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Optimization-Based Selection of Hydrants and Valves
Control in Water Distribution Networks for Fire

Incidents Management
Dimitrios Nerantzis, Ivan Stoianov

Abstract—In England and Wales, water utilities reduce hydraulic
pressure to a minimum regulatory threshold in order to reduce
leakage and avoid financial penalties. However, utilities are not
legally bound to guarantee specific flow rates from fire hydrants, thus
posing a risk for firefighting. We formulate a bi-objective MINLP to
simultaneously determine control valve settings and the location of
fire hydrants to be utilized in a water distribution network during
urban fire incidents. The goal is to provide the required flow rate
from the fire hydrants while minimizing a) the distance of the
utilized fire hydrants from the fire location and b) the impact on
customer supply. As the solution is required in real-time, we propose
an optimization-based heuristic, which relies on iteratively solving
a NLP approximation and relaxation of the MINLP formulation.
Furthermore, we assess the quality of the heuristic solutions for the
presented study case by calculating global optimality bounds. The
proposed heuristic is applied to an operational water distribution
network.

Index Terms—Optimization, Nonlinear control systems, Control
applications, Valves, Fires, Urban areas

NOMENCLATURE

Abbreviations
WDN Water Distribution Network
PRV Pressure Reducing Valve
Ofwat England and Wales water regulatory authority
KPI Key Performance Indicator
BWFL Bristol Water Field Lab network
Constants and parameters
np Number of links in the network
nn Number of junction nodes in the network
n0 Number of sources
nµ Number of candidate fire hydrants
d Vector of (predicted) customer demands (m3/s)
h0 Vector of source pressure heads (mH2O)
e Vector of node elevations (m)

c Vector of fire hydrant coefficients
(
m3

s
√
m

)
nzmax Maximum allowed number of utilized hydrants
dfire Total required fire flow (m3/s)
Variables
q Vector of flows (m3/s)
h Vector of pressure heads (mH2O)
u Vector of PRV u-values (mH2O)
sd Vector of customer demand deficit (m3/s)
µ Vector of fire hydrant flows (m3/s)
z Vector of fire hydrant utilization
Matrices
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A0 Link-source node incidence matrix
A1 Link-junction node incidence matrix
Dc Diagonal matrix with squared hydrant coefficients
Functions
fHW Hazen-Williams head-loss formula
fQA Quadratic approx. to Hazen-Williams formula
φ Wagner et al. pressure-dependent supply formula
ψ Logistic approx. to the Wagner et al. formula
Optimization problem abbreviations
OFH The Optimal Fire Hydrant problem (MINLP)
OFH-AR The Optimal Fire Hydrant - Approximation & Relax-

ation problem (NLP)
OFH-BT The Optimal Fire Hydrant - Bound Tightening prob-

lem (MIP)
OFH-LR-ε The Optimal Fire Hydrant - Linear Relaxation - ε-

constraints problem (MIP)

I. INTRODUCTION

Water utilities in England and Wales are required to meet vari-
ous key performance indicators (KPIs) regarding the management
of their water distribution networks (WDNs) and a failure to
do so can result in significant financial penalties. The KPIs are
determined by the water services regulation authority (Ofwat).
One important KPI is the reduction of leakage. Higher water
pressure in pipes increases leakage and pipe bursts ([1], [2], [3]).
As a result, water utilities are implementing pressure reduction
schemes using pressure reducing valves with the aim of operating
WDNs at or close to the minimum pressure threshold defined by
Ofwat.

At the same time, WDNs provide water for urban firefighting
(i.e. fire flows) through fire hydrants. The water flow rate from a
fire hydrant is dependent on the pressure in the water distribution
pipe (higher flow rate with higher pressure). Recommended
flow rates for firefighting from fire hydrants are defined in the
(UK) National Guidance Document on the Provision of Water
for firefighting ([4]). For example, a flow rate of 20 (l/s) to
35 (l/s) is defined for firefighting for multi occupied housing
developments of more than two floors. However, the National
Guidance Document is not legally binding. In addition, section
40(1) of the UK Fire and Rescue Services Act ([5], accessed
8 Feb. 2021) states that “if a fire and rescue authority requests
a water utility to provide a supply and pressure of water for the
purposes of extinguishing a fire that is greater than the undertaker
would otherwise provide, the undertaker must take all necessary
steps in order to do so”.

The financial incentives for operating WDNs at a minimum
pressure for the reduction of leakage, with the rather weak legal
framework for the provision of water for firefighting, present a
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potential risk for urban firefighting. Nevertheless, the objective of
pressure minimization can provide significant benefits for ageing
pipe infrastructure in terms of leakage reduction. However, this
benefit is insignificant for the duration and frequency of a fire
incident, when the pressure needs to be increased. Therefore, an
adaptive real-time control of the hydraulic conditions within a
WDN can accommodate these competing operational objectives,
and combine the benefits of reduced leakage during normal
operating conditions with higher fire flows during (major) fire
incidents.

The control of WDNs for failure and emergency incidents has
been the subject of few publications in the existing literature,
while the majority of publications have focused on minimizing
energy costs, pressure control and water quality. For example,
Khatavkar and Mays [6], studied control under critical conditions
of limited electrical energy and/or water availability due to
emergencies. Mahmoud et al. [7] proposed a methodology for the
real-time control of burst incidents. Control during burst incidents
was also studied by Kapelan et al. [8] and Nikoloudi et al. [9].
In all these cases the authors made use of genetic algorithms. A
review on optimization methods for WDNs can be found in [10].

The management of a burst incident is a significantly different
process for water utilities than the provision of water for fighting
a fire. The provision of water from WDNs for firefighting (i.e.
fire flows) has been studied with respect to the optimal design of
networks; Filion and Jung [11] use particle swarm optimization
for the least-cost design for a WDN, including the consideration
of fire flows. Kanta et al. [12] propose a multi-objective evolution-
ary approach for the redesigning of WNDs for the provision of
fire flows, while Gibson et al. [13], [14] identify trade-offs in the
designing of WDNs between water quality and the provision of
fire flows. A methodology for conducting a vulnerability analysis
of WDNs during urban fires was presented by Bristow et al
[15]. The optimal placement of remotely controlled gate-valves,
to improve resilience of sectorized WDNs, including cases of
failures during fires, was considered by Di Nardo et al. [16].

However, none of the aforementioned literature has studied the
real-time control of WDNs during (major) urban fires. This paper,
presents a bi-objective MINLP formulation for simultaneously de-
termining valve control settings and the location of fire hydrants to
be utilised in WDNs during urban fire incidents. The formulation
is based on a pressure-driven hydraulic model with the goal to
improve the provision of water flow rates for firefighting and, at
the same time, reduce any potential impact on customer supply.
However, the solution must be determined in real-time. A solution
of the MINLP with global optimality guarantees, for example
using branch-and-bound methods, would be impractical for a real-
time response. Therefore, we then propose an optimization-based
heuristic, which iteratively solves an approximate and relaxed
(NLP) version of the MINLP. The proposed heuristic method is
applied to an operational WDN and the results are compared to
a standard response during fire incidents. Finally, the quality of
the optimization-based solutions for the presented study case is
investigated by calculating global optimality bounds (supersets of
Pareto fronts) for the MINLP. To the best of our knowledge, this
is the first time that the problem of real-time selection of fire
hydrants and valves control in WDNs for the provision of water
for firefighting is studied.

The paper is structured as follows: In Section II, we give a
description of the problem of optimal selection of fire hydrants.

In Section III, we describe the pressure-driven hydraulic model.
In Section IV, we present the bi-objective MINLP formulation,
which we refer to as OFH, as well as the approximate and
relaxed version, which we refer to as OFH-AR. In Section V, we
propose the optimization-based heuristic which iteratively solves
problem OFH-AR. In Section VI, we present the results from the
application of the proposed heuristic method to an operational
WDN. In Section VII we assess the quality of the heuristic
solutions for the presented study case by calculating supersets
of the Pareto fronts of OFH. Finally, we draw our conclusions in
Section VIII.

II. FIRE INCIDENTS - OPTIMAL CHOICE OF FIRE HYDRANTS

During normal operating conditions for a WDN, the main
objectives for the control of pumps and valves are to minimize
energy costs and average zonal pressure (AZP) for the reduction
of background leakage and pipe bursts. Under such conditions,
minimum pressure is maintained at the demand nodes in order to
provide uninterrupted water supply to customers. Consequently,
published research related to pump scheduling and pressure
control uses a demand-driven hydraulic model (see for example
[17], [18], [19], [20]).

During a fire incident, the fire and rescue service would require
the provision of a total (volumetric) flow rate from fire hydrants
(i.e. fire flow) based on the magnitude of the fire. Although the fire
and rescue service can potentially utilise fire hydrants that are up
to hundreds of meters away from the location of the fire through
pump relays, a reasonable objective would be to provide the
required fire flow by utilising fire hydrants which are as close as
possible to the fire incident. However, the required fire flow might
not be achieved by simply utilizing multiple fire hydrants located
in close proximity to the fire incident. Furthermore, utilizing
multiple nearby fire hydrants might lower the water pressure in the
distribution network, which would reduce the overall flow rates
from the utilised hydrants. In addition to pressure, the flow from
a fire hydrant depends also on the corresponding discharge flow
coefficient, which may significantly vary among fire hydrants. It
is therefore important that the flow coefficients of hydrants are
also taken into consideration in the problem formulation.

The utilization of fire hydrants can significantly reduce the
pressure at customer nodes and thus impact customer supply.
Therefore, another objective would be to select fire hydrants
that achieve the required fire flow but with the minimum impact
on customers. Consequently, we make use of a pressure-driven
hydraulic model (in contrast with the demand-driven model for
normal operating conditions) to more accurately capture the
effects of pressure on supply and flows in the network.

Finally, the optimal selection of the fire hydrants is also
dependent on the settings of pressure reducing valves (PRVs) that
are present in the network. Booster pumps would also have an
impact but these are not considered in the presented case study.

In summary, our goal is to determine the locations of fire
hydrants and PRV settings with the objectives to 1) minimize the
distance of utilized fire hydrants from the fire location, and 2)
minimize the impact on customer supply, under the constraint of
satisfying the required fire flow. Constraints on the upper bounds
of nodal pressures are also considered in the problem formulation
in order to avoid solutions which would lead to high pressures
in the network and potentially cause pipe bursts. The solution
of the described problem should be achieved in real-time (i.e.
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seconds), and therefore the solution method should have a low
computational cost in order to effectively support both the water
utility and the fire and rescue service during a fire incident.

The selection of fire hydrants to be utilized is expected to be
determined only once at the beginning of a fire incident. However,
if the fire rapidly grows and/or lasts over a long period, the
requirements for the provided fire flow might change. Additional
hydrants might need to be utilized to increase the fire flow and,
consequently, the problem may need to be solved more than once
throughout the course of a major fire incident.

III. PRESSURE-DRIVEN HYDRAULIC MODEL

In this section, we briefly describe the steady-state, pressure-
driven hydraulic model used in the problem formulation of
Section IV. For more details on hydraulic models see [21], [22].

A water supply network is represented as a directed graph
G(V,E) where the link directions are with respect to their
assigned positive flow direction. For a given network we consider,
np links, nn junction nodes (of unknown head) and n0 sources
(of known head). In addition, we denote by nµ the number of
fire hydrants nodes (a subset of the nn junction nodes). The
set of vertices, V, represents the nodes of the network with
|V| = nn+n0 being the total number of nodes. The set of edges,
E, represents the set of links connecting the nodes with |E| = np.

A link can either be a pipe or a valve. A junction node can
be a customer node with a positive assigned demand value. Non-
customer junction nodes have an assigned demand value equal to
zero. Some of the junction nodes correspond to the locations of
fire hydrants. A fire hydrant cannot also be a customer node and
therefore it will have zero demand value assigned to it.

The hydraulic state of the system is defined by the energy-
balance and mass-balance equations. The energy-balance equation
describes the frictional head losses between two nodes k and j,
connected through a link i. The head-loss is modelled using the
Hazen-Williams formula,

fHW (qi) = riqi|qi|n−1 (1)

where qi is the flow through link i and ri is a friction coefficient
which depends on the characteristics of the link (length, diameter
and roughness coefficient) and n = 1.852. As shown in the
example of Figure 1, the energy-balance between nodes j and
k is modelled as,

hk − hj + ui + fHW (qi) = 0 (2)

where hj and hk are the pressure heads at nodes j and k
respectively and ui is a variable which is ui ≥ 0 if the link is
a pressure reducing valve (PRV), otherwise ui = 0. For a PRV
link, the value of ui represents the amount of head reduced by
the PRV, with the assumption that the flow through a PRV is
always non-negative. We should note that for pipe links the flow
can take both negative and positive values with respect to the
assigned direction of the link.

hj hk
qi

Fig. 1: Example of the energy balance for a link i (pipe or
valve) between two nodes j and k with pressure heads hj and
hk respectively: hk − hj + ui + fHW (qi) = 0.

The mass-balance equations state that the total flow though a
node j must be equal to zero. In the pressure-driven hydraulic
model, the supplied customer demand depends on the pressure
head, hj , of the node and is modelled here using the formula
proposed by Wagner et al. [23] (see also [24], [7]),

φ(hj) =


0, hj ≤ hm
dj

√
hj−hm
hs−hm , hm < hj ≤ hs

dj , hj > hs

(3)

where hm is the minimum service head, hs the service head,
and dj the customer demand at node j. In our experiments we
set, hm = ej +10 and hs = hm+10, where ej is the elevation at
node j (we chose 20 (m) pressure head for our case study as a
more conservative threshold versus the 15 (m) pressure threshold
defined by Ofwat).

The flow, µk (m3/s), at the k-th fire hydrant, which is located
at node j, is modelled with the orifice equation as

µk = ck
√
hj − ej (4)

where ck
(
m3

s
√
m

)
is the flow discharge coefficient of hydrant

k, and with hj and ej being the head and elevation, respectively,
at the corresponding node.

As shown in the example of Figure 2, the mass-balance for a
junction node j can then be written as,

qin = qout + φ(hj) (5)

or if fire hydrant k is located at node j,

qin = qout + µk (6)

where qin is the total in-going flow at node j and qout is any
out-going flow from node j that goes through another node of
the network.

a) Demand node

hj
qin qout

φ(hj)

b) Fire hydrant

hj
qin qout

µk

Fig. 2: Example of the mass-balance for network node j: a) When
j is a demand node, qin = qout+φ(hj). b) When the k-th hydrant
is located at node j, qin = qout + µk.
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IV. PROBLEM FORMULATION

In this section, we present the formulation for the Optimal Fire
Hydrant problem (OFH) based on the pressure-driven hydraulic
model discussed in Section III.

The problem variables consist of the vector of flows q ∈ Rnp ,
junction heads h ∈ Rnn and the vector of PRV-control variables,
u ∈ Rnp , where we fix ui = 0 if link i is not a PRV. We denote
the vector of fire hydrant flows by µ ∈ Rnµ and by z ∈ Rnµ
the binary vector indicating if a fire hydrant is utilised or not
(zi = 1 if the i-th fire hydrant is utilised, otherwise zi = 0).
Finally, by sd ∈ Rnn , we denote the vector of customer supply
deficit (i.e. demand minus supply). The variables of flows are
considered in units of (m3/s), and the variables of pressure heads
in (mH2O). In addition, we denote the vector of known source
heads by h0 ∈ Rn0 and the (predicted) demand vector by d ∈ Rnn

We also use the following incident matrices in order to form the
mass/energy balance constraints: link-source A0 ∈ {−1, 0}np×n0 ,
link-node A1 ∈ {−1, 0, 1}np×nn , and the link-fire hydrant matrix
Aµ ∈ {0, 1}np×nµ .

As described in Section II, we consider a bi-objective problem.
The first objective is to minimize the sum of distances of the
utilized fire hydrants from the fire node (i.e. fire location):

f1(z) = LT z (7)

where L is the vector of the fire hydrant distances from the
fire node. The second objective is to minimize the total customer
supply deficit:

f2(sd) = 1T sd (8)

The two objectives may or may not be in a trade-off (i.e.
conflicting with each other). The proposed (MINLP) formulation
for the Optimal Fire Hydrants (OFH) problem is as follows,

min (f1(z), f2(sd)) (9)
s.t. A0h0 +A1h+ u+ FHW (q) = 0 (10)

Φ(h) = d− sd (11)

AT1 q = Aµµ+ d− sd (12)
0 ≤ µ ≤ zµ (13)

(z − 1)µ2 ≤ µ2 −ATµDc(h− e) ≤ 0 (14)

1Tµ ≥ dfire (15)

1T z ≤ nzmax (16)
h ≤ hmax (17)
qmin ≤ q ≤ qmax (18)
umin ≤ u ≤ umax (19)
0 ≤ sd ≤ d (20)
z ∈ {0, 1}nµ (21)

Constraints (10) form the energy balance for each link of
the network as described in the previous section by equation
(2). FHW (q) = [fHW (q1) ... fHW (qnp)]T is the vector function
with the Hazen-Williams head-loss formula (1) for each link.
Constraints (11)-(12) describe the pressure-dependent mass bal-
ance, as described in the previous section by equations (5)-(6).
Constraints (13) set the flow of a fire hydrant to zero when the

corresponding z value is zero (i.e. fire hydrant is not utilised)
otherwise allow it to take a value in [0, µ], where the vector µ
defines an upper bound for the flow rate of each fire hydrant. The
exact flow rate through a utilised fire hydrant is determined by
constraints (14). Note that, by µ2 and µ2 we mean the element-
wise squares of vectors µ and µ respectively. When the z value of
a fire hydrant equals one, the corresponding constraint becomes
an equality which is the orifice equation (eq. (4) squared). The
diagonal matrix Dc contains the (squared) values of the discharge
flow coefficients for each hydrant. Constraint (15) requires that the
total fire flow (sum of fire flows from each utilised fire hydrant) is
no less than the target (requested) fire flow dfire. Constraint (16)
sets the bound, nzmax, of the maximum number of fire hydrants
that can be utilised. Finally, variable bounds are set by constraints
(17)-(21). Constraints (17) limit the maximum pressure at each
junction node to reduce the risk of a pipe break. In our case
study, we limited the pressure increase to 10 (m) pressure head
for each node by using hmax(i) = hmax normal(i) + 10, where
hmax normal(i) is the maximum pressure head for node i during
a day of normal operation.

The formulation of OFH defines a bi-objective MINLP prob-
lem. The computational time required to solve this problem
(within a small optimality gap) is beyond the practical needs of
a real-time response for a fire incident as mentioned in Section
II. Therefore, we formulate a relaxed and approximate single-
objective version of the OFH problem. First, the integer values
(variable vector z) are relaxed by allowing them to vary contin-
uously in [0, 1]. Next, because function (3) is non-differentiable,
we use a logistic approximation (see also [22], [25], [26]),

ψ(hi) =
di

1 + eαi−βihi
(22)

where parameters αi and βi were determined by setting di = 1
and fitting ψ(hi) to a number of discrete points taken on all
three parts of φ(hi). An example of the graphs of φ(hi) and its
approximation ψ(hi), is shown in Figure 3.
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Fig. 3: Pressure-dependent demand supply: The solid black curve
depicts the Wagner function (3). The dashed red line depicts a
corresponding logistic approximation by function (22).

Finally, because the second derivative of the Hazen-Williams
head-loss formula (eq. (1)) is unbounded near zero and cannot
be used with the optimizer of our choice, it is replaced by a
(piecewise) quadratic approximation
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fQA(qi) = aiqi|qi|+ biqi (23)

as proposed by [27] (see also [28]). The proposed single-
objective (NLP) formulation for the Optimal Fire Hydrants -
Approximation and Relaxation (OFH-AR) problem is then as
follows,

min wzf1(z) + wdf2(sd) (24)
s.t. A0h0 +A1h+A2u+ FQA(q) = 0 (25)

Ψ(h) = d− sd (26)
constraints (12)− (20) (27)
0 ≤ z ≤ 1 (28)

with wz and wd being scalar weights for each objective (in our
experiments we have also normalised the objectives by dividing
f1 with

∑nµ
i=1 Li and f2 with

∑nn
i=1 di).

V. OPTIMIZATION-BASED HEURISTIC

The location of the fire hydrants to be utilised and the cor-
responding PRV settings are determined with the use of an
optimization-based heuristic where problem OFH-AR is solved
iteratively. The heuristic is described in Algorithm 1.

At each iteration, after a solution of OFH-AR is obtained in
step 3, the heuristic fixes the zi variable with the maximum value
(among those zi that have not been fixed so far) to zi = 1, in
step 16-18. That is, the fire hydrant with the highest zi is fixed
to open/utilised. If the maximum value is attained for more than
one zi, then the one which is closest to the fire node is selected.

If at some iteration, problem OFH-AR is found to be infeasi-
ble, then the bound on the maximum number of allowed utilised
fire hydrants is increased by one, and OFH-AR is re-solved (step
5-7).

In steps 11-15, if an adequate fire flow is achieved with a lower
number of fire hydrants than nzmax, then all non-fixed zi are set
to zi = 0 and OFH-AR is solved in order to adjust the PRV
settings and the resulted solution is accepted.

Finally, in step 20, the location of the fire hydrants and PRV
settings as obtained from the last solution of OFH-AR are used as
inputs in a pressure-driven hydraulic simulation, where the Hazen-
Williams head-loss formula (eq. (1)) and the Wagner function (3)
for the pressure-dependent supply are used.

The proposed optimization-based heuristic does not guarantee
the (global) optimality of the solutions. However, its main goal is
to find hydraulically accurate solutions in real-time to facilitate the
provision of water for firefighting and improve upon the current
standard practise. Nevertheless, in Section VII, we calculate
global optimality bounds to assess the quality of the optimization-
based heuristic solutions for the presented study case.

VI. APPLICATION

In this section, we present the results from the application of
the proposed optimization-based heuristic to an operational water
distribution network. All numerical experiments were conducted
on an Intel(R) Core(TM) CPU i9-9980HK @2.40 GHz, 8 Core,
32GB RAM system. For the solutions of OFH-AR (non-convex

Algorithm 1: Optimization-based heuristic

1 Set Zfixed = {} ;
2 for k = 0, 1, .., nzmax do
3 Solve OFH-AR and obtain solution x∗ ;
4 Set x∗ as the next initial point ;
5 if OFH-AR is infeasible then
6 Set nzmax = nzmax + 1 and go to step 3 ;
7 end
8 if k == nzmax then
9 Terminate (Integer solution with nzmax hydrants

has been found) ;
10 end
11 if

∑
µ∗i for i ∈ Zfixed ≥ dfire then

12 Fix the upper bounds of zi for i 6∈ Zfixed to 0 ;
13 Solve OFH-AR ;
14 Terminate (Integer solution with k hydrants has

been found) ;
15 end
16 Find i max such that

z∗i max = max{z∗i , i ∈ {1, 2, ..., nµ} − Zfixed} ;
17 Fix the lower bound of zi max to 1 ;
18 Include i max in Zfixed ;
19 end
20 Run pressure-driven hydraulic simulation with the

obtained fire hydrant locations and PRV settings ;

NLP) we used the IPOPT solver ([29]) with MATLAB R2020a.
Pressure-driven hydraulic simulations were performed based on
the methodology of previously published work in the literature
(see [30], [3], [22]), where the non-linear system of hydraulic
equations is formulated as a strictly convex program. The IPOPT
solver was also used for the hydraulic simulations.

A. The BWFL network

We apply the proposed optimization-based heuristic on the
BWFL network shown in Figure 4. The BWFL network is an
operational water distribution network within the city of Bristol
(UK) and it has been used as a case study in multiple published
works: [18], [3], [31], [32], [33], [34], [35]. The network is
comprised of 2371 links and 2310 nodes. There are two sources,
three pressure reducing valves (PRVs) and two boundary control
valves (BVs). The control profiles and functions of these five
valves can be remotely modified in real-time as these are equipped
with electronic pilots. Typically, the boundary control valves open
and close according to a pre-determined time schedule, while the
PRVs are set with fixed outlet pressure profiles or flow modulating
profiles.

In the following subsections we apply the proposed
optimization-based heuristic in two different scenarios. For each
scenario we assume a different fire location and varying fire flow
requirements (dfire). We also compare the solutions obtained by
the heuristic against a standard response. In the later case, the
fire and rescue service successively opens an increasing number
of closely located fire hydrants in order to meet the required fire
flow without altering the control settings of PRVs. In addition, for
scenario 1, we show the potential advantage of multi-feed (open
BVs) versus single-feed (closed BVs) District Metered Areas
(DMA) topology for the provision of fire flows. The numbers of
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Fig. 4: The Bristol Water Field Lab (BWFL) network.

TABLE I: Number of variables and constraints for the OFH
formulation for Scenarios 1 and 2.

Scenario
Cont.

variables
Binary

variables
Linear

constraints
Nonlinear
constraints

1 5513 15 2355 3215

2 5510 12 2346 3209

continuous and integer variables along with the numbers of linear
and non-linear constraints for each scenario are given in Table I.
It should be noted that from the number of non-linear constraints
listed in Table I, only the upper bound inequality constraints (14)
are convex, which corresponds to 15 convex non-linear constraints
for Scenario 1, and 12 for Scenario 2.

B. Fire scenario 1

In the first scenario, we assume that a fire takes place at 08:00
at the location described in Figure 5. Furthermore, we consider 15
candidate fire hydrants with different discharge coefficients and
distances from the fire node as shown in Figure 5.

We have applied the proposed optimization-based heuristic for
the fire incident of scenario 1 for increasing values of required fire
flow (dfire = 20, 25, 30, 35 (l/s)). Moreover, for each value of
dfire, we run a weighted-sum iteration by applying the heuristic
for varying values of the objective weights wz, wd such that wz+
wd = 1. The maximum number of utilised fire hydrants was
set to nzmax = 3. The obtained solutions are shown in Figure
6. Solutions that were found to be dominated where removed.
Different options of fire hydrant locations and PRV settings, for
each case of dfire, are identified by the heuristic. A trade-off
between the total fire hydrant distance from the fire node and
supply deficit is also evident from the resulting solutions.

As an example, we highlight two of the extreme solutions
with dfire = 25 (l/s). The first corresponds to the solution with

Fig. 5: Fire scenario 1 - Fire location and candidate fire hydrants.
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Fig. 6: Fire scenario 1 - Weighted-sum solutions for varying
values of the required fire flow dfire.

objective weight wz = 0.9 (and thus wd = 0.1). The details of this
solution are shown in Figure 7. With the emphasis on minimizing
the fire hydrant distance, hydrants 1,2 and 4 are selected with a
total distance of 280 (m). However, this results in a significant
supply deficit of 8.8 (l/s) in the area at the vicinity of the utilised
fire hydrants. The adjusted PRV settings (i.e. the corresponding
u-values) are also plotted in the bar-plot of Figure 7 with red
color. For comparison, the PRV settings obtained by minimizing
AZP (considering a normal operation at 08:00) are also shown.

The second highlighted case corresponds to the solution with
objective weight wz = 0 (and thus wd = 1). Details of this
solution are shown in Figure 8. With the emphasis on minimizing
supply deficit, the heuristic selects fire hydrants 14 and 15. Notice
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Fig. 7: Scenario 1 - Details of solution with dfire = 25 (l/s) and
wz = 0.9.

Fig. 8: Scenario 1 - Details of solution with dfire = 25 (l/s) and
wz = 0.

that in this case, one less fire hydrant than the allowed maximum
nzmax = 3 is utilised, since the resulting fire flow is already
significantly higher than the required level. Furthermore, this
solution offers the advantage of almost no supply deficit (0.02
(l/s)), but with a total fire hydrant distance of 1672 (m) from
the fire node.

In Table II, we compare the proposed optimization-based
heuristic against a standard response. In the later, we assume
that the fire and rescue service utilises successively more fire
hydrants, each time proceeding to the next nearest hydrant among
the remaining candidates. In this case, the fire and rescue service
has no guidance from the water operator and does not take into

TABLE II: Scenario 1 - Fire incident response using a standard
approach. Numbers in parentheses are given for comparison with
two of the solutions obtained by the proposed optimization-based
heuristic.

Utilised fire
hydrants

Total fire
flow (l/s)

Total
distance (m)

Supply
deficit (l/s)

(a) 2 nearest
to fire node 19.5 (22.1) 79 (79) 8.0 (6.9)

(b) 3 nearest
to fire node 22.3 (22.1) 265 (79) 8.8 (6.9)

(c) 4 nearest
to fire node 23.7 (26.7) 466 (280) 9.2 (8.8)

(d) 5 nearest
to fire node 24.3 (26.7) 727 (280) 9.3 (8.8)

consideration the discharge characteristics of fire hydrants (i.e.
the flow coefficients).

At the same time, for the control of the PRVs we assume a fixed
outlet pressure control. This is a standard practise followed by the
water industry, where a PRV is automatically adjusted in order to
maintain a certain fixed outlet pressure. For the results in Table
II, the target outlet pressures were set based on the minimization
of average zonal pressure (AZP) of the network under normal
conditions (no fire) during the specific time step of scenario 1.
As mentioned in the introduction, the minimization of AZP is
used by water utilities as way of reducing background leakage
and pipe bursts.

The results in Table II show that without applying the proposed
optimization approach, the fire and rescue service would not be
able to provide fire flows above 24.3 (l/s) even when utilizing
five (5) hydrants. In comparison, a fire flow of 35 l/s can be
achieved with the use of the proposed method (see Figure 6).
Furthermore, the solutions obtained by the proposed heuristic
are better (or equal) with respect to both objectives of distance
and supply deficit and with higher fire flows. Only in case (b)
the compared fire flow is less by 0.2 l/s, which is insignificant
considering the benefits in fire hydrant distance and customer
supply.

The two remotely controlled boundary valves (BVs) in BWFL
allow the network to alter its topology from single-feed District
Metered Areas (DMAs), when BVs are closed, to multi-feed
DMAs when BVs are opened. The majority of networks in
England have a fixed single-feed DMA topology. The single-feed
DMA topology is applied to identify leakage areas and report
leakage within water distribution networks. However, single-
feed DMAs reduce the redundancy in connectivity and increase
energy head-losses, and consequently, single-feed DMAs reduce
the resilience of water distribution networks.

In Figure 9, we compare the solutions obtained with the
use of the proposed heuristic for scenario 1 between single-
feed DMAs (BVs closed) and multi-feed DMAs (BVs open,
same results with Figure 6). In almost all cases, the multi-feed
DMA solutions dominate the single-feed DMA solutions. Most
importantly, with the multi-feed network topology, the heuristic
locates solutions with considerably lower total distance for the
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Fig. 9: Fire scenario 1 - Single-feed vs Multi-feed DMAs.

Fig. 10: Fire scenario 2 - Fire location and candidate fire hydrants.

utilised fire hydrants. These solutions were infeasible with the
single-feed network topology (IPOPT could not locate a feasible
solution with the corresponding fire hydrant selections).

C. Fire scenario 2

We apply the proposed optimization-based heuristic to a second
scenario for further testing. In this case, a fire takes place at 09:00
hrs (peak customer demand) at the location shown in Figure 10
with 12 candidate fire hydrants under consideration.

For this scenario, we have applied the proposed heuristic with
required fire flow values: dfire = 40, 45, 50 (l/s). As with the
previous scenario, for each value of dfire, we perform a round
of weighted-sum iterations. The maximum number of utilised fire
hydrants was again set to nzmax = 3. The obtained solutions are
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Fig. 11: Fire scenario 2 - Weighted-sum solutions for varying
values of the required fire flow dfire.

shown in Figure 11. Solutions that were found to be dominated
where removed. Once more, a trade-off between the total fire
hydrant distance from the fire node and supply deficit is exhibited
in the obtained solutions.

In Figure 11, it can be observed that for dfire = 40 (l/s) and
45 (l/s), the solutions with a slightly larger total distance (by
15 (m) and 53 (m) respectively) have significantly lower supply
deficit when compared to the solutions with smallest total distance
for the utilized fire hydrants (as found by the heuristic). In both
cases, this is because of the use of fire hydrant 5, which is located
on a trunk main, instead of using hydrant 4. In such cases, the
small and almost negligible extra distance might be acceptable
and preferred since it results in significantly lower impact on
customer supply.

Next, we highlight two of the solutions with dfire = 50 (l/s).
The first corresponds to the solution with objective weight wz =
0.95. Details of this solution are shown in Figure 12. In this
case, the heuristic selects fire hydrants 1, 2, 4, and 5. Notice that
one extra fire hydrant, given the initial choice of nzmax = 3, has
been selected (steps 5-7 of Algorithm 1). The total distance of the
fire hydrants from the fire node is 567 (m), and their utilization
in combination with the corresponding PRV settings resulted in a
supply deficit of 4.8 (l/s). Significant impact on customer supply
is observed in the area downstream of fire hydrant 4.

In the second case, we have dfire = 50 (l/s) and wz = 0.35
(and thus wd = 0.65). With an emphasis on minimizing supply
deficit, the heuristic selects fire hydrants 2, 5, 9 and the corre-
sponding PRV settings are shown in Figure 13. Compared to the
previous case (see Figure 12), this solution offers ≈ 63% less
supply deficit with a significantly lower impact on the customer
supply in the area downstream of fire hydrant 4. This comes at
the cost of 188 (m) of additional fire hydrant distance.

In Table III, similar to scenario 1, we show the results obtained
using the standard approach as described for the results of Table
II. For comparison, the numbers in the parentheses correspond
to selected solutions obtained by the optimization-based heuristic
(Figure 11).
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Fig. 12: Scenario 2 - Details of solution with dfire = 50 (l/s)
and wz = 0.95.

Fig. 13: Scenario 2 - Details of solution with dfire = 50 (l/s)
and wz = 0.35.

From case (c) in Table III, we conclude that with the standard
approach even after the utilization of five (5) hydrants, the
obtained fire flow is still below 50 l/s. At the same time, the
proposed optimization-based method achieves 52.5 l/s with 143
m less distance and with 2.8 l/s lower supply deficit. An overall
better solution is also obtained by the heuristic in case (b). Only
in case (a), the compared heuristic solution has a larger total fire
hydrant distance, by 36 m; however, the solution results in a
larger fire flow and very low supply deficit.

TABLE III: Scenario 2 - Fire incident response using a standard
approach. Numbers in parentheses are given for comparison with
three of the solutions obtained by the proposed optimization-
based heuristic.

Utilised fire
hydrants

Total fire
flow (l/s)

Total
distance (m)

Supply
deficit (l/s)

(a) 3 nearest
to fire node 37.7 (40.7) 319 (355) 2.9 (0.2)

(b) 4 nearest
to fire node 42.5 (44.5) 480 (340) 5.2 (3.4)

(c) 5 nearest
to fire node 49.3 (52.5) 710 (567) 6.9 (4.8)

VII. GLOBAL OPTIMALITY BOUNDS

In this section, we provide global optimality bounds through
the calculation of supersets of the Pareto fronts for the OFH
problem for scenario 1.

In order to analytically compute linear relaxations of the
energy balance constraint (constraint (10)), we make use of the
(piecewise) quadratic approximation (eq. (23)) to the Hazen-
Williams head-loss formula (eq. (1)). Thus, for the rest of this
section, we assume the use of the quadratic approximation (i.e.
constraint (25) in place of constraint (10)) when we refer to the
OFH problem.

First, we consider linear relaxations of the non-linear terms,
fQA(qi), φ(hj), and µ2

k which appear in constraints (25), (11)
and (14) respectively. Graphical examples are shown in Figure
14. Based on these relaxations, we then formulate linear inequal-
ities, which serve as relaxations of the corresponding non-linear
constraints.

The relaxation for the quadratic approximation of the Hazen-
Williams head-loss function, in Figure 14a, is similar to the
relaxation first presented in [36]. The relaxation for µ2, as shown
in Figure 14c uses a chord and tangent lines for any range of
µ. However, for fQA(qi) and φ(hj), depending on the range of
qi and hi respectively, the relaxations might need to be adjusted
compared to the cases shown in Figures 14a and 14b. For example
in 14b, if hm < hmin < hs, tangent lines to the middle part of
φ(hj), φ(hj) = d

√
hj−hs
hs−hm , are used for the upper bounding. We

do not present every possible case for compactness.
The linear relaxations are used in the formulation of a MIP

for optimization-based bound-tightening (see [37], [33]). We will
refer to this MIP formulation as OFH-BT. The formulation of
OFH-BT is as follows:

min ± qi,±hj ,±µk (29)
s.t. Lenergy(x) ≤ 0 (30)

Lpdd(x) ≤ 0 (31)
Lff (x) ≤ 0 (32)
constraints (12), (13), (15)− (20) (33)
z ∈ {0, 1}nµ (34)

where constraints (30)-(32) define linear relaxations of the
non-linear constraints of OFH with x being the variable vector,
xT = [qT , hT , uT , µT , zT , sTd ]. Problem OFH-BT is solved for
each flow variable, each head variable that corresponds to a
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customer node, and each fire flow variable. For each variable two
problems are solved, one for minimizing and one for maximizing
the corresponding variable value. This is performed in sequence
for each variable and as soon as new variable bound has been cal-
culated it is updated (thus possibly leading to further tightening of
some of the relaxed constraints) prior to the next call of problem
OFH-BT. Once a round through all variables has been completed,
another round can take place for further tightening of the bounds.
In our results we have performed two rounds of bound-tightening
for each case of required fire flow, dfire = 20, 25, 30, 35 (l/s),
of scenario 1.

Next, the tightened variable bounds and the relaxed constraints
are used along with the method of ε-constraints ([38]), as well as
the solutions obtained with the heuristic, for the calculation of a
superset of the Pareto front of OFH. The use of the ε-constraints
method for the calculation of supersets of Pareto fronts for bi-
objective MINLPs has been previously presented by Ulusoy et al.
[39]. In our case, this is achieved by formulating and solving the
MIP,

min LT z (35)

s.t. 1T sd ≤ 1T s∗d2 + ε(1T s∗d1 − 1T s∗d2) (36)
Lenergy(x) ≤ 0 (37)
Lpdd(x) ≤ 0 (38)
Lff (x) ≤ 0 (39)
constraints (12), (13), (15)− (20) (40)
z ∈ {0, 1}nµ (41)

for a number of increasing values of ε ∈ (0, 1). We will
refer to this problem as OFH-LR-ε. Notice that, in this single-
objective formulation, the objective is the minimization of total
fire hydrant distance f1(z) = LT z, while the total customer
supply deficit, f2(sd) = 1T sd, is bounded by constraint (36). The

supply deficit vectors s∗d1 and s∗d2 correspond to solutions of the
single-objective problem with constraints (37)-(41) and objectives
f1 and f2 respectively. Next we make the following remarks:

Remark 1: Observe that for a solution x∗ε of OFH-LR-ε,
corresponding to some value of ε ∈ (0, 1), the area of the
objective space,

Sε = {(f1, f2) : f1 < f1(z∗ε ) and

f2 ≤ 1T s∗d2 + ε(1T s∗d1 − 1T s∗d2)}
(42)

cannot contain any Pareto-optimal points of OFH, since other-
wise, for the same value of ε, there would be a feasible solution
x∗ ∈ Sε of OFH-LR-ε with LT z∗ < LT z∗ε (a feasible solution
x∗ ∈ Sε for OFH is also feasible for OFH-LR-ε).

Remark 2: For any feasible solution x∗ of OFH, the area in
the objective space with f1 > f1(z∗) and f2 > f2(s∗d) cannot
contain any Pareto-optimal points of OFH, since any such point
would be dominated by (f1(z∗), f2(s∗d)).

Remark 3: Finally, consider the objective values f∗1 and f∗2 ,
obtained by solving the relaxed MIP with constraints (37)-(41)
and objectives f1 and f2 respectively. In other words, f∗1 and f∗2
are respectively the f1 and f2 component of two anchor points
in the objective space (f1, f2). Then, no Pareto-optimal point of
OFH can exist with f1 < f∗1 or with f2 < f∗2 .

Based on Remarks 1-3, we can use the solutions of OFH-LR-
ε, the solutions obtained with the heuristic, and the solutions of
two anchor points in order to exclude areas of the objective space
and thus define a superset of the Pareto front of OFH.

The MIPs OFH-BT and OFH-LR-ε were solved to global
optimality with the use of GUROBI optimizer [40]. The average
CPU-time for two rounds of bound-tightening, over the four cases
of required fire flows for scenario 1, was 8.7 hours.

The obtained results are shown in Figure 15. Note that the
optimization-based heuristic solutions shown in Figure 15 with
the triangle markers were obtained with the use of the quadratic
approximation head-loss formula (instead of the Hazen-Williams)
for the simulation step 20, in Algorithm 1. Furthermore, all
described heuristic solutions utilize ≤ 3 fire hydrants and after
simulation they still satisfy the corresponding total fire flow
constraint. Thus, the heuristic solutions plotted in Figure 15 are
feasible solutions of OFH and define a valid upper bound of the
Pareto front.

From the results shown in Figure 15, we can conclude the
following guarantees for some of the heuristic solutions, denoted
by the red triangles in Figure 15: 1) Solutions a2, b3 and c2
are Pareto-optimal with respect to fire hydrant distance and near-
optimal with respect to supply deficit. 2) Solution a1 is Pareto-
optimal with respect to fire hydrant distance. 3) Solutions b2,
c1 and d1 are near-optimal with respect to fire hydrant distance.
4) In Figure 15b, the selection of fire hydrants corresponding
to the solutions of OFH-LR-ε with the three lowest fire hydrant
distances are found to be infeasible for problem OFH-AR (IPOPT
fails to find a feasible solution). For case b), it easy to check that
the solution with the smallest fire hydrant distance that is feasible
for OFH-AR is only 15(m) shorter than solution b1. Therefore,
we can conclude that solution b1 is also near-optimal with respect
to fire hydrant distance.

By “Pareto-optimal with respect to” an objective, we mean
that no solution of the (discrete) Pareto front of OFH exists
with lower value for the specific objective. Similarly, by “near-
optimal with respect to” an objective, we mean that, in the worst
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Fig. 15: Supersets (white areas) of the Pareto fronts of OFH
for scenario 1. Triangles denote solutions obtained with the
optimization-based heuristic. Circles denote solutions of OFH-
LR-ε.

case, any solution of the Pareto front of OFH that dominates the
heuristic solution has a corresponding objective value that is not
significantly lower than that of the heuristic solution.

Finally, we note that the use of the optimization-based bound-
tightening scheme was motivated based on the results of previ-
ously published work by the authors ([33]), where such a scheme
out-performed solvers such us BARON (v19.3.24) when applied
for the minimization of average zonal pressure (AZP) using the
same WDN with minor modifications. The minimization of AZP
was a much simpler problem than the one considered here, yet
solvers such as BARON failed to close the optimality gap after
hours of CPU-time. Moreover, the fact that tailored methods for
optimization in WDNs can perform better than general-purpose
solvers has also been reported in [36], [41]. This highlights the
fact that it is not trivial to solve the problem under consideration
with global optimality guarantees (i.e. to an adequately small
optimality gap), which could require hours of CPU-time and thus
such an approach would be impractical for a real-time response
aimed to facilitate the provision of water for firefighting.

VIII. DISCUSSION AND CONCLUSIONS

With the application of the proposed optimization-based heuris-
tic to a case study operational water distribution network, we have
demonstrated the following: First, as shown by Figures 6 and 11,
the heuristic allows for the real-time identification of a range of
“viable” solutions in order to facilitate the provision of water for
firefighting during a fire incident. Based on such solutions, the
fire and rescue service could closely liaise with the water utility
to derive an informed decision on their action plan and improve
on current practices as indicated by the results from Tables II and
III.

Second, a real-time application requires computational times
as low as possible, since the action plan of the fire and rescue

service is dependent on the determination of the utilized fire
hydrant locations. Therefore, approaches such as attempting to
solve the (MINLP) OFH formulation (within sufficient optimality
guarantees) or running exhaustive search simulations with com-
binations of fire hydrants and (discretized) PRV settings are most
probably impractical for obtaining real-time solutions during a
fire incident. In contrast, the average time for each run of the
proposed optimization-based heuristic was ≈ 5 seconds. This
makes the proposed heuristic practical for real-time applications
with the option for multiple solutions to be assessed by the fire
and rescue service and the water network operator. For example,
multiple runs of the heuristic with varying objective weights (and
varying dfire) could be executed fast (and in parallel if needed)
in order to identify a range of options and possible trade-offs as
indicated by the results in Figures 6 and 11.

The optimization-based heuristic does not guarantee the global
optimality of a calculated solution. In addition, its use within a
weighted-sum loop does not guarantee that some solutions would
not be omitted even with increased objective weights resolution.
Nevertheless, the results in Figure 15 suggest that, at least for
the cases of scenario 1, the heuristic can locate solutions of good
quality. In three out of four cases it has found a selection of
fire hydrants with optimal or near-optimal (less than 20 (m)
difference) fire hydrants distance.

Third, and most importantly, the results (Tables II, III and
Figure 9) represent the benefits of dynamically adaptive water
distribution networks to accommodate the competing objective for
pressure management in water distribution networks. The ability
to dynamically change connectivity and hydraulic conditions
allow water utilities to deliver higher fire flows with lower impact
on customer supply during fire incidents, while reducing pressure
during periods of normal operation. The presented research also
highlights the need for a “stronger” legal/regulatory framework
(in England and Wales) regarding the responsibilities of water
utilities for the provision of water flow rates for firefighting.

The objective to minimize the total distance of fire hydrants
considers the sum of each utilized hydrant from the fire node
separately. Although for utilized hydrants that are located in
a sequence, the sum of their in-between distance might be a
more accurate representation of total distance, this would be
rather cumbersome to implement in the problem formulation.
Furthermore, the proposed problem formulation does not take
into account energy head-losses associated with the distance of
a utilized fire hydrant from the fire node. We assume that the
fire service would deploy pumps in order to boost pressure when
and if needed. We should also note that, even though for the
purposes of our study and the network model used, the logistic
approximation to the Wagner formula was adequately accurate,
better approximations are possible if needed, such as the 1-side
and 2-side regularized Wagner formulas ([22], [25]).

Finally, the proposed problem formulations and heuristic are
general and can be applied to any network. The only require-
ments are the existence of a (calibrated) hydraulic model of the
network with data of fire hydrant locations and the corresponding
discharge flow coefficients. The coefficients should be experi-
mentally derived and periodically validated by taking flow and
pressure measurements from fire hydrants and then calculate the
coefficients based on formula (4). The inclusion of the control of
any pumps, that may be present in the WDN, into the formulation
of problems OFH and OFH-AR can be considered as future
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work.
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