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ABSTRACT

Given a learning problem with real-world tradeoffs, which cost function should the model

be trained to optimize? This is the metric selection problem in machine learning. Despite

its practical interest, there is limited formal guidance on how to select metrics for machine

learning applications. This thesis outlines metric elicitation as a principled framework for

selecting the performance metric that best reflects implicit user preferences. Once specified,

the evaluation metric can be used to compare and train models.

In this manuscript, we formalize the problem of Metric Elicitation and devise novel strate-

gies for eliciting classification performance metrics using pairwise preference feedback over

classifiers. Specifically, we provide novel strategies for eliciting linear and linear-fractional

metrics for binary and multiclass classification problems, which are then extended to a

framework that elicits group-fair performance metrics in the presence of multiple sensitive

groups. All the elicitation strategies that we discuss are robust to both finite sample and

feedback noise, thus are useful in practice for real-world applications.

Using the tools and the geometric characterizations of the feasible confusion statistics

space from the binary, multiclass, and multiclass-multigroup classification setups, we further

provide strategies to elicit from a wider range of complex, modern multiclass metrics defined

by quadratic functions of predictive rates by exploiting their local linear structure. This

strategy can then be easily extended to eliciting metrics of higher order polynomials. From

application perspective, we also propose to use the metric elicitation framework in optimizing

complex black box metrics that is amenable to deep network training. In particular, the

linear elicitation strategies can be used to elicit local-linear approximation of the black-box

metrics, which are then exploited by existing iterative optimization routines. Lastly, to bring

theory closer to practice, we conduct a preliminary real-user study that shows the efficacy

of the metric elicitation framework in recovering the users’ preferred performance metric in

a binary classification setup.
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CHAPTER 1: INTRODUCTION

Given a class prediction problem, which performance metric should the classifier optimize?

Machine learning practitioners often encounter this question in different forms. For example,

natural language processing practitioners could face the question, “What is a good summary

of a given article?” Similarly, for computer vision folks, “What is a good caption for a given

image?” poses an identical challenge. In the field of music/audio research, the question,

“When is one piece of music similar to another?” may get similar treatment. Medical

predictions are another important application, where ignoring cost sensitive trade-offs can

directly impact lives [1]. Even companies in the industry struggle to find an answer to similar

questions as specialized teams of statisticians/economists are routinely hired to monitor

many metrics – since optimizing the wrong metric directly translates into lost revenue [2].

Unfortunately, there is scant formal guidance within the machine learning literature for how

a practitioner might choose an appropriate metric, beyond a few default choices [3, 4, 5], and

even less guidance on selecting a metric that reflects the preferences of the practitioners.

To address this issue, we propose the framework of Metric Elicitation (ME), where the

goal is to estimate a performance metric that best reflect implicit user preferences. This

framework enables a practitioner to adjust the performance metrics based on the application,

context, and population at hand. The motivation is that by employing metrics that reflect a

user’s innate trade-offs, one can learn models that best capture the user preferences [6]. On

its face, ME simply requires querying a user (oracle) to determine the quality she assigns to

classifiers (learned using standard classification data); however, humans are often inaccurate

when asked to provide absolute preferences [7]. Therefore, we propose gathering feedback in

the form of pairwise classifier comparison queries, where the user is asked to compare two

classifiers and provide an indicator of relative preference. Using such queries, ME aims to

elicit the innate performance metric of the user. See Figure 1.1 for the visual intuition of

the framework.

We focus on eliciting the most common performance metrics that are functions of either

confusion matrix or predictive rates elements [5, 8], commonly referred as measurements or

classifier statistics in this manuscript.1 Thus, a classifier comparison query can be concep-

tually represented by a classifier statistics comparison query. Despite this apparent sim-

plification, the problem remains challenging because one can only query feasible classifier

statistics, i.e, classifier statistics for which there exists a classifier. To solve this problem,

we introduce new characterizations of the space of feasible classifier statistics (associated

1Metrics depending on factors such as model complexity and interpretability are beyond the scope of this
manuscript.
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Figure 1.1: Illustration of the Metric Elicitation Framework. Our goal is to efficiently
estimate the oracle’s performance metric. We assume that the models are summarized via
measurements (classifier statistics), and the metric is a function of these measurements. The
elicitation procedure poses pairwise comparisons queries of the type classifier A vs classifier B
(equiv. classifier statistics A vs classifier statistics B). Based on relative preference feedback
from the oracle, the framework elicits the oracle’s metric in as few queries as possible.

with binary, multiclass, multiclass-multigroup classification problems) enabling the design

of binary-search type procedures that identify the innate performance metric of the oracle.

Furthermore, all the proposed procedures remain robust, both to noise from classifier esti-

mation and to noise in the pairwise comparison itself. Thus, our work directly results in

practical algorithms. The utility of ME is illustrated via the following real life applications.

Motivating Application 1: Medical Decision-Making using Cost-Sensitive Clas-

sification. Automated medical decision-making is an important application, where ignoring

cost trade-offs can directly impact lives [1]. Consider the case of cancer diagnosis and treat-

ment support under the binary classification setting, where a doctor’s unknown, innate

performance metric may be approximated by a linear function of the confusion matrix el-

ements, i.e., she has some innate reward values for True Positives and True Negatives –

equivalently, costs for False Positives and False Negatives – based on known consequences of

misdiagnosis, i.e, side-effects of treating a healthy patient vs. mortality rate for not treating

a sick patient. Here, the doctor takes the role of the oracle. Our proposed approach exploits

the space of confusion matrices associated with all possible classifiers that can be learned

from standard classification data to determine the underlying rewards (equivalently, costs)

provably using the least possible number of pairwise comparison queries posed to the doc-

tor. Once the metric is elicited, it can be used to evaluate classifiers and/or train any future

classifiers.
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Motivating Application 2: Fair Machine learning. Machine learning models are

increasingly applied for important decision-making tasks such as hiring and sentencing [9,

10, 11]. Yet, it is increasingly clear that automated decision-making is susceptible to bias;

whereby decisions made by the algorithm are unfair to certain subgroups. To this end, several

fairness metrics have been proposed – all with the goal of reducing discrimination and bias

from automated decision-making [12]. One of the most difficult steps involved in practical

deployment is the decision of which fairness metric to employ. This is further exacerbated

by the observation that common metrics often lead to contradictory outcomes [13]. Our

approach for metric elicitation can be directly used to solve the fairness metric selection

problem. Here, perhaps groups of ethicists or other relevant decision makers take the role

of the oracle, and group-specific predictive rates correspond to the query space of interest –

which are easily approximated for any classifier. Metric elicitation can be used to formally

quantify these intuitions – specifying the quantitative metric that is best be applied to

measuring or optimizing fairness for a given machine learning task, or to quantify the tradeoff

between predictive performance and fairness.

The applications of the proposed Metric Elicitation framework goes beyond just specifying

user preferred performance metrics. It can also be used to learn classifiers that optimize

complex performance metrics – an aspect often crucial for practical applications. Several

existing optimization algorithms are iterative in nature, where in each iteration, a local-

linear objective is optimized. The iterates over the optimization routine are then combined

to get to the final classifier. If the form of the metric is not known, then obtaining the local-

linear objective of the metric boils down to eliciting linear performance metric in a local

neighborhood. Thus, the tools from the Metric Elicitation framework can be readily applied

for optimizing black-box metrics. We discuss one such procedure, which optimizes black-

box metrics in the presence of a machine oracle, that when queried for a classifier returns

an absolute quality feedback for the classifier. We then briefly discuss how the proposed

procedure can be extended for a human oracle that provides pairwise preference feedback,

along with the challenges associated with it.

Lastly, we conduct a preliminary user study, where we (a) build upon existing visualiza-

tions for confusion matrices to ask for pairwise preferences, and (b) try to elicit a linear

performance metric using our proposed procedure in a binary classification setup associated

with cancer diagnosis. The goal of this preliminary study is to test certain assumptions,

check workflow of the implementation, and provide future guidance on visualizing confusion

matrices for pairwise comparisons and finally eliciting actual performance metrics in real-life

scenarios.

3



1.1 CONTRIBUTIONS AND THESIS ORGANIZATION

We first briefly summarize the contributions from this thesis. We then dig deep into each

contribution later in Chapters 2-8.

(a) Metric elicitation framework (Chapter 2). We formalize Metric Elicitation (ME)

– a principled framework for determining supervised classification metrics from user

feedback. For the case of pairwise feedback, we show that under certain conditions met-

ric elicitation is equivalent to learning preferences between pairs of classifier statistics

such as confusion matrices or predictive rates.

(b) Binary classification performance metric elicitation (Chapter 3). When the

underlying metric is linear in the binary classification setup, we propose an elicitation

strategy to recover the oracle’s metric, whose query complexity decays logarithmically

with the desired resolution. We also show that our query-complexity rates match the

lower bound. We further extend the linear metric elicitation algorithm to elicit more

complex yet prevalent linear-fractional binary classification performance metrics.

(c) Multiclass classification performance metric elicitation (Chapter 4). We

extend work on binary classification setup by proposing ME strategies for the more

complicated multiclass classification setting – thus significantly increasing the use cases

for ME. We propose two algorithms for multiclass classification metric elicitation that

use multiple binary-search subroutines that recover the oracle’s linear metric. One of

the proposed algorithms assumes a sparsity condition on the metric, and thus is useful

when the number of classes is large. Similar to the binary case, we further provide

algorithms for eliciting linear-fractional multiclass classification performance metrics.

(d) Fair performance metric elicitation (Chapter 5). With respect to applications

to fairness, we devise a novel strategy to elicit group-fair performance metrics for multi-

class classification problems with multiple sensitive groups that also includes selecting

the trade-off between predictive performance and fairness violation. Our procedure

exploits the piecewise linearity of the metric in group-specific predictive rates, uses

binary-search based subroutines, and recovers the metric with linear query complexity.

(e) Extension to quadratic metric elicitation and beyond (Chapter 6). The

previous ME strategies can only handle metrics that are linear or quasi-linear functions

of classifier statistics, which can be restrictive in domains where the metrics are more

complex and nuanced, e.g., [14, 15, 16]. Thus, we propose novel strategies for eliciting

4



metrics defined by quadratic functions of classifier statistics, which can easily be applied

to fair metric elicitation setups as well. We are thus be able to handle a more general

family of metrics that can better capture a practitioner’s innate preferences. We further

generalize quadratic elicitation strategy to higher-order polynomial functions. The idea

is to approximate a d-th order polynomial locally with (d − 1)-th order polynomials

and recursively apply our procedure to the lower-order polynomials.

(f) Optimizing black-box metrics through metric elicitation (Chapter 7). We

consider learning to optimize a classification metric defined by a black-box function of

the confusion matrix. Such black-box learning settings are ubiquitous, for example,

when the learner only has query access to the metric of interest, or in noisy-label

and domain adaptation applications where the learner must evaluate the metric via

performance evaluation using a small validation sample. Our approach is to adaptively

learn example weights on the training dataset such that the resulting weighted objective

best approximates the metric on the validation sample. We use the fact that the

example weights can be seen as a gradient for the metric and estimated through metric

elicitation procedure, where a machine oracle responds with absolute quality value of

a classifier on a clean validation dataset. We show how to model and estimate the

example weights and use them to iteratively post-shift a pre-trained class probability

estimator to construct a classifier. We also analyze the resulting procedure’s statistical

properties. Experiments on various label noise, domain shift, and fair classification

setups confirm that our proposal compares favorably to the state-of-the-art baselines

for each application.

(g) Eliciting real-user metric preferences (Chapter 8). Beyond technical contribu-

tions, our research raises novel questions with regards to classifier or classifier statistics

visualization and interpretability for eliciting human preferences. We explore existing

human-computer interface techniques for this task, including work on visualizing con-

fusion matrices for non-expert users. We create a web user-interface and conduct a

preliminary user-study in the binary classification setup in order to elicit real-users’

performance metrics and devise procedures to evaluate the fidelity of the metrics that

are recovered through the proposed metric elicitation framework.

All our metric elicitation procedures (contributions (a)-(e)) are shown to be robust to

both finite sample and oracle feedback noise, thus are useful in practice. Our methods can

be applied either by querying preferences over classifiers or classifiers statistics. Such an

equivalence is crucial for practical applications [6, 17]. We provide statistical consistency
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guarantees of our black-box optimization algorithm (contribution (f)) that uses metric elici-

tation techniques in the presence of machine oracles. We briefly discuss how this algorithm

can be extended in the presence of human oracles that provide pairwise feedback (includ-

ing feedback from A/B tests) and the challenges associated with it. The related literature

corresponding to each sub-topic is provided in the respective chapter. We draw out conclu-

sions and future work in Chapter 9. Lastly, all the proofs are provided in the corresponding

chapters’ appendices.
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CHAPTER 2: METRIC ELICITATION

In this section, we formally describe the problem of Metric Elicitation. We first lay out

some preliminaries and standard notations corresponding to classification problems that are

common to the entire manuscript.

Notation. For k ∈ Z+, we denote the index set by [k] = {1, 2, · · · , k} and use ∆k to

denote the (k−1)-dimensional simplex. We denote the inner product of vectors by 〈·, ·〉 and

the Hadamard product by �. For a matrix A, off -diag(A) returns a vector of off-diagonal

elements of A in row-major form, and diag(A) returns a vector of diagonal elements of A.

We denote the `2-norm and `∞-norm of a vector by ‖ · ‖2 and ‖ · ‖∞, respectively.

2.1 PRELIMINARIES

We consider the standard k-class classification setting with X ∈ X and Y ∈ [k] repre-

senting the input and output random variables, respectively. We assume access to a sample

{(x, y)i}ni=1 of n examples generated iid from a distribution P(X, Y ). We work with (ran-

domized) classifiers

h : X → ∆k (2.1)

that takes in a feature vector x as input and outputs its prediction in the form of a probability

distribution over the k-classes. We further use

H = {h : X → ∆k} (2.2)

to denote the set of all classifiers.

Measurements (Classifier Statistics): We assume q measurements (classifier statistics) of

each model h, with measurement functions {gi : H × P → R}qi=1. We denote the measure-

ments (classifier statistics) of a classifier h by a vector cs(h,P) = (g1(h,P), . . . , gq(h,P)). Ex-

amples of such statistics for a classifier include its confusion matrix Cij(h) = P(Y = i, h = j)

for i, j ∈ [k], predictive rate matrix Rij(h) = P(h = j|Y = i) for i, j ∈ [k], etc.

Metrics: We consider performance metrics that are defined by a general function φ :

[0, 1]q → R of classifier statistics cs:

φ(cs(h,P)). (2.3)

Since the scale of the metric does not affect the learning problem [18], we allow φ to be

bounded. Observe that for these purposes, the metric is invariant to positive multiplicative
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scaling and additive bias. One common example of such metrics is linear metric, which given

coefficient vector a ∈ Rq with ‖a‖2 = 1 (without loss of generality, due to scale-invariance)

is given by:

φlin = 〈a, cs(h,P)〉. (2.4)

Feasible classifier statistics: We will restrict our attention to only those classifier statistics

that are feasible, i.e., can be achieved by some classifier. This allows us to build elicitation

methods that can be applied either by querying preferences over classifiers or classifiers

statistics. The set of all feasible classifier statistics is given by:

CS = {cs(h,P) : h ∈ H}. (2.5)

For simplicity, we will suppress the dependence on P and h if it is clear from the context.

2.2 METRIC ELICITATION: PROBLEM SETUP

We now describe the problem of Metric Elicitation. There’s an unknown metric φ, and we

seek to elicit its form by posing queries to an oracle asking which of two classifiers is more

preferred by it. The oracle has access to the underlying metric φ and provides answers by

comparing its value on the two classifiers.

Definition 2.1 (Oracle Query). Given two classifiers h1, h2 (equiv. to classifier statistics

cs1, cs2 respectively), a query to the Oracle (with metric φ) is represented by:

Γ(h1, h2 ; φ) = Ω(cs1, cs2 ; φ) = 1[φ(cs1) > φ(cs2)], (2.6)

where Γ : H×H → {0, 1} and Ω : CS×CS → {0, 1}. The query asks whether h1 is preferred

to h2 (equiv. if cs1 is preferred to cs2), as measured by φ.

In practice, the oracle can be an expert, a group of experts, or an entire user population.

The ME framework can be applied by posing classifier comparisons directly via interpretable

learning techniques [19, 20] or via A/B testing [21]. For example, in an internet-based

applications one may perform A/B testing by deploying two classifiers A and B with two

different sub-populations of users and use their level of engagement to decide which of the

two classifiers is preferred. For other applications, we may present to the user, visualizations

of the measurements such as predictive rates for two different classifiers (e.g., [22, 23]), and

have the user provide pairwise feedback.

8



Since the metrics we consider are functions of only the classifier statistics, queries compar-

ing classifiers are the same as queries on the associated classifier statistics. So for convenience,

we will have our algorithms pose queries comparing two (feasible) classifier statistics, but

they can be equivalently seen as comparing two classifiers. We next formally state the ME

problem.

Definition 2.2 (Metric Elicitation with Pairwise Queries (given P)). Suppose that the

oracle’s (unknown) performance metric is φ. Using oracle queries of the form Ω(cs1, cs2 ; φ),

recover a metric φ̂ such that ‖φ − φ̂‖ < κ under a suitable norm ‖ · ‖ for sufficiently small

error tolerance κ > 0.

Notice that Definition 2.2 involves true population quantities cs1, cs2. However, in prac-

tice, we are given only finite samples. This leads to a more practical definition of the metric

elicitation problem.

Definition 2.3 (Metric Elicitation with Pairwise Queries (given {(xi, yi)}ni=1)). The same

problem as stated in Definition 2.2, except that the queries are of the form Ω(ĉs1, ĉs2), where

ĉs1, ĉs2 are the estimated classifier statistics from the given samples.

The performance of ME is evaluated by both the query complexity and the quality of the

elicited metric [6, 17]. As is standard in the decision theory literature [6, 17, 24], we present

our ME approach by first assuming access to population quantities such as the population

classifier statistics cs(h,P) as in Definition 2.2, then examine estimation error from finite

samples, i.e., with empirical rates ĉs(h, {(x, y)i}ni=1) as in Definition 2.3. Lastly, in all our

proposed metric elicitation strategies, we work with the following noise model:

Definition 2.4. Oracle Feedback Noise (εΩ ≥ 0): The oracle may provide wrong answers

whenever |φ(cs)− φ(cs′)| < εΩ. Otherwise, it provides correct answers.

Simply put, if the classifier statistics cs, cs′ are close as measured by φ, then the oracle

responses may be incorrect. We show robustness of our approaches under this noise model.

We next discuss elicitation strategies for the different classification scenarios starting with

the binary classification problem setup.
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CHAPTER 3: BINARY CLASSIFICATION PERFORMANCE METRIC
ELICITATION

In this chapter, we focus on eliciting binary classification performance metrics from pair-

wise feedback, where a practitioner is queried to provide relative preference between two

classifiers. Here, we choose our measurement space to be the space of feasible confusion

matrices associated with the classifiers for binary classification. By exploiting key geometric

properties of the space of confusion matrices, we obtain provably query efficient algorithms

for eliciting performance metrics. We emphasize that the notion of pairwise classifier com-

parison is not new and is already prevalent in the industry. An example is A/B testing [21],

where the whole population of users acts as an oracle.1 Similarly, classifier comparison by a

single expert is becoming commonplace due to advances in the field of interpretable machine

learning [19, 20].

In this first edition of metric elicitation strategies, we focus on the most common per-

formance metrics which are functions of the confusion matrix [5, 8, 18], particularly, linear

and ratio-of-linear functions. This includes almost all modern metrics such as accuracy,

Fβ-Measure, Jaccard Similarity Coefficient [5], etc. By construction, pairwise classifier com-

parisons may be conceptually represented by their associated pairwise confusion matrix

comparisons. Despite this apparent simplification, the problem remains challenging because

one can only query feasible confusion matrices, i.e. confusion matrices for which there exists

a classifier. As we show, our characterization of the space of confusion matrices enables the

design of efficient binary-search type procedures that identify the innate performance met-

ric of the oracle. While classifier (confusion matrix) comparisons may introduce additional

noise, our approach remains robust, both to noise from classifier (confusion matrix) estima-

tion, and to noise in the comparison itself. Thus, our work directly results in a practical

algorithm.

Example: Consider the case of cancer diagnosis, where a doctor’s unknown, innate per-

formance metric is a linear function of the confusion matrix, i.e., she has some innate reward

values for True Positives and True Negatives – equivalently (equiv.), costs for False Positives

and False Negatives – based on known consequences of misdiagnosis. Here, the doctor takes

the role of the oracle. Our proposed approach exploit the space of confusion matrices asso-

ciated with all possible classifiers that can be learned from standard classification data and

determine the underlying rewards (equiv., costs) provably using the least possible number

1In A/B testing, sub-populations of users are shown classifier A vs. classifier B, and their responses
determine the overall preference. Interestingly, while each person is shown a sample output from one of the
classifiers, the entire user population acts as the oracle for comparing classifiers.

10



of pairwise comparison queries posed to the doctor.

Our contributions in this chapter are summarized as follows:

• When the underlying metric is linear, we propose a binary search algorithm that can

recover the metric with query complexity that decays logarithmically with the desired

resolution. We further show that our query-complexity rates match the lower bound.

• We extend the elicitation algorithm to more complex linear-fractional performance

metrics.

• We prove robustness of the proposed approach under feedback and classifier estimation

noise.

All the proofs in this chapter are provided in Appendix A.

3.1 BACKGROUND

Let X ∈ X and Y ∈ {0, 1} represent the input and output random variables respectively (0

= negative class, 1 = positive class). We assume a dataset of size n, {(xi, yi)}ni=1, generated

iid from a data generating distribution P iid∼ (X, Y ). Let fX be the marginal distribution

for X . Let η(x) = P(Y = 1|X = x) and ζ = P(Y = 1) represent the conditional and the

unconditional probability of the positive class, respectively. Note that the earlier term is a

function of the input x; whereas, the latter is a constant. We denote a classifier by h, and

let H = {h : X → [0, 1]} be the set of all classifiers. A confusion matrix for a classifier

h is denoted by C(h,P) ∈ R2×2, comprising true positives (TP), false positives (FP), false

negatives (FN), and true negatives (TN) and is given by:

C11 = TP (h,P) = P(Y = 1, h = 1),

C01 = FP (h,P) = P(Y = 0, h = 1),

C10 = FN(h,P) = P(Y = 1, h = 0),

C00 = TN(h,P) = P(Y = 0, h = 0). (3.1)

Clearly,
∑

i,j Cij = 1. We denote the set of all confusion matrices by C = {C(h,P) : h ∈
H}. Under the population law P, the components of the confusion matrix can be further

decomposed as:

FN(h,P) = ζ − TP (h,P) and FP (h,P) = 1− ζ − TN(h,P). (3.2)
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This decomposition reduces the four dimensional space to two dimensional space. Therefore,

the set of confusion matrices can be defined as

C = {(TP (h,P), TN(h,P)) : h ∈ H}. (3.3)

For clarity, we will suppress the dependence on P in our notation. In addition, we will

subsume the notation h if it is implicit from the context and denote the confusion matrix

by C = (TP, TN).

We represent the boundary of the set C by ∂C. Any hyperplane (line) ` in the (tp, tn)

coordinate system is given by:

` := a · tp+ b · tn = c, where a, b, c ∈ R. (3.4)

Let φ : [0, 1]2×2 → R be the performance metric for a classifier h determined by its confusion

matrix C(h). Without loss of generality (w.l.o.g.), we assume that φ is a utility, so that

larger values are better.

3.1.1 Types of Performance Metrics

We consider two of the most common families of binary classification metrics, namely

linear and linear-fractional functions of the confusion matrix (3.1).

Definition 3.1. Linear Performance Metric (LPM): We denote this family by ϕLPM . Given

constants (representing weights) {a11, a01, a10, a00} ∈ R4, we define the metric as:

φ(C) = a11TP + a01FP + a10FN + a00TN

= m11TP +m00TN +m0, (3.5)

where m11 = (a11 − a10), m00 = (a00 − a01), and m0 = a10ζ + a01(1− ζ).

Example 3.1. Weighted Accuracy (WA) [25]:

WA = w1TP + w2TN, (3.6)

where w1, w2 ∈ [0, 1] (w1, w2 can be shifted and scaled to [0, 1] without changing the learning

problem [18]).

Definition 3.2. Linear-Fractional Performance Metric (LFPM): We denote this family by
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ϕLFPM . Given constants {a11, a01, a10, a00, b11, b01, b10, b00} ∈ R8, we define the metric as:

φ(C) =
a11TP + a01FP + a10FN + a00TN

b11TP + b01FP + b10FN + b00TN

=
p11TP + p00TN + p0

q11TP + q00TN + q0

, (3.7)

where p11 = (a11 − a10), p00 = (a00 − a01), q11 = (b11 − b10), q00 = (b00 − b01), p0 =

a10ζ + a01(1− ζ), q0 = b10ζ + b01(1− ζ).

Example 3.2. The Fβ measure and the Jaccard similarity coefficient (JAC) [5]:

Fβ =
TP

TP
1+β2 − TN

1+β2 + β2ζ+1−ζ
1+β2

, JAC =
TP

1− TN (3.8)

3.1.2 Bayes Optimal and Inverse Bayes Optimal Classifiers

Given a performance metric φ, the Bayes utility τ is the optimal value of the performance

metric over all classifiers, i.e.,

τ = sup
h∈H

φ(C(h)) = sup
C∈C

φ(C). (3.9)

The Bayes classifier h (when it exists) is the classifier that optimizes the performance metric,

so

h = argmax
h∈H

φ(C(h)). (3.10)

Similarly, the Bayes confusion matrix is given by

C = argmax
C∈C

φ(C). (3.11)

We further define the inverse Bayes utility

τ = inf
h∈H

φ(C(h)) = inf
C∈C

φ(C). (3.12)

The inverse Bayes classifier is given by

h = argmin
h∈H

φ(C(h)). (3.13)

Similarly, the inverse Bayes confusion matrix is given by:
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C = argmin
C∈C

φ(C). (3.14)

Notice that for φ ∈ ϕLPM (3.5), the Bayes classifier predicts the label which maximizes

the expected utility conditioned on the instance, as discussed below.

Proposition 3.1. Let φ ∈ ϕLPM , then

h(x) =

{
1[η(x) ≥ m00

m11+m00
], m11 +m00 ≥ 0

1[ m00

m11+m00
≥ η(x)], o.w.

}
(3.15)

is a Bayes optimal classifier w.r.t φ. Further, the inverse Bayes classifier is given by h = 1−h.

3.1.3 Problem Setup

We borrow the problem setup from Chapter 2, particularly, the definitions of oracle query

(Definition 2.1) and Metric Elicitation with finite samples (Definition 2.3). Since our choice

of measurements is the confusion matrix entries, for ease of understanding, we re-state these

definitions after replacing classifier statistics by confusion matrices for binary classification.

We first formalize oracle query. Recall that by the definition of confusion matrices (3.1),

there exists a surjective mapping from H → C. An oracle is queried to determine relative

preference between two classifiers. However, since we only consider metrics which are func-

tions of the confusion matrix, a comparison query over classifiers becomes equivalent to a

comparison query over confusion matrices in our setting.

Definition 3.3. Oracle Query: Given two classifiers h, h′ (equiv. to confusion matrices

C,C ′ respectively), a query to the Oracle (with metric φ) is represented by:

Γ(h, h′ ; φ) = Ω(C,C ′ ; φ) = 1[φ(C) > φ(C ′)] =: 1[C � C ′], (3.16)

where Γ : H×H → {0, 1} and Ω : C ×C → {0, 1}. The query denotes whether h is preferred

to h′ (equiv. to C is preferred to C ′) as measured according to φ.

We emphasize that depending on practical convenience, the oracle may be asked to com-

pare either confusion matrices or classifiers achieving the corresponding confusion matrices,

via approaches discussed in the beginning of Chapter 3. Henceforth, for simplicity of nota-

tion, we will treat any comparison query as confusion matrix comparison query. Next, we

state the metric elicitation problem.
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Figure 3.1: (a) Supporting hyperplanes (with normal vectors) and resulting geometry of C;
(b) Sketch of Algorithm 3.1; (c) Maximizer C

∗
and minimizer C∗ along with the supporting

hyperplanes for LFPMs.

Definition 3.4. Metric Elicitation (given {(xi, yi)}ni=1): Suppose that the oracle’s true,

unknown performance metric is φ. Recover a metric φ̂ by querying the oracle for as few

pairwise comparisons of the form Ω(Ĉ, Ĉ ′), where Ĉ, Ĉ ′ are the estimated confusion matrices

from the samples, such that ‖φ−φ̂‖ < κ for sufficiently small R 3 κ > 0 and for any suitable

norm ‖ · ‖ .

Ultimately, we want to perform ME as described in Definition 3.4. A good approach to do

so is to first solve ME by assuming access to the appropriate population quantities such as

the population confusion matrices C(h,P), and then consider practical implementation using

estimated confusion matrices from finite data, i.e., C(h, {(xi, yi)}ni=1). This is a standard

approach in decision theory (see e.g. [24]), where estimation error from finite samples is

adjudged as a noise source and handled accordingly.

3.2 CONFUSION MATRICES

ME will require confusion matrices that are achieved by all possible classifiers, thus it is

necessary to characterize the set C in a way which is useful for the task.

Assumption 3.1. We assume g(t) = P[η(X) ≥ t] is continuous and strictly decreasing for

t ∈ [0, 1].

This is equivalent to standard assumptions [8] that the event η(X) = t has positive density

but zero probability. Note that this requires X to have no point mass.

Proposition 3.2. (Properties of C — Figure 3.1(a).) The set of confusion matrices C
is convex, closed, contained in the rectangle [0, ζ] × [0, 1 − ζ] (bounded), and 180-degree

rotationally symmetric around the center-point ( ζ
2
, 1−ζ

2
). Under Assumption 3.1, (0, 1 − ζ)

and (ζ, 0) are the only vertices of C, and C is strictly convex. Thus, any supporting hyperplane

of C is tangent at only one point.2

2Additional visual intuition about the geometry of C (via an example) is given in Appendix A.1.

15



3.2.1 LPM Parametrization and Connection with Supporting Hyperplanes of C

For an LPM φ (3.5), Proposition 3.2 guarantees the existence of a unique Bayes confusion

matrix on the boundary ∂C. This is because optimum for a linear function over a strictly

convex set is unique and lies on the boundary [26]. Note that any linear function with the

same trade-offs for TP and TN, i.e. same (m11,m00), is maximized at the same boundary

point regardless of the bias term m0. Thus, different LPMs can be generated by varying

trade-offs m = (m11,m00) such that ‖m‖ = 1 and m0 = 0. The condition ‖m‖ = 1 does not

affect the learning problem as discussed in Example 3.1. In other words, the performance

metric is scale invariant. This allows us to represent the family of linear metrics ϕLPM by a

single parameter θ ∈ [0, 2π]:

ϕLPM = {m = (cos θ, sin θ) : θ ∈ [0, 2π]}. (3.17)

Given m (equiv. to θ), we can recover the Bayes classifier using Proposition 3.1, and then

the Bayes confusion matrix Cθ = Cm = (TPm, TNm) using (3.1). Under Assumption 3.1,

due to strict convexity of C, the Bayes confusion matrix Cm is unique; therefore, we have

that

〈m, C〉 < 〈m, Cm〉 ∀ C ∈ C, C 6= Cm. (3.18)

Notice the connection between the linear performance metrics and the supporting hyper-

planes of the set C (see Figure 3.1(a)). Given m, there exists a supporting hyperplane

tangent to C at only Cm defined as follows:

`m := m11 · tp+m00 · tn = m11TPm +m00TNm. (3.19)

Clearly, if m11 and m00 are of opposite sign (i.e., θ ∈ (π/2, π) ∪ (3π/2, 2π)), then hm is

the trivial classifier predicting either 1 or 0 everywhere. In other words, if the slope of

the hyperplane is positive, then it touches the set C either at (ζ, 0) or (0, 1 − ζ). When

m11,m00 6= 0 with the same sign (i.e., θ ∈ (0, π/2) ∪ (π, 3π/2)), then the Bayes confusion

matrix is away from the two vertices. Now, we may split the boundary ∂C as follows:

Definition 3.5. The Bayes confusion matrices for LPMs with m11,m00 ≥ 0 (θ ∈ [0, π/2])

form the upper boundary, denoted by ∂C+. The Bayes confusion matrices for LPMs with

m11,m00 < 0 (θ ∈ (π, 3π/2)) form the lower boundary, denoted by ∂C−. From Proposition

3.1, it follows that the confusion matrices in ∂C+ and ∂C− correspond to the classifiers of

the form 1[η(x) ≥ δ] and 1[δ ≥ η(x)], respectively, for some δ ∈ [0, 1].
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3.3 ALGORITHMS

In this section, we propose binary-search type algorithms, which exploit the geometry of

the set C (Section 3.2) to find the maximizer / minimizer and the associated supporting

hyperplanes for any quasiconcave / quasiconvex metrics. These algorithms are then used

to elicit LPMs and LFPMs, both of which belong to both quasiconcave and quasiconvex

function families.

We allow noisy oracles; however, for simplicity, we will first discuss algorithms and elicita-

tion with no-noise, and then show that they are robust to the noisy feedback (Section 3.5).

Moreover, as one typically prefers metrics which reward correct classification, we first discuss

metrics that are monotonically increasing in both TP and TN. The monotonically decreasing

case is discussed in Appendix A.4 as a natural extension.

The following lemma for any quasiconcave and quasiconvex metrics forms the basis of our

proposed algorithms.

Lemma 3.1. Let ρ+ : [0, 1]→ ∂C+, ρ− : [0, 1]→ ∂C− be continuous, bijective, parametriza-

tions of the upper and lower boundary, respectively. Let φ : C → R be a quasiconcave

function, and ψ : C → R be a quasiconvex function, which are monotone increasing in both

TP and TN . Then the composition φ ◦ ρ+ : [0, 1] → R is quasiconcave (and therefore uni-

modal) on the interval [0, 1], and ψ ◦ρ− : [0, 1]→ R is quasiconvex (and therefore unimodal)

on the interval [0, 1].

The unimodality of quasiconcave (quasiconvex) metrics on the upper (lower) boundary of

the set C along with the one-dimensional parametrization of m using θ ∈ [0, 2π] (Section

3.2) allows us to devise binary-search-type methods to find the maximizer C, the minimizer

C, and the first order approximation of φ at these points, i.e., the supporting hyperplanes

at C and C.

Algorithm 3.1. Maximizing quasiconcave metrics and finding supporting hyperplanes at

the optimum: Since φ is monotonically increasing in both TP and TN, and C is convex, the

maximizer must be on the upper boundary. Hence, we start with the interval [θa = 0, θb = π
2
]

(Definition 3.5). We divide it into four equal parts and set slopes using (3.17) in line 4 (see

Figure 3.1(b) for visual intuition). Then, we compute the Bayes classifiers using Proposition

3.1 and the associated Bayes confusion matrices in line 5. We pose four pairwise queries to

the oracle in line 6. Line 7 gives the default direction to binary search in case of out-of-order

responses.3 In lines 8-12, we shrink the search interval by half based on oracle responses.

3Due to finite samples, C’s boundary may have staircase-type bumps in practice. This may lead to
out-of-order responses, even when the metric is unimodal w.r.t. θ.
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Algorithm 3.1 Quasiconcave Metric Maximization

1: Input: ε > 0 and oracle Ω.
2: Initialize: θa = 0, θb = π

2
.

3: while |θb − θa| > ε do
4: Set θc = 3θa+θb

4
, θd = θa+θb

2
, and θe = θa+3θb

4
. Set corresponding slopes (m’s) using

(3.17).
5: Obtain hθa ,hθc ,hθd , hθe , hθb using Proposition 3.1. Compute Cθa ,Cθc ,Cθd ,Cθe , Cθb us-

ing (3.1).
6: Query Ω(Cθc , Cθa),Ω(Cθd , Cθc),Ω(Cθe , Cθd), and Ω(Cθb , Cθe).
7: If Cθ � Cθ′ ≺ Cθ′′ for consecutive θ < θ′ < θ′′, assume the default order Cθ ≺ Cθ′ ≺

Cθ′′ .
8: if (Cθa � Cθc) Set θb = θd.
9: elseif (Cθa ≺ Cθc � Cθd) Set θb = θd.

10: elseif (Cθc ≺ Cθd � Cθe) Set θa = θc, θb = θe.
11: elseif (Cθd ≺ Cθe � Cθb) Set θa = θd.
12: else Set θa = θd.
13: end while
14: Output: m, C, and `, where m = md (θd), C = Cθd , and ` := 〈m, (tp, tn)〉 = 〈m, C〉.

Algorithm 3.2 Quasiconcave Metric Minimization

1: Follow Algorithm 3.1 except:
2: Initialize: θa = π, θb = 3π

2
.

3: Invert Responses: Replace oracle responses C ≺ C ′ with C � C ′ and vice versa.

We stop when the search interval becomes smaller than a given ε > 0 (tolerance). Lastly, we

output the slope m, the Bayes confusion C, and the supporting hyperplane ` at that point.

Algorithm 3.2. Minimizing quasiconvex metrics and finding supporting hyperplane at

the optimum: The same algorithm can be used for quasiconvex minimization with only two

changes. First, we start with θ ∈ [π, 3
2
π], because the optimum will lie on the lower boundary

∂C−. Second, we check for C ≺ C ′ whenever Algorithm 3.1 checks for C � C ′, and vice

versa. Here, we output the counterparts, i.e., slope m, inverse Bayes Confusion matrix C,

and supporting hyperplane ` .

3.4 METRIC ELICITATION

In this section, we discuss how Algorithms 3.1, 3.2, and 3.3 (discussed later) are used as

subroutines to elicit LPMs and LFPMs. See Figure 3.2 for a brief summary.

3.4.1 Eliciting LPMs

Suppose that the oracle’s metric is ϕLPM 3 φ∗ = m∗, where, WLOG, ‖m∗‖ = 1 and

m∗0 = 0 (Section 3.2). Application of Algorithm 3.1 to the oracle, who responds according
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LPM Elicitation (True metric φ∗ = m∗)

1. Run Algorithm 3.1 to get C
∗

and a hyperplane `.
2. Set the elicited metric to be the slope of `.

LFPM Elicitation (True metric φ∗)

1. Run Algorithm 3.1 to get C
∗
, a hyperplane `, and SoE (3.25).

2. Run Algorithm 3.2 to get C∗, a hyperplane ` , and SoE (3.27).
3. Run the oracle-query independent Algorithm 3.3 to get the elicited metric, which satisfies

both the SoEs.

Figure 3.2: LPM and LFPM elicitation procedures.

to m∗, returns the maximizer and supporting hyperplane at that point. Since the true

performance metric is linear, we take the elicited metric, m̂, to be the slope of the resulting

supporting hyperplane.

3.4.2 Eliciting LFPMs

An LFPM is given by (3.7), where p11, p00, q11, and q00 are not simultaneously zero. Also,

it is bounded over C. As scaling and shifting does not change the linear-fractional form,

w.l.o.g., we may take φ(C) ∈ [0, 1]∀C ∈ C with positive numerator and denominator.

Assumption 3.2. Let φ ∈ ϕLFPM (3.7). We assume that p11, p00 ≥ 0, p11 ≥ q11, p00 ≥ q00,

p0 = 0, q0 = (p11 − q11)ζ + (p00 − q00)(1− ζ), and p11 + p00 = 1.

Proposition 3.3. The conditions in Assumption 3.2 are sufficient for φ ∈ ϕLFPM to be

bounded in [0, 1] and simultaneously monotonically increasing in TP and TN.

The conditions in Assumption 3.2 are reasonable as we want to elicit any unknown

bounded, monotonically increasing LFPM. To no surprise, examples outlined in (3.8) and

Koyejo et al. [8] satisfy these conditions. We first provide intuition for eliciting LFPMs

(Figure 3.2). We obtain two hyperplanes: one at the maximizer on the upper boundary,

and other at the minimizer on the lower boundary. This results in two nonlinear systems

of equations (SoEs) having only one degree of freedom, but they are satisfied by the true

unknown metric. Thus, the elicited metric is one where solutions to the two systems match

pointwise on the confusion matrices. Formally, suppose that the oracle’s metric is:

φ∗(C) =
p∗11TP + p∗00TN

q∗11TP + q∗00TN + q∗0
. (3.20)

Let τ ∗ and τ ∗ be the maximum and minimum value of φ∗ over C, respectively, i.e.,

τ ∗ ≤ φ∗(C) ≤ τ ∗ ∀C ∈ C. (3.21)
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Under Assumption 3.1, we have a hyperplane

`
∗
f := (p∗11 − τ ∗q∗11)tp+ (p∗11 − τ ∗q∗11)tn = τ ∗q∗0 (3.22)

touching the set C only at (TP
∗
, TN

∗
) on the upper boundary ∂C+. Similarly, we have a

hyperplane

` ∗f := (p∗11 − τ ∗q∗11)tp+ (p∗00 − τ ∗q∗00)tn = τ ∗q∗0, (3.23)

which touches the set C only at (TP ∗, TN∗) on the lower boundary ∂C−. To help with

intuition, see Figure 3.1(c). Since LFPM is quasiconcave, Algorithm 3.1 returns a hyperplane

` := m11tp+m00tn = C0, where C0 = m11TP
∗

+ m00TN
∗
. This is equivalent to `

∗
f up to a

constant multiple; therefore, the true metric is the solution to the following non-linear SoE:

p∗11 − τ ∗q∗11 = αm11, p
∗
00 − τ ∗q∗00 = αm00, τ

∗q∗0 = αC0, (3.24)

where α ≥ 0, because LHS and m’s are non-negative. Additionally, we ignore the case when

α = 0, since this would imply a constant φ. Next, we may divide the above equations by

α > 0 on both sides so that all the coefficients p∗’s and q∗’s are factored by α. This does not

change φ∗; thus, the SoE becomes:

p′11 − τ ∗q′11 = m11, p
′
00 − τ ∗q′00 = m00, τ

∗q′0 = C0. (3.25)

Notice that none of the conditions in Assumption 3.2 are changed except p′11 + p′00 = 1.

However, we may still use this condition to learn a constant α times the true metric, which

does not harm the elicitation problem.

As LFPM is also quasiconvex, Algorithm 3.2 gives a hyperplane ` := m11tp+m00tn = C0,

where C0 = m11TP
∗ + m00TN

∗. This is equivalent to ` ∗f up to a constant multiple; thus,

the true metric is also the solution of the following SoE:

p∗11 − τ ∗q∗11 = γm11, p
∗
00 − τ ∗q∗00 = γm00, τ

∗q∗0 = γC0, (3.26)

where γ ≤ 0 since LHS is positive, but m’s are negative. Again, we may assume γ < 0. By

dividing the above equations by−γ on both sides, all the coefficients p∗’s and q∗’s are factored

by −γ. This does not change φ∗; thus, the system of equations becomes the following:

p′′11 − τ ∗q′′11 = m11, p
′′
00 − τ ∗q′′00 = m00, τ

∗q′′0 = C0. (3.27)

Proposition 3.4. Under Assumption 3.2, knowing p′11 solves the system of equations (3.25)
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Algorithm 3.3 Grid Search for Best Ratio

1: Input: k,∆.
2: Initialize: σopt =∞, p′11,opt = 0.
3: Generate C1, ..., Ck on ∂C+ and ∂C− (Section 3.2).
4: for (p′11 = 0; p′11 ≤ 1; p′11 = p′11 + ∆) do

5: Compute φ′, φ′′ using Proposition 3.4. Compute array r = [ φ
′(C1)

φ′′(C1)
, ..., φ

′(Ck)
φ′′(Ck)

]. Set

σ = std(r).
6: if (σ < σopt) Set σopt = σ and p′11,opt = p′11.
7: end for
8: Output: p′11,opt.

as follows:

p′00 = 1− p′11, q
′
0 = C0

P ′

Q′
,

q′11 = (p′11 −m11)
P ′

Q′
, q′00 = (p′00 −m00)

P ′

Q′
, (3.28)

where P ′ = p′11ζ + p′00(1− ζ) and Q′ = P ′ + C0 −m11ζ −m00(1− ζ).

Now assume we know p′11. Using Proposition 3.4, we may solve the system (3.25) and

obtain a metric, say φ′. System (3.27) can be solved analogously, provided we know p′′11, to

get a metric, say φ′′. Notice that when p∗11/p∗00 = p′11/p′00 = p′′11/p′′00, then φ∗(C) = φ′(C)/α =

−φ′′(C)/γ. This means that when the true ratios of p’s are known, then φ′, φ′′ are constant

multiples of each other. So, to know the true p′11 (or, p′′11) is to search the grid [0, 1] and

select the one where the ratios of φ′ and φ′′ are constant on a number of confusion matrices.

Since we can generate many confusion matrices on ∂C+ and ∂C− (vary δ in Definition 3.5),

we can estimate the ratio p′11 to p′00 using grid search based Algorithm 3.3. We may then use

Proposition 3.4 for the output of Algorithm 3.3 and set the elicited metric φ̂ = φ′. Note that

Algorithm 3.3 is independent of oracle queries and easy to implement, thus it is suitable for

the purpose.

3.5 GUARANTEES

In this section, we discuss guarantees for the elicitation procedures (Section 3.4) in the

presence of (a) confusion matrices’ estimation noise from finite samples and (b) oracle feed-

back noise with the following notion that is borrowed from Definition 2.4.

Definition 3.6. Oracle Feedback Noise (εΩ ≥ 0): The oracle may provide wrong answers

whenever |φ(C)− φ(C ′)| < εΩ. Otherwise, it provides correct answers.
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Simply put, if the confusion matrices are close as measured by φ, then the oracle responses

can be wrong. Moving forward to the guarantees, we make two assumptions which hold in

most common settings.

Assumption 3.3. Let {η̂i(x)}ni=1 be a sequence of estimates of η(x) depending on the sample

size. We assume that ‖η − η̂i‖∞ P→ 0.

Assumption 3.4. For quasiconcave φ, recall that the Bayes classifier is of the form h =

1[η(x) ≥ δ]. Let δ be the threshold that maximizes φ. We assume that the probability that

η(X) lies near δ is bounded from below and above. Formally,

k0ν ≤ P
[
(δ − η(X)) ∈ [0, ν]

]
,P
[
(η(X)− δ) ∈ [0, ν]

]
≤ k1ν (3.29)

for any 0 < ν ≤ 2
k0

√
k1εΩ and some k1 ≥ k0 > 0.

Assumption 3.3 is arguably natural, as most estimation is parametric, where the function

classes are sufficiently well behaved. Assumption 3.4 ensures that near the optimal threshold

δ, the values of η(X) have bounded density. In other words, when X has no point mass, the

slope of η(X) where it attains the optimal threshold δ is neither vertical nor horizontal. We

start with guarantees for the algorithms in their respective tasks.

Theorem 3.1. Given ε, εΩ ≥ 0 and a 1-Lipschitz metric φ that is monotonically increasing

in TP, TN. If it is quasiconcave (quasiconvex) then Algorithm 3.1 (Algorithm 3.2) finds

an approximate maximizer C (minimizer C). Furthemore, (i) the algorithm returns the

supporting hyperplane at that point, (ii) the value of φ at that point is within O(
√
εΩ + ε)

of the optimum, and (iii) the number of queries is O(log 1
ε
).

Lemma 3.2. Under our model, no algorithm can find the maximizer (minimizer) in fewer

than O(log 1
ε
) queries.

Theorem 3.1 and Lemma 3.2, guarantee that Algorithm 3.1 (Algorithm 3.2), for a quasi-

concave (quasiconvex) metric, finds a confusion matrix and a hypeplane which is close to the

true maximizer (minimizer) and its associated supporting hyperplane, using just the optimal

number of queries. Further, since binary search always tends towards the optimal whenever

responses are correct, the algorithms necessarily terminate within a confidence interval of

the true maximizer. Thus, we can take ε sufficiently small so that the only error that arises

is due to the feedback noise εΩ. Now, we present our main result which guarantees effective

LPM elicitation. Guarantees in LFPM elicitation follow naturally as discussed in the proof

of Theorem 3.2 (Appendix A.2).
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Table 3.1: LPM elicitation at tolerance ε = 0.02 radians.

φ∗ = m∗ φ̂ = m̂ φ∗ = m∗ φ̂ = m̂

(0.98,0.17) (0.99,0.17) (-0.94,-0.34) (-0.94,-0.34)
(0.64,0.77) (0.64,0.77) (-0.50,-0.87) (-0.50,-0.87)

Theorem 3.2. Let ϕLPM 3 φ∗ = m∗ be the true performance metric. Under Assump-

tion 3.4, given ε > 0, LPM elicitation (Section 3.4.1) outputs a performance metric φ̂ = m̂,

such that ‖m∗ − m̂‖∞ ≤
√

2ε+ 2
k0

√
2k1εΩ.

So far, we assumed access to the confusion matrices. However, in practice, we need to

estimate them using samples {(xi, yi)}ni=1. We now discuss robustness of the algorithms

working with samples. Recall that, as a standard consequence of Chernoff-type bounds [27],

sample estimates of true-positive and true-negative are consistent estimators. Therefore,

with high probability, we can estimate the confusion matrix within any desired tolerance,

provided we have sufficient samples. This implies that we can also estimate the φ values

within any tolerance since LPM and LFPM are 1-Lipschitz due to (3.17) and Assumption 3.2,

respectively. Thus, with high probability, the elicitation procedures gather correct oracle’s

preferences within feedback noise εΩ. Further, we may prove the following lemma which

allow us to control the error in optimal classifiers from using the estimated η̂(x) rather than

the true η(x).

Lemma 3.3. Let hθ and ĥθ be two classifiers estimated using η and η̂, respectively. Further,

let θ be such that hθ = argmaxθ φ(hθ). Then ‖C(ĥθ)− C(hθ)‖∞ = O(‖η̂n − η‖∞).

The errors due to using η̂, instead of true η may propel in the results discussed earlier,

however, only in the bounded sense. This shows that our elicitation approach is robust to

feedback and finite sample noise.

3.6 EXPERIMENTS

In this section, we empirically validate the theory and investigate the sensitivity due to

sample estimates.4

3.6.1 Synthetic Data Experiments

We assume a joint probability for X = [−1, 1] and Y = {0, 1} given by fX = U[−1, 1] and

η(x) = 1
1+eax

, where U[−1, 1] is the uniform distribution on [−1, 1], and a is a parameter

4A subset of results is shown here. Please refer Appendix A.3 for extended set of results.
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Table 3.2: LFPM Elicitation for synthetic distribution (Section 3.6.1) and Magic (M) dataset
(Section 3.6.2). α and σ are the mean and standard deviation of φ̂/φ∗ evaluated over a subset
of confusion matrices used in Algorithm 3.3.

True Metric Results on Synthetic Distribution (Section 3.6.1) Results on Real World Dataset M (Section 3.6.2)

(p∗11, p
∗
00), (q∗11, q

∗
00, q

∗
0) (p̂11, p̂00), (q̂11, q̂00, q̂0) α σ (p̂11, p̂00), (q̂11, q̂00, q̂0) α σ

(1.00,0.00),(0.50,-0.50,0.50) (1.00,0.00),(0.25,-0.75,0.75) 0.92 0.03 (1.00,0.00),(0.25,-0.75,0.75) 0.90 0.06
(0.20,0.80),(-0.40,-0.20,0.80) (0.12, 0.88),(-0.43, 0.002, 0.71) 1.02 0.006 (0.19,0.81),(-0.38,-0.13,0.70) 1.02 0.004

(a) Table 3.2, line 1, col 2 (b) Table 3.2, line 2, col
2

(c) Table 3.2, line 1, col 5 (d) Table 3.2, line 2, col
5

Figure 3.3: True (solid green) and elicited (dashed blue) LFPMs for synthetic distribution
and dataset M from Table 3.2. The solid red and coinciding dashed black vertical lines are
argmax of the true and elicited metric, respectively.

controlling the degree of noise in the labels. We fix a = 5 in our experiments. To verify

LPM elicitation, we first define a true metric φ∗. This specifies the query outputs in line 6

of Algorithm 3.1 (Algorithm 3.2). Then we run LPM elicitation procedure (Section 3.4.1)

to check whether or not we compute the same metric. Some results are shown in Table 3.1.

We elicit the true metrics even for ε = 0.02 radians.

Next, we elicit LFPM. We define a true metric φ∗ by {(p∗11, p
∗
00), (q∗11, q

∗
00, q

∗
0)}. Then we

follow the LFPM elicitation procedure (Section 3.4.2), where Algorithms 3.1 and 3.2 are run

with ε = 0.05 and Algorithm 3.3 is run with k = 2000 and ∆ = 0.01. The elicited metric

φ̂ is denoted by {(p̂11, p̂00), (q̂11, q̂00, q̂0)} and presented in Table 3.2 (Column 2). We also

present mean (α) and standard deviation (σ) of the ratio of the elicited metric φ̂ to the true

metric φ∗ over a subset of confusion matrices (columns 3 and 4). For improved comparisons,

Figure 3.3 shows the true and elicited metrics evaluated on selected pairs of (TP, TN) ∈ ∂C+.

The metrics are plotted together after sorting the slope parameter θ. Clearly, the elicited

metric is a constant multiple of the true metric. We also see that the argmax of the true

and elicited metric coincide, thus validating Theorem 3.1.

3.6.2 Real-World Data Experiments

Now, we validate the elicitation procedures with two real-world datasets. The datasets are:

(a) Breast Cancer (BC) Wisconsin Diagnostic dataset [28] containing 569 instances, and (b)
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Magic (M) dataset [29] containing 19020 instances. For both the datasets, we standardize

the features and split the data into two parts S1 and S2. On S1, we learn the estimator η̂

using regularized logistic regression model. We use S2 for making predictions and computing

sample confusion matrices.

We randomly selected twenty-eight LPMs by choosing θ∗ (m∗). We then used Algo-

rithm 3.1 (Algortihm 3.2) with different tolerance ε and for different datasets and recovered

the estimate m̂ using LPM elicitation. In Table A.3 of Appendix A.3, we report the pro-

portion of the number of times when our procedure failed to recover the true m∗. We see

improved elicitation for dataset M , suggesting that ME improves with larger datasets. In

particular, for dataset M , we elicit all the metrics within threshold ε = 0.11 radians. We

also observe that ε = 0.02 is an overly tight tolerance for both the datasets leading to many

failures. This is because the elicitation routine gets stuck at the closest achievable confusion

matrix from finite samples, which need not be optimal within the given (small) tolerance.

Next, we evaluate LFPM elicitation using dataset M . We define the same true metrics and

follow the same LFPM elicitation process as defined in Section 3.6.1. In Table 3.2 (columns

5, 6, and 7), we present the elicitation results along with mean α and standard deviation σ

of the ratio of the elicited metric and the true metric. We also show the true and elicited

metrics evaluated on the selected pairs of (TP, TN) ∈ ∂C+ in Figure 3.3, ordered by the

parameter θ. We see that the elicited metrics are equivalent to the true metrics up to a

constant.

3.7 RELATED WORK

Our work may be compared to ranking from pairwise comparisons [30]. However, we note

that our results depend on novel geometric ideas on the space of confusion matrices. Thus,

instead of a ranking problem, we show that ME in standard models can be reduced to just

finding the maximizer (and minimizer) of an unknown function which in turn yields the true

metric – resulting in low query complexity. A direct ranking approach adds unnecessary

complexity to achieve the same task. Further, in contrast to our approach, most large

margin ordinal regression based ranking [31] fail to control which samples are queried. There

is another line of work, which actively controls the query samples for ranking, e.g., [32].

However, to our knowledge, this requires that the number of objects is finite and finite

dimensional – thus cannot be directly applied to ME without significant modifications, e.g.

exploiting confusion matrix properties, as we have. Learning a performance metric which

correlates with human preferences has been studied before [33, 34]; however, these studies

learn a regression function over some predefined features which is fundamentally different
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from our problem. Lastly, while [3, 4] address how one might qualitatively choose between

metrics, none addresses our central contribution – a principled approach for eliciting the

ideal metric from user feedback.

3.8 CONCLUDING REMARKS

We conceptualize metric elicitation for the binary classification setup and elicit linear

and linear-fractional metrics using preference feedback over pairs of classifiers. We propose

provably query efficient and robust algorithms to elicit metrics that exploit key geometric

properties of the set of confusion matrices associated with the binary classification tasks.
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CHAPTER 4: MULTICLASS CLASSIFICATION PERFORMANCE
METRIC ELICITATION

Conceptually, Metric Elicitation (ME) is applicable to any learning setting. However,

the proposed methods in the previous chapter were limited to eliciting binary classification

performance metrics. This chapter extends the previous work by proposing ME strategies

for the more complicated multiclass classification setting – thus significantly increasing the

use cases for ME. Similar to the binary case, we consider the most common families of

performance metrics which are functions of the confusion matrix [18], which is our choice

of measurement space in this chapter; however, in this case, the elements of the confusion

matrix summarize multiclass error statistics.

In order to perform efficient multilcass performance metric elicitation, we study novel

geometric properties of the space of multiclass confusion matrices. Our analysis reveals

that due to structural differences between the space of binary and multiclass confusions,

we can not trivially extend the elicitation procedure used for binary to the multiclass case.

Instead, we provide novel strategies for eliciting linear functions of the multiclass confusion

matrix and extend elicitation to more complicated yet popular functional forms such as

linear-fractional functions of the confusion matrix elements [15]. Specifically, the elicitation

procedures involve binary-search type algorithms that are robust to both finite sample and

oracle feedback noise. In addition, the proposed methods can be applied either by querying

pairwise classifier preferences or pairwise confusion matrix preferences.

In summary, our main contributions are novel query efficient metric elicitation algorithms

for multiclass classification. We first study ME for linear functions of the confusion matrix

and then discuss extensions to more complicated functional forms such as the linear-fractional

and arbitrary monotonic functions of the confusion matrix. Lastly, we show that the pro-

posed procedures are robust to finite sample and feedback noise, thus are useful in practice.

All the proofs in this chapter are provided in Appendix B.

Notation. Matrices and vectors are denoted by bold upper case and bold lower case

letters, respectively. Recall that, given a matrix A, off -diag(A) returns a vector of off-

diagonal elements of A in row-major form, and diag(A) returns a vector of diagonal elements

of A. ‖·‖1, ‖·‖2, and ‖·‖∞ denote the `1-norm, `2-norm, and `∞-norm, respectively.

4.1 PRELIMINARIES

The standard multiclass classification setting comprises k classes with X ∈ X and Y ∈ [k]

representing the input and output random variables, respectively. We have access to a
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Table 4.1: The Bayes Optimal (BO) and Restricted-Bayes Optimal (RBO) entities.

Name Definition
BO confusion c over a subset S ⊆ C argmax

c∈S⊆C
φ(c)

RBO classifier hk1,k2 argmax
h∈Hk1,k2

ψ(d(h))

RBO diagonal confusion dk1,k2 argmax
d∈Dk1,k2

ψ(d)

dataset of size n denoted by {(x, y)i}ni=1, generated iid from a distribution P(X, Y ). Let

ηi(x) = P(Y = i|X = x) and ζi = P(Y = i) for i ∈ [k] be the conditional and the

unconditional probability of the k classes, respectively. Let H = {h : X → ∆k} be the set

of all classifiers. A confusion matrix for a classifier h is denoted by C(h,P) ∈ Rk×k, where

its elements are given by:

Cij(h,P) = P(Y = i, h = j) for i, j ∈ [k]. (4.1)

Under the population law P, it is useful to keep the following decomposition in mind:

P(Y = i, h = i) = ζi − P(Y = i, h 6= i) =⇒ Cii(h,P) = ζi −
k∑

j=1,j 6=i

Cij(h,P). (4.2)

Using this decomposition, any confusion matrix is uniquely represented by its q := (k2−k)

off-diagonal elements. Hence, we will represent a confusion matrix C(h,P) by a vector

c(h,P) = off -diag(C(h,P)), and interchangeably refer the confusion matrix as a vector of

‘off-diagonal confusions’. The space of off-diagonal confusions is denoted by

C = {c(h,P) = off -diag(C(h,P)) : h ∈ H}. (4.3)

For clarity, we will suppress the dependence on P and h if it is clear from the context.

Performance of a classifier is often determined by just the misclassification and not the

type of misclassification, especially when the number of classes is large. Therefore, we

will also consider metrics that only depend on correct and incorrect predictions, namely

P(Y = i, h = i) and P(Y = i, h 6= i). Following the decomposition in (4.2), such metrics

require only the diagonal elements of the original confusion matrices. Given a confusion

matrix C, we will denote its diagonal by d = diag(C) and refer it as the vector of ‘diagonal

confusions’. The space of diagonal confusions is represented by

D = {d = diag(C(h)) : h ∈ H}. (4.4)
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Let φ : [0, 1]q → R and ψ : [0, 1]k → R be the performance metrics for a classifier h

determined by its corresponding off-diagonal and diagonal confusion entries c(h) and d(h),

respectively. Without loss of generality (w.l.o.g.), we assume the metrics φ and ψ are utilities

so that larger values are preferred. Furthermore, the metrics are scale invariant as global

scale does not affect the learning problem [18]. For this chapter, we assume the following

regularity assumption on the data distribution.

Assumption 4.1. We assume that the functions gij(r) = P
[
ηi(X)
ηj(X)

≥ r
]
∀ i, j ∈ [k] are

continuous and strictly decreasing for r ∈ [0,∞).

Intuitively, this weak assumption ensures that when the cost or reward tradeoffs for the

classes change, the preferred confusions for those tradeoffs also change (and vice-versa).

4.1.1 Bayes Optimal and Restricted Bayes Optimal Confusions and Classifiers

As illustrated in Table 4.1, the Bayes Optimal (BO) confusion c represents the optimal

value of the off-diagonal confusions according to the metric φ over a subset S ⊆ C. This

is analogously defined for ψ and D. The Restricted Bayes Optimal (RBO) entities are

of interest for diagonal metrics ψ, and indicate the case where classifiers are ‘restricted’

to predict only classes k1, k2 ∈ [k]. Thus Hk1,k2 and Dk1,k2 denote the space of classifiers

which exclusively predict either k1 or k2 and the associated space of diagonal confusions,

respectively. Note that for such restricted classifiers h, Cii(h) = di(h) evaluates to zero at

every index i 6= k1, k2.

4.1.2 Performance Metrics

We first discuss elicitation for the following two major types of metrics.

Definition 4.1. Diagonal Linear Performance Metric (DLPM): We denote this family by

ϕDLPM . Given a ∈ Rk such that ‖a‖1 = 1 ( w.l.o.g., due to scale invariance), the metric is

defined as:

ψ(d) := 〈a,d〉. (4.5)

This is also called weighted accuracy [18] and focuses on correct classification.

Definition 4.2. Linear Performance Metric (LPM): We denote this family by ϕLPM . Given

a ∈ Rq such that ‖a‖2 = 1 (w.l.o.g., due to scale invariance), the metric is defined as:

φ(c) := 〈a, c〉. (4.6)
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Cost-sensitive linear metrics belong to ϕLPM [35] and focus on the types of misclassifications.

The difference of norms in the definitions is only for simplicity of exposition and chosen

to best complement the underlying metric elicitation algorithm and vice-versa. Moreover,

notice that the elements of diagonal confusions (d’s) and off-diagonal confusions (c’s) re-

flect correct and incorrect classification, respectively. Thus, according to standard practice,

w.l.o.g., we focus on eliciting monotonically increasing DLPMs and monotonically decreasing

LPMs in their respective arguments.

4.1.3 Metric Elicitation; Problem Setup

This section describes the problem of Metric Elicitation and the associated oracle query.

Our definitions follow from Chapter 2, extended so the confusion elements and the perfor-

mance metrics correspond to the multiclass classification setting. The following definitions

hold analogously for the diagonal case by replacing φ, c and C by ψ,d, and D, respectively.

Definition 4.3 (Oracle Query). Given two classifiers h, h′ (equivalent to off-diagonal con-

fusions c, c′ respectively), a query to the Oracle (with metric φ) is represented by:

Γ(h, h′ ; φ) = Ω(c, c′ ; φ) = 1[φ(c) > φ(c′)] =: 1[c � c′], (4.7)

where Γ : H ×H → {0, 1} and Ω : C × C → {0, 1}. The query asks whether h is preferred

to h′ (equivalent to c is preferred to c′), as measured by φ.

We elicit metrics which are functions of the confusion matrix, thus comparison queries

using classifiers are indistinguishable from comparison queries using confusions. Henceforth,

for simplicity of notation, we denote any query as confusions based query. Next, we formally

state the ME problem.

Definition 4.4 (Metric Elicitation with Pairwise Queries (given {(x, y)i}ni=1)). Suppose that

the oracle’s (unknown) performance metric is φ. Using oracle queries of the form Ω(ĉ, ĉ′),

where ĉ, ĉ′ are the estimated off-diagonal confusions from samples, recover a metric φ̂ such

that ‖φ− φ̂‖ < κ under a suitable norm ‖ · ‖ for sufficiently small error tolerance κ > 0.

The performance of ME is evaluated both by the fidelity of the recovered metric and the

query complexity. Given the formal definitions, we can now proceed. As is standard in

the decision theory literature [6, 24], we present our ME solution by first assuming access

to population quantities such as the population confusions c(h,P), then examine practical

implementation by considering the estimation error from finite samples e.g. with empirical

confusions ĉ(h, {(x, y)i}ni=1).
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Figure 4.1: (a) Geometry of the space of diagonal confusions D for k = 3: a strictly convex
space. Notice that each of the three axis-aligned faces are equivalent in geometry to the
following figure in (b); (b) Geometry of diagonal confusions when restricted to classifiers
predicting only classes k1 and k2 i.e. Dk1,k2 ; (c) A sphere Sλ centered at o with radius λ,
contained in the convex space of off-diagonal confusions C. f∗(c) denotes the distance of c
from the hyperplane `

∗
tangent at c∗.

4.2 GEOMETRY AND PARAMETRIZATIONS OF THE QUERY SPACES

For any query based approach, it is important to understand the structure of the query

space. Thus, we first study the properties of the query spaces and then develop parametriza-

tions required for efficient elicitation. Readers may find these properties independently useful

in other applications as well.

4.2.1 Geometry of the space of diagonal confusions D and parametrization of its boundary

Let vi ∈ Rk for i ∈ [k] be the vectors with ζi at the i-th index and zero everywhere else.

Notice that vi’s are the diagonal confusions of the trivial classifiers predicting only class i

on the entire space X .

Proposition 4.1 (Geometry of D – Figure 4.1 (a)). Under Assumption 4.1, the space of

diagonal confusions D is strictly convex, closed, and contained in the box [0, ζ1]×· · ·× [0, ζk].

The diagonal confusions vi ∀ i ∈ [k] are the only vertices of D. Moreover, for any k1, k2 ∈
[k], the 2-dimensional (k1, k2) axes-aligned face of D is Dk1,k2 (Figure 4.1 (b)), which is

equivalent to the space of binary classification confusion matrices confined to classes k1, k2.

In particular, Dk1,k2 is strictly convex.

Proposition 4.1 characterizes the geometry of the space of diagonal confusions D. Fig-

ure 4.1(a) illustrates this geometry when k = 3. Interestingly, the 2-dimensional axes-aligned

faces ofD (Figure 4.1 (b)) have exactly the same geometry as the space of binary classification

confusion matrices (compare this with Figure 3.1), where recall that a binary classification
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confusion matrix is uniquely determined by its two diagonal elements due to (4.2). We will

exploit the set Dk1,k2 (more specifically, its boundary) for the elicitation task. Now notice

that for ψ ∈ ϕDLPM , the RBO classifier restricted to predict classes k1, k2, predicts the label

(out of the two possible choices) that maximizes the expected utility conditioned on the

instance. This is discussed below.

Proposition 4.2. Let ψ ∈ ϕDLPM be parametrized by a such that ‖a‖1 = 1, and let

k1, k2 ∈ [k], then

hk1,k2(x) =

{
k1, if ak1ηk1(x) ≥ ak2ηk2(x)

k2, o.w.

}
(4.8)

is the Restricted Bayes Optimal classifier (restricted to classes k1, k2) with respect to ψ.

For a metric ψ ∈ ϕDLPM , Proposition 4.2 provides RBO classifiers in Hk1,k2 , which further

gives us RBO diagonal confusions dk1,k2 using (4.1). We know that this dk1,k2 is unique, since

any linear metric over a strictly convex domain (Dk1,k2) is maximized at a unique point on

the boundary [26]. So, given a DLPM, we have access to a unique point in the query space.

This allows us to define and then parametrize a subset of the query space, specifically, the

upper boundary of Dk1,k2 through DLPMs.

Definition 4.5. The upper boundary of Dk1,k2 , denoted by ∂D+
k1,k2

, constitutes the RBO

diagonal confusions confined to classes k1, k2 ∈ [k] for monotonically increasing DLPMs

(ai ≥ 0∀ i ∈ [k]) such that at least one out of ak1 or ak2 is non-zero (i.e., ak1 + ak2 > 0).

Parameterizing the upper boundary ∂D+
k1,k2

. Let m ∈ [0, 1]. Construct a DLPM

by setting ak1 = m, ak2 = 1 − m, and ai = 0 for i 6= k1, k2. By using Proposition 4.2

and (4.1), obtain its RBO diagonal confusions, which by definition lies on the upper bound-

ary. Thus, varying m in this process, parametrizes the upper boundary ∂D+
k1,k2

. We denote

this parametrization by ν(m; k1, k2), where ν : ([0, 1]; k1, k2)→ ∂D+
k1,k2

.

4.2.2 Geometry of the space C and parametrization of the enclosed sphere

Recall that, unlike the diagonal case, we focus on eliciting LPMs monotonically decreasing

in the elements of the off-diagonal confusions (Section 4.1.2). To this end, let ui ∈ C for

i ∈ [k] be the off-diagonal confusions achieved by trivial classifiers predicting only class i on

the entire space X .

Proposition 4.3 (Geometry of C – Figure 4.1 (c)). The space of off-diagonal confusions

C is convex and contained in the box [0, ζ1](k−1) × · · · × [0, ζk]
(k−1). {ui}ki=1 belong to the
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set of vertices of C. C always contains the point o = 1
k

∑k
i=1 ui which corresponds to the

off-diagonal confusions of the trivial classifier that randomly predicts each class with equal

probability on the entire space X .

We find that the space of off-diagonal confusions C has quite different geometry than the

diagonal case. For instance, C is not strictly convex. Nevertheless, since C is convex and

always contains the point o, we may make the following assumption. Please see Figure 4.1(c)

for an illustration.

Assumption 4.2. There exists a q-dimensional sphere Sλ ⊂ C of radius λ > 0 centered at

o.

Such a sphere always exists as long as the class-conditional distributions are not completely

overlapping, i.e., there is some signal for non-trivial classification. A method to obtain Sλ is

discussed in Section 4.5. Now recall that the optimum for a linear function optimized over

a sphere is given by the slope of the function scaled by the radius of the sphere. This is

formalized as a trivial lemma below.

Lemma 4.1. Let φ ∈ ϕLPM be parametrized by a such that ‖a‖2 = 1, then the unique

optimal off-diagonal confusion c over the sphere Sλ is a point on the boundary of Sλ given

by c = λa + o.

Given an LPM, Lemma 4.1 provides a unique point in the query space Sλ ⊂ C. This

gives us an opportunity to characterize and then parametrize a subset of the query space

through LPMs. Since we focus on eliciting monotonically decreasing LPMs, we parametrize

the lower boundary of Sλ.

Definition 4.6. The lower boundary of Sλ, denoted by ∂S−λ , constitutes the set of optimal

off-diagonal confusions over the sphere Sλ for LPMs with ai ≤ 0 ∀ i ∈ [q] (monotonically

decreasing condition).

Parameterizing the lower boundary of the enclosed sphere ∂S−λ . We follow the

standard method for parametrizing points on the surface of a sphere via angles. Let θ be

a (q − 1)-dimensional vector of angles, where all the angles except the primary angle are

in second quadrant, i.e., {θi ∈ [π/2, π]}q−2
i=1 , and the primary angle is in the third quadrant,

i.e., θ(q−1) ∈ [π, 3π/2]. Construct an LPM (‖a‖2 = 1) by setting ai = Πi−1
j=1 sin θj cos θi for

i ∈ [q − 1] and aq = Πq−1
j=1 sin θj. The choice of the quadrants ensures the monontonically

decreasing condition, i.e., {ai ≤ 0}qi=1. By using Lemma 4.1, obtain its BO off-diagonal

confusions over the sphere Sλ, which clearly lies on the lower boundary. Thus, varying θ in

this procedure, parametrizes the lower boundary ∂S−λ . We denote this parametrization by

µ(θ), where µ : [π/2, π]q−2 × [π, 3π/2]→ ∂S−λ .
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4.3 METRIC ELICITATION

Using the outlined parametrizations {ν, µ}, we propose efficient binary-search type algo-

rithms to elicit oracle’s implicit performance metric. We will first discuss elicitation with no

feedback noise from the oracle. We will later show robustness to noisy feedback in Section 4.5.

4.3.1 DLPM Elicitation

The following lemma concerning a broader family of metrics is the route to our elicitation

procedures. Since both linear and linear-fractional functions are quasiconcave, the lemma

applies to both.

Lemma 4.2. Let ψ : D → R be a quasiconcave metric which is monotone increasing in all

{di}ki=1. For k1, k2 ∈ [k], let ρ+ : [0, 1]→ ∂D+
k1,k2

be a continuous, bijective, parametrization

of the upper boundary. Then the composition ψ ◦ ρ+ : [0, 1] → R is quasiconcave and thus

unimodal on [0, 1].

Remark 4.1. Under Assumption 4.1, every supporting hyperplane of Dk1,k2 supports a

unique point on the boundary ∂D+
k1,k2

and vice-versa (Proposition 4.1); therefore, the com-

position ψ ◦ ρ+ has no flat regions. In other words, the function ψ ◦ ρ+ is concave.

The proof of Lemma 4.2 first shows that any quasiconcave metric ψ defined on the space

D is also quasiconcave on the restricted space Dk1,k2 , and then shows the quasiconcavity

and thus the unimodality (due to the one-dimensional parametrization of ∂D+
k1,k2

) of ψ on a

further restricted space ∂D+
k1,k2

. Furthermore, Remark 4.1 reveals that the function ψ ◦ ρ+

is concave, allowing us to devise the following binary-search type method for elicitation.

Suppose that the oracle’s metric is ψ∗ ∈ ϕDLPM parametrized by a∗ where ‖a∗‖1 = 1,

{a∗i }ki=1 ≥ 0 (Section 4.1.2). Using the parametrization ν, Algorithm 4.1 returns an estimate

â of a∗. It takes two classes at a time, class 1 and class i. Since the metric is unimodal on

∂D+
1,i (Lemma 4.2), the algorithm applies binary-search in the inner while-loop to estimate

the ratio a∗i /a
∗
1. The ShrinkInterval-1 subroutine shrinks the interval [ma,mb] into half

based on the oracle responses in the usual binary-search way for searching the optimum

(Figure B.1, Appendix B.1). The algorithm repeats this (k− 1) times to estimate the ratios

{a∗2/a∗1, . . . , a∗k/a∗1}. Finally, it outputs a normalized metric estimate â.

4.3.2 LPM Elicitation

We now discuss LPM elicitation, where the metrics are assumed to be monotonically

decreasing in the off-diagonal confusions. Unfortunately, ∂C may have flat regions due to
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Algorithm 4.1 DLPM Elicitation

1: Input: ε > 0, oracle Ω, â1 = 1
2: for i = 2, · · · , k do
3: Initialize: ma = 0, mb = 1.
4: while

∣∣mb −ma
∣∣ > ε do

5: Set mc = 3ma+mb

4
, md = ma+mb

2
, and me = ma+3mb

4
.

6: Set d
a

1,i = ν(ma; 1, i) (i.e. parametrization of ∂D+
1,i in Section 4.2.1). Similarly, set

d
c

1,i,d
d

1,i,d
e

1,i,d
b

1,i.

7: Query Ω(d
c

1,i,d
a

1,i),Ω(d
d

1,i,d
c

1,i), Ω(d
e

1,i,d
d

1,i), and Ω(d
b

1,i,d
e

1,i).
8: [ma,mb]← ShrinkInterval-1 (responses).
9: end while

10: Set md = ma+mb

2
. Then set âi = 1−md

md
â1.

11: end for
12: Output: â =

(
â1

‖â‖1 , · · · ,
âk
‖â‖1

)
.

lack of strict convexity, so the algorithm for the diagonal case does not apply. Instead, we

consider a query space given by the sphere Sλ ⊂ C and propose a coordinate-wise binary-

search style algorithm, which is an outcome of our novel geometric characterization and the

approach in Derivative-Free Optimization (DFO) [36].

Suppose that the oracle’s metric is φ∗ ∈ ϕLPM parametrized by a∗ where ‖a∗‖2 = 1,

{a∗i }qi=1 ≤ 0 (Section 4.1.2). Using the parametrization µ(θ) of ∂S−λ (Section 4.2.2), Algo-

rithm 4.2 returns an estimate â of a∗. In each iteration, the algorithm updates one angle θj

keeping other angles fixed by a binary-search procedure, where again the ShrinkInterval-2

subroutine shrinks the interval [θaj , θ
b
j ] by half based on the oracle responses (Figure B.2,

Appendix B.1). Then the algorithm cyclically updates each angle until it converges to a

metric sufficiently close to the true metric. The convergence is assured because, intuitively,

the algorithm via a dual interpretation minimizes a smooth, strongly convex function f ∗(c)

measuring the distance of the boundary points from a hyperplane `
∗
, whose slope is given

by a∗ and is tangent at the BO confusion c∗ (see Figure 4.1(c)).

4.4 EXTENSIONS

We emphasize that the goal of ME is not simply to choose between default or popularly

used metrics but to elicit novel metrics which best match the oracle preferences. As the

family of human evaluation metrics is believed to be large and since we already have created

strategies for linear metrics, we can now certainly aim at efficient elicitation for flexible

metric families. Therefore, in this section, we discuss a variety of extensions to other family
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Algorithm 4.2 LPM Elicitation

1: Input: ε > 0, oracle Ω, λ, and θ = θ(1)

2: for t = 1, 2, · · · , T do
3: Set θa = θc = θd = θe = θb = θ(t).
4: if (t%(q − 1)) then
5: Set j = t%(q − 1)
6: else
7: Set j = q − 1.
8: end if
9: if j == q − 1 then

10: Initialize: θaj = π, θbj = 3π/2.
11: else
12: Initialize: θaj = π/2, θbj = π.
13: end if
14: while

∣∣∣θbj − θaj ∣∣∣ > ε do

15: Set θcj =
3θaj+θbj

4
, θdj =

θaj+θbj
2

, and θej =
θaj+3θbj

4
.

16: Set ca = µ(θa) (i.e. parametrization of ∂S−λ in Section 4.2.2) Similarly, set
cc, cd, ce, cb.

17: Query Ω(cc, ca),Ω(cd, cc), Ω(ce, cd),Ω(cb, ce)
18: [θaj , θ

b
j ]← ShrinkInterval-2 (responses).

19: end while
20: Set θdj = 1

2
(θaj + θbj) and then set θ(t) = θd.

21: end for
22: Output: âi = Πi−1

j=1 sin θ
(T )
j cos θi

(T ) ∀i ∈ [q − 1] and âq = Πq−1
j=1 sin θ

(T )
j .

of metrics.

For the purpose of clarity in this section, let us replace the notation of the parametrization

ν(m; k1, k2) of the upper boundary ∂D+
k1,k2

by ν+(m; k1, k2). This is useful to disambiguate

with the parametrization ν−(m; k1, k2) of the lower boundary ∂D−k1,k2
, which is useful in

linear-fractional elicitation.

In addition to the entities defined in Table 4.1, we define some more entities such as

the Inverse Bayes Optimal (IBO) and Restricted Inverse Bayes Optimal (RIBO) classifiers,

diagonal confusions, utility in Table 4.2. The six definitions on the left can be analogously

described diagonal metrics and diagonal confusions. The six definitions on the right are of

interest for the diagonal case. These are useful in the elicitation of linear-fractional metrics.

Lastly, for linear-fractional elicitation, we need to parametrize the lower boundary ∂D−k1,k2

and upper boundary of the sphere ∂S+
λ as well. These parametrizations are defined below.

Definition 4.7. The RBO diagonal confusions for DLPMs parametrized by a with ak1 , ak2 <

0 form the lower boundary of Dk1,k2 , denoted by ∂D−k1,k2
.
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Table 4.2: Bayes Optimal (BO), Inverse Bayes Optimal (IBO), Restricted Bayes Optimal
(RBO), and Restricted Inverse Bayes Optimal (RIBO) entities.

Name Definition Name Definition

BO classifier h argmaxh∈H φ(c(h)) RBO classifier hk1,k2
argmaxh∈Hk1,k2

ψ(d(h))

BO utility τ
over a subset S ⊆ C maxc∈S⊆C φ(c) RBO utility τk1,k2

maxd∈Dk1,k2
ψ(d)

BO confusion c
over a subset S ⊆ C

argmax
c∈S⊆C

φ(c) RBO confusion dk1,k2

argmax
d∈Dk1,k2

ψ(d)

IBO classifier h argminh∈H φ(c(h)) RIBO classifier hk1,k2
argminh∈Hk1,k2

ψ(d(h))

IBO utility τ
over a subset S ⊆ C minc∈S⊆C φ(c) RIBO utility τ k1,k2

mind∈Dk1,k2
ψ(d)

IBO confusion c
over a subset S ⊆ C

argmin
c∈S⊆C

φ(c) RIBO confusion dk1,k2

argmin
d∈Dk1,k2

ψ(d)

Parametrization of ∂D−k1,k2
. We denote this parametrization by a function ν−(m; k1, k2).

Take a parameter −1 ≤ m ≤ 0. Create a DLPM ψ by setting ak1 = m, ak2 = −1 − m,

and ai = 0 for i 6= k1, k2 ∈ [k]. RBO diagonal confusions of such DLPMs lie on the lower

boundary ∂D−k1,k2
. As we vary m, we move on the lower boundary ∂D−k1,k2

.

Definition 4.8. The optimal off-diagonal confusions over the sphere Sλ for LPMs parametrized

by a with ai ≥ 0 ∀ i ∈ [k] form the upper boundary of Sλ, denoted by ∂S+
λ .

Parametrization of ∂S+
λ . The parametrization of the upper boundary ∂S+

λ is same as

that of the lower boundary ∂S−λ (Section 4.2.2) except that now all the angles are in the

first quadrant i.e. {θi ∈ [0, π/2]}q−1
i=1 , so to satisfy the condition ai ≥ 0 ∀ i ∈ [k].

4.4.1 Diagonal Linear Fractional Performance Metric (DLFPM) Elicitation

We start by first defining the diagonal linear fractional performance metric.

Definition 4.9. Diagonal Linear-Fractional Performance Metric (DLFPM): We denote this

family by ϕDLFPM . Given a,b ∈ Rk and b0 ∈ R, the metric is defined as:

ψ(d) =
〈a,d〉

〈b,d〉+ b0

. (4.9)

For any ψ ∈ ϕDLFPM , we assume that {ai}ki=1, {bi}ki=1 are not all zero simultaneously and

wlog, we take ψ(d) ∈ [0, 1] and monotonically increasing in all {di}ki=1. We also make the

following regularity assumption.
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Assumption 4.3. Let ψ ∈ ϕDLFPM parametrized by a and b (Definition 4.9). We assume

that ai ≥ 0 and ai ≥ bi for all i ∈ [k]. In addition, b0 =
∑

i(ai − bi)ζi and
∑

i ai = 1.

Equivalent to fixing ‖a‖1 = 1, ai ≥ 0 for the diagonal linear case (Section 4.1.2), the

conditions in Assumption 4.3 are sufficient conditions for DLFPMs to be bounded and

monotonically increasing in diagonal elements of the confusion matrices. This is detailed in

the following proposition.

Proposition 4.4. The conditions in Assumption 4.3 are sufficient for ψ ∈ ϕDLFPM to be

bounded in [0, 1] and simultaneously monotonically increasing in {di}ki=1.

We consider b0 =
∑

i(ai− bi)ζi, instead of the derived condition b0 ≥
∑

i(ai− bi)ζi, which

is sufficient to guarantee a unique metric bounded in [0, 1] for elicitation purposes (instead of

one of the equivalent alternatives). Note that most existing linear-fractional metrics satisfy

these conditions [6, 15, 24].

Now, suppose that the oracle’s metric is ψ∗ ∈ ϕDLFPM . Let τ ∗ and τ ∗ be the maximum

and minimum value of ψ∗, respectively. Due to strict convexity of D, we have a hyperplane

`
∗
f :=

k∑
i=1

(a∗i − τ ∗b∗i )d∗i = τ ∗b0 (4.10)

tangent at the BO diagonal confusions d
∗

on the upper boundary of D, denoted by ∂D+.

Similarly, we have a hyperplane

` ∗f :=
k∑
i=1

(a∗i − τ ∗b∗i )d
∗
i = τ ∗b0 (4.11)

which touches the set D only at d∗ (IBO diagonal confusions) on the lower boundary, denoted

by ∂D−. See Figure 4.1(c) for the visual intuition, where assume that the underlying space

is D instead of the sphere Sλ.
Since DLFPM is quasiconcave, Algorithm 4.1 returns a slope of the hyperplane, say

s. Using that slope, we can compute the Bayes Optimal diagonal confusions d
∗

using

Proposition B.1 (a more general version of Proposition 4.2), which gives us the hyperplane

`
∗

:= 〈s,d〉 = 〈s,d∗〉. This is equivalent to `
∗
f up to a constant multiple; therefore, the true

metric is the solution to the following non-linear system of equations (SoE):

a∗i − τ ∗b∗i = αsi ∀ i ∈ [k], τ ∗b∗0 = α〈s,d∗〉 (4.12)

where α ≥ 0, because LHS and si’s are non-negative. If we somehow know the true a∗, then
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Algorithm 4.3 Diagonal (Quasiconcave) Metric Minimization

1: Follow Algorithm 4.1 except:
2: Initialize: ma = −1, mb = 0 in step 3 of Algorithm 4.1.
3: Invert Responses: Replace oracle responses d ≺ d′ with d � d′ and vice versa.

by using the following proposition, we can elicit the DLFPM upto a constant multiple, i.e.

we can get ψ̂ ≈ αψ∗, which is sufficient for the elicitation task.

Proposition 4.5. Knowing a∗ i.e. using â = a∗ solves the SoEs (4.12) as:

b̂i = (âi − si)
Λ1

Λ2

, (4.13)

where Λ1 =
∑

i âiζi, Λ2 = 〈s,d∗〉+
∑

i(âi − si)ζi, and b̂0 is as defined in Assumption 4.3.

Now the question is how do we get the true a∗. To our rescue, we also know that a DLFPM

is quasiconvex. Thus, by minimizing the metric (again by using restricted classifiers) using

Algorithm 4.3 (described next), we can get a similar hyperplane on the lower boundary ∂D−.

Algorithm 4.3 is described below.

Algorithm 4.3. Minimizing diagonal quasiconvex metrics: This algorithm is same as

Algorithm 4.1 with only two changes. First, we start with m ∈ [−1, 0], because the optimum

will lie on the lower boundary ∂D−. Second, we check for d ≺ d′ whenever Algorithm 4.1

checks for d � d′, and vice-versa. Here, we output the counterpart, i.e., slope s .

Once we get the slope s , we can obtain the inverse Bayes diagonal confusion d∗ using

Proposition B.1 (a more general version of Proposition 4.2). This will result in a supporting

hyperplane ` ∗ := 〈s ,d〉 = 〈s ,d∗〉. This hyperplane is tangent to the lower boundary ∂D−,

and equivalent to ` ∗f up to a constant multiple; thus, the true metric is also the solution of

the following SoE:

a∗i − τ ∗b∗i = γ s i ∀ i ∈ [k], τ ∗b∗0 = γ〈s ,d∗〉 (4.14)

where γ ≤ 0 since LHS is positive, but s i’s are negative. Again, we may assume γ < 0. By

dividing the above equations by −γ on both sides, all the coefficients are factored by −γ.

This does not change ψ∗; thus, the system of equations becomes the following:

a′′i − τ ∗b′′i = s i, ∀ i ∈ [k], τ ∗b′′0 = 〈s ,d∗〉. (4.15)

Now, if we know a′ in (B.19), then by using Proposition 4.5, we may solve the system (B.19)

and obtain a metric, say ψ′. System (4.15) can be solved analogously, provided we know
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Algorithm 4.4 DLFPM: Grid Search for Best Pairwise Ratios

1: Input: n′, δ.
2: for j = 2, · · · , k do
3: Initialize: σopt =∞, a′j = 0.

4: Sample d1, ...,dn
′

on ∂D1,j (BO or IBO diagonal confusions for random n′ DLPMs).
5: for (a′j = 0; a′j ≤ 1; a′j = a′j + δ) do
6: Compute ψ′, ψ′′ using Proposition 4.5.

7: Compute array r = [ ψ
′(d1)

ψ′′(d1)
, ..., ψ

′(dn
′
)

ψ′′(dn′ )
]. Set σ = std(r).

8: if (σ < σopt) Set σopt = σ and a′j,opt = a′j.
9: end for

10: Set a′j =
a′j,opt

1−a′j,opt
.

11: end for
12: a′1 = 1.

13: Output: a′ =
(

a′1
‖a′‖1

, · · · , a′k
‖a′‖1

)
.

a′′ in (4.15), to get a metric, say ψ′′. Notice that when when we have the true ratio i.e

a∗i /a
∗
j = a′i/a

′
j = a′′i /a

′′
j for i, j ∈ [k], then ψ∗ = ψ′/α = −ψ′′/γ. This means that when

the true ratios are known, then ψ′, ψ′′ are constant multiples of each other. So, we look

for the ratios where the solution to the two systems are just pointwise constant multiple of

one another. This is the same idea used in the binary case (see Section 3.4.2). However, we

have to search for the entire grid [0, 1]k instead of [0, 1] as is in the binary case. This is a

computationally challenging task.

Notice that we can randomly sample diagonal confusions on the boundary ∂D. This is

done by first randomly generating DLPMs and then computing their BO or IBO diagonal

confusions using Proposition B.1. After obtaining `
∗

and ` ∗, we run the grid seacrh based

Algorithm 4.4 to find the estimates of the true ai’s. Although the grid-search based algorithm

is independent of oracle queries, it is computationally efficient. It runs for (k − 1) rounds,

where in each round it matches the solution of the two SoE’s as closely as possible on a

number of samples from the boundary ∂D1,k and figures out the ratio of aj/a1 for j 6= 1 ∈ [k].

Thanks to the property
∑

i ai = 1 and access to the restricted diagonal confusions, we are

saved from searching the entire grid [0, 1]k to merely (k − 1) times grid-search on [0, 1].

4.4.2 LFPM Elicitation

We start by defining the linear-fractional performance metric in off-diagonal confusions.

Definition 4.10. Linear-Fractional Performance Metric (LFPM): We denote this family by
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ϕLFPM . Given constants a,b ∈ Rq and b0 ∈ R, the metric is defined as

φ(c) =
〈a, c〉

〈b, c〉+ b0

. (4.16)

For any φ ∈ ϕLFPM (Definition 4.10), we assume that {ai}qi=1, {bi}qi=1 are not all zero

simultaneously. Moroever, w.l.o.g., φ(c) ∈ [−1, 0] ∀ c ∈ C and is monotonically decreasing

in all {ci}qi=1. Similar to the diagonal case, we make the following regularity assumption.

Assumption 4.4. Let φ ∈ ϕLFPM (Definition 4.10). We assume that ai ≤ 0 and ai ≤ −bi
for all i ∈ [q]. In addition, b0 =

∑
i−(ai + bi)ζi, and

∑
i ai = −1.

Equivalent to fixing ‖a‖1 = 1, ai ≥ 0 for the diagonal linear case (Section 4.1.2), the

conditions in Assumption 4.4 are sufficient conditions for LFPMs to be bounded and mono-

tonically decreasing in off-diagonal elements of the confusion matrices. This is detailed in

the following proposition.

Proposition 4.6. Assumption 4.4 is sufficient for φ ∈ ϕLFPM to be bounded in [−1, 0] and

simultaneously monotonically decreasing in {ci}qi=1.

We consider b0 =
∑

i−(ai + bi)ζi, instead of the derived condition b0 ≥
∑

i−(ai + bi)ζi,

which is sufficient to guarantee a unique metric bounded in [−1, 0] for elicitation purposes

(instead of one of the equivalent alternatives). Note that most existing linear-fractional

metrics satisfy these conditions [6, 15, 24].

Now, suppose that the oracle’s metric is φ∗ ∈ ϕLFPM . Let τ ∗ and τ ∗ be the maximum

and minimum value of φ∗, respectively. Due to strict convexity of Sλ, we have a hyperplane

`
∗
f :=

q∑
i=1

(a∗i − τ ∗b∗i )c̄∗i = τ ∗b0 (4.17)

touching the set Sλ only at BO confusions c∗ (over the sphere Sλ) on the lower boundary

∂S−λ . Similarly, we have a hyperplane

` ∗f :=

q∑
i=1

(a∗i − τ ∗b∗i )c
∗
i = τ ∗b0 (4.18)

which touches the set Sλ only at inverse Bayes Optimal confusions c∗ (over the sphere Sλ)
on the upper boundary ∂S+

λ . See Figure 4.1(c) for the visual intuition.

Here, we use strict convexity of Sλ and follow the same arguments as in DLFPM to get a

hyerplane `
∗

:= 〈s, c〉 = 〈s, c∗〉 after using Algortihm 4.2. Here, c∗ is the optimal best (BO)
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Algorithm 4.5 General (Quasiconcave) Metric Minimization

1: Follow Algorithm 4.2 except:
2: Initialize: θaj = 0, θbj = π/2 in steps 9-13 of Algorithm 4.2.
3: Invert Responses: Replace oracle responses c ≺ c′ with c � c′ and vice versa.

off-diagonal confusion on the sphere. The only difference is that the BO confusions lie on

the lower boundary ∂S−λ (monotonically decreasing). The SoE we get is:

a∗i − τ ∗b∗i = αsi ∀ i ∈ [q], τ ∗b∗0 = α〈s, c∗〉 (4.19)

where α ≥ 0. Similar to DLFPMs, by knowing a∗, we can elicit the LFPM upto a constant

multiple.

Proposition 4.7. Knowing a∗ i.e. using â = a∗ solves the SoEs (4.19) as:

b̂i = (âi − si)
Λ′1
Λ′2
, (4.20)

where Λ′1 = −∑i âiζi, Λ′2 = 〈s, c∗〉+
∑

i(âi − si)ζi, and b̂0 is as defined in Assumption 4.4.

Now again the question is how do we get the true a∗. To our rescue, we also know that

an LFPM is quasiconvex. Thus, by minimizing the metric using Algorithm 4.5 (described

next), we can get a similar hyperplane ` ∗ := 〈s , c〉 = 〈s , c∗〉 tangent to the upper boundary

∂S+
λ .

Algorithm 4.5 Minimizing quasiconvex metrics of off-diagonal confusions: This algo-

rithm is same as Algorithm 4.2 with only two changes. First, we start with θ ∈ [0, π/2]q,

because the optimum will lie on the upper boundary ∂S+
λ . Second, we check for c ≺ c′

whenever Algorithm 4.2 checks for c � c′, and vice versa. Here, we output the counterpart,

i.e., slope s .

Thus, a similar SoE (4.19) whose solution looks like Proposition 4.7 is obtained. After

obtaining `
∗

and ` ∗, we run grid-search Algorithm 4.6 to find the estimates of the true

ai’s. The algebra related to LFPM elicitation is same as the DLFPM case. However,

this time we need to search in [0, 1]q−1 grid. Again, we have easy access to off-diagonal

confusions on the sphere ∂Sλ corresponding to BO or IBO off-diagonal confusions for different

LPMs (Lemma 4.1); therefore, we can use the following algorithm, which is analogous to

Algorithm 4.4.

Algorithm 4.6 LFPM: grid-search for best pairwise ratios: This is same as Algorithm 4.4

except the following two changes. First, the second line of Algorithm 4.4 will have a for loop
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Algorithm 4.6 LFPM: Grid-Search for Best Pairwise Ratios

1: Follow Algorithm 4.4 except:
2: Run the for loop in step 2 of Algorithm 4.4 for 2 to q − 1.
3: Generate samples from ∂Sλ.

running from 2 to q− 1. Second, in line 4, samples will be generated from the surface of the

sphere ∂Sλ as discussed above, instead of ∂D1,k.

4.4.3 Monotonic Metrics of diagonal confusions

Recall that the space D is strictly convex. Suppose that the oracle’s metric is ψ∗, which is

just monotonic increasing in {di}ki=1. Let a∗ be the slope of the supporting hyperplane at the

optimal diagonal confusions d∗. Then we may use Algorithm 4.1 which will return a linear

metric â by using pairwise comparisons. Notice that, we may then compute an estimate of

the BO diagonal confusions d̂ using Proposition B.1 corresponding to the output â of the

algorithm. Since the space D is strictly convex, 〈â,d〉 = 〈â, d̂〉 becomes the estimate of the

unique supporting hyperplane at d̂.

The first order approximation of ψ∗ at d̂ can be given by:

ψ∗(d) = ψ∗(d̂) + 〈â,d− d̂〉. (4.21)

Since performance metrics are not affected by scale and additive biases, then the first order

approximation given by 〈â,d〉 suffices for the elicitation task. Notice that this is of high

practical importance to practitioners, since this is an estimate of the weighted accuracy at

the estimate of the optimal diagonal confusions.

4.5 GUARANTEES

We discuss robustness under the following feedback model, which is useful in practical

scenarios, and is borrowed from Definition 2.4.

Definition 4.11 (Oracle Feedback Noise: εΩ ≥ 0). The oracle responds correctly as long as

|φ(c) − φ(c′)| > εΩ (analogously |ψ(d) − ψ(d′)| > εΩ). Otherwise, it may provide incorrect

answers.

In other words, the oracle may respond incorrectly if the confusions are too close as

measured by the metric φ (analogously ψ). Next, we discuss elicitation guarantees for

DLPM and LPM elicitation.
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Theorem 4.1. Given ε, εΩ ≥ 0, and a 1-Lipschitz DLPM ψ∗ parametrized by a∗. Then the

output â of Algorithm 4.1 after O((k − 1) log 1
ε
) queries to the oracle satisfies ‖a∗ − â‖∞ ≤

O(ε+
√
εΩ), which is equivalent to ‖a∗−â‖2 ≤ O(

√
k(ε+

√
εΩ)) using standard norm bounds.

Next, we guarantee LPM elicitation when the sphere radius dominates the oracle noise.

Theorem 4.2. Given ε, εΩ ≥ 0, and a 1-Lipschitz LPM φ∗ parametrized by a∗. Suppose

λ � εΩ, then the output â of Algorithm 4.2 after O
(
z1 log(z2/(qε

2))(q − 1) log π
2ε

)
queries

satisfies ‖a∗− â‖2 ≤ O(
√
q(ε+

√
εΩ/λ)), where z1, z2 are constants independent of ε and q.

We see that the algorithms are robust to noise, and their query complexity depends linearly

in the unknown entities. The term z1 log(z2/(qε
2)) may attribute to the number of cycles in

Algorithm 4.2, but due to the curvature of the sphere, we observe that it is not a dominating

factor in the query complexity. For instance, we find that when ε = 10−2, two cycles (i.e.

T = 2(q−1) in Algorithm 4.2) are sufficient for achieving elicitation up to the error tolerance
√
qε. Moreover, the query complexity in Theorem 4.2 is optimal. We show this in Chapter 6

for the quadratic elicitation case, which in turn applies to the above linear elicitation case as

well. One remaining question for LPM elicitation is to select a sufficiently large value of λ.

Algorithm B.1 (Appendix B.4.1) provides an offline procedure to compute a λ ≥ r̃/k, where

r̃ is the radius of the largest ball contained in the set C.
ME with Finite Samples: As a final step, we consider the following questions when

working with finite samples: (a) do we get the correct feedback from querying Ω(ĉ, ĉ′)

instead of querying Ω(c, c′)? (b) what is the effect of η̂i’s when used in place of true ηi’s?

The answers are straightforward. Since the sample estimates of confusion matrices are

consistent estimators and the metrics discussed are 1-Lipschitz with respect to the confusion

matrices, with high probability, we gather correct oracle feedback as long as we have sufficient

samples. Furthermore, subject to regularity assumptions, Lemma 3.3 shows that the errors

due to using η̂ affect the (binary) confusion matrices on the boundary in a controlled manner.

Since Algorithm 4.1 uses pairwise RBO (binary) classifiers, it inherits the error guarantees

in the multiclass case. On the other hand, since Algorithm 4.2 does not use the boundary,

its results are agnostic to finite sample error as long as the sphere is contained within C.

4.6 EXPERIMENTS

In this section, we empirically validate the results of theorems 4.1 and 4.2 and investigate

sensitivity due to finite sample estimates.1 For the ease of judgments, we show results for

k = 3 and k = 4 classes.
1A subset of results is shown here. Refer Appendix B.6 for more results.
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Table 4.3: DLPM elicitation at ε = 0.01 for synthetic data. The number of queries used for
k = 3 and k = 4 is 56 and 84, respectively.

Classes k = 3 Classes k = 4

ψ∗ = a∗ ψ̂ = â ψ∗ = a∗ ψ̂ = â

(0.21, 0.59, 0.20) (0.21, 0.60, 0.20) (0.22, 0.13, 0.14, 0.52) (0.22, 0.13, 0.14, 0.52)
(0.23, 0.15, 0.62) (0.23, 0.15, 0.62) (0.58, 0.17, 0.08, 0.18) (0.58, 0.17, 0.08, 0.18)

Table 4.4: LPM elicitation at ε = 0.01 for synthetic data. The number of queries used for
k = 3 and k = 4 is 320 and 704, respectively.

Classes φ∗ = a∗ φ̂ = â

3 (-0.37, -0.89, -0.09, -0.23, -0.04, -0.03) (-0.37, -0.89, -0.09, -0.23, -0.04, -0.03)
3 (-0.80, -0.55, -0.18, -0.08, -0.14, -0.05) (-0.80, -0.55, -0.18, -0.08, -0.14, -0.05)

4
(-0.90, -0.28 -0.10, -0.31, -0.04, -0.05, (-0.90, -0.28, -0.10, -0.31, -0.04, -0.05,
-0.03, -0.04, -0.02, -0.01, -0.01, -0.01) -0.03, -0.04, -0.02, -0.01, -0.01, -0.01)

4
(-0.54, -0.10, -0.62, -0.52, -0.03, -0.07, (-0.55, -0.11, -0.62, -0.51, -0.03, -0.07,
-0.11, -0.07, -0.14, -0.03, -0.03, -0.04) -0.11, -0.07, -0.14, -0.03, -0.03, -0.04)

4.6.1 Synthetic Data Experiments

We assume a joint distribution for X = [−1, 1] and Y = [k]. This is given by the marginal

distribution fX = U[−1, 1] and ηi(x) = 1
1+epix

for i ∈ [k], where U[−1, 1] is the uniform

distribution on [−1, 1] and {pi}ki=1 are the parameters controlling the degree of noise in the

labels. We fix (p1, p2, p3) = (1, 3, 5) and (p1, p2, p3, p4) = (1, 3, 6, 10) for experiments with

three and four classes, respectively. To verify elicitation, we first define a true metric ψ∗ or

φ∗. This specifies the query outputs of Algorithm 4.1 or Algorithm 4.2. Then we run the

algorithms to check whether or not we recover the same metric. Some results are shown in

Table 4.3 and Table 4.4. Results verify that we elicit the true metrics even for small ε = 0.01,

and as predicted, this requires only 4(k−1)
⌈
log(1/ε)

⌉
and 4T

⌈
log(π/2ε)

⌉
queries for DLPM

and LPM elicitation respectively, where d·e is the ceil function and T = 2(q − 1).

4.6.2 Real-World Data Experiments

Finite samples may affect the size of the sphere Sλ in LPM elicitation, but we observe

that as long as λ is greater than εΩ LPMs can be elicited (Appendix B.6.2). Thus, here we

emprically validate only DLPM elicitation with finite samples. We consider two real-world

datasets: (a) SensIT (Acoustic) dataset [37] (78823 instances, 3 classes), and (b) Vehicle

dataset [38] (846 instances, 4 classes). From each dataset, we create two other datasets

containing randomly chosen 50% and 75% of the datapoints. So, we have six datasets in
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Figure 4.2: DLPM elicitation on real data for ε = 0.01. For randomly chosen hundred a∗,
we show the proportion of times our estimates â obtained with 4(k − 1)

⌈
log(1/ε)

⌉
queries

satisfy ‖a∗ − â‖∞ ≤ ω.

total. For all the datasets, we standardize the features and split the dataset into two parts

S1 and S2. On S1, we learn {η̂i(x)}ki=1 using a regularized softmax regression model. We use

S2 for making predictions and computing sample confusions.

We randomly selected 100 DLPMs i.e. a∗’s. We then used Algorithm 4.1 with ε = 0.01 to

recover the estimates â’s. In Figure 4.2, we show the proportion of times ‖a∗− â‖∞ ≤ ω for

different values of ω. We see improved elicitation as we increase the number of datapoints in

both the datasets, suggesting that ME improves with larger datasets. In particular, for the

full SensIT (Acoustic) dataset, we elicit all the metrics within ω = 0.12. We also observe

that ω ∈ [0.04, 0.08] is an overly tight evaluation criterion that can result in failures. This is

because the elicitation routine gets stuck at the closest achievable sample confusions, which

need not be optimal within the (small) search tolerance ε.

4.7 DISCUSSION AND FUTURE WORK

• Practical Convenience. Our procedures can also be applied by posing pairwise classifier

comparisons directly. One way is to use A/B testing [21] where the user population acts

an oracle. Another way is to use comparisons from a single expert, perhaps combined with

interpretable machine learning techniques [19, 20]. We suggest the approach proposed by

Narasimhan [15] for estimating the classifier associated with a given confusion matrix.

• Advantage of Algorithm 4.1. If there is a reason to restrict the metric search to DLPM

e.g. due to prior knowledge, then Algorithm 4.1 is preferred for its lower query complexity.

• Future Work. We plan to extend our procedures for the oracles that are only probably

correct. This can be done easily by applying majority voting over repeated queries [39].

4.8 RELATED WORK

The closest line of work to this chapter is the simpler setting of binary classification

from Chapter 3. As we move to multiclass performance ME, we find that the form of
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metrics and the complexity of the query space increases. This results in stark differences

in the elicitation algorithms. Algorithm 4.1, which is closest to the binary approach, only

works for Restricted Bayes Optimal classifiers, and Algorithm 4.2 requires a coordinate-

wise binary-search approach. As a result, novel methods are also required to provide query

complexity guarantees. The LPM elicitation problem can be posed as a Derivative-Free

Optimization [36] to a certain extent, but only after exploiting the geometry as we have.

In addition, passively learning linear functions using pairwise comparisons has been studied

before [31, 34, 40], but these approaches fail to control sample (i.e. query) complexity and

end up utilizing more queries than the active approaches [32, 41, 42]. Papers which actively

control the query samples for linear elicitation, e.g. [43], exploit the query space like us in

order to achieve lower query complexity. However, unlike us, [43] does not provide theoretical

bounds and is also applied to a different query space.

4.9 CONCLUDING REMARKS

We study the space of multiclass confusions and propose efficient algorithms to elicit

diagonal-linear and linear performance metrics. We theoretically show that the procedures

are robust under feedback and finite sample noise and validate the latter empirically via

simulated oracles. We extend elicitation to other families e.g. linear-fractional metrics, thus

covering a wide range of metrics encountered in practice.
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CHAPTER 5: FAIR PERFORMANCE METRIC ELICITATION

Machine learning models are increasingly employed for critical decision-making tasks such

as hiring and sentencing [10, 11, 44, 45, 46]. Yet, it is increasingly evident that automated

decision-making is susceptible to bias, whereby decisions made by the algorithm are unfair

to certain subgroups [44, 46, 47, 48, 49]. To this end, a wide variety of group fairness

metrics have been proposed – all to reduce discrimination and bias from automated decision-

making [9, 13, 16, 50, 51, 52]. However, a dearth of formal principles for selecting the most

appropriate metric has highlighted the confusion of experts, practitioners, and end users

in deciding which group fairness metric to employ [22]. This is further exacerbated by the

observation that common metrics often lead to contradictory outcomes [13].

While the problem of selecting an appropriate fairness metric has gained prominence in

recent years [16, 22, 52], it perhaps best understood as a special case of the task of choosing

evaluation metrics in machine learning. For instance, when a cost-sensitive predictive model

classifies patients into cancer categories [53] even without considering fairness, it is often

unclear how the cost-tradeoffs be chosen so that they reflect the expert’s decision-making,

i.e., replacing expert intuition by quantifiable metrics. The proposed Metric Elicitation (ME)

framework provides a solution.

Existing research suggests a fundamental trade-off between algorithmic fairness and per-

formance [11, 22, 50, 52, 54, 55], where in addition to appropriate metrics, the practitioner or

policymaker must choose a trade-off operating point between the competing objectives [22].

To this end, in this chapter, we extend the ME framework from eliciting multiclass classi-

fication metrics to the task of eliciting fair performance metrics from pairwise preference

feedback in the presence of multiple sensitive groups. In particular, we elicit metrics that

reflect, jointly, the (i) predictive performance evaluated as a weighting of classifier’s overall

predictive rates, (ii) fairness violation assessed as the discrepancy in predictive rates among

groups, and (iii) a trade-off between the predictive performance and fairness violation. Im-

portantly, the elicited metrics are sufficiently flexible to encapsulate and generalize many

existing predictive performance and fairness violation measures.

In eliciting group-fair performance metrics, we tackle three new challenges. First, from

preference query perspective, the predictive performance and fairness violations are corre-

lated, thus increasing the complexity of joint elicitation. Second, we find that in order to

measure both positive and negative violations, the fair metrics are necessarily non-linear

functions of the predictive rates, thus existing results on linear ME from previous chapters

cannot be applied directly. Finally, as we show, the number of groups directly impacts query
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complexity. We overcome these challenges by proposing a novel query efficient procedure

that exploits the geometric properties of the set of predictive rates.

Contributions. We consider metrics for algorithmically group-fair classification and

propose a novel approach for eliciting predictive performance, fairness violations, and their

trade-off point, from expert pairwise feedback. Our procedure uses binary-search based

subroutines and recovers the metric with linear query complexity. Moreover, the procedure

is robust to both finite sample and oracle feedback noise thus is useful in practice. Lastly,

our method can be applied either by querying preferences over classifiers or predictive rates,

which is our choice of measurements (classifier statistics) for this chapter. All the proofs in

this chapter are provided in Appendix C.

Notations. Matrices and vectors are denoted by bold upper case and bold lower case

letters, respectively. The group membership is denoted by superscripts and coordinates of

vectors, matrices, and tuples are denoted by subscripts.

5.1 BACKGROUND

The standard multiclass, multigroup classification setting comprises k classes andm groups

with X ∈ X , G ∈ [m] and Y ∈ [k] representing the input, group membership, and output

random variables, respectively. The groups are assumed to be disjoint and known apriori [13,

16]. We have access to a dataset {(x, g, y)i}ni=1 of size n, generated iid from a distribution

P(X,G, Y ). The measurements (classifier statistics) that we choose to work with in this

chapter are the group-specific rates and the overall rates, which are described below.

Group-specific rates: We consider separate (randomized) classifiers hg : X → ∆k for each

group g, and use

Hg = {hg : X → ∆k} (5.1)

to denote the set of all classifiers for group g. The group-specific rate matrix Rg(hg,P) ∈
Rk×k for a classifier hg is given by:

Rg
ij(h

g,P) := P(hg = j|Y = i, G = g) for i, j ∈ [k]. (5.2)

Notice that the predictive rates satisfy the following useful decomposition:

Rg
ii(h

g,P) = 1−
∑k

j=1,j 6=i
Rg
ij(h

g,P), (5.3)

any rate matrix is uniquely represented by its q := (k2− k) off-diagonal elements as a vector

rg(hg,P) = off -diag(Rg(hg,P)). So we will interchangeably refer to the rate matrix as a
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‘vector of rates’. The feasible set of rates associated with a group g is denoted by

Rg = {rg(hg,P) : hg ∈ Hg}. (5.4)

For clarity, we will suppress the dependence on P and hg if it is clear from the context.

Overall rates: We define the overall classifier h : (X , [m])→ ∆k by

h(x, g) := hg(x) (5.5)

and denote its tuple of group-specific rates by:

r1:m := (r1, . . . , rm) ∈ R1 × · · · × Rm =: R1:m. (5.6)

This tuple allows us to measure the fairness violation across groups. The fairness violation

is believed to be in trade-off with the predictive performance [50, 52, 55]. The latter is

measured using the overall rate matrix of the classifier h:

Rij := P(h = j|Y = i) =
∑m

g=1
tgiR

g
ij, (5.7)

where tgi := P(G = g|Y = i) is the prevalence of group g within class i. For an overall

classifier h, the ‘vector of rates’ r = off -diag(R) can be conveniently written in terms of its

group-specific tuple of rates as

r =
m∑
g=1

τ g � rg, (5.8)

where τ g := off -diag([tg tg . . . tg]).

Fairness violation measure: The (approximate) fairness of a classifier is often determined

by the ‘discrepancy’ in rates across different groups e.g. equalized odds [12, 16]. So given

two groups u, v ∈ [m], we define the discrepancy in their rates as:

duv := |ru − rv|. (5.9)

Since there are m groups, the number of discrepancy vectors are
(
m
2

)
.

5.1.1 Fair Performance Metric

We aim to elicit a general class of metrics, which recovers and generalizes existing fairness

measures, based on trade-off between predictive performance and fairness violation [16, 48,

50, 52, 55]. Let φ : [0, 1]q → R be the cost of overall misclassification (aka. predictive
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performance) and ϕ : [0, 1]m×q → R be the fairness violation cost for a classifier h determined

by the overall rates r(h) and group discrepancies {duv(h)}mu,v=1,v>u, respectively. Without

loss of generality (w.l.o.g.), we assume the metrics φ and ϕ are costs. Moreover, the metrics

are scale invariant as global scale does not affect the learning problem [18]; hence let φ :

[0, 1]q → [0, 1] and ϕ : [0, 1]m×q → [0, 1].

Definition 5.1 (Fair Performance Metric). Let φ and ϕ be monotonically increasing linear

functions of overall rates and group discrepancies, respectively. The fair metric Ψ is a trade-

off between φ and ϕ. In particular, given a ∈ Rq, a ≥ 0 (misclassification weights), a set

of vectors B := {buv ∈ Rq,buv ≥ 0}mu,v=1,v>u (fairness violation weights), and a scalar λ

(trade-off) with

‖a‖2 = 1,
∑m

u,v=1,v>u
‖buv‖2 = 1, 0 ≤ λ ≤ 1, (5.10)

(w.l.o.g., due to scale invariance), we define the metric Ψ as:

Ψ(r1:m ; a,B, λ) := (1− λ)︸ ︷︷ ︸
trade-off

〈a, r〉︸ ︷︷ ︸
φ(r)

+λ

(∑m

u,v=1,v>u
〈buv,duv〉

)
︸ ︷︷ ︸

ϕ(r1:m)

. (5.11)

Examples of the misclassification cost φ(r) include cost-sensitive linear metrics [35]. Many

existing fairness metrics for two classes and two groups such as equal opportunity [16], balance

for the negative class [13] error-rate balance (i.e., 0.5|r1
1 − r2

1| + 0.5|r1
2 − r2

2|) [48], weighted

equalized odds (i.e., b1|r1
1 − r2

1| + b2|r1
2 − r2

2|) [16, 55], etc. correspond to fairness violations

of the form ϕ(r1:m) considered above. The combination of φ(r) and ϕ(r1:m) as defined in

Ψ(r1:m) appears regularly in prior work [50, 52, 55]. Notice that the metric is flexible to

allow different fairness violation costs for different pairs of groups thus capable of enabling

reverse discrimination [56]. Lastly, while the metric is linear with respect to (w.r.t.) the dis-

crepancies, it is non-linear w.r.t. the group-wise rates. Hence, standard linear ME algorithm

from Chapters 3 and 4 cannot be trivially applied for eliciting the metric in Definition 5.1.

5.1.2 Fair Performance Metric Elicitation; Problem Statement

We now state the problem of Fair Performance Metric Elicitation (FPME) and define

the associated oracle query. The broad definitions follow from Chapter 2, extended so

the predictive rates (classifier statistics) and the performance metrics correspond to the

multiclass multigroup-fair classification setting.
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Definition 5.2 (Oracle Query). Given two classifiers h1, h2 (equivalent to a tuple of rates

r1:m
1 , r1:m

2 respectively), a query to the Oracle (with metric Ψ) is represented by:

Γ(h1, h2 ; Ψ) = Ω
(
r1:m

1 , r1:m
2 ; Ψ

)
= 1[Ψ(r1:m

1 ) > Ψ(r1:m
2 )], (5.12)

where Γ : H ×H → {0, 1} and Ω : R1:m ×R1:m → {0, 1}. In simple words, the query asks

whether h1 is preferred to h2 (equivalent to whether r1:m
1 is preferred to r1:m

2 ), as measured

by Ψ.

In practice, the oracle can be an expert, a group of experts, or an entire user population.

The ME framework can be applied by posing classifier comparisons directly to them via

interpretable learning techniques [19, 20] or via A/B testing [21]. For example, one may

perform A/B testing for an internet-based application by deploying two classifiers A and

B and use the population’s level of engagement to decide the preference between the two

classifiers. For other applications, intuitive visualizations of the predictive rates for two

different classifiers (see e.g., [22, 23]) can be used to ask preference feedback from a group

of domain experts.

We emphasize that the metric Ψ used by the oracle is unknown to us and can be accessed

only through queries to the oracle. Since the metrics we consider are functions of rates,

comparing two classifiers on a metric is equivalent to comparing their corresponding rates.

Henceforth, we will denote any query to the oracle by a pair of rates (r1:m
1 , r1:m

2 ). Also,

whenever we refer to an oracles’s dimension, we are referring to the dimension of its rate

arguments. For instance, we will consider the oracle in Definition 5.2 to be of dimension

m× q. Next, we formally state the FPME problem.

Definition 5.3 (Fair Performance Metric Elicitation with Pairwise Comparison Queries

(given {(x, g, y)i}ni=1)). Suppose that the oracle’s (unknown) performance metric is Ψ. Using

oracle queries of the form Ω(r̂1:m
1 , r̂1:m

2 ), where r̂1:m
1 , r̂1:m

2 are the estimated rates from samples,

recover a metric Ψ̂ such that ‖Ψ− Ψ̂‖ < ω under a suitable norm ‖ · ‖ for sufficiently small

error tolerance ω > 0.

Similar to the standard metric elicitation problems (Chapters 3 and 4), the performance

of FPME is evaluated both by the fidelity of the recovered metric and the query com-

plexity. As done in decision theory literature [6, 24], we present our FPME solution by

first assuming access to population quantities such as the population rates r1:m(h,P), and

then discuss how elicitation can be performed from finite samples, e.g., with empirical rates

r̂1:m(h, {(x, g, y)i}ni=1)).
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5.1.3 Linear Performance Metric Elicitation – Warmup

We revisit the Linear Performance Metric Elicitation (LPME) procedure from Chapter 4,

which we will use as as a subroutine to elicit fair performance metrics. The LPME procedure

assumes an enclosed sphere S ⊂ Z, where Z is the q-dimensional space of classifier statistics

that are feasible, i.e., can be achieved by some classifier. It also assumes access to a q-

dimensional oracle Ω′ whose scale invariant linear metric is of the form ξ(z) := 〈a, z〉 with

‖a‖2 = 1, analogous to the misclassification cost in Definition 5.1. Analogously, the oracle

queries are of the type Ω′(z1, z2) := 1[ξ(z1) > ξ(z2)].

When the number of classes k = 2, LPME elicits the coefficients a using a simple one-

dimensional binary search. When k > 2, LPME performs binary search in each coordinate

while keeping the others fixed, and performs this in a coordinate-wise fashion until conver-

gence. By restricting this coordinate-wise binary search procedure to posing queries from

within a sphere S, LPME can be equivalently seen as minimizing a strongly-convex func-

tion and shown to converge to a solution â close to a. Specifically, the algorithm takes the

query space S ⊂ Z, binary-search tolerance ε, and the oracle Ω′ as input, and by querying

O(q log(1/ε)) queries recovers â with ‖â‖2 = 1 such that ‖a− â‖2 ≤ O(
√
qε) (Theorem 4.2

in Chapter 4). Please see the details of the LPME procedure in Algorithm 4.2 (Chapter 4)

for completeness. We summarize the discussion with the following remark.

Remark 5.1. Given a q-dimensional space Z enclosing a sphere S ⊂ Z and an oracle Ω′

with linear metric ξ(z) := 〈a, z〉, the LPME algorithm (Algorithm 4.2, Chapter 4) provides

an estimate â with ‖â‖2 = 1 such that the estimated slope is close to the true slope, i.e.,
ai/aj ≈ âi/̂aj ∀ i, j ∈ [q].

Note that the algorithm estimates the direction of the coefficient vector, not its magnitude.

5.2 GEOMETRY OF THE PRODUCT SET R1:M

The LPME procedure described above works with rate queries of dimension q. We would

like to use this procedure to elicit the fair metrics in Definition 5.1 defined on tuples of

dimension m×q. So to make use of LPME, we restrict our queries to a q-dimensional sphere

S which is common to the feasible rate region Rg for each group g, i.e., to a sphere in the

intersection R1 ∩ . . .∩Rm. We show now that such a sphere does indeed exist under a mild

assumption.

Assumption 5.1. For all groups, the conditional-class distributions are not identical, i.e.,

∀ g ∈ [m],∀ i 6= j, P(Y = i|X,G = g) 6= P(Y = j|X,G = g). In other words, there is some

non-trivial signal for classification for each group.
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Figure 5.1: R1 × · · · ×Rm (best seen in colors); Ru ∀u ∈ [m] are convex sets with common
vertices ei ∀ i ∈ [k] and enclose the sphere Sρ.

Let ei ∈ {0, 1}q be the rate profile for a trivial classifier that predicts class i on all inputs.

Note that these trivial classifiers evaluate to the same rates ei irrespective of which group

we apply them to.

Proposition 5.1 (Geometry ofR1:m; Figure 5.1). For any group g ∈ [m], the set of confusion

rates Rg is convex, bounded in [0, 1]q, and has vertices {ei}ki=1. The intersection of group

rate sets R1 ∩ · · · ∩Rm is convex and always contains the rate o = 1
k

∑k
i=1 ei in the interior,

which is associated with the uniform random classifier that predicts each class with equal

probability.

Since R1 ∩ · · · ∩Rm is convex and always contains a point o in the interior, we can make

the following remark (see Figure 5.1 for an illustration).

Remark 5.2 (Existence of common sphere Sρ). There exists a q-dimensional sphere Sρ ⊂
R1 ∩ · · · ∩ Rm of non-zero radius ρ centered at o. Thus, any rate s ∈ Sρ is feasible for all

groups, i.e., s is achievable by some classifier hg for all groups g ∈ [m].

A method to obtain Sρ with suitable radius ρ from Chapter 4 is discussed in Appendix C.1.1.

From Remark 5.2, we observe that any tuple of group rates r1:m = (s1, . . . , sm) chosen from

Sρ× . . .×Sρ is achievable for some choice of group-specific classifiers h1, . . . , hm. Moreover,

when two groups u, v are assigned the same rate profile s ∈ Sρ, the fairness discrepancy

duv = 0. We will exploit these observations in the elicitation strategy we discuss next.

5.3 METRIC ELICITATION

We have access to an oracle whose (unknown) metric Ψ given in Definition 5.1 is pa-

rameterized by (a,B, λ). The proposed FPME framework for eliciting the oracle’s metric
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Figure 5.2: Workflow of the FPME procedure.

is presented in Figure 5.2 and is summarized in Algorithm 5.1. The procedure has three

parts executed in sequence: (a) eliciting the misclassification cost φ(r) (i.e., a), (b) eliciting

the fairness violation ϕ(r1:m) (i.e., B), and (c) eliciting the trade-off between the misclassi-

fication cost and fairness violation (i.e., λ). For simplicity, we will suppress the coefficients

(a,B, λ) from the notation Ψ whenever it is clear from context.

Notice that the metric Ψ is piece-wise linear in its coefficients. So our high level idea is to

restrict the queries we pose to the oracle to lie within regions where the metric Ψ is linear, so

that we can then employ the LPME subroutine to elicit the corresponding linear coefficients.

We will show for each of the three components (a)–(c), how we can identify regions in the

query space where the metric is linear and apply the LPME procedure (or a variant of

it). By restricting the query inputs to those regions, we will essentially be converting the

(m× q)-dimensional oracle Ω in Definition 5.2 into an equivalent q-dimensional oracle that

compares rates s1, s2 from the common sphere Sρ ⊂ R1 ∩ · · · ∩ Rm. We first discuss our

approach assuming the oracle has no feedback noise, and later in Section 5.4 show that our

approach is robust to noisy feedback and provide query complexity guarantees.
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Algorithm 5.1 FPM Elicitation

1: Input: Query spaces Sρ, S+
% , search tolerance ε > 0, and oracle Ω

2: â← LPME(Sρ, ε,Ωclass)
3: if m == 2 then
4: f̆ ←LPME(Sρ, ε,Ωviol

1 )
5: f̃ ←LPME(Sρ, ε,Ωviol

2 )

6: b̂12 ← normalized solution from (5.18)
7: else
8: Let L ← ∅
9: for σ ∈M do

10: f̆σ ←LPME(Sρ, ε,Ωviol
σ,1 )

11: f̃σ ←LPME(Sρ, ε,Ωviol
σ,k )

12: Let `σ be Eq. (5.20), extend L ← L ∪ {`σ}
13: end for
14: B̂← normalized solution from (5.21) using L
15: end if
16: λ̂← Algorithm 5.2 (S+

% , ε,Ω
trade-off)

17: Output: â, B̂, λ̂

5.3.1 Eliciting the Misclassification Cost φ(r): Part 1 in Figure 5.2 and Line 1 in
Algorithm 5.1

To elicit the misclassification cost coefficients a, we will query from a region of the query

space where the fairness violation term in the metric is zero. Specifically, we will query

group rate profile of the form r1:m = (s, . . . , s), where s is a q-dimensional rate from the

common sphere Sρ. For these group rate profiles, the metric Ψ simply evaluates to the linear

misclassification term, i.e.:

Ψ(s, . . . , s) = (1− λ)〈a, s〉. (5.13)

So given a pair of group rate profiles r1:m
1 = (s1, . . . , s1) and r1:m

2 = (s2, . . . , s2), where

s1, s2 ∈ Sρ, the oracle’s response will essentially compare s1 and s2 on the linear metric

(1−λ)〈a, s〉. Hence, we estimate the coefficients a by applying LPME over the q-dimensional

sphere Sρ with a modified oracle Ωclass which takes a pair of rate profiles s1 and s2 from Sρ
as input, and responds with:

Ωclass(s1, s2) = Ω((s1, . . . , s1), (s2, . . . , s2)). (5.14)

This is decribed in line 1 of Algorithm 5.1, which applies the LPME subroutine with query

space Sρ, binary search tolerance ε, and the oracle Ωclass. From Remark 5.1, this subroutine
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returns a coefficient vector f with ‖f‖2 = 1 such that:

(1− λ)ai

(1− λ)aj
=
fi
fj

=⇒ ai
aj

=
fi
fj
. (5.15)

By setting â = f , we recover the classification coefficients independent of the fairness viola-

tion coefficients and trade-off parameter. See part 1 in Figure 5.2 for further illustration.

5.3.2 Eliciting the Fairness Violation ϕ(r1:m): Part 2 in Figure 5.2 and lines 3-15 in
Algorithm 5.1

We now discuss eliciting the fairness term ϕ(r1:m). We will first discuss the special case

of m = 2 groups and later discuss how the proposed procedure can be extended to handle

multiple groups.

Special Case of m = 2: Lines 4-6 in Algorithm 5.1: Recall from Definition 5.1 that in

the violation term, we measure the group discrepancies using the absolute difference between

the group rates, i.e., d12 = |r1 − r2|. If we restrict our queries to only those rate profiles

r1:2 for which the difference in each coordinate of r1 − r2 is either always positive or always

negative, then we can treat the violation term as a linear metric within this region and apply

LPME to estimate the associated coefficients.

To this end, we pose to the oracle queries of the form r1:2 = (s, ei), where we assign

to group 1 a rate profile s from the common sphere Sρ, and to group 2 the rate profile

ei ∈ {0, 1}q for some i. Remember that ei is a rate vector associated with a trivial classifier

which predicts class i on all inputs, and is therefore a binary vector. Since we know whether

an entry of ei is either a 0 or a 1, we can decipher the signs of each entry of the difference

vector s− ei. Hence for group rate profiles of the above form, the metric Ψ can be written

as a linear function in s:

Ψ(s, ei) = 〈(1− λ)a� (1− τ 2) + λwi � b
12
, s〉+ ci, (5.16)

where wi := 1−2ei tells us the sign of each entry of s−ei, ci is a constant, and we have used

the fact that τ 1 = 1 − τ 2. Fixing a class i, we then apply LPME over the q-dimensional

sphere Sρ with a modified oracle Ωviol
i which takes a pair of rate profiles s1, s2 ∈ Sρ as input

and responds with:

Ωviol
i (s1, s2) = Ω((s1, ei), (s2, ei)). (5.17)

One run of LPME with oracle Ωviol
1 results in q− 1 independent equations. In order to elicit
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a q-dimensional vector b12, we must run LPME again with oracle Ωviol
2 . This is described in

lines 4 and 5 of Algorithm 5.1. The LPME calls provide us with two slopes f̆ , f̃ such that

‖f̆‖2 = ‖f̃‖2 = 1 from which it is easy to obtain the fairness violation weights:

b̂12 =
b̃12

‖b̃12‖2

, with b̃12 = w1 �
[
δf̆ − â� (1− τ 2)

]
, (5.18)

where δ is a scalar depending on the known entities τ 12, â, f̆12, f̃12. The derivation is provided

in Appendix C.2.2 for completeness. Because ϕ is scale invariant (see Definition 5.1), the

normalized solution b̂12 is independent of the true trade-off λ and depends only on the

previously elicited vector â.

General Case of m > 2: Lines 8-14 in Algorithm 5.1: We briefly outline the elicitation

procedure for m > 2 groups, with details in Appendix C.2.2. Let M be a set of subsets of

the m groups such that each element σ ∈M and [m] \ σ partition the set of m groups. We

will later discuss how to choose M for efficient elicitation. Similar to the two-group case,

we pose queries r1:m where to a subset of groups σ ∈M, we assign the trivial rate vector ei

and to the rest [m]\σ groups, we assign a point s from the common sphere Sρ. Observe that

within this query region, the metric Ψ is linear in its inputs. So for a fixed partitioning of

groups defined by σ, we apply LPME with a query space Sρ using the modified q-dimensional

oracle:

Ωviol
σ,i (s1, s2) = Ω(r1:m

1 , r1:m
2 ) where rg1 =

ei if g ∈ σ
s1 o.w.

and rg2 =

ei if g ∈ σ
s2 o.w.

. (5.19)

As described in lines 10 and 11 of the algorithm, we repeat this twice fixing class i to 1 and

k. The guarantees for LPME then give us the following relationship between coefficients b
uv

we wish to elicit and the already elicited coefficient â:∑
u,v

1
[
|{u, v} ∩ σ| = 1

]
b̃uv = w1 �

[
δσ f̆σ − â� (1− τ σ)

]
, (5.20)

where τ σ =
∑

g∈σ τ
g and b̃uv := λb

uv
/(1− λ) is a scaled version of the true (unknown) b

uv
.

Since we need to estimate
(
m
2

)
coefficients, we repeat the above procedure for

(
m
2

)
partitions

of the groups defined by σ and get a system of
(
m
2

)
linear equations. We may choose any

M of size
(
m
2

)
so that the equations are independent. From the solution to these equations,

we recover b̃uv’s, which we further normalize to get estimates of the final fairness violation
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weights:

b̂uv =
b̃uv∑m

u,v=1,v>u ‖b̃uv‖2

for u, v ∈ [m], v > u. (5.21)

Because of normalization, the elicited fairness weights are independent of the trade-off λ.

5.3.3 Eliciting Trade-off λ: Part 3 in Figure 5.2 and Line 16 in Algorithm 5.1

Equipped with estimates of the misclassification and fairness violation coefficients (â, B̂),

the final step is to elicit the trade-off λ between them. We now show how this can be posed

as one-dimensional binary search problem. Suppose we restrict our queries to be of the

form r1:m = (s+,o, . . . ,o), where for all but the first group, we assign the rate o associated

with a uniform random classifier, and for the first group, we assign some rate s+ such that

s+ ≥ o. For these rate profiles, the group rate difference terms r1 − rv = s+ − o ≥ 0 for all

v ∈ {2, . . . ,m}, and all the other difference terms are 0. As a result, the metric Ψ is linear

in the input rate profiles:

Ψ(s+,o, . . . ,o) = 〈(1− λ)τ 1 � a + λ
∑m

v=2
b

1v
, s+〉+ c, (5.22)

where c is a constant. Despite the metric being linear in the identified input region, we

cannot directly apply the LPME procedure described in Section 5.1.3 to elicit λ, because we

have one parameter to elicit but the input to the metric is q-dimensional. Here we propose

a slight variant of LPME.

Similar to the original ME procedure for the binary classification setup in Chapter 3, we

first construct a one-dimensional function ϑ, which takes a guess of the trade-off parameter

as input, and outputs the quality of the guess. We show that this function is unimodal and

its mode coincides with the oracle’s true trade-off parameter λ.

Lemma 5.1. Let S+
% ⊂ Sρ be a q-dimensional sphere with radius % < ρ such that s+ ≥

o, ∀ s+ ∈ S+
% (see Figure 5.1). Assume the estimates â and b̂uv’s satisfy a mild regularity

condition 〈â,∑m
v=2 b̂1v〉 6= 1. Define a one-dimensional function ϑ as:

ϑ(λ̄) := Ψ(s∗λ̄,o, . . . ,o), (5.23)

where

s∗λ̄ = argmax
s+∈S+

%

〈(1− λ̄)τ 1 � â + λ̄
∑m

v=2
b̂

1v

, s+〉. (5.24)

Then the function ϑ is strictly quasiconcave (and therefore unimodal) in λ̄. Moreover, the
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Algorithm 5.2 Eliciting the trade-off λ

1: Input: Query space S+
% , binary-search tolerance ε > 0, oracle Ωtrade-off

2: Initialize: λ(a) = 0, λ(b) = 1.

3: while
∣∣∣λ(b) − λ(a)

∣∣∣ > ε do

4: Set λ(c) = 3λ(a)+λ(b)

4 , λ(d) = λ(a)+λ(b)

2 , λ(e) = λ(a)+3λ(b)

4

5: Set s(a) = argmax
s+∈S+

%

〈(1− λa)τ 1 � â + λa

m∑
v=2

b̂1v, s+〉 using Lemma 4.1 (Chapter 4)

6: Similarly, set s(c), s(d), s(e), s(b).
7: Query Ωtrade-off(s(c), s(a)), Ωtrade-off(s(d), s(c)), Ωtrade-off(s(e), s(d)), and Ωtrade-off(s(b), s(e)).
8: [λ(a), λ(b)] ← ShrinkInterval (responses) using a subroutine analogous to the routine shown

in Figure B.1.
9: end while

10: Output: λ̂ = λ(a)+λ(b)

2 .

mode of this function is achieved at the oracle’s true trade-off parameter λ.

For a candidate trade-off λ̄, the function ϑ first constructs a candidate linear metric based

on (5.22), maximizes this candidate metric over inputs s+, and evaluates the oracle’s true

metric Ψ at the maximizing rate profile. Note that we cannot directly compute the function ϑ

as it needs the oracle’s metric Ψ. However, given two candidates for the trade-off parameter

λ̄1 and λ̄2, one can compare the values of ϑ(λ̄1) and ϑ(λ̄2) by finding the corresponding

maximizers over s+ and querying the oracle to compare them. Because ϑ is unimodal, one

can use a simple binary search using such pairwise comparisons to find the mode of the

function, which we know coincides with the true λ.

We provide an outline of this procedure in Algorithm 5.2, which uses the modified oracle

Ωtrade-off(s+
1 , s

+
2 ) = Ω((s+

1 ,o, . . . ,o), (s+
2 ,o, . . . ,o)) (5.25)

to compare the maximizers in (5.24).

Description of Algorithm 5.2: Given the unimodality of ϑ(λ) from Lemma 5.1, we

devise the binary-search procedure Algorithm 5.2 for eliciting the true trade-off λ. The

algorithm takes in input the query space S+
% , binary-search tolerance ε, an equivalent oracle

Ωtrade-off, the elicited â from Section 5.3.1, and the elicited B̂ from Section 5.3.2. The

algorithm finds the maximizer of the function ϑ̂(λ) defined analogously to (5.23), where a,B

are replaced by â, B̂, using Lemma 4.1 (Chapter 4). The algorithm poses four queries to the

oracle and shrink the interval [λ(a), λ(b)] into half based on the responses using a subroutine

analogous to ShrinkInterval shown in Figure B.1. The algorithm stops when the length of
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the search interval [λ(a), λ(b)] is less than the tolerance ε. Combining parts 1, 2 and 3 in

Figure 5.2 completes the FPME procedure.

5.4 GUARANTEES

We discuss elicitation guarantees under the following feedback model.

Definition 5.4 (Oracle Feedback Noise: εΩ ≥ 0). For two rates r1:m
1 , r1:m

2 ∈ R1:m, the oracle

responds correctly as long as |Ψ(r1:m
1 )−Ψ(r1:m

2 )| > εΩ. Otherwise, it may be incorrect.

In words, the oracle may respond incorrectly if the rates are very close as measured by

the metric Ψ. Since deriving the final metric involves offline computations including certain

ratios, we discuss guarantees under a regularity assumption that ensures all components are

well defined.

Assumption 5.2. We assume that 1 > c1 > λ > c2 > 0, mini |ai| > c3, mini |(1− λ)aiτ
σ
i −

λwjib
σ
i | > c4 ∀ j ∈ [q], σ ∈M, for some c1, c2, c3, c4 > 0, ρ > %� εΩ, and 〈a,∑m

v=2 b
1v〉 6= 1.

Theorem 5.1. Given ε, εΩ ≥ 0, and a 1-Lipschitz fair performance metric Ψ parametrized

by a,B, λ, under Assumptions 5.1 and 5.2, Algorithm 5.1 returns a metric Ψ̂ with parameters:

• â : after O
(
q log 1

ε

)
queries such that ‖a− â‖2 ≤ O

(√
q(ε+

√
εΩ/ρ)

)
.

• B̂ : after O
((

m
2

)
q log 1

ε

)
queries such that ‖vec(B) − vec(B̂)‖2 ≤ O

(
mq(ε+

√
εΩ/ρ)

)
,

where vec(·) vectorizes the matrix.

• λ̂ : after O(log(1
ε
)) queries, with error |λ− λ̂| ≤ O

(
ε+

√
εΩ/%+

√
mq(ε+

√
εΩ/ρ)/%

)
.

We see that the proposed FPME procedure is robust to noise, and its query complexity

depends linearly in the number of unknown entities. For instance, line 2 in Algorithm 5.1

elicits â ∈ Rq by posing Õ(q) queries, the ‘for’ loop in line 9 of Algorithm 5.1 runs for
(
m
2

)
iterations, where each iteration requires Õ(2q) queries, and finally line 16 in Algorithm 5.1

is a simple binary search requiring Õ(1) queries. The work in Chapter 4 work suggests

that linear multiclass elicitation (LPME) elicits misclassification costs (φ) with linear query

complexity. Surprisingly, our proposed FPME procedure elicits a more complex (nonlinear)

metric without increasing the query complexity order. Furthermore, since sample estimates

of rates are consistent estimators, and the metrics discussed are 1-Lipschitz wrt. rates, with

high probability, we gather correct oracle feedback from querying with finite sample estimates

Ω(r̂1:m
1 , r̂1:m

2 ) instead of querying with population statistics Ω(r1:m
1 , r1:m

2 ), as long as we have

sufficient samples. Apart from this, Algorithm 1 is agnostic to finite sample errors as long

as the sphere Sρ is contained within the feasible region R1 ∩ · · · ∩ Rm.
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(a) (b) (c)

Figure 5.3: Elicitation error in recovering the oracle’s metric.

5.5 EXPERIMENTS

5.5.1 Theory Validation

We first empirically validate the FPME procedure and recovery guarantees of Section 5.4.

Recall that there exists a sphere Sρ ⊂ R1 ∩ · · · ∩ Rm as long as there is a non-trivial

classification signal within each group (Remark 5.2). Thus for experiments, we assume

access to a feasible sphere Sρ with ρ = 0.2. We randomly generate 100 oracle metrics

each for k,m ∈ {2, 3, 4, 5} parametrized by {a,B, λ}. This specifies the query outputs by

the oracle for each metric in Algorithm 5.1. We then use Algorithm 5.1 with tolerance

ε = 10−3 to elicit corresponding metrics parametrized by {â, B̂, λ̂}. Algorithm 5.1 makes

1 + 2M subroutine calls to LPME procedure and 1 call to Algorithm 5.2. LPME subroutine

requires exactly 16(q− 1) log(π/2ε) queries, where we use 4 queries to shrink the interval in

the binary search loop and fix 4 cycles for the coordinate-wise search. Also, Algorithm 5.2

requires 4 log(1/ε) queries. In Figure 5.3, we report the mean of the `2-norm between the

oracle’s metric and the elicited metric. Clearly, we elicit metrics that are close to the true

metrics. Moreover, this holds true across a range of m and k values demonstrating the

robustness of the proposed approach. Figure 5.3(a) shows that the error ‖a− â‖2 increases

only with the number of classes k and not groups m. This is expected since â is elicited

by querying rates that zero out the fairness violation (Section 5.3.1). Figure 5.3(b) verifies

Theorem 5.1 by showing that ‖vec(B) − vec(B̂)‖2 increases with both number of classes k

and groups m. In accord with Theorem 5.1, Figure 5.3(c) shows that the elicited trade-off λ̂

is also close to the true λ. However, the elicitation error increases consistently with groups

m but not with classes k. A possible reason may be the cancellation of errors from eliciting

â and B̂ separately.
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Table 5.1: Dataset statistics; the real-valued regressor in wine and crime datasets is recast
to 3 classes based on quantiles.

Dataset k m #samples #features group.feat
default 2 2 30000 33 gender
adult 2 3 43156 74 race
wine 3 2 6497 13 color
crime 3 3 1907 99 race

Table 5.2: Common (baseline) metrics usually deployed to rank classifiers.

Name → φ̂ϕ̂λ̂ a φ̂ϕ̂λ̂ w φ̂ϕ̂ a φ̂ϕ̂ w φ̂ a φ̂ w o p o f
â acc. w-acc. acc. w-acc. acc. w-acc. a -

B̂ acc. w-acc. acc. w-acc. elicit elicit - B

λ̂ 0.5 w-acc. elicit elicit elicit elicit 0 1

5.5.2 Ranking of Classifiers

Next, we highlight the utility of FPME in ranking real-world classifiers. One of the

most important applications of performance metrics is evaluating classifiers, i.e., providing

a quantitative score for their quality which then allows us to choose the best (or best set

of) classifier(s). In this section, we discuss how the ranking of plausible classifiers is affected

when a practitioner employs default metrics to rank (fair) classifiers instead of the oracle’s

metric or our elicited approximation.

We take four real-world classification datasets with k,m ∈ {2, 3} (see Table 5.1). 60% of

each dataset is used for training and the rest for testing. We create a pool of 100 classifiers for

each dataset by tweaking hyperparameters under logistic regression models [57], multi-layer

perceptron models [58], support vector machines [59], LightGBM models [60], and fairness

constrained optimization based models [61]. We compute the group wise confusion rates

on the test data for each model for each dataset. We will compare the ranking of these

classifiers achieved by competing baseline metrics with respect to the ground truth ranking.

We generate 100 random oracle metrics Ψ. Ψ’s gives us the ground truth ranking of the

above classifiers. We then use our proposed procedure FPME (Algorithm 5.1) to recover the

oracle’s metric. For comparison in ranking of real-world classifiers, we choose a few metrics

that are routinely employed by practitioners as baselines (see Table 5.2). The prefixes (i.e.,

φ̂, ϕ̂, or λ̂) in name of the baseline metrics denote the components that are set to default

metrics, and the suffixes (i.e. ‘a’ or ‘wa’) denote whether the assignment is done with

accuracy (i.e., equal weights) or with weighted accuracy (weights are assigned randomly

however maintaining the true order of weights as in Ψ). For example, φ̂ϕ̂λ̂ a corresponds to
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Figure 5.4: Ranking performance of real-world classifiers by competing metrics.

the metric where φ̂, ϕ̂, λ̂ are set to standard classification accuracy. Similarly, φ̂ w denote

a metric where the misclassification cost φ̂ is set to weighted accuracy but both ϕ̂ and λ̂

are elicited using Part 2 and Part 3 of the FPME procedure (Algorithm 5.1), respectively.

Assigning weighted accuracy versions is a commonplace since sometimes the order of the

costs associated with the types of mistakes in misclassification cost φ or fairness violation ϕ

or preference for fairness violation over misclassification λ is known but not the actual cost.

Another example is φ̂ϕ̂ a which corresponds to the metric where φ̂, ϕ̂ are set to accuracy and

only the trade-off λ̂ is elicited using Part 3 of the FPME procedure (Algorithm 5.1). This is

similar to prior work by Zhang et al. [22] who assumed the classification error and fairness

violation known, so only the trade-off has to be elicited – however they also assume direct

ratio queries, which can be challenging in practice. Our approach applies much simnpler

pairwise preference queries. Lastly, o p and o f represent only predictive performance with

λ = 0 and only fairness with λ = 1, respectively.

Figure 5.4 shows average NDCG (with exponential gain) [62] and Kendall-tau coeffi-

cient [63] over 100 metrics Ψ and their respective estimates by the competing baseline met-

rics. We see that FPME, wherein we elicit φ̂, ϕ̂, and λ̂ in sequence, achieves the highest

possible NDCG and Kendall-tau coefficient. Even though we make some elicitation error in

recovery (Section 5.4), we achieve almost perfect results while ranking the classifiers.

To connect to practice, this implies that when given a set of classifiers, ranking based on

elicited metrics will align most closely to ranking based on the true metric, as compared to

ranking classifiers based on default metrics. This is a crucial advantage of metric elicitation

for practical purposes. In this experiment, baseline metrics achieve inferior ranking of classi-

fiers in comparison to the rankings achieved by metrics that are elicited using the proposed

FPME procedure. Figure 5.4 also suggests that it is beneficial to elicit all three components

(a,B, λ) of the metric in Definition 5.1, rather than pre-define a component and elicit the

rest. For the crime dataset, some methods also achieve high NDCG values, so ranking at

the top is good; however Kendall-tau coefficient is weak which suggests that overall ranking
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is poor. With the exception of the default dataset, the weighted versions are better than

equally weighted versions in ranking. This is expected because in weighted versions, at least

order of the preference for the type of costs matches with the oracle’s preferences.

5.6 RELATED WORK

Some early attempts to eliciting individual fairness metrics [64, 65] are distinct from ours

– as we are focused on the more prevalent setting of group fairness, yet for which there are no

existing approaches to our knowledge. Zhang et al. [22] propose an approach that elicits only

the trade-off between accuracy and fairness using complicated ratio queries. We, on the other

hand, elicit classification cost, fairness violation, and the trade-off together as a non-linear

function, all using much simpler pairwise comparison queries. Prior work for constrained

classification focus on learning classifiers under constraints for fairness [15, 16, 66, 67]. We

take the regularization view of algorithmic fairness, where a fairness violation is embedded

in the metric definition instead of as constraints [11, 50, 52, 55, 68]. From the elicitation

perspective, the closest line of work to ours is in Chapters 3 and 4, where we proposed the

problem of ME but solved it only for a simpler setting of classification without fairness. As we

move to multiclass, multigroup fair performance ME, we find that the complexity of both the

form of the metrics and the query space increases. This results in starkly different elicitation

strategy with novel methods required to provide query complexity guarantees. Learning

(linear) functions passively using pairwise comparisons is a mature field [31, 34, 40], but these

approaches fail to control sample (i.e. query) complexity. Active learning in fairness [69] is

a related direction; however the aim there is to learn a fair classifier based on fixed metric

instead of eliciting the metric itself.

5.7 CONCLUDING REMARKS AND FUTURE WORK

• Transportability: Our elicitation procedure is independent of the population P as

long as there exists a sphere of rates which is feasible for all groups. Thus, any metric

that is learned using one dataset or model class (i.e., by estimated P̂) can be applied to

other applications and datasets, as long as the expert believes the context and tradeoffs

are the same.

• Extensions. Our propsal can be modified to leverage the structure in the metric or

the groups to further reduce the query complexity. For example, when the fairness

violation weights are the same for all pairs of groups, the procedure in Section 5.3.2
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requires only one partitioning of groups to elicit the metric ϕ̂. Such modifications are

easy to incorporate. In the future, we plan to extend our approach to more complex

metrics such as linear-fractional functions of rates and discrepancies.

• Limitations of group-fair metrics. Since the metrics we consider depend on a

classifier only through its rates, comparing two classifiers on these metrics is equivalent

to comparing their rates. Unfortunately, with this setup, all the limitations associated

with group-fairness definition of metrics apply to our setup as well. For example, we

may discard notions of individual fairness when only group-rates are considered for

comparing classifiers [70]. Similarly, issues associated with overlapping groups [71],

detailed group specification [71], unknown or changing groups [72, 73], noisy or biased

group information [74], among others, pose limitations to our proposed setup. We

hope that as the first work on the topic, our work will inspire the research community

to address many of these open problems for the task of metric elicitation.

• Optimal bounds. We conjecture that our query complexity bounds are tight; how-

ever, we leave this detail for the future. In conclusion, we elicit a more complex

(non-linear) group fair-metric with the same query complexity order as standard clas-

sification linear elicitation procedures (Chapter 4).

• Limitation. Our work seeks to truly democratize and personalize fair machine learn-

ing. Besides, the significance of fair performance metric elicitation lies in how it em-

powers the practitioner to tune the design of machine learning models to the needs

of the target fairness task. However, at the same time, this work may have draw-

backs because it leaves open the key question of who should be the stakeholders to be

queried. This work also assumes a parametric form for the oracle metric, which may

not be an exact match to practice. Furthermore, we should be cautious of the result of

the failure of the system which could cause disparate impact among sensitive groups

when the elicited metric is incorrect, e.g., when applied to settings where the stated

assumptions are not met.
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CHAPTER 6: QUADRATIC METRIC ELICITATION FOR FAIRNESS AND
BEYOND

The Metric Elicitation (ME) strategies for the binary and multiclass classification setups

that are discussed in Chapters 3 and 4, respectively, only handle linear or quasi-linear func-

tion of predictive rates, which can be restrictive for many applications where the metrics are

complex and non-linear. For example, in fair machine learning, classifiers are often judged

by measuring discrepancies between predictive rates for different protected groups [16]. Sim-

ilar discrepancy-based measures are also used in distribution matching applications [15, 75].

A common measure of discrepancy in such applications is the squared difference, which

is appealing for its smoothness properties and a quadratic metric that cannot be handled

by existing approaches. Similar quadratic metrics also find use in class-imbalanced learn-

ing [15, 66] (see Section 6.1.3 for examples). Motivated by these examples, in this paper, we

propose strategies for eliciting metrics defined by quadratic functions of rates, that encom-

pass linear metrics as special cases. We further extend our approach to elicit polynomial

metrics, a universal family of functions [76]. This allows one to better capture real-world

human preferences.

Our high-level idea is to approximate the quadratic metric using multiple linear functions,

employ linear ME to estimate the local slopes, and combine the slope estimates to recon-

struct the original metric. While natural and elegant, this approach comes with non-trivial

challenges. Firstly, we must choose center points for the local-linear approximations, and

the chosen points must represent feasible queries. Secondly, because of pairwise queries, we

only receive slopes (directions) and not magnitudes for the local-linear functions, requiring

intricate analysis to reconstruct the original metric and to deal with multiplicative errors

that result. Despite the challenges, our method requires a query complexity that is only

linear in the number of unknown entities, which we show is near-optimal.

Our interest in quadratic metric elicitation is majorly motivated by applications to fair

machine learning [9, 13, 16]. While several group-based fairness metrics have been proposed

to capture bias in automated decision-making, selecting the right metric remains a crucial

challenge [22]. In Chapter 5, we proposed an approach for eliciting group-fair metrics that

measure discrepancies using the absolute differences in rates across multiple sensitive groups.

Unfortunately, that approach specifically handles metrics that are linear in the group dis-

crepancies and does not generalize easily to other families of metrics. We extend this setup

to allow for more general fairness metrics defined by quadratic functions of group discrep-

ancies and show how our proposed quadratic ME approach can be easily adapted to elicit

such metrics. Like we did in Chapter 5, here we jointly elicit three terms: (i) predictive
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performance defined by a weighted error metric, (ii) a quadratic fairness violation metric,

and (iii) a trade-off between the predictive performance and fairness violation.

Contributions and chapter organization. We propose a novel quadratic metric elici-

tation algorithm for classification problems, which requires only pairwise preference feedback

either over classifiers or rates (Section 6.2). Specific to group-based fairness tasks, we show

how to jointly elicit the predictive and fairness metrics, and the trade-off between them

(Section 6.3). The proposed approach is robust under feedback and finite sample noise and

requires a near-optimal number of queries for elicitation (Section 6.4). We empirically vali-

date the proposal for multiple classes and groups on simulated oracles (Section 6.5). Lastly,

we discuss how our strategy can be generalized to elicit higher-order polynomials by recur-

sively applying the procedure to elicit lower-order approximations (Section 6.6). All the

proofs in this chapter are provided in Appendix D.

Notation. ‖ · ‖F represents the Frobenius norm, and αi ∈ Rq denotes the i-th standard

basis vector, where the i-th coordinate is 1 and others are 0.

6.1 BACKGROUND

We consider a k-class classification setting with X ∈ X and Y ∈ [k] denoting the input and

output random variables, respectively. We assume access to an n-sized sample {(x, y)i}ni=1

generated iid from a distribution P(X, Y ). We work with randomized classifiers

h : X → ∆k (6.1)

that for any x gives a distribution h(x) over the k classes and use

H = {h : X → ∆k} (6.2)

to denote the set of all classifiers. Unlike Chapter 4, our choice of measurement space is the

space of predictive rates (described next). This is just to suit the application of fairness,

where predictive rates for two sensitive groups can be compared; however, it is not suitable for

group-fair application purposes to compare confusion matrix entries for two sensitive groups.

Nevertheless, the proposed algorithm for quadratic (or, polynomial) metric elicitation will

also work if the choice of measurement space is the space of confusion matrices.

Predictive rates: We define the predictive rate matrix for a classifier h by R(h,P) ∈ Rk×k,

where the ij-th entry is the fraction of label-i examples for which the randomized classifier
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h predicts j:

Rij(h,P) := P (h(X) = j|Y = i) for i, j ∈ [k], (6.3)

where the probability is over draw of (X, Y ) ∼ P and the randomness in h. Notice that each

diagonal entry of R can be written in terms of its off-diagonal elements:

Rii(h,P) = 1−
∑k

j=1,j 6=i
Rij(h,P). (6.4)

Thus, we can represent a rate matrix with its q := (k2− k) off-diagonal elements, write it as

a vector r(h,P) = off -diag(R(h,P)), and interchangeably refer to it as the ‘vector of rates’.

Metrics: We consider metrics that are defined by a general function φ : [0, 1]q → R of

rates:

φ(r(h,P)). (6.5)

This includes the (weighted) error rate φerr(r(h,P)) =
∑

i airi(h,P), for weights ai ∈ R+,

the F-measure, and many more metrics [5]. Without loss of generality (w.l.o.g.), we treat

metrics as costs. Since the metric’s scale does not affect the learning problem [18], we allow

φ : [0, 1]q → [−1, 1].

Feasible rates: We will restrict our attention to only those rates that are feasible, i.e., can

be achieved by some classifier. The set of all feasible rates is given by:

R = {r(h,P) : h ∈ H}. (6.6)

For simplicity, we will suppress the dependence on P and h if it is clear from the context.

6.1.1 Metric Elicitation: Problem Setup

We now describe the problem of Metric Elicitation, which follows from Chapter 2. There’s

an unknown metric φ, and we seek to elicit its form by posing queries to an oracle asking

which of two classifiers is more preferred by it. The oracle has access to the metric φ and

provides answers by comparing its value on the two classifiers.

Definition 6.1 (Oracle Query). Given two classifiers h1, h2 (equiv. to rates r1, r2 respec-

tively), a query to the Oracle (with metric φ) is represented by:

Γ(h1, h2 ; φ) = Ω(r1, r2 ; φ) = 1[φ(r1) > φ(r2)], (6.7)
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where Γ : H×H → {0, 1} and Ω : R×R → {0, 1}. The query asks whether h1 is preferred

to h2 (equiv. if r1 is preferred to r2), as measured by φ.

In practice, the oracle can be an expert, a group of experts, or an entire user population.

The ME framework can be applied by posing classifier comparisons directly via interpretable

learning techniques [19, 20] or via A/B testing [21]. For example, in an internet-based

application one may perform the A/B test by deploying two classifiers A and B with two

different sub-populations of users and use their level of engagement to decide the preference

over the two classifiers. For other applications, one may present visualizations of rates of the

two classifiers (e.g., [22, 23]), and have the user provide the preference. Moreover, since the

metrics we consider are functions of only the predictive rates, queries comparing classifiers are

the same as queries on the associated rates. So for convenience, we will have our algorithms

pose queries comparing two (feasible) rates. Indeed given a feasible rate, one can efficiently

find the associated classifier (see Appendix D.1.1 for details). We next formally state the

ME problem.

Definition 6.2 (Metric Elicitation with Pairwise Queries (given {(x, y)i}ni=1)). Suppose that

the oracle’s (unknown) performance metric is φ. Using oracle queries of the form Ω(r̂1, r̂2 ; φ),

where r̂1, r̂2 are the estimated rates from samples, recover a metric φ̂ such that ‖φ− φ̂‖ < κ

under a suitable norm ‖ · ‖ for sufficiently small error tolerance κ > 0.

As discussed in previous chapters, the performance of ME is evaluated both by the query

complexity and the quality of the elicited metric. As is standard in the decision theory

literature [6, 17, 24], we present our ME approach by first assuming access to population

quantities such as the population rates r(h,P), then examine estimation error from finite

samples, i.e., with empirical rates r̂(h, {(x, y)i}ni=1).

6.1.2 Linear Metric Elicitation

As a warm up, we overview the Linear Performance Metric Elicitation (LPME) procedure

of Chapter 4, which we will use as a subroutine. Here we assume that the oracle’s metric is

a linear function of rates φlin(r) := 〈a, r〉, for some unknown costs a ∈ Rq. In other words,

given two rates r1 and r2, the oracle returns 1[〈a, r1〉 > 〈a, r2〉]. Since the metrics are scale

invariant [17, 18], w.l.o.g., one may assume ‖a‖2 = 1. The goal is to elicit (the slope of) a

using pairwise comparisons over rates.

When the number of classes k = 2, the coefficients a can be elicited using a simple

one-dimensional binary search. When k > 2, one can apply a coordinate-wise procedure,
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Figure 6.1: (a) Geometry of set of predictive rates R: A convex set enclosing a sphere S
with trivial rates ei ∀ i ∈ [k] as vertices; (b) Geometry of the product set of group rates
R1 × · · · × Rm (best seen in color) enclosing a common sphere S ⊂ R1 ∩ · · · ∩ Rm.

performing a binary search in one coordinate, while keeping the others fixed. The efficacy

of this procedure, however, hinges on the geometry of the underlying set of feasible rates R,

which we discuss below. We first make a mild assumption ensuring that there is some signal

for non-trivial classification.

Assumption 6.1. The conditional-class distributions are distinct, i.e., P (Y = i|X) 6=
P (Y = j|X) ∀ i, j ∈ [k].

Let ei ∈ {0, 1}q denote the rates achieved by a trivial classifier that predicts class i for all

inputs.

Proposition 6.1 (Geometry of R; Figure 6.1(a)). The set of rates R ⊆ [0, 1]q is convex,

has vertices {ei}ki=1, and contains the rate profile o = 1
k

∑k
i=1 ei in the interior. Moreover, o

is achieved by a classifier which for any input predicts each class with equal probability.

Remark 6.1 (Existence of sphere S). Since R is convex and contains the point o in the

interior, there exists a sphere S ⊂ R of non-zero radius ρ centered at o.

By restricting the coordinate-wise binary search procedure to posing queries from within a

sphere, LPME can be equivalently seen as minimizing a strongly-convex function and shown

to converge to a solution â close to a. Specifically, the LPME procedure takes any sphere

S ⊂ R, binary-search tolerance ε, and the oracle Ω (with metric φlin) as input, and by posing

O(q log(1/ε)) queries recovers coefficients â with ‖a− â‖2 ≤ O(
√
qε). Please see Chapter 4

for details.

Remark 6.2 (LPME Guarantee). Given any q-dimensional sphere S ⊂ R and an oracle

Ω with metric φlin(r) := 〈a, r〉, the LPME algorithm (Algorithm 4.2, Chapter 4) provides
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an estimate â with ‖â‖2 = 1 such that the estimated slope is close to the true slope, i.e.,
ai/aj ≈ âi/̂aj ∀ i, j ∈ [q].

Note that the algorithm is closely tied with the scale invariance condition and thus only

estimates the direction (slope) of the coefficient vector a, and not its magnitude. Also

note the algorithm takes as input an arbitrary sphere S ⊂ R, and restricts its queries to

rate vectors within the sphere. In Appendix D.1.1, we discuss an efficient procedure for

identifying a sphere of suitable radius.

6.1.3 Quadratic Performance Metrics

Equipped with the LPME subroutine, our aim is to elicit metrics that are quadratic

functions of rates.

Definition 6.3 (Quadratic Metric). For a vector a ∈ Rq and a symmetric matrix B ∈ Rq×q

with ‖a‖2
2 + ‖B‖2

F = 1 (wlog. due to scale invariance):

φquad(r ; a,B) = 〈a, r〉+
1

2
rTBr. (6.8)

This family trivially includes the linear metrics as well as many modern metrics outlined

below:

Example 6.1 (Class-imbalanced learning). In problems with imbalanced class proportions, it

is common to use metrics that emphasize equal performance across all classes. One example

is Q-mean [14, 77, 78], which is the quadratic mean of rates:

φqmean(r) = 1/k
k∑
i=1

k−1∑
j=1

r(i−1)(k−1)+j

2

. (6.9)

Example 6.2 (Distribution matching). In certain applications, one needs the proportion

of predictions for each class (i.e., the coverage) to match a target distribution π ∈ ∆k

[15, 61, 66, 79]. A measure often used for this task is the squared difference between the

per-class coverage and the target distribution:

φcov(r) =
k∑
i=1

(
covi(r)− πi

)2
, (6.10)

where covi(r) = 1 −∑k−1
j=1 r(i−1)(k−1)+j +

∑
j>i r(j−1)(k−1)+i +

∑
j<i r(j−1)(k−1)+i−1. Similar

metrics can be found in the quantification literature where the target is set to the class prior
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P(Y = i) [75, 80]. We capture more general quadratic distance measures for distributions,

e.g.,

(cov(r)− π)TQ(cov(r)− π) (6.11)

for a positive semi-definite matrix Q ∈ PSDk [81].

Example 6.3 (Fairness violation). A popular criterion for group-based fairness is equalized

odds, which requires equal rates across different protected groups [16, 55]. This can be mea-

sured by the squared differences between the group rates. With m groups and rg denoting the

rate vector evaluated on examples from group g, this is given by:

φEO((r1, . . . , rm)) =
∑
v>u

q∑
i=1

(rui − rvi )2 . (6.12)

Other quadratic fair-criteria for two classes include equal opportunity φEOpp((r1, . . . , rm)) =∑
v>u(r

u
1 −rv1)2 [16], balance for the negative class φBN((r1, . . . , rm)) = (ru2 −rv2)2 [13], error-

rate balance φEB((r1, . . . , rm)) = 0.5
∑

v>u(r
u
1 − rv1)2 + (ru2 − rv2)2 [48], etc. and their weighted

variants. In Section 6.3, we consider metrics that trade-off between an error term and a

quadratic fairness term.

Note that, due to the scale invariance condition in Definition 6.3, the largest singular

value of B is bounded by 1. This is because ‖B‖2 ≤ ‖B‖F ≤ 1. Thus the metric φquad

is 1-smooth and implies that it is locally linear around a given rate. Lastly, we need the

following assumption on the metric.

Assumption 6.2. The gradient of φ at the trivial rate o is non-zero, i.e., ∇φquad(r)|r=o =

a + Bo 6= 0.

The non-zero gradient assumption is reasonable for a convex φquad, where it merely implies

that the optimal classifier for the metric is not the uniform random classifier.

6.2 QUADRATIC METRIC ELICITATION

We now present our procedure for Quadratic Performance Metric Elicitation (QPME). We

assume that the oracle’s unknown metric is quadratic (Definition 6.3) and seek to estimate

its parameters (a,B) by posing queries to the oracle. Unlike LPME, a simple binary search

based procedure cannot be directly applied to elicit these parameters. Our approach instead

approximates the quadratic metric by a linear function at a few select rate vectors and

invokes LPME to estimate the local-linear approximations’ slopes. The challenge, of course,
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is to pick a small number of feasible rates for performing the local approximations and to

reconstruct the original metric just from the estimated local slopes.

6.2.1 Local Linear Approximation

We will find it convenient to work with a shifted version of the quadratic metric, centered

at the point o, the uniform random rate vector (see Proposition 6.1):

φquad(r; a,B) = 〈d, r− o〉+
1

2
(r− o)TB(r− o) + c

= φ(r; d,B) + c, (6.13)

where d = a+Bo and c is a constant independent of r, and so the oracle can be equivalently

seen as responding with the shifted metric φ(r; d,B).

Let z be a fixed point in R. Since the metric in Definition 6.3 is smooth, the metric can

be closely approximated by its first-order Taylor expansion in a small neighborhood around

z, i.e.,

φ(r; d,B) ≈ 〈d + B(z− o), r〉+ c′, (6.14)

for a constant c′. So if we apply LPME to the metric φ with the queries (r1, r2) to the oracle

restricted to a small ball around z, the procedure effectively estimates the slope of the vector

d + B(z− o) in the above linear function (up to a small approximation error).

We will exploit this idea by applying LPME to small neighborhoods around selected points

to elicit the coefficients a and B for the original metric in (6.8). For simplicity, we will assume

that the oracle is noise-free and later show robustness to noise and the query complexity

guarantees in Section 6.4.

6.2.2 Eliciting Metric Coefficients

We outline the main steps of Algorithm 6.1 below. Please see Appendix D.2 for the full

derivation.

Estimate coefficients d (Line 2). We first wish to estimate the linear portion d of

the metric φ in (6.13). For this, we apply the LPME subroutine to a small ball So ⊂ S of

radius % < ρ around the point o. See Figure 6.1(a) for an illustration. Within this ball, the

metric φ approximately equals the linear function 〈d, r〉+ c′ using (6.14), and so the LPME

gives us an estimate of the slope of d. From Remark 6.2, the estimates f0 = (f10, . . . , fq0)
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Algorithm 6.1 QPM Elicitation

1: Input: S, Search tolerance ε > 0, Oracle Ω with metric φ
2: f0 ← LPME(So, ε,Ω) with So ⊂ S and obtain (6.15)
3: for j ∈ {1, 2, . . . , q} do
4: fj ←LPME

(
Szj , ε,Ω

)
with Szj ⊂ S and obtain (6.16)

5: end for
6: f−1 ← LPME(S−z1 , ε,Ω) with S−z1⊂S and obtain (6.17)
7: â, B̂← normalized solution dervied from (6.18)
8: Output: â, B̂

approximately satisfy the following (q − 1) equations:

di
d1

=
fi0
f10

∀ i ∈ {2, . . . , q}. (6.15)

Estimate coefficients B (Lines 3–5). Next, we wish to estimate each column of the

matrix B of the metric φ in (6.13). For this, we apply LPME to small neighborhoods around

points in the direction of standard basis vectors αj ∈ Rq, j = 1, . . . , q. Note that within a

small ball around o +αj, the metric φ is approximately the linear function 〈d + B:,j, r〉+ c′,

and so the LPME procedure when applied to this region will give us an estimate of the slope

of d + B:,j. However, to ensure that the center point we choose is a feasible rate, we will

have to re-scale the standard basis, and apply the subroutine to balls Szj of radius % < ρ

centered at zj = o + (ρ − %)αj. See Figure 6.1(a) for the visual intuition. The returned

estimates fj = (f1j, . . . , fqj) approximately satisfy:

di + (ρ− %)Bij

d1 + (ρ− %)B1j

=
fij
f1j

∀ i ∈ {2, . . . , q}, j ≤ i. (6.16)

Since the matrix B is symmetric, so far we have q(q+1)/2 equations. Now note that since we

are only eliciting slopes using LPME, we always lose out on one degree of freedom. Hence,

there are q more unknown entities, and to estimate them we need q − 1 more equations

beside the one normalization condition. For this, we apply LPME to a sphere S−z1 of

radius % around rate −z1 as shown in Figure 6.1(a). The returned slopes f−1 = (f−11, . . . , f
−
q1)

approximately satisfy:
d2 − (ρ− %)B21

d1 − (ρ− %)B11

=
f−21

f−11

. (6.17)

Put together (Line 6). By combining (6.15), (6.16) and (6.17), we express each entry of
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B in terms of d1:

Bij =
(
Fi,1,j(1 + Fj,1,1)− Fi,1,jFj,1,0d1 − Fi,1,0 + Fi,1,j

F−2,1,1+F2,1,1−2F2,1,0

F−2,1,1−F2,1,1

)
d1, (6.18)

where Fi,j,l = fil/fjl and F−i,j,l = f−il /f
−
jl . Using d = a + Bo and the fact that the coefficients

are normalized, i.e., ‖a‖2
2 + ‖B‖2

F = 1, we can obtain estimates for B and a independent of

d1. Moreover, the derivation so far assumes d1 6= 0. This is based on Assumption 6.2 which

states that at least one coordinate of d is non-zero, and we’ve assumed w.l.o.g. that this

is d1. In practice, we can identify a non-zero coordinate using q trivial queries of the form

(%αi + o,o),∀i ∈ [q].

Here, we emphasize on a key difference with Chapters 3 and 4 which is that, there we

relied on a boundary point characterization that does not hold for general nonlinear metrics.

Instead, we use structural properties of the metric to estimate local-linear approximations.

As we discussed in the beginning of this chapter, while this may seem a natural idea, the

QPME procedure tackles three key challenges: (a) works with only slopes for the local-linear

functions, (b) ensures that the center points for approximations are feasible, and (c) handles

the multiplicative errors in the slopes (see Section 6.4).

6.3 ELICITING QUADRATIC FAIRNESS METRICS

We now discuss quadratic metric elicitation for algorithmic fairness. We consider the

setup of Chapter 5, where the goal is to elicit a metric that trades-off between predictive

performance and fairness violation [16, 48, 50, 52, 55]. However, unlike Chapter 5, we handle

general quadratic fairness violations and show how QPME can be easily employed to elicit

group-fair metrics.

6.3.1 Fairness Preliminaries

We consider a k-class problem comprising m groups and use g ∈ [m] to denote the group

membership. The groups are assumed to be disjoint, fixed, and known apriori [16, 47, 68]. We

have access to a dataset of size n denoted by {(x, g, y)i}ni=1, generated iid from a distribution

P(X,G, Y ). In this case, we will work with a separate (randomized) classifiers hg : X → ∆k

for each group g, and use Hg = {hg : X → ∆k} to denote the set of all classifiers for a group

g.

Group predictive rates: Similar to (6.3), we denote the group-conditional rate matrix for

a classifier hg by Rg(hg,P) ∈ Rk×k, where the ij-th entry is additionally conditioned on a
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group and is given by:

Rg
ij(h

g,P) := P(hg = j|Y = i, G = g) ∀ i, j ∈ [k]. (6.19)

Analogous to the general setup (Section 6.1), we denote the group rates by vectors

rg(hg,P) = off -diag(Rg(hg,P)), and the set of feasible rates for group g by

Rg = {rg(hg,P) : hg ∈ Hg}. (6.20)

Rates for overall classifier: We construct the overall classifier h : (X , [m]) → ∆k by

predicting with classifier hg for group g, i.e. h(x, g) := hg(x). We will be interested in

both the predictive performance of the overall classifier and its fairness violation. For the

former, we will measure the overall rate matrix for h as denoted in (6.3), which can also be

represented as:

Rij := P(h = j|Y = i) =
∑m

g=1
tgiR

g
ij, (6.21)

where tgi := P(G = g|Y = i) is the prevalence of group g within class i. For the latter, we

will need the m group-specific rates, represented together as a tuple:

r1:m := (r1, . . . , rm) ∈ R1 × · · · × Rm =: R1:m. (6.22)

Lastly, the overall rates in (6.21) can be written as a flattened vector r ∈ [0, 1]q, and

can be expressed in terms of the group-specific rates as r =
∑m

g=1 τ
g � rg, where τ g :=

off -diag([tg tg . . . tg]).

6.3.2 Fair (Quadratic) Metric Elicitation

We seek to elicit a metric that trades-off between predictive performance defined by a

linear function of the overall rates r and fairness violation defined by a quadratic function

of the group rates r1:m.

Definition 6.4. (Fair (Quadratic) Performance Metric) For misclassification costs a ∈ Rq,

a ≥ 0, fairness violation costs B = {Buv ∈ PSDq}mu,v=1,v>u, and a trade-off parameter

λ ∈ [0, 1], we define:

φfair(r1:m; a,B, λ) := (1− λ)〈a, r〉 + λ
1

2

(∑
v>u

(ru − rv)TBuv(ru − rv)
)
, (6.23)
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where w.l.o.g. the parameters a and Buv’s are normalized: ‖a‖2 = 1, 1
2

∑m
v>u ‖Buv‖F = 1.

The coefficients a,Buv’s are separately normalized so that the predictive performance

and fairness violation are in the same scale, and we can additionally elicit the trade-off

parameter λ. Analogous to Definitions 6.1–6.2, we present the problem of fair quadratic

metric elicitation.

Definition 6.5 (Fair Quadratic Metric Elicitation with Pairwise Comparison Queries (given

{(x, g, y)i}ni=1)). Let Ω be an oracle for the (unknown) metric φfair, which for any given

r1:m
1 , r1:m

2 , outputs Ω(r1:m
1 , r1:m

2 ) = 1[φfair(r1:m
1 ) > φfair(r1:m

2 )]. Using oracle queries of the

form Ω(r̂1:m
1 , r̂1:m

2 ), where r̂1:m
1 , r̂1:m

2 are the estimated rates from samples, recover a metric

φ̂fair = (â, B̂, λ̂) such that ‖φfair − φ̂fair‖ < κ under a suitable norm ‖ · ‖ for sufficiently small

error tolerance κ > 0.

Similar to Section 6.1.2, we study the space of feasible rates R1:m under the following mild

assumption.

Assumption 6.3. For each group g ∈ [m], the conditional-class distributions P (Y =

j|X,G = g), j ∈ [q], are distinct, i.e. there is some signal for non-trivial classification for

each group.

Proposition 6.2 (Geometry of R1:m; Figure 6.1(b)). For each group g, a classifier that

predicts class i on all inputs results in the same rate vector ei. The rate space Rg for each

group g is convex and so is the intersection R1 ∩ · · · ∩ Rm, which also contains the rate

profile o = 1
k

∑k
i=1 ei (achieved by the uniform random classifier) in the interior.

Remark 6.3 (Existence of sphere S inR1∩· · ·∩Rm). There exists a sphere S ⊂ R1∩· · ·∩Rm

of radius ρ centered at o. Thus, a rate s ∈ S is feasible for each of the m groups, i.e. s is

achievable by some classifier hg for each group g ∈ [m].

Because we allow separate classifier for each group, the above remark implies that any rate

r1:m = (s1, . . . , sm) for arbitrary points s1, . . . , sm ∈ S is achievable for some choice of group-

specific classifiers h1, . . . , hm. This observation will be useful in the elicitation algorithm we

describe next.

6.3.3 Eliciting Metric Parameters (a,B, λ)

We present a strategy for eliciting fair metrics (Definition 6.4) by adapting the QPME

algorithm. For simplicity, we focus on the m = 2 case and extend our approach to multiple

groups in Appendix D.3.
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Figure 6.2: Eliciting Fair Quadratic Metrics (Definition 6.5) for two groups using a minor
modification of QPME (Algorithm 6.1).

Observe that for a rate profile r1:2 = (s,o), where the first group is assigned an arbitrary

point in S and the second group is assigned the uniform random classifier’s rate o, the fair

metric (6.23) becomes:

φfair((s,o); a, B12, λ) := (1− λ)〈a, τ 1 � s + τ 2 � o〉+
λ

2
(s− o)TB12(s− o)

:= 〈d, s− o〉+
1

2
(s− o)TB(s− o)

:= φ(s; d,B), (6.24)

where d = (1−λ)τ 1� a and B = λB12, and we use τ 1 + τ 2 = 1 (the vector of ones) for the

second step. The metric φ above is a particular instance of the quadratic metric in (6.13).

We can thus apply a slight variant of the QPME procedure in Algorithm 6.1 to solve the

quadratic metric elicitation problem over the sphere S ′ = {(s,o) | s ∈ S} with the modified

oracle Ω′(r1, r2) = Ω((r1,o), (r2,o)).

The only change needed for the algorithm is in line 7, where we need to account for the

changed relationship between d and a and need to separately (not jointly) normalize the

linear and quadratic coefficients. With this change, the output of the algorithm directly

gives us the required estimates. Specifically, from step 2 of Algorithm 6.1 and (6.15), we

have d̂i = (1−λ)τ 1
i âi. By normalizing d, we get â = d

‖d‖ for the linear coefficients. Similarly,

steps 3-6 of Algorithm 6.1 and (6.18) gives us:

B̂ij = λB̂12
ij =

(
Fi,1,j(1 + Fj,1,1)− Fi,1,jFj,1,0d1 + Fi,1,j

F−2,1,1+F2,1,1−2F2,1,0

F−2,1,1−F2,1,1

)
(1− λ)τ 1

1 â1. (6.25)

Again by normalizing we directly get estimates B̂12 = B̂/‖B̂‖F for the quadratic coefficients.
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Finally, because the linear and quadratic coefficients are separately normalized, the esti-

mates â, B̂12 are independent of the trade-off parameter λ. Given estimates B̂12
ij and â1, we

can now additionally estimate the trade-off parameter λ̂ from (6.25). See Figure 6.2 for an

illustration of the entire procedure.

The proposed approach for the fair (quadratic) metric elicitation easily extends to multiple

groups by applying the QPME procedure described above multiple times after fixing one

cluster of groups to the rate o and the remaining to the same rate s in the intersection

sphere S. See Appendix D.3 for details. In Appendix D.3.1, we also provide an alternate

binary search based method similar to Chapter 5 for eliciting the trade-off parameter λ when

the linear predictive and quadratic fairness coefficients are already known. This is along

similar lines to the application considered by Zhang et al. [22], but unlike them, instead of

complicated ratio queries, we require simpler pairwise queries.

6.4 GUARANTEES

We discuss guarantees for the QPME procedure (Algorithm 6.1) under the following feed-

back model, which is useful in practice. The fair metric elicitation guarantees follow directly

as a consequence.

Definition 6.6 (Oracle Feedback Noise: εΩ ≥ 0). Given rates r1, r2, the oracle responds

correctly iff |φquad(r1)− φquad(r2)| > εΩ and may be incorrect otherwise.

In words, the oracle may respond incorrectly if the rates are very close as measured by the

metric φquad. Since eliciting the metric involves offline computations including certain ratios,

we discuss guarantees under the following regularity assumption that ensures all components

are well defined.

Assumption 6.4. For the shifted quadratic metric φ in (6.13), the gradients at the rate

profiles o, −z1, and {z1, . . . , zq}, are non-zero vectors. Additionally, ρ > %� εΩ.

Theorem 6.1. Given ε, εΩ ≥ 0, and a 1-Lipschitz metric φquad (Definition 6.3) parametrized

by a,B, under Assumptions 6.1, 6.2, and 6.4, after O
(
q2 log 1

ε

)
queries Algorithm 6.1 returns

a metric φ̂quad = (â, B̂) such that ‖a − â‖2 ≤ O
(
q(ε+

√
%+ εΩ/%)

)
and ‖B − B̂‖F ≤

O
(
q
√
q(ε+

√
%+ εΩ/%)

)
.

Theorem 6.2. While eliciting the metric φquad (Definition 6.3), at least Ω(q2 log(1/q
√
qε))

pairwise queries are needed to achieve an error of q
√
qε for some (slack) ε.
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Theorem 6.1 shows that the QPME procedure is robust to noise and its query complexity

depends only linearly in the number of unknowns. Theorem 6.2 shows that the inherent

complexity of the problem is driven by the number of unknowns, which in the most general

case (Definition 6.3) is O(q2). Thus, QPME procedure’s query complexity is optimal barring

the log term. We stress that despite eliciting a more complex (nonlinear) metric, the query

complexity order is same as prior methods for linear elicitation with respect to the number

of unknowns [6, 17]. With added structural assumptions on the metric, our proposal can be

modified to further reduce the query complexity. For example, suppose one knows that the

matrix B is diagonal, then each LPME subroutine call needs to estimate only one parameter,

which can be done in constant number of queries. The resulting query complexity will be Õ(q)

which is again linear in the number of unknowns. Moreover, since sample estimates of rates

are consistent estimators, and the metrics are 1-Lipschitz w.r.t. rates, with high probability,

we gather correct oracle feedback from querying with finite sample estimates Ω(r̂1, r̂2) instead

of querying with population statistics Ω(r1, r2), as long as we have sufficient samples (see

Appendix D.1). Other than this, Algorithm 6.1 is agnostic to finite sample errors as long as

the sphere S is in the space R.

6.5 EXPERIMENTS

We evaluate our approach on simulated oracles. We first present results on a synthetically

generated query space and then discuss results on real-world datasets.

6.5.1 Eliciting Metrics

Eliciting quadratic metrics. We first apply QPME (Algorithm 6.1) to elicit quadratic

metrics in Definition 6.3. We assume access to a q-dimensional sphere S centered at rate o

with radius ρ = 0.2, from which we query rate vectors r. Recall that in practice, Remark

6.1 guarantees the existence of such a sphere within the feasible region R. We randomly

generate quadratic metrics φquad parametrized by (a,B) and repeat the experiment over 100

trials for varying numbers of classes k ∈ {2, 3, 4, 5} (equiv. q ∈ {2, 6, 12, 20}). We run the

QPME procedure with tolerance ε = 10−2. In Figures 6.3(a)–6.3(b), we show box plots of

the `2 (Frobenius) norm between the true and elicited linear (quadratic) coefficients. We

generally find that QPME is able to elicit metrics close to the true ones. This holds for

varying k (and q), showing the effectiveness of our approach in handling multiple classes.

The larger standard deviation for q = 20 is due to Assumption 6.4 failing to hold in a few

trials and the resulting estimates not being as accurate. We discuss this in Section 6.5.2.
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Figure 6.3: Average elicitation error over 100 metrics as a function of number of coefficients q
and groups m for quadratic metrics in Definition 6.3 (a–b) and fairness metrics in Definition
6.4 (c–e).

Eliciting fairness metrics. We next apply the elicitation procedure in Figure 6.2 with

tolerance ε = 10−2 to elicit the fairness metrics in Definition 6.4. We randomly generate

oracle metrics φfair parametrized by (a,B, λ) and repeat the experiment over 100 trials and

with varied number of classes and groups k,m ∈ {2, 3, 4, 5}. Figures 6.3(c)–6.3(e) show the

mean elicitation errors for the the three parameters. For the linear predictive performance,

the error ‖a − â‖2 increases only with the number of coefficients q and not groups m, as

it is independent of the number of groups. For the quadratic violation term, the error∑
u,v ‖Buv − B̂uv‖F increases with both q and m. This is because the QPME procedure is

run
(
m
2

)
times for eliciting

(
m
2

)
matrices {Buv}v>u, and so the elicitation error accumulates

with increasing q. Lastly, the elicited trade-off λ̂ is seen to be close to the true λ as well.

6.5.2 More Details on Simulated Experiments on Quadratic Metric Elicitation

In Figures 6.3(a)–6.3(b), we show box plots [82] of the `2 (Frobenius) norm between the

true and elicited linear (quadratic) coefficients. We generally find that QPME is able to

elicit metrics close to the true ones.

To reinforce this point, we also compare the elicitation error of the QPME procedure and

the elicitation error of a baseline which assigns equal coefficients to a and B in Figure 6.4. We

see that the elicitation error of the baseline is order of magnitude higher than the elicitation

error of the QPME procedure. This holds for varying k showing that the QPME procedure

is able to elicit oracle’s multiclass quadratic metrics very well.
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Figure 6.4: Elicitation error in comparison to a baseline which assigns equal coefficients.

Figure 6.5: Elicitation error for metrics following Assumption 6.4 vs elicitation error for
completely random metrics.

Effect of Assumption 6.4. We mentioned in Section 6.5.1 that in a small number of

trials, Assumption 6.4 failed to hold with sufficiently large constants c0, c−1, c1 . . . , cq. We

now analyze in greater detail the effect of this regularity assumption in eliciting quadratic

metrics and understand how the lower bounding constants impact the elicitation error. As-

sumption 6.4 effectively ensures that the ratios computed in (6.18) are well-defined. To

this end, we generate two sets of 100 quadratic metrics. One set is generated following

Assumption 6.4 with one coordinate in the gradient being greater than 10−2, and the other

is generated randomly without any regularity condition. For both sets, we run QPME and

elicit the corresponding metrics.

In Figure 6.5, we see that the elicitation error is much higher when the regularity As-

sumption 6.4 is not followed, owing to the fact that the ratio computation in (6.18) is more

susceptible to errors when gradient coordinates approach zero in some cases of randomly

generated metrics. The dash-dotted curve (in red color) shows the trajectory of the theo-

retical bounds with increasing q (within a constant factor). In Figure 6.5, we see that the

mean of `2 (analogously, Frobenius) norm better follow the theoretical bound trajectory in

the case when regularity Assumption 6.4 is followed by the metrics.

We next analyze the ratio of estimated fractions to the true fractions used in (6.18) over

1000 simulated runs. Ideally, this ratio should be 1, but as we see in Figure 6.6, these

estimated ratios can be off by a significant amount for a few trials when the metrics are

generated randomly. The estimated ratios, however, are more stable under Assumption 6.4.
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Figure 6.6: Ratio of estimated to true fractions over 1000 simulated runs with and without
Assumption 6.4.

Table 6.1: Dataset statistics

Dataset k #samples #features
default 2 30000 33
adult 2 43156 74

sensIT Vehicle 3 98528 50
covtype 7 581012 54

Since we multiply fractions in (6.18), even then we may observe the compounding effect of

fraction estimation errors in the final estimates. Hence, we see for k = 5 in Figure 6.3(a)-

6.3(b), the standard deviation is high due to few trials where the lower bound of 10−2 on the

constants in Assumption 6.4 may not be enough. However, majority of the trials as shown

in Figure 6.3(a)-6.3(b) and Figure 6.4 incur low elicitation error.

6.5.3 Ranking of Real-World Classifiers

Performance metrics provide quantifiable scores to classifiers. This score is then often

used to rank classifiers and select the best set of classifiers in practice. In this section, we

discuss the benefits of elicited metrics in comparison to some default metrics while ranking

real-world classifiers.

For this experiment, we work with four real world datasets with varying number of classes

k ∈ {2, 3, 7}. See Table 6.1 for details of the datasets. We use 60% of each dataset to

train classifiers. The rest of the data is used to compute (testing) predictive rates. For

each dataset, we create a pool of 80 classifiers by tweaking hyper-parameters in some fa-
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Figure 6.7: Performance of competing metrics while ranking real-world classifiers. ‘elicited’
is the metric elicited by QPME, ‘linear’ is the metric that comprises only the linear part
of the oracle’s true quadratic metric, and ‘accuracy’ is the linear metric which weigh all
classification errors equally (often used in practice).

mous machine learning models that are routinely used in practice. Specifically, we create

20 classifiers each from logistic regression models [57], multi-layer perceptron models [58],

LightGBM models [60], and support vector machines [59]. We compare ranking of these 80

classifiers provided by competing baseline metrics with respect to the ground truth ranking,

which is provided by the oracle’s true metric.

We generate a random quadratic metric φquad following Definition 6.3. We treat the true

φquad as oracle’s metric. It provides us the ground truth ranking of the classifiers in the pool.

We then use our proposed procedure QPME (Algorithm 6.1) to recover the oracle’s metric.

For comparison in ranking of real-world classifiers, we choose two linear metrics that are

routinely employed by practitioners as baselines. The first is accuracy φacc = 1/
√
q〈1, r〉,

and the second is weighted accuracy, where we just use the linear part 〈a, r〉 of the oracle’s

true quadratic metric 〈a, r〉+ 1
2
rTBr. We repeat this experiment over 100 trials.

We report NDCG (with exponential gain) [62] and Kendall-tau coefficient [63] averaged

over the 100 trials in Figure 6.7. We observe consistently for all the datasets that the elicited

metrics using the QPME procedure achieve the highest possible NDCG and Kendall-tau

coefficient of 1. As we saw in Section 6.4, QPME may incur elicitation error, and thus

the elicited metrics may not be very accurate; however, Figure 6.7 shows that the elicited

metrics may still achieve near-optimal ranking results. This implies that when given a set

of classifiers, ranking based on elicited metric scores align most closely to true ranking in

comparison to ranking based on default metric scores. Consequentially, the elicited metrics

may allow us to select or discard classifiers for a given task. This is advantageous in practice.

For the covtype dataset, we see that the linear metric also achieves high NDCG values, so

perhaps ranking at the top is quite accurate; however Kendall-tau coefficient is low suggesting

that the overall ranking of classifiers is poor. We also observe that, in general, the weighted

version (linear metric) is better than accuracy while ranking classifiers.
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Figure 6.8: Performance of competing metrics while ranking real-world classifiers for fairness.
‘elicited’ is the metric elicited by the (quadratic) fairness metric elicitation procedure from
Section 6.3 (also depicted in Figure 6.2), ‘linear w/ no fairness’ is the metric that comprises
only the linear part of the oracle’s true quadratic fair metric from Definition 6.4 without
the fairness violation, and ‘accuracy w/ eq. odds’ is the metric which weigh all classification
errors and fairness violations equally (often used in practice).

With regards to fairness, we performed a similar experiment as above for comparing fair-

classifiers’ ranking on Adult and Default datasets with gender as the protected group. There

are two genders provided in the datasets, i.e., m = 2. We simulate fairness metrics as given in

Definition 6.4 that gives ground-truth ranking of classifiers and evaluate the ranking by the

elicited (fair-quadratic) metric using the procedure described in Section 6.3 (also depicted

in Figure 6.2). In Figure 6.8, we show the NDCG and KD-Tau values for our method and

for two baselines: (a) ‘linear w/ no fairness’, which is the metric that comprises only the

linear part of the oracle’s true quadratic fair metric from Definition 6.4 without the fairness

violation, and (b) ‘accuracy w/ eq. odds’ is the metric which weigh all classification errors

and fairness violations equally. We again see that the elicited (fairness) metric’s ranking is

closest to the ground-truth.

6.6 EXTENSION TO HIGHER ORDER POLYNOMIALS

Our approach can be generalized to higher-order polynomials of rates. Consider e.g. a

cubic polynomial:

φcubic(r) :=
∑
i

airi +
1

2

∑
i,j

Bijrirj +
1

6

∑
i,j,l

Cijlrirjrl, (6.26)

where B and C are symmetric, and
∑

i a
2
i +

∑
ij B

2
ij +

∑
ijl C

2
ijl = 1 (w.l.o.g., due to scale

invariance). A quadratic approximation to this metric around a point z is given by:

∑
i

airi +
1

2

∑
i,j

Bijrirj +
∑
i,j,l

Cijl(ri − zi)(rj − zj)zl

+ c, (6.27)
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where c is a constant not affecting the oracle responses. We can estimate the parameters of

this approximation by applying the QPME procedure from Algorithm 6.1 with the metric

centered at an appropriate point, and its queries restricted to a small neighborhood around

z. Running QPME once using a sphere around the point zl = o + (%− %′)αl, where %′ < %

will elicit one face of the tensor C[:,:,l] upto a scaling factor. Thus, it will require us to run

the QPME procedure q times around the basis points zl = o + (% − %′)αl ∀l ∈ [q]. Since

we elicit scale-invariant quadratic approximation, we would need additional run of QPME

procedure around the point S−z1 to elicit all the coefficients. Thus, we can recover the metric

φ̂cubic = (â, B̂, Ĉ) with as many queries as the number of unknowns, i.e, Õ(q3) in the cubic

case.

For a d-th order polynomial, one can recursively apply this procedure to estimate (d− 1)-

th order approximations at multiple points, and similarly derive the polynomial coefficients

from the estimated local approximations.

6.7 RELATED WORK

Chapter 2 formalized the problem of ME, Chapter 3 put forward an ME procedure for

binary classification and then later Chapter 4 extends ME to the multiclass setting [17]. The

focus in the previous chapters, however, was on eliciting linear and fractional-linear metrics;

whereas, in this chapter, we elicit more complex quadratic metrics. Learning linear functions

passively using pairwise comparisons is a mature field [31, 34, 40], but unlike their active

learning counter-parts [32, 41, 42], these methods are not query efficient. Other related work

include active classification [41, 42, 69], which learn classifiers for a fixed (known) metric.

In contrast, we seek to elicit an unknown metric by posing queries to an oracle. There is

also some work on active linear elicitation, e.g. Qian et al. [43], but they do not provide

theoretical bounds and work with a different query space. We are unaware of prior work on

eliciting a quadratic function, either passively or actively using pairwise comparisons.

The use of metric elicitation for fairness is relatively new, with some work on eliciting

individual fairness metrics [64, 65]. To the best of our knowledge, the work in Chapter 5

is the only work that elicits group-fair metrics, which we extend in this chapter to handle

more general metrics. Zhang et al. [22] elicit the trade-off between accuracy and fairness

using complex ratio queries. In contrast, we jointly elicit the predictive performance, fairness

violation, and trade-off using simpler pairwise queries. Lastly, prior work has also focused

on learning fair classifiers under constraints [15, 16, 67]. We take the regularization view of

fairness, where the fairness violation is included in the objective itself [11, 50, 55, 68].

Our work is also related to decision-theoretic preference elicitation, however, with the
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following key differences. We focus on estimating the utility function (metric) explicitly,

whereas prior work such as [83, 84] seek to find the optimal decision via minimizing the

max-regret over a set of utilities. Studies that directly learn the utility [85, 86] do not

provide query complexity guarantees for pairwise comparisons. Formulations that consider

a finite set of alternatives [83, 85, 87], are starkly different than ours, because the set of

alternatives in our case (i.e. classifiers or rates) is infinite. Most papers focus on linear [85]

or bilinear [86] utilities except for [88] (GAI utilities) and [84] (Choquet integral); whereas,

we focus on quadratic metrics which are useful for classification tasks, especially, fairness.

6.8 DISCUSSION, LIMITATIONS, AND FUTURE WORK

We have provided an efficient quadratic metric elicitation strategy and shown its appli-

cation to the pressing issue in algorithmic fairness. Interestingly, the query complexity for

these non-linear metrics has the same dependence on the number of unknowns as that for

linear metrics. We have also shown how this idea can be extended to elicit higher order

polynomial metrics. This significantly increases the use-cases for ME and opens the door for

non-linear metric elicitation. A notable advantage of our proposal is that it is independent

of the population P. Thus any metric that is learned using one dataset or model class can

be applied to other applications, as long as the expert believes the tradeoffs are the same.

A key challenge that we tackle throughout elicitation is maintaining the feasibility of rates,

i.e., rates that are achievable by classifiers. This has a practical advantage, because now one

has the flexibility to deploy systems that either compare classifiers or compare rates.

At the same time, our work has limitations, too. We assume a parametric form for the

quadratic oracle metric, which may not be a good match to practice. Extension to polynomial

elicitation helps but may lead to overburdening the oracle with the huge number of queries if

the degree of the polynomial is high. Another limitation is that it leaves open the question of

who the oracles should be. Furthermore, one should be cautious of the failure of the metric

elicitation system especially while eliciting fairness metrics, because that can cause varying

impacts among protected groups. We look forward to future work answering these practical

questions.
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CHAPTER 7: OPTIMIZING BLACK-BOX METRICS THROUGH METRIC
ELICITATION

In this chapter, we discuss an interesting application of Metric Elicitation (ME), where the

tools and procedures provided in the previous chapters play a key role. We aim to optimize

a black-box performance metric, where instead of a human oracle, we have a machine oracle

that responds with absolute quality value of a classifier. As we discuss later, such settings are

prevalent in literature. The motivation for using ME for black-box optimization comes from

the fact that many existing optimization algorithms are iterative in nature, where in each

iteration, they tend to optimize a local-linear approximation. This local-linear approximation

of an unknown (black-box) metric can be elicited using the existing ME tools and results.

We discuss briefly how these procedures can be extended in the presence of human oracles

that provide pairwise preference feedback (including the A/B tests based scenarios). We

next discuss the formal black-box optimization problem setup and how our tools from ME

can be used to optimize metrics in this setup.

7.1 INTRODUCTION

In many real-world machine learning tasks, the evaluation metric one seeks to optimize is

not explicitly available in closed-form. This is true for metrics that are evaluated through live

experiments or by querying human users [6, 21], or that require access to private or legally

protected data [89], and hence cannot be written as an explicit training objective. This is

also the case when the learner only has access to data with skewed training distribution or

labels with heteroscedastic noise [90, 91], and hence cannot directly optimize the metric on

the training set despite knowing its mathematical form.

These problems can be framed as black-box learning tasks, where the goal is to optimize

an unknown classification metric on a large (possibly noisy) training data, given access to

evaluations of the metric on a small, clean validation sample [91]. Our high-level approach

to these learning tasks is to adaptively assign weights to the training examples, so that

the resulting weighted training objective closely approximates the black-box metric on the

validation sample. We then construct a classifier by using the example weights to post-shift

a class-probability estimator pre-trained on the training set. This results in an efficient,

iterative approach that does not require any re-training.

Indeed, example weighting strategies have been widely used to both optimize metrics and

to correct for distribution shift, but prior works either handle specialized forms of metric or

data noise [92, 93, 94], formulate the example-weight learning task as a difficult non-convex
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problem that is hard to analyze [95, 96], or employ an expensive surrogate re-weighting

strategy that comes with limited statistical guarantees [91]. In contrast, we propose a

simple and effective approach to optimize a general black-box metric (that is a function

of the confusion matrix) and provide a rigorous statistical analysis.

A key element of our approach is eliciting the weight coefficients by probing the black-

box metric at few select classifiers and solving a system of linear equations matching the

weighted training errors to the validation metric. We choose the “probing” classifiers so

that the linear system is well-conditioned, for which we provide both theoretically-grounded

options and practically efficient variants. This weight elicitation procedure is then used as

a subroutine to iteratively construct the final plug-in classifier.

The contributions in this chapter are as follows:

• We provide a method for eliciting example weights for linear black-box metrics (Section

7.3).

• We use this procedure to iteratively learn a plug-in classifier for general black-box

metrics (Section 7.4).

• We provide theoretical guarantees for metrics that are concave functions of the confu-

sion matrix under distributional assumptions (Section 7.5).

• We experimentally show that our approach is competitive with (or better than) the

state-of-the-art methods for tackling label noise in CIFAR-10 [97] and domain shift

in Adience [98], and optimizing with proxy labels and a black-box fairness metric on

Adult [99] (Section 7.7).

All the proofs in this chapter are provided in Appendix E.

Notations: onehot(j) ∈ {0, 1}k returns the one-hot encoding of j ∈ [k]. In this chapter,

the `2 norm of a vector is denoted by ‖ · ‖.

7.2 PROBLEM SETUP

We consider a standard multiclass setup with an instance space X ⊆ Rd and a label

space Y = [k]. We wish to learn a randomized multiclass classifier h : X→∆k that for any

input x ∈ X predicts a distribution h(x) ∈ ∆k over the k classes. We will also consider

deterministic classifiers h : X→[k] which map an instance x to one of k classes.

Evaluation Metrics. Let D denote the underlying data distribution over X ×Y . We will

evaluate the performance of a classifier h on D using an evaluation metric ED[h], with higher
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values indicating better performance. Our goal is to learn a classifier h that maximizes this

evaluation measure:

maxh ED[h]. (7.1)

We will focus on metrics ED that can be written in terms of classifier’s confusion matrix

C[h] ∈ [0, 1]k×k, where the i, j-th entry is the probability that the true label is i and the

randomized classifier h predicts j:

CD
ij [h] = E(x,y)∼D

[
1(y = i)hj(x)

]
. (7.2)

The performance of the classifier can then be evaluated using a (possibly unknown) func-

tion ψ : [0, 1]k×k→R+ of the confusion matrix:

ED[h] = ψ(CD[h]). (7.3)

Several common classification metrics take this form, including typical linear metrics ψ(C) =∑
ij Lij Cij for some reward matrix L ∈ Rk×k

+ , the F-measure ψ(C) =
∑

i
2Cii∑

j Cij+
∑
j Cji

[100],

and the G-mean ψ(C) =
(∏

i

(
Cii/

∑
j Cij

))1/k
[101].

We consider settings where the learner has query-access to the evaluation metric ED, i.e.,

can evaluate the metric for any given classifier h but cannot directly write out the metric

as an explicit mathematical objective. This happens when the metric is truly a black-box

function, i.e., ψ is unknown, or when ψ is known, but we have access to only a noisy version

of the distribution D needed to compute the metric.

Noisy Training Distribution. For learning a classifier, we assume access to a large

sample Str of ntr examples drawn from a distribution µ, which we will refer to as the “train-

ing” distribution. The training distribution µ may be the same as the true distribution D,

or may differ from the true distribution D in the feature distribution P(x), the conditional

label distribution P(y|x), or both. We also assume access to a smaller sample Sval of nval

examples drawn from the true distribution D. We will refer to the sample Str as the “train-

ing” sample, and the smaller sample Sval as the “validation” sample. We seek to solve (7.1)

using both these samples.

The following are some examples of noisy training distributions in the literature:

Example 7.1 (Independent label noise (ILN) [93, 94]). The distribution µ draws an example

(x, y) from D, and randomly flips y to ỹ with probability P(ỹ|y), independent of the instance

x.

Example 7.2 (Cluster-dependent label noise (CDLN) [102]). Suppose each x belongs to
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Table 7.1: Example weights W : X→Rk×k
+ for linear metric ED[h] = 〈L,CD[h]〉 under the

noise models in Exmp. 7.1–7.4, where Wij(x) is the weight on entry Cij. In Sec. 7.3–7.4, we
consider metrics that are functions of the diagonal confusion entries alone (i.e. L and T are
diagonal), and handle general metrics in Appendix E.1.

Model Noise Transition Matrix Correction Weights
ILN Tij = P(ỹ = j|y = i) W(x) = L�T−1

CDLN T
[m]
ij = P(ỹ = j|y = i, g(x) = m) W(x) = L� (T[g(x)])−1

IDLN Tij(x) = P(ỹ = j|y = i, x) W(x) = L� (T(x))−1

DS - Wij(x) = PD(x)/Pµ(x),∀i, j

one of m disjoint clusters g(x) ∈ [m]. The distribution µ draws (x, y) from D and randomly

flips y to ỹ with probability P(ỹ|y, g(x)).

Example 7.3 (Instance-dependent label noise (IDLN) [103]). µ draws (x, y) from D and

randomly flips y to ỹ with probability P(ỹ|y, x), which may depend on x.

Example 7.4 (Domain shift (DS) [92]). µ draws x̃ according to a distribution Pµ(x) dif-

ferent from PD(x), but draws y from the true conditional PD(y|x̃).

Our approach is to learn example weights on the training sample Str, so that the resulting

weighted empirical objective (locally, if not globally) approximates an estimate of the metric

ED on the validation sample Sval. For ease of presentation, we will assume that the metrics

only depend on the diagonal entries of the confusion matrix, i.e., Cii’s. In Appendix E.1,

we elaborate how our ideas can be extended to handle metrics that depend on the entire

confusion matrix.

While our approach uses randomized classifiers, in practice one can replace them with

similarly performing deterministic classifiers using, e.g., the techniques of [104]. In what

follows, we will need the empirical confusion matrix on the validation set Ĉval[h], where

Ĉval
ij [h] =

1

nval

∑
(x,y)∈Sval

1(y = i)hj(x). (7.4)

7.3 EXAMPLE WEIGHTING FOR LINEAR METRICS

We first describe our example weighting strategy for linear functions of the diagonal entries

of the confusion matrix, which is given by:

ED[h] =
∑

i βiC
D
ii [h] (7.5)
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for some (unknown) weights β1, . . . , βk. In the next section, we will discuss how to use this

procedure as a subroutine to handle more complex metrics.

7.3.1 Modeling Example Weights

We define an example weighting function W : X→Rk
+ which associates k correction weights

[Wi(x)]ki=1 with each example x so that:

E(x,y)∼µ

[∑
iWi(x) 1(y = i)hi(x)

]
≈ ED[h], ∀ h. (7.6)

Indeed for the noise models in Examples 7.1–7.4, there exist weighting functions W for

which the above holds with equality. Table 7.1 shows the form of the weighting function for

general linear metrics.

Ideally, the weighting function W assigns k independent weights for each example x ∈ X .

However, in practice, we estimate ED using a small validation sample Sval ∼ D. So to avoid

having the example weights over-fit to the validation sample, we restrict the flexibility of W

and set it to a weighted sum of L basis functions φ` : X→[0, 1]:

Wi(x) =
∑L

`=1 α
`
iφ
`(x), (7.7)

where α`i ∈ R is the coefficient associated with basis function φ` and diagonal confusion

entry (i, i).

In practice, the basis functions can be as simple as a partitioning of the instance space

into L clusters, i.e.,:

φ`(x) = 1(g(x) = `), (7.8)

for a clustering function g : X→[L], or may define a more complicated soft clustering using,

e.g., radial basis functions [92] with centers x` and width σ:

φ`(x) = exp
(
−‖x− x`‖/2σ2

)
. (7.9)

7.3.2 φ-transformed Confusions

Expanding the weighting function in (7.6) gives us:

L∑
`=1

k∑
i=1

α`i E(x,y)∼µ
[
φ`(x) 1(y = i)hi(x)

]︸ ︷︷ ︸
Φµ,`i [h]

≈ ED[h], ∀ h, (7.10)
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where Φµ,`[h] ∈ [0, 1]k can be seen as a φ-transformed confusion matrix for the train-

ing distribution µ. For example, if one had only one basis function φ1(x) = 1,∀x, then

Φµ,1
i [h] = E(x,y)∼µ

[
1(y = i)hi(x)

]
gives the standard confusion entries for the training

distribution. If the basis functions divides the data into L clusters, as in (7.8), then

Φµ,`
i [h] = E(x,y)∼µ

[
1(g(x) = `, y = i)hi(x)

]
gives the training confusion entries evaluated

on examples from cluster `. We can thus re-write equation (7.6) as a weighted combination

of the Φ-confusion entries:

L∑
`=1

k∑
i=1

α`iΦ
µ,`
i [h] ≈ ED[h],∀h. (7.11)

7.3.3 Eliciting Weight Coefficients α – The Metric Elicitation Step

We next discuss how to estimate the weighting function coefficients α`i ’s from the training

sample Str and validation sample Sval. Notice that (7.11) gives a relationship between

statistics Φµ,`’s computed on the training distribution µ, and the evaluation metric of interest

computed on the true distribution D. Moreover, for a fixed classifier h, the left-hand side is

linear in the unknown coefficients α = [α1
1, . . . , α

L
1 , . . . , α

1
k, . . . , α

L
k ] ∈ RLk. Thus, this step is

similar to eliciting linear metrics (Chapters 3,4) in the presence of an oracle which provides

absolute quality feedback.

We therefore probe the metric Êval at Lm different classifiers h1,1, . . . , h1,k, . . . , hL,1, . . . , hL,k,

which results in a set of Lk linear equations of the form in (7.11):

∑
`,i α

`
i Φ̂tr,`

i [h1,1] = Êval[h1,1],

... (7.12)∑
`,i α

`
i Φ̂tr,`

i [hL,k] = Êval[hL,m],

where Φ̂tr,`
i [h] = 1

ntr

∑
(x,y)∈Str φ`(x) 1(y = i)hi(x) is evaluated on the training sample and

the metric Êval[h] =
∑

i βi Ĉ
val
ii [h] is evaluated on the validation sample.

More formally, let Σ̂ ∈ RLk×Lk and Ê ∈ RLk denote the left-hand and right-hand side

observations in (7.12), i.e.,:

Σ̂(`,i),(`′,i′) =
1

ntr

∑
(x,y)∈Str

φ`
′
(x)1(y = i′)h`,ii′ (x),

Ê(`,i) = Êval[h`,i]. (7.13)

Then the weight coefficients are given by α̂ = Σ̂−1Ê .
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Algorithm 7.1 : ElicitWeights for Diagonal Linear Metrics

1: Input: Êval, Basis functions φ1, . . . , φL : X→[0, 1], Training set Str ∼ µ, Val. set
Sval ∼ D, h̄, ε, H, γ, ω

2: If fixed classifier :
3: Choose h`,i(x) = εφ`(x) ei(x) + (1− εφ`(x)) h̄(x)
4: Else:
5: H̄ = {τh+ (1− τ)h̄ |h ∈ H, τ ∈ [0, ε]}
6: Pick h`,i ∈ H̄ to satisfy (7.14) with slack γ, ω,∀(`, i)
7: Compute Σ̂ and Ê using (7.13) with metric Êval

8: Output: α̂ = Σ̂−1Ê

Algorithm 7.2 : Plug-in with Elicited Weights (PI-EW) for Diagonal Linear Metrics

1: Input: Êval, Basis functions φ1, . . . , φL : X→[0, 1], Class probability model η̂tr : X→∆k

for µ, Training set Str ∼ µ, Validation set Sval ∼ D, h̄, ε
2: α̂ = ElicitWeights(Êval, φ1, . . . , φL, Str, Sval, h̄, ε)

3: Example-weights: Ŵi(x) =
∑L

`=1 α̂
`
iφ
`
i(x)

4: Plug-in: ĥ(x) ∈ argmaxi∈[k] Ŵi(x)η̂tr
i (x)

5: Output: ĥ

7.3.4 Choosing the Probing Classifiers h1,1, . . . , hL,k

We will have to choose the Lk probing classifiers so that Σ̂ is well-conditioned. One way

to do this is to choose the classifiers so that Σ̂ has a high value on the diagonal entries and

a low value on the off-diagonals, i.e. choose each classifier h`,i to evaluate to a high value on

Φ̂tr,`
i [h] and a low value on Φ̂tr,`′

i′ [h], ∀ (`′, i′) 6= (`, i). This can be framed as the following

constraint satisfaction problem on Str:

For h`,i pick h ∈ H such that:

Φ̂tr,`
i [h] ≥ γ, and Φ̂tr,`′

i′ [h] ≤ ω,∀(`′, i′) 6= (`, i), (7.14)

for some γ > ω > 0 and a sufficiently flexible hypothesis classH for which the constraints are

feasible. These problems can generally be solved by formulating a constrained classification

problem [15, 105]. We show in Appendix E.7 that this problem is feasible and can be

efficiently solved for a range of settings.

In practice, we do not explicitly solve (7.14) over a hypothesis class H. Instead, a simpler

and surprisingly effective strategy is to set the probing classifiers to trivial classifiers that

predict the same class on all (or a subset of) examples. To build intuition for why this is a

good idea, consider a simple setting with only one basis function φ1(x) = 1,∀x, where the
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φ-confusions Φ̂tr,1
i [h] = 1

ntr

∑
(x,y)∈Str 1(y = i)hi(x) are the standard confusion entries on the

training set. In this case, a trivial classifier ei(x) = onehot(i),∀x, which predicts class i on

all examples, yields the highest value for Φ̂tr,1
i and 0 for all other Φ̂tr,1

j ,∀j 6= i. In fact, in our

experiments, we set the probing classifier h1,i to a randomized combination of ei and some

fixed base classifier h̄:

h1,i(x) = εei(x) + (1− ε)h̄(x), (7.15)

for large enough ε so that Σ̂ is well-conditioned.

Similarly, if the basis functions divide the data into L clusters (as in (7.8)), then we can

randomize between h̄ and a trivial classifier that predicts a particular class i on all examples

assigned to the cluster ` ∈ [L]. The confusion matrix for the resulting classifiers will have

higher values than h̄ on the (`, i)-th diagonal entry and a lower value on other entries. These

classifiers can be succinctly written as:

h`,i(x) = εφ`(x)ei(x) + (1− εφ`(x))h̄ (7.16)

where we again tune ε to make sure that the resulting Σ̂ is well-conditioned. This choice of

the probing classifiers also works well in practice for general basis functions φ`’s.

Algorithm 7.1 summarizes the weight elicitation procedure, where the probing classifiers

are either constructed by solving the constrained satisfaction problem (7.14) or set to the

“fixed” classifiers in (7.16). In both cases, the algorithm takes a base classifier h̄ and the

parameter ε as input, where ε controls the extent to which h̄ is perturbed to construct the

probing classifiers. This radius parameter ε restricts the probing classifiers to a neighborhood

around h̄ and will prove handy in the algorithm we develop in Section 7.4.2.

7.4 PLUG-IN BASED ALGORITHMS

Having elicited the weight coefficients α, we now seek to learn a classifier that optimizes

the left hand side of (7.11). We do this via the plug-in approach: first pre-train a model

η̂tr : X→∆k on the noisy training distribution µ to estimate the conditional class probabilities

η̂tr
i (x) ≈ Pµ(y = i|x), and then apply the correction weights to post-shift η̂tr.

7.4.1 Plug-in Algorithm for Linear Metrics

We first describe our approach for (diagonal) linear metrics ED[h] =
∑

i βiC
D
ii [h] in

Algorithm 7.2. Given the correction weights Ŵ : X→Rk
+, we seek to maximize the following
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Figure 7.1: Overview of our apporach.

weighted objective on the training distribution:

maxh E(x,y)∼µ

[∑
i Ŵi(x) 1(y = i)hi(x)

]
. (7.17)

This is a standard example-weighted learning problem, for which the following plug-in (also

known as post-shift) classifier is a consistent estimator [18, 106]:

ĥ(x) ∈ argmax
i∈[k]

Ŵi(x) η̂tr
i (x). (7.18)

7.4.2 Iterative Algorithm for General Metrics

To optimize generic non-linear metrics of the form ED[h] = ψ(CD
11[h], . . . , CD

kk[h]) for ψ :

[0, 1]k→R+, we apply Algorithm 7.2 iteratively. We consider both cases where ψ is unknown,

and where ψ is known, but needs to be optimized using the noisy distribution µ. The idea

is to first elicit local linear approximations to ψ and to then learn plug-in classifiers for the

resulting linear metrics in each iteration.

Specifically, following Narasimhan et al.[18], we derive our algorithm from the classical

Frank-Wolfe method [107] for maximizing a smooth concave function ψ(c) over a convex set

C ⊆ Rm. In our case, C is the set of confusion matrices CD[h] achieved by any classifier h,

and is convex when we allow randomized classifiers (see Lemma E.8, Appendix E.2.3). The
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Algorithm 7.3 : Frank-Wolfe with Elicited Gradients (FW-EG) for General Diagonal
Metrics (also depicted in Fig. 7.1)

1: Input: Êval, Basis functions φ1, . . . , φL : X→[0, 1], Pre-trained η̂tr : X→∆k, S
tr ∼ µ,

Sval ∼ D, T , ε
2: Initialize classifier h0 and c0 = diag(Ĉval[h0])
3: For t = 0 to T − 1 do
4: if ED[h] = ψ(CD

11[h], . . . , CD
kk[h]) for known ψ:

5: βt = ∇ψ(ct)

6: Ê lin[h] =
∑

i β
t
i Ĉ

val
ii [h]

7: else
8: Ê lin[h] = Êval[h] {small ε recommendeded}
9: f̂ = PI-EW(Ê lin, φ1, ..., φL, η̂tr, Str, Sval, ht, ε)

10: c̃ = diag(Ĉval[f̂ ])

11: ht+1 =
(
1− 2

t+1

)
ht + 2

t+1
onehot(f̂)

12: ct+1 =
(
1− 2

t+1

)
ct + 2

t+1
c̃

13: End For
14: Output: ĥ = hT

algorithm maintains iterates ct, and at each step, maximizes a linear approximation to ψ at

ct: c̃ ∈ argmaxc∈C〈∇ψ(ct), c〉. The next iterate ct+1 is then a convex combination of ct and

the current solution c̃.

In Algorithm 7.3, we outline an adaptation of this Frank-Wolfe algorithm to our setting,

where we maintain a classifier ht and an estimate of the diagonal confusion entries ct from the

validation sample Sval. At each step, we linearize ψ using Ê lin[h] =
∑

i β
t
i Ĉ

val
ii [h], where βt =

∇ψ(ct), and invoke the plug-in method in Algorithm 7.2 to optimize the linear approximation

Ê lin. When the mathematical form of ψ is known, one can directly compute the gradient βt.

When it is not known, we can simply set Ê lin[h] = Êval[h], but restrict the weight elicitation

routine (Algorithm 7.1) to choose its probing classifiers h`,i’s from a small neighborhood

around the current classifier ht (in which ψ is effectively linear). This can be done by

passing h̄ = ht to the weight elicitation routine, and setting the radius ε to a small value.

Each call to Algorithm 7.2 uses the training and validation set to elicit example weights

for a local linear approximation to ψ, and uses the weights to construct a plug-in classifier.

The final output is a randomized combination of the plug-in classifiers from each step. Note

that Algorithm 7.3 runs efficiently for reasonable values of L and k. Indeed the runtime is

almost always dominated by the pre-training of the base model η̂tr, with the time taken to

elicit the weights (e.g. using (7.16)) being relatively inexpensive (see Appendix E.5).
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7.5 THEORETICAL GUARANTEES

We provide theoretical guarantees for the weight elicitation procedure and the plug-in

methods in Algorithms 7.1–7.3.

Assumption 7.1. The distributions D and µ are such that for any linear metric ED[h] =∑
i βiCii[h], with ‖β‖ ≤ 1, ∃ᾱ ∈ RLk s.t.

∣∣∣∑`,i ᾱ
`
iΦ

µ,`
i [h]− ED[h]

∣∣∣ ≤ ν,∀h and ‖ᾱ‖1 ≤ B,

for some ν ∈ [0, 1) and B > 0.

The assumption states that our choice of basis functions φ1, . . . , φL are such that, any linear

metric on D can be approximated (up to a slack ν) by a weighting Wi(x) =
∑

` ᾱ
`
iφ
`(x) of

the training examples from µ. The existence of such a weighting function depends on how

well the basis functions capture the underlying distribution shift. Indeed, the assumption

holds for some common settings in Table 7.1, e.g., when the noise transition T is diagonal

(Appendix E.1 handles a general T), and the basis functions are set to φ1(x) = 1,∀x, for

the IDLN setting, and φ`(x) = 1(g(x) = `),∀x, for the CDLN setting.

We analyze the coefficients α̂ elicited by Algorithm 7.1 when the probing classifiers h`,i

are chosen to satisfy (7.14). In Appendix E.3, we provide an analysis when the probing

classifiers h`,i are set to the fixed choices in (7.16).

Theorem 7.1 (Error bound on elicited weights). Let γ, ω > 0 be such that the con-

straints in (7.14) are feasible for hypothesis class H̄, for all `, i. Suppose Algorithm 7.1

chooses each classifier h`,i to satisfy (7.14), with ED[h`,i] ∈ [c, 1],∀`, i, for some c > 0. Let

ᾱ be defined as in Assumption 7.1. Suppose γ > 2
√

2Lmω and ntr ≥ L2m log(Lm|H|/δ)
( γ

2
−
√

2Lmω)2 . Fix

δ ∈ (0, 1). Then w.p. ≥ 1− δ over draws of Str and Sval from µ and D resp., the coefficients

α̂ output by Algorithm 7.1 satisfies:

‖α̂− ᾱ‖ ≤ O
(
Lk

γ2

(√
L log(Lk|H|

δ
)

ntr
+

√
L log(Lk

δ
)

c2nval

)
+
ν
√
Lk

γ

)
, (7.19)

where the term |H| can be replaced by a measure of capacity of the hypothesis class H.

Because the probing classifiers are chosen using the training set alone, it is only the

sampling errors from the training set that depend on the complexity of H, and not those

from the validation set. This suggests robustness of our approach to a small validation set as

long as the training set is sufficiently large and the number of basis functions is reasonably

small.

For the iterative plug-in method in Algorithm 7.3, we bound the gap between the metric

value ED[ĥ] for the output classifier ĥ on the true distribution D, and the optimal value.
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We handle the case where the function ψ is known and its gradient ∇ψ can be computed

in closed-form. The more general case of an unknown ψ is handled in Appendix E.4. The

above bound depends on the gap between the estimated class probabilities η̂tr
i (x) for the

training distribution and true class probabilities ηtr
i (x) = P(y = i|x), as well as the quality

of the coefficients α̂ provided by the weight estimation subroutine, as measured by κ(·). One

can substitute κ(·) with, e.g., the error bound provided in Theorem 7.1.

Theorem 7.2 (Error Bound for FW-EG). Let ED[h] = ψ(CD
11[h], . . . , CD

kk[h]) for a known

concave function ψ : [0, 1]k→R+, which is Q-Lipschitz and λ-smooth. Fix δ ∈ (0, 1). Sup-

pose Assumption 7.1 holds, and for any linear metric
∑

i βiC
D
ii [h], whose associated weight

coefficients is ᾱ with ‖ᾱ‖ ≤ B, w.p. ≥ 1−δ over draw of Str and Sval, the weight estimation

routine in Alg. 7.1 outputs coefficients α̂ with ‖α̂ − ᾱ‖ ≤ κ(δ, ntr, nval), for some function

κ(·) > 0. Let B′ = B +
√
Lk κ(δ/T, ntr, nval). Then w.p. ≥ 1− δ over draws of Str and Sval

from D and µ resp., the classifier ĥ output by Algorithm 7.3 after T iterations satisfies:

max
h
ED[h]− ED[ĥ] ≤ 2QB′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 4Q

√
Lk κ( δ

T
, ntr, nval)+

O
(
λk

√
k log(k) log(nval) + log(k/δ)

nval
+
λ

T
+Qν

)
. (7.20)

The proof in turn derives an error bound for the plug-in classifier in Algorithm 7.2 for

linear metrics (see Appendix E.2.2).

7.6 RELATED WORK

Methods for closed-form metrics. There has been a variety of work on optimizing

complex evaluation metrics, including both plug-in type algorithms [8, 18, 108, 109, 110],

and those that use convex surrogates for the metric [61, 111, 112, 113, 114, 115, 116]. These

methods rely on the test metric having a specific closed-form structure and do not handle

black-box metrics.

Methods for black-box metrics. Among recent black-box metric learning works, the

closest to ours is by Jiang et al.[91], who learn a weighted combination of surrogate losses

to approximate the metric on a validation set. Like us, they probe the metric at multiple

classifiers, but their approach has several drawbacks on both practical and theoretical fronts.

Firstly, Jiang et al. [91] require retraining the model in each iteration, which can be time-

intensive, whereas we only post-shift a pre-trained model. Secondly, the procedure they

prescribe for eliciting gradients requires perturbing the model parameters multiple times,
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which can be very expensive for large deep networks, whereas we only require perturbing the

predictions from the model. Moreover, the number of perturbations they need grows polyno-

mially with the precision with which they need to estimate the loss coefficients, whereas we

only require a constant number of them. Lastly, their approach does not come with strong

statistical guarantees, whereas ours does. Besides these benefits over [91], we will also see

in Section 7.7 that our method yields better accuracies. Other related black-box learning

methods include [90, 95, 96], who learn a (weighted) loss to approximate the metric, but

do so using computationally expensive procedures (e.g. meta-gradient descent or RL) that

often require retraining the model from scratch, and come with limited theoretical analysis.

Methods for distribution shift. The literature on distribution shift is vast, and so we

cover a few representative papers; see [117, 118] for a comprehensive discussion. For the

independent label noise setting [93], Patrini et al. [94] propose a loss correction approach

that first trains a model with noisy label, use its predictions to estimate the noise transition

matrix, and then re-trains model with the corrected loss. This approach is however tailored

to optimize linear metrics; whereas, we can handle more complex metrics as well without

re-training the underlying model. A plethora of approaches exist for tackling domain shift,

including classical importance weighting (IW) strategies [92, 119, 120, 121] that work in two

steps: estimate the density ratios and train a model with the resulting weighted loss. One

such approach is Kernel Mean Matching [122], which matches covariate distributions between

training and test sets in a high dimensional RKHS feature space. These IW approaches are

however prone to over-fitting when used with deep networks [123]. More recent iterative

variants seek to remedy this [124].

7.7 EXPERIMENTS

We run experiments on four classification tasks, with both known and black-box metrics,

and under different label noise and domain shift settings. All our experiments use a large

training sample, which is either noisy or contains missing attributes, and a smaller clean

(and complete) validation sample. We always optimize the cross-entropy loss for learning

η̂tr(x) ≈ Pµ(Y |x) using the training set (or η̂val(x) ≈ PD(Y |x) for some baselines), where the

models are varied across experiments. For monitoring the quality of η̂tr and η̂val, we sample

small subsets hyper-train and hyper-val data from the original training and validation data,

respectively. We repeat our experiments over 5 random train-vali-test splits, and report the

mean and standard deviation for each metric. We will use ∗, ∗∗, and ∗∗∗ to denote that the

differences between our method and the closest baseline are statistically significant (using

Welch’s t-test) at a confidence level of 90%, 95%, and 99%, respectively. We provide the
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Table 7.2: Data Statistics for different problem setups in Section 7.7.

Problem Setup Dataset #Classes #Features train / val / test split
Indepen. Label Noise (Section 7.7.1) CIFAR-10 10 32 × 32 × 3 49K / 1K / 10K
Proxy-Label (Section 7.7.2) Adult 2 101 32K / 350 / 16K
Domain-Shift (Section 7.7.3) Adience 2 256 × 256 × 3 12K / 800 / 3K
Black-Box Fairness Metric (Section 7.7.4) Adult 2 (2 prot. groups) 106 32K / 1.5K / 14K

data statistics in Table 7.2. Observe that we always use small validation data in comparison

to the size of the training data. The source code (along with random seeds) is provided on

the link below.1

Common baselines: We use representative baselines from the black-box learning [91],

iterative re-weighting [95], label noise correction [94], and importance weighting [122] liter-

atures. First, we list the ones common to all experiments.

1. Cross-entropy [train]: Maximizes accuracy on the training set and predicts:

ĥ(x) ∈ argmax
i∈[k]

η̂tr
i (x). (7.21)

2. Cross-entropy [val]: Maximizes accuracy on the validation set and predicts:

ĥ(x) ∈ argmax
i∈[k]

η̂val
i (x). (7.22)

3. Fine-tuning: Fine-tunes the pre-trained η̂tr using the validation data, monitoring the

cross-entropy loss on the hyper-val data for early stopping.

4. Opt-metric [val]: For metrics ψ(CD[h]), for which ψ is known, trains a model to

directly maximize the metric on the small validation set using the Frank-Wolfe based

algorithm of [18].

5. Learn-to-reweight [95]: Jointly learns example weights, with the model, to maximize

accuracy on the validation set; does not handle specialized metrics.

6. Plug-in [train-val]: Constructs a classifier ĥ(x) ∈ argmaxiwiη̂
val
i (x), where the

weights wi ∈ R are tuned to maximize the given metric on the validation set, using a

coordinate-wise line search (details in Appendix E.6).

7. Adaptive Surrogates [91]: Learns a weighted combination of surrogate losses (eval-

uated on clusters of examples) to approximate the metric on the validation set. Since

1https://github.com/koyejolab/fweg/
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this method is not directly amenable for use with large neural networks (see Sec-

tion 7.6), we compare with it only when using linear models, and present additional

comparisons in App. E.8 (Table E.1).

Hyper-parameters: The learning rate for Fine-tuning is chosen from 1e{−6,...,−4}. For PI-

EW and FW-EG, we tune the parameter ε from {1, 0.4, 1e−{4,3,2,1}}. The line search for

Plug-in is performed with a spacing of 1e−4. The only hyper-parameters the other baselines

have are those for training η̂tr and η̂val, which we state in the individual tasks.

7.7.1 Maximizing Accuracy under Label Noise

In our first task, we train a 10-class image classifier for the CIFAR-10 dataset [97], repli-

cating the independent (asymmetric) label noise setup from [94]. The evaluation metric we

use is accuracy. We take 2% of original training data as validation data and flip labels in the

remaining training set based on the following transition matrix: TRUCK → AUTOMOBILE,

BIRD → PLANE, DEER → HORSE, CAT ↔ DOG, with a flip probability of 0.6. For η̂tr and

η̂val, we use the same ResNet-14 architecture as [94], trained using SGD with momentum

0.9, weight decay 1e−4, and learning rate 0.01, which we divide by 10 after 40 and 80 epochs

(120 in total).

We additionally compare with the Forward Correction method of [94], a specialized

method for correcting independent label noise, which estimates the noise transition ma-

trix T using predictions from η̂tr on the training set, and retrains it with the corrected loss,

thus training the ResNet twice. We saw a notable drop with this method when we used the

(small) validation set to estimate T.

We apply the proposed PI-EW method for linear metrics, using a weighting function W

defined with one of two choices for the basis functions (chosen via cross-validation): (i) a

default basis function that clusters all the points together φdef(x) = 1 ∀x, and (ii) ten basis

functions φ1, . . . , φ10, each one being the average of the RBF kernels (see (7.9)) centered at

validation points belonging to a true class. The RBF kernels are computed with width 2 on

UMAP-reduced 50-dimensional image embeddings [125].

As shown in Table 7.3, PI-EW achieves significantly better test accuracies than all the

baselines. The results for Forward Correction matches those in [94]; unlike this method, we

train the ResNet only once, but achieve 2.4% higher accuracy. Cross-entropy [val] over-fits

badly, and yields the least test accuracy. Surprisingly, the simple fine-tuning yields the

second-best accuracy. A possible reason is that the pre-trained model learns a good fea-

ture representation, and the fine-tuning step adapts well to the domain change. We also
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Table 7.3: Test accuracy for noisy label experiment on CIFAR-10.

Cross-entropy [train] 0.582 ± 0.007
Cross-entropy [val] 0.386 ± 0.031
Learn-to-reweight 0.651 ± 0.017
Plug-in [train-val] 0.733 ± 0.044
Forward Correction 0.757 ± 0.005
Fine-tuning 0.769 ± 0.005

PI-EW 0.781± 0.019

observed that PI-EW achieves better accuracy during cross-validation with ten basis func-

tions, highlighting the benefit of the underlying modeling in PI-EW. Lastly, in Figure 7.2(a),

we show the elicited (class) weights with the default basis function (φdef(x) = 1 ∀x), where

e.g. because BIRD → PLANE, the weight on BIRD is upweighted and that on PLANE is

down-weighted.

7.7.2 Maximizing G-mean with Proxy Labels

Our next experiment borrows the “proxy label” setup from [91] on the Adult dataset [99].

The task is to predict whether a candidate’s gender is male, but the training set contains

only a proxy for the true label. We sample 1% validation data from the original training

data, and replace the labels in the remaining sample with the feature ‘relationship-husband’.

The label noise here is instance-dependent (see Example 7.3), and we seek to maximize the

G-mean metric:

ψ(C) =
(∏

i

(
Cii/

∑
j

Cij
))1/m

. (7.23)

We train η̂tr and η̂val using linear logistic regression using SGD with a learning rate of 0.01.

As additional baselines, we include the Adaptive Surrogates method of [91] and Forward

Correction [94]. The inner and outer learning rates for Adaptive Surrogates are each cross-

validated in {0.1, 1.0}. We also compare with a simple Importance Weighting strategy,

where we first train a logistic regression model f to predict if an example (x, y) belongs to

the validation data, and train a gender classifier with the training examples weighted by

f(x, y)/(1− f(x, y)).

We choose between three sets of basis functions (using cross-validation): (i) a default

basis function φdef(x) = 1∀x, (ii) φdef, φpw, φnpw, where φpw(x) = 1(xpw = 1) and φnpw(x) =

1(xnpw = 1) use features ‘private-workforce’ and ‘non-private-workforce’ to form hard clus-

ters, (iii) φdef, φpw, φnpw, φinc, where φinc(x) = 1(xinc = 1) uses the binary feature ‘income’.

These choices are motivated from those used by [91], who compute surrogate losses on the
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Table 7.4: Test G-mean for proxy label experiment on Adult.

Cross-entropy [train] 0.654 ± 0.002
Cross-entropy [val] 0.394 ± 0.064
Opt-metric [val] 0.652 ± 0.027
Learn-to-reweight 0.668 ± 0.003
Plug-in [train-val] 0.672 ± 0.013
Forward Correction 0.214 ± 0.004
Fine-tuning 0.631 ± 0.017
Importance Weights 0.662 ± 0.024
Adaptive Surrogates 0.682 ± 0.002

FW-EG [unknown ψ] 0.685± 0.002∗∗

FW-EG [known ψ] 0.685± 0.001∗

individual clusters. We provide their Adaptive Surrogates method with the same clustering

choices.

Table 7.4 summarizes our results. We apply both variants of our FW-EG method for a

non-linear metric ψ, one where ψ is known and its gradient is available in closed-form, and the

other where ψ is assumed to be unknown, and is treated as a general black-box metric. Both

variants perform similarly and are better than the baselines. Adaptive Surrogates comes a

close second, but underperforms by 0.3% (with results being statistically significant). While

the improvement of FW-EG over Adaptive Surrogates is small, the latter is time intensive

as, in each iteration, it re-trains a logistic regression model. We verify this empirically

in Figure 7.2(b) by reporting run-times for Adaptive Surrogates and our method FW-EG

(including the pre-training time) against the choices of basis functions (clustering features).

We see that our approach is 5× faster for this experiment. Lastly, Forward Correction

performs poorly, likely because its loss correction is not aligned with this label noise model.

7.7.3 Maximizing F-measure under Domain Shift

We now move on to a domain shift application (see Example 7.4). The task is to learn

a gender recognizer for the Adience face image dataset [98], but with the training and test

datasets containing images from different age groups (domain shift based on age). We use

images belonging to age buckets 1–5 for training (12.2K images), and evaluate on images

from age buckets 6–8 (4K images). For the validation set, we sample 20% of the 6–8 age

bucket images. Here we aim to maximize the F-measure.

For η̂tr and η̂val, we use the same ResNet-14 model from the CIFAR-10 experiment, except

that the learning rate is divided by 2 after 10 epochs (20 in total). As an additional baseline,

we compute importance weights using Kernel Mean Matching (KMM) [122], and train the
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Table 7.5: Test F-measure for domain shift experiment on Adience.

Cross-entropy [train] 0.760 ± 0.014
Cross-entropy [val] 0.708 ± 0.022
Opt-metric [val] 0.760 ± 0.014
Plug-in [train-val] 0.759 ± 0.014
Importance Weights [KMM] 0.760 ± 0.013
Learn-to-reweight 0.773 ± 0.009
Fine-tuning 0.781 ± 0.014

FW-EG [unknown ψ] 0.815± 0.013∗∗∗

FW-EG [known ψ] 0.804± 0.015∗∗∗

same ResNet model with a weighted loss. Since the image size is large for directly applying

KMM, we first compute the 2048-dimensional ImageNet embedding [126] for the images and

further reduce them to 10-dimensions via UMAP. The KMM weights are learned on the

10-dimensional embedding. For the basis functions, besides the default basis φdef(x) = 1∀x,

we choose from subsets of six RBF basis functions φ1, . . . , φ6, centered at points from the

validation set, each representing one of six age-gender combinations. We use the same UMAP

embedding as KMM to compute the RBF kernels.

Table 7.5 presents the test F-measure values. Both variants of FW-EG algorithm provide

statistically significant improvements over the baselines. Both Fine-tuning and Learning-

to-reweight improve over plain cross-entropy optimization (train), however only moderately,

likely because of the small size of the validation set, and because these methods are not

tailored to optimize the F-measure.

7.7.4 Maximizing Black-box Fairness Metric

We next handle a black-box metric given only query access to its value. We consider a

fairness application where the goal is to balance classification performance across multiple

protected groups. The groups that one cares about are known, but due to privacy or legal

restrictions, the protected attribute for an individual cannot be revealed [89]. Instead, we

have access to an oracle that reveals the value of the fairness metric for predictions on a

validation sample, with the protected attributes absent from the training sample. This setup

is different from recent work on learning fair classifiers from incomplete group information

[46, 74], in that the focus here is on optimizing any given black-box fairness metric.

We use the Adult dataset, and seek to predict whether the candidate’s income is greater

than $50K, with gender as the protected group. The black-box metric we consider (whose

form is unknown to the learner) is the geometric mean of the true-positive (TP) and true-
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Table 7.6: Black-box fairness metric on the test set for Adult.

Cross-entropy [train] 0.736 ± 0.005
Cross-entropy [val] 0.610 ± 0.020
Learn-to-reweight 0.729 ± 0.007
Fine-tuning 0.738 ± 0.005
Adaptive Surrogates 0.812 ± 0.004
Plug-in [train-val] 0.812 ± 0.005

FW-EG 0.822± 0.002∗∗∗

negative (TN) rates, evaluated separately on the male and female examples, which promotes

equal performance for both groups and classes:

ED[h] =
(

TPmale[h] TNmale[h]) TPfemale[h] TNfemale[h]
)1/4

. (7.24)

We train the same logistic regression models as in previous Adult experiment in Section

7.7.2. Along with the basis functions φdef, φpw and φnpw we used there, we additionally

include two basis φhs and φwf based on features ‘relationship-husband’ and ‘relationship-

wife’, which we expect to have correlations with gender.2 We include two baselines that can

handle black-box metrics: Plug-in [train-val], which tunes a threshold on η̂tr by querying

the metric on the validation set, and Adaptive Surrogates. The latter is cross-validated on

the same set of clustering features (i.e., basis functions in our method) for computing the

surrogate losses.

As seen in Table 7.6, FW-EG yields the highest black-box metric on the test set, Adaptive

Surrogates comes in second, and surprisingly the simple plug-in approach fairs better than

the other baselines. During cross-validation, we also observed that the performance of FW-

EG improves with more basis functions, particularly with the ones that are better correlated

with gender. Specifically, FW-EG with basis functions {φdef, φpw, φnpw, φwf, φhs} achieves

approximately 1% better performance than both FW-EG with φdef basis function and FW-

EG with basis functions {φdef, φpw, φnpw}.

7.7.5 Ablation Studies

We close with two sets of experiments. First, we analyze how the performance of PI-EW,

while optimizing accuracy for the Adult experiment (Section 7.7.2), varies with the quality

of the base model η̂tr. We save an estimate of η̂tr after every 50 batches (batch size 32) while

2The only domain knowledge we use is that the protected group is “gender”; beyond this, the form of
the metric is unknown, and importantly, an individual’s gender is not available.
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Figure 7.2: (a) Elicited (class) weights for CIFAR-10 by PI-EW for the default basis
(Sec. 7.7.1); (b) Run-time for FW-EG and Adaptive Surrogates [91] vs no. of grouping
features on proxy label task (Sec. 7.7.2); (c) Effect of quality of the base model η̂tr on Adult
(Sec. 7.7.2): as the base model’s quality improves, the test accuracies of PI-EW also im-
proves; (d) Effect of the validation set size on Adience (Sec. 7.7.3): PI-EW performs better
than fine-tuning even for small validation sets, while both improve with larger ones.

training the logistic regression model, and use these estimates as inputs to PI-EW. As shown

in Figure 7.2(c), the test accuracies for PI-EW improves with the quality of η̂tr (as measured

by the log loss on the hyper-train set). This is in accordance with Theorem 7.2. One can

further improve the quality of the estimate ηtr by using calibration techniques [127], which

will likely enhance the performance of PI-EW as well.

Next, we show that PI-EW is robust to changes in the validation set size when trained on

the Adience experiment in Section 7.7.3 to optimize accuracy. We set aside 50% of 6–8 age

bucket data for testing, and sample varying sizes of validation data from the rest. As shown

in Figure 7.2(d), PI-EW generally performs better than fine-tuning even for small validation

sets, while both improve with larger ones. The only exception is 100-sized validation set

(0.8% of training data), where we see overfitting due to small validation size.

7.7.6 Black-box optimization with pairwise comparison oracle

The proposed algorithm in this chapter works with machine oracles that when queried for

a classifier h respond with the metric value ED[h]. We saw various cases, e.g., validation set
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in distribution shift settings or a regulator in fairness setups, where we have access to such

an oracle. We exploit the fact that the example weights act as a gradient or a local linear

objective in a small neighborhood for the unknown metric, and elicit such linear metrics

through the use of value queries to the machine oracle.

The same idea can be extended in the presence of a human oracle that provides pairwise

preferences. This also includes A/B testing scenarios commonly used in the web based

applications. In order to elicit a local-linear objective around a classifier’s confusion matrix

CD[h], one can first construct a small sphere around CD[h] and the corresponding classifiers

by the process discussed in Section B.4.1, and then run Algorithm 4.2 to elicit the local-

linear performance metric using the pairwise comparisons. Once the local-linear objective

is estimated, then one can post-shift a pre-trained class-conditional estimator similar to the

proposed FW-EG algorithm (Algorithm 7.3).

However, this approach comes with its own challenges. Firstly, in order to apply the

iterative Frank-Wolfe approach, one will need to create the spheres and the corresponding

classifiers multiple times. This would make the algorithm time-intensive as it would require

to solve an optimization problem in each iteration. Secondly, it is not clear how to elicit the

local-linear objective, when one chooses overlapping or softly clustered basis functions. We

hope to overcome these challenges in the future.

7.8 CONCLUDING REMARKS

In this chapter, we proposed the Frank Wolfe with Elicited Gradient (FW-EG) method

for optimizing black-box metrics given query access to the evaluation metric on a small vali-

dation set. Our framework includes common distribution shift settings as special cases, and

unlike prior distribution correction strategies, is able to handle general non-linear metrics.

A key benefit of our method is that it is agnostic to the choice of η̂tr, and can thus be used to

post-shift pre-trained deep networks, without having to retrain them. We showed that the

post-shift example weights can be flexibly modeled with various choices of basis functions

(e.g., hard clusters, RBF kernels, etc.) and empirically demonstrated their efficacies. We

exploit the fact that the example weights act as a gradient for the unknown metric and esti-

mated through metric elicitation procedure, where a machine oracle responds with absolute

quality value of a classifier on a clean validation dataset. Moreover, the novel geometrical

characterizations discussed in Chapters 3, 4, and 5 led us to devise an efficient and a smart

method for creating the probing classifiers (see (7.16)). We look forward to further improving

the results with more nuanced basis functions.
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CHAPTER 8: PRACTICAL METRIC ELICITATION

Till now, our contributions towards the Metric Elicitation (ME) framework with pairwise

comparisons have been algorithmic. So, to bring theory closer to practice, in this chapter,

we conduct a preliminary real-user study that shows the efficacy of the metric elicitation

framework in recovering the users’ preferred performance metrics in a binary classification

setup.

We choose cancer diagnosis [53] as the application for this task, where the ground-truth

label is a binary feature denoting whether or not the patient has cancer. This choice is mo-

tivated by Application 1 discussed in Chapter 1, since there are asymmetric costs associated

with False Positives and False Negatives – based on known consequences of misdiagnosis, i.e,

side-effects of treating a healthy patient vs. mortality rate for not treating a sick patient.

Our work (a) builds upon existing visualizations for confusion matrices to ask for pairwise

preferences, and (b) then try to elicit a linear performance metric using our proposed proce-

dure in Algorithm 3.1 in the binary classification setup. We work with ten subjects in this

preliminary study, who have some experience either with machine learning or biomedical

research in the university setup.

We create a web User Interface (UI),1 which broadly has three parts to it. First, it shows

subjects a couple of confusion matrices and asks questions related to comprehension, compar-

ison, and simulation [128]. These questions familiarize the subjects with the visualizations

and the components associated with the correct and incorrect predictions. Second, it shows

a bunch of pairwise preference queries over confusion matrices. The UI involves running

the binary-search procedure from Algorithm 3.1 at the back end, which chooses the next

set of queries based on the subject’s current real-time responses. Third, the UI comprises

of fifteen pairwise comparison queries, where the confusion matrices are randomly chosen

from the feasible set. The responses to these queries are used to evaluate the fidelity of the

recovered metric through metric elicitation framework. At the end of the web-based task,

the subjects are asked some subjective questions which essentially lead to our guidelines that

we recommend for implementing the metric elicitation framework in real-life scenarios.

The goal of this preliminary study is to check workflow of the practical implementation of

the metric elicitation framework with real data, and to a certain extent, support or reject the

hypothesis that the implicit user preferences can be quantified using the pairwise comparison

queries over confusion matrices. In addition, the goal includes testing certain assumptions

regarding the noise in the subject’s (oracle’s) responses, work around with finite samples, and

1The user-interface is shown later and is also available at http://safinahali.com/elicitation-graphs-static/
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provide future guidance on visualizing confusion matrices for pairwise comparisons, eliciting

actual performance metrics in real-life scenarios, and evaluating the quality of the recovered

metric.

The contributions from this chapter are summarized as follows:

• We create a web UI that uses existing visualizations of confusion matrices that are

refined to capture preferences over pairwise comparisons.

• The UI implements the binary-search procedure from Algorithm 3.1 at the back end

that make use of the real-time responses over confusion matrices to elicit a linear

performance metric in the cancer diagnosis setup.

• We perform a user study with ten subjects and elicit their linear performance metrics

using the proposed web UI. We compare the quality of the recovered metric by com-

paring their responses to the elicited metric’s responses over a set of randomly chosen

pairwise comparison queries. The study also includes a post-task, think-aloud -style

interview regarding the utility of the framework.

• Lastly, using the task results and the post-task interviews, we present guidelines re-

garding practical implementation of the ME framework that can be used for future

research in this direction.

8.1 DATASET AND VISUALIZATION CHOICE

In this section, we first discuss the details of the dataset used and how the feasible set of

confusion matrices is constructed. Then, we discuss the choice of visualizations for confusion

matrices, which are borrowed from prior work, but are refined to allow for better pairwise

comparisons.

8.1.1 Choice of Task and Dataset Used

Our choice of task domain and the dataset is motivated by Application 1 discussed in

Chapter 1. The task is cancer diagnosis [53] for which we use the Breast Cancer Wisconsin

(Original) dataset from the UCI repository.2 The dataset has been extensively used in the

literature for binary classification, where the label 1 denotes malignant cancer and label 0

denotes benign cancer. There are 699 samples in total, wherein each sample has 9 features.

2The dataset can be downloaded from https://tinyurl.com/dn2esyvw.
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Figure 8.1: Estimated confusions on test data forming the upper boundary of the space of
confusion matrices and the associated smoothened version of the upper boundary.

Around 35% of the data is labelled as 1 and the rest as 0. The task for any classifier is to

take the 9 features of a patient as input and predict whether or not the patient has cancer.

We divide this data into two equally sized parts – the training and the test data. Using

the training data, we learn a logistic regression model to obtain an estimate of the class-

conditional probability, i.e., η̂(x) = P̂(y = 1|X). We then create a pool of thresholded

classifiers of the type:

hτ (x) = 1[η̂(x) ≥ τ ], (8.1)

where we vary the threshold τ from 0 to 1 in steps of 1e−4. Subsequently, we compute

confusion matrices for the above threhsolded classifiers on the test data (resulting in 10001

confusion matrices). As discussed in Chapter 3 (see Figure 3.1), the space of confusion

matrices is a two-dimensional space and the confusions (tuple of true positives and true

negatives) associated with the thresholed classifiers above form the upper boundary. This

upper boundary for the estimated confusions on the test data is shown in Figure 8.1 (see

solid, red line).

As discussed in Chapter 3, one can use these estimated confusion matrices in practice to

elicit linear performance metrics. However, in the binary classification setup, we can easily

smoothen the upper boundary, and that too using feasible confusion matrices. This allows to

reduce the staircase type bumps due to estimation from finite data, and consequentially, lead

to better convergence from the binary-search based Algorithm 3.1. To generate confusions

on the smoothened version of the upper boundary, we take the same simulated distribution

setting from Section 3.6.1.

Specifically, we take a joint probability for X = [−1, 1] and Y = {0, 1} given by fX =
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U[−1, 1] and η(x) = 1
1+eax+b , where U[−1, 1] is the uniform distribution on [−1, 1]. Then

we estimate the parameters a and b such that they minimize the squared error between

the (10K) confusions obtained on the test data and the ones simulated by using the above

distribution. The smoothened upper boundary is shown as dashed, blue curve in Figure 8.1.

Clearly, all these confusions are feasible as they would lie inside the region enclosed by the

upper and lower boundary, and thus we can use the confusions on the smoothened upper

boundary for elicitation purposes.

8.1.2 Choice of Visualization

In modern times, ensuring effective public understanding of algorithmic decisions, espe-

cially, machine learning models has become an imperative task. With this view in mind,

we borrow the visualizations of confusion matrices for the binary classifications setup from

Shen et al. [128]. The authors provide a concrete step towards the above goal by redesigning

confusion matrices to support non-experts in understanding the performance of machine

learning models. The final visualizations that we use from Shen et al. [128] are created over

multiple iterative user-studies.

In the first study, the authors conduct interviews with 7 subjects and a survey with 102

subjects and map out two major sets of challenges lay people have in understanding standard

confusion matrices. These are (a) general terminologies and (b) the matrix design. These

challenges are further elaborated with three sub-challenges that include confusion about

the direction of reading the data, layered relations, and the quantities involved. In order

to tackle these challenges, the authors came up with four alternative visualizations of the

confusion matrix. In the second study, the authors evaluate the efficacy of the proposed

visualizations over 483 subjects on a recidivism prediction task [128]. The authors conclude

that the flow-chart is the most preferred visualization of a confusion matrix followed by a

bar-chart. Both these visualizations are shown in Figure 8.2 in the context of a recidivism

prediction task.

However, in light of our preliminary discussions with Human-Computer Interaction (HCI)

and machine learning researchers, we make/recommend the following changes in the visual-

ization for pairwise comparison purposes in the metric elicitation framework.

1. Based on the observation that multiple visualizations of the information help in better

user understanding [129], we choose to use the top two performing visualizations, i.e.,

the flow-chart and the bar-chart, together to depict a confusion matrix.

2. We transform the data statistics so that the numbers denote out-of-100 samples.
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Figure 8.2: Flow-chart and bar-chart based visualizations for (binary classification) confusion
matrices in the recidivism prediction task from Shen et al. [128].

3. We found that the total number of positive and negative labels along with total num-

ber of positive and negative predictions are very helpful in comparing two confusion

matrices. Therefore, we add the total numbers in the flow-chart boxes and on axes in

the bar-charts.

4. We also add a zoom-in feature for both the graphs for better understanding.

5. Although, in this preliminary user study, we have not changed the direction in the flow-

chart, in our discussions with HCI and machine learning researchers, we also noted that

the current direction is perhaps more important for the recidivism task (that is because

there is time component involved with it) but can be changed for the cancer diagnosis

task. This allows one to have constants (i.e., total positive and negative labels) in the

left column and the varying component (i.e., total positive and negative predictions)

on the right column making the comparison easier. Moreover, this change ensures that

the bar-chart and the flow-chart represent similar information. We plan to implement

this change and record its impact in our future user studies.

Our modified visualization incorporating the first four points above for a confusion matrix

in the context of cancer diagnosis is shown in Figure 8.3. We next discuss the web user

interface.

8.2 USER INTERFACE

We discuss our proposed web User Interface (UI) in detail and discuss our rationale behind

its several components. We also provide images of the UI at the end of this chapter.

The UI starts with a questionnaire asking about demographic information like age, gender,

race, highest level of school, and the subjects’ expertise in machine learning and healthcare

as shown in Figure 8.4. Then the UI has three parts to it as explained in the following

sub-sections.
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Figure 8.3: Our modified visualization of a confusion matrix for a cancer diagnosis task.
Modification is from the perspective of obtaining better pairwise preferences.

8.2.1 Understanding and Familiarizing with the Visualizations

After the questionnaire, we describe the task of cancer diagnosis and provide details on how

classifiers can be inaccurate in their predictions in layman terms. We also show the proposed

visualization of a confusion matrix along with the description as exhibited in Figure 8.5.

On the next four pages, we show visualizations of two confusion matrices side by side

and ask a series of questions regarding the data depicted in them. The first three adapt

the questions from Shen et al. [128] for the cancer diagnosis task. See Figures 8.6-8.8 for

the UI snapshots. Shen et al. [128] framed these questions to evaluate the comprehension,

comparison3, and simulation-based understanding of the subjects. We use these questions to

3The comparison questions in Shen et al. [128] are different than pairwise comparisons like ours. They
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make them familiarize with the visualizations. The fourth page asks the subjects to actually

compare two hypothetically created confusion matrices (see Figure 8.9). Here, one of the

matrices has both higher false positives and false negatives. This question has a definitive

answer and was added to make the subjects familiarize with the type of pairwise comparison

questions that would follow. In addition, this question indicates how good the subject has

grasped the context around cancer diagnosis and the task of pairwise comparisons.

8.2.2 Practically Eliciting Linear Performance Metrics

We next explain the second phase of the UI, where we actually ask subjects for pair-

wise preferences over confusion matrices, and implement our binary-search procedure from

Algorithm 3.1. The confusion matrices used for this procedure are from the smoothened

upper boundary shown in Figure 8.1; thus, the subjects have to make a choice reflecting on

the trade-off between false positives and false negatives. Algorithm 3.1 takes in real-time

preferences of the subjects, generates next set of queries based on the current responses,

and converge to a linear performance metric at the back end. We save this (linear) perfor-

mance metric for each subject. We stop the binary-search when the search interval becomes

less than or equal to 0.05 (ε in line 3 of Algorithm 3.1). Moreover, in practice, we do

not need to ask four queries per round of binary search; instead, we can reduce the search

interval into half by just using at most three pairwise queries in each round (i.e., by query-

ing Ω(Cθc , Cθa),Ω(Cθd , Cθc),Ω(Cθe , Cθd), in line 6 of Algorithm 3.1). A sample of a pairwise

comparison query from a run of the binary search algorithm in the UI is shown in Figure 8.10.

8.2.3 Pairwise Preferences on a Random Set of Queries

In order to evaluate the quality of the recovered metric, we ask the subjects fifteen pairwise

comparison queries, each on a separate web page, right after the binary search algorithm has

converged, and we have elicited the metric. The subjects do not know this information and

are shown evaluation queries in continuation to the previous phase (i.e., the binary search).

The query comprises of two randomly selected confusion matrices that lie inside the feasible

region. The confusion matrices are generated from a sphere of radius 0.1 around the center

(0.35/2, 0.65/2). This set of queries are used to evaluate the effectiveness of the elicited

metric. We compute the fraction of times our elicited metric’s preferences matches with the

subject’s preferences on these fifteen queries. A sample of a pairwise comparison query from

this phase of the UI is shown in Figure 8.11. We ask fifteen such queries.

focus on comparing just one component, e.g., true positives, at a time.
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Table 8.1: Subjects’ demographics: Distribution of responses from the questionnaire. The
values in parenthesis show the number of subjects.

Age 25 (2) 26 (3) 28 (5)
Education Level in Graduate College (4) Master’s (3) Doctorate (3)
ML Expertise None (5) Beginner (3) Intermediate (2)

Healthcare Knowledge None (5) Some (2) No response (3)

Table 8.2: Post-task interview questions.

Q1 What do you think is worse: (a) Large number of patients that actually have cancer
but are labelled as low risk by a computer system, or (b) Large number of patients
that do not have cancer but are labelled as high risk by a computer system.

Q2 Could you quantify how much worse the chosen option is in comparison to the other?
Why or why not? Could you quantify this personally? i.e, 10x worse for me

Q3 For the questions presented in this task, how did you decide which system you would
prefer your doctor to use?

Q4 What was difficult about making these choices?
Q5 What additional information would have helped you to make these choices?
Q6 Do you have any feedback for us on your experience today?

8.3 USER STUDY

We hired ten subjects in total for this preliminary study. The study was conducted over

a video call, where the participants were asked to share the screen after they had filled the

questionnaire on the first page. The distributions of the responses from the questionnaire are

provided in Table 8.1. The rest of the responses regarding the confusion matrices were over

screen share and were logged in the UI. After the task was done, the web UI showed a ‘thank

you’ page and asked the subjects to close the web browser and screen share. The subjects

were then asked post-task, think-aloud interview questions, which are shown in Table 8.2,

to reflect on how they performed the given task. The responses from the interviews help us

formulate guidelines and recommendations for future research in this direction.

8.4 RESULTS

In this section, we discuss results from the preliminary user-study both quantitatively

and qualitatively. We will try to answer some of the practical questions that surround the

metric elicitation framework as discussed in the beginning of this chapter. Specifically, we

focus on checking workflow of the practical implementation, support or reject the hypothesis

that the implicit user preferences can be quantified using the pairwise comparison queries,
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Table 8.3: Summary of guidelines and recommendations from the user-study.

G1 Whenever possible, smoothen the query space so to run the binary-search based
algorithms with reduced finite sample errors.

G2 Depending on the search tolerance of the binary-search, show probabilities in the
confusion matrix as out-of-n samples, where bigger the n, the better it is to differ-
entiate between confusion matrices in a query.

G3 The direction in the flow-chart based visualization of the confusion matrix can be
swapped with total number of labels shown in the left column and total predictions
on the right.

G4 Perhaps, showing only flow-chart for pairwise comparisons is better than showing
flow-chart and bar-chart together. One may also just show, the false positives and
false negatives to further reduce the information load.

G5 Measure time to respond for each query. Spending more time on queries that
comprise close confusion matrices lead credence to the noise model in Definition 2.4.

G6 The terminology “labelled as high risk/low risk” can be replaced with “predicted
as high risk/low risk” to avoid confusions regarding ground-truth label.

G7 In view of the post-interview question number 2, one needs to devise a UI so to ask
for the intuitive guess for the false negative cost. This would also act as a baseline
metric for evaluation purposes (see Section 8.4.1).

G8 One can also have a toggle button that shows percentages conditioned on the true
classes (i.e., in addition to false positive and false negative, one can have false
positive rate and false negative rate). This would aid in making comparisons.

G9 Extend the description on cancer diagnosis and mention the associated (subjective)
cost or excerpts that cover different aspects of the cost. For example, how much
financial burden a false positive prediction would put on a patient, how much
emotional burden would it put, what are the possible side-effects of drugs, etc.

testing assumptions regarding the noise model, work around with finite samples, visualizing

confusion matrices for pairwise comparisons, eliciting actual performance metrics in real-life

scenarios, and evaluating the quality of the recovered metric. We emphasize that the aim

behind discussing results from the user study is to formulate guidelines and recommendations

for future research on practical metric elicitation. We provide these recommendations as we

discuss quantitative and qualitative results and summarize them in Table 8.3.

8.4.1 Quantitative Results and Findings

Impact of Smoothened Query Space and Out-of-100 Samples: We first discuss the

impact of smoothening of the upper boundary from Section 8.1.1. Since we choose to ask

pairwise preferences over confusion matrices directly, and not over classifiers, we provided

a way to generate feasible confusion matrices in Section 8.1.1 that lie on the smoothened
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Table 8.4: The elicited linear performance metrics for the ten subjects along with the fraction
of times (in %) the elicited metric’s preferences matches with the subject’s preferences over
the fifteen evaluation queries.

Subjects Linear Performance Metric M
S1 0.125 TN + 0.875 TP 87
S2 0.141 TN + 0.859 TP 100
S3 0.125 TN + 0.875 TP 93
S4 0.141 TN + 0.859 TP 100
S5 0.328 TN + 0.672 TP 73
S6 0.031 TN + 0.969 TP 87
S7 0.031 TN + 0.969 TP 100
S8 0.359 TN + 0.641 TP 87
S9 0.125 TN + 0.875 TP 93
S10 0.141 TN + 0.859 TP 87

version of the upper boundary. As we discussed in Section 3.6.2, working with finite samples

has a drawback that the elicitation routine can get stuck at the closest achievable confusion

matrix from finite samples, which need not be optimal within the given (small) tolerance.

We find that working with the smoothened version almost always avoids asking pairs that

comprise same confusion matrices, and thus guaranteeing better convergence within the

chosen binary-search tolerance. We also note that showing probabilities in the form of out-

of-10000 or bigger samples instead of out-of-samples 100 allows us to further reduce the cases

where the confusion matrices are same in a pair or the comparisons becomes trivial (e.g.,

same false negatives but different false positives) for the subjects.

Elicited Metrics and Quality Evaluation: We next discuss the metrics that were

elicited for the ten subjects using our web UI, which runs the binary-search based pro-

cedure Algorithm 3.1 at the back end. Once the search interval is less than or equal to

0.05, the subjects were asked fifteen queries that we use for evaluation. The measure of

effectiveness that we choose is the fraction of times (in %) our elicited metric’s preferences

matches with the subject’s preferences over the fifteen queries, i.e.,

M :=

∑15
i=1 1[subject’s prefer. for query i == metric’s prefer. for query i]

15
× 100. (8.2)

We show the elicited metric for the fifteen subjects and the measureM values in Table 8.4.

We see for nine out of ten subjects that more than 85% of the time our elicited metric’s

preferences matches with the subject’s preferences on the fifteen evaluation queries. For

three subjects, our metric’s preference matches exactly for all the evaluation queries.
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The absolute numbers for the M measure look good; however, how good they are is still

a missing piece in this study because of the lack of a baseline. In future, we plan to devise

ways to develop a baseline for the metric elicitation task and compare to that baseline on

the measure M.

8.4.2 Qualitative Feedback

We first describe the general feedback that was observed and discussed with the subjects

during the user study over the video sessions. We formulate some guidelines from this

feedback. We then mention a few excerpts from the post-task interviews again formulating

some recommendations for practical metric elicitation.

Observations during Study Sessions: Similar to the observation by Shen et al. [128], in

our user study as well, we also noted that subjects were not very comfortable with answering

the simulation-based questions (see Figure 8.8). A possible reason is that the direction of

the flow-chart is opposite to the conditioning of probability that is asked in those questions.

Bar-chart allows them to answer this question easily; however, we find that by this point in

the UI, the subject becomes more comfortable with using the flow-chart. Some users when

asked in the post-interview session also mentioned that this could help them better in the

pairwise comparison, too.

While comparing confusion matrices in the UI, we observed that after a few rounds, the

subjects tend to look at only the flow-charts for comparison. This may mean showing

the bar-charts and flow-charts together is overwhelming, and perhaps only the flow-charts

are enough. After a few more rounds, some subjects started comparing only flow of false

positives and false negatives in the flow-chart. This suggests that one may further reduce

the information load by showing only false positives and false negatives in the flow chart.

Although, we do not quantitatively measure time to respond in this version of the UI,

but we did observe that the subjects tend to take more time while comparing two confusion

matrices that are close (i.e., the queries in the later part of the binary search when the search

interval is narrow). This means that the subjects are more prone to make errors for such

queries, leading credence to the noise model in Definition 2.4 that is used in this manuscript

throughout.

Lastly, during the study, we found that some subjects, who were familiar with machine

learning, confused the terminology “labelled as high risk/low risk” for predictions to the

ground-truth labels. One suggestion is to replace the word “labelled” with “predicted”.
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Post-task Interview Sessions: We now discuss post-task interviews and formulate some

guidelines. We also mention some excerpts (anonymously) from the interviews. Please see

Table 8.2 for the interview questions.

Q1. Every subject clearly figured out the direction of the costs and mentioned that (in

the words of S1), “a patient who has cancer but was predicted as low risk is a costlier mistake

than a patient who does not have cancer but was predicted as high risk.”

Q2. None of the subjects could answer this question with full confidence. This acts as a

testimony to the importance of the metric elicitation framework. Often, practitioners make a

guess to quantify the asymmetric costs in class-imbalanced learning; however, the guess may

be far from innate costs of the practitioner. The subjects agreed that it is easier to compare

two confusion matrices using the proposed visualizations than to answer this question.

Q3. Most of the subjects mention that they preferred the one where false negatives were

less. Although some subjects looked at the trade-off, for example, (in the words of S2) “I

was trying to minimize the false negatives but not when very large number of false positives

were there.” This reflects that some subjects had to think hard about the trade-offs.

Q4. The subjects mention that deciding on the trade-offs between false positives and

false negatives was difficult. (In words of S6) “It was difficult to pick a preference where both

false positives and false negatives needed to be compared”. Some subjects also mentioned

that, (in words of S4), “In some cases, numbers are really close; thus, it becomes difficult

to select one of them”. This feedback certainly agrees with the choice of the noise model in

this manuscript (see Definition 2.4).

Q5. The responses to this question were important for constructing the guidelines, and

this question had varied responses. One subject mentioned that having false positive rate

and false negative rate, in addition to false positives and false negatives, would be helpful in

making comparisons. (In words of S1), “One can have percentages on the arrow conditioned

on the samples in the box from which they are flowing.” Similarly, some subjects mentioned

that it would have been easier to compare if the stages of cancer were mentioned in the

predictions; the different stages would have lead to difference preferences. Some subjects

quote that some description of the associated costs or excerpts that cover different aspects

of the cost, at least subjectively should be described in the beginning of the study. For

example, (in words of S2), “how much financial burden a false positive prediction would put

on a patient, how much emotional burden would it put, what are the possible side-effects of

drugs, etc. should be highlighted in the beginning.”

Q6. Most subjects enjoyed the exercise and liked the web UI. Some subjects mentioned

that the task allowed them to reflect closely on some important questions regarding perfor-

mance metrics in machine learning.
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8.5 CONCLUDING REMARKS

We created a web user-interface (UI) to practically elicit (linear) performance metrics

with real users in a binary classification setup. We chose cancer diagnosis as the task

domain, because it involves asymmetric costs for false positives and false negatives. We build

upon existing visualizations of confusion matrices that are refined to capture preferences

over pairwise comparisons. Via this user-study, we demonstrated an implementation of the

binary performance metric elicitation procedure from Chapter 3 that make use of the real-

time user responses over pairwise comparisons of confusion matrices. We also proposed and

implemented an evaluation scheme to judge the quality of the recovered metric.

Using the proposed web UI, we then conducted a preliminary user study with ten subjects

and elicited their linear performance metrics. We also compared the quality of the recovered

metric by comparing their responses to the elicited metric’s responses over a set of randomly

chosen pairwise comparison queries. The study also included a post-task, think-aloud -style

interviews regarding the utility of the framework. Using the task results and the feedback

during the post-task interviews, we presented guidelines and recommendations for practical

implementation of the ME framework. In the future, we plan to build upon this pilot

study and conduct a comprehensive user study that includes the guidelines presented in this

chapter with more subjects. We also plan to extend the current web UI to elicit metrics in

the multiclass classification setup.
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Figure 8.4: Questionnaire on the first page of the UI.

123



Figure 8.5: Description of cancer diagnosis along with visualization of a confusion matrix.
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Figure 8.6: Two confusion matrices side by side. This page asks questions about compre-
hending confusion matrices.
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Figure 8.7: Two confusion matrices side by side. This page asks questions about comparing
the values in the two confusion matrices.
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Figure 8.8: Two confusion matrices side by side. This page asks questions about simulating
a scenario based on the values in the two confusion matrices.
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Figure 8.9: Two hypothetically created confusion matrices side by side. This page asks
questions about pairwise comparison of the confusion matices. Since one of the confusion
matrices is worse in both false positives and false negatives, this question has a definitive
answer.
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Figure 8.10: A sample of a pairwise comparison query from a run of the binary-search based
procedure Algorithm 3.1.
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Figure 8.11: A sample of a pairwise comparison query comprising of randomly selected
confusion matrices in the feasible region. These queries are used in evaluating the quality of
the recovered metric.
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CHAPTER 9: CONCLUSION AND FUTURE WORK

Typical default metrics in machine learning, such as accuracy applied to classification

tasks, may not capture tradeoffs relevant to the problem at hand. Thus, optimizing such

default metrics can have an undesirable impact on short and long-term utility, including the

fairness of the resulting predictions across sensitive subgroups since the same issues plague

default fairness measures. In this thesis, we formalized the problem of Metric Elicitation

(ME) and proposed it as a principled framework for determining supervised classification

metrics from user feedback. Through theoretical and empirical avenues, we showed that

under certain conditions metric elicitation is equivalent to learning preferences between pairs

of classifier statistics.

When the underlying metric is linear in the binary classification setup, we proposed an

elicitation strategy to recover the oracle’s metric, whose query complexity decays logarith-

mically with the desired resolution. We also showed that our query-complexity rates match

the lower bound. We further extended our strategies to eliciting linear-fractional binary

classification performance metrics.

We then broadened the scope of metric elicitation by proposing ME strategies for the more

complicated multiclass classification setting. We proposed two algorithms for multiclass

classification metric elicitation that use multiple binary-search subroutines that recover the

oracle’s linear metric. One of the proposed algorithms assumes that the oracle’s metric is

dependent on only the diagonal entries of the confusion matrices (a unique sparsity condition

on the metric), and thus is useful when the number of classes is large. Similar to the binary

case, we further provided algorithms for eliciting linear-fractional multiclass classification

performance metrics.

With respect to applications to fairness, we devised a novel strategy to elicit group-fair

performance metrics for multiclass classification problems with multiple sensitive groups that

also includes selecting the trade-off between predictive performance and fairness violation.

The procedure exploited the piecewise linearity of the metric in group-specific predictive

rates, used binary-search based subroutines, and recovered the metric with linear query

complexity. It was interesting to note that we were able to elicit a non-linear metric while

maintaining the same query complexity order (linear in the number of unknowns) as the

linear elicitation case.

We then used the tools and geometric characterizations build so far to solve three impor-

tant problems that benefit the practical aspects of the proposed ME framework. The first

involved increasing the complexity of the elicited metrics. The second was to exploit the
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current linear elicitation framework so to train deep neural networks for optimizing black-

box metrics. The third was to conduct real-user study in order to elicit real-user metrics

and reflect on the practical nuances of the ME framework. We draw out conclusions from

each of these applications below.

The ME strategies for linear or quasi-linear functions of classifier statistics, can be restric-

tive in domains where the metrics are more complex and nuanced. Thus, we proposed novel

strategies for eliciting metrics defined by quadratic functions of classifier statistics, which

can easily be applied to fair metric elicitation setups as well. We were thus able to handle

a more general family of metrics that can better capture a practitioner’s innate preferences.

We further generalized quadratic elicitation strategy to higher-order polynomial functions.

All our metric elicitation procedures were shown to be robust to both finite sample and

oracle feedback noise.

We then considered learning to optimize a classification metric defined by a black-box

function of the confusion matrix. We proposed the Frank Wolfe with Elicited Gradient

(FW-EG) method for optimizing black-box metrics given query access to the evaluation

metric on a small validation set. Our framework included common distribution shift set-

tings as special cases, and unlike prior distribution correction strategies, was able to handle

general non-linear metrics. We showed how to model and estimate the example weights, but

more importantly, we exploited the fact that the example weights can be seen as a gradient

for the metric and estimated through metric elicitation procedure in the presence of a ma-

chine oracle. Experiments on various label noise, domain shift, and fair classification setups

confirmed that our proposal compares favorably to the state-of-the-art baselines for each

application. We briefly discussed how this procedure can be extended to optimize black-box

metrics in the presence of a human oracle providing pairwise comparison feedback.

Lastly, we created a web UI for eliciting binary classification performance metrics that in-

corporates enhanced visualizations of confusion matrices for obtaining pairwise feedback. We

then conducted a preliminary user-study in the binary classification setup in order to elicit

real-users’ performance metrics. In the process, we touched upon several practical aspects

related to ME. In particular, we focused on checking workflow of the practical implementa-

tion, found support for the hypothesis that the implicit user preferences can be quantified

using pairwise comparison queries, tested assumptions regarding the noise model, worked

around with finite samples, elicited actual performance metrics in real-life scenarios, and

evaluated the quality of the recovered metric. Using the quantitative and qualitative results

from the pilot study, we formulated several guidelines and recommendations for practically

implementing the metric elcitiation framework.

We envision the problem of metric elicitation to be an important, interesting, and chal-
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ML Problems:
Binary Classification, 

Multiclass Classification,
Multiclass-Multigroup 
Classification, Ranking, 

Regression,…

Oracle Feedback:
Pairwise Comparison Query, 

Value Query, Auction Query,…
Under Different Noise Models

Performance Metrics:
Linear, Linear Fractional, 
Quadratic, Polynomial, 

Concave, Non-
parametric…

Figure 9.1: Metric Elicitation for Predictive Machine Learning - Vision: The three axes
show three different nuances of metric elicitation. The first axis contain different predictive
machine learning problems. On the second axis, there are various forms of performance
metrics that can be elicited. Several oracle feedback and noise models lie on the third axis.
This thesis provides solution to the box (shown in yellow color) covering a few parts of the
larger problem of metric elicitation.

lenging topic for the future with many practical applications in the broad field of artificial

intelligence. The underlying space of open problems can be broken into three separate

axes. The axes are shown in Figure 9.1. On the first axis, there are different predictive

machine learning problems such as classification, regression, ranking, etc. Each type of pre-

dictive problem involves new frontiers to be explored and exploited like we have done in this

manuscript. For example, to elicit ranking metrics, one may require a thorough understand-

ing of the space of statistics that summarize ranking effects. On the second axis, one may

deal with various functional forms of performance metrics that can be elicited. Currently, we

have focused on eliciting quasi-linear and polynomial functions of classifier statistics. Metric

elicitation becomes much more challenging yet more practical when the functional forms are

not assumed. The third axis stretches to different forms of oracle queries including various

noise models. This direction guarantees the applicability of metric elicitation for real-world

scenarios. The expected contribution in the future would be to solve the entire space of

problems comprising the three axes, which may then result in a separate sub-field of artifi-

cial intelligence under the name – Metric Elicitation for Predictive Machine Learning. Once

the metrics are elicited, sophisticated methods may be created to optimize those metrics

similar to Chapter 7. Thus this entire line of work will answer important open questions

in machine learning, impact several multi-disciplinary applications, and transform the way

machine learning systems are deployed in practice.
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APPENDIX A: BINARY CLASSIFICATION PERFORMANCE METRIC
ELICITATION

A.1 VISUALIZING THE SET OF CONFUSION MATRICES

To clarify the geometry of the feasible set, we visualize one instance of the set of confusion

matrices C using the dual representation of the supporting hyperplanes. The steps are:

1. Population Model: We assume a joint probability for X = [−1, 1] and Y = {0, 1} given

by

fX = U[−1, 1] and η(x) =
1

1 + eax
, (A.1)

where U[−1, 1] is the uniform distribution on [−1, 1] and a > 0 is a parameter controlling

the degree of noise in the labels. If a is large, then with high probability, the true label is 1

on [-1, 0] and 0 on [0, 1]. On the contrary, if a is small, then there are no separable regions

and the classes are mixed in [−1, 1].

Furthermore, the integral
∫ 1

−1
1

1+eax
dx = 1 for a ∈ R implying P(Y = 1) = ζ = 1

2
∀ a ∈ R.

2. Generate Hyperplanes: Take θ ∈ [0, 2π] and set m = (m11,m00) = (cos θ, sin θ). Let us

denote x′ as the point where the probability of positive class η(x) is equal to the optimal

threshold of Proposition 3.1. Solving for x in the equation 1/(1 + eax) = m00/(m00 + m11)

gives us

x′ = Π[−1,1]

{
1
a

ln
(
m11

m00

)}
, (A.2)

where Π[−1,1]{z} is the projection of z on the interval [−1, 1]. If m11 + m00 ≥ 0, then the

Bayes classifier h predicts class 1 on the region [−1, x′] and 0 on the remaining region. If

m11 +m00 < 0, h does the opposite. Using the fact that Y |X and h|X are independent, we

have that

(a) if m11 +m00 ≥ 0, then

TPm =
1

2

x′∫
−1

1
1+eax

dx, TNm = 1
2

1∫
x′

eax

1+eax
dx. (A.3)

(b) if m11 +m00 < 0, then

TPm =
1

2

1∫
x′

1
1+eax

dx, TNm = 1
2

x′∫
−1

eax

1+eax
dx. (A.4)
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(a) a = 0.5 (b) a = 1 (c) a = 2

(d) a = 5 (e) a = 10 (f) a = 50

Figure A.1: Supporting hyperplanes and associated set of feasible confusion matrices for
exponential model described in equation (A.1) with a = 0.5, 1, 2, 5, 10 and 50. The middle
white region is C, which is the intersection of half-spaces associated with its supporting
hyperplanes.

Now, we can obtain the hyperplane as defined in (3.19) for each θ. We sample around

thousand θ′s ∈ [0, 2π] randomly. We then obtain the hyperplanes following the above process

and plot them.

The sets of feasible confusion matrices C’s for a = 0.5, 1, 2, 5, 10, and 50 are shown in

Figure A.1. The middle white region is C: the intersection of the half-spaces associated with

its supporting hyperplanes. The curve on the right corresponds to the confusion matrices

on the upper boundary ∂C+. Similarly, the curve on the left corresponds to the confusion

matrices on the lower boundary ∂C−. Points (ζ, 0) = (1
2
, 0) and (0, 1 − ζ) = (0, 1

2
) are the

two vertices. The geometry is 180-degree rotationally symmetric around the center point

(1
4
, 1

4
), which corresponds to the confusion matrix of the uniform random classifier, i.e., the

classifier which predicts both classes with equal probability for any input.

Notice that as we increase the separability of the two classes via a, all the points in

[0, ζ]× [0, 1− ζ] becomes feasible. In other words, if the data is completely separable, then

the corners on the top-right and the bottom left are achievable. If the data is ‘inseparable’,

then the feasible set contains only the diagonal line joining (0, 1
2
) and (1

2
, 0), which passes

through (1
4
, 1

4
).
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A.2 PROOFS

Lemma A.1. The feasible set of confusion matrices C has the following properties:

(i). For all (TP, TN) ∈ C, 0 ≤ TP ≤ ζ, and 0 ≤ TN ≤ 1− ζ.

(ii). (ζ, 0) ∈ C and (0, 1− ζ) ∈ C.

(iii). For all (TP, TN) ∈ C, (ζ − TP, 1− ζ − TN) ∈ C.

(iv). C is convex.

(v). C has a supporting hyperplane associated to every normal vector.

(vi). Any supporting hyperplane with positive slope is tangent to C at (0, 1− ζ) or (ζ, 0).

Proof. We prove the statements as follows:

(i). 0 ≤ P[h = Y = 1] ≤ P[Y = 1] = ζ, and similarly, 0 ≤ P[h = Y = 0] ≤ P[Y = 0] = 1−ζ.

(ii). If h is the trivial classifier which always predicts 1, then TP (h) = Pr[h = Y =

1] = Pr[Y = 1] = ζ, and TN(h) = 0. This means that (ζ, 0) ∈ C. Similarly, if

h is the classifier which always predicts 0, then TP (h) = Pr[h = Y = 1] = 0, and

TN(h) = Pr[h = Y = 0] = Pr[Y = 0] = 1− ζ. Therefore, (0, 1− ζ) ∈ C.

(iii). Let h be a classifier such that TP (h) = TP , TN(h) = TN . Now, consider the classifier

1− h (which predicts exactly the opposite of h). We have that

TP (1− h) = P[(1− h) = Y = 1]

= P[Y = 1]− P[h = Y = 1]

= ζ − TP (h). (A.5)

A similar argument gives

TN(1− h) = 1− ζ − TN(h). (A.6)

(iv). Consider any two confusion matrices (TP1, TN1), (TP2, TN2) ∈ C, attained by the

classifiers h1, h2 ∈ H, respectively. Let 0 ≤ λ ≤ 1. Define a classifier h′ which predicts

the output from the classifier h1 with probability λ and predicts the output of the

classifier h2 with probability 1− λ. Then,
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TP (h′) = P[h′ = Y = 1]

= P[h1 = Y = 1|h = h1]P[h = h1] + P[h2 = Y = 1|h = h2]P[h = h2] (A.7)

= λTP (h1) + (1− λ)TP (h2). (A.8)

A similar argument gives the convex combination for TN . Thus, λ(TP (h1), TN(h1))+

(1− λ)(TP (h2), TN(h2)) ∈ C and hence, C is convex.

(v). This follows from convexity (iv) and boundedness (i).

(vi). For any bounded, convex region in [0, ζ]× [0, 1−ζ] which contains the points (0, ζ) and

(0, 1 − ζ), it is true that any positively sloped supporting hyperplane will be tangent

to (0, ζ) or (0, 1− ζ).

QED.

Lemma A.2. The boundary of C is exactly the confusion matrices of estimators of the form

λ1[η(x) ≥ t] + (1− λ)1[η(x) > t] and λ1[η(x) < t] + (1− λ)1[η(x) ≤ t] for some λ, t ∈ [0, 1].

Proof. To prove that the boundary is attained by estimators of these forms, consider solving

the problem under the constraint P[h = 1] = c. We have P[h = 1] = TP + FP , and

ζ = P[Y = 1] = TP + FN , so we get

TP − TN = c+ ζ − TP − TN − FP − FN = c+ ζ − 1, (A.9)

which is a constant. Note that no confusion matrix has two values of TP − TN . This

effectively partitions C, since all confusion matrices are attained by varying c from 0 to

1. Furthermore, since A := TN = TP − c − ζ + 1 is an affine space (a line in tp-tn

coordinate system), C ∩A has at least one endpoint, because A would pass through the box

[ζ, 0] × [0, 1 − ζ] and has at most two endpoints due to convexity and boundedness of C.
Since A is a line with positive slope, C ∩ A is a single point only when A is tangent to C at

(0, 1− ζ) or (ζ, 0), from Lemma A.1, part (vi).

Since the affine space A has positive slope, we claim that the two endpoints are attained

by maximizing or minimizing TP (h) subject to Pr[h = 1] = c. It remains to show that

this happens for estimators of the form hλt+ := λ1[η(x) ≥ t] + (1− λ)1[η(x) > t] and hλt− :=

λ1[η(x) < t] + (1− λ)1[η(x) ≤ t], respectively.

Let h be any estimator, and recall

TP (h) :=

∫
X
η(x)P[h = 1|X = x] dfX . (A.10)
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It should be clear that under a constraint P[h = 1] = c, the optimal choice of h puts all the

weight onto the larger values of η. One can begin by classifying those X into the positive

class where n(X) is maximum, until one exhausts the budget of c. Let t be such that

P[h0
t+ = 1] ≤ c ≤ P[h1

t+ = 1], and let λ ∈ [0, 1] be chosen such that P[hλt+ = 1] = c, then hλt+

must maximize TP (h) subject to P[h = 1] = c.

A similar argument shows that all TP-minimizing boundary points are attained by the

ht−’s. QED.

Remark A.1. Under Assumption 3.1, 1[η(x) > t] = 1[η(x) ≥ t] and 1[η(x) < t] = 1[η(x) ≤
t]. Thus, the boundary of C is the confusion matrices of estimators of the form 1[η(x) ≥ t]

and 1[η(x) ≤ t] for some t ∈ [0, 1].

Proof of Proposition 3.1. Note, we are maximizing a linear function on a convex set. There

are 6 cases to consider:

1. If the signs of m11 and m00 differ, the maximum is attained either at (0, 1− ζ) or (ζ, 0),

as per Lemma A.1, part (vi). Which of the two is optimum depends on whether |m11| ≥
|m00|, i.e. on the sign of m11 + m00. It should be easy to check that in all four possible

cases, the statement holds, noting that in all four cases, 0 ≤ m00/(m11 +m00) ≤ 1.

2. If m11,m00 ≥ 0, then the maximum is attained on ∂C+, and the proof below gives the

desired result.

We know, from Lemma A.2, that h must be of the form 1[η(x) ≥ t] for some t. It suffices

to find t. Thus, we wish to maximize m11TP (ht) + m00TN(ht). Now, let Z := η(X)

be the random variable obtained by evaluating η at random X. Under Assumption 3.1,

dfX = dfZ and we have that

TP (ht) =

∫
x:η(x)≥t

η(x) dfX =

∫ 1

t

z dfZ . (A.11)

Similarly, TN(ht) =
∫ t

0
(1− z) dfZ . Therefore,

∂
∂t

(
m11TP (ht) +m00TN(ht)

)
= −m11tfZ(t) + ·m00(1− t)fZ(t). (A.12)

So, the critical point is attained at t = m00/(m11 +m00), as desired. A similar argument

gives the converse result for m11 +m00 < 0.

3. if m11,m00 < 0, then the maximum is attained on ∂C−, and an argument identical to the

proof above gives the desired result.
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QED.

Proof of Proposition 3.2. That C is convex and bounded is already proven in Lemma A.1.

To see that C is closed, note that, from Lemma A.2, every boundary point is attained. From

Lemma A.1, part (iii), it follows that C is 180-degree rotationally symmetric around the

point ( ζ
2
, 1−ζ

2
).

Further, recall every boundary point of C can be attained by a thresholding estimator. By

the discussion in Section 3.2, every boundary point is the optimal classifier for some linear

performance metric, and the vector defining this linear metric is exactly the normal vector

of the supporting hyperplane at the boundary point.

A vertex exists if (and only if) some point is supported by more than one tangent hyper-

plane in two dimensional space. This means it is optimal for more than one linear metric.

Clearly, all the hyperplanes corresponding to the slope of the metrics where m11 and m00 are

of opposite sign (i.e. hyperplanes with positive slope) support either (ζ, 0) or (0, 1− ζ). So,

there are at least two supporting hyperplanes at these points, which make them the vertices.

Now, it remains to show that there are no other vertices for the set C.
Now consider the case when the slopes of the hyperplanes are negative, i.e. m11 and m00

have the same sign for the corresponding linear metrics. We know from Proposition 3.1 that

optimal classifiers for linear metrics are threshold classifiers. Therefore there exist more than

one threshold classifier of the form ht = 1[η(x) ≥ t] with the same confusion matrix. Let’s

call them ht1 and ht2 for the two thresholds t1, t2 ∈ [0, 1]. This means that∫
x:η(x)≥t1

η(x)dfX =

∫
x:η(x)≥t2

η(x)dfX . (A.13)

Hence, there are multiple values of η which are never attained! This contradicts that g is

strictly decreasing. Therefore, there are no vertices other than (ζ, 0) or (0, 1− ζ) in C.
Now, we show that no supporting hyperplane is tangent at multiple points (i.e., there no

flat regions on the boundary). If suppose there is a hyperplane which supports two points

on the boundary. Then there exist two threshold classifiers with arbitrarily close threshold

values, but confusion matrices that are well-separated. Therefore, there must exist some

value of η which exists with non-zero probability, contradicting the continuity of g. By the

discussion above, we conclude that under Assumption 3.1, every supporting hyperplane to

the convext set C is tangent to only one point. This makes the set C strictly convex. QED.

Proof of Lemma 3.1. We will prove the result for φ◦ρ+ on ∂C+, and the argument for ψ◦ρ−
on ∂C+ is essentially the same. For simplicity, we drop the + symbols in the notation. Recall

that a function is quasiconcave if and only if its superlevel sets are convex.
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It is given that φ is quasiconcave. Let S be some superlevel set of φ. We first want

to show that for any r < s < t, if ρ(r) ∈ S and ρ(t) ∈ S, then ρ(s) ∈ S. Since ρ

is a continuous bijection, due to the geometry of C (Lemma A.1 and Proposition 3.2),

we must have — without loss of generality — TP (ρ(r)) < TP (ρ(s)) < TP (ρ(t)), and

TN(ρ(r)) > TN(ρ(s)) > TN(ρ(t)). (otherwise swap r and t). Since the set C is strictly

convex and the image of ρ is ∂C, then ρ(s) must dominate (component-wise) a point in the

convex combination of ρ(r) and ρ(t). Say that point is z. Since φ is monotone increasing,

then x ∈ S =⇒ y ∈ S for all y ≥ x componentwise. Thereofore, φ(ρ(s)) ≥ φ(z). Since, S

is convex, z ∈ S and, due to the argument above, ρ(s) ∈ S.

This implies that ρ−1(∂C ∩S) is an interval, and is therefore convex. Thus, the superlevel

sets of φ ◦ ρ are convex, so it is quasiconcave, as desired. This implies unimodaltiy as a

function over the real line which has more than one local maximum can not be quasiconcave

(consider the super-level set for some value slightly less than the lowest of the two peaks).

QED.

Proof of Proposition 3.3. For this proof, we denote TP and TN as C11 and C00, respectively.

Let us take a linear-fractional metric

φ(C) =
p11C11 + p00C00 + p0

q11C11 + q00C00 + q0

(A.14)

where p11, q11, p00, q00 are not zero simultaneously. We want φ(C) to be monotonic in TP,

TN and bounded. If for any C ∈ C, φ(C) < 0, we can add a large positive constant such that

φ(C) ≥ 0, and still the metric would remain linear fractional. So, it is sufficient to assume

φ(C) ≥ 0. Furthermore, boundedness of φ implies φ(C) ∈ [0, D], for some R 3 D ≥ 0.

Therefore, we may divide φ(C) by D so that φ(C) ∈ [0, 1] for all C ∈ C. Still, the metric is

linear fractional and φ(C) ∈ [0, 1].

Taking derivative of φ(C) w.r.t. C11.

∂φ(C)

∂C11

=
p11

q11C11 + q00C00 + q0

− q11(p11C11 + p00C00 + p0)

(q11C11 + q00C00 + q0)2
≥ 0 (A.15)

⇒ p11(q11C11 + q00C00 + q0) ≥ q11(p11C11 + p00C00 + p0) (A.16)

If denominator is positive then the numerator is positive as well.

• Case 1: The denominator q11C11 + q00C00 + q0 ≥ 0.

– Case (a) q11 > 0.

140



⇒ p11 ≥ q11φ(C)

⇒ p11 ≥ q11 sup
C∈C

φ(C)

⇒ p11 ≥ q11τ (Necessary Condition) (A.17)

We are considering sufficient condition, which means τ can vary from [0, 1]. Hence,

a sufficient condition for monotonicity in C11 is p11 ≥ q11. Furthermore, p11 ≥ 0

as well.

– Case (b) q11 < 0.

⇒ p11 ≥ q11τ (A.18)

Since q11 < 0 and τ ∈ [0, 1], sufficient condition is p11 ≥ 0. So, in this case as well

we have that

p11 ≥ q11, p11 ≥ 0. (A.19)

– Case(c) q11 = 0.

⇒ p11 ≥ 0 (A.20)

We again have p11 ≥ q11 and p11 ≥ 0 as sufficient conditions.

A similar case holds for C00, implying p00 ≥ q00 and p00 ≥ 0.

• Case 2: The denominator q11C11 + q00C00 + q0 is negative.

p11 ≤ q11

(p11C11 + p00C00 + p0

q11C11 + q00C00 + q0

)
⇒ p11 ≤ q11τ (A.21)

– Case(a) If q11 > 0. So, we have p11 ≤ q11 and p11 ≤ 0 as sufficient condition.

– Case(b) If q11 < 0, ⇒ p11 ≤ q11. So, we have q11 < 0, ⇒ p11 < 0 as sufficient

condition.

– Case(c) If q11 = 0, ⇒ p11 ≤ 0 and p11 ≤ q11 as sufficient condition.

So in all the cases we have that

p11 ≤ q11 and p11 ≤ 0 (A.22)
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as the sufficient conditions. A similar case holds for C00 resulting in p00 ≤ q00 and

p00 ≤ 0.

Suppose the points where denominator is positive is C+ ⊆ C. Suppose the points where

denominator is negative is C− ⊆ C. For gradient to be non-negative at points belonging to

C+, the sufficient condition is

p11 ≥ q11 and p11 ≥ 0

p00 ≥ q00 and p00 ≥ 0 (A.23)

For gradient to be non-negative at points belonging to C−, the sufficient condition is

p11 ≤ q11 and p11 ≤ 0

p00 ≤ q00 and p00 ≤ 0 (A.24)

If C+ and C− are not empty sets, then the gradient is non-negative only when p11, p00 = 0

and q11, q00 = 0. This is not possible by the definition described in (A.14). Hence, one of C+

or C− should be empty. WLOG, we assume C− is empty and conclude that C+ = C.
An immediate consequence of this is, WLOG, we can take both the numerator and the

denominator to be positive, and the sufficient conditions for monotonicity are as follows:

p11 ≥ q11 and p11 ≥ 0

p00 ≥ q00 and p00 ≥ 0 (A.25)

Now, let us take a point in the feasible space (ζ, 0). We know that

φ((ζ, 0)) =
p11ζ + p0

q11ζ + q0

≤ τ

⇒ p11ζ + p0 ≤ τ(q11ζ + q0)

⇒ (p11 − τq11)ζ + (p0 − τq0) ≤ 0

⇒ (p0 − τq0) ≤ − (p11 − τq11)︸ ︷︷ ︸
positive

ζ︸︷︷︸
positive

⇒ (p0 − τq0) ≤ 0. (A.26)

Metric being bounded in [0, 1] gives us

p11C11 + p00C00 + p0

q11C11 + q00C00 + q0

≤ 1

⇒ p11C11 + p00C00 + p0 ≤ q11C11 + q00C00 + q0 (A.27)
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⇒ q0 ≥ (p11 − q11)c11 + (p00 − q00)c00 + p0 ∀C ∈ C. (A.28)

Hence, a sufficient condition is

q0 = (p11 − q11)ζ + (p00 − q00)(1− ζ) + p0. (A.29)

Equation (A.26), which we derived from monotonicity, implies that

• Case (a) q0 ≥ 0, ⇒ p0 ≤ 0 as a sufficient condition.

• Case (b) q0 ≤ 0, ⇒ p0 ≤ q0 ≤ 0 as a sufficient condition.

Since the numerator is positive for all C ∈ C and p11, p00 ≥ 0, a sufficient condition for p0 is

p0 = 0.

Finally, a monotonic, bounded in [0, 1], linear fractional metric is defined by

φ(C) =
p11c11 + p00c00 + p0

q11c11 + q00c00 + q0

, (A.30)

where p11 ≥ q11, p11 ≥ 0, p00 ≥ q00, p00 ≥ 0, q0 = (p11 − q11)ζ + (p00 − q00)(1− ζ) + p0, p0 = 0,

and p11, q11, p00, and q00 are not simulataneously zero. Further, we can divide the numerator

and denominator with p11 + p00 without changing the metric φ and the above sufficient

conditions. Therefore, for elicitation purposes, we can take p11 + p00 = 1. QED.

Proof of Proposition 3.4. For this proof as well, we use TP = C11 and TN = C00. Since the

linear fractional matrix is monotonically increasing in C11 and C00, it is maximized at the

upper boundary ∂C+. Hence m11 ≥ 0 and m00 ≥ 0. So, after running Algorithm 3.1, we get

a hyperplane such that

p11 − τq11 = αm11, p00 − τq00 = αm00,

p0 − τq0 = −α (m11C
∗
11 +m00C

∗
00)︸ ︷︷ ︸

=:C0

. (A.31)

Since p11 − τq11 ≥ 0 and m11 ≥ 0, ⇒ α ≥ 0. As discussed in the main paper, we avoid the

case when α = 0. Therefore, we have that α > 0.

Equation (A.31) implies that

p11

α
− τq11

α
= m11,

p00

α
− τq00

α
= m00,

p0

α
− τq0

α
= −C0. (A.32)
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Assume p′11 = p11

α
, p′00 = p00

α
, q′11 = q11

α
, q′00 = q00

α
, p′0 = p0

α
, q′0 = q0

α
. Then, the above system

of equations turns into

p′11 − τq′11 = m11, p′00 − τq′00 = m00,

p′0 − τq′0 = −C0. (A.33)

A φ′ metric defined by the p′11, p
′
00, q

′
11, q

′
00, q

′
0 is monotonic, bounded in [0, 1], and satisfies

all the sufficient conditions of Assumptions 3.2, i.e.,

p′11 ≥ q′11 , p
′
00 ≥ q′11, p

′
11 ≥ 0 , p′00 ≥ 0,

q′0 = (p′11 − q11)π + (p′00 − q′00)π + p′0, p
′
0 = 0. (A.34)

As discussed in Chapter 3, solving the above system does not harm the elicitation task. For

simplicity, replacing the “ ′ ” notation with the normal one, we have that

p11 − τq11 = m11, p00 − τq00 = m00,

p0 − τq0 = −C0 (A.35)

From last equation, we have that τ = C0+p0

q0
. Putting it in the rest gives us

q0p11 − (C0 + p0)q11 = m11q0 and q0p00 − (C0 + p0)q00 = m00q0. (A.36)

We already have

q0 = (p11 − q11)ζ + (p00 − q00)(1− ζ) + p0

⇒ q11 =
p00(1− ζ)− q00(1− ζ) + p11ζ − q0 + p0

ζ
, (A.37)

which further gives us

q0 =
(C0 + p0)[p00(1− ζ) + p11ζ + p0]

p11ζ + p00(1− ζ) + p0 + C0 −m11ζ −m00(1− ζ)
,

q00 =
(p00 −m00)[p00(1− ζ) + p11ζ + p0]

p11ζ + p00(1− ζ) + p0 + C0 −m11ζ −m00(1− ζ)
,

q11 =
(p11 −m11)[p00(1− ζ) + p11ζ + p0]

p11ζ + p00(1− ζ) + p0 + C0 −m11ζ −m00(1− ζ)
. (A.38)

Define

P := p00(1− ζ) + p11ζ + p0 and Q := P + C0 −m11ζ −m00(1− ζ). (A.39)
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Hence,

q0 = (C0 + p0)
P

Q
, q11 = (p11 −m11)

P

Q
, q00 = (p00 −m00)

P

Q
. (A.40)

Now using sufficient conditions, we have p0 = 0. The final solution is the following:

q0 = C0
P

Q
, q11 = (p11 −m11)

P

Q
, q00 = (p00 −m00)

P

Q
, (A.41)

where P := p11ζ + p00(1 − ζ) and Q := P + C0 − m11ζ − m00(1 − ζ). We have taken

p11 + p00 = 1, but the original p′11 + p′00 = 1
α

. Therefore, we learn φ̂(C) such that such that

φ̂(C) = αφ(C). QED.

Corollary A.1. For Fβ-measure, where β is unknown, Algorithm 3.1 elicits the true per-

formance metric up to a constant in O(log(1
ε
)) queries to the oracle.

Proof. Algorithm 3.1 gives us the supporting hyperplane, the trade-off, and the Bayes con-

fusion matrix. If we know p11, then we can use Proposition 3.4 to compute the other

coefficients. In Fβ-measure, p11 = 1, and we do not require Algorithms 3.2 and 3.3. QED.

Proof of Theorem 3.1. We prove the points one by one.

(i) As a direct consequence of our representation of the points on the boundary via their

supporting hyperplanes (Section 3.2.1), when we search for the maximizer (mimimizer),

we also get the associated supporting hyperplane as well.

(ii) By the nature of binary search, we are effectively narrowing our search interval around

some target angle θ0. Furthermore, since the oracle queries are correct unless the φ

values are within εΩ, we must have |φ(Cθ) − φ(Cθ0)| < εΩ, and we output θ′ such that

|θ0 − θ′| < ε. Now, we want to check the bound |φ(Cθ′)− φ(Cθ)|. In order to do that, we

will also consider the threshold corresponding to the supporting hyperplanes at Cθ’s, i.e.

δθ = sin θ/sin θ + cos θ.

Notice that,

|φ(Cθ)− φ(Cθ′)| = |φ(Cθ)− φ(Cθ0) + φ(Cθ0)− φ(Cθ′)|
≤ |φ(Cθ)− φ(Cθ0)|+ |φ(Cθ0)− φ(Cθ′)| (A.42)

The first term is bounded by εΩ due to the oracle assumption. For the bounds the second

term, consider the following.

|TP (Cθ0)− TP (Cθ′)|
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=

∣∣∣∣∣∣∣∣∣
∫

x:
sinθ0

sinθ0+cosθ0
≥η(x)≥ sinθ′

sinθ′+cosθ′

η(x) dfX

∣∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣∣
∫

x:
sinθ0

sinθ0+cosθ0
−δ≥η(x)−δ≥ sinθ′

sinθ′+cosθ′−δ

dfX

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
∫

x:
sinθ0

sinθ0+cosθ0
− sinθ
sinθ+cosθ

≥η(x)−δ≥ sinθ′
sinθ′+cosθ′−

sinθ
sinθ+cosθ

dfX

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
∫

x:
sin(θ0−θ)

sin(θ0+θ)+cos(θ0−θ)
≥η(x)−δ≥ sinθ′

sinθ′+cosθ′−
sinθ

sinθ+cosθ

dfX

∣∣∣∣∣∣∣∣∣∣
, (A.43)

where the inequality in the second step follows from the fact that η(x) ≤ 1.

Recall that the left term in the integral limits is actually, δθ0 − δθ. When |φ(Cδθ0 ) −
φ(Cδθ)| < εΩ, then we have |δ − δ0| < 2

k0

√
k1εΩ. The proof of this statement is given in

the proof of Theorem 3.2 (proved later). Since sin is 1-Lipschitz, adding and subtracting

sin θ0/(sin θ0 + cos θ0) in the right term of the integration limit gives us the minimum

value of the right term to be −ε− 2
√
k1εΩ
k0

. This implies that the quantity in (A.43) is less

than

P[{(η(X)− δ) ≤ 2

k0

√
k1εΩ} ∩ {(δ − η(X)) ≤ ε+

2

k0

√
k1εΩ}]

≤ P[(δ − η(X)) ≤ ε+
2

k0

√
k1εΩ]

≤ 2k1

k0

√
k1εΩ + k1ε. (by Assumption 3.4) (A.44)

As P(A ∩ B) ≤ min{P(A),P(B)}, the inequality used in the second step is rather loose,

but it shows the dependency on sufficiently small ε. It could be independent of the

tolerance ε depending on the P(η(X) − δ) or the sheer big value of ε. Nevertheless, a

similar result applies to the true negative rate. Since φ is 1-Lipschitz, we have that

|φ(C)− φ(C ′)| ≤ 1 · ‖C − C ′‖, but

‖C(θ0)− C(θ′)‖∞ ≤
2k1

k0

√
k1εΩ + k1ε. (A.45)
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Hence,

|φ(Cθ′)− φ(Cθ)| ≤
√

2(
2k1

k0

√
k1εΩ + k1ε) + εΩ. (A.46)

Since the metrics are in [0, 1], εΩ ∈ [0, 1]. Therefore,
√
εΩ ≥ εΩ. This gives us the desired

result.

(iii) We needed only, for part (ii), that the interval of possible values of θ′ be at most ε to

the target angle θ0. Ideally, this is obtained by making log2(1/ε) queries, but due to the

region where oracle misreport its preferences, we can be off to the target angle θ0 by more

than ε.

However, binary search will again put us back in the correct direction, once we leave the

misreporting region. And this time, even if we are off to the target angle θ0, we will be

closer than before. Therefore, for the interval of possible values of θ′ to be at most ε, we

require at least log(1
ε
) rounds of the algorithm, each of which is a constant number of

pairwise queries.
QED.

Proof of Lemma 3.2. For any fixed ε, divide the search space θ into bins of length ε, resulting

in
⌈

1
ε

⌉
classifiers. When the function evaluated on these classifiers is unimodal, and when

the only operation allowed is pairwise comparison, the optimal worst case complexity for

finding the argument maximum (of function evaluations) is O(log 1
ε
) [130], which is achieved

by binary search. QED.

Proposition A.1. Let (y1, x1, h(x1)), . . . , (yn, xn, h(xn)) be n i.i.d. samples from the joint

distribution on Y , X, and h(X). Then by Höffding’s inequality,

P
[∣∣ 1
n

∑n
i=1 1[hi = yi = 1]− TP (h)

∣∣ ≥ ε
]
≤ 2e−2nε2 . (A.47)

The same holds for the analogous estimator on TN.

Proof. Direct application of Höffding’s inequality. QED.

Proof of Theorem 3.2. We will show this for threshold classifiers, as in the statement of the

Assumption 3.4, but it is not difficult to extend the argument to the case of querying angles.

(Involves a good bit of trigonometric identities...)

Recall, the threshold estimator hδ returns positive if η(x) ≥ δ, and zero otherwise. Let δ

be the threshold which maximizes performance with respect to φ, and Cδ be its confusion

matrix. For simplicity, suppose that δ′ < δ. Recall, from Assumption 3.4 that Pr[η(X) ∈
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[δ − k0

2k1
ε, δ]] ≤ k0ε/2, but Pr[η(X) ∈ [δ − ε, δ]] ≥ k0ε, and therefore

P
[
η(X) ∈ [δ − ε, δ − k0

2k1
ε]
]
≥ k0ε/2 (A.48)

Denoting φ(C) = 〈m, C〉 and since δ = m00/(m11 +m00), by expanding the integral, we get

φ(Cδ)− φ(Cδ′) =

∫
x:δ′≤η(x)≤δ

[m00(1− η(x))−m11η(x)] dfX

=

∫
x:δ−(δ−δ′)≤η(x)≤δ

[m00(1− η(x))−m11η(x)] dfX

≥
∫
x:δ−(δ−δ′)≤η(x)≤δ− k0

2k1
(δ−δ′)
[m00(1− η(x))−m11η(x)] dfX

≥ [(m11 +m00)
( −m00

m00 +m11

+
k0

2k1

(δ − δ′)
)

+m00]×
∫
x:δ−(δ−δ′)≤η(x)≤δ− k0

2k1
(δ−δ′)
dfX

= [(m11 +m00)
k0

2k1

(δ − δ′)]× P[δ − (δ − δ′) ≤ η(x) ≤ δ − k0

2k1

(δ − δ′)]

≥ k0

2
(δ − δ′) · k0

2k1
(δ − δ′) =

k2
0

4k1

(δ − δ′)2. (A.49)

Similar results hold when δ′ > δ. Therefore, if we have |φ(C) − φ(C(δ′))| < εΩ, then we

must have |δ − δ′| < 2
k0

√
k1εΩ. Thus, if we are in a regime where the oracle is misreporting

the preference ordering, it must be the case that the thresholds are sufficiently close to the

optimal threshold.

Again, as in the proof of Theorem 3.1, when the tolerance ε is small, our binary search

closes in on a parameter θ′ which has φ(Cδθ′ ) within εΩ of the optimum, but from the above

discussion, this also implies that the search interval itself is close to the true value, and thus,

the total error in the threshold is at most ε + 2
k0

√
k1εΩ. Since δ = m00/(m11 + m00), this

bound extends to the cost vector with a factor of
√

2, thus giving the desired result.

We observe that the above theorem actually provide bounds on the slope of the hyper-

planes. Thus, the guarantees for LFPM elicitation follow naturally. It only requires that we

recover the slope at the upper boundary and lower boundary correctly (within some bounds).

This theorem provides those guarantees. Algorithm 3.3 is independent of oracle queries and

thus can be run with high precision, making the solutions of the two systems match. QED.

Proof of Lemma 3.3. Suppose the performance metric of the oracle is characterized by the

parameter θ. Recall the Bayes optimal classifier would be hθ = 1[η ≥ δ]. Let us assume

we are given a classifier ĥθ = 1[η̂ ≥ δ]. Notice that the optimal threshold δ is the property

of the metric and not the classifier or η. We want to bound the difference in the confusion
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matrices for these two classifiers. Notice that, by Assumption 3.3, we can take n sufficiently

large so that ‖η − η̂n‖∞ is arbitrarily small. Consider the quantity

TP (hθ)− TP (ĥθ) =

∫
η≥δ
η dfX −

∫
η̂≥δ
η dfX (A.50)

Now the maximum loss in the above quantity can occur when, in the region where the

classifiers’ predictions differ, there η̂ is less than η with the maximum possible difference.

This is equal to ∫
x:δ≤η(x)≤δ+‖η−η̂‖∞

η dfX

≤ P[δ ≤ η(X) ≤ δ + ‖η − η̂‖∞]

≤ k1‖η − η̂‖∞. (by Assumpition 3.4) (A.51)

Similarly, we can look at the maximum gain in the following quantity.

TP (ĥθ)− TP (hθ) =

∫
η̂≥δ
η dfX −

∫
η≥δ
η dfX (A.52)

Now the maximum gain in the above quantity can occur when, in the region where the

classifiers’ predictions differ, there η̂ is greater than η with the maximum possible difference.

This is equal to ∫
x:δ−‖η−η̂‖∞≤η(x)≤δ

η dfX ≤ P[δ − ‖η − η̂‖∞

≤ η(X) ≤ δ]

≤ k1‖η − η̂‖∞. (by Assumpition 3.4) (A.53)

Hence,

|TP (ĥθ)− TP (hθ)| ≤ k1‖η − η̂‖∞. (A.54)

Similar arguments apply for TN , which gives us the desired result. QED.

A.3 EXTENDED EXPERIMENTS

In this section, we empirically validate the theory and robustness to finite samples.
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Table A.1: Empirical Validation for LPM elicitation at tolerance ε = 0.02 radians. φ∗ and
φ̂ denote the true and the elicited metric, respectively.

φ∗ = m∗ φ̂ = m̂ φ∗ = m∗ φ̂ = m̂

(0.98,0.17) (0.99,0.17) (-0.94,-0.34) (-0.94,-0.34)
(0.87,0.50) (0.87,0.50) (-0.77,-0.64) (-0.77,-0.64)
(0.64,0.77) (0.64,0.77) (-0.50,-0.87) (-0.50,-0.87)
(0.34,0.94) (0.34,0.94) (-0.17,-0.98) (-0.17,-0.99 )

A.3.1 Synthetic Data Experiments

We take the same distribution as in (A.1) with the noise parameter a = 5. In the LPM

elicitation case, we define a true metric φ∗ by m∗ = (m∗11,m
∗
00). This defines the query

outputs in line 6 of Algorithm 3.1. Then we run Algorithm 3.1 to check whether or not

we get the same metric. The results for both monotonically increasing and monotonically

decreasing LPM are shown in Table A.1. We achieve the true metric even for very tight

tolerance ε = 0.02 radians.

Next, we elicit LFPM. We define a true metric φ∗ by {(p∗11, p
∗
00), (q∗11, q

∗
00, q

∗
0)}. Then, we run

Algorithm 3.1 with ε = 0.05 to find the hyperplane ` and maximizer on ∂C+, Algorithm 3.2

with ε = 0.05 to find the hyperplane ` and minimizer on ∂C−, and Algorithm 3.3 with

n = 2000 (1000 confusion matrices on both ∂C+ and ∂C− obtained by varying parameter θ

uniformly in [0, π/2] and [π, 3π/2]) and ∆ = 0.01. This gives us the elicited metric φ̂, which

we represent by {(p̂11, p̂00), (q̂11, q̂00, q̂0)}. In Table A.2, we present the elicitation results for

LFPMs (column 2). We also present the mean (α) and the standard deviation (σ) of the

ratio of the elicited metric φ̂ to the true metric φ over the set of confusion matrices (column

3 and 4 of Table A.2). As suggested in Corollary A.1, if we know the true ratio of p∗11/p∗00,

then we can elicit the LFPM up to a constant by only using Algorithm 3.1 resulting in better

estimate of the true metric, because we avoid errors due to Algorithms 3.2 and 3.3. Line

1 and line 2 of Table A.2 represent F1 measure and F 1
2

measure, respectively. In both the

cases, we assume the knowledge of p∗11 = 1. Line 3 to line 6 correspond to some arbitrarily

chosen linear fractional metrics to show the efficacy of the proposed method. For a better

judgment, we show function evaluations of the true metric and the elicited metric on selected

pairs of (TP, TN) ∈ ∂C+ (used for Algorithm 3.3) in Figure A.2. The true and the elicited

metric are plotted together after sorting values based on slope parameter θ. We see that the

elicited metric is a constant multiple of the true metric. The vertical solid and dashed line

corresponds to the argmax of the true and the elicited metric, respectively. In Figure A.2, we

see that the argmax of the true and elicited metrics coincides, thus validating Theorem 3.1.
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Table A.2: LFPM Elicitation for synthetic distribution (Section A.3.1) and Magic (M)
dataset (Section A.3.2) with ε = 0.05 radians. (p∗11, p

∗
00), (q∗11, q

∗
00, q

∗
0) denote the true LFPM.

(p̂11, p̂00), (q̂11, q̂00, q̂0) denote the elicited LFPM. α and σ denote the mean and the standard
deviation in the ratio of the elicited to the true metric (evaluated on the confusion matrices
in ∂C+ used in Algorithm 3.3), respectively. We empirically verify that the elicited metric is
constant multiple (α) of the true metric.

True Metric Results on Synthetic Distribution (Section A.3.1) Results on Real World Dataset M (Section A.3.2)

(p∗11, p
∗
00), (q∗11, q

∗
00, q

∗
0) (p̂11, p̂00), (q̂11, q̂00, q̂0) α σ (p̂11, p̂00), (q̂11, q̂00, q̂0) α σ

(1.00,0.00),(0.50,-0.50,0.50) (1.00,0.00),(0.25,-0.75,0.75) 0.92 0.03 (1.00,0.00),(0.25,-0.75,0.75) 0.90 0.06
(1.0,0.0),(0.8,-0.8,0.5) (1.0,0.0),(0.73,-1.09,0.68) 0.94 0.02 (1.0,0.0),(0.72,-1.13, 0.57) 1.06 0.05
(0.8,0.2),(0.3,0.1,0.3) (0.86,0.14),(-0.13,-0.07, 0.60) 0.90 0.06 (0.23,0.77),(-0.87,0.66,0.76) 0.84 0.09

(0.60,0.40),(0.40,0.20,0.20) (0.67,0.33),(-0.07,-0.44,76) 0.82 0.05 (0.16,0.84),(-0.89,0.25,0.89) 0.65 0.05
(0.40,0.60),(-0.10,-0.20,0.65) (0.36,0.64),(-0.21,-0.25,0.73) 0.97 0.01 (0.08,0.92),(-0.75,0.12,0.82) 0.79 0.08
(0.20,0.80),(-0.40,-0.20,0.80) (0.12, 0.88),(-0.43, 0.002, 0.71) 1.02 0.006 (0.19,0.81),(-0.38,-0.13,0.70) 1.02 0.004

A.3.2 Real-World Data Experiments

In real-world datasets, we do not know η(x) and only have finite samples. Thus, the

feasible space C is not as well behaved as shown in Figure A.1, and poses a challenge for

the elicitation task. Now, we validate the elicitation procedure with two real-world datasets.

The datasets are: (a) Breast Cancer (BC) Wisconsin Diagnostic dataset [28] containing

569 instances, and (b) Magic (M) dataset [29] containing 19020 instances. For both the

datasets, we standardize the attributes and split the data into two parts S1 and S2. On S1,

we learn an estimator η̂ using regularized logistic regression model with regularizing constant

λ = 10 and λ = 1. We use S2 for making predictions and computing sample confusions.

We generated twenty eight different LPMs φ∗ by generating θ∗ (or say, m∗ = (cos θ∗, sin θ∗)).

Fourteen from the first quadrant starting from π/18 radians to 5π/12 radians in step of π/36

radians. Similarly, fourteen from the third quadrant starting from 19π/18 to 17π/12 in step

of π/36 radians. We then use Algorithm 3.1 (Algorithm 3.2) for different tolerance ε, for

different datasets, and for different regularizing constant λ in order to recover the estimate

m̂. We compute the error in terms of the proportion of the number of times when Algorithm

3.1 (Algorithm 3.2) failed to recover the true m∗ within ε threshold.

We report our results in Table A.3. We see improved elicitation for dataset M , suggesting

that ME improves with larger datasets. In particular, for dataset M , we elicit all the metrics

within threshold ε = 0.11 radians. We also observe that ε = 0.02 is an overly tight tolerance

for both the datasets leading to many failures. This is because the elicitation routine gets

stuck at the closest achievable confusion matrix from finite samples, which need not be

optimal within the given (small) tolerance. Furthermore, both of these observations are

consistent for both the regularized logisitic regression models with regularizer λ.
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(a) Table A.2, Line 1, Column 2 (b) Table A.2, Line 2, Column 2 (c) Table A.2, Line 3, Column 2

(d) Table A.2, Line 4, Column 2 (e) Table A.2, Line 5, Column 2 (f) Table A.2, Line 6, Column 2

Figure A.2: True and elicited LFPMs for synthetic distribution from Table A.2. The solid
green curve and the dashed blue curve are the true and the elicited metric, respectively.
The solid red and the dashed black vertical lines represent the maximizer of the true metric
and the elicited metric, respectively. The elicited LFPMs are constant multiple of the true
metrics with the same maximizer (solid red and dashed black vertical lines overlap).

Next, we discuss the case of LFPM elicitation. We use the same true metrics φ∗ as

described in Section A.3.1 and follow the same process for eliciting LFPM, but this time we

work with MAGIC dataset. In Table A.2 (columns 5, 6, and 7), we present the elicitation

results on MAGIC dataset along with the mean α and the standard deviation σ of the ratio

of the elicited metric and the true metric. Again, for a better judgment, we show the function

evaluation of the true metric and the elicited metric on the selected pairs of (TP, TN) ∈ ∂C+

(used for Algorithm 3.3) in Figure A.3, ordered by the parameter θ. Although we do observe

that the argmax is different in two out of six cases (see Sub-figure (b) and Sub-figure (c)) due

to finite samples, elicited LFPMs are almost equivalent to the true metric up to a constant.

A.4 MONOTONICALLY DECREASING CASE

If the oracle’s metric is monotonically decreasing in TP, TN, we can find the support-

ing hyperplanes at the maximizer and the minimizer. It would require to pose one query

Ω(C∗π/4, C
∗
5π/4). The response determines whether we want to search over ∂C+ or ∂C− and

apply Algorithms 3.1 and 3.2 accordingly. If C∗π/4 ≺ C∗5π/4, then the metric is monotonically

decreasing, and we search for the maximizer on the lower boundary ∂C− (and vice-versa).
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Table A.3: LPM elicitation results on real datasets (ε in radians). M and BC represent
Magic and Breast Cancer dataset, respectively. λ is the regularization parameter in the
regularized logistic regression models. The table shows error in terms of the proportion of
the number of times when Algorithm 3.1 (Algorithm 3.2) failed to recover the true m∗(θ∗)
within ε threshold. The observations made in Chapter 3 are consistent for both models.

λ = 10 λ = 1

ε M BC M BC

0.02 0.57 0.79 0.54 0.79
0.05 0.14 0.43 0.36 0.64
0.08 0.07 0.21 0.14 0.57
0.11 0.00 0.07 0.07 0.43

(a) Table A.2, Line 1, Column 5 (b) Table A.2, Line 2, Column 5 (c) Table A.2, Line 3, Column 5

(d) Table A.2, Line 4, Column 5 (e) Table A.2, Line 5, Column 5 (f) Table A.2, Line 6, Column 5

Figure A.3: True and elicited LFPMs for dataset M from Table A.2. The solid green curve
and the dashed blue curve are the true and the elicited metric, respectively. The solid
red and the dashed black vertical lines represent the maximizer of the true metric and the
elicited metric, respectively. We see that the elicited LFPMs are constant multiple of the true
metrics with almost the same maximizer (solid red and dashed black vertical lines overlap
except for two cases).

153



APPENDIX B: MULTICLASS CLASSIFICATION PERFORMANCE
METRIC ELICITATION

Let fX be the marginal distribution for X .

B.1 SHRINKINTERVAL-1 AND SHRINKINTERVAL-2 SUBROUTINES

Notice that both ShrinkInterval sub-routines work with responses to four queries, and

based on the responses divides the interval into two. Since the metric dealt in Algorithm 4.1

is concave and unimodal (see Lemma 4.2 and Remark 4.1), four queries are required to

shrink the interval into by half in every iteration. Since we use the enclosed sphere for LPM

elicitation, we can shrink the interval into half based on just two queries in Algorithm 4.2,

i.e. by querying Ω(cd, cc) and Ω(ce, cd), due to strong convexity of the sphere (see proof

of Theorem 4.2). However, we show use of four queries in Algorithm 4.2 just to make the

algorithms consistent for the readers to understand.

B.2 PROOFS OF SECTION 4.2

Proof of Proposition 4.1. The following are the properties of D.

• Convex : Let us take two classifiers h1, h2 ∈ H which achieve the diagonal confusions

d(h1),d(h2) ∈ D. We need to check whether there exists a classifier, which achieves the

off-diagonal confusion λd(h1)+(1−λ)d(h2). Consider a classifier h, which with probability

λ predicts what classifier h1 predicts and with probability 1 − λ predicts what classifier

h2 predicts. Then the first component

d1(h) = P(Y = 1, h = 1)

= P(Y = 1, h = h1|h = h1)P(h = h1) + P(Y = 1, h = h2|h = h2)P(h = h2)

= λd1(h1) + (1− λ)d1(h2). (B.1)

Similarly, this hold true for di(h) for i ∈ [k]. Hence, C is convex.

• Bounded: Since Di = P [Y = i, h = i] ≤ ζi for all i ∈ [K], D ⊆ [0, ζ1]× · · · × [0, ζk].

• Strictly convex and closed: Since C is convex, its boundary is intersection of half spaces.

Furthermore, any linear functional is maximized at the boundary of a convex set [26].

Suppose we are given a diagonal linear functional (DLPM) a. The BO classifier ha for
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Subroutine ShrinkInterval-1

Input: Oracle responses for Ω(d
c
1,i,d

a
1,i),

Ω(d
d
1,i,d

c
1,i),Ω(d

e
1,i,d

d
1,i),Ω(d

b
1,i,d

e
1,i).

If (d
a
1,i � d

c
1,i) m

b = md.

elseif (d
a
1,i ≺ d

c
1,i � d

d
1,i) m

b = md.

elseif (d
c
1,i ≺ d

d
1,i � d

e
1,i) m

a = mc, mb = me.

elseif (d
d
1,i ≺ d

e
1,i � d

b
1,i) m

a = md.

else ma = md.

Output: [ma,mb].

ψ

mma mc md me mb

Figure B.1: (Left): Description of Subroutine ShrinkInterval-1. (Right): Visual intuition of
the subroutine ShrinkInterval-1 ; in search of the maximizer of a quasiconcave metric ψ, the
subroutine shrinks the current interval to half based on oracle responses to the four queries.

Subroutine ShrinkInterval-2

Input: Oracle responses for Ω(cc, ca),Ω(cd, cc),

Ω(ce, cd),Ω(cb, ce), j ∈ [q].

If (ca � cc) θbj = θdj .

elseif (ca ≺ cc � cd) θbj = θdj .

elseif (cc ≺ cd � ce) θaj = θcj , θ
b
j = θej .

elseif (cd ≺ ce � cb) θaj = θdj .

else Set θaj = θdj .

Output: [θaj , θ
b
j ].

Figure B.2: Formal description of the subroutine ShrinkInterval-2. ShrinkInterval-2 is same
as ShrinkInterval-1 except that it applies to the parameter θj and works with responses to
off-diagonal confusions based queries.

that function is given by Proposition B.1 (whose proof is discussed later). Let the value

achieved by the corresponding BO diagonal confusion d is α. That is,

α =
k∑
i=1

aidi =
k∑
i=1

∫
X
aiηi(x)1[ha(x) = i|X = x]dfX . (B.2)

Now, if we want to construct another classifier which achieves the same value α, there has

to be some weight shift from one class to another class without changing the maximum

value α, but note that P[aiηi(X) = ajηj(X)] = 0 for all i, j ∈ [k] due to Assumption 4.1.

Hence, there is a unique maximizer of this linear functional on the boundary. Therefore,

the space is strictly convex. One characterization of the boundary of the space ∂D can be

given by BO diagonal-confusions corresponding to any linear functional a. These diagonal

confusions are achieved by the corresponding BO classifiers. Therefore, these diagonal
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confusions are always achievable, and the space is closed as well.

• vi are always achieved: It is easy to see that any trivial classifier which predicts only class

i ∈ [k], will achieve the diagonal confusion defined by vi.

• vi are the only vertices: Certainly, a vertex exists if (and only if) some point is supported

by more than k tangent hyperplanes in k dimensional space. This means that the vertex

is optimal for more than k linear metric (linear functional). Clearly, all the metrics with

slope a such that ai > aj > 0 and al = 0 ∀ l ∈ [k], l 6= i, j support vi. So, there are at

least k supporting hyperplanes at these points, which make them the vertices. Now, we

show that these are the only vertices.

Suppose there is a point other than vi’s which is supported by two hyperplanes given by

the slopes a1 and a2. From Proposition B.1 (discussed later), we can get Bayes optimal

classifiers ha
1

and ha
2
, which achieve the same diagonal confusions. This means that∫

x:
η1(x)
ηj(x)

≥tj ,j∈{2,··· ,K}
η1(x)dfX =

∫
x:
η1(x)
ηj(x)

≥t′j ,j∈{2,··· ,K}
η1(x)dfX , (B.3)

i.e., the first component d1 should be equal for the two classifiers, where tj, t
′
j’s are depen-

dent on a1 and a2. Since, these classifiers are different at least for one j, tj 6= t′j. This

will mean that there are multiple values of η1(x)
ηj(x)

which are not attained. This contradict

with our Assumption 4.1 that g1j is strictly decreasing. By strict convexity, there are no

supporting hyperplane tangent at multiple points. Hence, vi are the only vertices of the

set D.

Since we take classifiers which predict only classes k1 and k2, the values of any diagonal

confusion d ∈ Dk1,k2 evaluate to zero at indices except k1, k2. Therefore, the properties of

the space Dk1,k2 can be proved on similar lines to Chapter 3. QED.

Proof of Proposition 4.3. The following are the properties of the space C.

• Convex The space is convex follows from first point of Proposition 4.1.

• Bounded: Cij = P[Y = i, h = j] ≤ P[Y = i] = ζi for i, j ∈ [k]. When confusion

matrices written in row major form excluding the diagonal terms, then it is easy to see

that C ⊆ [0, ζ1](k−1) × [0, ζ2](k−1) × · · · × [0, ζk]
(k−1).

• ui’s and o are always achieved: The classifier which always predicts class i, will achieve

the confusion matrix ui. Thus, ui ∈ C ∀ i ∈ [q]. Furthermore, a classifier which predicts

similar to one of the trivial classifiers with probability 1/k will achieve the confusions o

(the centroid).
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• ui’s are vertices: Any supporting hyperplane with slope a1i < a1j < 0 and a1l = 0 for

l ∈ [k], l 6= i, j will be supported by u1 (corresponding to BO classifier which predict class

1). Thus, u1 is supported by at least q hyperplanes. Thus, it becomes a vertex of the

convex set. Similar is the case with other ui’s.

QED.

Proposition 4.2 can be considered as a corollary of the following more general Proposition.

Proposition B.1. Let ψ ∈ ϕDLPM , parametrized by a, then

h(x) = argmax
i∈[k]

aiηi(x), and h(x) = argmin
i∈[k]

aiηi(x) (B.4)

are the BO and IBO classifiers w.r.t ψ, respectively.

Proof. Let

ψ =
∑
i

aidi =
∑
i

∫
X
aiηi(x)1[h(x) = i]. (B.5)

From this mathematical form, it is easy to see that the metric achieves its maximum when

a class that maximizes the expected utility conditioned on the instance is predicted. That

is, the metric achieves its maximum when a classifier deterministically predicts class i when

i = argmaxj∈[k] ajηj(x). This is the form of the classifier written in the proposition. Similarly,

this metric is minimized when when a classifier minimizes the expected utility conditioned

on the instance, by predicting class i = argminj∈[k] ajηj(x). QED.

Proof of Proposition 4.2. Recall that classifiers which predict only class k1 and k2 will achieve

diagonal confusions, which have zeros at every other index except k1, k2. Therefore,

ψ =
∑
i

aidi = ak1dk1 + ak2dk2

=

∫
X
ak1ηk1(x)1[h(x) = k1] +

∫
X
ak2ηk2(x)1[h(x) = k2]. (B.6)

Again, using the idea used in the previous proof, the metric achieves its maximum when a

class that maximizes the expected utility conditioned on the instance is predicted. Therefore,

hk1,k2(x) =

{
k1, if ak1ηk1(x) ≥ ak2ηk2(x)

k2, o.w.

}
(B.7)
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is the RBO classifier (restricted to classes k1, k2) with respect to ψ. Furthermore, the RIBO

classifier is given by hk1,k2
(x) = k21[hk1,k2(x) = k1] + k11[hk1,k2(x) = k2]. RIBO classifier

does exactly the opposite of RBO, i.e., it predicts class k1, wherever RBO predicts class k2

on the instance space X and vice-versa. QED.

Proof of Lemma 4.1. Suppose the origin is at o and the constrained set is the sphere Sλ
with radius λ centered at o. We want to maximize 〈a, c〉 such that c ∈ Sλ. Since a linear

metric over a convex set is maximized at the boundary [26], it is easy to see that ci = λai

will maximize this metric. Moving the reference point to the original origin i.e. 0q gives us

the required answer. QED.

B.3 PROOFS OF SECTION 4.3

We write Lemma 4.2 in the following more general form.

Lemma B.1. Let ψ : D → R (ξ : D → R) be a quasiconcave (quasiconvex) function,

which is monotone increasing in all {di}ki=1. For k1, k2 ∈ [k], let ρ+ : [0, 1] → ∂D+
k1,k2

(ρ− : [0, 1] → ∂D−k1,k2
) be a continuous, bijective, parametrization of the upper (lower)

boundary. Then the composition ψ ◦ ρ+ : [0, 1] → R (ξ ◦ ρ− : [0, 1] → R) is quasiconcave

(quasiconvex) and thus unimodal on the interval [0, 1].

Proof. A function is quasiconcave iff super-level sets are convex. We already know from

Proposition 4.1 Dk1,k2 is convex. Moreover, any vector of diagonal confusions has zeros at

every index except at indices k1, k2. Let ψ : D → R be a quasiconcave metric, which implies

that its super-level sets LDr (ψ) = {d ∈ D : ψ(d) ≥ r} are convex. Now, consider the

super-level sets of ψ restricted to the diagonal confusions in Dk1,k2 i.e. LDk1,k2
r (ψ) = {d ∈

Dk1,k2
: ψ(d) ≥ r}. Take any d1,d2 ∈ LDk1,k2

r (ψ). Since d1,d2 ∈ D as well, they belong to

the set LDr (ψ), which is convex. Hence, for t ∈ [0, 1], td1 + (1− t)d2 ∈ LDr (ψ), which implies

that ψ(td1 + (1− t)d2) ≥ r. Furthermore, td1 + (1− t)d2 ∈ Dk1,k2 , because Dk1,k2 is convex.

By the above two arguments, we have that td1 + (1 − t)d2 ∈ LDk1,k2
r (ψ). This implies that

LDk1,k2
r (ψ) is convex, and hence ψ restricted to Dk1,k2 is quasiconcave. The proof analogously

follows for quasiconvex metric ξ.

Now, it remains to show that ψ ◦ ρ+ : [0, 1] → R (ψ ◦ ρ− : [0, 1] → R) is quasiconcave

(quasiconvex). This can be proved by readily extending the proof of Lemma 3.1 (Chapter 3)

to the diagonal multiclass case. For the sake of completeness, we also provide the proof here.

We will prove the result for ψ ◦ ρ+ on ∂D+
k1,k2

, and the argument for ξ ◦ ρ− on ∂D−k1,k2
is

essentially the same. For simplicity, we drop the + symbols in the notation. It is given that
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ψ is quasiconcave. Let S be some superlevel set of ψ. We first want to show that for any

r < s < t, if ρ(r) ∈ S and ρ(t) ∈ S, then ρ(s) ∈ S. Since ρ is a continuous bijection, due

to the geometry of Dk1,k2 , we must have — wlog — dk1(ρ(r)) < dk1(ρ(s)) < dk1(ρ(t)), and

dk2(ρ(r)) > dk2(ρ(s)) > dk2(ρ(t)) (otherwise swap r and t). Since the set Dk1,k2 is strictly

convex and the image of ρ is ∂Dk1,k2 , then ρ(s) must dominate (component-wise) a point in

the convex combination of ρ(r) and ρ(t). Say that point is z. Since ψ is monotone increasing,

then x ∈ S =⇒ y ∈ S for all y ≥ x component-wise. Therefore, ψ(ρ(s)) ≥ ψ(z). Since, S

is convex, z ∈ S and, due to the argument above, ρ(s) ∈ S.

This implies that ρ−1(∂Dk1,k2 ∩ S) is an interval, and is therefore convex. Thus, the

superlevel sets of ψ◦ρ are convex, so it is quasiconcave, as desired. This implies unimodaltiy

as a function over the real line since a function which has more than one local maximum

can not be quasiconcave (consider the super-level set for some value slightly less than the

lowest of the two peaks). QED.

B.4 PROOFS OF SECTION 4.5

Proof of Theorem 4.1. In Chapter 3, it is shown that for binary classification, the inner

loop of Algorithm 4.1 will estimate the value of m̂ for the Bayes-optimal binary classifier

corresponding to a linear metric a∗ = (m∗, 1 − m∗) ∈ R2, such that |m̂ − m∗| < ε +
√
εΩ

after O(log 1
ε
) iterations. Now, in the multiclass case, this allows us to argue that, for any

1 ≤ i < j ≤ k, we can estimate a value mij such that a∗i /a
∗
j = (1−mij)/mij.

For the required guarantees, wlog, we assumed throughout the algorithm that a1 ≥ ak/2

for all k. This is because, if a1 does not satisy this condition, then we can always choose an in-

dex z ∈ [k] which does satisfy this from the following procedure:

Set z ← 1

for t = 2, 3, · · · , k do

Compute an estimate m̂tz of mtz.

if m̂tz <
1
2

then z ← t else do nothing

end for

Output: z.
Let ε = ε +

√
εΩ. Now, if m̂tz <

1
2
, then a∗t ≥ a∗z · (1

2
− ε)/(1

2
+ ε) = 1−2ε

1+2ε
. It can be shown

that this ratio is at least 1− 4ε. Therefore, if z is the final coordinate output, we must have

that az ≥ (1− 4ε)kat for all t. But (1− 4ε)k ≈ e−4kε, and so for ε sufficiently small, we have

az ≥ at/2 for all t as desired. Now that we have our assumption, we may proceed to show
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f(x)

xxa xbx∗

¯̀∗

Sλ
µ(θ)f∗µ(θ)

µ(θ∗)

o

Figure B.3: (Left): A function for the semicircle with unit radius. (Right): Visual intuition
for the distance between the boundary points and tangent place at the optimal off-diagonal
confusions.

that the algorithm is correct. We wish to show that ‖â/|âz| − a/|az|‖∞ < O(ε). We have∣∣∣∣ âtâz − at
az

∣∣∣∣ =

∣∣∣∣1− m̂t

m̂t

− 1−mt

mt

∣∣∣∣ =

∣∣∣∣ 1

m̂t

− 1

mt

∣∣∣∣
≤ 1

mt − ε
− 1

mt

≤ 1

mt

(
1

1− 2ε
− 1

)
≤ 2 · 2ε/(1− 2ε) ≤ 5ε (B.8)

for ε < 0.1. This gives us the deisred bound. QED.

Proof of Theorem 4.2. Consider the geometry shown in the Figure B.3 (left). This shows a

function f [−1, 1]q → R which follow the trajectory of a unit semicircle (semisphere). Let x

be a q-dimensional vector, then this function is given by:

f(x) = 1−

√√√√1−
q∑
i

x2
i . (B.9)

Intuitively, this function evaluates the distance of the points lying on the surface of the

semisphere. The point x∗ (the origin) is the unique minimizer of this function. Let us restrict

the domain of this function to the points Q = [xa,xb], where xa > −1 (component-wise)

and xb < 1 (component-wise). Then it is easy to see that the derivative of this function:

∇f =

(
x1√

1−∑q
i x

2
i

, . . . ,
xq√

1−∑q
i x

2
i

)
(B.10)

is continuously differentiable on a compact domain Q. Thus, ∇f is Lipschitz with some

Lipschitz parameter L i.e.:

‖∇f(y)−∇f(x)‖2 ≤ L‖y − x‖2 (B.11)
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which makes the function f to be L-smooth. In addition, we observe that:

f(x) = 1−

√√√√1−
q∑
i

x2
i ≥

1

2

q∑
i

x2
i . (B.12)

This implies that there exists a paraboloid always below the function f , which by definition,

makes the function f a strongly convex function (say with strong convexity parameter τ).

Thus, this function satisfies all the requirements i.e smoothness, strong convexity, and has

unique minimizer, to inherit the guarantees from Derivative Free Optimization [36]. Notice

that if we apply the coordinate-wise binary search Algorithm 4.2, where the inner loop is

run for log(1/ε) queries, to minimize this function using pairwise comparison queries (i.e.

the oracle responds with the point that evaluate to lesser value of f out of the two), then

by Theorem 5 of [36] one can guarantee that after 4L
τ

log(f(x0)−f(x∗)
ε22qL2/τ

)q log(1/ε) queries to the

oracle, we can get an estimate of the minimizer xT such that f(xT ) − f(x∗) < 4qL2ε2/τ .

Notice that for this function f(x0)− f(x∗) = f(x0)− 0 = f(x0) ≤ 1.

Now, for simplicity assume λ = 1. As we discussed, LPM elicitation problem, where

queries are asked on a sphere Sλ has a dual form, where we use a (q − 1) dimensional

bijective parametrization based on θ to denote the points on the surface of the sphere.

Notice that this parametrization is a function of sin and cos and hence it is Lipschitz as

well. Due to monotonicity condition, we assume that the points lie on one orthant of the

sphere. Now, suppose the true oracle’s metric is denoted by a∗, where a∗i = Πi−1
j=1 sin θj cos θi

for i ∈ [q − 1] and a∗q = Πq−1
j=1 sin θj. Let us denote this parametrization of LPMs by Υ,

i.e. a∗ = Υ(θ∗). This hyperplane is tangent to the unit sphere on a particular point whose

coordinates are Υ(θ∗) itself. Since the metric is linear, by posing pairwise comparisons to

the oracle, we ask which off-diagonal confusion is closer to the hyperplane. So, to reach

the tangent point on the boundary of the sphere by pairwise comparisons, we are actually

decreasing a distance-like function f ∗(c) shown in Figure B.3 (right). This function can be

represented as f ∗(θ) = 1 − 〈Υ(θ∗),Υ(θ)〉 where Υ(θ∗) are fixed coefficients and θ changes

in our algorithm. This is equivalent to the f function discussed above. Thus using the

above guarantees, after z1 log(z2/(qε
2))(q− 1) log(1/ε) queries to the oracle, where z1, z2 are

constants independent on ε and q, we have:

f ∗(θ)− f ∗(θ∗) = f ∗(θ)− 0

= 1− 〈Υ(θ∗),Υ(θ))〉
≤ z3qε

2, (B.13)
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where z3 is a constant depending on curvature of the above function f . This implies that:

‖a∗ − â‖2
2 = ‖a∗‖2

2 + ‖â‖2
2 − 2〈a∗, â〉

= 2(1− 〈a∗, â〉)
≤ 2z3qε

2. (B.14)

Using the inequality proved before we have that ‖a∗ − â‖2 ≤ O(
√
qε). Therefore, in

O
(
T log 1

ε

)
, we can achieve a point O(

√
qε) close to the minimizer, where the number of

iterations T ≥ z1 log(z2/(qε
2))(q − 1). The term z1 log(z2/(qε

2)) can be considered as the

number of cycles, but due to the curvature of the sphere, we find that it is not a dominating

factor in the query complexity. For example, when working with a sphere and ε = 10−2, two

cycles (i.e. T = 2(q− 1) in Algorithm 4.2) suffices in practice. Thus, updating each θj twice

in cycles is sufficient for obtaining the required metric.

It remains to show that, whenever the queried angle is at least
√

3εΩ/λ from the optimal

angle, then the oracle gives a correct response. To see this, restrict attention to the hyper-

plane in which the current angle is moving, say j, for the binary-search phase of the loop.

Let θ∗j be the optimal angle. Observe that for any θj such that λ cos(θj − θ∗j ) ≥ λ − εΩ,

the oracle may return a false value. This is because the performance metric is a 1-Lipschitz

linear map, and the optimal value on the sphere of radius λ is λ. However, cos(x) ≤ 1−x2/3,

and so for |θj−θ∗j | ≥
√

3εΩ/λ, we have λ cos(θj−θ∗j ) ≤ λ−λ(3εΩ/λ)/3 = λ− εΩ. Therefore,

so long as |θj − θ∗j | ≥
√

3εΩ/λ, the oracle provides a correct answer, and the binary search

proceeds in the correct direction. QED.

B.4.1 Finding the Sphere Sλ
Now, we discuss how a sufficiently large sphere Sλ with radius λ may be found. Consider

the following optimization problem, which is a special case of OP2 in [15]. This problem

corresponds to feasiblity check problem for a given off-diagonal confusion c0 for small δ ∈ R.

min
c∈C

0 s.t. ‖c− c0‖2 ≤ δ (B.15)

If a solution to the above problem exists, then Algorithm 1 of [15] returns it. Basically,

the approach in [15] will try to construct a classifier whose off-diagonal confusions are δ-close

to the given off-diagonal confusion c0. Hence, checking the feasibility.

Algorithm B.1 computes a value of λ ≥ r̃/k, where r̃ is the radius of the largest ball

contained in the set C. Notice that this algorithm is run offline and does not impact query
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Algorithm B.1 Approximating the λ Radius

1: Input: The center o of the feasible region of classifiers.
2: for j = 1, 2, · · · , q do
3: Let ej be the standard basis vector for the j-th dimension.
4: Compute the maximum `j such that o+ `jej is feasible by solving (B.15).
5: end for
6: Let CONV be the convex hull of {o± `jej}qj=1.
7: Compute the radius r of the largest ball which can fit inside of CONV , centered at o.
8: Output: λ = r.

complexity. Notice that the approach in [15] is consistent, thus we should get a good estimate

of the sphere, provided we have sufficient samples.

Lemma B.2. Let r̃ be the radius of the largest ball centered at o which fits in the feasible

space of classifiers. Then Algorithm B.1 returns a radius λ ≥ r̃/k.

Proof. Let `j be as computed in the algorithm, and let ` := minj `j. We must have ` ≥ r̃.

Furthermore, the region CONV contains the convex hull of {o ± `ej}qj=1. But this region

contains a ball of radius `/
√
q = `/

√
k2 − k ≥ `/k ≥ r̃/k, and so λ ≥ r̃/k. QED.

B.5 PROOFS OF SECTION 4.4

Proof of Proposition 4.4. We can add a large positive constant if for any d ∈ D, ψ(d) < 0.

The metric would remain linear fractional. So, it is sufficient to assume ψ(d) ≥ 0. Further-

more, boundedness and scale invariance of ψ implies ψ(d) ∈ [0, 1], without compromising the

linear-fractional form. Now, we look at the sufficient conditions for monotonicity in {di}ki=1

and the numerator and denominator to be positive. Consider the derivative:

∂ψ

∂d1

=
a1∑

i bidi + b0

− b1(
∑

i aidi)

(
∑

i bidi + b0)2
≥ 0 (B.16)

Assuming denominator is positive, we have the numerator to be positive and

a1 ≥ b1

∑
i aidi∑

i bidi + b0

=⇒ a1 ≥ b1 sup
d∈D

∑
i aidi∑

i bidi + b0

=⇒ ai ≥ biτ (B.17)

The above condition is necessary. Since τ ∈ [0, 1], by considering all the three cases bi =

0, bi > 0, bi < 0, the following are the sufficient conditions for monotonicity: a1 ≥ b1 and

a1 ≥ 0. Similarly, this is true for all ai’s and bi’s i.e. ai ≥ bi, ai ≥ 0 ∀ i ∈ [k] for monotonically
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increasing DLFPMs. Furthermore, as we assumed that ψ ∈ [0, 1] i.e.∑
i aidi∑

i bidi + b0

≤ 1 =⇒
∑
i

(ai − bi)di ≤ b0 (B.18)

So, it is sufficient to take b0 =
∑

i(ai − bi)ζi to make the metric bounded in [0, 1] and

denominator positive. In addition, we can divide the numerator and denominator by
∑

i ai

without changing the metric ψ. Therefore, we take
∑

i ai = 1 during the elicitation task.

QED.

Proof of Proposition 4.5. We continue from Equation (4.12), where we saw that α ≥ 0.

Additionally, we ignore the case when α = 0, since this would imply a constant ψ∗. Next,

we may divide the above equations by α > 0 on both sides so that all the coefficients a∗ and

a∗ are factored by α. This does not change the metric ψ∗; thus, the SoE becomes:

a′i − τ ∗b′i = si ∀ i ∈ [k], τ ∗b′0 = 〈s,d∗〉. (B.19)

Notice that none of the conditions in Assumption 4.3 are changed except
∑

i ai = 1. However,

we may still use this condition to learn a constant α times the true metric, which does not

harm the elicitation problem. From the last equation, we have that τ = 〈s,d∗〉/b′0. Putting

this into rest of the equations gives us:

a′i − si
〈s,d∗〉

=
b′i
b′0
. (B.20)

By replacing b′i in the rest of equations further gives us the solution mentioned in the propo-

sition. QED.

Proof of Proposition 4.6. Recall that our metric φ is monotonically decreasing in ci’s. As

LFPMs are transitional and scale invariant, w.l.o.g., we can assume that φ ∈ [−1, 0]. Taking

the derivative in c1 gives us:

∂φ

∂c1

=
a1∑

i biai + b0

− b1(
∑

i aici)

(
∑

i bici + b0)2
≤ 0. (B.21)

Assuming denominator is positive, we have the numerator to be negative and

a1 ≤ b1

∑
i aici∑

i bici + b0

=⇒ ≤ b1φ(c) =⇒ b1.τ (B.22)

The above condition is necessary. Since τ ∈ [−1, 0], by considering all the cases i.e.

bi = 0, bi > 0, bi < 0 the following are the sufficient condition for monotonicity decreasing
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LFPMs: a1 ≤ −b1 and a1 ≤ 0. Similarly, this is true for ai ≤ −bi, ai ≤ 0 ∀ i ∈ [q] for

monotonically decreasing LFPMs. Furthermore, as we assumed that φ ∈ [−1, 0], i.e.,∑
i aici∑

i bici + b0

≥ −1 =⇒
∑
i

−(ai + bi)ci ≤ b0 (B.23)

Again, so it is sufficient to take b0 =
∑

i−(ai + bi)ζi to make the metric bounded in [−1, 0]

and denominator positive. In addition, we can divide the numerator and denominator by∑
i |ai| without changing the metric φ. This gives us the condition

∑
i ai = −1. QED.

Proof of Proposition 4.7. We start from (4.19), where we saw α ≥ 0. Additionally, we ignore

the case when α = 0, since this would imply a constant φ∗. Next, we may divide the above

equations by α > 0 on both sides so that all the coefficients a∗i ’s and b∗i ’s are factored by α.

This does not change φ∗; thus, the SoE becomes:

a′i − τ ∗b′i = si, ∀ i ∈ [q], τ ∗b′0 = 〈s, c∗〉. (B.24)

Notice that none of the conditions in Assumption 4.4 are changed except
∑

i ai = −1.

However, we may still use this condition to learn a constant α times the true metric, which

does not harm the elicitation problem. Similar to DLFPMs, if we somehow know the true

a′i’s, we can elicit the LFPM upto a constant multiple. From the last equation, we have that

τ = 〈s, c∗〉/b′0. Putting this into rest of the equations gives us:

a′i − si
〈s, c∗〉 =

b′i
b0

. (B.25)

By replacing bi in the rest of equations gives us the solution mentioned in the proposition.

QED.

B.6 EXTENDED EXPERIMENTS

In this section, we empirically validate the theory and investigate the sensitivity and

robustness due to finite sample estimates. For the ease of judgments, we show results

corresponding to classes k = 3 and k = 4. The results and discussion extends to larger

number of classes as well. To show the efficacy of the proposed methods, we run experiments

on standard machine learning datasets.1

1The datasets can be downloaded from: https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/multi-
class.html, www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/multiclass.html

165



Table B.1: DLPM elicitation at ε = 0.01 for synthetic data. The number of queries used
for k = 3 and k = 4 is 56 and 84, respectively. Since the digits are rounded to two decimal
places, ‖a∗‖1 or ‖â‖1 might not be exactly equal to one.

Classes k = 3 Classes k = 4

ψ∗ = a∗ ψ̂ = â ψ∗ = a∗ ψ̂ = â

(0.21, 0.59, 0.20) (0.21, 0.60, 0.20) (0.13, 0.37, 0.12, 0.38) (0.13, 0.37, 0.12, 0.38)
(0.44, 0.26, 0.31) (0.44, 0.26, 0.31) (0.21, 0.26, 0.31, 0.22) (0.21, 0.26, 0.31, 0.22)
(0.46, 0.33, 0.22) (0.46, 0.33, 0.22) (0.23, 0.17, 0.11, 0.48) (0.23, 0.17, 0.11, 0.48)
(0.23, 0.15, 0.62) (0.23, 0.15, 0.62) (0.25, 0.13, 0.45, 0.18) (0.25, 0.12, 0.45, 0.18)
(0.31, 0.15, 0.54) (0.3, 0.15, 0.54) (0.22, 0.17, 0.31, 0.29) (0.22, 0.17, 0.31, 0.29)
(0.29, 0.40, 0.31) (0.29, 0.40, 0.31) (0.38, 0.21, 0.22, 0.20) (0.38, 0.21, 0.21, 0.20)
(0.35, 0.32, 0.33) (0.35, 0.33, 0.33) (0.22, 0.13, 0.14, 0.52) (0.22, 0.13, 0.14, 0.52)
(0.33, 0.35, 0.32) (0.33, 0.35, 0.31) (0.58, 0.17, 0.08, 0.18) (0.58, 0.17, 0.08, 0.18)

B.6.1 DLPM and LPM Elicitation on Simulated Data (Extended)

We show an extended set of results for the experimental setting discussed in Section 4.6.1.

Table B.1 and Table B.2 show elicitation results on the simulated data for DLPMs and

LPMs, respectively. We verify that our algorithms elicit the true metrics even for ε = 0.01,

and as expected, require 4(k− 1)
⌈
log(1/ε)

⌉
and 4T

⌈
log(π/2ε)

⌉
queries for DLPM and LPM

elicitation, respectively, where d·e is the ceil function and T = 2(q − 1).

B.6.2 Effect of Sphere Size on LPM Elicitation

For real-world datasets, Algorithm 4.2 is agnostic to the error from η̂i’s as long as we get

a sphere inside the feasible region of sufficient size. With the following experiment, we show

that we incur errors in elicitation when the radius λ is of the order of εΩ. Recall that, when

we are working in a simulated setting, a good proxy for εΩ is the practical computation error.

Here, we work with k = 4 classes. We took λ = 2.500×10−12 and performed elicitation by

considering three spheres of size 1/2λ, 3/4λ, and λ. We randomly selected hundered DLPMs

i.e. a∗’s. We then used Algorithm 4.2 with ε = 0.01 to recover the estimates â’s. In

Table B.3, we report the proportion of the number of times ‖a∗ − â‖∞ ≤ ω for different

values of ω. We see improved elicitation when we work with λ and incur more errors when

the sphere’s radius is less than that. In particular, if we take the radius of the order (a little)

higher than 10−12 then we perform perfect elicitation. Needless to say, when working with

real oracle (users), the magnitude of the oracle’s feedback noise εΩ and the size of the sphere

will play a role in elicitation performance as suggested in Theorem 4.2.
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Table B.2: LPM elicitation at ε = 0.01 for synthetic data. The number of queries used for
k = 3 and k = 4 is 320 and 704, respectively. Since the digits are rounded to two decimal
places, ‖a∗‖2 or ‖â‖2 might not be exactly equal to one.

Classes φ∗ = a∗ φ̂ = â

3 (-0.37, -0.89, -0.09, -0.23, -0.04, -0.03) (-0.37, -0.89, -0.09, -0.23, -0.04, -0.03)
3 (-0.80, -0.55, -0.18, -0.08, -0.14, -0.05) (-0.80, -0.55, -0.18, -0.08, -0.14, -0.05)
3 (-0.19, -0.88, -0.28, -0.10, -0.08, -0.30) (-0.19, -0.88, -0.28, -0.10, -0.08, -0.30)
3 (-0.44, -0.55, -0.33, -0.51, -0.23, -0.28) (-0.44, -0.55, -0.33, -0.51, -0.23, -0.28)
3 (-0.79, -0.27, -0.25, -0.21, -0.38, -0.23) (-0.79, -0.27, -0.25, -0.21, -0.38, -0.23)

4
(-0.90, -0.28 -0.10, -0.31, -0.04, -0.05, (-0.90, -0.28, -0.10, -0.31, -0.04, -0.05,
-0.03, -0.04, -0.02, -0.01, -0.01, -0.01) -0.03, -0.04, -0.02, -0.01, -0.01, -0.01)

4
(-0.54, -0.10, -0.62, -0.52, -0.03, -0.07, (-0.55, -0.11, -0.62, -0.51, -0.03, -0.07,
-0.11, -0.07, -0.14, -0.03, -0.03, -0.04) -0.11, -0.07, -0.14, -0.03, -0.03, -0.04)

4
(-0.56, -0.07, -0.79, -0.05, -0.16, -0.16, (-0.56, -0.07, -0.79, -0.05, -0.16, -0.17,
-0.04, -0.02, -0.03, -0.00, -0.01, -0.01) -0.04, -0.02, -0.03, -0.00, -0.01, -0.01)

4
(-0.60, -0.79, -0.09, -0.01, -0.01, -0.02, (-0.60, -0.79, -0.09, -0.01, -0.01, -0.02,
-0.02, -0.01, -0.01, -0.01, -0.00, -0.00) -0.02, -0.01, -0.01, -0.01, -0.00, -0.00)

4
(-0.45, -0.38, -0.42, -0.19, -0.21, -0.63, (-0.46, -0.38, -0.41, -0.19, -0.20, -0.62,
-0.09, -0.00, -0.00, -0.00, -0.01, -0.01) -0.09, -0.00, -0.00, -0.00, -0.01, -0.01)

B.6.3 DLFPM and LFPM Elicitation

Now, we validate elicitation for DLFPMs for classes k = 3 and k = 4 using the routine

discussed in Section 4.4.1. We use the same distribution setting of Section 4.6.1 for both

the classes. We define a true metric ψ∗ by {a∗,b∗, b∗0}. Then, we run Algorithm 4.1 with

ε = 0.01 to find the hyperplane ` and maximizer on ∂D+, Algorithm 4.3 with ε = 0.01

to find the hyperplane ` and minimizer on ∂D−, and Algorithm 4.4 with n′ = 1000 (1000

diagonal confusions on ∂D+ obtained by varying parameter m) and δ = 0.01. This gives

us the elicited metric ψ̂, which we represent by {â, b̂, b̂0}. In Table B.4 and Table B.5, we

present the elicitation results for DLFPMs for classes k = 3 and k = 4, respectively. We

also present the mean (α) and the standard deviation (σ) of the ratio of the elicited metric

ψ̂ to the true metric ψ∗ over the set of diagonal confusions used in Algorithm 4.4 (column 3

and 4 of Table B.4 and Table B.5). For a better judgment, we show function evaluations of

the true metric and the elicited metric in Figure B.4. The true and the elicited metric are

plotted together after vectorizing the set of diagonal confusions in a certain order based on

their parametrizations. As expected, we see that the elicited metric is a constant multiple

of the true metric.

Now, we validate elicitation for LFPMs for classes k = 3 and k = 4 using the routine

discussed in Section 4.4.2. We define a true metric φ∗ by {a∗,b∗, b∗0}. Then, we run Algo-
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Table B.3: LPM elicitation on sphere with varying radius and ε = 0.01. For randomly chosen
hundred a∗, we show the fraction of times our estimates â obtained with 4×2(q−1)

⌈
log(1/ε)

⌉
queries satisfy ‖a∗ − â‖∞ ≤ ω. Notice that we incur error only when the radius is of the
order of practical computation error, which can be attributed to εΩ in the simulated setting.

λ
ω 0.02 0.04 0.06 0.08 0.10

1.250× 10−12 0.03 0.38 0.74 0.92 0.94
1.875× 10−12 0.09 0.49 0.77 0.94 0.98
2.500× 10−12 0.12 0.73 0.93 0.97 0.99

Table B.4: DLFPM Elicitation for synthetic distribution for k = 3 classes with ε = 0.01.
(a∗,b∗, b∗0) denote the true DLFPM. (â, b̂, b̂0) denote the elicited LFPM. We empirically
verify that the elicited metric is constant multiple (α) of the true metric.

True Metric Results on Synthetic Distribution (Appendix B.6.3)

(a∗1, a
∗
2, a

∗
3),

(b∗1, b
∗
2, b

∗
3), b∗0

(â1, â2, â3),

(̂b1, b̂2, b̂3), b̂0
α σ

(0.21, 0.59, 0.20),
(0.11, -0.22, -0.27), 0.41

(0.25, 0.58, 0.18),
(0.20, -0.03, -0.17), 0.29

1.23 0.03

(0.45, 0.27, 0.29),
(0.39, 0.22, -0.76), 0.43

(0.46, 0.34, 0.20),
(0.42, 0.30, -0.73), 0.38

1.03 0.04

(0.08, 0.42, 0.50),
(0.07, -0.63, 0.20), 0.37

(0.16, 0.38, 0.47),
(0.17, -0.41, 0.23), 0.27

1.22 0.05

rithm 4.2 with ε = 0.01 to find the hyperplane ` and maximizer on ∂S−λ , Algorithm 4.5 with

ε = 0.01 to find the hyperplane ` and minimizer on ∂S+
λ , and Algorithm 4.6 with n′ = 1000

(1000 off-diagonal confusions on ∂S−λ obtained by varying parameter θ) and δ = 0.01. This

gives us the elicited metric φ̂, which we represent by {â, b̂, b̂0}. In Table B.6, we present

the elicitation results for LFPMs for classes k = 3. We also present the mean (α) and the

standard deviation (σ) of the ratio of the elicited metric φ̂ to the true metric φ∗ over the set

of off-diagonal confusions used in Algorithm 4.6 (column 3 and 4 of Table B.6).

For a better judgment, we show function evaluations of the true metric and the elicited

metric evaluated on selected off-diagonal confusions in the top row of Figure B.5. Due to

many terms in the LFPM for k = 4, we skip providing true metric and the elicited metric and

only mention the α and σ of the true and elicited metric similar to Table B.6. We obtained

α = 0.79, 0.72, 0.72 and σ = 0.007, 0.007, 0.006 for the three metrics plotted in the bottom
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Table B.5: DLFPM Elicitation for synthetic distribution for k = 4 classes with ε = 0.01.
(a∗,b∗, b∗0) denote the true DLFPM. (â, b̂, b̂0) denote the elicited LFPM. We empirically
verify that the elicited metric is constant multiple (α) of the true metric.

True Metric Results on Synthetic Distribution (Appendix B.6.3)

(a∗1, a
∗
2, a

∗
3, a

∗
4),

(b∗1, b
∗
2, b

∗
3, b

∗
4), b∗0

(â1, â2, â3, â4),

(̂b1, b̂2, b̂3, b̂4), b̂0
α σ

(0.32, 0.35, 0.06, 0.27),
(-1, -0.3, -0.32, 0.25), 0.6

(0.2, 0.29, 0.19, 0.32),
(-0.4, -0.01, 0.08, 0.33), 0.26

1.58 0.12

(0.31, 0.22, 0.27, 0.2),
(-0.17, -0.01, 0.18, 0.09), 0.25

(0.2, 0.3, 0.26, 0.24),
(-0.38, 0.07, 0.16, 0.14), 0.28

0.95 0.04

(0.22, 0.16, 0.41, 0.21),
(-0.22, -0.43, -0.18, 0.14), 0.33

(0.19, 0.2, 0.35, 0.26),
(-0.09, -0.12, -0.03, 0.24), 0.19

1.38 0.06

row of Figure B.5. The true and the elicited metric are plotted together after vectorizing

the set of confusions in a certain order based on their parametrizations. As expected, the

elicited metric is a constant multiple of the true metric for both k = 3 and k = 4.

Table B.6: LFPM Elicitation for k = 3 classes with ε = 0.01. (a∗,b∗, b∗0) denote the true

LFPM. There are thirteen terms to elicit in LFPM. (â, b̂, b̂0) denote the elicited LFPM. We
empirically verify that the elicited metric is constant multiple (α) of the true metric.

True Metric Results on Synthetic Distribution (Appendix B.6.3)

(a∗1, a
∗
2, a

∗
3, a

∗
4, a

∗
5, a

∗
6),

(b∗1, b
∗
2, b

∗
3, b

∗
4, b

∗
5, b

∗
6), b∗0

(â1, â2, â3, â4, â5, â6),

(̂b1, b̂2, b̂3, b̂4, b̂5, b̂6), b̂0
α σ

(-0.16, -0.05, -0.29, -0.21, -0.17, -0.12),
(-0.76, 0.02, -0.88, 0.09, -0.23, -0.38), 2.36

(-0.11, -0.08, -0.15, -0.17, -0.24, -0.25),
(-0.66, 0.07, -0.86, 0.04, -0.04, -0.09), 1.89

1.11 0.01

(-0.17, -0.19, -0.09, -0.18, -0.16, -0.2),
(-0.3, -0.74, -0.54, -0.37, -0.89, -0.14), 2.99

(-0.05, -0.08, -0.11, -0.16, -0.31, -0.31),
(-0.46, -0.82, -0.43, -0.34, -0.48, 0.09), 2.58

1.08 0.01

(-0.3, -0.08, -0.1, -0.12, -0.21, -0.18),
(-0.24, -0.52, -0.45, 0, -0.41, -0.94), 2.67

(-0.06, -0.08, -0.11, -0.15, -0.27, -0.33),
(-0.59, -0.45, -0.37, 0.07, -0.24, -0.57), 2.36

1.07 0.01
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(a) Table B.4, Line 1 (b) Table B.4, Line 2 (c) Table B.4, Line 3

(d) Table B.5, Line 1 (e) Table B.5, Line 2 (f) Table B.5, Line 3

Figure B.4: True and elicited DLFPMs for synthetic distribution from Tables B.4 and B.5.
The solid green curve and the dashed blue curve are the true and the elicited metric, respec-
tively. We see that the elicited DLFPMs are constant multiple of the true metrics.

(a) Table B.6, Line 1 (b) Table B.6, Line 2 (c) Table B.6, Line 3

(d) LFP Metric 1, k = 4 (e) LFP Metric 2, k = 4 (f) LFP Metric 3, k = 4

Figure B.5: True and elicited LFPMs. The plots in the top row correspond to the metrics
in Table B.6 for k = 3. The bottom row corresponds to metrics for k = 4. The solid green
curve and the dashed blue curve are the true and the elicited metric, respectively. We see
that the elicited LFPMs are constant multiple of the true metrics.
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APPENDIX C: FAIR PERFORMANCE METRIC ELICITATION

C.1 PROOFS AND DETAILS OF SECTION 5.2

Proof of Proposition 5.1. The set of rates Rg for a group g satisfies the following properties:

• Convex : Let us take two classifiers hg1, h
g
2 ∈ Hg which achieve the rates rg1, r

g
2 ∈ Rg. We

need to check whether or not the convex combination αrg1 + (1 − α)rg2 is feasible, i.e.,

there exists some classifier which achieve this rate. Consider a classifier hg, which with

probability α predicts what classifier hg1 predicts and with probability 1−α predicts what

classifier hg2 predicts. Then the elements of the rate matrix Rg
ij(h) is given by:

Rg
ij(h) = P(hg = j|Y = i)

= P(hg1 = j|hg = hg1, Y = i)P(hg = hg1) + P(hg2 = j|hg = hg2, Y = i)P(hg = hg2)

= αrg1 + (1− α)rg2. (C.1)

Therefore, Rg ∀ g ∈ [m] is convex.

• Bounded: Since Rg
ij(h) = P [h = j|Y = i] = P [h = j, Y = i]/P [Y = i] ≤ 1 for all i, j ∈ [k],

Rg ⊆ [0, 1]q.

• ei’s and o are always achieved: The classifier which always predicts class i, will achieve

the rate ei. Thus, ei ∈ Rg ∀ i ∈ [k], g ∈ [m] are feasible. Just like the convexity proof,

a classifier which predicts similar to one of the trivial classifiers with probability 1/k will

achieve the rates o.

• ei’s are vertices: Any supporting hyperplane with slope `1i < `1j < 0 and `1p = 0 for

p ∈ [k], p 6= i, j will be supported by e1 (corresponding to the trivial classifier which pre-

dict class 1). Thus, ei’s are vertices of the convex set. As long as the class-conditional

distributions are not identical, i.e., there is some signal for non-trivial classification con-

ditioned on each group (Assumption 5.1), one can construct a ball around the trivial rate

o and thus o lies in the interior.
QED.

C.1.1 Finding the Sphere Sρ
In this section, we discuss how a sufficiently large sphere Sρ with radius ρ may be found.

The following discussion is extended from Chapter 4 (Section B.4.1) to multiple groups

setting and provided here for completeness.
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Algorithm C.1 Obtaining the sphere Sρ with radius ρ

1: Input: The center o of the feasible region of rates across groups.
2: for j = 1, 2, · · · , q do
3: Let rj be the standard basis vector for the j-th dimension.
4: Compute the maximum `j such that o + `jrj is feasible for all groups by solving (C.2).
5: end for
6: Let CONV be the convex hull of {o± `jrj}qj=1.
7: Compute the radius s of the largest ball which can fit inside of CONV , centered at o.
8: Output: Sphere Sρ with radius ρ = s centered at o.

The following optimization problem is a special case of OP2 in [15, 131]. The problem

corresponds to feasiblity check problem for a given rate r0 achieved by all groups within

small error ε > 0.

min
rg∈Rg ∀g∈[m]

0 s.t. ‖rg − r0‖2 ≤ ε ∀ g ∈ [m]. (C.2)

The above problem checks the feasibility and if a solution to the above problem exists, then

Algorithm 1 of [15] returns it. The approach in [15] constructs a classifier whose group-wise

rates are ε-close to the given rate r0.

Furthermore, Algorithm C.1.1 computes a value of ρ ≥ s̃/k, where s̃ is the radius of the

largest ball contained in the set R1∩· · ·∩Rm. Notice that the approach in [15] is consistent,

thus we should get a good estimate of the sphere, provided we have sufficient samples. The

algorithm runs offline and does not impact query complexity.

Lemma C.1. Let s̃ be the radius of the largest ball centered at o in R1 ∩ · · · ∩ Rm. Then

Algorithm C.1.1 returns a radius ρ ≥ s̃/k.

Proof. Let `j be as computed in the algorithm and ` := minj `j, then we have ` ≥ s̃.

Moreover, the region CONV contains the convex hull of {o± `rj}qj=1; however, this region

contains a ball of radius `/
√
q = `/

√
k2 − k ≥ `/k ≥ s̃/k, and thus ρ ≥ s̃/k. QED.

C.2 DERIVATIONS OF SECTION 5.3

Notice that
∑m

g=1 τ
g = 1, i.e., the vector of ones.

C.2.1 Eliciting the Misclassification Cost φ(r); Part 1 in Figure 5.2 and line 2 in
Algorithm 5.1

The key to eliciting φ is to remove the effect of fairness violation ϕ in the oracle responses.

As explained in Section 5.3.1, we run the LPME procedure (Algorithm 4.2) with the q-
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dimensional query space Sρ, binary search tolerance ε, the equivalent oracle Ωclass. From

Remark 5.1, this subroutine returns a slope f with ‖f‖2 = 1 such that:

(1− λ)ai

(1− λ)aj
=
fi
fj

=⇒ ai
aj

=
fi
fj
. (C.3)

Thus, we set â := f (line 2, Algorithm 5.1).

C.2.2 Eliciting the Fairness Violation ϕ(r1:m); Part 2 in Figure 5.2 and lines 3-15 in
Algorithm 1

Eliciting the Fairness Violation ϕ(r1:m) for m = 2; lines 3-6 in Algorithm 1: For

m = 2, we have only one vector of unfairness weights b12, which we now aim to elicit given

â. As discussed in Section 5.3.2, we fix trivial rates (through trivial classifiers) to one group

and allow non-trivial rates from Sρ on another group. This essentially makes the metric in

Definition 5.1 linear. The elicitation procedure is as follows.

Fix trivial classifier predicting class 1 for group 2, i.e., fix h2(x) = 1∀x ∈ X , and thus

r2 = e1. For group 1, we constrain the confusion rates to lie in the sphere Sρ, i.e., r1 = s for

s ∈ Sρ. Then the metric in Definition 5.1 amounts to:

Ψ((s, e1); a,b
12
, λ) = (1− λ)〈a� (1− τ 2), s〉+ λ〈b12

, |e1 − s|〉+ c1. (C.4)

The above is a function of s ∈ Sρ. Since ei’s are binary vectors and since 0 ≤ s ≤ 1, the

sign of the absolute function with respect to s can be recovered. Recall that the rates are

defined in row major form of the rate matrices, thus e1 is 1 at every (k + j ∗ (k − 1))-th

coordinate, where j ∈ {0, . . . , k− 2}, and 0 otherwise. The coordinates where the confusion

rates are 1 in e1, the absolute function opens with a negative sign (wrt. s) and with a

positive sign otherwise. In particular, define a q-dimensional vector w1 with entries −1 at

every (k + j ∗ (k − 1))-th coordinate, where j ∈ {0, . . . , k − 2}, and 1 otherwise. One may

then write the metric Ψ as:

Ψ((s, e1) ; a,b
12
, λ) = 〈(1− λ)a� (1− τ 2) + λw1 � b

12
, s〉+ c1. (C.5)

This is again a linear metric elicitation problem where s ∈ S. We may again use the LPME

procedure (Algorithm 4.2), which outputs a (normalized) slope f̆ with ‖f̆‖2 = 1 in line 4 of

Algorithm 5.1. Using Remark 5.1, we get q − 1 independent equations and may represent

every element of b
12

based on one element, say b
12

k−1, i.e.:
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f̆k−1

f̆i
=

(1− λ)(1− τ 2
k−1)ak−1 + λb

12

k−1

(1− λ)(1− τ 2
i )ai + λw1ib

12

i

∀ i ∈ [q].

=⇒ λb
12

= w1 �


(1− λ)(1− τ 2

k−1)ak−1 + λb
12

k−1

f̆k−1

 f̆ − (1− λ)((1− τ 2)� a)

 . (C.6)

In order to elicit entire b
12

, we need one more linear relation such as (C.6). So, we now

fix the trivial classifier predicting class k for group 2, i.e., fix h2(x) = k ∀x ∈ X , and thus

r2 = ek. For group 1, we constrain the rates to again lie in the sphere Sρ i.e. r1 = s for

s ∈ Sρ. Since the rate vectors are in row major form of the rate matrices, notice that ek is

1 at every (k − 1 + j ∗ (k − 1))-th coordinate, where j ∈ {0, . . . , k − 2}, and 0 otherwise. In

particular, define a q-dimensional vector wk with entries −1 at every (k− 1 + j ∗ (k− 1))-th

coordinate, where j ∈ {0, . . . , k− 2}, and 1 otherwise. One may then write the metric Ψ as:

Ψ((s, ek); a,b
12
, λ) = (1− λ)〈a� (1− τ 2), s〉+ λ〈b12

, |ek − s|〉+ ck. (C.7)

This is a linear metric elicitation problem where s ∈ S. Thus, line 5 of Algorithm 5.1 applies

LPME subroutine (Algorithm 4.2), which outputs a (normalized) slope f̃ with ‖f̃‖2 = 1.

Using Remark 5.1, we extract the following relation between two of its coordinates, say the

(k − 1)-th and ((k − 1)2 + 1)-th coordinates:

f̃k−1

f̃(k−1)2+1

=
(1− λ)(1− τ 2

k−1)ak−1 − λb
12

k−1

(1− λ)(1− τ 2
(k−1)2+1)a(k−1)2+1 + λb

12

(k−1)2+1

. (C.8)

Combining equations (C.6) and (C.8) and replacing the true a with the estimated â from

Section 5.3.1, we have an estimate of the scaled substitute as:

b̃12 = w1 �
[
δf̆12 − â� (1− τ 2)

]
, (C.9)

where δ =
2(1− τ 2

k−1)âk−1

f̆k−1


(1−τ2

(k−1)2+1
)â(k−1)2+1

(1−τ2
k−1)âk−1

− f̃(k−1)2+1

f̃k−1(
f̆(k−1)2+1

f̆k−1
− f̃(k−1)2+1

f̃k−1

)
 ,

and b̃ is a scaled substitute defined as b̃12 := λ
(1−λ)

b
12

, which nonetheless is computable

from (C.9). Since we require a solution b̂ such that ‖b̂‖2 = 1 (Definition 5.1), we normalize

b̃ and get the final solution:
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b̂12 =
b̃12

‖b̃12‖2

. (C.10)

Notice that, due to normalization, the solution is independent of the true trade-off λ.

Eliciting the Fairness Violation ϕ(r1:m) for m > 2; line 8-14 in Algorithm 5.1:

Consider a non-empty set of sets M ⊂ 2[m] \ {∅, [m]}. We will later discuss how to choose

M for efficient elicitation. When m > 2, we partition the set of groups [m] into two sets of

groups. Let σ ∈ M and [m] \ σ be one such partition of the m groups defined by the set

σ. We follow exactly similar procedure as in the previous section, i.e., fixing trivial rates

(through trivial classifiers) on the groups in σ and allowing non-trivial rates from Sρ on the

groups in [m] \ σ. In particular, consider a paramterization ν : (Sρ,M, [k])→ R1:m defined

as:

ν(s, σ, i) := r1:m such that rg =

ei if g ∈ σ
s o.w.

(C.11)

i.e., ν assigns trivial confusion rates ei on the groups in σ and assigns s ∈ Sρ on the rest

of the groups. Similar to the previous section, we first fix trivial classifier predicting class 1

for groups in σ and constrain the rates for groups in [m] \ σ to be on the sphere Sρ. Such

a setup is governed by the parametrization ν(·, σ, 1) in equation (C.11). Specifically, fixing

hg(x) = 1 ∀ g ∈ σ would entail the metric in Definition 5.1 to be:

Ψ(ν(s, σ, 1); a,B, λ) = (1− λ)〈a� (1− τ σ), s〉+ λ〈ησ, |e1 − s|〉+ c1, (C.12)

where τ σ =
∑

g∈σ τ
g and ησ =

∑
u,v∈[m],v>u 1

[
|{u, v} ∩ σ| = 1

]
b
uv

. Similar to the previous

section, since ei’s are binary vectors, the sign of the absolute function w.r.t. s can be

recovered. In particular, the metric amounts to:

Ψ(ν(s, σ, 1); a,B, λ) = 〈(1− λ)a� (1− τ 2) + λw1 � ησ, s〉+ c1, (C.13)

where w1 := 1 − 2e1 and c1 is a constant not affecting the responses. Notice that (C.12)

and (C.13) are analogous to (C.4) and (C.5), respectively, except that τ 2 is replaced by τ σ

and b
12

is replaced by ησ. This is a linear metric in s. We again the use the LPME procedure

in line 10of Algorithm 5.1, which outputs a normalized slope f̆σ such that ‖f̆σ‖2 = 1, and

thus we get an analogous solution to (C.6) as:

λησ = w1 �

((1− λ)(1− τσk−1)ak−1 + λησk−1

f̆σk−1

)
f̆σ − (1− λ)((1− τ σ)� a

 . (C.14)
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In order to elicit entire ησ, we need one more linear relation such as (C.14). So, we now

fix the trivial rates through trivial classifier predicting class k for the groups in σ, i.e., fix

hg(x) = k ∀x ∈ X if g ∈ σ, and thus rg = ek for all groups g ∈ σ. For the rest of the groups,

we constrain the confusion rates to again lie in the sphere Sρ i.e. rg = s for s ∈ Sρ for all

groups g ∈ [m] \ σ. Such a setup is governed by the parametrization ν(·, σ, k) (C.11). The

metric Ψ in Definition 5.1 amounts to:

Ψ(ν(s, σ, k); a,B, λ) = (1− λ)〈a� (1− τ σ), s〉+ λ〈ησ, |ek − s|〉+ ck. (C.15)

Thus by running LPME procedure again in line 11 of Algorithm 5.1 results in f̃12 with

‖f̃12‖2 = 1. Using Remark 5.1, we extract the following relation between the (k − 1)-th and

((k − 1)2 + 1)-th coordinates:

f̃σk−1

f̃σ(k−1)2+1

=
(1− λ)(1− τσk−1)ak−1 − λησk−1

(1− λ)(1− τσ(k−1)2+1)a(k−1)2+1 + λησ(k−1)2+1

. (C.16)

Combining equations (C.14) and (C.16), we have:∑
u,v

1
[
|{u, v} ∩ σ| = 1

]
b̃uv = γσ, (C.17)

where

γσ = w1 �
[
δσfσ − â� (1− τ σ)

]
,

δσ =
2(1− τσk−1)âk−1

fσk−1


(1−τσ

(k−1)2+1
)â(k−1)2+1

(1−τσk−1)âk−1
−

f̃σ
(k−1)2+1

f̃σk−1(
fσ
(k−1)2+1

fσk−1
−

f̃σ
(k−1)2+1

f̃σk−1

)
 , (C.18)

and b̃uv := λb
uv
/(1− λ) is a scaled version of the true (unknown) b, which nonetheless can

be computed from (C.17).

By two runs of LPME algorithm, we can get γσ and solve (C.17). However, the left hand

side of (C.17) does not allow us to recover the b̃’s separately and provides only one equation.

Let us denote the Equation (C.17) by `σ corresponding to the set σ. In order to elicit all

b̃’s we need a system of M :=
(
m
2

)
independent equations in order to elicit the M weight

vectors.

This is easily achievable by choosing M σ’s so that we get M set of unique equations

like (C.17). Let M be those set of sets.

In most cases, pairing two groups to have trivial rates (through trivial classifiers) and rest
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of the groups to have rates from the sphere S will work. For example, when m = 3, fixing

M = {{1, 2}, {1, 3}, {2, 3}} suffices. Thus, running over all the choices of sets of groups

σ ∈ M provides the system of equations L := ∪σ∈M`σ (line 12 in Algorithm 5.1), which is

formally described as follows:
Ξ 0 . . . 0

0 Ξ . . . 0

. . . . . . . . . . . .

0 0 . . . Ξ




b̃(1)

b̃(2)

. . .

b̃(q)

 =


γ(1)

γ(2)

. . .

γ(q)

 , (C.19)

where b̃(i) = (̃b1
i , b̃

2
i , · · · , b̃Mi ) and γ(i) = (γ1

i , γ
2
i , · · · , γMi ) are vectorized versions of the i-

th entry across groups for i ∈ [q], and Ξ ∈ {0, 1}M×M is a binary full-rank matrix de-

noting membership of groups in the set σ ∈ M. For instance, for the choice of M =

{{1, 2}, {1, 3}, {2, 3}} when m = 3 gives:

Ξ =

 0 1 1

1 0 1

1 1 0

 . (C.20)

From technical point of view, one may choose any M such that the resulting group mem-

bership matrix Ξ is non-singular. Hence the solution of the system of equations L is:
b̃(1)

b̃(2)

. . .

b̃(q)

 =


Ξ 0 . . . 0

0 Ξ . . . 0

. . . . . . . . . . . .

0 0 . . . Ξ


(−1) 

γ(1)

γ(2)

. . .

γ(q)

 . (C.21)

When we normalize b̃, we get the final fairness violation weight estimates as:

b̂uv =
b̃uv∑m

u,v=1,v>u ‖b̃uv‖2

for u, v ∈ [m], v > u. (C.22)

Notice that, due to the above normalization, the solution is again independent of the true

trade-off λ.

C.2.3 Eliciting Trade-off λ; Part 3 in Figure 5.2 and line 16 in Algorithm 5.1

For ease of notation, let us construct a parametrization ν ′ : S+
% → R1:m:
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ν ′(s+) := (s+,o, . . . ,o). (C.23)

Using the parametrization ν ′ from (C.23), the metric in Definition 5.1 reduces to a linear

metric in s+ as discussed in (5.22), i.e:

Ψ(ν ′(s+) ; a,B, λ) = 〈(1− λ)τ 1 � a + λ
∑m

v=2
b

1v
, s+〉+ c. (C.24)

We first show the proof of Lemma 5.1 and then discuss the trade-off elicitation algorithm

(Algorithm 5.2).

Proof of Lemma 5.1. For simplicity, let us abuse notation for this proof and denote τ 1 � a

simply by a,
∑m

v=2 b
1v

simply by b, and S+
% simply by S.

S is a convex set. Let Z = {z = (z1, z2) | z1 =< a, s >, z2 =< b, s >, s ∈ S}.
Claim: Z is convex.

Let z, z′ ∈ Z.

αz1 + (1− α)z′1 = α < a, s > +(1− α) < a, s′ > = < a, αs + (1− α)s′ >

αz2 + (1− α)z′2 = α < b, s > +(1− α) < b, s′ > = < b, αs + (1− α)s′ >

Since αs + (1− α)s′ ∈ S, αz + (1− α)z′ ∈ Z. Hence Z is convex.

Claim: The boundary of the set Z is a strictly convex curve with no vertices for a 6= b.

Recall that, the required function is given by:

ϑ(λ) = maxz∈Z(1− λ)z1 + λz2 + c (C.25)

(i) Since the set Z is convex, every boundary point is supported by a hyperplane.

(ii) Since a 6= b, notice that the slope is uniquely defined by λ. Since the sphere S is

strictly convex, the above linear functional defined by λ is maximized by a unique point in

Z (similar to Lemma 4.1). Thus, the the hyperplane is tangent at a unique point on the

boundary of Z.

(iii) It only remains to show that there are no vertices on the boundary of Z. Recall that

a vertex exists if (and only if) some point is supported by more than one tangent hyperplane

in two dimensional space. This means there are two values of λ that achieve the same

maximizer. This is contradictory since there are no two linear functionals that achieve the

same maximizer on S.

This implies that the boundary of Z is a strictly convex curve. Since we are interested in

the maximization of ϑ, let this boundary be the upper boundary denoted by ∂Z+.

Claim: Let υ : [0, 1] → ∂Z+ be continuous, bijective, parametrizations of the upper

boundary. Let ϑ : Z → R be a quasiconcave function which is monotone increasing in both
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z1 and z2. Then the composition ϑ ◦ υ : [0, 1] → R is strictly quasiconcave (and therefore

unimodal with no flat regions) on the interval [0, 1].

Let S be some superlevel set of the quasiconcave function ϑ. Since υ is a continuous

bijection and since the boundary ∂Z+ is a strictly convex curve with no vertices, w.l.o.g.,

for any r < s < t, z1(υ(r)) < z1(υ(s)) < z1(υ(t)), and z2(υ(r)) > z2(υ(s)) > z2(υ(t)).

(otherwise, swap r and t). Since the boundary ∂Z+ is a strictly convex curve, then υ(s)

must be greater (component-wise) a point in the convex combination of υ(r) and υ(t). Let

us denote that point by u. Since ϑ is monotone increasing, then x ∈ S implies that y ∈ S,

too, for all y ≥ x componentwise. Therefore, ϑ(υ(s)) ≤ ϑ(u). Since S is convex, u ∈ S and

thus υ(s) ∈ S.

This implies that υ−1(∂Z+ ∩ S) is an interval; hence it is convex, which in turn tells us

that the superlevel sets of ϑ ◦ υ are convex. So, ϑ ◦ υ is quasiconcave, as desired. This

implies unimodaltiy, because a function defined on real line which has more than one local

maximum can not be quasiconcave. Moreover, since there are no vertices on the boundary

∂Z+, the ϑ ◦ υ : [0, 1]→ R is strictly quasiconcave (and thus unimodal with no flat regions)

on the interval [0, 1]. This completes the proof of Lemma 5.1. QED.

C.3 PROOF OF SECTION 5.4

Proof of Theorem 5.1. We break this proof into three parts.

1. Elicitation guarantees for the misclassification cost φ̂ (i.e., â)

Since Algorithm 5.1 elicits a linear metric using the q-dimensional sphere S, the guarantees

on â follows from Theorem 4.2. Thus, under Assumption 5.2, the output â from line 2 of

Algorithm 5.1 satisfies ‖a∗ − â‖2 ≤ O(
√
q(ε+

√
εΩ/ρ)) after O

(
q log π

2ε

)
queries.

2. Elicitation guarantees for the fairness violation cost ϕ̂ (i.e., B̂)

We start with the definition of true γ (i.e. when all the elicited entities are true)

from (C.17) and let us drop the superscript σ for simplicity. Furthermore, let ε+
√
εΩ/ρ

be denoted by ε.

γ = w1 �
[
δf̆ − a� (1− τ )

]
, where (C.26)

δ =
2(1− τk−1)ak−1

f̆k−1


(1−τ(k−1)2+1)a(k−1)2+1

(1−τk−1)ak−1
− f̃(k−1)2+1

f̃k−1(
f̆(k−1)2+1

f̆k−1
− f̃(k−1)2+1

f̃k−1

)
 . (C.27)
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Let us look at the derivative of the i-th coordinate of γ.

∂γi
∂aj

=



0 if j 6= i, j 6= k − 1, j 6= (k − 1)2 + 1

−τi if j = i

ci,1 if j = k − 1

ci,2 if j = (k − 1)2 + 1,

(C.28)

where ci,1 and ci,2 are some bounded constants due to Assumption 5.2. Similarly, ∂γi/∂fj

is bounded as well due to the regularity Assumption 5.2. This means that γi is Lipschitz

in `2-norm w.r.t. a and f . Thus,

‖γ − γ̂‖∞ ≤ c3‖a− â‖2 + c4‖f̆ − ̂̆f‖2, (C.29)

for some Lipschits constants c3 and c4. From the bounds of Part 1 of this proof, we have:

‖γ − γ̂‖∞ ≤ O(
√
qε). (C.30)

Recall the construction of b̃(i) from (C.19). We then have from the solution of system of

equations (C.21) that:

b̃(i) = Ξ−1γ(i) ∀ i ∈ [q], (C.31)

where b̃(i) = (̃b1
i , b̃

2
i , · · · , b̃Mi ) and γ̃(i) = (γ1

i , γ
2
i , · · · , γMi ) are vectorized versions of the

i-th entry across groups for i ∈ [q]. Ξ ∈ {0, 1}M×M is a full-rank symmetric matrix with

bounded infinity norm ‖Ξ−1‖∞ ≤ c (here, infinity norm of a matrix is defined as the

maximum absolute row sum of the matrix). Thus we have: ‖b̃(i) − ̂̃b(i)‖∞ =

‖Ξ−1γ(i) − Ξ−1γ̂(i)‖∞ = ‖Ξ−1(γ(i) − γ̂(i))‖∞ ≤ ‖Ξ−1‖∞‖γ(i) − γ̂(i)‖∞, (C.32)

which gives

‖b̃(i) − ̂̃b(i)‖∞ ≤ O(
√
qε). (C.33)

Now, our final estimate is the normalized form of
̂̃
b from (C.22), so the final error in the

stacked version vec(B) and vec(B̂) is:

‖vec(B)− vec(B̂)‖∞ ≤ O(
√
qε). (C.34)

Since there are q ×M entities in vec(B), we have:
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‖vec(B)− vec(B̂)‖2 ≤ O(
√
qM
√
qε) = O(mqε). (C.35)

Due to elicitation on sphere and the oracle noise εΩ as defined in Definition 5.4, we can

replace ε with ε +
√
εΩ/ρ back to get the final bound on fairness violation weights as in

Theorem 5.1.

3. Elicitation guarantees for the trade-off parameter (i.e., λ̂)

The metric for our purpose is a linear metric in s+ ∈ S+
ρ with the following slope:

Ψ(ν ′′′(s+) ; a,B, λ) = 〈(1− λ)τ 1 � a + λ
m∑
v=2

b
1v
, s+〉. (C.36)

Since we elicit λ through queries over a surface of the sphere, we pose this problem as

finding the right angle (slope) defined by the true λ. Note that λ is what we want to elicit;

however, due to oracle noise εΩ, we can only aim to achieve a target angle λt. Moreover,

we do not have true a and B but have only estimates â and B̂. Thus we query proxy

solutions always and can only aim to achieve an estimated version λe of the target angle.

Lastly, Algorithm 5.2 is stopped within an ε threhsold, thus the final solution λ̂ is within

ε distance from λe. In total, we want to find:

|λ− λ̂| ≤ |λ− λt|︸ ︷︷ ︸
oracle error

+ |λt − λe|︸ ︷︷ ︸
estimation error

+ |λe − λ̂|︸ ︷︷ ︸
optimization error

. (C.37)

• optimization error: |λe − λ̂| ≤ ε.

• oracle error: Notice that the oracle correctly answers as long as %(1−cos(λ−λt)) > εΩ.

This is because the metric is a 1-Lipschitz linear function, and the optimal value on

the sphere of radius % is %. However, as 1− cos(x) ≥ x2/3, so oracle is correct as long

as |λ− λe| ≥
√

3εΩ/%. Given this, the binary search proceeds in the correct direction.

• estimation error: We make this error because we only have access to the estimated â

and B̂ not the true a and B. However, since the metric in (C.36) is Lipschitz in a and∑m
v=2 b

1v
, this error can be treated as oracle feedback noise where the oracle responses

with the estimated â and B̂. Thus, if we replace εΩ from the previous point to the

error in â and
∑m

v=2 b̂1v, the binary search moves in the right direction as long as

|λt − λe| ≥ O


√
‖a− â‖2 +

∑m
v=2 ‖b

1v − b̂1v‖2

%

 = O

(√
mq(ε+

√
εΩ/ρ)/%

)
,

(C.38)
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where we have used (C.35) to bound the error in {b̂1v}mv=2.

Combining the three error bounds above gives us the desired result for trade-off parameter

in Theorem 5.1.

QED.
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APPENDIX D: QUADRATIC PERFORMANCE METRIC ELICITATION

D.1 GEOMETRY OF THE FEASIBLE SPACE (PROOFS OF SECTION 6.1.2, 6.3.2)

Proof of Proposition 6.1 and Proposition 6.2. The proof of Proposition 6.2 is same as Propo-

sition 5.1. The proof of Proposition 6.1 is analogous where the probability measures (corre-

sponding to classifiers and their rates) are not conditioned on any group. QED.

D.1.1 Finding the Sphere S ⊂ R

In this section, we provide details regarding how a sphere S with sufficiently large radius

ρ inside the feasible region R may be found (see Figure 6.1(b)). The following discussion is

borrowed from Appendix C and provided here for completeness.

The following optimization problem is a special case of OP2 in [15]. The problem is

associated with a feasibility check problem. Given a rate profile r0, the optimization routine

tries to construct a classifier that achieves the rate r0 within small error ε > 0.

min
r∈R

0 s.t. ‖r− r0‖2 ≤ ε. (D.1)

The above optimization problem checks the feasibility, and if there exists a solution to the

above problem, then Algorithm 1 of [15] returns it. Furthermore, Algorithm D.1 computes

a value of ρ ≥ p̃/k, where p̃ is the radius of the largest ball contained in the set R. Also, the

approach in [15] is consistent, thus we should get a good estimate of the sphere, provided

we have sufficiently large number of samples. The algorithm is completely offline and does

not impact oracle query complexity.

Lemma D.1. Let p̃ denote the radius of the largest ball in R centered at o. Then Algo-

rithm D.1 returns a sphere with radius ρ ≥ p̃/k, where k is the number of classes.

The idea in Algorithm D.1 can be trivially extended to finding a sphere S ⊂ R1∩· · ·∩Rm

corresponding to Remark 6.3.

D.2 QUADRATIC PERFORMANCE METRIC ELICITATION PROCEDURE

In this section, we describe how the subroutine calls to LPME in Algorithm 6.1 elicit a

quadratic metric in Definition 6.3. We start with the shifted metric of Equation (6.14).
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Algorithm D.1 Obtaining the sphere S ⊂ R (Figure 6.1(b)) of radius ρ centered at o

1: for j = 1, 2, · · · , q do
2: Let αj be the standard basis vector.
3: Compute the maximum constant cj such that o + cjαj is feasible by solving (D.1).
4: end for
5: Let CONV denote the convex hull of {o± cjαj}qj=1. It will be centered at o.
6: Compute the radius ρ of the largest ball that fits in CONV .
7: Output: Sphere S with radius ρ centered at o.

As explained in Chapter 6, we may assume d1 6= 0 due to Assumption 6.2. We can derive

the following solution using any non-zero coordinate of d, instead of d1. We can identify a

non-zero coordinate using q trivial queries of the form (%αi + o,o),∀i ∈ [q].

1. From line 2 of Algorithm 6.1, we get local linear approximation at o. Using Remark 6.2,

we have (6.15) which is

di =
fi0
f10

d1 ∀ i ∈ {2, . . . , q}. (D.2)

2. Similarly, if we apply LPME on small balls around rate profiles zj, Remark 6.2 gives

us:
di + (ρ− %)Bij

d1 + (ρ− %)B1j

=
fij
f1j

∀ i ∈ {2, . . . , q}, j ≤ i. (D.3)

=⇒ di + (ρ− %)Bij =
fij
f1j

(d1 + (ρ− %)B1j)

=⇒ (ρ− %)Bij =
fij
f1j

(d1 + (ρ− %)Bj1)− di

=⇒ (ρ− %)Bij =
fij
f1j

(d1 +
fj1
f11

(d1 + (ρ− %)B11)− dj)−
fi0
f10

d1

=⇒ (ρ− %)Bij =

(
fij
f1j

− fi0
f10

+
fij
f1j

(
fj1
f11

− fj0
f10

))
d1 + (ρ− %)

fj1
f11

B11, (D.4)

where we have used that the matrix B is symmetric in the second step, and (D.2)

in the last two steps. We can represent each element in terms of B11 and d1. So, a

relation between B11 and d1 may allow us to represent each element of a and B in

terms of d1.

3. Therefore, by applying LPME on small balls around rate profiles −z1, Remark 6.2

gives us (6.17):
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Algorithm D.2 Fair (Quadratic) Performance Metric Elicitation

1: Input: Query set S ′, search tolerance ε > 0, oracle Ω′

2: Let L ← ∅
3: for σ ∈M do
4: βσ ← QPME(S ′, ε,Ω′)
5: Let `σ be Eq. (D.11), extend L ← L ∪ {`σ}
6: end for
7: B̂← normalized solution from (D.15) using L
8: λ̂← trace back normalized solution from (D.15) for any σ

9: Output: â, B̂, λ̂

d2 − (ρ− %)B21

d1 − (ρ− %)B11

=
f−21

f−11

. (D.5)

4. Using (D.3) and (D.5), we have:

(ρ− %)B11 =

f−21

f−11

+ f21

f11
− 2f20

f10

f−21

f−11

− f21

f11

d1. (D.6)

Putting (D.6) in (D.4), we get:

Bij =

 fij
f1j

(
1 +

fj1
f11

)
− fij
f1j

fj0
f10

− fi0
f10

+
fij
f1j

fj1
f11

f−21

f−11

+ f21

f11
− 2f20

f10

f−21

f−11

− f21

f11

 d1

=

(
Fi,1,j(1 + Fj,1,1)− Fi,1,jFj,1,0 − Fi,1,0 + Fi,1,j

F−2,1,1 + F2,1,1 − 2F2,1,0

F−2,1,1 − F2,1,1

)
d1, (D.7)

where Fi,j,l = fil
fjl

and F−i,j,l =
f−il
f−jl

. As a = d + Bo, we can represent each element of a

and B using using (D.2) and (D.7) in terms of d1. We can then use the normalization

condition ‖a‖2
2 + ‖B‖2

F = 1 to get estimates of a,B which are independent of d1.

This completes the derivation of solution from QPME (section 6.2).

D.3 FAIR (QUADRATIC) PERFORMANCE METRIC ELICITATION PROCEDURE

We first discuss eliciting the fair (quadratic) metric in Definition 6.4, where all the param-

eters are unknown. We then provide an alternate procedure for eliciting just the trade-off

parameter λ when the predictive performance and fairness violation coefficients are known.
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The latter is a separate application as discussed in [22]. However, unlike Zhang et al. [22],

instead of ratio queries, we use simpler pairwise comparison queries.

In this section, we work with any number of groups m ≥ 2. The idea, however, remains the

same as described in Chapter 6 for number of groups m = 2. We specifically select queries

from the sphere S ⊂ R1∩· · ·∩Rm, which is common to all the group-specific feasible region

of rates, so to reduce the problem into multiple instances of the proposed QPME procedure

of Section 6.2.

Suppose that the oracle’s fair performance metric is φfair parametrized by (a,B, λ) as in

Definition 6.4. The overall fair metric elicitation procedure framework is summarized in

Algorithm D.2. The framework exploits the sphere S ⊂ R1 ∩ · · · ∩ Rm and uses the QPME

procedure (Algorithm 6.1) as a subroutine multiple times.

Let us consider a non-empty set of sets M ⊂ 2[m] \ {∅, [m]}. We will later discuss how

to choose such a set M. We partition the set of groups [m] into two sets of groups. Let

σ ∈ M and [m] \ σ be one such partition of the m groups defined by the set of groups σ.

For example, when m = 3, one may choose the set of groups σ = {1, 2}.
Now, consider a sphere S ′ whose elements r1:m ∈ S ′ are given by:

rg =

s if g ∈ σ
o o.w.

(D.8)

This is an extension of the sphere S ′ defined in Chapter 6 for the m > 2 case. Elements

in S ′ have rate profiles s ∈ S to the groups in σ and trivial rate profile o to the remaining

groups in [m] \ σ. Analogously, the modified oracle is Ω′(r1, r2) = Ω((r1:m
1 ), (r1:m

2 )), where

r1:m
1 , r1:m

2 are the elements of the spheres S ′ above. Thus, for elements in S ′, the metric in

Definition 6.4 reduces to:

φfair(r1:m ∈ S ′ ; a,B, λ) = (1− λ)〈a� τ σ, s− o〉+ λ
1

2
(s− o)TWσ(s− o) + cσ (D.9)

where τ σ =
∑

g∈σ τ
g, Wσ =

∑
u∈σ,v∈[m]\σ B

uv, and cσ is a constant not affecting the oracle

responses.

The above metric is a particular instance of φ(s; d,B) in (6.13) with d := (1 − λ)a � τ σ

and B := λWσ; thus, we apply QPME procedure as a subroutine in Algorithm D.2 to elicit

the metric in (D.9).

The only change needed to be made to the algorithm is in line 7, where we need to take

into account the changed relationship between d and a, and need to separately (not jointly)

normalize the linear and quadratic coefficients. With this change, the output of the algorithm

directly gives us the required estimates. Specifically, we have from line 2 of Algorithm 6.1
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and (6.15) an estimate

di
d1

=
τσi ai
τσ1 a1

=
fi0
f10

=⇒ ai =
fi0
f10

τσ1
τσi
a1. (D.10)

Using the normalization condition (i.e., ‖a‖2 = 1), we directly get an estimate â for the

linear coefficients. Similarly, steps 3-5 of Algorithm 6.1 and (6.18) gives us:B̂ij =

∑
u∈σ,v∈[m]\σ

B̃uv
ij =

(
F σ
i,1,j(1 + F σ

j,1,1)− F σ
i,1,jF

σ
j,1,0d1 − F σ

i,1,0 + F σ
i,1,j

F−,σ2,1,1+Fσ2,1,1−2Fσ2,1,0

F−,σ2,1,1−Fσ2,1,1

)
τ 1

1 â1

= βσ, (D.11)

where the above solution is similar to the two group case in (6.25), but here it is corresponding

to a partition of groups defined by σ, and B̃uv := λBuv/(1 − λ) is a scaled version of the

true (unknown) Buv. Let equation (D.11) be denoted by `σ. Also, let the right hand side

term of (D.11) be denoted by βσ.

Since we want to elicit
(
m
2

)
fairness violation weight matrices in B, we require

(
m
2

)
ways of

partitioning the groups into two sets so that we construct
(
m
2

)
independent matrix equations

similar to (D.11). Let M be those set of sets. Thus, running over all the choices of sets of

groups σ ∈ M provides the system of equations L := ∪σ∈M`σ (line 5 in Algorithm D.2),

which is: 
Ξ 0 . . . 0

0 Ξ . . . 0

. . . . . . . . . . . .

0 0 . . . Ξ




b̃(11)

b̃(12)

. . .

b̃(qq)

 =


β(11)

β(12)

. . .

β(qq)

 , (D.12)

where b̃(ij) = (̃b1
ij, b̃

2
ij, · · · , b̃

(m2 )
ij ) and γ(ij) = (β1

ij, β
2
ij, · · · , β

(m2 )
ij ) are vectorized versions

of the ij-th entry across groups for i, j ∈ [q], and Ξ ∈ {0, 1}(m2 )×(m2 ) is a binary full-rank

matrix denoting membership of groups in the set σ. For example, when one chooses M =

{{1, 2}, {1, 3}, {2, 3}} for m = 3, Ξ is given by:

Ξ =

 0 1 1

1 0 1

1 1 0

 . (D.13)

One may choose any set of setsM that allows the resulting group membership matrix Ξ to

be non-singular. The solution of the system of equations L is:

187




b̃(11)

b̃(12)

. . .

b̃(qq)

 =


Ξ 0 . . . 0

0 Ξ . . . 0

. . . . . . . . . . . .

0 0 . . . Ξ


(−1) 

β(11)

β(12)

. . .

β(qq)

 . (D.14)

When all B̃uv’s are normalized, we have the estimated fairness violation weight matrices as:

B̂uv =
B̃uv

1
2

∑m
u,v=1,v>u ‖B̃uv‖F

for u, v ∈ [m], v > u. (D.15)

Due to the above normalization, the solution is again independent of the true trade-off λ.

Given estimates B̂uv
ij and â1, we can now additionally estimate the trade-off parameter

λ̂ from `σ (D.11) for any σ ∈ M. This completes the fair (quadratic) metric elicitation

procedure.

D.3.1 Eliciting Trade-off λ when (linear) predictive performance and (quadratic) fairness
violation coefficients are known

We now provide an alternate binary search based method similar to Chapter 5 for eliciting

the trade-off parameter λ when the linear predictive and quadratic fairness coefficients are

already known. This is along similar lines to the application considered by Zhang et al. [22],

but unlike them, instead of ratio queries, we require simpler pairwise queries.

Here, the key insight is to approximate the non-linearity posed by the fairness violation

in Definition 6.4, which then reduces the problem to a one-dimensional binary search. We

have:

φfair(r1:m ; a,B, λ) := (1− λ)〈a, r〉+ λ
1

2

(∑m

u,v=1,v>u
(ru − rv)TBuv(ru − rv)

)
. (D.16)

To this end, we define a new sphere S ′ = {(s,o, . . . ,o)|s ∈ S}. The elements in S ′ is the

set of rate profiles whose first group achieves rates s ∈ S and rest of the groups achieve

trivial rate o (corresponding to uniform random classifier). For any element in S ′, the

associated discrepancy terms (ru − rv) = 0 for u, v 6= 1. Thus for elements in S ′, the metric

in Definition 6.4 reduces to:

φfair((s,o, . . . ,o) ; a,B, λ) =(1− λ)〈τ 1 � a, s− o〉+ λ
1

2
(s− o)T

m∑
v=2

B1v(s− o) + c.

(D.17)
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Algorithm D.3 Eliciting the trade-off λ when predictive performance and fairness violation
are known

1: Input: Query space S ′z1
, binary-search tolerance ε > 0, oracle Ω

2: Initialize: λ(a) = 0, λ(b) = 1.

3: while
∣∣∣λ(b) − λ(a)

∣∣∣ > ε do

4: Set λ(c) = 3λ(a)+λ(b)

4 , λ(d) = λ(a)+λ(b)

2 , λ(e) = λ(a)+3λ(b)

4

5: Set s(a) = argmax
s∈S′z1

〈(1− λ(a))τ 1 � â + λ(a)
m∑
v=2

B̂1v(z1 − o), s〉 using Lemma 4.1

6: Similarly, set s(c), s(d), s(e), s(b).
7: Query Ω(s(c), s(a)), Ω(s(d), s(c)), Ω(s(e), s(d)), and Ω(s(b), s(e)).
8: [λ(a), λ(b)]← ShrinkInterval (responses) – subroutine analogous to the routine in Fig. B.1.
9: end while

10: Output: λ̂ = λ(a)+λ(b)

2 .

Additionally, we consider a small sphere S ′z1
, where z1 := (ρ− %)α1 + o, similar to what

is shown in Figure 6.1(a). We may approximate the quadratic term on the right hand side

above by its first order Taylor approximation as follows:

φfair((s,o, . . . ,o); a,B, λ) ≈ φfair, apx((s,o, . . . ,o); a,B, λ)

= 〈(1− λ)τ 1 � a + λ
m∑
v=2

B1v(z1 − o), s〉 (D.18)

for s in a small neighbourhood around the rate profile z1. Since the metric is essentially linear

in s, the following lemma from Chapter 5 shows that the metric in (D.18) is quasiconcave

in λ.

Lemma D.2. Under the regularity assumption that

〈τ 1 � a,
m∑
v=2

B1v(z1 − o)〉 6= 1, (D.19)

the function

ϑ(λ) := max
s∈S′z1

φfair, apx((s,o, . . . ,o); a,B, λ) (D.20)

is strictly quasiconcave (and therefore unimodal) in λ.

The unimodality of ϑ(λ) allows us to perform the one-dimensional binary search in Al-

gorithm D.3 using the query space S ′z1
, tolerance ε, and the oracle Ω. The binary search

algorithm is same as Algorithm 5.2 and provided here for completeness.
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D.4 ELICITATION GUARANTEE FOR THE QPME PROCEDURE

D.4.1 Sample complexity bounds

Recall from Definition 6.6 that the oracle responds correctly as long as |φ(r1)−φ(r2)| > εΩ.

For simplicity, we assume that our algorithm has access to the population rates r defined

in Eq. (1). In practice, we expect to estimate the rates using a sample D := {x, y}ni=1

drawn from the distribution P, and to query classifiers from a hypothesis class H with finite

capacity. Standard generalization bounds (e.g. Daniely et al. [132]) give us that with high

probability over draw of D, the estimates r̂ are close to the population rates r, up to the

desired tolerance εΩ, as long as we have sufficient samples. Further, since the metrics φ are

Lipschitz w.r.t. rates, with high probability, we thus gather correct oracle feedback from

querying with finite sample estimates Ω(r̂1, r̂2).

More formally, for δ ∈ (0, 1), as long as the sample size n is greater than O
(

log(|H|/δ)/ε2Ω
)
,

the guarantee in Theorem 1 holds with probability at least 1−δ (over draw of D), where |H|
can in turn be replaced by a measure of capacity of the hypothesis class H. For example,

one can show the following corollary to Theorem 6.1 for a hypothesis class H in which each

classifier is a randomized combination of a finite number of deterministic classifiers chosen

from H̄, and whose capacity is measured in terms of the Natarajan dimension [133] of H̄.

Corollary D.1. Suppose the hypothesis class H of randomized classifiers used to choose

queries to the oracle is of the form:

H =

{
x 7→

T∑
t=1

αtht(x)

∣∣∣∣T ∈ Z+, α ∈ ∆T , h1, . . . , hT ∈ H̄
}
, (D.21)

for some class H̄ of deterministic multiclass classifiers h : X → {0, 1}k. Suppose the deter-

ministic hypothesis class H̄ has Natarajan dimension d > 0, and φ is 1-Lipschitz. Then for

any δ ∈ (0, 1), as long as the sample size n ≥ O
(
d log(k)+log(1/δ)

ε2Ω

)
, the guarantee in Theorem

1 hold with probability at least 1− δ (over draw of D = {xi, yi}ni=1 from P).

The proof adapts generalization bounds from Daniely et al. [132], and uses the fact that

the predictive rate for any randomized classifier in H is a convex combination of rates for

deterministic classifiers in H̄ (due to linearity of expectation).

D.4.2 Proofs

Before presenting the proof of Theorem 6.1, we re-write the LPME guarantees from [17]

for linear metrics in the presence of an oracle noise parameter εΩ from Definition 6.6.
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Lemma D.3 (LPME guarantees with oracle noise (Chapter 4)). Let the oracle Ω’s metric be

φlin = 〈a, r〉 and its feedback noise parameter from Definition 6.6 be εΩ. Then, if the LPME

procedure (Algorithm 4.2) is run using a sphere S ⊂ R of radius % and the binary-search

tolerance ε, then by posing O(q log(1/ε)) queries it recovers coefficients â with ‖a − â‖2 ≤
O
(√

q(ε+
√
εΩ/%)

)
.

We will use the above result while proving Theorem 6.1.

Proof of Theorem 6.1. We first find the smoothness coefficient of the metric in Definition 6.3.

A function φ is said to be L-smooth if for some bounded constant L, we have:

‖∇φ(x)−∇φ(y)‖2 ≤ L‖x− y‖2. (D.22)

For the metric in Definition 6.3, we have:

‖∇φquad(x)−∇φquad(y)‖2 = ‖a + Bx− (a + By)‖2

≤ ‖B‖2‖x− y‖2

≤ ‖B‖F‖x− y‖2 ≤ 1 · ‖x− y‖2, (D.23)

where in the last step, we have used the scale invariance condition from Definition 6.3,

i.e., ‖a‖2 + ‖B‖F = 1, which implies that ‖B‖F = 1 − ‖a‖2 ≤ 1. Hence, the metrics in

Definition 6.3 are 1-smooth.

Now, we look at the error in Taylor series approximation when we approximate the metric

φquad in Definition 6.8 with a linear approximation. Our metric is

φquad(r) = 〈a, r〉+
1

2
rTBr. (D.24)

We approximate it with the first order Taylor polynomial around a point z:

T1(r) = 〈a, z〉+
1

2
zTBz + 〈a + Bz, r〉 (D.25)

The bound on the error in this approximation is:

|E(r)| = |φquad(r)− T1(r)|

=
1

2
|(r− z)T∆φquad|c(r− z)| (First-order Taylor approximation error)

=
1

2
|(r− z)TB(r− z)| (Hessian at any point c is the matrix B)

≤ 1

2
‖B‖2‖r− z‖2

2

≤ 1

2
‖B‖F%2 ≤ 1

2
%2 (Due to the scale invariance condition) (D.26)
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So when the oracle is asked Ω(r1, r2) = 1[φquad(r1) > φquad(r2)], the approximation error

can be treated as feedback error from the oracle with feedback noise 2 × 1
2
%2. Thus, the

overall feedback noise by the oracle is εΩ + %2 for the purposes of using Lemma D.3 later.

We first prove guarantees for the matrix B and then for the vector a. We write Equa-

tion (6.18) in the following form assuming d1 = 1 (since we normalize the coefficients at the

end due to scale invariance):

Bij = Fij =

 fij
f1j

(
1 +

fj1
f11

)
− fij
f1j

fj0
f10

− fi0
f10

+
fij
f1j

fj1
f11

f−21

f−11

+ f21

f11
− 2f20

f10

f−21

f−11

− f21

f11

 .

=⇒ B[:, j] = fj

 1

f1j

+
fj1
f1jf11

+
fj0
f1jf10

+
fj1
f1jf11

 f−21

f−11

+ f21

f11
− 2f20

f10

f−21

f−11

− f21

f11


+ f0

1

f10

= cjfj + c0f0, (D.27)

where B[:, j] is the j-th column of the matrix B, and the constants cj and c0 are well-defined

due to the regularity Assumption 6.4. Notice that,

∂B[:, j]

∂fj
= diag(c′j)� I , and

∂B[:, j]

∂f0

= diag(c′0)� I, (D.28)

where c′j, c
′
0 are vector of Lipschitz constants (bounded due to Assumption 6.4). This implies

‖B[:, j]− B̂[:, j]‖2 ≤ c′j‖f j − f̂j‖2 + c′0‖f0 − f̂0‖2

≤ c′j
√
q
(
ε+

√
%+ εΩ/%

)
+ c′0
√
q
(
ε+

√
%+ εΩ/%

)
= O

(√
q
(
ε+

√
%+ εΩ/%

))
, (D.29)

where we have used LPME guarantees from Lemma D.3 under the oracle-feedback noise

parameter εΩ + %2.

The above inequality provides bounds on each column of B. Since ‖x‖∞ ≤ ‖x‖2, we

have maxij |Bij − B̂ij| ≤ O

(
√
q
(
ε+

√
%+ εΩ/%

))
, and consequentially, ‖B − B̂‖F ≤

O

(
q
√
q
(
ε+

√
%+ εΩ/%

))
.

Now let us look at guarantees for a. Since a = d−Bo from (6.13), we can write

a = c0f0 −
q∑
j=1

ojB[:, j], (D.30)
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where c0 = 1/f10. Since o is the rate achieved by random classifier, oj = 1/k ∀j ∈ [k], and

thus we have
∂a

∂f0

= c0I and
∂a

∂B[:, j]
=

1

k
I. (D.31)

Thus,

‖a− â‖2 ≤ c′0
√
q
(
ε+

√
%+ εΩ/%

)
+

1

k

q∑
j=1

√
q
(
ε+

√
%+ εΩ/%

)
= c′0
√
q
(
ε+

√
%+ εΩ/%

)
+

1√
q

q∑
j=1

c′j
√
q
(
ε+

√
%+ εΩ/%

)
= O

(
q
(
ε+

√
%+ εΩ/%

))
, (D.32)

where c′0, c
′
j’s are some Lipschitz constants (bounded due to Assumption 6.4), and we have

used the fact that q = k2 − k in the second step. QED.

Notice the trade-off in the elicitation error that depends on the size of the sphere. As

expected, when the radius of the sphere % increases, the error due to approximation increases,

but at the same time, error due to feedback reduces because we get better responses from the

oracle. In contrast, when the radius of the sphere % decreases, the error due to approximation

decreases, but the error due to feedback increases.

The following corollary translates our guarantees on the elicited metric to the guarantees

on the optimal rate of the elicited metric. This is useful in practice, because the optimal

classifier (rate) obtained by optimizing a certain metric is often the key entity for many

applications.

Corollary D.2. Let φquad be the oracle’s quadratic metric and φ̂quad be its estimate obtained

by the QPME procedure (Algorithm 6.1). Moreover, let r∗ and r̂∗ be the minimizers of φquad

and φ̂quad, respectively. Then, φquad(r̂∗) ≤ φquad(r∗) +O

(
q2√q

(
ε+

√
%+ εΩ/%

))
.

Proof. We first show that if |φquad(r)− φ̂quad(r)| ≤ ε for all rates r and some slack ε, then it

follows that φquad(r̂∗) ≤ φquad(r∗) + 2ε. This is because:

φquad(r̂∗) ≤ φ̂quad(r̂∗) + ε
(

as φ̂quad approximates φquad
)

≤ φ̂quad(r∗) + ε
(

as r̂∗ minimizes φ̂quad
)

≤ φquad(r∗) + 2ε
(

as φ̂quad approximates φquad
)

(D.33)

Now, let us derive the trivial bound |φquad(r)− φ̂quad(r)| for any rate r.
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|φquad(r)− φ̂quad(r)| = |〈a− â, r〉+
1

2
rT (B− B̂)r|

≤ |〈a− â, r〉|+ 1

2
|rT (B− B̂)r|

≤ ‖a− a‖2‖r‖2 +
1

2
‖B−B‖2‖r‖2

2

≤ ‖a− a‖2
√
q +

1

2
‖B−B‖F q

≤ O

(
q2√q

(
ε+

√
%+ εΩ/%

))
, (D.34)

where in the fourth step, we have used the fact that the rates are bounded in [0, 1]; hence

‖r‖2 ≤ √q, and in the fifth step, we have used the guarantees from Theorem 6.1. Combin-

ing(D.33) and (D.34) gives us the desired result. QED.

Proof of Theorem 6.2. For the purpose of this proof, let us replace
(
ε+

√
%+ εΩ/%

)
by some

slack ε. Theorem 1 guarantees that after running the QPME procedure for O(q2 log(1/ε)

queries, we have ‖a− â‖2 ≤ O(qε) and
∥∥∥B − B̂∥∥∥

F
≤ O(q

√
qε).

If we vectorize the tuple (a,B) and denote it by w, we have ‖w − ŵ‖2 ≤ O(q
√
qε), where

both ‖w‖2, ‖ŵ‖2 = 1, due to the scale invariance condition from Definition 6.3. Note that

w is q2+3q
2

-dimensional vector and defines the scale-invariant quadratic metric elicitation

problem. Now, we have to count the minimum number of ŵ that are possible such that

‖w − ŵ‖2 ≤ O(q
√
qε).

This translates to finding the covering number of a ball in ‖ ·‖2 norm with radius 1, where

the covering balls have radius q
√
qε. Let us denote the cover by {ui}Ni=1 and the ball with

radius 1 as B. We then have:

V ol(B) =≤
N∑
i=1

V ol(q
√
qεB + ui)

= NV ol(q
√
qεB)

= (q
√
qε)

q2+3q
2
−1. (D.35)

Thus the number of ŵ that are possible are at least

c

(
1

q
√
qε

) q2+3q
2
−1

≤ N, (D.36)

where c is a constant. Since each pairwise comparison provides at most one bit, at least

O(q2) log( 1
q
√
qε

) bits are required to get a possible ŵ. We require O(q2) log(1
ε
) queries, which

is near-optimal barring log terms. QED.
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APPENDIX E: OPTIMIZING BLACK-BOX METRICS THROUGH
METRIC ELICITATION

Notation: For an index j ∈ [k], onehot(j) ∈ {0, 1}k denotes a one-hot encoding of j, and

for a classifier h : X→[k], h̃ = onehot(h) denotes the same classifier with one-hot outputs,

i.e. h̃(x) = onehot(h(x)).

E.1 EXTENSION TO GENERAL LINEAR METRICS

We describe how our proposal extends to black-box metrics ED[h] = ψ(C[h]) defined by

a function ψ : [0, 1]k×k→R+ of all confusion matrix entries. This handles, for example, the

label noise models in Table 7.1 with a general (non-diagonal) noise transition matrix T.

We begin with metrics that are linear functions of the diagonal and off-diagonal confusion

matrix entries ED[h] =
∑

ij βijCij[h] for some β ∈ Rk×k. In this case, we will use an example

weighting function W : X→Rk×k
+ that maps an instance x to an k× k weight matrix W(x),

where Wij(x) ∈ Rk×k
+ is the weight associated with the (i, j)-th confusion matrix entry.

Note that in practice, the metric ED may depend on only a subset of d entries

of the confusion matrix, in which case, the weighting function only needs to

weight those entries. Consequently, the weighting function can be parameter-

ized with Ld parameters, which can then be estimated by solving a system of Ld

linear equations. For the sake of completeness, here we describe our approach

for metrics that depend on all k2 confusion entries.

Modeling weighting function: Like in (7.7), we propose modeling this function as a

weighted sum of L basis functions:

Wij(x) =
L∑
`=1

α`ijφ
`(x), (E.1)

where each φ` : X→[0, 1] and α`ij ∈ R. Similar to (7.6), our goal is to then estimate

coefficients α so that:

E(x,y)∼µ

[∑
ij

Wij(x) 1(y = i)hj(x)
]
≈ ED[h], ∀h. (E.2)

Expanding the weighting function in (E.2), we get:

L∑
`=1

∑
i,j

α`ij E(x,y)∼µ
[
φ`(x) 1(y = i)hj(x)

]︸ ︷︷ ︸
Φµ,`i,j [h]

≈ ED[h],∀h, (E.3)
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which can be re-written as:

L∑
`=1

∑
i,j

α`ijΦ
µ,`
ij [h] ≈ ED[h],∀h. (E.4)

Estimating coefficients α: To estimate α ∈ RLk2
, our proposal is to probe the metric

ED at Lk2 different classifiers h`,1,1, . . . , h`,k,k, with one classifier for each combination (`, i, j)

of basis functions and confusion matrix entries, and to solve the following system of Lk2 linear

equations: ∑
`,i,j

α`ij Φ̂tr,`
ij [h1,1,1] = Êval[h1,1,1]

... (E.5)∑
`,i,j

α`ij Φ̂tr,`
ij [hL,m,m] = Êval[hL,k,k]

Here Φ̂tr,`
ij [h] is an estimate of Φµ,`

ij [h] using training sample Str and Êval[h] is an estimate of

ED[h] using the validation sample Sval. Equivalently, defining Σ̂ ∈ RLk2×Lk2
and Ê ∈ RLk2

with each:

Σ̂(`,i,j),(`′,i′,j′) = Φ̂tr,`′

i′j′ [h`,i,j]; Ê(`,i,j) = Êval[h`,i,j], (E.6)

we compute α̂ = Σ̂−1Ê .

Choosing probing classifiers: As described in Section 7.3.4, we propose picking each

probing classifier h`,i,j so that the (`, i, j)-th diagonal entry of Σ̂ is large and the off-diagonal

entries are all small. This can be framed as the following constrained satisfaction problem:

For h`,i,j pick h ∈ H such that:

Φ̂tr,`
i,j [h] ≥ γ, and Φ̂tr,`′

i′,j′ [h] ≤ ω,∀(`′, i′, j′) 6= (`, i, j), (E.7)

for some 0 < ω < γ < 1. While the more practical approach prescribed in Section 7.3.4

of constructing the probing classifiers from trivial classifiers that predict the same class on

all or a subset of examples does not apply here (because here we need to take into account

both the diagonal and off-diagonal confusion entries), the above problem can be solved using

off-the-shelf tools available for rate-constrained optimization problems [105].

Plug-in classifier: Having estimated an example weighting function Ŵ : X→Rk×k, we

seek to maximize a weighted objective on the training distribution:
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max
h

E(x,y)∼µ

∑
ij

Ŵij(x) 1(y = i)hj(x)

 , (E.8)

for which we can construct a plug-in classifier that post-shifts a pre-trained class probability

model η̂tr : X→∆k:

ĥ(x) ∈ argmax
j∈[k]

k∑
i=1

Ŵij(x) η̂tr
i (x). (E.9)

For handling general non-linear metrics ED[h] = ψ(C[h]) with a smooth ψ : [0, 1]k×k→R+,

we can directly adapt the iterative plug-in procedure in Algorithm 7.3, which would in turn

construct a plug-in classifier of the above form in each iteration (line 9). See [18] for more

details of the iterative Frank-Wolfe based procedure for optimizing general metrics, where

the authors consider non-black-box metrics in the absence of distribution shift.

E.2 PROOFS

E.2.1 Proof of Theorem 7.1

Theorem E.1 ((Restated) Error bound on elicited weights). Let the input metric be

of the form Ê lin[h] =
∑

i βiĈ
val
ii [h] for some (unknown) coefficients β ∈ Rk

+, ‖β‖ ≤ 1. Let

ED[h] =
∑

i βiC
D
ii [h]. Let γ, ω > 0 be such that the constraints in (7.14) are feasible for

hypothesis class H̄, for all `, i. Suppose Algorithm 7.1 chooses each classifier h`,i to satisfy

(7.14), with ED[h`,i] ∈ [c, 1],∀`, i, for some c > 0. Let ᾱ be the associated coefficient in

Assumption 7.1 for metric ED. Suppose γ > 2
√

2Lkω and ntr ≥ L2k log(Lk|H|/δ)
( γ

2
−
√

2Lkω)2 . Fix δ ∈ (0, 1).

Then w.p. ≥ 1− δ over draws of Str and Sval from µ and D resp., the coefficients α̂ output

by Algorithm 7.1 satisfies:

‖α̂− ᾱ‖ ≤O
(Lk
γ2

√
L log(Lk|H|/δ)

ntr
+

√
Lk

γ

(√L2k log(Lk/δ)

c2γ2nval
+ ν
))
, (E.10)

where the term |H| can be replaced by a measure of capacity of the hypothesis class H.

The solution from Algorithm 7.1 is given by α̂ = Σ̂−1Ê . Let ᾱ be the “true” coeffi-

cients given in Assumption 7.1. Let Σ ∈ RLk×Lk denote the population version of Σ̂, with

Σ(`,i),(`′,i′) = E(x,y)∼µ
[
φ`
′
(x)1(y = i′)h`,ii′ (x)

]
. Similarly, denote the population version of Ê

by: E(`,i) = ED[h`,i]. Let α = Σ−1E be the solution we obtain had we used the population

versions of these quantities. Further, define the vector Ē ∈ RLk:
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Ē(`′,i′) =
∑
`,i

ᾱ`iΦ
µ,`
i [h`

′,i′ ]. (E.11)

It trivially follows that the coefficient ᾱ given by Assumption 7.1 can be written as ᾱ =

Σ−1Ē .

We will find the following lemmas useful. Our first two lemmas bound the gap between

the empirical and population versions of Σ (the left-hand side of the linear system) and E
(the right-hand side of the linear system).

Lemma E.1 (Confidence bound for Σ). Fix δ ∈ (0, 1). With probability at least 1− δ over

draw of Str from µ,

|Σ(`,i),(`′,i′) − Σ̂(`,i),(`′,i′)| ≤ O
(√

p`,i log(Lk|H|/δ)
ntr

)
, (E.12)

where p`,i = E(x,y)∼µ[φ`(x)1(y = i)], and consequently,

‖Σ− Σ̂‖ ≤ O
(√

L2k log(Lk|H|/δ)
ntr

)
. (E.13)

Proof. Each row of Σ− Σ̂ contains the difference between the elements Φµ,`
i [h] and Φ̂tr,`

i [h]

for a classifier h chosen from H. Using multiplicative Chernoff bounds, we have for a fixed

h, with probability at least 1− δ over draw of Str from µ

|Φµ,`
i [h]− Φ̂tr,`

i [h]| ≤ O
(√

p`,i log(1/δ)

ntr

)
, (E.14)

where p`,i = E(x,y)∼µ[φ`(x)1(y = i)]. Taking a union bound over all h ∈ H, we have with

probability at least 1− δ over draw of Str from µ, for any h ∈ H:

|Φµ,`
i [h]− Φ̂tr,`

i [h]| ≤ O
(√

p`,i log(|H|/δ)
ntr

)
. (E.15)

Taking a union bound over all Lk × Lk entries, we have with probability at least 1− δ, for

all (`, i), (`′, i′):

|Σ(`,i),(`′,i′) − Σ̂(`,i),(`′,i′)| ≤ O
(√

p`,i log(Lk|H|/δ)
ntr

)
. (E.16)
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Upper bounding the operator norm of Σ− Σ̂ with the Frobenius norm, we have

‖Σ− Σ̂‖ ≤ O

√ log(Lk|H|/δ)
ntr

√ ∑
(`,i),(`′,i′)

p`′,i′


≤ O

√ log(Lk|H|/δ)
ntr

√∑
`,i,`′

(1)

 ≤ O(√L2k log(Lk|H|/δ)
ntr

)
, (E.17)

where the second inequality uses the fact that
∑

i′ p`′,i′ = Ex∼Pµ
[
φ`
′
(x)
]
≤ 1. QED.

Lemma E.2 (Confidence bound for E). Fix δ ∈ (0, 1). With probability at least 1− δ over

draw of Sval from D,

‖E − Ê‖ ≤ O
(√

Lk log(Lk/δ)

nval

)
. (E.18)

Proof. From an application of Hoeffding’s inequality, we have for any fixed h`,i:

|E(`,i) − Ê(`,i)| = |ED[h`,i] − Êval[h`,i]| =

∣∣∣∣∣∣
∑
i

βiC
D
ii [h`,i] −

∑
i

βiĈ
val
ii [h`,i]

∣∣∣∣∣∣
≤ O

(√
log(1/δ)

nval

)
, (E.19)

which holds with probability at least 1− δ over draw of Sval and uses the fact that each βi

and CD
ii [h] is bounded. Taking a union bound over all Lk probing classifiers, we have:

‖E − Ê‖ ≤ O
(
√
Lk

√
log(Lk/δ)

nval

)
. (E.20)

Note that we do not need a uniform convergence argument like in Lemma E.1 as the probing

classifiers are chosen independent of the validation sample. QED.

Our last two lemmas show that Σ is well-conditioned. We first show that because the

probing classifiers h`,i’s are chosen to satisfy (7.14), the diagonal and off-diagonal entries of

Σ can be lower and upper bounded respectively as follows.

Lemma E.3 (Bounds on diagonal and off-diagonal entries of Σ). Fix δ ∈ (0, 1). With
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probability at least 1− δ over draw of Str from µ,

Σ(`,i),(`,i) ≥ γ − O
(√

p`,i log(Lk|H|/δ)
ntr

)
, ∀(`, i) (E.21)

and

Σ(`,i),(`′,i′) ≤ ω + O
(√

p`,i log(Lk|H|/δ)
ntr

)
,∀(`, i) 6= (`′, i′), (E.22)

where p`,i = E(x,y)∼µ[φ`(x)1(y = i)].

Proof. Because the probing classifiers h`,i’s are chosen from H to satisfy (7.14), we have

Σ̂(`,i),(`,i) ≥ γ, ∀(`, i) and Σ̂(`,i),(`′,i′) ≤ ω,∀(`, i) 6= (`′, i′). The proof follows from generalization

bounds similar to Lemma E.1. QED.

The bounds on the diagonal and off-diagonal entries of Σ then allow us to bound its

smallest and largest singular values.

Lemma E.4 (Bounds on singular values of Σ). We have ‖Σ‖ ≤ L
√
k. Fix δ ∈ (0, 1).

Suppose γ > 2
√

2Lkω and ntr ≥ L2k log(Lk|H|/δ)
( γ

2
−
√

2Lkω)2 . With probability at least 1− δ over draw of

Str from µ, ‖Σ−1‖ ≤ O
(

1
γ

)
.

Proof. We first derive a straight-forward upper bound on the the operator norm of Σ in

terms of its Frobenius norm: ‖Σ‖ ≤√ ∑
(`,i),(`′,i′)

Σ2
(`,i),(`′,i′) ≤

√ ∑
(`,i),(`′,i′)

p2
`′,i′ ≤

√ ∑
(`,i),(`′,i′)

p`′,i′ ≤
√∑

`,i,`′

1 = L
√
k, (E.23)

where p`,i = E(x,y)∼µ[φ`(x)1(y = i)] and the last inequality uses the fact that
∑

i′ p`′,i′ =

Ex∼Pµ
[
φ`
′
(x)
]
≤ 1.

To bound the operator norm of ‖Σ−1‖, denote υ`,i = O
(√

p`,i log(Lk|H|/δ)
ntr

)
. From Lemma

E.3, we can express Σ as a sum of a matrix A and a diagonal matrix D, i.e. Σ = A + D,

where each A(`,i),(`,i) = 0, A(`,i),(`′,i′) ≤ ω + υ`,i,∀(`, i) 6= (`′, i′) and D(`,i),(`,i) ≥ γ − υ`,i. Let

σ`,i(Σ) denote the (`, i)-th largest singular value of Σ. By Weyl’s inequality, we have that

the singular values of Σ can be bounded in terms of the singular values D (see e.g., [134]):

|σ`,i(Σ)− σ`,i(D)| ≤ ‖A‖, or σ`,i(D)− σ`,i(Σ) ≤ ‖A‖. (E.24)
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We further have:

σ`,i(D)− σ`,i(Σ) ≤ ‖A‖ ≤
√ ∑

(`,i) 6=(`′,i′)

(ω + υ`,i)2 + υ`,i

≤
√

2

√ ∑
(`,i) 6=(`′,i′)

ω2 +
∑

(`,i)6=(`′,i′)

υ2
`,i + υ`,i

≤
√

2

√ ∑
(`,i) 6=(`′,i′)

ω2 +
√

2

√ ∑
(`,i)6=(`′,i′)

υ2
`,i

≤
√

2Lkω + O
(√

log(Lk|H|/δ)
ntr

)√ ∑
(`,i)6=(`′,i′)

p`,i

≤
√

2Lkω + O
(√

L2k log(Lk|H|/δ)
ntr

)
. (E.25)

Since σ`,i(D) ≥ γ −max`,i υ`,i, and

σ`,i(Σ) ≥ γ −
√

2Lkω − O
(√

L2k log(Lk|H|/δ)
ntr

)
−max

`,i
υ`,i. (E.26)

Substituting for max`,i υ`,i ≤ O
(√

log(Lk|H|/δ)
ntr

)
, and denoting

√
2Lkω+O

(√
L2k log(Lk|H|/δ)

ntr

)
by ξ, we have σ`,i(Σ) ≥ ξ. With this, we can bound operator norm of ‖Σ−1‖ as:

‖Σ−1‖ =
1

min`,i σ`,i(Σ)
≤ 1

γ − ξ ≤ O
(

1

γ

)
, (E.27)

where the last inequality follows from the assumption that ntr ≥ L2k log(Lk|H|/δ)
( γ

2
−
√

2Lkω)2 and hence

ξ ≤ O
(
γ/2
)
. QED.

We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. The solution from Algorithm 7.1 is given by α̂ = Σ̂−1Ê . Recall we

can write the “true” coefficients by ᾱ = Σ−1Ē , where Ē is defined in (E.11), and we also

defined α = Σ−1E . The left-hand side of Theorem 7.1 can then be expanded as:

‖α̂− ᾱ‖ ≤ ‖α̂−α‖+ ‖α− ᾱ‖ (E.28)

≤ ‖α̂−α‖+ ‖Σ−1(E − Ē)‖ (E.29)

≤ ‖α̂−α‖+ ‖Σ−1‖‖(E − Ē)‖ (E.30)
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≤ ‖α̂−α‖+ ν
√
Lk‖Σ−1‖ (E.31)

≤ ‖α̂−α‖ +
2ν
√
Lk

γ
. (E.32)

The second-last step follows from Assump. 7.1, particularly, from
∣∣∣∑`,i ᾱ

`
iΦ

µ,`
i [h]− ED[h]

∣∣∣ ≤
ν,∀h, which gives us that

∣∣∣∑`,i ᾱ
`
iΦ

µ,`
i [h`

′,i′ ]− ED[h`
′,i′ ]
∣∣∣ ≤ ν, for all `′, i′. The last step

follows from Lemma E.4 and holds with probability at least 1− δ over draw of Str.

All that remains is to bound the term ‖α̂−α‖. Given that α̂ = Σ̂−1Ê . and α = Σ−1E ,

we can use standard error analysis for linear systems (see e.g., [135]) to bound:

‖α̂−α‖ ≤ ‖α‖‖Σ‖‖Σ−1‖
(
‖Σ− Σ̂‖
‖Σ‖ +

‖E − Ê‖
‖E‖

)

≤ ‖Σ−1‖2‖E‖
(
‖Σ− Σ̂‖ + ‖Σ‖‖E − Ê‖

‖E‖

)
(from α = Σ−1E)

≤ ‖Σ−1‖2‖E‖
(
‖Σ− Σ̂‖ + L

√
k
‖E − Ê‖
‖E‖

)
(from Lemma E.4)

≤ ‖Σ−1‖2
√
Lk

(
‖Σ− Σ̂‖ +

L
√
k√

Lkc
‖E − Ê‖

)
(using E(`,i) ∈ (c, 1])

≤ ‖Σ−1‖2
√
Lk

(
‖Σ− Σ̂‖ +

√
L

c
‖E − Ê‖

)

≤ O

√Lk
γ2

(√
L2k log(Lk|H|/δ)

ntr
+

√
L

c

√
Lk log(Lk/δ)

nval

)
= O

Lk
γ2

(√
L log(Lk|H|/δ)

ntr
+

1

c

√
L log(Lk/δ)

nval

) , (E.33)

where the last two steps follow from Lemmas E.1–E.2 and Lemma E.4, and hold with

probability at least 1−δ over draws of Str and Sval. Plugging this back into (E.32) completes

the proof. QED.

E.2.2 Error Bound for PI-EW

We will first provide error bound for the PI-EW algorithm, which is a special case of

the FW-EG algorithm. When the metric is linear, we have the following bound on the

gap between the metric value achieved by classifier ĥ output by Algorithm 7.2, and the
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optimal value. This result will then be useful in proving an error bound for the FW-EG

procedure (Algorithm 7.3) in the next section, that essentially focuses on the non-linear

metric optimization.

Lemma E.5 (Error Bound for PI-EW). Let the input metric be of the form Ê lin[h] =∑
i βiĈ

val
ii [h] for some (unknown) coefficients β ∈ Rk

+, ‖β‖ ≤ 1, and denote E lin[h] =∑
i βiC

D
ii [h]. Let ᾱ be the associated weighting coefficient for E lin in Assumption 7.1, with

‖ᾱ‖1 ≤ B and with slack ν. Fix δ > 0. Suppose w.p. ≥ 1 − δ over draw of Str and

Sval, the weight elicitation routine in line 2 of Algorithm 7.2 provides coefficients α̂ with

‖α̂− ᾱ‖ ≤ κ(δ, ntr, nval), for some function κ(·) > 0. Let B′ = B +
√
Lk κ(δ, ntr, nval). Then

with the same probability, the classifier ĥ output by Algorithm 7.2 satisfies:

max
h
E lin[h]− E lin[ĥ] ≤ B′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 2
√
Lk κ(δ, ntr, nval) + 2ν, (E.34)

where ηtr
i (x) = Pµ(y = i|x). Furthermore, when the metric coefficients ‖β‖ ≤ Q, for some

Q > 0, then

max
h
E lin[h]− E lin[ĥ] ≤ Q

(
B′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 2
√
Lk κ(δ, ntr, nval) + 2ν

)
.(E.35)

Proof. For the proof, we will treat ĥ as a classifier that outputs one-hot labels, i.e. as classifier

ĥ : X→{0, 1}k with

ĥ(x) = onehot

(
∗

argmax
i∈[k]

Ŵi(x)η̂tr
i (x)

)
, (E.36)

where argmax∗ breaks ties in favor of the largest class.

Let W̄i(x) =
∑L

`=1 ᾱ
`
iφ
`(x) and Ŵi(x) =

∑L
`=1 α̂

`
iφ
`(x). It is easy to see that

|W̄i(x)− Ŵi(x)| ≤ ‖ᾱ− α̂‖

√√√√ L∑
`=1

φ`(x)2 ≤
√
Lk‖ᾱ− α̂‖ ≤

√
Lkκ, (E.37)

where in the second inequality we use |φ`(x)| ≤ 1, and in the last inequality, we have

shortened the notation κ(δ, ntr, nval) to κ and for simplicity will avoid mentioning that this

holds with high probability.

Further, recall from Assumption 7.1 that

|W̄i(x)| ≤ ‖ᾱ‖1 max
`
|φ`(x)| ≤ B(1) = B (E.38)
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and so from (E.37),

|Ŵi(x)| ≤ B +
√
Lkκ. (E.39)

We also have from Assumption 7.1 that∣∣∣∣∣∣E lin[h] − E(x,y)∼µ

 k∑
i=1

W̄i(x)1(y = i)hi(x)

∣∣∣∣∣∣ ≤ ν,∀h. (E.40)

Equivalently, this can be re-written in terms of the conditional class probabilities ηtr(x) =

Pµ(y = 1|x): ∣∣∣∣∣∣E lin[h] − Ex∼Pµ

 k∑
i=1

W̄i(x)ηtr
i (x)hi(x)

∣∣∣∣∣∣ ≤ ν,∀h, (E.41)

where Pµ denotes the marginal distribution of µ over X . Denoting h∗ ∈ argmaxh E lin[h], we

then have from (E.41),

max
h
E lin[h] − E lin[ĥ]

=
k∑
i=1

Ex

[
W̄i(x)ηtr

i (x)h∗i (x))
]
−

k∑
i=1

Ex

[
W̄i(x)ηtr

i (x)ĥi(x)
]

+ 2ν

≤
k∑
i=1

Ex

[
Ŵi(x)ηtr

i (x)h∗i (x))
]
−

k∑
i=1

Ex

[
Ŵi(x)ηtr

i (x)ĥi(x)
]

+ 2ν + 2
√
Lkκ

(from (E.37),
∑k

i=1 η
tr
i (x) = 1 and hi(x) ≤ 1)

≤
k∑
i=1

Ex

[
Ŵi(x)ηtr

i (x)h∗i (x))
]
−

k∑
i=1

Ex

[
Ŵi(x)η̂tr

i (x)h∗i (x))
]

+
k∑
i=1

Ex

[
Ŵi(x)η̂tr

i (x)h∗i (x))
]
−

k∑
i=1

Ex

[
Ŵi(x)ηtr

i (x)ĥi(x)
]

+ 2ν + 2
√
Lkκ (E.42)

From definition of ĥ in (E.36), we have that
∑k

i=1 Ŵi(x)η̂tr
i (x)ĥi(x) ≥∑k

i=1 Ŵi(x)η̂tr
i (x)hi(x),

for all h : X→∆k. Therefore,

max
h
E lin[h] − E lin[ĥ]

≤
k∑
i=1

Ex

[
Ŵi(x)ηtr

i (x)h∗i (x))
]
−

k∑
i=1

Ex

[
Ŵi(x)η̂tr

i (x)h∗i (x))
]

+ 2ν + 2
√
Lkκ

+
k∑
i=1

Ex

[
Ŵi(x)η̂tr

i (x)ĥi(x))
]
−

k∑
i=1

Ex

[
Ŵi(x)ηtr

i (x)ĥi(x)
]

(E.43 cont.)
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≤
k∑
i=1

Ex

[
Ŵi(x)|ηtr

i (x)− η̂tr
i (x)||h∗i (x)− ĥi(x)|

]
+ 2ν + 2

√
Lkκ

≤ Ex

[
max
i

(
Ŵi(x)|h∗i (x)− ĥi(x)|

)
‖η(x)− η̂(x)‖1

]
+ 2ν + 2

√
Lkκ

≤ (B +
√
Lkκ) Ex

[
‖η(x)− η̂(x)‖1

]
+ 2ν + 2

√
Lkκ, (E.43)

where the last step follows from (E.39) and |hi(x)−ĥi(x)| ≤ 1. This completes the proof. The

second part, where ‖β‖ ≤ Q, follows by applying Assumption 7.1 to normalized coefficients

β/‖β‖, and scaling the associated slack ν by Q. QED.

E.2.3 Proof of Theorem 7.2

We will make a couple of minor changes to the algorithm to simplify the analysis. Firstly,

instead of using the same sample Sval for both estimating the example weights (through

call to PI-EW in line 9) and estimating confusion matrices Ĉval (in line 10), we split Sval

into two halves, use one half for the first step and the other half for the second step. Using

independent samples for the two steps, we will be able to derive straight-forward confidence

bounds on the estimated confusion matrices in each case. In our experiments however,

we find the algorithm to be effective even when a common sample is used for both steps.

Secondly, we modify line 8 to include a shifted version of the metric Êval, so that later in

Appendix E.4 when we handle the case of “unknown ψ”, we can avoid having to keep track

of an additive constant in the gradient coefficients.

Theorem E.2 ((Restated) Error Bound for FW-EG with known ψ). Let ED[h] =

ψ(CD
11[h], . . . , CD

kk[h]) for a known concave function ψ : [0, 1]k→R+, which is Q-Lipschitz,

and λ-smooth w.r.t. the `1-norm. Let Êval[h] = ψ(Ĉval
11 [h], . . . , Ĉval

kk [h]). Fix δ ∈ (0, 1).

Suppose Assumption 7.1 holds with slack ν, and for any linear metric
∑

i βiC
D
ii [h] with

‖β‖ ≤ 1, whose associated weight coefficients is ᾱ with ‖ᾱ‖ ≤ B, w.p. ≥ 1 − δ over draw

of Str and Sval
1 , the weight elicitation routine in Algorithm 7.1 outputs coefficients α̂ with

‖α̂ − ᾱ‖ ≤ κ(δ, ntr, nval), for some function κ(·) > 0. Let B′ = B +
√
Lk κ(δ/T, ntr, nval).

Assume k ≤ nval. Then w.p. ≥ 1 − δ over draws of Str and Sval from D and µ resp., the

classifier ĥ output by Algorithm E.1 after T iterations satisfies:

max
h
ED[h]− ED[ĥ] ≤ 2QB′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 4Qν + 4Q

√
Lk κ(δ/T, ntr, nval)

+O
(
λk

√
k log(nval) log(k) + log(k/δ)

nval
+
λ

T

)
. (E.44)
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Algorithm E.1 : Frank-Wolfe with Elicited Gradients (FW-EG) for General Diagonal
Metrics

1: Input: Êval, Basis functions φ1, . . . , φL : X→[0, 1], Pre-trained η̂tr : X→∆k, S
tr ∼ µ,

Sval ∼ D split into two halves Sval
1 and Sval

2 of sizes dnval/2e and bnval/2c respectively,
T , ε

2: Initialize classifier h0 and c0 = diag(Ĉval[h0])
3: For t = 0 to T − 1 do
4: if ED[h] = ψ(CD

11[h], . . . , CD
kk[h]) for known ψ:

5: βt = ∇ψ(ct)

6: Ê lin[h] =
∑

i β
t
i Ĉ

val
ii [h], evaluated using Sval

1

7: else
8: Ê lin[h] = Êval[h]− Êval[ht], evaluated using Sval

1 {small ε recommended}
9: f̂ = PI-EW(Ê lin, φ1, ..., φL, η̂tr, Str, Sval

1 , ht, ε)

10: c̃ = diag(Ĉval[f̂ ]), evaluated using Sval
2

11: ht+1 =
(
1− 2

t+1

)
ht + 2

t+1
onehot(f̂)

12: ct+1 =
(
1− 2

t+1

)
ct + 2

t+1
c̃

13: End For
14: Output: ĥ = hT

The proof adapts techniques from [18], who show guarantees for a Frank-Wolfe based

learning algorithm with a known ψ in the absence of distribution shift. The main proof

steps are listed below:

• Prove a generalization bound for the confusion matrices Ĉval evaluated in line 10 on

the validation sample (Lemma E.6)

• Establish an error bound for the call to PI-EW in line 9 (Lemma E.5 in previous

section)

• Combine the above two results to show that the classifier f̂ returned in line 9 is an

approximate linear maximizer needed by the Frank-Wolfe algorithm (Lemma E.7)

• Combine Lemma E.7 with a convergence guarantee for the outer Frank-Wolfe algorithm

[18, 107] (using convexity of the space of confusion matrices C) to complete the proof

(Lemmas E.8–E.9).

Lemma E.6 (Generalization bound for CD). Fix δ ∈ (0, 1). Let η̂tr : X→∆m be a fixed class

probability estimator. Let G = {h : X→[m] |h(x) ∈ argmaxi∈[m] βiη̂
tr
i (x) for some β ∈ Rm

+}
be the set of plug-in classifiers defined with η̂tr. Let

Ḡ = {h(x) =
∑T

t=1 utht(x) |T ∈ N, h1, . . . , hT ∈ G,u ∈ ∆T} (E.45)
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be the set of all randomized classifiers constructed from a finite number of plug-in classifiers

in G. Assume m ≤ nval. Then with probability at least 1− δ over draw of Sval from D, then

for h ∈ Ḡ:

‖CD[h]− Ĉval[h]‖∞ ≤ O
(√

m log(m) log(nval) + log(m/δ)

nval

)
. (E.46)

Proof. The proof follows from standard convergence based generalization arguments, where

we bound the capacity of the class of plug-in classifiers G in terms of its Natarajan dimension

[136, 137]. Applying Theorem 21 from [137], we have that the Natarajan dimension of G is

at most d = k log(k). Applying the generalization bound in Theorem 13 in [138], along with

the assumption that k ≤ nval, we have for any i ∈ [k], with probability at least 1 − δ over

draw of Sval from D, for any h ∈ G:

|CD
ii [h]− Ĉval

ii [h]| ≤ O
(√

k log(k) log(nval) + log(1/δ)

nval

)
. (E.47)

Further note that for any randomized classifier h̄(x) =
∑T

t=1 utht(x) ∈ Ḡ, for some u ∈ ∆T ,

|CD
ii [h̄]− Ĉval

ii [h̄]| ≤
T∑
t=1

ut|CD
ii [ht]− Ĉval

ii [ht]| ≤ O
(√

k log(k) log(nval) + log(1/δ)

nval

)
, (E.48)

where the first inequality follows from linearity of expectations. Taking a union bound over

all diagonal entries i ∈ [k] completes the proof. QED.

We next show that the call to PI-EW in line 9 of Algorithm 7.3 computes an approximate

maximizer f̂ for Ê lin. This is an extension of Lemma 26 in [18].

Lemma E.7 (Approximation error in linear maximizer f̂). For each iteration t in Algorithm

7.3, denote c̄t = diag(CD[ht]), and β̄t = ∇ψ(c̄t). Suppose the assumptions in Theorem 7.2

hold. Let B′ = B +
√
Lk κ(δ, ntr, nval). Assume k ≤ nval. Then w.p. ≥ 1 − δ over draw of

Str and Sval from µ and D resp., for any t = 1, . . . , T , the classifier f̂ returned by PI-EW

in line 9 satisfies:

max
h

∑
i

β̄tiC
D
ii [h] −

∑
i

β̄tiC
D
ii [f̂ ] ≤ QB′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 2Qν

+ 2Q
√
Lk κ

(
δ
T
, ntr, nval

)
+ O

(
λk

√
k log(k) log(nval) + log(k/δ)

nval

)
. (E.49)

Proof. The proof uses Theorem 7.1 to bound the approximation errors in the linear max-

imizer f̂ (coupled with a union bound over T iterations), and Lemma E.6 to bound the
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estimation errors in the confusion matrix ct used to compute the gradient ∇ψ(ct).

Recall from Algorithm 7.3 that ct = diag(Ĉval[ht]) and βt = ∇ψ(ct). Note that these

are approximations to the actual quantities we are interested in c̄t = diag(CD[ht]) and

β̄t = ∇ψ(c̄t), both of which are evaluated using the population confusion matrix. Also,

‖β‖ = ‖∇ψ(ct)‖ ≤ Q from Q-Lipschitzness of ψ.

Fix iteration t, and let h∗ ∈ argmaxh
∑

i β̄
t
iC

D
ii [h] for this particular iteration. Then:∑

i

β̄tiC
D
ii [h∗] −

∑
i

β̄tiC
D
ii [f̂ ]

=
∑
i

β̄tiC
D
ii [h∗] −

∑
i

βtiC
D
ii [h∗] +

∑
i

βtiC
D
ii [h∗] −

∑
i

βtiC
D
ii [f̂ ]

+
∑
i

βtiC
D
ii [f̂ ] −

∑
i

β̄tiC
D
ii [f̂ ]

≤ ‖βt − β̄t‖∞
∑
i

CD
ii [h∗] +

∑
i

βtiC
D
ii [h∗] −

∑
i

βtiC
D
ii [f̂ ] + ‖βt − β̄t‖∞

∑
i

CD
ii [f̂ ]

≤ ‖βt − β̄t‖∞(1) + max
h

∑
i

βtiC
D
ii [h] −

∑
i

βtiC
D
ii [f̂ ] + ‖βt − β̄t‖∞(1) (

∑
i,j C

D
ij [h] = 1)

= 2‖βt − β̄t‖∞ + max
h

∑
i

βtiC
D
ii [h] −

∑
i

βtiC
D
ii [f̂ ]

= 2‖∇ψ(ct)−∇ψ(c̄t)‖∞ + max
h

∑
i

βtiC
D
ii [h] −

∑
i

βtiC
D
ii [f̂ ]

≤ 2λ‖ct − c̄t‖1 + max
h

∑
i

βtiC
D
ii [h] −

∑
i

βtiC
D
ii [f̂ ] (ψ is λ-smooth w.r.t. the `1 norm)

≤ 2λk‖ct − c̄t‖∞ + max
h

∑
i

βtiC
D
ii [h] −

∑
i

βtiC
D
ii [f̂ ]

≤ O
(
λk

√
k log(k) log(nval) + log(k/δ)

nval

)
+QB′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 2Q

√
Lk κ(δ, ntr, nval) + 2Qν, (E.50)

where B′ = B +
√
Lk κ(δ, ntr, nval). The last step holds with probability at least 1 − δ

over draw of Sval and Str, and follows from Lemma E.6 and Lemma E.5 (using ‖βt‖ ≤ Q).

The first bound on ‖ct − c̄t‖∞ = ‖Ĉval[ht] − CD[ht]‖∞ holds for any randomized classifier

ht constructed from a finite number of plug-in classifiers. The second bound on the linear

maximization errors holds only for a fixed t, and so we need to take a union bound over all

iterations t = 1, . . . , T , to complete the proof.

Note that because we use two independent samples Sval
1 and Sval

2 for the two bounds, they

each hold with high probability over draws of Sval
1 and Sval

2 respectively, and hence with high

probability over draw of Sval. QED.
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Our last two lemmas restate results from [18]. The first shows convexity of the space of

confusion matrices (Proposition 10 from their paper), and the second applies a result from

[107] to show convergence of the classical Frank-Wolfe algorithm with approximate linear

maximization steps (Theorem 16 in [18]).

Lemma E.8 (Convexity of space of confusion matrices). Let C = {diag(CD[h]) |h : X→∆k}
denote the set of all confusion matrices achieved by some randomized classifier h : X→∆k.

Then C is convex.

Proof. For any two confusion matrices C1,C2 ∈ C, there exist classifiers h1, h2 : X→∆k such

that c1 = diag(CD[h1]) and c2 = diag(CD[h2]). We need to show that for any u ∈ [0, 1],

uc1 + (1− u)c2 ∈ C. (E.51)

This is true because the randomized classifier h(x) = uh1(x)+(1−u)h2(x) yields a confusion

matrix diag(CD[h]) = u diag(CD[h1]) + (1− u)diag(CD[h2]) = uc1 + (1− u)c2 ∈ C. QED.

Lemma E.9 (Frank-Wolfe with approximate linear maximization [18]). Let the metric

ED[h] = ψ(CD
11[h], . . . , CD

kk[h]) for a concave function ψ : [0, 1]k→R+ that is λ-smooth w.r.t.

the `1-norm. For each iteration t, define β̄t = ∇ψ(diag(CD[ht])). Suppose line 9 of Algo-

rithm 7.3 returns a classifier f̂ such that maxh
∑

i β̄
t
iC

D
ii [h] − ∑i β̄

t
iC

D
ii [f̂ ] ≤ ∆,∀t ∈ [T ].

Then the classifier ĥ output by Algorithm 7.3 after T iterations satisfies:

max
h
ED[h]− ED[ĥ] ≤ 2∆ +

8λ

T + 2
. (E.52)

Proof of Theorem 7.2. The proof follows by plugging in the result from Lemma E.7 into

Lemma E.9. QED.

E.3 ERROR BOUND FOR WEIGHT ELICITATION WITH FIXED PROBING
CLASSIFIERS

We first state a general error bound for Algorithm 7.1 in terms of the singular values of Σ

for any fixed choices for the probing classifiers. We then bound the singular values for the

fixed choices in (7.16) under some specific assumptions.

Theorem E.3 (Error bound on elicited weights with fixed probing classifiers). Let

ED[h] =
∑

i βiC
D
ii [h] for some (unknown) β ∈ Rk, and let Êval[h] =

∑
i βiĈ

val
ii [h]. Let ᾱ be

the associated coefficient in Assumption 7.1 for metric ED. Fix δ ∈ (0, 1). Then for any
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fixed choices of the probing classifiers h`,i, we have with probability ≥ 1 − δ over draws of

Str and Sval from µ and D resp., the α̂ output by Algorithm 7.1 satisfies: ‖α̂− ᾱ‖ ≤

O

 1

σmin(Σ)2

(
Lk

√
L log(Lk/δ)

ntr
+ σmax(Σ)

√
Lk log(Lk/δ)

nval

)
+

ν
√
Lk

σmin(Σ)

 , (E.53)

where σmin(Σ) and σmin(Σ) are respectively the smallest and largest singular values of Σ.

Proof. The proof follows the same steps as Theorem 7.1, except for the bound on ‖α̂−α‖.
Specifically, we have from (E.31):

‖α̂− ᾱ‖ ≤ ‖α̂−α‖ + ν
√
Lk‖Σ−1‖. (E.54)

We next bound: ‖α̂−α‖

≤ ‖α‖‖Σ‖‖Σ−1‖
(
‖Σ− Σ̂‖
‖Σ‖ +

‖E − Ê‖
‖E‖

)

≤ ‖Σ−1‖2‖E‖
(
‖Σ− Σ̂‖ + ‖Σ‖‖E − Ê‖

‖E‖

)
(from α = Σ−1E)

≤ ‖Σ−1‖2
(
‖E‖‖Σ− Σ̂‖ + ‖Σ‖‖E − Ê‖

)
≤ ‖Σ−1‖2

(√
Lk‖Σ− Σ̂‖ + ‖Σ‖‖E − Ê‖

)
(as ED[h] ∈ [0, 1])

≤ O

 1

σmin(Σ)2

(
√
Lk

√
L2k log(Lk/δ)

ntr
+ σmax(Σ)

√
Lk log(Lk/δ)

nval

) , (E.55)

where the last step follows from an adaptation of Lemma E.1 (where H contains the Lk

fixed classifiers in (7.16)) and from Lemma E.2. The last statement holds with probability

at least 1− δ over draws of Str and Sval. Substituting this bound back in (E.54) completes

the proof. QED.

We next provide a bound on the singular values of Σ for a specialized setting where the

the probing classifiers h`,i are set to (7.16), the basis functions φ`’s divide the data into

disjoint clusters, and the base classifier h̄ is close to having “uniform accuracies” across all

the clusters and classes.

Lemma E.10. Let h`,i’s be defined as in (7.16). Suppose for any x, φ`(x) ∈ {0, 1} and

φ`(x)φ`
′
(x) = 0,∀` 6= `′. Let p`,i = E(x,y)∼µ[φ`(x)1(y = i)]. Let h̄ be such that κ − τ ≤

Φµ,`
i [h̄] ≤ κ,∀`, i and for some κ < 1

k
and τ < κ. Then:
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σmax(Σ) ≤ Lmax
`,i

p`,i + ∆; σmin(Σ) ≥ ε(1− kκ) min
`,i

p`,i − ∆, (E.56)

where ∆ = Lkτ max
`,i

p`,i.

Proof. We first write the matrix Σ as Σ = Σ̄ + E, where

Σ̄ =


p1,1

(
ε+ (1− ε)κ

)
p1,2(1− ε)κ . . . p1,k(1− ε)κ p2,1κ . . . pL,kκ

p1,1(1− ε)κ p1,2

(
ε+ (1− ε)κ

)
. . . p1,k(1− ε)κ p2,1κ . . . pL,kκ

...

p1,1κ p1,2κ . . . p1,kκ p2,1κ . . . pL,k
(
ε+ (1− ε)κ

)

 ,
(E.57)

and E ∈ RLk×Lk with each |E(`,i),(`′,i′)| ≤ max
`,i

p`,i

(
κ− Φµ,`

i [h̄]
)
≤ τ max

`,i
p`,i.

The matrix Σ̄ can in turn be written as a product of a symmetric matrix A ∈ RLk×Lk

and a diagonal matrix D ∈ RLk×Lk:

Σ̄ = AD, (E.58)

where

A =



ε+ (1− ε)κ (1− ε)κ . . . (1− ε)κ κ . . . κ

(1− ε)κ ε+ (1− ε)κ . . . (1− ε)κ κ . . . κ
...

(1− ε)κ (1− ε)κ . . . ε+ (1− ε)κ κ . . . κ
...

κ κ . . . κ ε+ (1− ε)κ . . . (1− ε)κ
...

κ κ . . . κ (1− ε)κ . . . ε+ (1− ε)κ


D = diag(p1,1, . . . , pL,k). (E.59)

We can then bound the largest and smallest singular values of Σ in terms of those of A

and D. Using Weyl’s inequality (see e.g., [134]), we have

σmax(Σ) ≤ σmax(Σ̄) + ‖E‖ ≤ ‖A‖‖D‖ + ‖E‖ = σmax(A)σmax(D) + ‖E‖. (E.60)

and

σmin(Σ) ≥ σmin(Σ̄)−‖E‖ =
1

‖Σ̄−1‖ −‖E‖ ≥
1

‖A−1‖‖D−1‖ −‖E‖ = σmin(A)σmin(D)−‖E‖.
(E.61)
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Further, we have ‖E‖ ≤ ‖E‖F ≤ Lkτ max
`,i

p`,i = ∆, giving us:

σmax(Σ) ≤ σmax(A)σmax(D) + ∆. (E.62)

σmin(Σ) ≥ σmin(A)σmin(D)−∆. (E.63)

All that remains is to bound the singular values of Σ and D. Since D is a diagonal matrix,

it’s singular values are given by its diagonal entries:

σmax(D) = max
`,i

p`,i; σmin(D) = min
`,i

p`,i. (E.64)

The matrix A is symmetric and has a certain block structure. It’s singular values are the

same as the positive magnitudes of its Eigen values. We first write out it’s Lk Eigen vectors:

x1,1 = [

k entries︷ ︸︸ ︷
1,−1, 0, . . . , 0,

k entries︷ ︸︸ ︷
0, . . . , 0, . . .

k entries︷ ︸︸ ︷
0, . . . , 0 ]

x1,2 = [ 1, 0,−1, . . . , 0, 0, . . . , 0, . . . 0, . . . , 0 ]
...

x1,k−1 = [ 1, 0, 0, . . . ,−1, 0, . . . , 0, . . . 0, . . . , 0 ]

x1,k = [ 1, . . . , 1, −1, . . . ,−1, . . . 0, . . . , 0 ]

x2,1 = [ 0, . . . , 0, 1,−1, 0, . . . , 0, . . . 0, . . . , 0 ]
...

x2,k−1 = [ 0, . . . , 0, 1, 0, 0, . . . ,−1, . . . 0, . . . , 0 ]

x2,k = [ −1, . . . ,−1, 1, . . . , 1, . . . 0, . . . , 0 ]

...

xL,1 = [ 0, . . . , 0, 0, . . . , 0, . . . 1,−1, 0, . . . , 0 ]

...

xL,k−1 = [ 0, . . . , 0, 0, . . . , 0, . . . 1, 0, 0, . . . ,−1 ]

xL,k = [ 1, . . . , 1, 1, . . . , 1, . . . 1, . . . , 1 ]

(E.65)

One can then verify that the Lk Eigen values of A are ε with a multiplicity of (L − 1)k,

ε(1− kκ) with a multiplicity of k − 1 and (L− ε)kκ+ ε with a multiplicity of 1. Therefore:

σmax(A) ≤ L; σmin(A) = ε(1− kκ). (E.66)
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Substituting the singular (Eigen) values of A,D into (E.62) and (E.63) completes the proof.

QED.

In the above lemma, the base classifier h̄ is assumed to have roughly uniformly low accu-

racies for all classes and clusters, and the closer it is to having uniform accuracies, i.e. the

smaller the value of τ , the tighter are the bounds.

We have shown a bound on the singular values of Σ for a specific setting where the basis

functions φ`’s divide the data into disjoint clusters. When this is not the case (e.g. with

overlapping clusters (7.8), or soft clusters (7.9)), the singular values of Σ would depend on

how correlated the basis functions are.

E.4 ERROR BOUND FOR FW-EG WITH UNKNOWN ψ

In this section, we provide an error bound for Algorithm E.1 for evaluation metrics of the

form ED[h] = ψ(CD
11[h], . . . , CD

kk[h]), for a smooth, but unknown ψ : Rk→R+. In this case, we

do not have a closed-form expression for the gradient of ψ, but instead apply the example

weight elicitation routine in Algorithm 7.1 using probing classifiers chosen from within a

small neighborhood around the current iterate ht, where ψ is effectively linear. Specifically,

we invoke Algorithm 7.1 with the current iterate ht as the base classifier and with the radius

parameter ε set to a small value. In the error bound that we state below for this version of

the algorithm, we explicitly take into account the “slack” in using a local approximation to

ψ as a proxy for its gradient.

Theorem E.4 (Error Bound for Frank Wolfe with Elicited Gradients with un-

known ψ). Let ED[h] = ψ(CD
11[h], . . . , CD

kk[h]) for an unknown concave ψ : [0, 1]k→R+, which

is Q-Lipschitz, and also λ-smooth w.r.t. the `1-norm. Let Êval[h] = ψ(Ĉval
11 [h], . . . , Ĉval

kk [h]).

Fix δ ∈ (0, 1). Suppose Assumption 7.1 holds with slack ν. Suppose for any linear metric∑
i βiC

D
ii [h], whose associated weight coefficients in the assumption is ᾱ with ‖ᾱ‖ ≤ B,

the following holds. For any δ ∈ (0, 1), with probability ≥ 1 − δ over draw of Str and

Sval, when the weight elicitation routine in Algorithm 7.1 is given an input metric Êval with

|Êval −∑i βiĈ
val
ii [h]| ≤ χ,∀h, it outputs coefficients α̂ such that ‖α̂− ᾱ‖ ≤ κ(δ, ntr, nval, χ),

for some function κ(·) > 0. Let B′ = B +
√
Lk κ(δ, ntr, nval, 2λε2). Assume k ≤ nval.

Then w.p. ≥ 1 − δ over draws of Str and Sval from D and µ respectively, the classifier ĥ

output by Algorithm E.1 with radius parameter ε after T iterations satisfies:

max
h
ED[h]− ED[ĥ] ≤ 2QB′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 4Q

√
Lk κ(δ/T, ntr, nval, 2λε2)

+ 4Qν + O
(
λk

√
k log(nval) log(k) + log(k/δ)

nval
+
λ

T

)
. (E.67)
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One can plug-in κ(·) with e.g. the error bound we derived for Algorithm 7.1 in Theorem

7.1, suitably modified to accommodate input metrics Êval that may differ from the desired

linear metric by at most χ. Such modifications can be easily made to Theorem 7.1 and would

result in an additional term
√
Lkχ in the error bound to take into account the additional

approximation errors in computing the right-hand side of the linear system in (7.13).

Before proceeding to prove Theorem E.4, we state a few useful lemmas. The following

lemma shows that because ψ(C) is λ-smooth, it is effectively linear within a small neighbor-

hood around C.

Lemma E.11. Suppose ψ is λ-smooth w.r.t. the `1-norm. For each iteration t of Algorithm

E.1, let υt = ∇ψ(ct) denote the true gradient of ψ at ct. Then for any classifier hε(x) =

(1− ε)ht(x) + εh(x), ∣∣∣∣∣∣Êval[hε]− Êval[ht]−
∑
i

υtiĈ
val
ii [hε]

∣∣∣∣∣∣ ≤ 2λε2. (E.68)

Proof. For any randomized classifier hε(x) = (1− ε)ht(x) + εh(x),∣∣∣∣∣∣Êval[hε]− Êval[ht]−
∑
i

υtiĈ
val
ii [hε]

∣∣∣∣∣∣ =

∣∣∣∣∣∣ψ(diag(Ĉval[hε]))− ψ(diag(Ĉval[ht]))−
∑
i

υtiĈ
val
ii [hε]

∣∣∣∣∣∣
≤ λ

2
‖diag(Ĉval[hε]) − diag(Ĉval[ht])‖2

1

=
λ

2
‖ε(diag(Ĉval[h]) − diag(Ĉval[ht]))‖2

1

=
λ

2
ε2‖diag(Ĉval[h]) − diag(Ĉval[ht])‖2

1

≤ λ

2
ε2
(
‖diag(Ĉval[h])‖1 + ‖diag(Ĉval[ht])‖1

)2

≤ λ

2
ε2(2)2 = 2λε2. (E.69)

Here the second line follows from the fact that ψ is λ-smooth w.r.t. the `1-norm,and υt =

∇ψ(diag(Ĉval[ht])). The third line follows from linearity of expectations. The last line

follows from the fact that the sum of the entries of a confusion matrix (and hence the sum

of its diagonal entries) cannot exceed 1. QED.

We next restate the error bounds for the call to PI-EW in line 9 and the corresponding

bound on the approximation error in the linear maximizer f̂ obtained.
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Lemma E.12 (Error bound for call to PI-EW in line 9 with unknown ψ). For each iteration

t of Algorithm 7.3, let υt = ∇ψ(ct) denote the true gradient of ψ at ct, when the algorithm

is run with an unknown ψ that is Q-Lipschitz and λ-smooth w.r.t. the `1-norm. Let ᾱ

be the associated weighting coefficient for the linear metric
∑

i υ
t
iC

D
ii [h] (whose coefficients

are unknown) in Assumption 7.1, with ‖ᾱ‖1 ≤ B, and with slack ν. Fix δ > 0. Suppose

w.p. ≥ 1 − δ over draw of Str and Sval, when the weight elicitation routine used in PI-

EW is called with the input metric Êval[h]− Êval[ht] with |Êval[h]−∑i υiĈ
val
ii [h]| ≤ χ,∀h, it

outputs coefficients α̂ such that ‖α̂− ᾱ‖ ≤ κ(δ, ntr, nval, χ), for some function κ(·) > 0. Let

B′ = B +
√
Lk κ(δ, ntr, nval, 2λε2). Then with the same probability, the classifier ĥ output

by PI-EW when called by Algorithm E.1 with metric Ê lin[h] = Êval[h]− Êval[ht] and radius

ε satisfies:

max
h

∑
i

υtiC
D
ii [h]−

∑
i

υtiC
D
ii [ĥ] ≤ Q

(
B′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 2
√
Lk κ(δ, ntr, nval, 2λε2) + 2ν

)
, (E.70)

where ηtr
i (x) = Pµ(y = i|x).

Proof. The proof is the same as that of Lemma E.5 for the “known ψ” case, except that

the κ(·) guarantee for the call to weight elicitation routine in line 2 is different, and takes

into account the fact that the input metric Êval[h]− Êval[ht] to the weight elicitation routine

is only a local approximation to the (unknown) linear metric
∑

i υiĈ
val
ii [h]. We use Lemma

E.11 to compute the value of slack χ in κ(·). QED.

Lemma E.13 (Approximation error in linear maximizer f̂ in line 9 with unknown ψ). For

each iteration t in Algorithm E.1, let c̄t = diag(CD[ht]) and let β̄t = ∇ψ(c̄t) denote the

unknown gradient of ψ evaluated at c̄t. Suppose the assumptions in Theorem E.4 hold. Let

B′ = B +
√
Lk κ(δ, ntr, nval, 2λε2). Assume k ≤ nval.

Then w.p. ≥ 1 − δ over draw of Str and Sval from µ and D resp., for any t = 1, . . . , T , the

classifier f̂ returned by PI-EW in line 9 satisfies:

max
h

∑
i

β̄tiiC
D
i [h] −

∑
i

β̄tiC
D
ii [f̂ ] ≤ QB′Ex

[
‖ηtr(x)− η̂tr(x)‖1

]
+ 2Qν

+ 2Q
√
Lk κ

(
δ
T
, ntr, nval, 2λε2

)
+ O

(
λk

√
k log(k) log(nval) + log(k/δ)

nval

)
.(E.71)

Proof. The proof is the same as that of Lemma E.7 for the “known ψ” case, with the

only difference being that we use Lemma E.12 (instead of Lemma E.5) to bound the linear
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maximization errors in equation (E.50). QED.

Proof of Theorem E.4. The proof follows from plugging Lemma E.13 into the Frank-Wolfe

convergence guarantee in Lemma E.9 stated in Appendix E.2.3. QED.

E.5 RUNNING TIME OF ALGORITHM 7.3

We discuss how one iteration of FW-EG (Algorithm 7.3) compares with one iteration

(epoch) of training a class-conditional probability estimate η̂tr(x) ≈ Pµ(y = 1|x). In

each iteration of FW-EG, we create Lk probing classifiers, where each probing classifier

via (7.16) only requires perturbing the predictions of the base classifier h̄ = ht and hence

requires ntr + nval computations. After constructing the Lk probing classifiers, FW-EG

solves a system of linear equations with Lk unknowns, where a näıve matrix inversion ap-

proach requires O((Lk)3) time. Notice that this can be further improved with efficient

methods, e.g., using state-of-the-art linear regression solvers. Then FW-EG creates a plu-

gin classifier and combines the predictions with the Frank-Wolfe style updates, requiring

Lk(ntr + nval) computations. So, the overall time complexity for each iteration of FW-EG

is O
(
Lk(ntr + nval) + (Lk)3

)
. On the other hand, one iteration (epoch) of training η̂tr(x)

requires O(ntrHk) time, where H represents the total number of parameters in the under-

lying model architecture up to the penultimate layer. For deep networks such as ResNets

(Sections 7.7.1 and 7.7.3), clearly, the run-time is dominated by the training of η̂tr(x), as

long as L and k are relatively small compared to the number of parameters in the neural

network. Thus our approach is reasonably faster than having to train the model for η̂tr

in each iteration [91], training the model (such as ResNets) twice [94], or making multiple

forward/backward passes on the training and validation set requiring three times the time

for each epoch compared to training η̂tr [95].

E.6 PLUG-IN WITH COORDINATE-WISE SEARCH BASELINE

We describe the Plug-in [train-val] baseline used in Section 7.7, which constructs a classifier

ĥ(x) ∈ argmaxi∈[k] wiη̂
val
i (x), by tuning the weights wi ∈ R to maximize the given metric on

the validation set . Note that there are k parameters to be tuned, and a näıve approach would

be to use an k-dimensional grid search. Instead, we use a trick from [17] to decompose this

search into an independent coordinate-wise search for each wi. Specifically, one can estimate

the relative weighting wi/wj between any pair of classes i, j by constructing a classifier of
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the form

hζ(x) =

i if ζη̂tr
i (x) > (1− ζ)η̂tr

j (x)

j otherwise
, (E.72)

that predicts either class i or j based on which of these receives a higher (weighted) prob-

ability estimates, and (through a line search) finding the parameter ζ ∈ (0, 1) for which hζ

yields the highest validation metric:

wi/wj ≈ argmax
ζ∈[0,1]

Êval[hζ ]. (E.73)

By fixing i to class k, and repeating this for classes j ∈ [k − 1], one can estimate wj/wk for

each j ∈ [k−1], and normalize the estimated related weights to get estimates for w1, . . . , wk.

E.7 SOLVING CONSTRAINED SATISFACTION PROBLEM IN (7.14)

We describe some common special cases where one can easily identify classifiers h`,i’s

which satisfy the constraints in (7.14). We will make use of a pre-trained class probability

model η̂tr
i (x) ≈ Pµ(y = i|x), also used in Section 7.4 to construct the plug-in classifier in

Algorithm 7.2. The hypothesis classH we consider is the set of all plug-in classifiers obtained

by post-shifting η̂tr.

We start with a binary classification problem (k = 2) with basis functions φ`(x) =

1(g(x) = `), which divide the data points into L disjoint groups according to g(x) ∈ [L].

For this setting, one can show under mild assumptions on the data distribution that (7.14)

does indeed have a feasible solution (using e.g. the geometric techniques used by [6] and also

elaborated in the figure above). One such feasible h`,i predicts class i ∈ {0, 1} on all example

belonging to group `, and uses a thresholded of η̂tr for examples from other groups, with per-

cluster thresholds. This would have the effect of maximizing the diagonal entry Φ̂tr,`
i [h`,i] of

Σ̂ and the thresholds can be tuned so that the off-diagonal entries Φ̂tr,`′

i′ [h`,i],∀(`′, i′) 6= (`, i)

are small.

More specifically, for any ` ∈ [L], i ∈ {0, 1}, the classifier h`,i can be constructed as:

h`,i(x) =

i if g(x) = `

1(η̂tr(x) ≤ τg(x)) otherwise,
(E.74)

where the thresholds τ`′ ∈ [0, 1], `′ 6= ` can each be tuned independently using a line search

to minimize maxi′ Φ̂
tr,`′

i′ [h`,i]. As long as η̂tr is a close approximation of P(y|x), the above

procedure is guaranteed to find an approximately feasible solution for (7.14), provided one
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(ω, 0)

(0, ω)

Φ`
0

Φ`
1(π`, 0)

(0, 1− π`)

Figure E.1: Geometry of the space of Φ-confusions [6] for k = 2 classes and with basis
functions φ`(x) = 1(g(x) = `) which divide the data into L disjoint clusters. For a fixed
cluster `, we plot the values of Φµ,`

0 [h] and Φµ,`
1 [h] for all randomized classifiers, with π` =

Pµ(y = 1, g(x) = `). The points on the lower boundary correspond to classifiers of the form
1(ηtr(x) ≤ τ) for varying thresholds τ ∈ [0, 1]. The points on the lower boundary within the
dotted box correspond to the thresholded classifiers h which yield both values Φµ,`

0 [h] ≤ ω
and Φµ,`

1 [h] ≤ ω. One can thus find a feasible probing classifier h`,i for the constrained
optimization problem in (7.14) using the construction from (E.74) as long as π` ≥ γ and
1− π` ≥ γ, and the lower boundary intersects with the dotted box for clusters `′ 6= `. If the
latter fails, one can increase ω slowly until the classifier given in (E.74) is feasible for (7.14).

exists. Indeed one can tune the values of γ and ω in (7.14), so that the above construction

(with tuned thresholds) satisfies the constraints.

We next look a multiclass problem (k > 2) with basis functions φ`(x) = 1(g(x) = `) which

again divide the data points into L disjoint groups. Here again, one can show under mild

assumptions on the data distribution that (7.14) does indeed have a feasible solution (using

e.g. the geometric tools from [17]). We can once again construct a feasible h`,i by predicting

class i ∈ [k] on all example belonging to group `, and using a post-shifted classifier for

examples from other groups. In particular, for any ` ∈ [L], i ∈ [k], the classifier h`,i can be

constructed as:

h`,i(x) =

i if g(x) = `

argmaxj∈[k]w
g(x)
j η̂tr

j (x) otherwise
, (E.75)

where we use k parameters w`
′

1 , . . . , w
`′

k for each cluster `′ 6= `. We can then tune these

k parameters to minimize the maximum of the off-diagonal entries of Σ̂, i.e. minimize

maxi′ Φ̂
tr,`′

i′ [h`,i]. However, this may require an k-dimensional grid search. Fortunately, as

described in Appendix E.6, we can use a trick from [17] to reduce the problem of tuning
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Table E.1: Test macro F-measure for the maximization task in Section 6.2 of [91].

↓ Data, Method → Adaptive Surrogates [91] FW-EG

COMPAS 0.629 0.652
Adult 0.665 0.670

Default 0.533 0.536

k parameters into k independent line searches. This is based on the idea that the optimal

relative weighting w`
′
i /w

`′
j between any pair of classes can be determined through a line

search. In our case, we will fix w`
′

k = 1,∀`′ 6= ` and compute w`
′
i , i = 1, . . . , k − 1 by solv-

ing the following one-dimensional optimization problem to determine the relative weighting

w`
′
i /w

`′

k = w`
′
i .

w`
′

i ∈ argmin
ζ∈[0,1]

(
max
i′

Φ̂tr,`′

i′ [hζ ]

)
, where hζ(x) =

i if ζη̂tr
i (x) < (1− ζ)η̂tr

k (x)

k otherwise
. (E.76)

We can repeat this for each cluster `′ 6= ` to construct the (`, i)-th probing classifier h`,i in

(E.75).

For the more general setting, where the basis functions φ`’s cluster the data into overlap-

ping or soft clusters (such as in (7.9)), one can find feasible classifiers for (7.14) by posing

this problem as a “rate” constrained optimization problem of the form below to pick h`,i:

max
h∈H

Φ̂tr,`
i [h] s.t. Φ̂tr,`′

i′ [h] ≤ ω,∀(`′, i′) 6= (`, i), (E.77)

which can be solved using off-the-shelf toolboxes such as the open-source library offered by

[105].1 Indeed one can tune the hyper-parameters γ and ω so that the solution to the above

problem is feasible for (7.14). If H is the set of plug-in classifiers obtained by post-shifting

η̂tr, then one can alternatively use the approach of [15] to identify the optimal post-shift on

η̂tr that solves the above constrained problem.

E.8 ADDITIONAL EXPERIMENTAL DETAILS

Below we provide some more details regarding the experiments:

• Maximizing Accuracy under Label Noise on CIFAR-10 (Section 7.7.1): The metric that

we aim to optimize is test accuracy, which is a linear metric in the diagonal entries

of the confusion matrix. Notice that we work with the asymmetric label noise model

1https://github.com/google-research/tensorflow_constrained_optimization
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from Patrini et al. [94], which corresponds to the setting where a label is flipped to a

particular label with a certain probability. This involves a non-diagonal noise transition

matrix T, and consequently the corrected training objective is a linear function of

the entire confusion matrix. Indeed, the loss correction approach from [94] makes

use of the estimate of the entire noise-transition matrix, including the off-diagonal

entries. Whereas, our approach in the experiment elicits weights for the diagonal

entries alone, but assigns a different set of weights for each basis function, i.e., cluster.

We are thus able to achieve better performance than [94] by optimizing correcting

for the noise using a linear function of per-cluster diagonal entries. Indeed, we also

observed that PI-EW often achieves better accuracy during cross-validation with ten

basis functions, highlighting the benefit of underlying modeling in PI-EW. We expect to

get further improvements by incorporating off-diagonal entries in PI-EW optimization

on the training side as explained in Appendix E.1. We also stress that the results from

our methods can be further improved by cross-validating over kernel width, UMAP

dimensions, and selection of the cluster centers, which are currently set to fixed values

in our experiments. Lastly, we did not compare to the Adaptive Surrogates [91] for this

experiment as this baseline requires to re-train the ResNet model in every iteration,

and more importantly, this method constructs its probing classifiers by perturbing

the parameters of the ResNet model several times in each iteration, which can be

prohibitively expensive in practice.

• Maximizing G-mean with Proxy Labels on Adult (Section 7.7.2): In this experiment,

we use binary features as basis functions instead of RBF kernels as done in CIFAR-10

experiment. This reflects the flexibility of the proposed PI-EW and FW-EG methods.

Our approach can incorporate any indicator features as basis function as long as it

reflects cluster memberships. Moreover, our choice of basis function was motivated

from choices made in [91]. We expect to further improve our results by incorporating

more binary features as basis functions.

• Maximizing F-measure under Domain Shift on Adience (Section 7.7.3): As mentioned

in Section 7.7.3, for the basis functions, in addition to the default basis φdef(x) = 1∀x,

we choose from subsets of six basis functions φ1, . . . , φ6 that are averages of the RBFs,

centered at points from the validation set corresponding to each one of the six age-

gender combinations. We choose these subsets using knowledge of the underlying

image classification task. Specifically, besides the default basis function, we cross-

validate over three subsets of basis functions. The first subset comprises two basis

functions, where the basis functions are averages of the RBF kernels with cluster centers
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belonging to the two true class. The second subset comprises three basis functions,

where the basis functions are averages of the RBF kernels with cluster centers belonging

to the three age-buckets. The third subset comprises six basis functions, where the

basis functions are averages of the RBF kernels with cluster centers belonging to the

combination of true class × age-bucket. We expect to further improve our results by

cross-validating over kernel width and selection of the cluster centers. Lastly, we did

not compare to Adaptive Surrogates, as this experiment again requires training a deep

neural network model, and perturbing or retraining the model in each iteration can be

prohibitively expensive in practice.

• Maximizing Black-box Fairness Metric on Adult (Section 7.7.4): In this experiment,

since we treat the metric as a black-box, we do not assume access to gradients and

thus do not run the [ψ known] variant of FW-EG. We only report the [ψ unknown]

variant of FW-EG with varied basis functions as shown in Table 7.6.

• In Table E.1, we replicate the “Macro F-measure” experiment (without noise) from

Section 6.2 in [91] and report results of maximizing the macro F-measure on Adult,

COMPAS and Default datasets. We see that our approach yields notable gains on two

out of the three datasets in comparison to Adaptive Surrogates approach [91].
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