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Abstract

In this thesis we study stochastic control problems with control-dependent stopping terminal
time. We assess what are the methods and theorems from standard control optimization settings
that can be applied to this framework and we introduce new statements where necessary.

In the first part of the thesis we study a general optimal liquidation problem with a control-
dependent stopping time which is the first time the stock holding becomes zero or a fixed
terminal time, whichever comes first. We prove a stochastic maximum principle (SMP) which
is markedly different in its Hamiltonian condition from that of the standard SMP with fixed
terminal time. The new version of the SMP involves an innovative definition of the FBSDE
associated to the problem and a new type of Hamiltonian. We present several examples in
which the optimal solution satisfies the SMP in this thesis but fails the standard SMP in the
literature. The generalised version of the SMP Theorem can also be applied to any problem in
physics and engineering in which the terminal time of the optimization depends on the control,
such as optimal planning problems.

In the second part of thesis, we introduce an optimal liquidation problem with control-
dependent stopping time as before. We analyze the case when an agent is trading on a market
with two financial assets correlated with each other. The agent’s task is to liquidate via market
orders an initial position of shares of one of the two financial assets, without having the possi-
bility of trading the other stock. The main results of this part consist in proving a verification
theorem and a comparison principle for the viscosity solution to the HJB equation and find-
ing an approximation of the classical solution of the Hamilton-Jacobi-Bellman (HJB) equation
associated to this problem.

Keywords: Stochastic maximum principle, control-dependent terminal time, optimal liqui-
dation, variational analysis, backwards stochastic differential equations, price impact, dynamic

programming, viscosity solution, FBSDE approximation.
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Chapter 1

Introduction

1.1 Background

A standard service of investment banks is the execution of large trades. Unlike for small trades,
the liquidation of a large portfolio is a complex task. It is usually impossible to immediately
execute a large liquidation task or it is only possible at a very high cost due to insufficient
liquidity. Hence, the ability of exercising an order in a way that minimizes execution costs for

the client is of primary importance.

The stock price is usually defined through a specific stochastic process, usually adopting the
solution of a Stochastic Differential Equation (SDE). This process may be influenced by many
endogenous factors to the market, such as liquidity and volatility of the market and the strategy

of the trader itself.

Almgren and Chriss [4] and the subsequent literature analyse the liquidation problem through
the use of market orders. The control of the liquidation problem is the amount of sell market
orders executed at any time ¢ in the trading period [0, T']. Usually the optimal value of the control
is calculated by maximizing the terminal wealth of the trader and minimizing some trading cost

or some penalty cost, such as urgency to liquidate or risk-aversion to price movements.

The optimal liquidation problem under price impact has been studied extensively in the
literature. Bertsimas and Lo [14] use a linear price impact model and solve a discrete optimal
control problem to minimize expected trading costs. Almgren and Chriss [4], Huberman and
Stanzl [36] introduce the volatility as a trading cost. Almgren [3] employs nonlinear impact
functions and discusses the continuous-time limit of the models in Almgren and Chriss [4] in
more detail. Almgren [2] considers optimal liquidation in a market with stochastic liquidity and

stochastic volatility. Kharroubi and Pham [40] considers real trading that occurs in discrete

17



18 Chapter 1. Introduction

time. For an overview of continuous-time price impact models, see Cartea et al. [18] and the

references therein.

Once a liquidation problem is modelled through the definition of the state variables (such as
the stock price, the inventory, liquidity and volatility of the market, ...), the trader is interested
in finding the optimal trading strategy in order to maximize her performance criterion. The
maximum of the performance criterion over the whole space of admissible trading strategies
is defined as the wvalue function. Two most commonly used approaches in solving stochastic
optimal control problems are Bellman’s dynamic programming principle (DPP) and Pontryagin’s

stochastic maximum principle (SMP).

The first method implies the use of the Hamilton-Jacobi-Bellman (HJB) equation formulation
of the problem as in [3, 7, 8, 17, 19, 34, 33, 40, 53]. In general, the value function related to
most of the liquidation problems can be proven to be a solution to a PDE, usually known as
HJB equation. In Pham [48] it is outlined the form of a general HJB equation deriving from a

general performance criterion and general state variables defined through a set of SDEs.

The task of finding the value function as the classical solution of a particular HJB equation is
often demanding because of the strict conditions in the Verification Theorem and the difficulty
to prove the existence of a solution the HJB equation. Hence, the usual procedure is to prove
that the value function is at least the continuous unique viscosity solution to a particular HJB

equation. We refer to Pham [48] for definition and properties of viscosity solutions.

The second approach to solving an optimal liquidation problem consists in employing FBS-
DEs, by applying the Stochastic Maximum Principle, whose statement can be found in Pham [48,
Theorem 6.4.6]. One of the most interesting aspect of using the BSDE approach to solve the
optimal control problem is that BSDEs can deal with non-Markovian settings. In particular, we

can think about some stochastic price impact that depends on the history of the price itself.

Both approaches have been extensively studied in the case when the stochastic optimal
control has finite time horizon. In Cartea et al. [18] can be found examples of optimal liquidation
problems terminated when the agent finished the inventory to be liquidated. In this case the
liquidation problem with random terminal time is solved using the HJB approach by simply
adding a boundary condition to the PDE when the inventory variable touches 0. To the best
of our knowledge, optimal stochastic problems with stopping random terminal time have never

been solved in the literature using the SMP approach.



1.2. Qutline of the thesis 19

1.2 Outline of the thesis

In Chapter 2 we study a general optimal liquidation problem with a control-dependent stopping
time which is the first time the stock holding becomes zero or a fixed terminal time, whichever
comes first. To make the presentation of this chapter easier, we assume the state process to be
independent of the control variable. Moreover, since we are considering a liquidation process, we
assume the liquidation speed (i.e. the agent’s control variable) to be always non-negative and,
therefore, not allowing the agent to buy the stock she is liquidating. The two main contributions
of this chapter are, firstly, to show several examples of control-dependent terminal time problems
that do not satisfy the usual formulation of the SMP and, secondly, to find a new version of
the SMP that can be applied to the whole series of these control problems. This new version
of the SMP is markedly different in its Hamiltonian condition from that of the standard SMP

with fixed terminal time.

In Chapter 3, we consider an extension of the framework studied in the previous chapter,
by removing two of the main assumptions considered in previous chapter. Firstly, we introduce
the control variable into the SDE defining the state process. Secondly, we allow the control to
take negative values. Lastly, we introduce a lighter version of the previously introduced SMP for
specific settings. The generalised version of the SMP Theorem makes possible the application
of the SMP Theorem to optimal planning problem and other stochastic controls in physics and
engineering.

In Chapter 4, we study an example of an optimal liquidation problem with control-dependent
terminal time. We analyze the case when an agent is trading on a market with two financial
assets, whose difference of log-prices is modelled with a mean-reverting process. The agent’s
task is to liquidate, using market orders, an initial position of shares of one of the two financial
assets, without having the possibility of trading the other stock. The criterion to be optimized
consists in maximising the expected final value of the agent, with a running inventory penalty,
while the liquidation has multiplicative price impact on stocks. The main result of this Chapter
consists in proving a verification theorem and a comparison principle for the viscosity solution
to the HJB equation and finding an approximation of the classical solution of the Hamilton-
Jacobi-Bellman (HJB) equation associated to this problem, which is proved to not coincide with
the value function. However, we find the value function as a solution to the forward-backward
stochastic differential equation (FBSDE) associated to the problem. We provide numerical tests
showing that the HJB and FBSDE solutions are close to each other and analysing performance

of the described model.
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Chapter 2

Stochastic Maximum Principle for
Optimal Liquidation with

Control-Dependent Terminal Time

2.1 Introduction

In the last decades stochastic optimal control theory has received an increasing attention mainly
driven by applications to financial mathematics. Different approaches have been developed to
solve stochastic control problem, broadly divided into two classes, partial differential equations
(PDE) methods based on the Hamilton-Jacobi-Bellman (HJB) equation, and methods based on
the maximum principle based on backward stochastic differential equations (BSDE) techniques,
we refer to Yong and Zhou [59], Fleming and Soner [30] and Pham [48] for a deeper introduction
to the topics. In particular, the latter field of BSDE’s has proved to be particularly strong in
addressing stochastic optimal control problems of various nature. At the same time, motivated
by many financial applications, optimal control problems with random terminal time have been
deeply studied. In the usual setup, the random events occur by surprise, that is they are
totally inaccessible random time for the reference filtration. Recently, this approach has been
used in Pham [49], Jiao et al. [38] and Cordoni and Di Persio [23] in order to investigate a
general stochastic control problem with multiple default events. In this chapter we investigate
a stochastic control problem with multiple random events but, differently from Pham [49] and

Jiao et al. [38], we assume the random event to be passively determined by the control strategy.

We denote (m¢)icpo,7] as the control variable decided by the agent. We define the quantity

21



22 Chapter 2. SMP for Optimal Liquidation with Control-Dependent Terminal Time

Q; as
t
Q7 = qo —/ o, dr, (2.1.1)
0

where g > 0 and we assume that the terminal stopping time is triggered as soon as the quantity
Q7 gets to 0. In particular, the terminal stopping time is defined as 77 = T Amin{r > 0 | QT =
0}. In the optimal liquidation problem, the control m should be seen as the liquidation rate of
the inventory Q7 and 77 is the first time when all stock is liquidated before terminal time 7. As
we already mentioned, the stopping time 7™ is not completely inaccessible, as it depends on the
control . We also denote the state processes (Xt)te[o,T} to be an R™ valued stochastic process
defined through the following SDE:
dXy = p(t,Xy)dt + o (t, X;)dWy. (2.1.2)
The optimal liquidation problem is defined by:
o

iggE[g(XT«, Q) +/0 flrym, X, QF) dr | (2.1.3)
In the following, we indicate m as a generic control and we indicate ¢ as the optimal control
associated to a problem of kind (2.1.3). We also avoid having the 7 in the superscript of @ and
7 when it is clear from the context to which control they are referring to.

The optimization problem (2.1.3) is a standard stochastic optimization problem, with the
innovative feature of a terminal stopping time that depends on the control. This kind of problem
should be thought as a combination of a stochastic optimization problem and a stochastic optimal
stopping problem, as the control influences the terminal stopping time but does not directly
control it. This kind of problem has been extensively solved using an HJB approach (see for
example Cartea et al. [18]). HJB equation approach cannot solve all stochastic optimal control
problems, as it requires the proof of a verification theorem based on the close form solution of
the equation itself. The HJB equation is a non-linear partial differential equation, whose close
form solution can be found only on few simple cases. In more sophisticated examples it becomes
impossible to find a solution of the HJB equation, making this approach unproductive. On
the other hand, the SMP approach provides a more general necessary condition for optimality.
However, to our extent, the SMP approach is only applied to fixed terminal time problems and
it has never been applied to any problem with a stopping terminal time.

The two main contributions of this chapter are, firstly, to show that optimal solutions of
control problems as in (2.1.3) do not satisfy the usual formulation of the SMP and, secondly, to
find a new version of the SMP that can be applied to the whole series of control problems as

in (2.1.3). We present two examples of the form as in (2.1.3), whose optimal solution does not
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satisfy the usual formulation of the SMP. This brings us to the conclusion that the usual SMP is
too restrictive for problems with a stopping terminal time and a new formulation is required. In
Theorem 2.2.3 we prove a new stopping terminal time version of the SMP that can be applied to
problems as in (2.1.3). To strengthen the statement of Theorem 2.2.3, we show that the optimal
solutions to the two examples are candidate solution for the new version of the SMP. We also
show that our new version of the SMP generalizes the standard version of the SMP Theorem,

which can be obtained in the limiting case of our formulation.

Although in this chapter we are restricted to a liquidation problem setting, the SMP approach
to a stopped terminal time problem is pioneering and it is groundbraking for other applications
to many different problems in stochastic optimization. We can apply our formulation to any
stochastic optimization problem in which the agent is controlling a speed and in which the
terminal time is determined by the achievement of a predetermined value of the running integral
of the speed. Examples of this kind of problems are the optimal path planning problem. Path
planning is the task of predicting paths for autonomous vehicles (such as cars, robots, drones,
underwater gliders, propelled underwater vehicles and surface crafts) to navigate between any
two points while optimizing some or all operational parameters such as time, energy, data
collected and safety. Our setting can be applied to different optimal path planning problem
in which the control is the speed of the vehicle and the stopping terminal time is achieved
when the vehicle reaches an arrival point B in the 2- or 3-dimensional space, starting from
a point A. The stopping time may be thought as the first time in which the integral of the
component of the velocity parallel to AB is equal to the length of AB. Subramani et al [55], [56]
maximize the energy-optimal path for Autonomous Underwater Vehicles travelling in dynamic
unsteady currents. Lee et al. [42] and Subramani et al [57] take into account stochastic ocean
environmental effects such as current, wind, water depth, and wave effects on a surface vehicle

when planning the path of a marine surface vehicle.

To the best of our knowledge, the only paper tackling problems as in (2.1.3) with a SMP
approach is Cordoni and Di Persio [23]. However, we recognized a major problem with their
proof of both sufficient and necessary SMPs. In standard proofs of SMP (c.f. Bensoussan [11]
and Pham [48]), it is shown that the difference between the performance criterion on the optimal
control ¢ and the performance criterion on a generic control 7 must always be non-negative. In
particular, that difference can be written as a difference of the functions g evaluated in ¢ and «
at time T and the integral of the difference between the functions f evaluated in ¢ and 7 in the
integration interval [0,7]. One of the most important aspect related to problem (2.1.3) is that

each time a control 7 is considered, then a corresponding stopping time 77 must be defined.
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This aspect is the most arduous difficulty that need to be overcome in the proof of the SMP
associated to problem (2.2.3). Therefore, the standard approach for proving SMP cannot be
used in our case, as the terminal time and the endpoint of the integration interval 7¢ and 77 are
different. The necessary and sufficient maximum principle in Cordoni and Di Persio [23] (c.f.
[23, Theorem 2.8 and Theorem 2.11]) have a wrong proof. In particular, [23, equation (15)] in
the proof of necessary SMP and [23, equation (24)] in the proof of sufficient SMP are inaccurate,
as the distinction between 7™ and 7€ is not present. In the two proofs, the authors considered as
if the stopping time associated with the optimal control & and the stopping time associated with
any other admissible control o/ were equal to each other. However, as we are going to show in
this chapter, one of the main difficulties of the proof is calculating the difference of both integral
and terminal part of the value functions related to the two different stopping time associated
with the optimal control and the general admissible control.

The rest of the chapter is organized as follows. In Section 2.2 we describe the set up of
the studied problem and we state the main Theorem 2.2.3, which is the stopping terminal time
version of the Stochastic Maximum Principle. In the three following sections we present three
examples that underline the importance of the new version of the SMP for the kind of problems
studied in Section 2.2. In the three examples we show that usual statement of Stochastic
Maximum Principle is not satisfied. In particular, in Section 2.3 a deterministic example in
which function g = 0 is presented, in order to keep the description simple. In Section 2.4 a
stochastic example is presented. In Section 2.5 a stochastic example where the function g is not

trivial is presented. In Section 2.7 we prove main Theorem 2.2.3. Section 5 concludes.

2.2 Model setup

In the following we consider a stochastic optimal control with stochastic terminal time. Let
(Q, F, (Ft)ieo,1):P) be a filtered probability space, where (Ft);cjo7) is the natural filtration
generated by an m-dimensional standard Brownian motion W, augmented by all P-null sets.
Let T be the fixed terminal time. Let (7¢);c[o,77 denote the rate of selling the stock, which is
a decision (control) variable selected by the agent and is said admissible if it is a progressively
measurable, non-negative, right-continuous and square integrable process. Right-continuity is
necessary as it is going to be pointed out in the proof of main Theorems, in particular in Remark
2.2.1 and proof of Lemma 2.7.4. Denote by A the set of all admissible control processes. We

consider 7 to be the liquidation rate of the inventory ¢);, which is defined as

t
QF =qo —/ o dr. (2.2.1)
0
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We further assume that the control m; is positive for any ¢ € [0, 7], so that the stocks can only
be liquidated. Let (X¢)icpo,7] be an R™ valued stochastic process defined through the following
SDE:

dX; = u(t, Xt)dt + O'(t, Xt)th, (222)
with initial condition X¢ = x and where p : [0,7] x R" — R", o : [0,T] x R" — R™ ™ are two
continuous functions. The optimal liquidation problem is defined by:

supIE[g(XTn,QL) +/ flrym, X, Q) dr, (2.2.3)
TEA 0

where g : R" x R — R and f:[0,7] x [0,00) x R" x R — R are two continuous functions and

7™ is a stopping time defined by
7" =T Amin{r > 0| Qr =0}, (2.2.4)

the first time when all stock is liquidated before terminal time T or T" otherwise. For the sake of
clarity, we intentionally kept processes X and Q™ separated, because Q™ is defining the moment
in which 77 is triggered. This detachment becomes more evident in the following sections.
Denote by E![] = E[-|X; = x, Q; = ¢|, the conditional expectation operator at time ¢ € [0, 7.
We define

v(t,x,q) =supv”(t,x,q), (2.2.5)
>0
where
V(b %,q) = B! [g<xﬂ,@:ﬂ> [0 m X @ ar] (2.2.6)
t

In the following, whenever we choose a t € [0,T], we assume that Q; = ¢ > 0, meaning that
there is still inventory to be liquidated after time t.

To simplify the notation we consider a one-dimensional process X, but all results we show
can be obtained in the multi-dimensional case. We denote the state space of the couple (X, Q)
as O :=R x [0,qo]. In the following, with a slight abuse of notations, we denote ¢, as ¢, 1,<,
which is equal to 0 after 7. Whenever we refer to a time interval [a, b), if a > b, then we consider
it to be an empty set.

In the following, we state a necessary SMP for a problem of kind (2.2.3). To prove such a
theorem, we follow the procedure in Bensoussan [11]. We assume that c is the optimal control.
Let @ and 7 be respectively the inventory and the stopping time associated to the optimal
control ¢, through definitions (2.2.1) and (2.2.4). Let X be the process solving (2.2.2). If t =T

or ¢ = 0, the problem is already terminated and there is nothing to be analysed. Let ¢ € [0, T),
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g>0,c>0andf e (0, (T —t)N %) be fixed!. Then we consider a variation of ¢ as follows

0,5t
_ B Yivo
ey = Clrept eroynr) + O lrefror) — - Lrelrotoc), (2.27)
where
B TAT
,Yf,c,t — / (€ — cy)ds. (2.2.8)
t

The control in (2.2.7) is non-negative and it is an admissible control as it is proved in Lemma

2.7.1. Let Qf’a’t be defined as

,
Qg,c,t —g— / Cg,c,t ds, (2.2.9)
t

where 70t is the first hitting time when the inventory Qf’é’t gets to O:

708t . A min{r >t ‘ Qﬁ,é,t = 0}. (2.2.10)

0.t

In the following, with a slight abuse of notations, we denote ot as 254 0,2¢, which is equal

r<T

to 0 after 7%¢f. Thanks to this notation, we see that 2’ is well defined in (2.2.7). Indeed,

when 7 > 7%¢t the last term in (2.2.7) disappears, while if 7 < 7%t the quantity ’yffét must

be negative, making the last term in (2.2.7) a non-negative term.
The idea behind previous definitions is the following. The variation of c¢ is defined so that,
when ¢ > ¢, for 6 close to 0 in the interval of time [t, ¢ + 6] the agent is trading more than the

optimal strategy c. This means that, if the stopping time 7 is hit before terminal time 7', then

0.t

by trading with the faster strategy ¢?®!, the new stopping time 7 is going to be hit earlier

than 7, as it is shown in Figure 2.1. In particular, with the strategy ¢! the agent is trading

Gt

’yfjre more stocks in the period [t,t + 6], so the new stopping time r0et

is hit at the time when

the inventory @ is equal to yffét, which is the quantity that has already been traded at time

[t,t + 0]. On the other hand, when ¢ < ¢, for 6 close to 0 in the interval of time [¢,¢ + 0] the

agent is trading less than the optimal strategy c¢. This means that, if the stopping time 7 is hit

before terminal time 7', then, by trading with the slower strategy ¢?"®!, the new stopping time
0

798t is hit later than 7, as it is shown in Figure 2.3. Since the new strategy will be traded even

after the stopping time 7, we need to define it after 7 as well. We define it to be constantly
'ijfét
0

equal to — after 7. This implies the new strategy to be traded for a time 6 after 7 in the

case when 7 is hit before terminal time 7T, in order to trade the inventory foét that has not

been traded earlier in the period [t,t + 6].

"We consider the fraction 4 to be equal to +oco in case when ¢ = 0
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c +
t t+ 60 oot
Figure 2.1: Case when ¢ > ¢.
Figure 2.2: Graphical example of ¢ (in blue) and ¢?&¢ (in red).
Cr
c 1t i j
0,5t X E
. 'Yt+9 1 1 1
0 : \ 0.ct -
1 1 ~Viro -
t+ — t>
t t+6 T T

Figure 2.3: Case when ¢ < ¢.

Figure 2.4: Graphical example of ¢ (in blue) and ¢?* (in red).

Remark 2.2.1. Right-continuity of admissible controls is necessary due to the construction of
our proofs. The main idea behind the proof is that the two cases ¢ > ¢; and ¢ < ¢ correspond
respectively to the cases 0%t < 1 and 9%t > 1 for 6 small enough. By removing the right-

continuity condition of the control ¢ it would be easy to have an example with ¢ > ¢; and ¢ < ¢,
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for any r > t. This would have corresponded to Figure 2.3, making 79%t > 1 for any 6 > 0 even

if ¢ > ¢;. Therefore, to avoid this kind of situation we assume right continuity of controls.

Let (Yr, Zr),e[0,-] be the solution of the following BSDE:

—dY, = 8qf(7“, Cry Xps Qr)dr — ZpdW,
(2.2.11)

Y, = qg(XTa Q’T‘)

Previous processes (Y, Z) are conventional in the usual SMP formulation (c.f. Bensoussan [11,
Theorem 2.1] and Pham [48, Theorem 6.4.6]). BSDE in (2.2.11) is different from the usual
formulation of BSDE with fixed terminal time. In our case we have a random terminal time 7,
which is a stopping time with respect to the natural filtration. This kind of BSDEs have been
studied in literature, c.f. Darling and Pardoux [26] and in Wu [58].

In the following, we use the following assumptions on functions u, o, f and g.

Assumption 2.2.2. For anyt € [0,T], m,7' >0, x,2' € R and for any q,q' > 0

)

)
) <K
l9(z,q) — 9(x,¢)| < K(1+|a]) ¢ -],
|ft,m 2, q) — ft,ma,d)| <K (lg—d|+]t-1]),
)| <K (Jo =2+ |m=a|) (L4 J2] + 2] + || + 17]) -

(2.2.12)

We assume that f and g are continuously differentiable functions with respect to the arguments.
We also assume that partial derivatives of f and g with respect to q are Lipschitz continuous.

In particular,

‘aqf(tvwﬂwi - an(t77T7$>q/)’ + ‘8(19(337(]) - aqg(:c,q/)| < Kl|q - q,’ (2.2.13)

The above assumptions allow the drift 4 and diffusion o to be linear in z, which allows to
consider most of the examples of models in literature, including GBM models and Ornstein-
Uhlenbeck models as in Cartea et al. [18, Chapter 6]. g is required to be Lipschitz continuous in
q, which would exclude a quadratic penalty g with respect to q. However, in the case of optimal
liquidation (as in Example discussed in Chapter 4) the variable ¢ is always limited between the
initial inventory qg and 0, as the agent can only liquidate the stocks. This allows us to consider
a quadratic function g with respect to variable g as in Cartea et al. [18, Section 6.5]. Finally f

is allowed to be quadratic in both x and ¢. This enables us to consider most of the examples
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in the liquidation literature, in which the impact of the control is quadratic on the price of the
stock.

We define the Hamiltonian as it is usually done in the SMP theory:
H(t, 7, z,q,y) == —my + f(t,7,7,q). (2.2.14)

We also define the following quantities

ot - 0.t 0,6t _ 0,c,t
Tmin — MWD (T7T ) Tmax — Max | 7,777 |,

(2.2.15)
5 (@), A5 = e r, 470)

We now state the stochastic maximum principle for the stopped terminal time version.

Theorem 2.2.3. Let Assumption 2.2.2 be satisfied. Let (c;).c[o,1] be the optimal control for the

optimization problem (2.2.5) so that ¢ € A and so that

E
rel0,7]

sup c%] < 00. (2.2.16)

Let (Qr)repo,r) and (Xy)rcjo,r) be defined as in (2.2.1) and (2.2.2) with respect to control c. Let
(Yr)repo,r] be defined as in (2.2.11) with respect to control c. We assume that there exist R-
valued and L?-integrable functions g(t,¢,z,q) and f(t,¢,x,q) so that for any t € [0,7), for any

(x,q) € O and for any ¢ > 0

. 0ty oSt B o
F(t,éx,q) = lim B! [W"(TT) Cf (7“, et x,. va@t) dr] : (2.2.17)
6—0 0 Ti,ﬁ],t
X Q) — g(Xoge, QU
§(t, ¢ z,q) = lim E! [g( Qroce) = 9( Koo, Qrocd) . (2.2.18)
6—0 0
Then, ¢ necessarily satisfies for any t € [0,7), for any ¢ > 0
H(tvéaXth,Y;‘/) _H(tvctaXthvY;f) +g(t767 Ct7XtaQt) < 0 a.s., (2219)
where G(t, ¢, ct,x,q) is defined as
g(ta G, Ct, T, Q) = (E - ct)Et [aqg(XT7 Q‘F)]l/\(t,é)} - g(t’ G, Q) - f(t7 G, T, Q)v (2220)
where the event A(t,c) is defined as
Alt,e) ={Qr=0}n{c>a)U({r<TIn{c<c}). (2.2.21)

Remark 2.2.4. The definition of g in (2.2.18) may look asymmetric in the arguments of func-
tions g. Although we may have defined g in a more straightforward way as

lim ]Et g(XTv QT) - g(XTQ,E,z, Q?—fét)
6—0 0
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we wanted to state Theorem 2.2.83 so that it recalls the usual statement of the SMP and the
definition of the Hamiltonian associated to it. To get such an analogy, we have to define g as

above. This argument will get more clear in (2.8.3) in the proof of the Theorem.

Remark 2.2.5. We would also like to comment on the event A(t,¢) defined in (2.2.20). It
may look overcomplicate and redundant, but it is necessary as it can be later seen in proof of
Lemma 2.7.7. Firstly, the two events in the definition of A(t,¢) are not equal, but we have
{r < T} € {Qr = 0}. Indeed the event in which Q, is touching 0 exactly in T is included in
the second event but not in the first. The reason why we need to split the cases when ¢ > ¢
and ¢ < ¢ can be better understood by looking to the proof of Lemma 2.7.7. In particular, if we

analyse the following fraction, we see that

0,2t X Q. 0,6t—Qr -
QUst, = QI =g ez
5 0,¢,t 0,¢,t
0 QTec,a,t_QTC p—
- ZfC < Ct.

Therefore, in the event {Qr = 0} \ {7 < T}, when ¢ > ¢, Qr = 0, but Q_ 0.t > 0 making the
fraction above not equal to 0. On the other hand, in the event {Qp = 0} \ {7 < T}, when ¢ < ¢,
T = 798t = T making the fraction above equal to 0. This remark shows an example (among
many others that can be found in the proofs) of a random variable that has a different behaviour
in {Qr =0} and {T < T}, making necessary the introduction of A(t,c).

Remark 2.2.6. One interesting question raised by one of the reviewers of paper Cesari and

Zheng [20] is that if the limit limg_, Te’ég_T exists or not. The answer in general is negative.

This can be seen by the following simple example. Assume t = 0 and qo = T?/2. Assume the
optimal control is ¢; = T —t for t € [0,T], which gives Q, = qo — [y csds = (1/2)(T — r)?
forr € [0,T] and Q, = 0 if and only if r = 7 := T. Now consider a perturbation with
¢>T and 0 < 0 < T?/(2¢), which gives QI = qo—er > 0 forr € [0,0] and Qlet =
a0 — [y &%ds = —e0 + T — 62)2 + (T — 1)2/2 for r € [0,T] and Q2% = 0 if and only if
r=700t =T — /62 —2T0 + 2¢0. We have 79t — 1 as  — 0 but

f,ct 2 = =
lim T — _ Jim Y 250+269:—lim\/1+269T:—oo,

6—0 0 0—0 6—0

which shows the limit does not exist.

Remark 2.2.7. The same result as Theorem 2.2.8 can be obtained in the case when the ad-
missible set is bounded by above as well, i.e. when 7 is required to be in ™ € [0,b] with
0 < b < 4oo. Although the proof does not change, the only remark we want to point out is

on the admissibility of control c®®!. Since & € [0,b] and ¢, € [0,b] for every r € [t,T), then

NSt (t+0)A (t+0)AT—t
_%9:% ; T(cr—é)drg%bgb.
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We now would like to link Theorem 2.2.3 with the standard version of the SMP (c.f.

Pham [48, Theorem 6.4.6]) that we restate here for the sake of exposition.

Theorem 2.2.8 (Standard SMP). Let ¢ € A be the optimal control for the problem

T
sup B [g(Xr Q) + [ flrmn X Q) ]
TeEA t

which is the fized terminal time version of problem (2.2.5). Let processes (X;)pcp,) be defined
as in (2.2.2) and (Qr)cfm) be defined as in (2.2.1) with respect to optimal control c. Let

(Y, Zﬁ)re[t,T] and (Y2 Zg)re[t,T} be solution of the following BSDE:

—dY,} = (Y O,p(t, Xy) 4+ ZL0po(t, X¢) + 0u f (r, ¢, X, Qy)) dr — ZEdW,

—dY2 = 0,f(r, cr, Xy, Qp)dr — Z2dW,

(2.2.22)
Y’% = arg(XTa QT)
Y = 0,9(X7,Qr).
Let ‘H be the Hamiltonian defined as
H(tv m,Z,q, y17 y27 Zl? 22) = lu’(tu x)yl + U(tv x)zl - 7Ty2 + f(ta ™, T, q)
Then, for any t € [0,T], (z,q) € O and ™ > 0, ¢ necessarily satisfies
H(tm, X, QY Y2, 2} Z7) <H (to, Xo, Qu. VYA Z ZF)  P-as.. (2.2.23)

Remark 2.2.9. When the initial inventory converges asymptotically to infinite ¢ — 400, the
usual SMP can be recovered from the stopped version in Theorem 2.2.3. In this case, the stopping
time T is never hit and for any t € [0,T] we have 7 = T. Moreover, from (2.2.10), for any 6 > 0

0.6t = T. In this case, § = f = 0 and the indicator function in the first expectation

we have that T
in the definition of G in (2.2.20) is a.s. equal to 0. Hence, G = 0 and we get the usual statement
of the SMP for q = +oc.

2.2.1 Initial definition of ¢!

O,¢,t

At the beginning of our research we firstly defined ¢”“" as

= + Lreftt+0) — €le<olrefrto0)- (2.2.24)

This would have simplified the proof of the SMP. As it can be inferred from the charts below,

the area between the red and the blue charts in the interval [t,¢ + 6] would have been linear in

e and #. This would have saved us from defining and introducing the stochastic process ,),f or,
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A A

t t+0 Toet T

(a) Case when € > 0. (b) Case when € < 0.

Figure 2.5: Graphical examples of ¢ (in blue) and ¢?®* (in red).

However, we didn’t consider that if we had a control ¢; touching ¢; = 0, it would have made

cf’e’t < 0 with a positive probability for any ¢ < 0.

2.3 Deterministic Example

We consider a liquidation problem with linear market impact on trade and no terminal execution.
Let g =0 and f(r,m) = n(T —r — kn), where k > 0 is the linear impact coefficient. To simplify
the example and to be able to find a close form solution, we assume that there is no stochasticity
in any process. Let ¢t € [0,7] and ¢ > 0 be fixed. The value function associated to this problem
is

™

-

v(t,q) = sup [/ (T —r — kmy) dr|, (2.3.1)
meA LJt

where the stopping time 77 is defined as

77 =T Amin{r > t|Qr = 0}.

We define a control strategy as follows, for any r € [¢,T]

. a2
. T27€T lf q Z (T4]:) (2 3 2)
= . LO.
_ . —r)2
e gy < O

The choice of function f above is purely theoretical and it has been done to create the two
different regions in the optimal control ¢ above. In the following proposition we prove that the

control ¢,, defined in (2.3.2), is non-negative and admissible.
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Proposition 2.3.1. Under trading strategy c, in (2.3.2), by applying the definition of Q, in
(2.2.1), we have that for any r € [t,T] the inventory Q, has the following behaviour, conditionally

on Qr=q
q+ (T—T)24—]€(T—t)2 if g > (T4—kt)2
o= (t—r+2vkg)” . (T2 (2:3:3)
1k if g < g
We also have that for any r € [t,T]
05 @=1P (Tt
T Ak U (2.3.4)
o L (T=rP (Tt
T2 L2

Using the expression for Q, that we just found, it can be easily calculated that the first hitting
time of Qr =0 s

2
T if g > TG0
7= i (2.3.5)

. T—t)2
2vkq+t ifg< ( 4k) .

Finally, by applying (2.3.2), (2.3.3) and (2.3.5) into (2.3.1), easy calculus shows that the value

function associated with control (2.3.2) is equal to

T—t)3 . Tt
( 1213 ifaqa= ( Ik

2
q(T—t—“—g@ if g < T2

)2

ve(t, q) = (2.3.6)

The proof of previous Proposition is in the Appendix.
Using following proposition, we prove that control (2.3.2) and its associated value function

(2.3.6) are respectively the optimal trading strategy and the value function associated to problem

(2.3.1).

Proposition 2.3.2. Function v¢ in (2.3.6) coincides with the value function of problem (2.3.1).
Therefore, v(t,q) = v°(t,q) for any t € [0,T] and g > 0.

Proof. By definition of v°(t, q), we have that for any t € [0,7] and ¢ > 0

™

v(t,q) = / e (T —r —ke) dr < sug/ 7w (T — 1 —km,) dr =v(t,q). (2.3.7)
t T t

We now want to show that v > v. Simple calculus on (2.3.6) shows that

_(T—1)?
1k

. T—1)2 . T—1)2
lfq2(4k) ot q) — 0 1fq2(4k)
q q) =

atvc(ta Q) = )
—g if g < 02 T—t—2/kq ifq< T

. (2.3.8)
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It can be easily verified that v¢ satisfies the HJB equation associated to problem (2.3.1), as it
can be derived from Pham [48, Theorem 3.5.2]

0w + sup (T — t — km) — mOqw] = 0. (2.3.9)
>0

Indeed, for m = 5-(T — t — Oyw), (2.3.9) is equivalent to dyw + 2= (T’ —t — dyw)? = 0, which is
solved by (2.3.8).

v°(t, q) satisfies boundary condition v¢(¢,0) = 0 for any ¢ € [0,7] and it satisfies terminal
condition v¢(T, q) = 0 for any ¢ > 0, as it can be easily checked from (2.3.6).

We denote as ¢} the optimal control for the value function v(¢,q) in (2.3.1). We denote Q)

and 7* respectively the inventory and the stopping time associated to control ¢*. Then, using

properties of derivatives and (2.2.1), we get that for any r € [t, T

d dQ*
S, Q) = 0, Q) + S0 (1, Q) = 0t (r, Q) — GO (r Q7). (2:3.10)

From (2.3.9) we have that for any r € [t,T] and ¢ > 0, 0pv°(r, )+ (T —r—kc})—cr0qve(r, q) < 0.
Then, from (2.3.10) we have that

d
50 Q) < —ep (T =7 — key). (2.3.11)
.

Finally, since @} = ¢, we can write

* *

T d T
V(T Qr) = v (L, Q) + / d—vc(r, Q) dr <v(t,q) — / (T —r—ke) dr.  (2.3.12)
t r ¢

However, using boundary and terminal condition v¢(¢,0) = 0 for any ¢ € [0, 7] and v*(T,q) =0
for any ¢ > 0, we conclude that v*(7*, Q%) = 0, as either 7* = T or Q%. = 0. Therefore, from

(2.3.12) follows that

*

ve(t,q) > / ey (T'—1r —key) dr =v(t, q). (2.3.13)
t

Merging (2.3.7) and (2.3.13) we conclude the proof. O

We now want to show that the example presented in this section does not satisfy the standard

formulation of the SMP 2.2.8.

Remark 2.3.3. In the framework of the example presented in this section, the standard SMP is
not satisfied. Indeed, if we apply Theorem 2.2.8 to the current example, by recalling that g = 0
and f(t,m) = (T — t — kn), we see that BSDE (2.2.22) becomes

dY, = Z.dW,
(2.3.14)
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whose solution is the processes (YT,ZT)TE[,;’T] = (0,0) identically equal to 0. Therefore, the

necessary condition (2.2.23) is equivalent to
Vte [0,T], Yo >0, f(t,7) < flt,c) (2.3.15)

However, from (2.3.1) we get that the mazimal point of f(t,) is 7 = Lt. In (2.3.2) we derived

Ny
that, if ¢ < (T4kt) , the optimal strategy is ¢; = \/% < % = 7. Therefore, using concavity of f

(as it can be seen from definition of f), we found a positive control T so that f(t,7) > f(t,ct)
for any t € [0,T], which contradicts (2.3.15) and contradicts the standard SMP Theorem 2.2.8.

We want to check that optimal control in (2.3.2) satisfies Theorem 2.2.3 and to do so, we need
to show that (2.2.19) holds true. Firstly, we observe that the model setup satisfies Assumption
2.2.2. As it can be derived from (2.2.11), the solution to the BSDE is Y = 0 and Z = 0. Using
the fact that g = 0, we show that condition (2.2.19) holds true by proving that for any ¢ > 0
and t € [0,7),

f(t,e) — f(t,c) — f(t,e,Q) <O. (2.3.16)

To show that the previous inequality holds true, we find the expression for f(¢,¢,q) in the
following proposition.
Proposition 2.3.4. Lett € [0,7) be fized. Let (cr) o, be the optimal control in (2.3.2), then,
foranyc>0 andqg>0
(T—t
%

ny
(6= e) (T —t=2/kg+ k(e - leca) if g < L5,

0 if g > TG

f(t,eq) =

The proof of previous Proposition is in the Appendix.

. . = . 2 _
From previous expression of f(t,¢,q), (2.3.16) follows. Indeed, if ¢ > (T4kt) , then f(¢,¢,q) =

0 and ¢; = TQ—? is the maximal point of f(,-), making (2.3.16) satisfied for any ¢ > 0. On the

(T—1)
1

other hand, if ¢ < *==—, then left-hand side of (2.3.16) is equal to

(E—e) (T —t) = k(@ —c2) — (- c)(T —2v/kq—t + k(e — ¢)loce,)
(2.3.17)

E—Ct

q _ _
=— (2 k—C—Ct+(Ct—C)]lc<ct>-

However, from (2.3.2) we have that ¢; = % =

1 q 2
o [T e 20

whose left-hand side is always non-positive, implying that (2.3.16) is satisfied.

% and so (2.3.16) is equivalent to
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2.3.1 Heuristic explanation around optimal control

The aim of this section is to explain the reason why the optimal control associated with problem
(2.3.1) is the one in (2.3.2) and not the one predicted by the standard formulation of the SMP.
Secondly, in this section we want to underline the link between the optimal control in (2.3.2)
and the boundary condition of the HJB equation associated to problem (2.3.1), i.e. v(¢,0) = 0.
Both condition of continuity of the solution of the previous HJB equation and the boundary
condition are necessary in order to coincide with the value function and the solution of the HJB
equation associated to problem (2.3.1). By removing the boundary condition, we get the value

function associated to the problem

T
vl(t) = sup/ (T — 1 — key) dry (2.3.18)
ceAJt

which is the extension of problem (2.1.3) to the case when the terminal time is fixed. Problem
(2.3.18) is a completely different problem to the initial (2.3.1) as the trading is allowed to
continue even after the inventory becomes negative and so the agent is allowed to short sell
the stock, which is not the aim of our problem. Moreover, function v! does not even satisfy
boundary condition of the HJB equation associated to problem (2.3.1), i.e. v(¢,0) = 0. On the
other hand, we can define a new approximation of the value function v by imposing that it does
satisfy the boundary condition. We can do that by removing continuity on ¢ = 0 to the solution

of the HJB equation, we get the following value function

T .
sup, (T —r—kep)dr ifg>0
V2 (t,q) = cals (2.3.19)

0 if ¢ =0.
As we are going to show, the change introduced with respect to our initial problem do not only

affect its value function by reducing the time in which the integral [ f(r,c,) dr is calculated,

1

but it also indirectly affects the optimal control. v' and v? above are similar value functions

and bring to the same optimal control. We want to compare the value function v in (2.3.1) with

v? associated to problem (2.3.19).

In (2.3.19) the integration interval does not depend on ¢, so the maximization with respect

to the control ¢ can be done inside the integral sign, for each time 7. In this case, the optimal

T—r
2k

control results to be ¢? = which is the optimal control predicted by the standard version

of the SMP. Then, the value function v? is equal to:

T T 2 3
2 (T =) (T —1)
t,q) = T—r—kc) dr = ——dr = —"-. 2.3.20
vi(t,q) /t sup [e(T' —r = ke)] dr /t Ty ( )
In region ¢ > (T;kt ” the agent has many stocks left to liquidate and shortage of trading time.

So, the only goal of the optimal trading strategy is to get rid of the stocks at the highest rate
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(T—t)

1 there is

in order to maximize the function f(t,c) at any point in time. In region ¢ <

more trading time left. In this way, it is not optimal to trade at the maximal speed, but it is
more optimal to balance the speed with the fact that trading too fast impacts on the duration
of the trading period by lowering 7. So, it must be found the right balance to have a high value

of f(t,c) and a distant stopping time 7 in future. The maximum point of f(¢,¢) is touched in

(TL;)Q is defined so that, by trading at that speed, the agent holds

—_— 2 . .
a positive inventory at terminal time 7', while in Region ¢ < (T4kt ) the optimal strategy is to

_T—r _ 2 :
c = - = ¢;. Region q >

force a lower trading speed in order to get to terminal time precisely when the inventory is 0.

(T—1)?

As we already mentioned, in region ¢ < “—~ it is suboptimal to trade at speed 2, as

the trading speed should be decreased to allow for a longer trading period. Indeed, the main
difference between problems (2.3.1) and (2.3.19) is that in the latter, we are not considering
a stopping time dependent on the trading strategy and we are cutting the strategy as soon as
the inventory gets to 0. The main effect in not considering such a stopping time is to get a
non-continuous value function at boundary ¢ = 0. Indeed, the limit for ¢ — 0 of v' converges to
a strictly positive value for any ¢ < T'. The main issue in removing the boundary condition in
the HJB equation is that we allow the solution v! to be faraway from 0 for ¢ — 0 and so we are
not forcing d,v! to be strongly positive near the boundary. Having a flat value function with
respect to variable ¢ allows the strategy to be the fastest possible, as decreasing the variable
q does not affect the value function. On the other hand, d,v is evidently positive next to the
boundary ¢ = 0, and this introduces an obstacle to fast trading, as it would strongly decrease
the value function. This leads to a tradeoff between fast trading that maximizes f(t,c¢) and slow

trading that maximizes the trading period [t, 7].

As a final remark, we would like to compare v with another approximation. We consider a
value function v that is equal to the one in (2.3.19) except from the fact that the upper bound
of the integration interval is equal to the first time in which the strategy ¢? makes the inventory
left equal to 0:

3
sup,. T (T —1—ke)dr ifg>0
v (t,q) = cadi el ) (2.3.21)

0 ifq=0,

where

3 _ - "y . (T—5)2 '
7% = inf rzt‘q: csds ¢ NT = inf T‘Zt‘q: T NT =T—+/(T —t)? — 4kq.
t t
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3

Then, the value function v° is equal to:

T—/(T—t)2—4kq a3 o .
v(t,q) = / sup [¢(T — r — ke)] dr = (T —1)° = (T = t)” — 4kq)
! €20 12k

(T -1 4kq \*?
T 12k (1_<1_(Tt)2> )

_£\2
We now focus on the region g < (T4kt ) , which is the most critical, as we showed earlier. An

(2.3.23)

easy calculation shows that v(t,q) > v3(t, a, q) is equivalent to

A4vkq\ _ (T —1t)? dkqg \*?
T—1t— > 1— (11— ———-
1 < 3 ) =12k (T — t)2
which is equivalent to

kg kg dkq \*/?
T—1p (3‘2 (T—t>2>21‘<1‘<T—t>2>

which holds true as z (3 —2yz) > 1 — (1 —2)*? for z = (;EZ)Q € [0,1]. Hence, we conclude

that v(t, a,q) > v3(t,a,q) and so the strategy c is more optimal than strategy ¢, which consists

in always trading at the fastest rate to maximize f as long the agent holds stocks.

2.4 Stochastic Example

In this section we describe an extended version of the example in the previous section, including
a source of randomness in the stock price. We show that the usual version of the SMP is
not satisfied, while Theorem 2.2.3 is satisfied under the new stochastic framework as well. We
consider a simple stochastic framework in which we are still able to find a close-form solution.
We consider a liquidation problem with no market impact on trade and no terminal execution.
In particular, g = 0 and f(mw,x) = wmx. We further assume the control to be non-negative and
smaller than a threshold ¢t > 0. Let t € [0,7] and ¢ > 0 be fixed. We consider the stock price

X to be a Geometric Brownian Motion so that for any r € [t,T] and for any = > 0
dX, = X, dW,, X;=u. (2.4.1)

The value function associated to this problem is

™

.
v(t,x,q) = sup E [/ Xy dr} , (2.4.2)
TeA t

where the stopping time 77 is defined as in (2.2.4) and A is the set of all progressively measurable,

right-continuous and a.s. bounded processes in the interval [0, ct]. We define a control strategy
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as follows for any r € [t, T

if ¢ <ct(T —1)
e =

_9q9
T (2.4.3)
C+

if ¢ > (T —1t)
Previous control is well defined. Indeed, using the fact that ¢ > 0, for ¢t = T" the second region

is considered. We also observe that the previous control is constant in time.

Proposition 2.4.1. Under trading strategy c, in (2.4.3), by applying the definition of Q, in
(2.2.1), we have that for any r € [t,T] the inventory Q, has the following behaviour

(T =r)  ifg<c(T-1)

Qr = . (2.4.4)
q—(r—t)ct ifqg>c (T —1t)

We also have that for any r € [t,T)]

Qr<ct(T—r) & ¢<ct (T -1),
(2.4.5)
Qr>ct(T—7r) & qg>c (T —1).
Using the expression for Q, that we just found, it can be easily calculated that the first hitting
time of Q, =0 is

7=T P-as. (2.4.6)

Finally, by applying (2.4.3), (2.4.4) and (2.4.6) into (2.4.2), easy calculus shows that the value
function associated with control (2.4.3) is equal to

fq < ctH (T —
ve(t,z,q) = @ Fa= e ‘) . (2.4.7)

zct(T—1t) ifq>ct(T—1t)
The proof of previous Proposition is in the Appendix.
Using following proposition, we prove that control (2.4.3) and its associated value function

(2.4.7) are respectively the optimal trading strategy and the value function associated to problem

(2.4.2).

Proposition 2.4.2. Function v° in (2.4.7) coincides with the value function of problem (2.4.2).
Therefore, v(t,x,q) = v°(t,z,q) for any t € [0,T], x > 0 and q > 0.

Proof. By definition of v°(t, z, q), we have that for any ¢ € [0,7], z > 0 and g > 0

™

ve(t, x,q) = E [/ CTerT:| < sup E {/ WTXTdT:| =v(t,z,q). (2.4.8)
t TeA t
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We now want to show that v¢ > v. We firstly define

if g<ct(T—t
w(t,q) = ! ==y , (2.4.9)
(T —t) ifg>ct(T—1)

so that v°(t,z,q) = zw(t,q). Simple calculus on w shows that

1 ifg<et(T—1) 0 if g <t (T —1¢)
8qw(t7Q) = ) 6tﬂ)(t,(]) =

0 ifg>ct(T—1) —ct ifg>ct (T —1)
It can be easily verified that w satisfies the following HJB equation, for ¢ € [0,7] and ¢ > 0
Ow+ sup [rm— wo,w]| = 0. (2.4.10)
w€[0,ct]
w satisfies boundary condition w(¢,0) = 0 for any ¢ € [0,7] and it satisfies terminal condition
w(T,q) = 0 for any ¢ > 0, as it can be easily checked from (2.4.9).
We denote as ¢} the optimal control for the value function v(¢, z,q) in (2.4.2). We denote Q*
and 7* respectively the inventory and the stopping time associated to control ¢*. Then, using

(2.2.1), for any r € [t, T
dw(r, Q) = dyw(r, Q)dr + dyw(r, Q;)dQ; = [Opw(r, Q) — Oquw(r, Q)] dr. (2.4.11)

From (2.4.10) we have that for any r € [¢t,T] and ¢ > 0, dyw(r, q) + ¢ — c;0qw(r,q) < 0. Then,
from (2.4.11) we have that
dw(r,Qr) < —crdr. (2.4.12)

Finally, recalling that X; = =, Qf = ¢, v°(t,z,q) = zw(t,q), using stochastic integration by
parts and (2.4.12), we have

V(T X, Q) = 0°(4, X, Q) + /T Xrdw(r,Qy) + /T w(r,Qr)dX,
T*t T*t
— vt + [ Xdo(r Q)+ [ wn @)XW, (2413
tT* . t

<v(t,x,q) — /t Xycrdr +/t w(r, Q) X, dW,.
However, using boundary and terminal condition v¢(¢,z,0) = 0 for any ¢ € [0,7] and « > 0 and
vé(T, x,q) =0 for any x > 0 and ¢ > 0, we conclude that v¢(7*, X;«, Q%) = 0, as either 7* =T
or Q%. = 0. Therefore, taking conditional expectations on both sides of (2.4.13) and using the
fact that ftT* w(r, QF)X,dW, is a martingale, we get

v(t, z,q) > E [/
t

Merging (2.4.8) and (2.4.14) we conclude the proof. O

*

o X, dr] =o(t,z,q). (2.4.14)
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We now want to show that the example presented in this section does not satisfy the standard

formulation of the SMP 2.2.8.

Remark 2.4.3. In the framework of the example presented in this section, the standard SMP is
not satisfied. Indeed, if we apply Theorem 2.2.8 to the current example, by recalling that g = 0
and f(m,x) = mx, we see that BSDE (2.2.22) becomes

(

—dY} = (Z} +¢,) dr — Z}dW,

dY? = Z2dW,
(2.4.15)

Yi=0

Yi=0.

We denote as (Y,', Z} )i and (Y2, Z2) e m) the solutions to the previous BSDE. We imme-
diately see that the processes (Y2, Z,?)TE[LT} = (0,0) is identically equal to 0. Therefore, recall-
ing that the drift and diffusion coefficient for the equation (2.4.1) defining X are respectively
p(t,x) =0 and o(t,z) = x, then the necessary condition (2.2.23) is equivalent to

vt € [0,T), Vr € [0,c"], X, Z} + f(m, Xs) < XoZ} + f(e, Xo), (2.4.16)
which is equivalent to
vt € [0,T], Yr € [0,ct],  f(m X¢) < fles, X). (2.4.17)

However, from (2.4.2) we get that the mazimal point of f(-,x) is @ = c¢*. In (2.4.3) we derived
that if ¢ < ¢ (T —t), then the optimal strategy is ¢; = 7 < ¢t = 7. Therefore, using linearity
of f, we found a positive control ¢t so that f(7,z) > f(ct,z) for any x > 0 and t € [0,T], which
contradicts (2.4.17) and contradicts the standard SMP 2.2.8.

We want to check that optimal control in (2.4.3) satisfies Theorem 2.2.3. We need to show
that (2.2.19) holds true. Firstly, we observe that the model setup satisfies Assumption 2.2.2.
Using the fact that © = 0 and that g = 0, we show that (2.2.19) holds true by proving that for

any ¢ € [0,c*] and t € [0,7),
f(e Xt) = flew, Xi) = f(t,8 X1, Q) < 0. (2.4.18)

To show that the previous inequality holds true, we find the expression for f(t,¢,x,q) in the

following proposition.
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Proposition 2.4.4. Let t € [0,7) be fized. Let (¢;)rcor) be the optimal control in (2.4.3).

Then, for any ¢ € [0,c*], x>0 and ¢ > 0

o - ealese ifq< (T —1)
f(t7 C7 x? q) =
0 if ¢ > ct(T —t).
Proof. We consider any 6 € (0, (T —t) A %), so that 7 =T >t + #. By combining (2.2.7) and
(2.2.9) and using the fact that ¢, in (2.4.3) is constant in time, we have for any r < 7
_ T
et — g —ap — / csds = q—ci(r —1t) + 6(ct — ©). (2.4.19)
t+6

If ¢ > ¢t (T —t), then (2.4.3) implies that ¢; = ¢ and from (2.4.19),
Qo =g — (T —t) +6(ct —2) > 0(ct — &) >0, (2.4.20)

where we used the fact that ¢ is an admissible control and so ¢ € [0,c"]. (2.4.20) implies that
70¢! = T. On the other hand, if ¢ < ¢™(T — t), then ¢; = #L and from (2.4.19),

Q%E,t —g— Tq_ t(T —t)+6 <Tq—t - 5> =0(c; —¢) = —0(¢c — c). (2.4.21)

Gct

Hence,ifégct,QGCt>Oandso7' =T as.. If ¢ > ¢, < 0 and so 79%* < T a.s., so by

setting (2.4.19) equal to 0, we get that 7%%* must satisfy the following equation

0,c,t _ q .2,
OZQTGC,E,t :q*CH*T_t(TQCt*t*G).

And so,

i T —
B T i S Sy 9(—1) (2.4.22)

q Ct
Since ¢ > ¢, then 6 (% — 1) > 0.
In conclusion, if ¢ > ¢* (T —t), then 79 ot — ngxt = T and so from definition (2.2.17) of f we

have that f = 0. On the other hand, if ¢ < ¢ (T — t) we consider two subcases. If ¢ < ¢;, then

Tgff — et _ T, making f = 0 again. If ¢ > ¢, then Tifnt =T—-6 <— — 1) and 7058 = T and
)

t = lim E!
f(t, ez, q) Jim

L X, d lim ~ ! EX,] d
s | A

= lim9<;_1)

lim 7 cqr = (¢c—c)x.

This concludes the proof of the proposition. O
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We show that from previous expression of f(t,¢,z,q), (2.4.18) follows. We split the proof
of (2.4.18) in two parts. We firstly consider the case when ¢ > ¢;. If ¢ < ¢t(T — t), then
the left-hand side of (2.4.18) is equal to ¢X; — ;X — (¢ — ¢1) X¢le>e, = X¢ - min (¢ — ¢, 0),
which is always non-positive. If ¢ > ¢t (T — t), then the left-hand side of (2.4.18) is equal to
Xt — Xy = (c—c¢")X; and so (2.4.18) is satisfied since ¢ < ¢*. Hence, (2.4.18) is satisfied for

any ¢t > ¢ > 0, making Theorem 2.2.3 satisfied.

2.5 Stochastic example with terminal objective g

In previous two examples we always had function g = 0. In this section we describe an example
with a non trivial terminal objective g. We show that the usual version of the SMP is not
satisfied, while Theorem 2.2.3 is satisfied under the new stochastic framework as well. We
consider a simple stochastic framework in which we are still able to find a close form solution.
We consider a liquidation problem with no market impact. In particular, f(7) = —w. We further
assume the control to be non-negative and smaller than a threshold ¢t > 0. Let ¢ € [0,T] and
q > 0 be fixed. We consider the factor process X to be a solution of the following SDE so that

for any r € [t,T] and for any x € R
dX, = —dr +dW,, X;=ux. (2.5.1)

The value function associated to this problem is

™

v(t,z,q) = sup E [XTw —/ T dr] , (2.5.2)
TeA t

where the stopping time 77 is defined as in (2.2.4) and A is the set of all progressively measurable,
right-continuous and a.s. bounded processes in the interval [0, ¢*]. The reason why we define the
problem as in (2.5.2) is that we have a tradeoff between the ending value X;= and the integral
- ftTW 7, dr. Indeed, for control close to 0, the stopping time 7 is equal to 7', and so the process
X7 have a small expected value, due to the negative drift in its definition. On the other hand,
for a large control, the stopping time is going to be touched earlier, making the process X,
greater, even if the integral — ftTW m, dr is going to be negative. We define a control strategy as

follows for any r € [t, T

ct ifg< (T —t
cr = ( )z : (2.5.3)

0 ifg>(T-1)
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Proposition 2.5.1. Under trading strategy c, in (2.5.3), by applying the definition of Q, in
(2.2.1), we have that for any r € [t,T] the inventory Q, has the following behaviour

o g—(r—t)ct ifqg< (T t)c++1 . (2.5.4)

q qu > ( t) c++1
We also have that for any r € [t,T)]

+ +

c
ct+1

c
ct+1°

¢< (T 1) = Q. <(T—7) (2.5.5)

Using the expression for Q, that we just found, it can be easily calculated that the first hitting
time of Q. =0 is
L4t ifq<(T—-t)F
r={ Fa . (2.5.6)
. +
Finally, by applying (2.5.3), (2.5.4) and (2.5.6) into (2.5.2), easy calculus shows that the value

function associated with control (2.5.3) is equal to

. +
z—(ct+1)% zqu(T—t)cfﬁ

vi(t,z,q) = (2.5.7)

Proof. In the cases when ¢ > (T' — t) -, from (2.5.3) we have that ¢, = 0 and so

++17
.

QT:q—/ cs ds = q.
t

When ¢ < (T — t)cﬂrl, from (2.5.3) we get that ¢, = ¢t and so

QT:q—/ csd5:q—/ c+ds:q—c+(r—t).
t t

Hence, we proved (2.5.4). We now prove (2.5.5). When ¢ < (T' — )cﬂrl, Qr=q—ct(r—t)<

(T —t)z5 —ct(r—t) = " 525 — (¢")? 425 < ¢ I=%. This concludes the proof of (2.5.5).

c++1

We now prove (2.5.6). When ¢ > (T — t)m, @, = q and so Q, is strictly positive for any
€ [t,T], making 7 = T. On the other hand, if ¢ < (T — t)%, Qr = q— c*(r —t), which is

equal to 0 only if r = % +¢. Moreover, since ¢ < (T — t)ﬁ, L +t< c{:_tl +t< Tiflt <T.
This concludes the proof of (2.5.6).

Now we prove (2.5.7). When ¢ < (T — t)ﬁ, by using that ¢, = ¢t and (2.5.6)

T FH q q q
ve(t,z,q) = E! [XT—/t cr d’r} = E! [Xc%“} —/t c+dr:x—c—+—c+c—+::c—c—+(c++1).



2.5. Stochastic example with terminal objective g 45

When ¢ > (T — t)%, by using that ¢, = 0 and the fact that 7 = T, we have
ve(t,x,q) = E [XT - / Cr dr] =E'[X7] =2 — (T —1).
t
O

Using following proposition, we prove that control (2.5.3) and its associated value function
(2.5.7) are respectively the optimal trading strategy and the value function associated to problem

(2.5.2).

Proposition 2.5.2. Function v¢ in (2.5.7) coincides with the value function of problem (2.5.2).
Therefore, v(t,z,q) = v°(t,x,q) for any t € [0,T], z > 0 and g > 0.

Proof. By definition of v°(t, z, q), we have that for any ¢t € [0,7], x > 0 and ¢ > 0

e

ve(t, x,q) = B [XT —/ crdr] < sup E! [XTW —/ T dr] =v(t,z,q). (2.5.8)
t TeA t

We now want to show that v¢ > v. We denote w

—(ct+ 1)L ifg< (T —1):E
wlt,q) = e e (2.5.9)
T+t if > (T—t)-5
so that v(t,z,q) = = + w(t, q). Simple calculus on w shows that
_ct+1 ifag< _ ct : o ct
q<(T'—t) 0 ifg<(T-1t)
6qw(t7 Q) = < e ) atw(tv Q) = e
. + . +
0 ifg> (T —1)f 1 ifg> (T 1)

It can be easily verified that w satisfies the following HJB equation, for ¢t € [0,7] and ¢ > 0
Ow+ sup [—m —mow] = 1. (2.5.10)
wel0,ct]
w satisfies boundary condition w(t,0) = 0 for any t € [0,7] and it satisfies terminal condition
w(T, q) =0 for any ¢q > 0.
We denote as ¢} the optimal control for the value function v(¢, z,q) in (2.5.2). We denote Q7
and 7* respectively the inventory and the stopping time associated to control ¢*. Then, using

(2.2.1), for any r € [t, T]

dw(r, Q) = Oyw(r, Qr)dr + Oqw(r, Q7)dQ; = [Orw(r, Q) — Oqw(r, Qr)c;] dr. (25.11)

From (2.5.10) we have that for any r € [t,T] and ¢ > 0, dyw(r,q) — ¢ — c;Oqw(r,q) < 1. Then,
from (2.5.11) we have that
dw(r,Qr) < (1+ ¢ )dr. (2.5.12)
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Finally, recalling that X; = =, Qf = ¢, v°(t,x,q) = v + w(t, ¢), using stochastic integration by

parts and (2.5.12), we have

V(7" Xox, QL) = 0°(t, X4, Q) —i—/ dve(r, X,,Qr)
¢

* T*

—vc(t,Xt,Qf)—ir/ er+/ dw(r, Q)

t t

—’Uc(t,.’L',Q)—/ d?”“!‘/ dWT+/ dw(T,Q:)
t t t

Svc(t,x,q)—/ dr+/ dWT+/ (14 ¢y)dr.
t t t

However, using boundary and terminal condition v¢(¢,x,0) = z for any ¢ € [0, 7] and x > 0 and

(2.5.13)

ve(T,x,q) = x for any = > 0 and ¢ > 0, we conclude that v(7*, X, Q%.) = z, as either 7* =T

or Q% = 0. Therefore, taking conditional expectations on both sides of (2.5.13) and using the

/ ey dr|,
t

ve(t, x,q) > E [XT* —/ cy dr] =o(t,z,q). (2.5.14)
t

fact that ftT* dW,. is a martingale, we get

E! [(Xr] <0t z,q) + E!

which implies

Merging (2.5.8) and (2.5.14) we conclude the proof. O

We now want to show that the example presented in this section does not satisfy the standard

formulation of the SMP 2.2.8.

Remark 2.5.3. In the framework of the example presented in this section, the standard SMP
1s not satisfied. Indeed, if we apply Theorem 2.2.8 to the current example, by recalling that
g(x) =z and f(w) =7, we see that BSDE (2.2.22) becomes

dY,l = Zlaw,
dY? = Z2dW,

(2.5.15)
Yi=1

Yi=0.

\

We denote as (}_/;ﬂ1721})r€[t,T] and (ﬁQ,Zf)Te[tﬂ the solutions to the previous BSDE. We im-
mediately see that the processes (Kz,Zf)Te[tﬂ = (1,0) and (}77?>Zr2)re[t,T] = (0,0). Therefore,
recalling that the drift and diffusion coefficient for the equation (2.5.1) defining X are respectively
p(t,x) = =1 and o(t,z) = 1, then the necessary condition (2.2.23) is equivalent to

vt € [0,T], ¥r € [0,ct], =Y+ Z}+ f(m) < =Y+ Z} + f(cr), (2.5.16)
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which is equivalent to

vt € [0,7T], Y € [0,ct], f(m) < f(cr). (2.5.17)

However, from (2.5.2) we get that the mazimal point of f(-) is @ = 0. In (2.5.3) we derived that
if q < (T — t)%, then the optimal strategy is ¢, = ¢t > 0 = 7. Therefore, we found a positive
control ¢t so that f(7) > f(ct) for any t € [0,T], which contradicts (2.5.17) and contradicts the
standard SMP 2.2.8.

We want to check that optimal control in (2.5.3) satisfies Theorem 2.2.3. We need to show
that (2.2.19) holds true. Firstly, we observe that the model setup satisfies Assumption 2.2.2.
Using the fact that g(x) = z, we show that (2.2.19) holds true by proving that for any ¢ € [0, ¢™]
and t € [0,7),

@) — fle) — f(t,e, Xy, Q) — g(t, e, Xy, Q) < 0. (2.5.18)

To show that the previous inequality holds true, we find the expression for f(t,¢,x,q) and

g(t, ¢, x,q) in the following proposition.

Proposition 2.5.4. Let t € [0,7) be fized. Let (c.),co1) be the optimal control in (2.5.3).

Then, for any ¢ € [0,c¢*], x >0 and ¢ > 0

ct—c ifq< (T —1)-5
_ — +1
ft.ex,q) = o
0 ifq> (T —t)F-
g(t7é7$7Q):1

The proof of the previous proposition is in the Appendix.
We show that from previous expression of f(¢,¢ z,q) and g(t,¢,x,q), (2.5.18) follows. If
) - 1= _17

Ql

q < (T - t)%, then the left-hand side of (2.5.18) is equal to —¢ + ¢; — (¢ —
which is always non-positive. If ¢ > (T' — t)%, then the left-hand side of (2.5.18) is equal to
—C+c¢; — 1 and so (2.5.18) is satisfied since ¢; = 0 and ¢ > 0. Hence, (2.5.18) is satisfied for any

¢ € [0, ¢™], making Theorem 2.2.3 satisfied.

2.6 Conclusions

In this chapter we have proved a new SMP (Theorem 2.2.3) for an optimal liquidation problem
with control-dependent terminal time, which is markedly different in the Hamiltonian condition
from that of the standard SMP. We have given several examples to show that the optimal
solution satisfies the SMP in Theorem 2.2.3 but not the standard SMP in the literature. The
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main intuitions gained from the examples are principally two. Firstly, it is highlighted the
difference with the standard SMP, in which the optimal control can be found by maximising
the Hamiltonian at each step in time, while in the stopping time version it is also important to
take into account the terminal time 7 embedded in f and § and it is not enough to maximise
the Hamiltonian based on the state process at time ¢. Secondly, the examples show that the
formulation of the problems with a stopping terminal time are close to free-boundary problems,
in which the value functions and optimal controls have a representation usually divided in 2 or
more regions. In Section 2.3.1 we explained the reasons behind such a division in two regions,
that can be summarised in a region in which the terminal stopping time coincides with 7" and a
region in which the optimal control makes the stopping time to happen before T. The function
f is equal to 0 in the first region, making the usual SMP applicable, while in the second region
the function f is not equal to 0, making G non trivial and therefore making the optimal control ¢

and the stopping terminal time 7 to have a different formulation that the one in the first region

found using the standard SMP.

We also showed that it is difficult to further simplify the expressions in the formulation of
Theorem 2.2.3. This is only the first step in the direction of SMP for control-dependent stopping
time problems and there remain many open questions to be answered, for example, existence of
pointwise limits (2.2.17) and (2.2.18), sufficient SMP for optimality, a jump diffusion control-
dependent model for X process, and applications to concrete financial scenarios. We leave these

and other questions for future research.

2.7 Proofs

In this section we firstly introduce some results that are needed to prove Theorem 2.2.3, which
is proved at the end of the section. In this section we consider all assumptions of Theorem 2.2.3
to be satisfied, In particular, (2.2.16) and right-continuity of process c¢. As we mentioned in the
model setup, any time we fix a ¢t € [0,7), we assume that the initial inventory ¢ > 0 at time ¢. In
particular, for any fixed ¢ € [0, 7) we consider a partition of the whole event space {7 > ¢}. The
partition helps us in stating and proving some lemmas below, which are needed in the proof of
Theorem 2.2.3. As general hints for better understanding the discussion in this section, we recall
that 7 is defined so that @, = 0 if 7 < T, while @, > 0 if 7 = T. Moreover, for any r € [t,7),
Q, > 0. On the other hand, 7%%* is defined so that Q’;, = 0 if 7% < T, while @, > 0 if

r9:¢t = T. Moreover, for any r € [t, 79%1), Q?«’E’t > 0. We firstly observe, combining (2.2.7) and
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(2.2.9), that if 0 € (0, (T — ¢) A 2), then for any r € [¢, (¢ + 6) A 7]
QI = ¢ — /tT Aolds =q—c(r—t)>q—cb > 0. (2.7.1)
Therefore, if* < (T'—t) A %, then
00t S (t+O) AT (2.7.2)

Let t € [0,7),0 <8 < (T —t)A%, &> 0 be fixed, we define the following partition of {T > ¢},

¢’

0.t

based on the 3 events when 790t < 7, 706t > 7 and 796t = 7

0.,c,t ¢
E'l’C) - {T67C7t < 7_}’
Eg767t = {7_ < TB,E,t} )
Eg,é,t — {T _ TH,E,t} ‘

However, using (2.7.2), we have that in Ef’a’t and Eg’é’t we must have 704 >t + 60, so we can

write the previous partition as

EPet = {t <t40 <708 < T} :
By = {t <7< Te’é’t} ,

Eg’a’t = {t <t+O0<T1= Te’é’t} .

We now present the properties of the different cases Ef ©f for any i € {1,2,3}. In particular,
for each of the events we show a scheme for the different values of quantities ¢?%* and Q%* in
each of the time spans. These schemes help in understanding some steps in the proof of lemmas

below.

1) On the event Ef’é’t: combining (2.2.1), (2.2.7) and (2.2.9), for r € [¢,t + 0]

_ ‘a _ T T T ‘a
Qf’c’t =q— / cg’c’tds =q-— / cdr =q— / cpdr + / crdr — / cdr
t t t t t

' (2.7.3)
=Qr — /t (@ — ¢p)dr = Qp — A9t

Using (2.7.3), for r € (¢t + 0, 7%%!] we have
o oct [ o oet [ 0,6t
C,t Gy 777t _ ,Cy — sCy
QT’C, :Qt+0 —/ CSC dS—Qt+€—’Yt+0 —/ CSdS_Q'I‘_’YtJ,_Q‘
t+0 t+0

Therefore, we can outline the following scheme

2We consider the fraction 4 to be equal to +oco in case when ¢ = 0
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t t+6 F0.5.t .
e
cﬁ’é’t = c Cr 0 0
Q' = Qr—! Qr=nis 0 0
cf’é’t —c = c— ¢y 0 —cy 0
Pt — Q= — Ayt — —Qr 0

We recall that 7%t < 7 and so 7%%! < T, implying that 0 = f_fgt.

0= Qi}f’;t = Q 0.t ’yf_fet = Q ot ’yf_fet, which also implies that 'yf_fet >0, (2.7.4)

since by definition of 7, for any r € [t,7), @, > 0.

’Qf’a’t —Qr| <max| sup [79%, |Q o] | = sup ‘fyf’é’t , vr e [t,T], (2.7.5)
reft,t+0] re(t,t+6]
0
Qroet — Qr < Qroen =7y, (2.7.6)
since @, > 0.

A0,¢,t 6.c,t N0, et 0,e,t _
Tetfé,t = Imax (Q.,.Gc,é,ta QTG,E,t> = QTO,a,t, QTC = Imax (QTC 7Q7) = QT. (277)

2) On the event Ee . We now consider two subcases. Firstly, we assume that 7 > ¢ + 6.

Then, combining (2.2.1), (2.2.7) and (2.2.9), for r € [t,t + 0]

_ T _ T T T T
Qf’c’t =q— / cg’c’tds =q-— / cdr=q— / crdr + / cpdr — / cdr
t t t t t

, (2.7.8)
:Qr/(écr)d'r:@r 'YfCt
t
Using (2.7.8), for r € (¢t + 0, 7%%!] we have
0 o0ct [ oe oct [ 0,6t
ot Qt—l—cé - / Csycytds = QH—@ ’Yt_:g - / csds = Qr — ’Yt_;'_cg (279)
t+6 t+6

We recall that 7 < 795t and so 7 < T implying that @, = 0. Then, using (2.7.9), for
r € (7,7%% we have

0,Gt 0t " et Gct 71;0f0t 0t T —T 9Gt
Q" =Q7 c7ds = Qr —vhy + ds = =y, 19 + g t+0-
T T

6

Therefore, we can outline the following scheme
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t t+6 T 70,6t T
r e
_ 0,c,t
et = c Cr %ge 0
0,ct 6,c,t 0,c,t 6,c,t T
ro= Qr— Qr — Vo —ito ( ) 0
0,c,t 'Ye’at
g’ — e = c—cp 0 —%9 0
0,c,t . 0,c,t 0,c,t 6,c,t —T
r - QT = —r _7t+9 _7t+6’ ( [ ) 0

Secondly, we assume that 7 <t + 6. From (2.2.8), 'yﬁ’a’t = 7f+c@t Then, combining (2.2.1),
(2.2.7) and (2.2.9), for r € [t, 7]

Qﬁ’cyt:q_/ gctdS q_/ CdT:q_/ crdT+/ Crd’l”—/ cdr
t t t t t
_Qr_/(c_cr)dr_Qr '77?6t
t

We recall that 7 < ¢ + 6 and so that @, = 0. Then, using (2.7.10), for r € (7,79%!] we

(2.7.10)

have
r 79 ,C,t -
0,6t _ 0,5t 0.6t 7. 0,5t t+0 et —T 6t
QY =@ / e lds = Qr — Vet T / 9 ds = Vit + 9 Vit
T T
Therefore, we can outline the following scheme
t T ro.ct T
re —
0,¢,t
cgvcvt — c t«gQ O
0,c,t 0,ct 0,c,t —_
Qe = Qr — s (1= "57) 0
0,6t Ry
' — = c— ¢ 2 0
G,E,t _ G,E,t 0 C t
F Q= —Yr v (1= 557) 0
Merging the two previous schemes we conclude that on the event Ee Ct
QP =Q, — ’yf_f@t = ’yf_fet, which implies fyf_fet <0, (2.7.11)
since by definition of 7%%¢, for any r € [t, 79¢1), bet > p.
0,c,t
) . z z THGr — .
if 7O < T, 0= QU = Y <1 S0 > = T =140,
) ot (2.7.12)
if 797 =T, 0< Q%! = 0% <1 - ) = 0% <140,
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‘Qf’a’t —Qr| < sup ”yf’é’t , Vr e [t, T, (2.7.13)
reft,t+0]
e 0Ct 0,c,t o.ct _ 0,c.t e 08t _ 0,c,t 0,c,t 0,ct
it 779" < T, Q7% — somt = —Vird it 7 =T, Q7 — cort < Vg - (2.7.14)

A€777t 977’t 9777t A97_7t — 97_’t — 97_7t
TQC,E,t = Inax < Tec,é,tu Q.,-G,E,t> = Toc,a,ty QTC = max (QTC 7QT) - QTC . (2715)

3) On the event Eg’é’t: combining (2.2.1), (2.2.7) and (2.2.9), for r € [t,t + 0]

ﬁ’é’t:q/ cz’é’tds:q/ ch:q/ CrdT‘+/ crdr/ cdr
t t t t t (2.7.16)

'S
= Qr - / (6 - Cr)dr =Qr — ’Y;?’C’t-
¢
Using (2.7.16), for r € (t + 6, 7%%!] we have
0,c 0.6t Y 0.6t " 0,6t
Qr’qt = Qt_fé - / cs7C7tdS = Qt+9 - "Yt_fé - / csds = Qr - Vt_fé .
t46 40

Therefore, we can outline the following scheme

t t+ 6 ot = - T
re —t—

cﬁ’c’t = c Cr 0
0.6t 0.t 0.t

ro = Qr — Vr Qr — Vit 0

Aot e = c—cr 0 0

0,6t _ 0.6, 0.6,
r - Qr = —r ~Vi+o 0

From previous scheme we conclude that on the event Eg’é’t

. 0.c 6,7, 6777 6377 9777
it Qr =0, 0< QU = Quocr =iy = Qr — V%5 = —ia» and so 7,5 <0,
. C 0.c 6,77 9,7, 6777 9777
ifr=70%t<T, 0= T’ec,g,t = Qroet — ’thet =Qr — ’7t+ct9t = _’thet7 and so ’7t+c¢9t =0,
(2.7.17)
Q@< sw e, welnT), (2718)
rE(t,t+0]
Qr — Qo0 = 0. (2.7.19)

From previous schemes we derive the following Lemmas.

Lemma 2.7.1. Let t € [0,7) be fized, let ¢ > 0 and let 0 € (0,(T —¢t) AL). Then the control

c

At in (2.2.7) is admissible.
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Proof. Firstly, we observe that control cg’é’t is non-negative for any r € [t, 7], as both ¢ and

Cr are non-negative. If 704! < 7 there is nothing left to be proved. If 7¢&t > 7, i.e.
rel0,T) g g

if we are in the event Eg’a’t, then using (2.7.11) we get that ’yffgt < 0 and so the control 2%

is non-negative for any r > 7 as well. Progressive measurability, right-continuity and square

0,c,t

integrability of ¢ immediately follow. O

Cﬁ,@,t — CT’ = 07 VT E [t + 0, Tgllcnt (t + 9)i| 9 (2720)
Qo — Q= 5, wre [t+0,¢§1§f (t+9)}. (2.7.21)

Lemma 2.7.3. Lett € [0,7) and ¢ > 0 be fized and let (2.2.16) hold true. Then

limE [ sup ’fyf’é’t
0=0 | reftt+0)

] =0, (2.7.22)

lim E [ sup ‘Qf’é’t —Qy

6—0 relt,T]

] = 0. (2.7.23)

Proof. Let 6 € (0,(T —t) A 2) be fixed. From definition of AEe! in (2.2.8) we immediately see

that
~ (t+0)AT
sup ”yf’qt < / |c —cslds<O|c+ sup ¢ |. (2.7.24)
re(t,t+0] t reft,t+0]
Merging (2.7.5), (2.7.13) and (2.7.18), we see that
‘Qf’é’t—Qr < sup ‘vf’é’t , Vrelt,T). (2.7.25)
relt,t+0]

Therefore, merging (2.7.24) and (2.7.25) we get that

<O|c+E| sup c| .
relt,t+0]

We conclude the proof by using (2.2.16). O

E | sup Q0% - Q

relt,T)

Lemma 2.7.4. Let ¢ >0 and t € [0,7) be fivzed. Then

lim P ({r < t+0}) =0, (2.7.26)

lim P <E9 “N{Qr>0}) =0 (2.7.27)

lim P <E9 S e < ct}) - (2.7.28)

lim P (E“t N {rfet = }) - (2.7.29)

lim P (EM N{e>a}n{Qr=0}) =0 (2.7.30)
lim P (E9 Sl < Tyn{e < ct}> = (2.7.31)
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Proof. We firstly prove (2.7.26). We have that
: . 1
ImP({r<t+0})= lim P <{7- < t—l—}) _P

In previous calculations we used that for any n > n = [WW, the sequence of events
{r <t+ 1} is decreasing. This concludes proof of (2.7.26). We now prove (2.7.27). Using
definition of @), we have that under event Ef’é’t, Qr = Qo6 — f:e,at crdr < Q0.6¢. Moreover,

if Q7 > 0, then it necessarily implies that 7 = T'. Using (2.7.4) we have that

lim P (Ef’é’t N {Qr > 0}) < limP ({QT < Qpocr =105 N{Qr > 0})
6—0 6—0

<ImP[<Q, < sup ) 0.t N{Q- > 0}
6—0 relt,t+0)

l,
<1tmP[{Q,< sup |4 n{Q, >0}
n—00 reftt+l]
t+
2N {Q <[ "la-darin(@.>0
n>n t

=P({Q-=0}n{Q- >0})=0.

In previous calculations we used that the following sequence of events is decreasing for any

"= [

t+n+1 t+%
Qr < / ’cr - E| dr » € {Qr < / |C7’ - 6’ dr
t t

. . o t+1 .
and using right-continuity of c, ft T |¢ — ¢r| dr converges to 0 P-a.s., as n — oco. This concludes

\/

0,c,t

proof of (2.7.27). We now prove (2.7.28). Using (2.7.4), we have that under event Ee ot s Yevo >0

and 7 >t 4+ 6 and so
lim P (E7°' n{e < a}) <lmP ({55 >0} nie<al)

6—0

0—0 {
cbae(o> it )rie<o)
<{ inf ¢ } Nn{c< ct}>
elt,t+1]

=P ﬂ {c> [infl c,}ﬂ{c<ct}

n>7 rett+]

t+6
zlimP< Oe csds>0}ﬂ{6<ct})

= lim P

n—oo

:}P’({EZCt}ﬁ{E<Ct}) =0.



2.7. Proofs 55

In previous calculations we used right-continuity of process ¢ and that the following sequence of

. . = 1
events is decreasing for any n > n = [m-|

ce > inf e p Ceep > inf ¢ .
Te[t7t+n<1kl] Te[t7t+%]

This concludes proof of (2.7.28). We now prove (2.7.29). Using (2.7.12), we get

lim P (E9* 0 {r7% =T}) <lm P ({r+0 > 7%} 0 {r < T} {7 = T})
0—0 0—0
= lim P({T—f—l ZT}Q{T<T}>
n—00 n

=P | ) {T+;2T}H{T<T} =P{r>T}n{r<T}) =0.

n>n

In previous calculations we used that the following sequence of events is decreasing for any

- 1
nzn= |
1 1
T+ >TyCeT+—2>2T¢.
n+1 n

This concludes proof of (2.7.29). We now prove (2.7.30). Using (2.7.17), we get

lim P (ngvt n{e>caln{Qr= 0}> < lim P <{*yff(;t <oln{e> ct}>
%

0—0
<ImP|<de< sup ¢ pN{e> e}
6—0 reft,t+0)

< limP|{e< sup ¢ pN{E>c}
n—o0 T‘E[t,t+%]

=P ﬂ c< sup ¢ pN{c>c}t
n>n reftt+]

=P({c<arn{c>c})=0.

In previous calculations we used right-continuity of process ¢ and that the following sequence of

. : — 1
events is decreasing for any n > n = [m-|

c < sup e pC Q< sup ¢

re[t,t—&-%ﬂ] refti+1]

This concludes the proof of (2.7.30). We now prove (2.7.31). Recalling that under event Eg’é’t,



56 Chapter 2. SMP for Optimal Liquidation with Control-Dependent Terminal Time

7 < T implies 7%t < T and using (2.7.17), we get
lim P (ngvf N{e<ealn{r< T}) < lim P ({’yffét —0}n{e< ct})
< limP ¢> inf nic<
=650 <{c = reftato cr} te Ct})
=lim P|{{c> inf ¢ pNn{c<ec}
n—00 refti+1]

=P ﬂ{éz [inf cr}ﬂ{é<ct}

n>n t’t+%]
=P({e>clN{c<c})=0.

In previous calculations we used right-continuity of process ¢ and that the following sequence of

. . . 1
events is decreasing for any n > n = [W1

c > inf crp Ce > inf ¢ p.
refti+ ] reftt+i]

This concludes the proof of (2.7.31). O

Lemma 2.7.5. Let t € [0,7) and ¢ > 0 be fized. Then

%irr(l) 79t = 1 pointwise almost everywhere. (2.7.32)
—
Moreover,
lim E HTW - TH ~0. (2.7.33)
0—0

Proof. We firstly prove (2.7.32). We assume on the contrary there exists a non-null event &, so

that limg_,o 7%t # 7 on &, which means that

3y >0 s.t. V€ (O, (T —t)A % A 7) , 30 € (0,0) s.t. ’7’ — 7% >~ on &. (2.7.34)

Using that under event Ef’a’t, 7> 7% and so |7 — 7%%!| > 4 implies that T — 7% > v, which

. . — 0,ct . 0,c,t
implies Qr—y = Q o.5¢ — fTTeCVt crdr < Qroe: = 'thé . Moreover, using that under event E5“",

0ot = (r+ ) AT, {T - 7'9757'5} > v implies that § > (7 +6) AT — 7 > ~, which is never verified,

0.,

as 0 < 6 < 5. Moreover, under event Ey', we have that 706!

= 7, which never satisfies

‘T - TG’E’t‘ > 7. Therefore, we have that (2.7.34) implies that

Iy >0 s.t. V0 e (o, (T — 1) A % A 7) L 30€(0,8) st. Qry <5 on €. (2.7.35)

Recalling that vffét = ft(He)/\T(é —¢p)dr < ft(HQ)AT cdr < ¢, expression (2.7.35) implies that

Qr—~ = 0 on &, which contradicts definition of 7, as 7 should be the first time in which @, hits
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0. Therefore, we conclude that £ must be a P-null set and this concludes proof of (2.7.32). To
prove (2.7.33) we observe that ‘Te’a’t - 7" < T, independently of 8. Therefore, applying DCT
we also get (2.7.33). O

Lemma 2.7.6. Lett € [0,7), ¢ > 0 and p € [1,2] be fized. Then

0.6t |P7
HmE ||e—c¢ — 22| | = 2.7.
01_r>1(1) [c ct i 0, (2.7.36)
?_ﬁgt Q guent ]

Proof. Let t € [0,7) and 6 € (0,(T —t) A £) be fixed. We firstly observe that

0,c,t

) (t+6)
¢—cp — % <c—|—ct—|—9/ |¢ — cslds <2642 sup cs,
¢

s€[t,T)

which is LP-integrable thanks to assumption (2.2.16). Moreover, we have that

(t+0)A
= _t 9/ C dS.

Therefore, by using right-continuity of control ¢ and mean-value theorem, we conclude that the

0,c,t
Veto

0

E—Ct

pointwise limit of the expression inside the expectation in (2.7.36) is 0. Finally, by using DCT
we conclude the proof of (2.7.36).

We now prove (2.7.37). Looking at schemes above, we can immediately see that a.s.

6777t 0 t
ec,é,t - QTG,‘E,t = _'YH_CQ (2738)

min

Therefore, by applying (2.7.36) into (2.7.37), we prove the Lemma. O

Lemma 2.7.7. Lett € [0,7), ¢ > 0 and p € [1,2) be fized. Then

N0Et ABGE
lim E “’f — (€= )L ({Qr=0yn{ezeu({r<Tinfe<es))

0—0

] =0. (2.7.39)

Proof. Let t € [0,7) and 6 € (0,(T —t) A %) be fixed. Using schemes above, (2.7.4), (2.7.6),
(2.7.12), (2.7.14), using Hoélder’s inequality (with coefficients % and %) and recalling that

Eg’é’t implies that 7 < T, we get

p
E Tf —(c— Ct)]l({QT:O}m{azct})u({T<T}m{a<ct}) ]
QTG,E,t - QT _ p
=E He - (C — Ct)ﬂ({QT=0}ﬂ{62ct})u({T<T}m{a<ct}) ]lEi;@t
Qe,a,t 0.t p
70,5t T B -
+E 9 - (C — Ct) ]lEg,a,t +E “_(C — Ct)]l({QT:O}H{EECt})U({T<T}ﬁ{E<Ct}) ‘P ]lEgﬁvf}
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p

]lEf,E,t

QT«Q,E,t - QT P
=B H n@r>0)

ﬂ{QTZO}ﬂ{E<Ct }:|

QT ,Ct T QT —
]lEf,a,t :| +E |:'6t0 — (C — Ct)]l’T<T

79 Gt p 79 LGt P
t4-60 = t+0 _
HE = — @ a)| Lot _gngesey | TE|| g — (€~ )] Lpgeingoe f<T}]
F| A0, 5 p
Qlyt, — Qe
_|_ E % — (C — Ct) ]lEg’é’tﬂ{Te’é’t:T}
+E ||~ — c)Ligreopniezen " Tpoer | +E ||~ = ) Lreryngocan]” Lpges]

+2 22
p

f,ct| 2 p+2
SUDPrel[t,t+6] Vr

0

(o (51 1 > )

_ 2-p ) ) 2-p
+2r71p (Ef’c’t N{Qr=0}n{c< ct}> 7 oplp <E§w N {rfet = T}> P2 )
p]

0
+|c—ct|p<2p 1]P> ec’tﬂ{QT:O}m{é<ct}) + 2P 11[»( ES®t N {Teyat:T})

0,c,t

LE Vito

—(c—a)

+P (Eg’c’t N{Qr=0}n{éc> ct}> +P (Eg’é’t N{r<T)in{e< ct}> >

Using (2.7.24), (2.7.27), (2.7.28), (2.7.29), (2.7.30), (2.7.31) and (2.7.36) we conclude the proof
of (2.7.39). O

Lemma 2.7.8. Let t € [0,7) and ¢ > 0 be fized. Then,

lim E HQfﬁft Oft (2.7.40)
6—0

N0,¢,t
Q7" = Q-

=0

lim E [ ] = 0. (2.7.41)

Proof. Let 0 € (0, (T —t) A %) be fixed. By using (2.7.6), (2.7.7), (2.7.14), (2.7.15) and recalling

that under E0 Gt 706t — 1 we have that

1E26,E,t:|

0,c.t 0,c,t
E[|QUst - Qo=

| <E[1Quee — @el 1] + B [JQ15E, — Q05

|

By using (2.7.22) we conclude the proof of (2.7.40). We now prove (2.7.41). By (2.7.7), (2.7.13),
(2.7.15), (2.7.18) and that under Eg’é’t either Qf’é’t =@, or Qf’é’t = Qi’a’t, we have that

0,c,t

<E Ve

sup
re(t,t+0]

E[|Qi - @[] <E HQ?’” Q[T | FE[|Q2% - Qr|1 o]
S E Sup 9 C. t
rE[t,t-l—G]

By using (2.7.22) we conclude the proof of (2.7.41). O
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Lemma 2.7.9. For any (x,q), (z,q) € O, with ¢ # q', we have that

9(z.q) —g(z.d) 949 (2.4)

< Klq—{]. 2.7.42
i —d \ | ( )

Proof. We observe that

x, —g(x, / 1
2 q;_gl( 7) 2/0 g9 (v,4' + Aa—4q')) dA

and so using Assumption 2.2.2, we get

9(x,q) —g(z,q) 949 (¢

1
— [ 2u9 (@t 4 Mg =) ah =09 5.0)

1
< [0 a0 - g (o) |
1
SK/ Alg —¢'| dA
0

< g —d.
_2\q q|

This proves the lemma. O

We introduce a process used in the proof of Theorem 2.2.3. Let (gr)re[t,T] be the solution to
the following SDEs
g, = _(6 - Ct)aqf(ra Cry Xrs Qr)dT
gt - f(tv 67 Xta Qt) - f(tv Ct, Xt7 Qt)

In the previous definitions process ¢ is the same as process ¢ in Bensoussan [11]. The corre-

(2.7.43)

sponding part of z in Bensoussan [11] for process @) would be constantly equal to ¢ — ¢, as it
can be inferred with a simple calculus.

Most of the proof in the following pages relies on arguments in Bensoussan [11]. The main
difference with Bensoussan’s paper is the presence of the stopping time 7 in our setting, which

0.t

makes necessary the introduction of the stopping time 7 as well. This complicates all the

proofs and makes necessary many adjustments, especially on those results in Bensoussan [11]

that concern terminal time 7" that must be adapted to 7 or %% accordingly.
Lemma 2.7.10. Let t € [0,7) and ¢ > 0 be fized. Then,
lm E [|€ 0.6 — &|] =0, (2.7.44)
0—0
lm E[|Q 00 — Qr]] = 0. (2.7.45)
0—0

Proof. From (2.7.43) and using boundedness of J, f, we have that

0,c,t

]E Hg.r@,é,t - §T|] = E - / (E - Ct)aqf(r7 C’I‘7 XT? Q’/‘)dr

] < Kl|e—¢|E HTH’E’t - TH .
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Therefore, by taking the limit of previous expression and applying (2.7.33), we get (2.7.44).

Moreover, from definition of (),, we have

0,c,t

E[|Quoee — Q.| = E ”— / edr Dm (8[| - [)) "

T
/ cdr
t

ES

Therefore, by taking the limit of previous expression, using (2.2.16) and applying (2.7.33), we
get (2.7.45). O

Lemma 2.7.11. Lett € [0,7) and ¢ > 0 be fized. Then

0—0 Tmin

lim E [; /;mt (f( fiet XS,QM) _ f(s,cs,XS,Q8)> ds — ¢ M] — 0. (2.7.46)

Proof. Let 6 € (0,(T —t) A 1) be fixed. We denote for any r € [t,T]

ff@t _ ;/7’ (f (8, Cg’é’taXS’ Q?,E,t) — f(s,cs, X, QS)> ds —&,. (2.7.47)
t

The proof of this lemma will be divided in 3 steps. In step 1 we prove that

In

In

. t 0,c,t
fin B [| 72

}:0.

Step 2 we prove that,

lim E! [ ffé‘fg’ft]lT&i%tSt H} =0. (2.7.48)

Step 3 we prove that

hm E! [ fe;jt]l 0.0 =0. (2.7.49)

mln

>t+9:|

Once the proof of the 3 steps is completed, we conclude the proof of the Lemma as follows. By

merging (2.7.48) and (2.7.49), we have

t 0,c,t t 0,c,t t 0,c,t
gl_I)H]E [ng t] = hII?(l)E [f X | i,icn,tgtJra] —|—hmE [f X | Glct>t+9:| = 0.
min min min

Step 1. From (2.7.43) and (2.7.47) and recalling that cht = ¢, we have that for any

€ [t t+ 0],

0 = 0 [ (7 (5000 Q0) = 600 X0 @0)) s [ )0 5,0 Ko@)

t

_ (f (t fat, Xt,Qt) —f(t,ct,Xt,Qt)).
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And so, for any r € [t,t + 0]

e [ (o (s “tmem)—ﬂ A5, X,,Q0)) ds
sy [ (sdmtxana) - red™ xQn) ds
+ O/t (£t.e)™ X0, Qu) = St e, X0, Q1)) ds
g | e X - F s X Q) ds
St e X0, Q) = f (6.6 X0, Q)
+(c- Ct)/r Oqf (s, cs, X5, Qs)ds (2.7.50)
[ (F (el X Q) — s X Q) ) s
1

'+9ZTU( AL X, Qq) = flt, e, X0, Qu)) ds
+ % /tr (f(t,ce, Xe, Qr) — f (s, 05, X5, Qs)) ds

+f“¢%X%Q0<1—Tgt>+f(,?tX@Q9<r;t—1>
+(C—¢) /7" 0,1 (s, ¢, X5, Qs)ds
t

From previous expression we have that for any r € [t, ¢ + 6]

70,5t
T

t+60 0. 0 0
/ ‘f( s’C7t7X87Qs7C7t> - f(S C Ot XS7QS) dS

L)

1 t+6
+ 9/ |f(t, ce, Xe, Qi) — f(s,¢5, Xs,Qs)| ds (2.7.51)

+ | f(t, CtaXtht)|‘1_'+|f QCtXt,Qtﬂ 1"9

—w

t+6
+ |5—Ct|/ |8qf(87657XS>QS)|dS'
t

By taking » = t 4+ 6 in previous expression, so that the second last line disappears and using
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Assumption 2.2.2, boundedness of d,f and Holder’s inequality, we get

}gK(Et

+ <Et[ sup | X, — X2
rE[t,t+0]

+ 2FE!

wp Q- Q.

reft,t+0]

sup [Qr — Q4

re(t,t+0]

+ 9’5 — Ct|
1/2 1/2
2
+ |E'| sup
relt,t+0]
ﬂ )
1/2
E' | sup e —¢f
re(t,t+0]
Using DCT, E! [Supre[t’t_;'_@} ler — ctﬂ and [E! [SUpre[t,t+0} et cf ot

E |72

0.ct 0,c,t
7 — ¢

(Et[ sup (1+2]X | + 2|0t

re(t,t+0]
2 t+0
—l—/ |s — t|ds + [ [E] sup |X,— X +
0 Ji relt,t+6]

: (]Et [ sup (14 2|X,| + 2|e,])?
re(t,t+0]

(2.7.52)

] converge to 0 as § — 0.

Indeed, ¢ and %! are right-continuous and thanks to (2.2.16) and (2.7.24), the arguments of the

expectations converge to 0 a.s. and they are bounded by 2sup,.c[; 7 |cr|? and 2 SUP,¢(1,7] |c£’a’t 2

which are L!-integrable processes. E! [sup,,e[t?t +0] | X, — Xt|2} converges to 0 using standard
arguments in SDE theory (c.f. Krylov [41, Corollary 2.5.12]). Moreover, using L?-integrability

0,c,t

of ¢ and ¢”%" and standard arguments in SDE theory (c.f. Krylov [41, Corollary 2.5.12]), we get

2
that E! [sup,,e[t t46] (2]X | + 2\09%’) } and
E! [supre[t’HQ] (2| X, | + 2|er]) } are bounded independently of . Moreover, by definition of @,

—w [ ot < v (e[ [ cgdr])“,

which converges to 0 as ¢ € L2. Using (2.7.23), we have that E’ {(SUPre[t,He] ‘Qf’é’t - Q.

Et[ sup |Qr — Q¢

reftt+0]

)

converges to 0. Moreover 2 |, o |s —t|ds = 0. Therefore, by taking limit of (2.7.52) we conclude
the proof of Step 1.

Step 2. From (2.7.50), using Assumption 2.2.2 and boundedness of 9, f, we get

E! [fegcctt]l 0 ct<t+0:| < K<Et sup ‘Qf’é’t — Q|| +2E' | sup |Q,— Qt|]
min ’V’e[t,t+9] Te[t7t+9]
) t+6
+9\E—ctl+/ |s —t|ds
0 Ji
+E' | sup (IX — Xy| + |Bt — D ) (1 + |1 X | 4 | Xe| + [0 ?vﬂ)]
re(t,t+0]
+E | osup (1X, — Xo| + ler — ) (14 | X0 | + | Xe| + len] + |ee])
reft,t+0]
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0,c,t
min

0

mln —

+ (£t 0 X2, Q)| + £ (2, e, X0, Qu)| ) Y [

]l 0ct<t+9]

The first three lines on the right-hand side of the previous expression converge to 0 similarly as

0,c,t

we proved that (2.7.52) converges to 0 as # — 0 in Step 1. Then, by recalling that ¢,””" = ¢, that

0,c,t

Tmin_t
3 —1‘ <1

by (2.7.2), { 96t<t+9}—{7<t—|—9} that under event 725! < ¢ + 6, then

1’1’111’1 Inll’l

and by using (2.7.26), we conclude that

0,et
min -1

min —

. 20,6 _ .
ég% ]Et [fTiZi:t]lTi‘;;’tSt—&-@} < (‘f(tv Cy Xt7 Qt)‘ + ’f(ta CtaXb Qt)‘) gg% Et [

]179’,C’t<t+9]
< (|f(t757 Xt?Qt)| + ’f(tacthth)Dgi_{%P({T <t+ 0}) = 0.

This concludes the proof of Step 2.
Step 3. From (2.7.43) and (2.7.47) we have that for any r € [t + 0, T],

70.c r0,c 1 C c ' -
ffVCVt ftejrét + 5 / ( 27 7t’ XS7 Q? ’t> o f(S, Cs, st QS)) ds+ / (C - Ct)aqf(s’ Cs> XS’ Qs)ds
t+6 t+0
c, 1 " ,C ,C, c
= 1;9+9t + 5 f ( 9 ot XS7 QG t) - f(87 CS: X57 Q? ’t)> dS

T

S CS) S5 Q96t> - f(87 Cs, XS) QS)) ds +/ (E - Ct)aqf(su CS>X87 Qs)

(1
o
( t+0
9<f( gﬁﬂX&Q§a>—f@m&X&Q%ﬂ»d5
/+e/ (af L i QS))W+(C—Ct)aqf(8,cs,X57Qs)>d>\ds
_ﬁﬁt*a (f( A X, QIF1) = f(s, 00, X0, QU)) ds
/+0/ (C_Ct B 90t>af(s e X0 Qs + A (Q41 = Q, ) ) dAds

* /t+9/0 (€—ct) (8qf(svcs,X57Qs) — O0gf <S,CS,X5,Q3 + A (Qg’@t - QS>)) d)\ds.

Therefore, by applying Assumption 2.2.2, then boundedness and Lipschitz continuity of 0, f

follows, we have that

£0,c,t
g

’ 00t

/+9/

—I—|c—ct\/+9/ ‘aqf(s,cs,xs,cgs)—aqf (s,cs,Xs,QsH(Qﬁv@t—Qs))‘dAds

r 0,c,t
/ ds+K/ / Qs = Qa7
t+6 t+60

» )f< Dot X57Q60t> _ f(S,cs,Xs,Qg’E’t)‘ds

Gct
C—Ct

]8 f (s Co, Xg, Qs + A (Qect Qs))‘d)\ds

9 t
‘ ,C, 90t — s

dAds

C—C —

0
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1 r
+K|c—ct\/ )\d/\/ ‘sz@t—Qs ds
t+60

K _
‘fQCt Aot — e lds
t+6
Qs — Q™ K¢ — ¢ 0.0
R I e e | LR \Q o Q| ds
Jr

Therefore, from previous expression and using (2.7.20) and (2.7.21), we get that

} + KE!

min

]1 9ct>t+0 gncnt 0.c
mm / c 7C,t _ Cs dS
+

0 tro |7
ds]

0,E,t
(6 — Ct)

t | 70,ct
E |: Oct]l Gct

>t+9:|

6,c,t
Qs - Qs ¢

KE!
+ 9

— (E—Ct)

]l Tmin
0,2t
T >t40 +r0

0,c,t
Tmin _
+K| |Et ]l 0(,t>t+9/ Qz,cyt_Qs dS]
t4-0

2

mln

0,c,t

Tmin
Loctsiig "

0,¢,t
7-min 9.c.t
1 o / APCt ds
Sl tto t+6
>t 10

mln

0,c,t
Viro

0

ds]

+KT| 2 |Et H Gc,t

} + KE!

< E! H ft9+cet

6=l
KR
AT

’c’
’7t+9 o (E N Ct)

Feie

t || 70,c,t
<E [ g

]

By taking limit of previous expression for § — 0, by using (2.7.22) and (2.7.36) together with

} + KTE!

Step 1, we conclude the proof of (2.7.49). This concludes the proof of Step 3 and the proof of

the Lemma as well. O

2.8 Proof of Theorem 2.2.3

Let t € [0,7) be fixed. Since control ¢ is optimal, it necessarily follows that for any ¢ > 0 and

for any 6 > 0
6,2,t

“(tx,q) < v(t,,q).

Therefore, if the limit of previous expression exists, then we need to necessarily have that for

any ¢ > 0

Qct
t e(t
i 0 (G, q) =tz q)
6—0 0

<0. (2.8.1)
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By definition of v™ in (2.2.6), recalling that when 7_9,;,75 = 795t then for r > 706t Qf’é’t =Qr
~0,C, b G,E,t

and 2% = ¢, and when Tgucnt—T then for r > 7, QQCt_Qf’Eta d e

o8t r 0,c,t 0,c,t
. (th) c(t7x’q) : t g<X7-90’7Q Oct) 1/T 9 t 0,c,t
| =limE - 2 , X ¢
fim - 6 55 6 Ty, St X @ dr

— lim E! [M 9/ frCT'aXTaQT) :|

6—0
r [
Q(XTG,E»% QTec,at,t) - g(XTa QT)]

6—0 0

0,c,t
X 1 7—min
-I—gl_I)%Et 9/ (f( 90t XT,QGC’t)—f(TvCT’XT’QT)> dT]
t
: 0.6,6) [Tk
im | SB[ et x gfetyg
+lmE . /m F(r, &, X,, Q05)d ]

(2.8.2)

0
where in last line we used the fact that if Tm’ﬁ; =7 and Tmax = 798! then it means we are under

at
case E2’ " and so

_ 0,c,t 0,6t

3 0,ct Tm? 79,8,

sign(r — 774" [Tmax 0,G,t A0.G,t 1 9 it 0,e,t

- 0 /9t f(ra Cr7C7 aXTer7C7 )d?“ = 5 © XT)Q G )
m’icrl T
On the other hand, if et — ¢ and 79 & — 798¢ then it means we are under case Ee & and so
6,c,t
0,c,t T
_sign(r — 7907 [Tmax ot 0:01)q
0 /Gct f( & XraQ © f r, CTaXraQr)

min

The first line on the right-hand side of (2.8.2) can be written as

6,c 0,¢ 0,c
limEt g(XTé,E,t7 QTbc,%tt) - g(X‘ra QT) — lim Et g(XTe,é,t, QT’QC’;,&) — g(XT, QTbc,%tt)
6—0 0 6—0 0
(XT)QQGCtt) - (X'HQ 9”) ( Q ) _ A0,et
. ) e, Q(XTa QT )
1. Et Thin Tmin 1 ]Et T 0 t
+£% 0 +ﬁ% [ 0
- ¥ obet Y. obet be ¥ Obet Y. Obet b
. g( T?QTG,E,t)_ ( - Q 6ct>+g( > Q 9”)_9( TaQTG,E,t)+g( Q7 )_g( TaQT)
1. E mln mlll
T 0

(2.8.3)

0,c,t ANO,c,t AO,c,t 0,c,t
Recalling that when 7" = 7 0.ct then Q7 soet = Qroer and Q77 = Q7 and when 77" = T,

then Qe ol = Qz;ft and Q%" = Q%% then we have that the last element on the right-hand

0,c,t —

side of (2.8.3) is equal to 0. First line on the right-hand side of (2.8.3) is equal to —g(¢, ¢, z, q)

by its definition (2.2.18). We define g for any (z,q) € O, (z,q¢") € O as

9(@.a)=9(@.d) 5 /
— 7 Q#q
1 (2.8.4)

0q9(,q") ifg=1¢.

§(z,q.q) =
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From Assumption 2.2.12 we have that g is bounded by K (1 + |z|). The second element on the
right-hand side of (2.8.3) is equal to

min min

0,c,t
79,76,t - QTQ,E,t
T
6

. t |~ 0,c,t
lim £ g X‘r’ Q 0,e,t7 QTQ’EJ
6—0 T, min

min

0,c,t
" 0.t QT’O,’E,t - QTGVAE,t
. ~ C. f min _
= élr%E g XT, Q ’97’5,“ L0t ———— 4 Cc—
Y )

min min 0
B élg(l] E’ [(E —a) <§ <XT’ Qigé“ Tfn’icn’t> — g (XT’ QT&}?))}
e (.0 o0

— (= c)E' (949 (X7, Qr)] -
Using Holder’s inequality, boundedness of g and (2.7.37), we get

QQ,E,t _ Q 0ot
6,c,t »Cs

. ~ 0.c.t T Tmin _
i | |7 (XT, Qe ) L S
N .

min min 0

(2.8.6)

e

¢ 4
4 % ijﬁcft - QTB,'E,t 3
< & (B [0+ 1x:0)1]) i [ B || T el ] <0

Here we used standard arguments of SDE theory, i.e. E [supre[O’T] |XT\4] < o0o. Moreover, using

(2.7.42) in Lemma 2.7.9 together with definition of § in (2.8.4), we get that

|

1, 0z
Q ’gc;a,thTe,a,t
Tmin min

~ 9777t
g (XT7 QTQC,E,N QTg;icr;t) - aqg (X.,-, Qﬂﬁﬂf)

min min

limE [E — ¢
0—0

7’9 e i
min min

(2.8.7)
K _ . 0,e,t _
< —le—a|imE [|Q7,2, —Q ozt 0,
2 6—0 i 7

where in the last line we used (2.7.23) in Lemma 2.7.3. Moreover, using Lipschitz continuity of

0q9 and (2.7.45), we get that

lim E Haqg (XT, Q e,a,t) — 049 (X7,Qr)
6—0 Tmin

| < KlmE Qe - Q]
6—0 i (2.8.8)
< KlimE |:|Q7.9,E,t —Qr| 1 oct__g Et:| = 0.
0—0 Tmin =77

Hence, merging (2.8.6), (2.8.7) and (2.8.8) into (2.8.5), we get

) . g(XﬂQif’g’t)_g(XT7QTI(i{iEr;t) .
lim E o = —(e- c)E (0,9 (X,,Q:)]. (289
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The third element on the right-hand side of (2.8.3) is equal to

ANO,C,t ANO,C,t
. 0,c,t NN Q (9,’,t_Q’T
lim E! [ (XT, Qlt., Qf’t> TC]

A Q@,E,t
. t c,t AG Gt T0,E,t T _
(%13(1)1[*1 ( Et,Q ) (9 - (C—Ct)ﬂA(t,c)>]
o (2.8.10)
+ lim Ef [( <XT, Qlt,. QY Ct) — g9 (XT, Qf—’“)) (c— Ct)]lA(t,a)]
+ lim E* [( (XT, QY Ct) — 049 (X, QT)> (c— Ct)]lA(t,E)}
+ (e — Ct)Et [8q9 (X7, Qr) ]lA(t,E)] .
Using Holder’s inequality, boundedness of g and Lemma 2.7.7, we get
A0t N
. - ANO.et  Ab,ct QTG,E,t - QT _
él_l)T[l)]E g <XT7 QTQ,E,M QT ) (0 - (C - Ct)]]-A(t,(_:)> ]
4oy 3
i et ot S\ @281
<K (E [(1 + | X+ D lim |E | |22 T (€ —ct)lae
6—0 0 ’

=0.

Here we used standard arguments of SDE theory, i.e. E [supre[oﬂ |XT\4] < 00. Moreover, using

(2.7.42) in Lemma 2.7.9 together with definition of § in (2.8.4), we get that

i [[c — cif 5 (Xr QU Q2°) = 04 (X7, Q2°) [ Tag)|
6—0
< mE [o - ol |5 (X0, QU1 Q2%) — 049 (X7, Q27 | (2.8.12)

<

=0,

K U
Sle—alimE [(Q";L Q|1

A0,E,t A6,E,t
QTO(;E,t #QT N :|

where in the last line we used (2.7.40) in Lemma 2.7.8. Moreover, using Lipschitz continuity of

049 in Assumption 2.2.2, we have that

lim E H ¢ —c)lpq ( ( TaQGCt) 49 (XT’QT))H

0—0
<l — el Iim E [|0,9 (X7, Q2) = 849 (Xr, Qr)

o

where in the last equality we used (2.7.41) in Lemma 2.7.8. Hence, merging (2.8.11), (2.8.12)

] (2.8.13)

< Kle— ol m E |02 - Q-

and (2.8.13) into (2.8.10), we get

= (E - Ct)Et [aqg (X77 QT) ]lA(t,E)] : (2'8‘14)

0,c, 0,c,
ot | 95 QU5l) — 9(Xr, Q7%
6—0 0
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Merging (2.2.18), (2.8.9) and (2.8.14) into (2.8.3), we conclude that the first line of the right-hand
side of (2.8.2) is equal to

limE?

6—0 - _g(t’ 6T ) E* [(C - Ct)aqg(X‘r’ QT)]

0

9(X o, QU5L,) — 9(Xo, Q»]
(2.8.15)
+ (E - Ct)Et [8qg(X7'7 QT)]IA(t,E)] .

The second and third lines of right-hand side of (2.8.2) can be written as

Jim [é /t'“ (£lr =, X, Q%) - f(r,cr,Xr,Q»)dr]

6—0
0,c,t et
— 1 t Slgn(7_7—7 ) e Hct Gct
A E [ 5 [ 108550, Q2 ]
1 79’46"5
= lim B [6 / (£l X0, QU1 = f (1, Xps Q) ) dr = € o | + Hm B [€ 0]
t mm min

_ 6,c,t
9Ct) Tma?x

. sign(7 — 7%
g | Sien =1
6—0 0 0,c,t

min

f( A@Ct X’r’yQQCt) ]
(2.8.16)

Using Lemma 2.7.11, we have that

6—0 Tmin

0,c,t
]_ Tmin
lim E! [9/ (f( et X, Qlety — f(r, cT,XT,QT)) dr — ¢ ect] =0. (2.8.17)
t
Using (2.7.44) in Lemma 2.7.10, we have that

lim B (€ 00| = Im B [€0cel pei_joee] + ImE* [61 oci_ |
9—)0 min 9—)0 min nnn (2818)

= lim Et |:(£7-9’5vt - gT) 1 0,6t e,a,z] + Et [gT} = Et [gT} .
6—0 Tmin T

Using (2.2.17), the third limit on the right-hand side of (2.8.16) converges to f(t,¢,x,q). Merging
(2.8.17), (2.8.18) and (2.2.17) into (2.8.16), we get that

0,c,t
1 Tmin
li Et - 90t X 0,c,t X
i g [ (F0 X Q) = f(rer X Q)
N (2.8.19)
— lim Et M / n,ldx f(ra 676”767t7 XT> Q$7C7t)dr] = Et [57'] - f_(tv G, Q)'
6—0 0 9,0t
Then, merging (2.8.2) together with (2.8.15) and (2.8.19), we get
9 ,C,t
. t,x t,x, _
lim O (BT 0) =V T0) [—(@— c)0y9( X+, Qr) + &)
6—0 0
+ (e = QB [0,9(X:, Q) aga)| (2:8.20)

- (g(ta G Xta Qt) + f(tv G, Xta Qt)) .



2.8. Proof of Theorem 2.2.3 69

However, from (2.2.11) and (2.7.43), also noting ¢."®’ = ¢, we have that
Ef [—(¢ — 1)0y9( X+, Qr) + &) = Ef [—(6 — ) Yr + &]
— R [—(é—ct)m - (6—Ct>/;dn+& +/;d@}
B et o) [ e X @) dr+ - [ em e X Qv

= Et [_(6 - Ct))/t + é-t] = ]Et [_(E - ct)Yt + f(ta Cf,ata Xtv Qt) - f(ta Ct, Xt7 Qt)i|

= Et [_(E - Ct)Y; + f(ta c, Xt7 Qt) - f(ta Ct, Xta Qt)] .
(2.8.21)

Moreover, under Assumption 3.2.1, the BSDE (3.2.8) admits an unique solution, as it has been

proved in Royer-Carenzi [52, Theorem 2.1]. So, merging (2.8.20) and (2.8.21), we get that

0,c,t
v (L, q) — ve(t,x, q) b B
91_1;% 0 E [ (C Ct) t + f(ta C, At, Qt) f(ta Cty Aty Qt)] (2822)

+ (E - Ct)Et [8qg(XT7 QT)]IA(t,E)] - g(ta 67 Xt7 Qt) - f(ta 67 Xt7 Qt)

Therefore, merging (2.8.22) together with (2.8.1), we get that for any ¢ > 0 and for any ¢ € [0, 7)

Et [_(E - Ct)YZ + f(t7 E? Xta Qt) - f(t7 Ct, Xt: Qt)]
+ (€ — c)E' [0,9(Xr, Q)] — 3t Xi, Qi) — f(£,8 X¢, Q) <O0.

Since the argument of the first conditional expectation is F-measurable, we have that for any

¢ >0 and for any t € [0,7) a.s.

0> —(c—c)Yi+ f(t,6Xe, Q1) — (L, e, Xo, Q1)
+ (€= c)B" [049(Xr, Qr)ln)] — 5(t, & Xy, Q) — f(£,8, X1, Q1)
= -V + f(t,6, X4, Q) — (—aYy + f(t, e, Xy, Q)
+ (€ — ) E" [0,9(Xr, Qr)Uap )] — g(t. €, Xe, Qr) — f(t,E X, Q)
=H(t,e, X¢, Qu, Vi) — H(t, e, Xi, Qr, Y2) + G(1, €, ¢, X, Q1)

which concludes the proof of Theorem 2.2.3.



70 Chapter 2. SMP for Optimal Liquidation with Control-Dependent Terminal Time




Chapter 3

Stochastic Maximum Principle for
Optimal Liquidation with
Control-Dependent Terminal Time
and controlled State Process and

(Generalizations

3.1 Introduction

The main goal of this chapter is to introduce several generalizations to Theorem 2.2.3. In the
previous chapter, we introduced an easy setting that could allow the reader to familiarise with
the control-dependent terminal time setting. We now want to answer some questions that are
left open from the previous chapter. In particular, could we introduce the control variable into
the definition of the state variable X in (2.2.2)7 Does the new version of the SMP Theorem
2.2.3 hold true in the case when we allow the control variable ¢ to be negative as well? Are we
able to find a sufficient statement of SMP Theorem 2.2.37

In this chapter we try to answer previous questions. In particular, the rest of this chapter is
organised as follows. In Section 3.2 we introduce the control variable into the in the drift term
in the definition of the state variable X in 2.2.2. This introduces an additional difficulty in the
proof of the SMP, as most of the limit in the proof of Theorem 2.2.3 must be proved again,
to consider the variational process of the state process. In Subsection 3.2.1 we explain why we

extended the presence of the control ¢ only into the drift term and not into the diffusion term

71
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of the SDE defining the state process X. In Section 3.3 we allow the control variable ¢ to take
also negative values. The main reason why we only considered non-negative control in previous
chapter is chronological. We initially wanted to consider a liquidation problem in which the
agent is only allowed to liquidate the stock and never to buy it. This setting was limiting the
application of the new version of the SMP. In particular, if we consider engineering and physical
problems, the agents are usually allowed to proceed in the opposite direction to their final goal
as well. In Section 3.5, our main aim is to simplify expressions of f and g in (2.2.17) and (2.2.18).
The reason why we want to achieve such a simplification would be to separate the expression of
G in (2.2.20) into two addends one referred to ¢ and one referred to ¢. This would allow us to
separate all expressions with ¢ on one side of inequality (2.2.19) and all expression with ¢ on the
other side of inequality (2.2.19). This would be the first step to get a formulation for a sufficient
condition of the SMP with stopping terminal time. However, as we show in Section 3.5, the

separation of ¢ and ¢ in expression of f is not possible, even if we consider simple examples of

f.

3.2 Generalization of Theorem 2.2.3 with control-dependent state

process

We would like to prove a generalization of Theorem 2.2.3 to include the control variable inside

the SDE defining process X, (2.2.2). We begin to include the control ¢, in the drift coefficient

as follows
dX, = p(r,m, X;)dr + o(r, X;)dW,, Xt =uw. (3.2.1)

We define
v(t,x,q) =supv”(t,x,q), (3.2.2)

>0
where
v (t,x,q) = E! [Q(XTW,QL) +/ flrym, X, Q) dr| . (3.2.3)
t
We also define

dxtet = p(r, 7%t X0 dr 4+ o(r, X25HdW,, Xt =u. (3.2.4)

In the following, we use the following assumptions on functions p, o, f and g.
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Assumption 3.2.1. For anyt € [0,T], m,7' >0, x,2’ € R and for any q,q' >0

(‘x — x/| + ‘7r — 77/{) (1 + |z| + |2'| + |7| + ]77'\) .

(3.2.5)
We assume that f and g are continuously differentiable functions with respect to the arguments.
We also assume that partial derivatives of f and g with respect to q are Lipschitz continuous.

In particular
|Oppu(t, 7, ) — Oppu(t, m,a")| + |0po(t, 2) — Opo(t,a')| < K|z — |
0o f (7, 2,q) — Ouf(t,m, 2 )| + |02g(x, q) — Oug(2', ¢)| < K (Jo —2'| + g — ')
|0y f(t, 7, 2,q) — Oy f (t,m,2,¢")| + |049(2,q) — O49(z,q')| < Klg— |
We define the Hamiltonian as it is usually done in the SMP theory:
H(t,m,x,q,y) =y ut,m x) —7y® + f(t, 7, x,q). (3.2.6)

Let Q,, T, Q?’é’t, 79%% be defined as in the previous chapter respectively as in (2.2.1), (2.2.4),
(2.2.9) and (2.2.10). We also define the following quantities

0,6t . 0,2t 0,6t 0,2t
Tmin — M0 T, T, Thmax — Max (7,777 |,

Q0 = max (Qr @), &5 = (cr, 7).

(3.2.7)
o Xf’é’t if 7 < 06t
xpet = :
X, if 700t < 1
Let (Y, Zy)reon] = (V1 Y,2), (2}, Z2))repo,r be solution of the following BSDE:
—dY,} = (Y,}ax,u(r, Cry Xp) + Z0p0(r, X)) + O f (1, 00y Xor, QT)) dr — ZdW,
—dY.2 = 0y f (ry ¢y X, Qr)dr — Z2dW,
(3.2.8)

le = 8a;g(X7’u QT)

}/;—2 = 8qg(XTv QT)

\

We now state the stochastic maximum principle for the stopped terminal time version with drift

coeflicient of state process SDE dependent on control.
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Theorem 3.2.2. Let Assumption 3.2.1 be satisfied. Let (CT)TE[QT] be the optimal control for the

optimization problem (3.2.2) so that ¢ € A and so that

E

sup 2| < oo. (3.2.9)
rel0,77]

Let (Qr)reo,r) and (Xr)rejo,r) be defined as in (2.2.1) and (3.2.1) with respect to control c. Let
(Y2 )rejo,r) be defined as in (3.2.8) with respect to control c. We assume that there evist R-
valued and L?-integrable functions §(t,¢,x,q) and f(t,¢ x,q) so that for any t € [0,7), for any
(z,q) € O and for any ¢ > 0

Xﬁ,é,t7 0.0t \ _ o goet ’ 0.e.t
g(t7 E’ :L" q) _ hm Et [g( QTG,c,t) g( 70,8t QTG,c,t) ’ (3210)
0—0 0
g 0.5t Tt
e = oyt |20 [T e s 00 ] . aaa
0—0 0 0,5t
Then, ¢ necessarily satisfies for any t € [0,7), for any ¢ > 0
H(tvaa Xt7Qt7Yt) _H(ta CtaXt7Qt7Yt) +g(t7 c, ct7Xt7Qt) < 0 a.s., (3212)
where G(t, ¢, ct,x,q) is defined as
g(t7 G, Ct, T, Q) = (E - Ct)]Et [aqg(XTa QT)]IA(t,E)] - g(ta G, Q) - f(ta G, q)v (3213)
where the event A(t,c) is defined as
Alt,e) ={Qr=0}n{c>a)U({r<TINn{c<e}). (3.2.14)

Remark 3.2.3. The main difference of the proof of the generalized version, with respect to the
lighter version in previous chapter relies on the decomposition in (2.8.2). Indeed, in the new case,
we are going to have the variational process X%t. Therefore, in the proof of the generalized
version Theorem 3.2.2, we are going to have also decompositions regarding the difference between
the two processes X9 and X and the limit of that difference. The main differences with respect
to the proof presented in the previous chapter is an extension of Lemma 2.7.11, that includes
the presence of X%t and the introduction of the process n, which is going to be proved as the

generalized derivative of the process X%t with respect to 0 in Lemma 8.7.5.

Remark 3.2.4. Theorem 2.2.83 can be recovered from Theorem 3.2.2 by observing that if u is
independent of m, in (3.2.12), the difference between the two Hamiltonians cancels out the two
terms py' from the equation. This removes the presence of the process Y from (3.2.12). This
allows the process Y to be reduced to its only second component Y2, as in the definition (2.2.11)

in previous chapter.
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3.2.1 Introducing the control in the diffusion term in definition of X,

In the SDE defining process X, (3.2.1), the diffusion coefficient is independent of control process

c. This is due to the necessity of proving that

2

0,c,t
X0 =X
Rt WTH'G (3.2.15)

is bounded as 8§ — 0 in proof of Theorem 3.2.2. To prove the previous property, we use that

Lipschitz continuity implies that

2
< Et ,Cyt

" =

1 t+60 B
E! ‘9/ 1 (r, cf’c’t,Xr> —p(r,cr, Xy) dr
¢

K t+0
(5]

which is bounded independently of #. On the other hand, if the diffusion coefficient was de-

2
dr> ] < K(é—c;)?
(3.2.16)

pendent on control process ¢, to prove boundedness of (3.2.15) we would have needed to show

that

1 t+6 B
E! ’0/ o (r, cf’c’t,Xr> —o(r,cp, Xy) dW,
t

2
] (3.2.17)

is bounded as § — 0. However, by simply considering the diffusion coefficient to be o(t, ¢, z) = ¢,

by applying Ito’s isometry to (3.2.17), it would be equal to

1 t+6
E! [ /
62 J,

which explodes to +00 as 8 — 0. The main difference with respect to drift term is that the

Aot _e,

'] < e

time-integral in (3.2.16) can be upper bounded by bringing the absolute value operator inside
the integration and leaving the power 2 outside the integration. On the other hand, by applying
Ito’s isometry to the stochastic integral in (3.2.17), both absolute value operator and power 2 are
brought inside the integration, not allowing the compensation of the 1/6 term with the length
of the integration interval anymore.

Therefore, we have not been able to introduce dependency on the control also in the diffusion
term. This weakness is due to the fact we decided to approach the proof of Theorem 3.2.2 using
Bensoussan [11] approach. As we previously mentioned Bensoussan’s technique accommodates
the need of having a variational approach that allows us to guess in the proof what is the
variation in the stopping time 7 given the variation of the control w. The drawback of using
this approach is that it makes impossible to deal with more general diffusion coefficients in the

state variable SDE definition.
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3.3 Admitting negative control =

In this section we want to show that settings of Theorem 3.2.2 can be extended also to the case of
negative control variable 7. In order to admit control 7 to have the whole real line as admissible
set, we need to make few changes in the proofs in Chapter 2. There are 3 main observations we
need to point out in order to allow for negative controls in Theorem 3.2.2. Firstly, we need to
point out that anywhere we mention the expression 6 € (O, (T —t)A ) we interpret  as equal
to +00 when ¢ < 0. This observation is especially important to underline that expression (2.7.2)
is still valid, as for ¢ < 0 expression (2.7.1) is clearly non-negative. Secondly, Lemma 2.7.1 is not
needed anymore, as it is not necessary to show that c is not negative. Progressive measurability,

0.6t immediately follow, without the necessity of

right-continuity and square integrability of ¢
having the Lemma. Finally, we need to slightly change proofs of Lemma 2.7.4 and Lemma 2.7.5.
In particular, we use continuity of process @), thanks to its definition as an integral. Therefore,

we define the process Q, as
Qr = min Q. (3.3.1)
s<r

The minimum is well defined as @ is continuous and [0, r] is a compact interval. We state and
prove the new versions of Lemma 2.7.4 and Lemma 2.7.5. In Lemma 2.7.4, the only limit that

needs to be proved again is (2.7.27). All the other limits can be proved as in Lemma 2.7.4.
Lemma 3.3.1. Letc € R and t € [0,7) be fized. Then

: 0.2t B
lim P (BL™ n{Qr > 0}) =o. (3.3.2)
0,c,t

Proof. Using definition of ), we have that under event Ef’é’t, Qr < Q.oet < Q006 = Ve -

Moreover, if Q7 > 0, then it necessarily implies that 7 = T". Using (2.7.4) we have that

. 6.c.t . X 0,c,t
thd] < Z -
lim P (E1 N{Qr > 0}) < ;g%IF’ {Qroce <%TyN{Qr > 0})

<lmP[{Q,< sup ’ et % N {Q, > 0}
6—0 rEftt+0]

< lim P < sup v O N{Q, > 0}
oo refti+l]

I
=

] t+d )
Q /t ey —c|d7“}ﬁ{QT>0}

:P({QTZO}D{QT>O}):

as event {QT = 0} implies that {@Q,; = 0}. In previous calculations we used that the following
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sequence of events is decreasing for any n > n = [W1

3 o 5 t+1
QTS/ lcp —¢|drp C QTS/ lc, — ¢| dr
t t

. . o t+1 .
and using right-continuity of ¢, [ T |¢ — ¢r| dr converges to 0 P-a.s., as n — oco. This concludes

proof of (3.3.2). O

Lemma 3.3.2. Lett € [0,7) and ¢ € R be fized. Then

éirr(l) 98t = 7 pointwise almost everywhere. (3.3.3)
—
Moreover,
lim E HTW - TH ~0. (3.3.4)
0—0

Proof. We firstly prove (3.3.3). We assume on the contrary there exists a non-null event &, so

that limg_,o 7%%* # 7 on &£, which means that

Iy >0 s.t. vl € (0, (T —t) N g /\,y) , 30 e (079’) st ’7._7_9,6,75
c

>~ on €. (3.3.5)

0.t

Using that under event £} 0

9767

, 7> 7% and so |r — 799! > 5 implies that T — 79" > 4,

which implies Qr—y < Q0,66 < Qo0 = ’yff(;t. Moreover, using that under event E5 %, 706t —

(t+0)ANT, |7' — 7'9757t} > ~ implies that § > (71 + 60) AT — 7 > ~, which is never verified,

as § < 0 < ~. Moreover, under event Eg’a’t, we have that 79t = 7 which never satisfies
‘7’ — TQ’E’t‘ > ~. Therefore, we have that (3.3.5) implies that
Iy >0 sit. Vi e (0, (T — ) A % A ’y) L 30€(0,0) s.t. Qry <AE on €. (3.3.6)

Recalling that |77 | = j;(He)AT |c —¢pldr < j;(t+0)m ley|dr + |¢|6 and using right-continuity of

t4-60

¢r, we have that expression (3.3.6) implies that QT,,Y = 0 on &, which contradicts definition of
7, as T should be the first time in which @, hits 0. Therefore, we conclude that £ must be a
P-null set and this conclude proof of (3.3.3). To prove (3.3.4) we observe that [79%" — 7| < T,

independently of §. Therefore, applying DCT we also get (3.3.4). O

3.4 Introducing general linear drift in (2.2.1)

In the definition of @, in (2.2.1) we had a simple drift function. In this section we introduce
a time-dependant linear drift with respect to the control ¢ and the inventory @ itself. Let

a, (3,6 :]0,T] :— R be bounded functions. Let @, be defined as

Qi = qo — /0 (a(r)e, + B(r) + 0(r)Q,) dr. (3.4.1)



78 Chapter 3. SMP with Control-Dependent Terminal Time and controlled State Process

However, we see that Theorem 3.2.2 still holds with the new definition (3.4.1). Indeed, intro-

ducing the following substitutions

& = elo 9645 (o (t)e, + B(1)) (3.4.2)

t
Qt =4qo — / Erdr7 (343)
0

we have that Theorem 3.2.2 is satisfied using processes Q; and &. Moreover Q; = elo d(s)ds(y,

indeed simple calculus shows that

dQ, = —&dr = —elo 9995 (a(r)e, + B(r))
= —eJo 56 (a(PYe, + B(r) + 6(r)Qr) + elo P51 Q,
_ GIUT 6(s)dsdQT +Q,d (efor 6(s)d5)) ’

—d (efg 6(s)dSQT)

Therefore, using the substitutions above, the definitions in (3.4.1) holds true. Finally, to confirm
that Theorem 3.2.2 can be used with new control ¢ and inventory Q, we observe that Lipschitz
conditions in Assumption 3.2.1 are satisfied as ¢ is a bounded function and so for any r € [0, 77,
edo 9(9)ds s hounded.

We now state the stochastic maximum principle for the stopped terminal time version in-

cluding the extensions introduced in the current section and in the previous one. We define

v(t,x,q) = supv™(t,x,q), (3.4.4)
mER
where
v (t,x,q) = E [Q(XTW,Q:W) +/ frym, X0, QF) dr] . (3.4.5)
t

We also define the following quantities

Qiet = max (Qp Q%) o = max (&, &) | (3.4.6)

Theorem 3.4.1. Let Assumption 3.2.1 be satisfied. Let (c.).c(o,1) be the optimal control for the

optimization problem (3.4.4) so that ¢ € A and so that

E

sup 2| < oo. (3.4.7)
rel0,T]

Let (Qr)reo,r) and (Xr)reo,r) be defined as in (3.4.1) and (3.2.1) with respect to control c. Let
(Y2 )rejo,r be defined as in (3.2.8) with respect to control c. We assume that there evist R-
valued and L*-integrable functions g(t,¢,x,q) and f(t,¢,z,q) so that for any t € [0,7), for any
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(z,q) € O and for any ¢ € R

o _ 0,8t _ o 0,8t _
X@,c,t, ef;— d(s)ds 9707675 _ Xe’cét ,eft 5(s)ds 97075
g(t,e,x,q) = gli%Et 9(X7 QTe, ) 99( 10,8,t QTa, ) . (34.8)
i , _ 0.t Tt?\’ai’ct _ .~ .~
f(t.2..q) = imE' W“of) o F (et xper Qhet) dr] - (3.4.9)
Then, ¢ necessarily satisfies for any t € [0,7), for any ¢ > 0
H(tvévXt)QhYt) _%(tactht)QhYt) +g(taév ct)XtaQt) <0 a.s., (3410)

where G(t,¢, ¢y, x,q) is defined as
g<t7 E; Ct, T, q) = (E - Ct)Et aqg(XTy eftT 5(S)dSQT)]1A(t,E) - g<t7 Eu Zz, q) - f_(tv 67 xz, q)7 (3411)
where the event A(t,c) is defined as

At = ({Qr=0}n{e>aHU{r<TIn{c<cl). (3.4.12)

3.5 Sufficient condition for the new version of SMP

The standard version of the necessary SMP is usually linked with its sufficient version. By simply
requiring that the Hamiltonian H in the standard SMP has some global convexity properties,
it can be easily verified that the optimal control is the control that maximizes the Hamiltonian
itself (c.f. Pham [48, Theorem 6.4.6]). We are interested in extending the necessary condition
in Theorem 3.2.2 to a sufficient condition as well, by trying to find a formulation that enables
us to guess the optimal control ¢ and the optimal stopping time associated directly from a
maximisation of the Hamiltonian H and the new term G introduced in this thesis. In order to
achieve a sufficient formulation in the case of the SMP with stopping terminal time as well we
need to simplify expressions (3.2.10) and (3.2.11). The main aim of this simplification would be
to separate ¢ and ¢ inside the expression of G in (3.2.12). In particular, we would like to be able to
split the functional G(t, ¢, ¢, x, q) into the difference of two functionals G (¢, ¢, z, q) —G1 (¢, ¢, ¢, q),
where the first one only depends on ¢ and the second one only on ¢;. This would allow us to
separate expression regarding ¢ on one side of the inequality and expression regarding ¢ on the
other side of the inequality. Once we had obtained this separation would be enough to assume
some sort of convexity in the Hamiltonian H and in the functions forming G to get a sufficient
formulation of the SMP.

In this Section we are going to consider an example where f is a polynomial function and we

try to find a sufficient formulation of Theorem 3.2.2. However, even in a simple case such as the
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one presented, the task to state a sufficient condition of the SMP is complicated. We also tried
other examples, without being able to build a case in which a sufficient formulation of Theorem

3.2.2 could be found.

The first step to simplify expressions (3.2.10) and (3.2.11) consists in trying to find a point-
wise limit for the function f defined in (2.2.17). As we show in the following, we are able to find
an Heuristic pointwise limit for functions f that are polynomial in the control 7. In particular,

we consider f to be of the following form

f(t,’]T,.ZU,Q) :fo(t,fﬁ)—i-ﬁfl(t,ﬂ,x,Q). (351)

In this case we are able to exploit some properties of process Q that simplify definition of f. We

also define the process (F.),c[1] to satisfy the following SDE
dF, = fo(r, X,)dr, F, =0 (3.5.2)

Corollary 3.5.1 (Heuristic). Let f be of the form (3.5.1). Let assumptions of Theorem 2.2.3
be satisfied. Let F' be defined as in (3.5.2). Let g be defined as

0777t 9777t
g(t 7 q) — lim Et g(X’rv QTec,a,t) - g(XTe,a,t, QTec,a,t) + F’T - F‘r"v‘?’f

lim ; (3.5.3)

Then, f in (2.2.17) is equal to

f(t,6,2,q) = (€= c)B' [f1 (T, crlese, — (€ — ct)Loce Xry 0) L({Qrm0}nicoe u({r<TIn{e<e})]
(3.5.4)

which is equivalent to

f(t,e,2,q) = (&= B L (e, X, O Tr= yeza (3.5.5)

(€ —c)E [fi(r,—(c—ct), X7, 0) Lrcr] ifC<cy

As it can be seen in (3.5.5), we managed to simplify the expression of f. However, inside
the expression of f in (3.5.5) it is not possible to separate the two control variables ¢ and ¢.
This makes impossible to separate the functional G into two pieces, as it can be done for F in
the standard formulation of the SMP. Therefore, we conclude that, even in a simplified case of

a polynomial function f, the task to state a sufficient condition of the SMP is complicated.

In the following we present a sketch of the proof for the corollary above.
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Sketch of the proof. Firstly, we analyze the limit inside the definition of f in (2.2.17)
¢ | sign(r — %% i 9,8t A0,E,t
£ 0 /9 (X Q) ar
T
: 0.ct rﬁ,;xt
sign(r — %%
_ g(9> /M fo (. X,) dr] (3.5.6)
_ 05ty Tl
+E Slgn(Te T )/0 éﬁ,c,tfl ( 90t XT;QGCt) ]
Tm‘iif
However, the first item on the right-hand side of (3.5.6) can be written as
: 0.6ty ot
sign(r — 79
Et 8 ( 0 )/Gc fo(r7XT) dr
Tmin (3.5.7)
1 (7 F,—F.
— E! / fo(r,X,) dr| =B | =250
0 J ot 0

Moreover, the second item on the right-hand side of (3.5.6) is equal to

' bty prist
¢ | sign(r — 7961)  [Tmax X 0 it 0,Gt
’ [9 o O (e X QR

mln

( 0, t) et
¢ | s1gn(1T — 777 e A6‘,E,t A@,ct 0,6t
—E [9]1 poet [yon @5 (r X0

SlgD(T—T Tmax 90t 1 rc@ct XT',QGCt dr
9 6 (‘ t
0 Ct Tliefxt
sign(t7 — ™ N
g ( ; /Gct C,t Gct XT’Q06t> :|
]lEé),a,t T _ _ Ap =
— Et[ 1 / Bty (r, &t X, Qf"”’t> dr
0 76,8t
]lEe,é,t r9.et _
-5 / ég,c,tfl( et XMQOCt) dr
]ll'fg’c’tﬁ((T{E>C I {Qr=0})u({e<ce }n{r<T})) T ¢ A0,
+ 3 t TH— t . 27c7tf1 (7", ég7c,t’ XT7 Qf,C,t) dr
Tn{icr;
Lpgein(emeduieeniQrsopue<ednir=r)) [T 5, Dt 0.0t
+ ; A (el X, QUt) dr
Tmin
' ]lEe,é,t T
=E |: 5 / Crfl (r7CTaXT7QT> dr
r0.¢,t
1 6zt (T4+6)AT 0,c,t 0,c,t
E Vito Vi+o 9
+ ; /7— ;r fl r,— g 7XT>Q7”7C7t dr
]lEg’E’tﬂ(({5>Ct}ﬁ{QT=0})U({5<Ct}ﬂ{T<T}))
+ 0
0
]lEg’é’tﬂ(ﬁ:Ct}U({5>Ct}ﬂ{QT>0})U({5<Ct}ﬁ{T=T})) ]
+ 9 -0

(3.5.8)
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where in the last equality we used that under Ee &t rﬁ’lg}f — poet

min °

From now on, the proof is an Heuristic proof, whose main focus is to give an idea on how
the actual proof could work in this case. Applying the change of variable ¢ = @, (recalling that
dp = —c,dr) to the first integral in the right-hand side of previous expression, and recalling that

0,6t 0,6t
under event £y, Qro.er = ;. , We get

1, 0ct T 1,60zt Qr
E &y E &y _
; / B crfi (7'; CTuX’I’vQT) dr = — é / N (Q 1(90)7CQ*1(@)7XQ*1(<,0)790) de.
T v

9 6,c,t 0,c,t
t+6
(3.5.9)
By applying the mean value theorem, we get that there exists @ € hf fet, Q-] and t € |1, (T4+0)AT)
so that
: _ ~0,ct Tr%’f,’(t ~
o [Slgn(T . T ) /(mt éﬁ,c,tfl < Ae Gt X, Q@ ct) ]

1 oe
ZEt[— L (QT ’Yffet) f(Q7H®) co1p), Xo-1(g): #)

]lEo,a,t ,yect 79ct
+ ; ((T+9)/\T— ) t+9f ({_ t+60 Xt’Qect>:|

0 0
0.ct
—E'|1 W0 Q7N (@), 31 X1 P) (3:5:10)
= E"Ctm{Q =0} g 7! (@) Q-1 (p): ¥
]lEf’é’tn{QT>0} 0,6t - o
- (@) h(@ (@), cq1(p) Xo-1(¢), ?)
]lEe,a,tm T 7901& ")/GCt
_i_%(( +0)/\T—T) t—i—@fl <t— t—90—9 XtnyCt>
1 6,
+ 7 0]

and the limit converges to the desired result, by using Lemmas, especially the one for limit of

probabilities. ]

3.6 Conclusions

In this chapter we introduce several generalizations to Theorem 2.2.3. In particular, we gen-
eralized the definition of the state process X, by introducing the control into the drift term.
Although proving a generalization of the SMP 2.2.3 with the control into the drift term has
been possible, by using a similar approach to the proof of Theorem 2.2.3, in Subsection 3.2.1 we
show that this is not possible for the diffusion term as well. Moreover, we proved that the new
version of SMP can be also stated in the case when the control is negative. These new extensions

enable Theorem 3.2.2 to be applied to more examples not only related to mathematical finance.
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Finally, we showed that it is a complicated task to simplify expressions of f and g in (3.2.10)
and (3.2.11). This introduces a further difficulty to prove a sufficient condition to the SMP. We

leave the study of a sufficient condition for future research.

3.7 Proofs

Differently from (2.7.43), we define (1), (& )rep,r) to be the solutions to the following

SDEs:
dn, = nraacﬂ(r7 Cr, Xr>dr + 777“8360'(7'7 Xr)dWr

(3.7.1)
ne = u(t, ¢, X¢) — p(t, e, Xt),
d§, = [Uraxf(T, cr, X, Qr) - (E - Ct)aqf(ra cry Xr, Qr)] dr
(3.7.2)
gt = f(ta G Xta Qt) - f(ta Ct, Xtv Qt)
Lemma 3.7.1. Let t € [0,7) and ¢ > 0 be fized and let (3.2.9) hold true. Then
0,5t |2
limE |- sup | =0. (3.7.3)
6—0 reftiro)| 0

Proof. Let 6 € (0,(T —t) A ) be fixed. From definition of ~8et in (2.2.8) we immediately see

that

~ (t+0)AT
sup ‘*yf’c’t < / |c —cslds <O | c+ sup ¢ a.s.. (3.7.4)
re(t,t+0] t relt,T)
Therefore,
,ye,é,t 2
E | sup 4 <E|é¢+ sup c,
re(t,t+6] relt,T)
We conclude the proof by taking the limit of previous expression and using (3.2.9). O
Lemma 3.7.2. Lett € [0,7) and ¢ > 0 be fized. Then,
t+0 B 9
MEU ﬁmﬂrﬂ—u (3.7.5)
6—0 t

Proof. Let 6 € (0, (T —t) A %) be fixed. By using schemes above,

t+0 2 tronTdst 2 t+0
/ dr = / cf’c’t —cp| dr+ /
t t (

t+O) AT

0,6t
46

0

_ 2
CO,c,t

¢ — ¢y — ¢

2
dr

6,c,t

(EHOAT B ) t+0 v
= |c — cp|"dr + )
t (t+O) AT

min
2

0,6t
Yi+o

< 206% +20 sup c2+0 2

relt,T)
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Therefore,
0 e 2 2 2 Verd i
E [/ et — ¢ dr] <O(2°+2E | sup cdr| | +E |0
t ret,T) 0

Taking the limit of previous expression and using (3.2.9), (2.7.22) and (3.7.3) we conclude the

proof. O

Lemma 3.7.3. Let t € [0,7) and ¢ > 0 be fized. Then,

lim E [|¢, 600 — &[] = 0, (3.7.6)
0—0
lim E [|n79,a,t - nﬂ =0, (3.7.7)
6—0
lim E [yXTe,a,t - Xﬂ =0 (3.7.8)
6—0

Proof. From (3.7.1), (3.7.2) and using [41, Corollary 2.5.12] we have that E [supre[t’T] 1€r] | < o0,
E [supre[t’T] Ine|?| < oo and E [sup,,e[th] ]Xrﬂ < oo. Therefore, [§ 060 — & < 2sup,ep 15l
10,00 — e ]? < 2 SUD,c[1,7] e * and | X 0,00 — X2 < 28Up,cpt, 7] | X[, which are all L'-integrable
functions. Finally, using (2.7.32), a.s. continuity of the three processes and DCT we conclude

the Lemma. ]

Lemma 3.7.4. Lett € [0,7) and ¢ > 0 be fized. Then,

mE | sup ‘Xf’é’t ~x,|'| =o, (3.7.9)
0=0 | reftt+0) |
— 2_
lim E ! Xeéc’étt — X oet =0, (3.7.10)
6—0 Trin Tmin
0.8t 5 .
. min O,E,t B .
lim E [nﬁ,ﬁtxw /He X0 X, ds_ = 0. (3.7.11)

Proof. Let 6 € (0,(T —t) A %) be fixed. From definition of X, in (2.2.2), we have that for any
r e[t t+ 0],

T T
Xf,é,t ~X, = / (M <s, Cg,é,t’Xf,E,t) — (s, cs,Xs)) ds —I—/ (O’ (s,Xgﬁ,t) — O'(S,Xs)) dWs.
t t

Using [41, Theorem 2.5.9], we conclude that there exists K; > 0 such that

0,c 2 O o 2
E| sup ‘X ~ x| | < KiE ot e | ds| .
re(t,t+6] t
From Lemma 3.7.2 we have that
B ) t+60 B 9
imE | sup [X2% —X,| | <limE et —c | ds| =0, (3.7.12)
-0 |reftire)! -0 t °
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c,

which concludes the proof of (3.7.9). To prove (3.7.11), under the event 7‘9 "> t+0, from

definition of X, and X2®' in (3.2.1) and (3.2.1), and from (2.7.20) for any r € [t + 6 7-9”],

7 min

%t = ¢, we have that for any r € [t + 6,725,

min

X0ot — X, = XU Xy +/ u( ot Xe”) —u(s,cs,Xs)) ds

(
+/T9( (s, X0) = (s, X)) aw,
(

+
= Xf_fet Xiig +/ i <s s, X0 Ct) - ,u(s,cs,Xs)) ds

+ /re (U (S,Xfé,t) — J(s,XS)) dW,.

t+
Using [41, Theorem 2.5.9], we conclude that there exists K7 > 0 such that

2
_ 2
X%”t ~ X oet| | SE |1 oz sup | X000 — X | 1 e
e >t4-0 r r<Tmi
mlﬂ mln mln TE[t+9,T] min
0.6t 2
TE |Locie,,, sup |XP9 - X,
Tmin =FTY et t40]

0,2t 2
<E UXM; —X,%‘ ] +E

sup ‘XHCt X,
re(t,t+0]

1
]

If we take the limit of previous expression and we use (3.7.9), then we conclude the proof of

<A+ K)E| sup ‘Xf’é’t _X,

reft,t+0]

(3.7.10). Finally,

6,c,t

Tmin 2
1 oce / ds
t+6
Tmin > + t+0

E X0t _ x, <TE |1 000 sup ‘vaé»t _X,

146
Tmin Z1H0 o1

min

2
]ITSTB,'E,t

0,c,t 2
< K\TE [ XJ5 = Xuvol } .

If we take the limit of previous expression and we use (3.7.9), then we conclude the proof of

(3.7.11). 0

Lemma 3.7.5. Lett € [0,7) and ¢ > 0 be fized. Then,

— 2 1
Xf;,‘fgft — X o
éirr(l) E! min 7 S~ oee| ds| =0, (3.7.13)
— min
F0:et 0.6+ 2 1
Tmin XI5 - X
t s s _
lim E {]1 mt>t+9 I et K (3.7.14)
Proof. Let § € (0,(T —t) A 2) be fixed. We denote

- _ X97E7t _ X
Xf’c’t ="—"" 0 - =1y
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The proof of this lemma will be divided in 2 steps. In Step 1 we prove that
t co.ct |

lim E* | sup ‘Xr’c’ =0.

6—0 relt,t+0]

In Step 2 we prove that,

2
: t - v 0,6t _
gli%E 1 05ty g Te[stligT] XMT&? ] =0. (3.7.15)
and ,
7_9,}:,15 9
min ~ 9 —
Jim B [ﬂ 05ttt / xR ds] =0. (3.7.16)

Step 1. From (3.7.1) we have that for any r € [t,t + 6],
xoet — (u(t cf ol — p(t, ct,Xt)> ; /tT (u (s Aot x0 Ct> — u(s, cS,Xf’E’t)> ds
;/ (u (s cS,XGCt) — (s, cs, Xg) — Hnsﬁggu(s,cs,Xs)) ds
+ % /tr (0’ (S,Xf’a’t) —o(s, Xs) — Gnsﬁma(s,Xs)) AW
= - <u(t, oot Xe) = nt, CtaXt)) + ;/; (M <Sa Cg’é’taXf’E’t> — (s, CS,ng»t)) ds
+ % /tr <M (s, cs, Xs +0 (Xg’é’t + 773)) — (s, cs, Xs) = OnsOppu(s, cs, Xs)) ds
+ % /T (o’ (S,XS + 6 (Xﬁ@t + 773)) —o(s, Xg) — Ons0,0(s, XS)) dWs
= — (u(t cht Xi) — ,u(t,ct,Xt)> + ;/tr (u <s et X96t> — ,u(s,cs,Xf’E’t)> ds
+ /t /01 (axu (5, Co, Xs + N0 (ngvt + n)) — Oy (s, s, X8)> nsdAds
+ /t ' /0 o (s, Co, Xy + N0 (Xf’@t + n)) X0t dxds
+ / /1 (95,;0 S,Xs Yy (Xﬁ’@t + n)) - 3$U(S,XS)) s dAdWs
/ / 3 X, + M0 (X9 Bt 4 n)) XOCtdNdW,.

Using the notation of Krylov [41, Section 2.5], the drift coefficient u?%*(s, ), diffusion coefficient

o%%t(s, %) and initial value £%%!(s) referred to previous SDE are respectively
plel(s, 1) = /01 (Ot (3, co, X + A (Z +15)) — Oapa(s, €5, X)) nsdA
+ /01 Optt (8,5, Xs + N0 (T 4 ns)) TdA,
ae’a’t(s, z) = /01 (020 (8, X5+ A0 (T +n5)) — 020(5, X)) nsdA

1
+/ 00 (3, X + N0 (& +15)) Zd,
0
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_ _ 1 /" _ _ _
ff’c’t S (,u,(t, cf»c,t’ Xt) — u(t, e, Xt)) + 0/ (,u, (8, czyc,t’ Xg7c7t> — u(s, cs,Xg7c7t)> ds
¢

L/ ¢ ¢ ¢ é r—t
L (ot 050) ) e ) (1)
t
1 T

_ G/t (,U (S,Cs,Xg»E,t> — M(t,q,X,:)) ds — pu(t, e, Xi) <T ;t B 1> ‘

Using Lipschitz continuity and boundedness of 0,u and 0,0, we get that a.s.

_ _ K =
‘M"’C’t(s,x) < 56|x+773\ ns| + K|Z|,

| K. .
‘Ue,c,t(s,x)’ < 017 + sl Ins] + K13,

(3.7.17)

Using Lipschitz continuity of 4 and ¢ and recalling that Xte ot — X, we get that a.s.

1 t+6 B B 0.z
< 9/ ‘M (s,cg’c’t,Xf’c’t> - u(t,ct’c’t,Xt)’ ds
t

0,c,t
€%

1 t+6 B
+ 9/ ‘,u (s, CS,XE’C’t) — p(t, Ct,Xt)‘ ds
t

K t+6
<5 |
=7 )

K t+6 B
L e 2
t

t 0,ct

0,c.t 0,ct
CS77 _ct77

+ )Xf’é’t - XtD ds (3.7.18)

c 0.ct
+2K  sup ‘vaci — X0
relt,t+0]

+ K sup o —cf.
re(t,t+0]

0,c
C'r’7 )

< K sup
relt,t+0]
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Moreover,

t+6 0
77’t
[ e
t

2
dr

ar= [ T (e )~ attcn x)) [ (st x050) = s, X2 ) s
1 tto v
“w]
+ u(t, cf’é’t, X;)? /H-@ <r ; b 1>2 dr
1 fto pr ' . 5
+92/t /t u(s,cs, S”)—u(t,ct,Xt)’ dsdr

t+6 r—t 2
+ p(t, ct,Xt)Q/ < T 1) dr
¢

_ _ _ 2
1 (s, cg’c’t,Xg’c’t) — p(t, c?’c’t,Xt)‘ dsdr

_ _ _ 2
= sup ‘,u (r, cf’c’t,Xf’c’t> — M(t,cf’c’t,Xt)‘
reft,t+0]
0,6,t 20 r—t
t,e, 7, Xy ) = —1
+:U’(act ) t)3[< 0 )]
t
0.c,t 2
+ sup ‘/JJ (Ta CTaXr767 ) - /L(ty Ct;Xt)‘
reftt+0]
t+6
0| /r—t 3
t e, Xi)? = —1
+M(act7 t)3[< 0 )]
¢
_ _ .12 _ _ 12
< K sup cf’c’t — cf’c’t + 2K sup ‘Xf’c’t — Xf’c’t + K sup e —¢ 2
re(t,t+0] relt,t+0] relt,t+0]
0 0.
+ g <M(t7 Ct7c’t7 Xt>2 + /’L(t7 Ct, Xt)2>
(3.7.19)

We now show that the limit of the expectations of the expressions in (3.7.18) and (3.7.19) con-

0ct  6.61t]2
o =

verge to 0. Using DCT, E! [supre[t’HG] ler — ct\Q] and E! [supre[t,tw] converge
to 0 as & — 0. Indeed, ¢ and ¢®®! are right-continuous and thanks to (3.2.9) and (2.7.24),
the arguments of the expectations converge to 0 a.s. and they are bounded by 2sup,.c[ e |?
2] con-

verges to 0 using standard arguments in SDE theory (c.f. Krylov [41, Corollary 2.5.12]). More-

0,ct 0,ct
Xr7c7 _Xt767

and 2sup,.cp 7 ]cﬁ’é’t|2, which are L!-integrable processes. E [Suprew +6]

over, using standard arguments in SDE theory (c.f. Krylov [41, Corollary 2.5.12]) and Assump-
tion 3.2.5, we get that u(t, cf’é’t, X;)? and pu(t, ¢, X;)? are bounded independently of 6. Therefore

]

2dr] = 0. (3.7.21)

we conclude that

. 0.6t
lim E! Ugt et =0, (3.7.20)

[ 77 o
1‘ :[E ’ 7C7
Lim [/t &
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Using Krylov [41, Corollary 2.5.10] and (3.7.17), we have that there exists K; > 0 such that
2 0
< K E'| sup ‘ST’C’t
re

2
[t,6+0]
0.ct|°

t+6 ~ 2 B 2
+ K [/ < . + ‘ue’c’t(s,())’ + ’ao’c’t(s,())‘ ) ds}
t

t+9 9 K2¢92 t+6
< K, (Et + E' [/ ] + ——E¢ U ]ns|4ds]> ,
t

(3.7.22)
which converges to 0 when 6§ — 0, by using (3.7.20), (3.7.21) and standard arguments in SDE
theory for boundedness of E! [ ftT |773|4d8:|.

E! sup ‘Xf’é’t
relt,t+6)

2
0.6 0.6t
sup ‘gr s
reft,t+0]

Step 2. Under the event 7‘0 ot

for any r € [t + 6, 700!

7 T min

> t+6, using (3.7.1) and recalling that by (2.7.20), ¢ bet — ¢,
], we have that for any r € [t + 0, 705"

XGCt tgfot + - 7 / g"f’t,Xﬁ@t) - ;L(s,cs,Xg’E’t)> ds
+ 9/1& (M (s Cs, X Ct) — p(s, cs, Xs) — Hnsaxu(s,cs,Xs)) ds
+ % /tf‘ (0’ (s, Xg’a’t) —o(s, Xs) — 97758350(3,)(8)) dWs
= X’eét +0+ ; /T (,u (S,CS,XS +0 (Xf’é’t + 7]5>) — (s, csy Xg) — Hnsaxu(s,cs,Xs)) ds

+5 / 5, X+ 0 (X9 ot g n)) — (s, Xs) — OnsBpo (s, Xs)> AW,

= X5 + / /O Outt (5,0, X 20 (K09 4, ) ) = Ou (5,0, X,) ) midAds

r 1 o o
+ / / Al (s, Cor Xo+ M0 (va@t n n)) X0t d)ds
t 0

+ /t /01 (000 (5, X+ 20 (K05 1)) = Buo(s, X)) madray,

+ /t ' /0 0,0 (S,Xs Yy (ngvt +ns)) XSt AW,

0,c,t
Therefore, under event Tmfn

>t+6, forany r € [t+6,T]

— ~ - T 1 ~ —
Xff;’;,w = ffét + /HH 1, oce /0 (&m (s, Csy Xs + A0 (Xf’c’t - ns)) — Oz (8, Cs, Xs)) nsdAds

— "min

r 1
—I-/ ]ls< 0,6t / Ot (s,cs,XS + A0 (Xg"_:’t + 775)) Xf’é’td)\ds
t+6 0

Tmin

+ /t 19 1o /0 ! (920 (5. Xo 20 (X054 +0.)) = Bho(s, X)) nadra,

— "min

+/t:9118<731;t /Ola o (s X, + N0 (X90t+ns)) X0t r\dW,.

(3.7.23)
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Similarly to Step 1, we have that, using the notation of Krylov [41, Section 2.5], the drift
coefficient p?%t(s, %), diffusion coefficient o%%*(s, %) and initial value £%%¢(s) referred to SDE
(3.7.23) are respectively

1
WO (s, 5) =1 e / (axu (s, At X, 4N (T + ns)) - (%;u(s,cg’é’t,Xs)) 1sd)
0

— "min

1
1 g /0 By (s, At X, 1N (F + ns)) Zd),

— "min

— "min

1
%l (s,7) =1 o bt / (020 (8, Xs + AN (T +ns)) — Opo (s, X5)) nsdX
0

+ 1, ect/ 020 (8, Xs + N0 (T +15)) TdA,

— rﬂln

9 c,t - X t9+cet

Using Lipschitz continuity of y and o and boundedness of d,u and 9,0, we get that a.s.

_ B K . B
10t (s,2)| < 5013 + el Ins| + K],

_ . K -
074 (s,3)| < 013 + | | + K.

Using Krylov [41, Corollary 2.5.10], we have that there exists K1 > 0 such that

2]
T 12 . 2 . 2

+ K E! U (’5&“ + |u7%4(5,0)| + |07 (5,0)| >ds]
t+6

0.z 2 K202 T
<K1( UXH; 5 E! t+0\ns]4ds ,

(3.7.24)

Xe,a,t
0,c,t
T/\Tmin

sup f’c’t

]Et 1 0,¢,t sup
>t+6 rE[1+0,T]

Tmin reft+6,T)

2
] < K E!

which converges to 0 when § — 0, as limg_, E? UXf _fet

] = 0 as proved in Step 1 and using

standard arguments in SDE theory for boundedness of E [ ftT |175\4ds] . Hence,(3.7.15) is proved,
which concludes the proof of (3.7.13). To conclude the proof of (3.7.14), we just observe that

0,c,t 2
Tmin -2
E! [1 6ct>t+0/ Xf’c’t dr| <TE!'| sup X"C@p, Loce , o
Tmin t+0 Te[t-‘rg,T] T/\Tmm Tmin
which converges to 0, as shown above. O

Lemma 3.7.6. Lett € [0,7) and ¢ > 0 be fized. Then,

0,c,t
]_ 7-min _
lim E* [0/ (f (s et xoet Qﬁvat) - f(s,cS,XS,QS)> ds — € M] =0.  (3.7.25)
t

0—0 Tmin
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Proof. Let 6 € (0,(T —t) A 1) be fixed. We denote for any r € [t,T]
L 1 /" _ _ _
06t = / ( (s et X824, Q0%1) — f(s,c0, X, Q) ) ds — & (3.7.26)
0 Ji
The proof of this lemma will be divided in 3 steps. In step 1 we prove that

. t 70,c,t
im B [| 7755

| =o.

In Step 2 we prove that,

lim E! [ f"é?g?tnT&iit < M} =0. (3.7.27)

In Step 3 we prove that

lim E! [ ~"‘f§t117i;,t>t 4 =0. (3.7.28)

min n

Once the proof of the 3 steps is completed, we conclude the proof of the Lemma as follows. By

merging (3.7.27) and (3.7.28), we have

lim E [ "5’*’;2] = lim E! { 088 1 e
1Cy 9*)0 P AN T

: t| fo,ct _ _

min min min — min min

Step 1. From (3.7.2), recalling that cf’é’t = ¢ and (3.7.26) we have that for any r € [t,t+ 0],
recalling that Xf’é’t = X; and Q?’E’t = Qy,

Foot = ;/ (f (s,cgyé,tjxg,é,t7Qg7é,t> _ f(S,CS,XsaQs)> ds —|—/ (€—ct)0qf(s,cs, Xs,Qs)ds
t t
= [ n0uf (s X Qs = (£ (807 X0 Q) = (8t X0 Q1))
t
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And so, for any r € [t,t + 0]

o 1 [" ¢ C c
0t _ 0/ (f (s fE X“ﬂ@ﬁ”) — f(sycg’c’ﬂXf’c’taQs)) ds
t

+1/T (f(s Jat 0ot Qs>—f( Het XS,QS)>

1 C ,Cy

g ) (F (550 Q) = 46,47, X0, Q) ) ds
1 ,C,

5 t Cf ! Xt? Qt) - f(t7 CtaXtv Qt)) ds

+9/t (f(tvctaXtaQt)_f(sacsaXsaQs)) dS
+ ft e, X4, Q1) — f (t CfCt XtaQt)
He—a) [ (s X0 Qs

¢

_ /t 0 f (5,00, Xo, Q1)ds (3.7.29)
| (0 S,Cg’é’t,Xs,Qg’E’t)_f( GO X0, Qu)) ds
+ / 5,05, X0, Q) = f(s, 0%, X, Qy)) ds
+0/t (f< 2 XS’QS) UL Xt’Qt)) “
+;/t’“ (f(t,ce, Xo, Qp) — £ (5,5, Xsy Qs)) ds

HItt e e (1_7«9 >+f<t AL X, Q) (Tgtﬂ)
- (E—Ct)/r Oy f (s, cs, Xs, Qs)ds
t
/ nsaﬂﬁf(‘S»C&XsaQs)ds
t

From previous expression we have that for any r € [t,t + 0]

o 1 t4+6 ~ B B

0 0,c,t 0,ct o 0,c.t 0,c.t

frel < g [ | (et xoee Qi) — (s, e x0o,Qu) s
t

=1
0 J,

) i .
w0 (s X Q) = e X Q»( ds

f<5 Cect XHCt,Qs) — (s, 9ct X, Q)| d

t+0
+ 9/ |f(t, e, Xe, Q) — f (8,¢5, X5, Qs)| ds (3.7.30)

s

LA ct,Xt,Qt>|\1—'+|f St x, ol
t+60

+ ’E_ Ct‘ / ‘6qf(svcsaXS7QS)’ ds
t

+ / |775Ha:rf(57 Csy Xs, Qs)|d3'
t
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By taking r = ¢ + 6 in previous expression, so that the second last line disappears and using

Assumption 3.2.1, boundedness of d,f and 0, f and Hoélder’s inequality, we get

[‘ff+cet } <K E! sup ‘QGCt Qr _|_Et sup )X@Ct X,
T‘G t t+9 TE t t+6']
+2E" | sup [Qr — Qi | +6]¢ — ¢ + OE" | sup Im\]
re(t,t+0] re[t,t-+6]
1/2 J1\ M2
+ | [E| sup |X, — X, + (B sup [efot - Cf,é,t

+ (E

Using DCT, E! [SUPre[t,tW} ler — ctﬂ and E! [SUPre[t,t+9} c

2 t+-0
sup <1+2|X \+2|ce‘3t> / |s — t|ds
re(t,t+0]

1/2
+ (B sup |ep —ef?
re(t,t+0]

sup (14 2|X,| + 2|e,])? >
re(t,t+0]
0,c,t 0,c,t

sup | X, — Xy|?
relt,t+0]

(3.7.31)

] converge to 0 as § — 0.

Indeed, ¢ and % are right-continuous and thanks to (3.2.9) and (2.7.24), the arguments of the

expectations converge to 0 a.s. and they are bounded by 2sup,¢; 7 |cr|? and 2 SUP,c(t,7] |C$’E’t|2,

which are L'-integrable processes. [E! [supre[t’t +op 1 X — Xtﬂ converges to 0 using standard ar-
guments in SDE theory (c.f. Krylov [41, Corollary 2.5.12]). Moreover, using L2-integrability of

0.2t

c and ¢ and standard arguments in SDE theory (c.f. Krylov [41, Corollary 2.5.12]), we get

N2
that B! |:supre[t7t 0 (2|Xr| + 2|cf’c’t!> } ,
Et [Supre[t,t—i-@] (21X, + 2!67«’)2} and E! [Supre[t,t—I—@] ]n,” are bounded independently of . More-
over, by definition of @,

1/2

. [/tt+9’CT’dT] - \/§<Et [/tTcier :

which converges to 0 as ¢ € L% Using (2.7.23), we have that Ef {(supre[t,tw] ‘Qf’é’t - Qr

Et[ sup |Qr — Q¢

re(t,t+0]

)

converges to 0. Using Lemma 3.7.4, we have that E! [(SUPre[mw] ‘Xf’é’t - X, ﬂ converges to

0. Moreover, % tt+0 |s — t|ds = 0. Therefore, by taking limit of (2.7.52) we conclude the proof

|

of Step 1.

Step 2. From (3.7.29), using Assumption 3.2.1 and boundedness of 9, f, we get

+E!

min

t | f9,c,t
E |: Gct]l 90t

<K <Et [ w ‘Qﬁ’é’t - Qr
re

[t,t+0

sup ‘Xf’é’t - X,
]

<
t+0:| reft,t+0
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2 t+0
+ / |s — t|ds + 2E! | sup |Qr — Q]| +0|¢—ct| + OE! | sup |77T|]
0 J relt,i+6] re[t,t46]
+E | sup (1%, Xl + |50 = o)) (14 1]+ Xl + |5 + rc?’Cﬂ)]
re(t,t+0]
+E | sup (1Xr = Xol + e — e]) (14 | X | + [ X| + [er] + |ed])
re(t,t+0]
0 0.2t —t
(£t e, X, Q)| + 178, ™, X, Q)] B | |70 — 1)1 fn;t<t+e]

The first three lines on the right-hand side of the previous expression converge to 0 similarly as

we proved that (3.7.31) converges to 0 as # — 0 in Step 1. Then, by recalling that ce et

0,c,t
by (2.7.2), { 6cnt<t+9}—{7<t+9} thatunderevent766t<t+9, then Tm“(;t—l‘gl

= ¢, that

and by using (2.7.26), we conclude that

0.e.t
min t

min Tmin

t | 70,Ct _ . t
gl_%E [f 1 glvfr;t<t+9:| < (|f(tacht?Qt)‘+’f(tactht,Qt)Dgl_I>%]E [

11 Gct<t+9]
S (‘f(t767 Xt7Qt)‘ + ’f(ta Ct7Xt7Qt)Dgii>I(l)]p<{T S t + 9}) - 0

This concludes the proof of Step 2.
Step 3. From (3.7.2) and (3.7.26) we have that for any r € [t + 6, T,

fect f0+c0t+ tr (f (s COct Xect Qg@t) _ f(37057X57Qs)> ds

+/T (C_ct)aqf(s,cs,Xs,Qs)ds—/ NsO0z f (s, cs, X, Qs)ds

t+0 t+6

1 /[ _ _ _
ft9+cet + = ; (f (S C@ct X0 C,t Qg,c,t) _ f(S,CS,Xg’C’t,Qg’C’t)> ds

1 /" - ~ _
+ 5 0 (f (87 Cs, ngta Qg707t> - f(sa Cs, XS7 Q?Qt)) ds
t+

+;/ (f (s,cS,Xs,Qi’E’t) _f(s,cs,Xs,Qs)) ds

t+6

JF/T (G*Ct)aqf(SaC&XsaQs)dS - /tr 7]56 f(S CSaXs,QQCt)

t+-60

+ / Ns (8mf(57 Cs, X, Qg7é7t) - 6mf(37 Cs, X, Qs)) ds
0

+

2, 1 [" , - ] ] )
3] (o) )
rort 0,6,

_ _ Xsa W Xs
L st ey s
t+6 J0 0
— 1505 f (s, ¢s, X, QZ’C’t)> dAds

+ / s (a:cf(sa Csy Xs, Qg’é’t) - 8xf(5> Cs, X, Qs)) ds
0

t+
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+/t; /01 (aqf <5)057X5,Q5 A (ng B Qs)> Qg’é’;—Qs

+ (¢ — )04 f (s, cs, X, Qs)> dX\ds

1" _ I
ff+00t + = ; (f (S COct Xect Qg,c,t) o f(s,cs,Xf’c’t,Qg’c’t)> ds

+ / / (XG;_X - ns) Ouf (5,00, Xy + A (X090 = X, ), Q0% ) dds
t4+60 JO

" /He / K (001 (305 X+ A (X090 = X,),QU1) = 0, f (5,0, X, QU7) ) dAds

o [ (20500 X Q) = 0, (5,00, X, Q1)) s

/+9/ (c —cp— ng Ct) Oqf (8, Csy X5, Qs + A (Qg’é’t - QS>> d\ds
" /+9/0 (e = ) (0uF (5,0, X0, Q) = 0uf (305 X, Qs + A (Q1° = Q) ) ) dads.

Therefore, by applying Assumption 3.2.1, then boundedness and Lipschitz continuity of 0, f and

0, f follows, we have that

f@,(‘:,t
T

Feié

r
0,c,t 6,c,t 0,c,t 0,c,t 0,c,t
‘f(57657677Xs7C7aQsc )—f(S,CS,XSC ’Qsc )’dS

90t

‘ 70,c,t

<508,X +)\(X9” XS) (’Ct)‘d)\ds

t+6

+/ /!?75\
t+6 JO

+ / |778’ 8xf(87 Cs, XS) Qg’é’t) - a:cf(sa CS)X$7 Qs) ds

/+0/ Qgct

el / [ foutts.coxe@0 - s (s, o X QoA Q0% — Q.) )] dras

Ouf (s, Co, Xs+ A (vaévt _ X5> ,Qg@t> — 9uf(s, ¢, Xs, ngévt)‘ dAds

\«9 f (s Co, Xo, Qs + A (Q"” QS>>’d)\ds

C—Ct —

K 96t
< |25+ et — ¢ — 1| dAds
t+6 46
+ K \ns| X0t _ x, / AN\ + K / ns| [Q%4! — Q4| ds
0
i 0,c,t
+K/ / C—ct— Qs — 7 = d)\ds—l—K]c—ct\/ )\d)\/ Q¥ —Q,|d
t46
_ r XG,C,t _
’ Bct Cg,c,t —cslds + K Qs T s — s ds
46 t40 0
K s B ™ B
+o [ el (XS - X |ds+ K [ || |Q25 — Q| ds
2 Jite 49
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r
+ K
t+-60

Qu=Qx" o gy Kle=al
0

d
s + 5

r
‘Qz’c’t — Q| ds
t+60

Therefore, from previous expression and using (2.7.20) and (2.7.21), we get that

]1 9 Ct>t+9 il(;t _
:| + KEt Tmin / 0,c,t ds
0 £+

Csv ) — Cg

R [ fefjt]l 0.0

<E’ [ i

.

o’ | x00t _ x
+ KE Lo, /M — ds]
K Tri’iél{t _
+ 2E 1 fnfnt>t+9/ . I7s] Xg’c’t_Xs ]
TO,_c,t
+ KE' 1 oce, / : s | Q2 — Qs ds]
oot Q _ ect
+KE T o, /+6 g —(e—a) ds]
6,c,t
raleel 2 et 1 i >t / : & - ds]
et 0.6t
<E! H 9”} +KE' |1 i;t>t+9/+9 %—ns ds]
K o i > 1\
t5 <Et 1 ilcnt>t+9/+0 n2ds| E' |1 ilcnt>t+9/+0 x0et _ X, ds])

E!

0,e,t 0,65t 1/2
¢ Tmin 2 Tmin ) C t 2
+K|E ]].Gct>t+9/ nsds ]19c1>t+0/ Vevo | ds
min t+9 min +9

7'9’.6’15 ,ygaévt
¢ min 140 _
+ KE 19ct —(c—c¢)|ds
IIlll'l >t+0 +6 0 ( )
| ‘ Lo.et

¢ min 0.t
+ K—E' |1 LO.5t / Vip | ds >

t+60 t+60

2 mln > + +6

ngéyt - Xs

0,c,
<E [ ft+9t 0 — s

9,AE,t
+ KE (1 ocr /mm ds
} T >0 [,

KT 0.t ) 1/2
+—— | E"| sup 77| E" |1 0.t / " x0at _ x| ds
2 ( LE[t,T] 3 T >0 [, ; i

1/2
+ KT (Et sup 77? E! [yf_:et ])

s€(t,T]

6,c,t

Y _ KT 0
+ KTE' || 52 — @ —e)|| + —5-e—alE [215]] -

By taking limit of previous expression for § — 0, by using (2.7.22) and (2.7.36) together with
Step 1, we conclude the proof of (3.7.28). This concludes the proof of Step 3 and the proof of

the Lemma as well. O
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Lemma 3.7.7. For any (x,q), (2',q') € O, if x # a’, we have that

‘g(% q) —g(2',q)

p— — Oz9 (x/,q)‘ < K|z —12/| (3.7.32)

if ¢ # q', we have that

‘g(ﬂz q) —9(z,q)
q—q
Proof. Let x # 2/, then we observe that

— 049 (x, q’)’ < Klg—q|. (3.7.33)

z—x

g(m,q) —g((L’l,CI) = Al 8109 ($/+)\(I—$/)7Q) A

and so using Assumption 3.2.1, we get

9(z.9) —9l"q) (x,’q)‘ _

1
/ 929 (2" + XNz — '), q) d\— 9.9 (2, q)
0

1
§/ ‘@cg (ac'—i—)\(:n—x’),q)—(?mg (m',q)‘d)\
0
1
SK/ Az — 2’| d\
0

< | /’
T Z |.
2

This proves (3.7.32). On the other hand, if ¢ # ¢/, we observe that

z, _ x’/ 1

and so using Assumption 3.2.1, we get

9(z.q) —g(z.q) 99 (2.4)

1
p— /0 949 (z,¢' + XNg—¢)) dX— 049 (z,q)

1
< /0 1049 (2,4 + Ma = ) = 049 (w,4) [ dA

1
<K [ Na-q] i
0

< g —d|.
_Q\q q|

This proves the lemma. O

Proof of Theorem 3.2.2. Let t € [0,7) be fixed. Since control ¢ is optimal, it necessarily
follows that for any ¢ > 0 and for any 6 > 0

6,c,t

UC (ta$7Q) Svc(t7x7q)'

Therefore, if the limit of previous expression exists, then we need to necessarily have that for

any ¢ > 0
cG,E,t c
t — t
lim 2 (b @) =) (3.7.34)
6—0 0
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By definition of v™ in (2.2.6), recalling that when 7_9,;,75 = 795t then for r > 706t Qf’é’t =Qr

~0,C,t Gct

andc OCt_ HCtadAOCt g,é,t

= ¢, and when 7" = 7, then for r > 7, @ r

= lim E!
6—0 0 6—0

0 0

0,c,t 0,c,t 0,c,t
g(XT97E’t’ T97E’t) + 1 /T f(r CGct X9 ct ?,5,t>dr]
t

— lim E [Q(XZQT) - ;[ f(r, cr,XT,Qr)dT]

6—0

— lim Et ( feccttv Q?-B(fg,t) - g(XTv QT)]
6—0 0
L0.8t
—|—hmEt /mm (f( 9” XQCt Q‘%t) f(r,cr,Xr,Qr)>dr]
0—0 9 t
: 0,c,t Tg]f)’f
+ él_I)%Et _W‘T) /Q,C,t f(r, éf’é’t,)zf’é’t,@f’é’t)dr] ,

(3.7.35)

where in last line we used the fact that if 7‘9 &t — r and Tr%;f = 798! then it means we are under
case E9 & and so
0,c,t 0,c,t
0,c.t T 79,2,
31gn(7'—7' ) [T AHCt 0.6t A0t 1 0.6t 0.5t MO,Gt
oA L X G, e — rc ,C D¢ c, S e
e L Q=g [ 5 QU
0 c t

On the other hand, if 7' ax =7 and 7 795t then it means we are under case Ef %t and so

: 0,c,t e T
sign(r — 76t)  [Tmax 02t COEL A0S 1
—/ fr,édot X0et Qfetdr = 5 | f(roer, X, Qr)dr
T7Y,¢
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The first line on the right-hand side of (2.8.2) can be written as

0,c,t 0,c,t
limE g(XTé)?E,tv QTac,a,t) - Q(XTa Q‘r)
6—0 0
9777t 9777t 0777t
. g(XTG?E,ta QTGC,E,t) - Q(XT"«‘EM QTGC,E,t)
= limE min
6—0 0
% 9,_,t 07_7t % 97_7t 0»_>t
+ lim Et g(XTG?E,t’ QTGC,E,t) - g(XT ¢ ) QTec,a,t)
0—0 0

S 0.6t AO.et 0.6t 0,51 0,6 S0.6t 0,6
+ lim ZIE {g(XT;f;-,t, Q) —9(X 50, Qi) F9(X 02, Q570 ) — 9(X 50 Qi)

6—0 9 min min
% C. 9’_’ 07_7
+g(XP%, QUL — g(X-, QT;;)}
0’_’
g(XTa Q oc,at,t) - g(XT7 Q,rf),i,t)

. T i min .
+ lim E? min + lim E?
6—0 ) 6—0

Af,C ANb.¢
9(X-, Q%) — g( X7, Q7%

0777 9777
9(Xr. QU — 9(Xr, QU5E) + 9( X7, Qo)

min min

1
+ lim ~E!
6—0 0

~0z “p
- g(XT7 QTbC,%t,t) + g(XT7 Qi’qt) - g(XT7 Q‘r)] .

(3.7.36)

. 0.t z 0,Ct 0,0, A0,G,t
Recalling that when 7,°>" = 796t then Xgee = Xpoor, Xo™' = Xy Q757 = Qroer and
N 0,6t 0,2t 0.6t 0.6t 0.6t A0,Ct 0.2t

Q7% = Q; and when 70" = 7, then X7, = X005 X720 = X729 QUL = QUFY, and

A0t
4

= Q?’E’t, then we have that the third element and the last element on the right-hand side

of (3.7.36) are equal to 0. We define §* and g? for any (z,q) € O, (2/,¢') € O as

9z.a) =g’ gp £
§"(z,2',q) == o
L@xg(x’, q) if x =4/,
(3.7.37)
9(@a)=9(@.d) 5 /
— q7#q
§'(z,q,¢) = -
0q9(z,q") ifg=4¢.

From Assumption 3.2.1 we have that §* is bounded by K (1+|q|) and ¢? is bounded by K (1+|x|).
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First element on the right-hand side of (3.7.36) is equal to

X0 — X
0,c,t ,Cit
. ~ 9 t 9 t Tmﬁln mln
lim E! | §° Xecct,X 9ct,Q gcct —mn

6—0 0

min

: 0.5t 0.zt TGCt_X 0,c,t
. ~ c ,C, min
= limE* |§” X;,y;,t,X 9”,@9” min — 1,050

6—0 min Tmin 9 rr;illY
+ lm B 177,000 (g (X"GZZ,X o, Q%ﬂi) — g (X, ocr, Q%‘ft))]
li Et [ B ) X 0,c,t o X 0,c,t
+ glg(l] _777.&1? zd fmcnta Q o.et | — Ozd T QTG,E,t
. [ 0.c
g (g ) (5 052

+ gg% ]Et |:777' <azg(XT7 Q at ) arg(X‘ra Qef,%t,t) + amg(X‘r» QTri’iEr{t) - 8€E9(XT? Qif,ét,t)

min

+ (%g(XT, Qf_@t) - a:cg(XTa Q‘r)>:|

+E' [1:0,9(X7, Q:)] .-
(3.7.38)

Recalling that when 79 &t — 708t then ngcctt = X oz¢ and X%% = X, and when Tifnt =T,
then Xf;?;ft = Xf_;f’;t and X%%' = X% then we have that the fifth element on the right-hand
side of (3.7.38) is equal to 0. Using Holder’s inequality, boundedness of §*, (3.7.13) and the fact

that Q?«’E’t is always bounded by ¢, we get

min min

Xegcctt_Xect
]. E Gct Qct 7,
11m g XOCHXG"“Q 0,c,t

6—0 Thin 0 ?7 gncnt
_ 97\ L (3.7.39)
1\ L X0 = X o ’
< K lim <IE [(1 n ‘ngft ) D E ||l T, —0,
6—0 9 Tmin

where we used the fact that Qf s globally bounded from above by gq. Moreover, using (3.7.32)

in Lemma 3.7.7 together with definition of g* in (3.7.37), we get that

llmEt |:‘77 0,c,t

6—0 min

(XeaccttaX 96t,Q996ctt> aa:g (X 9ctaQ990ctt) H

min min
21\ 2 2
E’ 1 =0
:| > Xe o tt #X 0,c,t ’
Tmm Tmin

(3.7.40)

NI

<Ky ‘
) 91_1}(1) Tb.et

where in the last line we used standard arguments of SDE theory, i.e. Ef [supre[t’ﬂ |777~\2] < 0

0,c,t
‘X gcct—X 0,c,t

min mln

and we used (3.7.10) in Lemma 3.7.4. Moreover, using Lipschitz continuity of d,¢g and (3.7.8),
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we get that
lim E* |:77 o.2t| |0zg <X 9ct7Q ect) — 029 (XﬂQe’eégt)H
6—0 min min T
_ .
2 2
< gl_% (Et [ n gufnt :|> <]Et [ 8:69 <X 9; oty Qoecctt) - 8x.g (X'm Qeecctt)
1 1 (3.7.41)
2 2 2 2
< K lim < [n 0,5t D (Et [X 0.t — Xr D
0—0 min Tmin
1
27\ 2 L
< K lim 106 (Et[|Xgﬁt—X|2119ﬁt -D?:o.
- 0—0 mlcn T T Tmyicn’ :Tﬂ,c,t
Finally, using boundedness of 0,9 and (3.7.7), we get that
. 0.c,
él_r%Et Hn ilcnt — N arg <X7’7 QTGC,Et,t> H
: t 2\ (1 oo \ 2] 2
< gl_rz(l) <E |: n I‘fnfnt —Nr :|> <E |: 8909 <X7'7QT70,7E,t) :|>
N (3.7.42)
. ‘ 2 2
< K jim <E U"r:;ﬁf i D
1
< K lim (Et [\W,a,t — .| ILT&?:TWD 2
Hence, merging (3.7.39), (3.7.40), (3.7.41) and (3.7.42) into (3.7.38), we get
0 0 0,c
Q(XTecctt’ Q ecctt) - g(X.,.GgE’fa QT’GC%tt)
limE! win —
0—0 0
; ) Xffjt X o5 (3.7.43)
= limE’ |§" <X i X oo, Q ;ft) min____ i
6—0 o 0

=E' [n‘raxg (X.,-, QT)] :

Second element on the right-hand side of (3.7.36) is equal to —g(¢, ¢, z,q) by its definition
(3.2.10). Fourth element on the right-hand side of (3.7.36) is equal to

0,c,t
0,c,t
lim Et ~q X Qeaéat Q ililt QTmii‘
- ot | —m—————
0—0 g i 8,882 Tmicn 6

min

0,c,t
0.6.4 Q@Cct QGct
= lim E! | §¢ XT,Q:M,QM i Tmin
0—0 min 0

— lim E! [(c — ) ( (XT, QUt.Q. 0. ) — 0,49 <XT, m))]
—0 Tmin min
—(c— ) él_r)l(l) E! {3(19 (XT, Qfgfrit) — 0gg (X-, Qr)}

(3.7.44)

- (E - Ct)Et [aqg (X.,-, QT)} :



102 Chapter 3. SMP with Control-Dependent Terminal Time and controlled State Process

Using Holder’s inequality, boundedness of g9 and (2.7.37), we get

min mln

0,c,t
> T@,c t Q 0,c,t

lim £ gq <X’T7Qeecctt7Q 0,c,t +c—a
6—0 i 0
4o 2 (3.7.45)
e Qt = Qe T\
gK(]E[(1+|XT|)]> lim | B || b = 0.
6—0 0

Here we used standard arguments of SDE theory, i.e. E [supre[O’T] \XT\4] < 00. Moreover, using

(3.7.33) in Lemma 3.7.7 together with definition of g7 in (3.7.37), we get that

limE |:|5 — ¢l g (XT, Qeecctt, Q 9.2 t) — 049 (XT, Q e,a,t) H
0—0 Tmin

mln

(3.7.46)
<—\c—ct]hm]E ] =0,

0,c,t
‘Q Gcc t QTGZEJ
min

mln

0,6t
Q gc,,ﬂéQ 0,5t

T
min Tmin

where in the last line we used (2.7.23) in Lemma 2.7.3. Moreover, using Lipschitz continuity of

]

0q9 and (2.7.45), we get that

éig(l)E { 0q9 (XT,Q 9ct> — Oyg (X, Qr)

] §KlimIEHQ 0o — Qr
6—0

Inlll l’nln (3'7‘47)
< K%%E |:’Q7—0,E,t - Q’T‘ 117—3‘*517’5:7-9,6,15} =0.
Hence, merging (3.7.45), (3.7.46) and (3.7.47) into (3.7.44), we get
0o
[9Xn Q7 = 9(Xr, Qo) t
éij\%]E i 7 =—(c—c)E' [049 (X7, Q)] (3.7.48)
Fifth element on the right-hand side of (3.7.36) is equal to
ANO,c,t A6,c,t
. 0t Ager @roer — Q7
i B |0 (X, QUL Qo) S S ]
N0Et Afet
. ~ ~f.E NN 70,8, T _
~ lim B [gq (e, QO @07) <0 - (- q)ﬂmt,c))]
vet o ) (3.7.49)
+ él_rf(l] E' |:( (X7'7 QTecc ts Q Ct) qg <X7’7 Q Ct)) (E - Ct)]lA(t,E)}
+ hm E' |:( ( T Q9 Ct) qg (XT7 Q’T)) (é - ct)]lA(t,E):|
+ (E - Ct)Et [aqg (XT7 QT) ]lA(t,E)] .
Using Holder’s inequality, boundedness of g¢ and Lemma 2.7.7, we get
‘ o QGE; _ et i
glir(l)E (XTy Qiecctm Q?th) (Tete - (C — Ct)]lA(t,E)
4y 3 (3.7.50)

<K <E [(1 + |XT!)4D lim | E ; — (€= c)lppe

AN6.C,t A6,c,t
1 ‘ Qlt, — QP
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Here we used standard arguments of SDE theory, i.e. E [supre[QT] |XT\4] < o0o. Moreover, using

(3.7.33) in Lemma 3.7.7 together with definition of §¢ in (3.7.37), we get that

HmE (1o — ol [ (X0, QU Q21) = D49 (X, Q2 ) | 1aen

<lmE [Ié — ¢ ‘g}q (XT, Qlrt,, Q?’E’t) — Dq9 (XT, Qﬁ’f’t) H (3.7.51)

S 5‘6— Ct’%l_I)I%)E |:‘Q97C7t _ Q?_’C,t — 07

70,5t

]lc?i’;ﬁ,ﬁé@z’c’f}
where in the last line we used (2.7.40) in Lemma 2.7.8. Moreover, using Lipschitz continuity of

049 in Assumption 3.2.1, we have that
lim B [| (= e)Tage) (909 (Xr Q0%) = 049 (X7,@0))
<l al m B [|0,9 (Xr, Q2°1) = 8,9 (X7, Q7)

0—0

o

where in the last equality we used (2.7.41) in Lemma 2.7.8. Hence, merging (3.7.50), (3.7.51)
and (3.7.52) into (3.7.49), we get

[g(XT, QY — g(Xr, QPF
0

] (3.7.52)

< Kle el e |2 0

lim E!
6—0

)] = (6= ) B! [0,9 (Xr, Qr) Tpgis)] - (3.7.53)

Merging (3.2.10), (3.7.43), (3.7.48) and (3.7.53) into (3.7.36), we conclude that the first line of
the right-hand side of (3.7.35) is equal to

[gw,m, Q') — 9(Xr, Q)

%%Et =E' [n:0,9(X+, Q7)) — g(t, ¢ x,q)

0

(3.7.54)
— E'[(¢ — ¢1)099( X7, Q7)] + (€ — ) E' [0,9(X7, Qr)pqe)] -

The second and third lines of right-hand side of (3.7.35) can be written as
6,e,t

1 Tmin _ _ _
A R
t

6—0

— lim E!

. _ O,E,t Tma;ct _ ~ - Ap =
sign(r — 79%1) (r, 0ot X@,c,thG,c,t) dr]
6—0

0 0,2, f?“ T

Tmin

6,c,t

1 Tmin _ _ _
) / (f(?”, cﬁyc,t’ Xf,C,t’ Qf,c,t) — f(ryery X, Qr)> dr — 57_9,'6,15
t min

= lim E!
6—0

+ lim E [g 9]
6—0 T,

min
. 0.6ty oSt
sign(r — 770")  [Tmex DGt 0,5t AOLEL
— /Gw f(r eot, X200 Qret)dr| .
-

min

— lim E!
6—0

(3.7.55)

Using Lemma 3.7.6, we have that

0—0 0 min

0,c,t
]_ 7-min _ _ _
lim [ / (f(T,Cf’C’t,Xf’C’t,Qf’c’t)—f(ncr,XmQr)> dr—éfem]=0- (3.7.56)
t
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Using (3.7.6) in Lemma 3.7.3, we have that

lim E* [g m} = lim E! [gmn o 9”] + lim ' [ng 0o }
0—0 min =T mm =T
(3.7.57)

= lim Et [(fTe,a,t - 57—) ]].Te,.é,t:Tgyat] + ]Et [57-} = ]Et [57—} .
6—0 min

Using (3.2.11), the third limit on the right-hand side of (3.7.55) converges to f(t,¢,,q). Merging
(2.8.17), (3.7.57) and (3.2.11) into (3.7.55), we get that

0,c,t

1 Tmin é z Z,
7 / (£l =, XD, QU5 = f(r,cp X, Q1) ) d ]
t

Bt Tﬁ{ax B _
~ lim ' [Slg“” T [ e R0 QEar | = Y]~ b, w.0).

0—0 0 0,5t
(3.7.58)
Then, merging (3.7.35) together with (3.7.54) and (3.7.58), we get
chert c
tim U PO VT gy 0(x..Q0) — (6 - c)0g0(Xe. Q) + €
(3.7.59)

+ (€ — c)E' [049(Xr, Q)L

- (g(ta G, Xta Qt) + f(ta c, Xtv Qt)) :

However, from (3.2.8) and (3.7.2), noting that cf’é’t = ¢, we have that

E' [1:049 (Xr, Qr) = (6 = c)0y9( X7, Qr) + &) = E' ;Y — (€ — )Y + &
= E [Yt nt+/t d (Y n) — (€ —c)Y? — (c—ct)[dnﬂgﬁ[d&]
=F! [Ytlm /t (Y Oup(r, er, Xo) + Z30y0 (1, X;) + Op f (7, €0y X, Q1)) i
+ /t Vi, 0uu(r, n, X,) dr + /t " Lo (r, Xo) dr — (6 — )V
te-a) [ ofren X @) dr & [ (e cdu(rer X, Qi
+ [ w.s. cr,Xr,Q»dr]
=E' [Y'n — (= )Yy + &
=B [V (wlt ™ X0) = it e, X0) ) = (@ = )V + [t X0, Q) = (L e X0, Q)]

= Et [Y;fl (:u(tv C, Xt) - ,U,(t, Ct, Xt)) - (6 - Ct)Y? + f(ta G, Xta Qt) - f(ta Ct, Xta Qt)] :
(3.7.60)

Moreover, under Assumption 3.2.1, the BSDE (3.2.8) admits an unique solution, as it has been
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proved in Royer-Carenzi [52, Theorem 2.1]. So, merging (3.7.59) and (3.7.60), we get that

6,c,
lim Ve t(t,a:, q) —v°(t,x,q)
0—0 0

= B [V (u(t, 6, X0) — pltien X0)) — (6 — e) V2 + f(t6, X0, Q) — f(ten, X0, Q)] BT6D
+ (€~ B [049(Xr, Qr)Ino)] — 816, X0, Qu) = [t €, X1, Qu).

Therefore, merging (3.7.61) together with (3.7.34), we get that for any ¢ > 0 and for any ¢ € [0, 7)

E' [V (u(t. e, Xe) — p(t, e, Xp)) — (€ — o) Y2 + f(t,8 X, Qr) — f(t,ce, Xb, Qr)]
+ (E — Ct)Et [8qg(XT, QT)]IA(t,E)} — g(t, c, Xt, Qt) — f(t, c, Xt, Qt) < 0.

Since the argument of the first conditional expectation is F-measurable, we have that for any

¢ >0 and for any t € [0,7) a.s.

0> Y, (u(t, & Xe) — u(t, e, Xi)) — (€= o) Yy + f(t, 8 Xy, Qi) — f(t, e, X, Q)
+ (€ — c)E' [049(Xr, Q) pqe)] — 5t 6 Xe, Qr) — f(t,6 X, Q1)
=Y u(t, ¢, Xy) — Y2 + f(t.6, Xe, Q) — (Vi u(t, e, Xi) — e Y2 + f(t, e, Xt Q1))
+ (€ — c)E' [049(Xr, Qr)lpqe)] — 5t 6 Xe, Qr) — f(E,E Xy, Qr)
=H(t,c, X¢, Qe, Yi) — Ht, e, Xt, Qr, Yi) + G(t, ¢, ¢, X, Q1)

which concludes the proof of Theorem 3.2.2.
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Chapter 4

Optimal Liquidation in a

Mean-reverting Portfolio

4.1 Introduction

As we mentioned in the Preface of this thesis, the optimal liquidation problem has been exten-
sively studied in the literature, mainly driven from investment banks offering execution of large
trades as a standard service. All the literature we have inspected on the optimal liquidation
strategy is based only on the stock that the agent needs to liquidate. However, there may be
additional information available in the market, such as the price of a correlated stock, which
could be helpful to better predict the stock price movements. A model based on both asset
prices may generate a more reliable adaptive liquidation strategy, which not only relies on the

price of the liquidating stock, but also on that of the correlated stock.

In this chapter we analyze the case when an agent trades on a market with two financial assets
whose difference of log-prices has a mean-reverting behavior. The agent’s task is to liquidate
the initial position of shares of one stock, without the possibility of trading the other stock.
This technique is often employed when modeling a pair of stocks in pair trading in which the
agent tries to make money out of a couple of correlated stocks by selling one stock and buying
the other, to take advantage of the mean-reverting behavior of the co-integration factor between
the two stocks. In our setting the agent can only sell stock, but cannot trade the other stock.
Moreover, we define the difference of the log-prices to be an Ornstein-Uhlenbeck process which is
the continuous-time analogue of the discrete-time AR(1) process and makes its parametrization
an easy task, see Cartea et al. [18, Section 3.7] and Brockwell and Davis [16, Chapter 3] for

further details on parametrization of such processes.

107
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We would like to confide that the results presented in this chapter are the chronologically
first topics we researched on during our PhD. Initially, our first goal was to find a solution
to the optimal liquidation problem that we are presenting in this chapter. In Section 4.3.2
we try to apply the standard version of the SMP to the example presented in this chapter,
which is a stopping terminal time optimization problem. Our initial thought was that the
usual formulation of the SMP could have been applied also to the stopping terminal time case,
by simply introducing the stopping time into the FBSDE associated to the problem, without
changing the Hamiltonian structure. This led us to understand if this was really the case and

gave birth to the research topic we addressed in previous two chapters.

The main contributions of this chapter are that we prove the value function is the unique
continuous viscosity solution to the HJB equation which is complicated with three state variables,
that we find an approximation of the classical solution under some mild conditions, which opens
the way of finding the optimal value and strategy with the Monte-Carlo simulation, and that we
show the value function and the optimal liquidation rate depend only on observable data which
allows a straightforward calculation at each moment in time. Although the approximation of the
classical solution to the HJB equation is proved to be not coincident with the value function,
numerical tests show that it is close to the value function, by proving that it is close to the

approximated solution of the FBSDE associated to the optimization problem.

The rest of the chapter is structured as follows. Section 4.2 describes the settings of the prob-
lem, defines the value function, writes the HJB equation and states the main theorem (Theorem
4.2.2) that the value function is the unique continuous viscosity solution to the HJB equation.
Section 4.3 introduces the approximations that are going to be discussed in the following subsec-
tions. Subsection 4.3.1 finds an approximation of the solution of the HJB equation under some
mild conditions on the model parameters and derives the objective function as a sum of classical
solutions to three different parabolic PDEs which can be solved one by one. Subsection 4.3.2
finds value function and optimal trading speed as solution to an FBSDE obtained by applying
stochastic maximum principle to our problem. Section 4.4 is the numerical section and it is di-
vided in two parts. Subsection 4.4.1 compares the closed form solution obtained in section 4.3.1
with the solution of the FBSDE in section 4.3.2, which is approximated using a deep learning
algorithm. Subsection 4.4.3 provides some numerical tests to assess our model and compares its
performance with that of two other strategies based on two geometric Brownian motion approx-
imations of the liquidating stock price. Section 4.5 concludes. Appendix 4.6 contains the proofs

of Theorem 4.2.2, Propositions 4.3.1 and 4.3.6.
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4.2 Model

Let (2, F, (Ft)tepo,1); P) be a filtered probability space, where (F3);c(o,7) is the natural filtration
generated by two independent standard Brownian motions W' and W2, augmented by all P-null
sets. Let T' be the fixed terminal time, (A;),¢[o,r) the price of a stock in the market, satisfying

the following geometric Brownian motion (GBM):
dA, = mApdr + o1 AdW), Ay = a, (4.2.1)

where 1, o1 are constants, p is the growth rate, o1 > 0 the volatility rate, (Sr)re[o,T] the price
of the stock that the agent aims to liquidate, (¢, ),¢[o,7] the co-integration factor between stocks

S, and A,, defined by &, = In (i—’;), and follows an Ornstein-Uhlenbeck (OU) process

de, = —kepdr + o (de,} +/1- ,02de) R— (4.2.2)

where k, oo are constants, p € [—1, 1] the correlation coefficient, k the mean reversion speed, o9
the volatility. The co-integration factor &, behaves as a mean-reverting process, which implies
a period of time in which the process S, outperforms (or underperform) A, is followed by a
moment in which the two stocks have similar prices.

Let (m)rcfo,7] denote the rate of selling the stock, which is a decision (control) variable
decided by the agent and is said admissible if it is a progressively measurable, right continuous,
non-negative and square integrable process. Denote by A the set of all admissible control
processes.

Let (Qr)refo,r] denote the inventory left at time r and go > 0 the initial amount of stock S

owned by the agent. The process (), depends on the trading strategy m and follows the equation:
dQ, = —m.dr, Qo= qo. (4.2.3)
Let (MT)TE[O,T] denote the wealth process, satisfying the following equation:
dM, = m(S, — nm)dr, My =0,

where 7 > 0 is the temporary price impact factor, which is the same as that in Cartea et al. [18,
Section 6.1]. The term 7S, is the dollar amount of the stock liquidated at time r, while the
term 17?2 is a penalty for selling the stock too quickly. Indeed, as analysed in Cartea et al. [18,
Section 6.1], if many market orders are executed simultaneously, usually the limit order book
is climbed and the orders are executed at a lower price than the spot price S,.. The speed of
trading with market orders has been modelled in different ways in the literature and we chose

to use the quadratic impact on the price of the stock as in Cartea et al. [18, Section 6.1].
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Denote by x the vector of two state variables (a,€) and O the state space, given by O :=

(0,00) x R x [0,Qo) with go < Qo < co. Moreover, denote the initial price of the stock S by

s := ae®. We group the two state processes (A,¢) into a vector X. Let ¢t € [0,T], we define
the 2-dimensional stochastic process (Xy),eps,1] := (Ar,€r) ¢ 7y as the solution to the following
SDE
dX, = u(X,)dt + o(X,)dW,, (4.2.4)
where
o1a 0
wex) =", o) = . (4.2.5)

—ke oop o941 — p?

The optimal liquidation problem is defined by:

T - - - T, - T - T )
igaEt [/0 777“(51" 777r7")d7‘ + QT (S‘r XQT) ¢1/0 Qr dr QSZ/O STQT‘ dr ¢3/0 rQ(r d7{|)7
4.2.6

where 7 is a stopping time defined by 7 = T' A min{r > 0 | @, = 0}, the first time when all
stock is liquidated before terminal time T or T otherwise. The first term inside expectation is
the wealth value at 7, the second the terminal liquidation value and the last three the running
inventory penalties. The terminal liquidation value is the cash from liquidating all the inventory
left at terminal time T at a price Sy penalized by a quantity proportional to the amount
of remaining stocks. Inventory penalties are not financial costs, but incorporate the agent’s
urgency for executing the trade. Denote by E;[-| = E[-|A; = a, &, = €, Q¢ = ¢|, the conditional
expectation operator at time ¢ € [0, 7.
The value function of problem (4.2.6) is defined by

v(t,a,€,q) = supv”(t,a,¢€,q), (4.2.7)
TEA

where

) =B [ m(S )+ Qo5 -3 - on [ @2ar—on [[ 5.0 ar—0n [ 40, ar],
t t t t
(4.2.8)
where 7 is defined by 7 =T A min{r > ¢ | Q, = 0}.

To solve the control problem (4.2.7), we adopt the dynamic programming principle and

derive the following HJB equation for the value function:

0 0
o + Lw + sup el + aem — nr?| — p1¢ — Paqae — p3qa =0 (4.2.9)
875 >0 8q
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on [0,7) x O, with terminal condition w(T,a,€,q) = q(ae® — xq) and boundary condition
w(t,a,€,0) =0, where L is the operator defined by

o7 40w Pw 030w ow ow

dade T 2 g Trag, ~ kg

Theorem 4.2.1 (Verification Theorem). Let w be a function in CH2([0,T) x O)NC°([0,T] x O)

and satisfy the following growth condition
[t x,0)| < C(1+ @) (1+a)(1+e™) ¥t x,9) € [0,T] x O
for fixed p1,pa2,C > 0. Assume there exists a measurable function c(t,x,q) such that

0 5]
aw + Lw + sup —wa + aemw — 77772 - ¢1q2 — ¢aqae’ — ¢3qa
ot x>0 dq

—87w+£w—ca—w

= ae‘c —ne® — 2 aef — =0
5 34 + n 614" — d2q ¢3qa

with terminal condition w(T,a,€,q) = q (ae® — xq) and boundary condition w(t,a,e,0) = 0. Let
the SDE
dX, = p(er, Xy )dt + o(X,)dW, (4.2.10)

admit a unique solution, given an initial condition X; = x, where p and o are defined in (4.2.5).

Let (cr)reje,r) € A. Then w coincides with the value function v.

Equation (4.2.9) is a nonlinear PDE with three state variables a, € and q. We show the value

function is a viscosity solution of (4.2.9), see Pham [48] for its definition and properties.

Theorem 4.2.2. The value function v defined in (4.2.7) is the unique viscosity solution of the

HJB equation (4.2.9).

If we strengthen the condition on the control set, we have continuity of the value function.

Let (t,x,q) € [0,7] x O be fixed and let v, N > 0. Then, we define the set fl%N(t,x,q) as

1
~ T 21y
Ay n(tx,q) = {71' € A(t,x,q)| (Et [/ 2t dr}) <N(l+a)(1+ eNe) } (4.2.11)
t
Proposition 4.2.3. Let the set of admissible controls be reduced to A%N for fixed v, N > 0.
Then the value function v, defined in (4.2.7), is continuous on [0,T] x O.
4.3 Approximation to find value function

It is in general difficult to find a classical solution of equation (4.2.9). In this chapter we are

going to present 3 different approaches to find an approximation of the value function v and the
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optimal control ¢. In Section 4.4 we are going to compare the 3 approximated solutions among
each other. The first method consists in finding an approximation to HJB equation (4.2.9). The
second approach consists in solving the FBSDE associated to the maximisation problem with
a Neural Network approximation. In the third approach we approximate the process S, to a

GBM.

4.3.1 Approximated solution to HIB equation (4.2.9)

In this section we approximate the terminal condition of the HJB equation (4.2.9) and we show
that, under some mild conditions, we find a classical solution to the approximated HJB equation.
In particular, we are going to remove the terminal condition w(¢,a,¢€,0) = 0 and we are going

to look for a solution to the following HJB equation
%f + Lw + sup,>g [—W%—Z’ + aeft — 2| — ¢1¢% — ¢paqact — p3qa =0 on [0,T) x O

w(T7 a, €, Q) =q (aee - XQ) .

(4.3.1)
From equation (4.3.1) we get the optimal rate of trading as
1 0
c(t,a,e,q) = % max {aeE — ETIqU’ 0} i (4.3.2)
Substituting ¢ in equation (4.3.1), we have
9 1 d 2
ai;) + Lw — ¢p1¢° — daqae® — dp3qa + % <max {ae6 — 8—1;), 0}) =0. (4.3.3)

The PDE (4.3.3) is nonlinear and difficult to solve. To simplify it we try to eliminate the last

term containing the max operator. In the following, we assume that the function w satisfies

ae® — 5% > 0 for any (t,x,q) € [0,7] x O. Under this assumption, (4.3.3) reduces to
ow 1 ow
_ _ - —— =0. 4.3.4
5 TLw - $14° — daqae’ — p3qa + 4?7< ae 8(]) 0 (4.3.4)

By inspecting the terminal conditions, we postulate a solution of the following form:

W(t, a,e, Q) =0 (t7 €, (I) + qaee.QQ (t7 6) + q2g3(t) (435)

Substituting (4.3.5) to equation (4.3.4), collecting terms with coefficients 1, ae‘q and ¢?, and
setting each term equal to 0, we derive the following system of PDEs on [0,7] x (O N{g > 0}):

0 :891+£g+ 225(1_92)7

0 _892 ‘72392 — ke) 992 o3 —k 93 — by — —€ _
=22 | +(02 +po10s — ke) G2+ (F + poroa + p — ke + 2 ) go — ¢2 — ¢3e

(4.3.6)

g3

n I
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with terminal conditions g1(T,a,e) =0, ¢g2(T,€) =1, g3(T) = —x.
The last equation in (4.3.6) is a Riccati type equation and has a closed form solution given

by

T () - AV (VEmY)
93(0) = Vo /B ey
eV (Vom—x)+e Vo (Véin+x)

It is easy to verify that gs is a negative and increasing function.

. Ve lo,T). (4.3.7)

Recall that function w must satisfy ae® — %—Z’ > 0 for any (t,x,q) € [0,7] x O, which is

equivalent to the following:
ae (1 —ga(t,€)) —2qg3(t) >0, V(t,a,e,q) €]0,T]xO. (4.3.8)
Since a is positive and gs is negative, condition (4.3.8) holds if
g2(t,e) <1, V(t,e) €]0,T] x R. (4.3.9)

Proposition 4.3.1. Assume the model parameters satisfy the following condition:

2
b2 92 M1 p
pze!TE > kezk T E TEOLO2, (4.3.10)

Then solution gy in (4.3.6) satisfies condition (4.3.9) and is given by
T T _ F(r—t)2 | p -
alti) = 1= oy~ [ oty dr =7 [ grperte e G pmen st
t t
2
: <kﬂ(r —t)e+ka(r —t)? — % — porogfi(r —t) — u1 + ¢2> dr (4.3.11)

for (t,e) € [0,T] x R, where fi, & and § are functions defined by
2 1 T
A(s) =e ™, G(s)? = 72 (1 - e_st) , g(r;t) =exp / g3(s) ds+ pi(r—1t)|. (4.3.12)
2k nJ

Moreover, the optimal control is given by

c(t,a,¢,q) = 2177 lac® (1= gs(t,€)) — 2qg ()] (4.3.13)

Note that for any fixed parameters k, o1, 092, 111, p, one can always choose ¢o and ¢3 such that
(4.3.10) is satisfied, and that g; in (4.3.6) can be written, with the help of the Feynman-Kac

formula, as
1 T o 2
gi(t,a,e) = %Et Se (1 —ga(ryer))” dr|. (4.3.14)
t
Combining (4.3.14) with Proposition 4.3.1, we have the following result:

Theorem 4.3.2. Assume condition (4.3.10) is satisfied. Then equations in (4.3.6) admit clas-

sical solutions g1, g2 and gz given by (4.3.14), (4.3.11) and (4.3.7) respectively.
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Proposition 4.3.3. Let ¢ be defined as in (4.3.13), let v be any positive real number, let N > 0
be big enough and let (t,x,q) € [0,T] x O. Then, ¢, € A%N(t,x, q), as defined in (4.2.11).

Remark 4.3.4. Let ¢ be defined as in (4.3.13). By the fact that g is locally Lipschitz, we
get that ¢, drift and diffusion coefficients of SDE (4.2.10) are locally Lipschitz. Ezistence and
uniqueness of solution to equation (4.2.10) follow by applying Karatzas and Shreve [39, Theorem

2.5].

Remark 4.3.5. Let condition (4.3.10) be satisfied and g1, g2 and g3 be the classical solutions
to the equations in (4.3.6) as in Theorem 4.3.2. As proved in Remark 4.3.4 and Proposition
4.3.3, all conditions of verification Thorem 4.2.1 are satisfied except for continuity of w. Indeed,
function w is not continuous for ¢ — 0, unless g1 = 0 on [0,T] x O. Hence, w does not
necessarily coincide with the value function v in (4.2.7), unless it is proved to be continuous on

q=0.

As proved in Proposition 4.3.3, the optimal control ¢ lies in the more restrictive control set
f{% ~ defined in (4.2.11). Proposition 4.2.3 ensures that if the control set is reduced to fl% N
then the value function v is continuous. We conclude that if g; is not identically equal to 0,
then the solution w to the HJB equation does not coincide with the value function.

If we reduce our model to a one stock model as that in Cartea et al. [18] with the same
parameters, i.e., g = 0,00 =0, u3 =0, p =0, k =0, ¢2 = ¢3 = 0, then condition (4.3.10)
is satisfied. Using (4.3.11) and (4.3.14), we get ¢a2(t,€) = 1 and ¢i(¢,a,¢e) = 0 for any (¢,a,€) €
[0,T] x (0,00) x R, which makes w in (4.3.5) continuous in the whole domain. We can apply

Theorem 4.2.1 to verify that w coincides with the value function v.

Proposition 4.3.6. Assume condition (4.3.10) is satisfied and g1, g2 and g3 are the classical

solutions to the equations (4.3.6). Then, function
w(t, a,€,q) = qae‘ga(t,€) + ¢*g3(1).
coincides with the value function v in (4.2.7) on [0,T] x O.

If condition (4.3.10) is not satisfied, then it is not clear if HJB equation (4.3.1) admits a
classical solution, however, Theorem 4.2.2 states that the value function v is the unique viscosity

solution to the HJB equation (4.3.1).

Remark 4.3.7. The model can be extended to cover limit orders as well by introducing a pre-
mium for executing limit orders instead of market orders (see Cartea et al. [18]) and a new state

variable Dy as a measure of uncertainty in filling limit orders. We can prove all theorems in
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this more general setup and, under similar conditions to that in (4.3.10), prove the existence of
a classical solution to the HJB equation that coincides with the value function. The model can
also be extended to the multi-dimensional case, in which an agent aims to liquidate m different

stocks S1,..., 8™ on a basket of n correlated stocks A',... A™.

4.3.2 FBSDE approach

In this section we approach the control problem (4.2.6), by using the stochastic maximum prin-
ciple (c.f. Pham [48, Theorem 6.4.6] and Li and Zheng [43]). It is a standard approach to write
the value function v defined in (4.2.7) as a solution to an FBSDE and to find the optimal control
from the maximization of the Hamiltonian associated to the optimization problem. As control
problem (4.2.6) is a stopping terminal time problem, we should use the Stochastic Maximum
Principle as in Chapter 2. However, the terms f and g in Chapter 2 are too complicated to be
evaluated in the case of the model introduced in the current Chapter. The main blocker is that,
to evaluate f and g, it is required to know the optimal stopping time 7 of the optimal strategy
c. Since we are not able to calculate precisely the value of 7, we are not able to apply the theory
introduced in Chapter 2. Therefore, to apply stochastic maximum principle, we approximate
problem (4.2.6), by replacing the stochastic terminal time with a fixed terminal time 7. Re-
placing the stopping time 7 with a fixed terminal time 7" makes possible for the inventory @ to
assume also negative values. However, the inventory penalty ¢ ftT Q? dr pushes the terminal

inventory to be close to 0 and not too negative. We rewrite the value function as
T
v(t,a,€,q) = sup [QT (ST — XxQr) +/ T (Sy — mmy) dr (4.3.15)
TeA t
T T T
o[ @ [ soiar-o [ 40w
t t ¢

From SDE (4.2.4), we get that the process X; is independent of the control c. We define the
Hamiltonian A : [0,00) x O x R — R as

H(m,%,q,y) = =1y + 7(ae® —nm) — d1g* — $oae’q — dsaq.
The BSDE associated to our problem is
Y, = —Go(X,, Q,)dr + Z,dW,,
with terminal condition Yy = §(Xr, Qr), where

0
Ga(x,q) = %H(X’ q) = —2¢1q — p2ae’ — ¢3a, S(x,q) = ae — 2xq.
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Using the stochastic maximum principle approach, it follows that the optimal trading strategy

¢ coincides with the control function ¢ that maximizes the Hamiltonian H, which is

c(x,y) = 2177 (ae* —y)t. (4.3.16)

In the following we prove that the solution to the above BSDE can be used to find the optimal
strategy of the optimization problem (4.3.15). The proof of the theorem below immediately fol-
lows from Pham [48, Theorem 6.4.6] using concavity of Hamiltonian H with respect to variables

(x,7) and maximality of ¢ in (4.3.16) for the Hamiltonian .

Theorem 4.3.8 (Stochastic maximum principle). Suppose that the FBSDE

dA, = 1 Avdr + o1 A, dW!
de, = —ke,dr + o (de,} F/1= p2dW$)
dQ, = — 3 (Ave™ — ;) dr

dY, = —Gao(Ar,er,Qr)dr + Z, - AW,

(4.3.17)
At =a
Et — €
Qt=q

Yr =S(Ar,er, Qr)

admits a solution (Q¢, Vi, Zt)iejo,r) and that (Yi)iepo,1] is a progressively measurable, non-negative
and square integrable process. Then ¢, defined in (4.3.16), is the optimal control of problem

(4.3.15).

In the following section we focus on finding a solution to FBSDE (4.3.17), which is a coupled
non-linear Forward-Backward SDE and, to our knowledge, cannot be explicitly solved. In the
numerical section below, we use a deep learning-based method, following the one presented in
E et al. [29], to find an approximated solution to FBSDE (4.3.17) and we show that the closed

form control in (4.3.13) is close to the approximated version of the optimal control in (4.3.16).

4.3.3 Single stock models

In this section we compare our model based on both processes A; and e; with two simplified
models based only on one stock price: one is to approximate the stock price S with a GBM S ,
whose first two moments are equal to those of .S, and the other is to set the co-integration factor

e to 0, whose effect is to approximate the stock price S with that of A. Although in both cases
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the stock price S is approximated with a GBM, the first one is more accurate as it uses the
information of the co-integration factor €. To get the optimal strategy related to approximation
S, we compare the stock price S, with a GBM S, satisfying the following stochastic differential
equation (SDE):

dS, = ji(r)Sydr + 6(r)S,.dW,, Sy = s,
where i and 6 are deterministic functions that ensure the first two moments of S, and S’r are

the same for 0 < r < T, seen at time 0, which leads to (see (4.6.2) and (4.6.3) with ¢t = 0)

2
— a — — "~
ae® kr 4% (1_6 2kr) pakag (1_6 kr) SefO i(s) d37

2
ea%r—&-;—%(l—e’%")-l—LUkle (l—e””') _ 6&;&(3)2 ds

Since S, = Aye°" and S, are log-normal variables, simple calculus gives

2
fi(r) = —keoe ™ + p1 + Ze 2 + poyore kT

G(r)2 = 0? + 02e 2k 4 2pa o9k

Remark 4.3.9. Note that the initial value of the co-integration factor ey appears in fi, which
ensures the two processes S and S, seen at time 0, are the same in distribution. They are
different, seen at later time t > 0, as S is determined by two Brownian motions but S by
one only. In our numerical test, we approzimate the price S, with the GBM S, by fizing the

co-integration factor to its initial values €y throughout the whole trading period [0,T].

We solve the stochastic control problem with the same objective function as the one in (4.2.6)

without the last term and with S, instead of S,. The HJB equation is given by

2
0w + g(t)g% - fr?;;’ + (53— )| — 14> — 2p2g5 =0 (4.3.18)

ow n G(t)?
—_— su S
ot il 2 7 a2

on [0,7T) x (0, 00) % [0, qo], with terminal condition w(T, 5, q) = ¢ (5 — xq) and boundary condition
w(t,§,0) = 0. The optimal trading strategy ¢ has the following form

é—imax §—a—w 0
2 g’ "

Moreover, equation (4.3.18) can be solved using a method similar to the one used in Section 3.
Since the solution w(t, §) does not depend on €, the equation is easier to be solved.
The second approximation is to use only the price A, the optimal trading strategy ¢ has

the same formula as that in (4.3.2) with € equal to 0.
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4.4 Numerical Tests

This section is divided in three parts. The first subsection shows that the closed form control
(4.3.13) deriving from the HJB equation and the neural network (NN) approximated control
(4.3.16) deriving from the FBSDE approach are close to each other. The second subsection
shows that the function g; in (4.3.14) is close to 0 for ¢ close to 0, making the solution w in
Proposition 4.3.6 close to the value function in (4.2.7). In the last subsection we compare the
performance of the closed form control (4.3.13) based on A; and &; with respect to the optimal
strategy based on two simplified models based on geometric Brownian motion approximations

of the liquidating stock price.

4.4.1 Neural network approximation vs. closed form control

In this subsection we compare the control obtained through the NN approximated solution of the
FBSDE with the closed form control in (4.3.13). To numerically find the solution of the FBSDE
(4.3.17) we apply a similar method to the one in Weinan et al. [29]. We adapt [29, Framework
3.2] to our case by generalizing the implementation to a coupled FBSDE setting with a multi-
dimensional backward equation. The method consists into a neural network approximation of
the two solutions Y and Z of the FBSDE (4.3.17), where the backward equation is transformed
into a forward equation and initial condition Yy and process Z; are chosen in order to minimize
the loss

loss := EHYT - S(XT, QT)H, (441)

in order to guarantee the terminal condition Y, = S(Xp, Q7). In Algorithm 1 can be found the
pseudo-code for the used algorithm and at the following GitHub link can be found the complete
source of the Python code used to run the tests: https://github.com/RiccardoCesari/PhD_
neural_network

We run several neural network approximations for different model parameters choices and we
compare the results of the FBSDE method with the closed form control from Section 4.3.1. To
compare the two methods, we divide the time interval [0, 7] in 40 time steps. To calculate the
approximated solution of the FBSDE (4.3.17), we use a 4 layers neural network as in Weinan
et al. [29] with a batch set made of 64 realizations of W and a validation set made of 256
realizations. In all numerical examples, we stop training the neural network after 40.000 steps.
To calculate the integrals in (4.3.11) used in the representation of the control ¢ (4.3.13), we
apply a quadrature approximation formula. We denote optimal control calculated using NN

approximation of the FBSDE solution as ¢V, the inventory process QN and the wealth


https://github.com/RiccardoCesari/PhD_neural_network
https://github.com/RiccardoCesari/PhD_neural_network
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Algorithm 1 NN algorithm
dW < Initialised as an array of N'(0,h) r.v.

A+a
M <0
€4 €
Q< qo
Yy, Zy < Initialised as NN variables
t<0
loss +— +o00
h=T/n
while loss > desired loss and ¢ < max steps do
while t <n do
W+ W +dW
Y« Y —-Gy(A,¢Q)-h+Z-dW
(Aye) « (A,e) + u(A, e, Y,W) - h+ o(A, W)

S« Ae®
c+ (S=Y)"/(2n)
Q<+ Q—ch

M < M + ¢(S —ne)h

Z is passed through neurons layer as function of X and then normalised

t+—t+1
end while
M+ M+ Q(S — xQ) > for terminal time
loss «— \/|Y —S8(4,¢,Q)|

end while
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process M. For each parameter choice we compare the closed form control ¢; with ¢¥?V, the

inventory process (J; with Q{/V N and the wealth process M; with MtN N,

In the following we show numerical results for 2 different sets of parameters, both satisfying

condition (4.3.10). The only differences between the two following settings are volatilities o1, o9

and the terminal time 7.

Setting 4.4.1. Ao = 1, €0 = O, Mo = 1, QO = 20, T = 05, X = 05, (;51 = 0003, (;52 =
0.06, ¢35 =0.06, o1 = 0.1, g9 =0.1, k=0.2, n=0.003, p=—0.4.

Setting 4.4.2. A() = 1, € = O, MO = 1, Qo = 20, T = 1, X = 0.5, (151 = 0.003, qf)g =
0.06, ¢3=0.06, 01 =0.4, 09 =0.4, k=02, n=0.003, p=—0.4.

In Figure 4.1 is displayed the convergence of loss function (4.4.1) under Settings 4.4.1 and

4.4.2, which reaches a value lower than 1079 after 40.000 training steps in all cases.

Conve rgence rate

o =0, =01, 0 =0, =04,
. T=05 - T=1
3
|
2 |\
\
_— 1 ‘\
] N
g0 1™\
o0 \
o B
1 D
9 I - N
. - ]
-4
0 5000 10000 15000 20000 25000 30000 35000 40000
Step

Figure 4.1: Convergences of logarithm of losses of NNs for the different Settings 4.4.1 and 4.4.2.

As a second step, we calculate the average relative discrepancy between MtN N and M, over
many different realizations of the Brownian motion (Wy)icpo, 7] under the two different model

parameters sets defined above. In Figure 4.2 is drawn the average and standard deviation of the
NN _
quantity W along 400 different realizations of W, for each time step t. We notice that

NN _
in the low volatility case the relative errors W’}‘JWM' is low and never exceeding 0.3%, while in

t
the high volatility case the discrepancy increases its magnitude to a value of 1%.
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Figure 4.2: Average and standard deviation of % along 400 different realizations of W,
t

for each time step ¢t and for different Settings 4.4.1 and 4.4.2.

In Table 4.1 we group the relative discrepancies in Figure 4.2 and we also consider relative
discrepancies of inventories over many different realizations of Brownian motion (W¢)c[o,7] and

for different model parameters choices. In Table 4.1 is shown the average and standard deviation

o 1 N0 (MY — M| 1 540 [QYN Qi
of the quantltles 0 thl W nd 0 =1 Qy

We calculate these figures for both Settings 4.4.1 and 4.4.2.

along 400 different realizations of W.

NN _ NN _
Table 4.1 Average and standard deviation of % ;*21 W and 4—10 fﬂl thQith along
t

400 different realizations of W for Settings 4.4.1 and 4.4.2.

Av. Rel. Discr. M | Av. Rel. Discr. Q | Run-time | Run-time

Settings
Mean | St. Dev. Mean | St. Dev. | closed form NN

o1 =09 = 0.1,
0.170% | 0.00057 | 0.105% | 0.00044 210 sec. 6850 sec.
T=05

o1 =09 =04,
0.886% | 0.00601 | 0.665% | 0.00463 213 sec. 7120 sec.
T=1

In Table 4.2 we show that the approximation made by removing the stopping time 7 from
optimization problem (4.2.6) and fixing it to a terminal time 7" as in in (4.3.15) scarcely affects
the value function. Indeed, in Table 4.2 is shown that the average and standard deviation of the
relative discrepancy |Qr|/Qo along 400 different realizations of W are close to 0. We calculate

these figures for both Settings 4.4.1 and 4.4.2.
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Table 4.2 Average and standard deviation of |Qr|/Qo along 400 different realizations of W for
Settings 4.4.1 and 4.4.2.

Settings Mean(|Qr[/Qo) | St. Dev.(|Qr[/Qo)
01 = 09 = 0.1,

T=05

0.0079 0.0041

01 = 09 = 0.4,
0.0271 0.0181
T=1

In all examples we have shown, the results of the two different methods are close to each other.
This increases our confidence in considering the solution of the HJB equation and the trading
speed found in Section 4.3.1 respectively equal to the value function and the optimal trading
speed of the problem. The computing time necessary to approximate integrals inside the closed
form control representation is around 0.5 seconds for each realization of W. To get an acceptable
convergence of the neural network we waited 40.000 steps, taking around 110 minutes for each
setting. Once the NN is trained, the computational time for the optimal strategy is around 0.6
seconds for each realization. In conclusion, the NN solution requires a time-consuming initial
training that may cause delays any time the model needs to be recalibrated. Once the NN has

been trained, the run-times of the two methods are almost equivalent.

4.4.2 Function w as close approximation of v

In this subsection we show that the solution w in Proposition 4.3.6 is close to the value function
in (4.2.7). As it is mentioned in Proposition 4.3.6, w and v would coincide if g; = 0, but as it can
be seen from (4.3.14) this is not the case. From (4.3.5) it can be inferred that in order to get w
as a continuous function, it would be necessary to have g (t, €, a)1 {g>0} continuous on ¢ = 0. ¢
is independent of ¢, however, in the following, we want to show that for the examples presented
above, whenever (); gets close to 0 it is most likely that ¢ is close to T', making g; close to 0.
In the following we show the numerical results obtained from the same numerical examples we
presented in the previous subsection. Figures 4.3a and 4.3b show that the inventory @Q; usually
gets to 0 only next to terminal time 7. Thanks to the definition of ¢; in (4.3.14), we get that for
t getting closer to T', the integration interval in (4.3.14) gets smaller and so the function g; gets
closer to 0. This justifies that for any realizations of @ close to 0, it is likely that g; is close to
0 as well. This is verified from the two charts below, in which we show that the function g¢; is

clearly increasing with respect to the realization of QQ; and is close to 0 whenever (); is close to
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(a) Setting 4.4.1. (b) Setting 4.4.2.

Figure 4.3: Plot of all realizations of @Q; versus all realizations of g1 (¢, A, €;) for all t € [0, 7].

Moreover, from the chart below, we can see that the value of g1 at the specific time 7 is
close to 0 as well. In particular, we can see that 90% of realizations of g1 (7, A;, €;) are smaller
than 10~!2 for Setting 4.4.1 and 10~ for Setting 4.4.2. This result underlines that whenever

the inventory ¢ gets closer to 0, g1 tends to 0 as well.

(a) Setting 4.4.1. (b) Setting 4.4.2.

Figure 4.4: Histogram of all realizations of ¢; (7, A-, €;).

The arguments above support the hypothesis that g; is close to 0 for ¢ — 0, making w a

continuous function around g = 0.
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4.4.3 Closed form model vs. single stock models

In this section we compare our model based on both processes A; and &; with the two simplified
models based only on one stock price as presented in Subsection 4.3.3.

We compare the performance of our strategy with those of the approximations in different
settings. By simulating S,, we can evaluate the performances of the strategies ¢, é and ¢
respectively based on the price S, the GBM price S and the price A. To compare the distributions
of the cash value M; + Q-(S: — xQ~), we run 100 different realizations of process S; and, by
calculating the trading rate for each realization, get the agent’s final wealth. We assume that
the trader executes orders at equally spaced moment in the interval [0,77]. In particular, we
consider 100 trades, occurring every 7'/100. The data used for numerical tests are the following:
ag=6, =0, go=120, T=1, 07 =0.3, 05 =0.05, uy =0, p=0.5, k=0.1, n=0.01, x =
0.007, ¢1 = ¢2 = ¢3 = 0.07. Similar numbers are used in Cartea et al. [18]. These parameters
satisfy condition (4.3.10).

Table 4.3 summarizes the key statistics of agent’s final wealth using the three different

strategies.

Table 4.3 Key statistics of agent’s final wealth based on simulations with different optimal
strategies. Percentages in brackets represent the discrepancies with respect to the strategy c

based on stock price S.

Strategy based on

Exp. Val.

St. Dev.

5th Perc.

95t Perc.

Price S

723.3

79.8

598.2

861.8

GBM approx. S

718.8 (-0.6%)

95.2 (19.3%)

567.3 (-3.5%)

877.3 (1.8%)

Stock A

718.3 (-0.7%)

95.8 (20.1%)

561.6(-6.1%)

877.8 (1.9%)

Table 4.3 shows that the strategy c¢ has the best performance in producing the highest
expected value and the lowest standard deviation for agent’s final wealth, which indicates using
the information of both stocks is highly useful in increasing the final wealth and reducing the
risk. The strategy c is also the one that guarantees the highest final wealth with 95% confidence.

Table 4.4 summarizes the key statistics of agent’s final wealth with change of one parameter
while all other parameters are kept the same. In particular, we compare the performance for
different correlation coeflicient p, penalty coefficients ¢;, and volatility 5. Table 4.4 shows again
that strategy using the information of two stocks outperforms those using only one stock.

We also observe that for increasing values of penalty parameters ¢;, we get decreasing ex-
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Table 4.4 Sensitivity analysis to model parameters, by slightly modifying parameters.

Param. Choice | Strategy based on | Exp. Val. | St. Dev. | 5% Perc. | 95" Perc.

Price § 713.3 634 | 619.0 824.0

p=0 GBM approx. § | 711.2 91.6 583.8 866.5
Stock A 710.7 95.6 579.7 833.9

Price § 718.2 73.6 610.8 850.4

p=-05 GBM approx. § | 712.7 93.2 579.3 877.1
Stock A 713.0 | 1028 | 568.5 830.4

Price § 7249 | 1054 | 586.4 931.9

o1 =02 = ¢3

= 0.05 GBM approx. § | 7209 | 1103 | 541.2 982.9
Stock A 7149 | 1151 | 5394 986.9

Price § 715.7 90.8 586.0 857.7

1= @2 = ¢3

=0.09 GBM approx. § | 715.1 100.3 | 5489 887.0
Stock A 7149 | 1139 | 5417 897.8

Price § 709.0 850 | 579.6 854.9

72 =000 BM approx. § | 708.0 1152 | 549.8 921.7
Stock A 7075 | 1162 | 542.7 923.7

Price § 729.5 877 | 599.5 831.8

=000 M oapprox. § | 7269 | 1120 | 5645 928.2
Stock A 7257 | 1137 | 5605 924.6

pected value and standard deviation of terminal wealth. This is due to the urgency of liquidation
introduced by these penalizations, which implies that when trader’s risk aversion is higher, the
optimal strategy concentrates the liquidation on the initial part of period [0, T, leading to a less

volatile but lower expected final wealth.

The opposite behavior can be inferred from different choices of volatility o9. The higher
the volatility of co-integration process, the lower the expected final wealth (and the higher the

standard deviation).

We also perform a robustness test on three strategies by randomly choosing volatilities o

and o9 from uniform distributions in which o7 € [0.25,0.35] and o9 € [0.04,0.06]. We run 300
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different simulations of stock price S.

Table 4.5 Robustness test for uniformly randomly chosen values of o € [0.25,0.35] and o9 €

[0.04,0.06]
Strategy based on | Exp. Val. | St. Dev. | 5*® Perc. | 95" Perc.
Price S 712.7 90.6 566.2 892.2
GBM approx. S 711.9 117.5 558.2 982.1
Stock A 709.4 125.2 545.6 991.8

Table 4.5 shows the conclusions are largely the same as those in Tables 4.3 and 4.4.

4.5 Conclusion

We have proved that the value function is the unique viscosity solution of the HJB equation as-
sociated to our model, that, under some mild conditions, an approximation of the HJB equation
admits a semi-closed integral representation which makes the calculation for agent’s optimal
liquidation rate easy and fast. Moreover, we showed that the solution to the approximated HJB
equation is close to the value function. We attacked the problem from another perspective,
using stochastic maximum principle to solve it. Numerical tests show that the approximate
solution of the FBSDE is close to the solution of the HJB equation. This fact increases our
confidence in considering the solution of the HJB equation and the trading speed found in Sec-
tion 4.3.1 respectively equal to the value function and the optimal trading speed of the problem.
Numerical tests show that, independent of market conditions, our strategy based on two stock
prices outperforms other single stock strategies and approximations with the highest expected
final wealth and the lowest standard deviation, is as robust as other strategies known in the

literature, based on a single stock.

4.6 Proofs

We first introduce some notations and relations that are used in the proofs. Denote by x :=

(a,€,q) and

Gi (7, x) := ae‘m — nr?,

Ga(x,q) = —¢1q° — paqac’ — p3qa, (4.6.1)
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S(x,q) = q(ae® — xq) .
The objective function (4.2.8) can be written as
(e = [ g i+ [ G057, Qiar + 5%, )|
t t

Denote by X0 := (AF*, ™), the solution of (4.2.1), (4.2.2), and (4.2.3) with the initial con-
dition (X, Q:) = (x,9) € O and square integrable feasible control ¢ € A and t € [0,T]. We
omit the superscript in X** and we denote it as X when the initial conditions are clear from

the context.
Lemma 4.6.1. The first two moments of the stock price S are
E[S,] =E[A.e"] = aeee*’“<"*t)+u1(r—t)+%(1—e*2’“(7'*t>)+%(1—e*’€<"*t)) (4.6.2)
and
Var(S,) = Var (A.e*) = E [A,¢5]? (e”i"(r—“%%(1—6‘2'““””)+2sz2(1—6‘”’”) - 1) . (4.6.3)
Proof. Define the following processes:

—exp<\/1—p02/ TSdW2>
G, :=exp (/ (page_k(r_s) + 01> dW;) .
t

From definition (4.2.1) and (4.2.2) of A, and ¢, we get

2
L)r—t) ko)
) 666

E[Aper] = ae<’“7 E[F]E[G,]. (4.6.4)

The exponents of F, and G, are sums of normal distributed random variables whose means are

0 and variances are respectively % (1 — e 20D and o2(r — t) + i 02 (1 — e 201 4
Q’WTl‘TQ (1 —e” (T_t)). Hence, F,. and G, are log-normal random variables and simple calculus
on their expected value proves result in (4.6.2).

Similarly to (4.6.4) we have

Var [ATGE ] =a 6(2“1 01)(7" t) 2ee—k(r=1)

Var(F,.G,)
— q2e(2=o2) (=0 2™ (N (B ) Var(G,) + Var(F)E[G,]? + E[F]?Var(G,)) .
We recall that if a random variable K ~ Lognormal(0, %), then E[K] = e**/2 and Var(K) =
(eb2 - 1) et = (E[K]? — 1) E[K]?. Then, for any r € [t,T], Var(G,) = (E[G,]* — 1) E[G,]? and
Var(F,) = (E[F,]* — 1) E[F,]?. We conclude that
Var [A,e*r] = a2e(1=od) -0 2 IR G, PRIE 12 (B[FEG,)? - 1),

which is the desired result in (4.6.3). O
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To prove Theorem 4.2.1 and Theorem 4.2.2, we first give some technical lemmas.

Lemma 4.6.2. Let c € A and (x,q) € O, then for any t € [0,T],

sup  |X, — x> +|Qr — g/
reftt+h]

Iim E

= 0. 4.6.5
A, (4.6.5)

Proof. Expression (4.6.5) has the following equivalent formulation:

sup ey — ¢l
re[t,t+h]

lim E
N0+

+ lim E

sup |4, —al? i,

re[t,t+h]

4+ lim E | sup Qr—q2 . (4.6.6
AN [re[t,t+h}‘ | ( )

The first two limits in previous expression tend to 0 as it is proved in Krylov [41, Corollary
2.6.12]. Indeed, both SDEs defining A, and &, have linearly growing drift and diffusion terms
independent of the control process c.

Let h > 0 be fixed,

2

E <E <E

2
sup |@r —q
réelt,t+h]

sup
rE[t,t+h]

r t+h 2
/ T ds (/ T ds) .
¢ t

Using Cauchy-Schwarz inequality |7 L1 (¢4n) < |75l 2(0,7) V'h, also noting (7s)sepo,r) € L*(P;[0,T7),

we conclude that there exists K > 0 such that

T
E [ sup  |Q, —q|*| < hE [/ nzds] < Kh — 0. (4.6.7)

rée[t,t+h]

O]

Lemma 4.6.3. Let p > 0 be a constant and t € [0,T], then there exists a constant C > 0 such

that for any (x,q) € O

E: | sup erer™ < Cebld (4.6.8)
ret,T]
and for any r € [t, T
E, {ep(s’f«‘x%)} < Qeplel(1=e7 D). (4.6.9)

Proof. Process ., defined in (4.2.2), has explicit formulation

T

gh* = ce k=t 4 02/ e klr=s) (desl + MdWLf) =:ee ) 4 ooe R M.
t
Using Ito’s formula, we have the process N! := eP72M; gatisfies the following SDE
2 2
dN! = ]%e%rN:fdr + poge!" Nt <pdVVT1 +v1-— deWf) , Nl=1

The SDE above satisfies conditions of Krylov [41, Corollary 2.6.12], then there exists a constant
C > 0 such that E [supre[tﬂ epa?Mﬁ} <E [supre[tﬂ \Nﬁ@ <E [SUPre[o,T} \Nﬂ] < C. Using that

)

for any x € [0,1], e"* < e” + 1 on R, we get (4.6.8):

—k(r—t) t
sup P (epa?MT + 1)

E; | sup e < E;
relt,T)

re(t,T)

< ePlel [ B, | sup cPo2M]
relt,T)
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< (C+1)erlel,
Finally, we apply similar arguments to get (4.6.9):
Et |:ep(E£YX7€):| S Et |:€p6(e—k(r—t)71) (6170'2M,ﬁ + 1)] S (C+ 1)6p|€|(176—k(r—t)).
O

Lemma 4.6.4. Lett € [0,T] and (x,q), (x',q) € O. There exists C, > 0, independent of t, such

that

gtx _ St,x’ p
T T

< Cpepk/' (\a —ad'|P + aP

E, [ sup e — 1’p> . (4.6.10)

reft,T)

Proof. Using results on GBM (cf. [48, Theorem 1.3.15] and [41, Corollary 2.6.12]) and using
(4.6.8), we have that, for any p > 1, there exists a constant Cj, > 0 independent of ¢ and x such
that

E; | sup (Af:x)p

relt,T)

< CpePlel, (4.6.11)

2p]>é |
)

t,x
< Cpa?, E; | sup eP*r
relt,T)

Hence, for any p > 1 there exists C}, > 0, independent of ¢, so that

1

2
<2 (Et ) <Et [ m{lp}
re(t,T

+ 2P | E; | sup 2o E; | sup ‘Afjx—Afjx/
|relt.T] ]

relt,T
Et,x at,x, 2p
<Cpla’ | Eg | sup |7 — e

X t,x/

2 t,
E, sup (ALX)™ er —er

/| P
o -] < (u [
relt,

reft,T)

+ ePlel E; | sup ‘Ai’x—Af:x/
re(t,T)

The explicit formulations for processes A, and &, give

1
1))
(m*ﬁ) (r=t)+o1W,_,

)A;&" A = o~ dle : (4.6.12)

t,x t,x/ t,x/ _\p—k(r—t) t,x/
€T — efr — fr e(s e o 1‘ < efr

e ¢ — 1‘ .

Here we have used the fact that for x € [0, 1], |e"* — 1] < |e* — 1| on R. Using similar argument

as in (4.6.11), we get that there exists C}, > 0 such that

N

- / 2]
(Et sup [l — ALx > < Gyla—dP,
| €[t 1]

SIS

e —1

_ g

gt,x €t,x p|€/|
E¢ | sup |7 —e°" < Cpe
re(t,T)

’ ‘ p
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4.6.1 Proof of Theorem 4.2.1

We follow the proof of Verification Theorem Pham [48, Theorem 3.5.2] to show that v and w
coincide on [0,7] x O. The two main differences between our setting and Pham’s setting are
that solution w does not satisfy a quadratic growth condition and the presence of a stopping
time 7 in the definition of value function in our case. We define sequence of stopping time 7,

similarly as in [48, proof of Theorem 3.5.2], by capping it with the stopping time 7:

Tp := 7 Ainf {/ |Vxw(r, X, Q) o(X,)|* dr > n} .
t

s>t

We notice that 7, 7 and the stopped process (f;/w" Vxw(r, X, Q) o(X;) dr)spm is a

martingale. Let m € A be fixed. By taking the expectation of the Ito’s representation of
w(87 XS? QS)? we get

ST/ Qw ow
]Et [w(s A Tns Xs/\‘rm Qs/\Tn)] = w(t7 X, Q) + Et E(Ta Xr> QT) + L'w(r, Xra Qr) - ﬂaiq(rv Xra QT) dr.
t
(4.6.13)

Since w is a solution to the HJB equation (4.2.9), for a general c € A

0 0
%(n XT7 Q’f') + Ew(h X’f: Q’r’) + gl(ﬂ_'h XT) + gQ(XT7 Q'I‘) - 71—7‘871;)(747 XT7 Q’I‘) S 0
and applying it to (4.6.13), we get
SA\Tn,
Et [w(s A Tn, XS/\Tn’ Qs/\Tn)] S w(ta X, Q) - Et [/ (gl (ﬂ-T‘a XT) + gQ (XT‘7 QT)) d’l":| . (4614)
t

We apply the dominated convergence theorem to previous inequality. Both sides are bounded

by an integrable process independent of n. By using boundedness of process (QT)rG[O,T] and

Holder’s inequality, we have that
1 1

S\Tn, T 2 T 2

E; [ / (Gi(mr, Xp) + Go(Xy, Q1)) d’r] < <Et [/ Aze%r dr}) <Et [/ 7r3 dr])
t t t

T T T
+ E, [ | = dr] T 616® + doaEy [ | e dr] T daEy [ | a dr] ,
t t t

which is bounded independently of n, using (4.6.11) and square integrability of control process

(mr)refe, - By (4.6.11), Hélder’s inequality, growth condition on w and recalling that @, is
bounded, we conclude that for any (¢,x,q) € [0,T] x O, there exists C' > 0 independent of n
such that

E¢ [w(s A 7o, Xoar,, Qsnr, )] < C(L+ ¢*)(1 4 aP) (1 + e2),

We apply the dominated convergence theorem to (4.6.14) by sending n — oo:

SAT
Et [w(s A T, Xs/\7'> QS/\Tn)] S w(t, X, Q) - Et [/ (gl(ﬂ_Ta XT) + g2(X7“7 Qr)) dr| .
t
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Since w is continuous on [0, 7] x O, by sending s to T', we obtain by the dominated convergence

theorem:

Et [w(r, X7, Q)] < w(t,x,q) — E [/tT (G1(mr, X)) + Go(X, Qr)) d?“] .

By terminal and boundary condition of HJB equation (4.2.9), we know that w(7,x, ¢) = S(x, q),

so we have

E,[S(X,. Q1)) < w(t.x.q) — E, [ [ 6%+ 620X, @0) dr} ,

which implies that

w(t,x,q) > Ey [S(XT, Qr) + /tT (G1(mr, X)) + G2(X,, Qr)) dr] = v(t, %, q).

From arbitrariness of ¢ € A, it follows that v < w on [0,7T] x O.
To prove that v > w on [0,T] x O, we proceed as before, by getting a similar version of

(4.6.13) in which the control process ¢, is substituted by the optimal control ¢(r, X,., @, ):

]Et [’UJ(S A Tny Xs/\‘l'n) Qs/\‘rn)] - w(ta X, Q)

SA\Tn
e |:/ (811)(7“, Xr, Qr) * Lw(r’ Xr, QT) - C(T’ X, Qr)aﬂ(ry Xy, QT‘)) dT’:| .
t

ot dq
By applying optimality of ¢, we get

SN\Th,
By [10(5 A 7y Xonrss Qo )] = w(t, %, @) + By [ / (G1(e(r, X0, 01), X0) + Ga(Xy, ) dr] |
t

Proceeding as before, we apply dominated convergence theorem to both sides of previous ex-

pression. By sending n — oo and then sending s to T', we get

Et [w(r, X7, Qr)] = w(t, x,q) — Et [/tT (Gi(e(r, Xs, Qr), Xi) + Go(Xs, Q1)) dr] :

By terminal condition of the HJB equation, w(7,x, q) = S(x,¢q), so we have

w(t,x,q) =E, [S(XT, Qr) + /tT (Gi(c(r, X, Qr), X)) + G2 (X, Q1)) dr} = v(t, x,q).

This shows that w(t, x,q) = v°(¢,x,q) < v(t,x,q) on [0,T] x O.

4.6.2 Proof of Theorem 4.2.2

To prove the result, we first give a technical lemma.
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Lemma 4.6.5 (Comparison Principle). Let U (respectively V') be an upper semicontinuous
viscosity subsolution (resp. lower semicontinuous viscosity supersolution) to the following HJB
equation

0 0
- %(t, X, Q) - £U(t7 X, q) — sup _Traiv(ta X, Q) + gl (ﬂ-’ X):| - gg(X, Q) =0 (46]‘5)
>0 q

for any (t,x,q) € [0,T) x (0,00) x R x (0,Qq). Assume there exist C,x > 0 and m € N such
that
U(t,x,q)| + [V(t,x,q)] < C (1 +a™) (1 + e“|6|> (4.6.16)

for any (t,x,q) € [0,T] x O. If

U(T,-,-) <V(T,-,-) on O and U(t,a,€,0) < V(t,a,€0) for any (t,a,e) € [0,T] x (0,00) X R,
(4.6.17)
then U <V on [0,T] x O.

Proof. The Lemma is proved following Pham [48, proof of Theorem 4.4.5]. The main difference
between our statement and Pham [48, Theorem 4.4.5] is our functions U and V are not poly-
nomially growing and are defined in a subset of R™ space. We apply the first step in [48, proof
of Theorem 4.4.3], which provides an equivalent formulation for the HJB equation (4.6.15). Let
B > 0 be specified later, U(t,x,q) = e’U(t,x,q) and V(t,x,q) = **V(t,x,q), then U and V

are respectively subsolution and supersolution to

0 0
— St x,q) + Bu(t.x, q) — Lw(t,x, q) —sup | —m 5 (t,%,9) + €”'Gy (m, %) | — e*Ga(x,q) = 0
ot >0 dq
(4.6.18)
for any (¢,x,q) € [0,7) x O. With a slight abuse of notation, in the remaining of the proof, we
denote U, V respectively U, V and we replace equation (4.6.15) with (4.6.18).
We adapt second step of [48, proof of Theorem 4.4.3] to show that there exists a function
¢(t,x) such that for any § > 0, V + d¢ is a supersolution to (4.6.18). Define p(a) = C (1 + a?),
where d > max(m, 2) and C,m are as in (4.6.16). Define for any (x,q) € O

Qo—q
Qo—i—l

elxa) = % —hn ( ) + (14 pla)?) (1+ e+ e7™)

where b > max(k,2) and « is defined in (4.6.16). We observe that ¢(x,q) is non-negative and

infinitely many times differentiable on O. An explicit calculation shows that

0 0
- 520x) + Aplx.a) ~ Lolx.a) —sup | ~r g x|

— 352 2
— Bo+ 2 - 301 b (ebe _ e—be) (—ke (1 +p2) i 2pp’p0102a) _ %bQ (1 +p2) (ebe n e—be)
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— (a%aQ ((p’)2 +pp”) + 2,u1app’> (1 + e + e_bE) — sup [— _¢ ] .
c>0 QO —q

We observe that sup,g { and there exists a constant C; > 0 such that

a? ((p (a))* + p(a)p”(a )) ( )2 and 2ap(a)p’(a) < Cip(a)? for any a > 0. Simple calculus
<2

shows that 2 (e — =) pp (e b+ e7) ppla < Cy (eb€ + e7) p? < C1p. Then, we get

- ‘?;t%x q) + Be(x,q) — Lo(x,q) — s [—“gtj("v Q)]

> (8 — Ciporo9b) p + keb (eb6 — e_be> (1 —|—p2)

>0

2
— [0221)2 (1 —i—p2) (ebe +e ) + &i +C (01 + u1) 2 (1 +eb 4+ e*bﬁ) ]

> <B - (U% + p1 + ,00'10'2b) — %bQ — 30%) ©. (4.6.19)

Choosing 8 > 0 so that g > C} (0% + 1+ palogb) + 0—2362 + 307, we get that for any § > 0, the
function V5 =V 4 dp is, as V, a supersolution to (4.6.18). Moreover, from definition of ¢, and
from growth conditions on U, V' we have that for ¢ — +00 and a — +00, ¢ grows more rapidly
than U and V. For a — 0 and ¢ — Qo, U and V are finite, while ¢ — +o00. This implies that

for any ¢ > 0, there exists an open and bounded set Os so that O5 C O and

sup U—-Vs)(t,x,q) = max U—-Vs)(t,x,q). 4.6.20
(t,x,q)e[O,T}XO( 3 ) (t.%,9)€[0,T]x {x€R3|x€0s or q=0}( 3 ) ( )

To conclude the proof of the Lemma, we need to show that

Vo > 0, sup (U = Vs)(t,x,q) <0. (4.6.21)
(t,%,9)€[0,T]xO

However, using (4.6.17), upper semicontinuity of U, lower semicontinuity of V' and that o(-,) >

1, we get that

V8 > 0 exists v > 0 s.t. (U —V5)(¢,%,q) <0 when t € (T —~,T] and (4.6.22)

V6 > 0 exists v > 0 s.t. (U —Vs)(t,x,q) <0 when g <. (4.6.23)
By applying (4.6.20), (4.6.22) and (4.6.23) we reduce our objective from (4.6.21) to the proof of

o (t,x,q)lél[g?iif)xog( 5)(t,%x,q) < ( )

To prove the above statement, we assume by contradiction that Ms > 0. On the bounded set O,
functions p and o are uniformly Lipschitz and Gs is uniformly continuous. Then, by following

Pham [48, proof of Theorem 4.4.5], we get that for any § > 0, SM;s < 0, which is a contradiction.
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We conclude that for any § > 0, Ms < 0 and so both (4.6.24) and (4.6.21) hold true. By taking
limit of § going to 0 in (4.6.21), we get that (U — V)(-,-,-) < 0in [0,7] x O, which concludes
the proof. O

We now prove Theorem 4.2.2. By analysing value function v, we get the following upper and
lower bounds. Using boundedness of process (Q;),cp,r) and (4.6.11), there exists C' > 0 such
that for any (¢,x,q) € [0,7] x O,

U(t, X, Q) < sup ]Et[MT] + sup E¢ [QTST]
TeEA TeA

- il E [XQ3+¢1 / Q2 dr + 69 / S0, dr + b5 / 4,0, dr]
T t t t

.
< sup E; [/ (S — nmy) dr] + gy + qE¢
¢

TeA

T
sup Sp| < —E; | sup 5’3
reft,T) 4n reft,T)

sup S,
reft,T)

< C(a+ a?)e’M.
On the other hand, by choosing ¢ = 0, there exists C' > 0 such that for any (¢,x,q) € [0,7] x O

T T T
v(t,x,q) > °(t,x,q) = Et[qST] — E; [XQQ + ¢ / q* dr + ¢2 / Srq dr + ¢>3/ Arq dr}
t t t

Y

X+ 01T + ¢2Tq sup S, + ¢3Tq sup A,
relt,T) relt,T)

_Et

> -C(1+a) (1 + eC|€|) :

Here in the last inequality we have used (4.6.11). All conditions in [48, Propositions 4.3.1
and 4.3.2] are satisfied. In particular, [48, Condition (3.5)] holds true in (4.6.5) and v is locally
bounded as proved in upper and lower bounds above. Then, by applying Pham [48, Propositions
4.3.1 and 4.3.2], we prove that the value function v is a viscosity solution to the HJB equation
(4.2.9).

Using the above upper and lower bounds we get that v satisfies the growth condition (4.6.16).
Then, using Comparison Principle Lemma 4.6.5, we conclude that value function v is the unique

viscosity solution of HJB equation (4.2.9). O

4.6.3 Proof of Proposition 4.2.3

To prove the result, we first give one technical lemma.

Lemma 4.6.6. Let v > 0 be fixed and let fl,y, defined in (4.2.11), be the set of admissible

controls. Then, the value function v, defined in (4.2.7), has the following property:

ot x.q) = v(t.x¢)| < C (la—a'| +

e — 1‘ + \q—q’\#) (1+a—|—a’)c.

- (1 + eClel +eC'€/') (1+q+¢)°
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for any t € [0,T] and (x,q), (X',q') € O, where C > 0 is a constant independent of t.

Proof. Lett € [0,T] be fixed and (x, q), (X', ¢) € O. We assume w.l.o.g. that ¢ > ¢’. Denote XL*
and XE* the two solutions to (4.2.4) with initial conditions (¢,x,¢) and (¢,x’,¢") respectively
and the stopping times 7 = T A min{r >t | Qi = 0} and 7/ = T A min{r > ¢ | QL = 0}. We
observe that
’U(t,X, q) —’U(t,X/,q/)| < sup Et
WEAW(t,x,q)ﬂA—y(t,x’,q’)

+ @ (s - x@i) - @ (57 - x@iY)

t,x’
M

+ / Go(XE%, Q1) dr — / Go(XE¥, QL) dr
t t

(4.6.25)

We fix a control 7 € fl,y(t, x,q) N Av(t, x',q"). We observe that 7 > 7/ P-a.s., since QE* > inq/

P-a.s. for any r > t, by the assumption ¢ > ¢’. Recall that
Vwe {r' < T}, Vr>7'(w), QL(w)<q-d, (4.6.26)
we get that

IEt |Q$—’q - Qi/q ’} < Et |:]l7'<T,7'/<T -0+ ]17'/<7':TQ§Z‘(1 + ]]-T:T/:T ‘Qtf‘q - Qtfq H

= Et []17/<T=T] ‘q - q/’ + Et []lT:T’:T] ’q - q,’ < 2‘q - q/‘ (4627)

Using uniformly boundedness of E; [Srfp’x} with respect to ¢, obtained by (4.6.11), we get that

there exists C' > 0 independent of ¢ and of control ¢ such that

Et HS:.’XQs-’q — Sqt_’/x ij/q :| < IEt |:]1{T/=T=T} (S;Lx Q?‘q - ?’q + Qé;q S;;x - S’?'q >:|
<q
=lg—¢'|
X At tx oha _otx otd
=0 0 < / 0
= — <q—q =

< 2lq - ¢'|B: [SP] + B |55 - s

} ¢ < Clqg—¢|ae! + E, HS%X — S;lxl

o

(4.6.28)
Using (4.6.10) and merging (4.6.27) and (4.6.28) we get that there exists C' > 0 independent of
t and of control ¢ such that
By [|Qb7 (5%~ x@u) — Qi (s~ xQ )|

< B [| Q4 - QU7 - @4 + Q|| + B [|srque - st¥ Ql

|
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< 2xqlq — | + Clg — ¢'|ael! + Cq'el' <|a —d|+a

e — 1’) . (4.6.29)

Similarly to (4.6.28), we get that there exists C' > 0 independent of ¢ and of control ¢ such that

“| |

t,x M, t.x' Nt.q
Sr quisr qu‘ dr

| srQuar- |7 s ar

t t

SEt/
¢

+ B [1eqy -0 +E[]17, /S;ny ba dr]
e[y O + Ee|Liprery | 527 Q

<q—¢
< C|E;| sup ‘Sf,’x — SN ¢ + |q — ¢'|ael! (4.6.30)
reft,T]
and that
E, / Afijqu dr / A?XIQi’q/ arl| < ¢ (Et [ sup )Ai,x _ Ai,x" q/ + |q N q’\a) )
t t ret,T)
(4.6.31)

Using boundedness of @5 and (4.6.26), we get
Tt ™ a2 T b2
E, (@) ar— | (@) ar|| < 2B +E | [ Q) dr
t t !
=q—q

<2¢T|q — q'| + B [Lizrery - 0] + TE¢ [Lgreryla — ¢'FP] <27 (qlg — ¢'| + la — %) -
(4.6.32)

/ ' (@ — Q) dr
2N ,

!

Merging (4.6.30), (4.6.31) and (4.6.32) and applying (4.6.10) and (4.6.12), we conclude that

there exists C' > 0 independent of ¢ and of control 7 such that

Be|| [ a0,y dr — [ Ga(xt¥, Q) ar
t t

] (4.6.33)

<C (q!q —d|+lg—dP+¢ (e'ﬁl‘ + 1) (Ia —d|+ale - 1’) +lg—dla (6'6' + 1)) :

Finally,

]Et HM”t—,x _ Mt}xl

T

/
1
o 27\ 2
E; (/ T dr) (Et [ sup ‘S}E’x — Sf,’x/
t relt,T)
1
T 2 2 9
+ | E; (/ e dr) E; | sup ‘Sﬁ’x|
T/ re(t,T)

<lg—¢'|

}SEt

- (Sf;x - Sf;X’) ‘ dr

LE [ [ (st =) dr]

1
)2
1
2 T
) +77Et|:/ W?dr].

2

IN
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By using Holder’s inequality with parameters WT—H and 1+ vy, we get

T [ 7 . 'YT-H # T ~y+2\ 1+ ﬁ
E; [ / w2 dr} < |Ey / (ﬁ“) dr E; / (wﬂ“) dr

1

- -
< | E / urs dr] E, {/ mt2 dr}
LJ T/ t
N——
<la—q'| <N(140)2+7 (14eN@+)e)

Hence, using L*>* boundedness of process (7 )refe,)> for any (7,),epe ) € ./ZLY(LL, X, q)ﬂfhy(t, x',q),

%
) +lg—¢'| (Et [ sup (Sﬁ’x)2]>
rele,T]

(4.6.34)

[NIES

E; HMix - Mi’,le <q (]Et [ sup ‘Sﬁ’x — 5t

‘2
reft,T)

_1
+ N g — ¢ |7 (1+ a)% (1 + eN(Qﬂ)E) e

All previous inequality can also be obtained when ¢ < ¢’. By merging inequalities (4.6.29),
(4.6.33) and (4.6.34) into (4.6.25) and using arbitrariness of control ¢ and (4.6.10), we have
proved (4.6.25). O

Continuity of value function v is proved using Lemma 4.6.6. Let (¢',x’,¢") € [0,T] x O be
fixed. We assume w.l.o.g. that ¢t <t'. We observe that

lo(t,x,q) —v(t',x',q)| < |v(t,x,q) —v(t,x', )| + [v(t,x',q) —v(t', X, q)|. (4.6.35)

However, |v(t,x,q) — v(t,x',¢')| — 0 uniformly on ¢ for x — x" as stated in Lemma 4.6.6. If

we apply Dynamic Programming Principle [48, Remark 3.3.3], we get that for any § > 0 there

] |

exists € A, (t,x',¢') such that

t/
| G(X, Q) dr

|U(t,xl7 q/) - U(t,,X/, q,)| -9 < Et

|, XX, Q1) — u(t, X', q)

Using boundedness of @, and (4.6.11), it is easy to show that there exists C' such that

|

By using Lemma 4.6.6, boundedness of @), LP-integrability of A, and e for any p > 1 and

t/
t QZ(X;{’X 7Q£’q ) dr

<Clt—1|z.

Holder’s inequality, we get that there exists C' > 0 independent of ¢ and ¢ such that

1
o(t, %, ) — (', X, ¢)| <5+ C <|t’ 4 (Et [yAg;X . a'ﬂ) 2 (4.6.36)
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. (E [ ) ([l — g ))’ )

We observe that using Holder’s inequality with coefficients 2 + v and ﬁ—z

2

t,x/

o
eft ¢ —1

2y

2
to ’ 2y t' Y+l ’ 2y T 2 (2+"/)’(y1+'¥)
E [|QuY —q |V+1} < E; / o dr < |t =t E, / Tt dr
t 0

. T ez eea
<|t—t|># <Et [/ antl dr}) . (4.6.37)
0

Here in the last inequality we used Jensen’s inequality for 0 < 1. Recalling that 7 €

2y

24+7)(147)
A (t,x',¢') and applying (4.6.5), (4.6.9), (4.6.11) and (4.6.37) to (4.6.36), we get that, uniformly
onmE jh(t,x’,q’)

lim |o(t,x',¢") —v(t',x',¢')] < 0.
t—(t')~

From arbitrariness of § we conclude that previous limit converges to 0. Continuity of v follows

from (4.6.35), by sending (¢,x,q) — (t',x',¢’). The same results can be obtained when ¢t > ¢

4.6.4 Proof of Proposition 4.3.1

Define for any (t,€) € [0,T] x R, g*(¢,¢) := € (1 — ga(t,€)). Condition (4.3.9) is equivalent to
proving that ¢*(¢,€) > 0 for any (¢,¢) € [0,7] x R. A simple calculus on second PDE in (4.3.6)

shows that function g* satisfies the following PDE:

ag* +i%82g*
ot 2 02

Jg* t v e o3
+(p0102—k6)896+<93n()+u1)9 +e <ke—22—p0102—u1+¢2>+¢3=0

on [0,7) x R, with terminal condition ¢*(7T,€) = e“(1 — g2(T,¢€)) = 0.

We check that conditions of Feynman-Kac Theorem are fulfilled for function g*. As we have
proved in (4.3.7), g3 is twice differentiable and bounded from above and function
e* (ke — %S — poi1og — u1 + <Z>2> is linearly exponential on variable e. Hence, we get the following

Feynmann-Kac representation for g*:

T r 2
g (t,e) = E [/t exp </t (ggn(s) +M1> d8> (eér (kér - % — po102 — i1 +¢2) +¢3) dr} ;

(4.6.38)

where €, is the solution to the following SDE:

dé, = (porog — ké)dr + oodW,, & =e.
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(ér)o<r<7 is an OU process and for any fixed r» € [0,7], &, is a normal distributed random

variable with first two moments equal to

E, [5,] = ee ¥t 1 gamu —eRrD) = efi(r — 1) + ggm 11— j(r—1t),

2
Vary (&,) = ;2 (1 - e*%(“t)) —o(r —1)2.

Calculus on normally and log-normally distributed random variables gives

) 2
E; | e <kér - % — po109 — i1 + ¢2> (4.6.39)
2 o(r— t
= (kM(T —t)e+ ka(r —t)* — % — porogji(r —t) — p1 + ¢2> =0t 504 for0s (1 (= 0,

By applying (4.6.39) to (4.6.38) we get result in (4.3.11).
We now prove that integral in (4.3.11) is non-negative. From definition of ji(r) and &(r)? in

(4.3.12) we have

op(r) 0o(r)* _ 2, 2
o = —kj(r), B = —2ka(r)* + o3.
g* can be written as
T
g(to= [ st d. (4.6.40)
¢

where f is defined as

5 2
flret): = eﬂ(r—t)e+@-k%alag(l—g(r_t))‘

2
o
(it = e+ ko = 2 = 2 = poreair =)~ + 62) + 6n
To prove that g*(¢,e) > 0 for any (t,€) € [0,7] x R, we show that, under condition (4.3.10), f
is non-negative. Observing that

5(r—t)2 _
Def(r,e5t) = eﬂ(T*t)eJr%Jr%Ul@(1*M(T*t))lj(r — 1)

0.2

. (k/j(r —t)e+ ka(r — t)2 — ?2 — poroafi(r —t) — 1 + ¢ + k) ,

we get that for any 0 <t <7 < T, the minimum point €*(r;t) of f(r,€;t) satisfies the following

equation

i — Ot Lo — 17— 2~ Pog (r—t)——+@+1 0.
1% 3 2k A 1 2“ L -

By evaluating f(r,€;t) in €*(r;t),
_ 2
U(’I‘gt)2+‘772

f(r e (rit);t) = —ke™

If condition (4.3.10) is satisfied, then f(r,e*(r;¢);¢) > 0 and from (4.6.40) we conclude that g*

is non-negative. O
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4.6.5 Proof of Proposition 4.3.3

Using boundedness of ), and g3, linearity of go in a and linear exponential growth of go with

respect to €, we conclude there exist C' > 0 such that
|e(r, X, Q) < C(1+q)(1 4 Ar) (1 + ). (4.6.41)

Applying Holder’s inequality, we get there exists C; > 0 such that

1
T 2
i [/ le(r, X, Q)[*Fdr| < O (1+¢)*T (1 +E | sup AE(W)D |
0 rel0,T7]

N 1+E, | sup 26
re[0,T]

Using (4.6.11), we conclude that there exists Cy > 0, independent of ¢ and x, such that

N|=

’ T
(Et [/t le(r, XT,QT)PHer < Cy(1+a) (1 I 602|E|> 7

which implies (c(r, X, Qr))refp 1] € Avy0n(t, X, ). O



Chapter 5

Conclusions and Further research

The main contribution of this PhD thesis is to prove that the standard Stochastic Maximum
Principle cannot be applied to the control-dependent terminal time setting. In Section 2.3, 2.4
and 2.5 we found three counterexamples for the standard formulation of the Stochastic Maximum
Principle. In Theorem 2.2.3 we stated a new version of the SMP that generalizes the standard
formulation and can be applied to any optimal liquidation problem with a terminal stopping
time and in particular to the examples in Sections 2.3 and 2.4.

As regards future research, there are many different implementations that can be done in

order to improve our piece of research. We list them in the following.

1. Extend the state process X to more general definitions, e.g. considering a jump diffusion

control-dependent model.

2. Theorem 2.2.3 gives a necessary condition for the optimality. We would like to find a
sufficient condition as well. This is not straightforward, as the functional G is not convex

with respect to the control 7, as in the case of F and as we showed in Section 3.5.

3. We can extend the stopping time with a more general definition such as

T=TAf {r>t|L(r (7s)sep1), (Xs)sefo.r): (Qs)sefo.r7) = 0} (5.0.1)
where £ is a general functional. In our case L (r, (7s)sefo,17> (Xs)sefo,175 (Qs)se[o,T]) =

Qt — j: Ts ds.

4. Find other applications for the control-dependent terminal time setting we introduced in
this thesis. Many path optimizations in engineering and robotic belong to this frame-
work. Indeed, whenever an agent is required to maximize a process that depends on a
path between point A and point B, it is necessary the introduction of a stopping time 7

corresponding to the instant in which the point B is reached.

141
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Appendix A

Proofs of statements in Example

Sections in Chapter 2

In the appendix we insert some proofs of theorems that are particularly tedious and don’t bring

much insights in the main discussion of Examples Sections in Chapter 2.

A.1 Proof of Proposition 2.3.1

To prove (2.3.3), we use (2.3.2) together with definition of process @, in (2.1.1). When ¢ >

(1—1)?
4k

, we get that for any r € [t, T

When g < (ngct)a we get that for any r € [t,T]

r "t—s+2vkq (t—s+2vEkq)?1"  (t—r+2Vkq)?
r=q— sds=q— | ———F " ds= = :
@r=q /C oo /t 2%k i q+[ 1k . 4k

This concludes the proof of (2.3.3). We now prove (2.3.4) and (2.3.5). From (2.3.3), when

q> (T—1)* , we get that

= 4k
(T—r)?—(T—t)? _ (T—r)?
= > .
@r=a 1k = ik
Therefore, if ¢ > ( ) T T) for any r € [t,T]. We also conclude
that for g > ( , QT is strictly p051tlve for any r € [t T], meaning that 7 = T". On the other
hand, when ¢ = ( ) = r)2 implying that 7 =T. If ¢ (Tﬁjj)2, from (2.3.3) we

get that @) = 0 whenever t — r 4+ 24/kq = 0, implying that 7 =t + 24/kq. We also observe that

143
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. ny
it ¢ < U0 [t, 7]
2
t—r+2\/k(T_t)2>
0 _(t—T+2x/@2<< Ak _ (T
" 4k 4k ak

Merging last result together with the fact that when ¢ > ( ) , for any r € [t,T], Q > (r— ’")2,
we conclude that (2.3.4) holds true.
We now prove (2.3.6). If ¢ > ( )

=T, we have that the value

function associated is

T TT T — T T — 2
Uc(ta(I):/tCT(T_T—kcr) dr:/t ri<T—7‘— 2r> d?":/; (4k7a)d7"

:‘{(T_T)T (T —t)°

12k |, 12k

(T t)

If ¢ < , then, using expression (2.3.3) and the fact that 7 =t + 2y/kq, we have

ve(t, q) :/ e (T —r —kep) dr
t
Tt—r+2vkq t—r+2vkq
= — | T—r——— ) d
t

2k 2
1

:E (—r+2\/7)<2T—r—t—2\F) dr
:i :/thT(t—rm\/l?q) dr+/7(r2—(t+2\/1?q)2) dr}

1 :|t+2\/7

:E_—T(t—r+2\/>q) +——r(t+2\ﬁ)
:i Wm—(t—i—%/@) +4qu—;+t(t+2\/E>2]

3

:i (t+2f) <—<t+2\ﬁ>+t>+4qu—t3}
== <t2+4t\ﬁ+4kq) <3—§\/@>+4qu—§}
:q<T—t—§\/E>.

A.2 Proof of Proposition 2.3.4

This is a deterministic example, then the definition of function f in (2.2.17) becomes

r — s . 0,ct Tmax GCt
f(t,e,q) =sign(r — 7 %1_% 7 /Gct ) dr. (A.2.1)

Tmin

We firstly consider the case ¢ > (TA;;)Q, which implies 7 = T'. We consider any 0 € (0,7 —t),
so that 7 =T > t + 6. By combining (2.2.7) and (2.2.9) and using the fact that ¢, is as in
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(2.3.2), we have for any r < 7

_ T T T_
Qf’c’t:qéﬂ/ csds:q59/ % ds

2k
t+6 t+6
r A22
—q—69+[(T_8)2] _q_ée_(T—t+9)2+(T—r)2 ( )
I 1k 1k
Hence,
oot _ o (T—t+0)
Q'r =4q CQ 4k'
(T-t)? (T-t)% _ (T—t)?%—-20(T—1t)+6?
_ _ e A.2.3
LT w0 1k (A.2.3)
(T —t)? T—t 1\ 0
ey P %) T
If g > (T t) , then 30; € (0,T —t) such that Q" > 0, VA € (0,6;) and so 7%¢f = T = .

If ¢ = (T4,j) and @ < Lt then 30y € (0,7 — t) such that Q9" > 0, V8 € (0,65) and so
0ot =T =7, If ¢ = (T4kt) and ¢ > L=t then Q%% < 0 and so 7% < 7. Then, in this last

case, from (A.2.2) we have

ger (T—=02% _ (T—t)2—20(T—t)+6* (T —r)?
bt — — 9_
@ P 1k AT
1
= (B(kE 2T 1) 1 0) — (T 1)),
so 06t = T — \/0(4ké — 2(T —t) + 0). By recalling that for ¢ > (T;k) then ¢, = It we

conclude that if ¢ > ( )2 orif ¢ = (T;]f) and € < ¢; then 705 = 708t = =T,V € (0,0, A b3)

m1n

and so from (A.2.1), f = 0. On the other hand if ¢ = (T t) and ¢ > ¢; then Tr‘il;)f =T and
72t f9(4ke — 2(T — t) + 0) and so from (A.2.1), recalling that ¢ = ®" = ¢, for

mlIl

r€ oot ]

f(t,e,q) = / e (T —r — ke, dr
( 9—>0 0 V0(ake—2(T—1)+6) ( )
2
= hm u dr
600 bk 2T —t)10) 4k
i L [<T—r>3r
6-0 0| 12k Jp_ fplawe—ar—0+0)

(0(4ke — 2(T — t) + 6))*/?

= 1'
650 12k6
= _ 3/2
i gke 2T -t 0
6—0 12k

L F=
We now analyse the case when ¢ < (TL:)Q. For 0 € (0,2+v/kq), we have that 7 =t + 2/kq >

t+ 6. Then by combining (2.2.7) and (2.2.9) and using the fact that ¢, is as in (2.3.2), we have
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for any r € [t + 0, 7]

_ T T _ 2 /
Q?_’C’t:q—éﬂ—/ csds:q—EH—/ Mds
0 t+6 2k

t+
— 2 2 9 )2 _ 9 2
=q—2cf+ (t= s+ 2vkq) :q_gg_(\/% 9) +(t r +2vkq)
4k o 4k 4k
dkq  4Vke9 0>  (t-r+2Vke)® (. ¢ 0N\ (1-71)
B AT T TR I AR TS AT
(A.2.4)

If ¢ > /%, then by setting (A.2.4) equal to 0, we have that 79! = 7 — \/9 (4ke — 4y/kq +0).
(T—t)? (T—-t)?
1% 1%

By recalling that for ¢ <
St =7 and 7000 = 7 - \/9 4ke — 4vkq+0), V8 € (0,2/kq) and so from (A.2.1), recalling

min

then ¢; = we conclude that if ¢ < and ¢ > ¢; then

aq
k>

Aéct 0,ct

thatc O,ct _0,ct

=c¢ forre|r Troin , Tmax ] and using the change of variable s =7 — 7

fth = lim - / “9ct _r_kcﬁct dr
( 0500 J._ foareiviare) )
= lim - / ke,) d
88 ). i )

T—7 T—7
=1 T—r-— d
913%9/ \/0(4ke—4y/Eq+0) ( ' 2 > '

S
:lim/ ——|T—=-—171) ds
6—00 J_ /9(4k6—4\/ﬁ+9) 2k ( 2 >

1 s3

32 0 0
= lim - | — [ (T — 7')] + [}
650 0 4k —Jo(ake—avkare)  L12K]_ fo(are—ayiaro)

o 04k — 4VEq 1 0) (0 (4ke — 4y/kg +0))*”
~ 650 1k0 12k6

(T — 1)+ lim
0—0

= (T —7) (a— Z) = (T — 1)@~ cr).

If ¢ < /¢, from (A.2.4) we have that QLo = —¢ (E— \/%+ %) and so 303 € (0,2v/kq) such
that Qf’é’t > 0, V0 € (0,03), that implies 7% > 7 for any 6 € (0, 03). Therefore, by combining
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(2.2.7) and (2.2.9) and using the fact that ¢, is as in (2.3.2), we have for any r € (7, 7]

_ T r—r [0
@ =g [ s 5 [ e
t+0 0 t

t+60 T —7r—0 t+6
—q—/ csds—/ csds—ce—i-(r—T)c—TT/ csds
t t 0 t

+60
_ t+60 ,
:QT_C(QM_THTH)T/ t—s+2vkq
t

0 2k
B _ T4+0—1 [(t—s+2Vkq)? o
=0—c(0+717—1)— 7 [ P t
L T+0—7 (2vkq — 0)?
= C(9+T T)+9<q T
1 4kq — 4 2
:(0+T—1")<9<q— il i;/@—i_e)—E)

:(G—I—T—r)( Z_%_a)

Since ¢ < /%, then 304 € (0, 63) such that \/%—%—6 > 0,V6 € (0,04) and so 79 = (714+0)AT.

Using the fact that for g < (TZ;)Q and 7 = t + 2v/kq, we conclude that 305 € (0,60,) such that
7+60 < T and so 7% = 74+ 6, V0 € (0,05). By recalling that for ¢ < (T&:)Q then ¢; =/ #, we

Y . i, _
(T4kt) and ¢ < ¢; then Tﬁ{ﬁ’f =7 and T =7+ 0,0 € (0,05). Moreover,

conclude that if ¢ <

for any r € (7, T

0,c,t t+6 2
Aevavt —_ _Pyt—"_e —_ o 1 — _ g_@ — __ g_i —_ o i
G = 0 = <c 9/t crdr> = C+0 150 = —c+ AT c—ct+ R

Hence, from (A.2.1),

6—0 0 r

- 746
g Coatidr Y, [
=y Trkle—aty))f~ 2]
im (¢ 0 . 0\ 72— (r+0)?
=g (e ) (T (emae g ) o =)

. _ 0 _ 0 0
L

=(T—-71+k(c—c))(c— ).

Therefore, the result follows.
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A.3 Proof of Proposition 2.4.1

In the cases when g > ¢ (T —t), from (2.4.3) we have that ¢, = ¢t and so

QT:q—/ csds:q—/ ctds=q—(r—t)c"
t t

When ¢ < ¢*(T —t), from (2.4.3) we get that ¢, = 75 and so

™ 'S
q qir—t)  q(T—r)
Qr q /tcs S q ] T _¢ S q T _¢ T _¢

Hence, we proved (2.4.4). We now prove (2.4.5). When ¢ > ¢™(T —t), Q, = q— (r — t)ct >

(T —t)— (r —t)ct = (T —r)ct. On the other hand, if ¢ < ¢™(T — 1), Q, = Titr)

J(T%&T” (T —r)c™. This concludes the proof of (2.4.5).

We now prove (2.4.6). When q > ¢ (T —t), Q, =q— (r —t)ct > (T —t) — (r —t)ct =
(T —r)ct > 0 and so Q, is strictly positive for any r € [t,T], making 7 = T. On the other

IN

hand, if ¢ < ¢ (T —t), Q, = q(T T) , which is equal to 0 only if » = T'. This concludes the proof
of (2.4.6).
Now we prove (2.4.7). When ¢ > ¢™(T —t), by using that ¢, = ¢t and the fact that 7 =T

T T
ve(t,x,q) = E [/ o X, dr} = / tENX,] dr = (T —t)cta
t t

When g < ¢*(T —t), by using that ¢, = 5 and the fact that 7 = T', we have

T T T
vc(t7$7Q) = Et |:/t CT’X’I" dT:| = /t %Et [Xr] dr = /t Tq— tl’ dr = qx.

A.4 Proof of Proposition 2.5.4

We consider any 0 € (O et Z+1 ) By combining (2.2.7) and (2.2.9) and using the fact that
¢r in (2.5.3) is constant in time, we have for any r < 7
_ T
Qe =q—2 — / csds =q—ci(r—t)+6(ct — ). (A4.1)
t4-0

If ¢ < (T —t)=£ ++1, then (2.5.3) implies that ¢; = ¢ and from (A.4.1) we have that Q%% =

6(ct — ¢) and using the fact that ¢ is an admissible control and so ¢ € [0, c¢*], Qe < Q. =o.

Therefore, for r > 7

t+6
Qr—q—/Jrc—/ ¢ + M qg—0c—(1—t—0)ct+(€—cH(r—1)
t+0 T (A.4.2)

—q—é(c—++t+0)+c (t+6)+r@c—c")=(ct-¢ (t+9+ci+_r>_
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Therefore, by setting previous equation equal to 0, we get that

) t+0+-L ifcel0,ch)
oot = - (A.4.3)

tJrci+ ife=ct.

Since, ¢ < (T —t) F ++1 then 706! <t 46+ (T )m =0+ Tci'flt and using that 0 < ¢ c7+1+1

we have that 79! < T. On the other hand, if ¢ > (T —t)-< c++l’ then ¢; = 0 and from (A.4.1),
Q?p’é’t =qg—acf>q—cth. (A.4.4)

And so, using that § < L, we have that

et =T (A.4.5)
In conclusion, if ¢ > (T — t)=f~ ++1, then Tifnt = 7980 = T and so from definition (2.2.17)

of f we have that f = 0. On the other hand, if ¢ < (T — t)c++1, then Tmm = t+ J and

ol —t4+ 04 4 -+ and so

_ 0.ct rﬁ;ax B
ftcom = oyt | ST [T (@) ] = e

6—0 0 . 6—0 .
4 t+0+-%
+ 1 +
. t Yt40 . c _
= —lim E! hd — lim — c—c+) dr=ct —¢
0—0 0 44 0 000 1+ -4

We now apply formula (2.2.18) to find g

0,c,t 0,c,t
g(XTv QTec,a,t) - g(X’erE!ta QTec,c,t)]

g(t,e,) = lim B :

i E (X, — X oz _ lim B Xt+ci+ - Xt+6+ci+
60 0 90 6
ft+9q+ ft+9q+c+ aw, ft+9q+ AW, (A.4.6)
i Et t+ t+ _ s Et t+
= 050 0 =950 «9

0
Et [ffjf*dw}

=1.

=1-1
9% 0

This concludes the proof of the proposition.
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