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Extremal Kahler metrics
and separable toric geometries

Roland Pucéek



Abstract

In this thesis we unify and find new, and recover all known, explicit local examples
of extremal toric Kéhler metrics and describe how to compactify them. To do so,
we define explicitly a class of toric geometries of Sasaki type with toric Kahler quo-
tients, both called separable geometries, using factorization structures. We conjecture
factorization structures to be decomposable in which case we find their explicit de-
scription to be of Segre-Veronese type. A compatible factorization structure gives rise
to separable coordinates on the image of the momentum map of a given separable ge-
ometry. In such coordinates the extremality equation for separable Kéahler geometries
becomes a functional system of ODEs which, in our case, is a system obtained from
a generalisation of the method for separation of variables for PDEs. We derive neces-
sary conditions for its solutions and find a complete set of solutions in the case of the
product Segre-Veronese factorization structure with a decomposable Sasaki structure.
We use generalised equipoised condition for extremal affine functions to geometrically
characterise some compactifications of such extremal metrics.
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Chapter 1

Introduction

This thesis concerns the construction of explicit toric extremal Kéahler metrics on com-
pact manifolds and orbifolds. Extremal metrics were originally defined by Calabi in
[22, 23] as critical points of the L?-norm of the scalar curvature as a functional on
Kahler metrics corresponding to a fixed second cohomology class. The correspond-
ing Euler-Lagrange equations, called the extremality equation, express that a met-
ric g is extremal if and only if the symplectic gradient of its scalar curvature is a
Killing vector field. This is a challenging-to-solve PDE for which no general methods
are available. However, there is a formal picture due to Yau, Tian and Donaldson
521 B0, 29, 241, [47, (3|, 17, B3, 46} 51, 25 26] motivated by geometric invariant theory
that suggests the existence of extremal Kéahler metrics is equivalent to a stability con-
dition, called K-stability. To formulate and test such a conjecture it is valuable to have
explicit examples where the extremality and stability can be verified directly.

The known explicit examples of extremal Kéahler metrics are either Calabi type
or toric. The Calabi type examples were introduced by Calabi as examples on CP!-
bundles and studied further in [I3] 41} 15], 142} 43 [8, [7]. Toric geometries, geometries
carrying an action of a torus of maximal dimension preserving all geometric struc-
tures, are a standard class of explicit examples in algebraic and differential geometry.
We adopt differential-geometric approach and focus on sympelctic/Kéhler and con-
tact /CR/Sasaki geometries. A toric symplectic geometry is a compact connected sym-
plectic geometry M (i.e. a manifold or orbifold) together with an effective hamiltonian
action of a torus of dimension %dim(M ). In momentum-angle coordinates, a compati-
ble Kéahler metric is given by the hessian of a function, called symplectic potential, on
the image of the momentum map [37, 136l 38]. Despite toric symmetries the extremality
equation remains a non-linear 4th order PDE in the symplectic potential 3], 2, [1J.

The idea of separable toric geometry is to assume that the metric is given by
unknown functions of one variable so that the extremality equation reduces into a
functional system of ODEs. By this we mean a system obtained from a PDE system
by an Ansatz in which the unknown functions are expressed in terms of functions of
one variable. It is thus a generalization of the method of separation of variables for
PDEs. A class of separable toric examples, called orthotoric, was found in [11], [6l, 12,
10] which were motivated by the work on Bochner-Kéahler metrics in [2I] and by the
previous work on weakly self-dual Kahler surfaces [5]. Another class of separable toric



geometries, called ambitoric, was studied in [8 [7]. The second of these papers made
two observations which are important for this thesis. First a notion of factorization
structures was proposed to provide a common framework for ambitoric and orthotoric
geometries. Secondly, different ambitoric geometries were observed to be quotients of
a CR geometry with respect to different Sasaki structures.

Sasaki geometry is an odd-dimensional analogue of Kahler geometry. The notion of
extremal metric can be transferred to Sasaki geometry and is studied in [19, 49, 27, [0}
14]. A Sasaki geometry N of dimension 2m + 1 is in particular a CR geometry, which
is a contact geometry with a compatible complex structure on the contact distribution.
It comes also equipped with a Sasaki-Reeb vector field which turns the corresponding
quotient (if it is a manifold or orbifold) into a Kahler geometry. In the toric case, the
image of contact momentum map was shown to be a convex polyhedral cone in h* (see
[44]) which we regard as a projective polytope in P(h*), where b is the Lie algebra of the
torus acting upon the geometry N and dim(h) = m + 1. Furthermore, the intersection
of the projective polytope with the affine chart determined by a Sasaki-Reeb vector
field Xg, B € b, is the image of the momentum map of the quotient of the toric N by
X3 (being a toric Kéhler geometry). The idea of studying separable toric geometries
as quotient Kéhler metrics of CR geometries in [7] was further explored in [4] and this
is the approach we will take in this thesis.

Since the momentum map of a toric contact geometry is P(h*)-valued, the idea of
factorization structures is to introduce coordinates on an open subset U of P(h*) such
that a coordinate hypersurface (i.e. whenever one of the coordinates is fixed) is the
intersection of U with a hyperplane in P(h*). Motived by [8], [7, 4] these coordinates
are introduced via a rational map P(Vi) x --- x P(V},) --» P(h*), dim(V;) = 2 for
j=1,...,m. For the coordinate hypersurfaces to be hyperplanes, the rational map is
constructed by composing the Segre embedding,

S:PWV) X xP(Vy) 2 PV1® - @ V)
([1]y- -y [vm]) = [11 @ -+ - @ U],

with a projective map P(V1 @ --- ®@ V},,) --» P(h*).
Having described the context of this thesis I will now detail the structure and results.

Chapter 2 surveys the background material used throughout this thesis on extremal
Kahler metrics, Sasaki-Kéahler correspondence and its toric counterparts. It also in-
cludes a remark on Schubert varieties which will be used in chapter 3.

The first main results appear in chapter 3 where factorization structures are studied
in detail. They are defined via a linear injection ¢ : h — Vi*®---@V* dim(h) = m+1,
such that P(p7) is the projective map above. A complete classification of factoriza-
tion structures is at the moment out of reach, but we obtain detailed information on
factorization structures and a partial classification which includes all previously known
examples. A key ingredient is the observation that the coordinate hyperplane condi-
tion gives rise to maps [¢;] : P(V;) — P(h), j = 1,...,m, which we call factorization



curves. These curves have a degree dj, with 1 < d; < m. A factorization curve [¢;] of
degree d; is said to be decomposable if the number of curves with the same image as
[¢;] is dj. We conjecture all factorization curves are decomposable. We prove that if
all factorization curves in a given factorization structure are decomposable, then, up
to isomorphism, it is of Segre-Veronese type, i.e. there exists k > 1 and dy,...,dy
positive integers such that for all ¢ € {1,...,k} there exists 1-dimensional subspace
(I;) C ®§;l S4bWW such that
7

k
p(b) = > ins; (SHW; @ (Ty)), (1.0.1)

i=1

where ins; linearly inserts the first d; slots of the tensor product into the missing slots
of T';, and S% W represents the d;th symmetric power of the dual of a 2-dimensional
vector space Wy, i = 1,..., k. After establishing notions of a product, quotient and
isomorphism of factorization structures we describe in detail the behaviour of degree
in relation to quotient factorization structures. In particular, we show that any top
degree factorization curve is decomposable and determines the underlying factorization
structure to be of Veronese type, a special case of Segre-Veronese family, isomorphic
with ¢ : S™W* — (W*)®™ dim(W*) = 2.

Chapter 4 demonstrates the effectiveness of factorization structures by deriving a
functional system of ODEs equivalent to the extremality equation, giving necessary
conditions for its solutions, and by finding new explicit examples generalising all pre-
viously known cases. We also explicitly describe their scalar curvature in terms of
momentum coordinates.

A factorization structure determines a contact and CR geometry, and a family of
Kéhler geometries with separable coordinates as follows. A toric contact (2m + 1)-
geometry N with momentum map [u] : N — P(h*) is separable if there exist coor-
dinates, called separable, [z;] : N — P(V;), dim(V;) = 2, j = 1,...,m, such that
1] = P(eT)[21® - ® 2], where p : h — V¥ @ --- ® V% is a linear map. This is well-
defined if and only if ¢ is a factorization structure. It is remarkable that the curves
arising from the definition of factorization structure are precisely what is needed to
define a compatible CR structure J on N using functions of one variable. It is given
by

()

Tdrlp = Aj(z;)

dx; ‘D’
j=1

where 7: N — h/27A are the angle coordinates, D is the contact distribution given by
the kernel of the one form (u,dr), and, in an affine chart on P(V;), j = 1,...,m, x;
is a separable coordinate, A; is a function of one variable, 1, is an h-valued function
associated with the factorization curve [¢);], and p is similarly related to [p].

A family of (explicit) separable toric Kéhler geometries corresponding to a fixed
factorization structure is obtained as quotients of N by different Sasaki-Reeb vector



fields. In particular, these Kahler metrics are given by unknown functions A; of one
variable. For example, when m = 2, the family corresponding to the Segre factorization
structure,

Viel)+T)eVy = Vi ely,

consists of toric Kéhler products, toric Calabi geometries and negative orthotoric ge-
ometries, while regular ambitoric structures correspond to the Veronese factorization
structure,

SPW* = W* @ W*.

In addition, these are the only factorization structures up to an isomorphism when
m = 2 (see [7]). In general, Segre and Veronese factorization structures correspond
to twisted toric product ansatz and twisted orthotoric geometries, respectively, both
studied in [4]. These examples contain all known explicit extremal toric K&hler metrics.

In this chapter we mostly work with the decomposable Segre-Veronese factorization
structure (i.e. the tensors I';, i = 1,..., k, from are decomposable) whose special
case is the product Segre-Veronese factorization structure, a common generalisation of
factorization structures of Segre and Veronese type. It is called the product Segre-
Veronese factorization structure because the simplest examples of the corresponding
family of Kéhler metrics are products of orthotoric geometries.

We exploit separable coordinates to the fullest by formulating the extremality equa-
tion for the class of separable toric Kahler geometries corresponding to a general Segre-
Veronese factorization structure. To do so we calculate the Laplace and scalar curvature
of such geometries which reveal the extremality equation to be a functional system of
ODEs . Then we derive necessary conditions on its solutions A; in terms of
ODEs. In the case of the decomposable Segre-Veronese factorization structure, the
ODEs are straightforward to solve yielding polynomial or rational functions as their
solutions depending on the factorization structure. In particular, we use the generalised
Vandermonde identities to show that these necessary conditions are also sufficient in
the important case of the product Segre-Veronese factorization structure with Sasaki
structure

o(B) = ins; <(a, D)% (1,0)® - @ (1, 0)) , (1.0.2)

and we speculate that similar techniques can be used even in more generality. In this
case, solutions are

Air(zir) = poli(xir) + (a + bmiT)m+1(u?T + uilrx”), r=1,...,d;, i=1,...,k

with the natural indexing related to the number k of factorization curves and degrees

d;, where v} 12 € R are arbitrary, and pol; is an univariate r-independent polynomial

wr? Tar
with degree depending on 4, k,dq,...,d; and b. As a by-product of these computations
we express the scalar curvatures of these geometries in momentum coordinates and find

that they form 4 families, which will be needed in chapter 5.

Chapter 5 outlines a geometrical characterisation of compactifications of Kahler
metrics corresponding to the product Segre-Veronese factorization structure. We adopt

7



an approach from [42], where compactifications are characterised as a class of Delzant
polytopes whose extremal affine functions belong to a particular family, called equipoised.

To describe compactifications we specify their Delzant polytopes under the Delzant
correspondence [28| 45] which associates a compact connected toric symplectic geome-
try to a Delzant polytope and vice versa. A Delzant polytope A in a vector space t* is
defined via affine functions whose differentials are integral vectors in t which represent
normals of the hyperplanes bounding A, and if T is the torus acting on the geometry
corresponding to A, then Lie(T) = t. We note the hyperplanes bounding A, or their
normals, are defined by vectors rather than one-dimensional subspaces, and thus it
makes sense to talk about their scales. In fact, finding compactifications boils down to
finding suitable scales.

The condition for a Kéhler metric to compactify was first computed by Abreu [3]
in terms of a symplectic potential on the polytope A. This condition turns out to be
equivalent to the first order boundary conditions on the inverse hessian of the symplec-
tic potential [I1]. In separable toric geometries this inverse hessian is determined by
functions A; of one variable which define the geometry. We compute these first order
boundary conditions on A; explicitly. It follows that the polytope A is compatible in
the sense that it is the image of the m-cube in separable coordinates and has at most
2m facets. It remains to study the case in which the geometry is extremal, i.e. Ajs
solve the extremality equation. We do this in the case of geometries of the product
Segre-Veronese type where we have an explicit description of A;s as polynomials. We
derive that the boundary conditions form an over-determined system, call it (B), in
coeflicients of the polynomials A;. with the right hand side consisting of inverse scales
of normals of a Delzant polytope where it compactifies. This places conditions on scales
and thus determines what Delzant polytopes can occur as compactifications.

Any Delzant polytope A has a unique extremal affine function which agrees with the
scalar curvature of the corresponding geometry, if the metric is extremal (see [30]). In
such case, the extremal affine function is also the L2-projection of the scalar curvature
into the space of affine functions on A, and thus satisfies a system (E) of linear equations
expressing this fact. If boundary conditions (B) are satisfied on a Delzant polytope A
for an extremal geometry given by A;,, then A;. determine the scalar curvature which
is also the extremal affine function of A and thus satisfy (E).

In the case when ¢(3) is as in and (B) and (E) have both full ranks, we
show that compactifications can be described as Delzant polytopes with a particularly
shaped extremal affine functions which generalises the equipoised condition from [42].
There are four families of such extremal affine functions depending on a particular
choice of the product Segre-Veronese factorization structure and Sasaki structure: the
number of factorization curves is either one or more than one, and either b=0or b # 0
in ((1.0.2). Furthermore, we explicitly describe the system (B) in the case when the
factorization structure has more than one factorization curve.



Chapter 2

Background

In this chapter we recapitulate background material used throughout this thesis. We
start with recalling standard facts from Kéahler, CR and Sasaki geometry on manifolds
(see [18], 19]) and define extremal metrics (see [22, 23]). A generalisation of these con-
structs from manifolds to orbifolds, which shall be used later in this text, can be found
n [19]. Then, we recall how the presence of a maximal torus action fits into this frame-
work, e.g. momentum-angle coordinates, Delzant construction and compactification,
and their relation to affine and projective geometry. At the end of this chapter we
prepare a lemma for later use which shows that certain sets arising in the theory of
factorization structures are Schubert varieties (see [31]).

2.1 (Toric) Kahler and (toric) Sasaki geometry

2.1.1 Kahler geometry. Kahler manifolds are smooth manifolds equipped with an
integrable complex structure, symplectic form and Riemannian metric in a compatible
way which makes their theory rich and interesting.

Definition 2.1.1. A Kdahler manifold is a real manifold M equipped with an integrable
almost complex structure J and a Hermitian metric g, i.e. a Riemannian metric g such
that g(JX,JY) = g(X,Y) for any vector fields X,Y on M, for which the associated
Kahler form w defined by w(X,Y) = g(JX,Y) is closed.

Among almost direct consequences of this definition are properties such as dimg (M)
is even, say 2m, w is a symplectic form, and the Riemannian volume form is given by
/\;Z,“’ . Standard references on Kéhler geometry and extremal metrics include [40, 34,
18, 35, [48].

As the Kéhler form w is a closed 2-form it defines the cohomology class [w] €
H?(M,R). For a fixed J, the set 2 of all J-compatible symplectic forms belonging to
[w] is called the Kdhler class. By definition each w € € has its associated metric g
via J, and we can ask if there is a notion of preferred /canonical metric within Q. One

approach is via

Definition 2.1.2. Let M be a compact Kéahler 2m-manifold and 2 the corresponding



Kahler class. An extremal metric on M in §2 is a critical point of the functional

Cal(w) = /M Scal(g)? A™ w, (2.1.1)

for w € Q, where g is the Kdhler metric associated to w. This functional is called the
Calabi functional.

This definition was introduced by Calabi in [22] and can be equivalently described
via its Euler-Lagrange equation: a metric g is extremal if and only if the scalar curvature
Scal(g) is a Killing potential, i.e. the vector field Jgrad,Scal(g) is a Killing vector field
for g.

In order to calculate Scal(g) we shall use the Laplace operator. Thanks to Kahler
identities the Laplace operator for functions on a Kéahler manifold takes the form

Af = —(wF, dJdf) (2.1.2)

where d is the exterior differential and J is the extension of the complex structure
to one-forms defined by (Ja)(X) = —a(JX), and (—,—) is the natural contraction.
Furthermore, for w! we have

wh= -t (2.1.3)
Indeed, for dual frames (¢*) and (e,), (€%, ep) = 6;, we calculate

wﬁ — wab(ea)ﬁ ® (eb)ﬁ — wab(g_l)arer ® (g—l)bses
= Jhaw(g ) (g ) er®es=Ji (g7 ) er D e = —w L. (2.1.4)

Analogously to the definition of Kéahler form we define the Ricci form p by
p(X,)Y)=r(JX,Y), (2.1.5)
where 7 is the Ricci curvature and X, Y are smooth vector fields on M. We infer
Scal(g) = (W*, p) (2.1.6)

Lemma 2.1.1. A local expression for the Ricci form p is
1 2
p= _idjd In|l|*, (2.1.7)

where In stands for the natural logarithm, | is a section of the anti-canonical line bun-
dle N™(TM,J), and |I|* denotes the squared morm of | with respect to the induced
Hermitian metric from the metric g on T M.

The expression —%ln|l|2 is called the Ricci potential. In a neighbourhood of a point
on a Kahler manifold we have holomorphic coordinate system z1, ..., 2, in which the
corresponding holomorphic volume takes form vo = [['""; $dz, A dz, and relates to the

10



Riemannian volume form v, by
vg =20z A -+ A D, [Pvo, (2.1.8)

where 0,, A --- A0, is a nowhere vanishing holomorphic section of the anticanonical
bundle. Thus

1 Vg
= —— —=. 2.1.
P 2de lnvo (2.1.9)

Finally, (2.1.9) and (2.1.2)) give

Yy

Scal(g) = %A In (2.1.10)

Vo

2.1.2 Sasaki geometry. Sasaki geometry is considered to be an odd-dimensional
analogue of Kahler geometry. We shall use it to realise some Kéhler manifolds as
quotients of a given Sasaki manifold.

We start with a (2m + 1)-manifold N equipped with a corank 1 distribution D
and denote np : TN — T'N/D the natural projection. We define the Levi form Lp :
DxD —TN/D by Lp(X,Y) = —np([X,Y]]). If Lp is non-degenerate, then (N, D)
is called a contact geometry. A contact vector field is a vector field X such that
Lx(C>®(N,D)) C C*(N,D). By [4] we have

Lemma 2.1.2. The map X — np(X) from contact vector fields to sections of TN/D is
a linear isomorphism, whose inverse { — X¢ is a first order linear differential operator.

As contact vector fields form a Lie algebra we may use the isomorphism from this
lemma to make sections of T'N/D into a contact Lie algebra con(N,D) with the Lie
bracket defined by [, x| = np([X¢, Xy]).

The next ingredient in Sasaki geometry is a CR structure. A CR structure on
(N, D) is a complex structure J on D such that the subbundle {X € D®C | JX =iX}
is closed under Lie bracket and Lp is J-Hermitian. Contact vector fields which preserve
a CR structure J form a Lie subalgebra

ct(N,D,J) ={§ € con(N,D) | Lx.J = 0} (2.1.11)

of con(N, D). If a CR structure J is strictly pseudo-convez, i.e. Lp(—,J—) is a definite
fibre-wise metric on D, then TN/D is orientable. We choose the orientation of TN/D
so that positive sections x are those for which x'Lp(—, J—) is positive definite. We
let cony (N, D) C con(N, D) be the open cone of positive sections x of T'N/D.

Definition 2.1.3. Let (N, D, J) be a strictly pseudo-convex CR manifold. Then the
Sasaki cone of (N,D,J) is cty (N, D,J) = ct(N,D, J) Ncony (N, D). If cty (N, D, J) is
nonempty then (N, D, J) is said to be of Sasaki type, an element x € cvy (N, D, J) is
called a Sasaki structure on (N, D, J), with Sasaki-Reeb vector field Xy, and (N, D, J, x)
is called a Sasaki manifold. We say x is quasi-regular if the flow of X, generated an
S! action on N, and moreover regular if this action is free.

11



The main use of Sasaki geometry appearing in this text is as follows. First observe
Lp = dnp|p. A choice of x € cony (N, D) provides us with a contact form 7, charac-
terised by 7, (Xy) = 1, where 7, = X 'np. In a neighbourhood U of any point in N
the leaf space M of the flow of X is a Kahler manifold with the symplectic form w
given by m*w = dn,, and the complex structure J transferred via D|y = 7*T M, where
7 :U — M. If x is (quasi-)regular, then N is a principal S'-bundle (or orbibundle)
7w : N — M over a Kéhler manifold (or orbifold) M.

This process can be inverted. For any Kéahler manifold (M,w,J,g) such that
[w/27] € H*(M,Z) there exists S!-principal bundle 7 : N — M with a connection
form 7 such that dn = 7*w. This bundle yields a Sasakian manifold (N, D, J, X), where
D := Kern, J is the pullback of J to D = #*T'M, and x is the image in TN/D of the
generator X, of the S Laction.

2.1.3 Toric sympectric/Ké&hler geometry. Let (M,w) be a symplectic manifold,
i.e. w is nondegenerate and closed 2-form, and let the torus T* act effectively on (M, w),
i.e. the action preserves w and the only element of T* which acts as idy is the identity
of T*. Recall that for any vector a in the Lie algebra t of T* there is a fundamental
vector field X, on M given by

Xq(x) exp(ta) - x), (2.1.12)

= tlio§
where - represents the action. We say that the action is hamiltonian if there is a T*-

invariant smooth map uas : M — t*, called a momentum map for the action, such
that

d{ppr,a) = —ix,w Vact. (2.1.13)

Definition 2.1.4. A toric symplectic manifold is a compact connected symplectic
manifold (M, w) together with an effective Hamiltonian action p of the torus T™, where
2m = dimM.

Two toric symplectic manifolds (M;,w;, T;, p;), ¢ = 1,2, are isomorphic if there exist
a Lie-group isomorphism ¢ : T; — Ty and a diffeomorphism ® : M; — My with
®*w9 = wyq such that

M, p1(g) M,

q{ i‘f’
M, ol M,

commutes for every g € Tj.

The image of the momentum map of a toric symplectic geometry is a compact
convex polytope, called the rational/integral Delzant polytope (see [38| 36} 37, [16]) as
described in

12



Definition 2.1.5. Let t be an m-dimensional real vector space. Then a rational Delzant
polytope (A, A, Lq,...,L,) in t* is a compact convex polytope A C t* equipped with

normals u;, j = 1,...,n, belonging to a lattice A C t such that
A={zxet'|Lj(x)>0, j=1,...,n} (2.1.14)
L](:E) = <u]‘,33> + )\j (2.1.15)

for some A1,..., A, € R, and such that for any vertex € A, the u; with L;(z) =0
form a basis for t. If the normals form a basis for A at each vertex, then A is said to
be integral.

The natural action of the affine group Aff(t*) provides the notion of isomorphism of
rational (integral) Delzant polytopes.

The rational Delzant theorem [28| [37] states that, up to an isomorphism, toric
symplectic orbifolds are classified by rational Delzant polytopes (with manifolds cor-
responding to integral Delzant polytopes). Given such a polytope, (M, w) is obtained
as a symplectic quotient of C™ by an (n — m)-dimensional subgroup G of the standard
n-torus (S1)" = R"/27Z": G is the kernel of the map (S')" — T™ = t/27A induced
by the map (x1,...,2,) — Z;‘L:1 zju; from R™ to t, and the momentum level for the
symplectic quotient is the image of (A1,...,A,) € (R™)* in Lie(G)* under the transpose
of the natural inclusion Lie(G) < R = Lie((S1)").

Complementary coordinates to the momentum map are angle coordinates which
arise from the extension of the T™-action on a symplectic toric manifold to the holo-
morphic action of the algebraic torus T = (C*)™ by choosing a compatible Kéhler
metric. Fixing a point py € M? we can identify M° with the orbit T(pg) = (C*)™ and
using polar coordinates (r;,t;) on each C* we get the angle coordinates

t=(tr,... tm): M® = T™, (2.1.16)

where M% C M is the open dense subset where the T™-action is free (for transformation
groups see [20]).

On M° = /A]T/Il (A% (see [28]), A being the interior of A, compatible Kiihler metrics
on toric symplectic orbifolds have an explicit description in momentum-angle coordi-
nates due to [38, 36, 37]. In these coordinates we have

w = (dup A dt). (2.1.17)

Furthermore, they identify each tangent space with t* @ t, and so any T"-invariant
w-compatible Kahler metric is given by

g = (duns, G, duar) + (dt, H, db), (2.1.18)

where G is a positive definite S?t-valued function on A% H is its inverse in S?t*, and
(—, —, —) denotes the pointwise contraction t* x S%t x t* — R or the dual contraction.
The corresponding complex structure is given by

Jdt = —(G, dpys) (2.1.19)
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and it follows that .J is integrable if and only if G is the hessian of a function on A°.
In order to understand how a Kihler metric compactifies from M to M we have

Theorem 2.1.3 ([11]). Let (M,w) be a compact toric symplectic 2m-manifold or orb-
ifold with momentum map ppr : M — A C t* and H be a positive definite S*t*-valued
function on A°. Then H comes from a T-invariant, w-compatible Kihler metric via
(2.1.18) if and only if it satisfies the following conditions:

e [smoothness] H is the restriction to A° of a smooth S*t*-valued function on A;

e [boundary values| for any point y on the codimension one face Fj C A with
inward normal uj, we have

H,(uj,—)=0 and (dH)y(uj, u;) = 2uy;, (2.1.20)
where the differential dH is viewed as a smooth S*t* ® t-valued function on A;

e [positivity] for any point y in interior of a face F C A, H,(—,—) is positive
definite when viewed as a smooth function with values in S*(t/tr)*, where tp C t
is the vector subspace spanned by the normals u; € t to all codimension one faces
of A containing F.

Recall that a metric g is extremal iff Jgrad,Scal(g) is a Killing vector field, and note
grad,,Scal(g) = Jgrad Scal(g). In the toric case, Scal(g) is torus invariant, and thus
its symplectic gradient commutes with the Killing vector fields from the torus action.
However the torus is maximal and hence the symplectic gradient is in their span.
Note that the definition of the momentum map shows that these Killing vector fields
are symplectic gradients of momentum coordinates. Thus the extremality equation for
toric Kahler geometry says that Scal(g) is affine linear function of p5;. This affine linear
function is an important intrinsic characteristic of a Delzant polytope as explained in

Proposition 2.1.1. Suppose A is a Delzant polytope. Then, there exists a unique
affine linear function (A on t*, called the extremal affine function of A, such that for
any affine linear function f

2/ fdo —/ (afdv =0, (2.1.21)
A A
where dv = duy A -+ N dpy, is the standard Lebesque measure on t*, and do is the
measure induced on each facet F; C OA by dL; N do = —dv. Furthermore, if g is
extremal, i.e. satisfies

Seallg) = s = {iuar,€) + Co (2.1.22)

then the affine linear function s must be equal to (.

Remark 2.1.1. Observe that by introducing py = 1, we have {a = {(uo, tar), (Co, €))-
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Equivalently, (a is the L?(A, dv)-projection of Scal(g) (see [42]). Thus, it is the

unique solution ¢ = ({p, ..., (mn) of the linear system
W¢=2 (2.1.23)
with ~ W;; = / (ear)i(par)jdv and  Z; = 2/ (ar)ido, (2.1.24)
A 0A

where we have Z; = [, Scal(g)(pnr)idv = 2 [ (piar)ido.

2.1.4 Toric contact geometry. Let (N,D,h/27A) be a (2m + 1)-dimensional con-
tact manifold with the action of (m + 1)-dimensional torus T™*! = h/27A which
preserves the contact structure, i.e. N is toric contact manifold and each element of
h acts as a contact vector field. As before, we have angle coordinates 7 : N0 — T™ !
satisfying (d7)(a@) = a € b, where N° C N is the open dense subset where the action is
free.

We assume that the tautological bundle homomorphism

N x b — TN/D

(p,a) = & (p) (2.1.25)

is surjective, and define the momentum section p: N — b* @ (TN/D) by (a, u(p)) =
&q(p) for each a € hand p € N. Using the transpose of we define the momentum
map [p] : N — P(h*) by [u](p) being the image of (T'N/D), in h*. Hence [u]*Op«(—1) =
(I'N/D)* and if z : P(h*) — h*®@Op= (1) denotes the tautological section, then under the
isomorphism []*Oy+ (1) = T'N/D we have p = [uu]*z, where Oy« (—1) is the tautological
line bundle over P(h*) and Oy« (1) := O+ (—1)*.

Any non-zero 5 € h determines an affine chart

A={veb* | (B,0) =1} = P(h") (2.1.26)

and (B, z) restricts to a trivialisation of Oh*(1)|U on any open subset U C P(h*) of the

image of A. Thus we have ﬁ :U — A and (0, dﬁ> =0, ie.

z

(8,2)

is the trivialisation of TU in this affine chart. In this setting, b can be naturally
identified with the space of affine function on U: v € b defines the affine function
z

v, =) Wi corresponding to the constant function 1. The duali = rovide
(v, ;772y) with 3 ponding to th tant function 1. The duality t* = 8° provided
by the short exact sequence

d :TU - U ® B°, where %= {vebh* | (B,v) =0}, (2.1.27)

0 — span{8} — b NP (2.1.28)

identifies t with T7U for any p € U, while the quotient map § sends an affine function
to (the constant value of) its derivative.
The momentum map [u] : N — P(h*) takes values in the affine chart determined by
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B if and only if {3 € con(N, D) is a non-vanishing section of TN/D. From the definition
of momentum section, for a € h we have

nD(Xa) =& = <a7:u> = <(d7—)(Xa)aN>7 (2'1'29)
which implies
no = (p,dr), (2.1.30)

since complementary vector field satisfy (2.1.29)) trivially. Hence, in the trivialisation
provided by 3 we get

A S T S 1.
"ﬁ‘<<u,ﬁ>’d> . B) (2.1.31)

where we write 7z instead of 7, g). Using Cartan’s magic identity it is straightforward
to observe that dng is X g-basic, and thus descends to the quotient Mg of IV by the vector
field X3 where it plays a role of symplectic form wg. We claim that the momentum
map g for Mpg is given by

7
= 2.1.32
H0 = T B) (21.32)
Indeed for a € t we have
1
d{ug,a) =d G ) = —Lx,W 2.1.33
(e0) = 5500) = 1. (2.1.33)

We showed that (Mg, wg) is a toric symplectic geometry with the momentum map pg
given by which also shows that its image, being a Delzant polytope, is the affine
slice of the image of u, considered as a projectivisation of a convex polyhedral cone (see
[44]), by the affine chart given by . In the case of a toric geometry of Sasaki type we
obtain toric Kéhler metrics by the construction described below [Definition 2.1.3| with
relations between momentum maps and their images as in the contact-symplectic case
above.

2.2 Schubert variety

In this section we show that sets Uy , which arise in the theory of factorization
structures investigated in the next chapter, are Zariski-closed. A convenient way how
to prove this is to show that these are Schubert varieties.

We denote Gr(k, V') the Grassmannian of k-dimensional subspaces of an n-dimensional
vector space V equipped with Zariski topology, and V a complete flag in V, i.e. a nested
sequence of subspaces

OckhcCc---CF,1CF,=V (2.2.1)

with dimF; = i. We define the Schubert variety ¥,()) indexed by a sequence of integers
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a=(ay,...,a;) with
n—k>a >ay--->a, >0 (2.2.2)
to be the Zariski-closed set
Y.V)={A e Gr(k,V) | dim(Fy_fti—q, "A)>1i for i=1,...,k}. (2.2.3)

Lemma 2.2.1. Forn > 3 suppose 1 <k <n,1<s<mn, and 1 <d < min{s, k} are
such thatn —k+d—s>0. If S CV is an s-dimensional subspace then the set

Up={A € Gr(k,V) | dim(SNA) > d} (2.2.4)

is the Schubert variety ¥q(V), where a; = -+ = ag = n—k+d—s, aj = 0 for
j=d+1,....k, and V is an arbitrary complete flag in V such that F,_p1q—q, = S.
In particular, Uy is Zariski-closed.

Proof. First, note if s = 1, then d = 1 and the process described below becomes trivial
up to a point where the completion V is chosen.

If (2.2.4) is to be a Schubert variety, then (2.2.3) forces S = F,,_jt4—q, which

implies
s = dim(S) = dim(Fy,—k4d—a,) =n—k+d —aq. (2.2.5)

We extend S into a complete flag V in V' so that U; becomes a Schubert variety ¥,())
for some a.

Observe that for every hyperplane H in S and every A € Uy we have dim(HNA) >
d — 1. Thus, for any such a fixed hyperplane H we have that U; equals to

{AeGrik, V)| dim(SNA)>d and dim(HNA)>d— 1}. (2.2.6)

To proceed in defining the flag V we set F},_p4+q—1-a, , = H. By taking dimensions
weseen —k+d—1—aq_1 =s— 1 which together with yields ag = aq_1.

We observe once again that for any codimension 1 subspaces G in H the set Uy
equals to

(A €Gr(k, V)| dim(SNA)>d and dim(HNA)>d—1 and dim(GNA) >d—2}.
(2.2.7)

We define F},_;44—2—q, , = G which gives ag = ag—1 = a4—2 and proceed in the similar
way until we obtain a partial flag

OCFHICFC---CFs9=GCFs,_1=HCF,=5CV (2.2.8)
with dimF; = ¢ and ag = - - - = a1. Furthermore, U; coincides with
Ug={A € Gr(k,V) | dim(F,_4_y NA) >i for i=1,...,d} (2.2.9)

as before.
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Now consider an arbitrary completion V :
0OchckhcCc---CFs1=HCF;=SCFs1C---CF,CV (2.2.10)
of (2.2.8)) into a complete flag. If d < k we set a; = 0 for i = d+1,...,k, and then

dim(F,—g+; N A) > i are trivially satisfied. This shows Uy = ¥,(V) for any complete
flag V such that S = Fj,_j44—a,- 0
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Chapter 3

Factorization structures:
Structure theory

The main topic of this chapter are factorization structures. The only place of their
occurrence in the literature is in [7] where were used in dimension 2 to establish what
rational Delzant quadrilaterals arise as compactifications of ambitoric geometries. Here
we analyse them in full generality. To study their structure we introduce quotients.
However, it is not straightforward to show that quotients are factorization structures,
so we define weak factorization structures which are easier to work with. Eventually we
show that weak factorization structures are factorization structures. First indications of
this phenomenon can be seen in examples of weak factorization structures we find. All of
them are factorization structures and include a crucial class of model examples called
Segre-Veronese factorization structures. The first examples of (weak) factorization
structures occur in dimension 2. In fact, there are two isomorphism classes of these,
called Segre and Veronese factorization structures, as it was found in [7]. Further
exploration of examples motivates notions of quotient and product of weak factorization
structures. The quotient construction together with an inductive argument with respect
to the dimension of a weak factorization structure, starting from the dimension 2, is
used as a main technique to show that weak factorization structures are factorization
structures.

As described in (Introduction) a factorization structure is, in particular,
a map P(V}) x -+ x P(V},,) — P(h*) from a product of m projective lines to projec-
tive m-space such that a generic coordinate hypersurface is sent onto a hyperplane.
Thus, for each ¢; € P(V;) we get a hyperplane in P(h*) which we represent by its
normal [¢;](¢;) € P(h). This way we obtain factorization curves [¢;] : P(V;) — P(b),
j =1,...,m. These are injective regular maps, have degrees and can be decompos-
able. In particular, factorization curves in factorization structures of Segre-Veronese
type are rational normal curves in subspaces they span in the usual sense of algebraic
geometry. Factorization curves carry substantial information on the underlying factor-
ization structure. For example, once we describe the behaviour of degree in relation
to quotient factorization structures, we prove that a factorization curve of degree m
(top degree) is decomposable and determines the whole factorization structure to be of
Veronese type. In addition, we show that a factorization structure has decomposable
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factorization curves if and only if it is of Segre-Veronese type. This underlines the im-
portance of factorization curves in the study of factorization structures. We conjecture
all factorization curves are decomposable, or equivalently, all factorization structures
are of Segre-Veronese type. We believe the language of factorization curves provides
the right context for this conjecture.

3.1 Definition, examples and some properties

In this section we define (weak) factorization structures, classify them in two dimen-
sions, and explore some examples.

Let m > 2 be an integer and let Vi,...,V}, be real/complex vector spaces with
dimension |Vj| = 2. For a fixed j € {1,...,m} and any 1-dimensional subspace £ C V}
we define

Y=V -V, 10leVii1®--- @V, (3.1.1)

and denote its annihilator in V* := V' ® --- ® V) by E?E. We denote the product

M- V,10Vi1®---®Vy by VJ Furthermore, we shall use the linear operator
ins; 1 V'@V — V* defined on decomposable tensors by

ViQUI® QU1 QU1 ® RUp) P V1O ®Vj—1 QU ®Vj11 ® -+ @ Upy,
(3.1.2)

i.e. ins; inserts the first slot into the missing slot of f/J* For example, Eg.) o= ins; (E? ®

V]*) We consider the projective space P(V}) to be the set of 1-dimensional subspaces
{r, in the vector space V; equipped with Zariski topology. We say a condition holds for
a generic point or generically if there exists an open non-empty subset U C P(V}) such
that for each point in U the condition holds.

Definition 3.1.1. An inclusion (injective linear mapping) ¢ : h — V* of a real/complex
(m 4+ 1)-dimensional vector space h into real/complex V* is called a weak factorization
structure of dimension m if

di(0) = @) NS, > 1 (3.1.3)

holds for every k € {1,...,m} and generic ¢ € P(V}). If dp(¢) = 1 for every k and
generic £, then the weak factorization structure is called a factorization structure. An
isomorphism between two weak factorization structures is the commutative diagram

1 2 > by
or| =
* P18--Qdm * *
Vie eV Wi®- oW,
where ® and ¢; : V" — W are linear isomorphisms for all j € {1,...,m}.
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A factorization structure gives rise to the rational map P(V1) x---xP(V,;,) --» P(h*)
defined by the composition of the Segre embedding,

S:P(WV1) x - xP(Vy,) = P(V)
([va)- s [vm]) = 01 ®@ - @ V], (3.1.4)

and projectivised ¢! : V — h*. Clearly, for any ¢ € P(V;) S maps the coordinate
hyperplane

P(Vi) x -+ x P(Vi—1) X {€} X P(Vigi1) X -+ - X P(Viy) (3.1.5)

onto the projective subspace P(Xj ¢) which is further mapped onto the projective space
P(¢T%)4). As outlined in the Introduction we want P(¢?3x,) to be a hyperplane
so the rational map gives the desired coordinate system on an open subset of P(h*).
Suppose P(p7%} /) is a hyperplane and, for now, denote P(1y(¢)) € P(h) the projective
normal corresponding to it. Then, for their natural contraction we have

0= (" Sk, Vr(0)) = (Zhe, 0 0 Ui (0)), (3.1.6)

and thus o (¢) C Eglﬂgp(h). Now, if Eg’gﬂcp(b) would be more than 1-dimensional,
then the first equality in shows that (,OTEk’g is annihilated by more than 1-
dimensional space and hence it could not be a hyperplane which contradicts assump-
tions. Thus, on an open subset we have ¢ o ¢y (¢) = X9, M p(h). This is how the
description of factorization structures from the Introduction fits [Definition 3.1.1]

Remark 3.1.1. All results of this chapter hold for real and complex (weak) factoriza-
tion structures. Therefore, no distinction between these is made.

Lemma 3.1.1. For m = 2, ¢ : h = V' ® V5 is a weak factorization iff it is a
factorization structure.

Proof. It follows
2> |o(h) N @ V5| =[p(h) NTY ] > 1

for generic ¢; € P(V1). If this intersection were 2-dimensional in two distinct points
(1,0 € P(V1), then two 2-dimensional subspaces £§ ® V5 and (0 ® V5 with the triv-
ial intersection must lie in the three dimensional space ¢(h) which is a contradiction.
Therefore the intersection is two dimensional at most at one point and hence is gener-
ically one dimensional.

The other intersection is similar. O

Example 3.1.1 (m = 2). Two-dimensional factorization structures were classified
in [7]. To recall this classification note that the image of a factorization structure
h — V" ® V5 is the annihilator of an element x € V; ® V5.

If (x) = (71 ® 72) is decomposable, the image of h is Vi ® 19 + 1) @ V", where
’yjo C V" is the annihilator of the 1-dimensional subspace (vy;) C Vj. Clearly, this is a
factorization structure as intersections
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VFon+neVe)nl e Vs
and
Ve +1 V)NV o6

are one dimensional for generic values /1 € P(V1) and /3 € P(V3), and |[V]* @ 1) + ) ®
V5| = 3.

To analyse the case when y is indecomposable let e; and es span Vp, and let f;
and fy span Vo, and let {E', E?} and {F! F?} be the dual bases respectively. ¥,
viewed as a map from V}* to Vs, is invertible and hence, by fixing any area form w =
c(E'®E*—E?*®FE') on V1, c € R*, defines an isomorphism w®@x ! : Vi@Va — Vi@V
Under this isomorphism the image of b is annihilated by span{c(E' ® E' — E? ® E?)}
which can be further transformed by T'® Id into /\2 V', where T' = e1 ® B3 + €2 ® E!
is considered as an automorphism of V|*. This means that the image of h is isomorphic
in the sense of (weak) factorization structures to S?W*, where |W| = 2. Again, this is
a factorization structure as S?W* N’ @ W* and S?W* NW* @ (° are (generically) one
dimensional, and |S?W*| = 3.

By generalising the first of the two examples from above we get
Example 3.1.2 (Segre). Let (I';) C Vj*,j € {1,...,m}, be such that the sum ¢(h) :=
>y ins; (VJ* ® <Fj>> has dimension m+1. The inclusion ¢ : h — V* is a factorization

structure as ¢(h) N E?,Ej = ins; (Z? ® (Fj)) is one dimensional for a generic ¢;. For

example, for each b € {1,...,m} we can choose a 1-dimensional subspace (v) C V'
and define (I';) = (®)",vp). When V} = --- =V}, we can choose (v1) = ... = (Up).
b#j

Similarly, a generalisation of the second example in is

Example 3.1.3 (Veronese). Let W be a 2-dimensional vector space. The natural
inclusion S™W* — @™W™* is a factorization structure. Indeed, |S™W*| = m+1 and for
¢ € P(W) the dimension of S™W* N Egé =@ - @£ is one for any j € {1,--- ,m}.
m-times

For easier description of a position of an element in a tensor product we establish
the following conventions. The position of a term in the tensor product of m elements
is referred to as a slot, e.g. terms a,b and ¢ in @ ® b ® ¢ are in the first, second and
third slot, respectively. For partition of m, m = d; + --- +dj, d; > 1, slots decompose
into k groups with jth group containing d; slots, j € {1,...,k}. Slots belonging to the
jth group are referred to as grouped j-slots. In fact, positions in the tensor product
of m elements can be labelled by pairs (j,7), where j € {1,...,k} and r € {1,...,d;}.
For a partition of m as above and a fixed j € {1,...,k} we define the operator

k k
Ins; + (W))5 & Q)P — QW)
=1 i=1
i#j
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on decomposable tensors by

K
w}@---@ﬂ)?@@(w}@---@wfi)'—>®(w3®---®w§li)

=1 i=1
i#J

and extend it linearly. In other words, Ins; inserts the first d; slots into the missing
slots in the same order. Note that for partition m = 1 + --- + 1 operators Ins; and
ins; agree (see ) We regard Ins; as a generalisation of ins; and from now on
we shall denote both by ins;.

Combining the two examples above we find

Example 3.1.4 (Segre-Veronese). Let di + --- + d;, = m, where d; are positive

natural numbers. Let (I';) C ®f:17T¢j(Wﬁ)®dT, j€{1,...,k}, be such that

k
ins; (de Wr @ <Fj>) (3.1.7)

=1

J

has dimension m + 1. Clearly, the intersections are generically one dimensional, thus

it is a factorization structure. Note that when dy = --- = dp = 1 or £ = 1 we recover
Segre or Veronese factorization structures respectively. To give another special case,
for each b € {1,...,k} we can choose a 1-dimensional subspace (v,) C W;* and define

(ry) = <®§:l (vp)®%). The factorization structure corresponding to these particular

J

I';s is called the product factorization structure because it corresponds to the product

of orthotoric geometries as observed later in the text. More generally, we say that a

Segre-Veronese factorization structure is decomposable if for each j € {1,...,m} we
. k

can write (I';) = <®2;}(v§)®db> for some U;? e Wy.

Example 3.1.5 (Product of (weak) factorization structures). Let ¢ : h —
Vi@ @V and x: g — Wi®- - @ W be (weak) factorization structures, and let
(S) C x(g) and (T) C @(h) be one-dimensional subspaces. An ((S), (T"))-product of
these (weak) factorization structures is defined to be the canonical inclusion

ph) @S+ (T @x(e) = Ve eV eWf e W,

This is a (weak) factorization structure. Indeed, it is an injection of (m + n + 1)-
dimensional vector space into a tensor product of m + n 2-dimensional vector spaces,
and hence dimensions follow [Definition 3.1.1l Furthermore, as each intersection of the
((S), (T)-product with £, < V@ @Vi@Wf - @ Wy for j € {1,...,m+n}
reduces to an intersection with either ¢(h) or x(g), depending on the index j, it is clear
that the ((S), (T'))-product satisfies (3.1.3) of [Definition 3.1.1| or its stronger form in
the case of factorization structures.

For example, the product Segre-Veronese factorization structure can be written as
a product of two factorization structures in multiple ways. Let I C {1,...,k} be a
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non-trivial subset. Then we have decomposition

(stj <de Wr @ ®<vb>®db>> ® X (vp)*" + (3.1.8)

jel bel belc
b7
+ R (vn)*" @ (msj ( > SLWr e ®<vb>®db>> (3.1.9)
bel jele l;gé]?
J

where I¢ stands for the complement of I.

Note that all these examples of weak factorization structures are in fact factoriza-
tion structures. As we shall see in the of the following section this is not a coincidence.
It turns out that any weak factorization structures is a factorization structure.

Using topological arguments we deduce that the generic condition (3.1.3)) holds
globally. More precisely we have

Lemma 3.1.2. If m > 2, then for every k € {1,--- ,m} the condition (3.1.3|) from
[Definition 3.1.1| holds on the whole P(V}) and dy is constant on an open nonempty
subset of P(Vy).

Proof. For m = 2 this was solved in
Suppose m = 3. At first, we shall show that the nested sets Uy D Us D --- defined by

Ua = {[tx] € P(Vi) : |o(b) N2}, = d}

are closed. Note if d > m+1, then Uy = () and hence closed. Suppose now 1 < d < m-+1.
The assumptions of are satisfied and hence

Ug={A e Gr2™ 1 V*) | |e(h) NA| > d} (3.1.10)

is closed. Note that Uy is the preimage of Uy via regular map (polynomial mapping)
P(Vy) — Gr(2™~1, V*) defined by £}, — E%Zk, and hence closed.

The set U; is open and non-empty by the definition of weak factorization structure,
so Uy = P(V}), and hence the condition from [Definition 3.1.1 holds on the whole
P(Vy).

Define

U? = Ug\Us1 = {[lx] € B(Vi) : [(b) N2}, | = d} (3.1.11)

The set U = Uy \Us = P(V},)\Us is open as Us is closed. Thus, if there exists £}, € P(V})
such that |g0(b)0227€k] =1,ie. U'# 0, then |<p(h)02272k\ = 1 holds for every ¢, € U*,
i.e. for a generic £;. This means that dj is constant on an open nonempty set and has
value 1.

However, if the set U is empty, then U; C Uy which amounts to P(V;) = Uy = Us.
Now, the set U? = Up\Us = P(V})\Us is open as Us is closed. Again, if there exists
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U, € P(Vj) such that |o(h) N Mk’ = 2, then |¢(h) N 2!1@| = 2 holds for a generic ¢
which means dj is constant on an open nonempty set and has value 2.

Since b is a weak factorization structure this process gives the claim before d exceeds
dim(h) = m + 1. O

3.2 Weak factorization structures are factorization struc-
tures

The main motivation for quotient weak factorization structures, apart from the gen-
eral concept of a quotient structure, is that inductive arguments with respect to the
dimension of a weak factorization structure show that weak factorization structures are
factorization structures, and, in particular, establish the notion of quotient factorization
structure.

Examples from the previous section show that for a fixed j the contraction of a
1-dimensional subspace ¢ C V; with ¢(h) < V" ® --- ® V, at the jth slot results in
a factorization structure. For example, the contraction of £ C W with any slot of
STmW* < @MW* is isomorphic with S™~'W*. There are multiple ways how to for-
malise this idea in the setting of weak factorization structures and we adopt the one
which regards the aforementioned contractions as quotients. Based on these observa-
tions we shall define an object ¢;(¢;) : h;(¢;) — ‘7]* ® £; which represents a quotient
weak factorization structure. However, it takes some time to show that this object is
an actual weak factorization structure.

Let ¢ : h — V* be a weak factorization structure. The following inclusion of short
exact sequences defines ¢;(£;) : b;(¢;) = V) ®@ €]

i
0 —— o (p(h)NEY,) rh ———— b;(l;) ——— 0
\[g& J}p ) ij(fj) (3.2.1)
J N
00— %0, b Vs sy (0 @ V) —— 0

where V*/E]Z =V (V*/@O) V*®€* and |¢(h )OEOZ | = 1. In the next exposition

p; is used instead of ©;(¢;). Note that takmg quotient by 9 G, 88 well as making the
contraction with £; C Vj; at the jth slot gives the same result up to remembering £3.

Remark 3.2.1. We intend ¢;(¢;) : h;(¢;) — insj(f/j* ® £3) to be a weak factorization
structure. This means that it is an inclusion of m-dimensional vector space into a tensor
product of m—1 2-dimensional vector spaces with desired property on intersections (see
[Definition 3.1.1]). At this point it is not clear what 2-dimensional spaces we work with
since an extra 6;* is attached to V]* We fiz this by defining a new 2-dimensional vector
space Vjtl ® E}f if the index j — 1 is valid, otherwise the new vector space is defined to
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be Vi, ® €. In what follows we keep the notation f/j* ® €7 with the aforementioned

meaning and drop the operator ins;.
An equivalent approach for fizing this issue would be to tensor (3.2.1) with ¢; and
consider the inclusion b;({;) ® {; — Vi

In order to understand if the quotient goj( ) hi(4;) — V* ® (3 is a weak factor-

ization structure the dimension of ¢;(h;) N Z ® ¢ needs to be understood, where

S @O =V e @V efeVi, e eV efe Ve eV,
(3.2.2)

i.e. E ® E* is 20 .l with E* in the j-th slot. These intersections are analogous to
1ntersect10ns cp(f)) nxY 0 Notlce that for k£ # j, and any ¢, € P(V})

P9 (p(0) NED ) C o7 (9(0) N7 (B0,,) = 0i(0;) Ny @ 6 (3.2.3)

If moreover p # j and ¢, € P(V,), then

Py ((0) N3, N30,) C i(0;) NSy © LN @ 6 (3.2.4)

Using rank-nullity theorem and the fact that Ker pJJ = 29 0 the equation (3.2.3))
implies

i (b;) NS @ 6] > 107 (9(0) NS0 = le(H) NS4, | — lo(B) NP, N Y, |
(3.2.5)

Hence, ;(¢;) : b;(¢;) — f/j* ® £} is a weak factorization structure if the RHS is at least
one. This amounts to knowing that any of ¢(h) N E%zk, e(h) N Eog is not a subspace
of the other.

Lemma 3.2.1. Let p : h = (V1 ® --- @ V},)* be a weak factorization structure and fiz
j€{1,...,m}. Then there exist an open nonempty set A; C P(V}) such that for each
l; € Aj and each k € {1,... ,m}\{j} there exists an open nonempty set A, C P(V})
such that for each ¢}, € Ay

@(h) N Eoe Z (b)) N Eg,ek (3.2.6)
and
e(0) N, () NEY, (3.2.7)

Proof. Fix £; € P(V;) and k # j. Let Uy C P(Vy) be the open nonempty set where dj,
attains its minimal value, say d. Such Uy exists by [Lemma 3.1.2] By |Lemma 2.2.1| the
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set
Up={A € Gr2™ 1 V) [ [((h) NZF,) N Al > d} (3.2.8)
is closed. We define

cr(ly) = {tx € Ux | |0(b) N TR, NEF, | > d} (3.2.9)
={l, €Uy | o(h)NZL,, C (b )ﬂzoe } (3.2.10)

Note ck(ﬂ) is the preimage of Uy via regular map P(V}) — Gr(2™~1,V*) defined by
0, — X9 k., and hence closed. Thus cx(5) is either equal to Uy, or it is closed and
proper in Uk

For each k # j there is at most one ¢; € P(V}) such that c;(¢;) = Ug. Indeed, if
there would exist two distinct Ej,@j € P(V;) such that c;(¢;) = Uy = ck(fj), then for
ly, € Uy, we have 0 # ¢(h) N XY o, Ceh)N Eoé N ZO 0= = 0 which is a contradiction.

Therefore there is an open nonempty set A; C IP’(V) such that for each ¢; € A; and
each k # j the set

Ci(tj) = {tx €P(VR) | 9(h) NBY, C o(b) NS} (3.2.11)

is closed and proper in P(V}).
Finally, for a fixed ¢; € A; the set

Bi(l;) = {tx € P(Vi) | w(h) NZRy, D () NET, )} (3.2.12)

is at most singleton and thus Ay := P(Vy)\ (Cx(¢;) U Bi(¢;)), k # j are the desired
open and nonempty sets from the statement of this lemma. O

Corollary 3.2.1.1. Let h be a weak factorization structure. Then, for a fized j €
{1,...,m} there exist an open nonempty set A; C P(V}) such that for any ¢; € A; and

any k # j
holds for generic £, € P(V}).

Proof. As p(h)NTY ¢, and o(b) 029 ¢, are not in an inclusion relation, their intersection
o(h) NEY o N 0 ;¢; has dimension at least one less than dimension of o(h) Ny g O

Corollary 3.2.1.2. Let by be a factorization structure. Then, for a fixred j € {1,...,m}
there exist an open nonempty set A; C P(V;) such that for any ¢; € Aj and any k # j

o(h) NE] 4 NEGy,[ =0 (3.2.14)
holds for generic ¢ € P(Vy).
Proof. As b is a factorization structure, |¢(h) N XY ¢,] = 1 holds for generic values of
fy.. Substituting this into (3.2.13)) gives the claim. O
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Finally, we are able to show that our definition of the quotient object b;(¢;) makes
sense in the framework of weak factorization structures.

Proposition 3.2.1. For a generic {; € P(V}) the quotient h;(¢;) of a weak factorization
structure b is a weak factorization structure.

Proof. Let A; be as in the and let /; € A;. By |Corollary 3.2.1.1]

lo(B) NED ] — lo(B) NED, N E?,eﬂ >1

holds for any k # j and generic ¢;. No that
E.
o (9(0) N R0 )| = lo(B) VR, | = (b)) N}, N 55, | (3.2.15)

is the dimension of image pﬁj (p(h) N XY 0.) of ¢(h) N 0 ¢, under the linear map pﬁj

. L 0
since ker p,’ = ZM],.

Using (3.2.3)) this results in

AO  a ‘;
lpi(h) Ny, @G> p (0(h) N Eg,ek)’ = |e(h) N Eg,e,J — le(h) N Eg,zk N 2?,5]-’ >1
(3.2.16)

for generic ¢, and k # j, which implies that the quotient h;(¢;) is a wis. O

Observe that if a quotient ¢;(¢;) : h;(¢;) — V]* ®{; of a weak factorization structure

@ : h — V*is afactorization structure and if go(h)ﬂZ%Ek meets Ker pﬁj = E‘;’ej trivially,
then

A;0 * 4
1= lpj(h;) Ny, @ G121 (9(0) N R )] = lo(h) N, | = le(h) NZR,, NE5, |

>1 0

(3.2.17)

by rank-nullity theorem and (3.2.3)). In other words, this forces ¢(h) N Eg,ek to be one-
dimensional. Formalising this idea gives a sufficient condition when a weak factorization
structure is a factorization structure in terms of its quotients.

Lemma 3.2.2. Let h be a weak factorization structure. Let b; (¢,) and bj,(¢;,) be two

quotients of b which are factorization structures, ji # jo. If for all k € {1,...,m}\{ji}

the dimension of ¢(h) N 22 g N E?l ¢ is zero for generic values of fy, and if the
’ 1

dimension of go(h)ﬂE?hEHE?%% is zero for generic values of £ then b is a factorization

structure.

Proof. Rename j; to be j. By assumptions for any k € {1,--- ,m}\{j} there exists an
open nonempty set

o A C P(Vy), where |¢(h) N 22751«’ > 1 for 4, € Ag; (b is wis)

o By C P(Vi), where [p(h) NP, N E?’éj\ =0 for { € By;
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o Cy C P(Vi), where |g;(h;) NSy, @ €] =1 for 4 € Cy. (b, (0;,) is £s)

For ¢, € A N B, N Cy, one has

A;0 * 4
1= lo;(h;) NS, @ Gl > 1] ((b) N3 )1 = le(h) N D, | = le(h) NS, NE5, |

>1 0

(3.2.18)
which amounts to
lo(h) NEY, | =1

for a generic ¢; and for k # j = j1, where a reasoning behind ({3.2.18)) is as in the proof
of [Proposition 3.2.1]
To understand the dimension |p(h) N E(])-l ¢| one uses the same approach as above

with jo in place of j and j; in place of k. This results to |¢(h) N 291,23-1‘ =1 for a
generic £, .
As |p(h) N 227£k| = 1 for all k¥ and for generic values of ¢/, b is a factorization
structure.
0

As a consequence we get

Proposition 3.2.2. Let h be a weak factorization structure (m > 3) and let for all
j=1,...,m and generic {; the quotient t;(¢;) be factorization structure. Then b is a
factorization structure.

Proof. In this proof we shall check that assumptions of are satisfied which
proves the claim.

For fixed a € {1,--- ,m} we shall prove the existence of L, € P(V,) such that the

quotient factorization structure h,(L,) exist and p(bh) ﬂE&La HE?&_ =0 for every j # a
and generic {; € P(V}).
Let r € {1,...,m}\{a} and choose ¢,,f, € P(V,) such that ¢, # £, and quotients
Pl ((b)) and pr(p(h)) exist. These are factorization structures by assumptions, and
hence for ¢ € {/,,£,} we have by [Corollary 3.2.1.2| that there exist an open nonempty
set Ay € P(V,) such that for any ¢,(¢) € Ay and for any b € {1,...,m}\{r,a} there
exist an open nonempty set By C P(V4) such that

er(hr(0)NEY) @ NSy @ =0 (3.2.19)
holds for all ¢, € By. Note that here we used m > 3. Therefore, eq. implies

p(h) g, NThy, C Ker (o) = 27, (3.2.20)
Now, for £, € Ay, N Az C P(V,) we have

e(h) Ny, NEY, C 0, NEY, =0 (3.2.21)

T’ZT‘ r,ér -
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for any ¢, € By, N By, where b € {1,...,m}\{r,a}.

Now, let g € {1,...,m}\{r,a} and again consider two quotients at distinct points
Uy, €q € P(Vy). Similarly, we get the existence of an open nonempty set Ay, NA; C P(V4)
such that for any f, € Ay, N Az, we have

p(h)NE, NEY, =0 (3.2.22)

Tl

for generic £, € P(V..) as before. Finally, choosing L, € Ap, N Az N Ag, N qu C P(V,)
such that quotient h,(L,) exist we get get the claim.

Since a € {1,...,m} was arbitrary the claim must hold in every slot and hence the
assumptions of are satisfied. O

At last we obtain

Theorem 3.2.3. A weak factorization structure is a factorization structure.

Proof. Use [Proposition 3.2.2| inductively on m where the base case is m = 2 (see

Lemma 3.1.1J). Ul

Corollary 3.2.3.1. Foreach j € {1,...,m} a generic quotient h;(¢;) of a factorization
structure by is a factorization structure.

Proof. As b is a factorization structure it is also a weak factorization structure. By
IProposition 3.2.1} h;(¢;) is a weak factorization structure for a generic £;. Finally, by

Theorem 3.2.3) h;(¢;) is a factorization structure. O

Equipped with the notion of quotient factorization structure we can say more about
tensors ['; occurring in the example of the Segre-Veronese factorization structure. Re-
call that (I';) C ®§;1'(W;)®dj7 i € {1,...,k}, define the Segre-Veronese factorization

JFT

structure if
k
p(h) = ins; (SdiWi* ® <Fi>) (3.2.23)
i=1
has dimension m + 1, where Zle di =m, d; > 1.
Lemma 3.2.4. In the notation established above, if {(T';) ?:1 define the Segre- Veronese

factorization structure, then (I';) C ®%1 Sy,
i

Proof. By induction on k.

When k& = 1 Segre-Veronese factorization structure reduces to Veronese factoriza-
tion structure which does not contain any I's and there is nothing to prove.

Let k = 2. Then

SUWr @ (T2) + ('3) @ S2Ws (3.2.24)

has dimension dy 4 do + 1 if and only if (I'?) € S®W5 and (I'3) C SHW7.
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Suppose the claim holds for k£ > 2 and fix j € {1,...,k+1}. For r € {1,...,d;}
choose £, € P(W}) such that the quotient of

k+1
o) = ins; (Sdin-* ® <ri>) (3.2.25)

i=1
by ¢y, exists. Now, choose ro € {1,...,d;}\{r1} such that quotient of (3.2.25) by ¢,,
exists. Repeat this process for each r € {1,...,d;}. This way we eliminated all grouped

j-slots and we end with a factorization structure similar to ([3.2.25)) but without grouped
j-slots:

k+1
> ins; (SdiWi* ® <LJFZ->) (3.2.26)

=1
i#j

where L = {1 ® --- ® {4, and 1 denotes contraction in the jth slots. By construction,
(I';) belongs to (3.2.26)). By the induction assumption we have

k+1
(L) € Q) S®wy (3.2.27)
b=1

bi,j

fori e {1,...,k+1}\{j} and hence for any j € {1,...,k+1} we have (I';) C (3.2.26) C

il sy O
b#j
3.3 Curves

In this section we shall associate m curves, called factorization curves, to each m-
dimensional factorization structure. We show that these are given by homogeneous
polynomials of the same degree in homogeneous coordinates on P!, and establish the
notion of degree. We prove that these curves are injective and we analyse behaviour of
their degrees in relation to quotient factorization structures.

3.3.1 Definition of curves. [Lemma 3.1.2 allows us to define P(h)-valued curves for
any factorization structure ¢ : h — V* on an open nonempty subset Uy, of P(V}), where
dy, is constant and equals one, by

U — P(b)
O = (i) == ¢~ (p(h) N SRy,

We have ¢ o ¥ (€) = () N2}, € P(p(h)).

(3.3.1)
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Example 3.3.1. In the case of Segre-Veronese we generically have

@ o 1h;(l;) = ins; ((5?)% ® (E‘)) epP Zk:insj (de W) @ <Fj)) (3.3.2)

Jj=1

Note that some curves coincide. To clarify this and why they are only defined
generically consider the following example.

Example 3.3.2. The inclusion
S2Wi @ (1) + (Ta) @ Wi — Wi © Wy @ W3 (3.3.3)

defines a factorization structure if (I';) and (I'y) are one dimensional subspaces in W
and S2W7;, respectively. If there exist (v) C W; so that (') = (v ® v) then

poi(l) =pota(l) =L@ ® () Ve e P(WN\{(v)}

. ) (3.3.4)
pos(l3) = (v@v) @l Vi3 € P(W3)

Thus, the curves 11 and 1 coincide and are defined generically: away from (v). Clearly,
the intersections

e(h) N W) @W] W5 =¢h) N ® (v) @ Wy = (vev) @ Wy (3.3.5)

are 2-dimensional and do not define a point in P(p(h)). This demonstrates the gener-
icness.

On the other hand, if (I'y) is indecomposable, then both curves are defined on whole
projective lines.

Suppose again (I's) = (v ® v) and choose bases for W; and Ws so that v = (vy, v2)
and T'; = (uy,ug). This allows us to represent curves in homogeneous coordi-
nates

[z :y] € POV)\{{(v1, 02)) }:

poi(fz:y]) =pot(z:y]) = (3.3.6)
[u1y2 CUYP T —UILY C —ULTY T —ULTY L —USTY UL ug:):2]

Viz :y] € P(WS) :
wotz([x:y]) = [~viy : vix 1 —vivay : vIveT 1 —veUIY : vouix : —v3Yy : vax]  (3.3.8)

Note that on the domain of definition of these curves they are defined by homogeneous
polynomials of the same degree in homogeneous coordinates. Furthermore, they clearly
extend to whole projective line by the same formulae. Although we have not defined
degrees of curves yet, we can intuitively conclude deg(p o ¢1) = deg(p o ¢g) = 2
and deg(y o 13) = 1 by regarding degrees of curves as the degrees of the polynomials
which define them. In addition, note that curves (3.3.4) are rational normal curves in
subspaces P(S?W; @ (T'1)) and P((v ® v) @ W5) of P(¢(h)), respectively.
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Observe that for more complicated examples of Segre-Veronese factorization struc-
ture curves may not be defined in finitely many points which agrees with the fact that
they are only defined generically.

Motivated by the analysis above we shall show that a curve defined by is
given by homogeneous polynomials of the same degree in homogeneous coordinates
on Ug, i.e. it is a regular map on U, thus, by definition, it is a rational map
P(Vi) --» P(e(h)). In addition we shall recall from algebraic geometry that such a
rational map is uniquely extendable to a regular map on the whole of P(Vj). Then,
after establishing the notion of degree of these curves we define complexified factor-
ization structures which help us to understand the behaviour of degrees in quotient
factorization structures.

We start with showing that ¢ o v is a rational map.

Lemma 3.3.1. Let b be a factorization structure of dimension m. Then, the factor-
ization curve p o Yy is a regular map on an open and non-empty subset of Uy, = {{) €
P(Vi) | l(h) N 22@\ =1} of degree at most m.

Proof. In order to show that ¢ o ¢y is given by homogeneous polynomials of the same
degree in homogeneous coordinates on Uy, let ¢ € Uy and let cg,...q,, be standard coor-
dinates on V* = V" ® --- ® V5, with respect to bases of V"’s, where a; € {1,2}. The

subspace Eg,g in V* can be described by 2! independent linear equations
TCayay_1lagsram = —YCar-ap_12ap41-am (3.3.9)
where (0 = [~y : 2] and for j # k we have a; € {1,2}. These are also homogeneous

polynomials of degree one in ¢ = [z : y] with coefficients c...’s. The subspace ¢(h) in V*
can be described via 2™ — (m+1) independent linear equations which do not depend on
¢, call that system (E). Finally, the subspace ¢(h) ngvz, which is one-dimensional for a
fixed ¢, is the solution to the system of 2"~! 42™ — (m +1) linear equations and
(E). Clearly, there are only 2™ —1 independent equations, and hence the system
and (E) is equivalent to (E) and another m independent linear equations from (3.3.9).
The latter stay independent on an open subset U(¢) C P(Vj) containing ¢. Thus,
knowing ¢(h) N 22 ¢ is equivalent to a system of 2™ — 1 independent linear equations
of out which m are homogeneous of degree one in ¢ and the others do not depend on
£. Using Cramer’s rule to solve the system of 2™ — 1 equations in 2"* variables and the
definition of determinant shows that ¢(h) N Eg ; depends on £ in a homogeneous way
and the degree of homogeneity is at most m Whijch7 for example, is attained in the case
when (h) = S™W*. This shows that ¢ o v, is defined by homogeneous polynomials
of the same degree in homogenous variables on U(¢) N Uy, i.e. it is a regular map on
U(¢)NUy. Now, observe that by varying ¢ the open sets U (¢) cover Uy, and since p o)y
is regular on U (¢) N Uy, for a generic ¢, it is regular on Uy. O

In fact, rational maps from P! to P™ uniquely extend as explained in

Lemma 3.3.2. Let U be an open non-empty subset of P1. A regular map f : U — P"
extends uniquely to P!,
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Proof. The map f is given by f([z : y]) = [fo(z,y) : --- : fu(x,y)] where f; are
homogeneous polynomials of the same degree. The expression [fo(z,y) : -+ : fu(z,y)]
fails to define a point in P™ if and only if all f; vanish at [z : y]. However, this means
that all f; have a factor in common which can be removed. This way it extends to
whole P O

This allows us to define factorization curves, the extension of (3.3.1)).

Definition 3.3.1. Let ¢ : h — V* be a real/complex factorization structure. For each
j €{1,...,m} we define factorization curve 1; : P(V;) — P(h) as follows. On an open
and non-empty subset of {¢; € P(V}) | |¢(h) N E?M = 1} where the curve is regular

by [Lemma 3.3.1| we set ¢;(£;) = ¢~ (go(f)) N E?,ej) € P(h) and extend it to the whole

P(V;) by [Lemma 3.3.2,

3.3.2 Degree. In what follows we shall define a notion of degree for factorization
curves and investigate its behaviour with respect to quotient factorization structures.
To do so we shall need complexified factorization structures as the proof of
requires to work over an algebraically closed field.

Consider the complexification ¢* : h ® C — V* @ C of a real factorization structure
p:h— V* and denote

(M'®C)ec - ®c (Vi_1 ® C) ®c Lk ®c (Vi ® C) @c -+ - ®c (Vyy, ® C)

by (CE% Li for any complex 1-dimensional subspace Lj, C V; ® C. Such a complexifica-
tion is called a complexified factorization structure which is justified by

Lemma 3.3.3. A map ¢ : h — V* is a real factorization structure iff its complezifica-
tion o€ :h ® C — V* @ C is a complex factorization structure.

Proof. For Lj, € P(Vj, ® C) such that
S (h®C)NCEY L, | =1 (3.3.10)

define ¢C o %Z)}S(Lk) to be the one-dimensional intersection. Note that on an open
nonempty subset of P(Vj)

@oPp(ly) ®C = (p(h) NXR,,) ®C =(h) ® CNCEYy, oc
= (h® C)NCEY 4 o = % 0 ¥ (4 ® C) (3.3.11)

holds.

Now, if ¢ is a real factorization structure, then there exist ¢ € P(Vj) such that
holds, i.e. the open set O := {L; € P(V; ® C) | [¢®(h @ C)NCxEY | | = 1}
is nonempty as ¢ ® C belongs there, and hence ¢© : h ® C — V* ® C* is complex
factorization structure.

On the other hand, if ¢ : hoC — V*®C is a complex factorization structure, then
O is nonempty and has nontrivial intersection with P := {{;, @ C € P(V;, ® C) | ¢}, €
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P(Vi)}. Indeed, O is P(Vj, ® C) minus a finite set of points, however P is infinite and
hence PN Q # (. This means that the open set {¢; € P(V}) | |p(h) N Eg,e,J =1} is
nonempty by (3.3.2)), and therefore ¢ : h — V* is a real factorization structure. O

To motivate the definition of degree we reinterpret ¢ from [Definition 3.3.1} By
pulling the tautological section 7 : P(h) — Oy(1) ® b back via a factorization curve 1y,
we interpret the curve as a section of Oy, (e;) ® b,

Ovi(er) @ —— Oy(1) @b

T T

P(Vi) —2%—— P(p)

where ey, is determined as follows. The pullback (1;)*Oy(1) is a line bundle over P(V}),
and thus the classification of line bundles over projective spaces implies (¢)*Op(1) =
O, (ex) for some e, € Z.

Now we define degree for factorization curves.

Definition 3.3.2. Let h be a real/complex factorization structure. The degree deg v
of 1y, is defined to be deg )y, = ey, where ey, is such that (1;)*Op(1) = Oy, (eg).

We recall a lemma from algebraic algebraic geometry which discusses uniqueness of
overlapping curves.

Lemma 3.3.4. Suppose that two curves poty; : Pt — P((h)) and potp; : PL — P(p(h))
are defined on the same projective line and that they agree on an open nonempty subset
U. Then they agree everywhere.

Proof. Since projective spaces are separated the set {¢ € P! | pov;(f) = po;(0)}
is closed. Furthermore, it contains U, and therefore, since the only closed set which
contain an open nonempty set is the whole P!, it must be P*. O

The following lemma shows that complexification does not change degrees of curves.

Lemma 3.3.5. Let ¢ oYy be a curve in a real factorization structure ¢ : h — V*.
Then deg(p o ¢y) = deg(¢® o qbg), where @€ o w}? is a k-th curve in the complezified
factorization structure.

Proof. Observe that equalities (3.3.2) can be extended to the whole P(V}) by |[Lemma 3.3.2
and [Lemma 3.3.4] and that they show ((C o ¢£)*O¢C(b®c)(_1))zk®c ={l,®C,po

Y (0,) @ C}. By definition of degree, the fibre ((gpoq/)k)*(’)go(h)(—l))gk = {li, poth(lx)}

is isomorphic to a deg(p o 1 )-fold product of £’s for any ¢ € P(Vj). Thus (¢ o
wf)*Owcw@C)(—l) is a line bundle over a projective line with the fibre over £, @ C iso-

morphic with deg(y o 9,)-fold product of £ @ C. We have (¢* o wg)*O¢C(b®C)(—1) =
Oviec(deg(w o ¢r)) and therefore deg(y o ¢y) = deg(p® 0 Yf). O

The following lemma helps us prove that factorization curves are injective.
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Lemma 3.3.6. Leth be a real/complex factorization structure. Then ¥Vl € P(Vy) 3T €
V¥ such that @ oy (ly) = 02 @ T.

Proof. On an open nonempty subset U C P(V}) one has ¢ o ¢ (4r) = p(h) N Eglk’
ly, € U, and hence for such ¢ there exist T € Vk* as required. Suppose deg(povy) =d
so the curve is given by homogeneous polynomials of degree d in variables x,y, where
0 = [z :y], ie for by € U, pothy(ly) =€) ® T(¢y) and T is given by homogeneous
polynomials of degree d — 1. Therefore the map 7' : U C P(V},) — P(V}) is regular,
so by it extends to a map 17" : P(V;) — IP’(Vk*) which defines a curve
C:P(Vy) = P(V*) by C(¢g) = €2 @ T(¢y). Since P(p(h)) = P(V*), p oty : P(Vy) —
P(p(h)) can be thought as a map with values in P(V*), and then C(¢) = ¢ o ¢y (k)
on U. By curves C and ¢ o 1) coincide, so for ¢ € P(Vj) one has
o i(lr) = Ly ® T(l) € P(p(h)). O

Corollary 3.3.6.1. Let by be a real/complex factorization structure. Curves are injec-
tive.

Proof. Supposing ¢ o9y (€y,) = @ oy (01,) we get O T (ly) = !72 ® T'(¢},) which implies
00 =, and thus ¢, = 0. 0

We establish behaviour of degree of a factorization curve in quotients by

Lemma 3.3.7. Let b be a complex factorization structure and let b;(¢;) be its quotient.
Let k # j and let vy, and (, be k-th curves in by and b;(¢;), respectively. Then

deg(pothp) =1 if 3l € P(Vi) 1 pothp(by) = povp;(f;)

6l
deg(p; o(’) =
9065 ° &) { deg(p o Yy) otherwise

Proof. Since (¢ 0 1x)* Oy (—1) is uniquely determined by ¢ o ¢ (and its image), as
it can be seen from

(00 Pr)* Oy (—1) = {(ly, (£, v)) € P(Vi) X Opppy(=1) | o Yi(lr) = £ € P((h))},
(3.3.12)

we consider the map ¢ o ¢y : P(Vy) — P(Im(p o 1)) without losing track of degree.
And similarly for the curve <pjj o (kj .
We define a bundle map

75 (45)

Ofm(soowk)(_l) Olm(apﬁjogij)(_l)

P(Im(p o vx)) T;(45) ]P’(Im(goﬁj o Cﬁ]))

Since curves are injective (Corollary 3.3.6.1) we can define I';(¢;) as the composition
4 4 _ . £ 4
(pf 0 ¢ ) o (pot) ! which means T';(¢;)((¢ o ¥r)(¢k)) = (¢, ¢ )(€y). Note that on
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an open nonempty subset of P(V}) the map I';(¢;) agrees with the restriction of pﬁj to
0
Im(p o ¢r) (see (B:21)), where we have p/ (p(h) NS0, ) = @;(h;) N @ 6.
The map 7;(¢;) defined by (¢ o ¢ (€y),v) — (I'(¢;)(p o i (L)), v mod 29 j) covers
the map I'(¢;). Since fibres are one-dimensional v;(¢;) is an isomorphism on fibres
unless there exist ¢ € P(V}) such that ¢ o ¢y (¢)) C E? ¢,- This condition is equivalent

to existence of ¢} € P(V}) such that 0 # ¢ o ¢y (¢x) N E . Note

poPR(lr) N, = 0o (lr) Np(h) NEF, = o k() Npoty(ty),

where the last equality comes from the fact that ¢(h) N E? 0 is one-dimensional since

¢; is such that quotient exist (see [Definition 3.3.1} and (3.2.1))). To summarise, ~;(¢;)
is a linear isomorphism on fibres unless there exist ¢, € P(vy) such that ¢ o ¢ (lr) =
po1j(l;). Now, as (j,;) is fixed there exist at most one such f. Indeed, if (£}
are such that ¢ o ¢ (lr) = p o Y;(¢;) = ¢ o Py(¢}), then since curves are injective
(Corollary 3.3.6.1) we have £} = £}

Pulling 7;(¢;) back to P(V},) along maps po1)y, and gpjj oCﬁj as shown in the following
three-dimensional diagram

OIm(«powk)(_l) % o

(=1)

£; 4
Im(‘Pj] o¢,)

75 (45) L L';(¢5)

Ovi(~deglp o ) ———=—— Ov(—deg(¢; ° ') P(Im(p o 1)) —— P(Im(p; G0)

I

allows us to 1nterpret 7v;(¢;) as a global section of

(Ov, (~deg(ip 0 )" © O, (~deg(ey 0 G)) = Oy, (degl 0 vy) — deglpy © )
(3.3.13)

thanks to the isomorphism Oy, (d)* = Oy, (—d), where Oy, (d)* is the dual line bundle
to Oy, (d).

Finally, the global section «;(¢;) has either none or one single zero as established
above. Since we work over an algebraically closed field, this means that it must be a
section of Oy, (0) or Oy, (1) which shows deg(¢oy) —deg(cpjj ogﬁj) € {0,1} depending
on the kernel. O

Corollary 3.3.7.1. holds for a real factorization structure b as well.

Proof. Observe that complexification commutes with taking quotients,
i\ C £i\C
(7)) e @“(h®C) = (p/) (¢(h) ®C), (3.3.14)
which, by definition of complexification of a linear map, equals to (pﬁj op(h))®C. Since
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complexification does not change the degree of curves (Lemma 3.3.5)) one may consider
the complexification of h and apply to get the claim. O

3.4 Decomposability of curves

We define decomposability of curves, show its relation to the complexification, and
prove that top degree curves are decomposable, essentially unique, and determine the
whole factorization structure to be of Veronese type. In the case when all curves in a
given factorization structure § of dimension m are decomposable we show that h must be
of Segre-Veronese type. We conjecture that factorization curves are decomposable. To
establish these ideas we use an equivalence relation on factorization curves (equivalently
on partitions of {1,...,m}):

Definition 3.4.1. T'wo factorization curves are equivalent if they have the same image.
Recall that the Segre-Veronese factorization structure has form
k
p(h) = ins (SdiW;‘ ® (H)) : (3.4.1)
i=1

and the first factorization curve is

poth(O)=® - ®Lx() (3.4.2)
dy times
and has degree d;j. We note that p o ¢); = --- = p o)y, and thus each of them has

degree di. However, we wish to interpret this as one curve £ +— 0 @ --- ® 0 ® (1) of
degree d; with the property that in the each of the first d; slots it is a factorization
curve. A way how to do this is to define an equivalence relation on factorization curves
and work with equivalence classes instead of curves: two curves are equivalent if they
have the same image. In addition, we can define a degree for any class of factorization
curves as two curves with the same image must have the same degree. For example,
has k factorization curves classes with degrees d, ..., d; which add up to m.
We also observe from that the tensor depending on ¢ in ¢ o 1 (¢), namely
PO @0 < (WP is decomposable in every slot. For example, for a fixed
2-dimensional vector space W consider the curve C; : P — P(W ® W) given by

Cillz :y]) = [y? : —zy : —ay : 2. (3.4.3)

This is a coordinate expression for the curve £ — ° @ ¢°. Clearly the tensor 0 ® (0 =
[y?: —zy : —zy : 2?] is decomposable in W @ W. On the other hand, the curve

Co([z:9y)) = [W?: —ay : —zy : —2?] (3.4.4)

is given by homogeneous polynomials of the same degree 2, but it is not decomposable
as can be checked by the determinant. In the case of tensor product of more than two
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vector spaces the situation may get more complicated. Some slots could be decompos-
able and some not. For a general factorization curve ¢ o ); it is not plain to see if the
tensor in ¢ o ¢);(¢) depending on ¢ is decomposable as in .

Note that decomposability is tied with the aforementioned equivalence relation.
Suppose for k # j we have image(y o 1;) = image(p o ¢;). This implies that every
curve in the class where they belong is decomposable in jth and kth slot because
¢ 01;(¢) must have ¢V in the jth slot and similarly for ¢ o ¢. We formalise this in

Definition 3.4.2. Let ¢ : h — V* be a factorization structure of dimension m. A
factorization curve 9, of degree d > 1 is called decomposable if the number of factor-
ization curves which have the same image as 1; is d. A factorization curve of degree
m is called a top degree factorization curve.

With respect to the equivalence relation, a curve is decomposable if the size of its
class equals to its degree. As an example we can take which defines a class of
size di, and thus is decomposable as expected.

Now we prove a lemma which helps us establish decomposability of top degree
factorization curves and give an alternative description of decomposability.

Lemma 3.4.1. Let ¢ : h — V* be a complex factorization structure. The following
are equivalent.

(1) Factorization curves ¢ oy, and ¢ o1, are equivalent.

(i) There exists an open non-empty subset U C P(V}) such that for every £, € U
there exists £; € P(V}) such that ¢ o Y (L) = @ o ;(£;).

(tit) There exists an invertible projective transformation f : P(Vy) — P(V;) such that

@ o Yr(lr) = @ o i (f(Lr))-

Furthermore, if there exist £ € P(V}) such that gog o Cﬁ s decomposable, then ¢ oy and
@ o1y are decomposable.

Proof. Clearly, (i) implies (ii), and (iii) implies (i). If we prove that (ii) implies (iii) we
show the equivalence.
Suppose (ii) holds. Injectivity of curves allows us to describe the assignment ¢, +— ¢;

from (ii) by f(¢x) = (¢ o 1/’3’)71 o (woYrlu) k),

U
fl W‘HU
PV)) g Plo(0)

We show that f is an invertible projective transformation. To this end, we note that
since ¢ 01); and ¢ oy, are injective and regular, they are also bijective and rational as
maps onto their images, hence birational (see [39, 50} [32]). Thus, the map f is rational
and can be extended to the whole P(Vy). We call the extension again
f and prove that the extended f is an injective function. Let £y, ¢; € P(V)) be such
that f(¢y) = f(¢1). Then pov;(f(4o)) = wo1;(f(¢1)) and the commutativity of the
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diagram yields ¢ o ¥ (fy) = ¢ o g (¢1). The injectivity of curves forces £y = ¢1. Now,
since f is an injective birational maps between projective lines it must be an invertible
projective linear transformation between P(V}) and P(V;) which completes the proof
of the equivalence.

To address the decomposability note that allows us to find for each
l;, € P(V}) a one-dimensional subspace (S) such that ¢ o ¢y (¢x) = po;(l;) = £ ®
69 ® (S) up to permutation of slots, where ¢; = f({;). By assumptions, the curve
(pg o (l(ly) = 09 2 * @ (S) is decomposable which forces decomposability of (S) and so
of v o y. O

We establish a characterisation of decomposable factorization curves in

Lemma 3.4.2. Let ¢ : h — V* be a factorization structure of dimension m. A
factorization curve ¢ o of degree d > 1 is decomposable if and only if there exist
pair-wise distinct i1, ...,iq € {1,...,m} such that for each r € {1,...,d} there exists
invertible g, € Hom(P(V}"),P(V;")) such that for all £ € P(V;): @op;(£) has g0 in the
ir-th slot. In other words, for some I'; we have

porhi(l) =gl @ - @ gal’ @ (T) (3.4.5)

up to permutation of slots. Clearly, one of these indices must be j for which g; must
be the identity.

Proof. The only if part is obvious. For the other implication note that since ¢ o ;
is decomposable of degree d there must exist d pair-wise distinct indices i1, ...,iq €
{1,...,m} such that for each ¢ € P(V;) there exist ¢; € P(V; ) such that ¢ o ¢);(¢) =
po (4;) for all r = 1,...,d. Using one can see that the assignments
¢ — {;,. are invertible projective transformations g.. We note that I'; cannot depend
on ¢ because it would contradict the degree. This proves the claim. O

Now we focus on proving that top degree curves are decomposable.

Lemma 3.4.3. Let h be a complex factorization structure of dimension m. If top
degree curves in factorization structures of dimension m —1 are decomposable, then top
degree curves in b are decomposable.

Proof. Let poiy, be a top degree curve in b, i.e. deg(poyy) = m. Let (4,4;), {; € P(V}),
be such that a quotient b;(¢;) exist, where j # k. By Lemma the projected curve
(p? o Cﬁj has necessarily degree m — 1 as a curve of degree m does not exist in m-
factorization structure b;(¢;). Again by Lemma there exist £y € P(V}) such that
w o Yr(ly) = @ o1;(¢;). Therefore, for any ¢; from an open nonempty subset U of
P(V}) where a quotient exist, there exist £ € P(V},) such that ¢ o ¢y(€y) = ¢ 0 ¥;(¢;).

implies the claim. O

Using this result inductively, starting from m = 2, we show that top degree curves
are decomposable. Note that for m = 2 a top degree curve occurs only in Veronese
factorization structure. In a sense it is one decomposable curve of degree 2.
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Corollary 3.4.3.1. Top degree curves are decomposable.

Proof. We prove this by induction of the dimension of a factorization structure involved
starting with the base case when m = 2. In such a case, a top degree curve exists in
Veronese factorization structure only,

SPWH - W @ W, (3.4.6)
it is one these

wotp1(0) = @
poth(l) =0, (3.4.7)

and has degree 2. Either of them is decomposable as both have the same image (see
[Definition 3.4.2)).

To progress in the induction argument we assume that any top degree curve in a
factorization structure of dimension m—1 is decomposable. Now applying[Lemma 3.4.3]
gives the claim. O

In fact, a factorization structure with a decomposable top degree curve is of Veronese
type, and thus has only one equivalence class of factorization curves.

Corollary 3.4.3.2. If a factorization structure contains a decomposable top degree
curve @ o, then it is isomorphic to the Veronese factorization structure.

Proof. As the curve is of the top degree and decomposable we can use the characteri-

sation (3.4.5)) from |Lemma 3.4.2{to conclude
potj(f) =l @ @ gmt°, (3.4.8)

where g, € Hom(P(V}"),P(V)")), g-l° = 0, are invertible projective transformations
and g; is the identity. Under the isomorphism of factorization structures provided by
gfl ®---®gmt, po; becomes the rational normal curve £ — (£2)®™ and hence ¢ o1);
spans (m + 1)-dimensional space: the whole ¢(h) = S™V}". O

The next result shows that factorization curves are decomposable if and only if their
complexifications are.

Lemma 3.4.4. A factorization curve in a real factorization structure is decomposable
if and only if its complexification in the complexified factorization structure is decom-
posable.

Proof. Fix a real factorization structure h and a degree d > 1 of a curve ¢ o ¢, and
consider their complexifications h ® C and ¢€ o ¢£~ Suppose ¢ o 1/;}(5 is decomposable.
Then, the equation (3.3.2]) shows that for any real line £ € P(V}) :

po(l) ®C = oyf(t®C) =

insy ((fo ®C)®c g (((°®C)&c - &c ((*®C)) ®<T>> (3.4.9)

(d—1)—times
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up to a permutation of slots, where ¢ = (¢1,...,94—1) are the corresponding trans-
formations of projective lines. The expression (3.4.9) is a complexification of a real
1-dimensional vector space, and hence there exists a real subspace (t) such that

o) C=PRg("®---2L)® ) aC (3.4.10)

which shows that vy, is decomposable. On the other hand, if v, is decomposable, then

(3.4.10) together with (3.3.2)) give the claim. O

Now we show that if a factorization structure of dimension m contains only decom-
posable curves, then it must of Segre-Veronese shape and the corresponding degrees
sum to m.

Lemma 3.4.5.

(i) Suppose that any factorization structure of dimension m — 1 with decomposable
factorization curves is of Segre-Veronese type. Then, any factorization structure
of dimension m with decomposable curves is of Segre-Veronese type.

(i) A factorization structure with decomposable curves is of Segre-Veronese type.

Proof. We start with proving (i). Suppose we are not in the Veronese situation as this
was dealt with in [Corollary 3.4.3.2] Since every curve is decomposable we have by

Lemma 3.4.2

po1;(0) = ins; (910 @+ @ gy, ° @ (T;)) (3.4.11)

up to a permutation of slots, for some g, € Hom(P(V;"),P(V;7)), r = 1,...,d;. Clearly,
the span of {¢ o ¢;(¢) | ¢ € P(V;)} is the jth summands of (3.4.1), and hence the
sum over j = 1,...,m, which results in , is a subspace of p(h). We claim that
this subspace, whose preimage under ¢ we call SV, is the whole ¢(h). Equivalently,
SV =§. To show so, we take v € hh. Observe that factorization curves ¥,., r = 1,...,m,
from h are mapped onto all factorization curves in a quotient 7 : h — hU%), which
must be decomposable since v; are. Therefore, by the assumption from the statement
of this lemma, h@%) is of Segre-Veronese type and hence equals to the span of its
factorization curves. Thus, m(v) can be expressed as a linear combination of points
lying on factorization curves. In addition, 7—!(7(v)) is spanned by a lift of this linear
combination to a linear combination of points lying on ¢, r # j, thus belonging to
SV, and ker 7. It follows

ven t(r(v)) CSY +kerm =8V (3.4.12)

as kerm = ¢;(¢;) C SV.

To show (ii) use induction with respect to the dimension of a factorization structure
with the base case m = 2, where from their classification we know that both are of
Segre-Veronese type. O

Conjecture 3.4.1. Fuctorization curves are decomposable.
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Chapter 4

Separable geometries and the
extremality equation

At the beginning of this chapter we establish the notion of separable toric Kéahler
geometries: a factorization structure determines a class of separable CR structures
whose Sasaki-Reeb quotients are separable toric Kéhler geometries. Then we calcu-
late the Laplace operator on functions and scalar curvature for separable geometries
corresponding to a general Segre-Veronese factorization structure. The presence of
factorization structures makes these calculations elegant and easy to perform. We for-
mulate the extremality equation as a functional system of ODEs, and derive families
of ODEs which must be satisfied by its solutions A,,. The ODEs which a fixed 4,
satisfies are parametrised by values of all other variables x;., i # p or r # g. Most of
these ODEs are derived via an extension of a differential identity used to calculate the
scalar curvature.

In the case of separable toric Kahler geometries corresponding to the decomposable
Segre-Veronese factorization structure,

&)~

(), e e Wy,

p(h) = Ek:insi (SdiWi* ® (Fi>> . Ty=

i=1

f=n
—

(=
~

and a decomposable Sasaki structure 3, i.e. ¢(f) is a decomposable tensor, all the
ODEs are easy to solve and show that solutions Ay, p=1,...,k, ¢=1,...,d,, of the
extremality equation take form

Apg(apq) = Polp{p) + (l? . be‘I)erllEVfg - V;qqu)’ (4.0.1)
Hj:1<(1aqu)v€j> !

J#p

where pol, is an univariate g-independent polynomial with degree depending on k,

di,...,d; and vectors e?, and ng, uzq € R. However, if ¢(3) does not decompose and
dp > 3 then solutions are as in ([4.0.1)) with 1, = v2 = 0, while for d, = 2 they satisfy

ODE (4.4.59) which we do not solve here.
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For the product Segre-Veronese factorization structure, i.e. E? = (1,0) for all j and
b, with a decomposable Sasaki structure

©(B) = insy ((G, b)®d” ®(1L,0)®- - ® (1,0)) , a,beR:ab#0,

we see that solutions become polynomials. In this case we use previously derived
generalised Vandermonde identities to directly verify that these polynomials satisfy
the extremality equation, and hence we obtain its complete set of solutions. As a
by-product we find the expression for the scalar curvature as a linear combination of
momentum coordinates which we make use of in the next chapter.

4.1 Separable Sasaki and Kahler geometries

Let (N,D,h/2wA) be a toric contact (2m + 1)—manifold with the momentum section
p: N — (TN/D)®b* and angle coordinates 7 : N° — b/27A, where ¢ : N° C N is the
dense open set where the action is free (see. We call N separable if there is
a factorization structure ¢ : h — Vi*®---®V,: and coordinates [x;] : NO — I; C P(V;),
j=1,...,m, such that

p=op'x:N° = (I'N°/,*D) ® b*, (4.1.1)

where
X=X Q@ Xy, (4.1.2)
x;: NO — [x;]" Oy, (1) ® Vj, (4.1.3)

and x; = [x;]*z; is the pullback of the tautological section z; : P(V;) — Oy, (1) ® V},
which assigns to each class [v] the canonical inclusion span{v} — V; viewed as an
element of span{v}* ® V.

In addition to separable toric contact geometries we shall consider separable toric
CR and Sasaki geometries. In the spirit of orthotoric geometry ([4, [I1]) we wish to
define a complex structure J on D by

Jdr|p = G(x])dlx]| . (4.1.4)
j=1

where d[x;] € QL ([x;]*O(2) ® AQVj*) and (; are sections of Oy, (—2) ® A?Vj. Applying
J onto the identity 0 = np|p = (u, d7|p) we get

0= (u, Gi(Bx5]) = (=00 G([x50)) (4.1.5)

Now for any j € {1,...,m}, x takes values in V1 ®---®(x;) ®- - -®V},,. Fixing a value of

x; and letting vary x;, i # 7, (4.1.5) shows po(;([x;]) € p(h) NV ®-- '®Xg ®---QV;
which, by the definition of factorization structure, is generically 1-dimensional and
spanned by ¢ o 1;([x;]) (see Definition 3.1.1| and [Definition 3.3.1)). Thus (;([x;]) must
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be a point-wise scalar multiple of 1;([x;]) € C*°(N?, [x;]*Oy, (d;) ® h) and we write

¥ ([x5])
Gi(x;]) = — , 4.1.6
where A; is a non-vanishing section of Oy, (d; + 2) over I;.
From now on we shall use charts on P(V}), j = 1,...,m, to trivialise all line bundles

over P(V;) as well as we shall choose an area form on Vj to trivialise A* V; and its dual
for all j. More explicitly, we introduce an affine chart on each V; so that x; = (1, z;)
for some real-valued function z; on N°.

We notice that by differentiating the identity

(s Y (zr)) = (@, p o Pr(wg)) = 0 (4.1.7)

we obtain

(On, . i)} = —0 (2, On, 0 (1)) = 38D, .0 0 W), (4.18)

which is an essential identity used in many calculations to follow.
If J is to be a complex structure we must define

Aj(zj)

iD= @)

(O, 11, dT) |, (4.1.9)

Indeed, assuming J? = —Idp and applying J on the identity

bi(z;)
Oy b, Jd = —( Oy, 4y dz; 4.1.10
(00 drlp) == (Ory. S0 ) oyl (4.1.10)
gives the claim, where (4.1.8) was used. To check J is an almost complex structure
denote J, and J; the corresponding parts of J which act on the two distributions
generated by dxj|p, j =1,...,m, and by d7|p, respectively. We want

[O Jz

2
I 0] = —Idp (4.1.11)

The equation J,J, = —Id is easy to see. Indeed,

Aj(zy) . r(2r)
Jdrilp = 22— (0,1, — dz,|p ) = —dzj|p. (4.1.12)
’ <axjﬂa Y; (%)) ! ; A () !
In the ring of m-by-m matrices, a left inverse is also a right inverse, thus J,J, = —Id.

This shows that J is an almost complex structure, and furthermore we get

R 3 GO N .
10 = 2 T atary et (4:1.13)
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Now we verify the integrability of J.
Lemma 4.1.1. J is an integrable almost complex structure.

Proof. To show that J is integrable we use the following characterisation: J is integrable
if and only if for any one-form o € T*N such that «|p is of type (1,0) we have that
da is in the differential ideal generated by such forms. Note that a|p must be a linear
combination of coordinates of d7|p + iJd7|p. However,

d(dr|p +iJdr|p) = —iZd (jri"’;’”;dmp) =0 (4.1.14)
r=1 TATT

which gives the claim. O

Now we explain how to obtain separable Kdahler geometry from a separable Sasaki
geometry with Sasaki structure 5 € h. We note

Aj(x) {1, B) (O, dr) Aj(wy)(p, B) (u, dr)
Jdz|p = =1 J = L 4.1.15
= i B @)Y W BY |p - ety (i) |y D)
since (u,d7)|p = np|p = 0. Therefore
Lo, <<’L’7CZ>> = Lo, 15 (4.1.16)

is a basic 1-form with respect to the Sasaki-Reeb vector field Xz of 8 because it is
invariant and

(Lo, 18)(Xp) = Lo, (n5(Xp)) —np(La,, (Xp)) =0 (4.1.17)

0 0

since 15(Xg) = 1, Xp is a contact vector field, and 9, € C*°(N, D). Hence Lo, np =
m50; for some 1-form 6; on the quotient by Xg. Thus (dng, J) is the pullback of the
Kahler structure

Aj(z;) (. B)
(O, 15 05 (5))

(1, dr)
(1, B)

wg = dej N0, Jpdx; = (4.1.18)

j=1

9j WEOJ‘ = ﬁamj

on the (local) Sasaki-Reeb quotient 75 : N0 — Mg by the Sasaki-Reeb vector field Xg.
The associated Kahler metric is

N (O i(@0)) o A (1 8) o
%‘Z<&mmwﬂf+@M%mWJ' (4.1.19)

j=1
Let t = b/(B), and observe that

oy, [ (14, B)Ou; pt — (O 1, B) o (4.1.20)

(1, B) (1, B)?
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is in B = t*, and that is Xpg-invariant. Furthermore, since d7 mod 3 is basic, it
descends to t-valued one-form dt on the quotient by Xg. Thus we may write

"

0; = (0. g, dt), where = , 4.1.21
and
 ((0z, 1, 05(x5)) 5 | Aj(as) (s, B) 2)
98 = o dr + (O g, dt
=2 (T e gty et
wp =Y daj A (Dy, s, dt) (4.1.22)
j=1
Aj(z;)(p, B) " 4p;(x;) mod 8
Jgdw; = "IN (9 g, di Jgdt = — R R AT
o <3xjuﬂ/)j($j)>< i 1) ’ JZ; Aj(z;) ’
In the case of the Segre-Veronese factorization structure,
olh) =S ins; (deWj ® <rj>) , (4.1.23)

j=1

we adapt labelling of variables to grouped slots; the variables corresponding to jth
grouped slot are z;1,..., 7 q4;. In this notation, the identity (4.1.8) takes form

<8Zir:u> ¢js($js)> = 51]61f <§<ia Fi>Ai7‘7 (4'1'24)
where
E o dj
% = Q) X1, z5), (4.1.25)
j=1 s=1
i
bir(3r) = <zn5 <($ _1)%i g r)> , (4.1.26)
d;
Air = H(x,s — x,-r), (4.1.27)
s=1
S#T
(4.1.28)

0 is the Kronecker delta, and if d; = 1 then A, is defined to be 1. In the Veronese case

(4.1.24]) yields also Vandermonde identities (see [Remark 4.1.1)). Furthermore,
(%5, Ti) Ay
(k. B)

as the contraction on t* @ t, since (i, ¥js(x;5)) = 0 and 9y, g € B°.

(O, 115, s (55) mod B) = 6767 (4.1.29)
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From now on we shall work with a general Segre-Veronese factorization structure.
Thus, an explicit form of separable Kahler geometry is given by

i=1 r=1 ZT{BW”’B>

= 33 i A O 1)

i=1r=1
o A (i) {1, B) _ 1/)27” ir mOd B

i=1 r=1 W

(4.1.30)

Let T € COO(Mg, TM ® t*) be the angular vector fields dual to dt, i.e. dt(T") = Id; and
(dt, T) = IdTMg. Using (4.1.29)) we compute

ZZ < ir 3317‘ B) (8”)2 4 #<wzr($zr) mod B>T>2>

i=1 r=1 Air Xz’ Z Air(xiT)

Z Z azr /\ wzr(x“”) mod ﬁ’ >

4.1.31
ZT<X’L7F’L> ( )
i=1 r=1
k  d;
- Az (xw > <7/)z7‘(xzr) mod /87T>
T = . =
J/B ;; z Xza z> a:czwu'ﬁ Jﬁaz Air(xir)

We prepare this lemma for further use in the following sections.

Lemma 4.1.2. For each i€ {1,...,k} andr € {1,...,d;}, we have

d; Eodj
P 0 Yjs(w;5) mods@ > < @osz(l‘as)>
azir8$'5m7 81W8$S A ) —
D v N LA
k d;
8x” m]7 > - a:virAis
Zdj a2 AL
s=1
S#T
(4.1.32)
In addition,
S O Nis O, g
Tir s Tip i A1,
s—1 18 Air ( 33)
s#r

Proof. Observe

<8xma$ﬂ,x ® 0 Yjs(Tjs)) = Ajs(On,, X5, ') + 55( — 0;)(%X;, 1) 0, Ajs (4.1.34)
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the first term being zero if i = j. Indeed, if ¢ = j and r = s, then both sides are

zero as Oy, 0z, . x = 0. Other cases come from differentiation of and the fact
Oz, p © Yjs mod ¢(B) = 0. Now divide by Ajy(%;,T'j) and sum over j, S.

The other identity follows from the fact that (][, . Ais) /A4 is independent of .,

and thus by taking the 0,, -logarithmic derivative we prove the claim. O

The next remark connects (4.1.29)) and (4.1.24])) for the case of Veronese factorization
structure to Vandermonde identities which we use for calculations in the following
sections.

Remark 4.1.1. In the case of the Veronese factorization structure o(h) = STW™ we
write x; instead of x1; and A; instead of A1j. Using (4.1.24)) for Veronese factorization
structure with ¢(8) = (1,0)®™ we get

m
Z W/’L'T‘/;”j = 6ijv (4135)
r=1
where
. . m—1 m—1
1 a@) . om-1(@) oo A
Al Al Al _xm— . _.,L,WL*Q
w=| . v=1| " T
1 alm) . Imea(Em) : ‘
oy is the rth elementary symmetric polynomial in variables x1, . .., Tm, and op,_1(Z;) 1=
0z;0r, d.e. op_1(%;) is the (r — 1)st elementary symmetric polynomial in variables
L1y i1, Tjgl, - - T Observe, op = 0,(2) + xjor—1(2;) with og = 1.

Reading (4.1.35) as VW = id provides us with Vandermonde identity

m_om=so 7
Z ’ — 1 J) = (_1)37157‘5 fO’l” any rs= 17 ceey, M (4136)
7=1

This identity extends (see Appendix B in [6]])

T o (d) &
> jT = (1)’ hr—s0rss, (4.1.37)
j=1 J s=0

where k is a non-negative integer, r = 1,...,m and hy, is the kth complete homogeneous

symmetric polynomial (hg = 1). In particular, for r = 1 we have

m—1+p
J

i A - (4.1.38)

J=1

where p is a nonnegative integer. In addition, the transformation x; — 1/x; forr =1
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i (4.1.36) and forp =1 (4.1.38), j =1,...,m, gives

m s—2
J _ m—1Ysl

g =(-1) P s=1,...,m
_ J m
7j=1

m —2

3 e

) 2
j=1 A] Om

Finally, the transformation x; — x; +1t for s =1 in (4.1.39) gives

) Aj H;n:1(5”j t)
Ei_—l Hj:1(*’13j + t)
0

(@0 ()

<

= Aj H;‘nzl(fj + t)2 ,
forr =1 1in (4.1.306
m
4 pym—s
i=1 7

and for p=11in (4.1.38)

m
St
j=1 I
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4.2 The Laplacian

Using (2.1.2), (2.1.3)), (4.1.30) and (4.1.31)) we calculate

k d;
df = (O, f)dxiy (4.2.1)
=1 r=1
Jdf = ZZ sz; .B) (O £)(Bu, 3, dt) (4.2.2)
i=1 r=1 ZT‘ 19 7,

dJdf = ZZZZ ss < AT >)5 f)) ]3A<W,dt>+

=1 r=1 j=1 s=1

&

k  d; k
A xw ! (11, B)Ou,, 115
—'—ZZ (X“ Z zw Z dxjs < Tjs T,dt (423)
i=1 r=1 j=1s=1
k d; >
Af =wz'(dJdf) =" A Aoy g, Ty e (Air (@) (O ) +
= 1 r=1 r ’L?
k d k dj
Azr(xzr) < <:U’7 /B>8$ [t
+ ZZ <X“ z 8 f ZZ A]s Xjar‘j> <az] Azr )sz(xJS) mOd B
=1 r=1 7j=1s=1
(4.2.4)
Remark 4.2.1. Note
k d k dj
JU”« <M7 /8>6x7/r Hp
ZZ 8fo ZZ A]s 113]7 < e Air 7¢js(xjs) mod 5 -
=1 r=1 7j=1s=1
E di ko dj
(1 B)Ouitip
;;A O Y 7 O Btz ot

(4.2.5)

Indeed, (x;,T;) is constant with respect to x;s for any s = 1,...,d;. On the other hand,
if i £ j then

by (A.1.29).
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To simplify the contraction in Af, using (4.1.7), (4.1.8) and (4.1.29)) we calculate

<a§5j5(<ﬂ7ﬁ)axiruﬁ)7¢j5($j5) mod B> =
&Uw ) 8133'.@
~(0.,01,x- %‘w o Uy wod 9(5) ) =
(O, 11, B) (X5, Tj)Ajs
(1, B)

= (02,00, %, ¢ 0 js(2j5) mod (B)) —

(4.2.7)

so [Lemma 4.1.2] implies

(4.2.8)

Hence

dj

1 B)0,, g js(xjs) mod o(B)\ 1 {1, B) (%;,1)
ZZ<A”%S Nir(%i T3) 7 Djs(%5,T) >_ (%i, i) 24 <>A<jyfj>a$" {1s B)

j=1s=1

(4.2.9)

which can be seen as follows. When the numerator in the first slot is differentiated, the
contraction is given by (4.2.8]), while if the denominator is differentiated, the contraction

is nonzero iff j =i and s = r due to ([#.1.29) which leaves us with — = agpBoir

<xi7Fi> Azr
(%, T;) is constant in this case. By (4.1.33) this gives the claim.
We conclude

>

j=1s=1

d;

AJS Xj7 > <aacjs Air<§(z‘,Fi> 7¢]s($]s) mod [3> = (4'2.10)

k ~
Z &5 L) _ (4.2.11)

Ay Xza z = X]a j x”' </$75>

(u,8) 0O, H
= ir 4.2.12
AZT‘<X’UFZ> H ( )

where

k N d

X, ;)%
H = M (4.2.13)

{m, B)™
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Finally

Af =
_ ~  (w,B) s S, B) A (i) By, H B
- z; ; By (g, Ty O (Air (2ir) (O, ) + Z; ; ATy E Ol =
“on (wB)
; ; Ap g, T H (Air(zir) H(Ou;, [)) (4.2.14)

4.3 Scalar curvature

We shall use the expression ([2.1.10f) to calculate scalar curvature of separable Kahler
geometry. For the symplectic volume we have

N"wg = det(0y,;, 18) Niy dxie N NdE, (4.3.1)
while the holomorphic volume defined by dt — i.Jgdt is

det(vir(z;r) mod B)

, Nig dzip N AN dE (4.3.2)
[T TT Av (i)
Furthermore, (4.1.29) implies

det(Oy,, pg) det(ir(zi) mod ) = (4.3.3)

E g d; ki

j— Xi7ri ¢
= det (@) i) mod 9)) = BB T T (4
’ i=1r=1

Therefore, the Ricci potential is —1/2 times logarithm of the ratio of these volumes,
the last being

det (11, 8)0s,, )" (T T, Aur ()
(o B (T (3, T ) (T T A )

(4.3.5)

where we changed the determinant det(0s,, 113) by (1, §) for convenience in the following
calculations. In order to use the formula (4.2.14) for Laplace and calculate the scalar
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curvature we need to understand J,, -log derivatives of (4.3.5). We have

E dj
aziTAir Ly
J=1s=1 ir\Lir
(O, 1, B)
By, In{p, B =~ 21 4.3.7
I, B) <u,5> (4.3.7)
k ~
<8x Xj,Fj)
xzr X 7 - iT (438)
git jzl .1
v 4 T; Ais T; Ais
Doz, In H 112 = % =2 0 x (4.3.9)
j=1s=1 s=1 s s;l s

where the last equality follows from (4.1.33]). The last factor to 0, -log differentiate is
det ({11, 8)Ox,, 11p). To this end, we use the general formula d log det A = trA~'dA and

(4.1.29) to get

Dy, In d S 0y, 0 Yis(@js) mod B _
Tir n et(< x’L’I‘MB ZZ LTir w]s :u’ /8> xlr”ﬁ) <)A(],F‘]>A]s -
j=1s=1
(4.3.10)
am 9 ax /S IS
= <8xir8$jsx— Orsotts ) wX PO (2j2) mod 5> = (4.3.11)
(1, B) (%5, 1) Ajs
@ o sz(xjs> mod B> <8x“»l’676>
= {0, 0. X, / — 4.3.12
< e (%5, 1) Ajs (1, B) ( )
which by is
b0 (%15 n By Nis (D gty B)
R T 18 Sl (4.3.13
jzzl ’ <XJ7F]> s—1 Ais <,U,, 5> )
S#T
Moreover, since
T a:c Azs 8:1: 1% B)
8x. In d€t2 ,B 83; =92 d “"< J’ +2 ir o ir 0y _
ir (<,LL > zrlu’ﬁ Z < Z A’Ls <N7B>
s;ér
(4.3.14)
ks N2k d;
b 1 (Hj:1<xj,f‘j>da> (Hj:l || s} AjS) (4.3.15)
= Og,;,.t N 0.
(%, B)?
foralli =1,...,k and » = 1,...,d;, where the second sum was split and sum via

([4.1:33), we obtain that det? ({u, )0y, .p15) is a constant multiple of
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(H?:M*j, L)% )2 <H§:1 e, Ajs)

= 4.3.16
(%5 (4310
and hence the Ricci potential reads (up to a constant multiple)
(H?:Nﬁm Fj>dj) (H§:1 I, Ajs(fffjs)) a1
ENOTE (4.3.17)
whose 0, -log derivative is
k N
O, <X'aF‘> Oz Air(xir) <8I M,IB>
d' m:\ J J + ir —(m + oy r—rr L —
=1 ’ <Xj7 F]) Azr(xm) ( ) (Ma B)
N (4.3.18)
<:U’7 ﬂ>m+2 1 Ai’l’(xir) ~ d.
Ony | — 5 x:, )%
Air(xir) H?:l <)A(j,rj>dj </~L7 ﬁ>m+2 j=1< / ]>
Thus the scalar curvature is a constant multiple of
ko d; k
- B mtl Air (x4 A .
Z N w zc R 4 O, | (15 /B>28wi7» <ﬂ(>m+)2 <xj7 Fj>dj
=1 r=1 Az’r<xi7r’i> (Hp:l <Xp7rp> p) > Jj=1
(4.3.19)
Now if f”(x) = 0 then
d (o, d h@) \
- (f () - fm+2(x)> = (4.3.20)
h"(z) f'(@)h (z) (f'(2))?h(x)
= —2m+1)————+(m+1)(m+2)—5—" = 4.3.21
fr ) g O D g a2
2
= f(x) d__hw) (4.3.22)

dxz2 ()
Thus we have

Theorem 4.3.1. The scalar curvature of separable Kdhler geometry (4.1.30) is given

<M7 /8>m+2 82 Air ($m‘)
Tir <,U’a 6>m+1

k
<5cj,rj>dz) . (4.3.23)

J=1
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and the extremality equation reads

& k
A (p, B)™+3 52 A (i) 2 TG | = (o) (4.3.24
;; A (2, 1) (Hl;:l@:p,rp)dp) mr\ (u, BymH j:1< 7, 15) (1, ) (4.3.24)

for some a € 1.

Remark 4.3.1. In the case of the product Segre-Veronese factorization structure the
extremality equation reads

d;

. (1, >m+3 2 Air(Tir) _
ZZ Air 8$ir <<Ma B>m+1> - </'L) Oé> (4325)

i=1 r=1

In particular, the Segre and Veronese factorization structures recover extremality equa-
tions formulated in [J|] for twisted Kahler products and twisted orthotoric geometries,
respectively. In the case when k =1 and m = 2 or when k = 2 and dy = do = 1 we
recover the corresponding equations for ambitoric geometries (see [8, [7]).

4.4 Shape of solutions of the (separable) extremality equa-
tion

In this section we determine the shape of solutions of the separable extremality equa-
tion corresponding to the Segre-Veronese factorization structure of dimension m using
two methods. In the first method we show that a solution A,, satisfies a family of
ODEs parametrised by values of variables x;,, where (i,7) # (p,q). In the case of de-
composable factorization structure we solve these and as a by-product we find that A,
is a rational function and that A,,, ¢ = 1,...,d,, have the same polynomial function
as the denominator,

POl (T
Apq(2pq) = pal7p0)

Hé?:l (1, 2pq), ef}dj

J#p

)

where pol,, is an univariate polynomial and eé-’ are the vectors determining the decom-
posable factorization structure. The degree and shape of pol,, depend on a particular
choice of the factorization structure and decomposability of the tensor ¢(/3) determining
the separable Kahler geometry.

In the second method, when d, > 2, we show that solutions A,,, ¢ = 1,...,d,,
are even more related. In general, for ¢ # r the difference of A,, and A,, restricted
to the diagonal, Ap,(x) — Apr(x), satisfies a family of ODEs parametrised by values of
Zir, where (i,7) # (p,q) and (i,7) # (p,r). For decomposable factorization structure
we find that ¢(f) is either indecomposable and Apy(x) — Apr(z) = 0 which means
that Ap,, ¢ = 1,...,dp, are the same rational function, or decomposable, p(3) =
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ins, ((a,b)% ® (1,0)™ %), and we get

A _ poly(pg) + (ng + I/;quqxa + bapy) ™ L9
pa(Tpq) = % o ; Vpg> Vpq € R,
Hj:1<(17$pq)a€j> ’
J#p

where pol, is a g-independent univariate polynomial whose degree depends on a par-
ticular choice of the factorization structure and b.

4.4.1 Method I. In the previous section the extremality equation for separa-
ble Kéhler geometry was derived. Now we obtain necessary conditions for its solutions
Apgp=1,...,k, ¢=1,...,d,. The idea is to multiply the extremality equation with
a term such that all summands but one become polynomials in a fixed variable x,.
Thus, when the equation is differentiated enough times with respect to x,q, it yields a
family of ODEs in a single unknown A,, parametrised by values of the other variables.

First, we recall conventions that empty product is defined to be 1 € R and empty
sum equals to 0 € R. We assume k£ > 1 and d; > 1 for all j € {1,...,k}. We fix

p € {1,...,k} and multiply the extremality equation (4.3.24]) by

k 1
AL = H (Tpa — Tpp) H(f{b, Iy)%,  with convention H(f{b, D)% =1,
1<a<b<d, b=1 b=1
(4.4.1)
to get
oS i)
Z Z A, <M7 /8>m+3 <)A(l’ Fi>di_la:%w % <§cb7 Fb>db = <M’ O{>A§\ (442)
i=1 r=1 K b=1
bt
where
H (Tpa — Tpb), ifi=p
1<a<b<d
R AP Sa<sdp
Ay = L —{ (4.4.3)

Ay (ngzl (Xp, Fp>d”)

H1§a<b§dp(xpa — Tpb)

The term (%;,T;)%~1 comes from the cancellation of (%;,T;)% from the product behind
the differentiation sign in (4.3.24) against (x;,I';), since (x;,I";) does not depend on

Lir.

Remark 4.4.1. When k=1 (4.4.2)) reads

ZiAr<M;ﬁ>m+36§T <<AT(%)) = (u, a) H (Ta — 1), (4.4.4)

1<a<b<m
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where we used notation from|Remark 4.1.1)

We show that the degree with respect to x,, of the RHS and of the coefficients
at A (zir), O, Air (i) and 02, Air(zir), (i,7) # (p,q), in ([£.4.2) is at most m which

further implies

Lemma 4.4.1.

Vpe{l,....,k}Vge{l,...,d,}:

Apo(Tp) T, |
m—+1 m+3 92 Pa\"pq . \d; _
8qu <M,ﬁ> 8Ipq W | (wj,r‘]> - = 0 (445)
j=1

Proof. To this end we observe

- 1
e (%) = ey, (05700 1o

1

deguy, ((nByro2, L
i

)
)
k
dega,, | [T T5)% ) <

{ m — dp, 1=0D
1 m—d; —d,, 1#p
;.#i (4.4.6)
A d,—2, 1=
if d, > 2, then deg,,, (Air) < { dp 17 1 B P ’
p Ly 1 D
if d, = 1, then deg,,, (A ) =0
_ 0 1=7p
A~ dz 1 9
degay, <<X“F’> ) = { di—1, i#p
and

Thus, when ¢ = p the degree is 2 +m —d, +d, — 2+ 0 = m, while if i # p we get
24+m—d; —d,+d, —1+d; —1=m as claimed. O

To deal with (4.4.5)) note by direct calculation that operators D, defined by

Djpg = [P, p=0,1,... (4.4.8)

’fp

commute [D;,, Dj 4] = 0, where f and g are multivariate functions and f is such that
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8£jf = 0. Applying this with f = (u, ) we have

k

Al (x . .
8l <,u’ B>m+382 PQ( pQ) <XjaFj>dj —

o\ gt L

1

— WDP(],Z_l O---0 DPQ70 9] qu’m+2 o qu7m+1 qu(l'pq) <X]7 1—‘]>d] —

Ew

Il
—

’ (4.4.9)
1

B (u 5>ZDP‘1M+2 © Dpgm+10 Dpgi—10+++0 Dpgo | Apg(pq)

<Xj7rj>dj =

:w

7=1

1 !

= (u, B)" %" 0 ipq Wﬁx” Apq(Tpq) <varj>dj

:?r

1

J

In particular, for [ = m+1 we reformulated (4.4.5)) and see that Ay, (zpq) H§:1<5<ja ;)%
is a polynomial in x,, of degree at most m + 2. As not all factorization structures of
Segre-Veronese type attain the bounds in degree estimates (4.4.6) and (4.4.7) (see

e.g. Remark 4.4.2)), we describe how the exact values of these degrees shape solutions
Apg. Since I'; € RF, SHWr (see [Lemma 3.2.4)), we note that deg,,, ((X;,I;)) =
i#j

J
degy,, ((X;,1';)) for any a,b = 1,...,dp and j = 1,...,k, i.e. the degree is the same
with respect to any variable belonging to grouped p-slots. This and the exact values
of degrees in (4.4.6) and (4.4.7) allow us to find the smallest ¢, € {1,...,m + 1} such
that

k
(%;,T))% | | =0 Vg=1,...,d,, (4.4.10)
j=1

! m+3 52 Apg(pq)
Oy | (11, B)™ 7203, . Byt

similarly as in (4.4.5) where the upper estimate, ¢, = m + 1, was used. Using (4.4.9))
we conclude (4.4.10)) is equivalent to

k
1
2
85’31“1 Wﬁmm Pq qu H va =0 Vg=1,... ,dp (4.4.11)

Notation 4.4.1. From now on forp € {1,...,k} letl, € {1,...,m+1} be the smallest
value such that (4.4.11)) holds.

Remark 4.4.2. In the case of the product Segre-Veronese factorization structure we
have (x;,T';) = 1 for all j = 1,...,k which allows us to improve estimates (4.4.6)
and (4.4.7). For d, > 2 the degree of the coefficients at Ai(xir), Oz, Air(xir) and
agiTAir(xif,«) with respect to xpq, (i,7) # (p,q), behaves in the same way and can be
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summarised as follows;

if i = p, then degz,, < dp

o (4.4.12)
if i # p, then degy,, < dp + 1,

while
degqu (<M7Q>AII)‘) < dp- (4.4.13)

This case corresponds to l, = d, + 2 in (4.4.11)). If we restrict ourselves further and
consider (p, ) to be constant, then l, = d, + 1. In particular, these estimates hold if
k=1.

Thus if ¢(B8) = ins; ((a,b)®*% @ (1,0) ® --- ® (1,0)) for some j € {1,...,k} and
(a,b) € W7, then

L p=y
dega,, ({1, B)) = : (4.4.14)
. 0, p#jJ
and we getl, =d, +1if j#p, andl, =d, +2 if j=p
Finally, if d, = 1 we get I, = 3 if (u, B) depends on xp and l, = 2 otherwise.

Remark 4.4.3. Since p(B) € @F_ S®W; (see |Lemma 5.2.4|) we note that if (B)

decomposes in (p,q)th slot, then it decomposes in the grouped p-slots. Furthermore,

w(B) decomposes in (p,q)th slot if and only if (u, 5) = /@przl«l,xpr), (a,b)), where k
does not depend on any wp1, ..., Tpq, and (a,b) € Wy

RecallT; € Ry ShW (seelLemma 3.2.4). IfI'; = ®b 1(€ )®db for some e e Wy,
b2j

j=1,...,k, ie. all I';s are decomposable, then we solve 1’ as follows.
When [, = m + 1 we immediately get

pOlmH(prq)
Vg € {1,...,dp} s Apg(zpg) = Pq :
TTE-1 (1, 2pq), €)%

J#p

(4.4.15)

for any (u, 8), where polg;r2 is an univariate polynomial of degree at most m + 2.
Now, when [, < m + 1 the equation (4.4.11]) gives

k
ampq pq qu H 1 qu . = (agq +a117qqu)<lu’7/8>m+1_lpa where CL 6 R.
g

(4.4.16)

As the LHS of (4.4.16) depends on z,, only we infer either ¢(3) decomposes in the
(p, q)th slot, or does not decompose and agq = azl,q =0.
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If ¢(B) does not decompose, then

lp— 1(

polyy (Zpq) (4.4.17)
szl <(1, pq), 5§>dj

J#p

Vq S {17 . e ,dp} . qu(qu) =

where polé,”q_1 is an univariate polynomials of degree at most [, — 1.
If p(B) decomposes in the (p, ¢)th slot then by [Remark 4.4.3| (4.4.11]) reduces to

k
8qu Apqg(@pq) H (1, 2pg), )% | = (agq +a117quQ)<(1a'rpQ)v (a,b))™ 7 (4.4.18)
I

where a q € R. Thus

k
Apg(pq) H 1, 2pq), =

7j=1
izp (4.4.19)
B / ' ./(agq + a;qqu)« , Tpq), (@, b)>m+lilp dpqg - - - dpg
—_————
! v
P
Now, if (i, 8) is constant with respect to xp1, ..., xpq,, equivalently wrt some z,,, then
b=0 and (4.4.19)) gives
pOléqu:L (pq)
Vge{l,....dp} : Apg(zpg) = VIR (4.4.20)
Hg;;((lv:UPQ)?Ej) /
On the other hand, if (u, 8) is not constant with respect to zp1, ..., Zpq,, equivalently
wrt some xp,, then b # 0 and (4.4.19)) gives
Ip—1
oy (Tpg) + (a+ bapg) " TS, + v
Ve {1, dy} s Apglipg) = Lo (2pq) + pa) " (Vg + Vg ”"), (4.4.21)

H?zl«lv qu)? §>dj

J#p
i
where Vpg € R.

Lemma 4.4.2. Let A; be solutions of the extremality equation (4.3.24) with I'; =
®b 1( )®db j =1,...,k, i.e. all T';s are decomposable. Let p € {1,...,k} and

let l — 1 be the highest degree with respect to xpq of coefficients in (4.4.2)) for some
q=1,...,d,, equivalently for all ¢ =1,...,d, (see|Notation 4.4.1 and the discussion

above). Let polgq denote an univariate polynomial of degree at most d. Then if
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(I) l, —1=m, then

POZ%“ (Zpq)

Vge{l,....dp} : Apg(zpy) = (4.4.22)
[T (1 70) )7
J#Dp
(II) I, — 1 < m, then

(I1a) either o(B) does not decompose and we have

Vge{l,...,dy)}: Aplay,) = pols; " (2ps) (4.4.23)
S T (L ), )
J#p

(IIb) or ¢(B) decomposes in (p,q)-slot for some ¢ € {1,...,d,} and we distin-

guish:
(Ibi) (u,B) is constant wrt xpi1,...,Tpq, (equivalently wrt some )
lp+1
polyg” (Zpq)
Vge{l,...,dp}: Apg(apg) = =5 (4.4.24)
Hjil((l,qu), €))%
J#P
(1Ibii) (i, B) is not constant wrt Tp1, ..., Tpq, (equivalently wrt some Ty, )

Ip—1 m
) _ polpy  (Tpg) + (a + bryg) +1(V;9q + V;quQ)
Vge{l,...,dp}: Apglzpg) = k P\d;
Hj=1<(17'rPQ)7€j> !

J#p

Y

(4.4.25)

i
where Vpg € R.

4.4.2 Method II. If d, > 2 for some p, then we can derive more information from
the extremality equation on the solutions Ap1,..., Ayg,. In[Section 4.4.1] we found that
all solutions A;, are rational functions (for decomposable case see [Lemma 4.4.2)). This
allows us to interpret the extremality equation as an equation in the field of rational
functions where our formal analysis takes place. Thus we can fix p € {1,...,k} and
multiply by ©pq — Zpr, where ¢,7 € {1,...,dp,} are distinct. The resulting
equation does not have poles at z,, = ,, and hence we can evaluate at zpq = zpr =@

to get

A [<u, BY*P" —2(m + 1) (. B) (s, B) P’ + (m + 1) (m +2) ((u, 5>’)2P} +
24| (1, BY>P' — (m + 1)P (. B) (. B |+ (4.4.26)
A//P<H’ 6)2 =0,
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where

A =Apg(x) — Apr(2) (4.4.27)
PO =a, o xﬁ@jvrﬂd =a, I lﬁ[<f<j,Tj>dﬁ 1=0,1,2

B B (4.4.28)

(1, B) =0, (1, B) = O, ~ {w B). (4.4.29)

Tpqg=—TLpr==,

These equalities are well-defined since (i, ) and (x;,I';), j € {1,..., k}, are symmetric
in variables xp1,...%pq, (see|Lemma 3.2.4). Note this also implies that takes
the same shape for any distinct ¢, € {1,...,d,}.

Note that for a general (i, 5) and I';, i = 1,... k, depends on variables
other than x. A direct observation reveals that if either { (i1, )%, (i, B) {1, B), ({11, B)")?}
or {P,P',P"} is a linearly independent set in the vector space F7, of rational functions
depending on all variables x;, except xpq and x,, with coefficients in the field of rational
functions R(x) of variable z, then has trivial solutions only, i.e. A,; = A,
qg,r=1,...,dp, subjected to (4.4.11)) and the degrees of (x;,T%;), i # p.

We shall focus again on the case when I'y = ®%%(ei)®di, b=1,...,k, ie. all T'ys

1

are decomposable. Then dividing ([4.4.26)) by (u, 3)*P yields

/ N\ 2
fpossmstemenmn (35
/ {1, B)' (4.4.30)
248~ m 4 1) L]+
A// — 0,
where
k 0,1),€)
=) di 7 € R(@) (4.4.31)
j=1 ,33), €j>
J#p

is the 0,,,-logarithmic derivative of H§:1<ﬁj,Fj)dj evaluated at xp,, = zp = 1z, ie.
P’ =PS. We also note

k
S=0,In |[[(1,2), % (4.4.32)
=1
J’sép

First we deal with a special case of (4.4.30))
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Remark 4.4.4. If (u, ) =0, then (4.4.30) reduces to
A" 4 24'S + A(S? +S8) =0, (4.4.33)

where, this time, the prime differentiation agrees with differentiation with respect to x.

Hence (4.4.33)) is equivalent with

"
(ef SA) ~0 (4.4.34)
whose solutions are
0 1
A= /3:[5:5_ (4.4.35)

Using (4.4.32) we see that el 5 is

k
[, 2), e, (4.4.36)

up to a constant. Thus, since we already know the shape of Apgs ((4.4.22)), (4.4.24))
and their differences at the diagonal ((4.4.35)) we conclude (seqNotation 4.4.1)

(1) if l, — 1 =m, then

polper2 (2pg) + ng + B;qqu

k .
[Ti=1{(L, zpq), 5§>dj
J#p

Vge{l,....dp}: Apg(apg) = , (4.4.37)
where ﬁ;q € R and pol;‘Jr2 s g-independent polynomial of degree at most m + 2,

(it) if I, — 1 < m, then

lp+1
poly " (Tpq) + ﬁSq + ﬁ;quq

k .
[T5=1{(1, zpq), 5§>dj
J#p

, (4.4.38)

Vq S {17 [ ,dp} . qu(qu) =

where ﬁ;q € R and poli,p—i—1 is g-independent polynomial of degree at most [, + 1.

/ / 2
Observe that linear independence of {1, <<’; ’% ) (<<‘;’%>>> } in F?, is equivalent to

linear independence of (i, ) and (u, ). From this and the fact that (4.4.30)) is a

’ N\ 2
linear combination 1, <<’;’ 5>> and (% ’% ) we conclude that (4.4.30)) has trivial solutions

if and only if (i, ) and (u, B8)" are linearly independent in F}, over R(z). In order to
understand this linear independence we derive

Lemma 4.4.3. Let d; >3 and let T € SHW* @ @i @™, V5, i € {1,...,k}, where
b#j

J
W and Vi, are two dimensional spaces. If we denote @, = (1,2p1) ® -+ ® (1, Zpq,),
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b=1,...,a, and

a
v =T,z ® Q) ), (4.4.39)
b=1
b#j
then
O v =0, (4.4.40)
“p Tjp==Tjq=%T “aa Tjp==Tjq=T
Furthermore
and Oz, (4.4.41)
Tjp=Tjq=T Tjp==Tjq=T
are linearly dependent over rational functions R(x) if and only if
d;
v =K H(a + bz jr), (4.4.42)
r=1
where k7 does not depend on Tj1, ..., Tjd; and a,b € R.
Proof. Note that v is symmetric polynomial in zj1,...,%;q4;.

For o” the rth elementary symmetric polynomial in variables z;ji,...,x;q4; denote
Oz;,0" by 0" 1(2jp), i.e. (r — 1)st elementary symmetric polynomial in variables
Ty Tj(p—1)s Tj(pt1)s - - - Tjd,; - Note since o = 0" (Zp) + 20" 1(&;p) one has

d;
Y= apor = ag+ a1 [0 (&) + zjp) + o2 [0 (E5p) + 2jpo (B5p)] + -
r=0 (4.4.43)

+a; -1 {Udj (&) + wjpe® _Z(fjp)] + a0 (E5p),

where o, does not depend on z} ,:B;lj for each r. Applying (4.4.43) twice yields

Taee
dj—1 dj—2
v =D (r + zipor1)o” (#jp) = D lar + (Tp + Tjg) ri1 + TjpT i 2] 07 (Eip, E5q)
= = (4.4.44)
The statement follows from
dj—2
Oujpy = Z [art1 + @jqari2] 0" (Zjp, Tjg)
;";02 (4.4.45)
Ozyy = Y i1 + Tjp0r 2] 0 (25p, )
r=0
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Now we look for coefficients {ar}szo so that (4.4.44)) and (4.4.45|) are linearly dependent
when evaluated at z;, = zj, = . The dependence relation is given by existence of

rational functions 3, ¢ € R(z), not both zero, so that

Vre{0,....d; =2} t(apq1 + zapy2) = S(ap + 2z041 + 2, 0) (4.4.46)
which, after clearing the denominators, is equivalent with

Vre{0,...,dj —2} 1 t(opq1 + zoyp2) = s(o + 2zt 41 + 22, 19), (4.4.47)

where s,t € R[z].

If t = 0, then o, + 2za,41 + 220,40 = 0 for all r = 0, ... ,dj — 2. Taking two
derivatives in z shows ay = -+ = a4; = 0. Plugging back to the equation for r =0
gives ag + 2z = 0. Taking one derivative in x shows «; = 0 which further implies
oo = 0. Hence v = 0.

If s =0, then a1 + 2ay42 = 0 for all » = 0,...,d; — 2. Proceeding analogously
to the previous paragraph we get a; = -+ = a4, = 0, and thus v = «y, i.e. v does not
depends on xj1, ..., Tjd;-

If t # 0 and s # 0, then considering (4.4.47) as an equality of two polynomials
in the variable x we compare coefficients at the top and the second top degree. This
gives Stop = Stop —- C 7& 0 and ttopar-l—l + ttop—lar+2 = 2a7‘+13t0p + Stop—1Qr+2- ThllS,

if ttop-1 = Stop-1, then @y = -+ = ag,—1 = 0 and plugging back to (4.4.47) for r =0
forces ap = 0. The solution is o, = 0 for r = 0,...,d; — 1 and Qg; can be arbitrary.

. : p—
This solution corresponds to v = &’ [ [, zj, where k; = Q-
Finally, if tiop—1 7# Stop—1

korp1 = arye, 1r=0,...,dj —2, (4.4.48)
where
c

k_

- 20 (4.4.49)
ttop—l — Stop—1

So,

ar =k taq, r=1,... ,dj. (4.4.50)
In order to determine ag we consider for r = 0 and » = 1. The latter gives

o kt(1 + kx) = ays(1 + kx)?. (4.4.51)

If oy = 0, then o, = 0 for » = 1,...,d; and (4.4.47) for r = 0 forces ag = 0. Thus
v = 0. However, if a; # 0, then

t/s = (1+ka)/k (4.4.52)
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which shows ((4.4.47)) for r = 0)

1+ kx)?
a1(+kx) = ap + 2zay + 22k (4.4.53)
and o, = k"ag for r = 0, ..., d;. This solution corresponds to v = KJ Hf’;ﬂ%%—xﬂ). O

Remark 4.4.5. In the case when d; = 2 an analogous but rather lengthy proof shows
v = K (a+b(zj1 +xj2) +cxjizj2), where a,b,c € R, i.e. v splits but (a+b(zj1 +zj2) +
cxj1j2)-part does not have to be a product of linear terms.

Remark 4.4.6. Thus, if d; > 3, then (u, 5>| and O,

Tpq=Tpr== Tpq |qu:g;m:x <N’ /8> are
linearly dependent over R(x) if and only if (u, B) = kP Hf”zl(a + bxps), where kP does
not depend on Tp1,. .., Tpq,. This means that ¢(B) is decomposable in grouped p-slots.

In order to get non-trivial solutions of (4.4.30) we suppose (u, B>|zpq=xm=m and

Drpa| (1.5)

cpompr=e U0 ¢ R(x)

(.8)]

8qu‘$ —» —, (1, B) are linearly dependent over R(z), i.e.
q > pr—

Tpq=Tpr=a
For d; > 3 we have
aqu‘qu:a:p,«:m <'u’ 6>

Opln(a + bx) = . 8]

(4.4.54)

Tpqg=—TLpr==,

while for d; = 2

(1, B)

Tpq ‘ Tpqg=Tpr==2

TNl

Therefore for d; > 3 since (4.4.30)) is an ODE of type (4.4.33)) with S replaced by
S — (m+ 1)0zln(a + bx) the solutions are

dpln(a + 2bz + ca®) = 2 (4.4.55)

(a + bx)m*!
H§:1<(1’ l’), E§>dj ’

J#p

where we assume b # 0 as the other case was solved in [Remark 4.4.4] and thus (see
Notation 4.4.1))

(i) if I, — 1 = m, then

A= (8" +p'a)

(4.4.56)

pol;”+2 (Tpg) + (@ + bl‘pq)mﬂ(ﬁgq + B;ql‘pq)

k }
[T5=1((1, zpq), €§>dj
J#p

Vge{l,....dp}: Apgzpg) =

I

(4.4.57)

where ﬂ;q € R and pol;”“ is g-independent polynomial of degree at most m + 2.
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(ii) if I, — 1 < m, then

I,—1
poly  (zpg) + (a + bwpq)mH( Sq + B;qu‘I)

k )
Hj:1<(1’ pr)a €§>dj
J#P

Vge{l,....dp} : Apg(zpg) =

)

(4.4.58)

where B};q € R and polép s g-independent polynomial of degree at most [, — 1.

For d; = 2 we rewrite (4.4.30) as

1 2
A|S* 48 — (m+1)Sd,In(a + 2bx + ca?) + (m + L(m +2) (0zln(a + 2bx + cx2))2 +
24 [S - mT—H@xln(a + 2bx + cm2)] +
A"=0

(4.4.59)

This ODE is not of type (4.4.33)) and we do not solve it in this text.
Note that the tensor I" which gives rise to the decomposition (4.4.42)) has form
' = ins;((a,b)®% ® K). To obtain more information on K we derive

Lemma 4.4.4. Let T be a non-zero element of ((A), (B))-product factorization struc-

ture p(h) @ (B) + (A) @ x(g) (see[Ezample 3.1.3). Then
T=1®k (4.4.60)
for some 1 € p(B) and some k € x(g) if and only if
(TY=(®B) or (T)=(A®k). (4.4.61)

Proof. Note that any element of the product factorization structure can be written as
71 ® B+ A® 19, where 71 € p(h) and 72 € x(g). Thus we need to solve

MB+ARm =10k (4.4.62)

for 71 and 5. Cases when 71 € span{A} or 7, € span{B} readily satisfy (4.4.61]). The
cases when 71 ¢ span{A} and 7o ¢ span{B} lead to contradiction as illustrated in the
following.

Supposing that ¢ is in the 2-dimensional space span{r;, A} we can express it as
Lt = a1 + as A for some constants aq,as € R. This transforms into

T ®(B—aik) + A® (12 —azk) =0, (4.4.63)

which is a contradiction as 71 and A are independent.

Suppose 71, A and ¢ span 3-dimensional space and complete them into a basis.
Then, the contraction of with any of the dual vectors to 7, A or ¢, leads to a
contradiction. 0
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As the product Segre-Veronese factorization structure is a product factorization

structure in various ways (see [Example 3.1.5) we have

Corollary 4.4.4.1. A non-zero element (3) of the product Segre-Veronese factoriza-
tion structure is decomposable in (p,q)th slot if and only if it is decomposable in the
grouped p-slots if and only if

(i) o(8) = ins, ((a, b & ®’z_1<1,o>®db) for some (a.b) € W, or
b#p

(it) there exists a non-trivial subset I C {1,...,k} such that o(8) = ®,c;(1,0)%% @
T, where T cannot be split as in (4.4.60) into a tensor product of two factors
coming from a product factorization structure

Gathering all results together we get

Lemma 4.4.5. Let Ay, be a solution of the extremality equation (4.3.24) with I'j =
®§:1(6?)®db, j =1,...,k, i.e. all ;s are decomposable. Let p € {1,...,k} and
b#j

let I, — 1 be the highest degree with respect to x,q of coefficients in (4.4.2) for some
q=1,...,d,, equivalently for all ¢ =1,...,d, (see|Notation 4.4.1 and the discussion

above). Let polg denote a q-independent univariate polynomial of degree at most d. If
(I) I, —1=m, then

(Ia) either p(B) decomposes in (p,q)-slot for some q € {1,...,d,}, d, > 1, (this
case includes (u, 3) being constant) we have

pol;”+2(qu) + (a + bmpq)mﬂ( Sq + ﬂ;qqu)

[5- (1 70g), )

J#p

Vge{l,....dp} : Apg(zpg) =

)

(4.4.64)

where a, b, ﬁ;q €R,

(Ib) or ¢(B) does not decompose and d, > 3, then solutions are of the form
(.4.64) with By, = B,, = 0.

(Ic) or ¢(B) does not decompose and d, = 2, then solutions satisfy (4.4.59)) and
[Lemma 4.4.4

(II) I, — 1 < m, then

(Ila) either o(B) does not decompose and d,, > 3, then we have

lp—1
poly (pq)
Vge{l,....dp} : Apg(zpy) = - (4.4.65)
H§:1<(1a$pQ)7 6§>dj

J#p

(IIb) or ¢(B) does not decompose and d, = 2, then solutions satisfy (4.4.59) and
[Lemma 4.4.2
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(IIc) or ¢(B) decomposes in (p,q)-slot for some g € {1,...,dp}, d, > 1, and we

distinguish:
1lci) {u, B) is constant wrt Tp1,...,Tpq, (equivalently wrt some Ty,
p pap P
Ip+1 0 1
oly (Tpq) + + BT
Vg (L. d): A (e = PO @) Oyt Byl e
P g\ Tpq % .
Hj=1<(17xPQ)76j> ’
J#p
where ﬁ}’;q eR,
1lcii) (u, B) is not constant wrt Ty, ..., Tyq, (equivalently wrt some x,,
p pap p

Vge{l,....dp} : Apg(zpg) =

l,—1 m
poly  (wpg) + (a + bxpg) H( + V 4%pq)

H§=1<(1,qu)7e§>df
J#p
(4.4.67)

where 1/ € R.

4.5 Product Segre-Veronese extremality equation

In this section we shall describe and verify the complete set of solution of the product
Segre-Veronese extremality equation with ¢(5) = ins, ((a, D)%% @ Qp_i(1, O)®db> for
b#p

some (a,b) € W, and characterise the corresponding affine extremal functions. To
this end, we recall that the extremality equation in this situation reads

dp 2 m+1 k dz
{1, B)"(a + brya) 2 Apq(2pq) (1, 8)*
Z Apq Ozpa (a + bxpg)m+t T Z Z A, 92 Ap(zir) = (1, )

q=1 i=1 r=1
i#p

(4.5.1)

since (u, ) = HZ 1(a+ bxpg). By counting degrees we see that when b # 0 and k > 2
possible solutions are A, of the form (4.4.67) for [ =d,+2 and ¢ =1,...,dp, and A,
oftheformforl—d +1, wherez#pandr—l , d;. Whenb:Oand
k > 2 possible solutions A;, are of the form for Il =d; + 1 as before. Finally, if
k=1, ie. Il —1 = m, then possible solutions are of the form .

Now we test whether functions of this form really are solutions. First, we focus on
evaluating the first sum in ({@.5.1). We note that (a + bapg)™ (8, + Bh,%pq)-part of
solutions does not contribute. In order to evaluate

S~ )0+ by ( pol(xpy)

Apg e\ (a+ b:qu)mH) , d€ldp+1,m+2}, (4.5.2)

g=1

when b # 0 we express polg in powers of (a + bxpq). To do so we use Taylor expansion
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(binomial formula)

t
t
2t = Z <Z>CH($ —c)!,  wheret=0,1,...

which gives

q=1
b (a -2
=(m+1-0Dm+2-1) m:
q:1 qu
d dy a
2 g=1(5 + Zpq)
(m +1)(m + 2)(—=1)% 1 q#v Cifl=0

Hzil(% + Tpg)?
= (=D 'm(m +1)

- d ) ifl=1
Hqil(% + Tpq)
0, if2<i<d,
(m = dp)(m+1—dp), if | = dp+ 1

(4.5.3)

(4.5.4)

(4.5.5)

(4.5.6)

(4.5.7)

using Vandermonde identities from When k£ = 1 we observe that [ =
m+ 1 and [ = m + 2 evaluate to zero in (4.5.5)), while for i =0,/ =1and 2 <[ <m
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we get results as in with d, = m. Thus for ¢ = —a/b, k > 2 and d,, > 2 we have

d a m d,+1
Ep: (5 + Tpq) 1 52 pOlper (Tpq) _ (4.5.8)
A %5\ (2 4 gg)mt -9
=1 pq b Pq
dp+1dp+1 dp g -2
t> a\t=t (5 + Zpg)
= — a?(m+1-=10)(m+2-1) AL AR 4 LA (4.5.9)
>3 () (5) >
dp dp (a
2 2 (5 + 2pg) a1 ot
_ #v P
= (m+2)(m+ 1)(— 1) ~9) ar
qu (5 +2pg)* 150 ( b>
( dp+1
+(m + )m Z (- ) of + (m 41— dy)(m — dy)al |, (4.5.10)

Hq 1( + Tpq)

Although a separate but straightforward computation for £ > 2 and d, = 1 is needed,
the result is the same as the expression (4.5.10) for d, = 1. For k = 1 a similar
calculation yields

ZT:l H%l(% + qu) m+2 ot

(m 4 2)(m +1)(=1)™! —L —— ) o+

1= (5 +29)? ; ( b) :

m—+2
(D)™ RN, ey
Hm+ Dmepe—a—— > t(—7) a (4.5.11)
H;’l—l(ﬁwq) ; < b) t
Thus when k& > 2 2|) equals
dy dp dp+1 .
(m+2)(m+ 1) (~1) @~ 1p20 | S H +apg) | D (—5) af+
v=1 1 =0
G
dyp dp+1 1
(m+ Dm(~1)"718% | [+ bz) | Yot (=3) o+
q=1 t=1
dp
+(m+1—dy)(m—dy)ad, | [](a+bayg)? (4.5.12)
1 pg) >
q=1
while for £ = 1 we have
m m a m—+2 "
(m+2)(m+ (1" [ STTG +20) | Y <7) at
v=1 q;l t=0
qFVv
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m m—+2
at—l
F(m+1 ym—Lym (a + bzy) t(——) a 45.13
(m+ 1ym [+t | 3 (-5) o (45.13)

In order to evaluate

d;

k
Z L 3§,r (pold ™2 @) + 85 + Bhaar) (4.5.14)
i=1 r=1

iZp

for k > 2 with polfi“(xir) Zt’+02 al(zi)t we calculate for d; > 1

d; p
Z 8£irpol§l Jr2(33”)
Air

= oy 1 di(di + 1) + oy o(di +2)(di + D)oy (2, - - -, wia,),
r=1
(4.5.15)

where for d; > 2 we used Vandermonde identities [Remark 4.1.1] Thus (4.5.14]) equals

k
(1, Y2 oty 1 1di(di + 1) + oy yo(di + 2)(di + Do (i, - -, Tig,) (4.5.16)
1=1
7P

In order to ensure that the sum of and (4.5.14)) is affine linear in p as required
by the extremality equation (4 we are forced oy, 12 = 0 for all ¢ # p and

k
(m+1—dy)(m—dp)aly  + Y alidi(di+1) =0 (4.5.17)
=1
iZ#p

When b = 0 the situation is slightly different and governed by (4.5.16|) for any
k > 1. Thus we have

Theorem 4.5.1. Let pol® denote an univariate polynomial of degree at most d with
coefficients au., 7 = 0,...,d. The complete set of solutions of the product Segre- Veronese

extremality equations with ¢(B8) = insy ((a, )% © Ri_1(1, 0)®db) for some (a,b) €
b#p

WX are as follows.

Vie{l,....m}: Aj(z;)= polm+2(xj) + 5]0 + ﬁ;mj (4.5.18)
with the extremal affine function

m(m + 1)a*ame1 + (m+ 1) (m + 2)a’ama201 (21, . . ., Tp) (4.5.19)
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b0

Vie{l,...,m}: Aj(x;) = pol™?(z;) + (a + bay)" (8] + B} x;)

(4.5.20)
with the extremal affine function
m m m—+2 :
(m 4+ 2)(m + 1)(=1)" " 1p?m ZH tag) | Y (‘g) s+
v=1q=1 =
751/
m m+2 an -1
+(m+ Dm(-1)" 5™ | [ (a+ bay) Zt(—g> a  (4.5.21)
q=1 t=1
k>2
b=0
Vie{l,...,k} Yre{l,....d;}: Ai(zir) = pol&™? + 89 4 gL,
(4.5.22)
with the extremal affine function
k . .
a? Z dz(dz + 1)a21i+1 + (dl + ].)(dZ + 2)()(211,_,_20'1(331‘1, e xidi) (4523)
i=1
b#0

dpt1 m
Vge{l,....dp} : Apg(zpg) = polp a4+ bapg) ™ ( gq + B;qqu)
(4.5.24)

Vie {1,....kN\{p} Vre{l,....d;}: Ap(zi) = pol&™™ 4 B9 + 8L,
(4.5.25)

where

(m+1—dy)(m—dy)ad) —i—Zad di(di +1) =0, (4.5.26)
#p
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with the extremal affine function

dp dp dp+1 "
(m +2)(m + 1)(-1)> 152 [ 30 H tap) | S (—%) o+
v=1q=1 t=0
aFv
dp dp+1 o
+(m + 1)m(—1)dp*1bdp H(a + bxpg) Z t (_B) of
g=1 t=1

For latter purposes we expand products from the above theorem in

Lemma 4.5.2. For d > 1 we have

d d d-1 an d—t—1
ZH + 2pq) = Z(d—t) <5> ot
v=1¢=1 t=0

q#v

Proof. Taking 0, -derivative of the identity

we find

We note

since the LHS of (4.5.31)) is symmetric in 1, ...
we restrict (4.5.31)) to the diagonal, i.e. x,1 =

summing (4.5.30) over v =1,...,d we get (4.5.28).

d d=1 g
H(* + Tpq) = (*) o (Zpy)
b b
qg=1 t=0
qF#v
d
Zat(ipy) = ko; for some k € R
v=1
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(4.5.28)

(4.5.29)

(4.5.30)

(4.5.31)

, Tpqg and has degree t. To specify k
- = Zpq = T, and get k = d —t. Thus
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Chapter 5

Compactification

The purpose of this chapter is to outline a geometrical characterisation of compactifi-
cations of separable toric Kahler geometries of the product Segre-Veronese type. The
main idea is to describe these compactifications via Delzant polytopes with extremal
affine functions belonging to a particular family. This approach originates in [42] where
equipoised extremal affine functions were considered. Here we work with Delzant poly-
topes compatible with the factorization structure. Such a polytope is the image of the
m-cube in separable coordinates and has the number of facets between m + 1 and 2m.

We derive a version of compactification theorem which shows that
a separable geometry compactifies only if boundary conditions are satisfied. These form
a system (B) of linear equations which involves functions A;, defining the metric and
scales of normals of a Delzant polytope where the geometry compactifies. In the case of
extremal metric, (B) is over-determined. In order to characterise compactifications of
extremal geometries via extremal affine functions we consider a linear system (E) which
expresses the fact that the extremal affine function of a Delzant polytope A is the L?-
projection of the scalar curvature of the corresponding extremal metric. Furthermore,
IProposition 2.1.1|reveals that if an extremal metric g compactifies, i.e. (B) is satisfied,
then Scal(g) is the extremal affine function, and hence (E) is satisfied.

For extremal separable toric Kéhler metrics corresponding to the product Segre-
Veronese factorization structure with a decomposable Sasaki structure we characterise
their extremal affine functions which, with the use of system (E), imposes constraints
on scales, like the system (B). We show that if (B) and (E) have both full ranks, then
compactifications of such a geometry can be characterised via Delzant polytopes with
extremal affine functions belonging to a particular family.

We start with a description of compatible (Delzant) polytopes.

5.1 Delzant polytopes and factorization structure

For a toric symplectic geometry (M, T™) the corresponding Delzant polytope A C t*,
t = Lie(T™), associated via Delzant correspondence ([28, [36]) is, in particular, a set of
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integral vectors u; € t, j = 1,...,n, together with constants Aq,..., A, € R such that
A={z et |Lj(x)>0, j=1,...,n} (5.1.1)

where the affine functions L; are given by
Lj(z) = (uj, ) + A;. (5.1.2)

Moreover, A is the image of the momentum map py : M — t* of M and the vectors
u; are understood to be normals of affine hyperplanes bounding A. On the other hand,
according to [44], the image of the momentum map py : N — bh* of a toric contact
geometry (N, T™*1), Lie(T™*!) = b, is a good convex polyhedral cone A in h* which
is associated to N via the contact version of Delzant correspondence. Such a cone is
given by a set of integral vectors v; € h which are normals to the hyperplane bounding
the cone.

Furthermore, if M is the quotient of IV by a Reeb vector field Xz, 5 € b, then there
is a geometric correspondence between A = im(uy) and A = im(uys). In fact, we have

(i = UN
M7 un, B)

showing that A is the intersection of A with the affine chart Ag given by B (see
Section 2.1.4). The linear forms on h* corresponding to normals v; € b restrict to
affine functions on Ag which correspond to the affine functions L; in an identification
of t* with Ag.

Remark 5.1.1. The following discussion works for a general factorization structures
too, but we restrict ourselves to the product Segre-Veronese factorization structure in
order to establish notation for what follows.

Recall that if N and M are separable then their momentum maps satisfy (un, i) =
0 and (ups, iy mod B) = 0 for ¢ = 1,...,k, v = 1,...,d; (see ), where v,
represents a l-parametric family of hyperplanes in h*. We require A to be compatible
with the underlying factorization ¢ in the following sense. We say that the product
Segre-Veronese factorization structure ¢ is compatible with A if the product of intervals

I:=x le xfizl I;» maps bijectively onto A via the composition of the Segre embedding

P(Vy) x - x P(V,,) = P(V)
([, [vm]) = [1 ® - @ vy, (5.1.3)

with the dual projection P(V) --» P(h*) induced by the transpose ¢! (see Appendix
A in [7]). Thus, when ¢ and A are compatible, the boundary of I is mapped onto the
boundary of A, so the number of facets for A is at most 2m, and {t;,(A\}.)} represent
these as can be seen from , where )\ilr and )\ilr are endpoints of I;.. A Delzant
polytope A is called compatible with ¢ if it is an affine slice of a compatible A by Ag.

As an example of compatible polytopes we describe a class of quadrilaterals corre-
sponding to ambitoric compactifications studied in [§]. These are compatible with the
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Veronese factorization structure o(h) = S?W* and originate from a projective quadri-
lateral A C P(h*) given by 4 points on a rational normal curve of degree 2, i.e. the
factorization curve, corresponding to the projective normals of facets of compatible A.
A rational normal curve of degree 2 is determined by 5 points, or, equivalently by a
single quadric, and hence there is a family of Veronese factorization structures com-
patible with such a polytope. On the other hand, the local classification of ambitoric
geometries reveals that the corresponding extremal affine functions must be of partic-
ular shape which imposes a linear relation on quadrics and fixes a compatible Veronese
factorization structure uniquely.

Now we describe a class of projective polytopes A which are compatible with the
product Segre-Veronese factorization structure of dimension m with k factorization
curves. We start with cases when this compatibility is determined uniquely. These can
be described as a choice of d; + 3 + n; points on the factorization curve ; for each

j = 1,...,k, which represent projective normals of hyperplanes bounding A, where
dj—3 > nj > 0 are integers and 1; represents the curve ;1 = - -+ = ;4,. Indeed, since
Y, j=1,...,k, is arational normal curve of degree d;, it is determined by d;+3 points,

which, in the end, fixes the factorization structure. To illustrate how this projective
polytope A looks we take the affine slice of A given by o(3) = (1,0)*™*! € p(h) which
results in a product of k polytopes with d; + 3 + n; facets. This can be seen from the
shape of momentum map in this case (see ) The reason for n; to be bounded
from above by d; — 3 is related with domains of definition for 1)y, or, equivalently, A;,.
Recall that normals of facets are of the form ;-(\). For a fixed ¢ there are at most
2d; of them and at least d; + 1 which happens when I;; N I; 11 = {)\fr} = {)\}J,H} for
all r =1,...,d;, hence the bound on n;.

In general, if there is an underdetermined factorization curve, then the correspond-
ing polytope is compatible with families of factorization structures. Sometimes, how-
ever, this freedom can be compensated by restricting the class of extremal affine func-
tions as in ambitoric situation.

5.2 Boundary conditions

We derive a version of for separable Kahler metrics corresponding to the
product Segre-Veronese factorization structure h. Compactifications of such a metric
are defined for Delzant polytopes compatible with the factorization structure; these
are images of compatible projective polytopes in the affine chart determined by 3 € h.
Thus, a compatible Delzant polytope has normals of the form

Cxv Yir (A7) mod 3
for some Cyv € R*.

Lemma 5.2.1. Let (M,w) be a toric compact symplectic geometry and the correspond-
ing Delzant polytope A be compatible with the product Segre-Veronese factorization
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structure. Let H : A® — S?t* defined by

T

AW l’ﬂ" /6)) 9
"= Z Z xzru ¢zr(xzr)> <axiNu67 )’ (5.2.1)

i=1 r=1

be positive definite. Then H is the torus part of a T™-invariant, w-compatible Kdahler

metric on M via (4.1.22)) if and only if

e [smoothness| A;. is a smooth function on I for all i = 1,...,k and all r =
1, ce ,dl’,‘

e [boundary values| Vi=1,... . kVr=1,...,d;Vv=1,2:

An(AY) =0 (5.2.2)
and

e [positivity] for any point y in interior of a face F C A, H,(—,—) is positive
definite when viewed as a smooth function with values in S*(t/tr)*, where tp C t
is the vector subspace spanned by the imward normals u; € t to all codimension
one faces of A containing F'.

Proof. We check that formulation of this lemma fits into the framework of
frem 2.T.3

The first thing to check is smoothness. Using u = ¢z, (i, ) > 0 and (dy, p, Yir(zir)) =
A; we see that all expressions in (5.2.1)) are explicit. The only part to comment on is
the denominator A;. as it may get zero on facets. However, the terms which are zero
on facets cancel against the numerator since A;-(A\7.) = 0 as we shall see now.

At the facet corresponding to ¥;5(\Y;) (i.e. at zj; = A¥[) we have
= H(Cyy, is(X) mod B, =) = Ooy A\ B){aytissdt)], . (5:2.4)

by (4.1.29)). We claim Ajs()\;’-s) = 0. Indeed, since (aszuﬁ,dtﬂw_ Y
js=A;

js

= 0 if and only if
(1, B) O b = (O 11, Bt at zjs = N (5.2.5)

we conclude that the contraction of (5.2.5) with ;5(\7,) gives
(u, B)Ajs =0 at zjs = A\ (5.2.6)

which is a contradiction as (u, 8) > 0 and Ajs at z;5 = A7, cannot be zero for all values
of zj, where r # s.
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By (5.2.1]) we have

H(C)\’{ 1/1]'5()\1( ) mod 3, CA;-’S¢J'S()‘;‘/3) mod 3) =

o C)‘;/s Z Z sl 5>> <8€E¢rﬂﬂv ¢j8()‘;'/s) mod B>2 (5.2.7)

o1 r—1 m“«,un Yir xzr)

Taking the exterior derivative at x;s = A7 and make use of (4.1.29) we get

C%;SA;S()\]VS)<6x]s mjs:A;'lsluﬂ7sz()\]V'5) mOd ’8>de8 -

= O A ()], e {5, 3s (V) mod ) (5.2:8)
since Ajs(A};) = 0. Computing the differential of the affine function yields

,Au <Mﬂ70)\” sz( ]Vs) mod B> CA;Sij()\?S) mod 6: (5'2'9)

a0

which further gives
CAV A’ s(As) = 2. (5.2.10)

O

Corollary 5.2.1.1. If H is positive definite, then A;. does not change sign on its
domain of definition L., 1 =1,... k, r=1,...,d;.

Proof. Working on the interior of intervals I, i.e. z;. € I”,, =1,...,k,r=1,...,d;,
we find

0< H(sz(xjs) mod B,¢js($js) mod 6) =
= Ajs(55) (O i85 Vjs(2)s) mod B) = Ajs(w5s)Ajs (5.2.11)

Since Aj, is continuous we see that A, does not change sign on ;. O

As we see from[Lemma 5.2.1] a separable Kéhler metric corresponding to the product
Segre-Veronese factorization structure compactifies only if the system of 4m equations

(5.2.3) and (5.2.2) is satisfied. When the system has full rank we get

Lemma 5.2.2. Let A be an n-facets polytope compatible with the product Segre-Veronese
factorization st'ructure with k factorization curves. Suppose that the system of all bound-
ary conditions and - ) has the full rank and that the positivity condition from
[Lemma 5.21] holds Then for the separable Kahler metric corresponding to

1. Veronese factorization structure with ¢(8) = (a,b)®™ such that {(u,3) > 0 there
exist (n —m + 1)-parametric family of compactifications,

2. o(B) =ins, ((a,0)®dp ® ®§:1(1,0)®db>, k > 2, such that (u, 3) > 0 there exist
b#p

(n — m + k)-parametric family of compactifications,
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3. ¢(B) =insp <(a,b)®dp ® ®§1(1,0)®db), b# 0 and k > 2, such that (u,3) >0
b#p
there exist (n —m + 1)-parametric family of compactifications.

Furthermore, their extremal affine functions belong to one of the four families of ex-

tremal affine functions as described in|[Theorem 4.5.1].

Proof. Since the polytope has n facets we need to determine n scales Cy» corresponding

to normals of the facets in order to describe a compactification (see [Lemma 5.2.1). We
start with counting free parameters in solutions to the extremality equation in each
case (see (4.5.1))

1. Veronese case has 3m + 1 parameters
2. k> 2 and b =0 case has Zle d; + 1+ 2d; = 3m + k parameters

3. k>2andb# 0 case has —1+4d, +2+2d, + Zle d; + 2d; = 3m + 1 parameters,
1F£D
where the —1 comes from the linear constrain (4.5.26)).

Thus, supposing the boundary system (5.2.3)) and (5.2.2)) consisting of 4m equations
has the full rank we find that the n scales satisfies m — 1, m — k and m — 1 equations,

respectively, which shows the claim. O

Remark 5.2.1. Some equations in (5.2.3)) and (5.2.2) can be naturally combined us-
ing the nature of solutions of the product Segre-Veronese extremality equation ( see

. If we consider a compatible polytope which has strictly less than 2m facets,
then necessarily there exist i € {1,...,k} and r € {1,...,d;} such that X}, = M}, =:
A. Then we have

AN = A (N) = (A = Air) (V) =
(m + 1)(a+bN)"b(B% + B'A) + (a + bA)™ 13t =
(a+b\)™ ((m + 1)b(B° + B'N) + BY) (5.2.12)
for some % and B' which can be found explicitly, and similarly for the difference
Ai”'()\?r) - Ai,r-i-l (Azl,r—kl)'

In we explicitly derive the boundary conditions system in the case of
the product Segre-Veronese factorization structure with more than one curve.

5.3 The generalised equipoised condition

We know that the compactifications described in have extremal affine

functions belonging to one of the four types described in In com-
pactifications, these become extremal affine functions and we discuss if the class of

Delzant polytopes with extremal affine functions from one of these types comes from
such compactifications.
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First we derive a characterisation of the aforementioned types of extremal affine
functions. To this end we fix coordinates on the product Segre-Veronese factorization
structure h by pulling back the coordinates on its image

k k
Z ins; <de Wi® <®(1, O)®db>>
=1 b=1
b#j

corresponding to the basis consisting of elements

(1,0)2m+
k
msj( € ® (1,0)®db> fors=1,...,djand j=1,...,k (5.3.1)
b=1
b#j
via ¢ : h = V*, where €;, s =0,...,d;, is the standard basis of §% Wj. Since p = o'z
we get
po =1
s = 0s(Tj1, -5 Tjd,) (5.3.2)

For 7, j such that d;,d; > 2 and forallr =1,...,d; —1and s =1,...,d; — 1 we define
©*Qirjs € S?b* to be the p-pullback of the bilinear forms

1
Qir js(u,v) = 3 (UirVjs + UjsVip — Ui p—1Vj 541 — Uj,s+1Vigr—1) (5.3.3)
where we adopt convention u;y = ug for all ¢ = 1,...,k. Note that in the case when
k =1 and m > 2 the corresponding quadratic forms define the factorization curve
11 = - -+ = 1, which is a rational normal curve of degree m.

Using notation for separable Kéhler geometries as quotients of Sasaki geometries,
recall that affine functions in the affine chart given by 8 € b, and in particular affine
functions on Ag, are given by elements of h. This way any bilinear form on b provides
a notion of orthogonality for affine functions on Ag.

Lemma 5.3.1. For the product Segre-Veronese factorization structure with p(f) =
ins, | (a,b)®% @ ® (1 0)®% | for some (a,b) € W we have:
An affine function on Ag given by ¢ € b is an extremal affine function if and only if

b=0:
(p*Qir,js</87C) =0
foralli,j=1,...)k,r=1,...,d;—1,s=1,...,d; — 1

a=0:
SD*Qpr,ps(BaC) =0
forallr,s=1,...,d,—1 and (o =0 for allt #p and alla =1,...,d;.
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a#0 and b #0:
W*Qpr,ps(57C) =0

forallr,s=1,...,d, =1 and (;o =0 for all i #p and alla =1, ...,d;.

Proof. With respect to the coordinate system defined above 3 has coordinates as fol-
lows: By = a’, Bpg = a®=9bl for g =1,..., dy, and ;. = 0 otherwise.

Note that equations characterising ¢ are valid if the corresponding degree is at least
2. Thus, it places no conditions in the degree 1 situation.
We start with examining what ¢ satisfy ¢*Qprps(8,¢) = 0 when d, > 2. There are a
few cases to consider.

b = 0: The only non-trivial equations are
Vj e {1,. . ,k?} : dj >2 Vse {1,...,dj — 1} : _60<j78+1 =0 (534)

and thus (o, (j1 € R and (; = 0 otherwise. Comparing this with

shows that it completely characterises extremal affine functions when b = 0.

a = 0: The only non-trivial equations are
Vre{l,....dp =1} 1 —Bp4,Cpr1 =0 (5.3.5)

which shows (p4,-1,Cpa, € R and (, = 0 for r = 0,...,d, — 2. Now
rem 4.5.1] shows that ( is an extremal affine function iff (;, = 0 for all ¢ # p and
alla =1,...,d;, which proves the claim.

a # 0 and b # 0: If d, > 2, then equations with indices p =14 = j and ¢ = r = s yield

b\4 b\ 7!
Cpg=—(g—1) <a) Co+yq <a> (p1, where ¢ =0,1,...,d, and (o, (1 € R.
(5.3.6)

A straightforward calculation shows that these values satisfy the equations for

indicesp =i =jandr,s =1,...,d,. Once again, comparing with [Theorem 4.5.1]

gives the claim.
O

Now we use this characterisation to describe compactifications of separable toric
Kahler geometries of the product Segre-Veronese type with decomposable Sasaki struc-
ture. Let Ag be a Delzant polytope compatible with the product Segre-Veronese fac-
torization structure. Recall that Ag has a unique extremal affine function ¢ which is
also the L?(Ag)-projection of Scal(g) to the space of affine-linear functions (see [42]

and [Section 2.1.3)), i.e.
W¢=2

with W, :/ pipjdv  and Z¢:2/ wido (5.3.7)
Ag Mg
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Let Fi,..., F, be all facets of Ag, and since Ag is compatible with the factorization
structure, these are given by normals ;,(A\Y.) mod 3, where only n of them are unique.
Notice that if we rescale the normals by CA?T’ then the matrix W does not depend on
scales, while the right hand side depends linearly on inverse scales. Indeed, if we call
the unique scales C1, ..., (), then we can write Z; = 2?21 ai;rj, where a;; = fFj wido
and r; = 2/C}; (see [42]). Thus the system is equivalent to

¢ =W tAr, (5.3.8)

where A;; = a;;. The characterisation of extremal affine functions from
(namely (5.3.4)),(5.3.5),(5.3.6]) ) impose linear relations on the inverse scales via ([5.3.8]).
These systems can be summarised as follows: if

e k=1and b=0] then ¢, =0,p=2,...,m,
e [k =1 and b # 0] then ( satisfies (5.3.6))
e [k>2and b=0] then ¢, =0fori=1,...,kand r=2,...,d;,

e [k > 2 and b # 0] then ¢, satisfies (5.3.6) for g =1,...,dp and ¢, =0 for i #p
andr=1,...,d;,

In the case when this system has the full rank we have

Lemma 5.3.2. Let A be an n-facets polytope compatible with the product Segre- Veronese
factorization structure with k curves and decomposable Sasaki structure, i.e. k and b
are fized. Suppose that the system (B) and the corresponding system on extremal affine
functions described above have both full ranks. Then they have the same solution set.
In other words, compactifications of such a separable toric Kdhler geometry can be
described via Delzant polytopes with underlying polytope A and with extremal affine
functions belonging to the corresponding family of extremal affine functions described
above.

Proof. We treat all the cases at the same time. We see that system described above
the lemma consist of

e m — 1 equations
e m — 1 equations
e m — k equations
e m — 1 equations

respectively. These are equations in the inverse scales and we assume these systems
have full ranks. Comparing with we see that solution sets for the inverse
scales have the same dimension. In addition, we know that any solution of (B) is a
solution for (E), thus in these cases, these systems have the same solution sets. O
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5.4 Appendix calculations

We describe explicitly the boundary conditions for the extremal separable Kéahler met-
rics corresponding to the product Segre-Veronese factorization structure with k factor-
ization curves of degrees dy, ..., d;, and

k
p(B) = insy((a, ) @ R)(1,0)%%), (5.4.1)
b=1
b#p
where k > 2 and m > 3. Recall that such an extremal metric compactifies only if there

exist polynomials A;-, i =1,...,k, r=1,...,d;, of degree at most m + 2 such that for
all indices we have

Air(M;) =0 (5.4.2)
A;, satisfies the extremality equation, (5.4.4)

see |'heorem 4.5.1) and [Lemma 5.2.1] The polynomial

m
Aip (i) = (i — M) (@ir = M) Y adal (5.4.5)
q=0

solves ([5.4.2)). Comparing coefficients in
m

(e = M) =) X iy = poba) + oot )™y 4 Bl) - (5ik)

and solving for {O‘i M o shows what polynomials (5 solve the extremality equa-
tion, where d = deg(pol ) € {d; + 1,d; +2,}. The other degree cases can be done
similarly as in what follows. In turns out that the expression for o, depends linearly
on the coefficients of pol;, and )\%T and )\ZZT occur as rational functions in the complete
homogenous polynomials in variables )\}r and )\?T. Furthermore, such A;,. solve (5.4.3))
if and only if the coefficients o satisfy

2 m
N (A =A%) Z ad (A9, (5.4.7)
2 = (A2 - AL Z o (5.4.8)
C}\% zr : s

Now we compare coefficients in (5.4.6))

5.4.1 Polynomials satisfying the product Segre-Veronese extremality equa-
tion explicitly. Since the conditions ([5.4.2))-(5.4.4)) concern a single polynomial A;,
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we simplify notation where possible. First we note

(a+bx)™ (8" + flz) =

m—+1
Ro+ Y "Ry + Rpnyoz™?, (5.4.9)
r=1
where
Ry = ™! (5.4.10)
1 1
R, =b""tamtior (bﬁo (m + ) +apt (m +1 >> ., r=1,....,m+1 (5.4.11)
r T —
Ropso = Ao (5.4.12)
Furthermore,
Apg() = (& = M) (@ = X))y’ =
r=0
/\1)\2040 + (—()\1 + )\2)&0 + )\1)\2041) x + Z (Oén_z — ()\1 + /\g)an—l + )\1)\20%) $n+
n=2
+ (m-1 — (A1 + X)) 2™ + ™2 (5.4.13)
for some «g,...,qn, where A\; and A9 are fixed roots. By comparing coefficients in

Apy(z) = pol(z) + (a + bx)™ (B + Blz) we get

Po + Ro = 1A (5.4.14)
p1+ R =— (A1 + A2)ag + Mooy (5.4.15)
Vre{2,...,m}:
pr + Ry =09 — (/\1 + /\Q)Ckr_l + Ao, (5.4.16)
and
b (8% + (m +1)B'a) =am—1 — (M1 + Ao)auy, (5.4.17)
gt —a,, (5.4.18)

where p; = 0 for d + 1 < ¢ < m. Thus we have m + 3 equations which we solve for

Qg, ..., o, A%, B, Using (5.4.14)-(5.4.16) we find the solution for aq, ..., am,
Vre{0,...,m}:

r

hy—i(A1, A2)
.= E : ~(pi + R;), 5.4.19
: i=0 (A1 Ag)r 1 (pi - Ri) ( )
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where hj(A1, A2) is the jth complete homogenous polynomials in two variables A\; and
A,and p; =0ford+1<i<m.
In order to solve for 3° and 3' we use equivalent formulation of (5.4.17) and (5.4.18)),

B 4+ B (m+ 1)ab™ + (A1 + A" ) =am—1 (5.4.20)
Byt —q, (5.4.21)

Combining the above with ([5.4.19)) yields

+1
bm+1+ hp—1-i bz m+1— z(m ) +
( Z )\1A2 m—1i 7

m—1
Po—1- m+1
L pmtl 1)ab™ 2 : m—1—r prlgmt2-r _
+p < ( 1+)‘2) (m+ )a + )\1)\2)m7r a r—1

d

hm 1—3
5.4.22
; Al)\Q)m ’L ( )

h m+1
0 m—i bz m—+1—i
ﬁ Zz: ()\1)\2)m+1 7 7 +

d
+1 hon—i

pmtl pr—1gm+2-r m _ met

( +Z )\1)\2 m+1 r a r—1 Z ()\1)\2)m+171p

m

m—1
protgmre—r (M _ meimi s - (mt 1
)\1/\2 m+1 —b""a <r— 1) = (AlAg)m_ib a ; (5.4.25)

Now for [ = 0,1, 2 we evaluate

m—I
m—Il—1 i —3 1
B z(er ) (5.4.26)

r:l
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. NdF1—i_yd+1-i
Since hg_; = B v v (5.4.26)) equals

m—l m—I+1—1 m—Il+1—1
A — A5 ’ (m
blgm i 5.4.27
ZZ )\1)\2 m—Il+1— 7,()\1 )\2) a < ) ( )
m—I
1 Xy M igmi—i (M 1
N Z (Amﬂ_i — s ) Va (5.4.28)
i=0 2 1
)\[2 m+1 m~+1 a m+1—r m+1
= b — b" | — — 5.4.29
)\1 — )\2 ()\2 + ) Z )\2 T ( )
r=m-+1-1
)\ll m+1 m+1 a m+1—r m+1
— b — b | — 5.4.30
M= <A1+> 2 (M) < " > (430
r=m+1-I
Now, if [ = 0, then the result is
1 a m+1 a m+1
b —|—+b 5.4.31
A1 — A2 <)\2+ > </\1+ > ( )
Ifi=1,
1 m—+1 a m+1 .
A b — M| —+0b b (N — A .4.32
A~ Az 2<)\2+> 1<A1+> A (0:4:32)
If 1 =2,
1 m+1 m+1
Y +b -2 +b +0™THAT = A3) + (m + 1)ab™ (A — Ao)
/\1 — )\2 )\2 )\1
(5.4.33)
Therefore, the system ([5.4.22)) and (5.4.23) is equivalent to
hm 7
Aoly — Aily A3ly — N30 | —(A1 — A2) ZZ -0 sz ’ (5.4.34)
by — 1y Aoly — Aily | —(A1 — A2) Zz 0 (g )mFI=iPi

m+1 m+1
where ¢1 = (/\% + b) and {p = ()\% + b) . For the determinant D of (5.4.34]) we
have

D = (Al + Aola)? — [(Aal2)® + (AT + A3) lals + (Mi61)?] = —(A1 — A2)?lals
(5.4.35)
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Now we use Cramer’s rule to solve this system which yields
—(A1 = A)?168° =

d d

Pom—1—i 2
—(A1 — A2) (Mgl — A\ ¥ -D; A1 — A )\f Af y
(A1 = A2) (Agla — \q 1)2 )m,lp + (A1 = A2) (A5l — ATl Zz; )\1)\2 m+1 TP

=0 (Al)\Z
(5.4.36)
and
—(A\1 = Xo)?l1tr8" =
d b d ‘
—(A1 — A2) (Naly — Al T (A — A) (g — € _oml L,
(A1 = A2) (A2l — Ay 1);;()\1)\2)7%111? + (A1 = A2) (L2 1);;()\1)\2)m1p
(5.4.37)
We observe
Pm—1—i W Rn—i _ 1 ()\rlnz _ )\ngz . )\7ln+17i . )\31+'1i> _
()\1)\2)m—z (Al)\z)erlfz >\1 _ )\2 (Al)\z)m—z ()\1>\2)m+1—z
M\ )
= Wﬁrl, fori=0,...,d (5.4.38)
Thus (5.4.36) and (5.4.37) become
d i )\i
0ibp3° = Y < Am“ ~ M )\mHE )p (5.4.39)
=0
and
d i A\
008" = (M —X)™' <_ Xlnlﬂ@ + )\m+1£1> (5.4.40)
i=0

Remark 5.4.1. Pluggz’ng B9 and B back into the expression (5.4.19) for oy and rewrit-
ing (5.4.7) and in these terms yields a linear system of equatzons in o whose
solutions determme polynomzals A;r satisfying - - The system can be writ-
ten explicitly which may shed light on its rank.

5.4.2 Summing some sums. Here we address the condition (5.2.3)) in a different
way. The main purpose of this part is to show how to sum certain coefficients naturally
occurring in the computation of boundary conditions. We use expression

m

Apg(z) = (2= M)(z — X)) apa” (5.4.41)
r=0
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as before and investigate the equation A} (A1) = 2r(\1), where £()1) is a scale de-

pending on the endpoint A\; (as in (5.4.3))). We have
QH()\l) .
Al — Ay

mo m N
:ZOM Z ;)\1)\27"—1—1%]9%"’"1% ;pﬁrR ;M)m_ﬂl:

1 h
i )\r 0 bz m41—i [T T—1 Ar
zpzm |3 ( ) e+
“ +1 hy_i
pi—tgmt2=i( " P 5.4.42

First we sum coefficients at 8° and B'. To this end, we find

m 1—1 m r+1—: r+1—1

> M= Y
)\1)\2 T+1 i 1 AL — A2 ’ )\§+171
r=i r=i
) [

)\z 1 r+1 —1 )\ziil )\1 m—i <)\1>l
= —(m+1—-12)4+ — — =
>\1 - >\2 ( ) 2 =0 )\2
m+1—1
. A1
A N (E)
=— |- m+1l1—-9)+ ——F—| =
)\1 - )\2 ( ) )\2 1— %
1 ) - 1 ) Al m—+1 )
— -\t — M- (= ol 5.4.43
)\1 _ )\2 (m + Z) 1 )\1 . AQ ( 1 (AQ) 2)] ( )
We recall that by differentiating the binomial identity we obtain
m - i m—i m + 1
(m+Dp+q9™ = p¢" (m+1- )< . ) (5.4.44)
i=0

Thus the coefficient at 39 is

LN m A+ 1) — hy—i
b m+1—1 m T—1 A\ =
Z a ( 7 ) ; ()\1)\2)r+171 1

_mila m_ 1 Ml (y pymtl
A=A\ @+ Md) (A1 — X2)? (a+Aud) (MD)™) +
+¥ ﬁ m+1 ((a n )\2b)m+1 o ()\Qb)m+1) _
()\1 - >\2)2 )\2
m+1 a )\m+1
- ™ b)™ + L —— (b — ). 4.4
)\1—)\2 )\1(a+)\1 ) ()\1 )\2) ( 2 1) (5 5)
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Furthermore, the coefficient at 8! can be expressed as

noo » 11\ & hy_i
prtarea (M) Y -

; 71 ;0\1/\2)”1‘3 !
:mz_lbiam—s-l—i m+1 iLAl - i _
i=0 ’ — (AAg)l 1 ! A1 A2

m+1 a
DYDY

_(/\1_1)\2)2 ((CL + /\1b)m+1 _ (/\lb)m+1 — (m+ 1)a()\1b)m) +

((@+A1b)™ — (Mb)™) —

m+1
+(A1_1A2)2 <i;> ((a +X20)™ = (A2b)™ ! = (m + 1)a(A2d)™) —

_A11/\2 ((a+20)™ = (Ab)™™ = (m + Da(Ab)™) =

m+1 a At
>\1_A2)\1(a+ 1) +

A .
D =) (e — 1) — 712 (61 — b+ (5.4.46)
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