h as long as | 5] < k < n. For encoding purposes, the authors
suggest using two binary BCH codes, so that H is the parity check matrix
of a BCH code of designed distance > 2h + 1, while the parity-check matrix
used to introduce error-control redundancy to the columns of H is also cho-
sen according to a BCH code with dimension k, length n and redundancy
not exceeding | %] log(n + 1), and capable of correcting at least || substi-
tution errors. Here and elsewhere in this section all logarithms are taken to
the base two unless stated otherwise. Clearly, the only difference is that in
our setting, we only encounter erasures in the coded strings (the augmented
columns), and hence can handle ¢ erasures.

Note that this construction, as pointed out by the authors, does not fully
exploit the fact that addition is performed over the reals and not over the field
F,. Asin the previous construction, H is the parity-check matrix of a binary h
substitution error-correction code. But instead of using another binary code
to protect the syndromes, [58] suggests finding the smallest prime p > h, and
using a linear code over F, (e.g., a Reed-Solomon code of length p—1) for the
syndrome error-control redundancy. The dimension of the latter code equals
n, and it is required that the code be able to correct ¢ substitution errors over
the field F,. Since the redundancy is nonbinary, each symbol of the parity-
check string is converted into a string of length log(p + 1), representing the
binary expansion of the symbol over IF,,. The binary expansions are stacked on
top of each other according to the given parity-check string. The interesting
observation is that, from the sum of the binary strings over the reals, one
can clearly obtain the binary expansion of the symbols in the sum, and then
generate the residues modulo p of the elements of the string to obtain the
redundancy information needed for decoding. The obtained code is linear.

Henceforth, we use the value N to denote the length of the uniquely recon-
structable strings h-M C with added error-control redundancy. It is not to be

confused with the parameter N from Section 3.4 as the notation is reused to
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avoid clutter. Also, as before, we let Sj(n) be a binary B), code constructed
using the parity-check matrix of a binary code with minimum Hamming dis-
tance > 2h+ 1, and to add the syndrome redundancy, we use a BCH code of
appropriate parameters. The main observation leading to the discussion of
our scheme is that due to our encoding method which uses the complementa-
tion/bit flipping procedure, we require an unequal error-protection scheme.
Recall that the substring r used in the construction described earlier is the
indicator vector for substring (of length y/n bits) flips. Errors in the r sub-
string may clearly cause a burst of “complementation errors” due to the fact
that r indicates if a string or its complement should be used. There are two
approaches one can follow, by either encoding the string to handle a larger
number of erasures independent on their location (the one-step procedure) or
by adding specialized redundancy to the r string (the two-step procedure).
The one-step encoding method is illustrated in Figure 3.3 and proceeds as

follows:

e Each string s € §,(n) is encoded using a BCH code into an interme-
diary string s’ of length m, capable of correcting ¢(y/m + 1) erasures.
The redundancy required is at most [57](y/m + 1) log(m + 1).

e The intermediary string s’ of length m is subsequently encoded via the
balancing procedure described in Section 3.4. The encoded balanced
string has length N and belongs to a h-MC' code capable of correcting

up to t composition erasures; here, N = m + %\/m which is at most

n+ [%1(% + 1) log(m + 1) + 137\/5

The parameter N can be further bounded by above by

n + f%}(\/ﬁ—k 1)logn + g\/ﬁ—ken\/ﬁ <(%1 logn + g) + f%}én,

[51(vm+1)log(m+1) and 8, = f%1(\/m+1)10g(m+1).

where €, = 5 -

As either the partial prefix-sum or the partial suffix-sum string has < t(y/m-+
1), the binary sum of the input strings can be recovered correctly. The
decoding procedure for strings involved in the sum is identical to the one

described in Section 3.4, and hence omitted.
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3.6.2 Two-Step Error-Correction

As observed in the one-step scheme, errors in the substring r cause blocks
of errors in the global string: Each erasure in r results in y/m additional
erasures, where m is the length of the approximately balanced strings. In
order to overcome this issue in a more tailor-made manner, one can use
unequal error-correction schemes that ensure that the binary sum of the r
substring components across the input strings can be recovered independently
from the rest of the string. The correctly reconstructed binary r sum can
then be used for subsequent decoding of the complete collection of input
strings. This two-step approach is illustrated in Figure 3.3.

As before, let Sp(n) be a binary By, code constructed using the parity-
check matrix of a code with minimum Hamming distance > 2h + 1 (say,
a BCH code). Furthermore, let N denote the overall length of the h-MC
codestrings with added redundancy for mass error-correction. The encoding

method is illustrated in Figure 3.3) and proceeds as follows:

e Each string s € Sy(n) is encoded into an intermediary string s’ of
length m; capable of correcting t erasures, using a BCH code. The

redundancy required is at most ¢ log(m; + 1), and
t

e Each intermediary string s’ of length m; is encoded into a Dyck string
using the procedure described in Section 3.4, to arrive at a second

intermediary string s” of length ms, where
17
Mo = M1 + 7\/7711.

e The substring r of the intermediary string s” is encoded into a code-
string rr’ of total length mg, capable of correcting t erasures. Let
my = mg — y/m; denote the length of r'. It is easy to see that
ma < [5]log(ms +1).

/

m, 18 converted into

e Since the string has to be balanced, r' = rir},...r

/
mga—1

7' s, Where r/; =1 — 7l

zZ=rir'ryr’y. o :

e The balanced redundancy z is appended to the r substring of the in-
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termediary string s”. Also, a bit 1 is added to the prefix of 1s and a
bit 0 is appended to the suffix of 0s to preserve the Dyck property of
the string.

The length of the coded string equals
17
N=my+ ?\/ml + 2(m3 — /m1) + 2,
and upper-bounded in terms of the length n as
t 17 t
n+ [51 (logn + u,) + 7\/5(1 +v,) + [51 (logn + py) + 26, + 2,

_ [$1log(mi+1)+1 _ [$7log(mi+1) _ tlog(ma+1)+1
where p,, = 22—y, = 2200 and 6, = \/”jﬂ f’og(mlﬂ).

n

3.6.3 Composition Error-Correction Using String Integrals

One observation that is apparent from the previous examples is that era-
sures/errors caused in one mass propagate to one more error when used to
reconstruct the real-valued sum of the strings. One simple means to mitigate
this problem is to use running sums of symbols, in which case the errors
cancel. A more precise explanation for how to perform encoding with this
approach in mind is as follows.

Without loss of generality, suppose that ¢, < t,. In this case, it is always
possible for the errors in the suffix string to be such that we receive no
additional information by considering both the prefix and suffix string, and
so the problem at hand becomes to recover s from a set of at most n — ¢,

prefix compositions.

Claim 18. Suppose that C(n,d) C F} is a code with minimum Hamming
distance d = min{t,,t,} + 1. Let s € T} and fix wt(s) = wo. Let M,(s) be
the result of removing t, compositions from M,(s), and ts compositions from
M,(s). Then, we can recover s = 815y ... 5, € {0,1}" from M,(s) provided
that

s1 (814 82) (s1+s2+83) ... ZS]‘ € C(n,d).
j=1

Proof. Without loss of generality, assume that t, = min{¢,,¢;}. The re-

sult follows since for i € [n] the value of the i-th component in the string
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s1(s1+82) (s1+82+s3) ... D0 55 € C(n,d) can be recovered by sum-
ming the number of 1s (modulo 2) in the i-th prefix composition. The claim
then follows since we know the lengths of the compositions that are miss-
ing from the set M, (s) and can hence recover the string s, (s1 + s) (51 +
g+ 83) ... > ;1 sj, where s € Fy, from which s can be then determined
uniquely. Note that for the case that ¢, = min{¢,, ¢}, since the weight of
s is known, a missing composition of a prefix of length ¢ can be recovered
from the known composition of a suffix of length n — 4. Thus, ¢, + ¢, missing
compositions in M,(s) can be recovered from M,(s) and wy. This concludes

the proof. O

Using the result of Claim 18, we can encode our mixture-strings using the

following encoding technique:

e Given a string s € {0,1}", construct I(s) = si(s1 + $2)(s1 + 2 +
S3)...(s1+S2+ -+ 8,) =1(s)11(8)a...I(8).

e Encode I(s) using a BCH code such that the resulting string (s)R'(s),
where R'(s) denotes the redundancy bits, is of length m and can correct
[%J erasures. To ensure that the redundancy is itself properly balanced,
we write R(r); = R'(r); + I(r)1; R(r)e; = R(r),, = 1 — R(r)y, and
R(r)9i41 = R'(r);+ R'(r);r1+ R(r);, for all i € [m —n— 1], where m, n

are as described in the encoding scheme of Section 3.6.3.
e Encode s as sR(s).

To apply the above procedure, we need to be able to partition the prefix
and suffix compositions of the sR(s). This is easily achieved when sR(s) is a
substring of a Dyck string such that the composition of the prefix preceding
the sR(s)-substring in the Dyck string is known. In particular, since the sub-
string sR(s) occurs after the runlength of 1s in the construction of Section 3.4,
the prefix compositions of the constructed string sR(s) can be recovered by
subtracting the weight of the leading runlength of 1s from the corresponding
compositions. Consequently, sR(s) satisfies the conditions of Claim 18 and
the code is linear. Thus, the binary sum of multiple strings constructed using
this technique also satisfies the conditions supporting Claim 18.

In conclusion, the t-erasure-correcting two-step procedure can be replaced
by the |%] error-correcting technique outlined above. This results in an

2
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overall reduction of the redundancy by a factor of two, but adds to the

encoding complexity.

3.6.4 Correcting Prefix-Suffix Mass Substitution Errors

We now briefly turn our attention to describing how substitution errors in
prefix-suffix compositions influence the reconstruction process. As already
pointed out, in practice we often observe a larger mass being reported as a
smaller mass due to losses of atoms during the fragmentation process. Such
errors can be modeled as asymmetric errors in which a bit equal to 1 in a
prefix or suffix compositions is replaced by a 0. For convenience, we refer
to such errors as mass reducing substitution errors. In the previous exposi-
tion, we illustrated the fact that the union of the prefix-suffix composition
multisets and the sum of the input Dyck strings can be recovered even in
the presence of a single erasure without additional redundancy. However,
the same is not always true for mass reducing substitution errors, and hence
the problem of correcting such errors is significantly more challenging. We

illustrate this issue in Example 10.
Example 10.

1. Consider the following codebook of Dyck strings {110100 , 101010 |,
110010, 111000}, and select t; = 111000, to = 110100. The error-free

union of the prefix-suffix multisets of the strings equals

M(t) UM(ty) = {1,1,1%,12,1%,01%,01%,01°, 0%1°, 0%1%, 013, 0%17,
0°1%,0%1°,0%12,0%12, 031, 0%1*, 0%, 0°1, 0%, 02, 0, 0}.

Using the defining property of Dyck strings, from M(t1) U M(ts) one

can reconstruct the multisets

M, (t1) UM, (ts) = {1,1,1%,1%,1° 01, 01°,01°,0°1%,0%1°, 0°1%,0°1°}
and

M (t1) UM, (t2) = {0°13,0%1%,0%12,0°1%, 031", 011, 0°, 0%1, 0%, 02,0, 0}
Now, assume that one composition in the union, 12, is erroneously read
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as 0%. Thus, in the presence of such an error, we obtain a different

partition of compositions into prefix and suffix sets,

M (t1) UM, (ts) = {1,1,1%,1%,01%,01°,01%,0%1°, 0°1°, 0°1%, 031°},
M (1) U M, (te) = {0%13,0°1%,0%12,0°1%,0°1*, 031, 0%, 0%1, 0%, 02,
0%,0,0}.

If it were known a priori that at most one mass reducing substitution
error occurred, then an tmmediate conclusion would be that the compo-
sition of a prefix of length two was erroneously read as a suffix. Noting
that the suffiz compositions of the Dyck strings of length n — 2 = 4 are
0311, 0311, 4t must be that the correct prefiz compositions of length 2 are

12 and 12. Thus, from the corrected multiset
M, (1) UM, (ts) = {1,1,1%,1%,1° 012,01, 01%, 01, 0%1%,0°1%, 0°1°},

one can easily compute t; + to = 221100.

. Next, consider the strings to = 110100 and t3 = 110010. Their error-

free union of prefir-suffiz multisets is given by

M(t2) UM(ts) = {1,1,1%,12,01%,01%,01%,0%1%,0%1%, 0?13,
0%1%,0%13,0%12,0%13,0%12, 0312, 031"
0%1',0%1,0%1,07%, 01,0, 0}.

Using once again the defining properties of Dyck strings, from M(t1)U

M(ta) we can reconstruct the multisets

M, (t2) UM, (t3) = {1,1,1%,12,01%,01%,01°,0°1%,0%1%,0%1%,0°1°, 0°1%}

and
M () U M, (t3) = {0°1%,0%1°,0%12, 0312, 0%1*, 031", 0%1,
021,0%,01,0,0}.
In addition, let us also examine the strings t; = 111000 and t3 =
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110010. Their error-free union of prefix-suffix multiset is given by

M) UM(ts) = {1,1,1%,12,1%,01%,01°,0*12, 0*1%, 0*1°, 0°13, 0°17,
0°1%,0%1%,0°1%,0°12, 0*1*,0°1%, 0°,0°1, 0, 01, 0, 0}.

In this case,

M, (ta) UM, (t3) = {1,1,1%,12,1°,01%,01°,0%1%,0°1°, 0*1°, 0°1%, 0°1°},

M (t1) UM, (t3) = {0°1%,0%1,0%12,0°1%, 0°1*, 011, 0%, 0%1, 0%, 01, 0, 0}.

Given the erroneous union of prefiz-suffiz composition multiset of two

strings

{1,1,12,1%,0%,01%,01%,0%1%,0%1%,0%1%,0°1%, 0°1°,
0°1%,0%1%,0%1%,0%1%,0%1, 0°1', 01, 0%1, 0, 01, 0, 0},

the following scenarios are possible:

a) In M(t2) UM(t3), the prefiz composition 012 was changed to 0°, or
b) In M(ty) U M(t3), the prefiz composition 13 was changed to 0*1.
Thus, in the presence of even a single mass reducing composition error,
without additional coding redundancy, neither the union of the prefiz-
suffiz composition multiset nor the sum of the strings can be uniquely

reconstructed.

. In the final example, let us revisit the strings to = 110100 and t3 =

110010. Given the erroneous composition multiset

M(ty) U M(ts) ={1,1,12,01,01%,012,01%,0%12, 0%1%, 0213, 0°1%, 0°1°,
0°1%,0%1%,0%12,0%12, 0%1*, 0%1', 0%1, 0%1, 02, 01, 0, 0},

one can recover

M, (t2)UM,(ts) = {1,1,12,01,01%,01%,01%,0%12,0%1%, 0713, 0°1%, 031%}
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and

M, (t2) UM, (t3) = {0°1%,0%1°,0°12, 0°12, 01, 0°1",
01,071, 0% 01,0,0}.

Noting that the prefix compositions 12,01 are not compatible with the
suffiz compositions 031,031, we conclude that one of these four com-
positions must be in error. Hence, either the prefix sum string 211110
or the suffix sum string 220110 is correct and we can examine both

settings to determine the possible solutions.
O

In summary, the examples above illustrate that a single mass reducing
error can always be detected but not necessarily corrected. For the special
case where a composition of a prefix or suffix of length ¢ is replaced by the
composition of a prefix or suffix of the same length, a simple modification to
the coding technique described for correcting ¢ mass erasures can be used to
correct t mass substitution errors. To this end, we make the following two
observations.

Although based on the pigeon-hole principle it is true that either the union
of the prefix composition multisets or the union of the suffix composition
multisets is such that it contains at most |f] mass reducing errors, it is
not possible to identify which of the two multisets contains fewer errors.
As a result, the two-step encoding procedure has to involve a h-MC' code
capable of correcting ¢ substitution errors. This results in a four times higher

redundancy compared to that used for correcting missing mass errors.

3.7 Open Problems

Many combinatorial and coding-theoretic problems related to string recon-
struction from prefix-suffix compositions remain open. A sampling is listed

below.

e Our techniques for converting a binary string of length n into strings

that are both Dyck and belong to a B, codebook have suboptimal
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redundancy. We seek methods that can reduce our overhead and at

the same time, offer low encoding and decoding complexity.

In practice, one often encounters nonbinary alphabets, as polymers can
be synthesized to have highly different masses and chemical properties.
The question remains to generalize our approach for nonbinary alpha-
bets. Furthermore, it is of interest to investigate such coding techniques
for strings that have some form of balanced symbol contents or masses

confined to a certain interval.

It remains an open question to characterize all the missing mass errors
that can be corrected by simply utilizing the Dyck, By, properties of

strings and the presence of both prefix and suffix masses.

At this point, we have no efficient means for correcting mass reducing
(or, mass increasing) substitution errors in our mixtures. A solution
to this problem can have interesting and important implications in the

field of polymer-based data storage.
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more Os than
S 5 5 Svm 1s

more 1s than
0s

more 1s than
SV 0s

more 1s than
0s

(a) In the first step, we set u; = s;. Without loss of generality,
let us assume that u; contains more Os than 1s. Then, the next
block us is set to ss if s5 has more 1s than 0s. Otherwise, us is
set to the complement of so, S5. To reconstruct a block us, we
either use the complement of sy or the string itself, as
determined by the added flag bit rs.

more 1s than
S 2 53 Vn 0s

——————
1s
o= [ m [ ]
more 1s than
= 2 = Sy 0s
——
0s

(b) In the next step, the approximate balancing procedure
continues as follows: Let us assume that uj;us has more 1s than
0s. The next block ug equals s3 if s3 has more 0s than 1s.
Otherwise, ug equals the complement of s3, So. The procedure is
repeated for all subsequent steps.

Figure 3.1: Tllustration of the approximate balancing procedure. The
string s = 818y ...8, /5 is decomposed into a concatenation of \/n blocks,
each of length \/n. The string u = uju, ... u 4 is constructed sequentially
from the blocks s1,s,,...,s 5 by ensuring that the discrepancy between the
number of 1s and 0s in the reconstructed string ujus ... u; is reduced or
kept the same at every step i. Subfigure (a) depicts how the block us is
chosen, while subfigure (b) depicts how the block us is chosen.
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Figure 3.2: Further examples regarding the code construction. Subfigure
(a) illustrates the finding of Claim 13: The discrepancy between the
number of 1s and 0s in the string u; ... u;, 7 € [y/n] is at most \/n.
Subfigure (b) illustrates the finding of Lemma 7: The discrepancy between
the number of 1s and Os in the string wjus ... u;, j € [n] is at most %\/ﬁ
Subfigure (c) illustrates an immediate extension of Lemma 7: The
discrepancy between the number of 1s and Os in the string rujus, .. . u;,

j € [n] is at most 2,/n. Recall that v = 1°/2V"ru is as defined in Claim 14,
and that w = wt(v). Subfigure (d) depicts how adding a properly chosen
prefix and suffix to the string ensures the Dyck property.
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Figure 3.3: Illustration of the error-correction procedure. Subfigure (a)
describes the one-step error-correction procedure. The string is encoded to
handle the worst-case erasure scenario. Subsequently, the approximate
balancing construction from Section 3.4 is performed to generate a Dyck
codestring. Note that v = 1%/2V™ru is as defined in Claim 14, and it
pertains to the intermediary string s’. Here, w = wt(v). Subfigure (b)
describes the two-step error-correction procedure. The string is encoded to
be able to correct t erasures. The approximate balancing procedure from
Section 3.4 is performed to generate a Dyck string. In the next step,
redundancy is added to the substring r that can be used to correct ¢
erasures. To preserve the Dyck property, “balancing redundancy” z is
appended to r, and additional bits are added to the prefix and suffix to
obtain the desired codestring. Note that here v = 1%/2V™ru is as defined
as in Claim 14, as applied to the intermediary string s” depicted in
Subfigure (b). Once again, we have w = wt(v).
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CHAPTER 4

COVID-19 TESTING

4.1 Introduction

In less than ten months since the first case reported in the Hubei province
of China, Covid-19 had rapidly spread across all continents except Antarc-
tica [8]. The disease has caused more deaths than Ebola, SARS, and the
seasonal flu combined (reaching 5,000,000 mortalities in November 2021),
disrupted the global economy to an extent not seen since the Great De-
pression and altered the lives of hundreds of millions of people across the
globe [9].

Many analyses associated with the Covid-19 pandemic have established
that widespread population testing is key to effectively containing outbreaks
of this and other infectious diseases. In May 2020, the United States was able
to test around 150,000 people per day, while countries that had managed to
keep the outbreak under control then, such as Germany and South Korea, had
performed millions of tests during the same stage of the spread of the disease.
Although there is no general consensus on the exact number of individuals
that need to be tested, most experts agree that the reported numbers were
highly inadequate [59]. Some universities, such as Yale University and the
University of Illinois, had a biweekly test schedule in place for all individuals
accessing school property [60]. This is believed to be a sufficiently large-scale
testing protocol that allowed the institution to safely operate.

To address the need for sustainable high-frequency population testing,
a number of countries and states proposed and implemented group testing
schemes in which genetic samples from different individuals are pooled to-
gether in a manner that incorporates thresholded real time reverse tran-

scription polymerase chain reaction (RT-PCR) fluorescence signals into the
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testing scheme.!

Group testing (GT) is a combinatorial screening method introduced by
Dorfman [62] for identifying small groups of soldiers infected by syphilis. His
scheme, known as single-pooling, consists of mixing blood samples from five
soldiers at a time, and running one test for each pool. For positive test out-
comes, the soldiers involved in the test are examined individually in a second
round to determine who has the disease. For negative outcomes, all subjects
involved are declared healthy and removed from future testing schedules.
Given a relatively small number of infected individuals in a population, this
scheme provides a significant reduction in the number of tests required when
compared to individual testing [63]. The scheme proved ineffective for its
original task as blood sample pooling dilutes the resulting sample to a point
below the sensitivity of the tests used.

A number of recent reports suggest using Dorfman’s or other mostly off-
the-shelf GT schemes for Covid-19 testing [10-19]. Most of the proposed
schemes do not incorporate relevant biological priors or exploit the highly
specific measurement and noise properties of the RT-PCR method in their
testing schemes. We argue this is a significant detriment, as in order to
properly execute the effort and avoid dangerous failures, testing schemes
should to be guided both by mathematical considerations as well as social,

2

clinical, and genomic side information.© This suggests designing Covid-19

group testing schemes that carefully address the following issues:

1. Selection of adequate primers. As stated in the CDC SARS-CoV-2
testing guidelines [66], only two primers are recommended for use in the
USA for RT-PCR reactions, selected from the N open reading frame
(ORF) of the SARS-CoV-2 genome. It is often hard to predict which
regions will have small mutations and it is currently not known how fast
the N regions and other primer regions chosen by various countries mu-

tate and how these mutations affect the PCR protocol. To determine

LA recent ordinance issued by the governor of Nebraska [61] recommends using group
testing for widespread screening for Covid-19, while group testing methods are employed
in part in Israel.

2As the disease affects people from different age groups, ethnicities and regions in
a highly disparate manner [64]; it has also been reported that mortality rates across
different populations can deviate by as much as two orders of magnitude [65]. The World
Health Organization (WHO) has also repeatedly issued testing guidelines that suggest
“suspect influenza should be tested with consideration for geographical, gender and age
representativeness” in order to contain the spread of the disease in real-time.
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the influence of mutations one first needs to determine which regions
will remain mostly unaffected by mutations, determine the melting tem-
peratures of the primers [67] and their binding affinity to the mutated
reference regions. For this purpose, the recent work [68] may be used
to guide the primer selection process, while actually recorded mutated
N primer regions may be used to estimate the failure rates of the indi-
vidual PCR tests or model the errors in group PCR protocols due to

mutations. These issues are examined in [69].

. Selection of (near-)optimal sample mixing strategies with pri-
ors. If not properly designed, GT schemes may lead to errors. Since
some individuals, such as health workers, may harbor multiple strains
of the virus, and since clinical priors are often readily available (e.g.,
symptom charts, chest X-ray images) the sampling and mixing ap-
proaches should be carefully designed to include the right number and
combinations of subjects in order to minimize test errors. This is a

complicated issue that will be examined elsewhere.

. Use of quantitative test outcomes. RT-PCR experiments provide
significantly more information about the viral load or number of in-
fected individuals within the group rather than just a simple binary
answer, “no infected samples” or “at least one infected sample”. Ex-
cept for a handful of works proposing to use quantitative RT-PCR
through compressed sensing (CS) [70-72], most reported Covid-19 GT
schemes assume binary test outcomes (among them the scheme used in
Israel and described in [73]). Furthermore, practically tested schemes
operate in a nonadaptive setting, which is suboptimal and not justified
for large-scale testing strategies which use a limited number of PCR
machines. Another important issue is that heavy hitters (individuals
with very high viral loads) can “mask” individuals with smaller loads
which makes the use of quantitative information difficult [74,75]. This
masking phenomenon, as well as saturation effects present in RT-PCR
outputs, can make CS approaches highly susceptible to errors. The fo-
cus of this work is to develop schemes that can address these issues in
a simple and efficient manner. Consequently, our main results pertain
to scalable, adaptive and semiquantitative testing methods that can

efficiently correct errors that are specific to RT-PCR systems. We also
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describe techniques that can handle heavy hitters.

4. Incorporation of social/contact network information. Due to
the highly heterogeneous response of individuals to the infection, di-
verse infection rates across different geographic and communal regions,
the best testing practices have to be guided by infection risk assess-
ments and scores. Such “network-guided” schemes are currently not
well studied in the GT and CS literature, except for some recent work
that uses community information to model correlations and reduce the
number of tests required [76]. Instead, [69] proposes to identify highly
infected communities and their neighboring communities rather than
all individuals in each infected community. In this case, GT is used
jointly with other commonly employed mitigation strategies such as

quarantine.

We argue that the availability of (semi)quantitative test outcomes and the
use of adaptive strategies can greatly increase the efficiency and scalability
of Covid-19 testing schemes. In that direction, we generalize the Semiquan-
titative Group Testing (SQGT) strategy [77-79] to an adaptive setting and
devise simple probabilistic adaptive GT methods® and worst-case adaptive
GT schemes that take the specific measurement data noise and quantization
properties into account. The SQGT scheme assumes that one cannot tell
the exact viral load or number of infected individuals in a pool but only
an interval in which the load or number of defectives lies. The setting is a
generalization of GT that includes more than two outcomes, or a quantized
version of the adder channel /CS approach [53,82]. It also represents a gen-
eralization of the setting [83] in which only saturation effects are taken into
account within the adder model. It is worth pointing out that this is also the
first approach that uses actual RT-PCR features and also postulates rigorous
models that allow for relating viral loads to actual fluorescence values and

analyze the testing schemes rigorously. Other methods that will be reviewed

3The quantifier “probabilistic” may refer to either the individuals being ill according
to some probability distribution (usually iid Bernoulli(p), or generalized binomial [80]
or Poisson [81], where the number of infected individuals has a right-truncated Poisson
distribution with parameter A\(n) = o(n); Dorfman’s scheme falls into the first category)
or, the test matrices having entries dictated by a probability distribution (again, usually iid
Bernoulli(g)). Some papers refer to the former setting as “group testing with probabilistic
priors” and the latter setting as “group testing with probabilistic tests.” Which paradigm
we refer to will be clear from the context.
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in later sections either completely ignore the RT-PCR measurements or do
not properly justify or analyze their proposed models.

For an illustration of the differences between various testing schemes (group
testing, additive tests, additive tests with saturation, and general SGQT),

the reader is referred to Figure 4.1.

(a) 0 T (b) 0 1 2 d
4 ) ATLij Flj
O Qe Qe Q=0 [ e e O
o,1,2, , d o,1,2, , d
1 2 m-1 m
O J ] ] |
[ ) Y 1 [ ) |
o,1,2,3,4,5,6,7,28, d-8,d-7,d-6,d-5,d-4,d-3,d-2,d-1,d

Figure 4.1: Subfigure (a) illustrates the classical GT framework. Here, 0
corresponds to a test outcome that is indicative of no infected individual
being present, while 1 corresponds to an outcome indicative of at least one
infected individual. Subfigure (b) represents an additive test output model,
in which the underlying assumption is that one can tell the exact number of
infected individuals in a test. An instance of the general SQGT is
illustrated in Subfigure (c). In this case, the test outcome [¢/7] =i for

i > 2 indicates that (i — 2)7 < ¢ < (i — 1)7 defectives are present. When
the number of defectives detected is > (m — 1)7, the test reports m. When
7 =1, (c) represents an adder model with saturation.

For the worst case setting, in which we assume a known number of d
defectives, but make no assumptions about how they are distributed, and
where one can tell if zero defectives were present, or the number of defectives
is nonzero and lies in one out of m consecutive intervals of length 7, the

number of tests per defective roughly equals

log (n/d) + loglog(m + 1)
log(m + 1) '

The savings in the number of tests as compared to the classical GT setting
provided by the increased resolution of the levels is log(m + 1)-fold, which
even for 7 levels amounts to three-fold savings. Clearly, one has to be able to
properly calibrate the RT-PCR readouts and determine adequate thresholds

in order to take full advantage of the scheme. This issue will be addressed
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in Section 4.2.

For the probabilistic setting, where each item is assumed to be inde-
pendently defective with some probability, [69] provides results that include
simple-to-implement algorithms for adaptive testing that involve two thresh-
olds and two test stages, and are also capable of handling heavy hitters (i.e.,
individuals with high viral loads that may mask other individual’s presence,
provided these individuals are not too common).

The remainder of this chapter is organized as follows. Section 4.2 pro-
vides an overview of the PCR, RT-PCR and the Real Time (Quantitative)
PCR techniques. The section also addresses key issues that impede the am-
plification efficiency of the methods currently used for Covid-19 testing and
introduces several practical noise models. Section 4.3 describes various GT
approaches and assesses their utility for Covid-19 testing. Section 4.5 de-
scribe the results. Section 4.4 describes a probabilistic version of a SQGT
model, simplified to account for two rounds of testing and two test thresh-
olds only. This section also introduces test schemes that aim to identify
highly virulent individuals, termed heavy hitters. Section 4.5 introduces a
new worst-case adaptive SQGT technique that is near-optimal and describes
a noise model termed the birth-death chain model. Section 4.6 concludes the

chapter and discusses future work.

4.2 Background

We start our exposition by describing the real-time reverse transcription
(RT-PCR) testing mechanism. DNA has a double helix structure and both
strands in the helix are composed of periodic sugar and phosphate groups to
which one of four different bases is attached, namely A, T, C, and G. A sugar,
phosphate, and base are jointly referred to as a nucleotide. As the sugar is
asymmetric in terms of the placement of its carbon atoms with respect to
the position of binding to the phosphates, the two strands of the DNA have
two different directions: One runs from the 3’ to 5’ carbon end, while the
other runs from the 5’ to 3’ carbon end. The two strands are held together
through the stacking of bases and the hydrogen bonds that exist between
them. The pairing rule is dictated by Watson-Crick (WC) complementarity
asserting that only (or with overwhelming probability) the bases A and T
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and G and C bind to each other, respectively.

4.2.1 Reverse Transcription PCR

The Reverse- Transcription PCR (RT-PCR) technique is used to identify /amplify
RNA strands. Since RNA is single-stranded and hence an unstable molecule,
RT-PCR first converts the target RNA into its complementary double-stranded
DNA (cDNA, as illustrated in Figure 4.2) and then performs amplification
using the standard PCR technique. Note that RNA has three of the same
building blocks as DNA, namely A, C, and G, but instead of T (encountered
in DNA), RNA contains U (Uracil).

Conversion of RNA into ¢cDNA is accomplished through the use of the
reverse transcription (RT) enzyme that stitches together “free” nucleotides
A, T, C, and G together, in the presence of primers that are complementary
to a specific part of the target RNA sample (see Figure* 4.2 ). Since RNA
is inherently single-stranded, the primers have an affinity to attach to the
complementary RNA regions, recruit the RT enzyme and thereby initiate
synthesis. The process proceeds through two steps: In the first step, the
first-strand ¢cDNA is created using the single-stranded RNA as a template.
In the second step, the second-strand cDNA is formed by using the first-
strand cDNA as template. Consequently, the product cDNA represents an
accurate replica of the original RNA content, converted to the DNA alphabet.

The test results are usually compared to a control as a means to assess
the quality of the experiment. RT-PCR is used to detect RNA viruses, i.e.,
viruses whose genomic content is stored in RNA rather than DNA. SARS-
Cov-2, the virus causing Covid-19, is an RNA virus, as is for example the
HIV virus that causes AIDS. For viral detection, the first step of testing
involves isolating genomic RNA by breaking the viral membrane, but this
and other processes that lead to actual sample isolation will not be discussed
in this short review.

The Covid-19 detection and amplification process relies on standard RT-
PCR methods and RT-PCR and its quantitative version described next.

4Reverse Transcriptase image is from Wikipedia.
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Figure 4.2: Reverse transcription for converting viral RNA into cDNA.

4.2.2 The Polymerase Chain Reaction (PCR)

The polymerase chain reaction (PCR) is used to amplify specific segments of
the DNA strands in order to enable a downstream analysis of the segments
or to detect the presence of specific DNA content. The operating principles
of the PCR process are illustrated in Figures 4.3 and 4.4. A thermal cycler
uses the target DNA, specific primers (short DNA segments that initiate the
replication process by allowing the polymerase to bind to the DNA), the
taq polymerase (which actually performs DNA replication after the primers
get attached), and free A (adenine), T (thymine), C (cytosine) and G (gua-
nine) nucleotides needed to amplify the segment of interest through repeated
cycles that involve the following steps: DNA denaturation, annealing, and

extension.

1. DNA Denaturation: The DNA sample to be amplified or detected is
first heated to 96 °C. At this temperature, hydrogen bonds between
the bases across the two strands break, producing two complementary

single-stranded DNA fragments.

2. Annealing (Hybridization): The sample is subsequently cooled to 55 °C.
This allows the primers to bind to their WC complementary segments
on the two single-stranded DNA targets. The primer that binds to the
forward strand is referred to as the forward primer while the one that

binds to the reverse strand is referred to as reverse primer.

3. Extension: The sample is heated to 72 °C to enable the taq poly-
merase to extend the primers to form two complete copies of the orig-
inal double-stranded DNA molecule.

Under ideal conditions, at the end of the Extension step of a cycle, the amount

of target DNA doubles. This setting is illustrated in Figure 4.3. However,
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due to several factors [67] including the efficiency of denaturation, primer an-
nealing affinity, polymerase binding strength, and others, the DNA content

may not double during each cycle. For example, denaturation requires heat-

Primer binds with the complementary segment

DNAis denatured by heating

o T

Primer binds with the complementary segment

Figure 4.3: Polymerase chain reaction: In any given cycle, the DNA
strands in the sample are first denatured into single strands. The two single
strands are then extended to form complete DNA double-helixes. The
primers (short DNA fragments) are attached to the single-stranded DNA
such that extension is facilitated in the 3’-5 direction. At the end of each
ideally executed cycle, the number of DNA strands in the sample doubles.

ing the sample to a higher temperature which by itself may cause oxidative
and other damage to the DNA being amplified. The efficiency of denatura-
tion is measured in terms of the concentration of viable single-stranded DNA
present after heating.

During the primer annealing stage, single-stranded DNA strings previ-
ously denatured can anneal back, therefore prohibiting access to the primer
segments. The primer annealing efficiency is captured by the proportion of
single-stranded DNA with bound primers.

When the polymerase binds to the DNA-primer complex it forms a po-
tentially unstable tertiary complex in which the polymerase can disassociate
in a stochastic manner. The polymerase binding efficiency is captured by
the fraction of tertiary products in the assay. The tertiary complexes formed
during the early stage of a cycle are more likely to result in complete double-
stranded DNA compared to those formed in a later stage of the cycle, due
to cycle timing issues. This effect is captured through what is known as the
extension efficiency of PCR.

These effects jointly contribute towards the reduction of the average effi-
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ciency of DNA amplification, which goes down from the expected doubling
factor to some value < 2, usually written as (1 + 7)), where 7 is referred to
as the cycle efficiency. The doubling of the target material at every cycle
corresponds to n = 1. At the end of i cycles, a sample with concentration
x DNA strands is amplified to a sample with concentration z(1 + n)*. More
precisely, the cycle efficiency depends on the cycle number. Consequently,
a more accurate amplification model should use the factor 7; for cycle j, so
that the amplified concentration after the i cycle reads as z - IIi_, (1 4 7).
It is also known that n; decreases with j, which may be attributed to the
fact that the primers used for amplification are more and more integrated
into the DNA products and that the efficiency of the polymerase decreases.
At the same time, for a small number of cycles (usually ¢ < 10) the DNA
products are hard to detect. As a result, it is a common practice to run
30 — 40 cycles of PCR, depending on the expected original concentration of
the double-stranded DNA to be amplified.

Note that the polymerase can also be active at temperatures below 72 °C,
thereby initiating the extension process. However, the polymerase is non-
specific at lower temperatures and leads to amplification of nonspecific DNA
strands. The high concentration of the stronger and more stable GC bonds in
the DNA strands hinders effective denaturation at 96 °C. Regions with high
GC bond concentration also form secondary products that prevent primer
bonding [84]. These phenomena all jointly contribute to “noise” in the am-
plification PCR process which is not associated with the cycle efficiency. Ad-
ditional sources of noise such as CCD thermal noise and shot noise can lead
to a further decrease in the reliability of data points at low signal levels [85].

Also, primers may fail to attach to the DNA if the corresponding DNA
primer regions contain mutations (indels or point mutations). Since the error
is caused by the actual DNA sample strand, and not the PCR process, this
phenomenon should not be considered as part of the PCR noise model. The
results of a simulation that studies the effect of mutations along the primer
region on PCR amplification are described in [69], using a collection of real
genomic datasets retrieved from the GISAID database [86].
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Figure 4.4: Under ideal conditions, every cycle of the PCR process should
double the DNA content. Due to various factors, described in the main
text, not every cycle may result in twice as many strands and an averaged
efficiency factor n < 1 is used to describe the growth rate of the PCR
product.

4.2.3 Quantitative (Real-Time) RT-PCR

Quantitative Real Time PCR (qPCR) is a technique used for precise anal-
ysis of viral and bacterial samples. As implied by its name, qPCR allows
for the amplification process to be monitored in real-time. This is achieved
by introducing fluorescent labels into the DNA products and recording the
change in fluorescence with an increasing number of cycles (which also al-
lows for estimating the number of cycles needed to detect an appropriate
product). The result of a qPCR experiment is usually given in terms of an
amplification curve (an example of such a graph is shown in Figure 4.7, where
real measurements are approximated by piecewise polynomial fragments of
degree < 10). The amplification curve plots the normalized (relative) fluo-
rescence AR, against the cycle number. The fluorescence increases with the
increase in the target genetic material with every cycle until the fluorescence
saturates. The cycle number for which the fluorescence crosses the detection
threshold (which can be defined in several ways) is referred to as the cycle
threshold, and denoted by C;. Note that C} is inversely proportional to the
concentration of the target material in the sample: A low C} value indicates
a higher concentration of the sample we wish to detect, while a high C} value
indicates a low concentration of the same or spurious amplification results.

The slopes of the curves most often show very small variations with the con-
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centration of the subject but may potentially be used as further indicators
of the sample load.
Real-time or qPCR is usually performed using one of the following two

approaches:

e Dye-based gPCR. The dye-based method uses dyes that only fluoresce
when bound to double-stranded DNA. Thus, at the end of each exten-
sion stage, the fluorescence increases (see Figure 4.5). The chemistry of
the dyes used helps in distinguishing desired and undesired products.
However, the dye-based method is often nonspecific, thereby inaccu-
rately quantifying genetic material that is not of interest. As a result,
this approach requires highly selective primers and other additional

controls to provide accurate amplification curve results.

e Probe-based qPCR. In this technique, primers specific to the target
DNA include two molecules, a fluorescent reporter dye and a quencher
on its two ends. When the quencher is in close proximity to the fluo-
rescent dye, the former molecule inhibits (quenches) the fluorescence of
the latter. This is usually the case when the primer is not bound to the
target (see Figure 4.6). However, when the primer is hybridized to the
target and the polymerase extends the primer segment, the quencher
and reporter separate out and the dye is cleaved and displaced. In its

free form, it fluoresces which leads to detectable signals.

4.2.4 Amplification Curves and the Viral Load

From Figures 7 and 4.8, and as already discussed in the previous section,
it is clear that one can estimate upper/lower bounds on the viral load of an
individual by observing the C} value and the slope and saturation point of
the amplification curve. It is important to point out that the viral load of
individuals may vary up to five orders of magnitude, as shown in the re-
cent study [87]. Viral loads in infected individuals tend to follow a “typical”
inverted-V dynamics shown in Figure 4.9. There, it can be seen that an
individual tested 3 — 5 days after the infection may have a viral load that is
large enough to mask any other individual tested by the same test under the

GT framework. This is a sensitive issue for SQGT schemes as the C} curves
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Figure 4.5: Dye-based qPCR: The dye attaches to the double-stranded
DNA formed at the end of the extension stage and fluoresces. Thus, the
fluorescence measured increases with the number of cycles.

may have multiple interpretations: As an example, the same C; value may
correspond to 10 — 100 individuals tested 5 — 6 days after infection or one
individual tested 3 days after infection. There are multiple possible ways to
mitigate this problem: First, given that high viral loads very often positively
correlate with observable disease symptoms [88],° asking individuals about
symptoms before scheduling the tests (as is, for example, done at UTUC [89])
allows one to determine if the individual should be group-tested or not. An-
other approach is to perform adaptive testing where samples with large viral
loads are subjected to additional screenings, as is done in one of our proposed
methods. Specialized testing strategies for pooled measurements with high
viral loads can also be devised using heavy-hitter detection methods [90].
As an abstraction, and only for our worst-case analysis we, assume that
each individual is represented by a viral load equal to the expected value
over the tested population. In this case, the test outcome can be translated
into an interval in which the number of infected individuals lies. Hence, the
assumption in this case is that one can convert C; values into a rough estimate
of the number of infected people in the test. For probabilistic testing, we do
not have to rely on such assumptions as the testing scheme itself can be easily

adapted to handle heavy hitters.

5According to this study, among the set of infected patients, those who exhibited
“severe” symptoms had significantly lower Cy = Ci(sample) — C;(reference) values than
those who exhibited “mild” symptoms.

97



TTTTTTITITTTITTTTITTITT ollllg e

TR LLC R

TTTTTTTTTTTITITITIOTNIT T m” TTTTTTTTTTTITTTTTTITITN
«— -« |
ollllg-illl BN © J.LIVI.I.I.I.I.I.I.I.I.LI.I.I.I%I.I.I

ILCLLOCCLRRRURUERE  ELDRERRDRRLRRRRRRRRRIODN LOCCCDOCRUUUCrrrrrrrren

Figure 4.6: Probe-based qPCR: When DNA is denatured, a primer specific
to the target DNA is attached to a single strand. The primers are then
attached and extended by the polymerase. During the extension, the
probes are cleaved and the reporter dye is no longer in the proximity of the
quencher molecule, which enables it to fluoresce.

4.3 Basics of GT

In what follows, we provide concise overviews of all relevant GT schemes
used or proposed for potential use for Covid-19 testing: (1) Classical non-
adaptive and adaptive GT; (2) Nonadaptive SQGT; (3) Threshold GT; (4)
Compressive sensing (CS); (5) Graph-Constrained GT. For all these meth-
ods, we describe their potential advantages and drawbacks and then proceed
to introduce a new method, which we refer to as adaptive SQGT. Adaptive
SQGT with a “curve fitting”-based noise model appears to provide the the-
oretical state of the art GT results for qPCR test models and is the focus of

our subsequent discussions.

4.3.1 Nonadaptive and Adaptive GT

The assumptions are as follows: In a group of n individuals, there are d
infected people. When a subset of people are tested, the result is positive
(e.g., equal to 1) if at least one person in the tested group is infected, else the
test result is negative (e.g., equal to 0). Such a testing scheme is referred to as

binary, as the outcomes take one of two values (see Figure 4.1 (a)). GT aims
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to find the set of all infected people with the fewest number of binary tests
possible and may use nonadaptive and adaptive tests. In the former case, all
tests are performed simultaneously and the outcome of one test cannot be
used to inform the selection of the individuals for other tests. In the adaptive
setting, one can use multiple stages of testing and different combinations of
individuals to best inform the sequentially made test choices.

When d < n, it is well known that 2(dlog(n/d)) number of tests are
required to find all infected individuals. Furthermore, it was shown in [91]
that for NAGT, at least 2(d?log(n)/log(d)) tests are required in the worst-
case model. For the same parameter regime, there exist explicit nonadaptive
schemes that require O(d?logn)) tests to find the infected group [92]. A
four-stage adaptive scheme that uses an optimal number of tests that meets
the lower bound was recently described in [93]. Of special interest is the
classical binary search result of [94] which established an elegant adaptive
scheme that differs from the information-theoretic limit only by an additive
O(d) term.

Despite the many proposed applications of this model to Covid-19 testing,
it is obvious from the previous discussion that the GT measurement outcomes
do not fully use the actually available qPCR results. One could argue that
the fluorescence exceeding the detection threshold may correspond to the
test outcome 1, but clearly, significantly more information is available as
the detection threshold depends on the concentration of the viral cDNA
and hence the number of infected individuals. This motivates using a more

quantitative GT approach, already introduced under the name of SQGT.

4.3.2 Nonadaptive SQGT

In SQGT, one is given a collection of thresholds 0 = 7 < 7, < -+ < 7,
and the outcome of each test is an interval (7;,7;41], where 0 <@ < r — 1.
The outcome of an experiment cannot specify the actual number of infected
individuals but rather provides a lower and upper bound on that number,
T;—1 and T7;, respectively. If 7, = 7,_1 + 1 for all values of i and r = d,
the scheme is referred to as additive GT, or the adder model [53,82]. The
two models are depicted in Figure 4.1 (b) and (c¢). The additive test model

described in [53] requires 2 (n/log n) tests to determine all possible infected
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individuals, for 0 < d < n.

Another special SGT case of interest assumes that the test results are addi-
tive up to some threshold 7 and after that, they saturate [83] (see Figure 4.1).
This model is of special interest for Covid-19 testing as it takes the warm-
up/saturation information into account and, in addition, under a proper noise
model, captures the fact that amplification graphs have different C; values
determined by the concentration of the viral load (an hence the approximate
number of infected individuals). Furthermore, one can argue that the RT-
PCR fluorescence intensity information is inherently semiquantitative [77] as
the fluorescence levels and C; values can be placed into bounded bins deter-
mined by the number of cycles. This observation is explained in more detail
in the next section, along with new theoretical results pertaining to adaptive

SQGT schemes with appropriate noise models (refer to Figure 4.10).

4.3.3 Threshold GT

An extension of the GT problem was introduced by Damaschke in [95]: In this
setting, if the number of defectives in any pool is at most the lower threshold
¢ > 0, then the test outcome is negative. If the number of defectives in the
pool is at least the upper threshold u > ¢, then the test outcome is positive.
However, if the number of defectives in the pool is between u and /¢, the test
outcome is arbitrary (i.e., either 0 or 1). Thus, the algorithms for Threshold
GT are designed to handle worst-case adversarial model errors. Note that
when ¢ = 0, and u = 1, Threshold GT reduces to GT. It is known that for
nonadaptive threshold GT, O(d9*?(log d) log(n/d)) tests (where g = u—£—1)
suffice to identify the d infected individuals [96].

The Threshold GT model is partly suitable for modeling the qPCR process,
as the lower threshold can obviously assume the role of the fluorescence-based
detection threshold, ¢ = C}; unfortunately, due to the saturation phenom-
ena, a specialized choice for the upper threshold u does not allow one to
accurately assess the number of infected individuals in the pool. The “in-
between” threshold results also make the simplistic assumption that despite
the observed fluorescence value being closer to the upper threshold, one can
still call the outcome negative (and similarly for the small fluorescence levels
and the lower threshold).
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4.3.4 Compressive Sensing

In compressive sensing, the defectives are represented by nonnegative real-
valued entries. Thus, quantitative GT represents a special instance of com-
pressive sensing. Compressive sensing assumes that one is given an unknown
vector x € R", in which only d < n entries are nonzero. The vector x is
observed through linear measurements formed using a measurement matrix
M € R™" leading to an observed vector y = Mx + n, where n is the
measurement noise (usually taken to be Gaussian N(0,0?)). For noiseless
support recovery, m = O(d - log n) measurements are sufficient. For sup-
port recovery in the noisy setting, it was shown in [97] that the minimum
signal-to-noise-ratio required is Q(log n), and that the number of tests must
scale as ()(dlog %) for exact recovery. Compressive sensing reconstruction
is possible through linear programming methods or low-complexity greedy
approaches [98-100].

The recently proposed Tapestry method [101] combines group testing with
compressive sensing and uses combinatorial designs (i.e., Kirkman systems)
to construct the measurement matrix. However, the approach does not ac-
count for several practical features inherent to quantitative PCR. Although
Tapestry proposes a model that involves multiplicative noise and converts
it into additive noise through the use of a logarithmic function, it is still
inherently linear: Tapestry is based on a CS framework, which is additive
and applies to viral loads. But as seen from the previous discussion, PCR
measurements report intersections of fluorescence level curves and a given
threshold, and these values are nontrivial nonlinear functions of the viral
load. Additionally, although the compressive sensing measurements used in
the work are assumed to correspond to C; values, no thresholding is used to
model the actual practical process of generating the same.® Also, this and all
other methods do not account for the stochasticity of the PCR measurements
and the fact that different lab protocols may lead to different C; values when
presented with the same sample mixture. The CS methods in [101] rely on
Gaussian assumptions for the cycle inefficiency exponent and do not take
into account that the efficiency decays with the number of cycles and with

the number of potential mutations in the primer regions (see also our anal-

SFor many related questions arising in the context of group testing microarrays and
quantized compressive sensing, the interested reader is referred to [102-104].
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ysis in Section 4.2). As many other quantitative methods, it also appears
vulnerable to heavy hitters.

CS-based and many other proposed Covid-19 testing methods also do not
take into account the fact that the number of RT-PCR machines/staff mem-
bers is limited in virtually all test settings.” The unavailability of arbi-
trary number of PCR machines inherently suggests using adaptive testing
strategies. Adaptive quantitative testing schemes for Covid-19 were reported
in [105]. There, the same problem setup as in [101] is used to postulate an
additive viral load model in the absence of noise. The new contribution of
the work is a proposal for a two-stage testing scheme that bears a small
resemblance to our methods insofar as we also propose two-stage adaptive
pooling schemes. However, these techniques and the model used are dif-
ferent from ours since [105] employs a combination of maximum likelihood
and maximum-a-posteriori estimators to determine the infected individuals
in the second stage, while we employ zero-error GT and SQGT techniques
to find all infected individuals. Additionally, while [105] reports the number
of tests and conditional false positive and conditional false negative rates for
the simulation experiments, we supplement our new tailor-made modeling
and testing schemes with an in-depth theoretical analysis and performance
guarantees.

Nevertheless, there seem to be multiple advantages of CS methods for
Covid-19 testing: One should be able, in principle, to recover not only the
infected individuals but their viral loads as well (it still remains to be seen
as such approaches are feasible as reported experiments use controlled con-
centrations of viral loads [101]). In particular, integer and nonnegative CS
testing, along with quantized CS approaches can impose model restrictions
on such testing schemes [103,106] to render them more suitable for the prob-

lem at hand.

4.3.5 Graph-constrained GT

Let G = {V,E} be a graph with vertex set V, |V| = n, and edge set E,
representing a connected network of n people out of whom d are infected. In

graph-constrained GT, vertices participating in the same test are restricted

"PCR tests are performed on samples typically organized within 96 wells, each of which
can be used for one (group) test.
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to form a path in the graph [107]. This model is relevant as it can be adapted
to require that only individuals that did not have contacts with each other
are tested together (one only has to apply the problem to the dual of the
contact graph used in Covid-19 testing). This allows us to identify individu-
als that fell ill in an “independent” fashion rather than through contact with
each other. If T'(n) denotes the mixing time of the random walk on the graph
is used to denote the ratio between the maximum degree and the minimum
degree of the graph, then no more than O(d* - T?(n)log(n/d)) tests are re-
quired to find the set of infected vertices. For example, a complete graph
(T'(n) = 1) requires no more than O(d? - log(n/d)) tests since it corresponds
to the classical GT regime. Unfortunately, graph-constrained GT requires a
significantly higher number of tests than classical GT methods as the tests
are inherently restricted. As a result, despite the fact that this scheme is a
natural choice for problems such as network tomography where these con-
straints need to be satisfied, it is not a proper choice for Covid-19 testing.
Another “community-constrained” GT scheme (although without an under-
lying interaction graph) was recently proposed in [76] and is discussed in the

next subsection.

4.3.6 Community-aware GT

Several lines of work have focused on what is now known under the name of
community-aware GT. In [76,108], the authors leverage correlations arising
due to the presence of community structures to reduce the number of tests
and increase the reliability of testing. More precisely, they assume that a
community of n members has d < n infected individuals and that the popu-
lation is partitioned into F' families. In the combinatorial infection model, it
is assumed that d; families have at least one infected individual and that all
the members of the remaining families are infection-free. An infected family
indexed by j is assumed to have d¥) infected members so that d = 31, d®9).
The testing scheme can be succinctly described as follows: A representative
individual from each family is selected uniformly at random. The represen-
tative community members are tested using either an adaptive or a nonadap-
tive GT algorithm. Family members whose representatives tested positive are

tested individually. Members from the remaining families are tested together
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using either an adaptive or a nonadaptive GT scheme. The first approach
proposed in [76] did not account for inter-community interactions, but that
issue was subsequently addressed in [109].

In a related line of work, the authors of [110] establish how correlations in
samples that arise due to the ordering of the tested individuals in a queue
save in terms of pooled testing costs. In particular, the authors assume that
in the first stage of Dorfman’s testing scheme, the samples that are pooled
and tested together are correlated. They model the correlation through the
use of a random arrival process [110]. The expected number of tests required
to identify all infected individuals for their modified Dorfman scheme is com-
pared against the expected number of tests required by the classical Dorfman
testing scheme in which samples that are tested together are picked at ran-
dom. The authors show that under certain conditions, the expected number
of tests required by the modified Dorfman testing scheme does not exceed
the expected number of tests required by the original scheme. Under addi-
tional conditions, the authors derive a closed form expression that captures
the savings available for correlated samples. Furthermore, [110] considers an
underlying social contact graph, and proposes an hierarchical agglomerative
algorithm to identify individuals to be pooled together in the first stage of
the modified Dorfman testing scheme. This line of work is closely related to
the problem of identifying bursts of defectives, first introduced in [111] and
analyzed for the case of a single burst.

Before proceeding with the original contributions, we remark that all the
above GT techniques and scheduling models have probabilistic counterparts
in which each individual is assumed to be infected with the same probabil-
ity p [62] or members of different communities are infected with different
probabilities, p;, i = 1,..., F [80]. The latter setting is especially important
when prior information about the individuals is known (for example, their
risk groups, potential symptoms etc.). For an excellent in-depth review of

these and some other GT schemes, the interested reader is referred to [63].

4.4 AC-DC: The Probabilistic Setting

Two adaptive SQGT schemes are introduced, one which is suitable for prob-

abilistic testing and another one that is worst-case and nearly-optimal from
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the information-theoretic perspective. In the former case, considered in this
section, a simple two-stage testing scheme is designed and analyzed with the
goal of enabling practical implementations of adaptive SQGT. The results
are described for two thresholds only, but a generalization is straightfor-
ward. This scheme also allows for incorporating heavy hitters into the test-
ing scheme, which is of great practical relevance. In the worst-case, which
is considered in the section to follow, the schemes extend the ideas behind
Hwang’s generalized splitting [94] in two directions that lead to algorithms
using what we call parallel and deep search, respectively. In both settings, the
outcomes of the first round of testing inform the choice of the composition of
the test in the rounds to follow. The methods are collectively referred to as
the AC-DC schemes, in reference to the use of the information provided by
the amplification curve (AC) during the process of diagnostics of Covid-19
(DC). A relevant observation is that the worst-case adaptive schemes allow
for using nonuniform amounts of genetic material from different individuals,

which may be interpreted as using nonbinary test matrices.

4.4.1 Practical Adaptive AC-DC Schemes

In [69] a simple probabilistic two-stage AC-DC scheme that significantly im-
proves upon the original single-pooling scheme of Dorfman and builds upon
the SQGT framework is described. The underlying idea is to follow the
same overall strategy as in the single-pooling scheme, but exploit the SQ
information obtained in the first stage to perform better-informed testing in
the second stage (i.e., dispense with individual testing of all individuals that
feature in infected pools as part of the second stage).

Consider a scenario where we have access to semiquantitative tests that
return one of three values: If no individual featured in the test is positive, the
test returns 0. If between 1 and 7 individuals are positive, for some threshold
7 > 1, the test returns 1. Finally, if more than 7 individuals test positive,
the test returns 2. This scheme can be interpreted as follows: Suppose that
C} is the observed cycle thresholds (defined in Section 4.2.3 for a particular
test). If Cy > ¢; for some large threshold c¢;, we say that the outcome is 0 as
the potential viral or viral-like contamination load is too small to claim the

presence of an infected individual. If ¢ < C; < ¢q, we say that the output
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is 1 and based on the average viral load, convert this into the maximum
possible number of infected individuals 7. If C}; < ¢o, we say that the output
is 2 and that more than 7 individuals in the pool are affected.

For the new single-pooling AC-DC scheme, we assume that the population
contains n individuals, each of which is independently positive with some
probability p (which can be estimated based on regional infection rate re-
ports; for example, at UIUC in September/October 2020 [89], p ~ 0.05), and

proceed as follows:

1. Stage 1: Divide the n individuals into n/s disjoint pools Sy, ..., S,/s,

each of size s.

2. Stage 2:

If a pool S; tests 0, then immediately set the status of all individuals

€ §; as “negative”.

If a pool S; tests 1, then apply a nearly-optimal zero-error non-
adaptive group testing scheme to detect the ¢ infected individuals in
S;.

If a pool S; tests 2, then test all individuals € S; separately.

The zero-error nonadaptive GT schemes we use in the second stage can be
designed with m(s,7) = ¢ - 72log(s/7) tests. Thus, the expected number of
tests per individual of the testing scheme, T'/n, as a function of the proba-
bility of infection p, the first-stage pool size s, and the threshold 7 can be
computed as: ,

E[T/n] = % +pr- %g(sm + s, (4.1)
where p; = Pr[l < B(s,p) < 7| and p; = Pr[B(s,p) > 7 + 1] denote
the probability that a given pool tests 1 and 2, respectively. Here, B(s,p)
stands for a binomial random variable with s trials and success probability p.
Additional details and analysis are presented in [69]. Furthermore, [69] notes
a simple scheme to improve upon the results presented herein: By employing
double pooling (or multiple pooling) strategy, the expected number of tests

can be reduced.
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4.4.2 Probabilistic SQGT with Variable Viral Load

It is also simple to analyze how the SQGT scheme from the previous sec-
tion performs when infected individuals may have either low or high viral
loads, i.e., it is straightforward to account for heavy hitters. To this end, we
consider a simplified model where each individual is independently infected
and presents a low viral load at the time of testing with probability p;, or is
infected and presents a high viral load at the time of testing with probability
Piz- In particular, each individual is infected (regardless of her /his viral load)
with total infection probability p = pi + pie < 1.

As already explained, individuals with high viral load are problematic be-
cause, based on the SQ output of RT-PCR, pools featuring one such in-
dividual may be mistaken for pools with several infected individuals with
low-to-average viral load.® This phenomenon naturally leads us to consider
the following modified version of the testing method studied in Section 4.4.1:
A test applied to a pool of individuals has outcome 0 if there are no infected
individuals in the pool, outcome 1 if there exists exactly one infected indi-
vidual with low viral load, and 2 if either there exists more than one infected
individual with low viral load, or at least one infected individual with high
viral load. Therefore, as expected, individuals with high viral load obfuscate
the test outcomes. The expected number of tests per individual as a function

of p;1 and p;s is given by

1 _ s— s
s (L= p) T flogs] +1—sopa - (1=p) 7 = (1-p)’,  (42)

where p = p;1 + pie. As in the previous case, double pooling and multiple

pooling strategies can be incorporated to obtain improved results.

4.5 AC-DC Schemes: Worst-Case Model Analysis

We introduce an adaptive SQGT scheme that is worst-case and nearly-
optimal from the information-theoretic perspective. In the worst case, the
schemes extend the ideas behind Hwang’s generalized splitting [94] in two di-

rections that lead to algorithms using what we call parallel and deep search,

8This is not problematic for binary group testing, where the test outcomes do not
distinguish between one or several infected individuals in the pool.
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respectively. In both settings, the outcomes of the first round of testing in-
form the choice of the composition of the test in the rounds to follow. The
methods are collectively referred to as the AC-DC schemes, in reference to
the use of the information provided by the amplification curve (AC) during
the process of diagnostics of Covid-19 (DC). A relevant observation is that
the worst case adaptive schemes allow for using nonuniform amounts of ge-
netic material from different individuals, which may be interpreted as using
nonbinary test matrices. We assume that we are given a set of n samples
with at most d infected individuals. Our goal is to minimize the number of
tests needed to identify all infected individuals and we do not impose any
restrictions on the “simplicity” of our scheme. As a result, we consider a
generalization of the model described in the previous section which allows
for more than three test outcomes.

For simplicity, as well as for practical reasons,’

we focus on equidistant
thresholds but allow for warm-up/saturation effects. We refer to this model
as the saturation GT scheme.

Let 7,m € Z™" represent the distance between the thresholds and the num-
ber of thresholds, respectively.

Denote the outcomes of the test by a nonnegative integer t < m. Then,

0, if every sample in the test is negative,
1, if the number of infected individuals is between 1 and 7,
2, if the number of infected individuals is between

74 1 and 27,

m — 1, if the number of infected individuals is between
(m—2)7+1and (m—1)7, or

m, if the number of infected individuals is at least

(m—1)7+ 1.
(4.3)

We seek to identify d infected individuals from a population of size n given

that each test returns a value in (4.3). We refer to this problem as the (n, d)

9As we quantize the C; values or the phase transition thresholds according to equally
spaced cycle numbers
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adaptive SQGT problem or the (n,d)-ASQGT problem for short.

Another way of looking at (4.3) is that if the collection of samples tested
contains d’ infected individuals, then the output of the test is [d;l} when
d’ < m7 and m otherwise. Note that for every test there are m + 1 possible
outcomes and the output of a test tells us roughly (within at most 7) how

many total infected samples are part of the tested pool of samples.

Remark 12. As discussed in Example 13, the ideas discussed here are appli-

cable to the case where the widths of the thresholds are monuniform.

Let 2° = m+ 1. Motivated by practical applications, we will be interested
in the case where § = O(1). Our main results are two algorithms, which we
refer to as parallel search and deep search. Parallel search is applicable
for the setting d > (. In Lemmas 12 and 13, we show that using parallel
search it is possible to efficiently identify from a set of pools (each of size
s = 2“ and large enough to contain at least § infected individuals) a set of [
defectives using at most a tests. Note that as a first-step simplification, one
may think of n being approximately equal to d - 2¢; the notation involving
« is chosen to enable a comparison between our SQGT search scheme and
the well-known splitting approach by Hwang [112]. Deep search, discussed
in Lemma 14 and applicable for the setting d < (3, shows that it is possible
to identify all d infected individuals using roughly #ng(ﬁ) tests. Our main
result is Algorithm 1, which for d = Q(n) shows that one can identify d
infected individuals using at most % - (v +3+1og B) tests. These results
show that adaptive SQGT roughly provides §-fold savings in the number of
tests when compared to classical adaptive GT. Furthermore, they differ from
the information-theoretic lower bound (as it applies to ASQGT) of Lemma 11
by (9(%) tests. It remains an open problem to identify whether it is possible
to solve the (n,d)-ASQGT problem using fewer tests.

We start with the following obvious claim, which allows us to restrict our

attention to the case where 7 = 1 and simplifies the problem at hand.

Claim 19. Let G be the set of test subjects and suppose that there are at
most d infected individuals within this group. Let PY) be a pool formed by
taking one sample from each individual in G and let P™) be a pool formed by
taking w samples from each individual in G. Let t) be the output of testing
P under the setup (m,7) = (m,1) and let t™) be the output of testing P™)
under the setup (m,7) = (m,w), according to (4.3). Then, t) = ¢,
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Next, we present a lower bound (i.e., information-theoretic or counting
lower bound) on the number of tests necessary to solve the (n,d)-ASQGT
problem. The result follows from a simple counting argument and is consis-
tent with the result from Claim 19, as it does not depend on the width 7 of
the threshold.

Lemma 11. Let n = (2*+ 1) -d+ 2% - § + A, where a,9, A are integers,
§ < d, and A < 2%. Then, the number of tests L(n,d, m) needed to identify

the infected individuals is bounded as:

d
L(n,d,m) > —
( ) 3

Proof. The number of ways to select at most d infectives in a group of n
individuals is 3¢ ("). Thus, we have

d

d+d

L(n,d,m) > log,,,, <Z< )) >log,, 11 (n d+ )
=0

S(a+1).

J 1
>d 10gm+1(2a1+d+ﬁ+ ))
d-a d O+ A+d
>— +—-1 1

5 "3 Og?( +- 20d )
d
Z—-(a+1
3 (a+1)

The next example illustrates a simple approach for addressing the ASQGT
problem, and motivates the analysis that follows.
From here on, we write [[z]] ={0,1,...,2 — 1} and [z] = {1,...,2}.

Example 11. Suppose that we are given a collection of n indiwviduals with
exactly d infected subjects. We start by randomly partitioning the set of
n indwiduals into d groups each of size s = & = 2%, where we assumed for
simplicity that d|n. The expected number of infected individuals in each group
15 1.

Denote the d groups or pools by Go, Gy, ...,Ga_1; all groups have the same

size and from this point on, for simplicity, assume that each group contains
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exactly one infected subject. Fori € [[d]] we proceed as follows. We partition
G into 2° groups of equal size and denote the subgroups as QZ-(O), gi(l), e gz@ﬂ‘”.
Under this setup, there exists exactly one index j* such that the number
of infected individuals in Q'Z-(j*) equals to one, and every other group Qi(j),
j € [[2°]]\ j* is free of infected individuals.

Next, we form a new set of pools, which we denote by Py, i € [[d]], compris-
ing k replicas of the samples in gi(’“), for allk=0,...,2% — 1. Let t; denote
the output of the semi-quantitative test described in (4.3) after the pool P; is
tested. Then, it is straightforward to observe that the outcome t; is j*, and
hence we can identify the group which contains the one single infected indi-
vidual using only one nonbinary outcome test. We repeat this procedure for
each group G;, i € [[d]], partitioned into subgroups. It can be hence seen that
it is possible to identify d infected individuals using only d% tests assuming

each of the d groups of size 2% each contain exactly one infected subject. [

To make this argument rigorous, we need to account for the fact that not
every group will have exactly one infected individual. In this case, upon
creating the subpools we have to recursively test them until we identify a
prescribed number of infected individuals. In fact, the approach from the
previous example is a special case of what we refer to as deep search, de-
scribed in Lemma 14. The resulting algorithm is summarized in Algorithm 1,
and it requires roughly an additional factor of O(%) tests compared to the

information-theoretic lower bound.

4.5.1 Parallel Search

We start by introducing some useful notation. Suppose that G’ is a subgroup
of individuals to be tested and that the outcome of a test governed by (4.3)
is t. In this case, we say that G’ is a t-infected group. When referring to an
ordered collection of groups (Gy, G1, ..., G,-1), we say that the collection is a
(to,t1,...,t4—1)-infected group if ty >t > --- > t,_; and G; is a t;-infected
group, for i € [[g]]. We also say that (Go,...,G,_1) is a S-minimal group
if 329705 < 8, but 4t > 5.

The following lemma constitutes the key component of one of our ap-
proaches to solving the (n,d)-ASQGT problem. We refer to the procedure

described in the proofs of the next two results as parallel search.
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In the first lemma below, we make the simplifying assumption that a group

is f-minimal and g = 5. Afterward, in Lemma 13 we consider the case when

g<p.

Lemma12. Let a and [ be positive integers. Suppose that (Go, G, ...,Gz-1)
1s a B-minimal group, where g = [, and that each group has size at most
2%, Then, we can identify B infected individuals in the group using at most

« tests.

Proof. We prove the result by induction on «, where 2% as before is the size
of each subgroup. Recall that under this setup ¢y =¢; =--- =t,_1 =1 and
g = B. Refer to Figure 4.11.

First, consider the case a = 1, for which we have § 1-infected groups of
individuals and each group has size 2. For shorthand, denote the [ infected
groups as Gy, Gi,...,Gs_1. From these 3 groups, we form a “super-pool” of
samples which contains a total of 20 421 +22 4 ... 4 26=1 = 2% _ 1 samples.
More precisely, for i € [[8]], the super-pool contains 2° samples from one
individual € G;. Since ty =t; =--- =t3_1 = 1 and 7 = 1, according to (4.3)
the output returned after testing this super-pool of samples is a number ¢
between 0 and 2% — 1. Let by, by, ... ,bg_1 be the binary representation of
the number t. It is straightforward to verify that b; = 1 then the individual
selected from G; is infected. Otherwise, if b; = 0, then the above described
individual is not infected, which implies the other individual (the one not
tested) in group G; is infected. Thus, we conclude the statement in the
lemma holds when a = 1.

For the inductive step, assume that the statement holds when the group
size is at most 2% and consider the setup where the group size is 2% = 2¢'+1.
We follow the same approach as described for a = 1 for creating super-pools.
Under this setup, we have 8 1l-infected groups Gy, Gi,...,Gs_1, each of size
2¢'t1 For i € [[B]], let Q; C G; be a subset of G; of size 2. Next we
construct a super-pool that contains 2° samples from each individual in Q;,
i € [[8 —1]]. Let t denote the output of testing this super-pool according
to (4.3), where by, by, ..., bs_1 is the binary representation of t. As before, if
b; = 1, then Q; has a single infected individual. Otherwise, if b; = 0, then
there is an infected individual in the set G; \ Q; which also has size 2" For
i € [[A]], let G! = Q; if b; = 1 and otherwise, if b; = 0, set G/ = G; \ Q,.
Then, (Gy,Gy,---,G51) is a (1,1,...,1)-infected group and we can apply
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the inductive hypothesis to (Gy, Gy, ..., G5 ;). [

For the case g < 3, we use a similar partitioning idea to identify at most /3
subgroups which satisfy the conditions in the lemma. The difference between
the approaches is that for ¢ < [ the number of samples added into the pool
is dictated by a mixed-radix representation (in which the numerical base
varies from position to position) rather than a binary representation. For
simplicity, we assume from now on that f is an even integer although the

results hold for odd integers as well.

Lemma 13. Let «, 3, g be positive integers such that g < 3. Suppose that
(Go,G1,...,Gy-1) is a f-minimal group and that each group has size at most

2%, Then, we can identify (8 infected individuals using at most « tests.

Proof. We begin with the following claim which we find useful in our subse-

quent discussion.

Claim 20. Suppose we are given a sequence (to, ..., t,—1) € [[8 + 1]]9, where
g < B, and the values to = t1 = --- = t,_1 are such that Z?;é t; = B, but
Z?;g t; < B. Furthermore, let (ng,...,ng_1) € [[to + 1]] x [[t1 +1]] x --- X
[[ty—1 + 1]]. Then, the number of different choices for (ng,...,ng_1) is at

most 2°.

Recall the main idea behind the proof of Lemma 12, where we tacitly as-
sumed that g = . There, we used the binary representation of the integer
t, where t denotes the test outcome of the super-pool, to determine which
of the tested subgroups involved infected individuals. In order to make this
argument work, we formed the super-pool by adding 2¢ samples from group
Q; C G, for ¢ € [[A]], where |Q;| = % Next, the idea is to add NN; samples
from each group, where /V; is chosen by considering a mixed-radix represen-
tation of the number t.

We say that (bo, b1, ...,bs_1) is the (to,t1,...,t;—1)-mixed radix represen-
tation for t if the following is true. Let Ny = 1. For i € [g — 1], let
N; = (tiz1 +1) - N;ioy. Note that when ) = t1 =ty = -+ = t,_; = 1,
N; = 2. The mixed radix representation of t is of the form ¢ = Zf:_ol b; - N;,
where b; < t;. Note that under this setup since b; < t;, the sequence
(bo, b1,y ..., bg1) € [[to+1]] x [[t1 +1]] x - - - x [[ty—1 +1]] provides a unique rep-
resentation and is invertible provided that (¢o,t1,...,%,-1) is given. In other

words, given the number ¢ we can uniquely determine the i-th digit in the
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(to,t1,...,ts—1) mixed radix representation for ¢, which is b;,. Furthermore,
as a result of Claim 20, we know that ¢t < 2% — 1 = m.

We are now ready to proceed with the proof. Suppose that (Go, G, ..., Gg—1)
is a f-minimal group. We will prove the result by induction and we will show
the inductive step (since the base case follows from similar ideas).

For the inductive step, assume the statement holds when the group size
is at most 2% and consider the setup where the group size is 2 = 2¢+1.
Note that we have (o, t1,...,t,-1)-infected groups Gy, G, ...,G,-1 each of
size 21, We form our super-pool as follows. As before, for each i € [[g]],
we select a subset Q; C G; of size |Q;| = 2¢" " For each individual in Q; we
add N; samples into the superpool, where NN; is as defined in the previous
paragraphs.

Let t be the output of testing the resulting super-pool according to (4.3)
and let b; denote the i-th symbol of the (to,11,...,t,_1)-mixed radix repre-
sentation of ¢.

Note that based on t, we can determine the number of infected individuals
in each of the subgroups Qo, Go \ Qo, ..., Qg—1, Gs—1 \ Qy—1. In particular,
since we know t;, and given the output b; which can be recovered after testing
the super-pool, we know that for all ¢ € [[g]], the number of infected subjects
in Q; is b; and the number of infected subjects in G; \ Q; is t; — b;. Given this
information, we can generate Gy, G, ..., Gy, _;, where for i € [[g]], G; C Q; or
G/ C G\ Q;, such that the collection is a S-minimal group. Thus, we can
apply the inductive hypothesis to G. This establishes that we can identify /3

infected individuals using at most « tests and completes the proof. O

4.5.2 Deep Search

Next, we consider the case d < 3, and show that there exists an ASQGT
scheme which requires roughly #g(ﬂ) -(a+1log(B)) +d tests. Recall that the
main idea behind the parallel search procedure was to simultaneously run a
binary search on g subpools each of size 2%. In this manner, using «a tests we
can identify § infected. For d < 3, there are not sufficiently many infected
individuals to use this method, and so for this setup, rather than perform
a binary search in parallel, we test roughly 2871809 (significantly smaller)

subpools at the same time. We refer to this procedure as deep search.
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Before proving a relevant lemma, we begin by describing a variant of well-

known Newton identities. For completeness, we include a proof.

Claim 21. Let § = {j1,...,ja} € Z be a multiset of nonnegative integers
each of which has value at most p — 1, where p is an odd prime. Define
pe(S) = 22:1 ji mod p, the (™ power sum of S over the finite field F,.
Then, one can recover S given (po(S),p1(S), .- ., pa(S)).

Proof. We represent S using S, containing the positive elements in S and
2 € 7, which denotes the number of zeros in S. Given S*) and z, the set S
is uniquely determined.

First, note that Newton’s identities can be used to recover the set St =
{i1,i9, ... ig}. Tosee this, let o(iy, i, ..., iq) = [[f_,(1—irz) = X0 opa® €
F,[z] and assume that the operations are over the polynomial ring F,[x],

where the elements in § are assumed to lie in F,. Then, we have

d d
Zpg(S) - 2% (moda®tt) = Zpg(S(H) - 2* (mod @)
=1 =1

d &
= Z it - 2* (modz®™)
=1 k=1
4 d
= it - ¥ (modz®™)
k=1 (=1

I
]~
VR
—_
—_ |
ESEY
~| %
??‘ .
5|5
£
|
—
~__
=
o
Q.
8
is9
Jr
—

k=1
Tow
— - ko (modz?),
1~ U - T
which implies
d
Zpg A(SMY 2t o(iy,. .. i) (moda®) = —x - 0/ (iy, ... ig).
=1

The above equality in turn implies Zi;t ok - pe—k(S) = —L - 04. Thus, given
pe(S), ¢ € [d], one can recover o(S)) as well as the multiset S(). The
multiset S can be subsequently recovered by noting that the number of zeros
in S equals py(S) — [SM]. O
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Lemma 14. Let p be an odd prime such thatp > 2* —1 and (p—1)-d < 2°.
Suppose that G is a d-infected set of size 2%, and d < p — 1. Then we can

identify the d infected individuals using at most d - ¢ tests.

Proof. For simplicity we assume that L|a, and, similar to Lemmas 12 and
13, use induction in «. For the case a = L, we run d tests, and for each test
we design a different test group. For ¢ € [d], test group ¢ contains j* € F,
samples from each individual indexed by j € [[2%]]. Suppose that D is a
multi-set of elements from [[2L]] and that D is such that if group j has k
infected individuals, then the elements from group j appear k times in D.
Then according to the above setup the output of performing the SQGT on

pool ¢ results in the following /-th power sum:

d

p@(jlaj% cee 7jd) = Z]]{;

k=1

Note that ji < p (since by design j* € F,) and so p;(ji,J2,---,Ja) <
(p — 1)d < 25. Thus, for ¢ € [[d + 1]], we can recover p;(ji,J2,---,jd) =
pe(J1, 72, - - -, ja) mod p, since po(j1,Ja,---,Ja) mod p = d follows from the
fact that G is a d-infected set. From the set of d + 1 power sums over the
field F,,, we can recover the multi-set {ji, ..., ja} from Claim 21, which com-
pletes the proof of the base case.

For the inductive step, assume the statement holds for group sizes at most
2% and consider a group size 2 = 2*+L. As in the proofs of Lemmas 12 and
13, we work with subgroups. The subgroups are formed by partitioning the
set of 24+ individuals into 2° subgroups Py, Ps,. .., Par each of size 2%
Applying the same ideas as before, we form d test groups where test group
( € [d] contains j* € F, samples from each individual in subgroup j € [[2]].

Let D = {j1.7%,...,J4} be a multiset of integers such that j!, appears ¢
times in the multiset if and only if group j;, has ¢ infected individuals. Using
the same approach as for the base case, we first recover the power sums
pi(J1s 35 -+ 7). Then from Claim 21, we recover the set D in the same
manner as before and we apply the inductive hypothesis to the subgroups in

D. This completes the inductive step and the proof. O

Remark 13. For the case d = 1, the deep search procedure coincides with the

approach described in Example 11. Deep search may be of limited practical
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value due to the large amounts of sample material required for testing, but
is of theoretical relevance due to the fact that it generalizes Hwang’s gener-
alized splitting method to the SQGT setting for a small number of infected

individuals.

4.5.3 (n,d)-ASQGT Schemes

As discussed in the text following Example 11, our general approach to adap-
tive SQGT is to first partition the set of n individuals into % subpools and
test each subpool separately using either parallel search or deep search, de-
pending on the number of infected in each subpool. Parallel search produces
the best results in the worst case, provided that the number of infected in-
dividuals across all the subpools is < [, while parallel search gives the best
results for the case of a large number of infected individuals.

Let Tp(n,d) denote the number of tests required by our ASQGT scheme,
summarized in Algorithm 1, and let n —d = 2% -d+2%-§ + A, where «a, 0, A
are integers such that 6 < d and A < 2% In order to simplify the notation

by avoiding floor and ceiling functions, we assume that 3|d and j|4.
Theorem 14. Tp(n,d) < % (a+3+1logp) + %.

Proof. Since the first step involves testing %4—% groups, the first step requires
d 4 % tests. For the next steps, note that each group has size < 2°*143.

B
ng(ﬁ) tests
B

Hence, we can uncover 3 infected individuals using at most
according to Lemmas 12 and 13. In step 3, we use one additional test for
every (3 infected individuals. Since there are d infected, the total number of

tests required by Algorithm 1 equals

d o

E+E (a+3+1log(p)) +

Tp(n,d) < <

s RSH

d d
>+E-(a+l+log(ﬁ))+g

] QJQ';

As discussed earlier, the parallel search ASQGT scheme requires (’)(%)
more tests than the information-theoretic lower bound. When g = 1, our
scheme requires O(d) additional tests which agrees with the traditional adap-
tive binary setting studied in [94].

Next, we consider the second approach to the ASQGT problem based on

deep search, for the case where d < (. Let Tp(n,d) denote the number
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Algorithm 1 Parallel search ASQGT scheme

1. Initialize: Partition the set of n individuals into 9% groups, denoted

B
by Go,G1, . . ., gd%a_l, each of size < 3 - 2971,

Test each subgroup individually. For i € [[%‘SH, suppose that G; is a

t;-infected group and let D denote the total number of infected subjects
across all groups.

2. Parallel Search: Identify a S-minimal group (G, ...,5,_,), and
apply parallel search on the group to uncover g infected individuals.
Remove the § infected individuals from their respective groups.

3. Update: Use one additional test to determine the number of infected
subjects in (Gj,, ..., G, ,) after Step 2. Update t;,,...,t;,_, and D. If
D > 0, go to Step 2.

of tests required by our algorithm and, with a slight abuse of parameter
definitions, assume that n — d = 2% - d. Furthermore, assume as before that

d|2”? and d|n. The corresponding approach is described in Algorithm 2.

Algorithm 2 Deep search ASQGT scheme

1. Initialize: Partition the set of n individuals into d groups, denoted by
Go,G1,-..,G4 1, each of size 2. Test each subgroup individually and
let D denote the total number of infected subjects across all groups.

2. Deep Search: Identify a t;-infected group G;, and apply deep search
to uncover t; infected subjects, for some i € [[d]].

3. Update: Let D =D —t;. If D > 0, go to Step 2.

Theorem 15. The number of tests for deep search ASQGT satisfies

«

p—logp—1

Proof. The first step in Algorithm 2 requires d < [ tests. According to
tests. Hence, the total

Lemma 14, Step 2 requires at most ¢; - B—log(B)—1
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number of tests is upper bounded as

d—1
«
Toln.d) < B+ 3t
pnd) <P+ 2t g

«

=t g egp -1

4.5.4 Error-resilient (n,d)-ASQGT Schemes

We consider next the question of designing ASQGT models that can tolerate
a bounded number of birth-death (BD) chain errors. Recall from (4.3) that in
the event that there are no errors, the output of testing a pool of individuals,
of which d are infected, is an integer ¢, such that ¢t = d for d < m and t = m,
whenever d > m. Suppose instead that the erroneous output of testing a
pool is ', where t' € {t —1,¢+ 1} with the appropriate boundary conditions.
We refer to such an error as a single BD error.

Our main result is described in Theorem 16. We prove that there exists
a scheme that requires % - (a+3+1ogpB) + % tests that can correct an
arbitrary number of test errors. For the case where the number of test errors
is a small integer e, (% + e) (a+3+1logh)+2- % -+ % + e tests suffice, which
implies that only e (a+ 3 +log 3) + 2% + e additional tests are required to
correct e errors in Algorithm 1.

The next claim highlights one of the main ideas behind our approach: Take
multiple copies of samples from each of the individuals being tested in such
a way to get error-free readouts even when errors occur. Here, as before, we

assume that 2% = m + 1.

Claim 22. Let P be a pool of individuals and suppose that PC® is a pool
which contains three samples from each individual in P. Let t be the output of
the test performed on the pool P> given that no errors occur, and suppose t'
is a possibly erroneous output of the test performed on the pool P>3). Given

t', one can determine t.

Proof. Since we have taken 3 samples from each of the individuals in the
pool P, it follows that ¢ (mod3) = 0. Thus, if an error occurs, the output
of the test under the BD model equals ¢’ € {t + 1,¢ — 1} which implies that
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t'(mod3) = £1. If # mod 3 =1, then ¢ =t + 1 and so we can recover ¢ by
simply decrementing ¢’ by one. Similarly, if # mod 3 = —1, then ¢/ =t — 1

and we can recover t by incrementing ¢’ by one. O]

Using the idea from the previous claim, we can determine exactly how
many infected individuals are present in each of the tested pools despite
the fact that testing errors can occur. We describe the underlying method
through an example, for which we need the following terminology.

We say that P; is a t;-infected group if the output of testing PZ-(X?))
is in the set {3t; — 1,31;,3t; + 1}. We also say that (P;,,...,P;,_,) is a
p-minimal group if to > t;, > --- > t; _, Z?;g t; < B3, but Z?;é t; = p.

Example 12. For simplicity, assume that we have m = 3 (27 — 1) thresholds,
and suppose that (Po,Pi, ..., Py_1y is a y-minimal group, where we again
make a simplifying assumption, namely v = g. We proceed in the same
manner as described in Lemma 6 and we first form a super-pool, denoted P
which consists of 2¢ copies of each sample in P;. Afterward, we generate a
larger pool of samples, PO3) which contains 3 copies of each sample in P.

Notice that given the output of the test W, we can uniquely determine the
number of infected that are in each of the groups Py, P, ..., Py_1. Suppose
that t' is the output of testing PG and suppose t is the output of testing PG
assuming no errors occur during testing. From Claim 22, we can recover t
and from Lemma 6 it is possible to determine how many infected are in Py,
how many infected are in Py, etc.

Another simple way to see how the above scheme overcomes BD noise is
to see that it suffices that test outcomes differ from one another by at least
three. This can be easily accomplished by fixing the coefficients of 2 and 2°
in the binary representation of the test outcomes to zero.

More precisely, we can artificially introduce two subgroups, so that when
m = 27 — 1, we collect samples from subgroups labeled by 1 < i < v, 2

with the amounts dictated by their labels. If the observed test outcome is
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t = 2;01 €; - 2¢, then the true test outcome is decoded as:

(

Ey 18y g... 00,
Zf éléo =00 or élé() = 0]_,
€y_1€y_2...€2€1€) = (4.4)
€y_1€64_2... 26169+ 1 (binary addition),
\ if &6 = 11.
O

The following claim is straightforward.

Claim 23. Let a, 3 > 2, g be positive integers where 2° =m +1, g < B — 2.
Suppose that (Go, G1, - . ., Gg-1) is a (B—2)-minimal group and that each group
has size at most 2¢. Then we can identify B — 2 infected individuals using at

most o tests.

Proof. The proof follows immediately by applying the procedure described
in Example 12 and noting that 3 - 2572 < 2% — 1 when 3 > 2. O

Next, we turn our attention to a scheme designed for a small number
of testing errors e. To this end, let Ty (n,d, e) denote the number of tests
required for a noisy ASQGT scheme that tolerates up to e BD testing errors
(see Algorithm 3). As before, let n —d = 2%d + 24§ + A, where «,§ and A
are integers such that § < d and A < 2%. Once again we assume that [|d
and (]4.

We prove the correctness of our algorithm in the following theorem.
Theorem 16. Let § > 2. We have Tx(n,d,e) is at most

min(<%+e) (a+3+logﬁ)+2%+%—l—e, %(oﬁ—?ﬁ—logﬁ)jt%).

Proof. The second term under the minimum follows immediately from the
parallel search ASQGT scheme given the use of a robust parallel search.

Therefore, in the remainder of the proof, we focus our attention on the first

term.

dts
B

Step 2, we perform a+ 1+ log 3 tests. Since Step 2 is executed at most % +e

The first step of our algorithm requires tests and each time we execute
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Algorithm 3 Noisy search ASQGT scheme

1. Initialize: Partition the set of samples from the n individuals into dTJgé

groups, denoted by Pgy, Py, . .. ,73%5_1, and each of size at most 3241

Test each subgroup PZ-(XB’) individually. For ¢ € [[%]], suppose that

P; is a t-infected group and let D denote the total number of infected
subjects in all subgroups.

2. Parallel Search: Identify a S-minimal group (Py,...,P;,_,), and
apply parallel search to uncover [ potential infected subjects. Divide

the set of 8 potentially infected individuals into two groups of sizes LQJ

2
and [2], denoted by D{*® DI,

3. Verify: Test DYS),DgX?’) to determine the total number of infected
recovered. Update t;,,...,t and D.

ig—1

4. Update Large Group Counts: If only one group is present, |P; | >

ﬁ7 and t() 2 1, then test 7: ~(><3) to determine the number Of infected ill
%0
;Eio- GO back to Step 2.

times this implies that the total number of tests required by the first two
steps of our procedure is at most

d+0 d
T-i- (E—l—e) (a+141logp).

For Step 3, note that since maX{|D§X3)|, |D§X3)]} < fg} we have t' <
3(2%1 —1) <29 —1 =m when 8 > 2, and so we can determine exactly how
many infected subjects are in each of the sets D§X3),D§X3) in Step 3. Each
time Step 3 is executed, we require 2 tests. Since Step 2 is executed at most
% + e times, this step requires at most

2-d

—+2-e¢
B

tests. Finally, since Step 4 is executed at most %—I—e times, it follows that the

total number of tests is at most %+<% + e> (a+1+log B)+%l+2-e+%+e,

which proves the claimed result. O

We conclude the above exposition by observing that in a very recent com-
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panion paper [113], we described adaptive schemes for SQGT that only use
two rounds of testing and may hence have practical advantages over deep
search methods. Nevertheless, the results in [113] rely on nonconstructive
expander graph existence guarantees and trade other desirable testing prop-

erties for a reduced number of testing rounds.

4.5.5 Extensions to Nonuniform Threshold Widths

The next two examples illustrate how the ideas from the previous sections can
be extended to the case where the threshold widths increase exponentially.

For this case, we only consider small values of m (i.e., m = 3,4).

Example 13. In the following, we consider a model that mirrors the results
from the previous section that discusses probabilistic priors in [69]. Suppose

that the test outcomes equal

;

0, if there are no infected subjects in the test,
1,  if the number of infected samples is 1,

2, if the number of infected samples is in [2, 3],
3 if the number of infected samples is in [4,7].

\

We consider the following extension of the approach discussed in Fxam-
ple 11. Suppose we have a pool of size 2% that contains at least one infected
subject. We start by testing this pool to determine the total number of in-
fected individuals. There are two cases to consider: (a) The output of the
test 1s 2 or 3, which indicates that there is more than a single infected in the
pool or (b) The output of the test is 1.

Suppose that the outcome is (b). In this case, we run a variant of deep
search. In particular, we divide the pool into 4 subpools and form a superpool
from these 4 subpools which contains O samples from the first pool, 1 sample
from the second pool, 2 samples from the third pool, and 4 samples from the
fourth pool. It is straightforward to verify that in this case we can determine
which of the 4 subpools contain the single infected sample by testing the su-
perpool, and we then repeat this procedure using the subpool which contains
the single infected.

If the outcome is (a), then we proceed to divide the pool of size 2% into
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two disjoint subpools, each of size 27, We further select one of the two
subpools for testing. If the subpool tested contains a single infected, then we
continue by applying the procedure discussed in the previous paragraph on the
subpool of size 271 that contains one infected sample. Otherwise, we repeat
the procedure from this paragraph on one of the subpools of size 271 that
contains more than a single infected subject.

Using the procedure described above, it is straightforward to wverify that
recovering 2 infected individuals requires at most a tests provided we know
the number of infected samples in the pool of size 2%. Now suppose n. = d 2.
Then we can recover d infected subjects using at most 2 - d + d'TO‘ tests as
follows. First, we partition the set of n individuals into d groups each of size
2% and we initially test each of these d groups. Afterward, we search for the

infected individuals using the process outlined in this example. 0

We note that despite the fact that we have focused on the case where m is a
power of two, the next example shows that in some cases our ideas extend to
settings where m is not necessarily a power of two. In the next example, we
show an adaptive scheme that requires at most roughly d+d- (logs(%) + 1).
The ideas are similar to the previous example except that here we only allow
3 thresholds.

Example 14. For this example, we assume that n = d - 3%. The output of

the test is t, where:

0, if no infected samples are present in the pool,
t =191, if the number of infected samples equals 1, (4.6)

2, if the number of infected samples is > 1.

The core idea behind the testing strategy is a simple extension of the previous
example. Suppose we have a pool of size 3% that contains at least one infected
individual. First, we test this pool of size 3% to determine the total number
of infected individuals. There are two cases to consider: (a) The output of
the test equals 2, which indicates that there is more than one infected sample
in the pool or (b) The output of the test equals 1.

Suppose (b) occurred. We perform the same procedure as before except that
instead of dividing the pool into 4 subpools, we divide the pool into 3 subpools

of equal size. Next, we form a superpool from these 3 sub pools which contains
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0 samples from the first pool, 1 sample from the second pool, and 2 samples
from the third pool. Similarly as before, we can determine which of the three
subpools contains the single infected sample, and we then repeat this procedure
using the subpool which contains the single infected sample.

If (a) occurs, then we perform the same procedure as in the previous ex-
ample. In particular, we divide the pool of size 3% into two disjoint subpools
each of size at most [%1 and perform a single test. If two infected individ-
uals are contained in a single pool, then we repeat the procedure from this
paragraph on the pool of size at most [%1 that contains at least two infected
samples. Otherwise, we perform the procedure from the previous paragraph
on the subpool of size at most [%1 that contains a single infected sample.

Using this approach, it is straightforward to verify that recovering an in-
fected requires at most a+1 tests. Thus we can recover d infected individuals
using at most d+d - (o + 1) tests as follows. First, we partition the set of n
infected into d groups each of size 3%. Afterward, we search for the infected

individuals using the process outlined in this example. 0

4.6 Open Problems

We provided an in-depth description of the quantitative RT-PCR proto-
col suitable for nonexperts, an overview of existing GT testing protocols
for Covid-19 and their practical implications. These comparative studies
motivated further explorations of quantized GT (or semiquantitative GT
(SQGT)) protocols, especially under a new measurement-error model termed
the birth-death chain noise model. We furthermore developed state-of-the-
art adaptive SQGT schemes with combinatorial priors and provided extensive
analytical results, including performance bounds, algorithmic solutions, and

noisy testing protocols. Many open problems remain, including;:

e Probabilistic testing schemes for more than 3 thresholds: We consider
the setup where each test generated the output 0,1, or 2 depending
upon the number of defectives in each group. How much can one reduce
the number of tests of our schemes if we incorporate additional semi-

quantitative information, in the presence of errors?

o Worst-case general SQGT testing schemes with a constant number
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of rounds: The schemes described in Section 4.5 have the potential
drawback that almost every test depends upon the results of prior
tests. It has been shown that in the binary group testing setting,
the information-theoretic lower bound can be achieved using only two
rounds of nonadaptive testing when the number of infected individ-
uals is at most n¢ for any constant ¢ < 1 [114]. In a recent line of
work, the authors of [113] showed how to implement two-round SQGT
schemes for the saturation model studied in Section 4.5. It remains
an open problem to generalize the approach for general quantized GT

paradigms.

Practical SQGT schemes resilient to errors: Practical two-stage SQGT
schemes presented herein can be enhanced with noise-resilience prop-
erties in a straightforward manner by repeating each test a prescribed
number of times, while keeping the number of testing stages the same.
Nevertheless, it would be interesting to find more efficient, and still
practical, ways of adding good noise-resilience properties to these

schemes.
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Figure4.7: A typical amplification graph, plotting the relative fluorescence
versus the number of PCR cycles for various input concentrations of the
DNA sample. The dots represent actual fluorescent levels, while the curves
represent a degree-10 polynomial approximation of the measurements.
Since the solid curves are approximations, the fluorescence level for a small
number of cycles can be negative, which is clearly not physically possible.
Simple yet less precise piecewise linear and quadratic curves will be
described when discussing error models for real-time PCR. Also, note that
the fluorescence saturates after roughly 35 — 40 cycles which shows that
models that use the final cycle fluorescence cannot distinguish viral loads.
Another observation is that due to the stochastic nature or RT-PCR it
usually takes around 5 — 10 cycles to obtain visible fluorescence,
independent of the viral load. Both of these features demonstrate the
highly nonlinear relationship between the viral load and the fluorescence.
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Figure 4.8: Amplification curves and quantization regions for the C}
values. Given a number of amplification curves used for calibration in a
specific lab, the quantization regions in this example are chosen based on
the intersection of the fluorescence detection level 500 and the calibration
amplification curves. A C; value for a particular experiment is placed in the
quantization region bounded by the two “closest” amplification curves used
for calibration and their underlying C} values, or into the corresponding
quantization bin. In this particular example, except for the quantization
regions corresponding to the early and late cycles, the quantization regions
are of nearly uniform length. Note that the larger the C; value, the lower
the viral load. Also, if one were to only use the fluorescence levels observed
at the final RT-PCR cycle (i.e., cycle number ~40), the results would be
noninformative with respect to the viral load as a strong saturation effect
comes into existence.
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Figure 4.9: A typical viral load dynamics in an infected individual versus
the time since infection. The viral load sharply spikes within the first three
days of infection and then more gradually decreases. The nonlinear part of
the viral load curve can be approximated by a linear component symmetric
with respect to the linear component. This linear approximation will be
used to determine the probability of heavy hitters, i.e., individuals who
have an absolute viral load above 10°.

Figure 4.10: The birth-death noise model. Here, the assumption is that
the C; values can be corrupted by noise only insofar as they can be
mislabeled as belonging to intervals adjacent to the correct interval (except
for the values falling into the first and last quantization region or bin).

129



Group 2 Group 1 Group 0 Group 2 Group 1 Group 0
. " . . . .
ﬂuﬁn}iﬂnﬂ} Fittits :- """ TR ITTTT i:'ﬁuu} swuuldlnﬂnﬂ ii*éééwi:iiiﬁiii-' u,,a;aai:unnﬂ
1 1 1 1 1 1
1 1 1 1 1 1
Frrrren 1 1 e 1 1
1 1 1 1 1
........ 1 1 [ 1 1
M 1 1 faand 1 1
1 1 1 1 1 1
fitfiid fititiid 1 Wiié L2 L 1
1 1 1 1 1 1
FPTYYT pidpiiid phdtipid hite T I LT
1 2
Group 2 Group 1 Group 0 Group 2 Group 1 Group 0
- e e e e e
np""Jlnqéé»M M*{nnﬂlnqnn Mtpnfl»ifé»ip" iﬁiﬁiﬂnnwﬁ.f ii”ﬁﬁl,'(né*iii .‘.‘.‘.‘*.nl“ﬁiiﬁ
I 1 1
I 1 1 1 1 1
1 1 1 1 1 1
1 [T 1 1 1 'Y I 1
1 1 1 1 1 1
[ 1 1 1 . 1 1
1 " | | | [ \ \
[ " ! 1 1 1 1
1 44 44 1 | 1 [} ] | I
1 1 1 1 1 1
oo ! It Loy 4
3 4

Figure 4.11: Intuitive illustration of the parallel search ASQGT procedure
with some details removed for the ease of exposure. In this example, m =7

and exactly one individual is infectious in each of the three groups. The

weights of samples in each test round are set to 4,2, 1 as seen in Frame 1. A

binary search procedure is implemented to find the infected individual in

each group. In Frame 1, the test outcome for the first round is 2, implying

that there is one infected individual in the second group. Thus, the

subgroups from groups 1 and 3 that were probed in Frame 1 are discarded

as illustrated in Frame 2. Similarly, the second subgroup of group 2 that

was not tested is discarded as well. The subgroups that contain an infected

individual are further probed as seen in Frames 2,3 and 4.

130




1]

REFERENCES

V. Zhirnov, R. M. Zadegan, G. S. Sandhu, G. M. Church, and W. L.
Hughes, “Nucleic acid memory,” Nature Materials, vol. 15, no. 4, p.
366, 2016.

A. Al Ouahabi, J.-A. Amalian, L. Charles, and J.-F. Lutz, “Mass spec-
trometry sequencing of long digital polymers facilitated by programmed
inter-byte fragmentation,” Nature Communications, vol. 8, no. 1, p.

967, 2017.

N. Goldman, P. Bertone, S. Chen, C. Dessimoz, E. M. LeProust,
B. Sipos, and E. Birney, “Towards practical, high-capacity, low-
maintenance information storage in synthesized DNA,” Nature, vol.
494, no. 7435, p. 77, 2013.

R. N. Grass, R. Heckel, M. Puddu, D. Paunescu, and W. J. Stark,
“Robust chemical preservation of digital information on DNA in silica
with error-correcting codes,” Angewandte Chemie International Fdi-
tion, vol. 54, no. 8, pp. 2552-2555, 2015.

S. H. T. Yazdi, Y. Yuan, J. Ma, H. Zhao, and O. Milenkovic, “A
rewritable, random-access DNA-based storage system,” Scientific Re-
ports, vol. 5, p. 14138, 2015.

S. H. T. Yazdi, R. Gabrys, and O. Milenkovic, “Portable and error-free
DNA-based data storage,” Scientific Reports, vol. 7, no. 1, p. 5011,
2017.

J. Acharya, H. Das, O. Milenkovic, A. Orlitsky, and S. Pan, “String re-
construction from substring compositions,” SIAM Journal on Discrete
Mathematics, vol. 29, no. 3, pp. 1340-1371, 2015.

“Coronavirus Pandemic (COVID-19) J
https://ourworldindata.org/coronavirus-data, 2020, [Online; accessed
11-November-2020].

131



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

“Here’s how  COVID-19 compares to past outbreaks,”
https://www.healthline.com/health-news/how-deadly-is-the-

coronavirus-compared-to-past-outbreaks, 2020, [Online; accessed
20-April-2020].

B. Abdalhamid, C. R. Bilder, E. L. McCutchen, S. H. Hinrichs,
S. A. Koepsell, and P. C. Iwen, “Assessment of specimen
pooling to conserve SARS CoV-2 testing resources,” American
Journal of Clinical Pathology, 04 2020, aqaa064. [Online]. Available:
https://doi.org/10.1093/ajcp/aqaa064

A. Z. Broder and R. Kumar, “A note on double pooling tests,” arXiv
e-prints, Apr. 2020.

C. Gollier, “Optimal group testing to exit the Covid confine-
ment,” Toulouse School of Economics, Tech. Rep., Mar. 2020.
[Online]. Available: https://www.tse-fr.eu/optimal-group-testing-exit-
covid-confinement

O. Gossner, “Group testing against COVID-19,” Center for
Research in Economics and Statistics, Working Papers 2020-04, Mar.
2020. [Online]. Available: https://ideas.repec.org/p/crs/wpaper/2020-
04.html

R. Hanel and S. Thurner, “Boosting test-efficiency by pooled testing
strategies for SARS-CoV-2,” arXiv e-prints, Mar. 2020.

K. R. Narayanan, A. Heidarzadeh, and R. Laxminarayan, “On acceler-
ated testing for COVID-19 using group testing,” arXiv e-prints, Apr.
2020.

M. Taufer, “Rapid, large-scale, and effective detection of COVID-
19 via non-adaptive testing,” bioRziv, 2020. [Online]. Available:
https://www.biorxiv.org/content /early/2020/04/13/
2020.04.06.028431

N. Shental, S. Levy, S. Skorniakov, V. Wuvshet, Y. Shemer-Avni,
A. Porgador, and T. Hertz, “Efficient high throughput SARS-CoV-2
testing to detect asymptomatic carriers,” medRziv, 2020. [Online].
Available: https://www.medrxiv.org/content/early /2020/04/20/
2020.04.14.20064618

132



[18]

[22]

[23]

[24]

[25]

[26]

[27]

I. Yelin, N. Aharony, E. Shaer-Tamar, A. Argoetti, E. Messer,
D. Berenbaum, E. Shafran, A. Kuzli, N. Gandali, T. Hashimshony,
Y. Mandel-Gutfreund, M. Halberthal, Y. Geffen, M. Szwarcwort-
Cohen, and R. Kishony, “Evaluation of COVID-19 RT-qPCR
test in multi-sample pools,” medRziv, 2020. [Online]. Available:
https://www.medrxiv.org/content /early/2020/03/27/
2020.03.26.20039438

J. Zhu, K. Rivera, and D. Baron, “Noisy pooled PCR for virus testing,”
arXiv e-prints, Apr. 2020.

G. H. Hardy, “An introduction to the theory of numbers,” Bull. Amer.
Math. Soc., vol. 35, no. 6, pp. 778818, 11 1929. [Online|. Available:
https://projecteuclid.org:443/euclid.bams /1183493592

V. I. Levenshtein, “Efficient reconstruction of sequences from their sub-
sequences or supersequences,” Journal of Combinatorial Theory, Series
A, vol. 93, no. 2, pp. 310-332, 2001.

M. Dudik and L. J. Schulman, “Reconstruction from subsequences,”
Journal of Combinatorial Theory, Series A, vol. 103, no. 2, pp. 337—
348, 2003.

T. Batu, S. Kannan, S. Khanna, and A. McGregor, “Reconstructing
strings from random traces,” in Proceedings of the Fifteenth Annual
ACM-SIAM Symposium on Discrete Algorithms. Society for Industrial
and Applied Mathematics, 2004, pp. 910-918.

K. Viswanathan and R. Swaminathan, “Improved string reconstruc-
tion over insertion-deletion channels,” in Proceedings of the Nineteenth
Annual ACM-SIAM Symposium on Discrete Algorithms. Society for
Industrial and Applied Mathematics, 2008, pp. 399—408.

H. M. Kiah, G. J. Puleo, and O. Milenkovic, “Codes for DNA sequence
profiles,” IEEFE Transactions on Information Theory, vol. 62, no. 6, pp.
3125-3146, 2016.

R. Gabrys and O. Milenkovic, “Unique reconstruction of coded se-
quences from multiset substring spectra,” in 2018 IEEE International
Symposium on Information Theory (ISIT). TEEE, 2018, pp. 2540—
2544.

M. Cheraghchi, R. Gabrys, O. Milenkovic, and J. Ribeiro, “Coded trace
reconstruction,” IEFE Transactions on Information Theory, vol. 66,
no. 10, pp. 6084-6103, 2020.

133



[28]

[29]

[30]

[33]

[34]

[36]

[37]

R. Gabrys, H. M. Kiah, and O. Milenkovic, “Asymmetric lee distance
codes for DNA-based storage,” IEEE Transactions on Information
Theory, vol. 63, no. 8, pp. 4982-4995, 2017.

D. E. Speyer, “Upper limit on the central binomial coefficient,” Math-
Overflow. [Online]. Available: https://mathoverflow.net/q/246875

S. Durocher, P. C. Li, D. Mondal, F. Ruskey, and A. Williams, “Cool-
lex order and k-ary Catalan structures,” Journal of Discrete Algo-
rithms, vol. 16, pp. 287-307, 2012.

R. Roth, Introduction to Coding Theory. Cambridge University Press,
2006.

A. Lenstra, “Factoring multivariate polynomials over fi-
nite fields,”  Journal of Computer and System  Sciences,
vol. 30, mno. 2, pp. 235 — 248, 1985. [Online]. Available:
http://www.sciencedirect.com /science/article /pii/0022000085900169

D. Y. Grigoryev, “Factoring polynomials over a finite field and so-
lution of systems of algebraic equations,” Theory of the complexity
of computations, II., Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst.
Steklov. (LOMI), vol. 137, pp. 124188, 1984.

E. Kaltofen, “Polynomial-time reductions from multivariate to bi-
and univariate integral polynomial factorization,” SIAM Journal on
Computing, vol. 14, no. 2, pp. 469-489, 1985. [Online|. Available:
https://doi.org/10.1137/0214035

E. Kaltofen and B. M. Trager, “Computing with polynomials given
by black boxes for their evaluations: Greatest common divisors,
factorization, separation of numerators and denominators,” Journal
of Symbolic Computation, vol. 9, no. 3, pp. 301 — 320, 1990,
computational algebraic complexity editorial. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0747717108800156

K. Launay, J.-A. Amalian, E. Laurent, L. Oswald, A. Al Ouahabi,
A. Burel, F. Dufour, C. Carapito, J.-L. Clément, J.-F. Lutz et al., “Pre-
cise alkoxyamine-design enables automated tandem mass spectrometry
sequencing of digital poly(phosphodiester)s,” Angewandte Chemie.

S. K. Tabatabaei, B. Wang, N. B. M. Athreya, B. Enghiad, A. G.
Hernandez, C. J. Fields, J.-P. Leburton, D. Soloveichik, H. Zhao, and
O. Milenkovic, “DNA punch cards for storing data on native DNA

sequences via enzymatic nicking,” Nature Communications, vol. 11,
no. 1, pp. 1-10, 2020.

134



[3]

[39]

[40]

[41]

[43]

[44]

[45]

[46]

C. Pan, K. Tabatabaei, S. H. T. Yazdi, A. G. Hernandez, C. M.
Schroeder, and O. Milenkovic, “Rewritable two-dimensional DNA-

based data storage with machine learning reconstruction,” bioRxiv,
2021.

R. Gabrys, E. Yaakobi, and O. Milenkovic, “Codes in the Damerau dis-
tance for deletion and adjacent transposition correction,” IEEFE Trans-
actions on Information Theory, vol. 64, no. 4, pp. 2550-2570, 2017.

R. Gabrys and O. Milenkovic, “Unique reconstruction of coded strings
from multiset substring spectra,” IEEE Transactions on Information
Theory, vol. 65, no. 12, pp. 7682-7696, 2019.

R. Gabrys, H. Dau, C. J. Colbourn, and O. Milenkovic, “Set-codes
with small intersections and small discrepancies,” SIAM Journal on
Discrete Mathematics, vol. 34, no. 2, pp. 1148-1171, 2020.

A. Agarwal, O. Milenkovic, S. Pattabiraman, and J. Ribeiro, “Group
testing with runlength constraints for topological molecular storage,”
in 2020 IEEE International Symposium on Information Theory (ISIT).
[EEE, 2020, pp. 132-137.

M. Cheraghchi, R. Gabrys, O. Milenkovic, and J. Ribeiro, “Coded trace
reconstruction,” IEFE Transactions on Information Theory, vol. 66,
no. 10, pp. 6084-6103, 2020.

S. Jain, F. F. Hassanzadeh, M. Schwartz, and J. Bruck, “Duplication-
correcting codes for data storage in the DNA of living organisms,”

IEEE Transactions on Information Theory, vol. 63, no. 8, pp. 4996—
5010, 2017.

N. Raviv, M. Schwartz, and E. Yaakobi, “Rank-modulation codes for
DNA storage with shotgun sequencing,” IFEE Transactions on Infor-
mation Theory, vol. 65, no. 1, pp. 50-64, 2018.

M. Abroshan, R. Venkataramanan, L. Dolecek, and A. G. i Fabregas,
“Coding for deletion channels with multiple traces,” in 2019 IEEE
International Symposium on Information Theory (ISIT). 1EEE, 2019,
pp- 1372-1376.

A. Lenz, P. H. Siegel, A. Wachter-Zeh, and E. Yaakobi, “Anchor-based
correction of substitutions in indexed sets,” in 2019 IEEE International
Symposium on Information Theory (ISIT). TEEE, 2019, pp. 757-761.

7. Chang, J. Chrisnata, M. F. Ezerman, and H. M. Kiah, “Rates
of DNA sequence profiles for practical values of read lengths,” IFEE

Transactions on Information Theory, vol. 63, no. 11, pp. 71667177,
2017.

135



[49]

[50]

[51]

[55]

[56]

[57]

[58]

[59]

I. Shomorony and R. Heckel, “DNA-based storage: Models and fun-
damental limits,” IFEE Transactions on Information Theory, vol. 67,
no. 6, pp. 3675-3689, 2021.

S. Pattabiraman, R. Gabrys, and O. Milenkovic, “Reconstruction
and error-correction codes for polymer-based data storage,” in
2019 IEEE Information Theory Workshop, ITW 2019, Visby,
Sweden, August 25-28, 2019. 1EEE, 2019. [Online]. Available:
https://doi.org/10.1109/ITW44776.2019.8989171 pp. 1-5.

R. Gabrys, S. Pattabiraman, and O. Milenkovic, “Mass error-correction
codes for polymer-based data storage,” in I[IEEE International
Symposium on Information Theory, ISIT 2020, Los Angeles,
CA, USA, June 21-26, 2020. IEEE, 2020. [Online]. Available:
https://doi.org/10.1109/1S1T44484.2020.9174404 pp. 25-30.

S. Pattabiraman, R. Gabrys, and O. Milenkovic, “Coding for
polymer-based data storage,” CoRR, vol. abs/2003.02121, 2020.
[Online]. Available: https://arxiv.org/abs/2003.02121

B. Lindstrom, “Determining subsets by unramified experiments,” A
Survey of Statistical Design and Linear Models, 1975.

B. Lindstrom, “Determination of two vectors from the sum,” Journal
of Combinatorial Theory, vol. 6, no. 4, pp. 402-407, 1969.

B. Lindstrom, “On b2-sequences of vectors,” Journal of Number The-
ory, vol. 4, no. 3, pp. 261-265, 1972.

G. Cohen, S. Litsyn, and G. Zémor, Journal of Combinatorial Theory,
Series A, vol. 94, no. 1, pp. 152-155, 2001.

A. Naor and J. Verstraéte, “A note on bipartite graphs without 2k-
cycles,” Combinatorics, Probability and Computing, vol. 14, pp. 845 —
849, 2005.

V. Gritsenko, G. Kabatiansky, V. Lebedev, and A. Maevskiy, “On
codes for multiple access adder channel with noise and feedback,” in
WCC2015 - 9th International Workshop on Coding and Cryptography
2015, ser. Proceedings of the 9th International Workshop on Coding
and Cryptography, 2015.

“Testing the key to reopening economy, re-
turning life to normal, officials say,”
https://www.deseret.com /utah/2020/4/21/21229734 /coronavirus-
covid-19-testing-key-economy-reopening- returning-life-normal, 2020,
[Online; accessed 20-April-2020].

136



[60]

[68]

[69]

R. F. Service, “New drool-based tests are replacing the dreaded
coronavirus nasal swab,” Science Magazine, 2020. [Online]. Avail-
able:  https://www.sciencemag.org/news,/2020/08 /new-drool-based-
tests-are-replacing-dreaded-coronavirus-nasal-swab#

A. Stone, “Nebraska public health lab begins pool testing COVID-19
samples,” KETV Omaha, 2020.

R. Dorfman, “The detection of defective members of large popula-
tions,” The Annals of Mathematical Statistics, vol. 14, no. 4, pp. 436—
440, 1943.

M. Aldridge, O. Johnson, and J. Scarlett, “Group testing: An informa-
tion theory perspective,” Foundations and Trends in Communications
and Information Theory, vol. 15, no. 3-4, pp. 196-392, 2019.

“Does covid-19 hit women and men differently? U.S. isn’t keeping
track,” https://www.nytimes.com/2020/04,/03/us/coronavirus-male-
female-data-bias.html, 2020, [Online; accessed 20-April-2020].

“Covid-19’s devastating toll on black and Latino Americans, in
one chart,” www.deseret.com/utah/2020/4,/21/21229734 /coronavirus-
covid-19-te-

sting- key-economy-reopening- returning-life-normal, 2020, [Online; ac-
cessed 20-April-2020).

Centers for Disease Control, “CDC 2019-novel coronavirus (2019-
nCoV) real-time RT-PCR diagnostic panel,” 2020.

C. S. Booth, E. Pienaar, J. R. Termaat, S. E. Whitney, T. M. Louw, and
H. J. Viljoen, “Efficiency of the polymerase chain reaction,” Chemical
Engineering Science, vol. 65, no. 17, pp. 4996-5006, 2010.

V. Rana, E. Chien, J. Peng, and O. Milenkovic, “How fast does
the SARS-Cov-2 virus really mutate in heterogeneous populations?”
medRziv, 2020.

R. Gabrys, S. Pattabiraman, V. Rana, J. Ribeiro, M. Cheraghchi,
V. Guruswami, and O. Milenkovic, “Ac-dc: Amplification curve
diagnostics for covid-19 group testing,” 2020. [Online]. Available:
https://arxiv.org/pdf/2011.05223.pdf

J. Yi, R. Mudumbai, and W. Xu, “Low-cost and high-throughput test-
ing of COVID-19 viruses and antibodies via compressed sensing: Sys-
tem concepts and computational experiments,” arXiv e-prints, Apr.
2020.

137



[71]

[72]

[74]

[75]

[78]

H. Bernd Petersen, B. Bah, and P. Jung, “Efficient noise-blind /¢;-
regression of nonnegative compressible signals,” arXiv e-prints, Mar.
2020.

S. Ghosh, A. Rajwade, S. Krishna, N. Gopalkrishnan, T. E. Schaus,
A. Chakravarthy, S. Varahan, V. Appu, R. Ramakrishnan, S. Ch,
M. Jindal, V. Bhupathi, A. Gupta, A. Jain, R. Agarwal, S. Pathak,
M. A. Rehan, S. Consul, Y. Gupta, N. Gupta, P. Agarwal, R. Goyal,
V. Sagar, U. Ramakrishnan, S. Krishna, P. Yin, D. Palakodeti,
and M. Gopalkrishnan, “Tapestry: A single-round smart pooling
technique for COVID-19 testing,” medRziv, 2020. [Online|. Available:
https://www.medrxiv.org/content /early/2020,/04,/29/
2020.04.23.20077727

N. Shental, S. Levy, V. Wuvshet, S. Skorniakov, B. Shalem,
A. Ottolenghi, Y. Greenshpan, R. Steinberg, A. Edri, R. Gillis,
M. Goldhirsh, K. Moscovici, S. Sachren, L. M. Friedman,
L. Nesher, Y. Shemer-Avni, A. Porgador, and T. Hertz, “Ef-
ficient high-throughput SARS-CoV-2 testing to detect asymp-
tomatic carriers,” Science Advances, 2020. [Online]. Available:
https://advances.sciencemag.org/content /early /2020/08/20/
sciadv.abcb961

M. J. Mina, R. Parker, and D. B. Larremore, “Rethinking covid-19
test sensitivity - A strategy for containment,” New England Journal
of Medicine, 2020. [Online]. Available: https://doi.org/10.1056/
NEJMp2025631

R. Arnaout, R. A. Lee, G. R. Lee, C. Callahan, C. F. Yen,
K. P. Smith, R. Arora, and J. E. Kirby, “SARS-CoV2 test-
ing: The limit of detection matters,” bioRziv, 2020. [Online]. Available:
https://www.biorxiv.org/content/early/2020,/06,/04,/2020.06.02.131144

P. Nikolopoulos, T. Guo, C. Fragouli, and S. Diggavi,
“Community aware group testing,” 2020. [Online]. Available:
https://arxiv.org/abs/2007.08111v1

A. Emad and O. Milenkovic, “Semiquantitative group testing,” IFEE
Transactions on Information Theory, vol. 60, no. 8, pp. 46144636,
2014.

A. Emad and O. Milenkovic, “Group testing for non-uniformly quan-
tized adder channels,” in 201/ IEEFE International Symposium on In-
formation Theory, 2014, pp. 2351-2355.

138



[79]

3]

[89]

A. Emad and O. Milenkovic, “Code construction and decoding algo-
rithms for semi-quantitative group testing with nonuniform thresh-
olds,” IEEE Transactions on Information Theory, vol. 62, no. 4, pp.
1674-1687, 2016.

F. Hwang, “A generalized binomial group testing problem,” Journal
of the American Statistical Association, vol. 70, no. 352, pp. 923-926,
1975.

A. Emad and O. Milenkovic, “Poisson group testing: A probabilis-
tic model for nonadaptive streaming boolean compressed sensing,” in
2014 IEEE International Conference on Acoustics, Speech and Signal
Processing (ICASSP). 1EEE, 2014, pp. 3335-3339.

J. Wolf, “Born again group testing: Multiaccess communications,”
IEEE Transactions on Information Theory, vol. 31, no. 2, pp. 185—
191, 1985.

A. Dyachkov and V. Rykov, “Generalized superimposed codes and their
application to random multiple access,” in Proc. 6th Int. Symp. Inf.
Theory, vol. 1, 1984, pp. 62-64.

S. Neidler, “What are the differences between PCR, RT-PCR,
qPCR, and RT-qPCR?” https://www.enzolifesciences.com/science-
center /technotes/2017/march /what-are-the-differences-between-pcr-
rt-per-gqper-and-rt-gper? /; 2020.

A. E. Platts, G. D. Johnson, A. K. Linnemann, and S. A. Krawetz,
“Real-time PCR quantification using a variable reaction efficiency
model,” Analytical Biochemistry, vol. 380, no. 2, pp. 315-322, 2008.

“GISAID,” https://www.gisaid.org.

A. Goyal, E. F. Cardozo-Ojeda, and J. T. Schiffer, “Potency and tim-
ing of antiviral therapy as determinants of duration of SARS CoV-2
shedding and intensity of inflammatory response,” medRziv, 2020.

Y. Liu, L-M. Yan, L. Wan, T.-X. Xiang, A. Le, J.-M. Liu,
M. Peiris, L. L. M. Poon, and W. Zhang, “Viral dynamics
in mild and severe cases of COVID-19,” The Lancet Infectious
Diseases, vol. 20, no. 6, pp. 656 — 657, 2020. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1473309920302322

“On-campus COVID-19 testing,” https://covid19.illinois.edu/health-
and-support /on-campus-covid-19-testing/, 2020.

139



[90]

[100]

[101]

P. Indyk, “Sketching via hashing: from heavy hitters to compressed
sensing to sparse Fourier transform,” in Proceedings of the 32nd ACM
SIGMOD-SIGACT-SIGAI Symposium on Principles of Database Sys-
tems, 2013, pp. 87-90.

A. G. D’yachkov and V. V. Rykov, “Bounds on the length of disjunctive
codes,” Problemy Peredachi Informatsii, vol. 18, no. 3, pp. 7-13, 1982.

E. Porat and A. Rothschild, “Explicit non-adaptive combinato-
rial group testing schemes,” in Automata, Languages and Program-
ming, L. Aceto, 1. Damgard, L. A. Goldberg, M. M. Halldérsson,
A. Ingolfsdottir, and 1. Walukiewicz, Eds. Berlin, Heidelberg: Springer
Berlin Heidelberg, 2008, pp. 748-759.

J. Scarlett, “An efficient algorithm for capacity-approaching noisy
adaptive group testing,” in 2019 IEEFE International Symposium on
Information Theory (ISIT). 1EEE, 2019, pp. 2679-2683.

F. K. Hwang, “A method for detecting all defective members in a
population by group testing,” Journal of the American Statistical As-
sociation, vol. 67, no. 339, pp. 605-608, 1972.

P. Damaschke, “Threshold group testing,” in General Theory of Infor-
mation Transfer and Combinatorics. Springer, 2006, pp. 707-718.

M. Cheraghchi, “Improved constructions for non-adaptive threshold
group testing,” Algorithmica, vol. 67, no. 3, pp. 384—417, 2013.

S. Aeron, V. Saligrama, and M. Zhao, “Information theoretic bounds
for compressed sensing,” IEEFE Transactions on Information Theory,
vol. 56, no. 10, pp. 5111-5130, 2010.

R. G. Baraniuk, “Compressive sensing [lecture notes|,” IEEE Signal
Processing Magazine, vol. 24, no. 4, pp. 118-121, 2007.

J. A. Tropp, “Greed is good: Algorithmic results for sparse approxi-
mation,” IFEE Transactions on Information Theory, vol. 50, no. 10,
pp. 2231-2242, 2004.

W. Dai and O. Milenkovic, “Subspace pursuit for compressive sens-
ing signal reconstruction,” IEEE Transactions on Information Theory,
vol. 55, no. 5, pp. 22302249, 2009.

S. Ghosh, R. Agarwal, M. A. Rehan, S. Pathak, P. Agrawal, Y. Gupta,
S. Consul, N. Gupta, R. Goyal, and A. Rajwade, “A compressed sensing
approach to group-testing for COVID-19 detection,” arXiv preprint
arXiw:2005.07895, 2020.

140



[102]

[103]

[104]

[105]

[106]

[107]

108

[109]

[110]

[111]

112]

[113]

[114]

W. Dai, M. A. Sheikh, O. Milenkovic, and R. G. Baraniuk, “Compres-
sive sensing DNA microarrays,” EURASIP Journal on Bioinformatics
and Systems Biology, vol. 2009, no. 1, p. 162824, 2008.

W. Dai, H. V. Pham, and O. Milenkovic, “A comparative study of
quantized compressive sensing schemes,” in 2009 IEEE International
Symposium on Information Theory. IEEE, 2009, pp. 11-15.

W. Dai and O. Milenkovic, “Information theoretical and algorithmic
approaches to quantized compressive sensing,” IEEE Transactions on
Communications, vol. 59, no. 7, pp. 1857-1866, 2011.

A. Heidarzadeh and K. R. Narayanan, “Two-stage adaptive pool-
ing with RT-qPCR for COVID-19 screening,” arXiv preprint
arXiw:2007.02695, 2020.

W. Dai and O. Milenkovic, “Weighted superimposed codes and con-
strained integer compressed sensing,” IEEFE Transactions on Informa-
tion Theory, vol. 55, no. 5, pp. 22152229, 20009.

M. Cheraghchi, A. Karbasi, S. Mohajer, and V. Saligrama, “Graph-
constrained group testing,” IEEFE Transactions on Information Theory,
vol. 58, no. 1, pp. 248-262, 2012.

S. Ahn, W.-N. Chen, and A. Ozgur, “Adaptive group testing on net-
works with community structure,” arXiv preprint arXiv:2101.02405,
2021.

P. Nikolopoulos, S. R. Srinivasavaradhan, T. Guo, C. Fragouli, and
S. Diggavi, “Group testing for overlapping communities,” arXiv
preprint arXiw:2012.02804, 2020.

Y.-J. Lin, C.-H. Yu, T.-H. Liu, C.-S. Chang, and W.-T. Chen,
“Positively correlated samples save pooled testing costs,” 2020.
[Online]. Available: https://arxiv.org/pdf/2011.09794.pdf

C. J. Colbourn, “Group testing for consecutive positives,”
https://link.springer.com/article/10.1007/BF01609873, 1999.

D. Du, F. K. Hwang, and F. Hwang, Combinatorial Group Testing and
Its Applications. World Scientific, 2000.

M. Cheraghchi, R. Gabrys, and O. Milenkovic, “Semiquantitative
group testing in at most two rounds,” arXiv preprint arXiv:2102.04519,
2021.

M. Hahn-Klimroth and P. Loick, “Optimal adaptive group testing,”
arXiwv e-prints, Nov. 2019.

141



APPENDIX A

SUPPLEMENTARY MATERIAL TO
CHAPTER 2

A.1 Proof of the Second Part of Theorem 6

2m
m

Theorem. The central binomial coefficient ( ) counts the following types
of binary strings of length 2m.
(A) Those whose every prefiz has at least as many 0s as 1s.

(B) Those whose every prefix has strictly more 0s than 1s, or vice-versa.

Proof. The number of binary strings of Type (A) of length ¢ = a + b, with ¢

possibly odd, such that the number of Os is greater or equal to the number of

0
a+1

prefix has at least as many Os as 1s is given by Za>[g] (Z) —
=12

a

). The number of strings for which every
( ¢ ), which is

a+1

Is, i.e., a > b is given by (5) — (

a telescoping sum that equals (é).

To prove (B), let us consider strings of length 2m whose every prefix has
strictly more Os than 1s. In this case, the first bit of any string s is always
0. Thus, the remaining length-(2m — 1) binary string s3™ is such that for
every prefix, the number of Os is at least as large as the number of 1s in
that same prefix. Thus, the number of strings of length 2m whose every
prefix has strictly more Os than 1s is (2”;:1). As a result, the total number
of binary strings of length 2m whose every prefix has strictly more Os than

1s or vice-versa is equal to 2(2";1_1) = (2::) ]
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A2 Derivation of the Lower Bound of |Sg(n)]

Let n be even. Note that all strings s € Sg(n) satisfy s; = 0 and s,, = 1. Let
| [2] N I| =i+ 1. Thus, the indices corresponding to the Catalan-Bertrand
string can be chosen in (%;1) ways. Since s; = 0, it must be that every prefix
of S[2]An\{1) contains at least as many Os as 1s. There are (L s J> such binary

strings of length 7. Therefore,

As a result,
51 ,
E - 1 n :
S (37 )
=0 ¢ 3]
51 n i—1 n n
> (2 . )22‘1‘Z—ﬂ(i+1) + (2 ) )22—1‘1+ (2 0 >22‘1 (A.2)
i=2
n_g
20~ (5 —1
> 2 A.3
Vn = ( { ) (A.3)
2572

= 2271 = 973, (A.4)

Expression (A.1) follows from the description of the codebook. Also, (%;1) >

(25) clearly holds. As a result, inequality (A.2) follows from Proposition 1,

for all 4 > 2. Inequality (A.3) holds since for all 0 < < %, (i +1) < n.

The next two equalities in (A.4) follow from the fact that Zf:o (f) = 2¢ and
some rearrangements of terms.

For odd n, |Sg(n)| = 2|Sg(n — 1) > 2\;’;:) > 2

on—3

143



A.3 A Bijective Map between Information Strings and
Reconstructable Strings

An optimal approach for performing encoding of information strings into
Catalan string was first described in [30] and it relies on using a rank-
ing/unranking scheme of complexity O(n). However, we provide a much
simpler method to order and retrieve the reconstructable strings in additive
O(n?) time, which is still absorbed in the leading complexity term of O(n?)
incurred by the Backtracking algorithm.

Recall that the reconstruction code is obtained by interleaving arbitrary,
unconstrained strings with Catalan-Bertrand strings and then mirroring the
interleaved string around what will be the midpoint of the resulting code-
string.

1) The construction starts by partitioning the first | % | indices into two sets,
say Iy and 7, the cardinalities of which are in {0, ..., |5]}. Let Z, denote the
set of indices that describe the locations of the string to be interleaved, and
let Z; denote the indices that describe the locations of the Catalan-Bertrand
string.

Next, order all possible partitions according to the cardinality of their
corresponding 7 sets, in increasing order. For example, if 000111010 and
001111010 are the labels of two partitions of a string of length 9, than
001111010 appears in the rank-ordered list before 000111010 (the first parti-
tion has |Zy| = 4, while the second partition has |Zo| = 5 > 4).

In the next step, order the partitions with the same value of |Zy|. Given
a partition described using the binary alphabet as above, one can convert
the binary strings into integers and arrange them in increasing order which
naturally induces a ranking of the partitions themselves. Finding the index of
a partition in this ranking takes O(n) time. To see this, consider a partition
IT of m = | %] indices, and let |Zo| = 1.

Thus, the rank of this partition is an integer in the interval

()]

J=0
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Assume that the set Z; contains the indices ({1, /s, ...,¥¢;) arranged in in-

creasing order. The rank of the partition II is given by

— (m ;-1 liqg—1 lig—1 01
> (7)) ()= () e () ]
j=0

Therefore, given the index of a partition, one can determine the actual
partition in time O(n?).

2) Next, given the indices in Zy, place unrestricted binary strings in the
corresponding locations according to the lexicographical order.

3) At indices in Z;, place bits of a Catalan-Bertrand string. Let us now
assume that there exists a bijective map F,,(+) that for all natural numbers m
orders all Catalan-Bertrand strings of length m efficiently. In particular, we
assume that given an index ind, F,(ind) returns the corresponding Catalan-
Bertrand string in time O(n?). Further, given a Catalan-Bertrand string s,
F;}(s) returns its index ind in O(n) time. We defer the description of the
map to the end of this exposition.

Let f,,(i) denote the number of Catalan-Bertrand strings with m — i 0s
and ¢ 1s. Then, f, = ZZL%OJ fm(7) is the number of all Catalan-Bertrand
strings of length m. Note that f,,(i) has a closed form expression as given in
Theorem 6, and f,, equals %(Ln%l J)'

The ordering for the codestrings of the reconstruction code is obtained as
follows:
a) Given two reconstructable codestrings s, and sy, and their corresponding
partitions II; and Il from 1, if II; is ranked lower than Il, then s; is ranked
lower than s,.
b) Given two reconstructable codestrings sy, and s, such that Ty = Iy, if the
string of s; indexed by Zj is ranked lower than that of sy (as per 2)), then s;
is ranked lower than s,.
c¢) Given two reconstructable codestrings s; and s, such that I1; = II,, and
the strings of s; and s, indexed by Z; are the same, if the string indexed by
7, in sy is ranked lower than the string in s, then the string s; is ranked
lower than s,.

In summary, the reconstructable codestrings are encoded and decoded as

described below.
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Encoding:

A k—bit binary string is converted into an index ind. The time taken to find
the corresponding partition and Catalan-Bertrand string is O(n). Combining
this result with the result pertaining to the ranking map proves that the
information string can be encoded in O(n?) time.

Decoding:

Given a reconstructable codestring, its index can be computed in O(n) time.
The k—bit binary expansion of the index uniquely determines the informa-
tion string. Since the Backtracking algorithm takes O(n?) time, the overall
decoding time equals O(n?).

It remains to show that encoding and decoding of the Catalan-Bertrand
strings can be performed in time O(n?). Since the decoding process is easier
to describe and leads to a straightforward approach for encoding, we start
with the description of the decoding algorithm.

Decoding Catalan-Bertrand strings: Let s = s155...5,, 15, denote a
Catalan-Bertrand string of length m that contains m — ¢ Os and ¢ 1s and
recall that f,,(i) denotes the number of such Catalan-Bertrand strings. We
start by ranking the string s against the set of all Catalan-Bertrand strings
of length m that contain m — 4 Os and ¢ 1s. The following simple algorithm

determines the temporary index for s in O(n) time.

indtemy < fin (%)

[ <1

for j from 0 to m—1:
indremp = indtemp — 14, ;==0} fm-1-5(0)
if s, ==1:

l+1—1,
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where 1 denotes the indicator function. Note that F,(-) then assigns the
final index value ) ,_; f () + indsemy to the given Catalan-Bertrand string
s of length m in time O(n).

Encoding Catalan-Bertrand strings: From the decoding procedure it
is easy to deduce how to perform the encoding: Given m and ind, we first
find an ¢ such that s has m — ¢ Os and ¢ 1s. Then, iteratively, the bits s,,
through s, are computed using the correspondence between the bit value and
the index range as described in the decoding process. Hence, encoding takes
O(n?) time.

A.4 Proof of Lemma 4

Recall that we consider asymmetric errors, in which case a single error may
occur either in C; or C,4;—; but not both multisets. Furthermore, up to
t such errors are allowed. The presented code corrects such errors with at
most ¢t log k+co bits of redundancy, where k is the length of the information
string, and ¢, and ¢y are two positive constants.

The code construction involves two parts:
(1) String s € Sg(n1) is padded with a prefix of ¢ 0s and a suffix of ¢ 1s to
form an intermediate string s’ of length n’ + 2t¢.
(2) The Y7 is then encoded using a systematic t— error correcting code and
the redundant bits are placed in the middle of the string in manner such that
the resultant string s” € Sg(n).

We show through a case-by-case analysis that the code is indeed a t—asymmetric

error correcting code.
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Our analysis proceeds through multiple steps addressing different possible
) %7
(i.e., prefixes and suffixes of the codestring). The initial setting is depicted in
Figure A.1. Each subsequent figure (Figures A.2, A.3, A.4, A5, A.6, A.7, A.8

and A.9) explains how to extend two partially reconstructed strings from

choices for the values of 0;,7 =1, . .. and the currently reconstructed bits

their prefix and suffix pairs so as to minimize the number of compositions
they disagree in. For simplicity, such pairs are termed “confusable” and
finding confusable pairs allows us to determine the minimum composition set
differences between codestrings based on the Catalan-Bertrand construction.
The final result establishes that the previous construction ensures a minimum
composition set difference > 2(t + 1).

First, we observe from Construction (2.4) that any pair of distinct strings
S,V € Sg) (m) shares a prefix-suffix pair of length at least t as all strings are
padded by 0s and 1s on the left and right, respectively.

Next, we characterize the conditions that allow one to identify strings that
are “closest” to a codestring s. More precisely, we construct a set V; of strings
such that for all v € V,: (1) v and s share the same ¥ % sequence. (2) If the
length of the longest shared prefix-suffix pair of v and s equals ¢, then for all
je{m—i—1,m—i—-2,...,m—i—t—1} the inequality |C;(s) \ C;(v)| < 2
holds. These conditions summarize when a string may be confused with s
during the backtracking reconstruction procedure.

Recall that ¢(-) refers to the composition of its argument string. The
substrings {s/™'},i = 1,...,m — j 4+ 1 of s of length j share a common
substring Sf;l +1-j, provided that j > %. For simplicity of notation, denote the
composition of the common substring s7, ., ; by ¢;, i.e., let ¢; = c(s], 1)

We start with the following observation. If o;,; # 1, the two strings s
and v necessarily share a prefix-suffix pair of length ¢ + 1, which contradicts
the assumption that the longest prefix-suffix pair shared by the two strings
is of length ¢. Thus, we have 0,17 = 1 and |Cy,—;_1(8) \ Cri—1 (V)| = 2,
where the latter claim follows from the discussion pertaining to the single
error-correction case: The compositions of length m — ¢ — 1 that are not
shared by the two strings include {c(s}), 0, cm_i—1}, {c(s?1;), 1, ¢moiz1} ,

{e(v}), 1, emoi—1}, {e(vI 1), 0, ¢m_i—1}, and these differ by construction.
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Next, we describe how to simultaneously reconstruct a pair of prefix-suffix
bits and update the set Vs when taking a step in the Backtracking algo-
rithm. We show that under the conditions of the lemma, |Cy,—;—1—;(s) \
Cm—ic1—j(v)] = 2 for all v € V5,1 < j < t. For notational simplicity, at
every step of the reconstruction algorithm we use the index “+ 7 to denote
the next bit in the prefix and “—" to denote the next bit in the suffix to be
reconstructed. As an example, for a reconstructed prefix-suffix pair of length
1+ 1, + corresponds to i + 2 and — corresponds to m —i — 1, i.e., S = S;10
and S_ = S,,—i—1.

Let oy = wt(s,s_) = wt(vyv_). We analyze the two cases 0, = 1 and
o, € {0,2} separately, as depicted in Figure A.1.

Consider the case that 0, = 1. Note that for any substring sﬁf such that
(1 <14+ 1,m —1i < {y, the corresponding substring vﬁf of v has the same
composition. The compositions in C,,_;—2(s) and C,,_;_2(v) that may be

confused are listed below on the left and right hand side of the equality,

respectively:
st 0] s . EE
vi [ 1]l | =
st [ofb] e sn.. |
Ell== AR

Figure A.1: Illustration of two strings s and v that share the same X%
sequence. Furthermore, the two strings also satisfy si = vi,

sy 1 = Vi and s;41 # viqq, i.e., the longest prefix-suffix pair that the
strings share is of length ¢. The top pair of strings corresponds to the case
oi192 = 1, while the bottom pair of strings corresponds to the case

iz € {0,2}.

({C(Sil% 0,84, Cm—i—2}, ) ({c(vil), Lvg, Cm_ia}, )
{c(85), 0,51, cmiay 1 — 54}, ) {evh) Loy i, T =04},
{e(smoirn) 1,1 — 54, cmiza}, - {e(vim—it1): 0,1 — vy, cmia},

\{C(SZZ:}H), L1 =5y, Cni2,51} ) \{c(vﬁ:gﬂ), 0,1 — vy, Cpi—2,04}
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We want to determine under which conditions the terms on the two sides
of the equality can be perfectly matched; in the process, we will show that
|Cn—i—2(8) \ Cm—i—2(V)] < 2.

The above sets may be more succinctly written as:

( {c(81),0, 54, Cmi2}, \ ({C(Vzi)a L, vy, Cmoi—2}, \
{e(s2), 071, Coia}, _He(v), 017, coia},
{e(sin i) L= s cmoiah, [ ] eV 40,01 = vy enia,
L {e(smzicn), 017, cpica} ) K{C(Vﬁjﬂ), 0*1, ei-a} J

Regrouping the a priori known extension bits with the prefixes and suffixes

simplifies the sets to be matched as

( {c(s1),0, 54, Cmi—a}, ) ({c(v’i), 1,04, Cni o},

{e(s1), 01, cini2}, e P enia),

{e(smoiza) L1 = sy, cmia}, - {e(vim—is1), 0,1 — vy, cpia},
L {e(Sm—is1), 01, cia} ) {c(vir_i1), 0%, cria} )

For example, {c(s}),0%1,¢p_; o} is rewritten as {c(s!),0'1,¢,_i o} by
moving one 0 to the prefix composition.

Next, we remove the compositions c¢,,_;_s shared by the two sets. Then we
identify which compositions cannot be matched as follows. First, it follows
from the construction that the composition of a prefix of length ¢ > ¢ includes
at least ¢t + 1 0s. As a result, ¢(s}) is composed of at least ¢ + 1 more Os than
c(sy_;y1). Similarly, ¢(s)._;. ) is composed of at least ¢ + 1 more 1s than
c(s!). Hence, a composition involving less than ¢ + ¢ + 1 bits that contains
a composition of a prefix of length ¢ > ¢ is composed of more Os than a
composition of the same length that contains a composition of a suffix of
length i. Thus, compositions {c(s!),0, s, )}, {c(s?),01)} are not the same as
either of the compositions {c¢(v?_,.1),0,1 — vy}, {c(v_,.,),0%}, since ¢(s!)

contains at least ¢t + 1 more Os than c(v]._,. ;). Therefore, we only need to

{{C<VD7 1’ U-l—}v }
{e(vi), 12}
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consider the two reduced set equalities:

{{C(Si)v O’ S+}’ }
{c(s1), 01}



and
{{C(Snml—i—i-l% 1’ 1 - 3+}7 } _ {{C<V$—i+1)a 07 - U+}> } .
{c(sm_is1), 01} {e(vim—is1) 02}
)

Clearly, {c(v}),1?} and {c(vi?_,,), 0%} cannot be equal to any other com-
position in the two sets. The possible values for the set difference |Cy,,—;_2(s)\
Cin—i—2(v)| for four different assignments of values for (s;,vy) are summa-
rized in Table A.1. Based on the table, if 0;,59(s) = 1, then all strings v € V;
satisty (s4,v4) = (Siy2, vite) € {(0,0), (1,0)}.

Next, we consider the case o, € {0,2}. As before, we focus on C,,_;_o(s)
and C,,_;_o(v) in order to establish conditions under which |C,,_; 2(s)
Cin—i—2(V)| is minimized.

To this end, let b = s, = v, = s_ = v_. Following the previously outlined

line of reasoning, it suffices to find when the following set equalities hold:
{{c<si>,o, b},} _ {{c<vg>,1,b},}
{c(s1),01} {e(v1), 17}

{{C(SZ—Z'-H)? 1? b}7 } _ {{C(Vﬁ—m), 07 b}a } .
{c(s—iz1), 01} {c(vin_is); 0%}

It can be easily seen that the compositions cannot be matched. The possible

and

cardinalities of the set difference |Cy,—;—2(s) \ Cp—i—2(v)| are summarized in
Table A.2.

As a result of the above discussion, for any v € Vs we necessarily have
(Sit2,vir2) € {(0,0),(1,0)} and 0,19 = 1. This consequently determines the
pair of bits s,,_;_1 and v,,_;_1.

To determine $;13,5,_i—2, vir3 and v,,_; o we need to once again analyze
two cases, one for which we assume that 0;,3 = 1 and another for which we
assume that 0,3 € {0,2}. This analysis has to be performed in the context
depicted in Figure A.1, and under the constraints imposed by Tables A.1
and A.2.

We focus on the bits s; 94y and v;, 0.4 for some i’ such that t —1 > ¢ > 0,

in the following inductive setting:
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e Assume that starting from the index ¢ + 2, the values of o correspond-

. . . . . . y ;!
ing ' consecutive positions all equal to 1. More precisely, oif,™ =
(1,1,...1).
. . . y ;!
e The bits s;11 and v;41 are followed by a run of i’ Os, i.e., sif3t" =
i+ 14 _
Viig  =0.

This setting is depicted in Figure A.2. We proceed to characterize the condi-
tions under which |Cy,—;—y—2(s)\ C—i—ir—2(v)| is minimized. As done before,
we consider the cases 0;19,7 = 1 and 0;,3,+ € {0, 2} separately.

When o, € {0,2}, we assume that s; = s_ = vy = v_ = b. The set

equality of interest reads as:

({c(s),0,07, 5.}, ) ({e(vi), 1,07, 00}, ‘
{c(sh),0,0", 01}, {c(vA), 1,07, 01},
{e(s3),0,0",01%} {c(v),1,07,01%}
{e(st),0,0",01%} {c(vi),1,0",013)
{e(8)142),0,07,017+1} {e(vi,,),1,07,017+1}
{e(smita): 1, 17,1 - st} - {e(vinit1), 0, 1,1 - vy},
{e(spiy), 1,170, {e(vm=L,,),0,17, 01},
{e(sp=2,1),1,17,0°1}, {e(v=2,1),0,17,0%1},
{e(s™3,)),1,17,0%1}, {e(v=3,),0,17,0%1},

{e(spziih, 17,071y ) {e(vieziah, 0,17, 071}

Using the same line of reasoning as presented earlier, one can show that it

suffices to focus on two reduced set equalities, namely

{{c(si>,0i’“,S+},} _ {{c<v§>,0"’1,v+},}
{e(s}), 07411} {e(vi), 172} f

{c(sm_is1): Olilﬂ}a _ {c(vin_it1), 0i/+2}7
{e(sim_i ), 177 1 — 5.} {e(v™_,11),01" 1 — vy}

152

and



st [0 .. [0 s .

v., [ 010 .. 0] vy AE ===
st oo b [ b [l [a[al1] s
% 1[0/0 ..[0 b | [ b .. e vend]

Figure A.2: Illustration of the setup for determining the bits

51,5_,vy and v_ under the conditions that the bits s;.1 and v;,; are

followed by a run of i’ 0s, and afi%”l = (1,1,...,1). The second pair of

strings illustrates the setting for which 0,494+ € {0,2}, and
Sy =8_=vy =v_=0b.

The possible values of |Cy,—i—iy_2(8) \ Cp_i—ir—2(v)| are summarized in
Table A.3.
We now turn our attention to the case o, 7.0 € {0,2}. Again, let b =

sy =s_ =wvy =v_. It suffices to consider the following sets:
{e(s1), 0", 0}, {e(v9),071,},
{c(s1), 07,07} {e(vy), 0,171}

{C(Sz—i—&-l)a 1i/+1a b}> _ {C(VZ—i—H)? Oli/a b}>
{e(smoiz), 17,07} {e(Vinzivn) 07, 0%}
The possible values of |C,_;_i—2(8) \ Cri_i#—2(V)| are summarized in Ta-

ble A.4.

From the above analysis we can conclude that exactly one of the following

and

two conditions holds:

- coeo it il _ il
1. The strings s and v satisfy s;1," = v; 15" =0ando;7;" = (1,1,...,1).
Their corresponding composition multisets C,, _;_1, Crn_i—2, ..., Co_it,

Cp—i—t—1 each differ in exactly 2 compositions.

. : il il i+241"
2. The strings s and v satisfy s; ;™ =vi,"" =0,0;5" =(1,1,...,1),

and (S;i42, Virivo) = (1,0), where ¢ > @' > 0. Their corresponding
composition multisets C,,_;_1, Cri—2y -+, Coni—ir—1, Con_i_ir_o each dif-

fer in exactly 2 compositions.
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Figure A.3 illustrates the observations. The longest substring such that
(si+1,vit1) = (0,1), (Sit2,vi42) = (0,0) , ..., (Sitirt1, Vigir1) = (0,0) and
o9+ = (1,...,1) is depicted by a horizontal block in Figure A.3. The
bits S; 149, Sm—i—i'—1, Viti'+2, Um—i—i—1 that terminate the 00...0 (in s) and
10...0 (in v) substrings in the prefix and the 1...11 (in s) and 1...10 (in

v) substrings in the suffix are represented by vertical shades in Figure A.3.

%]

m ‘

- ‘ ‘ m+1-i
vl ‘ ‘ | Vini—i
EEl | .
vi [l [l Vi1

Figure A.3: Illustration of the procedure for determining the set Vs based
on several special cases. For the first case, we have si75™ = vttt = 0 and

‘ ( i+2 i+2
sm~iml = y™i~L = 1. For the second case, there exist two identical
substrings sﬁié”l = Vﬁié”l = 0 of length ¢t > 4’ > 0 each and it holds that

(Sigit+2, Vigirr2) = (1,0).

Assume that the running reconstructions of the distinct strings s and v
are as depicted in the second pair of blocks in Figure A.3. In the next step,
illustrated in Figure A.4, we extend the prefixes and suffixes and identify
the conditions under which |C,,_;_#_3(s) \ Cr_i—ir—3(V)

results are summarized in Tables A.5 and A.6. In this step, we examine the

is minimized. The

bitS Sipirpri3s Vigir4r43, Sm—i—it—r—2 a0 Vpy_j_yr_p_o.

Assume that
T2 i 2 g b
it 43 T Vido+3 T Yl U
where r > 0 and r = 0 corresponds to a string of length 0. We have

m—i—i'—2 _  m—i—i'—2 __ 7 7
Sm—i—i—r—1 = Vm—i—i'—r—1 = by ... by,
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m+1-i

¥
:
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El [l & | 5 Tl Vi)

[UIEY
@
@

1..10

Figure A.4: Illustration of the reconstruction step following the one
depicted in Figure A.3. The first pair of strings corresponds to the case

oy = 1, while the second pair of strings corresponds to the case oy € {0, 2}
and s, =s_ =vy =v_ =0

where
- b;, if o; # 1, »
b, = foralll1 <i<r.
1—0b;, ifo; =1,
Such a structure is illustrated in Figure A.5.

For the case (s;,vy) # (0, 1), it is straightforward to see using arguments
similar to the ones previously described that the possible set differences are
as listed in Tables A.7 and A.8.

For the case (s;,v;) = (0,1) depicted in Figure A.6, the conditions that
ensure that the composition multisets of s and v differ by at most 2 introduce
the restrictions by,...,b, =1...1and by,...,b, =0...0.

We now extend the description of the set Vg illustrated in Figure A.3 as
shown in Figure A.7.

Given a pair of distinct strings depicted in the second row of Figure A.3,

one of the conditions must hold:
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Figure A.5: Two pairs of strings explaining how to extend the partially
reconstructed strings illustrated in Figure A.4. The r bits that follow the
substring 00...01 in s are equal to the corresponding r bits in v. For all

r>=1>1,b=b;or b =1—0b;. The first pair corresponds to o, = 1, while
the second pair corresponds to o € {0, 2}.

BN 1" 1B - (Bl

:il‘ 0 1 ‘ S%#—l—i‘
N [olllb - [l 1 [0 B - (B B[] £

Figure A.6: Conditions on the values of b; and b; for all ¢ such that

r >4 > 1 that ensure that the partially reconstructed strings from the
previous step can be compatibly extended when o, = 1 and

(sy =0,v. =1).

e The reconstructed prefix of s is followed by a substring b,b, ... b, that
is shared by the two strings and is such that the length of the sub-
strings 00...01b1by...b, (in s) and 10...00b1by...b, (in v) in the
prefixes equals ¢t + 1. In this case, each pair of composition multisets in

Cr—i-1,Crmi—2y s Cr_iy, Cr_i—y—1 differs in exactly 2 compositions.
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e The reconstructed prefix in s is followed by the substring 1...10 and
the reconstructed prefix in v is followed by the substring 1...11. The
length of the substrings 00...011...10 and 10...001...11 is equal
to some 0 < j' < t. In this case, each pair of composition multi-

sets in Cp—i—1, Crn—iz2, - .., C—izjrg1, Cr—ijr also differs in exactly 2

compositions.

000 [
(st ]

L

Figure A.7: The procedure for constructing the set Vs for several special
cases of o values. The first pair depicts the setting in which s and v share a
substring b1bs . .. b, that follows the substring 00...01 in s and 10...00 in
v. The length of the substrings 00...01b1by...b. and 10...000b1by...b, in
the prefix of s and v, respectively, equals ¢t + 1. The second pair depicts a
setting in which the substring 11...10 follows the 00...0 substring in s
and the substring 01...11 follows the 10...0 substring in s. Here, the
lengths of the substrings 00...011...10in s and 10...001...10 in v may
be less than t 4 1.

The bits that were most recently reconstructed in Figure A.7 reestablish
the initial problem we started with and the analysis henceforth parallels
our previous discussion. The pertinent explanations are summarized in Fig-
ures A.8 and A.9.

Combining the results of all the intermediary steps allows us to describe

the set Vs as satisfying one of the two conditions:
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~Loo..0 [l

st I

Ell— | E=n

100 (AN

——00—0— - [[[NATKIMII

(

st EIIEA"]

= lEE

00 I

Figure A.8: Two pairs of strings explaining how to extend the partially
reconstructed strings illustrated in Figure A.7. The first pair corresponds to
the case o, = 1, while the second pair corresponds to the case o, € {0,2}

and s, =s_ =vy =v_ =0

(0000 111

_ :
L
(st [E I |

i
=i I

s
= ...

10...0 {[[10n0

|
| I sn+.-]
| ||
(I

([0l

st EETIIIINE=HI
Il

m
il =

7 lIE
A I

|
= v=....-]
(A

Figure A.9: The partial structure of strings in Vs as inferred by the
previous analysis and the setup shown in Figure A.8.
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e The string s and a string v € Vs share a prefix-suffix pair that is fol-
lowed by a certain number of alternating substrings 00...0 and 11...1
(in s) and alternating substrings 10...0 and 01...1 (in v) in the pre-
fixes. The length of the alternating substrings may vary as described
in the analysis, and the substrings are induced by ¢ values equal to 1.
The last of the alternating substrings in the prefixes (equal to either
11...1 0of 01...1) is followed by a shared substring. The number of
bits in the previously described substrings equals t 4+ 1. The corre-
sponding composition multisets Cy,_; 1, Crii—o, ., Crit, Crui—i1

of the string s and v € V; differ in exactly 2 compositions.

e The string s and a string v € Vs share a prefix-suffix pair that is fol-
lowed by a certain number of alternating substrings 00...0 and 11...1
(in s) and alternating substrings 10...0 and 01...1 (in v) in the pre-
fixes. The length of the alternating substrings may vary as described
in the analysis. The last of the alternating substrings in the prefixes
(equal to either 11...1 or 01...1) is followed by either the substring
00...0 (in s) or 10...0 (in v). The number of bits covered by these
cases totals t41 and all underlying values of ¢ are equal to 1. The corre-
sponding composition multisets C,,_;_1, Cri—2y -+, Coi—ty Con—it—1

of the string s and v € Vs differ in exactly 2 compositions.

Figure A.10 summarizes the structure of the set Vs and concludes our

proof.

Table A.1: Four different assignments of values for (s, ,v,) and the
resulting set cardinalities |Cy,—;—2(8) \ Cr—i—2(V)].

s. 0jo0|1]1

U+
Set Difference | 2 |4 |2 | 4

Table A.2: Cardinalities of the set difference |C,—;—2(s) \ Cp—i—2(Vv)]| for
different choices of b.

b
Set Difference | 3 | 3
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Figure A.10: The structure of the strings v € Vs that are closest to a
given string s. The first pair of strings illustrates the case where the
substrings 00...0 and 11...1 in the prefix of s, and 10...0 and 01...1 in
the prefix of v occur in pairs, ending with a shared substring b1bs . .. b,.
The second pair illustrates the case where the substrings 00...0 and
11...1 in the prefix of s, and 10...0 and 01...1 in the prefix of v occur in
pairs ending with the substring 00...0 in the prefix of s and 10...0 in the
prefix of v. Note that the substrings may not be of equal lengths. With the
exception of the final shared substring (i.e., shared substring bybs . .. b, for
the first pair, and the substrings 00...0 in s and 10...0 in v for the second
pair) all strings are of length at least one. The number of bits in the prefix
of each string obtained by alternating the above substrings equals ¢ + 1.

Table A.3: Values of |Cy,—i—i#—2(8) \ Cpni—ir—2(v)| for the setting where the
bits s;41 and v;4; are followed by a run of i’ 0s, and where
ot = (1,1,...1) and oy = 1.

S+ 0 0 1 1
vy 0111011
Set Difference | 2 |4 |2 | 4
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Table A.4: The possible values of |Cp,—;—iy—2(8) \ Crn—i—i—2(V)| for the case
that the bits s;,1 and v; ;1 are followed by a run of i’ 0s, and such that
ot = (1,1,...1) and o, € {0,2}.

b
Set Difference | 3 | 3

Table A.5: The possible values of |C,,_;_#_3(s) \ Crn—i_ir—3(v)| for o, =1
corresponding to the four binary assignments for (s,,v,) under the setting
illustrated in Figure A.4.

sp 0/0|1]1
o 0/11]0
Set Difference |2 |2 |4 | 2

Table A.6: The possible values of |Cp,—;i—i—3(8) \ Cp—i—i—3(v)]| for different
choices of b under the setting illustrated in Figure A.4.

b
Set, Difference | 2 | 2

Table A.7: The possible values of |C,_;i_i—r_2(8) \ Crni_ir—r_2(v)]| for
o4 = 1 corresponding to three binary assignments (s, vy ) under the
setting illustrated in Figure A.5.

5y o[1]1
v, 0olol1
Set Difference | 2 | 4 | 2

Table A.8: Cardinalities of the set difference
|Cr—i—ir—r—2(8) \ Con—i—ir—r—2(v)] for different choices of b under the setting
illustrated in Figure A.5.

b
Set, Difference | 2 | 2
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