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Abstract. We study a diffuse interface model describing the evolution of the flow of a binary
fluid in a Hele-Shaw cell. The model consists of a Cahn-Hilliard—Darcy type system with transport
and mass source. A relevant physical application is related to tumor growth dynamics, which in
particular justifies the occurrence of a mass inflow. We study the initial-boundary value problem for
this model and prove global existence and uniqueness of strong solutions in two space dimensions as
well as local existence in three space dimensions.
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1. Introduction. In a bounded domain Q@ C R?, d = 2,3, with smooth bound-
ary 0f2, and an arbitrary 1" > 0, we consider the initial-boundary value problem

u+ Vg =—pVyp,

divu = S,

Opp + div (pu) = Ap+ S,
p=—Ap+ ¥ (p),

(1.1) in Q x (0,7).

Here, ¢ denotes the difference of the fluid concentrations, w is the fluid velocity, ¢ is
the pressure, p is the chemical potential, and

(1.2) S = —mp + h(p),

where m is a positive constant and h : [-1,1] — [—1, 1]. The choice of the mass source
term S is dictated by applications of the above system to tumor growth dynamics.

*Received by the editors October 28, 2020; accepted for publication (in revised form) November
2, 2021; published electronically January 25, 2022.

https://doi.org/10.1137/20M1376443

Funding: The work of the authors was supported by the Italian Ministry of Education, Uni-
versity and Research (MIUR): Dipartimenti di Eccellenza Program (2018-2022); the Department
of Mathematics “F. Casorati,” University of Pavia; and the GNAMPA-INdAM project “Analisi
matematica di modelli a interfaccia diffusa per fluidi complessi,” and by the project Fondazione
Cariplo-Regione Lombardia MEGASTAR “Matematica d’Eccellenza in biologia ed ingegneria come
acceleratore di una nuova strateGia per ’ATtRattivita dell’ateneo pavese.” The work of the fourth
author was also supported by MIUR-PRIN grant 2015PA5MP7, “Calculus of Variations.” The work
of the first, third, and fourth authors was also supported by the GNAMPA (Gruppo Nazionale per
I’Analisi Matematica, la Probabilita e le loro Applicazioni) of INAAM (Istituto Nazionale di Alta
Matematica). The work of the second author was also supported by the Research Grants Council of
the Hong Kong Special Administrative Region, project HKBU 14302319.

fDepartment of Mathematics, Indiana University, Bloomington, IN 47405 USA (agiorgin@
iu.edu).

fDepartment of Mathematics, Hong Kong Baptist University, Kowloon Tong, Hong Kong
(akflam@hkbu.edu.hk).

§Dipartimento di Matematica “F. Casorati,” Universita degli Studi di Pavia and IMATI - C.N.R.,
27100, Pavia, Italy (elisabetta.rocca@unipv.it, giusch04@unipv.it).

737

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/20M1376443
mailto:agiorgin@iu.edu
mailto:agiorgin@iu.edu
mailto:akflam@hkbu.edu.hk
mailto:elisabetta.rocca@unipv.it
mailto:giusch04@unipv.it

Downloaded 05/04/22 to 155.198.10.231 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

738 A. GIORGINI, K. F. LAM, E. ROCCA, AND G. SCHIMPERNA

The Cahn-Hilliard-Darcy (CHD) system (1.1) can be viewed as the simplest
version of some recently introduced diffuse interface models for tumor growth (cf.,
e.g., [9, 11, 20, 28, 29, 34, 41, 48]). In this class of models, variants of system (1.1) are
often coupled with other relations describing the evolution of additional variables (e.g.,
a nutrient or a drug), generally obeying reaction-diffusion type equations. Analytical
results related to well-posedness, singular limits, and long-time behavior of models in
this class have been established in [6, 7, 8, 22, 23, 25, 26, 27, 43] for tumor growth
models based on the coupling of Cahn—Hilliard (for the tumor density) and reaction-
diffusion (for the nutrient or other chemical factors) equations, and in [26, 30, 32,
36, 38, 39] for models of CHD type. We also mention the works [3, 10, 14, 15, 16]
dealing with models of Cahn—Hilliard—Brinkman type, which are characterized by an
additional viscosity term occurring in the left-hand side of the velocity equation.

In the CHD system (1.1), the u-equation is obtained from a generalized form of the
Darcy law, where the constant in front of the term measuring the excess adhesion force
at the diffusive tumor/host tissue interfaces has been set equal to one for simplicity.
The ¢-equation is a convective Cahn—Hilliard type equation, which is derived from the
balance of mass. The mass source term S accounts for cell proliferation (or the rate
of change in tumor volume; see [20, 48]). Then, the chemical potential p represents
the variational derivative of the usual Ginzburg—Landau free energy functional

(1.3 B(e) = [ 51Vel + ¥(p)da,

in which the function ¥ represents the physically relevant Flory—Huggins logarithmic
potential (cf. [12, 24]):

[(1+s)log(1+s)+ (1—s)log(l—s)] — 0—052, s € [-1,1],

(1.4) U(s) = 5

N D

where 6 and 6y are two positive constant satisfying 0 < 6 < 6.

The expression (1.2) for the mass source S arises from the specific application of
system (1.1) to tumor evolution problems suggested by the recent work [24], where a
multicomponent variant of our system is considered, coupled with a further relation
describing the evolution of a nutrient. In [24], the global existence of weak solutions
has been obtained in the three-dimensional case; however, the questions of additional
regularity and uniqueness are left as open issues.

When S has a linear dependence on ¢ and we neglect the velocity, the ¢p-equation
reduces to the so-called Cahn—-Hilliard—Oono equation, which accounts for long-range
(nonlocal) interactions in the phase separation process (cf. [42]): we refer to [5, 31]
(see also the references therein) for some mathematical results. In the case when no
source terms occur, i.e., S = 0, (1.1) is referred to as the Cahn—Hilliard—Hele-Shaw
(CHHS) system and is used to describe two-phase flows in the Hele-Shaw geometry
(cf. [37]). The CHHS system with zero mass source term has been studied by several
authors, both numerically and analytically: existence of global weak solutions in
three dimensions has been shown in [13, 18, 32]; uniqueness of weak solutions in two
dimensions has been studied in [30, 32]; local and global existence and uniqueness
of strong solutions in two and three dimensions, respectively, have been achieved in
[30, 32, 38, 47]; finally, long-time behavior and stability of local minimizers have been
addressed in [32, 38, 46]. Meanwhile, in the case where S is prescribed in (1.1), the
existence of global weak solutions and the well-posedness of local strong solutions has
been shown in [36], and a related optimal control problem has been studied in [44].
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The CHHS system can also be formally viewed as an appropriate limit of the clas-
sical Navier—Stokes—Cahn-Hilliard (NSCH) system (cf. [2, 13, 37, 35]). This system,
together with its many variants, is a fundamental model in the evolutionary theory of
binary fluids and, as such, is extensively studied in the mathematical literature, with
most of the results referring to local-in-time well-posedness in three space dimensions
and global-in-time well-posedness in two dimensions under various assumptions (see,
e.g., [1, 33]). The mathematical difficulties associated with the CHHS system are
similar to those associated with the NSCH equations: one gains an algebraic relation
by dropping the nonlinear advection term in the w-equation but then, at the same
time, one loses the regularizing viscosity term.

The multiphase variants of CHD and related systems are comparatively less stud-
ied in the literature, especially when they refer to tumor growth models (in such
a situation, one may distinguish between the proliferating and necrotic tumor cells,
which is what leads to the multicomponent evolution). In [12] and [24], a simplifi-
cation of the tumor model introduced in [4] is studied, and the existence of a weak
solution is proved in the three-dimensional case. In [28], a vectorial CHD model is
proposed to describe multiphase tumor evolution by means of a volume-average ve-
locity (thereby satisfying a much simpler relation). Furthermore, differently from the
system studied in [12, 24] which consists of a single Cahn—Hilliard equation ruling the
evolution of the total tumor volume fraction coupled with transport-type equations
for the individual tumor species, in the model of [28] each tumor species is governed
by a distinct Cahn-Hilliard type equation, so that the corresponding natural energy
identity permits deducing better a priori estimates.

System (1.1) is complemented with the following boundary and initial conditions:

(15) {8,,(,020, q=0, Opp—(u-n)p=0 on 90 x (0,7,

90(70) = %o in Qv

where n is the unit outward normal vector to the boundary 02, and 0, f := Vf - n.
This choice is mainly motivated by the specific application to the multiphase tumor
evolution addressed in [24] with boundary conditions analogous to the above ones.
Physically speaking, conditions (1.5) prescribe that the mass inflow or outflow from
the reference domain €2 depends on the forcing term S only, and it is not otherwise
influenced by the boundary behavior of the macroscopic velocity w. It is worth noting
that the (easier) case of Dirichlet boundary conditions for p could also be treated, but
we preferred to handle (1.5), which seems to be more reasonable from the modeling
point of view (cf. [24] for additional considerations). On the contrary, the equally
meaningful case of no-flux conditions for 1 appears mathematically more difficult due
to lower coercivity.

In this paper we restrict our analysis to system (1.1)—(1.5). This represents the
one species case when the nutrient evolution is not taken into account. Our main
goal is to prove the existence of strong solutions in two and three dimensions and
uniqueness in two dimensions for system (1.1). This is indeed an open problem for
the whole system accounting also for the nutrient evolution (cf. [24]), especially in the
multicomponent case when only existence of global weak solutions is known.

From the mathematical viewpoint, a main difficulty in the study of the regularity
problem for CHD systems lies in the strong coupling that originates from the transport
term. In particular, the well-known regularity result for the Cahn-Hilliard equation
with convection in [1, Lemma 3] cannot be applied since the only available property
from the energy equation on the velocity is u € L?(2x (0, T)). In the recent literature,
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this issue has been overcome in two ways: in [32] the transport term has been rewritten
by applying the Leray projection to the Darcy law, whereas in [30] the vorticity
equation (curlu = V¢ - Vut) has been used to derive an estimate of the velocity
in H'(Q). Both approaches follow the idea of eliminating the pressure. However,
such arguments fail in the case of the system (1.1)—(1.5) because of the nonvanishing
divergence of u and the lack of a boundary condition for w (p might vanish on the
boundary), which does not permit us to recover a full gradient estimate of w from the
curlw and divu. Therefore, we use a different strategy which relies on the algebraic
structure of the system. We indeed notice that, by inserting the Darcy law (1.1); into
the Cahn—Hilliard equation (1.1)3, we can formulate some elliptic problems for the
pressure ¢ (see (3.8)) and for the function 775 ¢ (see (3.11)), which are characterized
by lower order terms on the right-hand side. These observations are fundamental to
studying the corresponding elliptic problem for the chemical potential p (see (3.9))
and to deduce a H>2-estimate of u only in terms of the L?-norms of Vi and u, and
Lipschitz norms of ¢. It is finally worth noting that the technique we use to obtain
the additional regularity estimates is independent of the specific form of the forcing
term S and may be applied to different, or more general, models of CHD type with or
without logarithmic potential, the former case being as usual the more complex one.
In other words, our approach seems to provide a new and rather general strategy to
address a wide class of CHD systems with mass source and is not restricted to the
specific case of tumor growth models.

The remainder of the paper is organized as follows. In section 2 we report some
mathematical tools which will be used in the analytical proofs; then, section 3 lists
the assumptions and outlines the key idea of reformulating the elliptic systems for
the pressure and the chemical potentials. In section 4 we state and prove the global
well-posedness result in two dimensions, while section 5 deals with the local existence
result in three dimensions.

2. Mathematical setting.

2.1. Function spaces. Let X be a (real) Banach or Hilbert space, whose norm
is denoted by || - ||x. The space X’ indicates the dual space of X and (-, ) denotes the
duality product. In a bounded domain Q2 C R? with smooth boundary 092, W*?(Q),
k € Nand p € [1,+00], are the Sobolev spaces of real measurable functions on 2. We
denote by H*(£2) the Hilbert space W*2(Q2) and by ||- || zr(q) its norm. In particular,
H = L*(Q) with inner product and norm denoted by (-,-) and | - ||, respectively. The
space H'(€) is endowed with the norm ||f\|%{1(9) = [[Vf|I* + || f||*>. The norm of the

dual space (H'())" is denoted by | - [|.. For every f € (H*(£2))’, we denote by f the
total mass of f defined by f = ﬁ (f,1). We recall the following Poincaré’s inequality:

(2.1) If =FII<CIVII ¥ feH (),

where the constant C' depends only on d and €.

2.2. Interpolation inequalities. We recall here some well-known interpolation
inequalities in Sobolev spaces which can be found in classical literature (see, e.g., [17,
45]):

¢ Ladyzhenskaya’s inequalities,

(2.2) 1fllza) < CUAIZI I o VieH\(Q), d=2,

(2.3) 1 lzs@) < CIAEIF] oy VfeH(Q), d=3;
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o Agmon’s inequalities,

@24 Ifle@ < CIAE IS e VfeHXQ), d=2,
25) Il < O o 1 e VieH Q) d=3;

¢ Brézis—Gallouet—Wainger inequality,

1 Il fllw.a
1£lz=(2) < Cllf o (1 +log? (1 + M)

(2.6) [RAFeREts)

VfeWh(Q), ¢>2, d=2;
¢ Gagliardo—Nirenberg inequalities,

1 £llzrc) < CIF el 117 (o)

2.7
27 VfEHl(Q),1§q§p<oo79:1—g,d:2,
p
1@y < CIA 110y s.0ce
(2.8) 3q
VfewhyQ 6= d=
fe (€), q>3, 506 473

2.3. Generalized Gronwall lemma. We report a generalized Gronwall type
lemma (see, e.g., [30]).

LEMMA 2.1. Let f be a positive absolutely continuous function on [0, T] and g, h
two summable functions on [0, T| which satisfy the differential inequality

F'(t) < g(t)f(t)log (C + f(t) + h(t)

for almost every t € [0,T] and for some C > 1. Then, we have

JE9(mdr L 1t () as
f) < (C+ £(0) elo eV UhEIAT gy e (0, 7).

3. Assumptions and elliptic structure of the system. We present our ba-
sic assumptions, which will be kept for the two-dimensional case and for the three-
dimensional case:

(A1) The function S is given by (1.2), where m is a positive constant and h :
[—1,1] — [=1,1] is of class C*([—1,1]). Furthermore, setting

h = in h h = h
=S v

we suppose that

h h

(3.1) 1< =, —
m m

<1

(A2) The function ¥ is the logarithmic potential defined in (1.4).
(A3) The initial datum ¢q lies in H*(Q)NL>*(Q) with [¢o || () < 1 and dpee = 0
on 0). Moreover, the following additional condition holds:

(3:2) po = —Apo + V' (o) € H' ().
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Remark 3.1. Notice that assumption (3.1) is required in order to prove that the
total mass during the evolution remains strictly in between the critical values —1 and
1 (cf. (4.9)).

Remark 3.2. By Sobolev’s embeddings and standard regularity results for elliptic
problems with maximal monotone perturbations (see, e.g., [32, Lemma 7.4]), (3.2)
entails that g € W26(Q) if d = 3 and ¢y € WP(Q) if d = 2 for any p € [2,00).
Then, defining g as the solution of the elliptic problem

(3.3) {—A(IO = —mpo + (o) + div (w0 Vo) in €,

0 =0 on 99,

the theory for elliptic equations permits us to check that go € Hg(£2). Thus, setting
(3.4) ug := —Vqo — o Vo,

we also have that ug € L?(12).

Next, we discuss the elliptic structure of the system (1.1)—(1.5). First, we consider
the problem for the pressure ¢ obtained from (1.1);—(1.1)a,
{Aq =S +div(pVu) in Q,

3.5
(8:5) q=0 on 0f).

For regularity purposes that will be developed in sections 4 and 5, we reformulate the
Poisson equation (3.5); with the aim to obtain a right-hand side containing only one
spatial derivative that acts on the chemical potential u. We start by substituting the
relation of the velocity in (1.1)s, which leads to the expression

e +div ((—Vg — oVu)p) = Ap+ S,
which is equivalent to
div ((1 + ¢*)Vu) = 0y — div (¢Vg) — S.

Then, using the above relation, we write

div (¢Vp) = div (1 f (1+¢%)Vn)
= (14 ¢*)Vu- ( f¢2> + ‘P dlv((l—i—go )Vi)
(p .
= (1+¢3)Va- V(5 +w2) + (B~ 5) — @zdIV(W‘D
= (1+¢*)Vp- (1w)+ 3 (0vp — 5)

2

_ div (lfiqu) n V(1 f(pz) (¢Vq).

It is worth mentioning that the advantage of the above relation is that the right-hand
side does not depend on higher derivatives of the chemical potential u other than the
first one. Recalling that —Aq = S + div (¢Vpu), we then find

~80= ()W V(125) — i (125 v)

) (@Vq)Jr1+ (Bep — S) + S,

+V(1+g0
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which is equivalent to

7div(ﬁVq) = (1+ )V V(7 o )+v(1f(p2).(¢vq)

(3.6) +— 1+902 (Oep = 5) + 5.

Multiplying (3.6) by (1 + ¢?) allows us to rewrite it further as follows:

“Ag= (14 ¢?) ( ) 1+<p2)2Vu-V< “"2)

1+

+(1+¢?) ( 7)Y+ el = 8) + (14078
(3.7) _(el—¢?) 2@ _ oo
( T 1“02)% Vg+(1-¢°)Vp- Vo

+ oo+ S(1+ ¢* — @)

= %Vgp Vg+ (1-— 2)V,u~V<p+g08ﬁ0+S(l+g02 — ).

Here we have used

v(1-|-1<p2) = (1;_:;)2V§0, V(lf@2> = (11_;:;)2V<p.

Therefore, we summarize the above computations by reporting a second elliptic prob-
lem for the pressure

~Aq =S5V Vg + (1 — )V Ve
(3.8) +pdip + S(1+¢* — ) in €,
q=0 on 0.

We now consider the elliptic problem for the chemical potential p. First, we have
from (1.1)5 that
—Ap =85 — dp — div (pu).

Exploiting (1.1); and the boundary conditions (1.5), we observe that
Vi-n=(u-n)p=—(Vg-n)p— (Vi n)p,
which can be rewritten as
(1+¢*)(Vi-n) =—(Vg-n)g.

Then, using the boundary condition satisfied by ¢, we obtain

Ont = 7v(1 f@zq)

Summing up, we deduce the Neumann problem

{—Au =5 — Opp — div (pu) in Q,

(3.9) Ot = 7v(r<%q) ‘n on 0f).
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Finally, in order to control the boundary term in (3.9), we also deduce an elliptic
problem for the function #q. By the relation (3.6), we have

ArEga) = aiv (1 Qw)+dw(v(1f¢2)q)

:‘pdiv(kﬁa?) * 1+1 zVa VWLA(H@ )q—I—V(?SOst) v

_(1+§02)§0VU'V(1+¢2) _QOQV(l_fSOz) Vg
o2

1+g0

+A<1+ )q+v(1+<p2)'vq

(3.10) 1—¢?
—(1+pHp— T

1-¢* 1 1—¢?
T T )

©
<p2)q

_|_
<1+

1
T 20 = 5) =S+ 1o ——Vq-Vo

Vo -Vu

2

1—|—

(B~ S) — ¢S+A<1

1-— <p2
—(1+ <P2)<PWV<P Vi +

2 212
"+ (1 -¢%) )
V-V
1+ o
o?
1 + ©?
Thus, in light of the homogeneous Dirichlet boundary condition for ¢, we infer that
2 2 o 2\2
A(Tﬁa?q) = _@L& Vo Vu+ (%)V@ Vg
(3.11) — 122 (O — 5) — pS + A( 2)q in Q
0 on 0.

(00— S) — S + (5 f(p2)q.

© o

729 =

4. Global well-posedness of strong solutions in two dimensions. In this

section we prove the existence and uniqueness of global strong solutions to system

(1.1)=(1.5) in two dimensions. Under the assumptions stated in section 3, our result
is formulated as follows.

THEOREM 4.1. Let Q be a bounded domain with smooth boundary in R%. Assume
1)-(A3) hold. Then, there exists a unique strong solution (u,q, @) to system (1.1)—
5) such that for any T >0

) w € L>=(0,T; L*(Q)) N L*0,T; H(Q)),
) q € L>(0,T; Hy () N L*(0,T; H*(%)),
) @ € L0, T;WHP(Q) N H' (0, T; H(Q)) Vp e [l,00),

) pe L x(0,T)): |p(z,t) <1 ae (z,t)€Qx(0,T),
) we L(0, T3 HY(Q)) N LY0,T: HA(Q),

) (), () € L=(0,T; LP(Q)) Vp € [1,00).

= e e e
=2 2 T S JCR O

(A
(1.
(4.
(4.
(4.
(4.
(4.
(4.

The strong solution satisfies the system (1.1)—~(1.5) almost everywhere in Q X (0, 00).
In addition, it fulfills the initial value p(-,0) = @o(-).
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4.1. A priori estimates. In this part we prove the a priori estimates for the
system (1.1)—(1.5) which are needed to establish the existence of a strong solution
as stated in Theorem 4.1. We first derive the basic bounds resulting from the evolu-
tion of the total mass and of the physical energy, and then we carry out the higher
order estimates that entail the regularity (4.1)—(4.6) for the solution. For clarity
of presentation, these estimates are performed in a formal way without referring to
any explicit regularization or approximation of the system. A rigorous regularization
strategy compatible with the estimates below could be written by following the lines
of the argument in [24] (cf. also [30, 32]). In particular, it is worth mentioning that
the physical bound ¢ € L>(2 x (0,T)) such that ||¢|| 1 @x(0,7)) < 1, which holds in
the limit because of the occurrence of the logarithmic nonlinearity ¥, is not usually
conserved in such approximation schemes. In view of this issue, we will first show
for simplicity the total mass and the basic energy estimates by considering a solution
that satisfies the physical bound (4.4) (see sections 4.1.1 and 4.1.2), and then we will
adapt our argument for a solution which is not essentially bounded (see section 4.1.3
for more details). Last, we will address the crucial part of the proof which consists
of the global-in-time higher order estimates of the solutions. Once again, also in that
part we will proceed without using any boundedness assumption on the solution.

4.1.1. Total mass dynamics. Integrating (1.1)s over €2, using the boundary
conditions (1.5) and the form of S, we find the evolution equation

d 1

—p o =— [ h(p)dx.

TR ToT /Q () da
Solving this linear differential equation, we obtain

#(t) = w0 e e [ ot ) dras,

whence we can easily deduce the estimates

(@7 B0 < PO + (1),
(4.8) ?(t) > p(0)e ™ + %(1 —e ™.

Then, viewing the above right-hand sides as convex combinations and exploiting the
assumption (3.1), we can easily deduce that there exist two constants ¢; and co de-
pending only on $(0), Q, h, and m such that

(49) 1< < @(t) <ep<l1l VE>0.

Note that this property holds both in the two- and the three-dimensional setting with
no variation in the proof.

4.1.2. Energy estimates—Part I. We deduce the basic energy bound derived
from the variational structure of the system. Due to the presence of a mass source,
the resulting variational equality will contain forcing terms on the right-hand side
accounting for mass inflow. As for the mass conservation property (4.9), this part
will also hold for both d = 2 and d = 3. As said, for convenience of presentation, we
assume here the a priori bound ¢ € L>(Q x (0,T)) such that

(4.10) el Lo @x(0,1)) < 1.
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The argument below will be adapted in the subsequent section to a possible approxi-
mation of the system without taking advantage of the bound (4.10).
We recall the total free energy (1.3) associated with system (1.1)

(4.11) E(y) :/Q%|w|2+\11(<p) dz.

We multiply (1.1); by w, (1.1)5 by u and (1.1)4 by . Integrating over 2, using the
boundary conditions (1.5), and adding up the resulting relations, we obtain

d
(4.12) CB) + IVl + ] = / Sq + Spde.

In order to control the right-hand side, we recall the inequality (see, e.g., [40])
|l F' (@)l < /Q(<p —P)F'(¢)dz + C,

where we have set F(s) = ¥(s) + %232 (the convex part of the potential). Here, the

positive constants ¢ and C may depend on ¢; and ¢o. Multiplying (1.1)4 by ¢ — @
and integrating over €2, we find

IVl + /Q (0~ P)F'(p) d = /Q i — ) da + 6 /Q ol — ) da.

By using Poincaré’s inequality, the boundedness of ¢, and the above inequality, we
have
IVl + I1F (@)l 1) < CA+[IVa)
for some positive constant C'. Since [fi| = |¥/()|, we obtain
(4.13) lal < C(L+[[Vul)).

This entails that
(4.14) | / Spdz| < O(1 + |Vl
Q

By the theory for the Poisson equation with Dirichlet boundary condition applied to
the pressure problem (3.5), we have

Il @) < ClISI+ [leVull-

Thus, using once more the boundedness of ¢ and h(p), we deduce that
(4.15) ’/ squ] <O+ [IVal).
Q

Combining (4.12), (4.14), and (4.15) together, we eventually arrive at

d

1
—E - 2 <.
g P@ +SIVull + ] < ©

In what follows, the notation C will stand for a general constant depending on the parameters
of the system which may vary from line to line.
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Integrating on the time interval [0, 7], we deduce that
b
(4.16) E(p(t)) +/ / 5|Vm2 + Jul* dzdr < E(po) + CT YVt >0.
0o Jo

Thus, recalling also (4.13), we can infer that

0 e L™(0,T; H (), p <€ L*(0,T;H'(Q)),
we L*(0,T; L*(R)), qe L*(0,T; Hy ().

By the argument exploited in [32] (cf. Lemmas 7.3 and 7.4; see also [30, Theorem
2.2]), we find

(4.17) w e LY0,T; H*(Q)) N L?(0,T; W*P(Q)),

where p = 6 if d = 3 and any finite p if d = 2. In addition, since

|0l < IV ull + lullllell Lo @) + ClIS]],

it follows that
Orp € L*(0,T; (H'(Q))).

Remark 4.2. In light of (4.13), the above argument can be easily modified in
order to obtain a dissipative estimate (see [32, Theorem 2.2])

d

SE@) + k(B(e) + IVl + lull?) < ©

for some positive constants £ and C which may depend on m, h, c1, ¢, 8, 6y, and €2,
but are independent of the initial datum.

4.1.3. Energy estimates—Part II. In view to adapt the calculation per-
formed in the previous part to a possible approximation of the system, we will only
assume that ¥ has the form U(s) = F(s) — %"52, where F is convex and goes at
infinity at least as a polynomial of sufficiently large degree. More precisely, we ask

that?

(4.18) Jimn ot £ (7)sig0(r)

=3k > 0.
|r|—o00 |r|5 "

The above property is to be intended in the following way: as we consider, for n €
N, a family F,, of smooth approximants of the original (logarithmic) F' (see, e.g.,
[21, 30, 32]), (4.18) holds for F, with s independent of n. Notice that, for the
logarithmic F', the above property (4.18) may be thought to be valid with K = +o0
provided that we consider F' as a function taking values into R U {+o0}. For this
reason, we will write the following part by using the notation F' (rather than F),),
but the only coercivity property we will assume is (4.18). In addition, we assume
that, as far as an approximation is concerned, the function S = S(y) is extended
for || > 1. To this aim, we consider a regular extension h of h which satisfies the
following properties:

2Here the exponent 5 is by no means optimal and could be lowered. On the other hand, this
choice permits us to simplify the subsequent computations.
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h+¢] is of class C?(R) with bounded derivatives.

e The function b : R — [h—e,
) = h(s) for s € [-1,1] and

In addition, it satisfies h(s

h— h
(4.19) e htE
m m

The existence of such function h fulfilling the above properties can be obtained by a
standard mollification procedure. Then, we define

(4.20) S:R—R, S(s)=—ms+ h(s).

First of all, repeating the above argument for the total mass dynamics, we obtain

B(t) :¢(O)e*mt+e*mt/0 em5|(12|/ﬂﬁ(g0(m,s))dxds.

As consequence, we find

€ h+e
—(

(4.21)  B(0)e ™ + hﬂ; (1—e™™") <p(t) <P(0)e™™ +

1-— e*mt).

Thanks to (4.19), there exist ¢ and ¢ such that
(4.22) 1<H <P(t)<é<1 VE>0.

We proceed by recalling the energy equation (cf. (4.12))

d
(4.23) GE@+ Il +ul? = [ Sa+ Sude
The rest of the proof concerns the estimate of the right-hand side. To this aim, testing
(1.1)4 by ¢ — @ and integrating over 2, we find

u(@—@)dwr@o/ﬂw(so—@)dw-

(429) Vgl + /Q (0 - P)F' () dz = /

Q

We notice that, by the generalized Poincaré inequality (2.1) and the Young inequality,
there holds

(4.25) / il —2) da + 0, / olp — ) dx < 8 Vul]? + Csl| Ve

for 0 > 0 to be chosen later, and correspondingly Cs > 0. We observe that

1

(1.26) 3 | (0= (e)de > wllF @)l — €,

where the positive constants x; and C' may depend on ¢; and ¢ (cf. (4.22)).> On the
other hand, (4.9) and (4.18) also entail that

1 _
= [ (p=P)F'(p)dz > kllpl o) — C.
2 Jo

3If F = F, constitutes an approximation of the convex part of the logarithmic potential, then it
can be shown that k1 and C are also independent of n (see [21, equations (3.35)—(3.37)]).
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As a consequence, it follows from (4.24) that
(4.27) Rl (@)l o) + Kllel o) < 0IVEl® + CslVel® + C.

We multiply (4.27) by M > 0 to be chosen later and sum the resulting inequality with
(4.12) to obtain

d
dt

(4.28) < / Sq+ Spdx + MCs||Vel|* + MC.
Q

—B(@) + (1= MO)|Vul* + M| F' ()l 110 + Mol o) + [l

Now, integrating (1.1)4 over 2, we have
(4.29) p=V(p)=F'(p) - bop.
We notice that

/S,udx—/S )(p — ,udsc—l—u/S
~ [ (86) - S -mdo-+7 [ S(e)da
< IS )Vl IVl + ] | =+ i) da]

< O(m+ K ()| z=@) IVl Vil + Cl9 [l
1
(4.30) < IVl + ClIVel* + CIIIF (o) + C(1 + [l¢]).

Here we used (4.20), (4.22), (4.29), and the fact that |h/(s)]
we consider the problem for the pressure ¢ obtained from (1.

—Ag=S+div(eVp) in Q,
q=0 on 0.

< C for all s € R. Next,
1)1—(1.1)2

(4.31)

By the regularity theory for the Poisson equation with Dirichlet boundary condition,
we have

(4.32) < ClSI + lleVall 5 CA A+l +llell e @ IV all-

”qul F) = Lio S

Hence, using also Sobolev’s embeddings,

| [ Sada] < ISllall < O+ e (1 + el + s 9l

(4.33)

IA

1
VAl + C+llel®) + Cllelze

IA

1 K
ZHVMIF + §||s0||6m<m +C(1+lgl?).

Then, substituting (4.30) and (4.33) into (4.28), we deduce
d 1 9
TE@) + (5 = M) IVal? + Mea | F' ()]0
K
(4.34) + (M = ) lle ) + lull?

<l [ F@)|+0a-+ 1)+ aesvel? + prc.
Q
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Now, taking first M > max{2~'4+x~", (1+C|Q|)x; '} and subsequently § < (4M)~1,
we readily deduce that

(4.35)

d 1
2@ + ZIVal? + IF (@)l o) + lellzs@ + lul® < CO+[lel?) + ClIVel*.

Exploiting once again the generalized Poincaré inequality (2.1) and the total mass
bound (4.22) to estimate the first term on the right-hand side, we eventually find the
differential inequality

d 1 1
(4.36)  — E(p)+ ZHVMII2 HIF @)@ + §||90||§6(Q) +lul* < CQ+[1Vel?).

It is worth noting that the above relation is independent on any eventual approxi-
mation parameter provided that S is extended as in (4.20) and F' is approximated
in such a way that (4.18) is satisfied uniformly with respect to the approximation
parameters. An application of the Gronwall lemma entails that

(4.37) e L>™(0,T;H' (), Vwpe L*(0,T;L*(Q)), we L*0,T;L*(Q)).

Let us now go back to (4.24). Using (4.26) and estimating the right-hand side without
using Young’s inequality as was done in (4.25), we easily get

(4.38) 261 || F' ()| 1) < C + C| Vel + C|[Vell[| Vil
Thus, using (4.37) and integrating in time, we deduce that
F'(¢) € L*(0,T; L' ().
Moreover, on account of (4.29), we have from (4.38)
(4.39) Il 1) < C(L+[[Val]),

whence, recalling (4.37),
p € L*(0,T; H'(2)).

Also, owing to (4.32), it is not difficult to obtain
q € L*(0,T; W3 (Q)).

Since F' is convex, arguing as in [32, section 3.2] and in [30, Proof of Theorem 5.1,
Step 5], we find

(4.40) o € L*0,T; H*(Q)) N L*(0, T; W??(Q)),
where p = 6 if d = 3 and p < oo if d = 2. Finally, we infer from (1.1)3 and (2.5) that
[0l < NIVl + llullllellLe @) + ClIS|
<9l + lalllell s oyl oy + CISI
In light of (4.37), (4.39), and (4.40), it follows that (if d = 3)
dyp € L3 (0,T; (HY(Q))").

On the other hand, in the two-dimensional case d = 2, by exploiting the Brezis—
Gallouet—Wainger inequality (cf. (4.46) below), it is possible to show that d;p €
L(0,T; (H(£2))") for any q € [1,2).
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4.1.4. Higher order estimates in two dimensions. In this section we show
the crucial global-in-time higher order estimates of the solution to system (1.1)—
(1.5). In turn, these bounds will imply the existence of global strong solutions in
two dimensions. As previously mentioned, we assume that the logarithmic potential
is approximated by a sequence of polynomial functions as in the previous part on
energy estimates, section 4.1.3. In particular, we will not make use of the bound
ll¢ll oo (@x 0,7y < 1, which is not at our disposal in the approximation scheme.* Let
us start with the a priori bounds resulting from the energy balance (4.16)

(4.41) HSOHLN(O,T;Hl(Q)) <C, ||M||L2(0,T;H1(Q)) <, ||UHL2(0,T;L"‘(Q)) <C.

As an immediate consequence, since S = —me + h(p), it is easily seen from (4.41)
that

(4.42) 1]l 0,751 (22)) < C-

Recalling the estimate (cf. (4.39))
(4.43) lullmr @) < CA+[IVal),

we have from [30, Theorem 5.1] (cf. [32, Lemmas 7.3 and 7.4]) that

(4.44) lellFr2) < C(L+[[Val)
and
(4.45) lellwzr@) < C(L+[[Vpul)

for any 2 < p < co. Next, in order to control the L*>°-norm of ¢, we will make use of
the Brezis—Gallouet—Wainger inequality (2.6) in the following form:

(4.46) 1l L=y < Cllf oy log? (e + | flwir) + C,

where r > 2 and e = exp(1). We are now in position to estimate d;¢. By using the
boundary conditions (1.5) and the estimates (4.42) and (4.46), we obtain

10splls < IV ull + [[ueel + CIIS]]
< Vel +llulllellre@ + €
1
< IVull + Cllullllel o) log? (e + llelwrr (o)) + Cllull + C

for some r > 2. By using (4.41) and (4.45), we deduce that
(4.47) 10ells < CA+ [IVall + [|ull) log? (e +[|Vil])-
Similarly, for the pressure we have

[Vall < S| + leVull
< CHlellpe @) I Vil

1
< C+ ClIVullllelm @ log? (e + llellwir@)

4We also point out that we also do not make use of the regularity ¢ € L2(0,T; H3(2)), which is
available for weak solutions to (1.1) with polynomial potential (cf. [30, section 4.2]). However, this
regularity property does not uniformly hold in the approximation procedure.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/22 to 155.198.10.231 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

752 A. GIORGINI, K. F. LAM, E. ROCCA, AND G. SCHIMPERNA

for some r > 2. Then, we find
1
(4.48) IVall < C(AL+ [[Vul) log? (e + [Vil).
In addition, we have
lall < (=A)7 S|+ [[(=A) " div (¢ V)
< US|+ ClloVal g o

< ClISI + Cliel @ 1V iull,

where —A denotes the Laplacian with homogeneous Dirichlet boundary condition.
By using (4.41) and (4.42), we get

(4.49) lall < CA+ Vi)

Also, it easily follows from (4.42), (4.43), and (4.49) that

(4.50) | [ suds| < ca vul)
Q
and
(4.51) ’/ Sqda| < C(1L+ |Vl
Q
We now differentiate in time (1.1)7, multiply it by u, and integrate over 2, leading
to
1d 9
(4.52) ——||ul|* + (Voq,u) = — | OpVu-ude — | oVou-udz.
2dt Q Q

We observe that the second term on the left-hand side can be rewritten as
. d
(VOig,u) = —(0rq.divee) = —(91q, 8) = =2 [ (@.9)] + (.9:9).

Here we have used that ¢ = 0 on 9. Combining the two equations above, we have

d|1
159 g 5l - @5)] = [ 0oV wdo— [ Vo wds - g.0.5).
Next, multiplying (1.1)3 by O;u, we obtain

(Orp, Opp) — (Ap, Opp) = —(div (wep), Oppu) + (S, Oypa).-
Exploiting the boundary conditions (1.5), we then have

1d
=

(4~54) (at% 8tM) 2 dt

IVul? = / ou - Voudr + (S, 0pp).
Q
By using the expression (1.1)4 for x4 and the boundary conditions (1.5), we get

(Brp, ) = [Vrg|? + / F"()|ugl? dz — 6 / 191g]? dr.
Q Q
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Moreover, we rewrite the last term on the right-hand side of (4.54) as

d
(S, 9h11) = 2| (S.)] = (@S, ).
Then, combining the above relations, we find

d

1
dt [2|Vu||2 - (Syu)] + Vorel? +/ F"()|0pp]? da
(4.55) ’

:00/ \&@Izdx*(@tS,M)Jr/ ou - Voypude.
Q Q
Adding (4.53) and (4.55), we obtain

d

1 1
[ BIVHE + i = (5 = (5.0 + V0l + [ Frieianel as
Q

4.56
( ) = 90/ \8t<p|2 dz — (01S, 1) — (0:S,q) — / oV - ude
Q Q

=L+ 1+ I3+ 1.
Before proceeding to estimate the right-hand side in (4.56), we define
1 2 1 2
(457) H = 2|Vl + 5l = (S, — (5,9),

and we observe that, in light of (4.41), (4.50), (4.51), we have

1 1
(4.58) TIVAI2+ Sl = C < H < O+ [Vl + [ul®).
Now, since
_ 1
(4.59) 71 = |yt 1] < Ol

by the generalized Poincaré’s inequality (2.1), we notice that
18e ]l 21y < C(IVOp]| + 10r0]) < CIVIepll + [0l )-

Thus, we rewrite (4.56) as

d
(4.60) prec) + 00l Fn ) < Clowpll + L+ Lo+ I3+ I

for some positive 1. By duality, we have
N
I = 90/9 [Ovp|* dz < 0|0 1 () | espl < gllawllfp(g) + Cl|0el|2-
Hence, by (4.47) and (4.58), we find

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/22 to 155.198.10.231 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

754 A. GIORGINI, K. F. LAM, E. ROCCA, AND G. SCHIMPERNA

By definition, 9,5 = —mdyp + ' (p)dyp. Owing to (4.49), this entails
I + Is < Cllavel| (1l + lall)
< OlIupll s g 19ell (1 + [V al])
< 10l o + Claglld (1 + IV ul) .
In light of (4.47) and (4.58), we obtain
(4.62) I + Iy < 1)|0kell31 () + C(C + H) log3 (C + H).

The main task is now to estimate Is. To do so, we exploit the elliptic structure of the
system (1.1)—(1.5) to derive H2-estimates for the pressure and the chemical potential.
First, the regularity theory of the Laplace problem with Dirichlet boundary condition
applied to (3.8) entails that

lallzre) < €|V - Va|| + ClI(L = ) Vi Tl + Cllpdrell + ClIS (L + 6% = )]l
By using (4.41) and (4.42), we find

lall a2y < Cllell Lo @) IVl L@ I Vall
(4.63) +C(L+ @l @) I Vel @ IV
+ Clloll e @) l10wpll + C.
Now, recalling the problem (3.9), using first the regularity theory of the Laplace prob-

lem with Neumann boundary condition and the trace theorem for normal derivatives,
we obtain

¥
. < A -V ‘n
”M”HZ(Q) < Cla[+ CllApl OH (1 2‘1) H %00

< Ol + €1l + €| ]
< Clal + Cldul + €| 124

P
1+ 2
By exploiting (1.1)2 and the estimates (4.41), (4.42), and (4.43), we deduce that

Il < €O+ [Vl + CUS| +Clougl + Cldiv (o)l +C 750l o

¥
1+ 2

4.64 <ca Cllovg| + C C|| 4|
(464 (14 IV0l) + Cloel +Cllu- Vol + 2] o
In order to provide a control of the last term on the right-hand side, we recall the
elliptic problem (3.11). By the regularity theory of the Laplace problem with Dirichlet
boundary condition, we get

'
<] |
Hl—i—g@2q‘ H2(Q) — <1+g02q)
1+ + (1 —¢?)?
<cf |+ Vio: V|
¢1+2V¢Vu+ ( 1+ 2)° )qu
4.65 CH (O — S) H CllpS CH H .
(4.65) O (Orp — + ClleS| + T+ HZ(Q)HCIHL (@)
We notice that
e [Pre by
1+ 2 llLe=(Q) ’ (1+ ¢?)2 Loo(Q) —
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1y

In addition, let us define the function g : R — R as g(z) = 357. It is clear that

lg(z)] < 1 and its derivative ¢'(x) = % and ¢"(z) = (Zf”j;f)”g are such that

l¢'(z)| <1 and |¢"(x)] < 2. Then, by using (2.2) and (4.41), we find

2 2
¢
+C /(awial..> dz
L2(@) Jz::l o\ I+

2
<c+cC| Y /Q (9 (9)82, 00,0 + §"(2) D, 000, 0)” da

ij=1

2

=¢]
H2(Q)

= ==
1+ 2 1+¢?

D=

(4.66)

<C(1+IVellZay + llell @)
< CO(1+ llellmz@)-

Thus, combining the above estimates, we arrive at

P H <C v \Y
|52 ey < Cll i@ IVl 1

4.
(467) + OV e oy | Vall + Cllore]
+ C(L+ el zz@)llall e @) + C-

Then, going back to (4.64), it is easy to deduce that

Il ez o) < C(L+[|Vull) + Cllosel|
(4.68) + Cllull[[ Vol e @) + C(1 + [[oll z20) lall 2 )
+ Cllell Lo @ IVl Lo @) IVl + ClIVell L) | Vall-

We are now in position to estimate Iy in (4.56). By (2.2) and (4.68), we have

L= /Q DoV wde < [9roll oy IV all sy 1
1 1 1 1
< LA 191l g IVRILE Nl o e
1 3 1
< IOl 10 s o IVl 1l
1 1 1 1 1 1
x (L4190l + 18l + lull 2190l e oy + (1 + ol lal 2 e

1 1 1 1 1
el ey IVl IV + 19 e [V
=: Iy + Lyo + I3 + Ing + Iys + Iue + Iyr.

By using (4.44), (4.47), (4.58), and Young’s inequality, we have

1 3 1
I = O 0wl 10sll fro gy IVl 2 (]

n 2 4 8
< 519l @) + Cllowell 2 [Val* lull?

IN

%Hat@nip(m +C(C+ H)3 log® (C + H)(C + H)3 (C + H)?

IN

261023 ) + C(C + H) log? (C + H),
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1 3
Liz = Cl|3sp | 106l s ) I Vel e

IN

n 2 8 8
=510l @) + Clldse |12 IVl ]2

4
5

%Hat@nip(m +C(C + H)3 log® (C + H)(C + H)5(C + H)3

IN

IA

261003y + C(C + H) log? (C + H),
1 3 1 1
CloplE 190 s I Vel el 2050

i 1
CllowpllZ110ep @IVl [|ae]|
n
=5 100011 @) + Clldre ]IVl

143

IN

IN

IN

%Hat@n%p(m +C(C + H)? log? (C + H)(C + H)*(C + H)

IN

1
%Hat@n%p(m + O+ H)?log?(C + H).

Exploiting (4.44), (4.45), (4.46), (4.47), (4.58), and Young’s inequality again, we
obtain

1 3 1 3 1
Lia = Cl0epl| 2 110ell i o IV I [l 2 [Vl £ ()

IN

n 2 4 12
%Haﬂﬁﬂiﬂ(n) + Clowellz [V ull® fJull > )
8

%Hatwuipm) +C(C + H) log? (C + H)(C + H)5

IN

4
x (Clelmaalog? (e + pllwas) +C)°
=L 0ue 31 ) + C(C + H)® log? (C + H)

IA

il

x (COU+ [Vl Tog? (e + C(1+ | Vl)) +C)

EIS

IN

%Haﬁonip(m +O(C+ H)R log? (C + H)((c + H)¥ log?(C + H))
< e 9h | oy + C(C + H)?log? (C + H),

whereas, using also (4.48), we deduce that

F ol —

3 1 1 1
Lis = Cl0ellE 10e ] frr. oo IV 1l 2 [l [ (1 + |I¢||IZ2(Q))IIQ\|2m(Q)

2
< <10l @) + ClOlE IVl )} (1 + |Vl

4

x (||q||H1<Q log (e + lall2(e) +0)5
||5‘tg0||H1 @ tC(C+ H) log? (C+H)(C+ H)

z
5

| /\

112
x ((1 + IVul) log? (C + H)log? (e + llall 2(0)) + C)

L1031 () + C(C + H) ¥ log? (C + H)

(4.69)

il

I /\

112
x ((C+ H)* 10g3 (C + H)logE (e + lall =) )
2
5

| /\

0ol @) + C(C + H)?logh (C + H) log? (e + all o)
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To control the last term, it is sufficient to perform a rough estimate (in terms of
exponents) since this is just a term in the logarithmic correction. We first observe
that, by (2.4), (4.41), and (4.44),

10plle < C(1+ Ial + ol o)
1
O+ Vall + lalllpl )
1
COU+ [Vl + ull + Il [V4] ).

Then, going back to (4.63) and using the estimates (4.45) and (4.48), it is not difficult
to arrive at

laller@ < Clelwra@llelws @l Val +C1+ lelwa) el al
+ Cllgll =y 1920l el 1y + €
< C(L+ Vi)t + O+ Val + [ul)? 10 o
(470) < C(C+H) +C(C+ )0l i -

Combining (4.69) with (4.70), we find (here C also changes from line to line to adjust
exponent in the logarithm)

Iys < 112||8t<PHH1 o +C(C+ H)? log®(C + H)

xbﬁ(wﬂC+Hﬁ+C@+HW@M%mJ

\ /\

I /\

112||atsouH1 m+c<1+H> log (<0+H> <e+uat¢||m(m))

| /\

112
+ 0<0+ H)?log (e + 118sell m)

In order to handle the last term on the right-hand side above, we recall the following
basic inequality (see also [19, p. 115] for a similar inequality)

2 2 2 x
z“log(e +y) <ele+ + z*lo (—) Ve>0,2 >0,y >0.
gle+y) <ele+y) e\ 7 Y
Using this estimate with ¢ = 517, 2 = C + H, and y = [|0;| g1 (), we arrive at
n 9 9 ( C+H )
I H)°1 e
45 < 112H8t90||H1(Q)+224( + 10l r1(0))” + C(C + H)  log (e + 2

< %Hat@nfm(n) +C(C+ H)*log(C + H).
Next, we recall that the last terms we need to control are

1 3 1
lss + Luz = Cll0wll2 100l g1 o) IV il 2 [l

W=

x (el @ 196l poe o) 1902l + 96 oo e V)
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Then, by (4.41), (4.46), (4.47), and (4.48) we have
3
Lig + Lir < C(C + H)¥ log* (C + H)||0upl| 1 0 (C + H) ¥

x (10g? (€ + H) el 112y log (C + H) [V

+ el () log® (C + H) (1 + | Vpl|) log® (C + H)) ’

N

< Cl0| s o) (€ + H)E Togh (C+ H)((C + ) log(C + H))

< Cll0vpll i1 0 (C + H) T log? (C + H)

(@)

< 5510kl o) + C(C + H)*log(C + H).

Now, going back to (4.60) and collecting all the above estimates, we infer that

d n
oH+ §||at<p||i,1m) < C(C + H)?log(C + H).

Since H € L'(0,T) (cf. (4.41)), by applying Lemma 2.1 we deduce the following
double exponential estimate:
e,/g C(C+H(s))ds

H(t) < (C+ H(0))

Recalling Assumption A3 and the subsequent Remark 3.2, we notice that the value
of H is finite at the initial time. Hence, we obtain the following bounds:

Vte0,T].

IVl oo (0,522 () + |l Loe (0,7522(02)) + [10¢pll 20,751 (2)y < C.
Now, thanks to estimates (4.45), (4.47), and (4.48), we also infer that
[l Lo 0, 7wz (0)) + 106l Lo 0,711 (20))) + @l Los (0,733 (2)) < C

for any 2 < p < co. Thanks to [32, Lemma 7.4] (see also [30, Theorem 2.2]), we can
deduce that

(4.71) [ E” (o)l oo 0,7:L0(02)) < C
for any 2 < p < co. Next, by (4.70) we now have

(4.72) lallr2(0) < C(L+110e2l Fra @))

whence
lall a0, ;12 () < C.
In addition, by (4.68) and (4.72), we infer

el 20y < C(L+ (10wl + llall Lo () < C(1+ ||3t¢||1%1(g))7
which implies that
el o, 112 (02)) < C-
By exploiting (1.1);, and the Sobolev embeddings, we also deduce that
ull @) < lallmz@) + e Vullaq)
(4.73) < llallzz@) + CllellL= @ el a2@) + Cllelwe @) Vil
< O+ ldllmz + Cllullaz@)-

Thanks to the above regularity, we have

[wllLa 0,701 () < C.
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4.2. Uniqueness of strong solutions in two dimensions. Let us consider
two strong solutions (u1,q1, 1) and (usg,qe, =) originating from the same initial
condition ¢o. We define

U=uy —U2, ¢=4q —q2, @Y=¢1— P2, H=H1— H2,
which solve
u+Vg=—p1Vu— oV,
divu =S,
Opp + div (p1u) + div (pug) = Ap + S,
p=—0p+ W (p1) = ¥(pa),

where S = —mep + h(p1) — h(pz2). We first observe that

(4.74)

(4.75) —Aq =8 +div(p1Vu) +div (V).
Multiplying (4.74); by u, (4.74)3 by p, (4.74)4 by 0, and (4.75) by e(—A)~1q for

some ¢ € (0, 1) that will be chosen later, integrating over {2 and summing the resulting
equations, we find

d

1 1
- *IIV4p||2+*/L(@lwpz)lw\Qde + IV al? + [lul® + <llq]?
dt | 2 2 Jq

:/<p'u,2-Vudx+/Sudx—&-/Squ—/@Vug-udx
Q Q Q Q
2
+/atL(apl,cpg)ﬁdx—l—ﬁo/<p8tcpdx—|—€/S(—A)_lqu
Q 2 Q Q
—6/ <p1Vu-V(—A)_1qu—€/ ¢ Vg - V(=A)"'qdz,
Q Q

where .
L(p1,02) = / F" (11 4+ (1 = 7)p2)dr > 6 > 0.
0

We now estimate all the terms on the right-hand side of the above equality. In what
follows, we will use the notation

1 1
Y = Lo+ 1 / L(p1, e2)lol? da,
2 2 Jo

and we will repeatedly use that ”90”?11(9) < CY, for some positive constant C. By
using the Sobolev embeddings, we have

/Q pus - Vinda < [lll ey 1wzl oy Vil
1
< SIVulP + Cllualfaey Y
and
- /Q o Vitz - wda < [lll oy IV bl ooy 1l

1
< lull? + ClIVas|is )Y
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By exploiting (4.74)4, we obtain
Spdr = / (= me+h(p1) = h(p2)) (= Ap + F'(p1) = F'(p2) — fop) dx
Q Q
= [ Vel + Vi) ~ hlga) - Vo da
Q

4’/Q (—me+h(p1) — h(p2)) (F'(p1) — F'(@2) — Oop) dz
< CIVel? + Cllel?

+Cllell (X +I1F"(p1)lla@) + I1F" (e2)llLs @) 1ol ooy
< Y.

Here we have used (4.71) in the last inequality. We also have

g
| Sada < Clillal < 5lal + C¥.

By definition of L, and observing that |F"(s)] < C(F"(s))? and F" is convex, it
follows that

2
/ (9tL(9017902)ﬂ dz

<C’// TF"(p1) + (1 —7)F" (¢ ) }T@ttpl—i—(l—T 8t302‘d7 [l dzx

< C(IIF" (o) l7s ) + IF" (027 ) (1011l L3 0y + ||3t<P2||L3(Q))H<PHL6(Q)
< C(10sprllLa(a) + 110kp2ll L3 () Y-
By using (4.74)3, the boundary condition (1.5), and the Sobolev embeddings, we find

90/ porpdr = 90/ e(Ap+ S —div (pr1u + pus)) dz
Q Q

290/ Ve -Vu+Sp+ V- (p1u+ pus)dr
Q

< CIVellllVul + Cliel? + ClIVellller Lo @) llull
+ CIIVellllel Le @) lluallLs @)

1 1
< LIVaI? + P + (1 + [[uallzs @)Y

By the regularity theory of the Laplace problem with Dirichlet boundary conditions,
and recalling that € < 1, we have

_ S
5/QS(—A) fqdz < Cllellllgll < llal® + €Y,

_ 1
—E/Q%Vu -V(=A)"tgda < eCllpr ]| Lo I Vullllg] < 6||Vu||2 +e2Clqll?,
and

_ 9
—6/Qwvu2 V(=A)"qda < Cllgllo@ IVi2l @ lall < Sllall* + ClIVu2|PY-
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Collecting all the above estimates together, we arrive at the differential inequality

d 1 1 3e
° 2 2 a2 < 98 9 ) 2
th +2IIWH +2HUH TEe-7 ¢ C)llqll

< C(1+ ualfaey + 1 Vrlifa) + 102l sy + 1022l ) -

By choosing ¢ sufficiently small, we finally end up with

d
Y < O(1+ lluzlFagq) + Vi3 + 1901 s + 10es o) ) Y-

Thus, an application of the Gronwall lemma entails that ¢ (t) = @a(t) for all t € [0, T].
In turn, this immediately implies that w; (t) = u2(t) and ¢1(t) = ¢o(¢) for all ¢ € [0, T].

5. Local existence of strong solutions in three dimensions. This section
is devoted to the analysis of the strong solutions to system (1.1)—(1.5) in the three-
dimensional setting.

THEOREM 5.1. Let Q be a bounded domain with smooth boundary in R®. Assume
the conditions (A1)—(A3) hold. Then, there exists a time Ty > 0 and at least one
strong solution (u,q, @) to system (1.1)—(1.5) such that

u € L>(0, To; L*(2)) N L*(0, To; H' ()
q € L>(0,Ty; Hy () N L*(0, Ty; H*(2)

(5.1) )s
(5.2) )
(5.3) @ € L0, To; W2%(Q)) N H (0, Ty; H(Q)),
(5.4)
(5.5)

)

(
€ L0, Ty; H'(2)) N L0, To; H*()),
V(o) € L>(0, Tp; L(Q)).

Such a strong solution satisfies the system (1.1)—(1.5) almost everywhere in 2 x (0,Tp)
and assumes the initial value p(-,0) = @o(-).

Remark 5.2. The uniqueness of the strong solutions obtained in Theorem 5.1
remains an open issue. The argument used in the two-dimensional case cannot be
applied due to the lack of regularity for the derivatives of the potential (i.e., ¥ ()
and ¥"(¢)) in three dimensions. On the other hand, the control of the difference of
two solutions in weaker norms as in [30, 32] does not seem to be possible here due to
the boundary conditions (1.5).

Proof of Theorem 5.1. We first observe that the basic a priori estimates per-
formed in subsection 4.1, i.e., the total mass dynamics and the energy estimates,
are also valid in the three-dimensional case with no variation in the proof. As a con-
sequence, we still achieve (4.41), with no restriction on the final time 7. Similarly,
we report that

(5.6) 1S1| Lo (0,13 11 (02)) < C
and
(5.7) el ) < CL+ [[Val]).

Exploiting once again [30, Theorem 5.1] (cf. [32, Lemmas 7.3 and 7.4]), we have

(5.8) el < CA+Vul),  llelwzo@ < CA+[Val).
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We now proceed with the higher order estimates. We notice that the validity of
the relation (4.56) is independent of the dimension. In particular, for the reader’s
convenience we report that

d[1 1
& §||VM||2 + 5”“”2 — (S, ) = (S, Q)] + 77||5t<ﬂ||?11(9) + /Q F"(0)|0vpl? da

< Clldrgll? + 6o / 1Brpl? dz — (845, 1) — (845, ) / Vi - uda
Q Q

< C‘|8t<P||2 — (0, 1) — (0:S,9) —/ OV - udx
Q
(59) = Il +Ig+[3+[4

for a positive constant 7. By the elliptic regularity of the system (4.31), combined
with Sobolev’s embeddings and the estimates (4.41), it follows that

(5.10)  llall < CUISI+ ClleVeull g o) < CA+ el @ [[Vel) < CA+ (Vi)

Lf@

Then, we easily infer from (5.6) and (5.10) that the estimates (4.50) and (4.51) remain
true in the three-dimensional setting. Hence, as before, we can define the functional
H as in (4.57) and notice that relation (4.58) still holds. Moreover, thanks to (2.5)
and (5.8), we deduce that

(5.11) IVall < ClIS| + C!wvull S;C + CllellLoe @ [ Vall 5
< C+ Cllols gy lel iz oy IVal < O+ [Vall?).

Now, we can control the first three terms on the right-hand side of (5.9) as in section 4.

Indeed, by (5.7), (5.10), and the form of S, we notice that

(5.12) I = = (98, 1) < Cllowe|l* + C(L+ | Vul])?

and
Is = —(8,5,q) < Cllop|” + C(1 + (| Vul)?.

Collecting the above computations, we readily arrive at
(5.13) Iy + Iy + Is < Cll0gp|* + C(L+ | Vull)* < Clleel* + C(C + H).
Now, using (1.1)5, (2.5), and (5.8), we have
10cell« < IVl + llullllell @ + ClS|l
(5.14) < 19ul+ Cllulllel s oy 1l ey + €
< CO+[Val) + Cllull(1+ [ Vul)t < C(C + H)E.

Consequently, we find

1 1 5 1
(5.15) 10l < ol 10l ) < C(C + HY 016l s
Substituting the above into (5.13), we obtain

(5.16) L+L+13< Z||at<p||ip(m +C(1+ H)E.
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Next, we recall the Gagliardo—Nirenberg inequality (cf. (2.8) with ¢ = 6)

(5.17) £l < CIFIE I oy V. € WHE(Q).

Proceeding as in (4.64) and using (5.7), (5.15), and (5.17), we deduce that
¥

‘1 + (p2qHH2(Q)

< CA+[Vull) + (10wl + 1S(e = DI + [[u- Vel])

¥
+C 54

lall z2) < Clal + CllApll +C

12(9)
< C(C+ H)E +C(1+ |0ell + [ull|Vell L= o))
+o|—2 74

H2(Q)

(5.18) . B : L
< C(C+ H)E + C(C + H)5 |0l 2 gy + Il Vel ol

+C

H2(Q)
1 5 1 3
< C(C+H)E +C(C+ H) 00l ) + Ilull (1 + [Vl F)
+C

H2(9)

7 5 1 ¥
< O(C + H)F +C(C + H) 510l 0+ O 7 50 gy

In order to provide a control of the last term in (5.18), we report the analogue of
(4.66) in three dimensions

¥ 2 3
619) 15558 ey < COH 190Ny + ellime) < O+ pllraiay):
where we have used (2.3). Next, recalling (3.10) and (4.65), and using (5.19), we find
? H <C+cC
|75 529 oy = €+ Cllellzm @IVl o V]

(5.20) + C|IVel @) I Vall + Cllosepl|
3
+C(1+ ||SD||;_[2(Q))||q||LOO(Q)'

To control the L>-norm of ¢, we recall (4.63). Then, exploiting (2.5), (4.41), (5.8),
(5.11), (5.15), and (5.17) we obtain

(5.21) lall a2y < C + Cllollne @) IVellLe @)l Vall
+ CL+ el @) IIVell L@ I Vil
+ Clloll Lo ) l10c |

< C+ Cllel ey lel gy IVl 101100y |Vl
+ C(L+ el llel @) IVl Il 2.0 | VA
+ CHQO”I%P(Q)HQOHI%F(Q)HatSD”

< C+ Cllel fragey el ey 1 Val

3 1
+ C(L+ el @) 2lyz0 o IVEI + Cllel fz o) 10wl
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<O+ |VulDTQ+ [ValDia+ [Vul)i
FC(L+ VU EQ+ [ Val) F | Va
+C(L+ [Vl (C + H) (|0 21 g
<C(C+ H)F +C(C+ H)S |0 71 g

Now, we go back to (5.20). By similar computations, and using (5.21), we have

%) 1 1 1 3
| 5529 oy = €+ el el s @l P21 el V]

+ IVl @l IVl
+ Clldugll + C 1+ llel g lal s oy Il e ey
< O+ Cllgl e oy el s IVl + Cllll e gy V4l
+ O+ ol iz o)l s oy lall gy + Cllesl
< OO+ IVl (1 + [Vl F L+ (V)
+ O+ Va1 + IVal)
+ O+ Va1 + I Val)
< ((C+ H)Ts + (C+ H) |0rpll s )
+C(C+ HY |00
<O(C+H) +C(C+H)E +0(C+ H)E (0l i1
+C(C + H)T5 |00l 2
<C(C+H)® +C(C+H)S uatsollil(m
+C(C+ H) |0l -
Substituting the above inequality into (5.18), we finally have
(5.22)
lullaz@ < C(C + H)E +CC+ B[00 3 gy + CC + H) B[00} .

We are now ready to provide a bound for the term I4. Using the above relations, we
deduce that

(56.23) Iy=— [ OV -ude
Q

<ol Lo llwllll Vil Ls )
< Clowell e @l IVl ¥ 1l e
< Clldvellins(@)(C + H)H [l oy
< Clvpl () (C + H)'
X {C(C +H)5% +C(C+H) IIGthIj%_,l(Q) +O(C+ H)# ||8t¢||i%11(9)}
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49 2 29
< Clowellm@(C + HYB + gl g (€ + H) B

9
+ C0up| 51 ) (C + H) S

n 57
< ZHat(P”?{l(Q) +C(C+H)=>.

Substituting (5.16) and (5.23) into (5.9), we arrive at

(5.24)

d n 87
Gt 510eling < C(C+ H)%.

Thus, by the comparison principle for ODEs, we obtain that there exists a time Ty > 0
depending in particular on the value of H at time ¢t = 0 such that

(5.25)

IVl oo 0,102 (2)) + 1l Lo 0,10;22(0)) + @l H1 (0,705 (0)) < C.

Thanks to (5.7), (5.8), (5.10), and (5.11), this immediately implies that

[[ll Los 0, 10: 21 (22)) + N2l Lo 0, 70:w2.8(2)) + 1@l oo (0,705 2 (02)) < C-

By comparison in (1.1)4, (5.5) easily follows. To get further regularity of ¢ and u, we
then notice that, by (5.3) and Sobolev’s embeddings, both ¢ and V¢ are uniformly
bounded. Hence, recalling (5.21) and (5.22), we also infer that

lallzao,1o;m2)) < Cs  llpllLao,mo:m2(0)) < C-

Finally, observing that (4.73) holds in three dimensions, the above regularities entail
the second regularity of (5.1). d
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