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2.1. GROUP SEQUENTIAL TRIALS

2.1 | GROUP SEQUENTIAL TRIALS

2.1.1 | HYPOTHESIS TESTING IN GROUP SEQUENTIAL
TRIALS

Many clinical trials focus on survival as the primary endpoint. When this is the
case, it may take several years to observe enough events to make a statistically
sound decision about the null hypothesis. A possible solution to avoid a prolonged
trial is to look at, and assess, the accumulating data periodically. These looks are
formally known as interim analyses and create a type of group sequential trial. A
stopping rule is specified during the design of a group sequential trial and early
stopping is when a trial is terminated at an interim analysis because it meets the
stopping rule requirements. Stopping rules ensure that trials with negative results
are terminated and for trials with positive results, the drug may be brought to
market sooner. Some of the benefits of early stopping are categorised as ethical,
administrative or economic and often, a clinical trial with a small sample size is
desirable. An efficient group sequential design reduces sample sizes through early
stopping whilst controlling for type 1 error and without decreasing power. In some
cases, the group sequential design reduces the expected sample size to 60% of the
fixed sample trial.

The primary aim of a Phase 3 clinical trial is to show that the new treatment
is more effective than the standard treatment, which shall be done by hypothesis
testing. Throughout, assume that the model describing the relationship between
patient covariates and the clinical endpoint is known. Also assume that included
in the model is a parameter 6, that defines the difference in outcome distributions
between the treatment group and the control group. We are interested in testing the
null hypothesis Hy : 8 < 0 against the one-sided alternative hypothesis Hy : 0 > 0,
where a treatment difference § > 0 means that the new treatment is superior.

To perform the hypothesis test in the fixed sample trial, it is necessary to first
find an estimate for the treatment effect, let this estimate be . We can calculate
the information level Z = [Var(6)]™', in order to define the standardised test
statistic Z = 0v/Z. Determining the distribution of 6 provides a distribution for
Z. Throughout this Thesis, we shall often prove that the treatment effect estimate
is normally distributed such that § ~ N(6,Z1), and therefore Z ~ N(0vZ,1).
Then, deciding upon a suitable type 1 error rate «, the constant c is calculated such
that Py—o{Z > ¢} = a. In the fixed sample trial, to perform the hypothesis test:
accept Hy if Z < ¢ and reject Hy if Z > c.

3



2.1. GROUP SEQUENTIAL TRIALS

Further, at the design stage, a power requirement is specified which is used to
determine the necessary sample size. Suppose that power is required to be 1 — 3 at
a minimum clinically significant effect size § = ¢, and let Z; be the information level

required in a fixed sample trial in order that Py_s{Z > ¢} = . Then Z; is found to

be
7, - (@%1—@)}—@1(1—5)) . (2.1)

Since information is a function of the number of patients n, Equation (2.1) can be
used to calculate sample size.

Hypothesis testing in the group sequential trial is more complicated due to the
dependency between data at different interim analyses and similarly to many other
multiple testing procedures, we wish to control the overall type 1 error rate. A
group sequential trial is made up of K analyses, each occurring at different points in
calendar time. At each of k =1,..., K, the accumulated data at analysis k is used
to produce the parameter estimate ék and its observed information level Z, which
leads to the standardised test statistic at analysis k given by Z; = ék\/I_k . The group
sequential trial is designed so that at each interim analysis, the trial is either stopped
to accept Hy, stopped to reject Hy or continued. Therefore, at analysis k there is
an interval (ag,by) that splits the real line into three sections, each representing a
different option. A one-sided group sequential test with K analyses is defined by
Jennison and Turnbull (2000), Definition 4.2.1, and is summarised as:

After analysis k =1,..., K — 1
if Z,, > by, stop, reject Hy
if Z,, < ay, stop, accept Hy
otherwise continue to group k + 1,
after group K
if Zx > bg stop, reject Hy
if 7 <ag stop, accept Hy,
where ag = bg. This restriction applied at the final analysis is necessary to guarantee
that the trial terminates before, or at, analysis K.

In the same way that the constant ¢ is calculated to achieve type 1 error of
« and power of 1 — 8 at # = ¢ in the fixed trial, the constants aq,...,ax and
bi,...,bx are calculated to attain the same type 1 error and power requirements
in the group sequential trial. For this calculation in the group sequential setting,
the joint distribution of the sequence of successive estimates 91, e ,éK must be
known. The constants aq,...,ax collectively are known as the lower boundary and
the constants by,...,bx are the upper boundary. Figure 2.1 below represents a

typical group sequential trial with 5 analyses. The outcome in this example is that

4



2.1. GROUP SEQUENTIAL TRIALS

the trial stops early at the fourth interim analysis and H is accepted.

GST boundaries

S IR I Reject Hy
‘ﬂ'ﬁ*
-h_h-*--
o — -""'-q—___
- e
* P
— — - 7
’_r"
-
o — .f,
-~ *
» »"
-
-
- -~
-
-
v Accept Hy
L“I-I_
I I I I I
1 2 3 4 5
Analysis

FIGURE 2.1: Group sequential trial with 5 analyses. Upper boundary constants
are represented by red points, lower boundary constants by blue
points and black points represent the standardised statistic
trajectory Zi,...,Z4. Hy is accepted at analysis 4.

2.1.2 | CANONICAL JOINT DISTRIBUTION

To perform a group sequential trial, the distribution of the sequence of test statistics
Z1, ..., Zk must be known. Thus far, the group sequential trial has been described
assuming that it is possible to calculate certain probabilities for events involving the
test statistics. It can be shown that many data types result in a group sequential
trial where the sequence of test statistics have a certain natural correlation structure.
This particular correlation is known as the canonical joint distribution and simplifies

the calculation for boundary constants.




2.1. GROUP SEQUENTIAL TRIALS

Definition 2.1. Suppose that a group sequential trial yields standardised test

statistics Zy,...,Zx from data available at analyses 1,...,K respectively and
Ty, ..., Ik are the associated observed information levels. The “canonical joint
distribution” for the sequence of statistics Zy, ..., Zy is such that

1. (Zy,...,Zk) is multivariate normal

2. Zy ~ N(OvZ, 1), 1<k<K

3. COU(Zkl,ZkQ):\/Ikl/IkQ, 1§/{71 SkQSK

Sequences of test statistics with the canonical distribution have a Markov
property; the distribution of Zy,q,...,Zx given Zi,...,Z, is the same as
the distribution of Zp.q,...,Zk given Zy. This property greatly simplifies the
calculation of the boundary constants and is therefore very useful for implementing
simulation studies. Jennison and Turnbull (1997) prove that the canonical joint
distribution holds for many different data types. The focus of Section 3.2 is the
proof that the canonical distribution holds for estimates of parameters in Cox’s
proportional hazards regression model for survival data, fitted by maximum partial
likelihood, and in Section 4.1 we show why the canonical joint distribution is an
appropriate assumption under the joint modelling framework.

We often refer to the canonical joint distribution of the sequence of treatment
effect estimates él, el 0 Kk as, in some situations, it may be more convenient to prove
that the canonical distribution holds under this parameterisation. The following

definition can easily be seen to be equivalent to Definition 2.1.

Definition 2.2. Let 0y,...,05 be the sequence of treatment effect estimates in
a group sequential trial from data available at analyses 1,..., K respectively and
11, ..., Ik are the associated observed information levels. The “canonical joint
distribution” for the sequence of estimates él, ..., 0k is such that

1. (01, ...,0x) is multivariate normal

2. 6 ~ N(6,Z;Y), 1<k<K

3. Cov(0y,,01,) = T, 1<k <k <K,

We can define a range of group sequential trials for a given sequence Zy,...,Zx

of information levels and compute properties of these tests, such as expected number
of patients. For all sequences, there is not a unique solution for the calculation of
boundary constants. Therefore one can define a group sequential test with a chosen

shape of boundary that has a given property, for example a conservative early interim

6



2.1. GROUP SEQUENTIAL TRIALS

analysis. The shape of the boundary, or the type of test, should be decided upon
before the trial commences. The Pocock boundary designed by Pocock (1977) and
the P&T by boundary Pampallona and Tsiatis (1994) are popular choices for group
sequential trials with known information levels. These kinds of parametric tests
may not be appropriate if the information levels Zy, . .., Zx are unpredictable, hence
in the upcoming Section 2.1.3 we present a test incorporating varying information

levels.

2.1.3 | ERROR SPENDING TESTS

This project focuses on survival data where the randomness of event times results
in variable numbers of observed events at planned interim analyses. In turn, this
results in unpredictable sequences of information levels which motivates using an
error spending design. Different group sequential designs give rise to different
properties of a trial; some designs are best suited to particular data types and
some are designed to have particular properties. For this project, we focus on the
“error spending test”, a group sequential trial design that uses a flexible method for
dealing with unpredictable sequences of information levels.

The underlying idea for an error spending test is to spend error according to the
amount of information that has been observed. We focus on a particular method,
which requires specifying the maximum target information, which is Z,,,,, and unless
early stopping occurs, the trial continues until Z,,,, is reached. The value of Z,,,, is
chosen to meet a given power requirement and we shall expand on this choice shortly.
A trial is designed with K analysis planned and the calculation of Z,,,, is based on a
design with K planned analyses. If we observe Ty < Z,,4., then additional analyses
are performed. The trial can be extended by recruiting more patients or extending
the trial’s duration to increase follow-up time.

The cumulative amount of type 1 error to spend is given by the function f(-)
whose input is the fraction of the target information that has been observed. At
or before analysis k, there will be type 1 error f(Zy/Zq4:) spent. Similarly, the
function ¢(-) denotes the cumulative amount of type 2 error that is spent and by
analysis k there will be type 2 error g(Zy/Zna.) spent. These functions should be
chosen to spend error cumulatively with information and should protect the overall
type 1 error rate, so that the amount of cumulative type 1 error spent does not

exceed a. Therefore, the functions f(-) and g(-) must be such that:

e f(t) and ¢(t) are non-decreasing in ¢

e f(0)=g(0)=0
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o f(t)=afort>1and g(t) =p fort > 1.

The p-family of functions are an example of error spending functions and are given
by:

f(t) = min{at’, o}
g(t) = min{5t*, 5}.

Throughout this report, when error spending functions are implemented, we shall
use the p-family with p = 2.

The sequence of information levels Z;, ..., Zx does not need to be known before
commencing the trial. A decision upon early stopping and the null hypothesis can
be made at analysis k knowing the values Z;,...,Z; and this does not depend on
the future values Zy,1,...,Zx. Therefore, at analysis k it is possible to calculate
boundary constants a; and b without knowing what the future information levels
will be. At the first interim analysis the boundary constants a; and b; are calculated

to satisfy

Po—o{Z1 > b1} = f(T1/Taz)
PG:&{ZI < al} = g(Il/Imax>

The trial is stopped if either Z; < ay or Z; > b; and continued otherwise. Further,
if the trial is terminated at the first interim analysis, Hj is accepted if Z; < a
and rejected if Z; > b;. To preserve type 1 error, the errors allocated to each
analysis create a partition of a. Therefore given that f(Zy/Za.) and g(Zx/Zmaz)
are cumulative type 1 and type 2 errors spent up to and including analysis k, the

constants a; and by are calculated such that

Poo{ar < Zy < by,...,ap-1 < Zj—y < b1, Zi, > b} = [T/ Lonas) — f( =1/ Linax)
Pe:a{al <2y <by,..o a0 < Doy < by, Zp < ak} = g(Ik/Ima:L‘> — g(Ik—l/Imaa:)

and a decision upon termination and Hj is made in accordance with the boundary
constants.

In the fixed sample trial, the information level Z; is calculated to satisfy a power
requirement. In a similar manner, Z,,,, in an error spending design is calculated to
achieve power of 1 — § under H4 with # = 9. During the design stage of the group

sequential trial, we may assume that there are K fixed information levels equally
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spaced so that for k=1,..., K

I, = %Imw.
Under this assumption, there is a unique solution for Z,,,, such that the restriction
ax = bk is satisfied and the design obtains the correct significance level and power.

Having equally spaced information levels and reaching Z,,,. exactly at the final
analysis is a design assumption. However, following the error spending design in
practice, by placing boundaries to meet overall error rates, is unlikely to result in
boundaries meeting at the final analysis and there must be suitable amendments
planned to conclude with the correct type 1 error. Overrunning occurs when the
final analysis has a higher information level than expected so that Zx > Z,,,, and
solving for ax and bg will result in the boundaries crossing and ax > bgx. This may
also happen if Z,,,, is reached but information levels are not equally spaced so that
T = Lo but Iy, ..., I 1 are not at I = %Imm. It is important to retain type
1 error, so a suitable solution is to reduce ax to match by and the trial has power
greater than the planned 1 — . As previously mentioned, the trial continues unless
early stopping occurs so that Zx > Z,,.,. however some sequences of information
levels which are unequally spaced result in ax < bg. Again, preserving type 1 error
is of most importance, so ax is increased to match by which results in a loss of
power.

To conclude, error spending tests provide a flexible method for dealing
with sequences of unequally spaced information levels that may occur due to
unpredictable data types such as survival data with unknown event times. These
methods are particularly useful for controlling type 1 error and ensuring type 2 error

is close to the design requirements.
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2.2 | INTRODUCTION TO SURVIVAL ANALYSIS

2.2.1 | TIME-TO-EVENT DATA

A time-to-event observation measures the amount of time that passes between entry
to a study and the event of interest. In many clinical trials, the event of interest is
death and when this is the case, we refer to the analysis as survival analysis.

It may be the case that the event of interest is not observed but the time until
another event is recorded. For example when a patient in a clinical trial with survival
as the primary endpoint leaves the study before death and their follow-up is ceased
upon departure. This is recorded as a (right) censored observation and the time
recorded is from entering the study until leaving the study. Censored observations
still provide useful information about the primary endpoint as it is known that the
event time is at least as great as the censored time. For each patient i = 1,...,n,
let F; be the time-to-failure random variable for patient ¢« and let C; be the potential
censoring time random variable. The random variable T; = min(F;, C;) is known as
the event time and ¢; is the observed event time for patient ¢. Also, the censoring
indicator ¢; = I{ F; < C;} is observed. We shall focus on the case where the random
variables F; and C; are independent for each patient ¢ = 1,...,n. This implies
that censoring is non-informative. Lagakos (1979) presents other options for right-
censored data.

Figure 2.2 shows example data from a sample of patients in a clinical trial where
the primary endpoint is survival. Patients arrive with staggered entry to the study
and are assigned to either the control or the new treatment. The patients’ event

times are either exact, §; = 1, or censored, §; = 0.
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FIGURE 2.2: Example of a clinical trial using survival data.

The framework for dealing with censored observations is useful in group
sequential trials as patients that have survived past an interim analysis will be
temporarily marked as censored. Figure 2.3 shows the data from a group sequential
trial at the interim analysis which occurs at calendar time 3 years. For the patients
who are still alive and not yet censored, their interim observation is marked as

censored at 3 years.
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FIGURE 2.3: Interim analysis for a group sequential clinical trial using survival
data.

2.2.2 | SURVIVAL FUNCTIONS

In many time-to-event studies, the object of primary interest is called the survival
function. With F; as the time-to-event random variable for patient ¢, the survival
function is defined as

Si(t) = P(F; > 1),

It is often of interest to compare the survival curves for patients on different
treatment arms. Let Z; = I(patient i is on new treatment) be the indicator that
patient i receives the experimental drug, then we may wish to compare S;(t|Z; = 1)
and S;(t|Z; = 0). Figure 2.4 shows an example of the survival curves. In this example
it is clear that the treatment is working effectively as S;(¢t|Z; = 1) > S;(t|Z; = 0)

for all values of t.
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FIGURE 2.4: Survival functions.

The survival function is a smooth function of time ¢. In general, the true survival
function will not be known. We can use the observed data to estimate survival
functions. The Kaplan-Meier estimator, introduced by Kaplan and Meier (1958),
estimates the survival probability at time ¢ by considering the proportion of patients
that have not yet had an event or been censored at time t. Let ¢,...,t/ be
the observed event times (whether censored or observed) in order of increasing
magnitude. Let d; be the number of deaths at time ¢, and let r; be the number

of patients at risk just before time ¢,. Then the Kaplan-Meier estimator is defined

S =%

as

The Kaplan-Meier estimator for a data set with n = 50 patients on each treatment

arm is shown in Figure 2.5 below.
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Kaplan-Meier Curve
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FIGURE 2.5: Kaplan-Meier estimator.

To model time-to-event data, it is necessary to associate a probability density to
the event at any given point in time. Since time is treated as a continuous variable,
this probability is for an instantaneous moment in time and the information is
summarised by a hazard function. For each patient ¢ = 1,...,n, let F; be the
time-to-failure random variable, then the hazard for individual ¢ at time ¢ is defined

as
P(t < F, < t+ 6t|F, > 1)

ot

We can specify specific forms for the hazard rate. For example, we may wish to

hl(t) = l’imgwo . (22)

include covariates that are known to affect survival in the model. Let x; be a p x 1
vector of covariates for patient i, let @ be a p x 1 vector of coefficients and let hg(t)

be a baseline hazard function, then we may wish to specify that

hi(t) = ho(t) exp{67x;}.
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This particular model is called the Cox proportional hazards model. This will be
explored in Section 3.2.1.
The cumulative hazard function for patient i is defined as H;(t) = fot hi(u)du

and the relationship between the hazard rate and the survival function is given by
Si(t) = exp{—H;(t)}.

This relationship is useful for simulating survival data. Note that S;(t) = P(F; > t),
so the cumulative distribution of the time-to-event random variable F; is therefore
P(F; < t) = 1 — S;(t). Therefore, using the inverse transform theorem, let u; ~
U(0,1) be sampled from a uniform distribution, then the time-to-event observation

F; is the solution to
H;(F;) = —log(1 — w;).

For each of our examples, C; and F; are independent. Therefore, these values can
be simulated independently and then the value T; = min{F;, C;} is observed.

The survival function can also be used to find the likelihood function of the
survival data. For uncensored data, where T; = Fj, the contribution of patient ¢ to
the likelihood is given by d/dt(1 — S;(t)), which is the derivative of the cumulative
hazard function with respect to ¢. For censored data, the contribution is S;(t;).
Suppose that each of these functions depends on a vector of parameters 8, and that
the model is specified through the hazard rate h;(t,0). Let tq, ..., t, be the observed
censored or exact event times and dy,...,d, be the observed censoring indicators,
then the likelihood function is defined as

n

£(6) =[] fi(t:, 0)%Si(t:, 0)' .

=1
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2.3 | LONGITUDINAL DATA ANALYSIS

2.3.1 | RANDOM EFFECTS MODELS

Longitudinal data is comprised of repeated measurements of the same variable at
different points in time. In a clinical trial, this is particularly useful for tracking
trends and changes in patient covariates and risk factors over time. For example,
levels of the biomarker, prostate specific antigen (PSA), are monitored in patients
with prostate cancer at different points in time using blood tests. In this Section, we
shall discuss methods for dealing with longitudinal data, specifically random effects
models which allow for within-patient correlations.

Let W(t) be the measurement of the biomarker at time ¢ and let €(¢) be the

measurement error at time t. Then a longitudinal data model is given by

W(t)=B"p(t) +e(t)

where B = (8o, 81, ..., 8,)T is a p x 1 vector of coefficients and p(t) is a p x 1 vector
of functions in t. In general, p(t) is not constrained to linear functions in ¢. The

simple example which we shall use throughout this report is the case
W(t) = Bo+ Bt + €(t).

Therefore B = (8o, 51)T and p(t) = (1,t)7.

For model fitting, it is often necessary to assume a distribution for the
measurement, error. Suppose that the longitudinal observations are measured
at times t1,...,tn,, then it is a common assumption that e(t;) ~ N(0,0?) for
j=1,...,m and that €(t;) and €(¢;) are independent for k # .

A random effects model is a statistical model where the parameters are random
variables. This is useful in a clinical trial as we can model each patient’s trajectory
separately. Therefore, the global trend in risk factors can be studied while accounting
for the correlation of the repeated measurements.

For patients i = 1,...,n let W;(t) be the biomarker measurement at time ¢ for

patient 2. The random effects model is given by
Wi(t) = bio + bint + €(t).

Let b; = (bio, bi1)T be a vector of patient-specific random effects and let p(t) = (1,¢)

be a vector of functions in ¢. Again, in general, b; and p(t) are vectors of length p

16
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and more general functions of ¢ are possible for p(t).

In this model, the random effects are random variables with bq,...,b,
distributed according to the density function fp(-). Similarly to the simple
longitudinal data model, it is sometimes useful or necessary to assume a distribution
for both the measurement error and the random effects, e.g make an assumption
about the form of fp(+). The following are commonly imposed assumptions. Let w
be a 2 x 1 vector for the mean of the random effects and let ¥ be a 2 x 2 symmetric

matrix for the variance matrix of the random effects. Then we suppose that, for

each patient ¢ = 1,...,n, the biomarker is measured at times ¢;1, ..., ¢, and
b; i'ri\bdN(p,,E) fori=1,...,n
ii.d

e(ti;)|b; "~ N(0,0%) for j =1,...,m,.

These assumptions specify that the distribution of the measurement error is common
across all patients and time, and that the random effects are independent and
identically distributed normal random variables. There are two methods considered
in this thesis for analysing joint models. The first method in Section 4.1 does not
require any distributional assumptions about the random effects, however for the
second model in Section 5.2 we must assume a distribution for the random effects
and have chosen this to be a normal distribution.

We now present a likelihood function for the random effects model. For each
patient ¢ = 1,...,n, biomarker measurements W;(t;1),..., W;(t;n,) are observed
at times ¢;1,...,%m,. Let @ be a vector of all parameters in the model, including
parameters in the distribution function fi,(-). Then the contribution to the likelihood

from patient ¢+ can be found by integrating over the random effects, this is

Li(0) = H//IP’(Wj(tijﬂbi,0)f,,(b1»|6’) dbig dby
j=1
The full likelihood function is then

L(0) = ch-(e). (2.3)

2.3.2 | GAUSS-HERMITE INTEGRATION

Gauss-Hermite Quadrature is a numerical method for evaluating definite integrals.
This numerical method is particularly useful for integration of functions which

include the density function of Gaussian random variables. Hence, this quadrature

17
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rule will prove particularly useful for evaluating the likelihood function of models
which include normally distributed random effects, such as in Equation (2.3).
Further, in Section 5.1 we introduce a function called the restricted mean survival
time and this function involves integrating over normally distributed random effects.

Gauss-Hermite integration is specifically for evaluating functions of the form

/ e~ Pg(x)dx

where g(-) is a smooth deterministic function. It is clear that when we wish to
integrate over normally distributed random effects then we will have a function of
the above form since the density function includes the term e~=/2,

The quadrature rule approximates the integral by the sum

Z w;g(G:)

with nodes (i, ...,(; and weights wy,...,wg. Liu and Pierce (1994) give details
of this calculation. The nodes are given by the roots of the Hermite polynomial
function, and the weights also include the Hermite polynomial function. The nodes
and weights can be calculated using computer programs or by looking these up in
standard tables such as in Shao et al. (1964).

The advantage of this quadrature rule is that calculation of this integral is
computationally efficient. When ¢(:) is a polynomial function of degree 2k — 1
or less, the Gaussian quadrature rule is exact. Further, for an accurate calculation,
the number of nodes required is usually very small. To demonstrate this, consider

approximating the double integral

/_Oo /_OO exp {Z—(l)} f(bo, bl)dbodbl (24)

where f(-) is the density function of the random variable

= (B o)

This example represents a simplified version of the restricted mean survival time
calculation that we shall see in Section 5.1.
Table 2.1 shows the calculation of Equation (2.4) using Gauss-Hermite

integration with differing numbers of nodes k. The Gauss-Hermite quadrature rule

18
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for this double integral example is accurate in the 6 decimal place with k = 4
nodes. This approximation is much more accurate than calculating the integral by

Monte Carlo simulation and is also computationally efficient.

k | Gauss-Hermite integral
2 | 1.519241
3 | 1.519439
4 | 1.519447
5 | 1.519447
6 | 1.519447

TABLE 2.1: Gauss-Hermite quadrature rule example for different numbers of
nodes.

The example integral in Equation (2.4) has a similar structure to the likelihood
function for a random effects model in Equation (2.3). Both equations include
double integrals over the probability density function for bivariate normal random
effects. The likelihood function for a random effects model can be evaluated using
Gauss-Hermite integration. This is useful because we need an efficient integration
method as there are n double integrals in one calculation of the likelihood. Further,
maximum likelihood estimation requires a sequence of such likelihood evaluations.

Note that for this example, the random variables b, and b; are independent
so the double integral can be evaluated by performing the Gauss-Hermite rule on
each dimension separately. In the more general setting, bivariate normal random
variables can be transformed to the independent case. Consider random variables

X1 and X5 which have the bivariate normal distribution
Xl Oy (1] i -
X pa| | P 03

Yi=X,

Let

2
Y, = X, — 2X,,
p

Then it can be shown that Y; and Y, are independent and their joint distribution is

o? 0
~ N ’11/102 ) ' 2 0202 .
Ml‘ﬁﬂ? 0 01( ;)22 _1)

19

given by
Y
Y5




2.3. LONGITUDINAL DATA ANALYSIS

The Gauss-Hermite integral can be manipulated for correlated normal random

variables by creating independent normal random variables.
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SURVIVAL ANALYSIS
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3.1 | GENERAL ASYMPTOTIC THEORY

In this section, we introduce and prove a key result in asymptotic distribution theory.
The result concerns an estimator which is the root of an “estimating equation”, in
which a function with expectation zero is set equal to zero. The theorem states that
such an estimator is asymptotically normally distributed. Many estimators, such
as the maximum likelihood estimate, fit naturally into this category of estimator.
Alternatively, if asymptotic normality is thought to be a desirable property, one may
construct an estimator to be the solution to an estimating equation. This theorem
will be used in Section 3.2 to derive asymptotic normality of the estimator that arises
from analysing survival data using partial likelihood. The theorem is used again in
Section 4.1 for analysing the joint model. Therefore, the aim of this section is to
present and prove asymptotic normality for a broad class of estimators. In doing so,
some conditions are presented which are sufficient to prove asymptotic normality of
the estimators in later sections.

This general asymptotic theory is well known throughout frequentist statistics.
The proof we present was largely developed using Section 2.3 of the book “Bayesian
and Frequentist Regression Methods” by Wakefield (2013), Section 9.2 of the book
“Theoretical Statistics” by Cox and Hinkley (1979) and Section 4 of Jennison and
Turnbull (1997). In Section 2.3 of the book, Wakefield introduces an estimating
equation which is the formal definition for an equation where a function with
expectation zero is set equal to zero. The author gives an outline derivation of
the proof of our Theorem 3.1 in one dimension. We have filled in some details,
particularly for multiple dimensions. In Section 2.9 of “Theoretical Statistics”,
Cox and Hinkley prove that the maximum likelihood estimate is consistent and
asymptotically normal. We have adapted this proof to a broader class of estimators,
which are solutions to estimating equations. The regularity conditions presented by
Cox and Hinkley are given for maximum likelihood estimation but we shall use these
conditions with the likelihood function fy (y;#) replaced by a more general function
G(0,x). Jennison and Turnbull (1997) prove asymptotic normality of estimates in a
general parametric regression model in a group sequential trial. Here, the parameter
0 is multidimensional and the result concerns the joint distribution of estimates
o ... 8"

theory and present the corresponding result for group sequential trials where the

across analyses in the group sequential trial. We shall follow similar

sequence of estimates are solutions to estimating equations.
In this Chapter, we shall begin with some asymptotic distribution theory for

general statistical models in Section 3.1. In Section 3.1, we present the theoretical
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results for a fixed sample trial and then extend this result to group sequential trials.
We aim to apply these distributional results to both survival models and the joint
model. We are then equipped to present the asymptotic distributional results for
survival data in Section 3.2 for both a fixed sample trial and a GST.

Some notation is needed before presenting and proving Theorem 3.1. Suppose

that Xy,..., X, are random variables and that x4, ..., x, are observations of these
random variables. The collections of these objects are labelled as X,, = (Xi,..., X},)
and x,, = (z1,...,T,) respectively. Let @ be a p x 1 column vector parameter in

a statistical model and let 89 be the true value of the parameter. The parameter
space will therefore be © C RP. The parameter estimate based on x4, ..., z, will be
denoted by 0., to show dependence on the number of observations and to highlight
that the limits are defined as n — co. An “estimating function” is a p x 1 column
vector

Gl (9, .T,'l)

.(0.%,) Z G(O,7) =) :
=\ G, )
such that Eg(G,(0,X,,)) = 0 for all 8. The “estimating equation” is then a set of
p equations given by
G,(6,,x,) = 0.

If there are multiple roots to the above estimating equation, we suppose estimates
0,.,n = 1, 2,..., are chosen such that the sequence {9n} is consistent and
Theorem 3.1 shall be applied to this particular consistent sequence.

In applying Theorem 3.1, we shall assume that the following conditions are
satisfied.

Conditions 3.1.

~ A

1. 8, is a consistent estimator for Og, that is as n — oo, @, converges in

probability to g, written

2. 172Gy, (60, X,,) converges in distribution to a zero-mean Gaussian random

variable with finite-valued, positive-definite covariance matriz B, specifically

n"2G,(6o,X,) % N(0,B)

3. For all ), such that 6% % 8y, n~*-2G,(0,x%,)

56 converges in probability

‘e:e;;
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to a finite-valued, positive-definite matriz A. That is

0
—1_ 0 p A
n GOG"( X)) o —

4. The parameter space © is closed and compact and the true parameter value @q

s an interior point of ©

82
06

5. For all x,, the derivatives 8%Gn(e,xn) and

neighbourhood of @q

G.(0,x,) ezxist in a

0. nil%Gn(O,xn) s uniformly continuous in 0 in a neighbourhood of 6.

In Section 3.2 and Section 4.1 where we apply Theorem 3.1, the conditions 1-3
will be checked. Conditions 4—6 will be assumed to hold in order to avoid technical
distractions during the proof of Theorem 3.1. We can now prove that the solution

to an estimating equation is asymptotically normally distributed.

Theorem 3.1. Let the estimate én be a solution to the equation G,(0,%,) = 0
and let B be the true value of the parameter 6. Suppose that Conditions 3.1 hold.
Then n%(én—eg) 15 asymptotically normal, converging in distribution to a Gaussian

random variable, given by

p d

nz(0, — 6,) % N(0,A'B(A)T).

Proof. To derive the asymptotic distribution of n%(én — 6y) we begin by applying

a Taylor expansion to each element of G, (0,x,). Let G%(0,x,) be the j element

9
’ 00

0 —0, is a px 1 column vector. Regularity conditions 4 and 5 allow us to perform the

of the p x 1 column vector G, (0,x,). Then, -5G7(0,x,) is a 1 X p row vector and
following Taylor expansion. For each j = 1,...,p the Taylor expansion of G%(8,x,,)

around Oy is

G (0,%x,) = G (8o, x,) + 3@3;(0, ) (0 — 6y)
06 oo

where @, ; lies on the line segment between €y and 6. Each row of G,(0,x,)
represents a dimension, so different rows are differing functions of 8 and hence each
6, ; is specific to the row j.

~

Given the definition of the estimate 6,, we recognise that Gn(én,xn) = 0.
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Therefore by substituting 0,, for 0, and stacking the rows, we have

G}z(énuxn) %G}l(e’X"”G:BZJ
sz(éna Xp) %sz(e, Xn)‘gzg*

where each O:LJ lies on the line segment between @y and én

The matrix A by definition is finite valued, symmetric and positive definite.
Therefore A is invertible with inverse A~! which is also finite valued, symmetric
and positive definite. Multiplying the above equation by A~! and a simple

rearrangement gives

—1 6 Gl 0 < ‘0 0*
—n"EA T G (0, x) = A7) : nz (0, — 6o). (3.1)

n! 8Gp 6,x |9 0:
Let

W, = —n 2A"'G, (60, %)

!t 5gGn(0.%)|,_ 0; .
Y,=A"

!l 5gGh(0.%)|5_ 0,

Z,, = n2(0, — 6p).

Then Equation (3.1) becomes
W, = Y, Z. (3.2)

We now consider the limiting distribution of the objects W,,, Y,, as n — oo in
order to determine the limiting distribution of Z,,. We must also consider whether
or not the inverse of Y,, exists and and the limiting distribution of this matrix.

For W,,, regularity condition 2 states that n_%Gn(HO, Xp) 4 N (0,B) and

multiplication by a finite matrix implies
W, = —n 2A7 G (0, xn) = N(0, A" BA™Y).

Given that @, is a consistent estimator for 6y by regularity condition 1,
nil%Gn(e,xn) is uniformly continuous in @ by regularity condition 6 and 6 ;

lies on the line segment between 6 and 0., the difference between 0 . and 6y for

n!j
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each j = 1,...,p is asymptotically negligible. Let A7 denote row j of the matrix A,
then by regularity condition 3,

L 0 p. 1 0 - ,
OOG] (0,x, ’0:0:7]‘ —n 89G] (0,x, {9:00 = Al foreach j =1,...,p.
Hence
n-! 8G1 9 x ’9 o Al
: Sl =A
*18Gp9x|09* AP

and since A~! is finite-valued, we can conclude that
Y, 5 ATA =T,

where I, is the p x p identity matrix.
The limiting distribution of Z,, can be determined by considering the cases when

Y, ! exists and when Y ! does not exist. To do so, define a new matrix

Y, ! if Y, ! exists
I

C, =

» otherwise

We now show that C,, EiN I,. Note that since Y, TN I,, as n — oo then the
determinant |Y,| & 1 as n — oo and hence P(Y; ! exists) — 1 as n — oco. Given
small € > 0, we can find a K such that ||[Y, — L] < & implies that Y, ! exists
and ||[Y, ! — L|| < e. Now take ng such that if n > ng then P(|[Y, — L[| > &) <e.
Then, for n > ng, P(Y,! exists and ||[Y,;! —L,|| <€) > 1 — € and this implies that
C, 51,

Now we have

C,W, if Y, ! exists
7., = (3.3)

7z, otherwise

To determine the limiting distribution of Z,, we shall use the Continuous

Mapping Theorem. Given that C, % I, and W, 4, N(0,A"'BA1), then

C,W, % N(0,A'BA~1). This, together with definition (3.3) and the fact that
P(Y, ! exists) — 1 as n — oo gives that

Z, 5 N(O,A'BA™Y).
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Finally, by the definition of Z,,, we have

~

nz(6, — 6y) > N(0,A"'BA™Y).

]

We shall now display the corresponding result for the group sequential trial
(GST) version. To do so, we define the data that is available at the analyses of the
GST and adapt the regularity conditions to take into account that there will be a
parameter estimate at each analysis.

Suppose that we wish to perform a GST with K analyses and that the trial
is planned with interim analyses occurring at times 7, ..., 7x. Define the random
variable X = (ka), . ,X,S,k)) where X\ is the data available at time 7;. The
value n represents the total recruited sample size, which remains constant across
analyses, and we aim to determine the asymptotic distribution as n — oo. The
times 7, ..., 7k are fixed and the rate of recruitment is proportional to n, so the
number of observations at each analysis increases with n.

For each analysis k£ = 1,..., K, the same method is employed to estimate the
p x 1 vector of parameters 0 of the statistical model, but using different sets of
data. For each k = 1,..., K, let 9,(? be the solution to the estimating equation
G.(0, Xgﬂ)) = 0. We therefore have that the pK x 1 vector (éS)T, . ,é(K)T)T is the

solution to the set of pK equations

n

G (9, x;”) 0

G (9,:X£F>) (:)

The regularity conditions have been adapted for the GST version of results. We
also introduce an extra condition requiring the estimating function to have a certain
structure for the asymptotic covariance matrix, which is the main condition that
will be checked when we apply this theorem. In Section 3.2 and Section 4.1, where
Theorem 3.2 below is applied, we shall check conditions 1-4 of these conditions and

the remaining conditions 5-7 will be assumed to hold.
Conditions 3.2.

~ (k
1. Foreachk=1,... K, 051) is a consistent estimator for @, that is as n — oo,
~ (k

0,(1) converges in probability to Oy, written

0" 2, g,.
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2. For eachk =1,... K, n_%Gn (00, X%k)> converges in distribution to a zero-
mean Gaussian random variable with finite-valued, positive-definite covariance

matriz B®) | specifically
n"2G, (60, X)) & N (0,BW)

3. For all 7, such that 07 2 @, nila%Gn(O,xglk))‘e:e*
to a finite-valued, positive-definite matriz A% for each k =1,..., K. That is

converges in probability

w5 (6,x1)

20 X, AW, fork=1,... K.

0=07

4. For1 <k <ky, <K, we require

Cov <n 2G (90’ (kl)) n 2G (90 (k2))> 2, gk)

5. The sequence of random variables n"2G, <00,X7(11)> ,...,n’%Gn (00, X%K)>

1s asymptotically multivariate normally distributed.

6. The parameter space © is closed and compact and the true parameter value @g

s an interior point of ©.

7. For all X, the derivatives %Gn(e,xg)) and Gn(e,ng)) exist in a

neighbourhood of Q¢ for each k =1,... K.

892

8. n*lan(e,xﬁl‘“)) 1s uniformly continuous in @ in a neighbourhood of @g.

We now prove that for a group sequential trial with K analyses, when estimating
equations are used as a method for estimating the treatment effect, the sequence of
treatment effect estimates is asymptotically multivariate normal. The proof for this
Theorem closely follows the proof of Theorem 3.1, and we often refer back to the

details of steps in Theorem 3.1.

A(k
Theorem 3.2. For each k = 1,..., K let the estimate 07(1) be a solution to the
estimating equation Gn(O,ngk)) = 0 and let By be the true value of the parameter
. (K
0. Suppose that Conditions 3.2 hold. Then the sequence of estimates GS), e ,0( )

is asymptotically normal, converging in distribution to a Gaussian random variable,

n

28



3.1. GENERAL ASYMPTOTIC THEORY

given by
-97(11) - 90- 0 Yuo X oo Yk
nk éf) — 6 4 N 0 v 2.12 2'22 e Z?K
_éff() — 6o 0 Yag Yok -+ XKK
where

Zk’lkz _ (A(kzl))—lB(kl)((A(kz2))—1)T.

Proof. Following the proof of Theorem 3.1 up to Equation (3.1), we have for each
k=1,....K,

W B0

n! %GIT)L<07 X(k)> ‘9:9;(’]’;)

* . . ~(k
where On(j) lies on the line segment between 8, and 02 !
Let A be the block diagonal matrix whose k" diagonal matrix is the p x p matrix

A®)_ Then, aggregating the above equation for k =1, ..., K, we have that

nila%G%L(O,x(l))"g:e;(j)

: M (1) 7

6, —06
G, (00,x1) n_I%GfLw’X(l))’e:e*(” ~(2) °
1o - _ o 116, — 0
—-n 2 A 1 . = A 1 n?2 "
K 10 K

G, (09, x5)) n @Gn(eax( ))‘ozosz) é(K)—OO
n_laﬁeGZ(O, X(K)) ’0_0*0()
L =Yn,p " |

(3.4)

The remaining steps in this proof follow the final steps of Theorem 3.1 and the
details are omitted. We shall now summarise the final steps. We see that since
A (1 A (K

the estimates 0( ), e ,0( )

asymptotically negligible for all k =1,..., K and 7 = 1,...,p, and by condition 3,

are consistent, the difference between 0:55) and O is
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we have _ _
—-10 1 1
n %Gn(O,x( ))‘6:0;(1)

B 5 GE(0,%0) g

1=
>

n! %G}z(ea X(K)) |3:92E{<)

_nfl %Gﬁ(@, X(K)) |0:9*(K)

n,p

Condition 2 states that n’%Gn(Oo, Xgﬂ)) is asymptotically multivariate normal for

each k =1,..., K. Combining this with condition 4 and condition 5, we have that

G, (60, X o] [B® B® ... BW

| GL(60, X)) |, ol |IB® B® ... B®
nz . - N ] . . .
G, (80, X)) o] [B® B® ... B®

Therefore, the left hand side of Equation (3.4) converges in distribution to a Gaussian

distribution given by

G (0o, X)) 0 B BO ... BO
| Ga(60, X ol  |B® B® ... B®| _
iat | GOX a0 g BT R .| AT

G, (6, X') 0 BO B® ... B&®

Finally, by matrix manipulation and noting the block-diagonal structure for A, we

have the result

- ) -
6, —6o 0 Yip o Y2 -0 ik
5(2)
) _ Yo Yoy e N
) P )
Q;K) — 6 0 Yig Yok -+ XK

where

Ek,‘lkg _ (A(kl))—lB(kzl)((A(kQ))—1>T.
]

We now note the relationship between Theorem 3.2 and the canonical joint
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distribution of Definition 2.2. Suppose that A® = B® for each k = 1,..., K,
then we have that

Cov (857,607) = Sii, = (B) ! = var (o)

n

and condition 3 of the canonical joint distribution holds. For many estimates that
are the solution to an estimating equation, this property and hence the canonical
joint distribution holds. Consider for example, the maximum likelihood estimate
(MLE), 0,,. At analysis k of a GST with K analyses é " is defined as the value of
6 which maximises the log-likelihood function £(8,x*)). Alternatively, 0 1s defined

as the value of 8 which is the solution to the equation

0

aae(e k) =0 (3.5)

and the Fisher information matrix at analysis & is defined as

70 () = —FE E;—;f(e,xgﬂ)} : (3.6)

Proofs of the following results can be found in Section 2.4 of Wakefield (2013):

o Foreachk=1,... K, ]E[ L0, X" )} ~0
e Foreachk=1,.... K, n %aﬁé(eo, )—>N( LI (6y))

e For all 87 such that 8" 2 6, we have that n~'Z(0, Xgﬂ)) L 170 (0,).
0-0;,

Comparing these results with the regularity Conditions 3.2, it is clear that for

the MLE, we have A®®) = T®)(9) = B® for each k = 1,..., K. Hence, the canonical

joint distribution holds for the sequence of MLEs, 9;1), ey 9(K)

In Section 3.2, we consider the Cox proportional hazards model. We shall

n

show that the canonical joint distribution holds for the sequence of treatment effect
estimates that are found using maximum partial likelihood. To do so, we prove that
Conditions 3.2 hold and also use the property that A®¥) = B® foreachk =1, ..., K.

Theorem 3.2 also provides a basis for the theory that follows in Section 4.1. A
joint model for longitudinal and survival data is considered and an analysis method
called the conditional score is used to find a sequence of treatment effect estimates.
In this example, the canonical joint distribution does not hold because A®*) £ B®*)
however we show that Conditions 3.2 hold and hence we are able to derive the

asymptotic distribution for the sequence of treatment effect estimates.
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3.2. SURVIVAL MODELS

3.2 | SURVIVAL MODELS

3.2.1 | THE COX PROPORTIONAL HAZARDS MODEL

In Section 2.1.1 it was noted that to perform a hypothesis test one must find a
statistical model for the endpoint, a method for estimating the parameters of the
model and the distribution of the parameter estimates. To model the survival
data we shall use the well-studied Cox proportional hazards model which naturally
leads to estimating parameters using partial likelihood. Finally, we shall introduce
counting processes which will then be used to derive the distribution of the parameter
estimates.

The paper “Regression models and life-tables” is very popular within medical
statistics. Cox (1972) elegantly formalises a model for survival data and introduces
a function called “conditional likelihood”. Later, Cox (1975) calls this function the
“partial likelihood” and proves some large sample properties of the the estimator
that maximises the partial likelihood function. In this section, we present some
definitions and results of Cox (1972) that are used in the set-up prior to proving
some asymptotic results.

We shall use a Cox proportional hazards model to specify how the covariates
are associated with the time-to-event endpoint. By allowing the hazard function to
include covariate information, we can specify which patient groups are at a higher
risk of the event at any given time. The Cox proportional hazards model assumes
that covariates have a multiplicative effect on the rate of death, which is an attractive
feature because the parameters have straightforward and useful interpretations. For
each patient 2« = 1,...,n, let F; be the time-to-failure random variable for patient ¢
and let C; be the potential censoring time random variable. The random variable
T; = min(F};, C;) is known as the event time and ¢; is the observed event time for
patient i. Also, the censoring indicator ¢; = I{F; < C;} is observed. The Cox
proportional hazard model allows us to specify our beliefs about survival through

the hazard function
hi(t) = ho(t) exp{@TZi(t)},

where hg(+) is the baseline hazard function which is left unspecified, Z;(t) isa p x 1
column vector of time-varying covariates for patient ¢ and 6 is a p x 1 vector of

regression parameters.
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3.2.2 | COX’S PARTIAL LIKELIHOOD

For analysis of survival data and parameter estimation in the Cox proportional
hazards model, the partial likelihood function has many benefits. Partial likelihood
plays a similar role to the full likelihood function and under certain regularity
conditions, estimates derived using partial likelihood are asymptotically as efficient
as those derived using full likelihood. However the difference is that the form and
parameters of the baseline hazard function are not included in the partial likelihood.
The baseline hazard function can be thought of as an infinite-dimensional nuisance
parameter and estimation of the parameters brings no statistical benefit. Cox (1975)
first presented partial likelihood with the title “conditional likelihood” because
the contribution to the partial likelihood of the ¥ individual is the conditional
probability of that individual failing given all individuals that are at risk of failing
at the time that individual 7 fails.

Fori=1,...,n, let t; be the time at which patient 7 fails or is censored, and let
R(t;) be the set of all individuals with event time greater than or equal to ¢;, known
as the at-risk set. If patient ¢ is indeed observed to fail, then the contribution to the

partial likelihood from the failure at time ¢; is

ha(t; exp{07 Z;(t:)}

o it
L9) 2jeny it)  Xjerey ep{07Z;(t)}

The partial likelihood function is the product of these conditional probabilities for

all failure times, which is given by

n . 5
L(@):H( exp{t Zilt:)} ) . (3.7)

1\ X jera,) exp{07Z;(t:)}

3.2.3 | PARAMETER ESTIMATION IN SURVIVAL ANALYSIS

In section 2.1.1, it was shown how the treatment effect estimate and the fixed sample
information level can be used to define a standardised test statistic which is needed
to perform a hypothesis test. For many statistical models, a convenient approach
for finding the parameter estimate and the information level is through the use
of a “score statistic”. Further, the score statistic is also essential for deriving the
asymptotic distribution of the parameter estimates. The score statistic is the first
derivative of the log-likelihood with respect to the parameter. We define a score
statistic for standard parametric models and then apply this definition to the Cox

partial likelihood to define the parameter estimate and information matrix.
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Definition 3.3. Suppose that L(0) is a likelihood function for the statistical model
with observed data x = {x1,...,2,} and pXx 1 column vector 8. The “score statistic”

15 the p X 1 column vector given by

0 log L(#).

U(d) = %

Setting the score statistic set equal to zero defines an estimating equation. To
see this, we write the likelihood function as L(0) = f(x;0), and the sample space as
X. Then, by the assumption that the orders of integration and differentiation can

be exchanged, we assess the expectation of the score statistic.

B(U(6) = | (08 £ 6)) £ 6)dx

1 of(x:0) ,,
/fxe gy (xi0)dx

i [

_ae
=0.

The score statistic has expectation zero, which shows that U(f) = 0 defines an
estimating equation and the asymptotic distributional results of Theorem 3.1 hold.

For the Cox proportional hazards model, an estimating function can be created
by taking the score of the partial likelihood, Equation (3.7). The log-partial
likelihood is a scalar function of the vector # and the score statistic is a p x 1

column vector. These functions are given by

logL(@):Z& 0" Zi(t;) —log Y exp{0"Z;(t;)}

JER(t:)

B = N _ZjeR(t)Z'< i) exp{07Z;(t;)}
_;51 (Zl(tz) > o P2 1)) ) (3.8)

Estimates for parameters of the Cox proportional hazards model are found as the
root of the equation that sets the score statistic equal to zero. The p-dimensional
estimate @ for 6 is the solution to the equation U(#) = 0. It is not always true that
the solution is unique however it can be shown that the probability of a unique root
converges to one as n — oo. Further, in practice we have not found multiple roots

and so do not discuss uniqueness further.
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The final object of importance is the information matrix, which is —1 times the
first derivative of the score statistic with respect to . For any column vector X
we use the shorthand notation X®? = X X7T. Differentiating (3.8), we see that the

information is a p X p dimensional matrix given by

2(0) = zn:@ S serien Zi(t)®2 exp{67Z;(t:)} - (ZjeR(ti) Zj(ti)exp{eTZj(ti)})m
—1 ZjeR(ti) exp{6"Z;(t;)} ZjeR(ti) exp{6"Z;(t;)}
(3.9)
Later we shall see that asymptotically Z(6) = Var(f)~! for score statistics and

maximum partial likelihood estimates in the Cox model.

3.2.4 | COUNTING PROCESSES

Commonly throughout the survival data literature, the Cox proportional hazards
model and partial likelihood are formulated under the framework of counting
processes. The aim of this section is to prove the asymptotic distribution of the
treatment effect estimate obtained from the Cox proportional hazards model and to
do so we shall introduce counting processes and some useful results about them.

A counting process is analysed under the martingale framework. Andersen et al.
(2012) present and prove many results for stochastic processes, martingales and
counting processes in their book “Statistical models based on counting processes”.
In an earlier paper, Andersen and Gill (1982) show how the Cox proportional hazards
model can be presented in the counting process framework. The authors present a
proof of the asymptotic normality and consistency of the estimator of interest which
we follow for our proof of Theorem 3.5. Our aim is to summarise the necessary
results providing the basis for new theory in a later section. An interested reader
should refer to Andersen et al. (2012) for further details and discussion of regularity
conditions.

As in section 2.2, for ¢ = 1,...,n, F; is the time-to-failure random variable for

patient ¢ and the hazard function is given by

P(t < F; <t+6t|F, > t)
ot
= ho(t) exp{67 Z,(t))}.

hi (t) = l’imgwo

The hazard function defines the probability of an event happening at time ¢ given
that patient ¢ has not yet experienced the event or been censored before time t.

Suppose that patient ¢ has experienced the event or been censored before time t,
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then the probability that the event is observed at time t is zero. To formalise this

idea, we introduce the “at-risk” process which is given by
Yi(t) = {T; > t}. (3.10)

Then we can introduce the “intensity process” which gives the unconditional
probability of the event being observed to occur at time ¢. The intensity process is
given by

M(t) = hi(E)Yi(t) = ho(#) exp{07 Zi(H)}Yi(2). (3.11)

The intensity process is a measure of the rate of change of a counting process and
we shall shortly introduce the counting process to which Equation (3.11) relates. In
general, a counting process is an increasing stochastic process {N(t),¢ > 0} taking
integer values. Andersen et al. (2012, Sec 11.4.1) present a formal definition. The
survival counting process is an object under the classification of counting process.The
restriction is that the survival counting process can only take values in {0, 1} where
0 means that the event has not yet happened and 1 means the event has happened.
Since our analysis only concerns survival data, we restrict our attention to the

survival counting process.

Definition 3.4. Let F; and C; be the time-to-failure and time-to-censoring random
variables respectively for patient i where censoring is non-informative and let T; =
min(F;, C;) be the event time random variable. Let t; be the observed event time and
0; = {T; < C;} the censoring indicator for patient i. Then the survival counting

processes is the stochastic process

A counting process, in the general definition, is a step-function increasing in
integer increments. For the survival counting process, N;(t) is a step function
jumping from 0 to 1 at the failure time ¢; for an uncensored observation. The
intensity process measures the rate of change in the increments and can be
interpreted as the instantaneous probability of the jump. The intensity process
is defined by

Ai(t)dt = P(N;(t) jumps in the interval [t, ¢ + dt)|F;-)

where F;- denotes everything that has happened until just before time ¢ and so
determines Y;(t). The object dt has a special meaning in stochastic calculus and is

required for the integration of a stochastic function, see for example Andersen et al.
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(2012) Section III.1. For the purpose of this thesis, the object dt can be interpreted
as an infinitesimally small value of time. This probability is best understood through

a function

dN;(t) = Ni(t +dt) — N;(t7)

It can now be seen that the intensity process is such that
Ai(t)dt = P(dN;(t) = 1|F-). (3.12)

The above function dN;(t) also presents us with useful notation: for any function

or stochastic process f(-), the stochastic integral

/0 " Fu)dNi(u) = £(t) (3.13)

is f evaluated at the place where N; jumps from 0 to 1 if §; = 1, and 0 otherwise.
Further, the function dN;(¢) is the increment of N;(t) over a small interval dt and

the following relationship holds

Ny(t) = /0 t dN;(u).

A martingale is a sequence of random variables for which the conditional
expectation of a future value is equal to the current value of the sequence, and
a submartingale is a sequence of random variables for which the conditional
expectation at a future time point is greater than or equal to the current value
of the sequence. It can be seen that the counting process N;(t) is a submartingale
and we can create an object M;(t) called the “compensated counting process” which

will be a martingale. The compensated counting process is given by

Milt) = Ny(t) — /0 M), (3.14)

In a similar manner to the survival counting process, it is useful to define the

following function

dM;(t) = Mt + dt) — Mi(t7)
— dN,(t) — Ni(t)dt. (3.15)
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This satisfies the relationship

Mi(t) = /0 t dM;(u).

In Lemma 3.3, we shall show that M;(t) satisfies the defining feature of a
martingale in that the conditional expectation of a future observation of M;(-) is
equal to the current value of M;(-). To do so, we need to introduce the notion of a
predictable process. This is simply a stochastic process that is fixed at time ¢ given
what has happened before time ¢. Note that Y;(¢t) and \;(t)dt are predictable. The
score statistic for partial likelihood can be seen to be a predictable process integrated
with respect to a martingale, so we shall show that integrating a predicable process
gives rise to a martingale.

The final object of importance for the proof of the asymptotic distribution of the
score for partial likelihood, is the predictable covariation process for martingales.
This is the covariance of two martingales evaluated at time ¢ and conditional on
Fi—. We shall use the notation

(M;, M;)(t) = Cov(M;(t), M;(t)| Fi-).

We derive the predictable covariation process for M;(t) and the predictable

covariation for predictable processes integrated with respect to martingales.

Lemma 3.3. Let M;(t) be the compensated counting process given by
Equation (3.14) and let H;(t) be a predictable process. Then the stochastic process
given by

M(t) = / H, (u)d M, ()

is a martingale.  Further, for independent martingales M;(t) and M;(t), the

covariance process is such that

(M, M) () = / H2 () () du

<M1’,M]’>(t) =0 fori # j.

Proof. To prove that the stochastic process M/(t) is a martingale, we show the
defining property which is that E(M](v) — M/(u)|F,) = 0. The second line of the
proof below uses the facts that the processes H;(t) and \;(t)dt are predictable and

so are fixed conditional on F;-, and that dN;(t) is an indicator function. Then, the
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final line uses the definition of the intensity process given by Equation (3.12).

E<dMi,(t)|-Ft—) - E(Hz’(t)sz‘(t)LFt—)
t) [P(dN;(t) = 1|1 F-) — Ni(t)dt]
t) [Ni(t)dt — N (t)dt] =0

This is equivalent to the result that E(M/(v) — M](u)|F,) = 0 for v > u.

For the predictable covariance process, we compute (dM,dM;)(t) =
E(dM;(t)dM;(t)|F-). This is because E(dM|(t)|F-) = E(dM;(t)|F-) = 0. In
the second and third lines of the proof below, we use the fact that the processes
H;(t), H;(t), \i(t)dt and \;(t)dt are predictable and Equation (3.12) which is the
definition of the intensity process. Then, since dt is a small interval, in the final line

we restrict attention to terms up to order dt.

E(H; () dM;(t) Hy (8)dM;(t)| Fi-)

=H;(t)H; (t)E(dN;(t)dN;(t) — Ni(£)dN;(t)dt — X; (£)AN; (£)dt + Xi(t)A;(£)(dt)*| Fi- )
=H;(t)H;(t) [E(dN;(£)dN;(t)| Fi-) — M)A (£)(dt)?]
~H,;(t)H;(t)E(dN;(t)dN;(t)|Fi-)

The function dN;(t) is an indicator function and event times have probability zero
of being tied, this implies that dN;(¢t)? = dN;(t) and also that dN;(t)dN,(t) = 0 for
i # j. Therefore, we have that

E(Hi(t)QdMi(t)QLFt*) = Hi(t)Q)\i<t>dt
E(H,(t)dM; (6 H; (£)dM; ()| Fr-) = 0 for i # j.

This is equivalent to the result that
t
MY () = / H2(u) s ()
0
(M, M;)(t) = 0 for i # j.

]

The above Lemma 3.3 with H;(t) = 1 proves the result that the compensated
counting process M;(t) is a martingale. This result will be called upon in the proof

of the asymptotic distribution of the score statistic for partial likelihood.
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3.2.5 | PARTIAL LIKELIHOOD UNDER THE COUNTING

PROCESS FRAMEWORK

Using the definition of the survival counting process and the at-risk process, we can
reformulate the score statistic for partial likelihood and the associated information.
This is useful because we can appeal to the Martingale central limit theorem to
prove the distribution of the treatment effect estimate.

The following functions are notationally convenient in definitions of the score
statistic and information matrix. The main idea is that the summation over the
set of individuals at risk is replaced by a summation over the full set of individuals
with the at-risk indicator function giving zero weight to those no longer at risk. In
the asymptotic distribution theory we shall study these functions as n — oo. The
object S (6,1) is a scalar and SM (6, ) and E(f,t) are column vectors of length p,
where p is the length of the covariate vector Z;(t). The objects S)(6,t) and V(6,1

are p X p dimensional matrices. The definitions of these terms are
1 n
SO, 1) ==Y Yt 0T Z,(t
0.4 = 3 Vi (0720}

SV0.1) = 130zt exo {07 Zi (1)

n

1

S0, 1) = - > Zi(t) Zi(t)"Yi(t) exp{6” Z;(t)}
S<i>:(19,t)
E(0.t) = 55 @0
_S5@0,t)  SW(0,4)SM(0,1)T
V0D = 500, ~ T S0@.0P

The function E(6,t) can be interpreted as the expectation of the covariate vector
Z;(t), if we select an individual with probability proportional to exp{67 Z;(t)} from
the set of individuals at risk at time ¢ and V' (6,t) is the variance of the covariate
vector Z;(t) in this case.

In section 3.2.4 it was noted that the function dN;(t) is used to replace a
summation with a stochastic integral. This feature is essential for formulating

the score statistic for partial likelihood in terms of counting processes. Applying
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Equation (3.13) to the summand in Equation (3.8), we have

(o Sier A e LN e SO0
o <ZZ(tz) D jen, exP{0T Z;(t:)} > _/0 (Zz( ) u
_ /0 (Zi(u) — E(0, u)dNi(u)).

Thus, Equation (3.8) is

U(9) = /0 h Z (Zi(u) — E(0,u)) dN;(u). (3.16)

Similarly Equation (3.9) can be written as

7(6) = /0 N Z V (0, u)dN;(u). (3.17)

It is not yet obvious that the asymptotic theory of section 3.1 can be applied
here. To do this we seek a function with expectation zero from which to construct an
estimating equation. In the following lemma, we show how the counting process in
the score statistic can be replaced with its compensated version, producing another

martingale.

Lemma 3.4.

U(9) = /OOOZ(Zi(u) — E(8,u)) dNi(u) = /OOOZ(Zi(u) — B0, u)) dMi(u).

Proof. By Equation (3.15), we have that dM;(t) = dN;(t) — \;(t)dt. Thus, the stated

result is equivalent to proving that

/Ooo Z (Zz(u) — E'((97 u)) )\i(u)du -0
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Fori=1,...,n,let E;(u) = exp{6T Z;(u)}Y;(u). Then it is easily seen that

/ E0,u)) \i(u)du

— E0,u)) hij(u)Y;(u)du

Z;(
Z (Zz( Z]ij 1 E ) ho

[

:/0 .

e (zjlzu <>Z<‘ - T 4 Ej(u))%(U)du
/

-

=0

j—1 Ei(u
> Zizl Z?ﬂ Zi(u) Ei(u) Ej(u) — 370, 2?11 Zi(W) Ei(u) E;(u) ho(u)du
S By () °

E](U) _ Z?:l Z?:l ZJ(U>Ez(U)E] (U)) h0<U)du

2

DY Z?:l Zj(u)E;(u)
Ej(u)

By Lemma 3.4, we have

/ E(6, 1)) dM;(u).

Then, by application of Lemma 3.3, the process

/ B0, u)) dM;(u)

is a martingale. Therefore, this process has expectation 0 for all values of ¢, and
letting t — oo, we see that E(U(0)) = 0. Hence, we shall use this property to define

an estimating equation.
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3.3 | ASYMPTOTIC THEORY FOR SURVIVAL
ANALYSIS

3.3.1 | FIXED SAMPLE RESULTS

The parameter estimate 0 is a p-dimensional vector which is the solution to the set
of p equations U() = 0 and @ has information matrix Z(6). We shall denote these
objects by 6,,, Un(9) and Z,(0) to show dependency on the number of patients .
In this section we derive an asymptotic distribution for 0,, which requires assessing
the behaviour of 6, as n — co. The asymptotic setting is that as n increases, the
rate of recruitment increases in the study and we have more survival observations
with the same hazard rate. In Section 3.1 we showed that an estimator that is the
solution to an estimating equation converges to a Gaussian distribution. We have
shown that E(U,(0)) = 0, hence the conclusion of Theorem 3.1 applies to 6, if we
can establish that Conditions 3.1 hold in this case. From this list, we shall prove
that conditions 2 and 3 hold. We direct the reader to Andersen et al. (2012) Lemma
3.1 for the proof that condition 1 holds. The remaining conditions, 4, 5 and 6, are
assumed to hold.

Some further regularity conditions, which relate directly to survival data, are
needed for the proof of consistency and asymptotic normality of the estimate O,.
Andersen and Gill (1982) present a list of conditions which we shall assume hold
and the purpose of these conditions is to avoid technical distractions. Similarly, we

shall assume that the following conditions are satisfied.
Conditions 3.5.
1. fOT ho(u)du < oo where T is a censoring time applied to all observations.
2. There exists a neighbourhood © of 0y and functions s (0,t), sV (6,t) and

s2)(0,t) defined on © x [0,00) such that

sup HS(j)(Q,t) — s(j)(Q,t)H 20 for j =0,1,2.
te[0,00),0€0

Each s9)(0,t) is a continuous function of € © uniformly in t € [0,00), and
bounded on © x [0,00). Also, the function s is bounded away from zero on
O x [0, 00).
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3. There exists 6 > 0 such that

n~ Y2 sup{| Z; 0)|1(6L Z;(t) > —6|Z;(t)]);i = 1,...,n} £ 0 as n — oco.

Asymptotic probabilistic limits of the score statistic and information matrix
are specified through limits of their components. Conditions 3.5 define probabilistic
limits of the functions SU) (6, ) for j = 0, 1,2 and specify that these limits exist. It is
clear, given the definitions of SU)(#,¢) for j = 0, 1,2 that the following relationships
hold:

0
(1 — — 40
s0(0,1) = —s0(0,1),

2

0
2) = — 50
s9(0,1) Pk (0,1).

Further, the matrices E(6,t) and V' (6, t) converge in probability to e(f,t) and v (6, t)

respectively which are given by

s, 1)
e(d,t) = S0(9.1)
42
v(0,) = S(O)EZ:E; ~e(0,8)e(0,0)".

It is now possible to determine the asymptotic distribution of the parameter
estimate 6,. We shall call upon results in Section 3.1 to show that the estimate
is asymptotically normally distributed. The following is a heuristic sketch of the
proofs given by Andersen et al. (2012) who prove consistency in their Lemma 3.1

and asymptotic normality in their Theorem 3.2.

Theorem 3.5. Let the estimate 0, be the solution to the equation U, (0) = 0 with
U, (0) defined in Equation (3.16). Suppose that 6y is the true value of the parameter
0 and that Conditions 3.5 hold. Then 6, converges in distribution to a Gaussian

random variable, specifically
nz (6, — 6p) % N(0,%)
where the covariance matriz 33 is given by
Y= /OO v (6, 1)s By, u)ho(u)du.
0

Proof. In this Theorem, the score statistic U, (#) plays the role of the estimating
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function G, (0,x,). In applying Theorem 3.1, we show the following conditions are
satisfied:

Al 6, is consistent for 0, written 0, 2 0,
A2 n2U,(6)) 4 N (0,%) where X is a finite valued semi-definite matrix
A3 n 2 UL(0)]g=p- = n 1T, (%) & X for all 6* consistent for 6.

Note that these conditions are the first three requirements in Conditions 3.1 with
A = B = Y. We shall focus on the proof that conditions A2 and A3 are satisfied
since we shall later build upon this proof in the group sequential case. Andersen
et al. (2012) prove consistency in their Lemma 3.1.

Condition A2 can be shown by applying Rebolledo’s Central Limit Theorem for

square integrable martingales. For each 7 =1,...,p, define
t n (
W00 = [ A war)
i=1
where

HE (u) = 04 (Zs (u) — E;(6,u)).

Then H is an n x p matrix of locally bounded predictable processes. Thus,
n~2U,(0) = W™ (6, 00). For Rebolledo’s Central Limit Theorem to hold, we must

demonstrate two conditions:

(W (00), W (06)) (1) > 515

J1 J2

and

/ ()]I{\H ()| > e}du 20 for j=1,...,pandall e > 0.

For the first part, we note that patients are independent, so that the martingales
M;, (t) and M,,(t) are independent for iy # iy. By Lemma 3.3, we have

( / HY (w)dM;(u / HY (w)dM;(u
(/ H® (w)dM, (u), / HE (w)dM;, (u)

Therefore, summing over all patients, the predictable covariation process of the

J—"t_) i ™ () H (u) A () du

ij1 Z]2

]:t—) =0 for il 7&22
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square-integrable martingales W;")(QO, t) is
W (60), W (6) / Zﬂfg VE (1) \s (1) s

_ ( / V (60,1) S (6, “>h°<”)d“) i

=X

J1J2°

This is a direct result of the regularity conditions and definitions of s%) for j = 0,1, 2.
The second condition for Rebolledo’s Central Limit Theorem makes use of the

following simple inequality
la — bPPI{|a — b| > €} < 4]a|’I {|a\ > %} + 4[b2I {|b\ > g} .

Substituting a = n=2Z;(t) and b = n~2 E(fy, u), it is then enough to show that for
each 7 and € > 0

/ S dln 3 Zy ()P {03 Zy ()| > S} A(w)du B 0
0 =1 2
® & _1 2 _1 € p
/ S 4l (B, )P In 200, )| > S b Aty 0
0 =1

The proof of these statements is analytically simple and will not be proved here, for
further details, we refer the reader to Andersen and Gill (1982) Theorem 3.2.

For condition A3, the first derivative of the score statistic or the information
matrix, equation (3.17), we add and subtract common terms then use the triangle

inequality to obtain the following inequality:

|n'1(6%) — || <||n! OméV(G*,u)dNi(u)—/OOOv(@o,u)s(o)(%,u))\o(u)du
| Omil{vw*,u)—v( )N ()
+{n /OOO é{v(@*,u)—v(@o,u)}d]\fi(u)
+ /000 (6o, w){S 0)(90 u) — 0)(90,u)})\0(u)du

46



3.3. ASYMPTOTIC THEORY FOR SURVIVAL ANALYSIS

Each term on the right can be shown to converge to zero in probability which proves
that Z,,(0) 2 Y. The regularity conditions ensure that the matrix ¥ is automatically

positive semi-definite. n

3.3.2 | GROUP SEQUENTIAL RESULTS

The analysis of survival data in a fixed sample trial transfers nicely to the group
sequential trial. The aim for this section is to prove that the sequence of treatment
effect estimates obtained in a group sequential trial with survival as the primary
endpoint satisfy the canonical joint distribution of Definition 2.1. To do so, we
define a sequence of score statistics indexed by k the interim analysis number. We
show how the score statistic at analysis k uses all the available information at the
time of the analysis. The canonical joint distribution of the sequence of estimates
is then easily found after deriving the joint distribution of the sequence of score
statistics.

Jennison and Turnbull (1997) prove that the canonical joint distribution of
Definition 2.1 holds for for a variety of data types including survival data. We
shall explain how the proof by Jennison and Turnbull (1997) is derived so that we
can apply similar methods for the joint model in Section 4.1. The proof for the joint
model will be a new result and builds upon theory in this section.

There is an additional form of censoring in a group sequential trial. Patients
who have entered the trial but for whom the event of interest has not been observed
at an interim analysis are marked as censored. For patient ¢+ = 1,...,n with time-
to-failure random variable Fj, let C;(k) be the time-to-censoring random variable
at analysis k, which is similar to end of study censoring in a fixed sample trial.
This value C;(k) is the minimum of the usual censoring random variable C; and the
follow-up time at the interim analysis for patient 7. Then at analysis k the time-
to-event random variable is T;(k) = min{F;, C;(k)} which has observed event time
t;(k) and the observed censoring indicator is d;(k) = I{ F; < C;(k)}.

Section 3.2.5 defined all objects needed to write the score statistic for partial
likelihood in terms of counting processes. It is necessary to define these objects for
a given interim analysis in order to create a group sequential version of the score
statistic. The at-risk process will now be an indicator for not yet observing the event,
non-informative censoring or being censored for an interim analysis. For patient i at

analysis k the at-risk process is Y;(k,t) = I{¢;(k) > t}. The corresponding counting
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process and compensated counting process for analysis k are

Nilh, 1) = T{ti(k) < ,6,(k) = 1}
t
Mi(k, £) = Ni(k,t) — / Mo (1) exp{67 Z(u) Vi (k, w)du.
0
The functions SY)(k,6,t) for j = 0,1,2 along with E(k,0,t) and V (k,6,t) have

obvious definitions which follow from the fixed sample theory of subsection 3.2.5.

For completeness, these are

SO(k,0,t) = ZtheXp{GTZ()}

n

1

SW(k,0,t) = - ZZ( VYi(k,t) exp{6” Zi(t)}
SOk0.0) = £ 3 2020 ™Vilk 0 expto (1)
SO(k.0.1
B(k0.0) = Sy
SOk 6,6) SOk, 0,)SD(k,0,1)
Vi(k,0,¢) SO (k,6,t) [SO)(k,0,t)]?

The group sequential score statistics and information matrices are to be calculated
during the clinical trial. Let 7, be the time from the start of the study of interim
analysis k, so that all information recorded up to time 7 is included in score statistic
k. Also note that the same reasoning in the proof of Lemma 3.4 can be used to replace
dN;(k,u) with dM;(k,u) in the score statistic. Therefore, at analysis k the score

statistic and information matrices are respectively

U(k,0) / Z E(k,0,u))dN;(k, u)
/ Z E(k,0,u))dM;(k, u)
I(k,0) = /0 Z V(k, 0, u)dN;(k, u).
i=1
Some thought should be given as to why the at-risk process Y;(k,t) depends upon k.
This is because, with staggered entry, the maximum follow-up time for each patient

at analysis k is the difference between their time of entry to the trial and the time

of interim analysis k.
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In the proof of the asymptotic distribution of the sequence of treatment effect
estimates, we follow the work of Tsiatis et al. (1995) and create new counting
processes that allow the score statistic to be divided into distinct increments. For

k=1,..., K the counting processes are

DN;(0,£) =0
DN;(k,t) = Ny(k,t) — Ny(k — 1,1).

For k =1,..., K, the equivalent compensated versions are

DM;(0,t) =0

DM;(k,t) = DN;(k,t) — /0 No(u) exp{07 Z;(w)} (Yi(k,u) — Yi(k — 1,u))du.

Since the event for patient ¢ can only happen once, we have N;(k,t) = Zle DN;(1,t).
The score statistic at analysis k is the sum of increments up to and including

analysis k. Therefore, the score statistic is written:

e M k
U, (k. 0) — / S5 (Zitw) — Bk, 0,0))dDNi(l, ). (3.18)

0 =1 1=1
Regularity conditions for the group sequential trial have few differences to the
regularity conditions of the fixed sample case. Similarly to the fixed sample case,
we present the conditions given by Andersen and Gill (1982) and we shall assume

that these conditions hold to avoid technical distractions.
Conditions 3.6.

1. Fork=1,...,K, [* ho(u)du < oo where 7, is the calendar time of analysis
k.

2. There exists a neighbourhood © of 6y and for each k = 1,..., K there are
functions s (k,0,t), sV (k,0,t) and s (k,0,t) defined on © x [0,00) such
that

sup HSU)(k,H,t) — s(j)(k,ﬁ,t)H 20 for j=0,1,2.
t€(0,00),0€0
Each sV (k,0,t) is a continuous function of @ € © uniformly in t € [0,00),
and bounded on © x [0,00). For each k =1,..., K, s© is bounded away from

zero on © x [0, 00).
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3. There exists 6 > 0 such that

n~ Y2 sup{| Z; 0)|1(6L Z;(t) > —6|Z;(t)]);i = 1,...,n} £ 0 as n — oco.

In a similar manner to the definition of the covariance matrix in the fixed sample
trial, the covariance matrix at analysis k denoted X(*) is derived by defining e(k, 0, t)
and v(k,0,t) as products of s (k,0,t),sV(k,0,t) and s (k,0,t). The definitions

of these functions are as follows:

s (k,0,t)
e(k,0,t) = SO (5.0.1)

8(2)(k707t) T
v(k,0,t) = 8(0)(]6,0’t>—e(k,9,t)e(k,8,t) :

Theorem 3.6. Let the vector of estimates (éﬁ}), . ,(%K))T be the solution to the
equation (U,(1,0),...,U(K,0))T = 0. Suppose that 0y is the true value of the
parameter 0 and that Conditions 3.6 hold. Then (éﬁP,...,éﬁLK))T converges in

distribution to a multivariate Gaussian random variable, specifically

nz (65 — 6,) 0] [x0 »@ ... nw

nz(0 —6,) | 4 ol |z®@ wn@ ... n&
. =N ] . _ _

n%(é,(f() —tp) 0 WWE) 2K L. n(K)

where 0o
k) _ / v(k, 80, 1) (k, 0o, w)ho(u)du.
0

Proof. In Theorem 3.2, we proved that the sequence of estimates which are the
solution to estimating equations, are asymptotically normally distributed. We also
showed that the canonical joint distribution holds when the matrices A®*) and B®*)
of the regularity conditions are equal. Therefore, to prove that the canonical joint
distribution of Definition 2.2 holds for this sequence of estimates which are the
maximum partial likelihood estimates, we shall prove that the following conditions

are satisfied:
1. Foreach k=1,... K, éﬁlk) 2 0,.

2. Foreach k=1,..., K, n_%Un(k,Ho) 4, N (0, x*)).
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3. For all 6*® such that §**) 2 g,

d
‘1%U (k,0)|p—gecy = n T, (K, 0°%)) B 5

foreach k=1,..., K.

4. FOI"lSlek?QSK,

Cov (n*%Un(/ﬁ,90),n*%Un(k2,eo)) 2y s(k)

The fixed sample results given in Theorem 3.5 are enough to prove that conditions
1-3 hold in this group sequential version.

It remains to show that condition 4 holds. Following the work of Tsiatis et al.
(1995), we can split the counting process into distinct increments. We shall use the

form of the score statistic at analysis k given by Equation (3.18). This is

(k. 0) / ZZ E(k,0,u))dDN;(1, ).

=1 [=1

Similarly to the fixed sample proof, we can write the score statistic in martingale
form. The j" element of the martingale version of the score statistic times n~% with

dependence on t is

k

WJ(")(k,H,t):/ ZZH (k,w)dDM;(l,u)

=1 [=1

where

H (k,u) = 072 (Zij(u) — Bj(k,0,u)).

Then H is an n x p matrix of locally bounded predictable processes. Thus,
n=zU,(k,0) = W™ (k,0, 7).

To assess the asymptotic limit of the predictable covariation process of the
score statistic, we must first determine the range over which two processes are
orthogonal; DM;, (I4,t) and DM, (lo,t) are orthogonal for i; # iy because patients
are independent and these processes are also orthogonal if [; # [ because the jump is

unique for each patient and so cannot happen in in two different analyses. Therefore,
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the predictable covariation process for k; < ks is
<W<”><k1,eo> W<"><k2, 60)) (1)

/ m ™ (ky, u )Hm (Ko, w)ho(u) exp{0T Z;(u)}(Yi(l,u) — Yi(l — 1,u))du

=1 [=1

/ ZHf;? (k) S (k. ) o (0) exp{67 Z, (u) Y (ks )
/ ZH}Q e, w) HYY (K u)ho(u) exp{07 Z;(u)}Yi (ki u)du

= (/ V (K1, 6o, )S (kl,eo,u)ho(u)du)
0 Jjije
(k1)

_> Z]UQ

Therefore we have the result that for & < ks
Cov <n—%Un(k1, 0o), 02 U, (o, 90)) 2y sk),

The second condition for Rebolledo’s central limit theorem for martingales can be

proven using the same reasoning as for the fixed sample case. O]

Theorem 3.6 shows that the sequence of estimates é(l),...,é(m follow the
multivariate version of the canonical joint distribution. The ingredients of this
known result are what we shall use in Chapter 4 to obtain the asymptotic
distribution for the sequence of treatment effect estimates which are obtained using
the “conditional score method”. The conditional score method is used to obtain

estimates for parameters in a joint model for longitudinal and survival data.
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CHAPTER 4

JOINT MODEL WITH TREATMENT
DIRECTLY AFFECTING SURVIVAL
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4.1. JOINT MODELLING

4.1 | JOINT MODELLING

4.1.1 | MOTIVATION FOR COMBINING SURVIVAL AND
LONGITUDINAL INFORMATION

The focus of this Chapter is to develop methods for designing and analysing a group
sequential trial based on a joint model for longitudinal and survival data. We may
believe that a trend in the trajectory of the biomarker is predictive of survival, and
we would like to know whether this additional longitudinal data can be used in
monitoring the trial, leading to early stopping.

Interest in joint modelling is motivated by clinical trials where the biomarker is
predictive of survival. For example, Goldman et al. (1996) use CD4 lymphocyte cell
counts as a surrogate endpoint for survival in a clinical trial comparing the efficacy
and safety of two antiviral drugs for HIV-infected patients. Taylor et al. (2013) use
a joint model to predict survival times of patients with prostate cancer based on
prostate specific antigen (PSA) levels measured by blood tests at multiple hospital
visits.

Suppose that the biomarker observations are available but have not been used
in the analysis. The topic of this Chapter is to assess the change in efficiency of
the trial when these observations are included in the analysis. We shall focus on
efficiency measured in terms of the number of patients that need be recruited to
achieve a certain power, and we show that, in some scenarios, the trial using the
longitudinal data is up to 1.67 times as efficient as the trial which discards the
longitudinal data. That is, when the longitudinal data is not used, 1.67 times as
many patients are recruited to achieve the same power as the trial which does use
the longitudinal data. We shall present these results in Section 4.5.

Tsiatis and Davidian (2001) present the joint model that we shall use here.
Then, Tsiatis and Davidian (2004) give an overview of possible methods of inference.
Rizopoulos (2012) gives further detailed theory for some of the inference options. We
focus on a method called the “conditional score” method. This was first introduced
by Tsiatis and Davidian (2001), who present the asymptotic theory for a fixed
sample trial. Lu and Tsiatis (2008) use the theory of semiparametrics to find an
estimator for the treatment effect in a survival model when there are auxiliary
covariates incorporated. In this case, the auxiliary variables are known to be
correlated with the time-to-event outcome and the information for these covariates
is collected at baseline and throughout the trail. The authors derive an estimator

that is more efficient than the maximum partial likelihood estimator for the model
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where information arises solely from time-to-event observations. We seek a similar
result for the estimator of the conditional score method for analysing the joint model.
The conditional score function is seen to have similar properties to the Estimating
Equation (11) of Lu and Tsiatis (2008) where the biomarker observations play a
similar role to the auxiliary variables. However, the reason why these results cannot
be directly applied is because of the measurement error in the longitudinal data.
The conditional score requires an understanding of survival analysis because it
is an analogy to partial likelihood. The ideas and methodology for survival analysis
which appeared in Section 3.2 are extended upon in this section. The novel aspect
of the research in this chapter is the design and analysis of group sequential trials
based on a joint model for longitudinal and time-to-event data. Our main result,
given by Theorem 4.4, determines the asymptotic distribution of the sequence of

treatment effect estimates in a group sequential test based on the joint model.

4.1.2 | JOINT MODEL

The joint model that we consider is given in Equation (2) of Tsiatis and Davidian
(2001). There are two processes in this model which represent the survival and
longitudinal parts separately, and these processes are linked through the hazard
rate of the survival process. First we consider the longitudinal data. Suppose that
X;(t) is the true value of the biomarker at time ¢ for subject ¢ and that W;(¢) is the
observed value of the biomarker at time ¢ for patient ¢. Then the longitudinal model

takes the form

Wi(t) = Xi(t) + e(t) (4.2)

where b; = (b0, b;1) is a vector of patient specific random effects and ¢;(t) is the
measurement error. In general, the vector b; can have dimension p and the function
X;(t) need not be constrained to linear functions in ¢. However, we shall concentrate
on the case given in Equations (4.1) and (4.2). We consider a random effects model
where each b; is a random variable with density function f(-). The measurement
errors are assumed to be independent and if the biomarker for patient ¢ is measured
at times t;1, ... tim,, then €(t;)|b; ~ N(0,02) for j = 1,...,m; and €(t) and €(t')
are independent for ¢ # t'.

The model for the survival endpoint is a Cox proportional hazards model in which
the longitudinal variable X;(¢) acts as a time-varying covariate with coefficient ~.

The remaining covariates for patient ¢ at time ¢ are given by the p x 1 column
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vector Z; which has corresponding coefficient vector 1 of length p. In the upcoming
examples, we only consider the case where p = 1 so that Z; and n are scalars, hence
we do not use bold notation for these parameters. Then the hazard function is given
by

hi(t) = ho(t) exp{yX,(t) +n" Z}, (4.3)

where ho(-) is the baseline hazard function. Note that it is the true underlying
trajectory X;(¢) that is included as a covariate in the proportional hazards
model, whereas the measurements W;(t) with added error are observed. Together,
Equations (4.1), (4.2) and (4.3) define the joint model.

It is surprising, perhaps, to assume treatment has no effect on the biomarker.
However, this model appears to be widely accepted and there are many results
for the more simple model presented above. Hence, we shall build upon existing
literature to develop the group sequential methodology for the model (4.1)-(4.3).

The data collected for each individual ¢« = 1,...,n are the vector
(Wi(t), Zi(t), t;, 6;) where

e W;(t;;) are biomarker measurements at times ¢;1, ..., tin,
e /; are known covariates,
e {; is the observed event time,

e ), = I{F; < C;} is the indicator function for censoring, so that d; = 1 implies

an exact observation.

4.1.3 | MODEL LIKELIHOOD

An expression for the full likelihood for the joint model is now presented. The full
likelihood is not used in the analysis of the joint model, however understanding the
structure reveals the difficulties with maximum likelihood based analyses for the
joint model.

Tsiatis and Davidian (2004) derive an expression for the full likelihood function
for a general joint model presented in their Section 3, Equation (7). We build upon
this result and derive the likelihood function for our model Equations (4.1)—(4.3)

as

n t;
H /ho(tl) exp{fy(bol» + blztz) + T]TZi}éi exp |:— / ho(U) exp{’y(bol- + ble) + T]TZZ}d’LL
i=1 0

1 [_ i (Wi(ti;) — (bio + biltij))z

>< e —
(2mo2)mil2 P 202

] f(bi)db;.

J=1
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Analytic expressions for calculation of the above likelihood are rarely available,
so we rely on numerical integration techniques. The vector b; has length p = 2 and
hence this likelihood is a product of n 2-dimensional integrals. Calculation of the
maximum likelihood estimate requires a series of these computationally expensive
calculations. Further, note that calculation of this likelihood function requires that
the baseline hazard function hg(t) is known.

To overcome these computational challenges, we shall introduce the conditional
score method which is an analogy to maximising the partial likelihood in survival
analysis. The similarity with maximum likelihood is that the analysis is “semi-
parametric” and does not require specification of the form of hy(t). In Section 5.3.1
we discuss some of the complications of using a fully parametric approach with
regards to parameter identifiability and robustness. For example, we specify that
the model has a piecewise constant baseline hazard function and we must ensure
that there are a sufficient number of events occurring between analysis times and
knot points. Further, using the conditional score method, there is no integration
over the distribution of the random effects which means that we do not need to
make any assumptions about the distribution of the random effects.

In comparison with the fully parametric maximum likelihood estimation, the
conditional score method has the disadvantage that the resulting estimator is not
efficient. This has the consequence that the canonical joint distribution does not
hold for the sequence of estimates in the group sequential test. However, we believe
that the advantages of a semi-parametric estimator and being able to bypass any
assumptions about the random effects outweigh the relative disadvantage of the

conditional score estimator not being efficient.

4.1.4 | COUNTING PROCESSES FOR THE JOINT MODEL

In Section 3.2.5, it was shown how counting processes can be used to formulate the
partial likelihood for the Cox proportional hazards model. The re-parameterisation
of the data into the counting process framework allowed martingale results to be
used in the derivation of the asymptotic distribution of the treatment effect estimate.
We now show the analogous counting process for the joint model.

With our choice of model X;(t) = by; + byt for longitudinal data, the joint model

counting process is defined by the following functions:

Ni(t)
dN;(1)

(t<t,6 =112 <1)

=1
=T(t <t; <t-+dt, 6 =1t <t).
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Note that here t; is the time of the exact or censored event for patient i while ;9
is the second term in the sequence of times t;1, %9, . .., ¢, at which we observe the
biomarker. The difference between this counting process and the counting process
for standard partial likelihood is the inclusion criterion t;5 < t. This ensures that
there are a sufficient number of longitudinal observations to perform linear regression
of the longitudinal data at a time ¢ where the process N;(t) jumps. Note that this
criterion would be modified for a different longitudinal model. This gives rise to a
modified at-risk function. The criterion for inclusion in the risk set is now dependent

on having enough longitudinal measurements, so the at-risk function is given by

By analogy to survival analysis, we seek a compensated counted process with
expectation zero. This property leads us to define an estimating equation from
which we can obtain treatment effect estimates that are asymptotically normally
distributed. In the usual survival analysis setting, we can calculate the compensated
counting process by subtracting the intensity process of the counting process. In the
joint modelling setting, this is not as simple because the randomness of the nuisance
parameters b mean that the intensity process will not be predictable. To overcome
this, Tsiatis and Davidian (2001) introduce a “conditional intensity process” which is
conditional on a certain “sufficient statistic”. The origins of the conditional intensity
process and sufficient statistic are not crucial for our purpose. What we actually use
are the definitions and properties that are derived from these. In what follows, we
shall introduce these two functions, given by Tsiatis and Davidian (2001), and the
compensated counting process. We shall then show that this compensated counting
process has expectation zero.

For patient i, let ¢;(u) be set of all time points for measurements of the biomarker,
up to and including time u. Let Xl(u) be the ordinary least squares estimate of
X;(u) for patient ¢ based on the set of measurements taken at times ¢;(u). That
is, calculate by;(u) and by;(u) based on measurements taken at times ¢;(u), then
Xi(u) = bo;(u) + by(u)u. As we pass time t;;, a new observation W is included
and the formula for X;(u) is updated for larger values of u. This seems strange
since at early time points, not all of the available data is used for calculation of
X;(u) however this is necessary for the martingale property to hold in later results.

Suppose that ¢26;(u) is the variance of the estimator X;(u) at time u. Tsiatis and
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Davidian (2001) define the sufficient statistic to be the function

Si(t, 7y, 0%) = X,(t) +~v0%60;(t)dN;(t)
= o (t) + bu(8)t + 0 20;(t)dN; ()

which is defined for all ¢ € (t;2,t;) for patient i. The authors give details for the

derivation of the conditional intensity process in their appendix, which is given by

P(dN;(t) = 1]Si(t, v, 02), t:(t), Z;, Yi(t))
dt

= ho(t) exp{ySi(t,7,0%) = v*0?0,(t) /2 + n" Z:}Y;(t). (4.5)

/\ZC (t) = limdwo

(4.4)

The superscript ¢ here is to show that this intensity process is conditional on the
sufficient statistic and also to reflect that this is not the same intensity process as
Equation (3.11) for the survival counting process. The proof that Equations (4.4)
and (4.5) are equal is found in the appendix of Tsiatis and Davidian (2001) where
the authors derive this conditional intensity process.

For convenience we shall define
Eoi(t,v,m,0%) = exp{vSi(t,7,0%) — v*c%0;(t) /2 +n' Z;} (4.6)

which mirrors the exponential function in the intensity process for the survival data
model. In Section 3.2.4 we saw how the Doob Meyer decomposition theorem is used
to create a martingale that is the intensity process subtracted from its submartingale
counting process. Although for the joint model, the compensated counting process
will not be a martingale, because of the unknown nature of the random effects, it is
still useful to define:

Mi(t) = Ni(t) - / o () Eni(ut, 3, m, 0®) Y (u)du (4.7)

dM;(t) = dNi(t) — ho(t) Eoi(t, v, m, 0%)Yi(t)dt. (4.8)

The important property for the asymptotic distribution derivation, is that the
compensated counting process has expectation zero conditional on the sufficient
statistic. The following lemma proves this result which shall be used in the proof of

the asymptotic distribution of the parameter estimates in the joint model.

Lemma 4.1. The function dM;(t) which is the compensated counting process for

the joint model defined in equation (4.8) has expectation zero conditional on the
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sufficient statistic, that is

Proof. First, by equations (4.4) and (4.5), the conditional expectation of the

counting process is

E(dNi(£)|Si(t, 7, 0%), ti(t), Zi(t), Yi(t)) = P(dN;(t) = 1] Si(t, v, 07%), ti(t), Zi(t), Yi(t))
= ho(t)Eoi(t,y,m,0°)Y;(t)dt.

Then the conditional expectation of the compensated counting process is

E(dM;(1)|Si(t, 7y, 0°), ti(t), Zi(t), Yi(t))
=E(dN;(t) — ho(t)Eoi(t,v,n, o) Yi(t)dt|S;(t,y, 0?), t;(t), Zs(t), Yi(t))
:E(sz(t) |Sz (ta e U2)a ti (t)a Zz (t)a Y;(t)) - hO(t)EOi(tv Y1, UQ)Y;(t)dt
=0.

]

Following the work of Tsiatis and Davidian (2001), we have presented definitions
for the functions S;(t,v, 0%), \¢(t), Eoi(t,v,n,0%) and M;(t). We have then shown
that M;(t) conditional on S;(t,v,02),t;(t), Z;(t), Y;(t), has expectation zero and this
result will be used in the proof of the asymptotic distribution for the parameter

estimates in the joint model.

4.1.5 | CONDITIONAL SCORE

It remains to define the conditional score function. This is the function we are
seeking with a root that defines unbiased and asymptotically normal parameter
estimates for the joint model. We introduce the conditional score before proving the
distributional results for the treatment effect estimates in the upcoming Section 4.2.1
and Section 4.2.2. The conditional score is an analogue to the score for partial
likelihood in survival analysis. The score for partial likelihood is a function of
counting processes and their intensity functions. The conditional score is different
because the intensity process is conditional on the sufficient statistic.

In the score statistic for partial likelihood, the function E(6,t) is the expectation
of the covariates at time ¢ weighted by the intensity process \;(t). This function is

the main aspect of the score for partial likelihood and this concept motivates the
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conditional score approach. The underlying idea for the conditional score is to create
the expectation of the covariates in the joint model weighted by the conditional
intensity process A\ (t). However, the joint model includes the true, longitudinal
trajectory as a covariate, and so this is replaced by the sufficient statistic. Therefore,
we construct a function that is the expectation of the vector {S;(t,v,0?), ZF'}7T
weighted with probability A\Y(t). With E(t,~,n,0?) given in Equation (4.6), we

define functions

1TL
SOt ) == Yi(t)Eoilt 2
c (7’7’7]70-) n () 0(7’777%0-)

i=1

(¢
SO(t,y,n,0%) = —Z{ ) }K(t)Em-(t,%n,JQ)

T
1 Sz t77702 Sz t77702
S§2)(757%77,02):;Z{ (Z >}{ 70 Y0 Batt .07

SO (t,~,m, 02)
SOt y,m,02)

The notation for this section reflects that of Jennison and Turnbull (1997) and

Section 3.2.5 and the analogy to partial likelihood can be seen, in each case the

=

EC<t7 ’77 777 o ) -

subscript ¢ indicates that these functions are conditional on the sufficient statistic.
For comparison with Tsiatis and Davidian (2001), the functions SC(O), S and E.
are equivalent to Ey, F; and S respectively. These functions are the basis of the
conditional score function. The score statistic for partial likelihood is a sum over
patients of covariate vectors minus the weighted expectation of the covariate vector.
By this interpretation, it is clear the expectation must be zero. Similarly, we define
the conditional score to be a sum over patients of the vector {S;(t,v, %), ZI'}T minus
its weighted expectation. Let p be the length of the vector Z; for all i = 1,... n,

then the conditional score statistic will be a (p + 1) x 1 column vector given by
(., 0 / Z {Si(u.v,0%). ZI}' = Eo(u.v,n,0%)) dNi(u) (4.9)
- Z {8:(0,7,0%), 27V — Bulu,7,m,0%) M) (4.10)
0

Our conditional score Equation (4.9) is equivalent to Equation (6) of Tsiatis and
Davidian (2001) and Equation (4.10) is equivalent to Equation (7) of Tsiatis and
Davidian (2001). The equivalence of these two equations holds by a similar result

to Lemma 3.4, which states that the compensated counting process can replace the
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counting process in the score statistic.

Tsiatis and Davidian (2001) write the conditional score statistic U.(y, n,0?) as
/ Z {Si(u,~,0%), Z]}" — ec(u,v,m,0%)) dM;(u) (4.11)
0
<[ S (ealus . 1,0) — Eulusy.m,0)) dMi(u), (4.12)
0 =1

where e.(u, v,n,0?) is the probabilistic limit of E.(u,,n,0?). We shall later present
a set of regularity conditions which imply that this limit exists and that the function
E.(u,v,n,0%) converges pointwise to e.(u,v,n,0%). This regularity condition is
assumed to hold. Expressions (4.11) and (4.12) are equivalent to (8a) and (8b)
of Tsiatis and Davidian (2001) respectively. The authors prove that n=! times our
Expression (4.12) converges in probability to zero in a neighbourhood of (vq,n0)
and deduce that the behaviour of the estimators which are solutions to the equation
Ue.(v,m,0%) = 0 will be dictated by Expression (4.11). In the proofs to follow, we
therefore focus on Expression (4.11) when determining the asymptotic distribution.

We shall now show that Expression (4.11) has expectation zero. Hence the
conditional score statistic defines an estimating function and if we let the parameter
estimate be the root of the equation where the conditional score is set equal to zero,

then the parameter estimate will be asymptotically normally distributed.

Lemma 4.2. Ezxpression (4.11) has expectation zero. That is

E /o Z {Si(u,~,0%), Z]}" — ec(u,v,m,0%)) dM;(u)| = 0.

Proof. We define some notation that mimics the martingale notation in the proof of

Theorem 3.5. For each j = 1,...,p+ 1 where p is the length of the vector Z;, define

Wty 0 / ZH;Wu)dMi(u)
=1

where
n _1
Hi(j) =n"2({S;(u,~,0?), Z,LT}jT — ec(u,,m,0%);).

Then H is a (p+ 1) x (p + 1) matrix. Thus n~2U.(y,n,0%) = W™ (00,7, 7, 02).
To determine the expectation of W™ (o0,7,7n,0?) we use the i.4.d nature of
the vectors [;° Hf”)(u)d]\/[l(u),...,fooo H{” (uW)dM,(u) and restrict attention to
I H™ (W)dM; (u). The expectation of I H™(u)dM; (u) is shown below. The
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first equality follows since orders of integration can be exchanged under suitable
regularity conditions, the second equality is an application of the law of total
expectation, and the third equality is obtained by taking out known factors. Finally,

Lemma 4.1 gives that the inner conditional expectation is zero, showing the result.

([ s

/o E(H;" (u)dM;(u))

[e o]

E(E[H," (w)dM:(u)|S1(u,7,0%), Z1, t1(u), Yi(u)])

I
O S—

[e.9]

E(H," (w)E[dM:(u)|S1(u,7,0%), Z1, t1(u), Yi(w)])

]

Combining Lemma 4.2 with the fact that Expression (4.12) converges in

probability to zero, we have that U.(vy,n, c?) is an estimating function.

4.1.6 | DIFFERENTIATION OF THE CONDITIONAL SCORE

Another object of importance is the first derivative of the conditional score function,
Equation (4.9), with respect to parameters v and 7. This matrix plays a key role in
the definition of the covariance matrix for the estimates 4 and 7 and has a likeness
to the Fisher information matrix which is the derivative of the score statistic for
general statistical models. Tsiatis and Davidian (2001) describe that the variance
matrix can be found, however they do not present an equation for such an object.
The derivation of the derivative of the conditional score function in this section is
original work.

First we consider differentiating the function Fy,(t,v,n,0?) with respect to v
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and 7 separately. These are

o) o)
—Ey, H=__= : 2 —420%0;(t) /2 + nZ;
87 0z(ta%77>0 ) 87 eXp{PySZ(t”y?O— ) Yo el(t)/ +77 Z}

= a% exp{720%0;(t)dN;(t) + v X:(t) — v?00,(t) /2 + nZ;}

= (2v020;(t)dN;(t) + Xi(t) — v020;(t)) Ei(t, v, 1, 02)
= (2S;(t,~, 02) — )A(Z(t) — 70292-(75))E0i(t,% n, 02)

0 0
a—nEOz'(ta v,1m,0%) = an exp{Si(t,y,0%) — v*00;(t) /2 + nZ;}

= ZZEOZ (ta Y1, 0-2)'

Derivatives of FEy;(t,v,n,0?) are needed for differentiating the function
Séo)(t,%n, 0?). Similarly for differentiation of the function Sél)(t,%n, o?) we now
calculate derivatives for S;(t,~,n, 02)Eoi(t,v,n,0%) and Z;E;(t,~,n,0?). These are

~

0
a—vSi(t, v,1,0%) Eoi(t,v,m,0%) = | Si(t, v, 0%)* + Si(t,v,n,0%)(Si(t, 7, 0%) — X;(1)

—70%0;(t)) + 020 (t)dN;(t) | Eoi(t, v, n,07)

0 “
8_,yZiE0i(t7777], 0?) = Z;(2Si(t, 7, 0%) — X;i(t) — v020;(t)) Eoi(t,v,m, 0%)

0
8_7752 (ty Y1, U2>E0i (t7 Y, U2) = Sz(tv Y1, U2>ZiE0i(t7 v, 1, 0-2)

0

a_nZzEOz (ta Y1 02) = ZZTZlEOz(t? Y1, 02)'

We will display the relationship between the matrices S (t,v,m,0%), St (t,v,m,02)
and SC(Q) (t,7,n,0?) and their derivatives. In the simple survival model in Section 3.2,
we have that SU) = 950 /9¢9 and S@ = 9SM /9. This is not true for the
conditional score, but a similar relationship holds. To make this clear, it convenient

to derive additional functions. Let

A~

Jz(ta 7, 02) = {Sz<t7 7, 02) - Xz<t) - 70262'(1;)7 07 s 70}T
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be a (p+ 1) x 1 column vector and define functions
CV(t,~,m,0° ZJ 7, 0%)Y;(t) Eqi(t, ~,7,0°)

1 | S,
0(2)(757777770-2) == Z{ ( ; 7 ) } Jz(t777 02)T}/i<t)E0i(t7777770-2)

=1 i
] — 0 0 --- 0
0(3)@,%77,02):5; : | Y OBty n.0%)
0 0 --- 0
V(¢ ) SE(t,v,n,0%) 551)(15,%77,02)551)(16,%77,02)T
s 10,
SOt v, m, 02) 1S9t v, m, 02)]?
e ) COt,y,m,0%) S8 (t,7,m,0%)CO(t,7,9,0%)"
Y1, 0°) =
SO, y,m,0?) 1S9t y,m, 02)]2
OB (¢ o2
VOt o) = S )
SC ( n702>

The function S is a scalar and its derivative will be a (p+1) x 1 column vector.
The matrices & and C® are both (p+1) x 1 column vectors. For differentiation,
entry (8551) /O(~v,m)T); j represents the i*" element of S differentiated with respect
to the j* element of the vector (v,7)T. The functions S c@ c® v v and
V3 are all (p+ 1) x (p+ 1) matrices. Using the above calculation, we find the
following relationships hold

0
—— SOt y,n,0%) = Eoi(t,~v,m,0%)Y;(t
o) (t.y,m07) = 777T[nZo V1, 0°)Yi(t)
25;(t,v,0 Xit — yo20;(t

i(t,v,0
:_Z{ }EOi( VN0 ZJ Y, 02) Eoi(t,7,m, 02 Yi(t)
=S (t,v,n,0 ) +CW(t,7,n,0%)

A similar calculation is performed for the differentiation of Sgl)(t,’y,n,ﬁ).

Temporarily removing dependence of all functions on parameters ¢,~,n and o2,
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we have
0 0 1 & Si(t, 02)
Sél) t7’}/77770'2 = 5/ .~ | = T Eit7777770.2}/;t
3G T ) 8(7 | Z 2 i )Yi(t)
B (25 X ~020;) 27z, (77
TN (S si 1S (s Si— X —~o2, |
=— ' ' EoY; + — Z ' ' T EyY;
n i=1 ZZ ZZ n i=1 Zz 0
1 & 0 0 -~ 0
+— . . | EoiYi
i1 : : .o
0 0 - 0

=S (t,y,n,0%) + CO(t,,n,0%) + CO(t,v,1.6%).

We are now able to differentiate the function E.(t,~,n,0?). By the quotient rule

and the relationships derived above, we have

E.(t,y,n,0%) =

0 |88t ,m.0%
Ay, )T Oy, | SO, , 77,02)

WSC(I)(@%%UQ) S( )(t v,n, o ) (t 777770-2)

- 2
SéO)(t777n70-2) |:S(O t Y 7770'2 :|

_ 82t yme?) |, COtyme?) | COty,m,07)

SO, v,m, 02 SO, v,m, 0% SOt ,m,0?)
St 7,m, oSty )T Sy, 0 CWV (., 0H)T

S0 NE 50 2]’
c (7777]70-) c (7’777770-)

= VI(t,7,n,0%) + VO(t,v,n,0%) + VO (t,7,n,07).
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Finally, we can differentiate the conditional score of Equation (4.9). This is

9 >
WUC(%Uaa)
a T\T 2
:—3(%77) / Z {Si(u,~,0%), Z}" — Ec(u,v,n,0%)) dN;(u)
[020;(u) 0 --- 0
noe | 0 0 e 0
:2/0 |
0 0 -0
- Z | 0 m0h) + V) + Vw0t ). (413)

‘ ASYMPTOTIC THEORY FOR THE JOINT
MODEL

4.2.1 | FIXED SAMPLE RESULTS

In this section, we show that the estimates which are the root of the conditional score

function are asymptotically normally distributed. The conditional score function is

(v, 0 / Z {Si(u,7,0%), ZI}' = Ee(u, v, n,07%)) dNi(u)

and we have so far shown that the conditional score function is an estimating
function. Therefore, we shall make use of Theorem 3.1 to derive the asymptotic
distribution of the resulting parameter estimates. Further, we then describe how to
perform a hypothesis test making use of this distributional result.

2 as known and later we discuss consistent

In what follows we shall treat o
estimation of o2. Let 4, and ), be the values of v and 7 respectively which are the
solution to the equation Uc(n) (v,m,0%) = 0. Dependence on the number of patients n
is to clarify that we assess asymptotic results as n — oo. We follow the proof given
by Tsiatis and Davidian (2001), who show that the estimates 4, and 7, converge in
distribution to a Gaussian random variable and we go beyond this proof by finding
a specific form for the variance matrices and their probabilistic limits.

For the proof of the asymptotic distribution of the parameter estimates in the

joint model, we require asymptotic limits of elements of the score statistic and
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variance matrices to exist. The definitions of these limits are specified through the

following regularity conditions:
Conditions 4.1.

1. There exist neighbourhoods T of ~y and N of n9 and functions

Sgl) (t7 V? 777 0-2)7 SEQ) (t7 77 ,r]’ 0-2>’ 8£3) (t7 77 ,'77 0-2)7 C(l) (t7 ,7/7 n7 0-2)7 0(2) (t’ 77 777 0-2) and
3 (t,v,n,0?) defined on [0,00) x I' x N such that

sup  ||SD(t,v,m,0%) — s9(t,y,m,0%)|| & 0 for j =0,1,2
te[0,00),yel',neN
sup  ||CYt,y,m,0%) — V(t,y,m,0%)|| = 0 for j=0,1,2.

te[0,00),y7el',nEN

2. For each j =0,1,2, sg)(t,v,n, 0?) and 9 (t,~,n,0?) are continuous functions
ofy el and n € N uniformly in t € [0,00), and bounded on [0,00) x I" X
N. Also, s (t v,m,0%) and O (t,y,n,0%) are bounded away from zero on
[0,00) x T" x N.

(1) and S£2) are the first and

It is clear that the followmg relationships hold: s¢
second derivatives of s with respect to the vector (v,n")T; ¢ and ¢? are the
first and second derivatives of ¢(?)

The probabilistic limits e.(t,v,n,0%) of E.(t,v,n,0%), v((;l)(t,%n,UQ) of
Vc(l)(t, v,m,0%) and o? (t,v,m,0?) of /AR (t,7,n,0?) are define by the following:

s (t,v,m,02)

ec(t,y,m,0%) =
sO(t,y,1m,02)

1 1
(1)(t ) ()<t 71,0 ) o Sg )(t Y10 2) ( )(t 7 77702>T
e sO(t,7y,1m,02) (s (t, 7,1, 02))?
A (t,y,m,0%) st y,m, 02Ny, n,02)T

t,y,m,0%) = -
sO(t, 7,1, 02) [0 (t,,m, 02)]2

(2)(

We now prove that Theorem 3.1 applies to the conditional score estimating
equation by proving that 1-3 of Conditions 3.1 hold. The remaining conditions are

assumed to hold to avoid technical distractions.

Theorem 4.3. Suppose that yy,n9 and o are the true values of the parameters
v,n, 0% respectively. Let 4, and 7, be the values of v and 1 which are the solution to
the equation UC(”) (v,m,08) = 0 and suppose that the reqularity conditions of 4.1 hold.
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Then the vector (Y, M,)T converges in distribution to Gaussian random variable,

(-G

Y =A"'BAHT

specifically

4 N(0,%)

where

and the matrices A and B are defined by

G2E(0i(u)) 0 --- 0
%0 0 0 - 0] , )
A= / LT 9 w0, 10, 02 o) du
0 . . ‘. .

_/ ( (1)(u 70”7070-0) —f—U(Q)(U ’YOanO)UO)) SCO)(U770777070-(2))h0(U)du (414)
0

B :/ v (w, 70, M0, 02) 59 (w, 70, 0, 02 ) ho () dus. (4.15)
0

Proof. In this theorem, the conditional score function, U™ (v,m,0?), plays the role
of the estimating function G, (0,x,) and the vector of parameters (v,n,c?)T is
represented by @ in Theorem 3.1. In applying Theorem 3.1, we show the following

conditions are satisfied:
Al 4, B o and 7, 5 no.
A2 n~zU™ (70,70, 75) - N(0, B).
A3 For all 4 and n* such that v 2 49 and 7 2 1,

1 0

Tyl o) B A

We shall focus on the proof that conditions A2 and A3 are satisfied since we shall
later build upon this proof in the group sequential case. The condition A1, the proof
of consistency is given by Van der Vaart (2000) in their Section 5.2, who prove that
consistency holds for any estimator which is the root of an estimating equation.

For the remainder of the proof, we follow the argument by Tsiatis and Davidian
(2001), that the asymptotic distribution of the conditional score function is dictated
by the following function:

’7 n,0 / Z {S u 7V, 0 ZT}T —ec(u Y, 1,0 )) dMZ(u)
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Further, we shall use the same set-up as Lemma 4.2. As a reminder, for each
j=1,....,p+1, let

t n
Wt ,m,0%) = / S HY (w7, m,0%)dM; ()
=1

where
n 1
HZ(] )<U,, Y5 M 0-2) =n 2 ({Sz(u7 Y5 02)a Z;T}f - ec(“a Y5 M5 U2)j)'

Thus n~2U,(v,7,0%) = W™ (c0,~,1, 0?).
For condition A2, we have shown that E <n_% Ut (70, Mo, 08)) = 0 by Lemma 4.2.

The vectors

/ H (1,99, 10, 02)d My (u / H (4,70, 70, 02)d M, (1)

are independent and identically distributed (i.i.d). This is because patients are
independent and there is an underlying population wide distribution for the
covariates, meaning that each vector has the same probability density function.
Therefore, by the central limit theorem, W(”)(oo, Y0, Mo, 04 ) converges in distribution
to a normal random variable.

The covariance matrix of the limiting distribution of the function
W™ (00,90, 1m0,02) is now determined. For all j = 1,...,p + 1 we have that
E(M/j(n)(oo,fyo,no,a%)) = 0 by Lemma 4.2. Further, because patients are

independent the covariance between elements j; and js is
Cov ( )(OO 70777070-0) Wj(:)(ooa’YO;UOaUS))
=E (Z/ zgl u » 05 705 0-3>sz(“) /0 Hz(p)(ua 70, Mo, Ug)sz(U)) .

In the calculation for the covariance below, the first equality uses the fact that
dN;(u) is an indicator function so that dN;(u)? = dN;(u). Then, using a similar

method to the calculation of the expectation, we use the law of total expectation to
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derive the following expression for covariance

E

=E

For

> 0o | HZS?;)(u,%,no,aS)dNi(u))
Z/ Z]l U’ 70777070-(2])Hz’(};)(u77077]070(2)>dNi<u)>
Z / (w20, 0, 03) HI (1,70, o, 08)ANi ()] i, Y0, 93), Zis (), Y(u)])

Z / H (w, 50,10, 02) H (w, 50, 10, 08)E [dN;3(w)|Si(w, 0, 03), Zi (1), Yi(u)]

2/ 1]1 U ’7077707O-g)Hz‘(jz)(u7707T]()?O-g)hO(u)EOi(u? ’YO,??O,U%)K(U)CZU) .

the following calculation, dependency on parameters g, 79 and op is removed

from the functions S (1), StV (t) and 5 (t) for notational purposes. Further, the

dependency on parameters 7, 79 and o3 is also removed from the probabilistic limits

(0)

Se

(1), s (2), s )( t) and e.(t). Then following calculation holds
Z 2]1 77077](%0-0>H1(]2)(ua7077707US)hO(u)EOi(u7/yO7770agg)n(u)du

_Zn ( (70, 02), Z7)T —ec<u>j1>

X ({Si(u, V0,00), 2 }1, — ec(u)j2>ho(U)E0i(Uﬁo, M0, 05)Yi(u)

8(2)U P14 Sgl)U‘S
g)([c()]m [ (2(])

sgo)(u) Se ;é@ (u)
= [0 (@)]17058 (w)ho(u).
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Therefore, combining the above results, it can be seen that
Cov W(n)(oo o7 o) Wgn)(oo >)
j1 » Y0, 10, 0¢q ), j2 » Y0, Mo, Og
& [Ut(zl) (U, ’707 7707 O-g)]jle St(:(]) (u7 ryov 7]07 US)hO(u)du
0

ﬁ> (/ [Uél) (u Yo, Mo, UO)]SCO) (’U,, Yo, Mo, U(Q))h‘()(u)du>
0

=B

J1J2

Jijz

and by the central limit theorem we have
n_%Uc(n)(”YOWOaUg) = W(")(oo ’707770700) - N(0, B).

To prove condition A3, we can write

1 0 n 9
EWUC( '(7.1,00)by=ysp=ns = A =—=Do+ D1+ Dy + D3
where
[020,(u) 0
1 00 0 0 --- 0
=5 5 I IR RO
n i=1 0 N . . . N
i 0 0 - 0
[02E(6i(u)) 0
i 0 0O --- 0
—/ ) . ) Sgo)(UﬁoJ?o,U(Z))ho(U)du
0 : : o
i 0 0
Z/ U fy 77 UO dN / U (L U 7077]07UO)S(O)<u77077]070-(2))h0<u>du
0
Z/ u f}/ 77 UO dN / U 2 7077707()%)520)(”770777070(2))h0<u>du
0

I3 [V e,
N4 Jo

and it remains to show that each of the terms Dy, Dy, Dy and D3 converge in
probability to zero. For the terms Dy, D, and Ds, analogous results are presented
by Andersen and Gill (1982) for survival data and the heuristic sketch for this was

shown in our Theorem 3.5. For the term D3, we make use of the relationship
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dN;(u)dN;(u) = 0 for i # j and dN;(u)? = 1 since dN;(u) is an indicator function.
The function V® is a (p + 1) x (p+ 1) matrix where all entries are zero apart from

the top left. Therefore we shall only consider entry (1,1). We have that

I [
== /0 VO (u,v,m,0%)],, dNi(w)
i=1

M(u,v,m,09)],,
:‘Z/ Z”Eoguvn, 2750 i)

2 =1 070 (w)dN; (u) Eo;(u, 7,1, 0%)Y;(u)
_Z/ Z] IEOJ(U 777)70’2))/ (u)

- EOZ u, v, 1,0 )Y( ) (u
_ Z/ ZJ : T ] ) (4.16)

EO] u,vy,n,o

A single element in the summand in Expression (4.16) can be written

/°° 2020 (u) Eoi (u, vy, 1, 0°)Y;(u)dN; (u)
0 nt >y Eoj(u,v,m,02)Y;(u)

and it is clear that [Ds]q; 2y 0as n — oo. Therefore, we have the result

1 0
I §4()| 2 p
n (v, n")T U™ (7,1, 00) ly=ys p=n — A

]

In the above derivation of the distribution of the estimates 4, and 7,, we have
assumed that of, the variance of measurement error, is known. However, this is
rarely the case and we proceed to find an estimator for 0. Suppose we are interested
in the referral example where the longitudinal model takes the form X;(t) = b;o+b1t,
then Tsiatis and Davidian (2001) suggest replacing o with the pooled estimator

" Tm; > 2} R,
5'2: Zzzl {ml> }RZ (417)

> i {mi > 2} (m; — 2)’

where R; is the residual sum of squares for the least squares fit to all m; observations

for patient i. The inclusion requirement for more than two longitudinal observations
is due to design of the longitudinal model. Tsiatis and Davidian (2001) prove that
62 is consistent for 02 and by arguments in Carroll et al. (2006) Section A.3.3, this
estimator can replace o2 in the conditional score function.

In the joint model Equation (4.1)—(4.3), the treatment effect is the parameter
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n and for this model, 1 is a scalar. Let 7,7 and o7 be the true values of the

parameters -, n and o2 respectively, then the hypothesis test in this case is
Hy :mo <0, Hy:mo>0.

To make inferences about the individual parameter 7, we consider the vector of
parameters (v,7)7. Using the conditional score method, we can find estimates ¥
and 7) and using Theorem 4.3 we can determine the asymptotic joint distribution
for these estimates. Further, Equation (4.17) is used to find an estimate 62. The

marginal asymptotic distribution for the parameter 7 is therefore

V(i =) % N(0, £a0)
where
Y=A'BAYH

and the matrices A and B are defined in Equations (4.14) and (4.15). The subscript
on the covariance matrix Y represents that n is the second parameter in the vector

(7,m)T. The matrices A and B are estimated using

620;(u) 0
a-ly LD D0 v et - v wae | av)
0 0 0
(4.18)
E:% Y / b (Vi (u, 4,1, 62)] dNi(u). (4.19)
i=1 0

The information matrix for 7 in the fixed sample trial is therefore

_l -1 -]
=" |A1B(A™Y

n 22

and a standardised statistic is given by

Z =T
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4.2.2 | GROUP SEQUENTIAL RESULTS

It is now desirable to extend the fixed sample theory for the joint model to group
sequential trials. To perform a group sequential trial we need to know the joint
distribution of the sequence of treatment effect estimates that will be obtained at
each analysis. To determine this distribution, we shall define the conditional score
and information matrix for each analysis which are calculated using data obtained
at that analysis. The theoretical work in this section and the proof of asymptotic
normality in the upcoming Theorem 4.4 builds upon the fixed sample joint modelling
results of Section 4.2.1 and the group sequential survival results of Section 3.3.2. All
the work presented in this section is original work, including Theorem 4.4 and its
proof.

For the conditional score at each analysis, we shall define group sequential
versions of all objects included in the fixed sample conditional score. Similarly
to the group sequential version of the score for partial likelihood, the censoring
mechanism is used to keep patients in the at-risk set who have yet to experience
an event. For patient ¢ with time-to-failure random variable F;, let C;(k) be the
time-to-censoring random variable at analysis k. This censoring event includes “end
of study” censoring for the total follow-up time of patient ¢ at analysis k, then at
analysis k the event time random variable is T;(k) = min{F;, C;(k)}. The observed
event time is ;(k) and the observed censoring indicator is d;(k) = I{ F; < C;(k)}.

In the conditional score approach, to be included in the at-risk set at time ¢
the patient must have at least two longitudinal observations to fit the longitudinal
regression model. The at-risk process at analysis k is an indicator for not yet
observing the event, not yet censored, or having enough longitudinal observations.
Therefore for patient i at analysis k the at-risk process and counting process for the

joint model are

Yi(k,t) = I{ti(k) > t, 2 < t}
Ni(k,t) =I{t;(k) <t,6;(k) = 1,tip < t}.

The corresponding conditional intensity process and compensated counting process
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are defined by

P(dN;(k,t) = 1|S;(t, v, %), t:(t), Z;, Yi(k, t))
dt
= ho(t) exp{vSi(t,v,0%) — v2020;(t) /2 + n" Z;}Yi(k, 1)

- ho(t)E0i<ta ER/R Uz)Y;(k, t)

)\zc(k‘, t) = limdtw (420)

t
M;(k,t) = N;(k,t) —/ ho(w) Eoi(u, vy, m, 02)Y;(k, u)du.
0

The following functions are needed to define the group sequential conditional

score at analysis k. These functions are

1 n
Sc(0)<k7t7’777770-2) = E Zln(k7t)E0i<t)7an702)

n

1 S;(t, v, o0
SOk, t,v,m,0%) = —Z{ ( ; 7) }E(k,t)Eoi(t,%n,02)

n i

=1
S (k,t =—§ Y;(k,t)Ey(t
c ( ) 77a7770_) ni:1 ZZ ZZ (7) O(a’y’nao-)

S (k,t, 7,1, 02)
Ee(k,t,v,m,0%) = = :
SC (k7t777n70-2)

The function F.(k,t,~,n,c?) has the interpretation of the expectation of the vector
{Si(t,7,0?), ZF}T at analysis k weighted by the conditional intensity process. Let 74
be the maximum follow-up time at analysis k, then the conditional score for analysis
k is

Uc(kv Y1, 02) = / Z ({Sl(uv s 02)7 ZZT}T - Ec(ka Uy Y5 1y 02)) sz<k7 ’LL) (421)
0 =1
T T
= / Z ({Sz(ua e 02)7 ZZT}T - EC(ku Uy Y5 1y 02)) sz(ka U’)
0 =1

This equality follows by the same reasoning as Lemma 3.4, which states that the
compensated counting process can replace the counting process.

We now follow a similar structure to the partial likelihood function for survival
data in Section 3.3.2 and we create a new counting process that allows the conditional

score statistic to be written as the sum of distinct increments. This counting process
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18

The corresponding compensated counting process is therefore given by

DM;(0,t) =0
DM;(k,t) =DN;(k,t) — /t ho(w)Eoi(t, v, 1, 0%) (Yilk,u) — Y;(k — 1,u))du

fork=1,..., K.

The event for patient ¢ can only occur in one interval, and therefore we have
Ni(k,t) = 321, DNy(I,t) and the conditional score statistic at analysis k is

mn no ok
Uc(ka Y1, 02) = / Z Z ({SZ(U7 Y5 02)a Z;T}T - Ec(la Uy Y5 1y 0-2)) dDNz(k7 U)
0

i=1 [=1

_ /Ok SO ({Siw, 7, 02), Z5YT = Eul,u,v,m,0%)) dDM(k, ).

i=1 [=1

By the same argument as for the fixed sample case, we shall write the conditional

score at analysis k, U.(k,~,n, 0?), as

/Om D> {Silu,v,0%), 21" = eell,u,y,m,0%)) dDM;(1,u) (4.22)

i=1 [=1

PO k
+/ k SN (eellu,v,m,0%) = Ec(l,u,y,m,0%)) dDM;(1, ) (4.23)
0

=1 [=1

where e.(l,u,7,n,0%) denotes the probabilistic limit of E.(I,u,v,n,0%). In
Conditions 4.2, we shall assume that this limit exists and that E.(I,u,v,7,0?)
converges pointwise to e.(I,u,v,n,0?%). Further, by the same argument as the fixed
sample case, we see that n~! times Expression (4.23) converges in probability to
zero in a neighbourhood of (79, 70) and deduce that the behaviour of the estimators
of v and 7, which are solutions to the equation U.(k,~v,n,0?) = 0, will be dictated
by Expression (4.22). Therefore, we now restrict our attention to Expression (4.22).

By a similar argument to Lemma 4.2 we have the expectation of Expression (4.22)
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18

(/ D> {Siw,7,0%), 21" = eell u,v,m,0%)) dDMi(l,u)> =0 (4.24)

=1 [=1

for each k = 1,..., K. To see this, we substitute e.(l,u,v,n,0?) for e.(u,v,n,o?)
in Lemma 4.2 and the proof follows. Therefore combined with the fact that
Expression (4.23) converges in probability to zero, we have that setting the group
sequential conditional score function equal to zero deﬁnes a set of estimating
equations. For each £ = 1,..., K, let fyn and nn be the Values of ’y and 7
respectively such that Uc(k:,fy,n,a ) = 0, then the estimates 'yn ) and nn ) will be
asymptotically multivariate normal.

We derived the first derivative of the fixed sample conditional score with respect
to the vector (v,7n)”. This derivative function was seen to play a similar role to the
Fisher information matrix in a general statistical model using maximum likelihood

theory. Previously, we defined the (p + 1)-dimensional vector

A~

Ji(t, v, 0%) = {Si(t,~,0%) — Xi(t) — vo°6:(t),0,...,0}"

. Then, functions that are needed for the variance matrix of the group sequential

conditional score are

CW(k,t,v,m,0 ZJ t.7,0%)Yi(k, t)Eoi(t,y,n,07)

0

0 2
K(ka t)EOi(ta YN, 0 )

O'QHi(U)

T
1 Si(t,v,0?)
0(2) kat7 ) a02 - - J’L t, 70-2 n }/lkatEZta ’ 70-2
(vn)n;(v) Z (ks ) Eoi(t, 7,1, 07)
0
1 « 0 0

OO (k,t,7y,m,0%) =

=1 : : :
0 0 - 0
VO (k,t,y,n,0%) = SO (k,t,y,m,0%) S (Kt v,0,0%)S8 (7, m, 0T
co T SO (k. t.7,m, 02 1S (k. t, 5. m, 02)?
(zkt o2 él)kt 0 (k¢ 2\T
‘/;(2)(]{’15’,_)/777’0_) C(O( Y1, 0 ) S ( 9 77207)]70-)0 ( ) 7777770->
S (k ta%naUQ) [SC (kvt’77n702)]2
2
‘/0(3)(]{7;757777]’0-2> (0) (k: Lo )
SO (k. t,v,m,0%)

The first derivative of the group sequential conditional score function with respect
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to (v,n)" at analysis k is

9 )
WUC(IC77777’O- )
(u)

o2,
nofee 0 0 --- 0
-y / ST Y ANk w)
i—1 J0 : o
0 () ()
-> / (VO (k,u,y,m, 0%) + VO (kyu, v, m,0%) + VO (k,u,y,m,0%)] dNi(k, u).
i=1 Y0
(4.25)

To ensure the existence of the asymptotic covariance matrix, we require the
probabilistic limits of SY )(k) and O (k) to exist. The limits are defined through

the following conditions.
Conditions 4.2.

1. There exist neighbourhoods I' of vo and N of ng and for each k = 1,..., K
there are functions 3£0)(k7 L, M, 02)7 S£1)<k> L, M, 02): S£2)<k> L, m, 02)7
AV (k,t,v,m,02) and P (k,t,v,n,0%) defined on [0,00) x I' x N such that

sup |8 (k,t,y,m,0%) = sP(k,t,v,m,0%)|| 0 for j =0,1,2
t€[0,00),7€',nEN
sup  ||CY(k,t,y,m,0%) — D (k, t,y,m,0%)| 5 0 for j=1,2.

t€[0,00),v€l'\MEN

Fach ng)(k’,t,’}/,ﬁ,JQ) and ¢ (k,t,v,n,02) is a continuous function of v € T
and n € N uniformly in t € [0,00), and bounded on [0,00) x I' x N. For each

k=1,....K s and c© are bounded away from zero on [0,00) x I' x N.

It is clear that the probabilistic limits e.(k,t,v,n,0%) of E.(k,t,v,n,0?%),
o (k. t,7,m,0%) of VEV (k.1 7,1, 0%) and v (k, 8,7, 1, 0%) of Vi (k. t,7,1, %) exist
and can expressed in terms of s (k, t,v,n,02) and ¢ (k,t,v,n,02) for j = 0,1,2
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and these are

k.t,y,n,o

ec(ka t? ’Ya na 02) =
k.t,v,n, 0%

1 1
kot v, 02) skt y,m, 028 (kyty,m, 0%)T

)
)
)
kyt,v,m,0%) (58 (k, t, 5,1, 02)]2
)
)

oM (k,t,y,m,08) =

kot v, 02) sk ty,m, 02)cW(k, t,y, 1, 0%)T
kot 7,1, 02 s (k, 8,7, 1, 02)]2 '

&
O
&)
O
v (k,t,y,m,0%) = C(Q E

We shall now prove that the estimates 7( ) , 77,(1 ), e ,'Ay,({K), ﬁgK) are asymptotically
multivariate normally distributed and we shall derive an explicit form for the
covariance matrix of this vector of parameters. To do so, we shall prove that 1-4 of
Conditions 3.2 hold and hence apply Theorem 3.2. The remaining conditions and

the additional Conditions 4.2 are assumed to hold to avoid technical distractions.

Theorem 4.4. Suppose that vy,m9 and op are the true values of the parameters
v,n and o? respectively. For each k = 1,..., K, let %(lk) and ﬁflk) be the values of
~ and 1 which are the solution to the equation (Uc(")(k v, M,00) = 0 and suppose
that Conditions 4.2 hold. Then the vector (%(1 ),777(11), e ,77(1 ),77( )) converges in

distribution to a Gaussian random variable, specifically

e
%(1)—70
flg)—ﬁo
~(2) 0 Yuuo Y2 oo Yk
771 _70 O E Z E
w | A e [ SN| ] e= T T -
LK) 0 Yk Yok v XKK
T =70
A(K)
Tin Mo

where

Eklkg _ (A(kl))—lB(kl)((A(k2))—1)T
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and the matrices A®) and B® are defined by

o2E(0;(u)) 0 --- 0

a0 = [T T 0w o) (4.26)
0 : : T .
0 0 - 0

[ 0 0 ) + o 20,00 08) S 70, o )
0 (4.27)
B®) — /OO vél)(k,u,'yo,770,JS)SEO)(k,u,’yo,no,og)ho(u)du. (4.28)
0

Proof. In Theorem 3.2, we proved that the sequence of estimates which are the
solutions to estimating equations, are asymptotically normally distributed. In
applying Theorem 3.2, the group sequential conditional score function U.(k, v, n, 0?)
plays the role of the estimating function G, (6, X%k)). Therefore, we show that the

following conditions are satisfied:
Bl Foreach k=1,... K, % 30 Py Yo and nn = o.
B2 Foreach k=1,... K, n_%Uc(n)(k:,%,no,ag) 4, N (0, B%)).
B3 For each k =1,..., K, and for all 4,7} such that ~; 2 7o, n, s o,

0
-1 (n) 2 )
n - ——=U, (k:,v,n,a ) = A
6(7, nT)T ’ Y= N=05,

B4 For 1 <k < ky < K, we require

n_%COU(U(")(kl,%aﬁo,Uo) U™ (K, Y0, m0, 05)) = B,

The proof that conditions B1-B3 hold, follow directly from the fixed sample case
and we shall focus on the proof that condition B4 holds. For the remainder of this
proof, we shall use the argument that the asymptotic behaviour of the estimates
'Ay(k) and ﬁék) is dictated by Expression (4.22) and we shall therefore focus on the

following form for the group sequential conditional score

Uck,v,n,0 / ZZ {Si(u,~,0), 2]} — e.(l,u,~,n,0%)) dDM;(1, u).

=1 [=1
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For consistency, we shall use the martingale notation. For each j = 1,....p+1

where p is the length of the vector Z;, let

W]-(")(k,tmn,UQ):/ ZZH (., 0%)dDN(l, u)

=1 =1

:/ ZZH (I,u,y,n,0%)dDM;(l, )

=1 [=1

where

Hi(jﬁ)(l: U, 7,1, 0'2) = nii({si(ua e 02)7 Zz}f - €c(l, Uy Y5 1, UZ)j)'

Thus n_%U(Sn)(k‘,% n,02) = WM (k, 7,7,n,0%). We have previously shown in
Equation (4.24) that U.(k,~v,n,0?) has expectation zero for all k = 1,..., K. Hence
we deduce that for for all j =1,...,p,

E (W](n)<k7 Ty Vs 1, U2)> = 0.

In the following, we shall drop the dependency of the function H™ on the
parameters v, n and 2. This is for notational simplicity. The covariance is therefore

given by

Cov <W](1n)<klv Tk1s 705705 0(2])7 W](Qn)<k27 Tkas 05705 U?}))

n

_ (/iz 1y, u)dDN;(Iy, u) /ZZ (I, u)dDN; (b, ))

i=1 [1=1 =1 ly=1

< |iZ/ 1]1 l17 dDN ll, Z/ Hz(;; 12, dDN (lg, )1)
1 =hh=1

= lo=1

This second equality holds because patients are independent and the orders of
summation and integration can be interchanged.

Further, the event for each patient can only happen in one analysis so that if
li # ly then dDN;(l;,u)dDN;(l3,u) = 0 and because dDN;(l,u) is an indicator
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function, we have that dDNi(l,u)?> = dDN;(l,u). Thus for ki < ko,

( Y [Z/ H (1, u)dDN;(1;, u) Z/ (1, u)dD N1, )D

=1 =1 l2=1
— E(ZZ/ H (1, u)HE (1, u)dDNi(, u))
=1 =1

For the following, note that we have
E(dN;(k,u)|Si(t, v, %), ti(t), Zs, Yi(k,u) = ho(u) Eoi(u, v, n,0%)Yi(k, u)du

which follows by definition of the conditional intensity process, A (k,t), in
Equation (4.20). The following calculations use the law of total expectation and the

expectation of the counting process dN;(k, ) in a similar way to the fixed sample

]E(ZZ / (1w HE (1, u)dDNi(, u))

i=1 =1
E<;Z/ E[H (1) H (1, w)dD N, (1, ) i, 70, 02), Zo, (1), m(z,u)])
E(Z;Z/ (0 w) HE (1, w)E[AN, (1, u) — dNi(1 — 1,u)|5i(u,70,03),Zi,ti(u),Y;(l,u)])
IE(ZX;Z/ HE (1, u) HE (1 u)ho(u )E’Oi(u,%,no,ag)(Yi(l,u)—Yi(l—1,u))du>

—E(Z/ H (kv w) HE (ke w)ho(w) Eoi (u, Yo, 10, 08) Vi (ke )du>.

For the following calculation, dependency on parameters g, 19 and o3 is removed
from the functions S (k,t), St (k,t) and S (k, t) for notational purposes. Further,

the dependency on parameters vy, and o2 is also removed from the probabilistic
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limits s (k, t), s (k, t), s (k, t) and eq(k,t). Then following calculation holds
ZHZR) k,w) Z;;)(k; u)ho(u) Eoi (u, Yo, o, 05) Yi(k, u)du

= Zn {S u 7070-0) ZT} _€C<k7u)j1)
X ({Sz(ua ’YOaO-(%)v Z@T}fg - ec(kv U)jz)hQ(U)EOi(U,, Yo, Mo, US)KU@ U)

= ([5(2) (k:> u)]j1j2 _[Sgl)(k—7u”jl [Sﬁl) (kv u)]jz

¢ 8&0)(’&)
s (ku] O o 5 E )l sk w)ly o,
O (k) 2[5 (R, w)]j, + Oew) O Se (K, ))ho()
o, (Is % Wl (s (kw58 (ks )], \ o)
ﬁ( 5O (e, w) 5% (k, ) )SC (Rl
= [0 (k, )]y, (K, 0o ().

Therefore, combining the above, it can be seen that for 1 < k; < ky < K,

Cov (Wj(ln)<k17 Tk15> 705 70, 03)7 W](Qn)<k27 Tka» Y05 70, Ug))

£> / [vgl) (kh u, Yo, Mo, 0'(2))]j1j25£0) (kb U, Y0, Mo, Ug)ho (u)du
0
p

— (/ (klau 70;77070_0)5 © (klau 707770a0—0)h0( )dU)
0

(k1)
T g2

J1j2

We have the result, for 1 < k; < ky < K
n_%COU(UC(n)(kla Y05 Mo, 0(2))7 U( (k27 Y05 Mo, 00)) _> B(kl)

]

Similarly to the fixed sample case, we have assumed that o2 is known in the

derivation of the distribution of 'Ayr(zk) and 177(1]{). This is not generally the case but by
arguments in Carroll et al. (2006) Section A.3.3, we can find a consistent estimate
to replace o2 with in the group sequential conditional score function. At analysis k

this estimate is given by

sz _ iz H{ma(k) > 23 Ri(k)
> iz {mi(k) > 2} (my(k) —2)°

(4.29)
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where R;(k) is the residual sum of squares for the least squares fit to all m;(k)
observations for patient ¢ available at analysis k.

We shall use Theorem 4.4 to create a group sequential trial based on the joint
model. Let g, 70 and o2 be the true values of the parameters «,n and o2 respectively
in the joint model Equation (4.1)—(4.3). We shall test the hypothesis

Hy:mo <0, Ha:n>0.

Using the group sequential conditional score method, let %), /1) be the values of
the parameters v and 7 such that U.(k,v,7n,0%) = 0 where the conditional score
function is calculated using Equation (4.21). Further, let 52 be the estimate for
og given in Equation (4.29). By Theorem 4.4, for each k = 1,..., K, the marginal

distribution of the parameter 7® is

V(i® =) & N0, 28)

where

(k) — (A(k))le(k)((A(k))fl)T

and the matrices A® and B® are defined by Equations (4.26)—(4.28). Note that
the subscript notation in the covariance matrix represents that the parameter 7 is
the second parameter in the vector (v,n). The matrices A®) and B® are estimated

using

5(F)20,(u) 0 0
. 1 [ 0 0 -~ 0
am 1 / dN;(k
”221 0 : SRR (k)
0 0 --- 0
— _Z/ V(l) ) [k GHR2y 4 VC(Q)(k,u,ﬁ(k),ﬁ( ) k)2)] dN; (k,u)

(4.30)

Z/ ) (k,u, 4 ,T](k),&(kﬂ)} dN;(k,u). (4.31)

The information matrix at analysis k£ of the group sequential trial is given by
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Further, a standardised test statistic at analysis k is given by

Z = 1O\,

In Section 4.4.1 we shall investigate the covariance structure for the joint

distribution of the estimates 7V, ..., 7).
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4.3 | SIMULATION STUDY OF THE PARAMETER
ESTIMATES

4.3.1 | PARAMETER VALUES FOR SIMULATION STUDIES

We have so far provided a distribution for the treatment effect estimate in the joint
model for both a fixed sample clinical trial and a group sequential trial. These results
are proved theoretically and in the asymptotic setting. In this section, we shall
perform some simulation studies to confirm these distributional results. Further,
we assess the impact of having a small sample size when following an asymptotic
assumption.

For convenience, the joint model, Equations (4.1)-(4.3) of Section 4.1 is presented
again below. Longitudinal observations, W;(t) for patients i = 1,...,n follow the
random effects model

Wi(t) = bio + birt + €;(t)

o< ([ [# 3])

&(t)|bi ~ N (0, 02).

where

The model for the hazard function h;(t) for the survival endpoint is given below
with baseline hazard function hg(t). In this model, for simplicity, the only covariate
included is the treatment indicator Z; = [{patient i receives the new treatment}.

The hazard function for patient 7 is given by

Finally, we are assuming non-informative censoring and the distribution of the
censoring random variable for patient i is given by C; ~ exp{A}. In all cases, we shall
simulate data to reflect that roughly 10% of patients will be censored for reasons
other than end-of-study censoring. To do so, we have used the value A = 0.022 and

chosen this by trial and error.
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We shall simulate data in the case

(:u07 :U’l) = (67 3)7 ¢0 - 357 ¢1 = 257 02 - 107 (432)

ho(t) = 5.5,7 = 0.03,A = 0.022 and 5 = —0.5.

Figure 4.1 shows the biomarker trajectory of four randomly generated patients.
The value 0 = 10 produces trajectories with a clear trend that is still subject to
measurement error. In later sections we shall consider how properties of the model

are affected by a change in 0. For example, when the longitudinal data is extremely

noisy, there may not be any gain from including it in the model.
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FIGURE 4.1: Longitudinal observations of four randomly selected patients with
parameter values (4.32).
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The variance-covariance matrix for the random effects by, ..., b,, has been chosen
so that the longitudinal data and the treatment effect have a roughly equal impact
on the hazard function. This is demonstrated by Figure 5.3.2 below, which shows
the survival function at the mean of each random effect for each treatment arm, and
also at one standard deviation of each random effect above and below the mean.
For example, the upper dashed blue line is for patient i with by; = o + ¢9 = 9.5
and by; = pup + ¢1 = 5.5. At the median survival time ¢ &~ 3.25 years, differences
in the survival function between treatment arms are roughly equal to differences
in the survival function between at the mean and at the mean plus or minus one
standard deviation of random effects on the same arm. For comparison, we have
also included a similar plot for the AIDS data set found in the JM R package written
by Rizopoulos (2010). This plot shows that the biomarker observations dominate
the hazard function and that treatment has little effect on survival. Therefore, the
parameter values that we have chosen are conservative with respect to the amount

of information that comes through the biomarker.

Generated data AIDS dataset
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0.z
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FIGURE 4.2: Survival function for the simulated data and from AIDS data set
with dashed lines showing survival function at 1 standard deviation
of random effects above and below mean.

In the hazard rate formula, the coefficient of the longitudinal variable, v, affects
the contribution of the longitudinal data to the hazard ratio. Therefore, in later
sections we shall assess the effect of varying . This is because we would like to
see how properties of the clinical trial vary when the longitudinal data has differing
levels of influence.

For completeness, Figure 4.3 gives a histogram of 1000 randomly generated
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survival times under the joint model. The histogram shows that at the time of
the final analysis, 5 years, not all of the events have occurred. The trial is designed

with to observe 60% of events at the time of an analysis after 5 years.

Histogram of survival times

Density
|
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[
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FI1GURE 4.3: Histogram of survival times generated using the parameter
values (4.32).

4.3.2 | FIXED SAMPLE SIMULATIONS

Using the parameter values (4.32) for the joint model, we can now simulate clinical
trials to find the distribution of the treatment effect estimate, 7, using a Monte Carlo
method and compare this to the asymptotic theoretical result. For completeness
we shall also check the distribution of 4 which is the estimate of the longitudinal

data coefficient. In Theorem 4.3 we proved that for a fixed sample, the parameter
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estimates 4 and 7 of the joint model found using the conditional score method had

b= (5] 2

Y=A1'BAYH

the following distribution:

where

and the matrices A and B of the covariance matrix are defined by equations (4.14)
and (4.15). The covariance matrix ¥ found using the sandwich method is estimated
in practice using estimates A and B given by Equations (4.18)—(4.19), and is also
data dependent. Therefore, for a true distributional comparison, we shall simulate

standardised parameter estimates. These are

7z, = Y =) 7, = Y0 =) (4.33)

T VSa

Then, it is clear that theory implies
Z,~N(0,1) and Z, ~ N(0,1).

Suppose that we consider an alternative approach. For example, let Z, =
V1Y)V 211, then Z, ~ N(y/nyo/v/211, 1). The true value of 3, is unknown and it
is therefore difficult to evaluate the true theoretical mean of Z,. For this reason, we
have chosen to use the formulation of Z, and Z, given in Equation (4.33), which
center these statistics on zero.

To choose a suitable sample size n, we follow the method outlined in Section 2.1.1
and calculate n based on a power requirement. For this trial type 1 error is chosen
to be a = 0.025 and power is required to be 1 — 5 = 0.9 when = —0.5. Therefore,
by Equation (2.1), the information needed in the fixed sample study is

d1(0.975) + ®-1(0.9)\ *
If:( ( _)04’5 ()) — 42.03.

For survival data Jennison and Turnbull (2000) show, in their Chapter 13, that
information is approximately proportional to the number of events divided by 4.
We use this assumption to calculate the required sample size. The fixed sample trial
is designed with 2 years recruitment and 3 years follow up, where the trial is designed
to achieve 60% of events upon termination of the study at time 5 years. In addition,

we expect to see 10% of patients leave the study due to censoring other than end-
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of-study-censoring, and we simulate censoring observations from the distribution
C; ~ Exp(\) where A is chosen to achieve this 10%. We therefore choose the sample

size

AT,
n= ——-—-
0.9 x 0.6

Figures 4.4 and 4.5 show the outcome of this simulation study for a fixed sample

~ 311.

trial with 10* Monte Carlo replicates. Figure 4.4 shows the outcome when simulating
under Hy with n = 0 and Figure 4.5 shows the corresponding plot when simulating
under H,4 using n = —0.5. The Q-Q plots for the standardised parameter estimates
calculated by Equation (4.33) show that N(0, 1) is a good fit for Z, and Z,. Further,
the histograms show that Z, ~ N(0,1) and Z, ~ N(0,1) since they closely follow
the red line which is the true probability density function of a N (0, 1) distribution.
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Histogram of sampled Z, values
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FIGURE 4.4: Histogram and QQ plots for simulated Z, and Z, in the fixed sample
joint model with parameter values (4.32), n = 0 and 10* replicates.
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Histogram of sampled Z, values
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FIGURE 4.5: Histogram and QQ plots for simulated Z, and Z,, in the fixed
sample joint model with parameter values (4.32), n = —0.5 and 10*
replicates.

4.3.3 | GROUP SEQUENTIAL SIMULATIONS

In a similar manner to the fixed sample simulations, we would like to asses the

distribution of the sequence of treatment effect estimates in the group sequential

trial. We shall use a Monte Carlo method in which for each replicate we simulate a

clinical trial and calculate a sequence of treatment effect estimates. For each analysis

we can then compare the Monte Carlo distribution of the standardised parameter

estimates to the theoretical distribution. The trial design that we have chosen has

the first analysis occurring during recruitment and so the first analysis is likely to

94



4.3. SIMULATION STUDY OF THE PARAMETER ESTIMATES

have a much smaller observed number of events than other analyses. We shall give
particular focus to the first analysis to check that the asymptotic results still hold
for small sample sizes.

For the design of the group sequential trial, our example will have K = 5
analyses. All of the parameter values in the joint model are chosen as in Section 4.3.1
and we shall update the sample size calculation to adjust from fixed sample to
group sequential. The calendar analysis times are chosen to be 19,28 37,47 and
60 months. These analysis times are chosen so that we have roughly evenly spaced
information levels and roughly 60% of subjects have events observed by the final
analysis, which occurs at 5 years. Similarly to the fixed sample trial, we choose type
1 error a = 0.025 and power 1 — 5 = 0.9. For the group sequential trial we shall use

an error-spending test as described in Section 2.1.3 with error spending functions

f(t) = min{at? a} and g(t) = min{pt*, 5}.

Then, by the method described in Section 2.1.3, assuming 5 equally spaced

information levels, we calculate that at the final analysis we require information
Lo = 46.36.

Given that we expect to see 10% of patients leave the study due to censoring other
than end-of-study or interim analysis censoring, and 60% of events happen by the

final analysis, we therefore choose the following sample size:

4Imaz
= — "~ 343.
" 06%09
In Theorem 4.4 we proved that for each kK =1,...,5, the parameter estimates of

the joint model at analysis k are distributed such that
~ (k) 0
7 Yo k)
N ~ N 3
7 "o 0

»k) — (AN~ RR) (4R~

where

and the matrices A®) and B are given by equations (4.26) and (4.28) respectively.

To check this distribution for the 7*)s, we shall consider the standardised treatment
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effect estimates at each analysis

7, — V(™ — )
k
S5

for k=1,...,5.

Then we can compare these estimates to the theoretical distribution
Zy ~ N(0,1).

Figures 4.6 and 4.7 show the result of this group sequential simulation study
with 10* Monte Carlo replicates. Figure 4.6 was simulated under Hy with = 0 and
Figure 4.7 was simulated under H4 with n = —0.5.
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Histogram of sampled 7, values
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FIGURE 4.6: Histogram and QQ plots for simulated parameter estimates in the

joint model under Hy using = 0 for each analysis of a group

sequential trial using 10* replicates.
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Histogram of sampled 7, values Q-Q Plot for sampled Z, values
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FI1GURE 4.7: Histogram and QQ plots for simulated parameter estimates in the
joint model under H4 using n = —0.5 for each analysis of a group
sequential trial using 10* replicates.

The Q-Q plots and histograms confirm that the marginal distributions of the
standardised treatment effect estimates are such that Z, ~ N(0,1) for each
k =1,...,5. The simulation results for the first analysis do not match the theoretical
distribution as closely as for the other analyses, which is seen at the tails of the QQ-
plot. This problem is common for both cases n = 0 and n = —0.5. The first analysis
happens during recruitment and has a small sample size and, with limited follow-up,
a small number of events. The mean number of events at the first analysis was 37.6
when 1 = 0 and 37.2 when n = —0.5

At this stage, we have considered the marginal distributions of the treatment
effect estimate at each analysis. We shall check that the sequence of treatment effect
estimates has the covariance structure given in Theorem 4.4. For 1 < k; < ky < K

we have that
Cov(ﬁ(kl)’ ﬁ(’%)) — (Akl)_lB(kl)(A(kQ))_l

which implies that

k) — kz) _
Cov(Zy,, Zy,) = Cov V(i 770)’ V(7 o)
Eg;l) Eg;Q)
n(A’ﬂ)_lB(kl)(A(’“?))—l

S

For each k = 1,..., K, the matrices A®) B®) and £ can be calculated for each
clinical trial. Hence, a value of Cov(Zy,, Zy,) can be obtained for each clinical trial.

We can find the value of E(Cov(Zy,, Zk,)) using Monte Carlo methods, and compare
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this to the empirical value of 50\2)(Zk1, Zy,) which is found by taking the covariance
of all the Zy, and Zj, from the simulations. Tables 4.3 and 4.6 show these results.

1.000 0.774 0.627 0.543 0.487 1.000 0.767 0.615 0.527 0.467
0.774 1.000 0.811 0.703 0.631 0.767 1.000 0.804 0.689 0.611
0.627 0.811 1.000 0.867 0.779 0.615 0.804 1.000 0.858 0.761
0.543 0.703 0.867 1.000 0.899 0.527 0.689 0.858 1.000 0.887
0.487 0.631 0.779 0.899 1.000 0.467 0.611 0.761 0.887 1.000

TABLE 4.1: Under Hy, n =0 TABLE 4.2: Under Hq, n = —0.5

TABLE 4.3: Matrix of E(Cov(Zy1, Zy,)) for group sequential trial with K =5
analyses with 10* replicates.

0.957 0.663 0.540 0.479 0.430 0.967 0.682 0.549 0.467 0.415
0.663 0.975 0.783 0.686 0.617 0.682 0.991 0.799 0.692 0.611
0.540 0.783 0.967 0.843 0.760 0.549 0.799 0.994 0.861 0.760
0.479 0.686 0.843 0.984 0.886 0.467 0.692 0.861 1.004 0.887
0.430 0.617 0.760 0.886 0.989 0.415 0.611 0.760 0.887 0.996

TABLE 4.4: Under Hy, n =0 TABLE 4.5: Under Hq, n = —0.5

TABLE 4.6: Matrix of @(Zkl, Zy,) for group sequential trial with K =5
analyses with 10* replicates.

We can see that, in general, there is little difference in these matrices and the
small deviations are consistent with sampling error. There are small differences
between E(Cov(Zy,, Zk,)) and 50\1)(Zk1, Zk,) whenever k; = 1 which may be
explained by the small number of events at the first analysis. The simulation
studies for both the fixed sample and group sequential trials confirm the asymptotic
distributional results of the parameter estimates in the joint model. Therefore, we
may have confidence to perform a clinical trial based on the joint model using the
conditional score method. Care should be taken to avoid small numbers of observed
events, which may occur due to early first interim analyses in group sequential trials.
This could be adjusted for by making the first analysis later in the recruitment stage

or by increasing the total sample size.
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4.4 | DESIGNING GROUP SEQUENTIAL TRIALS
WHEN THE CANONICAL JOINT
DISTRIBUTION DOES NOT HOLD

4.4.1 | DEVIATION OF THE PARAMETER ESTIMATES

FROM THE CANONICAL JOINT DISTRIBUTION

In Section 4.1 we saw that asymptotically the sequence of treatment effect estimates
in a group sequential trial obtained from the joint model is multivariate normally
distributed. Further, each of these estimates is asymptotically unbiased. The first
two conditions of Definition 2.2 for the canonical distribution of the sequence of test

statistics are satisfied. However, for the joint model, we have shown that
Var(n®) = [(AM) BB AW for k=1,... K (4.34)

and
Cov(ﬁ(kl)7ﬁ(k2)) _ [A(kl))*lB(k‘l)(A(k’Q))*l]22 for ky < k. (4'35)

This implies that the third condition for the canonical joint distribution is not
satisfied. In this section, we discuss the implications of performing a group sequential
trial when the assumption of a canonical joint distribution fails. We first show that
there are some small differences between the matrices (A®)~'B®*) and the identity
matrix I and describe why this difference is important. Then, we present some
alternative methods which aim to correct for this violation of the canonical joint
distribution. In method 1, the trial is performed acting as though the canonical
joint distribution holds, and we present some theory that this method controls the
type 1 error rate conservatively when a non-binding futility boundary is used. This
theoretical result acts as good evidence that the trial will be conservative with
respect to type 1 error when binding futility boundaries are used. For method 2, we
create a new estimate which is a linear combination of the treatment effect estimates
at previous analyses and the current analysis and we show how this estimate has the
canonical joint distribution asymptotically. For method 3, the estimated covariance
structure is used to calculate the boundaries of the group sequential trial. For each

of these 3 methods, we display properties of the trial through simulation studies.
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We saw in Section 4.2.1, that
o?E(f;(u)) 0
AW = /OO LT N 0ot h(u)du
0 : R
0 0 -+ 0
- /OO (vgl)(k’, w,v,m,02) + 02 (k,u,v,m, o?)) sO(k,u,y,m,0%) ho(u)du  (4.36)
0

B = / v (kyw, v, m,0%)s? (k,w, v, m, 0% ho(u)du. (4.37)
0

and these can be estimated by

6®20,(u) 0 0

. LS 0 0 -+ 0
Ak) :Z/ ‘ | ANk, u)

0 0O --- 0

- / (VO (e, 48,55 602) 4 VO (k,u, 48, 559 60992)] dN; (k, )
i=1 Y0
(4.38)

B9 =3 [ [0k 3.7,69] dNilh ). (4.39)
i=1 70

If the relationship A®) = B®) holds for each k = 1,..., K, then

Cou(i™), ") = [(A®) 1] i)

pHLp+L Var(n

and the third condition of Definition 2.2 holds. Therefore, we shall assess the
magnitude of the problem by considering the matrix (A®)~! B®) and to what extent
it differs from the identity matrix.

We can find estimates A® and B® from simulated data. We have done
this using a large sample size of 4800 patients to reduce noise in these estimates.
This is appropriate because, although both matrices depend on the sample size n,
they can each be written in the form A® = (1/n)3" Xi(k,~v,1) and B® =
(1/n) > 7" Yi(k,v,n) for some functions X;(k,v,n) and Y;(k,~,n). Therefore, in the
formula (A(k))*lé (k) the value of n cancels out, and we are left with a function that
converges in distribution to (A®)=1B®) as n — co. Further, to reduce simulation
error, the true values of v and n are used in this calculation, which is appropriate

because of consistency of the estimates 4 and 7).
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v=0 v =0.03 v = 0.06 v = 0.09
2 _ 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
o° =
0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00
2 _ 1.00 0.00 1.01 0.00 1.01 0.00 1.02 0.00
g =
0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00
1.03 0.00 1.06 0.00 1.12  0.00 1.22 0.00
o2 =10
0.01 1.00 0.00 1.00 —0.02 1.00 0.00 1.00
1.28  0.00 1.63  0.00 2.32  0.00 3.49 0.00
o? =100
—0.10 1.00 —0.47 1.00 —0.01 1.00 1.00 1.00

TABLE 4.7: Matrix (AM)~1B® for parameter values v = 0,0.03,0.06,0.09 and
0% =0,1,10, 100 of the joint model for the null hypothesis n = 0
simulated with 4800 patients.

In Section 4.3 we discussed how varying the parameters v and o2 in the joint
model may alter the properties of the trial, and in a similar way, altering the
magnitude of these parameters affects the value of the matrix (A®)~*B®)_ This is
also clear from Equations (4.36) and (4.37), which give formulas for A%®) and B®
that are dependent on v and 2.

Table 4.7 below shows the matrix (AM)"1BM for n = 0 and different values
of v and o?. We have chosen to investigate the properties of this matrix at
the first analysis because we see that the majority of problems occur at early
interim analyses. We simulated a data set of 4800 patients with parameter values
~v=0,0.03,0.06,0.09, 0> = 0, 1, 10, 100 and n = 0.

The matrices A®, A® B® and B® are each of dimension 2 x 2. The function
V@ (k,u,v,n) is such that [V@)(k,u,%n)}m = [VO(k,u,~, 1)],, = 0, and hence
by Equations (4.38) and (4.39) it can be shown that [A®], = [B®], and
[A®)]yy = [B®),,. Further simple algebraic manipulation gives [(A®)1B®], =1
and [(A®))~1B®)],, = 0 exactly, which is shown in Table 4.7. By definition, the
variance of the estimate 7* is found in the bottom right entry of the matrix
(AN =1BE) (AR))=1 and hence, the bottom row of (A®))~1B® is of interest here.
The fact that [(AM)"'BM]y; is a long way from 1 for 62> = 10 and o®> = 100
is therefore not a problem. As o2 increases, the absolute value of [(AM)~1BM],,

increases, but the value of 4 has a small impact on the value of [(AM)~1BM)]y.
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Thus, we may expect large values of o2 to affect the achieved type 1 error rate.
Table 4.8 provides a rough estimate for the standard deviation of [(A(l))*lé(l)]gl
in Table 4.7 above. Calculation of a single value of [(AM)~1BM],; with 10* patients
is computationally expensive and hence we cannot calculate the standard deviation
by Monte Carlo. The alternative approach, which we have employed, is to estimate
the standard deviation of [(AM)~1BM],, for 1600 patients, using 10 Monte Carlo
replicates each, and use the relationship \/V&r(ﬁg)) x 1/4y/n to calculate the
standard deviation of ﬁff) for a sample size of n = 4800. Table 4.8 shows that

the none of the values of [(A®)~1BM]y are significantly different from zero.

v=0 v =0.03 v = 0.06 v =0.09

o2 =0 || 0.00 (0.00) | 0.00 (0.00) | 0.00 (0.00) | 0.00 (0.00)

o2=1 | 0.00 (0.00) | 0.00 (0.00) | 0.00 (0.00) | 0.00 (0.00)

o2 =10 | 0.01 (0.02) | 0.00 (0.02) | -0.02 (0.04) | 0.00 (0.05)

o2 =100 || -0.10 (0.25) | -0.47 (0.37) | -0.01 (0.54) | 1.00 (0.56)

TABLE 4.8: Mean and standard deviation of the estimate for [(A®)"1B®],; to 2
decimal places, for parameter values v = 0,0.03,0.06,0.09 and
0% =0,1,10, 100 of the joint model under the null hypothesis n = 0.

Similarly, Table 4.9 below shows the matrix (A®)~'B®) under the alternative

hypothesis when n = —0.5. The absolute value of [(A®)"1BM],; increases as

2

~ increases and also increases as ¢~ increases and hence, we expect the power

calculation to be affected by large values of v and o?.
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v=0 v =0.03 v = 0.06 v =0.09
1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00
o2 =0
0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00
1.00 0.00 1.01 0.00 1.01  0.00 1.02  0.00
o?=1
0.00 1.00 0.00 1.00 —0.01 1.00 —0.03 1.00
1.03  0.00 1.05  0.00 1.10  0.00 1.17  0.00
o2 =10
—0.01 1.00 —0.11 1.00 —0.19 1.00 —0.25 1.00
1.22° 0.00 1.48 0.00 1.97 0.00 2.92  0.00
0% =100
—0.38 1.00 —1.08 1.00 —1.84 1.00 —2.94 1.00

TABLE 4.9: Matrix (A®)~1B® for parameter values v = 0,0.03,0.06,0.09 and
0% =0,1,10, 100 of the joint model for the alternative hypothesis
n = —0.5 simulated with 4800 patients.

Table 4.10 shows the standard deviations of the estimates [(AM)"1BM]y of
Table 4.9. These standard deviation estimates are calculated in the same way
as those in Table 4.8, by fitting standard deviation estimates 1600 patients and
using the relationship 1/ Var(ﬁg)) x 1/4/n to find the standard deviation for AL
when the sample size is n = 4800 patients. The values of [(AM)"1BMW], are
significantly different from zero whenever o = 100. Hence, the matrix (/Al(k))*lB (k)

is significantly different from the identity matrix when o2 = 100.

105



4.4. DESIGNING GROUP SEQUENTIAL TRIALS WHEN THE CANONICAL JOINT DISTRIBUTION
DOES NOT HOLD

v=0 v =0.03 v = 0.06 v =0.09
o>=0 0.00 (0.00) | 0.00 (0.00) | 0.00 (0.00) | 0.00 (0.00)
o?=1 0.00 (0.00) | 0.00 (0.01) |-0.01 (0.03) | -0.03 (0.01)
o2 =10 | -0.01 (0.03) | -0.11 (0.06) | -0.19 (0.10) | -0.25 (0.13)
o? =100 || -0.38 (0.29) | -1.08 (0.31) | -1.84 (0.71) | -2.94 (0.86)

TABLE 4.10: Mean and standard deviation of the estimate for [(AM)~2BM]y to 2
decimal places, for parameter values v = 0,0.03,0.06,0.09 and
0% =0,1,10, 100 of the joint model for the alternative hypothesis
n = —0.5.

The value 02 = 100 implies incredibly noisy data and this value is so high that
we would not expect to use the longitudinal data in a clinical trial. In Figure 4.1
we showed a sample of longitudinal data simulated using 0 = 10 and this data was
already quite noisy. Hence, the fact that [(A(l))*lé(l)]gl is significantly different

from zero for o2 = 100 is not a concern.

442 | METHOD  1:

ASSUMED

CANONICAL  DISTRIBUTION

We consider three methods for creating a group sequential trial when the canonical
joint distribution of Definition 2.1 does not hold. In the first method, we construct
1,..., K from the data

and supposing Cov(i*1) 7#*2)) for k; < ko are as specified in the canonical joint

the group sequential test by estimating Var(n®), k =

distribution. We show, through simulation, that this method performs satisfactorily
in practice using binding futility boundaries, with error rates diverging minimally
from planned significance and power. As further evidence, we shall later show that
this method is conservative with respect to type 1 error when we use non-binding
futility boundaries. This method is simple to perform and computationally efficient.

We shall follow two approaches to find type 1 and type 2 error rates. In the
first approach, a single large sample is generated and theoretical probabilities for
accepting or rejecting Hy are calculated. Calculating theoretical probabilities for
accepting or rejecting Hy requires knowing the true variance-covariance matrix 3,

and hence, using a (very) large sample of patients is a convenient way to estimate
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the entries of ¥ with minimal noise. During the large sample approach, we scale
the information levels to match a clinical trial which recruits 343 patients and has
planned Z,,,, = 46.36 as described in Section 4.3.3. This is to ensure that deviations
from planned power 1— 3 = 0.9 are not due to sample size. The steps below describe

a method for calculating error rates for a clinical trial with a large sample size.

1. Choose parameter values v and o2 and set 7 = 0. Simulate a clinical trial with
4800 patients.

2. Using this data set, calculate the covariance matrix
V= Cou((7V,....7"NT, (7", .. 5T

for the sequence of treatment effect estimates using equations (4.30) and (4.31)
and Theorem 4.4. The true values of the parameters 1 and v, which are used
to simulate the data, can be used in the calculation of the matrices fl(n,v)

and B(n,~) because of the consistency of the estimates 4 and 7.

3. To scale the covariance matrix to the correct sample size, let

V1

E — max

Viek

4. Let ¥ be the covariance matrix under the assumption that the canonical joint
distribution holds. That is, let

ikk:Ekk fOl"kizl,...,K

ikle = Zklkl for kl < k’Q.

5. Calculate the boundaries of the group sequential trial assuming that the
canonical joint distribution holds. This process was described in Section 2.1.3
for the Z-statistic. For an error spending test with error spending functions

f(t) = min{at?, o} and g(t) = min{Bt?, 3}, information levels Z, = 3! and

vinding futility boundary, let the boundaries points aq,...,ax and 517 oo b
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be defined as the solutions to the equations

Pyo{® >b1} = f(ZT1/Tnas)
Pys{i"" <ar} = 9(Z1/Zinas)
Pp—o{a: < A < by, < A% < by, i > by}
= [(Zi/Tnas) = [(Li-1/Tinas) fork=2,...,K
P,os{an < 7Y <by,... < A% < bpog, ™ < @)
= 9(Zk/Tnaz) — 9(Zk—1/TLinaz) for k=2,..., K.

6. Find the type 1 error as the probability of crossing any of the upper boundaries
bi,...,bx before crossing a lower boundary using the true distribution of
AW, .., 7%) according to the covariance matrix 3. This calculation can be

Y

performed in R using the package “mvtnorm” by Genz et al. (2020).

7. Repeats steps 1-5 but with n = —0.5 used to simulate the data, obtaining new

estimates for V, ¥, 3 and boundary points ay,...,ax and 131, .o bi.

8. Calculate the type 2 error as the probability of crossing any of the lower
boundaries ai,...,ax before crossing an upper boundary using the true

distribution of 7V, ..., #%) according to the covariance matrix 3.

As an example, let the parameters be chosen as v = 0.03,02 = 10 and n = 0.

The matrices ¥ and ¥ calculated in steps 3 and 4 above, are shown below.

0.110 0.059 0.040 0.029 0.024 0.110 0.053 0.035 0.026 0.022
0.059 0.053 0.035 0.026 0.021 0.053 0.053 0.035 0.026 0.022
0.040 0.035 0.035 0.026 0.022 0.035 0.035 0.035 0.026 0.022
0.029 0.026 0.026 0.026 0.022 0.026 0.026 0.026 0.026 0.022
0.024 0.021 0.022 0.022 0.022 0.022 0.022 0.022 0.022 0.022
TABLE 4.11: Matrix Y. TABLE 4.12: Matrix 3.

TABLE 4.13: Covariance matrices ¥ and X for group sequential trial with K =5
analyses and parameter values v = 0.03, 0% = 10 and 7 = 0.

The columns of Table 4.14 headed “Large sample” show the computational
results for the error rates, calculated using the steps outlined above. In each case, the
type 1 error is very close to 0.025 and is always conservative. The difference between
the large sample type 1 error and the planned significance level « is nominally small.

Further, the large sample power is always close to 0.9. This trial was designed with
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equally spaced information levels however in practice, these information levels are
not exactly equally spaced and this is the reason why power is not exactly equal to
0.9. The fact that asymptotic theory does not lead to the canonical joint distribution
is not a problem because the distribution that does arise is so close to the canonical
joint distribution that the impact on type 1 error is negligible. Therefore, the effect

is a small degree of conservatism.

¥ o? Type 1 error Power
Large sample | Simulation | Large sample | Simulation

0 0 0.0249 0.0224 0.9026 0.8918
0 0.0249 0.0240 0.9024 0.8926
0 10 | 0.0249 0.0229 0.9035 0.8897
0 100 || 0.0249 0.0228 0.9030 0.8887
0.03 |0 0.0249 0.0221 0.9015 0.8911
0.03]1 0.0249 0.0247 0.9019 0.8912
0.03 | 10 || 0.0249 0.0236 0.9019 0.8949
0.03 | 100 || 0.0249 0.0277 0.9019 0.8914
0.06 | O 0.0249 0.0221 0.9006 0.8937
0.06 | 1 0.0249 0.0259 0.9006 0.8913
0.06 | 10 || 0.0249 0.0228 0.9009 0.8941
0.06 | 100 || 0.0249 0.0265 0.9009 0.8911
0.09 | 0 0.0249 0.0230 0.8995 0.8931
0.09 | 1 0.0250 0.0229 0.8995 0.8837
0.09 | 10 || 0.0249 0.0250 0.8996 0.8898
0.09 | 100 || 0.0250 0.0242 0.8996 0.8725

TABLE 4.14: Method 1: Type 1 and error and power calculated using large sample
theory and a simulation study with 343 patients and 10* replicates
for parameter values v = 0, 0.03,0.06,0.09 and o2 = 0, 1, 10, 100.

The columns headed “Simulation” of Table 4.14 also show estimates obtained by
our second approach for calculating type 1 and 2 error rates. This was by simulating

10* data sets, each with a sample size n = 343. For each data set, we calculate the

estimates 71, ..., #%) and estimates of the covariance matrices ¥V, ... £¥) ysing
estimates A, ... A BO  BE) given by Equations (4.38) and (4.39). The
boundary points aq, ..., ax and by, ... , by are then calculated under the assumption

that the canonical joint distribution holds and the error is calculated as the

proportion of replicates that accept or reject the null hypothesis. The choice and
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calculation of n is discussed in Section 4.3 and is chosen to attain power of 0.9.
This sample size calculation is approximate and is one of the reasons why the power
estimate is not 0.9 exactly. This simulation study is particularly computationally
expensive and with 10* replicates, there is noise in the simulation results. Taking
this into account, the simulation results support the relevance of asymptotic theory
since all empirical type 1 error rates are within 2 standard deviations of 0.025.

In summary, method 1 is convenient to use when the canonical joint distribution
does not hold because type 1 error is conservative. There may be a slight loss of
power relative to the specified target, however if the parameter values v and o2 are

not extreme, then this loss of power is minimal.

44.3 | PROOF THAT TYPE 1 ERROR RATES ARE
CONSERVATIVE UNDER THE CANONICAL JOINT
DISTRIBUTION ASSUMPTION

We now consider how a clinical trial is affected when the canonical joint distribution
does not hold and we use a non-binding futility boundary. We shall discuss the case
Cov(R®*) 4*2)) > Var(f*2)) since this is the case suggested by simulation results.
We consider performing the group sequential trial proceeding as if the canonical
joint distribution does hold and assess how this affects the error rates. In particular,
we shall prove that we have type 1 error less than «, where « is the planned type
1 error. This means that the trial is conservative with respect to type 1 error. In
Section 4.4.2, we showed by simulation, that the magnitude of the deviances from
planned type 1 error o and planned power 1 — 3 were very small when a binding
futility boundary is used.

We are considering the weaker case where the futility boundary is non-binding.
This is where stopping for futility at an interim analysis is not mandatory. The
calculation of the type 1 error therefore only depends on the upper boundary
bi,...,bg. Alternatively we can think of setting a; = -+ = ax = —oo. This
limitation ensures that the theoretical result holds, however we believe that this
scenario is a popular design choice and is therefore useful to present. Further, this
result is good evidence that the canonical joint distribution holds for a trial which
uses a binding futility function and we have shown motivating numerical evidence
for such a trial in Section 4.4.1.

To prove that the type 1 error rates are conservative, we shall compare the

probabilities of crossing the boundaries of a group sequential trial for two sequences
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of treatment effect estimates; one where the canonical joint distribution does not
hold and one where this assumption does hold. Suppose that 7,,...,7x are the
sequence of treatment effect estimates in a group sequential trial, with K analyses,
that are calculated using the conditional score method. Let the true variance-

covariance matrix for this sequence of estimates be >. Under H, we have

ﬁl O 211 212 EIK

di 0 by b

Plene | DT ] (4.40)
ﬁK O ElK EKK

Proceeding using method 1, we let the information levels be calculated as Z, =
(Xpr) "t and the Z—statistic is given by Z = fgv/Zy, for k =1,..., K. Under Hy the

sequence of Z—statistics therefore has the following distribution

Z1 0 1 P12 --. pP1K
A 0 1

lene LT (4.41)
ZK 0 P1K |

where entries of the covariance matrix are given by

Zklkg

\/ Eklkl Ekzkz

Suppose instead, that we have a different sequence of treatment effect estimates

Pkiks = C’O’U(Zkl, Z]@) = for 1 S k‘l < ]{32 S K. (442)

0y, ..., N with the following distribution:

0y 0 Y1 Yoo ... Xkk
775 ~ N 0 | 2.22 Yoo
Nk 0 YKK . Yk
where ¥1q,..., Xk are the same as in (4.40). Using the same information levels

given by Z, = (Zx)"!, we define the standardised statistics Z; = n}v/Z; for
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k=1,..., K. The distribution of these Z—statistics is therefore given by

A 0 Lply -0 pik
Z; 0 o1
Zr 0 P o1

where entries of the covariance matrix are given by

. - | Zak
Phiky = COU(Zkl, Zk2) = ﬁ for 1 < 1{31 < kQ < K. (444)
1k1

This sequence of treatment effect estimates 77, ..., 7N} therefore has the canonical
joint distribution given by Definition 2.1 and Zj,...,Z} has the canonical joint
distribution for a sequence of Z-statistics, with information levels Z, = 1/%; for
k=1,..., K, given by Definition 2.1.

The upper boundary points by, ..., bg are calculated under the assumption that
the canonical joint distribution holds and as to give a group sequential test with the
correct type 1 error rate a. Full details of this calculation are given in Section 2.1.
Hence, for planned type 1 error a and using the fact that the canonical joint
distribution holds for Z7,..., Z}; , we have that

P(Z] >byUZ; >byU---UZp > bg) = a. (4.45)

We consider the probability of rejecting Hy when we apply this boundary to the

sequence 41, ..., Zx. We aim to prove that
]P(Zl >b1UZQ>b2U"'UZK>bK) < a.

The following conditions are needed for the proof that type 1 error is conservative.
Conditions 4.3.

1. The upper boundary of a group sequential trial, on the Z—scale, given by
bi,...,bx is such that

2. For all k1 < ks,
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3. The futility boundary is non-binding. We have

a1 = Qg = = Qg — —OQ.

Condition 1 of Conditions 4.3 appears to be common in practice, for example,
the O'Brien and Fleming (1979), Haybittle (1971) and Pocock (1977) boundaries
all satisfy this condition. Condition 2 of Conditions 4.3 should be checked by
simulation before proceeding with the analysis. To do so, the investigator would
choose sensible values for all the parameters in the joint model, simulate a large
dataset of 4800 patients using these parameter values, and calculate an estimate for
the variance-covariance matrix ¥ for the sequence of estimates 7", ... H%). This
process was described in steps 1-2 for calculating the large sample sample type 1
error when applying method 1. We have found that calculations for various examples
has always lead to condition 2 being satisfied. Further, the scenarios that we have
checked span a 3-dimensional grid of 1, and o2 values each ranging from small to
large and hence, we believe that the scenarios we have checked span a suitable range
of the parameter values. In the rare event that this condition is checked and does
not appear to hold, a solution is to employ method 2, which will be described in
Section 4.4.4, and this ensures that type 1 error will not be inflated. It can also be

seen by simple algebraic manipulation that condition 2 implies
Pkiks = Pk, fOT k1 < ky.

The following theorem shows that type 1 error is lower than the required

significance level a.

Proposition 4.5. Let Z, ..., Zk be the standardised statistics of a group sequential
trial with distribution given by (4.41) and let Zf,...,Z}. be the statistics with
distribution given by (4.43). Let o be the planned type 1 error and suppose that

b, ...,bx are the upper boundary points on the Z-scale such that

Suppose that Conditions 4.3 hold. Then the Type 1 error when applying the boundary
for Zy, ..., Z} to Zy,...,Zk 1s

P(Zl>b1UZQ>b2U"'UZK>bK)SOJ.

We shall prove that Proposition 4.5 holds for the case K = 2 and we present a
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heuristic argument for K = 3. Proving Proposition 4.5 is equivalent to proving that
P(Zl >b1UZQ>b2U"'UZK>bK) S]P(Zf>b1UZ§>bQUUZ;<>bK)

First, note another representation for the above probabilities. For example, the

probability on the left hand side can be written as

—P(Zl >b1ﬂX2 >bg)——]P)(ZK1 >bK_1ﬂZK >bK)
(4.46)

+]P)(Zl >b1ﬂ---ﬂZK>bK).
Theorem 4.6. Proposition 4.5 holds for the case K=2.

Proof. By the formulation in equation (4.46), the problem is equivalent to proving
that

]P(Zl > bl) -+ P(Zl > b2) — ]P)(Zl > b1 N ZQ > b2> < P(Zl > bl N ZQ > bg)
S]PJ(ZT > bl) —f—]PJ(Zik > bg) — ]PJ(Zik > b N Z; > bg) < P(Zl > b N Zy > bQ)

For simplicity, the subscripts of pi2 and pj, are dropped so p = Corr(Z;, Z;) and
p* = Corr(Zf,Z3). The marginal distributions of Z;, Z,, Zf and Zj are equivalent
and are all N(0,1) random variables and hence the probabilities are such that
P(Z, > by) = P(Z; > by) for each k = 1,2. Therefore, the problem is reduced
to showing that

P(Zik > b1 N Z; > bg) < ]P)(Zl > bl N ZQ > bQ) (447)

when p* < p.

In the below calculations, we appeal to the fact that for two random variables
which are bivariate normally distributed, the conditional distribution of one normal
random variable on the other normal random variable is also normal. Specifically,
we have that Z,|Z; = 21 ~ N(pz1,1 — p?). Let ¢(-) and ®(-) denote the probability
density function and cumulative distribution function of a standard normal random

variable respectively, then the probability on the left hand side in Equation (4.47)
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is
P(Zl > b1 N Zy > bg) = ]P)(ZQ > b2|Zl > bl)P<Zl > bg)

= / P(ZQ > b2|Zl = Z1)¢(Zl)d21

b1

[T _ by — pz1 2 \d
_/bl [1 <I>(x/l—/f">]¢( Vit

The corresponding calculation where Z7 and Z; replace Z; and Z; yields the

following

[o.¢] b o *
P(ZF > by N ZE > by) = / [1 — P (Z—”"é)] é(21)dz
by — p*

and since ®(-) is strictly increasing, it suffices to show that whenever z; > by, then

bg — Pz < b2 —p*Zl
VTP = VT

We have by assumption that p* < p. Further note that by definition 0 < p <1

(4.48)

and 0 < p* < 1. The following steps show some simple algebraic manipulation of

this inequality, which gives

. 1+p <1+p

<
%2 _ 2
vV1—p <\/1 p
l—p* = 1—0p

\/1_p*2_\/1_p2
— <1.
p/l_p*Q_p* 1_p2

Finally, using the above inequality and Conditions 4.3 that 0 < by < by, we have

for z; > by that
1_ *2 1_ 2
bpV P TN < <h < n

pV/1 = p? = pr /1= p?

and a simple rearrangement shows that Equation (4.48) is satisfied. ]

The result for K = 2 covers many trials since just 1 interim analysis is common in
practice. We now give a heuristic argument for the proof of this theorem for the case
K = 3. We follow a similar approach to the proof of the case K = 2. The marginal
distributions are equivalent, that is we have that P(Z; > b;) = P(Z; > by,) for each
k = 1,2, 3. Let the remaining probabilities of Equation (4.46) be summarised by the
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functions f(-) and g¢(-), which are given by

f(p12, 13, p23) = fi2(p12) + fiz(p1s) + fa3(p23)
:P(Zl > b N2y > b2)+P(Zl > blﬂZ:g > bg)—f—]P)(ZQ > bgﬂZg > bg)
9(p12, p13, paz) = P(Z1 > by N Zy > by N Z3 > bs).

Then we need to show that

9(p12, p13, p23) — 9(pla; P13 PSg) < f(pi2; P13, p23) — f(pla; P13 033)- (4.49)

The right had side of Equation (4.49) is greater than or equal to zero. This can be

seen by a similar argument as for the case K = 2, it is clear that

]P)(Zik>b1ﬂZ;>b2)S]P)(Z1>b1ﬂZQ>b2)
]P)Zf>b1ﬂZ§>bg)§]P>(Z1>Z71mZg>b3)
]P)(Z;>bQHZ§>bg)§]P(ZQ>bQﬂZg>b3)

and this implies that f(p},, piz, p53) < f(p12, P13, p23). Suppose that g(pis, piz, p33) >
9(p12, p13, p23), then Equation (4.49) holds so it is sufficient to consider the case

9(Pias Pis, P33) < 9(pr2, P13, p23).

Both sides of Equation (4.49) are greater than or equal to zero, and we know
by Conditions 4.3 that pi, < p12,pi3 < p13 and pi; < peg. For Equation (4.49) to
hold, we need that the function f(-) is increasing at a greater rate than g(-) as each
parameter pio, p13 and pe3 increases.

We shall check that Equation (4.49) holds graphically for each parameter p12, p13
and pog individually. First note that f(pi2, p13, p23) only depends on p;o through the
function fia(p12) = P(Zy > by N Zy > by) and so plotting this probability as a
function of pio is sufficient for checking the rate of change of f(pi2, p13, p23) with
respect to p1a. We cannot check this for every combination of the parameters and

so we follow the steps below to check the condition in a systematic way.
e Choose values of pia, p13, P23, pia, P13 and pig

e Check that f(pi2, p13, po3) increases in pi5 at a greater rate than g(p12, p13, po3)-
Do this by plotting fi2(p12) and g(p12, p13, p23) against pio

e Check that f(piy, p13, p23) increases in pi3 at a greater rate than g(pi,, p13, p23)-
Do this by plotting fi3(p13) and g(p1y, p13, p23) against pi3

e Check that f(pl,, pis, pa3) increases in pog at a greater rate than g(pis, pis, p23)-
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Do this by plotting fas(pe3) and g(piy, pis, p23) against pos.

We shall consider three combinations of the parameters pi2, p13, P23, Pia, P73 and
p5s. The first scenario is based on equally spaced information levels and the p
parameters are divided by a factor of 1.2 to get the p* parameters. The second
scenario is where the two interim analyses have higher information levels (than if
information was equally spaced) and the p parameters are divided by 1.1. The
final scenario is where the two interim analyses have lower information levels (than
if information was equally spaced) and the p parameters are divided by 1.3. The

parameter values for the three cases are presented in Table 4.15.

* * *
P12, P13, P23 P12 P13 P23

Case 1 || 0.849,0.693,0.980 | 0.707,0.577,0.816

Case 2 || 0.850,0.765,0.990 | 0.772,0.695,0.900

Case 3 || 0.751,0.531,0.919 | 0.577,0.408,0.707

TABLE 4.15: Parameter choices for three cases to compare rate of change of
objects P(Zy, > by, N Zy, > by,) and
P(Zy, > bg, N Zy, > by, N Zy, > by,) for a group sequential trial with
K = 3 analyses .
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Case 1, Fixed: p13, p23 Case 1, Fixed: p,, pas Case 1, Fixed: p,, p;s
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FIGURE 4.8: Comparison of rate of change of f(pi2, p13, p23) and g(pi2, p13, po3) for
a group sequential trial with K = 3 analyses. Fixed values of
P12; P13, P23, P12, P13 and p3g given by Table 4.15.

Figure 4.8 compares the pairwise probabilities with the probability of crossing
all three boundaries for each of the three cases in Table 4.15. In cases 1 and 3,
as the parameter p;3 — 1, it is not clear whether fi3(p13) increases at a greater
rate than g(pl,, p13, p23). We have checked this numerically and found it to be true.
Further the case p13 = 1 is the very rare case where all three analyses have the same
information levels. This is not a scenario of concern. Therefore, it is clear that the
function f(pi2, p13, pe3) increases at a greater rate than the function g(pi2, p13, po3)
in each parameter pis, p13 and po3 and hence we have shown convincing evidence to
prove that Equation (4.49) holds.

At the interim analyses of a group sequential test, estimates of the correlations
P12, P13, P235 P1a, P13 and p3s become available. Hence, this check can be repeated as
we learn about actual parameter values. In the rare event that the results are not in
the right direction, the second method for performing a group sequential test when
the canonical joint distribution does not hold should be employed. The three cases

given in Table 4.15 represent the cases where information levels are equally spaced,
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information accruing earlier than equally spaced and also information accruing later
than equally spaced and therefore these presented cases are representative of all

possible scenarios.

444 | METHOD 2: USE AN ESTIMATE OF THE TRUE

COVARIANCE STRUCTURE

The second method for dealing with estimates from the joint model does not rely
on the canonical joint distribution assumption. Instead, we calculate the group
sequential boundaries using the complete structure of the variance-covariance matrix
for the sequence of treatment effect estimates across analyses. This differs from when
the canonical joint distribution is assumed because in such a case, only the variances
are required and the covariances are ignored. We shall see that this method poses
some practical difficulties; for example, a trial may yield a non-positive-definite
estimate for the variance-covariance matrix and hence, calculation of the boundaries
cannot be performed.

Suppose that a group sequential trial with K analyses yields the sequence of
treatment effect estimates él, e ,éK. The distribution of the sequence of treatment

effect estimates is

~ ~

(Or,....0)7 ~ N((6,...,0)7.%).

To estimate the variance-covariance matrix Y, the matrices AD, ... A®) and
BW, ... B5) are calculate using Equations (4.38) and (4.39), then eclements of

the estimate 3 are given by

Sk = [(A(k))*ll%’(k)((A(k))*l)T} fork=1,...,K
22
fjkle — [(A(kl))—lg(kl)((A(kQ))—l)T} by < ko,
22
The information levels for él, . ,éK are given by Z,, = 1/ f]kk. which is the

same as in method 1. Under Hy, the amount of type 1 error spent at analysis k
is a®) = Py—o(Continue to analysis & and cross the upper boundary at analysis k).
Under H,4, when @ = §, the amount of type 2 error spent at analysis k is 3*) =
Py—s(Continue to analysis k and cross the upper lower boundary at analysis k).

Using error spending functions f(t) = min{at? a} and g(t) = min{gt? S}, at
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analysis k, we design the trial with

- f(Ik—l/Imacc) for k = 2, Ce 7K
_g(Ik—l/Imaa:) fOI'k’ZQ,...,K.

For this method, we calculate the boundary values for the group sequential trial
using the full structure of 3. Let &4 denote the k x k matrix that is the first & rows
and columns of 3. The boundary points, d; and by, are therefore calculated as the

solutions to the following equations:

00 br_1 by ex _lXTiflx
an):/ / / p{= L Yoy du
o Ju S fampis,

ag bk,1 bl _l _ TNy —1 _ T
B(k)z/ / / exp{—g(x — (0. O x = (60D,
Ju Ju (2m)¥ |5

This integration calculation can be performed numerically using the R package
mvtnorm by Genz et al. (2020). In an earlier paper, Genz (1992) describes the
numerical algorithm and shows that for 10 variables or fewer, this calculation is
computationally efficient.

It is also possible to calculate boundary constants based on the standardised
statistics Zy = 0x/Zy. The boundary points on the Z-scale are given by aj, = av/Zs
and by, = by/Zy, for k = 1,..., K where dy, by are boundary points for 0.

During the conditional score method, the matrix ¥ is estimated with error
which can sometimes result in a non positive-definite estimate 3. In particular,
suppose that we have reached analysis 2 and find that 3y is not invertible, then the
boundary calculations cannot be performed. We have found, through simulation,
that problems do not occur after analysis 2. This is because if the matrix Sy is
invertible, then f]g, e Sy are also likely to be invertible. Therefore, we shall only
consider this problem at the second analysis. We have performed a check for when
this computation is not possible due to the covariance matrix being non-invertible.
We are unable to invert 3 when the determinant is less than or equal to 0. In
Table 4.16 we have counted the number of times, out of 10* simulations, which have
terminated because we have determinant d = det(3,) < 0. This is shown in the
column headed “d < 0”. For extremely noisy longitudinal data with ¢ = 100 this

problem occurs roughly 50% of the time. However, for small measurement error of
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the longitudinal data, when o2 is small, this problem occurs infrequently.

~ o? n=0 n=—0.5
d<0|d>0|P(reject Hy) |d <0 |d>0 | P(reject Hyp)

0 0 0 10000 | 0.0224 0 10000 | 0.8917

0 1 0 10000 | 0.024 4 9996 | 0.8924

0 10 |10 10000 | 0.023 1 9999 | 0.8893

0 100 || 4914 | 5086 | 0.0225 4408 | 5592 | 0.8886
0.03 |0 0 10000 | 0.0221 0 10000 | 0.891
0.03 |1 0 10000 | 0.0246 0 10000 | 0.8912
0.03 10 || O 10000 | 0.0235 0 10000 | 0.8946
0.03 | 100 || 3736 | 6264 | 0.0276 4306 | 5694 | 0.8915
0.06 | 0 0 10000 | 0.0221 0 10000 | 0.8936
0.06 | 1 0 10000 | 0.026 0 10000 | 0.8912
0.06 | 10 || 1 9999 | 0.0228 0 10000 | 0.8941
0.06 | 100 || 3595 | 6405 | 0.0264 4240 | 5760 | 0.8912
0.09 | 0 0 10000 | 0.023 0 10000 | 0.8931
0.09 | 1 0 10000 | 0.0229 0 10000 | 0.8837
0.09 10 || O 10000 | 0.025 0 10000 | 0.8898
0.09 | 100 || 4042 | 5958 | 0.029 4416 | 5584 | 0.8723

TABLE 4.16: Method 2: Simulation results for paramater values

v =0,0.03,0.06,0.09 and 0% = 0, 1, 10, 100 using 10* replicates.

Counts out of 10* cases of problematic simulations. P(reject Hp)

calculated as the proportion out of the counts d > 0.

We now investigate the error rates using a simulation study for a group sequential

trial using method 2. We have performed 10* replicates of a trial each with sample

size n = 343 and in each case we have found boundary points and analysed the trial

using method 2 described above. Out of these 10* replicates, we take the proportion

of replicates that reject H, out of the cases where d = det(flg) > 0. This is given by
the column headed “P(reject Hp)” in Table 4.16. For the rows of the table where
the counts of d > 0 are equal to 10%, the value of P(reject Hy) is equal to the type 1

error when 1 = 0 or power when 1 = —0.5. We see that none of the simulation type

1 errors are significantly different from a = 0.025. Further, all simulation type 2

errors are close to 1 — 8 = 0.9. The sample size calculation in Section 4.3.3 resulting

in n = 343 is only approximate here which explains the deviation from power 1 — .

In summary, this method makes no assumption about the covariance structure of
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the sequence of treatment effect estimates and therefore the type 1 error is preserved.
However, this method is problematic for large longitudinal measurement error o2,
where roughly 50% of trials have a non-invertible covariance matrix 3. The trial
may have stopped at the first analysis before finding a problem at the second analysis
and hence, we cannot correct for this method. Comparing this with method 1, the
error in estimating the covariance matrix ¥ creates problems for calculating the
boundary points. The benefit that occurs in method 1 from not having to estimate
covariances outweighs the small issue that the trial does not reach the planned

significance level a.

445 | METHOD 3: CREATE A NEW EFFICIENT
ESTIMATOR

For the final method, we aim to create a new estimator that is asymptotically
efficient. The efficient estimate at analysis k is a linear combination of the original
estimates at analyses up to and including k. We choose the weights of the linear
combination using a Lagrange multiplier method in such a way that the variance
is minimised. We can easily prove theoretically that this new estimator has the
correct canonical distribution, and hence the methods in Section 2.1 can be used
without hesitation. However, we show that in practice there are limitations to this
method as it relies too heavily on accurately estimating the covariance matrix of the
parameter estimates.

Jennison and Turnbull (1997) prove a simple result, that all asymptotically
efficient estimators have the canonical joint distribution and this is the motivation
for this method. It is not intuitively obvious why taking linear combinations of
past estimates results in asymptotic efficiency, however because the canonical joint
distribution does not hold for our sequence of treatment effect estimates, there must
exist a more efficient estimate. Using the conditional score method, we obtain
estimates that are unbiased and asymptotically normally distributed and we appeal
to the closure properties of the multivariate normal distribution. It remains that
the most efficient estimate has the smallest variance and hence we seek to minimize
the variance of this linear combination.

We present the Lagrange multiplier method that takes a sequence of parameter
estimates él, ce ,éK as input and returns a new sequence of estimates éf, ce ,é}(

This new sequence of estimates will have the canonical distribution. At analysis k,
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AZ will be a linear combination of él, . given by
k
i=1
where cgk), e ,c,(f) are scalars which are yet to be determined. The values of these

scalars are chosen to minimise the estimated variance of the new estimate, which by

definition is given by

Var(6) = MM Cou(6;,6;)

WE
W

1

=13

(63 Cgk)i” (451)

E
WE

1

=13

Here, the matrix > is notation for the variance-covariance matrix of the vector
(01,...,0k)T and 3 is an estimate of ¥ which can be found using Equations (4.38)
and (4.39).

The new sequence of estimates must satisfy all three conditions of the canonical
distribution of definition 2.2. One property is that we must have E(é;’;) = 6 for each
k =1,..., K. We can ensure this property holds by imposing the constraint that

cgk) +- 4+ c,(ck) =1 for each kK =1,..., K. This is because expectation is linear and
we have by Theorem 4.4 that E(él) =@ foralli=1,..., K. Therefore, the problem
is to minimise 17(1\7‘(@;;) subject to the constraint cgk) +-- 4 c,&k) = 1. The Lagrangian

function is then

k
L@, .. 0P, ,c,(gk), k) = Z Z Cgk)cg-k)iij (el C,(f) —1)
i=1 j=1
k A k -
=2 Z Z cgk)c(k)EU + Z (cl(k)> Y+ )\k(cgk) + + c,(gk) -1)
i=1 ji i=1

where )\ is the scalar Lagrange multiplier.

It remains to find the stationary points of £(é1, . ,ék,cgk), . ,c,(f),)\k) as a
function of cgk), e ,c,(f) and A,. The partial derivatives are given by
P k
A Ao (k k k)&
@E(ﬁl,...ﬁk,cg )""?Cl(c)?)\k> = ;265 )Emz+)\k for m = 1,...,k
0

—E(él, e ,ék,cgk), .. .,C](Ck),Ak) = Cgk) + -+ C](Ck) — 1.
Ok
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Note that the function £(-) is quadratic in cgk) and L(-) — oo as any cz(k)

— OQ.
Therefore, the resulting stationary points will give a minimum of £(-).

Setting each of the partial derivatives equal to zero, we have a set of k + 1

equations which are linear functions of c(lk), e ,cggk) and A. In matrix form this is
_2211 2212 c. 221k 1_ _Cgk)_ 0]
2221 2222 22214: 1 Cék)
: - : S = (4.52)
251 25 20 1] | 0
1 1 ... 1 0] | M
To find the values of the scalars cgk), cee c,(f), one can then simply rearrange and
solve Equation (4.52). The constants cgk), o ,c,ik) are then used in Equation (4.50)

to find the efficient estimate at analysis k. This process is repeated for each
k=1,..., K to build the sequence of estimates 9’1“, e ,é}(.

The new sequence of efficient estimates éi‘, e ,é}( is easily seen to have the
canonical joint distribution of Definition 2.2. The first property follows by closure
under linear combinations of multivariate normal random variables. That is, if

(A1,...,0k) is multivariate normal, then 87 = S5 ¢

Ek)éi is normally distributed
for each k = 1,..., K. Then, the joint distribution (AT,,HA}{) is multivariate
normal. For the second property, it is clear that the estimate 0* is unbiased for

0 for each k = 1,..., K. In the calculation below, the first line follows by linearity of

expectation and the second line is because the estimates él, cee O are each unbiased
for #. Then, the result holds because of the constraint that cgk) +- 4 c,&k) = 1.
k
B(0F) =Y " B(6)
i=1
k
=0y V=0
i=1
The information matrix for the new estimate 6% is given by Zf = 1/ ‘707“(@*),

and we define the second property as é;; ~ N(0,Zf). The final property follows
by construction of é,’; We have designed the estimate to have minimum possible
variance, which ensures that the estimates are asymptotically efficient for each
k =1,..., K. Jennison and Turnbull (1997) show that all asymptotically efficient
estimates have the covariance structure in the canonical joint distribution. By these
arguments, we have that 50\1)(A,’;1, é,’;) = @n(é;;) = (Zy,) 7! as required.

There are some numerical problems that can occur with this approach which
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must be considered; in some extreme cases, the new estimate obtained by the process
described above has > | Z?Zl cl(-k)cg-k)f]ij < 0 and @"(9};) appears to be negative.

We shall consider how this problem occurs through use of an example with
K = 2 analyses. Estimation of the covariance matrix is data dependent, so there
are many sequences 211, 212, 222 that are possible. We only consider cases such that
f]n > 5312 > 5322 as other sequences are extremely rare and have not occurred in
our simulations. The case 212 = 222 means that the estimates are asymptotically
efficient, and so we consider the affect as 212 becomes large and close to 211. To do

so, we consider the parameterisation
. e
and assess the variance as a function of p. We can calculate the parameter p as

p= log(fhg) — lOg(igg)
log(ZH) — lOg(ZQQ)

It is clear that for the first analysis, we always have that cgl) = 1 and hence,

é]‘ = 6. For the second analysis, we shall temporarily drop the superscript notation
(2)

for simplicity so that ¢; replaces c; The constraint here is then ¢; + ¢ = 1.

Therefore, using some simple algebraic manipulation and equation (4.51), the

variance for the new estimate, in terms of ¢, is given by
Var(6}) = (211 — 2515 4 299)2 + 2(Z12 — 3116 + St

The roots of this quadratic equation in ¢y are

B 211 - 212 + \/ 2%2 - 2ADIIEAJQQ

xr = = = =
Y1 — 2209 + Mg
S — Yo — \/ 32, — 5115
Lo = .

ZA311 — 2212 + 222

~

Using the constraints 211 > 212 > 222, the function 17&(9;) is always a positive

quadratic function of cy. Further, by assessing where the roots x; and x5 take positive
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and real values, and using Equation (4.53), we find that

@(é;) >0 <— 2%}{232—2;7 < 211222

1

— p< =

P=3

—_— A 1
Var(03) < 0 <~ P>y

We find that, in practice, every problem occurs at the second analysis, which is
the first opportunity to find an estimate 35 for the covariance ;5. This is likely
to be because of the estimation error in 211 and 212 due to the small number of
observed events at the first interim analysis.

The columns headed “p > 0.5” of Table 4.17 show the counts out of 10%
simulations where method 3 is problematic because we obtain @(é;) < 0. These
counts are each for a group sequential trial with K = 5 analyses, where the problems
all occur at the second analysis. The table shows that problems occur for o2 = 100.
This finding coincides with Tables 4.7 and 4.9 which show that for large o2, the
matrix (A®)"1BM is far from the identity matrix.

We would also like to avoid implausible situations where the variance is positive
but close to zero. We see that as p 1 1 then @(é;) 1 0. Figure 4.9 shows an
example of the boundaries calculated in a group sequential with K = 5 analyses
when the value of p is very close to 0.5. The information levels, before the Lagrange

multiplier method is applied, and the information levels after correction, are
o (h,...,75) = (1.77,11.04, 16.83,23.98, 35.12)
o (Z{,...,7F) = (1.77,63.09, 152.04, 399.07, 502.63).

The estimated covariance of the treatment effect estimates between the first two
analyses was f]m = 0.224 which results in a value p = 0.495. We have used an error
spending design and because Z3 > Z,,,,, the trial stops and concludes at the second
analysis. Figure 4.9 shows the boundaries for this group sequential trial. Black lines
show the boundaries based on information levels Z;,...,Zx and red lines give the
boundaries using information levels Z7, ..., Zj.

We have found by inspection, that for values 0.49 < p < 0.5, the Lagrange
multiplier method creates estimates with implausibly small variance estimates. For
values p < 0.49, this method is a reasonable solution to the problem that the
canonical joint distribution does not hold. The columns headed “0.49 < p < 0.5” of
Table 4.17 show the counts out of of 10* simulations where method 3 is problematic

because it creates an estimate with implausibly small positive variance.
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~ o? n=0 n=—0.5

p<049 | 049< | p>05 | P(reject | p<0.49 | 049 < | p> 0.5 | P(reject

p<05 Ho) p<05 Ho)

0 0 10000 0 0 0.0278 | 10000 0 0
0 1 10000 0 0 0.0280 | 9996 0 4 0.8910
0 10 10000 0 0 0.0289 | 9999 0 1
0 100 || 9807 3 190 0.0240 | 9776 4 220 0.8876
0.03]0 10000 0 0 0.0239 | 10000 0 0 0.8913
0.03 |1 10000 0 0 0.0261 | 10000 0 0 0.8882
0.03 | 10 10000 0 0 0.0254 | 10000 0 0 0.8955
0.03 | 100 || 9805 1 194 0.0278 | 9805 2 193 0.8911
0.06 | O 10000 0 0 0.0227 | 10000 0 0
0.06 | 1 10000 0 0 0.0270 | 10000 0 0 0.8895
0.06 | 10 10000 0 0 0.0231 | 10000 0 0 0.8925
0.06 | 100 || 9816 1 183 0.0270 | 9851 3 146 0.8910
0.09 | 0 10000 0 0 0.0231 | 10000 0 0 0.8929
0.09 | 1 10000 0 0 0.0233 | 10000 0 0 0.8836
0.09 | 10 10000 0 0 0.0258 | 10000 0 0 0.8916
0.09 | 100 || 9815 4 181 0.0295 | 9843 3 154 0.8716

0.8895

0.8893

0.8930

TABLE 4.17: Method 3: Simulation results for parameter values
v =0,0.03,0.06,0.09 and 0% = 0, 1, 10, 100 using 10* replicates.
Counts out of 10* cases of problematic simulations. P(reject Hp)
calculated as the proportion out of the counts p < 0.49.

Table 4.17 shows the simulation results from using method 3 for a clinical trial
where the canonical joint distribution does not hold. All parameter values are chosen
as in Section 4.3.1. We have performed 10* replicates of a trial each with sample
size n = 343 which is calculated using methods described in Section 4.3.3 and in
each case we have found boundary points and analysed the trial using method 3
described above. Out of these 10* replicates, we take the proportion of replicates
that reject Hy out of the cases where p < 0.49. This is given by the column headed
“P(reject Hp)” in Table 4.16. For the rows of the table where the counts of p < 0.49
are equal to 10%, the value of P(reject Hy) is equal to the type 1 error when n = 0
or power when 1 = —0.5. There are some signs in this method that type 1 error is
greater than 0.025. Major problems can occur from the inaccuracy in @(él) and
6&)(@1, 92) and this casts doubts on the advisability of using these estimates for the

method 3 construction, even when you don’t see a negative variance estimate.

127



4.4. DESIGNING GROUP SEQUENTIAL TRIALS WHEN THE CANONICAL JOINT DISTRIBUTION
DOES NOT HOLD

Boundaries for GST method 3
example where 0.49<p < 0.5

Analysis 2

- — Analysis 2

™~ Analysis 1

1]
|

Analysis 1

0 10 20 30 40 50 &0
Iy

F1GURE 4.9: Comparison of boundaries for methods 1 and 3 in a group sequential
trial with K = 5 analyses when 0.49 < p < 0.5. Black lines are the
boundaries from method 1 and red lines are boundaries from method

3.

4.4.6 | COMPARISON

We have presented three methods for creating a group sequential trial when the
canonical joint distribution does not hold. We have seen that each method results
in type 1 error close to the desired significance level o and (without accurately
identifying a sample size) power 1 — 3. We now aim to compare these methods by
calculating the amount of error spent at each analysis and see whether this matches
the error spending designs.

We consider how the boundaries differ between designs. For each method we
determine estimates él, e ,éK and information levels Z;,...,Zx. Under Hj, the

amount of type 1 error spent at analysis k is

k) = Py—o(Continue to analysis k£ and cross the upper boundary at analysis k).
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Under H,4, when 6 = 4, the amount of type 2 error spent at analysis £ is
Bk — Py—s(Continue to analysis k and cross the upper lower boundary at analysis k).

Using error spending functions f(f) = min{at? a} and ¢(t) = min{3t? 8}, at

analysis k, we design the trial with

ol = f(T1/Tna)
BY = 9(T1 /Tonac)
o™ = f(Te ) Toaz) — f(Ti-1/Tinaz) fork=2,....K
B = ¢(Ti ) Tmaz) — 9(Ti-1/Tmaz) fork=2,... K.

The information levels are calculated in the same way for method 1 and method 2.
Therefore, the same values are passed into the error spending functions and both
methods aim to spend the same amount of error at each analysis. The location of the
boundary points will be different. The information levels are calculated differently
for methods 1 and 3, which affects the boundary positions.

Tables 4.18 and 4.19 show the amount of error that is spent at each analysis.
For 10* replicates, we simulate a data set with n = 343 patients, and can calculate
a®, .., a®) for each replicate. The average values of these over all the simulations
is shown in the column headed “E(a(®)” in Table 4.18. The columns headed
“Simulation” gives the proportion of trials which stop to reject H, at analysis k.
Similarly in Table 4.19, the columns headed “E(3®)” give the average amount of
type 2 error that is planned to be spent at analysis k. The parameter values here
are v = 0.03,0% = 1 and the two tables show 10* Monte Carlo simulation study

results calculated using n = 0 and n = —0.5 respectively.
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Analysis Method 1 Method 2 Method 3
Simulation | E(a®)) | Simulation | E(a®) | Simulation | E(a¥)
1 0.0003 0.0012 | 0.0003 0.0012 | 0.0003 0.0012
2 0.0034 0.0038 | 0.0034 0.0038 | 0.0048 0.0040
3 0.0050 0.0064 | 0.0050 0.0064 | 0.0057 0.0065
4 0.0097 0.0087 | 0.0096 0.0087 | 0.0093 0.0088
) 0.0063 0.0050 | 0.0063 0.0050 | 0.0060 0.0046
Total 0.0247 0.0250 | 0.0246 0.0250 | 0.0261 0.0250

TABLE 4.18: Comparison of efficiency correction methods under the null
hypothesis 7 = 0 for paramater values v = 0.03 and o2 = 1.

Probability of crossing each boundary in a group sequential trial

with K = 5 analyses according to simulation and expected
probability of error spending test.

Analysis Method 1 Method 2 Method 3
Simulation | E(8%)) | Simulation | E(3"%)) | Simulation | E(8™)
1 0.0025 0.0028 | 0.0025 0.0028 | 0.0025 0.0028
2 0.0112 0.0095 | 0.0114 0.0095 | 0.0146 0.0099
3 0.0215 0.0169 | 0.0214 0.0169 | 0.0216 0.0172
4 0.0243 0.0247 | 0.0244 0.0247 | 0.0257 0.0249

TABLE 4.19: Comparison of efficiency correction methods under the alternative
hypothesis 7 = —0.5 for parameter values v = 0.03 and o2 = 1.
Probability of crossing each boundary in a group sequential trial
with K = 5 analyses according to simulation and expected
probability of error spending test.

The tables show that each of the three methods perform adequately with respect
to the probability of crossing each boundary. The number of times each boundary is
crossed closely matches the desired amount of error to be spent for each boundary.
We have not included analysis 5 in Table 4.19 because it is common that the trials
either over-run or under-run and therefore the boundary is not placed in the correct
position for power to equal 1 — 3.

In method 1, we have shown that type 1 error is almost exactly equal to the
planned significance level a as the large sample results in Section 4.4.1 show that
Cov(0%*1) §*2)) is very close to Var(@*) for ky < ky. The simulation results for

method 1 show that the impact of the difference on type 1 error and power is
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extremely small. Further, we showed theoretically that for trials with a non-binding
futility bounday, when there are differences in type 1 error and planned significance
«, the test is conservative. This is supported by simulation studies of the whole
process for moderately sized trials.

Given that Cov(6*1) %)) is very close to Var(§%*2)) for ky < ks, there is not
a lot to be gained by the more complex methods 2 and 3. The calculations are
sensitive to errors in estimates of Cov(9%*1), %)) and Var(6*)). In some cases, the
errors in these calculations lead to these methods simply not working. This raises
doubts about how well they work in less extreme cases. Despite these problems,
methods 2 and 3 perform adequately in simulation studies. However, this does not

change our view that method 1 is preferable.
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4.5 | EFFICIENCY GAIN FROM INCLUDING
LONGITUDINAL DATA IN THE JOINT
MODEL

We aim to assess the efficiency gain when the longitudinal data is included in the
analysis compared to when this longitudinal data is available, yet ignored. In this
case, we believe that our joint model is true and therefore, we shall simulate clinical
trial data from the true joint model and analyse it in two separate ways. The first
way is to fit the data to the joint model using the conditional score method to find a
treatment effect estimate and the second way is to ignore the longitudinal data and
fit the survival observations to a Cox model without the longitudinal data and find
the maximum partial likelihood estimate of the treatment effect. We are interested
in comparing the sample sizes required in each method to achieve the same power.
A comparison of these sample sizes reflects the efficiency of the inclusion of the
longitudinal data.
For clarity, the joint model is given by

where

el (] 5 )
bi 251 0 ¢%
o ci(t)|b; ~ N(0,02).

To perform a fixed sample analysis using this model, we shall test the one-sided
hypothesis
H(()J) :ny =0, Hg‘]) :my < 0.

We fit the joint model using the conditional score method to find a treatment effect
estimate 7, in order to perform this hypothesis test.

We first consider a fixed sample size trial design. Our aim is to find the sample
size, ny, required using the conditional score method to achieve Type 1 error rate
a = 0.025 when the true treatment effect is n; = 0 and power 1 — 5 = 0.9 when
ny; = —0.5. An estimate of the sample size is denoted by n;, and will be calculated
by simulating clinical trials. As laid out in Section 4.3, the trial is designed with 2

years recruitment and 3 years follow-up. When increasing the sample size, we do so
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by increasing the rate of recruitment so accrual and follow-up periods in the trial
design stay fixed. This is to ensure that differences in power are purely due to the
sample size and not changes in the trial design as sample size increases.

In Appendix 4.A we present a method for estimating the root of a function
which is measured with error, and we use this method to find an estimate n; for
the sample size as defined above. The parameter values for this algorithm are
also discussed and presented in Appendix 4.A. To perform this estimation, data is
simulated from this model with parameter values chosen and described in Section 4.3.

The common values used in simulations are (ug,p1) = (6,3),¢0 = 3.5,¢1 = 2.5

and ho(t) = 5.5. We are interested in differences when we simulate using the
values v = 0,0.03,0.06,0.09 and 02 = 0,1,10,100. Further, these simulations are
performed under H,4 with the case n; = —0.5. Sample size estimates n; are given

in Table 4.20. The column “Naive model” will shortly be described.

02=0|0>=1|0%2=10 | 0? =100 | Naive model
v=0 322 322 320 329 316
v =0.03 328 329 331 330 358
v =0.06 326 328 326 370 464
v =0.09 327 332 334 460 517

TABLE 4.20: Sample sizes required for power 0.9 in true and naive model for a
fixed sample clinical trial.

The sample size increases as o2 increases. This reflects that noisy longitudinal
data is associated with high variance or small information levels. Sample sizes are
particularly high in each case where o2 = 100, which has been chosen as an extreme
value. Further, sample sizes appear to increase slightly with .

We now consider the analysis when the longitudinal data is ignored. We believe
the joint model to be true and correct, however we shall fit the data to a Cox model.
To do so, we shall simulate data from the joint model and then fit this data to a

misspecified Cox proportional hazards model. The Cox model is given by:

Ai(t) = No(t) exp{ncZ;}. (4.56)
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For this clinical trial, we test the hypothesis
H :ne >0, H  pe <0 (4.57)

and we find a treatment effect estimate n¢ using the maximum partial likelihood
method as described in Section 3.2.1.

Although this model is misspecified, type 1 error is not affected. This is because,
under Hé‘]) we have 77; = 0 and there is no difference between treatment groups
in overall survival. When fitting this data to the Cox model, the longitudinal data
trajectory is reflected in the function S\O(t) and we also have that nc = 0. Hence,
H(()C) is also true.

Let ne be the sample size such that we achieve type 1 error a = 0.025 when
n; = 0 and power 1 — 8 = 0.9 when 1; = —0.5 when we perform the hypothesis test
in (4.57). A sample size estimate for this model is denoted n¢ and is found using
a similar method to the calculation for n;. Note that data is simulated under HI(L{])
with values (o, p1) = (6,3), ¢o = 3.5, ¢1 = 2.5, ho(t) = 5.5 and n; = —0.5. Further,
the value of v for simulation is varied. We do not need to worry about o? since
this plays no role in simulating survival times, and the longitudinal data, which
is affected by o2, is ignored. The column “Naive model” of Table 4.20 displayed
estimates nc. As the value of v increases, the sample size estimate no increases.
This represents that as the longitudinal data has more weight in the survival hazard
rate, ignoring the longitudinal data results in an increasingly inefficient clinical trial.
When v = 0, this represents the case where longitudinal data is available yet has no
influence on the survival function. In this case, ng < ny and it is more efficient to
fit the data to the simple Cox model.

To compare the sample sizes obtained using the joint model and the naive

misspecified Cox model, we define “relative efficiency” to be

RE = "¢
ny
Using this definition, when RE > 1 we interpret this as the joint model analysis
being the more efficient model to use and similarly when RE < 1, the Cox model
analysis is the more efficient analysis method.

Table 4.21 shows the relative efficiency results for the fixed sample clinical trial.
We see that in general, RE > 1 and the joint model is performing more efficiently
than the analysis with the simple Cox model. In the most extreme case, 1.58 times as
many patients are required using the Cox model to achieve the same power as when

the joint modelling framework is used. Relative efficiency increases as 7 increases,
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which is interpreted as the impact of the longitudinal data on the survival hazard
rate. We also see that when v = 0, e.g when longitudinal data is available but has no
impact on the survival endpoint, we have RE < 1. Hence, when this is the case, it is
slightly more efficient to use the Cox model analysis. For small and sensible values
of 02 relative efficiency is not affected by changes in o2. However, relative efficiency
is lower when o2 = 100. This reflects that using the joint model to analyse the data

is particularly efficient when the longitudinal measurement error is not extreme.

0c?=01]02=1|02=101 % =100
v=20 0.98 0.98 0.99 0.96
v=0.03 | 1.09 1.09 1.08 1.09
v=0.06 | 1.42 1.41 1.42 1.25
v=0.09 | 1.58 1.56 1.55 1.12

TABLE 4.21: Ratio of sample sizes required for power 0.9 in true and naive mode
for a fixed sample clinical trial.

We shall now extend these sample size and relative efficiency results to group
sequential trials. The parameter values remain the same as in Section 4.3.3. We
have chosen to use an error spending design with parameter p = 2 with 2 years
recruitment and 3 years follow up. Further details of the trial design can be found in
Section 4.3.3. Similarly to the fixed sample case, when the sample size is increased,
we increase the rate of recruitment so that the sample size is the only variable
affecting power. The root finding algorithm described in Appendix 4.A is used to
find the values in Table 4.22

Table 4.22 shows the maximum sample sizes required to achieve power 1—3 = 0.9
when 7; = —0.5 for the group sequential trial. The first analysis, at 19 months,
occurs just before the end of the recruitment period which is 2 years. Trials that
terminate at the first interim analysis may recruit less than n; or ne patients,
however this occurs with very small probability. Hence, the expected sample size
will be very close to the maximum sample size for each model and therefore the
maximum sample size is a useful measure to compare methods. Clearly, a similar
pattern is seen to the fixed sample case; using the true model, sample sizes increase

2

with ¢ and v. When the misspecified Cox model is used to analyse the data, the
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sample size increases with ~.

02=0|0>=1|02=10]| 6% =100 | Naive model
v=0 363 364 364 373 363
v =0.03 365 365 364 374 421
v = 0.06 364 365 365 420 528
v = 0.09 365 369 375 522 607

TABLE 4.22: Maximum sample sizes required for power 0.9 in true and naive
model for a group sequential clinical trial.

Comparing Tables 4.20 and Table 4.22 we see that the maximum sample size
for the group sequential trial is roughly 1.1 times the sample size for the fixed
sample trial. This corresponds to the inflation factor R described by Jennison and
Turnbull (2000) for a group sequential test with K = 5 equally spaced analyses.
This inflation factor describes the increase in information, and therefore sample
size, when no early stopping occurs in the group sequential trial. The discrepancies
of these ratios from 1.1 is because the group sequential tests are designed to have
equally spaced information levels but in practice this will not be the case.

The maximum sample sizes needed to achieve power of 0.9 of these two analysis
methods for a group sequential trial is compared. Table 4.23 shows the relative

efficiency, RE = n¢/ny, results for this group sequential trial.

02=0|02=1|02=10] 0> =100
v=0 1.00 1.00 1.00 0.97
v=0.03 | 1.16 1.16 1.16 1.13
v = 0.06 1.45 1.45 1.45 1.26
v=0.09 | 1.67 1.65 1.62 1.16

TABLE 4.23: Ratio of maximum sample sizes required for power 0.9 in true and
naive mode for a group sequential clinical trial.
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Similarly to the fixed sample analysis, we see that relative efficiency increases
with v and remains constant with o2 apart from the case where o2 = 100 which
reflects extremely noisy data. Also, we see that RE = 0.97 when v = 0 and 02 = 100
which indicates that when the longitudinal data is not correlated with the survival
endpoint and the longitudinal data is noisy, the simple Cox model is a slightly more
efficient method for estimating the treatment effect. Apart from the case where
v = 0, it is always more efficient to analyse the data using the joint modelling
approach. Even when v = 0, fitting the data to the simple Cox model for survival
data is only marginally more efficient than fitting the data to the joint model. In the
extreme case, 1.67 times as many patients are required to analyse the data using the
Cox model as when the joint modelling framework is used. A reduction in sample
size of 67% is incredibly beneficial and the results are overwhelmingly conclusive
that when longitudinal observations are available, it is more efficient to fit the data
to the joint model than the simple Cox model for survival data. This is true even

for the case where the biomarker is only slightly correlated with survival.
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APPENDIX

4.A | ROOT FINDING ALGORITHM FOR POWER
CALCULATIONS

4.A.1 | STOCHASTIC OBSERVATIONS

In this Section, we introduce an algorithm for sample size calculations when power
is estimated using simulation. The power function can be measured with error at
different places along a curve, and we would like to find a best estimate for the
root of the true function. We shall introduce a two-step algorithm which aims
to accurately calculate the root of the true function, and we shall discuss how to
optimise the algorithm given a finite number of simulations. The accuracy in the
calculation of the stochastic function estimate increases with Monte Carlo sample
size, however, estimating the function is computationally expensive. Therefore, we
discuss where to sample along the curve when the number of Monte Carlo replicates
to be performed is limited.

The Robbins-Monro algorithm created by Robbins and Monro (1951) aims to
find the root of a function which can be measured with error at points along a
curve. The Robbins-Monro algorithm is an iterative method and the authors prove
the convergence of the sequence of estimates to the true value. We create a new
algorithm which places importance on the number of iterations that are performed
and the need for computational efficiency. Further, since we are interested in
power estimates only, we shall fit the power observations to a specified model. Our
algorithm takes influence from the Robbins-Monro algorithm, which converges to the
truth, however our algorithm takes advantage of at least partial knowledge about

the form of the power function.
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Let p(n) : R — [0,1] be a strictly increasing continuous function. For this
analysis, we restrict attention to the case where the codomain of the function p(-) is
the closed set [0, 1], therefore p(-) represents a probability. Suppose that the form of

p(+) is unknown, but instead, p(n) can be calculated as an estimate of p(n) so that

p(n) = p(n) + €(n)

where €(n) is a random error term. Figure 4.A.1 gives a graphical representation of
the problem, where the red line is the unobservable function. The black dots show
the simulated estimates of the function at different values of n. These observations

can be used to estimate the function.

Stochastic power function problem
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FIGURE 4.A.1: Stochastic approximation problem. Red line is true, unknown
function and red dotted line shows the root for p(n) = 0.9. Black
dots are simulated estimates of the function.

In the context of this Thesis, the function p(n) will be the power of a test for
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sample size n, and p(n) will be the Monte Carlo calculation that simulates clinical
trials and takes the power estimate as the proportion of times the null hypothesis
is rejected. In this sample size and power example, we are interested in finding the
value of n such that p(n) = 0.9, e.g the sample size that attains 90% power.

The information that n and p(n) represent sample size and power can be used
to specify a form for p(-). In clinical trials, it is often the case that the treatment
effect estimate is asymptotically normally distributed. This is shown for the joint
model in Section 4.2.1 for a fixed sample trial and also Section 4.2.2 for the group
sequential trial. Let 6 be the treatment effect and suppose that, given 6§ = 9,
the treatment effect estimate is distributed as @ ~ N(8,02/n) where o2 is a
constant. Then, for significance level a, the power of a one-sided hypothesis test for

Hy:0=0,Hy:0>0is given by

pi(n;o) =@ <§\/_ — &1 - a)) . (4.58)

This result holds when the treatment effect is normally distributed, which we have
proven asymptotically. Hence, for small sample results we cannot be sure that this
is the correct form for the power curve. Power is known to be an increasing function

of n and another option for fitting the power curve is

p2(n; Bo, 1) = Bo + Bin. (4.59)

Although this function may seem a poor approximation in general, we may apply
this approximation locally. For any function p(n), a Taylor expansion around the
point n shows that locally, this linear approximation is appropriate. We will show,
through simulation, that this function provides an accurate estimate for power when

we restrict attention to a small interval.

4.A.2 | TWO-STEP ALGORITHM

We shall now describe the root-finding algorithm in two stages. We would like to
find a value n* such that p(n*) = y. The form of the stochastic function is unknown
and the outcome of this algorithm will be the estimate n* for n*. The first step of

this algorithm is presented below:

1. Calculate p(ng) using Ny Monte Carlo simulations, where ng is a starting guess

for n, and the choice for Ny is discussed later in this Section.

2. Using Equation (4.58), fit the point (ng, p(ng)) to the curve to get an estimate
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¢ and a fitted curve py(n; o).

3. Find ny,ny and ng3 such that

pi(ny;o)=y—r

pi(ng;0) =y
pi(ns; o) =y+r

where the choice for r is discussed later in this section.

Figure 4.A.2 represents the first stage of the algorithm. The red line shows
the true underlying function p;(n;o0). We choose ny = 100 which results in
p(100) = 0.638. Then, the function p;(n;0d) is calculated and shown in black with

the dotted lines indicating where to place points ny, no and ng.

Root finding algorithm - step 1
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FIGURE 4.A.2: First stage of the stochastic root finding algorithm. p;(n, o) given
by red line and p;(n; &) given by black line. Dotted lines show
where to place ni,ny and ns.
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The second stage of the algorithm is as follows:
1. Calculate p(ny),p(n2) and p(ng) using N Monte Carlo replicates at each point.
2. Check that p(n,) < y and p(na) > y. If not

(a) Using Equation (4.58) fit the points (n1, p(n1)), (n2, p(n2)) and (ng, p(ns))
to obtain the fitted curve p;(n; ).

(b) Find ny,ny and n3 such that

p(ny;6)=y—r
Pl(n2;5) =

pi(ng;0) =y +r.

(c) Repeat steps 1 and 2.

3. Using Equation (4.59) fit the linear model to the points (n1, p(n1)), (na, p(n2))
and (n3,p(ns)) to obtain the fitted line py(n; Bo, Bl)

4. Calculate the final estimate for n* as the solution to py(n*; BO, Bl) =1.

The step of the algorithm that we have just described fits a curve to three points.
Suppose that the three points do not surround y so that either p(n;) > y and/or
p(ns) < y. Then, the final prediction for n* will be taken by extrapolating outside
of the data. This is particularly problematic when the points (ny, p(n1)), (ns2, p(n2))
and (ns3,p(ns)) are fitted to a straight line as extrapolation could result in a highly
inaccurate estimate, n*. This is the reason why we have introduced a check between
steps 1 and 2 of the second stage of the algorithm which is repeated until the
condition is satisfied that p(n;) < y and p(n3) > y.

In Figure 4.A.3, there is a visual representation of the second stage of the root
finding algorithm. Starting with values ny = 202.8, ny, = 214.5 and n3 = 228.0 given
by stage 1, the Monte Carlo approximation gives p(n;) = 0.892, p(ny) = 0.903 and
p(n3) = 0.908. The red line indicates the true underlying function p(-) and the black
line is the data fitted to Equation (4.59). The final estimate for n* is n* = 213.5.
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Root finding algorithm - step 2
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FIGURE 4.A.3: Second stage of the stochastic root finding algorithm. p;(n, o)
shown in red, ps(n; Bo, Bl) shown in black. Dotted lines show
where to place n* with a comparison to the true value n* given by
the red dotted line.

The red line in Figure 4.A.3 represents the true underlying power curve. The
black points are simulated from this model and then the black line is the fitted linear
model for these points. It is apparent that a linear approximation for the power curve
Equation (4.58) is appropriate here because the red line appears straight in this
small interval. Further, it is clear that the difference between the true power curve
in red and the linear fitted line in black is due to large vertical distance between
the true power curve and the power observations. Hence, the difference between
these two lines is dominated by the simulation error and not the error in the linear
approximation. The points ny,ns and ng are far enough apart from each other so
that we have p(nl) < p(ng) < p(ns) and the slope (5 is accurately estimated (note

the small range on the y— axis). The distance between points is controlled using the
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parameter  and we will shortly discuss this choice in detail. It is also clear that the
value r has been chosen appropriately so that the true power curve appears linear
in this local interval. We see that the difference between n* and n* is very small and

is primarily because of the simulation error in calculating p(n;), p(na) and p(ns).

4.A.3 | OPTIMISING THE ROOT FINDING ALGORITHM

Some elements of the algorithm design contribute to the efficiency and accuracy
of the algorithm. We simulate data from a distribution where the true curve p(-)
is known, so that n* is known and compare to the results of the algorithm that
generate an estimate n*.

The parameters in the algorithm to be chosen are: Ny and N, the number of
Monte Carlo simulations at the starting guess ng, and points nq, no, ng, and r, the
distance from y which determines where to place the points n; and ns.

The smaller the value of r, the more likely that the conditions p(n;) > y and
p(ns) < y are true, so that the values of ny,ny and ng must be re-calculated. This
re-calculation will result in further simulations being performed, which decrease the
efficiency. However, when a straight line is fitted to the data with an underlying
concave function, the resulting estimate (along the z-axis) will be an overestimate
of the truth. The level of over-estimation varies with the range of the data, as the
approximation of a curve to a linear becomes more accurate as localisation increases.
Therefore, a small r value reduces the bias in n* and we see that there is a bias-
variance trade-off associated with the choice of 7.

Since the number of possible simulations is restricted, our choice for N is constant
at 30,000. High accuracy in the estimate p(ng) allows nj,ny and n3 to be chosen
with accuracy, but we expect this to be insignificant in comparison to the accuracy
in the estimates p(ny),p(ne) and p(ns). Hence, Ny is chosen to be small compared
to N.

We generate data where the treatment effect estimate is distributed by
A 2.5
0 ~N (0.6, —) . (4.60)
n

By Equation (4.58), for power equal to 0.9, n* = 214.1 is required. Table 4.A.1
shows the results of the stochastic approximation method when the algorithm is
performed 10° times for each combination of ng, Ny and r. “Total simulations” gives
the mean number of simulations that occur due to extrapolation plus Ny + 3N for

the initially allocated number of simulations.
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ng | No r Total Linear method Normal method
simulations | A* | MSE | &* | MSE
175 | 10000 | 0.0075 || 102515.5 214.2 (0.93) | 0.87 214.1 (0.83) | 0.69
175 | 10000 | 0.01 100299.7 214.3 (0.90) | 0.87 214.1 (0.83) | 0.69
175 | 10000 | 0.0125 || 100015.3 214.5 (0.89) | 0.92 214.1 (0.84) | 0.70
175 | 15000 | 0.0075 || 106006.2 214.2 (0.92) | 0.85 214.1 (0.83) | 0.69
175 | 15000 | 0.01 105066.6 214.3 (0.90) | 0.86 214.1 (0.84) | 0.70
175 | 15000 | 0.0125 || 105001.8 214.5 (0.88) | 0.91 214.1 (0.84) | 0.70
175 | 20000 | 0.0075 || 110515.7 214.2 (0.91) | 0.85 214.1 (0.83) | 0.69
175 | 20000 | 0.01 110026.1 214.3 (0.89) | 0.84 214.1 (0.83) | 0.70
175 | 20000 | 0.0125 || 110000.9 214.5 (0.87) | 0.90 214.1 (0.83) | 0.70
200 | 10000 | 0.0075 || 102734.2 214.2 (0.93) | 0.87 214.1 (0.83) | 0.69
200 | 10000 | 0.01 100349.2 214.3 (0.91) | 0.87 214.1 (0.83) | 0.69
200 | 10000 | 0.0125 || 100019.8 214.5 (0.88) | 0.91 214.1 (0.83) | 0.70
200 | 15000 | 0.0075 || 106094.4 214.2 (0.92) | 0.86 214.1 (0.83) | 0.69
200 | 15000 | 0.01 105071.1 214.3 (0.90) | 0.86 214.1 (0.84) | 0.70
200 | 15000 | 0.0125 || 105001.8 214.5 (0.88) | 0.91 214.1 (0.84) | 0.70
200 | 20000 | 0.0075 || 110554.4 214.2 (0.92) | 0.85 214.1 (0.83) | 0.70
200 | 20000 | 0.01 110025.2 214.3 (0.89) | 0.84 214.1 (0.84) | 0.70
200 | 20000 | 0.0125 || 110000.9 214.5 (0.87) | 0.91 214.1 (0.84) | 0.70
225 | 10000 | 0.0075 || 102943.0 214.2 (0.92) | 0.87 214.1 (0.83) | 0.68
225 | 10000 | 0.01 100371.7 214.3 (0.91) | 0.88 214.1 (0.84) | 0.70
225 | 10000 | 0.0125 || 100027.0 214.5 (0.89) | 0.92 214.1 (0.84) | 0.71
225 | 15000 | 0.0075 || 106242.0 214.2 (0.92) | 0.85 214.1 (0.83) | 0.69
225 | 15000 | 0.01 105099.9 214.3 (0.90) | 0.86 214.1 (0.84) | 0.70
225 | 15000 | 0.0125 || 105004.5 214.5 (0.88) | 0.91 214.1 (0.84) | 0.70
225 | 20000 | 0.0075 || 110638.1 214.2 (0.91) | 0.85 214.1 (0.83) | 0.69
225 | 20000 | 0.01 110029.7 214.3 (0.89) | 0.85 214.1 (0.84) | 0.70
225 | 20000 | 0.0125 || 110000.0 214.5 (0.87) | 0.90 214.1 (0.84) | 0.70

TABLE 4.A.1: Root finding algorithm results for normally distributed treatment
effect estimate.

The column “Normal method” in Table 4.A.1 is included for comparison. This
shows the results when the function Equation (4.58) is fitted in step 2 of the
algorithm. This is the model in which the data has been simulated from and so
the estimate will be unbiased.

The results in Table 4.A.1 show that Equation (4.58) should be used in the root
finding algorithm to find the sample size for a given power requirement when the

treatment effect estimate is known to be normally distributed. This is obvious since
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Equation (4.58) defines the power of a test for a normally distributed estimate.
This is because the mean squared error (MSE) is smaller for the normal method
than the linear method in all cases. The starting point ny has very little impact on
the accuracy and efficiency of the algorithm. This is because the true, known model
is used to fit the curve to the starting point. Also, we can see that increasing the
number of starting Monte Carlo simulations, Ny, has little impact on the MSE, but
increases the total number of simulations. We believe that the gain in accuracy
at the starting point is not worth the increase in computation time. Finally,
the value of r» has an impact on the total number of simulations, with a smaller
value of r corresponding to larger simulation times. Larger values of r also imply
higher MSE when Equation (4.58) is used in step 2 of the algorithm, however when
Equation (4.59) is used in setup 2 of the algorithm, we see that overall, the MSE is
smallest for » = 0.01.

We now consider an example where the treatment effect estimate is not normally
distributed. In most clinical trial scenarios, it is possible to show that the treatment
effect estimate is asymptotically normally distributed, however the true distribution
in small samples is unknown. Therefore, it is desirable to find the optimum
parameters for this algorithm for a case where the treatment effect estimate follows

a distribution other than normal. The distribution of the estimate is given by
0 ~t(1.25,0\/n). (4.61)

Table 4.A.2 shows the results of using this algorithm when the treatment effect
estimate 6 has the distribution in Equation (4.61). In this example, although we
known the true function p(-), we shall still use the Equations (4.58) and (4.59) and
assess the results, as this is what would happen if the form of p(-) was unknown.
Using the true distribution of 6 given by Equation (4.61), we can calculate that to
obtain significance a = 0.025 and power 1 — 3 = 0.9 when 6 = 0.5, we require
n* = 676.2.
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ng | No r Total Linear method Normal method

simulations | A* | MSE | &* | MSE
200 | 10000 | 0.0125 || 280525.6 677.1 (4.08) | 17.47 | 671.1 (2.74) | 33.22
200 | 10000 | 0.015 279681.4 677.5 (4.05) | 18.06 | 670.8 (2.85) | 37.37
200 | 10000 | 0.0175 || 275868.1 677.5 (4.55) | 22.41 | 669.9 (3.83) | 54.02
200 | 15000 | 0.0125 || 285493.2 677.1 (4.08) | 17.47 | 671.1 (2.73) | 33.06
200 | 15000 | 0.015 284733.6 677.5 (4.05) | 18.02 | 670.8 (2.83) | 37.32
200 | 15000 | 0.0175 || 281216.4 677.5 (4.54) | 22.34 | 669.9 (3.79) | 53.34
200 | 20000 | 0.0125 || 290484.2 677.1 (4.11) | 17.69 | 671.1 (2.73) | 33.16
200 | 20000 | 0.015 289748.0 677.5 (4.02) | 17.82 | 670.8 (2.83) | 37.35
200 | 20000 | 0.0175 || 286292.9 677.5 (4.55) | 22.50 | 669.9 (3.77) | 53.17
400 | 10000 | 0.0125 || 203112.1 675.9 (4.00) | 16.13 | 669.1 (3.36) | 61.42
400 | 10000 | 0.015 191944.0 676.9 (4.20) | 18.08 | 668.3 (2.85) | 70.44
400 | 10000 | 0.0175 || 190105.3 677.5 (4.13) | 18.89 | 667.9 (2.77) | 76.36
400 | 15000 | 0.0125 || 207766.5 675.8 (3.98) | 15.97 | 669.1 (3.34) | 61.81
400 | 15000 | 0.015 196808.1 676.9 (4.20) | 18.17 | 668.3 (2.85) | 70.22
400 | 15000 | 0.0175 || 195087.3 677.5 (4.14) | 19.00 | 667.9 (2.75) | 76.27
400 | 20000 | 0.0125 || 212477.6 675.8 (3.99) | 16.01 | 669.1 (3.32) | 61.78
400 | 20000 | 0.015 201627.2 676.9 (4.18) | 17.90 | 668.3 (2.80) | 70.36
400 | 20000 | 0.0175 || 200081.0 677.5 (4.13) | 18.95 | 667.9 (2.74) | 76.14
600 | 10000 | 0.0125 || 110031.4 676.4 (4.12) | 17.01 | 670.3 (3.45) | 46.48
600 | 10000 | 0.015 102380.5 677.1 (4.08) | 17.52 | 669.7 (3.36) | 53.91
600 | 10000 | 0.0175 || 100367.2 677.7 (3.96) | 18.11 | 669.3 (3.32) | 58.74
600 | 15000 | 0.0125 || 112716.6 676.4 (4.10) | 16.89 | 670.1 (3.27) | 47.20
600 | 15000 | 0.015 106323.9 677.2 (4.08) | 17.65 | 669.6 (3.14) | 53.26
600 | 15000 | 0.0175 || 105127.8 677.8 (3.98) | 18.41 | 669.3 (3.13) | 57.48
600 | 20000 | 0.0125 || 116443.1 676.5 (4.10) | 16.90 | 670.0 (3.17) | 47.89
600 | 20000 | 0.015 110864.9 677.2 (4.10) | 17.89 | 669.6 (3.03) | 52.87
600 | 20000 | 0.0175 || 110050.4 677.8 (3.96) | 18.28 | 669.3 (3.01) | 57.12

TABLE 4.A.2: Root finding algorithm results for non-normally distributed
treatment effect estimate.

Table 4.A.2 shows that for this example, the linear method has a smaller MSE
than the normal method in all cases and is less biased since the estimates n* are
closer to the true n*. The starting point ng is crucial because a large difference in
total simulations is seen when the starting point approaches the true value n*. When
this is the case, further effort should be giving to choosing a suitable ng. This could
be by performing simulations at multiple values of ny and choosing the one with

p(no) closest to 0.9. Similarly to the previous example, the value of Ny has little
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impact on the accuracy of the algorithm and simply contributes to the total number
of simulations. Finally, the value of r is influential since increasing r decreases the
average number of simulations however the MSE for the linear method decreases.
In Section 4.5, this root finding algorithm is implemented to find the required
sample size for a test based on the joint model. @ We present an example
implementation of this root finding algorithm for the case v = 0.03, 0 = 100. Using
the results of Tables 4.A.1 and 4.A.2 we have chosen to use N, = 10* since an increase
in Ny results in very little gain on the accuracy of the algorithm. Some thought
should be given to the starting point ng, especially for trials where the sample
size is small and the normality of the treatment effect estimate is questionable. In
Section 4.3.2 we describe a method for calculating a suitable starting value, which
uses a very large dataset to accurately estimate the variance of the treatment effect.
We show that a suitable initial sample size estimate is given by by ng = 311. When
6 is not normally distributed, the linear method out-performs the normal method
with respect to the bias of the estimate, and when 0 is normally distributed, there
is nominal increase in the MSE when using the linear method compared to the
normal method. We have chosen to use r = 0.015 since this provides a compromise
between accuracy of the estimate n* and computational efficiency of the algorithm.
We obtain an initial power estimate of p(311) = 0.8853. The first stage of the
algorithm suggests placing the points at ny = 311,ny = 327, n3 = 345. The results
of simulations under these values with N = 10* Monte Carlo simulations at each
point result in a sample size calculation of n* = 322.8. In practice, this sample size

is then rounded up to n* = 323.

148



CHAPTER 5
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5.1 | ANALYSIS OF CLINICAL TRIALS USING
THE RESTRICTED MEAN SURVIVAL TIME

5.1.1 | MOTIVATION FOR DESIGNING TESTS FOR A
JOINT MODEL WITH BOTH LONGITUDINAL AND

SURVIVAL TREATMENT EFFECTS

The joint model in Section 4.1 adjusts for the longitudinal data in the survival
model by considering the biomarker trajectory as a covariate. This does not cover
the case where the biomarker may also be influenced by treatment. The US Food
and Drug Administration (2019) cautions against adjusting for “covariates measured
after randomisation because they could be affected by the treatments.” In this
chapter, we shall present a joint model for longitudinal and survival data where there
is a treatment effect acting through the biomarker and another directly affecting
survival. The causal effect diagram in Figure 5.1.1 represents this directional effect

of treatment.

Biomarker

Treatment Survival

FIGURE 5.1.1: Causal effect diagram for the treatment effects in the joint model.

In this chapter, we introduce a joint model with both a longitudinal treatment
effect and a survival treatment effect, therefore taking into account both treatment
effect pathways. Model fitting is straightforward. However, the challenge arises
in creating a group sequential trial which combines two treatment effect estimates.
We shall us the Restricted Mean Survival Time (RMST) framework in order to
summarise the treatment effect as a single variable. RMST, described by Royston
and Parmar (2013), is a popular method for analysing survival data when it
is expected that the proportional hazards assumption does not hold. We shall

investigate general use of RMST methods. However, it is important to remember
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that the motivation for using RMST is because of the complex nature of the model
which we believe to be true.

RMST methods have recently become popular for designing and analysing fixed
sample clinical trials. The novel aspect of the research in this Chapter is the design of
group sequential clinical trials using RMST. Further, we show, through simulation,
that this design is more efficient than the fixed sample trial which uses RMST. The
efficiency is with respect to the stopping time of the group sequential trial. In some
cases, the trial stops 1.5 years early on average when using the group sequential
design compared to the fixed sample trial which lasts for a total of 5 years. We also
show that the group sequential version of this clinical trial results in fewer hospital

visits by patients and shorter patient follow-up times.

5.1.2 | RESTRICTED MEAN SURVIVAL TIME

To perform a clinical trial based on the joint model, we require a single one
dimensional summary statistic that summarises the treatment effect. We propose
using the Restricted Mean Survival Time (RMST) method to combine the
longitudinal and survival treatment effects into a single useful parameter. RMST
has recently become a widely accepted method for dealing with survival data when
the proportional hazards assumption does not hold. In our case, the motivation for
using RMST is because of the complex nature of the model with multiple pathways
for the treatment effect. In this section we introduce and define RMST and provide
some results and examples for designing and analysing fixed and group sequential
trials under this framework.

Royston and Parmar (2013) define RMST as the area under the survival curve
up to time t*. This value of t* is fixed at the design stage. The choice of t* may
have an impact on some properties of the analysis and we shall discuss this choice
in Section 5.1.6. Let F' be the time-to-failure random variable and let S(t; @) be the
survival function, integrated over any patient-specific random effects. Here 0 is a

vector of parameters in the model. Then RMST is defined as

t*
RMST :/ S(t; 0)dt
0
= E[min(F, t")].
Since we are interested in a statistic that summarises the effect of treatment, we

are interested in the difference in RMST between treatment arms. Suppose that

Fy and Fi are time-to-failure random variables for patients on the control and
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treatment arms respectively, and that Sy(t;0) and S;(t;60) are the corresponding
survival functions integrated over any patient specific random effects. Then the

parameter of interest, A, is

A(t*;0) = /t* [S1(t;0) — So(t;0)] dt (5.1)

= E[min(F},t")] — E[min(F0,t")]. (5.2)

Restricted mean survival time is popular within fixed sample clinical trials. We
shall show that a group sequential trial can also be created using RMST as the
analysis approach, however many design aspects must be carefully and thoughtfully

chosen.

5.1.3 | PARAMETRIC AND NON-PARAMETRIC MODELS

To find an estimate for A(t*;0), there are many available methods. It is most
common to analyse RMST using non-parametric methods. Zhao et al. (2016)
describe a method for finding the confidence band for RMST and apply this result to
a data set from a cardiovascular clinical trial. Some options for estimating A(t*; 6)
include integration under the Kaplan-Meier survival curve and bootstrap methods
for estimating the variance. One design aspect of each of these methods is that
the value of ¢* must be smaller than the final observation time to ensure that the
estimate is identifiable. Chen and Tsiatis (2001) compare parametric and non-
parametric RMST methods when the model includes confounding covariates with
the treatment effect. The authors conclude that the non-parametric Kaplan-Meier
estimator is severely biased in the presence of confounding variables.

Murray and Tsiatis (1999) show that it is possible to create a group sequential
trial using non-parametric RMST estimates by proving the independent increments
property, which is required in order for the canonical joint distribution to hold.
Further, Lu and Tian (2020) consider some of the practical design challenges for
group sequential trials using non-parametric RMST estimates. This non-parametric
analysis uses a Kaplan-Meier estimator. If the final observation is censored, then the
Kaplan-Meier estimator is non-identifiable after the final follow-up time. As a result,
the authors change the value of the truncation time t* between analyses of a group
sequential trial. An estimand describes what is to be estimated based on the trial
objectives and Akacha et al. (2017) discuss the potential impact that an estimand
can have on the design of a clinical trial. Research into estimands was motivated

by the National Research Council (2010) highlighting a need to more clearly define
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the measurement of interest in a clinical trial. We seek a group sequential design
in which the definition of the estimand remains constant between analyses and the
truncation time t* is clinically motivated rather than data-dependent.

We have chosen to use a fully parametric approach to estimating A(¢*;0). The
parameters 6 of the model are estimated using maximum likelihood and these
estimates are substituted into Equation (5.1) to find an estimate A(t*;0). The
advantage of this approach is that as long as the parameters are identifiable, A(t*; 9)
can be calculated even for ¢* greater than the final follow-up time. This requires
extrapolation which is not desirable but has the advantage of giving accurate results
if the model is correct. Further, using this parametric approach means that a
group sequential trial can be created where the truncation time ¢* remains the same
across analyses. It is also important to remember that the motivation for using
RMST in this instance is to summarise the multi-directional treatment effect as a
single parameter. If the model is regarded as correct, the parametric approach is
appropriate.

A consideration with the parametric modelling approach is that the model must
be fully specified, including the the form of the baseline hazard function. This is
to ensure that the difference in RMST values, in Equation (5.1), can be calculated.
Common choices for baseline hazard functions include Weibull, piecewise constant

and spline functions.

5.1.4 | THE DELTA METHOD

An estimate for the difference in RMST between treatment arms, A(t*; 9), is found
by calculating parameter estimates 0 using maximum likelihood and substituting
these into Equation (5.1). To perform a group sequential trial, we need a method
for estimating the variance of the estimate (and hence information) and also its
distribution. We shall use the Delta method to find this distribution and also
prove that this distribution has the canonical distribution in Definition 2.2, which
is important for creating a group sequential trial.

The Delta method can be used whenever a transformation is to be made to a set

of multivariate normally distributed parameters.

Theorem 5.1. Let 0, be a p X 1 wector which is a consistent estimate for the
parameter vector @ and suppose that the wvector 0, has the following asymptotic

distribution
V0, —0) % N0,2)  asn — oco.
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Then for a scalar function f :RP — R,

Vn(f(0,) — f(8)) S N (0, [%(;)} ' > {%?D as n — co.

The proof of Theorem 5.1 is given by Doob (1935). This reasoning is based on
a Taylor approximation to the function f(-) around 6.

Suppose that the estimates én are found using maximum likelihood, then we
know that these estimates are asymptotically normally distributed. Therefore, we
can apply the Delta method to the estimate for the difference in restricted mean
survival times. Let the covariance matrix of the parameter estimates be given by
Var(0,) = 1%, then using Theorem 5.1, the estimate A(t*;0,,) has the following

distribution

Vi (A0, - (1)) S (07 {8A(t*;0)r2 [aA@*;e)D |

00 00

It is often necessary in clinical trials to find a standardised statistic for the test
statistic, that is a statistic with unit variance. This is found by dividing the test
statistic by its standard deviation. The variance must be estimated and this is done
by substituting the estimate 0,, for 6. Following this method of standardisation the

statistic of interest is given by

2(t:0,) \/Mf*5 6.) (5.3)
\/[mgg;e)] 5 [aAgg;B)]

This method for standardisation results in a statistic Z which is distributed

approximately as N(u,1) for some constant p. Under the null hypothesis, when
A(t*;0) = 0, the distribution gives a more accurate fit and we show this through

examples in Section 5.1.7 and Section 5.1.8.

5.1.5 | SAMPLE SIZE CALCULATION

We shall present a method for calculating sample sizes for a hypothesis test based
on the difference in parametric RMST estimates. To do so, we make use of the
structure of the standardised statistic Z(¢*;6,,). Let ,, be the maximum likelihood
estimate for the vector of parameters 8 in the statistical model. Both 0,, and 0 are
p X 1 vecots. Suppose that the p x p matrix ¥ is the variance-covariance matrix for

0,,. The difference in parametric RMST estimates is given by A(¢*;6,,). A one-sided
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clinical trial based on the difference in RMST estimates can be constructed in terms

A

of the statistic Z(t*;0,,) in Equation (5.3). We shall test

Hy: A(t*;0) <0 versus Ha:A(t";0) >0
and we shall reject Hy if Z(t%; én) > ¢ for some constant c. Using Theorem 5.1,
the estimate A(*;0,,) is normally distributed and its expectation and variance are
used in the sample size calculation. For significance level o and power 1 — [ at

A(t*;8) = 9, the fixed trial sample size calculation is given by

06
n = 5 . (5.4)

(o260 5 [2300)] (91(1 — 0) + 071(1— )

This calculation requires differentiation of the difference in restricted mean
survival times, A(t*;6). We can often perform this differentiation analytically or if
this is not possible then numerical differentiation methods can be applied. Also,
the covariance matrix > must be known for this sample size calculation. It is
rare that the theoretical true value of ¥ is known. If this matrix is not known
or difficult to calculate, then we suggest simulating a large sample of patients under
a set of parameter values chosen to represent a likely scenario, and using maximum
likelihood methods to estimate X.

5.1.6 | CHOICE OF t*

At the design stage of a clinical trial which uses RMST, a suitable value of ¢* must be
chosen. In their paper, Royston and Parmar (2013) suggest choosing ¢t* as the value
that minimises the sample size in the calculation shown in Equation (5.4). The data
motivated approach suggests choosing t* as a trade-off between maximising A and
minimising Var(A). Royston and Parmar (2013) further explain that the value of t*
should ideally not exceed the maximum censored or uncensored event time to avoid
extrapolation of RMST estimates. Combining these two ideas of minimising the
sample size but avoiding extrapolation of estimates, we suggest choosing t* based
on its “clinical meaning” and then adjusting the time of analysis to avoid excessive
extrapolation. The clinical meaning will typically be at least as great as the expected
median survival time which allows for possible changes in the shape of the treatment
and control survival curves early in the study. This idea will be expanded upon in
Section 5.3 where we show an example of designing a trial using RMST.

In the following sections, we show examples of fixed sample clinical trials which
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use the difference in RMST as an endpoint. We shall give details about the sample
size calculation and also show how the sample size changes with ¢*. For these
examples, the differences in sample size are only very small and we suggest that the
choice of t* should be based on clinical meaning with some consideration given to

how this choice affects the design of the trial.

5.1.7 | EXAMPLE: EXPONENTIAL SURVIVAL
DISTRIBUTIONS

We shall now consider a simple parametric model in which we can see the
effect of the choice of t* on the sample size. This simple survival model is
characterised by constant hazard rates for each treatment arm. For patient i, let
Z; = I{patient i receives the treatment} be the treatment indicator and let Ay and
A1 be hazard rates for patients on the control and treatment arms respectively.
For patient i, the time-to-event random variable, Fj, therefore has the following

distribution

Fj|Z; = 0 ~ Exp{Ao}
FilZ; =1 ~ Exp{\}.

We shall compare three methods; the hypothesis test based on the difference
in estimated hazard rates, the parametric RMST analysis and the non-parametric
RMST analysis. The first method is included because it is known to be the most
efficient hypothesis test by the Neyman-Pearson Lemma and we would like to
compare the efficiency that is lost when using the RMST method.

Define the parameters 6y = log()\g) and 6; = log(A\;) and suppose that the
parameter estimates Mo and )\, are fitted by maximum likelihood and therefore
0o = log(Xo) and y = log()\) are also MLEs. In this example, with n patients on

each treatment arm and with no censoring, it is possible to show that

Oy — 00| a 0 10
\/ﬁ[él_ellﬁN([O],Z:[O 1]) as n — 00. (5.5)

We can easily create a test of the null hypothesis that the hazard ratio is equal
to one, or equivalently the difference in the log-hazard rates is equal to zero. We
shall test

H(gl) :0p— 01 =0 versus HS) :00—01 >0
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and we shall reject H(()l) whenever éo — él > ¢; for some constant c;. For this
hypothesis test with significance level a and power 1 — g when 6y — 6; = D;,

we require the total sample size n") given by

m_ 2Vi(@'(1l-a)+ o711~ B))*
_ i

n (5.6)
where V; = 2. This form for n™ will be useful for a comparison between the three
analysis methods. For each method i = 1,2,3 we shall present the form of the
variance V; and the mean of the treatment effect under H 4, given by D;.

We now consider a hypothesis test based on RMST for this exponential example.
The corresponding survival functions, Sy(f) and Si(t), for patients on the control

and treatment arm respectively are given by

So(t) = exp{—Aot}
S1(t) = exp{—Ait}

and by integrating the difference between survival functions, up to ¢*, we find the

difference in restricted mean survival times for this model to be

1 —exp{—XAot"} 1—exp{—A\it"}

At Ao, M) =
( y N0y 1) A() )\1

We estimate this function by substituting Mo and A for A and A\ respectively to
obtain A(t*; Ag, \1).

For the asymptotic distribution of the estimate A(t*;j\o,j\l), we shall apply
the Delta method of Theorem 5.1. The estimates 6, = log(X) and 6; = log())
are asymptotically normally distributed and hence, we apply the Delta method
under this parameterisation. Therefore, we shall take derivatives with respect to

the parameters ¢y and #,. These are

0 0 dX\o
— At X M) = —A{ Mg N —
890 ( s N0y 1) 8)\0 ( s N0y 1) d90
_ exp{—Aot*}(Aot* +1) — 1 (5.7)
Ao .
0 . 0 . d)\;
8_01A(t A0y A1) = 8_)\1A(t s Aoy A1) a0,
1 —exp{—Mt"}(Mt" +1)
= » ) (5.8)

Note that the parameter estimates 6y and 6; are independent. In applying
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Theorem 5.1 and using the form of the variance matrix > given by Equation (5.5),
the variance of the RMST estimate Var(A(t*; Ao, A1), with n patients on each

treatment arm, is given by

Var(A(t5; Ao, A1)
=Var(A(t*; 0y, 0,))
i o * T
1| Al ;>\0,>\1)]

10| [7A05 Ao, A1)
n _%A(t*,Ao,)\l) 01 aielA(t*’/\O’/\l)

L[N0 £ ) 1) (1 el 1>)2] 69

Now consider a test based on the difference in RMST estimates between control

and treatment arms. We shall test
Héz) At Mo, A1) =0 versus Hf) At Moy A1) >0

and we shall reject H(g?) when A(t*; Ag, A1) > ¢, for some constant c,.
For this test with significance level a and power 1 — 8 when A(t*; \g, A1) = Da,

we require the total sample size n(® given by

o 2Va(@ (1 —a) + (1))

n
= 2
D3

where V3 = nVar(A(t*; Ao, \1)) given in Equation (5.9).

Finally, we describe a method for performing an analysis using a non-parametric
RMST estimate. The estimate A(t*; Ao, A1) is the Kaplan-Meier estimate for
A(t*; Mo, A1). One should note the difference in notation between the parametric
estimate A(t*; Ao, A;) and the non-parametric estimate A(t*; Ao, A;). The non-
parametric estimate for the difference in RMST and the variance of the estimate are

given by

~

Var (At 2, M) ) = Elmin(F| 2, = 1,67 — Elmin(F| Z: = 0,°)%] = At do, A1)

The estimates A(t*; A\, A1) and Var(A(t*; X, \y) are found using simulation with a
large sample of patients. It is possible to calculate these expressions using simulation

because, in this example, there is no censoring.
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For this non-parametric Kaplan-Meier analysis, we shall test
3. *. (3) . *,
HO : A(t Ao, )\1) <0 versus HA : A(t Ao, )\1) >0

and we shall reject HSS) when A(t*; Mg, A1) > ¢3 for some constant c;.

The total sample size n® required for this test with significance level a and
power 1 — 8 when A(t*; A\g, A1) = Dj is given by
@ _ 2V (@' (1—a)+ 071 (1- )"
D3

n

~

where Vi = nVar(A(t*; Ao, A\1).
In summary, we have proposed three hypothesis tests and found an expression
for the sample size for each of these tests. Each sample size calculation has the

following structure

2V (11 —a) + D1 — ﬁ))Q'

n® — o

In Table 5.1.1, a comparison of these sample sizes is made. For all calculations
we have chosen significance level a = 0.025 and power 1 — 8 = 0.9. The range
of t* values from 0.8 to 3.2 represents the 50" and 95" percentiles of the survival
distributions under H4 when D; = 6y —6; = 0.3. For the case t* = 0o, the restricted
mean survival time is equivalent to the mean survival. It is important to note that
the calculation of the non-parametric RMST estimate with ¢* = oo is only possible
because there is no censoring in this example. Further, in some clinical trials it
might also not be possible to calculate the Kaplan-Meier estimate A(t*; Ao, A1) for
t* = 3.2 in the presence of censoring. This is because the maximum uncensored

event time might be less than the value t* = 3.2.
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t* |6, 6 Dy Vi nM | Dy Vo n® | Dy V3 n®

080 -035[035 2 171.5]0.06 0.06 173.1]0.06 0.15 420.9
160 -035[035 2 171.5]0.16 0.42 169.6 | 0.16 0.65 262.5
2410 -035[035 2 171.5]0.25 0.99 168.7|025 124 2124
32|10 -035[035 2 171.5]0.31 156 169.5|0.31 1.78 1914
Inf [0 -0.35]0.35 2 171.5]0.42 3.01 180.3|0.42 3.00 181.0
080 -0.30]030 2 233.5|0.05 0.06 234.9|0.05 0.15 565.9
160 -0.30[030 2 2335|014 043 2314 |0.14 0.65 354.0
2410 -030{0.30 2 2335|021 099 2307|021 1.23 286.6
3210 -030[030 2 2335|026 154 231.6|027 1.74 260.0
Inf |0 -0.30]0.30 2 2335|035 282 242.3|0.35 2.82 235.3
080 -025[025 2 3362|0.04 0.06 337.5|0.04 0.15 806.2
160 -025[025 2 3362|0.12 043 334.1]0.12 0.64 490.5
2410 -025[025 2 3362|0.18 0.99 333.5(0.17 1.22 419.7
3210 -025[0.25 2 3362|022 152 3345|022 1.70 365.5
Inf [0 -0.25]0.25 2 336.2]0.28 265 345.0|0.28 2.65 344.0
08/0 -020[020 2 5254 0.04 0.07 526.5|0.04 0.15 1239.5
160 -020[020 2 5254(0.09 044 523.1]0.09 0.64 781.2
2410 -020[020 2 5254 0.14 0.99 522.6|0.14 120 614.1
32/0 -020[020 2 5254 0.17 1.50 523.8|0.18 1.65 566.7
Inf [0 -0.20]0.20 2 5254022 249 534.1]0.22 250 539.7

TABLE 5.1.1: Comparing the efficiency of three methods for the proportional
hazards model.

For this example we know, by the Neyman-Pearson Lemma, that the test based
on maximum likelihood estimates éo and él (or the equivalent test based on 5\0 and
5\1) is optimal. For the test based on differences in parametric RMST estimates,
the sample size n(® does not change much with ¢* and is not often much higher
than n™. This shows that this test is efficient. Surprisingly, for some values e.g
t* = 2.4, we have that n® < n(). This is because the Delta method is approximate
and a test with n(® < n will be under-powered. The sample size n® is heavily
influenced by the choice of t*, and much higher than the value of n(!) especially
when t* is small. This indicates that non-parametric methods are much less efficient
for moderate values of t*. However, there are fewer model assumptions made when

using non-parametric analyses.
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5.1.8 | EXAMPLE: NON-PROPORTIONAL HAZARDS

We now perform a similar analysis for a parametric model that does not follow the
proportional hazards assumption. This is a common reason for using the restricted
mean survival time as an analysis method. For this model we will consider a
test based on the maximum likelihood estimate compared with the tests based on
parametric and non-parametric RMST. The analysis shows that the sample size
required for an RMST analysis is largely dependent on the value of t* chosen.
Consider a survival model where Z; is the treatment indicator that patient i

receives the new treatment. The hazard rate is given by

h(t|Z;) = exp{fBo + (B1 — B2Zi)t}. (5.10)

We shall follows the steps in Section 2.2 to derive the survival function for this

model. The cumulative hazard function is

H(t|Z;) = /Ot exp{fo + (81 — B2Zi)t}

_exp{fo}
= 3BT lexp{(B1 — B2Z;)t} — 1].

This leads to the survival function

S(t|Z;) = exp (—H(t|Z;))

~ exp (% 1 — exp{(5s — ﬁzz»t}]) | (5.11)

In this parametric model, 35 is the parameter that governs the treatment effect
as this parameter describes how survival differs between the two treatment arms.
Clearly, the hazards are not proportional as the hazard ratio for the treatment group
versus control group is equal to exp{fst} which is a function of time t. However,
for B3 = 0 we have equivalence in survival curves between treatment and control
groups. Let Bg be the maximum likelihood estimate for 55. Then we shall test the
hypothesis

Hél) 1B <0  versus HS) : Py >0

and we shall reject Hél) when ,@2 = ¢; for some constant c;.
The sample size calculation for this one-sided hypothesis test requires knowledge
of the value of VQT(BQ). We now describe a method for estimating this value,

which uses maximum likelihood estimation and a very large sample size. Suppose
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that Fi,..., F, are time-to-failure random variables for patients 1,...,n which are
distributed according to the hazard rate given in equation (5.10) and let the observed
event times be %1, ..., t,. For simplicity, suppose there is no censoring and therefore

the log-likelihood function is given by
i=1

= log{A(t:|Z:)} +log{S(t|Z;)}

=1
=§]%+%—&Zﬁ+;mg}D—mﬂ%—&%%ﬂ
=1

In Section 3.1, we presented the asymptotic distribution for maximum likelihood
estimates. In applying these results, we shall Substitute the vector B = (B, B, Ba)T
for 8 and the data tq,...,t, shall be substituted for xn . The variance-covariance
matrix for the the MLEs is the inverse of the Fisher information matrix in

Equation (3.6). Therefore, the variance covariance matrix for 3 = (fo, 81, 32)7

1 0? !

and this matrix Y can be accurately estimated by simulation using a large sample

is given by

of n = 10* patients.
For this analysis, we are only interested in the parameter [, and hence we take
Var(ﬁg) = Y33. For the hypothesis test with significance level a and power 1 — 3

when [y, = Dy, we require a sample size

a0 _ Vi(@'(1—a)+ o' (1-p))
_ 5

(5.13)

where V; = n¥33 and ¥ is given in Equation (5.12).
Next, consider the RMST analysis based on maximum likelihood estimates for

the parametric model. The difference in RMST is

Awmafm(m%ﬁ—wwm)

exp{ o}
— exp (m 1 —exp{(p1 — ﬂg)t}]) dt. (5.14)

The parametric estimate A(t*;B) is found by substituting the MLE B into

equation (5.14) and can be evaluated using numerical integration. We shall test
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the hypothesis
H(Q) : A(t*ﬁ) < 0 Versus H(Q) . A(t*ﬂ) > 0
0 . ) = A )

and we shall reject Héz) when A(t*; B) > ¢y for some constant co.
We shall apply the Delta method of Theorem 5.1 where the MLE B is substituted
for 6. Let ¥ be the covariance matrix of 3 in Equation (5.12). Then, the variance

of the parametric estimate for the difference in RMST is

Vo) -1 [Zawe)| sl Zawe).  6w)
To test this hypothesis with significance level « and power 1— 3 when A(t*; 3) =

Dy, we require the sample size

@ _ Va(@'(1—a)+ & '(1 - B)°
— 57

n

A

where V5 = nVar(A(t*; 3)) given in Equation (5.15).
Finally, we shall find the sample size required when we perform an analysis using
a non-parametric Kaplan-Meier RMST estimate. The non-parametric estimate

A~

A(t*; B) is found using similar methods to the exponential distribution example.
Since there is no censoring, A(t*;8) and Var(A(t*;8)) are calculated using
simulation. These values can be accurately estimated by using a large sample of

n = 10* patients. We shall test the hypothesis
HY A(t";8) <0  versus HY A(t;8) >0
0o - ) — A )

and we shall reject H(()g) when A(t*; B) > c3 for some constant cs.
For this test with significance level a and power 1 — 5 when A(t*; 3) = D3, we

require the sample size

o Va(@7(1—a) +&7(1 - §))’
D?

n

~

where V3 = nVar(A(t*; 8)).

We shall now compare the sample sizes Y, n® and n®. For this comparison,
we have chosen significance level & = 0.025 and power 1—/3 = 0.9. Table 5.1.2 shows
the results. For this example, the range of t* is from 3 years to 8 years. These values

are roughly equal to the 60" and 99*" percentiles of the time-to-event observations
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under H4 when D; = 5 = 0.1. Similarly to Section 5.1.7, there is no censoring
in this example so non-parametric estimates for A(t*; ) can be calculated for all
values of t*. However for models with censoring, calculation of A(t*; B) is likely to
be unobtainable for t* > 6 since 6 years is roughly equal to the 95" percentile in

each model.

t* 52 D, Vi n D, Va n® Dy Vs n®

0.08 1 0.08 042 697.6 | 0.06 0.24 697.7 | 0.06 2.04 6542.5
0.08 1 0.08 042 697.6 | 0.12 0.90 698.3 | 0.11 3.50 2810.3
0.08 1 0.08 0.42 697.6 | 0.18 2.06 6959 | 0.17 4.76 1681.1
0.08 1 0.08 042 697.6 | 0.22 3.32 692.7 | 0.22 557 11774
0.08 1 0.08 042 697.6 | 0.25 4.22 6929 | 0.26 5.99 953.1
0.08 1 0.08 042 697.6 | 0.27 4.68 697.8 | 0.26 6.13 940.1
Inf | 0.08 | 0.08 0.42 697.6 | 0.27 4.92 707.2 | 0.27 6.19 897.9

coO 1 O Ot =~ W

0.10 | 0.10 0.42 436.2|0.07 0.23 436.3 | 0.08 2.05 3774.5
0.10 | 0.10 0.42 436.2|0.15 0.88 437.1 | 0.14 3.54 1882.0
0.10 | 0.10 0.42 436.2|0.22 2.03 435.0 | 0.22 4.85 1062.8
0.10 | 0.10 042 436.2|0.28 3.31 431.7 | 0.28 5.73 764.6
0.10 | 0.10 0.42 436.2 | 0.32 4.30 431.3 | 0.32 6.21 625.9
0.10 | 0.10 042 436.2|0.34 4.87 4354 ]0.35 6.44 567.9
Inf | 0.10 | 0.10 0.42 436.2 | 0.35 5.27 446.2 | 0.35 6.54 573.5

co 3 O Ot =~ W

0.1210.12 041 2972 |0.09 0.22 297.2|0.09 2.05 2570.1
0.12 1 0.12 041 2972 ]0.17 0.86 298.1 |0.17 3.57 1243.0
0.12 1 0.12 041 2972|027 2.00 296.3 | 0.27 492 6944
0.1210.12 041 2972|034 3.31 2929 |0.34 588 526.3
0.1210.12 041 2972|040 4.38 2919|040 6.46 4325
0.1210.12 0.41 2972|042 5.07 295.0 | 042 6.72 392.0
Inf| 0.12 | 0.12 0.41 2972 ]0.44 5.70 307.3 |0.43 6.96 386.7

0 J O Ot k=~ W

TABLE 5.1.2: Comparing the efficiency of three method for the non-proportional
hazards model.

The results of the non-proportional hazards model are similar to the results from
the proportional hazards model; the test based on differences in parametric RMST
estimates is efficient as n® is only slightly higher than n(® in most cases. Again,
when n(® < n() this is because the Delta method is only approximate and the

tests are under-powered for these cases. The test based on the difference in non-
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parametric RMST estimates is highly inefficient as n® is much greater than n(!) in
all cases. The efficiency loss is greater for this non-proportional hazards model than
for the exponential distributions example.

We conclude that a test based on differences in parametric RMST estimates
is appropriate when the fitted model is correct and this test is close to optimal
efficiency. This test is invariant to the value of ¢*. The test based on differences
in non-parametric RMST estimates is highly dependent on t* and is inefficient.

However, this test requires fewer model assumptions.
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5.2 | JOINT MODELLING

5.2.1 | JOINT MODEL

We consider the same form of joint model as presented in Section 4.1, but now
we add a treatment effect to the model for the biomarker value. In this section, we
shall present the joint model, discuss model fitting by maximum likelihood using the
Expectation Maximisation (EM) algorithm, and present some asymptotic results for
the RMST estimate. Then, we shall be equipped to perform both fixed sample and
group sequential trials based on the RMST estimate for this joint model.

Suppose that X;(¢) is the true value of the biomarker at time ¢ for subject
i and that W;(t) is the observed value of the biomarker at time t for patient
i. Let Z; = I{patient i receives the new treatment} be the indicator function for

treatment. Then the longitudinal model takes the form

VVz(t) — boi + (bh + bQZi)t + 61(t>
= Xi(t) +€(t)

where b; = (b, b;1) is a vector of patient specific random effects, by is a fixed
treatment effect and ¢;(t) is the measurement error. The purpose of by is to ensure
that the means of the slope of the longitudinal trajectory differ between treatment
groups.

For model fitting, we must impose some distributional assumptions upon this
model. We require that the measurement errors in the longitudinal data independent
and identically distributed for each patient. Suppose that the biomarker for patient
i is measured at times t;1, ... t;y,,, then €(t;)|b; ~ N(0,0%) for j = 1,...,m; and
€;(t) and €;(t') are independent for ¢ # t'. We shall assume that the random effects,

by, by, are from a Gaussian distribution, specifically

[Zf v (H ’ [qf) ﬂ) '

This allows use of the Gauss-Hermite quadrature rule for efficient computation of

maximum likelihood estimates. There is no immediately obvious reason to suggest
that the random effects b,y and b;; should be correlated and for this reason, we have
assumed independence. This assumption means that there is one less parameter
to estimate and simplifies the calculation of the maximum likelihood estimate.

However, if there is reason to believe that the random effects are correlated then
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the methodology can be readily extended. In Section 2.3.2, we described how the
Gauss-Hermite quadrature rule can be used to evaluate integrals over random effects
in both cases where the random effects are independent and correlated.

For the survival endpoint, the longitudinal data is modelled as a time-varying

covariate. In the general model, the hazard function is
hi(t) = ho(t) exp{yXi(t) +n" Zi}, (5.16)

where hg(+) is the baseline hazard function. The longitudinal data has corresponding
scalar coefficient 4. The remaining covariates for patient ¢ are given by the p x 1
column vector Z; which has corresponding coefficient vector n of length p. For
the example in this chapter, we consider a single patient coefficient which is the
treatment indicator Z; = I{patient i receives the new treatment}. Therefore, the
parameter 7 is a scalar coefficient and summarises the treatment effect that directly

affects survival. In summary, the joint model has the form

Wi(t) = boi + (bi; + b2 Z;)t + €;(t) (5.17)
To perform and analyse a trial using the joint model, the data that must

be collected for each individual ¢ = 1,...,n is the vector {W;(t;),7 =
]_, ce ,mi}, ZZ‘7 t;, (51) where

(Wi(ti), ..., Wi(tim,)) are biomarker measurements,

Z; = [{patient i receives the new treatment},

t; is the event time,

0; = I{F; < C;} is the indicator function for censoring, so that §; = 1 implies

an exact observation.

One should note the difference between ¢; and ¢;;, where ¢; is the survival event time

and t;; represents a longitudinal observation time.

5.2.2 | PARAMETER ESTIMATION

To find an estimate for the difference in restricted mean survival times between
treatment arms for this model, we must have a method for estimating all the
parameters of the model. We shall assume that this model is fully parametric so

that the form of ho(t) is specified and the parameters in ho(t) can be estimated.
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Let the vector @ represent all the parameters in the joint model Equations (5.17)-
(5.18). The vector 0 is given by (uo, ji1, o, 1, b2,0%,7v,n) and any parameters in
the baseline hazard function. Denote the maximum likelihood estimate for @ by 6.
First, we can find survival functions Sy(; 9) and S (¢; 9) using methods described in
Section 2.2 and substituting in 6 for 6. Then, these survival functions are substituted
into Equation (5.1) to calculate the difference in RMST, A(t*;0). We shall discuss
how the Expectation Maximisation (EM) algorithm can be used to find maximum
likelihood estimates for models with random effects.

In Section 3 of their paper, Tsiatis and Davidian (2004) present an expression for
the full likelihood function of a joint model. For the joint model of Equations (5.17)—
(5.18), the likelihood function is

l} / / hi(t:)* exp [— /0 ' h,-(u)du] W

i Wi(ti;) — (boi + (b1 + b2Zz‘)t)2

202

f(boi, bri)dboidby;  (5.19)

X exp [—
j=1
where

It is clear that the computation of this likelihood will be time consuming because
of the integration over the random effects by; and by; for each i =1,...,n.

Dempster et al. (1977) present an algorithm called the Expectation Maximisation
(EM) algorithm which is a method for finding maximum likelihood estimates (MLESs)
when there are latent variables (in this case random effects) in the model. The EM
algorithm consists of two steps; the E-step, where a function for the expectation
of the complete data log-likelihood is found using the current estimate for the
parameters, and the M-step, where the parameters that maximise this function are
calculated. Note that during the E-step, the complete data log-likelihood function is
constructed as if the values of the random effects are known. This is different to the
observed data log-likelihood seen in Equation (5.19). These steps are iterated until
a local maximum is found. Further, Dempster et al. (1977) discuss the convergence
of the EM algorithm in the finite sample case and prove that this algorithm truly
returns a maximum likelihood estimate.

Rizopoulos (2012) presents an R package for joint modelling which implements
the EM algorithm to find the parameter estimates of the joint model. Further, the
R package by Rizopoulos (2012) makes use of the Gauss-Hermite quadrature rule

for use in the M-step, which was introduced in Section 2.3.2. Note that using Gauss-
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Hermite integration is only appropriate when the random effects are assumed to be
normally distributed, however it can reduce computation times dramatically, which

is an attractive feature.

A

5.2.3 | ASYMPTOTIC RESULTS FOR 6 AND RMST

We wish to design a group sequential trial with K analyses. Let 8 be a p x 1 vector
of parameters in the joint model given by Equation(5.18). Suppose that we have a
trial with K analyses and that é(k) is the vector of estimates found at analysis k for
each k = 1,..., K. These are maximum likelihood estimates found using the EM
algorithm. In Section 4.1 we proved the asymptotic distribution for a sequence of
estimates that are the solutions to estimating equations. We also showed that for
MLEs, the sequence of estimates has the canonical joint distribution. Let ¥ be the

~ (k
covariance matrix for 9( ) at analysis k. Then, for this joint model, we have

L. (9(1), e 9(K)) is multivariate normally distributed
2. 8" ~ N(0,%,) for 1 <k <K

~ (k1)

3. Cov(0 h "

,0 ):Ek2f0r1§k1§k2§[(

At analysis k, the difference in restricted mean survival times is estimated
by A(t*;0;). We aim to show that the sequence A(t*;8:), ..., A(t*;0) has the
canonical joint distribution Definition 2.2. We have previously seen in Section 5.1.4
that the difference in RMST estimates is asymptotically normally distributed.
Therefore, it is appropriate to perform a fixed sample test using RMST methods.
We now extend this theory to show that a GST design is also possible using the
RMST framework.

We follow the method in Section 2.2 to calculate the survival functions. The
survival functions can then be substituted into Equation (5.1) to calculate an
estimate for the difference in RMST. We begin with the hazard rate for the
joint model, and in order to find a difference in RMST between treatment groups
we shall use different notation for the hazard function. The hazard function in
Equation (5.18) is

hi(t; 0, Z;, boi, bii) = ho(t) exp{y(bo; + (b1 + b2Z;)t) + nZ;}.

The cumulative hazard function is given by

t
Hi(t; 0, Zi, bgi, bh) = / ho(u) exp{”y(boi + (bh + bQZZ)U) -+ nZZ}du
0
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Let Sy(t;0) and Si(t;0) be the survival functions, integrated over the random
effects by and by, for patients on the control and treatment arms respectively.

Following the methods in Section 2.2, the survival functions are given by
_ /OO /OO exp{—H;(t: 0,0, bo;, b;)} dbo; db;
/ / exp{ / ho(u) exp{7(bo; + bliu)}du} dbo; dby;
_ / / exp{—Hi(t:0. 1, bos,bry)} dboy by,
/ / exp{ / ho(w) exp{7y(bo; + (b1; + b2)u) +n} du} dbo; dby;

Then the difference in restricted mean survival times is

A(t;0) = / ’ 1S, (t;8) — So(t; 0)]dt.

Gauss-Hermite integration can be used to efficiently calculate the integrals over by
and b;.

The information levels, 7Z;,...,Zx are the reciprocals of the variance of
A(t*; 9(1)), o At é(K)). For each analysis k = 1, ..., K we have the p X p variance
matrix of the the parameter estimates given by ¥; = Var(é(k)
for A(t*; 0 )) is

) and the information

1 l OA(t*; 0)
I = n 00

We now show that the covariance structure of the canonical joint distribution

T 5 [0A(E;0)
o—p®) g 00

- B(k)] . (5.20)

holds. In the following proof, we use the Taylor expansion theory which requires
some regularity conditions to hold. We assume that Conditions 3.2 hold where the

~ (k
function G, (0, ng)) represents the function A(t*; 0( )), dependent on data x\).

Theorem 5.2. Let @ be a p x 1 wvector of parameters in model (5.18) and let
0o be the true value of 6. Suppose that 9(k) 15 the maximum likelihood estimate
for 0 found at analysis k of a group sequential trial with K analyses. Let the
estimated difference in restricted mean survival times at analysis k be A(t*;é(k))
and let Iy, ..., Ik be the information levels for A(t*; é(k)), oo A é(K)) given by
FEquation (5.20). Then, the canonical joint distribution holds for the sequence of

estimates A(t*; 9(1)), o At 9(K)). That is

1. (A(t*; 9(1)), AN (A é(K))) is multivariate normally distributed
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5(F)

2. A(t;0 )~ N(0,T,") for 1<k <K

~ (k1)

3. Cov <A(t*; 0 h!")

), A0 )) — T for 1<k <k <K.

Proof. The proof of this theorem uses the Taylor expansion of the function A(t*; 9).
First note that the parameter 6 is a px 1 column vector and that @ —6¢ has the same
dimension. Further, the function A(t*;8) returns a scalar, so that 9/00 (A(t*;0))
will be a p x 1 column vector. Regularity conditions 6 and 7 of conditions 3.2 allow
us to perform the following Taylor expansion. The Taylor expansion of A(t*;8)
around 6O is

Alr7:0) = A 60) + | pa(ei)| |0~ 60)

where 6" lies on the line segment between 6y and 6.
~ (k
Foreach k = 1,..., K, we shall apply this Taylor expansion at the point 8 = 9( ).

Therefore, for each k =1, ..., K, we have
~ (k

where 0" lies on the line segment between 6y and 0" and A/ (t;0"%)) =
0/06 (A(t*; 0)|g_g«) is shorthand notation.

For each k = 1,..., K, the parameter estimate 9(k) is consistent for 8g. We have
that 8" lies on the line segment between 6 and é(k) and the difference between
0**®) and @y is asymptotically negligible. Therefore for each k = 1,..., K we have

approximately

A(t 0"

) = A(t",80) + A (t%:00)7 (6" — ). (5.21)

The proof that the first condition holds follows by stacking Equations (5.21)
for each £ = 1,...,K. By property 1 of the canonical joint distribution for
the sequence of MLEs é(l), . é(K), we have that (9(1), . ,9(K)

normally distributed. Then, Slutsky’s Theorem can be applied to the vector of

) is multivariate

stacked equations (see Theorem 3.1 for an example of applying Slutsky’s Theorem).
This also follows by the multivariate version of the Delta method of Theorem 5.1
given by Doob (1935).

It is clear that the second condition holds by the Delta method of Theorem 5.1
and for each kK =1,..., K,

5 (F)

A 0™y ~ N0, T7Y).
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It remains to prove property 3. Using the approximation in Equation (5.21), the

covariance is given by

Cov (A(t*, 0"), At é(’”’))

=Cov (A(F,60) + Nt 00)7 (0" — 6), A(t*, 80) + A'(t";6)7 (8"

)>'

_ 90)>
=(t56™ ) Coo (6,6 (0™

By property 3 of the canonical joint distribution for the sequence of MLEs

A1) 5 (K) ) (k2)

0 ',...,0 , we have that C’ov(@(k1 ,0° ") = X, and we see the result

~ (k1)

Cov (A, 0"y, At é“””)) = A0 Ty A 0™y = 7t

]

We have shown that the canonical joint distribution for the sequence of estimates
A(t*;él), o ,A(t*;éK) holds asymptotically and hence, a group sequential trial
can be performed using the RMST method. In Section 5.3 we shall perform some

simulation studies to show that this is the case in a moderately sized trial.
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5.3 | SIMULATION STUDY OF THE RESTRICTED
MEAN SURVIVAL TIME ESTIMATES

5.3.1 | DESIGN CHOICES AND PARAMETER VALUES FOR
SIMULATION STUDIES

When using the restricted mean survival time as an analysis tool within a clinical
trial, there are many choices to be made concerning the design of the trial. One
design aspect is the functional form of the baseline hazard function. We propose
using a piecewise constant baseline hazard function for computational efficiency and
we discuss the number and positions of the knot points for a model that can be
used in a group sequential trial. Considering all of these design aspects, we can then
calculate the sample size for a fixed sample trial given a desired power. We shall
also present some typical parameter values which we use in the simulation of data
for analysis of the joint model given by Equation (5.18). Some reasoning for these
choices is presented. In Section 5.4 we shall inspect some properties of the fixed and
group sequential trials as we vary these parameters. We perform simulation studies
to ensure confidence in the distributional results for the estimate of the difference
in restricted mean survival times.

For clarity, the joint model is presented again here. The longitudinal data is
assumed to follow a random effects model. For patients ¢ = 1,...,n, let Z; =
I{patient i receives the new treatment} be the indicator function for treatment,

then the longitudinal observations are given by

VVz(t) = biO + (bh + bQZi)t + 61(t>

E(E )

&(t)|bi ~ N (0, 0?).

where

The hazard function for the survival part of the model is given by

Throughout this chapter, we have chosen to use a piecewise constant baseline hazard
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function. The main reason for this is computational efficiency as this results in an
analytic solution for integrating the hazard function. This integration is needed to
calculate the survival function S;(¢) which is required for both the RMST estimate
and its variance. When performing simulation studies with a large number of Monte
Carlo replicates, this computational efficiency is an attractive feature.

Similarly to the value of t*, we believe that the knot points should be chosen
based on clinical meaning to reflect changes in the shape of the survival curve, and
should be specified during the design of a clinical trial. In the examples, we shall
focus on models with a single knot point. This is because of the complications that
arise when designing a group sequential trial that uses a piecewise constant baseline
hazard function and we shall expand on the choice of knot points in Section 5.3.3.
We believe that, although simple, this model is meaningful and reflects many true
scenarios regarding survival data. A piecewise constant baseline hazard function

with one knot point placed at ¢; is defined by

C1 lftétl

) ) (5.22)
co  ift>t

ho(t) = {

An analytic expression for the cumulative hazard function for the joint model in

Equation (5.18) is therefore given in two parts.

For t <t;:
t
Hi(t) = / 1 exp{y (bos + (brs + bsZs)u) + nZ:}du
0
c1exp{ybo; +nZ;}
= t(by; +b22;)} — 1].
’Y(blz + ngz) [exp{'y ( 1 2 )} ]
For t > ty:

t1

t
+ / Co exp{’y(bol- + (blz + bQZZ)U) + nZZ}dU

t1
_ exp{vbo; + nZ;}
(b1 + b2 Z;)

[(c1 — co) exp{ti(by; + b2 Z;)} + o exp{yt(by; + b2 Z;)} — 1]
and the survival function for patient ¢ is then
Si(t) = exp{—H,(t)}, for t > 0.

We are using the JM package by Rizopoulos (2010) to perform the parameter
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estimation of this model, which uses the expectation maximisation (EM) algorithm.
Alternative options for the baseline hazard function, which are permitted within
this package, include Weibull and spline models. If specifying knot points is non
desirable, then the user might wish to use a Weibull baseline hazard function.
In this case the survival function must be calculated using numerical integration.
Alternatively, one could specify a spline function as the baseline hazard function to
avoid the jumps in piecewise constant function. The spline baseline hazard however
requires numerical integration and specifying knot points.

Similarly to the first model, Equations (4.1)—(4.3) of Chapter 4, we have designed
the study with non-informative censoring with roughly 10% of patients being
censored. This is done by setting the distribution of the censoring random variable
for patient ¢ as C; ~ exp{A} and A is chosen using trial and error to attain 10% of
observations being censored.

We shall simulate in the case

(Mo,ﬂl) = (3, ].),gbo = 1.2,¢1 = O25,b2 = —04, O9 = 17 (523)
v =0.035,n = —0.4,c; = 5.32,c5 = 4.43,t; = 1, A = 0.022

which reflects that we are simulating under H4. In later sections, we set n = 0
and by = 0 when we simulate under Hy. For notation, let @ denote the set
of all parameters in the model. In Figure 5.3.1, examples of four randomly
selected patients’ longitudinal trajectories can be seen. This plot shows that the
measurement error o2 = 1 is such that the true underlying biomarker trajectory can
easily be estimated however there is still a realistic amount of noise surrounding the
measurements. In later Sections, we shall increase this value of o2 to understand

how the model reacts to extremely noisy measurements.
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FiGURE 5.3.1: Longitudinal observations of four randomly selected patients with
parameter values (5.23). Blue dots are patients on the treatment
arm and red are for patients on control arm.

We can also see from Figure 5.3.1, that there is some variation in the slope
terms of the biomarker trajectories. However, all trajectories are increasing to
reflect a worsening condition over time and also patients on the treatment arm
are not increasing as rapidly. The variance-covariance matrix of the random
effects by, ..., b, determines by how much these intercept and slopes vary, and
this variation carries through into the hazard function. Figure 5.3.2 shows the
survival function for patients with different underlying biomarker trajectories: a
survival function for a patient with mean values of by and b; is given by the solid
line, and dotted lines show the survival function for patients 1 standard deviation

of both by and b; above and below their respective means. For this model, we set
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¢o = 1.2 and ¢; = 0.25. In the first model of Chapter 4, we simulated under the
case g = 3.5 and ¢ = 2.5. Therefore, the variance of the random effects terms are
not as great as in the first model indicating that patients trajectories are similar
within a treatment arm. A similar plot using the AIDS data set in the R package
JM written by Rizopoulos (2010) is included for comparison, which shows that the
effect of the biomarker heavily outweighs that of the treatment effect in the hazard
function. However, the treatment effect is very small in the AIDS data set. Our
chosen parameter values are therefore acceptable with respect to the amount of

information that comes from the longitudinal data.

Simulated data AIDS dataset

T — Mean case on freatment e — Mean case on treatment
--- *1sdon treatment W TEIIa L --- =+1sd on treatment
—— Mean case on control W Tl —— Mean case on control

" ST
—--- =z1sd on control ‘\\\ “e=-. | ~7- +1sdoncontrol

Time (years) Time (weeks)

FIGURE 5.3.2: Survival function for the simulated data and from AIDS data set.
The survival function for a patient with mean values of by and b; is
given by the solid line, and dotted lines show the survival function

for patients 1 standard deviation of both by and b; above and
below their respective means.

Other variables which impact the survival function are the difference in slopes
of longitudinal measurements between treatments, by, and the coefficient of the
longitudinal data, . In Section 5.4 we shall vary these parameters to see how
properties of the trial change. In Figure 5.3.3 we see the overall distribution of
the time-to-event observations. This histogram shows the survival times of 1000
randomly generated patients under this model and parameter choices described
above. At the final analysis at 5 years, roughly 60% of events have occurred, as

intended. The median survival time for the data set is 3.25 years.
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FiGURE 5.3.3: Histogram of survival times for generated patients on control and
treatment arms combined using parameter values (5.23).

5.3.2 | FIXED SAMPLE SIMULATIONS

To ensure that the large sample theoretical results of Section 5.2 hold in a moderately
sized trial, we now perform some simulation studies using the parameter values
described above. For a fixed sample trial, we are aiming to show that the RMST
estimates are asymptotically normally distributed and that the delta method gives
an accurate estimate for the variance. We shall also check that the marginal
distributions of the RMST estimates in a group sequential trial are asymptotically
normally distributed and that the covariances of RMST estimates between analyses

have the required canonical joint distribution structure.
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To perform a fixed sample clinical trial using the RMST method, we test the
hypothesis
Hy: A(t*;0) <0, Hy:A(t;0) >0

where 0 is the true set of all parameters in the joint model given by Equation (5.18).
We shall simulate under Hy and H4 with values (5.23). When simulating under H,
we use 7 = 0 and by = 0 and we shall use n = —0.4 and b, = —0.4 as an example
for simulating under Hy4.

The main choice when performing an analysis which uses RMST methods, is
the choice of t*. We have previously discussed how this value should be chosen
based on clinical meaning and throughout this report, we will consider the 3-year
restricted mean survival time difference. The structure for this clinical trial is 2 years
recruitment and 3 years follow-up and hence we expect to observe the trajectories
of many patients past 3 years. In Section 5.1.6 we discuss that t* should not exceed
the maximum follow-up time but increasing t* may lead to smaller sample sizes. In
the results, Section 5.4, we shall we simulate a subset of clinical trials with t* = 5
to observe the potential sample size reduction from increasing t* and compare these
to the results with t* = 3.

In Section 5.1.4, we proved theoretically using the Delta method, that the
estimate of the difference in RMST between treatment arms, A(t*; @) is normally
distributed.  Further, if the standardised statistic is considered, this is also
approximately normally distributed. We shall simulate standardised estimates

centered on zero. These are given by
Z(n,b2) = (A(3:0) - A3:0)) VZ.

Let Z,uu = Z(0,0) be the random variable simulated under Hy with n = 0 and
by = 0 and let Z,; = Z(—0.4,—0.4) be the random variable for the standardised
statistic simulated under H, with n = —0.4 and by = —0.4. We can compare the

simulated centered statistics with the theoretical distributions
Znan ~ N(0,1) Zar ~ N(0,1).

Similarly to Section 4.3.2, we have chosen to center these statistics on zero so that
the mean of the theoretical distribution is know. If the statistics were not centered,
then we would need to know the true value of 7 in order to find the mean of 7,
and Zg.

A method for choosing a suitable sample size n is described in Section 5.1.5. We

simulate a large data set with 10* patients under H4 with n = —0.4 and by, = —0.4.
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The data set is then truncated at time 5 years to reflect end of study censoring
in the fixed sample trial. The variance-covariance matrix, >, for the full set of
parameters, is estimated using this large data set. Using this estimate for ¥ and the
choice t* = 3, the sample size required for significance level o = 0.025 and power
1 — 8 =0.9is given by n = 460.

The histograms and QQ-plots in Figure 5.3.4 show 10* estimates of Z,,; and
Za:. Each estimate is found by simulating a fixed sample clinical trial with n = 460
patients, calculating the estimates A(3; 9) and Var(A(3; 9)), and standardising the
estimate. It is clear that the estimates are normally distributed. In the histograms,
the estimates simulated under the null hypothesis closely match the probability
density function of a N(0, 1) distribution which is shown in red and the estimates
simulated under the alternative hypothesis, centered on zero, closely match the
probability density function of a N(0,1). Also, the quantiles of the sampled Z

values clearly match the quantiles of the theoretical distributions as shown by the

QQ-plots.
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FIGURE 5.3.4: Fixed sample simulations for standardised statistic under null and
alternative hypotheses.

5.3.3 | GROUP SEQUENTIAL SIMULATIONS

For a clinical trial which uses the RMST framework, the group sequential trial
analysis needs slightly more consideration than the fixed sample trial. The main
challenge in designing a group sequential trial is to ensure that parameters are
identifiable and also the parameter estimates follow large sample theory. At an

early interim analysis, there may be no or very few individuals followed up beyond
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a certain knot point, and there will be no or very little information on a parameter
in ho(t). We suggest there should be at least 30 events between successive knot
points observed at every analysis time. Jennison and Turnbull (1989) investigate
the implications of the normal approximation assumption for group sequential tests
when a small number of failures occurs. They observe that problems arise when
fewer than roughly 25 failures occur at the first interim analysis. Further, there
may be information available to estimate parameters in ho(t), but little or no late
follow up to allow checking of model assumptions and therefore, extrapolation of
survival function estimates should also be taken into consideration.

In Section 5.4, we shall compare the fixed sample and group sequential designs
for the joint model in Equation (5.18). We are interested in comparing the length
of the trials in time in order to assess the benefits of potential early stopping in the
group sequential trial. The number of patients shall remain constant between fixed
and group sequential trials and therefore, to maintain equal power, the time of the
analyses shall be varied in the group sequential trial. The probability of stopping
before all patients are recruited is low, so the expected sample size on stopping is
not likely to be reduced in the GST.

To choose the times of analyses, we first determine the relationship between
calendar time and information. The true variance, Y, of the parameter estimates 0
in Equation (5.18) is unknown and therefore the relationship between calendar time
and information, Z, must be estimated. Figure 5.3.5 provides a visual representation
of the relationship and the following steps describe how this relationship is

determined for a particular choice of parameter values for 6:

1. A large sample of 5000 patients’ event times, biomarker observations, arrival
times and censoring times are simulated with the chosen parameter values

for 8. This simulation occurs under H,4 with particular choices n # 0 and
by # 0.

2. For each time point along the x-axis, this data set is truncated and the

information level is calculated using the delta method.

3. Note that this information is calculated using a sample size of 5000 patients

and denote this information level as Zsgqg.

4. For the fixed sample trial, we recruit n patients (n = 460 for parameter
values (5.23), see Section 5.3.2). The asymptotic results of Section 5.1.4
determine the distribution of the estimate A(t*;6,) as n — oo and the
relationship Z o n holds. Therefore, let the final information level for this

time point on the z-axis be Z = nZs00,/5000.
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5. A log function is then fit to these corresponding time points and information

levels.
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FIGURE 5.3.5: Information level estimates against calendar time based on a large
sample of 5000 patients simulated with parameter values (5.23) for

0.

As previously alluded to, it is important that there are enough observed events
occurring in between the knot points and times of interim analyses. This is required
so that the large sample theory holds for parameter estimation. Let 71,...,7x be
the calendar times of the interim analyses and let ¢; be the time of the knot point in
the baseline hazard function. As a reminder, we have chosen to use a model with a
single knot point. Suppose that ti,. .., %, are the survival times of patients 1,...,n.
Note that the calendar time at which the event occurs for patient i is #; + a; where
a; is the arrival time of patient 7. To ensure that the parameters of the model can
be estimated, there must be at least one event between successive knot points and

analysis times. That is we require
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e 0<ti <7 < - <Tg
0{20<t~1§t1}7$¢
.{i2t1<t~i§71}7é¢.

For models that use m > 1 knot points, this theory can be extended to ensure that
all the model parameters are identifiable at the first interim analysis. In particular,
the final point becomes {i : t,,, < t; < 71} # ¢ and we must also ensure that there
are events occurring inbetween successive knot points so that {i : t;_1 < t; < ti}#¢
forj=2,....,m.

Further, to ensure that the large sample theory holds, there should be a
substantial number of events occurring, not just one. For this, we require the size
of each of the above sets to be at least 30. We believe that 30 failures is sufficiently
large so that the normal approximation of the parameter estimates is accurate based
on findings by Jennison and Turnbull (1989).

We now describe a method for designing a group sequential trial and choosing

where to place analysis times.

1. Using the steps above or reading off Figure 5.3.5, calculate the value of Z for

a fixed sample trial that terminates at calendar time 5 years.

2. Using methods described in Section 2.1.3 and error spending functions
be f(t) = min{at?,a} and g(t) = min{Bt?, 3}, calculate the maximum
information level Z,,,,. This is the value such that the trial has power 1 — 3
when A(t*;0) = §, the final boundary points a; and by are equal and is

calculated under the assumption that information levels are equally spaced.

3. Let Ifl) = Tnae/ K and set 71(1) as the calendar time corresponding to this 21(1)

using the log relationship.

4. With the simulated data from step 1 with values chosen for @ and under

H, with particular choices n # 0 and by # 0, obtain values 1, ..., %5000 and

ai, ..., 0a5000-

5. Determine the time at which 30 event times occur in a sample of n patients
by finding the (30/n)-th percentile of values £ + a1, . . . , £5000 + @s000. Call this

value 71(2) .

6. Let = maX{Tl(l),T1(2)} and use the log relationship to calculate Z; as the

information level for 7.
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7. Set Io,...,Ix_1 equally spaced between Z; and Zx and find corresponding

analysis times 7o, ..., 7x_1 using the log relationship.

As an example, we shall simulate data with values (5.23). This reflects that we
are simulating under a H4 with n = —0.4 and b, = —0.4. For the hypothesis test
based on the difference in 3-year restricted mean survival times with t* = 3, we use
an error spending test with K = 5 analyses. We design the trial with Z,,,, = 195.2.
The resulting analysis times in months are 22.5, 30,40, 53, 70.

In Section 5.2.3 we proved that asymptotically the sequence of estimates
A(t 91), AN (A 9;(), has the canonical joint distribution of Definition 2.2. This
is the sequence of estimates that occurs when the RMST method is applied for a
group sequential trial with K analyses. We now check that this claim is true for
a moderately sized trial using simulation. To start, we investigate the marginal
distributions of estimates A(3;6),) for k = 1,..., K. The standardised statistic at

analysis k, centered on zero, is given by
7 = (A(B;@k)—A(?);O))\/I_k fork=1,... K
and we can compare these estimates to the theoretical distribution
Zy ~ N(0,1).

Figures 5.3.6 and 5.3.7 show the result of this simulation study. Figure 5.3.6 was
simulated under Hy with n = 0 and by, = 0 and Figure 5.3.7 was simulated under
H, with n = —0.4 and by = —0.4. The Q-Q plots and histograms confirm that the
distribution N (0, 1) gives a good fit for Z, for each k =1,..., K.
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FIGURE 5.3.6: Histogram and QQ plots for simulated RMST estimates in the
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FIGURE 5.3.7: Histogram and QQ plots for simulated RMST estimates in the
joint model under H4 using n = —0.4 and b, = —0.4 for each
analysis in a group sequential trial using 10* replicates.

Further, to assess whether the canonical joint distribution of Definition 2.2 holds,
we also assess the covariance structure of the estimates A(3;6),..., A(3;0x). Let
7. be the information level obtained at analysis k& and let Z; be the standardised

statistic from analysis k. By the third property of Definition 2.1, for the canonical
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joint distribution to be true, we should have that

Ty,

ko

Cov(Zy,, Zy,) = for by < ks.

To assess whether this property holds, we calculate E(Cov(Zy,, Zy,)) using Monte
Carlo methods by estimating 7y, and Zj, for each simulation. Then, we can compare
this to 50\1)(Zk1, Z,) which is found by taking the covariance of all the Zj, and Zj,
in the simulations. Tables 5.3.3 and 5.3.6 show the results. We can see that there
is little difference in these matrices and the small deviations are consistent with

sampling error.

1.042 0.810 0.669 0.577 0.509 1.004 0.764 0.621 0.534 0.477
0.810 1.040 0.852 0.730 0.652 0.764 1.001 0.807 0.697 0.625
0.669 0.852 1.021 0.874 0.784 0.621 0.807 0.984 0.852 0.766
0.577 0.730 0.874 1.005 0.901 0.534 0.697 0.852 0.992 0.889
0.509 0.652 0.784 0.901 1.006 0.477 0.625 0.766 0.889 0.995

TABLE 5.3.1: Under Hy with TABLE 5.3.2: Under H4 with
n=0,bb=0 n=—-04b=-04

TABLE 5.3.3: Matrix of E(Cov(Zy1, Zx,)) for group sequential trial with K =5
analyses with 10* replicates.

1.000 0.781 0.644 0.556 0.499 1.000 0.773 0.632 0.545 0.488
0.781 1.000 0.824 0.712 0.638 0.773 1.000 0.818 0.705 0.631
0.644 0.824 1.000 0.863 0.775 0.632 0.818 1.000 0.861 0.772
0.556 0.712 0.863 1.000 0.897 0.545 0.705 0.861 1.000 0.896
0.499 0.638 0.775 0.897 1.000 0.488 0.631 0.772 0.896 1.000

TABLE 5.3.4: Under Hy with TABLE 5.3.5: Under H4 with
n=20,bpb=0 n=-—04,bp=-04

TABLE 5.3.6: Matrix of @J(Zkl, Zy,) for group sequential trial with K =5
analyses with 10* replicates.

Another check to assess the asymptotic covariance of the sequence of estimates
A(3; 91), A3 éK) is a comparison with the error spending rates for the group
sequential trial. Suppose that the canonical joint distribution holds, then the type 1
and type 2 errors will agree with the planned significance and power. This can

be expanded further with an error spending test by evaluating the probability of
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crossing the boundaries at each analysis of the group sequential trial. Under H,

the amount of type 1 error spent at analysis k is
a®) = P,,—0,5,=0(Continue to analysis k£ and cross the upper boundary at analysis k).

Under Hy, when n = —0.4 and by = —0.4, the amount of type 2 error spent at

analysis k is

B® =P,_ 44, _04(Continue to analysis k

and cross the upper lower boundary at analysis k).

Using error spending functions f(t) = min{at? a} and ¢(t) = min{3t? 8}, at

analysis k, we design the trial with

)
)

o™ = f(T)Tonar) — F(Tr1)Tmaz) fork=2,...,K
) — 9(Z—1/Tinaz) fork=2,..., K.

Table 5.3.7 shows the probability of crossing each of the boundaries calculated
using 10* Monte Carlo simulations compared to the expected probability of an
error spending test. For 10* replicates, we simulate a data set and can calculate
a®, . a®) and gD, ..., B for each replicate. The average values of these over

all the simulations are shown in the columns headed “E(a®)” and “E(8®)”.

Analysis | Simulation | E(a®) | Simulation | E(8%)
type 1 error type 2 error

1 0.0017 0.0013 | 0.0071 0.0059
2 0.0026 0.0022 | 0.0089 0.0105
3 0.0045 0.0041 | 0.0198 0.0203
4 0.0065 0.0061 | 0.0372 0.0302
) 0.0111 0.0112

Total 0.0264 0.0250

TABLE 5.3.7: Probability of crossing the boundaries in a group sequential trial
with K = 5 analyses with 10 simulated clinical trials, compared to
the expected probabilities from an error spending test.

Values for the type 2 error at the final analysis and the total have not been

included. This is because at the final analysis, the remaining amount of 3 is spent
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in an error spending design and the total 5 spent will only be equal to 0.9 if Zs = 7,4,
exactly. The results show that the probability of crossing the boundaries are very
close to the amount of error that is spent at each analysis.

The simulation studies for both the fixed sample and group sequential trials
confirm the asymptotic distributional results of the estimate A(t*; é) Therefore, we
may have confidence to perform a clinical trial based on the joint model (5.18). We
believe that this simulation study is representative of other values of the parameters
0. Under alternative parameter values we expect to see similar distributional results
for the estimate A(t*; é) so long as the observed number of events between knot

points is sufficiently high, for example greater than 30 at the first interim analysis.
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5.4 | COMPARISON OF FIXED AND GROUP
SEQUENTIAL TRIAL DESIGNS USING THE
RESTRICTED MEAN SURVIVAL TIME

With the methodology in place for performing a clinical trial based on this joint
model presented in Section 5.2, we compare the results of performing this analysis for
a fixed sample versus group sequential design. The main comparison of interest will
be the stopping time of the trial, considering the average gain from early stopping in
the group sequential trial. We shall also compare the resulting number of hospital
visits per person and length of follow-up per person. Each of these outcomes is
important for a pharmaceutical company considering the trial design. The first
analysis occurs close to the end of recruitment and the probability of stopping
before the end of the trial is small. Therefore, the number of patients recruited
on completion of the study is not likely to be reduced in the group sequential trial
compared to the fixed sample trial and hence, the number of patients enrolled is not
considered.

For clarity, the joint model is presented again here. The longitudinal data is
assumed to follow a random effects model. For patients i = 1,...,n the longitudinal

observations are given by

Wi(t) = bio + (b1i + 02 Z;)t + €;(2)

o= (L7 3)
bi1 H1 0 ¢%
e ¢(t)|b; ~ N(0,0?).

e Z; = I[{patient i receives the new treatment}.

The hazard function for the survival part of the model is given by
hi(t) = ho(t) exp{v(bio + (b1 + b2Z;)t) + 1Z;}

where the baseline hazard function is

C1 1ft§1
Co 1ft>1

ratt) = {
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We set the vector of parameters to be 8 = (7, o, i1, ba, o, 1,10, 02, C1, C2, N).

In comparing trial designs, we did the following. For the fixed sample design,
the accrual period is fixed at 2 years and follow-up fixed at 3 years. A sample size
of n patients is recruited in the first 2 years. For simulation purposes, we ensure
that all n patients are recruited within 2 years by simulating arrival times uniformly
between 0 and 2 years. In practice, we expect patients to arrive with exponentially
distributed waiting times between patients and we can extend recruitment until all
n patients have entered the study. The expected power of this simulation study
of the fixed sample design is recorded. For the group sequential design, accrual
remains the same, with exactly n patients being recruited within the 2 years. We
then perform simulation studies of designs with two different calendar times for the
final analyses. We shall describe this process in detail shortly. The expected power
is recorded for both of the group sequential designs. We can use these two GST
observations to find a design with the same power as that of the fixed sample trial.
Then the outcomes are compared for fixed and group sequential trial designs with
the same power.

In Section 5.3.2 we described how to perform a hypothesis test using the
RMST methods and we also give reason for choosing the following values to use

in simulation. The common values for simulations under Hy and H4 are

(MOaMl) = (37 1)5 ¢O = 1'27¢1 = 0-25702 = 17
¢ =532, ¢y = 443, = 1, \ = 0.022 (5.24)

and we shall investigate properties of the trial for v = 0,0.035,0.07 and ¢* = 3,5.
When simulating under Hy we use n = 0 and b, = 0 and when simulating under H 4
we use combinations of n = —0.5, —0.4, —0.3 and by = —0.45, —0.4, —0.35. For the
longitudinal data, we simulate a trajectory of longitudinal observations by assuming
that patient ¢ has a biomarker observation taken at times t;1, t;2, . . . , tim,. These time
points are entry to the study, then until patient 7 is observed to fail or censored, the
measurements are every 2.5 weeks for the first 3 months, then every three months
until the study concludes. Therefore, every patient has a biomarker observation at
time point ¢;; = 0.

A method for choosing a suitable sample size n is described in Section 5.1.5. We
simulate a large data set with 10* patients under H, and truncate the data set at
time 5 years to reflect end of study censoring. The variance-covariance matrix, 3,
for the maximum likelihood estimate @, is estimated using this large data set. Using

this estimate for 3 and the choice of t*, the sample size required to achieve type 1
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error « = 0.025 and power 1 — 8 = 0.9 is given by n in Equation (5.4). We have
provided the sample sizes and expected power in Table 5.4.1 for an RMST analysis
with truncation time t* = 3 years. Power is calculated using 10* replicates in a

simulation study.

~ n b, Sample size | Power
0 -0.3 | -0.35 || 960 0.916
0 -0.3 | -0.4 | 965 0.925
0 -0.3 | -0.45 || 996 0.917
0 -0.4 | -0.35 || 545 0.921
0 -0.4]-0.4 | 555 0.922
0 -0.4 | -0.45 || 573 0.931
0 -0.5 | -0.35 || 353 0.925
0 -0.51-04 | 363 0.934
0 -0.5 | -0.45 || 370 0.926
0.035 | -0.3 | -0.35 || 798 0.895
0.035 | -0.3 | -0.4 | 793 0.890
0.035 | -0.3 | -0.45 || 790 0.899
0.035 | -0.4 | -0.35 | 461 0.893
0.035 | -0.4 | -0.4 || 460 0.894
0.035 | -0.4 | -0.45 || 454 0.887
0.035 | -0.5 | -0.35 || 299 0.893
0.035 | -0.5 | -0.4 | 301 0.896
0.035 | -0.5 | -0.45 || 296 0.891
0.07 |-0.3|-0.35] 736 0.895
0.07 |-0.3|-04 | 730 0.901
0.07 |-0.3 |-045 | 710 0.896
0.07 |-0.4|-0.35| 434 0.894
0.07 |-0.4|-04 | 426 0.892
0.07 |-0.4 |-0.45 | 420 0.896
0.07 |-0.5-0.35 | 287 0.897
0.07 |-0.5|-04 | 282 0.898
0.07 |-0.5|-0.45 | 280 0.895

TABLE 5.4.1: Sample sizes and expected power for model with both longitudinal
and survival treatment effects, parameter choices (5.24) and t* = 3
for the RMST analysis based on 10 replicates.

We have considered all combinations of parameter values v = 0,0.035,0.07,

n = —0.3,—0.4,—0.5 and by = —0.035,—0.4,—0.45. This table is intended for
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reference and not for comparison. This is because it is difficult to compare the
outcomes of interest (stopping time, number of hospital visits and follow-up time)
across different parameter values because the power is not constant. However, we can
see roughly how the sample size is affected by these parameters. Larger magnitudes
of the two treatment effects n and b, require smaller sample sizes, as expected.
Further we can see that the sample size calculation from Section 5.1.5 is inaccurate
when v = 0. The sample size calculation is intended to produce power 0.9 when v, n
and by are the values in the Table, however the simulated power is higher in each
case. This is likely to be due to approximation error in the Delta method which
makes a linear approximation to the RMST function. For the case v = 0, this linear
approximation is not accurate.

In Section 5.3.3 we described a method for determining the times of interim
analyses. We shall now recap this method. Let Z; be the information level
required for a fixed sample test to attain type 1 error o and power 1 — 8 when
A(t*;0) = 6. For a group sequential test with K analyses and error spending
functions f(t) = min{at?,a} and g(t) = min{pt? 8}, calculate Z,,q, such that
information levels Z,...,Zx are equally spaced and the boundaries at the final
analysis are such that ax = bg. This process is described in Section 2.1.3. Then
the relationship between information and calendar time is determined. To do so,
a large data set is simulated under H4 and at a selection of time points, this data
set is truncated and the information levels at these time points are calculated. A
log-relationship is fit to this data set of analysis times and information levels as
in Figure 5.3.5. The times of interim analyses 7,...,7x are then chosen so that
Ty, ..., Ik are equally spaced and that Zy = Z,,,,. This method is governed by a
single design parameter Z,,,,. Hence, by altering the value of the design parameter
Zrnaz, and subsequently the analysis times, we can match the power of the group
sequential trial to the fixed sample trial. Further, by altering only one parameter,
all other design aspects remain fixed so that the change in power arises solely from
the times of the interim analyses.

To compare outcomes, we observe simulation studies at different values of Z,,,.
and interpolate to match the fixed sample trial. Table 5.4.2 gives the notation for
a fixed sample trial design, two group sequential trial designs and the outcomes for
each. The final row of Table 5.4.2 will be described shortly.
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Design Planned Expected | Expected | Expected number | Expected
final power stopping | of hospital visits | follow-up
information time per patient per patient
Fixed Ly Py Sf vy Fy
GST 1 Linax(1) P(1) s(1) v(1) F(1)
GST 2 Linaz(2) P(2) 5(2) v(2) F(2)
Final GST ez P, Sq Vg F,

TABLE 5.4.2: Notation for outcome variables for different trial designs.

We seek the group sequential trial design with final information Z,,,, with
expected power Py. This is found by interpolating between the points (Z(1), P(1))

and (Z(2), P(2)).The interpolated maximum information level is given by

Imaz -

(D[P} = P(2)] = Tnaa (2) [Py — P(L)]
P(1) - P(2) |

We further determine the other outcome variables at this value Z,,,,. Therefore, the

values s,4,v, and F, are given by

5. — 3(1)[Imax Imaw(2>] - 8(2)[Imaa: - Imax(l)]
g Ima:r(l) - Ima:v<2)

v — V(D) [Zimaz — Limae(2)] — v(2)[Zinae — Limaz(1)]
g Imax(l) - Imaz(Q)

F - F<1)[Imaz Zmax(2)] —F )[Zmax - Ima:}c(D]
g Linazr(1) — L (2)

Figure 5.4.1 shows a visual interpretation for calculating Z,,,, and s,. For this
example, the parameter values for simulation are given by (5.24) and we are
simulating under H4 where n = by = —0.4. The outcome interpolated design has
Linaz = 198.5 and s, = 3.54.
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FIGURE 5.4.1: Interpolation between two GST designs to calculate Z,,,, and s,.

All designs (fixed sample and the two GST designs) are assessed using the same
set of patient outcomes. This is possible as n is fixed and follow-up is varied.
This leads to correlated values of the properties of designs, which is beneficial. For
example, consider the stopping time outcome. The random variables s(1) and s(2)
are correlated and, although we are not sure by how much, the final design will
have Var(s,) < 2Var(s(1)). Further, computation is expensive so 10* replicates
is used in the simulation studies. Interpolating between GST designs means that
we need not run the analysis at the interpolated Z,,,, value, and we can trust that
the outcomes P,, s4, v, and F, will be very close to the values which would have
occurred if this simulation was performed, due to correlation between designs.

A comparison of the fixed versus group sequential trial designs for an RMST
analysis with truncation time ¢* = 3 years is given in Table 5.4.3. All simulations
are performed under H,4. The outcomes (stopping time, number of hospital visits
and follow-up time) are the averages using 10* simulations. We have considered the
stopping time when the trial stops for efficacy and futility separately as the decision

upon stopping will affect whether the drug is taken to market or not.
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Expected Expected Expected

~ n by Stopping time visits follow-up
per patient | per patient
Fixed GST Fixed | GST | Fixed | GST

Sf Sg vy Ug Fy Yy

Reject | Accept
H, Hy

0 -0.3 | -0.35 3.54 4.04 14.9 11.3 2.62 1.74
0 -0.3 | -0.4 3.57 4.02 14.9 11.8 2.62 1.86
0 -0.3 | -0.45 3.58 3.98 14.9 11.6 2.62 1.81
0 -0.4 | -0.35 3.59 4.08 14.9 11.8 2.62 1.87
0 -04 | -04 3.59 4.08 14.9 11.9 2.62 1.88
0 -0.4 | -0.45 3.61 4.13 14.9 11.9 2.62 1.89
0 -0.5 | -0.35 3.64 4.22 14.9 12.0 2.61 1.90
0 -0.5 | -0.4 3.61 4.11 14.9 11.9 2.61 1.89
0 -0.5 | -0.45 3.51 3.90 14.9 11.7 2.61 1.83

0.035 | -0.3 | -0.35
0.035 |-0.3 | -0.4
0.035 | -0.3 | -0.45
0.035 | -0.4 | -0.35
0.035 |-04 | -0.4
0.035 | -0.4 | -0.45
0.035 | -0.5 | -0.35
0.035 | -0.5 | -0.4
0.035 | -0.5 | -0.45
0.07 | -0.3 | -0.35
0.07 |-0.3] -04
0.07 |-0.3 | -0.45
0.07 | -0.4 | -0.35
0.07 |-04] -04
0.07 |-04 |-0.45
0.07 |-0.5|-0.35
0.07 |-05] -04
0.07 |-0.5|-0.45

3.47 4.34 15.0 11.8 2.65 1.87
3.48 4.24 15.0 11.9 2.65 1.87
3.49 4.23 15.0 11.9 2.65 1.87
3.48 4.32 15.0 11.9 2.64 1.87
3.48 4.28 15.0 11.9 2.64 1.87
3.47 4.27 15.0 11.9 2.64 1.87
3.41 4.25 15.0 11.7 2.64 1.84
3.48 4.27 15.0 11.8 2.64 1.86
3.44 4.20 15.0 11.8 2.64 1.85
3.44 4.27 15.1 11.9 2.67 1.88
3.52 4.39 15.1 12.0 2.67 1.91
3.52 4.30 15.1 12.0 2.67 1.91
3.51 4.29 15.1 12.0 2.67 1.90
3.53 4.29 15.1 12.0 2.67 1.91
3.50 4.27 15.1 11.9 2.67 1.89
3.48 4.29 15.1 11.9 2.66 1.88
3.48 4.26 15.1 11.9 2.66 1.88
3.47 4.22 15.1 11.9 2.66 1.87

ot ot Ot Ot Ot Ot Ot Ot Ot OU Ot QO Ot Ot QOU Ot QO OU Ot QU Ot Ot Ot Ut Ot Ot Ot

TABLE 5.4.3: Fixed vs Group Sequential design comparison for model with both
longitudinal and survival treatment effects, parameter t* = 3 for the
RMST analysis and 10* replicates.
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Clearly, the group sequential design is much more efficient than the fixed sample
design since on average the trial stops roughly 1.5 years earlier than the fixed sample
trial when it stops for efficacy and roughly 0.8 years early when it stops for futility.
The probability of stopping for efficacy is 0.9 so this is the key case. This benefit
means the drug can be taken to market sooner and patients receive an effective
treatment early. Further, the number of hospital visits per patient and patient-level
follow-up times are dramatically reduced when we use the group sequential design
rather than the fixed sample design.

We have previously discussed the importance of the choice of the truncation time
t* for the RMST analysis in Section 5.1.6. The truncation time should be chosen
based on clinical meaning and so far we have shown the results for the analysis with
t* = 3. We now give a subset of results for the case t* = 5 to assess the differences in
the trial when the value of ¢* is changed. Note that the value t* = 5 is greater than
the maximum follow-up time and hence, this analysis is not possible when the non-
parametric RMST estimate is used. Table 5.4.4 gives the sample size calculations
using the methods discussed in Section 5.1.5 and the resulting power estimates for
a fixed sample clinical trial using simulation with 10* Monte Carlo estimates. The

sample sizes and power values of Table 5.4.1 are included here for reference.

v n by Sample size Power
t"=3|t"'=5|t"=3|t"=5
-0.3 | -0.35 || 960 958 0.916 | 0.922
-0.3 | -0.45 || 996 990 0.917 |0.918
-0.5 | -0.35 || 353 352 0.925 |0.923
0 -0.5 | -0.45 || 370 367 0.926 | 0.936
0.07 { -0.3 | -0.35 || 736 671 0.895 | 0.897
0.07 { -0.3 | -0.45 || 710 629 0.896 | 0.902
0.07 | -0.5 | -0.35 || 287 273 0.897 | 0.903
0.07 { -0.5 | -0.45 || 280 262 0.895 | 0.904

o O O

TABLE 5.4.4: Sample sizes and expected power for model with both longitudinal
and survival treatment effects, parameter t* = 5 for the RMST
analysis and 10* replicates.

A comparison between the sample sizes is difficult to make because the power is
not the same in each case. However, it seems as though the difference in ¢t* has a
small effect on the sample size. All sample sizes are within 10% of each other. The

reduction in sample size should be set against the disadvantage that occurs from
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relying on model assumptions. These assumptions cannot be checked with the data
available at an interim analysis when t* is large.

Table 5.4.5 shows a comparison of the fixed versus group sequential trial designs
for an RMST analysis with truncation time t* = 5 years. Similarly to the results
for t* = 3, the group sequential design out-performs the fixed sample design since
stopping times, number of hospital visits and patient-level follow-up times are all
dramatically reduced. These reductions are roughly equal to the reductions in
Table 5.4.3 when t* = 3, the benefit for using a larger ¢* is the reduction in sample

size for both fixed and group sequential designs.

Expected Expected Expected

~ n b, Stopping time visits follow-up
per patient | per patient
Fixed GST Fixed | GST | Fixed | GST

Sf Sg vy Vg Ey vy

Reject | Accept
Ho Ho

0 |-0.3]-0.35 3.52 4.09 14.9 11.7 2.62 1.85
0 |-0.3|-0.45 3.57 3.97 14.9 11.8 2.62 1.87
0 |-0.5|-0.35 3.46 4.03 14.9 11.6 2.61 1.81
0 |-0.5]-045 3.56 3.96 14.9 11.7 2.62 1.85

0.07 | -0.3 | -0.35
0.07 | -0.3 | -0.45
0.07 | -0.5 | -0.35
0.07 | -0.5 | -0.45

3.54 4.35 15.1 12.1 2.67 1.92
3.54 4.29 15.1 12 2.67 1.92
3.49 4.21 15.1 11.9 2.67 1.88
3.48 4.23 15.1 11.9 2.66 1.88

ot ot Ot Ot Ot Ot Ot Ot

TABLE 5.4.5: Fixed vs Group Sequential design comparison for model with both
longitudinal and survival treatment effects, parameter ¢* = 5 for the
RMST analysis and 10* replicates.

To complete this comparison, we consider the outcomes when we simulate data
under Hy. The parameters n and b, describe the two treatment effects and hence,
Hy is described by the scenario where n = 0 and by = 0, or equivalently where
the difference in RMST is A(t*;7,7n,by) = 0. Table 5.4.6 shows the type 1 error
simulation results each with a Monte Carlo sample size of 10*. The sample sizes
used are those that correspond to n = —0.5,05 = —0.45 in the power calculations.
For reference, these are included in the table. The results show that type 1 error is

close to a = 0.025 in each case.
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t* |y Sample size | Type 1 error

Fixed | GST
310 370 0.025 | 0.025
3 10.035 | 296 0.026 | 0.024
3 10.07 | 280 0.024 | 0.024
510 367 0.026 | 0.025
5 10.07 | 262 0.025 | 0.028

TABLE 5.4.6: Fixed vs Group Sequential type 1 error rates for model with both
longitudinal and survival treatment effects with 10* replicates.

We assess the difference in outcomes when data is simulated under Hj.
Table 5.4.7 shows the stopping times, number of hospital visits per patient and
patient-level follow-up times for both fixed sample trials and group sequential
designs. The probability of stopping for efficacy is 0.025 so this a rare event, but
we see that the GST design stops early for efficacy roughly 0.5 years earlier than
the fixed design. The GST design stops roughly 1.8 years earlier than the fixed
sample design when we stop for futility, which means that the trial can be stopped
and the resources can be used for something else. Further, number of hospital visits
and length of follow-up per patient are also dramatically reduced for the GST in

comparison to the fixed sample design.

Expected Expected Expected
t* ~ Stopping time visits follow-up
per patient | per patient
Fixed GST Fixed | GST | Fixed | GST
St Sg vy Vg Fy Yy

Reject | Accept

Ho H,

3 0 5 4.68 3.05 14.1 10.8 2.44 1.62
3 |0.035 5 4.48 3.26 14.2 10.8 2.46 1.61
3 | 0.07 5 4.41 3.27 14.3 11.0 2.48 1.66
5 0 5 4.36 2.96 13.9 10.0 2.39 1.43
5 | 0.07 5 4.29 3.11 14.1 10.3 2.43 1.49

TABLE 5.4.7: Fixed vs Group Sequential stopping time comparison under Hy for
model with both longitudinal and survival treatment effects with
10* replicates.
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We have shown comparative results for fixed and group sequential trials for a
range of parameter values t*, v, n and by. We have considered how the trials compare
when we simulate data under the alternative hypothesis, stopping for efficacy and
also how the trials compare when we simulate data under the null hypothesis and
stop for futility. In all cases, the group sequential trial stops early on average by
values in the range 1.3-2 years compared to the analysis time at 5 years in the fixed
sample trial. Further, the number of hospital visits and the patient-level follow-up
times are reduced significantly when a group sequential design is chosen over a fixed

sample design.
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6.1 | CONCLUSIONS

Two joint models have been proposed for joint modelling of longitudinal and time-
to-event data. These models differ by the causal pathway of the treatment. We
have shown that it is possible to create a group sequential trial based on each of
these joint models and through simulation, we have shown the benefits of these
approaches.

Joint model 1 has a single treatment effect that acts directly on the survival
endpoint and this model is motivated by literature. The conditional score method
is used to find a treatment effect estimate for this model and we have displayed new
theoretical results for the distribution of the sequence of treatment effect estimates
M, -..,Nx found using the conditional score method in a group sequential trial.
Although the canonical joint distribution for the sequence 7y, ..., Nx does not hold,
we show that it is sensible and practical to proceed assuming that the canonical
joint distribution holds anyway. In particular, we have proven that by assuming
the canonical joint distribution holds, and using a non-binding futility boundary,
the trial is conservative with respect to type 1 error rates. We believe this non-
binding case is popular in practice and also presents good evidence that the trial
with a binding futility boundary preserves type 1 error conservatively. Finally, using
simulation studies we have seen that the deviations from planned type 1 error « are
minimal.

Section 4.5 displays the results for this joint model. We show that by including
the longitudinal data, compared to the case where the longitudinal data is observed
but left out of the analysis, we can greatly improve the efficiency of the trial with
respect to sample size. In some cases, 1.67 times as many patients are required to
achieve the same power in the analysis where the longitudinal data is left out. These
results are seen in both the fixed sample trial and the group sequential trial.

Other benefits for using this joint model are:

e No distributional assumptions are required for the random effects of the

longitudinal data.
e The conditional score method is computationally efficient.

The US Food and Drug Administration (2019) encourages the identification of
covariates expected to have an important influence on the primary outcome and
also discuss accounting for these covariates in the analysis. This motivates the
use of Joint model 2. This model includes a treatment effect acting upon the

longitudinal data and a second treatment effect acting directly on the survival
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endpoint. Therefore, we have adjusted for any confounding that may occur. The
need for two treatment effects motivates use of the Restricted Mean Survival Time
(RMST) as a test statistic and we have proven that the canonical joint distribution
holds for the sequence of RMST differences A(t*; 6,), ..., A(t*; ) obtained at the
interim analyses of a group sequential trial. We have shown that the parametric
RMST estimate is favourable since there could be a penalty for using the Kaplan-
Meier RMST estimate, that is, a large sample size and/or long study duration are
required for many choices of ¢*.

In Section 5.4 we have shown comparative results for fixed versus group sequential
trials using this joint model. The benefits of GSTs for this simulation study were
overwhelming, with the GST stopping roughly 1.5 years early in all cases. Further,
the number of hospital visits per patient and average follow-up time per patient are
dramatically reduced for the GST compared with the fixed sample trial.

A decision between the methods of Chapters 4 and 5 should be primarily based
on the beliefs about the model. Suppose that we truly expect the biomarker to be
influenced by treatment, then the RMST analysis of Chapter 5 should be used to
analyse the data. It is not possible to use the conditional score analysis of Chapter
4 in this case because we cannot include the treatment effect on the biomarker
in the hypothesis test. However, there are advantages to the conditional score
method. Most notably, the conditional score estimator is semi-parametric and there
is no requirement to specify the baseline hazard function. Therefore by using the
conditional score method, we can avoid the complications of parameter identifiability
that arise as a result of specifying knot points in the baseline hazard function and
the design of the trial is made simpler. Further, when using the conditional score
method, we do not need to specify the distribution of the random effects. Therefore,
if we believe that the effect of treatment on the biomarker is small or zero, then the

conditional score method is the preferred analysis choice.

6.2 | FURTHER WORK

The findings of this thesis present many avenues for further research. The first
is to consider different types of group sequential boundaries. Suppose that the
drug regulatory agencies are not convinced by the proposed joint model and are
not confident to use this model for the efficacy analysis; they request that the log-
rank statistic be used to define the efficacy upper boundary by, ..., bx. However, the
investigator has particular interest in using the joint model to define the futility lower

boundary aq,...,ax. To calculate this set of boundary points, we must therefore
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determine the joint distribution of the log-rank statistic and the statistic from the
joint model () for joint model 1 and A(¢*; ) for joint model 2). Further, it may be
of interest to the investigator to consider a non-binding futility function. Interest
then lies in the potential efficiency gain for this clinical trial design.

Royston and Parmar (2013) suggest that during calculation of the RMST
estimate, extrapolation of parameter estimates should be avoided. Taking this
into account, in Section 5.3.1 we discuss designing fixed sample clinical trials with
emphasis on avoiding extrapolation. However, this becomes more of a challenge
when designing a group sequential clinical trial, and there is a compromise occurring
between extrapolation and early stopping. In all of our simulations, we have fit the
data to the same model it was simulated from and hence, extrapolation is not an
issue here since all parameter estimates are unbiased. It is of particular interest to
investigate the affect of extrapolating parameter estimates for a misspecified model
and determine a suitable limit for the time between interim analyses 71, ..., 7x and
truncation time ¢*.

Along a similar avenue, we would like to investigate the robustness of the model
when certain aspects are misspecified. We first consider the second joint model which
has the limitation that a baseline hazard function must be specified in advance so
that fully parametric analyses can been performed. We would like to know the
implications of using an incorrect baseline hazard function and if this results in an
inflated type 1 error. In this case, an incorrect baseline hazard function might be as
minor as misspecifying knot points in the piecewise constant baseline hazard function
or it could imply that the entire functional form is wrong. Also, we would like to
know how misspecifying the distribution of the random effects of the longitudinal
data affect the analysis. For example, suppose that we have fitted the data to a
normal distribution but the true underlying distribution for the random effects is a
student-t distribution. How would this affect the overall type 1 error for the trial.
Thus far, we have assumed that the random effects are normally distributed. This
results in computational efficiency as Gauss-Hermite integration can be employed
during calculation of the likelihood function. Some consideration needs to be given
to the computation for a model where random effects are not normally distributed.

The limitations regarding the baseline hazard function and distribution of the
random effects are bypassed when using the conditional score method. However, we
do have the disadvantage that we cannot be sure that the canonical joint distribution
holds for the sequence of treatment effect estimates. In Section 4.4.3 we gave some
evidence showing that the trial is likely to be conservative with respect to type 1

error and we suggest that during planning, a single, large clinical trial should be
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simulated to check that the correlations are in the direction that would give rise
to type 1 error less that or equal to a. That is, we suggest estimating ¥ using a
simulation with 4800 patients then checking that p > p*. The difficulty with this
approach is that we require knowledge of the model parameters before commencing
the trial. Therefore, it is of interest to assess the effects of planning a trial with
parameter values that are incorrect.

Another limitation that is common across the two joint models is that the
biomarker is assumed to follow a linear trajectory. In practice, this is uncommon
since for biomarkers which are made up of count data such as circulating tumour
DNA (Rothwell et al. (2019)), we impose a non-negative constraint. It is therefore
important to assess how well these non-linear functions can be captured by a simple
linear model and whether the conditional score and RMST analyses are robust to
this misspecification. It may then be necessary to develop theory that allows for
generalised linear mixed models for the longitudinal data.

Finally, it is of high interest to apply these methods to a real clinical trial
data set. So far, we have presented results for joint models with simple linear
longitudinal trajectories and a treatment indicator as the only covariate, and we
have described how these models can be generalised to include more complex
trajectories and more covariates. In practice, calculation of the trial statistic may be
computationally expensive and require further consideration. Taylor et al. (2013)
present a joint model for clinical recurrence of prostate tumours, a time-to-event
outcome, and prostate specific antigen (PSA), a longitudinal data measurement.
Using the specified form for the joint model, we could design a group sequential
trial to implement the methods of this thesis. Bikdeli et al. (2017) present a
literature review for 220 surrogate endpoint trials within cardiovascular disease.
The primary endpoint for each of these trials was a time-to-event outcome, at least
42 trials used longitudinal data as a surrogate endpoint and these trials frequently
show superiority of the treatment intervention. This indicates a need for including
biomarker observations when available in time-to-event clinical trials. Further,
under the joint modelling framework, there is no loss for collecting time-to-event
observations for inclusion in the joint model compared to only collecting biomarker

observations and performing a surrogate endpoint clinical trial.
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