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Abstract. We study refinement in the setting of local reasoning. In
particular, we explore general translations that preserve and that break
locality.

1 Introduction

Program refinement is the verifiable transformation of an abstract (high-level)
formal specification into a concrete (low-level) executable program. We study
program refinement in the setting of local reasoning.

The principle of local reasoning is that if we know how local computation
behaves on some state then we can infer its behavior if the state is extended:
it simply leaves the additional state unchanged. On this principle, O’Hearn and
Reynolds founded separation logic [10], which achieved remarkable success at
local reasoning about C-style heap update in a Hoare logic framework. Gen-
eralising separation logic techniques to more abstract state models, Calcagno,
Gardner and Zarfaty developed context logic [1], which has been successfully
applied to reasoning about the W3C DOM tree update library [7].

Previously, where context logic has been applied to reasoning about programs
that manipulate abstract state such as trees, sequences and terms, the reasoning
has been justified using that same abstract state, by proving soundness with
respect to an operational semantics. In this paper, we instead look at justifying
such reasoning in terms of implementations of the abstract state. This is an
instance of the classic problem of data refinement [9, 3], but with the added
twist that our emphasis is on local reasoning.

In this paper, our motivating example is the stepwise refinement of a module
that provides local commands for manipulating a tree structure, as illustrated
in Fig. 1. We show how this tree module T may be implemented using the
familiar separation logic heap module H and an abstract list module .. We then
show how this list module I can be implemented in terms of the heap H. Our
development provides two general techniques for verifying local modules with
respect to their implementations, which we term locality-preserving and locality-
breaking translations.

With the first technique, locality at the abstract level is, broadly speaking,
implemented by locality at the lower level. However, typically implementations
operate on a larger state than the abstract footprint, for instance, by performing
pointer surgery on the surrounding state. We introduce the notion of crust to
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Fig. 1. Translations presented in this paper

capture this additional state. This crust intrudes on the context, and so breaks
the disjointness that exists at the high level. We then relate the high-level locality
with low-level locality through a fiction of disjointness.

With the second technique, locality at the abstract level is not preserved by
the translation. Although it is possible to think about such a translation using a
(large) crust, we instead prove soundness using a locality-breaking translation.
We establish a fiction of locality at the high-level, by demonstrating that the
translation preserves the axioms in any high-level context.

While we attempt to give the intuition behind our techniques, we omit the
full proofs of our results, which may be found in the full version of this paper [5].

Related Work There as been much work on abstraction and information hiding
in separation logic. In particular, the work of Parkinson and Bierman on abstract
predicates [11] addresses the problem of abstraction in a separation logic setting.
An abstract predicate is, to the client, an opaque object that encapsulates the
unknown representation of an abstract datatype. In their approach, abstract
predicates inherit some of the benefits of locality from separation logic: an oper-
ation on one abstract predicate leaves others alone. However, it does not permit
local reasoning within the structure represented by the abstract predicate, which
this paper addresses. Filipovi¢ et al. have also considered data refinement with
separation logic [6] showing how to handle aliasing issues in the refinement set-
ting. Their work has a similar theme to ours, choosing only to verify client
programs that use module commands correctly with regards to the specification
provided by the module. We differ in that we choose to focus on translations
between different levels of abstraction.

2 Preliminaries

2.1 State Models

We work with multiple data structures at multiple levels of abstraction. To
handle these structures in a uniform way, we model our program states using
context algebras. We will see that many standard state models fit this pattern.

Definition 1 (Context Algebra). A context algebra A = (C,D,e,0,1,0) con-
prises:

— a non-empty set of abstract states, D;
— a non-empty set of state contexts, C;
— a partially-defined associative context composition function,  : C x C — C;
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a partially-defined context application function, o:C x D — D, with

c10(caod) = (c1®c2)od (undefined terms are considered equal);

a distinguished set of identity contexts, I C C; and
a distinguished set of empty states, 0 C D;

having the following properties: for allc € C, d € D, and i €1

— i0d 1is defined for some i € I, and whenever i’ od is defined, i’ o d = d;

the relation {(c,d)|30 € 0.co o0 = d} is a total surjective function;

— i ecis defined for some i € I, and whenever i’ e ¢ is defined, i’ ® c = c;
— cei is defined for some i € I, and whenever c e i’ is defined, cei = c.

Ezxample 1. The following are examples of context algebras:

(a)

Heaps h € H are defined as:
h:=emp|a—uv|hxh

where a € Nt ranges over unique heap addresses, v € Val ranges over val-
ues, and x is associative and commutative with identity emp. (Heaps are
thus finite partial functions from addresses to values.) Heaps form the heap
context algebra, H = (H, H, %, %, {emp}, {emp}). All separation algebras [2]
can be viewed as context algebras in this way.

Variable stores o € X are defined as:

ocu=emp|z=v|o*x0o

where z € Var ranges over unique program variables, v € Val ranges over val-
ues, and * is associative and commutative with identity emp. Variable stores
form the variable store context algebra, V = (X, X, x,, {emp}, {emp}).
Trees t € T and tree contexts ¢ € C are defined as follows:

tu=0g | nft] |t
ci=—|n[d|t@c|cat

where n € N ranges over unique node identifiers, and ® is associative with
identity @. The context composition and application are standard (substi-
tuting a tree or context in the hole). Trees and tree contexts form the Tree
context algebra, T = (C, T,e,0,{—},{@}).

Given context algebras, A; and As, their product A; x Az (defined in the
natural fashion) is also a context algebra. For example, H x V and 7 x V
describe states consisting of trees or heaps, and variables stores.

2.2 Predicates

Predicates are either sets of abstract states (denoted p, g) or sets of state contexts
(denoted f,g). We do not fix a particular assertion language, although we do
use standard logical notation for conjunction, disjunction, negation and quan-
tification. We lift operations on states and contexts to predicates: for instance,
x +— v denotes the predicate {z — v}; Jv.x — v denotes {z — v | v € Val};
the separating application f op denotes {cod | c € f Ad € p}; and so on. We
also use the notation [ to denote iterated x. We use set-theoretic notation for
predicate membership and containment.
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2.3 Language Syntax

Definition 2 (Programming Language). Given a set of basic commands
w € D, the language Lg is defined by the following grammar:

C:=skip|¢|z:=E|C;C|if B then C else C|while B do C|
procs ri,...,7m, :=f1(z1,..., 25, ){C} -+ in C|
call r1,...,7m, := £(E1,...,Ep,. )| local z in C

where z,r,... € Var range over program variables, E,Eq,... € Expy, range
over value expressions, B € Exppy,, ranges over boolean expressions, and £,£1, . ..
PName range over procedure names.

2.4 Axiomatic Semantics

We give the semantics of the language L4 as a program logic based on local
Hoare reasoning. The state model, A x V), combines two context algebras: the
variable store context algebra, V', used to interpret program variables; and the
context algebra, A, manipulated only by the commands of . A set of axioms
AX CP(Dyx X) x P x P(Dy x X) provides the semantics for the commands
of @, where D4 is the set of abstract states from A and Y is the set of variable
stores from V.

The judgements of our proof system have the form I' - {p} C {q}, where
p,q € P(D4 x X) are predicates, C € Lg is a program and I is a procedure
specification environment. A procedure specification environment associates pro-
cedure names with pairs of pre- and postconditions (parameterised by the ar-
gument and return values of the procedure respectively). The interpretation of
judgements is that, in the presence of procedures satisfying I", when executed
from a state satisfying p, the program C will either diverge or terminate in a
state satisfying q.

The proof rules of the program logic are given in Fig. 2. The semantics of
value expressions [E], is the value of E in variable store . The variable store
p denotes an arbitrary variable store that evaluates all of the program variables
that are read but not written in each command under consideration. We write
vars(p) and vars(E) to denote the variables in p and E respectively.

The FRAME rule is the natural frame rule for context algebras. The rules
AssaN, LocaL, PDEF and PCALL are standard, written in a slightly non-
standard way since we are working with context algebras together with the
variable store context algebra. Since we are treating variables as resource, the
AsSSGN rule not only requires the resource £ = v, but also the resource p contain-
ing the other variables used in E. For the LOCAL rule, recall that the predicate
p specifies a set of pairs consisting of resource from D4 and variable resource.
The predicate (I4 x £ = —) o p therefore specifies that the resource from D 4
stays the same and, since (I4 x £ = —) o p # (), that the variable store has
been increased by ¢ = —. For the PDEF and PCALL rules, the procedures f
have parametrized predicates P = MA@ .p as the precondition and Q = A7 .q as



Locality Refinement 5

I'+{p} C {q} (p, p,q) € AX
FRAME ————— AXIoM

I'E{fop} C{foq} I'E{p} ¢ {4}
vars(p) = vars(E) — {z}
FE{oax(z=vxp)} z:=E {04 %X (2 = [E](cousp) *p)}

ASSGN

F'F{Iaxz=-)op} C {Iaxz=-)oq} Taxz=—-)op#D
I't+ {p} local z in C {q}

LocAL

{IV.PV) x (z; = 0 =7 = —)}
Ci I',I'+={p} C {g}
{(3W.Q(W) x (7 = — 7 = W)}

7
I'" = {p} procs 71 :=£1(z21){C1},..., 7% := £1(z£){Cx} in C {q}

Vi :P—-Q)el. . I'', T+

s

vars(p) = vars(E) — {7} —_
{PUENsw.0) x (F = T xp)}
IE:P—-Q)F call 7::f(?)

Fig. 2. Some Local Hoare Logic rules for Lg.

the postcondition, with P(7') = p[v /7] and Q(W) = q[w/7]. We omit the
CoNs, DisJ, SKiP, SEQ, IF and WHILE rules which are standard. For all of our
examples, the conjunction rule is admissible; in general, this is not the case.

3 Abstract Modules

The language given in §2 and its semantics are parameterised by a context
algebra, a set of commands and a set of axioms. Together, these parameters
constitute an abstract description of a module.

Definition 3 (Abstract Module). An abstract module A = (Ap, Py, AXa)
consists of a context algebra Ap with abstract state set Dy, a set of commands

@) and a set of axioms AXy C P(Dy X X) x §p x P(Dy x X).

Notation. We write L, for the language Lg,. We write 5 for the proof judge-
ment determined by the abstract module. When A can be inferred from context,
we may simply write - instead of k4.

3.1 Heap Module

The first and most familiar abstract module we consider is the abstract heap
module, H = (H, Py, AXy), which extends the core language with standard
heap-update commands. The context algebra H was defined in Example 1. We
give the heap update commands in Definition 4, and the axioms for describing
the behavior of these commands in Definition 5.

PDEF
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Definition 4 (Heap Update Commands). The set of heap update commands
@y comprises: allocation, n = alloc(E); disposal, dispose(E, E'); mutation,
[E] := E’; and lookup n := [E].

Definition 5 (Heap Axioms). The set of heap axioms AXy comprises:
dr.x— — % ...

{empx " —,v*p} n :=alloc(E) * T+ [E] prn—so — —
ANElpinmo 21 Xn=T*p

{ Hf[][]g‘ﬂj_;[[;/.]'].p s x p} dispose(E,E’) {emp x p}
{[E)y——xp}  [El=E  {[E],~ [E'], % p}
([Elpsno = wxn S vep) =[] {Elpumo o 20 =2 0p)

3.2 Tree Module

Another familiar abstract module that we consider is the abstract tree module,
T = (7, Pt, AXT), which extends the core language with tree update commands
acting on a single tree, similar to a document in DOM. The tree context al-
gebra 7 was defined in Example 1. We give the the tree update commands in
Definition 6 and their corresponding axioms in Definition 7.

Definition 6 (Tree Update Commands). The set of tree update commands
@1 comprises: relative traversal, getUp, getLeft, getRight, getFirst, getLast;
node creation, newNodeAfter; and subtree deletion deleteTree.

Definition 7 (Tree Axioms). The set of tree update azioms AXy includes:

(IELanlOm) ot s) { 1Elraonlt 2]

XN =n*p Xn=mx*p

{rmiv@ Elenanltl Ly _ gormsgue(e) { 0O [Elranl®])

Xn=n*p xn = null xp

{1Elanlt O erraars) { Fleammitomil])

Xn=n*p Xn=mx*p

{ [E] pin—nl2] } n = getLast(E) { [E] pensn[2] }

Xn=n%p xn = null xp
{[E],[t] x p} newNodeAfter(E) {Im.[E],[t] ® m[@] x p}
{[E],[t] x p} deleteTree(E) {@ x p}

The omitted axioms are analogous to those given above.

3.3 List Module

We will study an implementation of the tree module using lists of unique ad-
dresses. We therefore define an abstract module for manipulating lists whose
elements are unique, L = (£, P, AXy). The list context algebra £ is given in
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Definition 10. The list update commands are given in Definition 11 and their
corresponding axioms are given in Definition 12.

Superficially, our abstract list stores resemble heaps, in the sense that we
have multiple lists each with unique addresses. For example, the list store (i &
v1 + vg + v3) % (j B w1 + v1) consists of two separate lists, at different addresses
1 and j. We however treat the individual lists abstractly. For example, the same
list store can be written (i = vy +—+wv3)o (i B> va*j B wy +v1) where, this time,
list context i = v1 + — + v3 is separate from the two lists ¢ = vy * j 2wy + vy.

We sometimes need to represent completed lists: that is, lists that cannot
be extended. For example, the command getHead requires a complete list to be
able to determine accurately the first element in the list. This is indicated by
surrounding the list in square brackets, as in j & [w; + v1]. Completed lists may
be separated into a context and sublist, as in j = [w; + —] o j & vy, but not
extended: j B wy + — o j B [v1] is undefined.

Definition 8 (List Stores and Contexts). Lists [ € L, list contexts lc € Lc,
list stores Is € Ls, and list store contexts lsc € LSC are defined by:

lu=celov|l+1 Isu=emp|i=l]i=[l]|ls*ls
lez=—|le+l]|l+lc Isc:=ls|i=lc|ie(lc] | lsc*lsc
where v € Val ranges over values, which are taken to occur uniquely in each list
or list context, © € LADDR ranges over list addresses, which are taken to occur

uniquely in each list store or list store context, + is taken to be associative with
identity €, and * is taken to be associative and commutative with identity emp.

Definition 9 (Application and Composition). The application of list store
contexts to list stores o : Lsc x Ls — LS s defined inductivelyby:

empols=Is

(Iscxiel)ols = (Iscols) xi =1

(Iscxi=[l]) ols = (Iscols) i =l
(Iscximlc)o(Isxikrl) = (Iscols)*iE=lcy, |
(Iscxi[ic]) o (Is i =1) = (Iscols) xi = [leg_q]

where lcyy_) denotes the stand replacement of the hole in lc by l. The result of
the application is undefined, when either the right-hand side is badly formed or
no case applies. The composition e : LsC x Lsc — Lsc is defined similarly.

Definition 10 (List-Store Context Algebra). The list-store context alge-
bra, £ = (Lsc, Ls, e, 0, {emp}, {emp}) is given by the above definitions.

Definition 11 (List Update Commands). The set of list commands Py, com-
prises: lookup, getHead, getTail, getNext, getPrev; stack-style access, pop,
push; value removal and insertion, remove, insert; and construction and de-
struction, newList, deleteList.
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Definition 12 (List Axioms). The set of list azioms AXy, includes the follow-
ing small axioms: (the omitted axioms are analogous)

N } v := E.getHead()
XV =v*p XV =0 *p

{HE]],)*HU @[s]} v = EgetHead() }[E]]Mw = e] }
"

{[{Eﬂm%v [0 + 1] [E]promso = [0 +11}

XU =V*p X v = null xp

{ [[E]]p*'u=‘r'u 3:>[[Elﬂp*v=‘rv +u

N } v := E.getNext(E [Elpev=v B [E ] prv=0 + u}
XU =V p

X’U*/U*p

[[E]]p*v%v [l + [[Elﬂp*v%v] ._ I [[E]]p*vﬁv [l + HE/]]p*v%v]
{X'ufzv;:; }'u.—E.getNext(E){Xlufan*p }
{[El, =[] xpn([E], 1)} Epush(E’)  {[E], =[[E], +1] x p}
{[E], = [E], x p}  Eremove(E') {[E], =e x p}
(Il TN U0 pansers(s',6”) (18], {1+ 187, + [5"], + ] x )
{dxi=1i} 4:=newlList() {3Jj.jE=[e]xi=j}
{[E], =[] x p} EdeleteList() {0 x p}

3.4 Combining Abstract Modules

We wish to combine abstract modules in a natural way, that enables programs
to be written that intermix commands from different modules.

Definition 13 (Abstract Module Combination). Given abstract modules
Ay = (Ap,, Py, AXy,) and Ag = (Ap,, Pa,, AXy,), their combination Ay +Ay =
(AA1 X AA27¢A1 @ ¢A27AXA1 + AXAz) is deﬁned by

— Ap, X Aa, is the product of context algebras;

— Dy, DDy, = (Do, x {1}) U (P, x {2}) is the disjoint union of command
sets;

— AXy, +AXy, is the lifting of the axiom set AXy, (and AXy, ) to AXy, +AXa,
using the empty states from AXy, (and AXy, ): formally, AXy, + AXa, =

{(m1p, (0, 1), m1q) | (P, 0, q) € AXa, } U {(m2p, (¢,2),m29) | (P, 0, q) € AXa, },
st. mp ={(d,0,0) | (d,0) € p, 0 € 02}, map = {(0,d,0) | (d,0) € p, 0 € 01}.

When the command sets @5, and @, are disjoint we may drop the tags
when referring to the commands in the combined abstract module. When we do
use the tags, we indicate them with an appropriately placed subscript.

An example of module combination is H+ 1L, which we use in §5.1 as the basis
for implementing T. The combination comprises both the commands for manip-
ulating lists and for manipulating heaps, and their semantics are not allowed to
interfere with each other.
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4 Module Translations

We define what it means to correctly implement one module in terms of another,
using translations which are reminiscent of downward simulations in [8].

Definition 14 (Sound Module Translation). 4 module translation A — B
from abstract module A to abstract module B consists of

— a state translation function [—] : Dy — P(Dg), and
— a substitutive implementation function [—] : Lo — Lp obtained by substi-
tuting each basic command of @, with a call to a procedure written in Lp.

A module translation is sound if, for all p,q € P(Dy X X) and C € Ly,

Fa{pt C{at = s {lpl} [C] {[d]}-

where the predicate translation [—] : P(Da x X) — P(Dg x X) is the natural
lifting of the state translation given by [p] = V(d,U)Ep[d]] X 0.

We will see that sometimes the module structure is preserved by the transla-
tions and sometimes it is not; also, sometimes the proof structure is preserved,
sometimes not. Notice that, since we are only considering partial correctness, it
is always acceptable for the implementation to diverge. In order to make termi-
nation guarantees, we could work with total correctness; our decision not to is
for simplicity and based on prevailing trends in separation logic and context logic
literature [10, 2, 1]. It is possible for our predicate translation to lose information.
For instance, if all predicates were unsatisfiable under translation, it would be
possible to implement every abstract command with skip; such an implementa-
tion is useless. It may be desirable to consider some injectivity condition which
distinguishes states and predicates of interest. Our results do not rely on this.

Modularity. A translation A; — Ay can be lifted naturally to a translation
A1+B — As+B. We would hope that this translation would be sound, but this is
not necessarily the case. Here, we consider general techniques for defining trans-
lations that inductively transform proofs from module A; to proofs in module
As. These translations will be modular: the lifting gives a sound translation.

5 Locality-preserving Translations

Sometimes there is a close correspondence between locality in an abstract module
and locality in its implementation. Consider Fig. 3 which depicts a simple tree
(a), and representations of it in the heap module H (b), and in the combined
heap and list module H+1L (c¢). In (b), a node is represented by a memory block
of four fields, recording the addresses of the left sibling, parent, right sibling and
first child. In (c), a node is represented by a list of the child nodes and a block of
two fields, recording the address of the parent and the child list. Just as the tree
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Fig. 3. An abstract tree from T (a), and its representations in H (b) and H x Ls (c).

in (a) can be decomposed (as shown by the dashed lined), its representations can
also be decomposed: the representations preserve context application. However,
we must account for the pointers in the representations which cross the boundary
between context and subtree. This means that the representation of a tree must
be parameterised by an interface to the surrounding context. Similarly, contexts
are parameterised by interfaces both to the inner subtree and outer context. We
split the interface I into two components: the reference the surrounding context
makes in to the subtree (the in part), and the reference the subtree makes out
to the surrounding context (the out part).

Consider deleting the subtree indicated by the dashed lines in the figure. In
the abstract tree, this deletion only operates on the subtree: the axiom for dele-
tion has just the subtree as its precondition. In the implementations, however,
the deletion also operates on the representation of the surrounding context: in
(b), this is the parent node and right sibling; in (c), the parent node and child
list. We therefore introduce the idea of a crust predicate, Mm%, that comprises the
minimal additional state required by an implementation. The crust is parame-
terised by interface I and an additional crust parameter F' that fully determine
it. In the figure, the crusts for the subtree in (b) and (c) are shown shaded. (In
the list-based representation, the sibling nodes form part of the crust because
they are required for node insertion.)

We define a general notion of local translation, which incorporates three key
properties: application preservation, crust inclusion, and axiom correctness. Ap-
plication preservation, we have seen, requires that the low-level representations
of abstract states can be decomposed in the same manner as the abstract states
themselves. Crust inclusion requires that a substate’s crust is subsumed by any
outer context (together with its own outer crust). This allows us to frame on
arbitrary contexts despite the crust already being present (we simply remove
the inner crust from the context before applying it). Finally, axiom correctness
requires that the implementations of the basic commands meet the specifications
given by the abstract module’s axioms.

Theorem 1 (Locality-Preserving Translation). For interface set T = T, X
Zous and crust parameter set F, a locality-preserving translation A — B con-
prises:
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— representation functions (—))~ : Da xZ — P(Dg) and (—)~ : Ca xIT XL —
P(Cs);

— a crust predicate MY, parameterised by I € T and F € F; and

— a substitutive implementation function [—] : Lo — Lp,

for which the following properties hold:

1. application preservation: for all f € P(Cy), p € P(Da) and I € Z,

(fonp) = 3I(Nos(p)";

2. crust inclusion: for all (Et}’,(ﬂt) € Touws, F € F, c € Cyp, there exist f €
—
P(Cg), F' € F such that, for all in € Tiy,

El—>. ) F in' out’ F’ d
m . M-, — e {(c i =JeM= —; an
( in’ ,out’ << >>i_7{,out ) f %701“5)

3. axiom correctness: for all (p,¢,q) € AXa, out € Zouws and F € F,
ks {007} el {0a)™ "},

out,F — ol
where (p)*"" =V (4,01, (3. ﬁﬂf_:;,(m o ((d)™out) x o.

This is a module translation, with the state translation function [—] : Dy —
P(Dg) defined by [d] = Jin.Af, o {ayimeut . A locality-preserving translation

n,out

is a sound translation.

This theorem is proved by inductively transforming a high-level proof in A to
the corresponding proof in B, preserving the structure. Application preservation
and crust inclusion allow us to transform a high-level frame into a low-level frame,
and axiom correctness allows us to soundly replace the high-level commands
with their implementations. The remaining proof rules transform naturally. If
we choose to include the conjunction rule in our proof system, then we would
need to additionally verify that our representation functions preserve conjunction
and also that the crust predicate Jin. me o is precise.

in,ou

5.1 Module Translation: T — H + L

We now study the list-based implementation which uses a combination of the
heap and list modules given in §3. As we have seen, each node of the tree is
represented by a list of addresses of the node’s children and a memory block
of two fields that record the addresses of the parent node and child list. The
representation functions for trees and tree contexts are given below. The out
part of the interface, [ € (NT)* is a list of the addresses of the top-level nodes of
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proc deleteTree(n){
local z,y,2 in

n.parent £, z := [n.parent] ;
. A T ’
n.children N n+1 y := [z.children] ;

A .
n := newNode() = n := alloc(2) proc n’ := getRight(n){

local z,y in y.remove(n) ;

disposeNode(n) £ dispose(n, 2) y := [n.children] ;

z := [n.parent] ;
. 2z := y.getHead() ;
proc n':= getlast(n){ y ;= [o.children] ; ehile ot
local z in n' = y.getNext(n) call deleteTree(z) ;
z := [n.children] ; } z = y.getHead()
"= z.getTail() i i
n z.ge disposeList(y) ;
} disposeNode(n)

Fig. 4. Selected procedures for the list-based implementation

the subtree. The in part of the interface, u € NT, is the address of the subtree’s
parent node. (We abuse notation, freely combining heaps and list stores with x.)
(@)= = emp
([t == Fi, lon — w,ixi = [1]* (@)
(1 @ ta)b™ =3y, lo. (1 = 1y + 1) % ()" * (L)) 12
(N == (A=) (w =)
([ 5™ == TFiy lon v wgiv i = [1] % ()"
(t@ )y =30, I (1= 1+ 1a) * () # ()
e ® N = T, lo. (1= 1y + 1) » ()5 = (1) 2"

u

The crust, M, parameterised by interface I = I,u and free logical variables
F = (ly,l3,4), is defined as follows:

*
rmﬁjqj""“ :::3i.ub—>u',i*ilz)[ll—l—l—!—lg]*( H n»—>u’>
nely+ls

Definition 15 (Translation: T — H + L). For a root address r, the state
translation is defined as: [d] = 31.@7S™ « (d)br. A selection of the procedures
constituting the substitutive implementation is given in Fig. 4.

Theorem 2. The translation defined above is sound.

5.2 Module Translation: H+ H — H

Another example of a local translation is given by implementing a pair of heap
modules H + H in a single heap H. The intuitive approach to this is to simply
treat the two heaps as disjoint portions of the same heap and use the same
commands for working with both.



Locality Refinement 13

Definition 16 (Translation: H+H — H). The state translation is defined as:
[(h1,ho)] = {h1} * {ho}. The implementation [C] is defined to be the detagging
of C: that is, heap commands from both abstract modules are substituted with the
corresponding command from the single abstract module. For example:

[n := consi(E1,...,E;)] = n :=cons(Ey,...,E;) =[n := consa(E1,...,Ey)]
Theorem 3. The translation defined above is sound.

(Note, the represetation function in this case does not preserve conjunction.)

6 Locality-breaking Translations

There is not always a close correspondence between locality in an abstract mod-
ule and locality in its implementation. For example, consider an implementation
of our list module that represents each list as a singly-linked list in the heap.
In the abstract module, the footprint of removing a specific element from a list
is just that element in that list. In the implementation however, the list is tra-
versed from its head to reach the element, which is then deleted by modifying the
pointer of its predecessor. The footprint is therefore the list fragment from the
head of the list to this predecessor, significantly more than the single list node
holding the value to be removed. While we could treat this additional footprint
as crust, in this case it seems more appropriate to abandon the preservation of
locality and instead use a translation that gives a fiction of locality.

Consider a translation from abstract module A to B. With the exception of
the frame rule and axioms, the proof rules for A can be mapped to the corre-
sponding proof rules of B: that is, from the translated premises we can directly
deduce the translated conclusion. To deal with the frame rule, we remove it from
proofs in A by ‘pushing’ applications of the frame rule to the leaves of the proof
tree. In this way, we can transform any local proof to a non-local proof.

Lemma 1 (Frame-free Derivations). Let A be an abstract module. If there
is a derivation of ba {p} C {q} then there is also a derivation that only uses
the frame rule in the following ways:

I'+{p} C{q} M I'r {} C {q)
I't{fop} C{foq} I'-{(Iy xo)op} C {(Ipn x0)0q}

where (1) is either AXIOM, SKIP or ASSGN.

By transforming a high-level proof of 4 {p} C {q} in this way, we can es-
tablish Fg {[p]} [C] {[¢]} provided that we can prove that the implementation
of each command of @, satisfies the translation of each of its axioms under every
frame. (We can reduce considerations to any singleton frame by considering any
given frame as a disjunction of singletons and applying the D1sJ rule.)
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then
z.value £ ¢ [E]:=y; proc v := i.getNext(v’){
z.next £z + 1 disposeNode(z ) local z in
z := newNode() £ z := alloc(2) else @ = [i];
disposeNode(z) 2 dispose(z, 2) u := [y.value] ; v = [z.value] ;
’ while u 7$ v do while v # v’ do
proc d.remove(v){ z = z := [z.next] ;
local u,z,y,2z in y = [z. next] v := [z.value]
z =[5 u = [y. value] z := [z.next] ;
u = [z. value] = [y next] ; if 2 = null then v :=z
y = [a: .next] ; [a: next] =z ; else v := [z.value]
if u=w disposeNode(y) }

Fig. 5. Selected procedures for the linked-list implementation

Theorem 4 (Locality-breaking Translation). A locality-breaking transla-
tion A — B is one such that, for all ¢ € Cp and (p, ¢, q) € AXy, the judgement
Fs {[{c} op]} [¥] {[{c}oq]} holds. A locality-breaking translation is sound.

If we include the conjunction rule, then we must verify that every singleton
context predicate is precise (i.e. the context algebra must be left-cancellative).

6.1 Module Translation: L — H

We show a locality-breaking translation . — H, which implements abstract lists
with singly-linked lists in the heap.

Definition 17. The state translation from list-stores to heaps is defined induc-
tively as follows:

[@] ::= emp [i =1 x1s]) ::= False
[i & [1] % 1s] == 3z — o (@)@ « [is]

where <<5>>($7y) s=(x=y) <<v>> @Y s y

(1D 5= 32 0

Note that not all list stores are realised by heaps: only ones in which every list is
complete. The intuitive reason behind this is that partial lists are purely abstract
notions that provide a useful means to our ultimate end, namely reasoning about
complete lists. The abstract module itself does not provide operations for creat-
ing or destroying partial lists, and so we would not expect to give specifications
for complete programs that concern partial lists.

Definition 18 (Translation: L. — H). The state translation [p] is given by
Definition 17. A selection of the procedures constituting the substitutive imple-
mentation is given in Fig. 5.

Theorem 5. The translation defined above is sound.
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Conclusion We have seen how to define abstract modules in such a way that
their combinations and implementations can be reasoned about in a modular
fashion. We have defined a number of useful abstract modules and shown how to
implement these high-level modules in terms of low-level modules. In particular,
we have shown how to implement an abstract tree module in terms of a heap
module and a list module. We have shown that we can further refine this by
implementing the abstract list module in terms of a heap module. We also made
the observation that we can combine multiple abstract heap modules into a
single abstract heap module. So the translations of this paper form a chain of
implementations, as shown in Fig. 1 in the introduction.

We have only scratched the surface of refinement in the setting of local rea-

soning. In particular, we are interested in exploring the fiction of disjointness in
more depth. With others, we have begun to investigate this fiction with work on
concurrent abstract modules [4], and we are keen to fathom fully these fascinat-
ing waters.
Acknowledgments: Gardner acknowledges support of a Microsoft/RAEng
Senior Research Fellowship. Dinsdale-Young and Wheelhouse acknowledge sup-
port of an EPSRC DTA award. We thank Mohammad Raza and Uri Zarfaty for
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A Correctness of the Locality-preserving Theory

We use the notation f —e g for the predicate {c | V¢/,c”" € C.(¢" =ced N €
f) = ¢’ € g}, and f e—g for the analogous predicate defined using ¢’ e ¢ (the
two right adjoints of context composition).

Assume that we are given:

— abstract modules A and B;

— a substitutive implementation function [—] : £, — Lg;

— aset T = Zj, X Zou of interfaces I = (%, cﬂ);

— a state representation function {(—)~ : Dy x T — P(Dg);

— a context representation function ((—)~ : C4 x T x T — P(Cp); and

— a crust predicate ¥ € P(Cp) parameterised by interface I € Z and by
F € F, for some set F.

Definition 19 (Intermediate Translation Functions). We define the inter-
mediate state-predicate translation (—)~ : P(D x X) X (Zous X F) — P(Dp x X)
and the intermediate context-predicate translation (—)_ : P(D X X) X (Zout X
F) X (Zout X F) — P(Dg x X) as follows:

()™ =\ (3in.ak o (@)™ ) x o

in,out
(d,o)ep
3 — - ’ in out’
out' ,F \/ v " F 7 F wn’,out
= n’ . Mm —e (din'. o ((c ' X o
()2 (Vin".L, =~ (3in'.0L, . e {e)Z )
(c,o)ef

Assume also that the following properties hold:

Property 1 (Application Preservation). Context application is preserved
by the translation (_)! with respect to some interface I' = (in/, 0_>ut’).

(forp)t = 3 o2 (p)”

Property 2 (Crust Inclusion). For all ﬂf’,ﬂf € Tout, F € F, c € Cy there
—
exist ¢ € P(Cp), F' € F such that for all in € T;y

1 oF in' out’ F’
Jin'. A, — o (DTN ) =qgems —,.
in’,out’ in,out in,out

Property 3 (Axiom Correctness). For all (p,p,q) € AXy, out € Zows and
FeF . .
out,F out,F
Fs {0} o {ta)” "
We wish to establish the following:
Proposition 1. For all F,m and for all p,q € P(Ax x X) and C € Ly

Fhafp} Clgt = [1s {07} €] {(a™"},
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where

] = {f ) L gyt | iR — @) € Axa }

Nout' € To ANF' € F
The following lemma gives an alternative characterisation of the crust inclu-
sion property:

Lemma 2 (Crust Inclusion II). For all f € P(Ca) and all out', F, in and
—
out,

(i 0L, o (Z )

in’,out’ in,out

C . (Vin". 0k, — — (Jin'.ak, — o (AZ)) entl .

V! ou in’,out’ in'’ ,out in,out

Note that the converse of this property is trivially true.

. . . — — —
Proof. Consider an arbitrary context assertion, f, and fix out’, F, in and out.
Fix ¢’ with
in’ out!

C 637’” mm/ m/ i <<f>>177, oul

= \/ (Hm ﬁ—> ot ® <<c>>§/@/)

u in,out
cef

There exists ¢’ € f such that

rwan’ oul’
¢ €Jin'. ﬂa ot ® {c ))mo_,ut

By the Crust Inclusion Property, there exist ¢ and F’ such that, for all in" ,

myin'oud’\ _ F’
(30" AL, o e (NE ) =qenl, . (1)

’ ’ .
Hence, ¢’ € gemE ., and so there are ¢; € gand ¢y € MY . with ¢ = ¢ ecs.
in,out in,out

. F’ . / F’ .
Fix in” and ¢, € M5, .. Since ¢; o ¢y € go M, —, it follows by (1) that
in in’’,ou

" out
/ - nwin’ out’
crech € <E|zn ﬁm, av ® { ﬁi’;,o—u{:)
in’ out’
- Jin'. ﬂq o ® <<f>>ﬁw,ﬂ'

The choice of ¢, was arbitrary, and so

_ A =credy, = € Jin'.AL, _ o (f)in ot

1" ’ ’ :
,out wn’,out in’’ ,out

Yy, d'. ch e ML
m
Hence

aent, . —e (am nk . e ((f)ineut

" =
,ou in’,out’ in’’jout
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N
and since the choice of in” was arbitrary,

c € Vin AL — e (Ezn ﬂ—> . e <<f>>f/ou_t:) .

in'’ jou in’,out’ in’’ out
Since ¢’ = c; ® ¢o,
¢ €3F. (Vin".nk, — —e (3in'.05, o <<f>)§“@')) onfl ..
in'’ out in’,out in'’ ,out in,out
Since the choice of ¢’ was arbitrary, we conclude

(i 0L, o (Z )

wn,out

C 3F. (v%".@iﬂ/, _ e (am nl . e f>>m“°”i)) onf _.

—
n'’ jout in’ out’ in’’ out

In order to prove Proposition 1, we use the Intermediate Translation Func-
tions, for which application preservation holds:

Lemma 3 (Application Preservation II). For all f € P(Cp x X), p €
P(Dy x ), out € Tpye and F € F
(f op)™" = Joul', ' (F) 25 0 ()™

Proof. By applying Lemma 2 and Property 1, we get:

= \/ (Hzn ﬂ—> oav © {co d)}ﬁl"m/) x (o' % o)

(c,o’) e f
(d,0) €p
=V (3nE, o, 0 Fin, out ()2 2 o (d) ) x (o' £ 0)
(c,o)ef
(d,0) €p
=V (Finoul.3n0L, e ()T o (d) ) x (o7 % o)
(c,o’) € f
(d,0) €p
y (3in,oul. 3F. (Vin". 0L, . ~e (3in'.0L, . o ()22
o s oAl o (@) x (o 5 o)
(do) €p e
—> —y F in' out
_ Jout (\/(C oVef (‘v’m M o (ﬂm ﬂfn P (<c>>mu ﬂ)) X 0) o
t
(Viaorer (PE ;0 (@)™o) x o



Locality Refinement 19

The proof of Proposition 1 inductively transforms a proof in A to a proof in
B.

Proof (Proposition 1).

The proof is by induction on the structure of the proof of 4 {p} C {q} and
cases on the last rule of the proof. We assume as the inductive hypothesis that
the translated premises have proofs in B and show how to derive from these a
proof of the translated conclusion. (We omit the procedure environment when
it plays no role in the derivation.)

Frame:

Youl, F'. {(]pDOUt/’F/

i
vl B/ {11255 o (o)™}
{
{

FRAME

¢ {ta™"""}
c {inZeh, o @™}

—3 ’ —3 —3 ’ DISJ
{Boutt, P28 0 )™} € {Bou P Ze o ()™ )
P — Lemma 3
{trop™ } c {(roa)™ "}
Consequence:
pCp qCq
out,F out,F out,F out,F' out,F out,F
)" < )™ {w™ "} ¢ { ) 10” < e
— Cons

Disjunction:

Viel {QPiD(m’F} C {GQiDm’F}
— — DisJ
{ ZG] out,F C

{(] le[pz out F} C { ZeIqiDout,F}
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Procedure Definition:

{(]37.13(7) (T, =TT =)™ F'}
(£;,: P> Q") el
N VAA RS C;
out € To, ' € 7 111 o
{QHB.Q(W)X(E#—*F{#E’)DOM’ }
{37. PO (7= T s 7 = —>}
(f;: PP - Q) el
N VAA RS i
o' € Ty, F' € 7 LT ﬁ,F,C
{57 0@ ™ <@ = - er = )

— PDEF

The cases for the remaining rules follow by the pointwise and variable-
preserving nature of the translation. a

This completes the proof of Theorem 1.

B Correctness of the List-based Tree Implementation

In the following section we show that the selected implementations for com-
mands of our abstract tree module are correct. We do this following the general
theory for locality preserving translations laid out in § 5. We need to show
that the translation from the abstract tree module to the list-based implementa-
tion satisfies the application preservation, crust inclusion and axiom correctness
properties.

B.1 application preservation

We need to show that context application is preserved by the representation
functions for trees and tree contexts given in § 5.1.

Lemma 4 (Application Preservation).

{(foph' = 3. *(wh"
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Proof. Fix tree t. We wish to show, by induction on the structure of context c,
that (cot)! =3I (), ()T
c¢= —: For (—))!, to be defined, I = I'. Therefore,

’

AL fehir * (N = (D1 x (eh'
I

¢ = n[c]: Assume I = n,p for some p (otherwise, ((c))!, is not defined).

3 (DT () =3 (TP * ()"
=3I".3i,l.n— pixie[1]x ()« (nr
=3i,l.n pixie[l]*{(d ot)l"
= ((n[c’ o t])™"
= ((nlc]ot)h".

c=c ®t': Assume I = [, p for some [ and p.

3L ey ()" =3I (@Y« ()"
=303, lo. (1= 1y 4 Io) % (NP 5 (¢ )2P 5 (t)!
=3, 0. (1 =11 +1p) * (¢ o t) P (t')!2P
= ((dot) @')P
= ((¢d®t)ot).

7

The remaining case (¢ = t' ® ¢’) follows a similar pattern.
By induction, for all trees ¢ and contexts ¢, (cot)! = AT (), « ()T
Suppose that f is a set of contexts and p a set of trees.

(ford'=( \/ cot)!

cef,t€p

V' (eot)!

cef,tep

V3 e)n ()"

cef,tep

=ar. \/ (i (0)"

cef,tep

=30 ()= ()"
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B.2 crust inclusion

Lemma 5 (Crust Inclusion). For all (ﬁ’, F, 0_ut>,c there exist q, F' such that
—
for all in

) o F in' out’ F’
Jin' .S, — x (DD ) = gxns —.
in’,out’ in,out in,out

Proof. The proof is by induction on the structure of the context c.

c= _: Clg)se FL): F and choose ¢ = emp if out' = out and q = False
ci})lerwis_e; If out’ # out then both sides are equivalent to False, so assume that
out’ = out. Observe

N F i_v)zl out’ F
Jin'. M, — « ()TN =mS — xemp
in’/,out’ in,out in,out
!
=qx* me ..
in,out

¢ = n[c']: By the inductive hypothesis, there exist ¢/, F’ such that for all n

=, . .
Choose ¢ =ML . xin’ =n=q and F’ as given. Observe

in’ out’

— in'oud _ o2 —, . . — . 1,
Jin'. @%uﬂi' * ((n[c’]))%(% = Jin’. @%,7%, win’ =mn* 3 i.n— out’ixie[1]x (N2,

— — ]
. . . R t l
=3Jin/.mL, . xin’ =nx3A00 « (Y
in’,out T in,out

-— -— ’
— a5/ T ’
=3Jin'.nl _ xin’ =nxgd xnl —
in’ out’ in,out

e _
= * (N .
q i_ﬁ,out

¢ =t'®c: Observe that there is exactly one choice of I such that (¢’ ))lh‘m/
is defined. Let I; be that choice. Observe also that there exists a ¢’ such that

(ot = ¢« T n o out.
nefl

Let (11,15, p") = F. By the inductive hypothesis, there exist ¢”, F’ such that for
—
all in

l’1+i1,l’2,0ut’ /\n\l2,n " F’
. * ) = * .
Az My (D5 o =0 5 o
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Choose g = ¢’ *x ¢ and F’ as given by the inductive hypothesis. Observe

/ zn out
Jin'. ﬂm, =, * (' ®c>)i7“ﬁ

Jin'. Ji. oult’ — p',ixi =+ in' + 5]
. (HZez; e o‘m’f) (N Ty it = T+ Ly ()7

wn,out
31231@/ |_>p/7i*i|:>[l’1 +Z1 iy +l/2]
# (Mg, m oul') #q'« (Ther, o oud) ()22

wn,out

U +1y,1,,0ut ly.out’
_q’*Ellz.ﬁﬂl L 2 ()2
in,out

= q * q * ﬂﬁl P
The remaining case is proved in a similar fashion, and hence, for all out’, F, out, c
—
there exist ¢, F” such that for all in
(Hm AL, . x <<c>>iﬁ/ﬂt/) =gxnL _,.

in’ out’ in,out in,out

B.3 axiom correctness

We need to show that the high-level axioms for the abstract tree module are
preserved by the list-based implementation. We do this in the presence of a
specification environment which allows for recursive procedure calls.

Let the procedure environment I" be defined as,

I = { getRight : ()\e 3. ﬂF << [ ] ® m[t'] A (e n)>>lu)
()\U 1. mF « (nft] @ mIt'| A (v = m)>>l,u>

getRight : ()\e 3l.af, = (m[t’ @ n[t]] A (e:n)»l’“)
= (Ww.3Laf, + (mlt' @ nlt]) A (v = null)))
getlast : (/\6 3. ﬂF * ((n[t’ @ m[t]] A (e = n)>>l")
= (0. 30f, « (nlt' @ mlt] A (v = m))"+)
getLast : ()\e .mf, <<n[®] A(e= n)>>lu>
= (Aw.3L0f,  (nl2] A (0 = null))"+)
deleteTree : (/\e 3l. ﬂF << [t A (e = n)))l“)

(
— (3L.0f, « (2)")
}

We need to show that the bodies of the low-level implementations for the high-
level tree commands satisfy this procedure specification environment.
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Lemma 6 (getRight body correctness). The implementation of getRight
given in § 5.1 satisfies the specification environment.

{Ele,l. AF, * (] @ mIE] A (e =n))" x n = exn’ = —}
I'+ getRight,
{Hv,l. M, * (] @ mi'| A (v=m))l" xn = —xn = v}

{ﬂe,l. M, * (mlt’ @nlt]| Ale=n))" xn=exn = —}
I'+ getRight,,;,
{Elv,l. AF, * (mlt' @ n[f)] A (v = null))!* x n = —xn' = v}

Proof. There are two cases to prove. In the first case the node n has a right
sibling. Let F' = 11,13, u

{Ele,l. AF, x (] @ m] A (e = n))l x n = exn’ = f}

%
3i,l',j.u»—>u’,j*jlz)[ll—i—n—i—m—l—lg]*( H xl—>u>
z€li+12
s wyix i =[] (@)« (mE])™ " xn S nsxn = —
{lu—djxjlh+n+m+l]sn—uixn=n*x' = —}
local z,y in

ur—u jxje[li+n+mtla]*xni— ui

{xn—,n*n =%z = —xy = — }

a:::nparent]

—u ]*]l:>“1+n+m+l2 T U0
{ Xn=n n = —%xz=Sury = — }
y := [z.children)] ;

ur—uw jxjellh+n+m+l]xn— ul
{xn—,n*n = —*xT =S uxy =]J }

n’ ;= y.getNext(n)

u— ' jxje[li+n+m+ly]xn— ui

Xn=n+n Sm*xz=uxy=j }
{ur—>u’,j*jb[l1+n+m+lg]*n»—>uixn=>n>kn'=>m}
Ji,l' jou— v jxje [l +n+m+l]* ( H xl—>u>

, z€l1+l2
s i ki B[]+ ()"« (m])™ Y xn =nxn’ =m

{Elv,l. A« (] @ mt] A (v =m))!" xn = —xn' = v}
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In the second case the node n does not have a right sibling. Let F' = Iy, o, u’.

Je,l.mf, * (m[t' @ n[t] A (e = MW xn=exn = —}

Eli,l/,j,l”,k.u»—>u/,k*kb[ll—|—m—|—l2]>k( H x|—>u>

x€li+12

s wi ki = [+ n] s () xn o mjxj e [ ] (@)

Xn=nxn = —

{Mme—uixi=[l+n]lsn—mjixn=nxn = —}

local z,y in
me—uixi= [ +nlsn—mj
{xnf/n*n’fz—*mfz—*yf/—}

z := [n.parent] ;
{m—uixi=s[ll+njsn—mjixn=n*xn = —xz=m*y = —}
y := [z.children] ;
{meuixis[l+nlsn—mjixn=nxn = —xz=mxy =i}
n' = y.getNext(n)
{me—uixi=[l+nlsn—mjixn=nxn S nullxz =mxy =i}

{m—uixi=[l+n]lxn—mjxn=n+n = null}

Hi,l’,j7l”,k.u»—>u’,k*lm:}[ll+m+l2]*( H x»—>u>

€l 412

smis wixi B[ +n] s @V kn e my kg e [17] % ()
xn=nxn = null

{Elv,l. AL, * (mlt' @ n[] A (v = null))" x n = —xn' = v}

Lemma 7 (getLast body correctness). The implementation of getLast given
in § 5.1 satisfies the specification environment.

{ﬂe,l. M, * (' @ mt]| A (e =n))l xn=exn = —}
I'+ getlast,,,,
{av,z. AL« (' @ mI] A (v =m))!" xn = —xn' = v}

{ae,z.rmfu s ([ A(e=n))" xn = exn = f}
I'+ getlast,,,,
{Hu,l.rmfu * ((n[2] A (v=null))l* x n = —xn = U}
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Proof. There are two cases to prove. In the first case the node n has at least one
child. Let F = 1,15, u’.

Je, 1AL, x (nlt! @ mlt] A (e =)' x n = exn = —}

A0, U, e i (14 m] (@) ()™ xon = e = =)
{n—uixis[l'+m]xn=nxn = -}
local z in

n—uixi=[l+m]xn=n*xn = —xz = —}

z := [n.children] ;

{n—uixie[l'+m]xn=nxn = —xz =i}

n' = z.getTail()

m—uixis[ll+mlxn=n*xn =mxz =i}
{n—uixi[l'+m]xn=nxn =m}
Ell,i,l’.@f:u*n»—>u,i*il:>[l'—|—m]*((t’»l/'f”*((m[t]»m’” xn=nx*n #m}

o, 105, * (nlt' @ mE] A (v =m)) x n = — ' = v}
In the second case the node n does not have any children. Let F = I, 15, u'.

Ele,l.ﬁﬂfu*<<n[®]/\(e=n)>>l*“ Xxn=ex*xn #—}
Aimf, xn—uixi=(e] xn=nxn f/—}
{n—uixiele|xn=nxn = —}
local z in
{n—uisxiselxn=n*xn = —xz = —}
z := [n.children] ;
{n—uixie]xn=nxn = —xz =i}
n' ;= z.getTail()
{n—uixie]lxn=n*n = null xz = i}
n—uixi=[e]xn=nxn = null}
A i.0f, xn—uixie[e] xn=nxn = null

o, 1.7, « (n[2] A (v = null))1* x n = —xn' = v}

Lemma 8 (deleteTree body correctness). The implementation of deleteTree
given in §5.1 satisfies the procedure specification environment.

{Ele, LaF, « (nl] A (e = n))h* x n = e}
'+ deleteTreepoqy
{3L.0f, < (@) xn = -}
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Proof. Let F = 11,13, u
{ae,z.rmfju s« (nft] A (e = n))b* x n = e}
Fi, ' ju—su jrje [l +n+l]* ( H x»—>u>
x€l1+l2
s uixi = [ U] x ()" xn=n
{u»—>u’,j*jiz)[ll+n+12]*n»—>u7i*i|:>[l’]*<<t>>l/7”><nf,n}
local z,y,2 in
usu g je [l n ] xn wixi s [1]x ()"
{xn—,n*mf/—*yff—*zf/— }
z := [n.parent] ;
s jrj e[l n ] xn e wixi =[] (@)
{xnﬁn*mﬁu*yﬁ—*zﬁ— }
y := [z.children] ;
u— ' jrj el Fn+l]sn— uisis U] ()"
{xn—,n*m—,u*y—,]*z—, }
y.remove(n
w— ' jrj e[l ] xn e wdkd =[] (@)
{xn—,n*m—,u*y—,j*z—,— }
y := [n.children] ;
wis g ox G [l 4 Lo ]k mes uggx i e (1] ()"
{xn—,n*m—,u*y—,z*z—,— }
ur—u g el 412 Im, ', 1.
* Mo i k4 B[ e] Y ur— v jxje [l +1la]*n— i
Xn=nxz=u *ib[erl”}*((m[t’]@t”))m“”’"
Y S 1%z = — XN SNnN*xT Suxy S1%2 = —
z := y.getHead() ;
ur— ' gk gl + o] Im, ¢, 7,17,
KMo Ul kG B[ E] v ur v il +1la]%n— i
Xn=n*xz=u wi = [m+1"]* (mlt] @t )t
xy = 1% 2 = null XN =nN+T =SUxy =i*x2 =m
while 2z # null do
Im, " u—u fx e[l ]sn e uixi = [m 417
{*((m[t’]@t”»m“”’”xnf/n*mf/u*y#i*zZ)m }
call deleteTree(z);
E|m7t”,l”.u»—>u’7j>kj’:)[l1+12]*nHu,i*z’ﬁz}[l”]*((t”))l”’”
{xn;‘n*m#u*y#i*z#m }
ur— v jxje[l + o] Im, ¢, ", 1",
kMo ud ki B[] v uruw il + ] xn— i
XN =n*xT=1u *il:>[m+l”]*((m[t’]@t”»mﬂu’”
kY = i%k2z = — XN=SnN*xT =Su*xy 1%z = —
z := y.getHead()
ur—u jxj el + 1] Im, ¢t 1",
kM Ui kG €] v u—u gxje[l +la]xn—ui
XN =Sn+c=1u *il:>[m+l”]*((m[t’]@t”»m“”»"
xy = 1% 2 = null XN =N*xT =SU*xy S i*2=m
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ur—u jxje[li+la]xn— uixi=e]
Xn=Sn*xz=Suxy =S1i1%2 = null }
disposelist(y) ;
{u—vjxjeli+h]lsn—uixn=n+tz=uxy = ix2z = null}
disposeNode(n)
{u—vjxje[li+l]xn=nsxz=uxy =i*xz= null}
{u—u j*xje[li+1l2] xn =n}

{Eli,l’,j.UHu',j*jhz)[ll—&—lg}*( H a:n—>u> X n #n}
z€li+la
{az.rmfu 5 (DY X n = —}

Finally, we observe that for all u, F and (p, 7 := f(?), q) € AXt
IE{(p)""} call 7 i= £(E) {(a)""}

where (p)*“" = Vi(d.o)ep 3.mf, = {(d)t* x o. This follows directly from the
PCALL rule and the definition of I.

C Correctness of the Locality-breaking Theory

Assume that we are given:

abstract modules A and B;

— a substitutive implementation function [—] : Lo — Lg;

a pointwise predicate translation function [—] : P(Da x X) — P(Dp x X);
and

— forevery (p, ¢, q) € AXy and ¢ € Cy, aderivation of kg {[{c} o p]} [¢] {[{c} o ql}-

We wish to establish the following:

Proposition 2. For allp,q € P(Ax x X) and C € Ly

eaipy Cley = [T+ {[pI} [C] {ld]},

where
[I]={f: [Pl = [Q] | (£:[P] — [Q]) € Axa}.

To do so, we shall use the frame-elimination lemma previously described,
which we prove in detail below.

Lemma 1 (Frame Free). Suppose that A is an extension with Ay a left-
cancellative context algebra. If there is a derivation of a {p} C {q} then there
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1s also a derivation that only uses the frame rule in the following ways:

I'={p} C {q} M PRAME
I't{fop} C{foq} (2)

I'+ {p} C {q}
I'E{(Is x fy)op} C {(Ia x fyv)oq}

where (1) is either an axiom of AXs, SKIP or ASSGN.

FrRAME

3)

Proof. We show a more general result, that for a derivation of I' b4 {p} C {¢}
there is a derivation of FI(I') b {p} C {q} with the required property, where

F)={f:(foP)=(foQ)[f€P(Cu),(f: P = Q)€ )}

Clearly, I' C F(I') = F(F(I")). Since the procedure environment (and it’s trans-
formation) are only relevant to the PDEF and PCALL rules, we omit them when
considering the other rules.

The proof is by induction on the structure of the proof. If the last rule of the
proof is not FRAME or PDEF then it is simple to transform the proof: transform
the proofs of the premises by induction and simply apply the last rule with F'(I)
in place of I'.

Consider case when the frame rule is the last rule applied:

{p}C{q} @
{fop}C{foq}

By applying the disjunction rule, we can reduce the problem to the case of
singleton frames {c}, transforming the proof as follows:

FRAME

{p}é{q} ® FRAME
Vee f {{c}op}C{{c}oq} Dis)
{foptC{foq}

We now consider cases on (), the last rule applied before the frame rule.
If the rule is CONs then, since p C ¢ implies that {c} o p C {c} o g, we can
move the application of the frame rule earlier in the proof as follows:

WIC{d7
{copC{ctoy [{ctor}C{{c}od}
{ctop} Cl{ctoq}

FRAME (1 0gC {c}og

CoNs
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The application of the frame rule can then be removed by induction.

If the rule is Di1sJ then, since o is right-distributive over V, the proof can be
transformed as follows:

() C {a)
Viel {{c}opi}C{{c}oq}
{{c} o Vier pi} C {{C} o Vier Qi}

FrRAME
DisJ

The applications of the frame rule can then be removed by induction.

If the rule is CONJ then we make use of the left-cancellation property, which
implies that a € {c} o \;c; p; if and only if a € A,_;{c} o p;. We can transform
the proof as follows:

{pi}C{Qi}
Viel {{c}opi}C{{c}oq}
{{C} o /\ie[pi} C {{C} © /\ie] QZ}

FRAME
CONJ

The applications of the frame rule can then be removed by induction.

If the rule is LOCAL then it is possible that the frame ¢ includes a program
variable with the same name as one that is scoped by the local block. This
means we cannot in general push the frame into the local block. Note that, for
some ¢y € Dy and ¢y € X, {c} = {(ca,cv)} = (Ta X {cv}) @ {(ca,D)}. Hence we
can transform the proof as follows:

{(Iy xv = —)op} C’ {Iy xv = —)ogq}

{Uenkx v =) op} C{({eak xv = oq) "
{{(ca,0)} op} local v in € {{(ca,0)}oq} .
RAME

{{c} op} local v in C’ {{c}ogq}

The side-condition for the LocAL rule, that (In x v = —) o {(ca,0)} op #
(b, follows from the original side-condition that (I X v = —) op # 0. The
applications of the frame rule are either of the form of (3) or can be removed by
induction.

If the rule is PCALL then we again consider the frame context in terms of its
two components, i.e. ¢ = (ca, cy) for some ¢y € Dy and ¢y € Y. The PCALL rule
used some (f : P — @) € I'. By definition, (f : ({ca}oP) — ({ca}oQ)) € F(I).
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Hence we can transform the proof as follows:

PCALL
{{ea) o PUE L gw) x (07 = 7))}
FI)F call ¥ :=£(E)
G- (ato@@) < (prg =m)

{{enen)to(p (Elyga) X (07 7 = )}
FI)F call y := (E))
{{(earev)} o (3T QW) x (p+F = W)}

The application of the frame rule is of the form of (3) with the frame I, x {cy}.

The cases for the remaining rules, corresponding to program constructs, are
straight-forward.

Consider case when PDEF is the last rule applied:

z :
V(£;:P—Q)el. I I'F C; I, 1= {p} C {q}
T

The proofs of the function bodies can be extended by applying the frame rule
to give:

(37.P()x (T =77 =-)}
I''1rr C;
(0. Q(W) x (T = —+7 = W)} .
vl € P, F,”{W(fo (D)% (& =77 5] RAME
(fi: P — Q)¢ ; B G
{30 (fo QW) x (T = —x7T = W)}

These proofs, and the proof of the remaining premise, can be transformed by
induction so that they only use the frame rule in the required manner and use
the procedure environment F'(I',I") = F(I"), F(I"). These proofs can then be

PDEF
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recombined to give the required proof transformation:

(1) F(I,T)F {p} C {g}

FI)F {p} procs = = £1(@){Ci},.... 7 = £x(2){Cs} in C {g} ' OFF

O

Proof (Proposition 2). Suppose that I F» {p} C {q}. We first apply Lemma 1 to
translate the proof into a frame-free proof. This can be converted into a proof
of [I'] Fs {[r]} [C] {[q]} by a straightforward inductive argument: each framed
axiom is replaced by the derivation of its translation, and each inference rule is
replaced by its low-level equivalent, since the translation preserves the necessary
properties. a

This completes the proof of Theorem 4.

D Correctness of the List Implementation

In the following section we show that the selected implementations for commands
of our abstract list module are correct. We do this following the general theory
for locality breaking translations laid out in § 6. We need to show that each pro-
cedure implementation satisfies the high-level specification for that procedure,
in any context. We do this in the presence of a specification environment which
allows for recursive procedure calls.

Let the procedure environment I" be defined as,

I ::= { getNext : (Aey,ea.[foi=v +un(ex =1) A ez =0')])
= M. [foisv +un(v=u)]),
getNext : (Xej,es. [foi=[l+ V'] A(er =1) A(ex =0)])
— (M. [foie[l+V]A(v=mnull)]),
remove : (Aey,en. [foi=vA(er =i) A (e2 =v)])
} S (Ifoirmel),

We need to show that the bodies of the implementations for the high-level list
commands satisfy this procedure specification environment.
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Lemma 9 (getNext body correctness). The implementation of getNext
given in §6.1 satisfies the procedure specification environment.

Jer,ex. [foiv +un(er=1) A (e =0)]
Xi=e *xv Sey*rxv=—

I'+ getlNext,,,,
Ju.[foiev +uA (v=u)]
Xt = —xv = —%xv =0

{Hel,eg.[[foib[l—l—v’]/\(el :i)/\(egzv')]]}

X1 =e ¥V Seyxv = —

Ik getNext, ;.
Fu. [foie[l+v]A(v=mnull)]
Xi=—%xv = —xv =0

Proof. There are two cases to prove. In the first case the value v’ is not the last
value in list 7. We can assume that the context f at least takes the list ¢ to
complete list. If it does not, then the precondition will be equivalent to False
and correctness if trivial. So let the singleton f =i = [l + — + 2] % Is for some
lists Iy, I3 and a list store Is consisting only of complete lists. Note that v' & I,
since elements within list are unique, so in particular Vv € I1.v # v'. We make
use of this fact when testing for equality with v’.
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{Ber,ea. [foiv +un(eg=i)A(e2 =) x 1 = e v = eaxv=—}
3p, @y, 20— px ()PP xz o 0y xy o e x (1) 5 « [ls]
X4 =ixv =0 xv = —
{i—px ()P sz v ysxy—uzxi=ixd S0 xv=-}
local z in

i px ()PP sz vy sy o uz
Xi=ixv S0V *xv=—xz=—
z = [i];

{in*((ll»(p’m)*x»—>v’,y*yl—>u,z><'if,z'*'u’ f/v’*'uf,—*mf,p}

(h=¢g)xi—zxx—0vy
xyr—uz X1 =ixv =0
¥V = —*xT =2

v := [z.value] ;

(i =¢)*xi—xzxx—vy
xyr—uz X1 =ixv =0
xv =0 kT =2

i pr ()PP xx vy
xyr—uz X1 =ixv =0
xv=vsr =z

while v # v’ do

{Ell/, a,v,b,1". (I =1 +v+1")xi— px <<l’>>(p’“) *a— v,b* ((l”>>(b’m)

xx =V ysy—uzXx 1 =ixY =0 xv =S vk =a

z := [z.next] ;

{Ell’,a,v,b,l”. (L =V +o+1") 5 px ()P 5 a s vbx (17)0)

kx> Vv yry—uzx i =ixv SV xv=Svxz =D

i px ()P
*Yr= UL X T =1
xv =vxv=vkT =2

v = [z.value]

i px ()P sz 0y
*Y = U2 X T =1
xv Svrv=vrz =2

Ju,a,l'. (i =v+l)*i—p
xp o vax () ) x o'y
sy uz X1 =ixv =0
*U = —%T =P

,a,l'.(ly =v+1)xi—p
xp = v,ax (V) O) xz—0' y
sy uz X i =ixv =0
XY S UKT =P

W, a, 0,0, (I =1 4+ v+ 1")
s (U)PD k@ )

% <<l//>>(b,o;) % T »—>v’,y
xy—uzX1=ixv =0
*U =ZUVXT = a

' a,v,b,0",c,1".

(i =V4+v+v"+1")*i—p
$ (IYP) x a— vbxb v ¢
s (I)YE®) w g vy sy = uz
X i =ixv =

*xU =S vxT = b

N~ T =

', a,v,b,v",c,1".
(h=U4v+v"+1")*xirp
)P war v b o
() xz— 0y xy w2
xi=ixv =

xv =0z =0

N— M
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A a,v,0,0". (I =1 +v+1")

i px ()PP xa oy w1 px ()P xa b
sy—uzx i =ixv =0 | V] « ("0 sz -0y
xv=v+z =z xyr—uzXi=ixv =0

xU S UkT = a

{impx ()P vz — v ysxy—uzxi=ixd S0 v =05z =2}

z = [z.next] ;
{i>—>p*<<l1>>(p7“)*x»—»v’,y*yHu,z>< i=ixv SV kv =SV xSy}
if z = null then ... else v := [z.value]

{impx ()P vz — v ysxy—uzxi=ixv Sv*v=uxz =y}
{i—px ()P sz~ ysxy—uzxi=ixv =0 *xv=u}
Ip, 2y, 2.0 = pr (L) PPz 0wy o uz o (l2) G s [ls]
Xi=ixv S0 *xv=u

{Fv.[foiv +un(v=u)]xi=—%xv = —xv = v}

In the second case the value v’ is the last value in list 7. In this case the list
1 is already a complete list, so let the singleton f = [s for some list store ls
consisting only of complete lists that do not include i. As before, if s contains
a list ¢, or any of the list is incomplete, then the precondition will be equivalent
to False and the proof is trivial. Again note that v’ & [, since elements within
list are unique, so in particular Vv € l.v # v’. We make use of this fact when
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testing for equality with v'.
{Ber,ea. [foi[l+v]|A(e1=0)A(e2=V)] x i = e %V = eaxv = —}
{3p,z.i—px (P sz v/ null « [Is] x i S ixv =0 xv = —}
{i—px ()P sz =0 null x i S ixd =0 xv=—}
local z in
{imopx (NP sz v null x 1 =ik =0 kv = —%xz = —
z:=[1];
{impx(INPD sz v null x 1 S ixv =0 xv=—%z =p}

(l=e)xi—uw Jv,a,l'.(I=v+U)xi—p
wx — v, null v | xpevax (")
xi=1ixv = xx— v null x 1 =1
XY= —*xT =T xv v xv=—xz=0p
v := [z.value] ;

(l=e)xi—uw u,a,l!.(l=v+l)xi—p
* x — v null v | xpevax (e
xi=ixv =0 s v null x 1 =1

xy=v sz =01 xv S0 sv=mvrz =D
A a, 0,0, 1=V +v+1")
* i px (V)P x a1 vb
Vo (YO s s 0 naldl
xi=ixv =0

*U S UkT =a

i px (1))
x x — v null

X1 =ixv =0

xu=svxr =z

while v # v’ do
3 a,0,0,0" (1 =1 +v+1") xi— px (NP xq s v,bx (1) ")
{*va’,nullxi#i*u’#v'*v;\v*m;\a }
z := [z.next] ;
3 a, 0,00 (1=1 +v+1") xi—=px (NP xa— v,bx (1))
{*w»—>v',null><'zl=>i>k'u’f/v’*vf/v*mf,b }
', a,v,b,0",¢c,1".
(=V+v4+v"+1")xi—p
V| ()P xa—vbxbis v c
$ ()Y E) w g o mull x 1 =i
xv = v xv=vxe=Db

i px (U))
* 1 +— v, null
xi=ixv =0

KU S VKT =T
v = [z.value]

i (U))
xx — v null
xi=ixv =0

xv =SV xSz

', a,v,b,0",¢,1".
(I=U4v4+0"+1")xi—p

V| ()P xa - vbxbis v c

$ (Y ) x g o mull x 1 =i
xv = v kv =0"xz=b

AW a,0,0,0" (=1 4+ v+ 1")
B
Vs (YO k2 o naldl
xi=ixv =

*U =S UXT = a

o pe ()0
* x — v null
xi=ixv =0

xu =V s =2

{imopx(INPD sz v null x s = ixv =0 v =1z = 1}

z = [z.next] ;

{impx (PP sz v null x s S ixv S0 xv =0 xz = null}

if ¢ = null then v :=z else ...

{impx (NP sz v null x s = ixv =0 xv = null xz = null}

{i—px (NP sz v null x i = ixv =0 xv = null}

{Bp,zi—p* (NP xz — o' null «[Is] x 1 = ixv =0 xv = null}
{Fu.[foi[l+V]A(v=null)] x i = —xv = —xv = v}
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O

Lemma 10 (Remove Body Correctness). The implementation of remove
given in §6.1 satisfies the procedure specification environment.

{Eel,eg.ﬂfoz'bv/\(el:i)/\(egzv)]]>< T = ek f/eg}
I+ Temovepody
{[foime]xi=—%xv=—}

Proof. We can assume that the context f at least takes the list ¢ to complete list.
If it does not, then the precondition will be equivalent to False and correctness
if trivial. So let the singleton f =i = [l; + — + l2] % Is for some lists I, I and
a list store s consisting only of complete lists. Note that v’ & [;, since elements
within list are unique, so in particular Vv € l1.v # v'. We make use of this fact
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when testing for equality with v’.

{Ber,ea. [foivA(er=i)A(e2=v)] X T = e1xv = ez}
{3p,z,y.i— px ()P g vy« () @™ « [Is] x 4 = ixv = v}
{i—px(L)PDxz—vyxi=ixv=v}
local u,z,y,2 in

{z’Hp*<<l1>>(”’”)*va,y }

X1T =04V SU0%U = —%xT = —%xyY = —%x2z2 = —
T = [i];
ii—»p*<<l1>>(p’m)*xr—>v,y
{><'L'f,i*vf,v*uf,—*mf,p*y#—*zf/—}
(i =e)xi—xxz >0y W a,l. (I =v +1)xi—p
X1 =ikv=v v xp = v ax (U@ sz 0y
*U = —%xT ST X4 =1V =S VU = —
XYy = — %2z = — KT S PRy = —*x2 = —
u = [z.value] ;
(i =e)xi—zxz >0y W a,l. (I =v +1)xi—p
X1 =ikv =0 y wp—=vax (') - uy
KU S VKT =T X1 =ixv=vku =
Y = — %2 = — KT S PRy = —*x2 = —
y = [z.next] ;
(i =e)xi—xxz >0y W al. (I =v+1)xi—p
X1 =iky =0 v xp = v ax (U@ sz -0y
XU =S VKT ST X1 =ixv=vku =
*Y S Y*k2z = — XL SPrxY S k2= —
if v = v then

{xz—,z*v—,v*u—,v*m—/x*y—,y*z—,—
[i]:=y;

(h=¢)xi—yxx—0vy
{><z—,z*v—,u*u—,v*m—,x*yﬁy*z—,—}
disposeNode(z)
{(h=e)ximyxi=ixv=vsu=vxT =%y Sysxz = —}

lhZ=e)xi—x*xx— 0y }

{impx(L)PY x4 =ixv=vsu=vsz=—%y=—%z=—}
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{Hv’,a,l’.(ll iv’+l')*in—>p*p»—>v',a*<<Z’>>“’x*xl—>v,y}

e

= [y.value] ;
. (lp =v)*xi—p I a, v b, (I =0 + 0" + 1)
xp—v sz vy xi—pkp—v,axa—v'b
X1 =Sixv =0 Vs ()0 sz vy

X1 =iV =0%xu S0 T S pky Sa*xz = —

(I =v)xi—p ' a, 0" b, (I =o' + 0"+ 1)
xp— v xxT vy xi—pxp—v,axa—v'b
X1 =i%xv =0 Vs ()0 sz vy
xu=v*xz=0p

Xi=i*xv=v*u =0
XY = T2 = —

XL = PDrY S Ak 2 = —

XY S VKT S P

X4 =i*xv=0*u=0"
XY S T k2 = —

KT =S PrxyY S a* 2 = —

Aa, . (I =1 +0) 3, a, v, b,0", c,1".

%0 px (1)) (Lh=U4+v+0"+1")xi—p
xa— v T 0y y # (NP 5 a0 bx b v e
X1 =ikv=v s (1Y) 5z vy

XU S VKT = a X1 =i*xv=v*ru=0"

XY ST k2= — *xT =Zaxy Sbxz = —

while v # v do

T

-

U, a, v b,v" e 1 (I =1+ 0+ 0" 1) i p o (7))
s a0 bbb v cx (")) xz—vy

Xi=ixv=vku=0V'xz=axy =bxz = —

:_ya

,a,v",b,v" ¢, l”. (l U0 " ) ki p o ()P
*xa— v b*b»—>v c*((l”>>c’”*ac»—>v,y
Xi=ixv=vru=0V'xz=bxy =bxz = —

:nnext

,a,v bv U Iy =1 +0 40" +1") xi—px ()P
*xa— v b*b»—»v c*((l”>>(””)*x»—>vy

X4 =ixky=vky =0 *a:—,b*y—,c*zf,—

', a, v, b,v". ', a, v, b,0v",c,v"”,d,1".
(LL=V+0v+V)*i—p (l1:Z’+U +U”—|—v'”—|—l”)
()P 50 o b T G ey’
xb—v' x>0y VI xb—v"cxc—v"d

X1 =i*%xv = *<<l”>>(d7W)*va7y
xu=v"xz=b

X4 =1xv=0v*u=0"
XY S T*2Z = —

xT =Sbxy Scxz = —

= [y.value]
' a, v, b,v". A, a, v, 0,0", e, 0", d 1.
(ll il/_i_,ul_i_,l}//)*z._)p (l]_ il/_i_v/_i_v//_i_,l}///_‘_l//)
# ('Y P9 5 a1 v b i px ()P xq—v'b
xb—v' Txx— 0y V| xb—v"cxe—v"d
X1 =i%kv =0 s (U)D) 5 15 vy

*xu=0v*xx =Db

Xi=ixv=vxu=0"
*Y S T*kZ = —

xz =bxy S cxz = —
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A a, 0. (I =1 +0) ', a, v, 0,0, ¢,1”.
0 p o (1)) (Lh=U~4+0v4+v"+1")xi—p
xa— v, T*T— vy $ (UNPD) 5 g1 0" bxbis 0" c
. . V
X1 =ixv =0 « ("N xx— vy
KU =S UVkT = a Xi=ixv=vsu ="
*yf,:r*ZZ)— xT =Saxy Sbxz = —
A a0 (I =1 +0) ki = px (UNVPD a0 25z 0y
xz—/z*v—,v*u—/v*m—/a*y—,x*z—,— }

z{: [y .next] ;
', a,v ll*Z’Jrv)*ir—»p*((l’»(p*“)*ar—>v':r*a:r—>v,y
{xz—,z*v—,v*u—,v*m—,a*y—,x*z—/y }
[z.next] := z ;

a0 (I =1 +0) xi = px (UNVPD a0 yxz vy
X4 =1%V S 0%U S VT S a*xy S T*k2 =Y }
disposeNode(y)
{Ell’,a,v/.(llil’+v’)*in—>p*<<l’>>(”’“)*an—>v’,y }

X4 Si%V S 0%U S VT S a%xy S T*x2 =Y
{impx(L)PY x4 =ixv=vsu=Svse=—xy=—%xz=—}
{imopx(L)PY x4 =ixvSvsu=vsas=—xy=—%z=—}
{i—px(L)PY x i =S ixv =0}
{Ep,x,y.in*<<l1>>(p’y)*<<ZQ>>(97""”)*[[13]] X4 =ixv =}
{[foime]xi=—%xv=—}

Finally, we observe that for all (p, 7 := f(f)), q) € AXt

I+ {[p]} call 7 == £(E) {[q]}

This follows directly from the PCALL rule and the definition of I".



