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Abstract

Motivated by a possibility of solving non-supersymmetric type 0 string theory in
AdS5 x S° background using integrability, we revisit the construction of type 0 string
spectrum in some solvable examples of backgrounds with RR fluxes that are common to
type IIB and type OB theories. The presence of RR fluxes requires the use of a Green-
Schwarz description for type 0 string theory. Like in flat space, the spectrum of type
0 theory can be derived from the type II theory spectrum by a (—1) orbifolding, i.e.
combining the untwisted sector where GS fermions are periodic with the twisted sector
where GS fermions are antiperiodic (and projecting out all spacetime fermionic states).
This construction of the type 0 spectrum may also be implemented using a Melvin back-
ground that allows to continuously interpolate between the type II and type O theories.
As an illustration, we discuss the type 0B spectrum in the pp-wave background which is
the Penrose limit of AdSs x S® with RR 5-form flux and also in the pp-wave background
which is the Penrose limit of AdSs x S3 x T* supported by mixed RR and NSNS 3-form
fluxes. We show that increasing the strength of the RR flux increases the value of the
effective normal ordering constant (which determines the mass of the type 0 tachyon in
flat space) and thus effectively decreases the momentum-space domain of instability of
the ground state. We also comment on the semiclassical sector of states of type 0B theory
in AdS5 x S°.
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1 Introduction

It was suggested some time ago [1, 2, 3] that type 0 string theory [4, 5, 6] may provide an example
of planar AdS/CFT duality in a non-supersymmetric setup. The closed type 0B theory admits
the same classical AdSs x S® solution with RR 5-form flux as the type IIB theory but a major
problem is the presence of the tachyon T' (with flat-space mass m3 = —%) The coupling of T’
to the RR field strength [2] implies that the mass of the tachyon may be shifted by the presence
of RR flux and thus the tachyon may disappear for some small enough critical value of the
effective string tension v\ = % 3, 7).t

Testing this conjecture requires an understanding of the spectrum of type 0 string theory in
AdSs5 x S5 background beyond the large tension v/A > 1 limit. In the case of type IIB string
theory in AdSs x S® at genus zero (dual to planar N' = 4 SYM) the spectrum of string states
is at least in principle computable using integrability (see, e.g., [16, 17, 18, 19]). Since the
bosonic part of the AdS5 x S® string worldsheet action (shared by type 0 and type II theories)
is integrable, one may conjecture that integrability may also apply to the type 0 case. Let us
note that the spectral problem for integrable superstrings on (non-supersymmetric) orbifolds
and TsT transformations of AdSs x S® was addressed in [20, 17, 21, 22] but the case of type 0
theory remains to be treated explicitly.

As AdSs x S? is supported by the RR flux, this requires formulating the type 0 string action
in the Green-Schwarz (GS) approach. In flat space the type 0 string has a straightforward de-
scription in the NSR formalism (involving a diagonal GSO projection which excludes spacetime

'From the weak-coupling gauge theory side the presence of the closed string tachyon may be seen as the
appearance of an imaginary part of the anomalous dimension of the dual operator at some large enough critical
value of the 't Hooft coupling A [7]. The suggestion of duality [3] between type 0 string theory in AdSs x S® and
non-supersymmetric gauge theory on self-dual type 0 D3 branes [8] (which is a (—1)¥-type orbifold of N = 4
SYM [3, 9]) has of course several known caveats (even in the strict planar limit). One may view this type 0
example as being analogous to non-supersymmetric AdSs x S°/T" orbifolds of type IIB theory [10]. In all of
these cases there is also a problem of generating new double-trace terms in the action with couplings having
complex values at zeroes of the corresponding beta-functions [11, 12, 13, 14, 15]. These may be interpreted in
terms of tachyons appearing at small enough gauge coupling or small enough effective string tension. Here we
shall focus only on the type 0 closed string tachyon present at large string tension and the dependence of its
mass on the strength of the RR background.



fermions) [4, 5, 23]. Using light-cone gauge it can also be described in the GS formalism as a
(—1)¥ orbifold of type II string theory, i.e. as a combination of the two sectors — with periodic
and antiperiodic GS fermions [4]. How to generalise this construction to the case of non-trivial
RR backgrounds like AdSs x S° without applying any compactification and limits may first
appear to be non-trivial.

Motivated by the example of the Melvin background that allows to interpolate between the
type I and type 0 theories [24, 25, 26] we shall argue that starting with the type II superstring
in a consistent RR background one can find the spectrum of the type 0 string in this background
by the same orbifolding prescription as in flat space — as a combination of the untwisted sector
(described by the type II GS string action with periodic worldsheet fermions but all spacetime
fermions projected out from the spectrum) and the twisted sector (described by the type II GS
action with antiperiodic worldsheet fermions).

Our aim below will be to discuss a few simple examples of solving type 0 string theory in
pp-wave backgrounds with RR fluxes using the GS formulation where the connection to the
corresponding solution of type II theory is straightforward. We shall demonstrate how the
orbifolding construction works and draw some lessons that may be useful in the AdSs x S°
case. From the exact expression of the type 0 string spectrum available in these cases we
shall see that the presence of the RR fluxes indeed increases the value of the effective tachyon
mass-squared compared to its negative flat-space value.

We shall start in section 2 with reviewing the solution of type II string theory in Melvin
background and explain the relation to the corresponding spectrum of type 0 string theory.

In section 3 we shall use the known solution [27, 28, 29] of type IIB string theory in the pp-
wave background which is the Penrose limit of AdSs x S® and the above orbifolding prescription
to construct the corresponding type 0 string spectrum [30] and the modular-invariant partition
function [31]. We shall find the explicit dependence of the tachyon mass on the strength of the
RR field and show that it approaches zero in the limit of infinite flux.

In section 4 we shall perform a similar analysis in the case of the pp-wave background which
is the Penrose limit of AdSs; x S® x T supported by a combination of RR and NSNS 3-form
fluxes (with the solution of the corresponding type IIB theory found in [28, 32]). Here we will
see again that the type 0 tachyon mass-squared is shifted up by the RR flux.

Some comments on 1-loop corrections to the energy of semiclassical states in the type 0B
spectrum in AdSs x S° will be made in section 5.

In Appendix A we shall review the construction of the type 0 string spectrum in flat space.
In Appendix B we shall consider type II string theory in pp-wave background with an extra
Melvin twist in a plane and recover from its solution the pp-wave type 0 string spectrum by
taking a special limit.> In Appendix C we shall demonstrate how to reproduce the lower-level
part of the type 0 spectrum in pp-wave background discussed in section 3 by expanding the
type OB low-energy effective action to quadratic order in fluctuations.

2 From type II to type O theory via Melvin twist

The construction of type 0 string theory in flat space as a (—1)" orbifold of type II theory in
GS description [4] reviewed in Appendix A suggests that the same recipe may apply also in
general curved backgrounds that are common to type Il and type 0 theories. The full type
0 spectrum will be a sum of untwisted and twisted sectors. The untwisted sector is obtained
from the corresponding type II spectrum by projecting out all spacetime fermion states. The

20One may also consider starting directly with type II theory in AdSs x S° (rather than its pp-wave limit)
and add a Melvin twist (cf. [33, 34] for related constructions) in order to interpolate to type 0 theory. However,
solving such an interpolating string theory (even if it may still be integrable) will be non-trivial.



twisted sector should be found by starting again with the type II GS action and now taking
fermions to be antiperiodic on the cylinder.?

To further clarify this relation between the type Il and type 0 theories, here we shall discuss
the type II solution in Melvin background that allows to continuously interpolate between the
type II and type 0 spectra [24, 26].* The flux tube or KK Melvin background is represented by
the locally flat 10d metric®

ds® = dsi g + dy® + dp* + p*(dp + ¢ dy)* (2.1)

where y is compactified on a circle of radius R and ¢ is an arbitrary parameter. Moving around
the y-circle induces a rotation of 2w Rq in the (p, ¢) plane. When

£=qR (2.2)

is integer valued, this rotation does not affect bosonic fields but changes the sign of the fermions
and thus supersymmetry is broken unless £ is even; in the latter case this background is topo-
logically trivial and the resulting superstring spectrum is the same as in flat space.

Fixing the light-cone gauge, the corresponding GS action may be written as [24]

1
S = w d20' (GMV8+1'Na_$V + iSRD+SR + iSLD_SL) s (23)
where Dy = 04 + }LwL””anaim“ with w!? = —w? = —qdy. Using x = 21 + izy = pe® and

setting '
Tr = e*iqu s SR,L = €$%yAR7L (24)
one finds that X and Ap satisfy free equations of motion. Since y is compact, the string

can wind w times around it and then the prefactors in (2.4) pick up a phase exp(—2miy) or
exp(—miy) under a shift ¢ — o + 27, where

v =wqR = wf. (2.5)

Since the fields  and Sk should be periodic in o, these phases are to be compensated by
twisting periodicities of X and Apg . This results in frequencies (n £ ) for bosonic modes
and (n £ 37) for the fermionic ones. Our notation follow [43, 24], i.e. we label the creation

and annihilation operators aLi, a,+ for bosons and Bli, fn+ for fermions (with canonical

normalisation [, a!_] = 6um, etc.). The mass operator may be written as [24]
2 O/ 2 R2 2 $ -~ A ~
o' M :ﬁﬁl +—w +2(Ng+ N+ 4) , m=m-—&(J,+ 5J5) , (2.6)

3As is well known, the GS action in generic type II background is k-symmetric if the background solves the
corresponding string low-energy (or supergravity) equations. The same should be true also in the type 0 case
provided the GS string is coupled only to the massless fields that are common to type II and type O theories
(i.e. the background values of the type 0 tachyon field and the second copy of the RR fields should be set to
7€ero).

“Here we will consider only perturbative 10d string theory setting. Relations between type II and type 0
theories were also discussed from 11d M-theory perspective in [35, 36, 37]. In particular, ref. [37] discussed the
spectrum and the tachyon mass in the interpolating background.

®The Kaluza-Klein generalization of the Melvin solution was introduced in [38, 39] and its interpretation as
flat 5d space with a specific identification was given in [40, 41]. The embedding of the Melvin solution into
string theory was done in [42, 43, 24].



where m is the integer momentum in y direction, which is shifted in m by the angular momenta
of bosonic J, and fermionic modes J;. A is the normal ordering constant. Explicitly, we have

Jy = aban — adoo + Y (ol ons — af o +af dny —al_a,)
n=1
T = BB = Bafo + Y (BhsBut = Bu—Ba + Bay Bt — Bh-Ba-) (2.7)
n=1
NR:Z( n+an++z 7’L—|—’7 O‘nfa/n—‘{'z n+5n++z TL—|— 5T ﬁn— 9
n=1

NLZZ(n— an_anﬁZnﬂ n+an++z )6l ﬂn7+z n+3) By Bus -

n=1

Here the tilde denotes left-moving modes and the spinor indices as well as the contributions of
6 flat bosonic dimensions have been suppressed. For 0 < v < 1, the normal ordering constant
is given in terms of the Hurwitz zeta-function ((s,a) = >~ (n+a)”* as

A(y) =2¢(—1,7) = 8¢(=1,57) +6¢(-1,1) = —v, yel0,1] . (2.8)

When 1 < v < 2 the energy contribution of the bosonic mode of frequency (1 — 7) becomes
negative and has to be reordered; this results in A(y) = —2 4+ . At 7 = 2 both bosonic and
fermionic modes are to be reshuffled and we can absorb the 7-shift in renaming of all modes,
getting back to the flat-space spectrum. This is exactly what happens in the globally trivial
case of £ = 2 for any value of w. Extended to all values of vy, A(7) looks like a triangle wave,
oscillating between values 0 and -1. Thus for non-trivial cases of v ¢ 2Z, we find tachyonic
ground states in the winding sectors and broken supersymmetry [25].

Let us now consider the limits R — oo and R — 0 while keeping ¢ fixed. For R — oo the KK
momentum p¥ = m/R becomes continuous while the winding modes become infinitely heavy.
Thus we end up with the w = 0 sector and recover the type II string theory on Minkowski
space.

Considering R — 0 and specifying to the £ = 1 case, the periodicity in v = w¢ implies that
we have to split the spectrum in two sectors, an “untwisted” one with even v and a “twisted”
one with odd . Then taking the limit R — 0, the winding number w becomes effectively
continuous (i.e. is replaced by the momentum of the T-dual coordinate p? = w/R, R = o//R)
and we get just two distinct sectors of states.

Furthermore, in the limit R — 0 the first “KK-momentum” term in (2.6) blows up unless
m = m — &(J, + %jf) vanishes. As m is integer, for £ = 1 we can find a solution of the

condition m = 0 only if J ¢ in a given state is even. This projects out all fermionic states
from the spectrum, i.e. the only states that have finite masses in the R — 0 limit are the
bosonic ones. The untwisted sector thus consists of the bosonic spectrum of the T-dual type II
theory. The twisted sector has bosonic states with a tachyonic ground state (a/mg = 24 = —2)
and fermionic states corresponding to odd numbers of excitations of the half-integer frequency
modes; imposing the level-matching condition the latter are projected out and we end up with
the bosonic states only (even before imposing the m = 0 constraint).

The resulting spectrum is exactly the same as that of type 0 string theory in flat space.
Thus we can obtain the type 0 spectrum from the type II one via Melvin twist and T-duality.%
This construction can be used to find the type 0 spectrum from the type II one on non-trivial
backgrounds that are solutions to both type II and type 0 theories (assuming these backgrounds

6Note that this relation between type II and type 0 theories is not “mutual”’: we cannot obtain the type II
spectrum from the type 0 one by reversing this procedure.



admit a translational as well as rotational isometries so that one can compactify one dimension
and apply the Melvin twist in a 2-plane). Then the above transformation at £ = 1 will result in
the type 0 string theory on the T-dual background. Thus at least for the backgrounds allowing
the introduction of a Melvin twist, the type 0 spectrum can be obtained from the type II one
by the same orbifolding procedure as in flat space [4].

One immediate application of the above discussion is to derive the type 0 spectrum on the
Melvin background. The untwisted sector will be given by the bosonic part of the type II
spectrum. In the twisted sector the mass operator is the same as in (2.6) but since we have to
take the GS fermions to be antiperiodic the corresponding fermionic number operators here are

Ny =2+ 3= DB+ X (0 + 34560
n=0

Npp=> (n+5-2)8l 5n—+2 n+3+2)8 Bt (2.9)
n=0

and the twisted-sector normal ordering constant turns out to be (v € [0, 1])

A(y) =2¢(=1L7) = 8((-1, 5 +37) +6¢(-L1) = ~1+7. (2.10)

If we take R — oo we end up with the type 0 spectrum in flat Minkowski space. R — 0 at
¢ = 0 leads to the T-dual type 0 theory in flat space. In the limit of R — 0 at £ = 1 (discussed
above in the type II case) for each value of the winding number we find one sector of integer
frequency fermionic modes (A = 0) and one sector of half-integer frequency fermionic modes
(A = —1), which originate alternatingly from untwisted and twisted sector. The condition that
1m should vanish to get a finite-mass state from (2.6) can always be satisfied and we again get
the flat-space spectrum of the T-dual type 0 theory.

Finally, let us comment on the corresponding torus partition functions. In [43, 26] the
partition function of type IIB theory on Melvin background was given as

ViR d*r ‘1911(1596 T)}g TR
Zup = / 2 exp( - XX) ) (2.11)
(@m)10at Sz, 7 o, ()] [0 (€ )
X=w —Tw, X=w —Tw . (2.12)

Znp vanishes at & = 0 when supersymmetry is restored. The functions ¥.(z; 7) (see (A.5))
are quasi-periodic with respect to shifts z — 2 4+ 1 and z — 2z 4+ 7 but shifting 2 by = or %7‘
relates the functions {¥gg, Y01, V10, 911} to each other. As a result, for £ = 1 the numerator in
(2.11) splits into four separate contributions while the denominator becomes proportional to
Y11(0; 7). The denominator vanishes, indicating the appearance of new continuous zero modes.
Finally, in the R — 0 limit the exponential factor becomes 1 and we recover the flat-space type
0A partition function given in (A.8).

In the case of type 0B string theory in Melvin background we should find the following
analog of both (A.8) and (2.11)

d?r TR?
Zon - ) 2.13
0B 27T 10a’4/ wwzez |7911(5X 7')] exp< ' ) ( )
B =[P00(26x; )| + [Don 5§X;T)\ + 00 7|+ PIu e . (2.14)

3 Type 0B string in pp-wave background with RR 5-form flux

A non-trivial example of type 0 string theory in curved space where the use of GS formulation
is crucial is the D = 10 pp-wave supported by RR 5-form flux. This is the same background
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as in type IIB theory, i.e. the Penrose limit of AdSs X S® with 5-form flux [44] (i =1, ...,8)
ds* = 2dudv — f*2?du® + da? Fuiozs = Fusers = 4f (3.1)

7 )

The corresponding type IIB string action and its spectrum were found in [27, 28, 29]. After
fixing the light-cone gauge on u, the type IIB GS action is as in flat space (A.9) but now 8
bosons and 8 fermions acquire mass p proportional to the flux or the curvature scale f *

u=ugy + o'p'r, w=ao'p"f . (3.2)

The resulting light-cone Hamiltonian H can be written as [29]

H:—pvz

1 o o
i 2V (alon + 6+ 18+ L) (3.3)

where the zero-mode part has harmonic-oscillator type spectrum. The effective mass operator

3 : u u ¢ v —pt
is then given by (p, = p*, p :py\;%p, p :py\/ip’E:pt)

M? = E? — (p¥)? = —2p"p" = 2p" H | (3.4)

reducing to the one in flat space in the limit of © = 0. Note that since the eigenvalues of H are
expressed in terms of y which depends on p* = \%(E +p¥) one gets here a non-trivial dispersion
relation for the energy E as a function of p¥ (see also below).

One way to find the type 0B string spectrum in this background is to compactify y = “—\};’ on
a circle, introduce a Melvin twist in some 2-plane of the transverse z-space, find the resulting
type IIB spectrum and then apply the same limit (§ = gR = 1, R — 0) as in section 2. This
is discussed in Appendix B. A short-cut is to apply the (—1)f" orbifolding procedure, i.e. to
combine the bosonic part of the pp-wave spectrum of type IIB theory (untwisted sector) with
a similar spectrum found by imposing antiperiodic boundary conditions on the GS fermions
(twisted sector). This procedure was used in [30, 31].

To cover both the case of the untwisted and of the twisted sector we may write the corre-
sponding light-cone Hamiltonian as

1 N R
H= (N N A) , 5 s
o'pt b Nyt (3.5)
Nb = an(OéLOén + dib&n) + an(cﬂ_na,n + dind,n) , Wy = \/n? + 2, (3.6)
n=0 n=1
n=a n=1—a

The untwisted sector corresponds to the choice of the lower summation limit ¢ = 0 in (3.7) and
then the normal ordering constant A vanishes. We are to project out all fermionic states, i.e.
to consider only states created by an even number of worldsheet fermion operators.

"Here and below p* = p, is the component of the string momentum defined with the standard factor of
string tension ﬁ

8Here we suppress indices on the complex mode operators (8 real modes are described by 4 complex ones
and the sum is over both positive and negative n). In [29] the fermionic modes appear multiplying certain
combinations of gamma matrices. Here we redefined 3, and (] to absorb these. We have also fixed the
ambiguity of choosing a Clifford vacuum for the fermionic zero modes.



The twisted sector corresponds to a = % and here the normal ordering constant is a non-
trivial function of p °

A= As(w) =8 x 3( Z m > Vi), (3:8)

n=0,%1,. r=tl,.

It determines the mass of the ground state in the twisted sector. In the flat-space limit (u = 0)
we get!?
A8(O> =3 [C(_LO) - <<_17 %)] =-1, (39)
determining the flat-space value of the type 0 tachyon mass (mg = %A(O) = —%)
Separating the flat-space value and the bosonic n = 0 term we can represent (3.8) as

Ag = —1+4|u| + 8A(p) , (3.10)
AEZ[\/W—n—\/(n—%f—i-,uQ—i-(n—%)}. (3.11)

Expanding the square roots in (3.11) in powers of u we can write A as'!

2k ( ’“F 2k+1) 1 - 2k (_1)k T(2k—1)
A= ZZ 5(1 2k) (L (k+1)) [(Zn)%*l T (2n— 1 2k— 1 ZH k (k+1) (2k_ 1) (3-12)

n=1 k=1 k=1

where we expressed the sum over n in terms of the Dirichlet n-function

mo(s) = % — (1= 2 (s) = % /OOO da ef; - (3.13)

n=1

The sum in (3.12) converges for u < % Analytic continuation to all ;1 can be achieved by using
the integral representation of 7, thus getting

J1(2|pl|x
Aq =—1+4lu|—8|u|/ %1))

where J; is the Bessel function of first kind.'? The resulting function Ag in (3.10) has the
following asymptotics
Aglpso = = 1+ 4|p| = 8n(2) p* + 6 ((3) u* —15¢(5) u° + O(p°) , (3.15)
Aslyssoo =04+ 0(e ) | (3.16)

(3.14)

and its plot is given in Figure 1. Note that the coefficient In2 of p? in (3.15) is the value of
n, (1) =520 (_17):71. Also, Asl|,—00 — 0 has to do with the fact that the difference between

n=1
the integer and half-integer mode contributions to (3.1) disappears in the large p limit.
Thus Ag is asymptotically approaching zero from below, i.e. the ground state is “tachyonic”
for all finite values of i, becoming massless only at = 00.'® An important conclusion is that

increasing the value of the RR flux makes the twisted-sector ground state less tachyonic.

9We use the label 8 to indicate that this model has 8 copies of massive excitations corresponding to 8-
dimensional transverse space in (3.1).

19The sum in (3.8) for p=0,ie. $5, (1 |n|— %Zr::ﬁ:% _|r| can be computed explicitly as:

S = Yy (n—g) = Yo e — (n—g)e A = —qem A1 em/%) 72 § O

HTn [30] (3.8) was expressed in terms of the Epstein function. Here We will obtain a more convement integral
representation.

12We used the following representation for the Bessel function: Jo(z) = > p W}XHM (% )2k+a

13Tn the limit of u — oo Ag receives only exponential corrections (as was already mentioned in [30]). The
structure of the exponential corrections in the integral in (3.14) is similar to the one discussed in [45] and in
[46].
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Figure 1: Dependence of the twisted-sector normal ordering constant Ag on the parameter p = o/p*f.
The curve approaching zero at large u is obtained by numerical integration of (3.14), while the upper
curve represents the small ;1 approximation (3.15).

To summarise, the untwisted sector of type 0 theory consists of the bosonic states of the
type IIB spectrum. For example, the lowest energy states are given by even excitations of [,
which are 128 bosonic states with masses 0, 4, 8u, 121 and 16p. The twisted sector has a
unique tachyonic ground state with the effective mass m? = %Ag (1). Both sectors contain also
towers of massive states which are all bosonic.

Let us now comment on the meaning of the negative mass-squared of a field in the pp-
wave background. Since the eigenvalues of H in (3.4) or (3.5) are expressed in terms of p
which depends on p* = \%(py + E) one gets a non-trivial “dispersion relation” for the energy
E = E(pY) and one may wonder if the condition for stability may change compared to that in
flat space. To see this let us start with a simple massive scalar equation in the pp-wave metric
(3.1)

(V2 —mi)T = (20,0, + 22707 + 07 —mg)T =0 . (3.17)

After the Fourier transformation in u,v this becomes the equation for the wave function of
the quantum harmonic oscillator with frequency 2fp,. Thus we get the following relation for

E = p' as a function of p¥ (p” = py%;’z, Pt = py%;’t)

8

—2p"p = m2 + 2fp N, No=> (ni+3), (3.18)
=1
(0 = (") =md +V2A (' +p")No . E=pl =D\ Jr+ B2+ mE . (3.19)

This implies that if m? is negative there is always a region of real momentum p¥ ~ —f—\]/go for
which the energy becomes imaginary, signalling an instability, i.e. the existence of solutions
growing indefinitely with time (see also a discussion in [47]).

In the case of the string-theory tachyon in a non-trivial background, its equation receives
o' corrections that in the pp-wave case translate into its mass m being itself a function of

= a'p*f. For the type 0 spectrum discussed above this implies that
mi=—2 = m®= ZApf) = md 4+ 8 f — 16In(2) o/(p )2+ O(aR) ,  (3.20)

with Ag given in (3.10),(3.15). From (3.4) and (3.5) we then learn that for the lowest excitation
mode we get

B2 — (") = 2A4( 5" + B)f) . (3.21)

9



Note that the o/-independent term 8p*f for (3.20) corresponds to the 2fp“Ny term in (3.18)
in the oscillator ground state case of n; = 0, i.e. with Ny = 4.

Eq. (3.21) for E(p¥) should be defined at any point of the real axis of p¥. Since Ag < 0 (cf.
(3.16) and Figure 1) we conclude that for small enough (p¥)? the value of E is always imaginary,
implying an instability. Note that the region of p¥ that leads to instability effectively shrinks
with increasing f as then Ag grows towards zero.

The torus partition function corresponding to type 0B string theory in the above pp wave
background was found in [31] and can be written as'?

Zos(f / /dp“dp e TP T o/ phf) | (3.22)
(2o 0) + (Z1/20)" + (Z012)" + (Z1/21)2)"
I(rip) = Zoo)! : (3.23)
0,0)
Zab(T' M) — 647|'7'2Ab(H) H (1 . 6727r7'2|wn+b|+27ri7'1(n+b)+27ria) (1 . 6727r7'2\wn,b|+2ﬂ'i7’1(nfb)f27ria) :
neZ
o o0 72,2
= ch cos(2mb k) , cp = —#/ ds e Fs— (3.24)
0

k=1

Here w,, was defined in (3.6) and ¢; can be expressed in terms of the K; Bessel function.
don’t know this integral rep. — check mathematica Zoo + Z¢ /2,0 1) (3.23) correspond to the
contribution of the untwisted sector and ZO ha Z! /2,172 to that of the twisted sector.

The structure of (3.22) is very similar to that of the flat space partition function (A.8), with
YapVap replaced by Z b1 (which indeed reduces to YapVap in the flat space limit 1 — 0). Note
that in the type IIB case the pp-wave partition function has a similar structure but with the
integrand being proportional to Zé,o / Zé,o = 1, which mirrors the flat space expression (A.10).'

Since the partition function (3.22) encodes the type 0 spectrum, one is able to recover from
it the value of the effective mass of the ground state. Taking the limit 75 — oo the ground
state contribution to Z,; comes from the exponential e 281 and thus the twisted sector
contribution gives!'¢

2012 T 20102 ernleae) o)
Z5

= 6727”-2148 5 (325)
where Ag is the same as in (3.10).

4 Type 0B string in pp-wave background with mixed
NSNS and RR 3-form fluxes

Let us now consider type 0B theory in the pp-wave background which is a Penrose limit of
AdSs x S x T* supported by a mixture of NSNS and RR 3-form fluxes. This background is a
solution of both type IIB and type 0B theories and thus the type 0B spectrum can be found

HMRef. [31] used different notation: the parameter f was called u. Similar partition functions for type 1B
theory in pp-wave background at finite temperature were discussed in [48, 49, 47].

5The type IIB pp-wave partition function does not automatically vanish, which is due to the zero modes
lifting the flat-space degeneracy of the ground state so that instead of a full supermultiplet only one state remains
massless [31]. In the limit u — 0 special attention has to be paid to these zero modes and one gets the vanishing
flat space result [50]. At the same time, one can also argue that the type IIB pp-wave partition function actually
vanishes provided one uses an analytic continuation in the momentum integral in (3.22): integrating over the
imaginary p¥ sets p* and thus u to zero and one recovers the flat-space result Z = 0.

16Tn the untwisted sector similar exponentials cancel corresponding to a massless lowest-energy state.

10



again using the GS description and applying the (—1)f orbifolding procedure. The explicit
form of the metric and fluxes is (r = 1,2,3,4; s =5,6,7,8)

ds? = 2dudv — f2ridu® + dz? + dx?
Hy12 = Hyza = —2¢qf, Fuig = Fyza = —24/1 — af, (4-1)

where x, are coordinates of the 4-torus T*. The parameter ¢ (that we shall assume to take values
in the interval [0, 1]) interpolates between the pure RR case (¢ = 0) and the pure NSNS case
(¢ =1). The type IIB string in this background and its spectrum was discussed in [28, 32, 51]
(see also [52, 53]).

The light-cone Hamiltonian is given again by (3.5), i.e

,1u (Nb+Nf+NT+A> : (4.2)

a’p

H—

where N, and N; have the same form as in (3.6)(3.7) but now with half of the massive bosonic
and fermionic oscillator modes and the frequencies given by

wn =/ (n+qu)?+ (1 — ) p? p=ap"f . (4.3)

N stands for the contribution of the 4 massless torus bosons and 4 massless decoupled fermions
(there is also the standard T* momentum and winding mode contribution that we suppress).
The NSNS flux acts to shift the mode number n (introducing certain periodicity, see below)
while RR flux produces the effective mass p/ = /1 — ¢pu.

The normal ordering constant A vanishes in the type IIB case and thus in the untwisted
sector of the type 0B spectrum, while in the twisted sector where GS fermions are taken to be
antiperiodic we get (cf. (3.8),(3.9))

A= Au(p, q) = Ar + Au(p, q) Ar = A4(0,¢) = 4[¢(=1,0) = ¢(=1,3)] = =3, (4.4)

Aa(p, q) —4><-[ Z \/n+qu +(1—)2— D \/(T+qu)2+(1—q2)u2]- (4.5)

n=0,%1,. r==£1,..

Ar in (4.4) is the contribution of massless oscillators in Np. In the limit of ;1 = 0 we recover
the flat space value Ay = A + A4(0,q) = —1 as in (3.9).

Separating the flat-space part and the n = 0 bosonic contribution in the sum in (4.5) as in
(3.10),(3.11), the function A4 can be represented as

Ag(p ) = =3+ Aalp, ) = =1+ 20| +2) X, (4.6)
Xo=V(n+qu?+ 10—+ (n—qu?+(1— @)
—\/ 3 Tan +(1—q2)u2—\/(n—%—qu)2+(1—q2)u2—1- (4.7)

For n > 1 one has X,, — —£ (1 2y O(-5), i.e. the sum in (4.6) is convergent.
In the pure RR flux case of g =0 we get (cf. (3.8) and (4.5))

A4(:uv O) = _% + %A8(/L) ) (48)

i.e. Ay(p,0) is always negative, growing to —% at pu — oo.
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In the pure NSNS flux case of ¢ = 1 (4.6) simplifies to
Adp 1) = =142l +23 (In+pl+ln—pl = ln =3 +ul = ln—3—pul —1) . (49)
n=1

For 0 <pu < % we find that A,4(u, 1) = 2u— 1 and for general u this function oscillates between
-1at |u| =k and 0 at |u| = k+ 3, k = 0,1,2,... with period 1 (see Figure 2).!" Thus the
normal ordering constant vanishes for special values of u. To analyse stability we need to fix
the background parameter f; since p* may vary, we will still find an instability at other values

of u=a'p"f.

Ag (p,1)

-1

Figure 2: Plot of A4 as a function of p in the ¢ = 1 case (pure NSNS flux).
For ¢ € (0,1) the asymptotics of Ay = —3 + Ay are given by (cf. (3.15),(3.16))

Aulpso = =14 2|u) = 4In(2)(1 = ¢*) 1> +3¢(3)(1 = ¢*)(1 = 5¢°) " + O(1°) , (410
Adlysoo = =2+ 0(e7 ) (4.11)

For general q one can show that A, vanishes at special values of ;1 where 4qu=odd integer, i.c.

Ay=-14+4,=-1 if qu=3i02k+1), keZ. (4.12)
This follows from rearranging terms in the convergent sum in A4 in (4.6). For example, for
qu = % the second and the third terms in (4.7) cancel and then including the zero-mode term
2|u| = v/(qu)? + (1 — ¢*)p? in the sum of the first term, in (4.7) and renaming n in the sum of
the fourth term, one concludes that A4|qﬂ_ , =0.

4

One can find an integral representation for A, similar to the one for Ag in (3.14) by consid-
ering the intervals between the points qu = }l(Qk: + 1) separately. For example, for qu € [—%1, i]
we get

< L2 x
Ay =—3+2v/(qu)? —|—,u’2—4|u’\/0 dx % cosh(2qu ) , W=1—¢*p. (413)

To get the analog of (4.13) for qu € [i, %] we need to introduce an overall minus sign for the

Ay contribution and shift x by %} while leaving /' unaltered. Ay is continuous at the glueing

points qu = }1(21@‘ + 1) where it takes the value Ay = —%. The plots of A4 as a function of u for
some values of ¢ are shown in Figure 3.

17This is similar to the periodicity in the normal ordering constant (2.8) in the Melvin background discussed
in section 2, where a renaming of mode numbers allowed to absorb integer shifts of the parameter v in (2.5).
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1.5 2.0
-0.45

-0.50

-0.55

-0.60

-0.65

Figure 3: Dependence of the normal ordering constant A, on the parameter p for different

values of ¢: 3 (upper red curve), 3, %, and 0 (lower blue curve). Note that Ay = —1 for

qu:%k+i, keZ.

Let us now consider the corresponding type 0 partition function, i.e. the analog of (3.22).
We will need to include the torus T contribution, i.e. factors of the massless oscillator partition
function in general defined as

Z,;l:b(T) :€4wrz[ﬁ—§(2b—1)2] H (1 . 6—27”'2|”+b\+2ﬂi7'1(n+b)+27ria)

neZ

) ) 1 2
% (1 . 6—27r7'2|n—b|+27rz7'1(n—b)—27rza) _ |n<7_)|—2 ‘0[?:2] (077_)’ : (414)

where b € [0, 1] and the f-function is defined in (A.5). The bosonic T* momentum and winding
modes contribute

Zo(r) =Tr i (TPR—TPL) Z eI (PR —PL) o~ 772 (PR +P7) ’ (4.15)
PL.PR

where for the simplest rectangular torus with R = v/a/ one has (py r)s = mg £ ws. This factor
replaces the contribution 7, 472 6f 4 continuous bosonic zero modes. Let us also introduce

Zap(Ti 11y @) = Za—gur,biqu(T5 V1 — ¢ 1) (4.16)

where Z,,(7; 1) was defined in (3.23) Then the total partition function may be represented as
(cf. (3.22))

dQT / 2w, v ’
Zos(f,q) =/2—Tz/dp“dp” e PP Zo(7) I o' f q) (4.17)

L (200)*(Z00)” + (Z1/20)*(Z1)50)* + (2012)2(251)) + (Z1/21/2)° (2151 12)? (4.18)

(20,0)2 |77(T)|8

where in (4.18) we suppressed the arguments of the Z-functions. Modular invariance can be
checked along the same lines as for (3.22) (see [31]). A few useful relations are

Zap(T+ 15 1,q) = Zagap (T3 18, 9), Za1p(Ts 11, @) = Zapi1 (T 14, 9) = Zap(T511,q),  (4.19)
ZaT,b<7' +1) = Zg+b,b(7_)v ZaTH,b(T) = ZaT,bH(T) = ZaT,b(T) ZaT,b (_l) = ZTb,a(T)' (4.20)

T

Also, we may use that [31]
Zop (=33 17I0) = Zopalrip) - (4.21)
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In the present case the periodicities transform with p as a modular parameter rather than a
positive constant, so we have to be careful about where the absolute value should be taken.
Following a similar discussion in [54], one can show that
Zap (—L571.q) = Zarquiranr (— 57V = 1) = 2oy qurasan(T: V1 — 1) = Z_44(T5 11, q).
(4.22)

As a result, one can check that the integrand in (4.17) is invariant under 7 — —% provided we
also redefine the integration variables p* — 7p*, p¥ — 7p°.

Taking the large 7 limit one finds as in (3.25) that it is controlled by the mass of the ground
state in the twisted sector, i.e. by the normal ordering constant A, in (4.4). Namely, we get

exp (27T7‘2 [QA%W( 1— @2p) — 280 (v/1 — 2p) + %]) : (4.23)

where Ay(p) was defined in (3.24). As follows from (3.24), this expression exactly matches the
normal ordering constant (4.13). Since Ay is negative we find as in (3.21) that there is always
a region of instability.

5 Remarks on the AdS5 X S° case

As we discussed above, in flat space and in the light cone gauge the NSR description of type 0
string theory and its GS description based on the orbifolding procedure are equivalent [4, 55].
This generalises to solvable examples of curved NS-NS models like pp-wave and Melvin-type
background. The case of RR backgrounds is non-trivial and to argue that the same orbifolding
procedure applies we studied the simplest example of pp-wave supported by RR flux. The
corresponding spectrum of type 0 string theory in pp-wave background supported by Fj flux
was already found using the orbifolding procedure [30, 31], while we demonstrated (in Appendix
B) that like in flat space the reasoning for this can be understood by starting with the type
IIB case, adding a Melvin twist and taking the special limit that leads to the type 0 string.

Let us now comment on the example of our main interest — AdSs x S® background supported
by self-dual RR 5-form flux which is a solution of both type IIB and type 0B theories [2]. The
spectrum of the type 0B string in this background should again be given by a combination of
the untwisted and twisted sectors described by the AdSs x S® GS action with periodic and
antiperiodic fermions respectively. Indeed, the above Melvin-twist procedure leading to an
orbifolding construction of the spectrum in an RR-flux supported pp-wave background should
apply also to the AdSsx S® case. However, in this case the type IIB spectrum (with Melvin twist
added) is not known in an explicit form and thus one may not be able to directly implement
the limiting procedure leading to the type 0 spectrum. Thus this orbifolding prescription may
still be viewed as a conjecture. We believe it is a natural one, given that the corresponding
dual gauge theory may be interpreted as an orbifold of N'=4 SYM theory [3, 9].

The classical type IIB GS string in AdSs x S° background [56] is known to be integrable
[57] and by now its spectrum is effectively known, at least implicitly [16, 18]. The integrability
property should be expected to determine the spectrum in the twisted sector as well since it
should also apply to the case of antiperiodic GS fermions.

To get an idea of the effect the choice of fermion periodicity has, let us consider some

semiclassical string states with large quantum numbers in the limit of large effective string

tension ‘2/—5 = %. In the semiclassical limit [58, 59, 60, 61] one fixes the parameters of the

classical string solution or the ratios of spins to string tension while taking v > 1, e.g.,

s J
= =fixed , VA1, 5.1
IO (5:1)
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where S is a spin in AdSs and J is an angular momentum in S°. One important example is
the long folded spinning string in AdSs with the energy [58]

S
E=S+f\)InS+.., VA1, —>1, 5.2
fN) 7 (5.2)

f()\) |:Cl0\/_+ ap + \/7@2 + .. ] ag — 1 y a; = —3In2 N a9 — -K y e (53)

The function f(\) is the cusp anomalous dimension which is known exactly from the integra-
bility [62, 63]. In the semiclassical string expansion, ag is determined by the classical bosonic
string solution [58], a; — by the 1-loop correction due to bosonic plus fermionic string fluc-
tuations [59], ay (proportional to Catalan’s constant K) — by the 2-loop GS string correction
[64], etc. . Explicitly, a; is given by the sum of contributions of the 8 bosonic and 8 fermionic
fluctuation modes (s = L 1n \% > 1) [59]

a1_11m—Z(\/n2+4s2+2\/n2+2s2+5\/_ 8\/n2+sz)

S—00 82

:/ dp (VPP +4+2y/p*+2+5p—8yp>+1)=-3In2. (5.4)

0

A similar semiclassical state should exist in the twisted sector of type 0B theory where the
GS fermions are antiperiodic. Because of the limit % > 1 the folded string is infinitely long,
i.e. the world sheet circle becomes effectively decompactified and the sign of periodicity of the
fermions becomes irrelevant. Thus we should find the same value of the function f(\). Indeed,
in the antiperiodic case the sum in (5.4) is replaced by (cf. (3.8))

i[\/n2+4s2+2\/n2+282+5\/m—8 (n—%)2+82} . (5.5)

n=1

The trivial s-independent divergent part in this sum drops out from a; for s — oo'®

and
then setting n — ps we conclude that the —% shift in the summation index in the fermionic
contribution does not play a role in the large spin limit. Thus we arrive at the conclusion that
the energy of the corresponding fast spinning string state in the twisted sector should be the
same as in the untwisted sector.

To get a non-trivial effect from the change of periodicity of the GS fermions one is to
consider solutions where the size of the closed string remains fixed in units of v/A. For example,
in the limit where the S° angular momentum parameter J = % is taken to be larger than
other semiclassical string parameters one should recover the pp-wave spectrum with the same
twisted sector ground state energy as in (3.8). Another simple example is provided by the rigid
circular string rotating in two orthogonal planes in the S part of S® with the two equal angular

momenta J, = Jo = 3.J [66, 67]. Its classical AdSs energy is given by

Ey=VAn=VI2+awi=J+2 o (5.6)

where w is the winding number of the string and in the last equality we expanded in large

j J19

18 An alternative is to isolate the divergent s = 0 part explicitly as in (3.10),(3.11) which will “symmetrise”

the fermionic contribution (cf. [65]): 8y/(n — 3)? +s2 — 4\/ 2482+ 4\/(n +3)%2 42

9The large J limit is similar to the expansion near the pp-wave background (cf. (3.2),(3.5)) with p* — J
and p=a'ptf — J = % =ao/JR) 3.
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Starting with the form of this solution in [67], one finds for the 1-loop correction to the
energy £ = Ey + Ey + ... [68, 69]*

By =FE+ By, Z Sn (5.7)

Big=[244/1—- 22 +5,/1 - %] —8/1-% R2=TJ24+w>, (58
Sn=2\/1 S Sk +2\/1 i 2W2+4\/1+ 1+ (5.9)

Here Ejp is the contribution of the zero modes and the negative contributions come from 8
periodic fermionic fluctuations. For the corresponding state in the twisted sector of type 0B
theory one needs to take the fermions to be antiperiodic, i.e. drop the fermionic zero mode
term in Ej o and sum the negative term in (5.9) with n — r = n — % Then the difference

between the energies of the untwisted and twisted sector states is found to be

AEl El Elz—%SX%[ i \/n2+j2_ i «/r2_|_‘72i|

n=0,£1,... T'Zi%,...

1
\/m/lg(j) . (5.10)
Here Ag(J) is exactly the same function (3.8),(3.14) as in the ground state energy of the twisted
sector of the type 0B theory in pp-wave background. A similar discussion can be repeated for
another simple case of the circular (S, J) solution [72].

One may also use a semiclassical approach to study quantum corrections to energies of short
strings [73] but addressing the question about the energy of the type 0B tachyon as a function
of the string tension v/ requires an exact solution for the twisted sector of the AdSs x S°
spectrum. Hopefully, this can be achieved using the integrability of the AdSs x S® GS string
theory that should hold regardless the choice of periodicity for the GS fermions.
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A Type O string in flat space

Here we shall recall the standard description of type 0 string in flat space first in the NSR and
then in the light-cone GS approach.
We shall start with NSR closed string theory on a cylinder (7,0) and use the notation
* =740, 0. =5(0- £0,). The light-cone action is (i = 1,...,8)
S=— [ o (9,00 0 + o, +idi 0,00 ) | (A1)

o'

20The fluctuation frequencies were found in [70] starting with the form of the solution in [66] related to the
one in [67] by an SO(4) transformation. In [65] it was assumed that after a rotation needed to diagonalise the
fermionic fluctuation Lagrangian the GS fermions become effectively antiperiodic. In fact, this rotation is not
needed if one starts with the form of the solution in [67], i.e. the type IIB fermions remain periodic. This issue
was further clarified in [71].
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Depending on periodicity of left- and right-moving fermions we get 4 sectors. In each left- or
right-moving sector the mass operator is given by

o M? = Z na', ol + Z rB-, 8L+ A, (A.2)
n=1 r=b

where o' (o), 8, (B") are creation (annihilation) operators of bosonic and fermionic modes
respectively. The values of the parameter b in the fermionic sum and the normal ordering
constant A depend on the sector: in the NS (antiperiodic) sector b = % and A = —% while in
the R (periodic) sector b = 1 and A = 0. The ground state |0), 4 is a scalar tachyon while
|0)  is an SO(8) spinor. Combining the left- and right-moving sectors and imposing the level
matching condition M? = M3 one then generates the closed string spectrum. In particular,

one gets?!

Sector Lowest mass state Rep of SO(8) | Statistics
(NS_, NS_) 10) ys @ 10) v 11 Bosonic
(NS4, NS{) | &1 0100 ws @ B4 5|00 ys | 8, @8, Bosonic

(R4, Ry) I+ ®|+) 5 8. ® 8, Bosonic
(R4, Ro) ) r®|-)r 8. ® 8 Bosonic
(R_,R.) =) r ®|=)g 8s ® 84 Bosonic
(NS4, Ry) B 17210 s ® [+) g 8, ® 8. Fermionic
(NS, R_) &8 1210 N @ =)k 8, ® 8 Fermionic

Imposing modular invariance leads to the following consistent theories

type IIA: (NS, NS,) (R4, R-) (NS4, R-) (R4, NSy)

type IIB: (NS, NS;) (R4, Ry) (NS4, Ry)  (Ry, NSy)

type 0A: (NS_, NS—) (NS-H NS+) (R-f—a R—) (R—a R-l—) '

type 0B:  (NS_,NS_) (NS4, NS.) (R, Ry) (R, R-)

In particular, type 0 theory contains a tachyon (with mZ = —%), the same massless NSNS
states, double the number of massless RR states (as compared to type II theory) and no

spacetime fermions.
The corresponding torus partition function is given by (7 = 7 + i)

d d ' d2 =
7 _ / T1ATo Ty (6—27r72H+27rz7-1P) _ / _T <qLoqLo) , q= exp(27TiT) . (A3)
Fo Fo

T2 47'2

Separating the bosonic zero mode factor (27v/a/) =87, ®, the contribution of 8 bosonic oscillator
modes is expressed in terms of the Dedekind 7-function n(7) = /> [[°2,(1 — q"). Then

1 d*r -16 Lo=L
Z = T =T °q°) . A4
4(271-)805/4 \/F\‘O 47_26 |T](T)| Y rferm. (q q ) ( )
The fermionic contributions lead to factors of [[>~, (1 £ ¢"**) (where a = —1 for NS and 0 for
R sectors) which can be expressed in terms of the Jacobi theta functions 94,(0; 7) defined as

Jup(z7) = Q[a/z] (z:7) = Z6i7r(n+a/2)27—e27ri(n+a/2)(z+b/2)' (A.5)

b/2
neZ

210ne introduces a Zy grading by defining “G-parity” as (—1)*! for the NS-sector and (—1)FT'g for the R
sector (here F' counts the number of worldsheet fermionic excitations).
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One finds that the only modular invariant combinations of these factors are
(950 — Y61 — V1o + V1) (V0 — V1 — V10 F 911)
8
L
VooV00 + Y01951 + V1oV F 9101
Il ’

, (A.6)

Tiap =

Vap = Vap(0;7) (A.7)

Zoap =

corresponding to the above two type II and two type 0 theories. In the case of type II theories
the Jacobi identity g, = ¥, + 91, and ¥1;(0; 7) = 0 implies that Zia g = 0. In the type 0 case
we cannot further simplify

(A.8)

7 _ 1 / d>r 95,050 + 05,98, + 91,01, F 01,94
0AB = )
Fo

A@2m)Bart J 5, 475 In(r)[**

Here there is an IR divergence at 7 — oo indicating the presence of the ground-state tachyon.
Let us now discuss the equivalent light-cone GS description. In the IIB case one starts with

8:

— /d20 (8+xi8_xi + 1SR0LSH +iS70-SY) (A.9)
while in the type ITA case one has S¢ — S¢ (o = 1,...,8). Here Sy g are worldsheet bosons
and spacetime fermions that satisfy periodic boundary conditions. The fermionic zero modes
imply degeneracy of the ground-state corresponding to 8. @ 8, of SO(8). Combining the left
and right movers, the massless modes are (8. ®8,) ® (8. ®8,) which is the same as in the NSR
case after the GSO projection and all higher order excitations arise from this single sector. The
partition function vanishes since it involves 11,

1 d?r 90t
7 nvin _ g A.10
T 4 2r)sat /;0 47§ n(r) " (4.10

The way to describe flat-space type 0 string theory starting from type II theory in the GS
framework [4] is to orbifold by a 27 rotation in a plane or equivalently by (—1)¥ where F is the
spacetime fermion number.?? Namely, one gets the “untwisted” sector built out of type II states
keeping only those with (—1)f" = 1, i.e. projecting out all spacetime fermions. To preserve
modular invariance one is to then add a “twisted” sector where the string closes only up to a
transformation by (—1)%, i.e. one is to take the GS fermions S;, and Sg to be antiperiodic on
the cylinder. Like in the NSR formulation that gives a non-zero normal ordering constant and
thus a tachyonic ground state.

In the partition function, the projection onto bosonic modes introduces a term 93,94, while
the twisted sector adds 3,04, + Y4001 and we end up with the same partition function (A.8)
as in the NSR description.

B Melvin twist on pp-wave background

Starting with type IIB pp-wave background (3.1) we may compactify the coordinate y = “\J/r%’
on a circle of radius R and add a Melvin twist (2.1) in the (z1,z2) plane as
—dt? +dy* +dai+da; —  —dt* +dy? + (dz +igz dy) (dz —igz dy) | r =z +ize . (B.1)

22A similar light-cone GS description for a Z, orbifold of type 0 string theory viewed as Z4 orbifold of type
IT string theory was given in [55]. Related constructions with antiperiodic spacetime fermion sectors appeared
in [74, 75] and also [76, 25, 26].
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For compact y we may fix light-cone gauge as

u=dap"t +wRo . (B.2)

The transverse string fluctuations now acquire mass (cf. (3.2))
u =2 a”?(p")? - (wR)?] . (B-3)
The derivation of the spectrum is similar to the case of a Melvin twist in flat space in section

(2). The zero-mode momentum in y direction is now p¥ = % and thus we get (below { = ¢R

and v = w¢ as in (2.2),(2.5), cf. (2.6))

A“:—+\/% + (4 + 2N m=m—£&0+3Jp) (B.4)
=== R+ (R) () 2N (B:5)
B = () = (R)+ (3) + 3N (BY

Here the expressions for N (before normal ordering) and the bosonic contribution to the angular
momentum operator J, are given by

N=N,+ N, + Ny, (B.7)
N, = Z (Wﬂ WQTJrO‘nJr T Wnpy O nf + Wn oy Oy + wn-i—“/O‘TJrO‘n-i-) + Wy (ao- O‘O + O‘0+040+)
n=1
8 00 4
N, = %Z [an( ”0/ + a, O/T + oz”o/ +al N”) + %u(agag + aoao -+ agag + agagT)
=3 n=1

T

(ol any —al _an + &l a,, —al_a, ) +aja — adao (B.8)

@Ku
I
NE

1

3
I

where frequencies are given by w, = y/n?+ 2 as in (3.6) and the modes are again labelled
by their sign in J,. The fermionic part of the GS Lagrangian in the light-cone gauge takes the
form (we follow [29] and use the same spinor notation, i.e. I = v'4235% etc.)

L =i0'5"(0; — 3qv"20,y)0" +i6°7°(0- — 1q7"?0_y)6* — 2u0'7°T10% + . . .. (B.9)
Introducing the commuting projectors P+ = #, p* = HEH we may define
AY2 = (e3Pt 4 e—%qyp—wm . (B.10)
and thus rewrite (B.9) as
L =iNF0L A" + A5 0_N* — 2uN'FTIA® + ... . (B.11)

Then we can use the expressions in [29] accounting for the shifted periodicities arising from the
phase factors. The fermionic equations of motion split under P* into

0N 7 puA* =0, O_N*+puN' =0, (B.12)

and finally the fermionic contributions to the oscillator number operator (B.7) and the angular
momentum in the (1,2)-plane which appears in (B.4) are found to be

Nf — Z (an%BJLJan-‘r + wm%ﬁlfﬁn_ + Wiy g ~l+5n+ + angg;g—gn—) + W%(ﬁgﬁo + Bgﬁo)
n=1
Z +Bn+ ﬁl_ﬂni + BJL-&-BnJr - BJL—an) =+ BSBO - 5(T)ﬁ0 ) (B13)
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where the tilde distinguishes between left- and right-moving modes and the subscript + cor-
responds to the eigenvalues of y!2. As the fermions couple to y with “charge” %q, as in (2.6),
there is an extra % coefficient between J, and J rinm (B.4). Setting £ = 1 and taking the limit
R — 0 like in the case of the flat space Melvin twist in section 2, and then applying T-duality?
we end up with the spectrum of type 0B theory in the pp-wave background (3.1), i.e. with the

sum of the untwisted and twisted sectors discussed in section 3.

C Type OB effective action expanded near pp-wave background

In the case of type IIB theory [29] one can reproduce the low-energy part of the string spectrum
in pp-wave background (3.1) by expanding the string theory effective action or the correspond-
ing equations for the target space fields. Here we shall do the same in the type 0B case.

The effective action of type 0B string theory can be reconstructed from the string scattering

amplitudes [2] 24
S = QL{ / dl%\/—a(e—% [R + 40,000 — 1(9,TO"T + m2T?) — %|H3\2} (C.1)

2 ad ~ _ 12 ~_ —
— LMD (| FF 4 |B P+ |Fs?) = Le "D (| Fr|° + | B |2)> +%/F5/\F3 ABQ}+....

Compared to type IIB theory where we have a graviton g, a dilaton ®, a Kalb-Ramond field
B with field strength H and RR potentials Cy, Cy and Cy with field strengths Fy, F3 and Fj
(the later restricted by a self-duality constraint), here we have an additional tachyon scalar T'
with m§ = —2 and a doubled set FE Ff, Fy of the massless RR fields®® which appear in the
combinations

F,=F,—HsNC,_3, n=3,5. (C.2)
The coupling of the tachyon to the RR fields is given by an odd function

MT)=T+0O(T?) . (C.3)

One should note that the effective action including the tachyon is not, strictly speaking, well
defined as a derivative expansion. In particular, the tachyon effective action reconstructed from
on-shell amplitudes and expanded in powers of derivatives is ambiguous [80, 81]: one can use
field redefinitions and the leading-order equation o’/JT = —27T', and thus cannot distinguish
between (—%0)"T and T factors in the action.

Our aim will be to compute the spectrum of small fluctuations of the tachyon and massless
fields in (C.1) near the pp-wave background (3.1). Since the latter has only metric and (self-
dual) F5 being non-trivial, the cubic interaction terms in (C.1) involving the RR fields which
are relevant for the study of quadratic fluctuations are

4K2

S3:L/|:CQ+/\H3/\*F5+F5/\F3/\BQ_TFS/\*F{‘)]' (04)

2Without applying T-duality we get the spectrum of type OA theory in the background T-dual to the pp-wave
(3.1), i.e. in a generalisation of the fundamental string (or F-model [77]) type background supported also by a
combination of RR fluxes.

24 Additional information about the structure of the action can be inferred indirectly by imposing consistency
with T-duality [78]. Here we use the sign conventions of [79] and the normalisation of [2]. In [2] the action is
defined with an additional minus-sign in front of the action and s = 3. To connect to [78] we have to introduce

an overall minus sign in front of the metric and another one in front of the Ricci scalar, set k = % and rescale

T — V2T and F, — V2F,.

Z5Here there is one copy of F5 but it is not self-dual. We use the notation |F,|?> = % F,

.-
Hl-"ﬂpF P

1
p!
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The relevant terms in the resulting (linearised) equations of motion may be written as

R, = ﬁ(l + T) <Fu0<575Fz?67§ B TIE)G“”FO‘M‘SEFQMEE> ’ (0'5)
VP =0, (V2 —md)T = 4f(Fyi034 + Fusers) Vet =0, (C.6)
VHEF,,, = FAFH (5025 + 655 ) (C.7)
V*Houy = 20 F G025, 000 — 2 P OL + R (©8)
YV  Frpon = —4FO°T (8 pane + Oypona) - (C.9)

Here 614 = 67} ...0,". Introducing Fy = \%(Fgf — Fy) and Fy = \%(Fg’ + F5 ) we can write

the equations for F;L, H as:

VHE,, =0, VHE,,, = 29/ JHOPI (0025 + 65058 ) (C.10)
VA Hywp = 22 FF G050 + 6105 (©11)

For the dilaton ® and the RR scalars C*, we get the massless wave equation (cf. (3.17))

V2 = LGa“(\/—GGWa@) = (20,0, + f2202 + 02) ® =0, (C.12)

&‘

which is solved as in [29] or in (3.17)—(3.19) with the effective light-cone Hamiltonian H = —p, =
f (Zle ala; + 4) with the lowest energy state having Hy = f&, & = 4. This matches what
one finds in the type 0B spectrum: the contribution 4 arises from either 4 fermionic excitations
of the untwisted sector (for ®,C" as in type IIB case [29]) or from the first fermionic excitation
in the twisted sector once combined with the normal ordering constant (3.15) expanded in o'

Following the notation in [29] for a field satisfying a similar wave equation with an extra

linear 0, term one can read off the lowest light-cone energy value H as
(V2 +2ifcd)p =0 — Hy=f&, &=4+c. (C.13)

Fixing the gauge C,,, = 0 for the field F3 one finds as in [29] that V2C;; = 0 and thus 28 massless
modes with & = 4. In the following we need to distinguish two sets of indices 1 = 1,2,3,4
and i = 5,6,7,8 as these couple to the 5-form flux independently. For (F3, H3) one finds that
V2C, = V2B, = 0 while modes with indices from the same set as e.g. Az = Cla + V/2iBsy
and A5 = Ci5 — V/2iBsy satisfy

(V2 —4if0,)A1 =0, (V2+4ifo,)A=0 — E=4+2. (C.14)

The most complicated sector is that of the fluctuations of the metric, the 5-form and the
tachyon. Since T is coupled to F5 in (C.1), the non-zero Fs-background leads to mixing of the
fluctuations of Fj5 with the tachyon. Expanding to linear order in fluctuations

G/uz — G/u/ + huu; Cuypa — Cul/po + Cuvpo Ruu — R;u/ + Tuvy F,ul/pan — Fuupan + Qv pon

and choosing the light-cone gauge h,, = 0, ¢y, = 0, the linearised Einstein equation takes
the form

6 sul234 6 sul234 2 ! / ! 66 cul234 1234
P = FaCPGIB L qaBrGuB 2 paal GOR G GOV gL GuIZsL L (1934 — 5678)

+ 8f2T6LL;/L - G,wa(av1234 + av5678> ) (C15)
T :% (—VQhW + Vi VP + V,VPhy = VU VR 4+ 2R 017 + Ry ,I + R,,phﬁ) ,
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with the non-zero components being (background curvature is Rijyu; = —f2, Ruu = 8f?)

s g
Tuu = 2f<au1234 + au5678) - 2f2 Zi:l h + 8f2T + f2x%<a”1234 + a115678)

Tij = f(av1234 - av5678>5ij7 T = f(av5678 - Gv1234)5i/j/, Tui = f(eijkl@vujkl + ai5678)a

Tuir = f€rjie Qoujwry + @inasa), T = f(€ijuiQuirjk + €y Quigrier) - (C.16)

where €1034 = €5678 = 1 and repeated indices 7 or ¢ are summed over. All other components
vanish. As in [29] the (vv) component of the Einstein equation vanishes and thus gives the
zero-trace condition for the transverse modes h} + hi, = 0.20 The (vi) components vanish as
well, which determines the non-dynamical modes hy; via 9“h,; + 7 h;; + 8j/hij/ = 0. The (vu)
component implicitly fixes Ay, via 0%y, + Ohiy, + 07 hi, = 0. The off-diagonal (ij) and (i'5")
components give the free field equations for h;j, hy

Vthj = O, Vghi/j/ =0 — 80 =4. (Cl?)
The remaining metric fluctuations are mixed with C'; potential fluctuations via
Vzhij = —2f8v(01234 - 05678)61']' ) Vth’j’ = _2fav(c5678 - 01234)5i/j’ )
V2hiy = —2f0,(€ijriCijia + €irjrmvCijren) - (C.18)

The equation for Fj expanded to first order is

Vuauv,wn - Gaﬁvuhm F, uﬂpan_Ga/Bvﬂhpa F, uvpBon — Gaﬁvuhaa F, uvpBn — Gaﬁvﬂhna F, pvpoB
- _ 2faaT(5u1234 + 5u5678 ) ] (019)

vpona vpono

Here we can gauge fix ¢,,,, = 0 and then eliminate c,,,,. Then V¢ = 0 — & = 4 while
the remaining physical fluctuations satisfy

V2ci34 = A4f0,(h11 + hag + hsg + haa) — 4f0,T

Vesrs = 410y (hss + heo + hor + hss) — 4f0,T (C.20)
vzci’jkl = 4f€z‘jklavhii’ ) V2Cij’k’l’ = 4f€i’j’k’l’avhii’ .
To simplify these equations let us introduce the following combinations of fields (using hi = 0)
h = hi1 + hao + h3z + hag W' = hss + hes + her + hss = —h
Ga = hll + haa - hbb - hcc > (CL, ba C) = 0(27 3a 4) 5
Ja' = h55 + ha’a’ - hb’b’ - hc’c’ ) (CL/7 blu C/> - 0(67 77 8) )
Ciit = €ijkiCit jkl T €'kl Cig k!l Ciit = €ijklCitjkl — €'V Cij kI - (0-21)

Then ¢/, g, and g, satisfy free massless equations as in (C.17) and thus yield 22 modes with
& = 4. The field ¢;z combines with h;y and yields 16 modes of both & = 2 and & = 6. It
remains to solve the equations for the 4 interdependent fluctuations ¢ = ¢y934, ¢ = ¢s678, h and
T. They satisfy the equations

Ve = 4f0,h — 4f0,T , V3 = —4f0,h — 4f0,T
V2h = —8f0,(c— ), (V2 —m2)T = 4f0,(c+) . (C.22)

These equations can be obtained also by directly expanding the action (C.1) to quadratic order
in fluctuations

Slh,l' e, d,\T) = 5L / dl%\/—G[%hv% + VPR + 1T(V? = md)T + 1cVie+ 1 V3d

— 2fTy(c+ ) + f(h — h)Dy(c — c')] , (C.23)

26This also follows directly from the 10d Weyl invariance of the action for F5 and thus tracelessness of its
stress tensor in (C.5).
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and imposing the zero-trace condition h = —h’ after the variation. Introducing
c.=c—7, cy=c+d, (C.24)
we find that c¢_ and h satisfy
Vic_ =8f0,h , V2h = —8f0,c_ , V3(h+ic_) = £8ifo,(h+ic_),  (C.25)

and thus using (C.13) h +ic_ have & = 0 and 8. From (C.22) the remaining fields ¢, and T
satisfy a coupled system

Vic, = -8f0,T , (V2 —m2)T = 4f0,c, , (C.26)
implying (V? — m2)V?T = —32f20?T. Tt can be diagonalised by introducing the new fields

mg & \/im — 32f202 (C.27)

(V2o MOKE =0 = E—dt M0 4 [0 g (C.28)
4fp 16(fpv)?

~

K* =4f0,T + Mzcy , My

Il
N[ =

where in (C.28) we used the momentum representation and p* = p,.
The resulting spectrum may be summarised as follows:

Fields Components & #
P P 4 1
Bt Fy ct, C 4 2
Cij,Cirjr,.Ciir 4 28

Ff, Fy, Ciir, Biy 4 32
Hj Aj, Ay 2 12
Aij, Ay 6 12

hij, hirjrs Gas Gar 4 18

Cijirjt, Tt 4 52

hivr + icii 2 16

hiir — ici 6 16

G, F5, T h+ic_ 0 1
h —ic_ 8 1

K+ 4+ 4’}% + 16(;11%)2 +8 1

K~ A+ 5k — \/% 1

Here we gave the values of the rescaled light-cone energy &, with the eigenvalue of the
light-cone Hamiltonian being H = —p* = f&;. The effective mass or dispersion relation for the

corresponding state may be written as in (3.4) or (3.18),(3.21), i.e. (E =p', p*=p, = pi/gE)
m? = E* — (p¥)? = 2fp"&, . (C.29)

The spectrum of the subset of fields (dilaton ®, metric G, Hs, one copy of F; and F3 and the
self-dual part of Fy) present also in type IIB theory, i.e. of the untwisted sector of type 0B
theory, is of course the same as in [29].
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The remaining states — the 63 extra “massless” (£, = 4) modes and “massive” mixtures K+
of the tachyon and the RR 5-form should belong to the twisted sector of type 0 states. For the
“lower” or ground-state mode K+ we get from (C.29)

m? =87 + o+ 3miy /1 4 128mg ()’

=— 2 1 8fp" — 16/ (fp*)* + 1283 (fp*)* + ... . (C.30)
We used that m3 = —% and expanded in o’ or in powers of % = —%,u where u = o'p*f
is the parameter used in the exact string spectrum (cf. (3.6),(3?11)). Comparing (C.30) to
m? = —m2Ag(p) in (3.20) we observe that the first two terms match while the coefficient of
the leading order correction o/(fp*)? is - 16 in (C.30) and —161n2 in (3.20). This mismatch
is not too surprising as here the starting point was the low-energy effective action (C.1) which
(as was mentioned below (C.3)) contains an ambiguity when expanded in derivatives of the
tachyon field?” and also does not include higher o/ corrections.

Similarly, for K~ we get

m? = 8fp"+imf— %mg\/l +128mgt(fpe)? = 8fp  +160/ (fp*)* — 12803 (fp")*+... . (C.31)

Thus to leading order K~ is effectively massless and should combine with the other 63 modes
of & = 4 in the above table to complete the first excited level of the twisted sector. Indeed,
the states on the first excited level in the twisted sector are created by applying a pair of
fermionic creation operators in (3.5),(3.7) to the vacuum and thus the corresponding analog of
the ground-state mass relation (3.20) is

m® = Z[As(n) + 1+ p2] =8fp" + O(/(fp")?) , (C.32)

i.e. has the same leading term as in (C.31). Here we expanded in powers of u = o/p" f and the
flat-space tachyon part —1 in Ag cancelled against the leading excited state contribution. The
mismatch of subleading order o/ terms is again attributed to the fact that the action (C.1) does
not contain o/ corrections. One may, in fact, turn this around and try to use the information
about the exact pp-wave spectrum to fix the structure of higher o terms in the effective action.
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