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Summary

The largest part of this thesis is concerned with the study of a fragmentation process
in which rectangles break up into progressively smaller pieces at rates that depend on
their shape. Long, thin rectangles are more likely to break quickly, and are also more
likely to split along their longest side.

We are interested in the evolution of the system at large times: how many fragments
are there of different shapes and sizes, and how did they reach that state? We give
an almost sure growth rate along paths by studying an equivalent branching random
walk. Our analysis is highly technical due to the spatial dependence of the rates and
the fact that we work under weaker assumptions than the usual large deviations regime
for random walks.

In the second part of the thesis we focus on a different, but related problem: esti-
mating the probability that the paths of a random walk stay close to a given function.
We prove a small deviation result about the unscaled paths of either a compound
Poisson process, or a random walk in discrete time.

Our proof strategy involves a Brownian motion approximation on smaller time
intervals, which allows us to take advantage of the sharpest estimates currently available
on the probability that a Brownian motion lies in a tube about a given function.
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Chapter 1

Introduction

The main object of study of this thesis is a spatially-dependent fragmentation process,
which involves rectangles breaking up into progressively smaller pieces at rates that
depend on their shape.

A fragmentation process describes the breaking up of a structure into pieces, and
occurs naturally in many situations. Mathematically, fragmentation processes have
been a subject of active research in probability for at least 20 years, incorporating
several varieties, including homogeneous fragmentations [8], self-similar fragmentations
[9], and growth fragmentations [12]. The textbook of Bertoin [10] gives an excellent
introduction to this rich mathematical theory. It begins by listing some real-world
examples of phenomena that might be considered fragmentation processes, including
“stellar fragments in astrophysics, fractures and earthquakes in geophysics, breaking
of crystals in crystallography, degradation of large polymer chains in chemistry, DNA
fragmentation in biology, fission of atoms in nuclear physics, fragmentation of a hard
drive in computer science,” and particularly valid from a mathematical point of view,
“evolution of blocks of mineral in a crusher.”

However, the traditional mathematical definition of a fragmentation process insists
that each fragment can be characterized by a real number that should be thought of
as its size. This stops us from considering the spatial position of a fragment or further
geometrical properties like its shape. In [11], Bertoin does analyse a multitype model
where the rates at which the fragments break can depend on one of finitely many types,
but this is somewhat restrictive because in applications there is often a continuum of
possible shapes.

We consider a spatially-dependent fragmentation process defined as follows. Begin
with a square of side length 1. After a random time, the square breaks into two rect-
angular pieces, uniformly at random. Each of these pieces then repeats this behaviour
independently, except that long, thin rectangles break more quickly, and are more likely
to break along their longest side.

One of the reasons for having rates depending on the shapes of the fragments is
building a more realistic model for a physical crushing process, for example, where
long, thin pieces of rock are likely to break more easily than more evenly-proportioned
pieces. See Figure 1-1.

Figure 1-1: We begin with a square, which splits vertically into two rectangles. One of these
then splits horizontally, and the process continues. Thinner rectangles are more likely to split

first.

We work in two dimensions to keep notation manageable, but our proofs should
work in three or more dimensions with little additional work. For the same reason, we
make a particular choice for the splitting rule—that is, the functions that decide how
a fragment’s shape affects its branching rate and the direction in which it breaks—but



our methods should be adaptable to a variety of spatially-dependent fragmentation
models. We propose this model as a proof of concept that spatial fragmentations (with
uncountably many types) can be analysed mathematically.

We work in continuous time and begin with a square of side-length 1. At any
time, each rectangle of base b and height h independently splits at rate (b, h) into two
smaller rectangles. The probability that it splits vertically is p(b, h), and if so then it
splits at a uniform point along its base; otherwise it splits horizontally at a uniform
point along its height. The functions r and p are given by

r0.m = (7125) v (3120

and

1—1logh 1—logb
bh) = ———1 1— ——— | 1y
p(b, 1) 2(1 — log b) ”<h+< 2(1—10gh)> b>h

It is easy to see that rectangles with either large base relative to their height, or large
height relative to their base, split faster, and are more likely to split along their longer
side. The appearance of 1 —logb and 1—log h, rather than b and h, is because splitting
events have a multiplicative effect: the distribution of the ratio of each rectangle’s
measurements to its parent’s is invariant. Thus the logarithm of the measurements
behaves additively, which ensures that the functions r» and p remain non-trivial when
we rescale space and time. On the other hand, our choices of r and p are not the only
choices with this property, and our methods appear to be fairly robust: it should be
possible to adapt them to other sensible splitting rules.

Our main theorem, which we prove in Chapter 3, aims to quantify how many
fragments of a given shape there are in a configuration of splitting rectangles at large
times and the shape pattern they followed to reach their final base and height. In the
next sections we discuss how fragmentation processes can be translated into branching
random walks. Finding how many rectangles have a given shape pattern corresponds
to determining how many particles in the branching random walk have paths which,
when rescaled appropriately, fall within a given set of functions.

1.1. Fragmentations and branching random walks

A key observation in the classical study of mathematical fragmentations is that they
satisfy the branching property, in that the future evolution of one fragment, given its
current state, does not depend on the other fragments. This enables us to use branching
tools in the analysis of fragmentation processes: for example, if we consider the negative
logarithm of the sizes of the fragments of a homogeneous fragmentation, then we obtain
a continuous-time branching random walk. Bertoin’s multitype fragmentation in [11],
where the splitting rate can depend on one parameter (varying in a finite set), under
the same logarithmic transformation, becomes a multitype branching random walk.

1.1.1 Shape-dependent rates give spatially-dependent walks

Under a logarithmic transformation, the fragmentation process with shape-dependent
rates that we defined can also be translated into the language of branching processes.
More precisely, for a rectangle v, we denote its base by B, and its height by H,. We
let X, = —log B, and Y,, = —log H,. As suggested from the definitions of (b, h) and
p(b,h), X, and Y, are more useful parameterisations of size than B, and H, from a
mathematical point of view, simply because rectangles’ sizes will decay exponentially



with time. Under this transformation, our fragmentation system has the following
alternative description.
Begin with one particle at (0,0) € R?. Each particle, when at position (z,y) with

x,y > 0, branches at rate
z+1 y+1
R = \Y, . 1.1
(z,9) PES (1.1)

At a branching event, the particle is replaced by two children: letting U be a uniform
random variable on (0, 1), independent of everything else, then with probability

y+1 r+1
P = 7 1 1-— 1
9 ) *( 2<y+1>>

the two children have positions (x—logl, y) and (z—log(1—U), y), and with probability
1 — P(z,y) they have positions (z,y — logi/) and (z,y — log(1 — U)).

We let Rx(x,y) = R(x,y)P(x,y) and Ry (z,y) = R(z,y)(1 — P(x,y)). Then Rx
and Ry denote the rates at which a particle at position (x,y) moves in the first spatial
dimension, or the second, respectively.

Throughout the thesis, we mostly use the second description, and refer to particles
and their positions, rather than rectangles and their sizes. As seen above, the two
descriptions are entirely equivalent.

It is clear that the process we defined cannot be analysed with standard tools. Under
a negative logarithmic transformation, our system of fragmenting rectangles can also
be thought of as a multitype branching random walk, but one with uncountably many
types (the type being the ratio x/y). Analysing branching systems with uncountably
many types is notoriously difficult. Even multitype Galton-Watson processes with
countably many types are beyond the scope of standard tools, hence the restriction to
finitely many types in most papers on multitype branching systems, including [11]. Our
model includes not just a continuum of types, but a two-dimensional set of possibilities.

This makes our mathematical analysis highly technical. We decided to include
Chapter 2 as an intermediate step leading to the long proof that appears in Chapter
3: we discuss the most challenging aspects along the path to determine the growth
rates, in the much simpler case in which the branching rate is constant, and so is the
probability of a jump in either direction.

1.1.2 Martensitic avalanches

Configurations of splitting rectangles similar to ours have been considered by Cesana
and Hambly [23] and Ball, Cesana and Hambly [4]. The authors consider models in
which rectangles always split at rates that depend only on their area, with a constant
probability p (or 1 — p) of splitting horizontally (or vertically), ensuring that their
models, suitably transformed by taking logarithms, fit into the framework of generalised
branching random walks. At this point, well-established tools from the broad literature
on branching random walks, among which [13, 14, 15, 16], make it possible to try
different splitting rule variants and work in both two and three dimensions.

The models introduced in [23], and [4] are motivated by applications to a martensitic
phase transition observed in a class of elastic crystals. During a martensitic transfor-
mation the system releases energy and the molecules rearrange from the highly regular
lattice structure of a crystal to a different configuration with lower symmetry. At this
point, an inhomogeneous pattern emerges, resembling the configuration of fragmented
rectangles, showing plates separated by sharp interfaces. Motivated by predictions
from the physics literature, the authors study the lengths of the horizontal “interfaces”



between the fragments, obtaining that in certain cases the total number of interfaces
larger than x behaves like a random variable multiplied by an explicit power of x.

Although in principle the same questions could be attempted with our splitting
rules, shape-dependent rates lead to a much less flexible model. Chapter 3 shows that
even addressing the most natural question on how fast the number of fragments grows
requires a significant amount of work. Naturally, a much less tractable mathematical
analysis is the price we pay in our model for having shape-dependent rates and splitting
probabilities; such dependency in [23] and [4] is lost. See Figure 1-2.

Figure 1-2: On the left: a homogeneous model, where every rectangle splits at rate 1 and splits
horizontally or vertically with probability 1/2 each. On the right: our model where long, thin
rectangles split faster, and are more likely to split along their longest side. Tall rectangles are
coloured red, fat rectangles are coloured green, and squares are coloured yellow.

1.2. Branching processes with spatial dependencies

By transforming the fragmentation process with shape-dependent rates into an equiv-
alent branching random walk, we obtain a branching system where the rates depend
on the particles’ positions. Understanding spatially-dependent branching systems is an
important problem in its own right, since almost any real-world application of branch-
ing tools—from nuclear reactors [31, 33] to the spread of disease [26, 28]—involves
spatial inhomogeneity. Another purpose of our work is to contribute new techniques
to the rigorous mathematical investigation of spatially-dependent branching structures
more generally.

1.2.1 A closely related model with branching Brownian motion

In the recently growing literature on branching processes with spatially dependent
rates the most closely related work to our fragmentation model is [7], where the authors
determined the growth rates of the number of particles in a branching Brownian motion
with inhomogeneous and unbounded branching rate.

The system starts with a single particle at the origin moving as a standard Brownian
motion. FEach particle at z branches at infinitesimal rate 3|z|P, where 8 > 0 and
p € (0,2]. When it dies, a particle is replaced by a random number of offspring with
mean m, which move as Brownian motions starting from the position of their parent.



For a set F' C C]0,1] let
NEBM(p) .= 4 {u € Ny : 3f € F width X, (sT) = T77 f(s) ¥s € [0, 1]}

be the number of particles alive at time 7', whose rescaled paths belong to F'. Denote
by H; the set of absolutely continuous functions f : [0, 1] — R. Define

t L2 .
Kgpm(f,t) = mﬂ/o ’f<3>‘pds_2/o fi(s)*ds i fe H;

otherwise.

Theorem 1.1. For any closed set F C C|0,1],

longBBM(F) < Sup{KBBM(f, 1) : fEF, KBBM(f7 S) >0 Vs < 1}

lim sup —

T—00 T2—p

almost surely, and for any open set F C C]0,1],

1
liminprlogNrFBM(F) > sup{Kppu(f,1): f € F, Kppu(f,s) >0Vs<1}
T—o0 T2=p

almost surely.

There are three main difficulties in our model relative to that in [7]. Firstly, in the
BBM, all particles move as standard Brownian motions, independent of their location
and their branching rate, whereas in our model particles jump and branch simultane-
ously. Indeed, it is worth noting that if the branching Brownian motion in [7] were
replaced by an analogous branching random walk, then if we started with one particle
at 0, the initial particle would never branch or move; whereas if we started with a par-
ticle at any other site, then even with bounded jump sizes, the collection of particles
would colonise space dramatically faster than the BBM (subject to the initial popu-
lation not returning to 0 quickly), since a particle branching at rate |z|P would also
be moving at rate |z|P. This highlights the challenge of controlling the dependencies
between particles’ positions and the growth of the population.

On top of this initial difference, our branching rate R(z) is much more difficult to
control than the smooth, symmetric, monotone (on each half-space) function |z|P. And
thirdly, our particles are able to make large jumps, meaning that standard large devi-
ations apparatus is more difficult to apply, and we must use a non-standard topology.

1.2.2 The asymptotic spread of the population

As we already anticipated, in Chapter 3 we find the almost sure growth rates for the
branching random walk (with spatially-dependent rates) equivalent to the process of
fragmenting rectangles. A closely related question is determining the position of the
maximal particle and the typical paths that particles follow to reach a given position.

For homogeneous spatial branching processes, obtaining a full picture of the spread
of the population has been a subject of interest for more than 45 years. To give just a
few highlights, the position of the extremal particle in BBM was studied by McKean
[37] and Bramson [20, 21], with more detailed recent studies on the behaviour near
the extremal particle by Aidékon et. al. [2] and Arguin, Bovier and Kistler [3]. For
non-lattice branching random walks, Aidékon [1] proved convergence in law for the re-
centered position of the extremal particle under fairly weak conditions. Bramson, Ding



and Zeitouni [22] gave a shorter proof using a second moment method and indicated
that it should be possible to adapt their proof to branching random walks that take
values on a lattice.

For the BBM model in [7], after proving Theorem 1.1 the authors analysed their
almost-sure growth rate in some detail, giving implicit equations for the optimal paths
and the location of the bulk of the population (which became explicit in the cases p = 0
and p = 1). This was a difficult analytic task even for the relatively simple, monotone
growth rate seen in [7]. Our growth rate K is much more complex and it would take a
substantial amount of further work to analyse the optimal paths, so we do not attempt
this here.

Roberts and Schweinsberg [41] also consider branching Brownian motion in an
inhomogeneous potential, this time with a biological application in mind, where the
position of a particle represents its fitness and fitter individuals branch more quickly.
They use the tools from [7] to give a heuristic explanation of some of their results, but
use a more precise truncation argument for their proofs, based on techniques from [5]
and [6].

1.3. Small deviation results for random walks

One of the new ingredients that we need to prove in Chapter 3 are the estimates for
the probability that the rescaled paths of the branching random walk with spatially
dependent rates lie within a function set. In the second part of this thesis we turn
away from fragmentation processes to consider a different, but related, question: how
accurately can we bound the probability that the path of a stochastic process stays
near a given function? The ultimate goal of Chapter 4 is giving finer asymptotics of
this probability for a random walk with constant rate. This work is motivated by the
fact that, if we consider the random walk from Chapter 3, with the same space-time
scaling but narrower tube widths (of order, for example, T3 instead of T ), then the
results already available in the literature for the probability that a single path lies in a
tube do not apply. Although this is our ultimate goal, the result we prove in Chapter
4 is a preliminary step in this direction and concerns instead the unscaled paths of a
random walk with constant rate, as opposed to the rescaled paths of the walk with
spatially dependent rates introduced in Chapter 3.

1.3.1 Mogul’skii small deviation theorem

Denote by D the space of cadlag functions f : [0,1] — R. Consider a sequence of inde-
pendent identically distributed random variables (&, ),>1 with E[¢;] = p and E[¢2] = o2
For a positive sequence (z,)n>1 such that z,, — oo, define

5.(t) = E14 -+ &y —MLm‘J’ te 1],

0Ty

When z, = y/n the Functional Central Limit Theorem ensures that the process
(Sn(t),t € [0,1]) converges in distribution to a standard Brownian motion in the space
D equipped with the Skorokhod topology. In [38], Mogul’skii studies the asymptotic
behaviour of the sequence P(S,, € G) for G C D in the domain of small deviations,
that is when z,,/y/n — 0.

Up to a change of measure, we can assume without loss of generality that pu = 0.
The following proposition is at the heart of Mogul’skii’s Theorem.



Proposition 1.2. Let L >0, x € (=L, L) and 7 € [0,1]. Then

71'27'

. 1
lim 710gpm(sn(t) € (_LaL) vVt € [0,’7’]) = —@.

n—oo n1/3

The proof of Proposition 1.2 consists of splitting [0, 7] into smaller intervals, on
which S5, is on the right scale to converge to a Brownian motion; then use the available
results for the probability that a Brownian motion stays in a strip and combine together
the estimates on these smaller intervals.

In [38] this result is extended to a wider class of subsets of D. For example, for
tubes with piecewise constant width, we can apply a version of Proposition 1.2 for non-
symmetric tubes on each interval where the boundaries of the tube are constant. On
each of these smaller intervals, the process .S, will have different starting and ending
positions. Some technical work is required to show that, in the limit as n — oo, these
extra conditions do not affect the probability of S,, staying in a strip. From tubes
with piecewise constant boundaries, we can generalise to continuous boundaries by
approximating them with piecewise constant functions from above and below. This
gives the following proposition.

Proposition 1.3 (Mogul’skii [38]). Take two continuous functions L=, Lt : [0,1] = R
such that L~ (t) < Lt (t) for every t € [0,1]. Let x € (L~(0),L*(0)). Then

7T2 1
. # log P, (L™ (1) < Su(t) < L*(t) Vt € [0,1]) = z/o (LH(t) ihL(t))?'

Ultimately, the last theorem in [38] extends this even further to more general subsets
of D, but the rate of decay is more implicit. Furthermore, we have only considered
the random walk S,, as a case study, but a similar statement can be obtained for
a wider class of processes with independent increments which converge weakly to a
stable distribution with exponent « € (0, 2].

1.3.2 Tubes about nonlinear functions

With a simple change of measure, it is easy to extend Propositions 1.2 and 1.3 to tubes
centred about linear functions F(s) = zs. In Chapter 4 we do not rescale the paths of
the process and consider functions with a nonlinear component.

Take a compound Poisson process (X(s), s > 0) with rate r and assume that its
jump distribution £ satisfies E[e”‘ﬂ] < oo for some n > 0.

Let L > 0, p,q € [—1,1] with p < ¢ be independent of 7. We determine the
behaviour of

Py (| X (s) — 25 — G(s)|< LTY3 Vs € [0,T), X(T) — 2T — G(T) € (pLT"3,qLT?))

when T is large where z € R is a constant independent of T', G(s) is a twice differentiable
function such that G(0) = 0 and 2z € (—LTY?, LT/3) satisfies limp_,o0 27 /T3 =
with € (=L, L). There are further technical conditions on G(s), which we postpone
to Chapter 4, but we essentially require that |G’| decreases fast enough.

Define ¢()\) = E[e*¢] and let

Az):= sup {Az—logEB[e™W]} = sup {Az—rop(\) +7}
A p(A)<oo A p(A)<oo



be the usual large deviations rate function. Denote by A(z) the value of A for which
the supremum is achieved, so that

A(z)=Az)z —rdp(M(2)) + 7

and \(z) satisfies ¢/(A(z)) = z/r.
Let D be the space of cadlag functions H : [0,00) — R. For F € C?([0,00),R), let

B(F,L,a,b)|quq= {HeD:|H(s)— F(s)|[< LVs € [u,t], H(t)— F(t) € (aL,bL)}.
The main result we prove in Chapter 4 is the following.

Theorem 1.4. Let Fr(s) = zs + G(s) — xr, where G(s) and xr satisfy some extra
properties (see (i)-(v) from Section 4.1 in Chapter 4). If z > rE[¢] then

) 1 1/3
Jim <10gP0(X & B(Fr, LTV p,q)ljom) + A(2)T

1

T /32
+)\(z)G(T)—/O G (s)

r¢"(A(2))
If z < rE[¢] the same result holds but replacing pL with gL on the right-hand side. If
z = rE[¢] the same holds with \(z) = 0, A(z) = 0 and ¢"(\(z)) = E[¢2].

r2rg!(\(2))

8L2

5 ds) = Az)(x —pL) —

An analogous statement to Theorem 1.4 holds for discrete time random walks.

As we already observed, the key point in the proof of Mogul’skii’s Theorem is that,
for a process with mean zero, the probability of staying in a strip of constant width
is not asymptotically affected by the position at which the process starts and ends
at the beginning and at the end of the interval. We can always assume by a simple
transformation that our process has mean zero. However, the fact that the values of
the process at the endpoints of the smaller intervals give a negligible contribution to
the probability that the process stays in a tube is a peculiar feature of the case in which
the process has mean zero and the tube is centred around the zero function. As it will
appear more explicitly in the proofs in Chapter 4, this is no longer the case when the
function is nonlinear.

Further to this difficulty, while Girsanov’s Theorem for Brownian motion can change
the drift to any continuous curve, for a compound Poisson process, for example, it only
allows to consider linear functions on fixed intervals.

Our strategy is similar to the proof of Theorem 1.3, in the sense that we also split
[0, T'] into subintervals on which we approximate our process with a Brownian motion.
To combine these results together, we need to estimate the error in the approximation
given by the Functional Central Limit Theorem. An improved version of it, which
provides the rate of convergence, is the Komlés-Major-Tusnady Theorem (see [35] for
the original paper, and [24] for a more modern formulation). This is one of the steps
where the strictest assumptions on G are required. We use sharper estimates of the
probability that a Brownian motion stays in a tube with respect to the ones that appear
in [38].

We conclude by stressing again that the assumptions we make in Chapter 4 are
certainly not optimal and the results we present could be extended, for example, to
broader classes of functions and tubes of width varying with time.



Chapter 2

Warming up: splitting at constant rate

In this chapter we work with the same model of fragmenting rectangles described in
Chapter 1, except that every rectangle splits at constant rate r and the break occurs
horizontally with probability p € (0,1), or vertically with probability 1 — p.

In a similar way to the models in [23] and [4], a logarithmic transformation of this
fragmentation process gives a general branching random walk Z,(s) = (Xu(s), Yu(s)),
where every particle branches at rate r; whenever a particle at position (z,y) branches,
it is replaced by two children at positions z —logf and x —log(1 —U) with probability
p (respectively, at y — logld and y — log(1 — U) with probability 1 — p), where U is
uniformly distributed on (0,1). It is clear that X, (s) and Y,(s) are independent when
the rate and the probability of splitting in either direction are constant. Therefore the
mathematical analysis of the fragmentation process reduces to separately considering
the two components, that is two branching random walks with rates rp and r(1 — p)
respectively.

In this chapter we sketch the proof of the almost sure growth rates for this simplified
version of the shape dependent fragmentation process; we prove the same result for the
latter in Chapter 3. The tools that appear in the next sections are well-known results
for branching random walks, in a technical setting similar to the one that will appear
in Chapter 3. This chapter is intended as a warming up, to gradually introduce the
notation and to highlight the steps where the spatial dependence of the rates requires
a more involved proof. The experienced reader can skip this preliminary example and
move on directly to Chapter 3.

2.1. Large deviations and technicalities on function spaces

One of the main ingredients we need in our proof is estimating the probability that
a single particle trajectory stays near a given path. Fix T and define the T-rescaled
trajectory of a process (X (t), t > 0) by

XT(t) = , 0<t<1.

For a wide class of processes with constant rate, estimates of the probability that X7 ()
belongs to a given function set are already available in the form of large deviation
principles.

Standard large deviation principles assume that the increments of the process satisfy
the strong Cramér condition, that is E[e’$] < oo for all A € R. For random walks in
discrete time, for example, the large deviation principle can be established in the space
of absolutely continuous functions with the uniform metric, see for example [25]. If the
process jumps at random times, the natural choice of the function space is the set of
cadlag functions D, equipped with a topology that makes it a Polish space. Borovkov
[17] proved a large deviation principle for compound Poisson processes satisfying the
strong Cramér condition, in the space D with the J; topology — or Skorokhod topology
— that is, the topology induced by the Skorokhod metric.

Our process is more complicated, because the jumps are exponentially distributed
and do not satisfy the strong Cramér condition. This means that particles can make



macroscopic jumps, in the sense that their rescaled paths will not be continuous. Fur-
thermore, it is possible for particles to make two (or more) macroscopic jumps in quick
succession. As a consequence, the J; topology is not suitable, because the rescaled set
of paths that our particles take will not be compact in this topology.

Instead we use the Ms topology, induced by the graph distance dgpqpn, Which is
defined as follows. For f € D we denote by I'(f) its graph, which is a subset of R?
containing the following points: if f is continuous at ¢ then (¢, f(¢t)) € T'(f); if ¢ is
a discontinuity point of f then (¢,«a) € I'(f) for every a between f(t—) and f(t+).
Denote by || - || the Euclidean metric in R? and define

P(fle={zeR*:3y e I(f): o -yl <e}.

Then dgpapn(f,g) < € if and only if I'(f) € I'(g). and I'(g) € I'(f). simultaneously.
The Ms topology is weaker than the J; topology. For example, if we define

0 ifz<x1

T@) =41 Hl-ln<a<isl/n  f@)=y o

0 ife<l—1/n {
2 ifx>1+1/n,
then (f,), converges to f in the My topology, but not in the Skorokhod metric, where
each f, has distance 1 from f.
For a detailed analysis of intermediate topologies between J; and My we refer to

18] and [42].

2.1.1 Mogul’skii’s theorem about large deviations

In [39], Mogul’skii proves a large deviation principle for a compound Poisson process
whose increments only satisfy E[e*€l] < co for some A > 0 (which is obviously true for
the exponential distribution), in the space D with the My topology.

Let (X (t), t > 0) be a compound Poisson process with rate  and jump distribution
¢ such that E[eMél] < 0o for some A > 0. Let A\~ = inf{\ : E[e*] < oo} € [~00,0) and
AT = sup{\ : E[e**] < o0} € (0, +00].

Define the Legendre transform of E[e* ()] by

Ar(z) = sup {Az—logE[eMW]}, zeR.
AE(A—AT)

When A € (A7, A") the moment generating function ¢(\) = E[e*¢] is well defined and
so is E[e?MM] = (M= Then

Ar(z) = sup {Ax—rop(N\)+r}. (2.1)
AE(A-AT)

Denote by D the set of cddlag functions f : [0,1] — R. If f € D is absolutely
continuous, for 0 <a < b <1 let

b
L(f.ab) = [ A ()ds

and let I,.(f,a,b) = +o00 otherwise. By the Lebesgue decomposition theorem, we can
write f € D as f = f + f where f is absolutely continuous and f is singular. We can
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also represent f = f+ — f ~ where f+, f ~ are non-decreasing functions. Let

Jr‘(fa a, b) = IT'(]Ea a, b) + >‘+(f+(b) - f+(a)) - )‘_(f_(b) - f_(a))
Theorem 2.1 (Mogul’skii [39]). For every F C D closed,

1
lim sup = log P(XT cF) < — }glfm J(f,0,1)

T—o00

and for every F C D open

1
liminf —logP(XT € F) > — inf J,(f,0,1).
i inf - log P( ) 2 — inf Jr(£,0,1)

Since we are interested in a continuous-time random walk whose jumps are expo-
nentially distributed with mean 1, the trajectories can only have positive jumps, so we
can restrict Theorem 2.1 to sets of non-decreasing functions. We denote by E the set
of non-decreasing functions in D. The Lévy metric [36] on E is defined by

d(f,g) =inf{r >0: f(z—r)—r<glx) < flx+r)+r Ve e[-r1+r]}, (2.2)

where f(x) is interpreted to equal f(0) for x < 0 and f(1) for z > 1, and similarly for
g. The Lévy metric generates Skorokhod’s My topology on E, so (E,d) is a subspace
of D equipped with the relative topology generated by dg.qpn, in D. The metric space
(E,d) is complete and separable.

When the branching rate is r and the jump distribution £ is exponentially dis-
tributed with mean 1, standard calculations give that E[e*$] = 1/(1—)) for A € (=00, 1)
and that the supremum in (2.1) is achieved when A =1 — \/7“/7, SO

Ar(@) = (Vi — Vo)

Using that f = f* for every f € E and that AT = 1 gives
b 2 . .
Hfab) = [ (Vi VI®) ds+ o) - fa) (23)

2.1.2 Extension to spatially dependent rates: a coupling method

When the rate is dependent on the particles’ positions, large deviation results such as
Theorem 2.1 are not directly available. In fact, one of the novelties that will appear
in Chapter 3 is a method to estimate probabilities such as those in Theorem 2.1 for a
process with spatially dependent rates.

Section 3.6 is devoted to rigorously defining a coupling which traps the branching
random walk with spatially dependent rates in between two processes with constant
rate. We will work on small intervals, on which the rate function can be approximated
with its maximum and minimum value. In this way, we translate the probability that a
single trajectory of our process stays near a given function into probabilities involving
the two bounding processes with constant rates, for which we are able to carry out the
calculations.

We then relate these complicated expressions to a more explicit functional, which
plays the role of J, in Theorem 2.1 and to make sure that it satisfies a number of
usual properties of large deviation functionals. For example, the lower semicontinuity

11



of J.(f) with respect to the metric dgyqpp is proved in [19] and we need an analogous
result for our rate. Sections 3.A and 3.B of Chapter 3 are devoted to technical checks
on semicontinuity.

2.2. Calculating expectations with Many-to-few Lemmas

The Many-to-one Lemma for branching systems is a widely known tool, which reduces
an expectation involving all the particles alive at time ¢ to another expectation, under
a different probability measure, only involving one process. We state here the result in
its simplest version for a branching random walk in which particles die at constant rate
r and are replaced by two offspring whose displacements are exponentially distributed
with mean 1.

Let Q, be a probability measure under which & is a continuous-time random walk
starting from x, with rate 2r and exponential jumps with mean 1.

Lemma 2.2 (Many-to-one). For any measurable function F : R — R,

Ep

T

Y F (Xv(t))] = " Eq, [F(&)].

vEN;

Although it is a relatively simple tool, the Many-to-one Lemma proves to be useful
when we deal with space dependent rates. In this case, e"'Eq, [F(&;)] is replaced by

Eq, [/ K& F(g)). (2.4)

Take F to be the indicator of events of the form {¢7(s) € B(f,¢) Vs € [0,t]}. On these
events, since the trajectory of the process is near f, the branching rate at time sT,
s <t is approximately R(T f(s/T)). As this quantity is deterministic, the expectation
in (2.4) reduces to the product of an exponential, deterministic term and the probability
@x(éT(s) € B(f,e) Vs € [O,t}).

The Many-to-one Lemma can be proved using spine techniques, see [29], [30] and
[32] for a detailed formulation. The same approach of the Many-to-one Lemma can
be extended to higher order moments: k-moments can be turned into expectations
only involving the correlated paths of k stochastic processes, thus obtaining Many-to-k
Lemmas. [32] contains a rigorous construction of the probability measures in terms of
Radon-Nykodim derivatives, under more general assumptions on the branching rate,
the offspring distribution and the motion of each particle in the system than ours. In
particular, in Sections 3.2.1 and 3.3.2 in Chapter 3 we will see in more detail the version
of the lemmas in which the branching rate can depend on the position of the particles.

Since our proof relies on the second moment method, we are only interested here
in the case k € {1,2}. In the case k = 2, we define two continuous-time random walks
¢}, € and a new probability measure Q2 under which the two processes &}, £Z behave
as follows. Let 7 be exponentially distributed with parameter 2r. Then:

e Conditional on 7 = u, we have &} = &2 for every t < u, both processes start from
x, jump at rate 2r and their jumps are exponentially distributed with mean 1;

e Let U be uniformly distributed on (0, 1) and independent of everything else. We
let £ =¢ —logU and €2 = ¢ —log(1 — U);

T— T—
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e Conditionally on 7, (£} )i<, and (£2);<,, the processes (£} )i>r and (£2);>, behave
independently, jumping at rate 2r and with jumps exponentially distributed with
mean 1.

Lemma 2.3 (Many-to-two). For any measurable function F : R? — R,

B, | > F(Xu (), Xun(t)| = Egz [T P(g], 7)) .

x
v1,02EN}

2.3. Almost sure growth and growth in expectation

Consider a branching random walk (X" (s), s > 0) with rate r and exponentially dis-
tributed jumps with mean 1. For T' > 0, we let N7 be the set of particles that are alive
at time 7. For u € Np and ¢t < T, let X[ (t) be the position of the unique ancestor of
win N;. For uw € N7 and s € [0, 1], write

X (s) = XT(sT)/T.

We call (X577 (s), s € [0,1]) the T-rescaled path of u. For a given set of functions
F C E, define
Ni(F) =#{u e Np: X" € F},

the number of particles at time T" whose T-rescaled paths have remained within F'.
Recall from (2.3) that

nian = [ (Vi VIE) s+ ) - fw (25)

for a random walk with rate r and exponentially distributed jumps with mean 1.
Let
Kr(f,a,b) = {T(b_a’) _JQT(faa;b) if JQT(f,G/,b) < 00

—00 otherwise.

The following result, which establishes the expected growth rates for a branching
random walk with rate r, is an immediate consequence of the many-to-one Lemma and
the large deviations result in Theorem 2.1.

Proposition 2.4. If FF C E is closed, then

T—oo

lim sSup — log]E[NT( )] < sup KT(f? 07 1)7
T fer

and if ' C E is open, then

1 -
liminf — log E[N(F)] > sup K, (f,0,1).
T—oo T fer

We next prove a stronger statement about the growth of the number of particles
almost surely. As it often happens, the result that holds in expectation does not reflect

13



the actual behaviour of the system. Define

K, (f,0,1) if K.(f,0,5)>0Vs <1;
K. (f)={—x if 3s < 1 such that K,(f,0,s) < 0;

0 otherwise.

Theorem 2.5. If I' C E is closed and supscp K (f) # 0, then

1
limsup — log N7-(F) < sup K,.(f) almost surely,
Tooo T feF

and if F' C E is open and supscp K (f) # 0, then

1
liminf —log NJ.(F) > sup K, (f)  almost surely.
T—oo T feF

Theorems 2.4 and 2.5 show that if f(r(f, 0,s) > 0 for all s < 1, then the almost sure
number of particles with a rescaled path looking like f up to time 1 matches with the
expected number of particles following that path; if there exists a time s < 1 at which
f(T(f, 0,s) < 0 then at that time the number of particles along f is zero, that is, the
genealogy becomes extinct. Therefore, although we might ezpect to see exponentially
many particles at time 7" near T'f(1), there are almost surely no particles following
that path up to time 7.

As we already mentioned at the beginning of this chapter, the two-dimensional
branching random walk with spatially-dependent rates reduces to two independent com-
ponents when the branching rate and the probability of splitting in the horizontal (or
vertical) direction are constant. From Theorem 2.5, which concerns a one-dimensional
branching random walk, we can immediately deduce the growth rates for the branch-
ing random walk Z”(s) = (X7 (s), Yu?(s)), where X;;*(s) and Y, (s) are independent
and branch at rates rp and r(1 — p) respectively.

2.4. Sketch proof of Theorem 2.5

In this section we focus on the building blocks necessary to prove Theorem 2.5. Al-
though even shorter arguments than the ones presented here might work, for discussion
purposes we decided to follow the same proof structure as in Chapter 3. Some tech-
nical details, which we prove in the more complicated case of spatially dependent, are
omitted here.

To simplify our notation, until the end of this chapter we will refer to X/ (s) and
N (F) as X,(s) and Np(F).

2.4.1 Compactness and ruling out difficult paths

As we already noticed in Section 2.2, one of the key ideas we exploit to control the rate
of the branching random walk when it depends on the particles’ position is looking at
the number of particles which have rescaled paths in B(f,e). Since the Lévy metric
is weaker than the sup-norm p on FE, for any open set F' C E we can bound Np(F)
from below with Ny (B,(f,€)), f € F. For an upper bound on Nr(F'), we cover all
the possible particle trajectories with sets of the form B(f,e). We start by ruling out
some unlikely paths along which the probability of finding any particle is exponentially
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small. At the same time, we make sure to reduce the paths of interest to a compact
set, for which it is possible to find a finite covering.
Define, for M > 1,

Gu={f€FE:f(s)<MsVse[0,1]}.

We want to show that the rescaled path of all particles lie with high probability in
Gy, if M is sufficiently large. However, since the particles in the branching random
walk have exponentially distributed jumps, it helps to have a larger set of paths that
allows for large jumps near the origin: we define, for M > 1 and T > 1,

Gur:={feE:f(s)<M(s+2T"%3) vse[0,1]}.

The choice of T—2/3 is somewhat arbitrary. Any exponent in (—1,0) would work,
but —2/3 turns out to be a convenient choice for the calculations in Chapter 3 and so
we keep the same definition here.

The next lemma we introduce states that F'N Gy 7 is totally bounded. We first
need some new definitions.

For F C E and § > 0, let B4(F,6) = UperBa(f,0).

Denote by PL,, the set of functions g : [0, 1] — R which are continuous and piecewise
linear on [i/n,i/n+1/n] for i € {0,...,n—1}. Due to technical reasons, we need to have
a better control at how close two functions can be at the endpoints of these intervals,
thus we introduce the following distance. For f,g € E, let

An(f,g) = max{|f(i/n) —g(i/n)]:i=0,...,n}.
For M >1,n e Nand f € E, define
Coarr(f,n) = Ba, (f,1/n*) N Ba(f,1/n) N Garr.
Lemma 2.6. Let F C E and M > 1. For any n > 4M, there exist N € N and

gi,---, 9N € Gapy N PL, such that

N
FNGur €| JTaur(gin) C Ba(F,2/n)

i=1
for all T > (4Mn)3/2.

We give a proof of Lemma 2.6 in Section 3.B.1 of Chapter 3, so we omit it here.
To complete the previous result, we have to show that with high probability, as T'
tends to infinity, all the particles have rescaled paths in G/ 7.

Lemma 2.7. There exist My, dg, C' > 0 such that for any T >0

P(3u e Ny : XT ¢ Gagyr) < Ce 00T,

We give here a proof of Lemma 2.7 based on a formal construction of the branching
random walk introduced in Section 2.3. We define a discrete tree with labels to represent
the positions and split times of particles.

Take an infinite binary tree T and let T,, be the vertices in the nth generation of T,
so that |T,|=2". Attach to each vertex v € T two independent random variables: U,
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which is uniformly distributed on (0, 1) and e,, which is exponentially distributed with
parameter . We define recursively the random variables X, and T, for each vertex
v € T, which represent the position of the particle in the branching random walk and
its birth time.

If v € T, and vl and v2 are the two children of v in generation n + 1, set

X1 = Xy —logly, Xypo=X,—log(l —U,), Tp1 =Ty2="T,+ &

For each t > 0, define
Ne={veT: T, <t<T,+el,

the set of particles alive at time t. For v € Ny, and s < ¢, if u is the unique ancestor of
v in T that satisfies T,, < s < T, + @y, then set X, (s) = X,. We call X, (s) the position
of particle v at time s.

We show the following intermediate result before proving Lemma 2.7.

Lemma 2.8. There exist C >0 and M > 1 such that for any T > 0
P(3n >0, weT,: Xy >Mn+TY3 or T, < n/M —T"3) < CeT?/2,

Proof. Fix n € N and v € T,. Then X, is the sum of n independent exponential

random variables with mean 1. Letting @ ~ Exp(1),

P(X, > Mn + TY3) < E[eXu/2)e=Mn/2-T'/2 < glee/2ne—Mn/2-T!//2

_ 2ne—Mn/2—T1/3/2

Since there are 2™ particles in T,,, a union bound gives

P(Tv € Ty : X, > Mn +T3) = 2'P(X,, > Mn + TV/3) < gne=Mn/2-T'3/2

—n—T1/3/2

which can be made smaller than e by choosing M large.

Analogous calculations give that P(3v € Ty, : T, < n/M —T/3) < e "T"%/2 when

M is large, and the statement of the lemma follows from a union bound on n. O

Proof of Lemma 2.7. We show that for any « € (0,1), on the event
{Xy <Mn+T¢ T, >n/M—-T* Vv eT,, Vn>0}

every particle is in G2 7, that is for any u € Ny, XI(s) < M?(s+2T>7) Vs < 1.

Let v be the unique ancestor of u in Ny and n(v) the unique natural number such
that v € Ty,(,y. Then X, (s) = X, and T, < 5 < T, +@,. If X, < Mn(v) + 7T and
T, > n(v)/M — T, which implies n(v) < M (T, + T), then

Xu(s) = X, < Mn(v) + T < M*(T, + T*) + T < M*(s + T%) + T°.
Rescaling by T this gives that

XI(s) < M?*(s + T 1) + 797 < M?(s 4 2771,
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as required. Choosing o = 1/3, the proof of Lemma 2.7 follows from Lemma 2.8. [J

We will use a similar strategy in Section 3.4 of Chapter 3, where the discrete
construction of the process will be useful to decouple the dependencies between the
jump times and the positions of the particles: by looking at events on which the
positions of the particles stay in a cone, we can control the branching rate and therefore
the birth times. In Chapter 3 we will have a different definition of G, which rules out
paths that are too steep but also paths that stay too flat, so that the paths in G, are
those that lie in a cone between two straight lines. Since the rate function is the ratio
of the two spatial components, this will give that the rate is bounded along the paths
in GM

2.4.2 Proof of the upper bound in Theorem 2.5

Recall the definition

Tarr(fin) = Ba, (f,1/n%) N Ba(f,1/n) N Gyr

for T,M >1,n € Nand f € E. Lemma 2.6 shows that we can cover Gy with the
finite union of the sets I'ys 7(gi,n), i =1,..., N.

The first proposition we prove concerns the number of particles whose rescaled paths
lie in I'pz.7(gi,n) for a fixed g;. Combining these results together for all the functions
gi, 1 € {1,..., N} we will be able to cover Gy while, at the same time, we can rule
out paths outside G thanks to Lemma 2.7. An upper bound for the number of
particles whose paths lie in sets like I'as 7(gi, 1), is easily given by the combination of
the Many-to-one Lemma and Theorem 2.1.

If FC Eandg:|0,0] = R, we say that g € F|(g ) if there exists a function h € F
such that h(u) = g(u) for all u € [0, 6]. Define

N (F,0) = #{v € Nor : Z, € Flp g},

the number of particles at time 87T whose T-rescaled paths have remained within F' up
to time 6.

Proposition 2.9. Suppose that 0 € (0,1] and g € PL,,. For any k > 0,

} 1 = 8T(y/T+1)
P(NE(Tarr (i), 0) 2 ) < exp (Ky(g,0,0)T + /1)

if T is large enough.

Proof. By Markov’s inequality, for any x > 0

1
P(NT(Tarr(gi:m).0) 2 %) < % E Z ]l{XUTHo,e]GFM,T(gi,n)\[o,a]}
UENT

By the Many-to-one Lemma,

rT T
E| D> LixTipgetarmlon | =© @<€ [o,e})v (2.6)

UENT

0,0 € (i)

where & branches at rate 2r under Q.
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By a slight modification of Theorem 2.1,

@<§T\[o,9}€ Carr(9i, n)\{o,e]) < exp ( — _inf  Jy(h,0,0)T + %)

heT s, 7(gi,m) 0,01

if T is large enough. Since g; € PL,, it is easy to see that

_inf  Jy(h,0,0) = J2r(9,0,0) — %
ReT nr,7(9:,m)][0,6]

and so
Q(fT![o,e]E TM,T(gun)![o,e}) < exp ( — Jar(9,0,0)T + M\/%H))
From this and (2.6) we deduce that

v

1 - 8T(y/T+1)
— -~ exp (Kr(g, 0,6)T + T) 0

1 I
P(N7(Tarr(gisn),0) > k) < - exp (rT — Jor(9,0,0)T + w)

The core of the proof of the upper bound of Theorem 2.5 consists of the following
two propositions.

In the first one we show that for any fixed, large time 7', the number of particles
staying in F' C F is larger than exp (SqueFmGM f{r(f, 0, 1)) with small probability.
The proof uses Lemma 2.6 to cover F' with finitely many sets 'y 7(g:,n), 1 € {1,..., N}
and then applies Proposition 2.9. This proposition corresponds to Proposition 3.8 in
Chapter 3.

Proposition 2.10. Recall the definition of My and &y from Lemma 2.7. If FF C E is
closed, then for M > 4My and € > 0

1 -
lim ———logP Nr(F) > exp ( sup  K,(f,0, 1)T+5T> < —dg.
T—o0 T / feFﬁGM

Proof. By Lemma 2.6, we can choose N € N and g1,...,95 € Gqpr N PL, such that

N
FNGur € | Tar(gin) C Ba(F,2/n).
=1

Let A = supsepna,,, Kr(f,0,1) +e. Then

N
P(Np(F) > e*") <P(3v e Nr: Z] ¢ Gur) + Z]P’(NT(FM,T(QuTL)) > e;‘f).
i=1
By Lemma 2.7, the first term on the right-hand side is smaller than Ce_doTl/s, and

since g; € PL,,, we can estimate each term in the sum with Proposition 2.9. If M > M,
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and n and T are large enough, then

N
N ~ T
P(Np(F) > eAT) < Q=0T 4 T D exp (Kr(gi, 0,1)T + %)
=1

2
—5 T1/3 N ~ ET
<Ce ™™ 4+ AT ie{r{l,é.),(N} exp <Kr(gi, 0,1)T + 5 ) (2.7)

Since B(g;,1/n) C B(F,2/n) for every i € {1,...,N},

~ T ~ T
max _ exp (Kr(gi,(), T + 5—) < sup exp (Kr(f,(), DT + 5—)
ie{l,...N} FEB(F2/n)NGypnr 3

From the lower semicontinuity of J,, if ' C E is closed then

lim sup K, (f,0,1) < sup K.(f,0,1).
N=00 re B(F,2/n)NGyn fEFNGanm

Going back to (2.7) and substituting A = supcpng,,, K. (f,0,1) + ¢ we obtain

~ 2eT
P(Np(F) > e4T) < Ce 0T | N2e=AT exp ( sup  K,.(f,0,1)T + i)
fEFNG4ps 3

1/3 b
< Ce—%T / + N2675T/37

and so

: 1 AT
Jim s log B(Np (F) 2 ¢) < —do.

This is the statement of the proposition with 4M instead of M. Since we only assumed
in the proof that M > Mj, the proposition holds also when M > 4M,. ]

We now prove the second proposition required for the upper bound. We already
observed that the paths such that K,(f) = —oc but K,(f,0,1) > 0 are those for which
there exists a time 6 € (0,1) with K,(f,0,0) < 0, and therefore the population goes
extinct. As a consequence, if F' only contains such paths, there will be no particles
whose rescaled paths lie in F'. For this class of sets, Proposition 2.10 does not provide
a useful bound, therefore we need the following result.

Proposition 2.11. Recall the definition of g from Lemma 2.7. If F C E is closed
and supsep K, (f) = —oo, then

1
Jim s log P(N(F) 2 1) < —do.

Proof. We can show that if ' C E is closed and supscp K, (f) = —oo, if M > 4Mj

there exists ng such that

sup inf K,(f,0,6) <0.
fEBd(F,Q/no)ﬂGM\/[ 9€[0,1]

For a proof, we refer to the proof to Lemma 3.39 in Chapter 3. Let

n=— sup inf K,(f,0,6) > 0.
fEBd(F,Q/Tbo)ﬂG4M 96[071]
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Take n > ngp and such that r/n < /2. By Lemma 2.6, we can choose N € N and
g1, ---,9N € Gap N PLy, such that for every T > (4Mn)3/2

N

FNGur €| JTur(gin) C Ba(F,2/n).
i=1

For each i € {1,..., N}, since g; € PL,, for every 0 < s <t <1,
K, (9:,0,t) = 1t — I (gi,0,t) < 1t — Inn(g;,0,8) = r(t — ) + K,(gi, 0, 5). (2.8)

In particular, this implies that the function t — K, (g;,0,t) has only downward jumps,

and therefore its infimum is achieved. Let 8; be such that
K, (9i,0,6;) = ) K,(9i,0,0) < —.
By Proposition 2.9,
P(N7(Tarr(gisn),0;) > 1) < Kr(9000)T+1T/2 < o=nT/2

if n and T are large enough. Since a population that is extinct at time 8 < 1 must be

extinct also at time 1, then for every i € {1,...,N}
P(Nr(Tarr(gim) = 1) < P(Np(Tagr(gi ) 6) = 1) < e /2 (29)

From our choice of ¢1,...,gn we have

N

P(Nr(F) > 1) < B(Np(Glyr) 2 1) + Y P(Nr(Tarr(giin) 2 1)
=1

—§oT1/3

By Lemma 2.7, the first term on the right-hand side is smaller than Ce and each

one of the terms in the sum is bounded uniformly in ¢ from (2.9). This gives that
P(Nyp(F) > 1) < Ce 00T 4 Ne=T/2,

from which the statement follows. O

We have now proved Propositions 2.10 and 2.11, which concern the number of
particles in the branching system at fixed, large times. We can upgrade these results
to all large times simultaneously and show that

1 -
limsup —log N (F) < sup K,(f,0,1) almost surely
Tooo 1 FEFNG s

and that, if sup;cp K,(f) = —oo, then limsupy_,., N7(F) = 0 almost surely. The
details are rather technical, so we refer to Section 3.7.4 of Chapter 3 for a full proof
(but with spatially dependent rates): first we show that rescaling the paths by slightly
different values of T' does not affect the probability that they lie in a given set of
functions, and then we apply the Borel-Cantelli Lemma.
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2.4.3 Proof of the lower bound in Theorem 2.5

The standard approach to prove the lower bound in Theorem 2.5 is looking at the
descendants of particles alive in an early generation and show that they have paths
near f with positive probability. If we can show that there is a large enough number
of particles near f in that early generation, then we can improve on this bound and
obtain that overall there is a large number of particles whose rescaled paths stay near
f.

For v € [0,1] and u € N, let

wr(F)=#{veNp:u<v, Zl|, 1€ Flyy}-

Fix u € N,r. In the next proposition we show that there is a positive probability
that the number of descendants of u whose rescaled paths lie in a given set is large
enough. We use a second moment method by calculating the expectations with the
Many-to-one and Many-to-two Lemmas.

Proposition 2.12. Letn € N, v € (0,1) and f € PL, such that K,(f,v,t) >0 for all
t>v. Ifu € Ny and X1 (v) = x, define f*(s) = f(s) +x — f(v) for s € [0,1]. Then,
for any u € Nyr,

(7 U ~7- 1% —1/n 1 r
PN (B 1/m) = R Um0 7y > Ly (- 208ty

if T is large enough.

Proof. The Paley-Zygmund inequality states that for any non-negative random variable
X and 6 € [0, 1]
2 BIX]?

P(X 2 0B[X]) 2 (1= 0/ 0.

Taking P to be the conditional probability P( - |F,r) with X = Ny (Bp(f* 1/n)) and
0 =1/2, we have

B(Nir(Bo(f*,1/m)) = §E[Nyr(By(f*,1/m)|Fur] |For)

E[N7(B,(f*,1/m)| For]®
= AN (B, (7 /)P Fur]

(2.10)

We find a lower bound for the first moment and an upper bound for the second moment.

By Lemma 2.2 and stationarity,

E[NSr(By(f*, 1) For] = T QT € Bo(f41/n)|pale” (v) = ) le=xz
= "TQo (8 j0.1-01€ Bo(f, 1/n)j0.1-0])

where ¢7 branches at rate 2r under Q and f(s) = f(s +v) — f(v) for s € [0,1 — 1.
A slight modification of Theorem 2.1 gives that

Qo (gT [O,l—y]E Bp(fv 1/n)|[0,1—l/])

> — 1 — > — _
> exp ( heBrllI(lff,l/n) Jor(hyv, )T T/n) > exp ( Jor(fyv, )T T/n)
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if T is large, from which it follows that

B[Ny (By(f*,1/n))|Forl]
> exp (rT(1 — v) — Jor(f, v, 1)T — T/n) = exp (f(r(f, v, )T —T/n) (2.11)

when T is large. On the other hand, by Lemma 2.3

E[NSr(B,(f",1/n))?| For]
:EQ2 e2rT—3r1/T+r(T/\T)

T _
L&l 1y, Xl eBolrm 1wy |7 > VT &L (0) = m] o—XT()’

Using the construction of Q? from Section 2.2, and in particular that 7 is exponentially
distributed with rate 2r, we get that

Eq

x

[ o2rT—=3rvT+r(7AT)

> T, €] (v) = x]

L1, lpmeBarma/mlpn} = XT ()
= HTOIQ (¢l | € By(f*,1/m)l|r > T, €7 (v) = ) #T0)
1
+ / exp (21"T —3rvT + rsT)
Q] 11 €8 g€ Bo(f" | = sT. € (v) = @) (2re > T0)) ds.

Since f € PL,, it is not difficult to prove that

inf Jgr(h, v, 1) > J2r(fa v, 1) - M

heB,(f,1/n) Vv’

and so by a slight modification of Theorem 2.1

Q (&l e B Ym)lp|r > T, € ) = o)

<exp(— _inf  Jo(h, 1)+ L) <exp (— Jo(for, )T + 540 4+ T
( heB,(f,1/n) ol ) > ( 2l fovs1) v )

3

if T is large. Similarly,

Q@ (€7l & € Bo(™ 1/m)l |7 = T, €7 (v) = )
< @ (&l lwsr€ Bo(*,1/m)lp|7 = oT, €6 (v) = 2)

2
sup Q€] By(f 1 /m)ljo|r = 5T, € (w) = w)
[[w—f*(s)[[<1/n

< exp (— Jor(f,v,8)T + 8%; + %) - exp (— 2Jor(f, s, )T + % + %)
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Putting these estimates together gives that

E[Nr(By(f",1/n))*| For]

< exp (K,«(f, v, )T + % + %>

+ /1 22 T—vT=rsT  oxp (— Jor(fyv, )T — 2Jor(f, 8, )T + ATV | %)ds.
v
Writing
2T — VT — 8T — Jop (f,v,8)T — 2Jop(f, 5, )T = 2K, (f, v, )T — K,(f,v,s)T
we have

E[NY 7 (Bo(f*,1/n))*| For]
< exp (Kr(f, v, )T + % + %)

1
+/ 2T€Xp<2K (f,r, DT — K,(f,v, U)T+24\Tf\[+3T>d

Since we assumed that f(r( fyv,t) >0 for all ¢ > v, this reduces to

B[N (B (f*,1/m) 1 For] < 4r(1 = v)exp (2K, (f, v, )T + 2065 4 5T) - (2.12)

Going back to (2.10) and substituting (2.11) and (2.12) gives that

P(N2r(By(f",1/m) = SE[NSr(By(£,1/m)| Fur] |For)

>
“4r(l—v
and this concludes the proof. O

Proposition 2.12 ensures that for any u € N7, with positive probability u has a
large number of descendants in N7 whose rescaled path is close to f*. We now focus
on small times, and show that the number of particles near T f(v) at time vT is large
with high probability.

In a branching random walk with constant rate the total population grows exponen-
tially fast, but in the spatially-dependent model of Chapter 3 the number of particles
in a fixed generation is not easy to calculate, because the rate depends on the path
that the particles follow up to that time. To add to this difficulty, the system could
have a wild behaviour at small times since, after rescaling, the rate function is dis-
continuous at 0. This will lead to several new propositions in Section 3.5 of Chapter
3. Our strategy consists of building a piecewise linear function which starts equal to
(s/2,s/2) and then gradually changes its drift to f(s) at time s’ > s. We show that
there are exponentially many particles near (s/2,s/2) for small s, and these produce
many offspring that end near f(s’). By considering paths that stay near this function
up to time s'T" we can control the rate function along them and therefore the growth
of newborn particles.

When the rate is constant, the following cruder estimates are enough.
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Proposition 2.13. Let f € PL,, and v € (0,1). Define
Vor(f) = {u € Nor + | X3 (v) — f(v)|< My},
If n < v and M is large enough, there exist C,k > 0 such that
P(|V,r(f)|< e?) < Ce .
Proof. Recall that N(tT') denotes the number of particles alive at time t7'. Then
P(|Vor(f)|< ") <P(N(WT) < ") +P(Ju € Nyr : | X, (v) — f(v)|> Mv). (2.13)

We show that both the terms on the right-hand side are exponentially small.
Let 79 = 0 and 7,, be the birth time of the nth particle in the system and let
Opn = Tn — Tn—1. Then (o,, n > 1) are independent random variables exponentially

distributed with parameter rn. By Markov’s inequality,
= < (r/2)> 7%= O'k:| —vrT/2 _ ( _ 7) furT/Q'
P(7, > vT) P<20k>l/T>_E[e k=1 | g H 1 5% e
k=1 k=1
Using that log(1 — z) +z + 22 > 0 if x < 1/2,
= 1\-! = 1 "1 1
) e (Sl <o (5 G o)
kUl( ok eXp( ;Og 2k>eXp<; STTE:

and since >_p_, (1/k) < log(n) + 1, this is smaller than Cn!/? for some constant C' > 0.

Letting n = [e"7], we can conclude that
P(N(I/T) < em‘T) < ]P)(Tn > UT) < Cean/Q—urT/Z’

which is exponentially small when n < v.
We now consider the second term in (2.13). Since f € PL,, we have f € Gy, for
some M > 0. By Lemma 2.2,

P(3u € N+ [XT(0) — f(0)|> Mv) = TQIET (v) — F()]> M)
< e”’TQ(gT(V) > MZ/),

where £ jumps at rate 2r under Q. This is smaller than
T R[eSWT)/2e=MTV/2 < oxp (TI/T +rvT(1—1/2)71 — MTI//2)
= exp (3TVT — MTI//Q),

which is exponentially small when M > 6r. Since choosing a larger M does not affect

the argument, this completes the proof. O

As we anticipated, we can now combine Propositions 2.12 and 2.13 to show that the
number of particles whose rescaled paths are in F' is smaller than exp (sup e prg,, K- (f,0,1))
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with exponentially small probability.

Proposition 2.14. If ' C E is open and supscp K. (f) # 0, then for every e > 0

there exists a constant k > 0 such that

lim llogIP> (NT(F) < exp ( sup K, (g,0,1)T — 5T>) < —kK.

T—oo T' gEFNG M
Proof. Take ¢ > 0. Since K,(f) € {—oc} U[0,00), if supsep Kr(f) < 0 then there
is nothing to prove. We may therefore assume that there exists f € F' such that
K,(f) > 0. In this case, since F is open we can choose ¢’ € (0, ¢) such that By(f,&’) C F
and K,(f,0,1) > SUDge FNG K,(g,0,1) — ¢, so

gEFNG s

]P’(NT(F) < exp ( sup K, (g,0,1)T — 35T)> < P(NT(Bd(f, e) < ef(r(f’o’l)T*ZET).

(2.14)
Denote by f, € PL,, the linear interpolation of f. Then f, € By(f,&'/2) if n is large.
Furthermore, since f is right-continuous, if v is small enough then f is continuous on
[0,) and K,(f,0,v) < rv, so letting v = 1/n'/® we have that K,.(f,0,v) < ¢ if n is
large. We also have that K,(f,,a,b) > K,.(f,a,b) for any a,b € [0,1], which implies
that K,(fn,v,1) > K.(f,v,1) > K.(f,0,1) — € and K,(f,) > 0.
Since B, (fn,€'/2) C Ba(fn,€'/2), it follows that (2.14) is smaller than

P(Ne(By(fn,//2) < FrinstlT=<T),

Since f{r(fn) > 0, we have that f, € G s for some M > 0.
Recall that V, r(fn) = {u € Nyr : | XI(v) — fu(v)|< Mv}. If u € V,r(f,) and
XT(v) = z, define f(s) = fu(s) +x — fu(v) for s € [0,1] and note that K,(f% v,1) =
K, (fn,v,1). Since |z — f,,(v)|< 2Mv, conditioning on the system at time v7T’, when
2Mv < €'/4

]P)(NT(BP(fny 5,/2)) < ekT(fanal)T—sT>

=E |:]P) (NT(BP(fn, 5//2)) < ekr(fn7y71)T_6T

Fr)|

- H . ( :’T(Bp( w€/4)) < oK (fn )T —T
uev”aT(fn)

]:1/T>

When n is large, by Proposition 2.12, for each v € V,, 1(f»)

P( ur(By(fi e /4)) < eKrlnw)T—<T

1 24T (/7 4+1)
<]1l-— —
.F,,T> <1 P exp( Ve )

if T is large enough.
With v = 1/n'/® and n = 1/n'/*, Lemma 2.13 ensures that if M is large enough,
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there exist C, k > 0 such that P(|V,, 7 (fn)|< eTT/"IM) <Ce ¥ 50

P(N7(By(fu,e'2)) < frUneT=T) < | T (1 ~ e (- 24T<w~+1>)>

4r vn
uEV,,yT(f)
1 erT/nl/4
24T(\/F+1) —kT
§<1—4Texp<—ﬁ)> +Ce M

Using that 1 —x < e for all z,

B(Nr(By(fn,€[2)) < efrlnDT=eT) < exp (= Lexp (28, - 2IUI) ) 4 0T,

from which the statement follows. O

To conclude the proof of the lower bound of Theorem 2.5 we can use similar ar-
guments to those used for the upper bound: we can extend Proposition 2.14 to all
large times simultaneously by dealing with technicalities about the rescaling and then
applying the Borel-Cantelli Lemma. These details are similar to those in Section 3.3
of Chapter 3, so we omit them here.
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Chapter 3

A shape-dependent fragmentation process

3.1. The main theorem

In this chapter we consider the spatial fragmentation model defined in Chapter 1 and its
equivalent branching random walk description. We recall that this involves a branching
random walk in R? starting from (0,0) with exponentially distributed jumps, where
each particle, when at position (x,y) with z,y > 0, branches at rate

z+1 y+1
R(z,y) = vite
@y =37V e

Let U be a uniform random variable on (0,1). When a particle branches, it has two
children at positions (x — logi,y) and (z — log(1 — U),y) with probability

y+1 rz+1
P =—-1 1—-—— )1
o) = gyt + (1= g ) Yoo

or at positions (z,y — logl) and (x,y — log(1 — U)) with probability 1 — P(x,y).

We let Rx(x,y) = R(x,y)P(x,y) and Ry (z,y) = R(z,y)(1 — P(x,y)). Then Rx
and Ry denote the rates at which a particle at position (x,y) moves in the first spatial
dimension, or the second, respectively.

Our main theorem aims to quantify how many particles have paths which, when
rescaled appropriately, fall within a given subset of E?, where E is the set of non-
decreasing cadlag functions f : [0,1] — R with f(0) = 0.

Set f'(s) = o0 if f € FE is not differentiable at the point s € [0,1]. Recall that with
the notation introduced in Chapter 2, we can write any function f € E as f = f + f
where f is absolutely continuous and f is singular.

Since we are interested in rescaled paths for large times, R and P are essentially
governed by the ratios x/y and y/z. We define the functions R* : [0, 00)? — [0, 0o0] and
P*:[0,00)% — [0,1] by

vy jfr>0o0ry>0
1 ifr=y=0

and
gelosy + (1—5)lacy ifz>00ry>0

P(z,y) =
(z.9) {1/2 ife=y=0.

Although our splitting rule is described by the functions R and P, which are continuous
at 0, at large times the constant terms in those functions become insignificant and the
behaviour when the system is rescaled appropriately is captured instead by R* and P*.
We let

R*(z,y)P*(z,y) ify>0

Ry (z,y) =
x(:3) {1/2 ity=0
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and

Ry (x,y) :=
¥e3) {1/2 it ¢ = 0.

Suppose that f = (fx, fy) € E? and 0 < a < b < 1. Define the functionals

I%mw=/%TWﬁU@W”—&@WW%+/%?W%U®W”<W®WV%

N A~ ~

J(fra,b) = I(f,a,b) + fx(b) — fx(a) + fy (b) — fy(a)

and
b N s — a ; ; .
Kg%@:{ﬁjQﬂDd J(foab) i J(fa.b) < oo

otherwise.

Note that any f € E? is necessarily continuous at 0, and therefore if lim;_,o K (f,0,t) #
—oo then K(f,0,t) is differentiable (in ¢) at 0. If lim;_o K(f,0,t) = —oo then write
%K(f,(),t)\t:o = —00. Define

K(f,0,1) if $K(f,0,t)|t=0 >0 and K(f,0,s) >0 Vs <1;
K(f)=1< -0 if 3s < 1 such that K(f,0,s) < 0;

0 otherwise.

These represent the behaviour of Rx (z,y) and Ry (z,y) at large times. The functional
K (f,0,1) will be our expected growth rate, in that the expected number of particles at
time T whose paths, when rescaled by a factor T', are “near” f should look something
like e (f ’0’1)T. However, the actual number of particles behaving in this way will only
look like eS0T if K(f,0,6) > 0 for all § € [0,1]. If there exists 8 € [0,1] such that
K(f,0,0) < 0 then (with high probability) there will be no particles whose T-rescaled
paths look like f, essentially because this point on f acts as a bottleneck; at this point,
it is too difficult for particles to follow f, and the population near f dies out.

In order to make this discussion precise we need to specify a topology on our
space of functions E?. As we discussed in Chapter 2, since the jumps in our process
are exponentially distributed, the Skorokhod metric is not suitable, and we therefore
introduce the Lévy metric on E as defined in (2.2). In an abuse of notation, we will
also write d to mean the product metric on E? defined by d((fx, fv), (9x,9v)) =
max{d(fx,gx),d(fy,gy)}-

We recall some notation. For T' > 0, let N be the set of particles that are alive at
time 7. For w € Ny and ¢t < T, let Z,(t) = (Xu(t), Yu(t)) be the position of the unique
ancestor of u in V;. For u € Ny and s € [0, 1], write

ZE(s) = Zu(sT)/T:

we call (Z1'(s), s € [0,1]) the T-rescaled path of u. For a given set of functions F' (we
will discuss the technicalities on the function spaces later), define

Np(F) = #{u e Ny : ZL € F},

the number of particles at time T whose T-rescaled paths have remained within F'.
Throughout the chapter, we use the convention that inf ) = +o00 and sup () = —oo.
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Theorem 3.1. If F C E? is closed and suprep K(f) # 0, then

1
limsup — log Np(F') < sup K(f) almost surely,
Tooo T feF

and if F C E? is open and suprep K(f) # 0, then

1
liminf — log Np(F) > sup K(f) almost surely.
T—oo T feF

The case when sup;cp K (f) = 0 is extremely delicate. If, for some function f, we
have K(f) = 0 then at some point along the path f, the population remaining near
[ is “critical”, in the sense of a critical branching process. When sup;cp K (f) =0,
this means that amongst all paths in F', the easiest path for particles to follow is a
critical one. In general, critical branching processes are significantly more challenging
to analyse than non-critical processes, and our situation is made more complex by
the inhomogeneity of our branching system. Indeed, we do not even know if there
are open sets I' C E? that satisfy supsep K (f) = 0. If not, then the condition that
supsep K(f) # 0 could essentially be removed, subject to a slight alteration to the
definition of K(f).

3.1.1 Heuristics

At a basic level, our theorem says that the number of particles whose T-rescaled paths
remain close to a function f is roughly exp(K(f)T). The growth rate K(f) consists of
two parts: the growth of the population along the path, which is simply fol R*(f(s))ds,
and the cost of a typical particle following the path, which is J(f,0,1). However, if
the cumulative cost is ever larger than the cumulative growth at any point along the
path—that is, if K (f,0,s) is ever negative—then particles are unable to follow f and
therefore K(f) = —oc.

The main strategy for the proof is to break time up into small intervals. On each
small interval, we know roughly the location and gradient of f and the rate R(f(s)),
so we can control both the growth and the cost of following f. We bound the largest
and smallest values that R(z) can take when z is within a small ball around f(s), and
use a coupling to trap a typical particle in our process between two compound Poisson
processes that have jump rates corresponding to these maximum and minimum values
of R(z). Fairly standard first and second moment bounds then allow us to translate
the behaviour of this typical particle into estimates for the whole branching system.

As mentioned in the introduction, this simple explanation disguises a highly techni-
cally demanding proof. One of the difficulties that does not usually appear in work on
branching structures is the behaviour at early times. We cannot do a standard approach
as the one we illustrated in Chapter 2, instead we are forced to use a discrete-time mo-
ment bound to show that there are many particles near one particular path—a straight
line corresponding to rectangles that are roughly square—at small times, and then
show that this collection of particles can “feed” a population at future times that is
easier to control.

Another non-standard element in our proof is the appearance of the Lévy metric.
Since our particles take jumps whose sizes are exponentially distributed, there are
(many) particles whose T-rescaled paths are not continuous. Indeed, every particle
branches at rate at least 1, so at time 7" there are at least of order e! particles, and
the probability that one particle performs of a jump larger than a7—which corresponds
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to size a in the rescaled picture—is e~%!. Thus we expect to see many such jumps when
t > a. (And since particles can branch faster than rate 1, we will in fact see such jumps
significantly earlier.) In order to bound the total number of particles from above, we
therefore need to control particles whose paths are discontinuous; hence the appearance
of the Lévy metric.

3.1.2 Growth rate in expectation

A relatively minor modification of our proof of Theorem 3.1 would yield the growth
rate in expectation mentioned after the definition of K (f), namely that if F C E? is
closed then
limsupllogE[NT(F)] < sup K(f,0,1) (3.1)
T—o0 T feFr

and if I C E? is open then

1 ~
liminf — log E[N7(F)] > sup K(f,0,1). (3.2)
T—oo T feF

In particular one may note that there are many sets £ such that sup s¢ po K(f,0,1) >0,
so the expected number of particles whose rescaled paths fall within F' is exponentially
large, and yet sup;.p K(f) = —o0, so almost surely no particles have rescaled paths
that fall within F.

We do not include full proofs of (3.1) and (3.2) here, although they are significantly
simpler than the proofs of the upper and lower bounds in Theorem 3.1. We will sketch
the main points of the arguments in Sections 3.2.3 and 3.3, shortly after the respective
proofs of the upper and lower bounds in Theorem 3.1.

3.1.3 Layout of the chapter

We begin, in Sections 3.2 and 3.3, with outlines of the proofs of the upper and lower
bounds in Theorem 3.1 respectively. In these sections we state several results that are
needed for the proof of the main theorem without proving them. The proofs of these
intermediate results are then given in later sections.

In Section 3.4, we give a full construction of our system in terms of a marked binary
tree. This discrete setting is useful for decoupling some of the dependency structure
between the jump times and jump sizes, and allows us to show that particles remain
within some compact set with high probability, which will be an important ingredient,
especially for the upper bound in Theorem 3.1.

In Section 3.5 we aim to control the system at small times, which is a difficult task
partly due to the discontinuity of R* at 0. We again use the discrete setup described
in Section 3.4, and use moment estimates that take advantage of the fact that our
particles prefer to split along their longest edge. This work is used for the proof of the
lower bound in Theorem 3.1.

One of the main tools in our proof is a coupling between compound Poisson pro-
cesses, which we describe in Section 3.6 and then apply to give upper and lower bounds
on the probability that a typical particle remains near a given function.

In Section 3.7 we put many of the previous results together, move from lattice times
to continuous time, and complete the final details of the proof of the upper bound in
Theorem 3.1.

In Appendix 3.A we give deterministic bounds that relate the maximum and min-
imum of R on small balls to the value of R* at the centre of the ball, and therefore
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allow us to link the probabilistic estimates obtained with the coupling in Section 3.6
to our growth rate K.

Finally, in Appendix 3.B we carry out some technical work, ensuring that our state
space and our growth rate behave sensibly.

3.2. Proof outline for the upper bound in Theorem 3.1

Since the proof of Theorem 3.1 is rather long, we break it into upper and lower bounds.
In this section we state a series of results that together enable us to complete the upper
bound. We will then prove those results in later sections.

3.2.1 Three probabilistic ingredients

The first step in our proof of the upper bound in Theorem 3.1 is to rule out certain
paths that it is difficult for particles to follow, thereby reducing the paths of interest
to a compact set. We define, for M > 1,

Gu={feFE:s/M< f(s)<MsVsel0,1]} CE.

If f € G%, then we say that f is “M-good”. We note that if f is M-good then
R (f(s)) < M? for all s € [0,1] and similarly for R%.

We would like to say that the rescaled paths of all particles fall within G%w for
sufficiently large M, but there is a complication near s = 0 in that particles will not
jump immediately and therefore their paths will fall, however briefly, outside G3,.
Expanding G?\/[ by any fixed distance € > 0 would not allow us to control the jump
rate sufficiently well, and we instead define, for M > 0 and T > 1,

Gur = {f € E:s/M—2T7%% < f(s) < M(s+2T2/3) Vs € [0,1]}.

If fe G?\LT then we say that f is “(M,T)-good”. We can then show that for large M
all particles are (M, T)-good with high probability as T — co. We note here that the
choice of —2/3 is not essential; we could choose any power of 7" in (—1,—1/2).

Lemma 3.2. There exist My > 1 and 8y > 0 such that for any sufficiently large T,
P(Jv e Ny : zl ¢ G?\/IO,T) < g 0T?,

We will prove this lemma in Section 3.4.

Next we give a version of the many-to-one formula, which translates expectations
over all particles in our system into calculations involving just one particle. For zy €
[0,00)2, write Q,, for a probability measure under which & is a Markov process living
in R2, such that

e {o = 20;
e when the process is in state z, jumps occur at rate 2R(z);

e when a jump occurs from state z, it is of the form (e, 0) with probability P(z)
and (0,e) with probability 1 — P(z), where ¢ is an independent exponentially-
distributed random variable with parameter 1.
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In other words, the process under Q,, behaves like a single particle under P, ex-
cept that it jumps at twice the rate. We write Q,, both for the measure and for its
corresponding expectation operator. We will often take zg = 0, and in this case we
sometimes write Q rather than Q.

The measure Q, described above is precisely the measure QY that appears in [32].
The following result is [32, Lemma 1] in the case of our model when &k = 1.

Lemma 3.3 (Many-to-one, Lemma 1 of [32] with k = 1). Suppose that = € R? and
t > 0. For any measurable function f :R? — R,

E. [Z F(Zu(t))

ueN;

=Q. [ F(E)es R(ssms] |

This, combined with Markov’s inequality, allows us to give upper bounds on the
number of particles whose paths fall within a particular set F' simply by bounding R(f)
over all f € F' and then estimating the probability that ¢ falls within F'. Estimating
this probability will be our next task, but our estimates will not be exactly in terms
of the quantities R% and Ry seen in Theorem 3.1. Instead they will involve taking
the worst and best possible values of Rx and Ry over small balls about appropriately
chosen functions, during a small time interval. We will need several definitions. The
reader may like to think of F' = B(f,e) for some suitably nice function f and small
e > 0.

For a non-empty interval I C [0,1], F C E? and T > 1, define

Ry(I,F,T)=inf {Rx(Tg(s)):s€l,ge F}

and
RY(I,F,T) =sup{Rx(Tg(s)):s€l, g€ F},

and similarly for Ry (I, F,T) and Ry-(I, F,T). These correspond to the maximal and
minimal possible jump rates over the interval I for particles whose T-rescaled paths
fall within F. For s € [0, 1], we also let

r (s, F) =inf{gx(s): g € F}, x7(s,F)=sup{gx(s):gecF},

and similarly for y~ (s, F') and y* (s, F).

Writing |I| for the length of I and I~ and I for the infimum and supremum of
I respectively, say that we are in the “X— case” if 2R (I, F,T)|I| > =t (I, F) —
2= (I",F); and in the “X+ case” if = (IT,F) — 2" (I",F) > 2R%(I,F,T)|I|. Note
that these two cases are mutually exclusive, and roughly correspond to whether the
drift of the process on the interval I multiplied by the length of the interval is larger
or smaller than the distance we would like it to travel. Note also that it is possible to
be in neither case. Define

2
(\/2}2;((1, F,T)I| - /a7, F)— 2 (I, F)) in the X — case;
2
Ex(I,F,T) = (\/21%;([, FT)1| = /(I F) = a# (1=, F)) " in the X+ case;

0 otherwise.

Similarly define & (I, F,T). We note that for a single function f € E?, the quantity
EX([a, 0, {f},T) + &F([a,b],{f},T) should be an approximation to—but a little bit

32



bigger than—the functional I(f, a,b) seen in Section 3.1. We similarly define a quantity
that should be an approximation to I(f,a,b) from below, namely

2
(\/23;(1, F,T)I| - /o (7, F) — 2+ (I, F)) in the X — case;
_ 2
Ex(I,F,T) = (\/QR;((I, FT)I| - /ot (IT F) —a (I, F)) in the X+ case;

0 otherwise.

Write ||z1 — 22|| = max{|z1 — xal, |y1 — y2|} when z; = (z4,v;) € R? for i = 1,2. To
help us to break the time interval [0, 1] into smaller chunks, for n € N we define a new
metric A, on E? by

An(f;g) = max{[|f(i/n) — g(i/n)] : i =0,...,n}.

For T >1,ne€N, M >1and f € E?, we let

Parr(fin) = Ba, (f,1/n%) 0 Ba(f,1/n) N Gy r

and for j € {0,1,...,n— 1}, let I; = [j/n,(j +1)/n].

We also need to extend our rescaling notation to ¢ in the natural way. Write ¢7 for
the rescaled process (£(sT)/T, s € [0,1]), and for I C [0, 1] write 7|} for the restriction
to I, (£(sT)/T,s € I). If F C E? and a function f is defined on a subinterval I of
[0, 1]—for example &7y g with I = [0,0]—then say that f € F|; if there exists g € F
such that f(s) = g(s) for all s € I.

Proposition 3.4. Suppose that f € E?, n € N, T > 1 and M > 1. Then for any
6 c(0,1],i€{0,1,...,0n] —1}, and z such that ||z — f(i/n)|| < 1/n?,

Q(fT‘[i/n,e] € FM,T(fv n)|[i/n,0] ‘ézT/n = Z)
[On]—1
S €xXp < =T Z (8;(Ij7FM,T(f7 TL), T) + 5;_([]7 FM,T(fa n)aT))> .

j=i

The proof of Proposition 3.4 will be the most interesting part of this chapter, and
involves coupling the process £ with two other processes, which—as long as £ remains
within I'ys 7 (f, n)—will stay above and below ¢ respectively. We carry out this part of
the argument in Section 3.6.

3.2.2 Deterministic bounds

The three results Lemma 3.2, Lemma 3.3 and Proposition 3.4 form the main part of our
argument, and contain all of the probability required for the upper bound in Theorem
3.1.

Our next task is to translate the quantities 5} and S;E into the more palatable
rate functions seen in our main theorem. The deterministic arguments required are not
particularly interesting. It will sometimes be useful to note that if f; R*(f(s))ds < o0,
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then K (f,a,b) has the following alternative representation:

b b
R(fat) == [ B (o)ds+2v2 [ \/B(FG6) I ()
b
+2V8 [\ RGN R s = Fxb) + fx(a) = ) + (@) (33

This can be seen by expanding out the quadratic terms in the definition of I(f,a,b)

and simplifying.
Let PL,, be the subset of functions in E that are linear on each interval [i/n, (i+1)/n]
for alli =0,...,n — 1 and continuous on [0, 1].

Proposition 3.5. Suppose that 6 € (0,1, M > 1, n>2M and f € PL% HG?M. Then
for any k € {[v/al,.... 1] — 1},

[6n]—1

Z 4 Ty (fin), T )z/kwwn <\/2R* ))—\/fk(s)fds_o(ﬁer).

/n

We do not aim to give best possible bounds on the error term. Similarly for the
sum on the left-hand side, small values of j give rise to larger errors, so there should be
some cut-off, but the choice of [y/n] is convenient rather than optimal. We will prove
Proposition 3.5 in Appendix 3.A.1.

We will also need the following bound to control the exp fo (&s)ds) term seen in
Lemma 3.3.

Lemma 3.6. Suppose that 0 € (0,1], M > 1, n > 2M, T2%/3 > 3Mn'/2, f G?M and
g €nr(f,n). Then

0 [6n]/n
/ R(Tg(s))ds < / R*(f(s))ds + n(M,n,T)
0 0
and for any k € {[v/a], [v/a] +1,..., |6n]},

[6n]/n 0 [On]/n
[ R -a0aD) < [ RTe)ds< [ R (G)dsEn(n,T)

where
M* M3n>

TI(M7n7T) = O(W + T1/3

This result will be proved in Appendix 3.A.2. Again we make little effort to make
n(M,n,T) the best possible bound.

3.2.3 Completing the proof of the upper bound in Theorem 3.1

Recall that if F C E?, and ¢ : [0,0] — R?, we say that g € Fljo0 if there exists a
function h € F such that h(u) = g(u) for all u € [0,0]. We also generalise our rescaling
notation slightly: for ¢ € [0,T], v € N; and s € [0,t/T], write

ZE(s) = Z,(sT)/T;
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again we call (ZI'(s),s € [0,t/T]) the T-rescaled path of v (previously this was only
defined when ¢t = 7T"). We can then define

Nr(F,0) = #{v € Nor : Z] € Flpog},

the number of particles at time 071 whose T-rescaled paths have remained within F' up
to time 6.

Proposition 3.7. Suppose that M > 1, 6 € (0,1], n > 2M and T > 6M3/?n3/*. Then
for any g € G3%, NPL2 and k > 0,

1 . |0n] MAT 3 23
P(Nr(Tarr(g,m),0) > k) < — €XP <TK<g,0, T) + O( pyz + M°nT ) .

We will prove Proposition 3.7, which forms the heart of the argument to prove the
upper bound in Theorem 3.1, in Section 3.7.2.

Our next result applies Proposition 3.7 to show that for F C E?, at any large time
T, the number of particles whose T-rescaled paths fall within F' is unlikely to be much
larger than exp (sup fer K(f,0, 1)). Recall the definition of My and &y from Lemma
3.2.

Proposition 3.8. Suppose that F C E? is closed and M > 4My. Then for any e > 0,

1 -
lim ——~logP( Np(F) > exp (T sup K(f,0,1)+ TE) < —dp.
T—oo Tl/S fEFﬂG’?M

The proof of this result will use Lemma 3.2 together with some technical lemmas to
ensure that we can cover F' with finitely many small balls around piecewise linear
functions, and then apply Proposition 3.7. The proof is also in Section 3.7.2.

There are many paths f that satisfy K(f) = —oo but f((f,(), 1) > 0. These are
paths where there exists 6 € (0, 1) such that K (f,0,8) < 0, and therefore the population
of particles whose rescaled paths are near f becomes extinct around time #7'. Since a
population cannot recover once it becomes extinct, no particles follow such paths up
to time T even though the expected growth by the end of the path, f((f, 0,1), can be
positive. For sets F' that only contain such paths, Proposition 3.8 does not provide a
useful bound, and we therefore need a slightly different approach.

Lemma 3.9. If ' C E* is closed and sup;cp K(f) = —oc, then

1
TlggomlogP(NT(F) >1) < —do.

The proof of Lemma 3.9 is in Section 3.7.3. We can then upgrade Proposition 3.8 and
Lemma 3.9, which are both statements about a particular large time 7', to get the same
result at all large times simultaneously.

Proposition 3.10. Suppose that ' C E? is closed and M > 4My. Then

1 -
limsup —log Np(F) < sup K(f,0,1)
Tooo T fEFNG2,

almost surely. If moreover supsep K(f) = —o0, then limsupy_, ., N7 (F) = 0 almost

surely.

35



The proof of this result will appear in Section 3.7.4. We can now complete the proof
of the upper bound in our main theorem.

Proof of Theorem 3.1: upper bound. Since K(f) € {—oc}U[0,00), if supsep K(f) <0
then we must have sup;cp K(f) = —oo. In this case the second part of Propo-
sition 3.10 tells us that almost surely, Np(F) = 0 for all large T, and therefore
limy o log N7 (F) = —oc. On the other hand if sup e K(f) > 0 then we have

sup K (f) = sup K(f,0,1),
fer fer

and then applying the first part of Proposition 3.10 tells us that

1 N N
limsup — log N7(F) < sup K(f,0,1) <sup K(f,0,1) = sup K(f)
Tooo T FEFNG2, feF feF

almost surely, and the proof is complete. O

Sketch proof of (3.1). The upper bound in expectation (3.1) follows more or less di-
rectly from estimates derived above. In particular, much of the proof of Proposition 3.7
involves bounding E[N7(F')] from above when F' is a small ball around a suitably nice
function, and then applying Markov’s inequality. From there it is a relatively simple
task, similarly to the proof of Proposition 3.8, to apply Lemma 3.2 to reduce F to a
compact set, Lemma 3.36 to cover this set with finitely many balls around suitably nice
functions, and Corollary 3.38 to check that the resulting bound does not significantly
overshoot (3.1). O

3.3. Proof outline for the lower bound in Theorem 3.1

Let p be the metric defined by

p(f.9) = sup [[f(s) —g(s)l = sup {Ifx(s) —gx(s)| VIfy(s) —gv(s)l}.

s€[0,1] s€[0,1]

Rather than the set I'ys7(f,n) seen in the proof of the upper bound, for the lower
bound we will instead often use the set

Avr(fin) = By(f,1/n%) 0 Gy
For F C E? and T > 0, recall that
Np(F) = #{u e Nr: ZF € F},
and for ¢ € [0,1] and u € Ny, define
N (F) =#{v e Np:u<w, Z |1 € Flyq}- (3.4)
t,T T-U=0 4yl [t,1]
Also let (Ft,t > 0) be the natural filtration for the process.
The main part of our proof relies on a standard second moment argument, and
Propositions 3.11 and 3.12 give the first and second moment bounds necessary to carry

out that argument. However, this strategy on its own cannot give strong enough
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estimates to be able to prove an almost sure statement, as required for Theorem 3.1.
We therefore give bounds conditionally given Fr/, for Vn < k < n, with the aim of
using the branching structure at time k7'/n to increase the accuracy of our estimates.

Proposition 3.11. Suppose that M > 1, n > 6M, /n < k < n, T > 27M3/?n9/?
and f € PL. NG%,. Suppose also that u € Ny, satisfies || ZL (k/n) — f(k/n)|| < 752.
Then

M*'T 3. 2/3
B[N r(Asaer (£.1) | Farya] 2 exp (TR (fk/m.1) = O( 7 + MPnT?5) ).

We will prove Proposition 3.11 in Section 3.3.1.

Proposition 3.12. Suppose that M > 1, n > 6M, \/n < k <n, T > 27M>3?n%? and
f € PLZNG3,. Suppose also that u € Ny, satisfies || Z; (k/n)— f(k/n)| < # Then

E[Ny) 1 (Msarr(f,n) )? | Frrjn)
T o~ TR (f.k/nt/T) 2 M*'T 3. m2/3
< dt - 12M?nexp (2TK(f,k/n, 1)+O( i+ MPnT )
kT /n
+ exp <TK(f,k/n 1)—0—0( Y +M3 T2/3>>

We will prove Proposition 3.12 in Section 3.3.2. We now use a standard second
moment method to turn Propositions 3.11 and 3.12 into a lower bound on the prob-
ability that the number of particles whose rescaled paths remain near f is roughly
K(f,k/n,1)T, again conditionally on Frr/n-

Corollary 3.13. Suppose that M > 1, n > 6M, k > /n, T > 2TM3/?n%? and

f € PLZNG3,. Suppose also that u € Nyr),, satisfies || Z, (k/n) — ( /)| < 5tz, and
that K (f,k/n,t) >0 for all t > k/n. Then

]P)(NIZ:L/nT(ASMT(f, n)) > eTf((f:k/m1)—O(M4T/n1/4+M3nT2/3) ‘]__kT/n)

> e—O(M4T/n1/4+M3nT2/3).

Proof. The Paley-Zygmund inequality says that, for any non-negative random variable
X and 6 € [0, 1],
2 BIXT?

E[X?]
Taking P to be the conditional probability P(- | Fjr/,) with X = N, +(Asnr(f,m))
and 6 = 1/2, we have

P(X > 0E[X]) > (1-90)

PN (Naner(fn)) = (1/2)E [N, o(Aamr (F,0) | Frrym) | Firm)
E[ N (Asnrr(f,m) ’]:kT/n]
a 4E[Nk/nT(A3MT (f )2 | Frersn]

(3.5)

Proposition 3.11 tells us that

M*T 3. 2/3
E[Njn r(Aasir (£.1) | Fiaja] 2 exp (TR (fk/n 1) = O( = + MPnT??) )
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and Proposition 3.12 gives

E[Ny,, r(Asmr(f,n) )? | Frrjn]

T B 4
< / e~ TER/mT) gt 1902 exp (ZTK( fok/n,1) + O(M1 /f + M3nT2/3)>
kT /n n

. M*T
+ exp (TK(f, k/n,1)+ 0( — + M3n:r2/3)>.
nl/4
and since K (f, k/n,t) > 0 for all t > k/n, this reduces to

E[Ny 1 (Msarr(f,n) )? | Frern)

4
< 12M?nT exp <2Tk(f, k/n,1)+ O(M T n M3nT2/3>)

1/4

= exp <2TK(f, k/n,1) +O< 1/? +Mn T2/3>>

Substituting these estimates into (3.5) gives the result. O

By Corollary 3.13, each particle near T'f(k/n) at time k7'/n has a not-too-small
probability of having roughly exp(K (f,k/n,1)T) descendants whose rescaled paths
remain near f up to time 1. If we can ensure that there is a reasonably large number of
particles near T'f(k/n) at time kT /n, then subject to some technicalities (for example
Corollary 3.13 assumes that f is piecewise linear, whereas there is no such condition in
Theorem 3.1) we will be able to prove the lower bound in Theorem 3.1.

The discontinuity of R* at 0 makes controlling the growth of the system at small
times difficult. The first few particles in the system can have wildly different values of
R in different realisations of the process, and it is not a priori clear that this cannot
have a large effect on the long-term evolution of the system. Our method for showing
that particles do in fact spread out in a predictable way is the following. First we show
that there are many particles near the line (s/2,s/2) at time s, for suitable values of
s. The idea is that our jump distribution prefers to create “almost square” rectangles
(since rectangles are more likely to break along their longest side) and therefore we
should see many particles near (s/2,s/2). However, since particles away from this line
branch and jump more quickly, we use a discrete-time argument to keep control of the
dependence between the jump locations and the jump times. A rough estimate using
moments in discrete time can then be translated back into continuous time, giving the
following result.

Proposition 3.14. Define
Var = {u € Niyrsygyn + 1 Zu(s) = (5/2,5/2)|| < g Vs < [n7/¥]T/n}.
There exists a finite constant C such that for any T > Cn*8,
P(|V, | < 2T/ /52Ty < 1732,
We will prove this result in Section 3.5.1. The choice of [n7/%] is somewhat arbitrary,

but ensures that there are enough particles at time [n"/ 81T /n to outweigh the error
arising from Corollary 3.13. The bound of 1/T 3/2 is not the best possible, but is
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enough to use a Borel-Cantelli argument at the end of the proof of Theorem 3.1. The
requirement that 7' > Cn*® is also certainly not optimal, but since we will take 7" — oo,
it is sufficient for our needs.

Once we have shown that there are particles near (s/2,s/2) at small times s, then
we need to show that these particles “feed” other directions (As’, us’) for suitable A
and p and s’ > s. Given f € G3,, we will construct a function h that begins by moving
along the line (s/2,s/2), so that we can guarantee large numbers of particles near h
at small times using Proposition 3.14, but which then gradually changes its gradient
to be closer and closer to our given function f. At the same time we will ensure that
h is piecewise linear, so that we can then use Corollary 3.13 to ensure appropriate
growth of particles along the whole path h. We then show that for k = [n7/8] < nt we
have K (h,k/n,t) ~ K(f,k/n,t). This is part of Proposition 3.15 below, which will be
proved in Section 3.5.2.

Proposition 3.15. Suppose that f € G2, satisfies %f((f,o,t)h:o >0 and K(f,0,t) >
0 for all t € (0,1]. Then for any e > 0 and n € N, there exists hy, € E* such that

hin(s)=(s/2,5/2) foralls < [n"/®]/n (3.6)

and if n is sufficiently large,

htn € PL2NG3, N B(f,¢), (3.7)
K(hpn, [n7®]/n,s) >0 for all s € ([n"/®]/n,1] (3.8)

and
K(hyn, [n7/8]/n,1) > K(f,0,1) —¢. (3.9)

We will prove this in Section 3.5.2. We are now able to finish the proof of our main
result.

Proof of Theorem 3.1: lower bound. Fix € > 0. Recall My from Lemma 3.2. Since
K(f) € {—o00} U[0,00), if supsep K(f) < O then there is nothing to prove. We
therefore assume that there exists f € F' with K(f) > 0. In this case, since F' is open
and all functions f with K(f) > 0 are in G3, for some M, we can choose M > My,
e’ >0 and f € G2, such that B(f,2¢') C F and

1
K(f)> max{supK(g) —e, fsupK(g)} > 0.
geF 2gEF

Since K(f) > 0, we have $K(f,0,)|t=0 > 0 and K(f,0,t) > 0 for all ¢ € (0,1].
Therefore by Proposition 3.15, for all sufficiently large n € N the function hy,, satisfies
(3.7), (3.8) and (3.9) with min{e/2,¢’/2} in place of ¢.

Take n € N and write k = [n7/®]. From Proposition 3.14, if we define

w1 = {1 € Nz 1 Zu(s) = (/2,5/2)|| < 55 Vs < kT/n},

then for T > Cn*® and C large, we have P(|V/ .| > oT/nt/8=2Tn? >1-—1/T3/2.
n, T
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Since hy,, satisfies (3.7), (3.8) and (3.9) with min{e/2,¢’/2} in place of ¢,

P(Nr(B(f,€')) < eKUF0D=T)
= P(NT(B(hf,n,EI/Q)) < e(f((hf,n,k/n,l)—a/z)T)
<E |:P<NT(B(hf7n, 6//2)) < e(k(hﬁn,k/n,l)—a/Q)T ’ J___kT/n)] .

Recalling the notation (3.4), note that if u € V,; - and Ni, +(A3nrr(hyp,n)) > r, and
n is sufficiently large, then Ny (B(hy,y,€'/2)) > r, for any 7 > 0. Indeed if u € V, 1
and u < v is such that Z |j/n11€ Asarr(hgn, 1)|k/n,1) then using (3.6)

sup HZZ(S) —hyn(s)|| < sup HZ;F(S) —(s/2,s/2)|| + sup HZUT(S) — hyu(s)||
s€[0,1] s€[0,k/n] s€lk/n,1]

1 +1
—2n2  p?’

so ZI' € B(hfn,€'/2) when n is large. Thus
]P)(NT(B(f7 5/)) < e(k(f’oyl)*E)T)

< ]E[ H P(N]g/n,T(AZSM,T(hf,mn)) < (K (hynk/n1)—e/2)T ‘ ]_-kT/n>] . (3.10)

ueVT/L’T

For n and T sufficiently large, we check that we may apply Corollary 3.13: indeed, by
(3.8), we have K (hj,,k/n,t) > 0 for all t > k/n, and for u € V! . we have

122 (/) — g/l = ]| Zu(KT/m) — (55,40 < oy

Thus, applying Corollary 3.13 to bound the conditional probability in (3.10) from

above, we obtain that

P(Np(B(f,€")) < e(K(va’l)—s)T) <E

H (1 _ e—O(M4T/n1/4+M3nT2/3))]‘

!
uEVn’T

Recalling that [V | > oT/m/P=2T/n? igy probability at least 1 — 1/T%/2, we get

2T/711/8—2T/n2

P(NT(B(f, 5/)) < e(f((f,O,l)fs)T) < (1 _ 670(M4T/n1/4+M3nT2/3)) + 1/T3/2

and using that 1 — x < e™* for all z,

P(Np(B(f,&')) < eEWF0D-)T)
< exp ( - 2T/n1/872T/n2670(M4T/n1/4+M3nT2/3)> n 1/T3/2. (3.11)

By Lemma 3.40 with s =T, for T > 3M, whenever t — 1 <T <t we have

Nr(B(f,€') N Giyr) < Ne(B(f,€' + 6M/t))
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and therefore if T' > 6M /€', then we have

/ 2 . /
Nr(B(f,&") NGar) < te[]l“l,lif-i-l} Ni(B(f,2¢)).

Thus
i My e—(K(f,0,1)—e)t
P( it MBS 2)e <)
(Np(B(f,€') N Gpp) < eEFHOD=9T)

T
(Nz(B(f,€)) < e BEOD=OT) 4 P(Np((GR1)%) = 1).

IN

P
P

IN

—80T/3

By Lemma 3.2, since M > My, the last term is at most e , and then applying

(3.11), we obtain that

P(  inf N,(B(f.2¢))e~ KONt -1
(te[%l,lT_H] t(B(f,2¢"))e < )

(_2T/n1/872T/n2670(M4T/n1/4+M3nT2/3))+ 1 _|_6750T1/3'

< exp T3/2

Taking n large enough that the 27/ n'/® term dominates the exponent when T is large,

we see that this is summable in T', and therefore by the Borel-Cantelli lemma,
P(limiant(B( £,2¢"))e” EFOD-0)t 1) ~0.
t—00

Since B(f,2¢') € F and K(f,0,1) = K(f) > sup,er K(g) — ¢, the statement of the

theorem follows. ]

Sketch proof of (3.2). Proving the lower bound in expectation (3.2) involves slightly
more work than the upper bound (3.1). Proposition 3.15 creates a function that ap-
proximates a given f for much of its path, but begins by following the lead diagonal
(s/2,s/2) for a short period. Unfortunately it is designed to work for functions f that
satisfy %f((f, 0,t)]i=0 > 0 and K(f,0,s) > 0 for all s € (0,1]. To prove (3.2) we cannot
make these assumptions on f, but can take a simpler approach than Proposition 3.15.
We define a function h #n that follows the lead diagonal (s/2,s/2) until time [y/n|/n,

then satisfies

hpatiim = (B2L DY o pm) = irvmim)

2n 7 2n
for every j € {[\/n],...,n}, and interpolates linearly between these values. Following

a similar proof to that of Proposition 3.33, we can show that

liminf K (hf,,0,1) > K(f,0,1),

n—oo

and then combining Propositions 3.11 and 3.14 yields (3.2). O

In the proofs of the results above, it will be useful several times to note that since,
for any f, n, M and T,
AM,T(f7 n) C PM,T(fa TZ), (312)
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we have

R (L;,Tyr(fin), T) < Ry (L, Aprr(f,n), T)
< R}(IjﬂAM,T(fa n),T) < R}(IjvrM,T(f’ n)7T) (313)

and therefore by the deterministic bounds (3.60) in Appendix 3.A,if M, T > 1,n > 2M,
feG2, j>nl/? and s € I},

R;r(([ijM,T(f’ n)vT) - 5M,T(j7n)
< R;((f(s)) < R;{(IjaAM,T(fv n)aT) + 5M,T(j7 TL) (314)

3.3.1 Lower bound on the first moment: proof of Proposition 3.11

Our aim in this section is to outline a proof of Proposition 3.11. Fix f as in the
statement of the proposition. Let Zy = {(0,0)} and, for j € {1,...,n — 1}, define

Zj={z€10,00) : [lz = f(j/n)]| < 53z }-

Lemma 3.3 (Many-to-one), combined with the deterministic bounds on the integral of
the rate function from Lemma 3.6, will reduce the problem to bounding

Q(ﬁT![k/n,u € A (f 1) ey | €7 (k/m) = w)

for w € Z, so we concentrate on estimating this quantity.
Fix n €e Nand M,T > 1, and consider f € PL,%OG%V[ and j € {0,...,n—1}. We
will apply the coupling defined in Section 3.6 with I = I; and F' = Ay 7(f,n). Define

. A n),
(2. ) = QF I (1X () - fx(s)] <

1
n2
‘X_(%) _ fX(M)‘ < ﬁ7 X_|[j S GM,T‘I,)

n

and

o . I;A T '
q?i(,M7T(Z,j7f): ZJ M,T(fn) (X+(

I~
sf
+
S—
|
|
—
\+‘
t
N—
I
o
N———

and similarly for qZ’MT(z,j, f) and (}T{Mj(z,j, f)-

Lemma 3.16. Suppose thatn > 3, f € PL2 andT > 1. Then for any k € {0,...,n—1}
and w € Zy,

Q(ET![k/n,u € A (fs 1) i jm1) ‘éT(/C/n) = w)

n—1

> H zlélzf qr)ny,T(za'L f) qA;sz,T('%j, f) Q7};M7T(zaja f) qr{M,T(Zaja f)
g=k"

We carry out the proof of Lemma 3.16, which consists of applying the properties
of the coupling, in Section 3.6.2. We then need to bound the terms on the right-hand
side. Bounding the § terms is fairly straightforward.

Lemma 3.17. Suppose that M > 1, n > 2M, T > 1 and f € PL% HG?W. Then for
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any k> [nV/?],

n—1 M4T
[T inf @Xarr(z g Naara (= ) = exv (= O( = + MPn)).
ik 2€Z; n

Again we will prove Lemma 3.17 in Section 3.6.2. Bounding the ¢ terms is much
more delicate. In the following lemma, the precise form of A(j) is not important; we
consider it a small term.

Lemma 3.18. Suppose that M > 1, n > 2M, T > 8n%2M3/2 and f € PL2 NG3,.
Then for any j € {[V/n],...,n—1} and z = (z,y) € Z;,

(J+1)/n

e zew (1 [ (2R (16) - /F(9)) ds - 78()

iln

where

M1 20mrGon
ag) = 2 2

n

) + \}ﬁ\/%M,T(j, n) (fx(%) - fX(%))

and 6pr,7(j,n) is defined in Lemma 3.42.

We again delay the proof of Lemma 3.18 to Section 3.6.2. Putting the above ingre-
dients together and bounding Z;L;[l Nl A(j) gives us our main bound, which we now
state.

Proposition 3.19. Suppose that M > 1, n > 2M, T > 8n%2M3/2 and f € PL?1 QG?W.
Then for any k > [/n] and w € Z,

Q(éTl[k/n,u € Asnrr (7)) ‘ffT(k/”) = w)

4
> exp(—TI(f,k/n, 1) — O(J\n{/f +M3nT1/2)>.

Proof. Combining Lemmas 3.16, 3.17 and 3.18, we have

Q(éTl[k/n,u € Asnr (1)l [k /1) ‘ﬁT(k/n) = w)

n—1 4
> exp <—TI(f,k:/n, 1) —QTZA(j) —O(J\i/f +M3n)>.
=k

Recall that

A(j) = 2(]\53; D | 2url;n) | \/15\/25M,T(jan)(fx(‘ﬂﬁl) — fx(L).

n

= Swr(dn) MY M3
Z MmMT\J), N :O<W+Tn>'
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By Cauchy-Schwarz,

n—1

> =\ 2our G (x5 =~ £x()
J=va]
ne1 - 1/2 n—1 ) . 1/2
< (5 B} (S )
j=Ival s=lvn]

Using (3.61) again, together with the fact that f € G2,, and that va +b < v/a + Vb

for a,b > 0, we have

n—1
1 } j+1 j M2 M3l 1/2
> V2 (x5 - fe(d) = 0 + S ) MY
J=[v/n]
M5/2 M2n1/2
=0 + )

Therefore

-1 —1

n ‘ n . M M4 M3n MB/2 M2n1/2

ZA(J) < Z A(J):O(n1/2 +n1/2 + T + nl/4 + T1/2 )

j=k j=[vn]
Combining error terms gives the result. O

As promised, we can now easily prove Proposition 3.11, that is the lower bound on
the first moment.

Proof of Proposition 3.11. For u € NkT/n, let N:(Fu) be the set of descendants of w in
Nr. Since u € Nyg/y,, by the Markov property and Lemma 3.3 (Many-to-one), for any
ke{0,...,n—1},

E Z ﬂ{ZUT|[k/n,u€A3M,T(f,n)\[k/n,1]}

vENq(w“)

]:kT/n]

S BlEdS

€ (k/n) = w] ‘ .

- Q |:I[{£T|[k:/n,1]GASA{,T(fyn)‘[k/n,l]}e w:Z}f(k/n)

Now, since k > [\/n] and f € G%; C G%,,, by (3.12) and the deterministic bounds on
the integral of the rate function from Lemma 3.6, if §T|[k/n’1} € Asm,r(f1)|[k/n,1)> then

/ U Redds=T / U RTET(s)ds > T [ R(F(s))ds — Tn(3M.n.T),
kT /n k/n k/n
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and therefore

= Z ]l{ZvT\[k/n,uEAsM,T(fﬂ)l[k/n,l]}

UE./\/'I(,M)

fkT/n]

1

> exp (T R*(f(s))ds — Tn(3M, n,T)>

k/n
: Q(ﬁT\[k/n,u € Asaa,r (fym)lk/m 1) )gT(k/n) B w>‘ '

w=27 (k/n)

We also know from Proposition 3.19 that if w € Z, then

Q(éTl[k/n,u € Asnrr (7)) ‘ﬁT(k/n) = w)

4
> exp ( —TI(f k/n,1)— O(J\n{/f +M3nT1/2>>.

Combining these estimates and recalling that n(3M,n, T) = O(M*n=2 4 M3nT=1/3)
gives the result. O

3.3.2 Upper bound on the second moment: proof of Proposition 3.12

For our first moment bounds we used the many-to-one lemma, Lemma 3.3, which gives
a method for calculating expectations of sums over all the particles in our population at
a fixed time. For our second moment bound, we will need an analogue for calculating
expectations of squares of sums over particles. This will involve another measure Q?2,
whose description is again adapted from [32], this time in the case k = 2.

Let Q? be a probability measure under which &} and &2 are Markov processes each
living in R? constructed in the following way:

e Take an exponential random variable e of parameter 1.

e Let (x¢,t > 0) be a pure jump Markov process in R? independent of @ such that
Xo = 0 and when x; is in state z, jumps occur at rate 2R(z). When there is a
jump from state z, it is of the form (&, 0) with probability P(z) and (0,&) with
probability 1— P(z), where £ is an independent exponentially-distributed random
variable with parameter 1.

o Let 7=inf{t>0: fot 2R(xs)ds > e}.
o Let & =€ =y fort <.

e Let ¢! equal . plus a jump of the form (—logi/,0) with probability P(x,) and
(0, —logU) with probability 1 — P(x,), where U is an independent uniformly
distributed random variable on (0,1); let £2 equal ., plus either (—log(1 —),0)
or (0,—log(1 —U)) respectively.

e Conditionally on 7, (&} )<, and (&)<, the processes (£1,,,t > 0) and (£2,,,t >
0) behave independently as if under Qg1 and Qg2 respectively.

We write Q2 both for the measure and for its corresponding expectation operator.
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Lemma 3.20 (Many-to-two, Lemma 1 of [32] with k = 2). Suppose that t > 0. For

any measurable function f: (R?)? — R,

S (2 (1), Zun (1))

w1, uz ENy

=Q? [ F(EL, €2)e3 S0 " R dsH [ n RIE)ds+[7,, R(€)ds

In fact, by using the description of Q? above, the key to the second moment bound
will be to estimate terms of the form

Q(§T|[a,b] € AM,T(fa n)ha,b} |§Z = Z)

where Q = Qp is the measure seen in Section 3.2.1. The same coupling used for
Proposition 3.4 will yield the following result.

Proposition 3.21. Suppose that f € E>, n € N, T > 1 and M > 1. Then for any
0<a<b<1 andz such that ||z — f(a)| < 1/n?,

QE oy € Ay | €7 = 2)
[bn]—1
<o (=T 3 (EHE 0l Al ) + & (0 a8l A (7). 7)) ).

j=lan]

We postpone the details of the proof to Section 3.6. We then need to relate the
right-hand side in Proposition 3.21 to our rate function, in the form of the following
lemma.

Lemma 3.22. Suppose that M,T > 1, n > 2M and f € PL2NG3,. Then for any a,b
such that [y/n]/n <a<b<1,

[on]—1
Z <5+ [a,b], Aprr(f,n), )—|—€+( N la,b], A (f,m), ))
j=lan]

M*  M3n
I(fvaab) 70(’/11/4 + T1/2>

The proof of Lemma 3.22 is similar to the deterministic bounds required for the
upper bound in Section 3.2.2, but also uses the uniform structure of Ay 7(f,n) and
therefore requires slightly different estimates. We carry this out in Appendix 3.A.3,
and for now continue to the proof of Proposition 3.12, that is the upper bound on the
second moment. The proof is fairly long, but uses only the ingredients above together
with bounds already developed for the upper bound on the first moment.

Proof of Proposition 8.12. Recall the construction of Q? together with the Markov pro-
cesses £ and €2 above. For s > 0 and T > 0, write 55 §T/T and ,5 /T
For i = 1,2, define the event

Bi = {&"" |5 /n1) € Msnar (f,70) e/}
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and for the single spine £ defined under Q, define

B(a,b) = {§T|[a,b] € Asnr(fim)|[an}

By Lemma 3.20,

E

-’rkT/n]

2
( Z ﬂ{ZuThk/n,uEA?,M,T(f,n)[k/n,l]}>

veNg‘)

TNAT

= Q2 |:]]-Blﬁ8 e fkT/n éS ds+fT/\7‘ gS)ds4>fT/\"' S)

T > *, fk;/n } 2=Zy (KT /n)/T

From the construction of Q2 before Lemma 3.20, it is clear that 7 has a density, and
that

Q2 |:]161QB e flz:l“/\/; £S ds+fT/\‘r £S )derfT/\T S)

B i =7
T
<
< /kT/nQ [1310820{76(#} ‘7' > s fk/n }
sup o3 Sirjn B(Tg(s/T))ds+2 [ R(Tg(s/T))ds
9€A3Mm,T(fm)
R(Tg(s/T))ds

3 (T
+ Q []1310320{T>T} ’T > §k/n = Z} sup e fkT/n
g€z, T(fn)

It also follows from the construction of Q? before Lemma 3.20 that

Q? [lslmszﬂ{redt} ‘ > A 5k/n N z]
< Q| Uiy e/my2R(E)e” i &) gy ‘ €l =7]

T 2
s Q(BE/T,1) | = w)
lw—f(t/T)||<1/n?

< Q(B(k/n,t/T) ‘fg/n = z) sup Q(B(t/T, 1) ‘ §£T = w>2

llw—f(t/T)|<1/n?

t/T
sup  2R(Th(t/T))e =2T [, R(Th(s))ds

h€Azn, T (fm)

and that

Q? 15,nByn{r>T} ’T > fk/n o z}
= Q{ B(k/n,1)€ =2 iy R(E:)ds fk/n - z}

<Q(BU/n )|l =2)  sup Tl RIHO
heAsy,T(f,n)
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Combining these bounds, we have shown that

2
£ ( Z ]l{ZuT[k/n,l]€A3M,T(f,n)|[k/n,1]}> ]:kT/n]
UEJ\/’Q(JL)
g T
< B(k/n,t/T _
< [, {elsmum|dn=2)]_, .\
2
s Q(BH/T1) &) =w)
llw— £ (t/T)[|<1/n
t)T
sup  2R(Th(t)T))e 2" Jejm RTRE)ds
heAzn,T(fn)
sup ST In BT9()ds+2T [}y R(Tq(s))ds } @t
g€A3n,T(f 1)
T . —27 [y, R(Th(s))ds
+Q<B(k’/n,1)’£k/n z)’z:Zu(kT/n)/T hEA:sSz\l;,IT)(fm)e

sup esTfkl/” R(Tg(s)ds, (3.15)

9€A3m,T(fm)

Recall that k£ > [y/n]. By (3.12) and the deterministic bounds on the integral of
the rate function from Lemma 3.6, for any t € [kT/n,T],

t/T [nt/T|/n
sup /k R(Tyg(s))ds < / R*(f(s))ds +n(3M,n,T)

9€Asm, T (fm) Jk/n k/n
and
t/T [nt/T|/n
inf R(Th(s))ds > / R*(f(s))ds —n(3M,n,T).
h€Asn,r(fn) Jk/n k/n
Thus
sup o2 JYE R(Th(s))ds sup AT S R(Tg(s))ds+2T [ R(Tg(s))ds
hGAgM,T(f,n) QGABJ\/[,T(fvn)
[nt/T|/n 1
< exp ( — T/ R*(f(s))ds + 2T/ R*(f(s))ds + 7Tn(3M, n,T)) .
Similarly,
sup 2T Jijn R(Th(s))ds sup AT Jijn B(Tg(s))ds
hEAgM,T(f,n) QEA3IM,T(f7n)
1
< exp <T / R (f(s))ds + 5Tn(3M, n, T)> . (3.16)
k/n

By the definition of G/ 7, plus the assumption that T%/3 > 9Mn'/2, for any t €
[T /n,T]| we also have

—2/3
sp QR(Th(t/T))SQTM(t/T+2T )+1_  6MT

< < 12M?n.
heAsnr,r(f,n) T(t/(MT)—2T-2/3) Tk/(2Mn)

The above estimates bound the non-probabilistic terms in (3.15). For the other
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terms we apply Proposition 3.21 and Lemma 3.22 to obtain the bound

Q(Bla.b) |&f =)
[on]—1

< exp ( - T Z (8;(5 N [CL, b],A3M7T(f,7”L),T) + 5;([1' N [a, b],A3M7T(f,n),T>)>
j=lan]

4

< exp ( —TI(f,a,b)+ O(]\:l/f + M3nT1/2>).

Putting all these ingredients together, we obtain that

E

2
( Z ]l{Zg[k/n,l]€A3M,T(fan)|[k/n,1]}>

UEN:,(ﬂu)

]:kT/n]

4 M*'T 3. m1/2
< exp | — TI(}, k/n,t/T)—2TI(f,t/T,1)—|—O<17/4+M nT )
kT /n n

[nt/T]/n
-12M2nexp<—T/ R*(f(s))ds+2T/

1 R*(f(s))ds + TTn(3M,n, T)> dt

MAT
+ exp < —TI(f k/n,1)+ O( myE + M3nT1/2>>

1

- exp <T R*(f(s))ds + 5Tn(3M,n, T)) (3.17)

k/n
Using that f € PL2 and therefore is absolutely continuous, we see that

[nt/T|/n 1

—I(f,k/n,t)T) —=2I(f,t/T, 1)—/ R*(f(s))ds +2 R*(f(s))ds

< 2K (f, k/n,1) — K(f, k/n,t/T) +O(M?/n).

The result follows from substituting this into (3.17) and recalling from Lemma 3.6 that

M M3n). .

77(3M7n,T) = O(m +W

3.4. Detailed construction and ruling out difficult paths:
proof of Lemma 3.2

In this section, we prove Lemma 3.2, which said that for large M all particles are
(M, T)-good with high probability as T — oo. We will begin by defining a discrete
tree with labels to represent the positions and split times of particles, which besides
being a necessary step in our proof, also provides a formal construction of the process
introduced in Section 3.1.
Take an infinite binary tree T and let T,, be the vertices in the nth generation of
T, so that |T,| = 2". Attach to each vertex v € T two independent random variables
SPIY and 1497 both uniformly distributed on (0,1). Also attach another independent
random variable e, which is exponentially distributed with parameter 1.
We recursively define random variables B,,, H, and T, for each vertex v € T, which
represent the base, height and birth time of the rectangle corresponding to v. Write
p for the unique vertex in Ty, which we call the root. Under the probability measure
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Py, set B, = a, H, = b and T,, = 0. We write P as shorthand for Py ;.
Now take an integer n > 0 and suppose that we have defined B,, H, and T, for all
vertices u in generations 0,...,n. For a vertex v € T}, define

D 1 ifudr < P(—log By, —log H,)
° 0 if Ul > P(—log By, —log Hy).

Write v1 and v2 for the two children of v in generation n + 1. If D, = 1, then set
By =UPYNB,, By =(1-UP"B,, and Hy, = Hy = Hy;
if on the other hand D, = 0, then set
Hy =UP"H,, Hp=(1-UP"H, and By = By = B,.
Then, for each v € T, define
X, =—-logB, and Y, = —logH,.

Finall t
inally, se .

Thi=Tyww=T+ ———.
vl v2 U+R(XU,Y:U>

We now translate this discrete-time process (with continuous labels) into the model
in continuous-time described in the introduction. For each ¢ > 0, define

M:{UET:TvSt<Tv+ﬁ}7

the set of particles that are alive at time ¢. Then for v € N; and s < t, if u is the unique
ancestor of v in T that satsfies T, < s < T, + e, /R(Xy, Yy), then set By(s) = By,
H,(s) = Hy,, Xy(s) = Xy and Y,(s) =Y,. We call Z,(s) = (X,(s), Yy(s)) the position
of particle v at time s. For T' > 0, we can also consider particles’ paths rescaled by T,
by which we mean, for s <t and v € Ny,

Xo(T) -y = - 2l (s) = (XT(s), Y] (s)).

xI(s) = =2

If we have v € N7 then we may refer to X to mean the function X! : [0,1] — R, and
similarly for Y,/ and Z!.

Lemma 3.23. For any k > 0, there exists M > 1 and N € N such that

]P’(Hv €T, : X, & [n/M,Mn] or Y, & [n/M, Mn]

or T, <n/M or T, + o > Mn) <e

R(X,,Y,)
for alln > N.

Proof. Note that for any v € T, X, is the sum of n random variables, each of which

is (stochastically) bounded above by an independent exponential random variable with
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parameter 1 (this is the distribution of —log U when U is U(0,1)). Thus, if E ~ Exp(1),
P(X, > Mn) < E[eXv/2)e=Mn/2 < E[P/2ne=Mn/2 = gne=Mn/2
and, since there are 2" vertices in T,,, a union bound gives
P(3v e T, : X, > Mn) < 4"e"Mn/2,

By choosing M large enough, we can make this smaller than e™*". By symmetry we

also have
P(FveT,:Y,>Mn) <e "

For a lower bound on X, and Y, we first give a lower bound on X, 4+ Y,,. Indeed,
note that for u € T,, X, + Y, is a sum of n independent random variables, each of
which is exponentially distributed with parameter 1. Thus, for any A > 0 and any
u € Ty,

[P(Xu 1Y, < n/M) < E[G—A(Xu—&—yu)]e)\n/M _ E[e—)\E]ne)\n/M _ ml)\)ne)\n/M’

so that we can choose M large enough that
P(X, + Y, < n/Mp) < 2720727 2e(n+1), (3.18)

Take u € T, let v/ be the unique ancestor of u in T|n/2) and take M > Mjy. Note
that, applying (3.18), if n > 6

P(FveT,: X, ANY, <n/M—-1)

<E#{veT,: X, Y, <n/M —1}]

=2"P( Xy ANY, <n/M —1)

<2"P(Xy AYy <n/M—1and Xy + Yy > [n/2| /M) + 2"P( Xy + Y < [n/2]/Mo)
< P(Xy AYy <n/M —1and X,y + Yy > n/(3My)) + 27 - 27 2n/21=2¢=2(ln/2]+1)
<2"P(Xy AYy <n/M —1and X,y + Yy >n/(3Mp)) +e /2. (3.19)

Now, if X, AY, <n/M —1 and X,» + Yy > n/(3Mpy), then for all vertices v on the

path from v to u, we have

va}/vi)+1>Xv+Yv_X’U/\Yv+1> Xv‘i’}/v o > M
XoNY,+1 7 Xy NYy+1 TXoNY,+1 — 3My

Recalling the definition of P, this means that

Xy ANY, +1 1

PXy,Y)>1— 22— >1—
(X, Yo) 2 20X, VY, +1) ~ 2M /(3Mp) — 2

and the same holds for 1 — P(X,,Y,). This means that X, A Y, — X,/ A Y, consists
of [n/2] random variables, each of which is (stochastically) bounded below by an

independent random variable E’ which is zero with probability 1/(2M/(3Mp) — 2) and
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equals an independent copy of E with probability 1 — 1/(2M/(3My) — 2). Thus, for
any A > 0,

P(X, AY, <n/M —1and X,y + Yy > n/(3M)))

—AX,AY, n/M
SE[& wihie] XpVYutls M 71}}6 /
XoAYot12 30y

An/M

IA

E [e—A(Xu/\Yu—Xu//\Yu/) 1

XoVYytls M _1}] €
Xy AYp+1Z 3M,

E[ef)\E’]fn/ﬂ 6)\n/M
1 _\E 1 [n/2] An/M
<2M/(3M0) —5 HE ]<1 " 2M/(3M) —2)> ‘

1 1\l
< n/M
= <2M/(3M0)—2+>\+1> €

IN

IA

By choosing A large and then M large, we can ensure that this is smaller than 27e™"" /2,

which when combined with (3.19), shows that for n sufficiently large,
P(3v € Ty : Xy & [n/M, Mn] or Y, & [n/M, Mn]) < e "™ (3.20)

We now turn to 7. As for X, and Y,, the upper bound is easy: since R(x,y) > 1

for all z and y, for any fixed u € T,, we have

(G Cw
P(Tu Ak Mn) _ IP( 3 v Mn)

w<y

< IP’( Z @y > Mn) < B[eP/2rtle=Mn/2 — gnilo—Mn/2

w<u

so a union bound gives

Cy —Mn/2
IP’(EI €T, : T, 7>M)<2-4"
Vet By, V) n)= €

which can be made smaller than e™"" by choosing M large.

For a lower bound on T;,, define the event
Tom ={Xy € [k/M,ME] and Y, € [k/M,MEk] Vv e Ty, Vk > n}.

By (3.20), for any x > 0, we may choose N and M, sufficiently large that

Nk

P(Y5, ar) < IP’(EIU €T, : Xy & [n/My, Mon] or Y, ¢ [n/Mo,Mon])
j=n
< 2—277,—36—2.%(71—1—1) (321)
for all m > N. Fix v € T,, and let p = ug, u1,uo,...,u, = u be the unique path from
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the root p to u in the tree. Then for n > 2N,

n—1
(G n
P(T, M)=P E —_— < —
(Tw <n/M) <jOR(Xuj,Yuj)<M>

) S ®w  _n
S P(TLH/QLMO)—F]P(TL”/QJ?MO m{ Z R(Xujayuj) = M})

j=In/2]
(3.22)
Since n > 2N, we have
]P)(T(En/ZJ,MO) < 2—2\_71/2]—36—2m(Ln/2j+1)/2 < 2—n—le—mn‘ (3‘23)
On the event Y|, /2| az,, We have
M()j + ]. 2
R(Xu;,Yu,) < 77— < M,
for all j > |n/2]; therefore
n ®y, n DL @y, n
P(TL/QJMOQ{ Z J<}>§P( Z ]<>.
wreds R(X,.,Y,. M M2 " M
=ty K Yuy) g=ln/2) 0
But for any A > 0,
P Zn: Cu; 1 — P(e A Zi=ln2) > o~ AMER/M)
, M M
j=In/2]
< E[ef/\E]n/Zez\Mgn/M _ 1 AMGn/M
- (14 \)n/2
Substituting this and (3.23) into (3.22), we have
1 2
—n—1_—kn AMgn/M
P(T, <n/M) <2 e +(1+)\)n/2e on/M
Finally, taking a union bound over all 2" vertices in T,,, we obtain
QQAM(?/M n
PEveT,: T, <n/M)<e ™ 2—1-(7)
( ) < ez (R
which can be made smaller than e™"" by choosing A large and then M large. O

Fix a € (0,1) and define the event

QM(T):{XU c [E—Ta,MnJrTO‘},YU e [ﬁ—Ta,Mn+T°< ,

M M
TUE%—TO‘ and T, + ¢y, < Mn+T® Yo eT, vnzo}.
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Corollary 3.24. There exist M > 1 and § > 0 such that for any T > 0,
P(Gar(T)°) < exp(—oT®).
Proof. By Lemma 3.23 we may choose M € (1,00) such that for all n large enough,

P(FveT,: X, ¢&[n/M,Mn| or Y, & [n/M,Mn]
or T, <n/M or T, +e&,>Mn)<e "

Let

Grin(T) = {X, € [ 12 =% Mn+T°|, Yy € |7 =T Mn +T°],
T, > %—T”‘ and T, + &, < Mn + T vueTn},

so that -
Gu(T) = () Gum(T).
n=0

For n <T%/M, since n/M — T < 0, we have
Gun(T) ={Xy < Mn+T Y, < Mn+T and T, + e, < Mn+T* Yo e T,}
and therefore
Gun(T) D {Xy <T*, Y, <T" and T, + e, <T* Vv € T,}.

By monotonicity
[T /M|
() Gun(T) D {X, <T* Y, <T and Ty + ey <T% Vv € Tga/u) }-
n=0
and thus, by our choice of M,

[T /M]
IP’( U gM,n(T)C> <P(Fv € Typajpg) : Xo > T, or Yy >T or T, +e, >T7)
n=0

< e~ T%/M],
On the other hand, for n > T%/M,
G (T)D{X e[ﬁ Mn] Y, e[ﬂ Mn} T,> % and T, +e, < Mn Vve’]l‘}
Mmn v Ma y Lo M: ’ v_M v v X n

so by our choice of M,
P(Gun(T)) <e ™.
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Combining the bounds for n < T%/M and n > T/M, we have

P( G gM,n(T)c> <elTMIL 3 e
n=0

n>T</M
and choosing § < 1/M completes the proof. O

We can now prove our main result for this section, Lemma 3.2.

Proof of Lemma 3.2. For t > 0, suppose that u € N; and let n(u) be the unique n such
that u € T,,. By the definition of N}, we have T,, <t < T,, + &,. On Gy (T'), we have
T, + e, < tforall veT, with Mn+ T <t; so we must have n(u) > (t —T%)/M.
Similarly, on Gy (7T'), we have T, > ¢t for all v € T,, with n/M — T > t; so we must
have n(u) < M(t+ T¢). Thus, on Gy (T'), we have

L (u) < M(t+T)

n(u

M -

and therefore also

t—T“ o 2 o} « t—T17 « 2 o} o}
W—T <Xy S MA(t+T%+T* and W_T <Y, < M(t+T*)+T°.

Since this holds for any particle u € N; for any ¢ > 0, taking @ = 1/3 and rescaling
by T we deduce that on Gy (T'), the paths of all particles fall within G?\/p 7> and the
result follows from Corollary 3.24. O

3.5. Growth of the population at small times

In this section we prove two results that are essentially concerned with showing that
the number of particles near any reasonable straight line (As, us), s > 0, grows expo-
nentially fast. The first of these results is Proposition 3.14, which considers the case
A = u = 1/2; the idea in this case is that our rectangles prefer to be “roughly square”,
and relatively simple moment bounds will show that there are indeed many particles
near this line. This will be the content of Section 3.5.1. We then move on to prov-
ing Proposition 3.15, which concerns a function that begins by moving along the line
(s/2,s/2) but then gradually shifts its gradient towards a general slope (As, us). This
is done in Section 3.5.2.

3.5.1 The lead diagonal: proof of Proposition 3.14

Recall the discrete-time setup from Section 3.4. In order to initially remove the de-
pendence between time and space, let T, = 0, and recursively for each v € T let
Tyr =Ty =Ty + @,.

For v € Ty and j < k, write X, (j) to mean X,, where u is the unique ancestor of v

in T;. Similarly write Y,(j), Tu(j), To(j) and Z,(j). Also define
Ay(j) = Xo(j) = Yo(j) and  Su(j) = Xo(j) + Yo (4) — J,

and let (Gj,j > 0) be the natural filtration of the discrete-time process. We begin with
sixth moment estimates on A,(j) and S,(j). The reason for using the sixth moment is
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that this eventually gives us a decay of order 1/T', which will be strong enough for our
purposes. We could use higher moments if we wanted to get a better rate of decay.

Lemma 3.25. There exists a finite constant C' such that for any vertex v € Ty and
0 <j <k, we have
E[(Xu(j) = Y2(1)°] < C5°
and
E[(Xo(j) + Yo(j) — )°] < Cj°.

Proof. Let v; be the vertex in T, consisting of all 1s, i.e. v; = v;_11 for all j. By sym-
metry it suffices to consider v = vy,. Letting E; = —log Z/{Sflit, we see by construction
that

Xy, — Xy, , =Dy Ejq and Yy, — Y, , =(1- Dy )Ej 1.

We also note that {E}; : j > 0} is a collection of independent exponentially distributed
random variables of parameter 1, such that Ej is independent of D,,; for each j.
Let Aj = X,, —Y,,. We begin by bounding the second moment of A;, then the

fourth moment, before we tackle the sixth moment. By the above,

E[A}|Gj—1] = E[(Aj-1 + (2Dy;_, — 1)Ej—1)°|G;-1]
— A2 420, 4E[(2D,, , — 1)E;_1|G; 1] + E[(2D,, , — 1)’ E2_|G; 1]
= A} +24,4E[2Dy, , — 1|Gj-1] +2, (3.24)
where the last line follows from the independence of E;_; from D, i1 and G;_1 and the
fact that (2D,,_, — 1) = 1. Now we note that, from the definition of D,,, if A; >0

then D, equals 1 with probability at most 1/2, whereas if A; < 0 then D,; equals 1
with probability at least 1/2. Thus

Aj1E[2D,, , —1]G;-1] <0, (3.25)

so that (3.24) becomes
E[A%|Gj—1] < AF | +2.

Taking expectations and summing over ¢ < j, we obtain
2 .
E[A?] <2j. (3.26)
We now move on to the fourth moment, following a very similar argument:

E[A}|G; 1] = E[(&j-1 + 2Dy, , = 1)Ej1)"|Gj 1]
= A?—l + 4A?—1E[(2va71 — 1) Ej-1]Gj-1]
+6A7_E[(2Dy, , — 1)*E}_1]Gj1]
+48;1E[(2Dy;, — 1)°E}_1|Gj1] + E[(2Dy;_, — 1)'Ej_1|Gj1]
= A +4A% E[2D,,_, —1|G;1] + 6A3_E[E} ]
+4A;1E[2D,,_, — 1|G;1]|E[E? || + E[E;_,], (3.27)

56



where again for the last line we used the independence of Ej_; from D,, , and G;j_;
and the fact that (2D,,_, —1)*> = 1. By (3.25) and the facts that E[Ejz_l] = 2 and
E[E]}_,] = 24, we obtain

E[A}|Gj1] < Aj_; + 1247, +24.
Taking expectations and using (3.26), we have
E[AY] <E[AL ] +24(j — 1) + 24 = E[A ] + 24,

Summing over ¢ < j, this gives
j
E[A}] <) 245 =12(j +1). (3.28)
=1

The same strategy works again for the sixth moment, expanding out A? =(Aj_1+
(2Dy,_, — 1)Ej,1)6 and using the independence of E; 1 from D,, , and G;_1, and then
applying (3.25). Omitting the calculations, the upshot is that

E[Af]Gj—1] < AJ 4 + 3047, +360A7 ; +720.
Taking expectations and using (3.26) and (3.28), we have
E[AY] < E[AS_)] +360;(j + 1) + 7205 + 720 = E[AS_;] + 360(j + 1)(j + 2).

Summing over ¢ < j, we have
j
E[A%] <360 (i+1)(i +2) = 1205(j* + 65 + 11)
=1

which proves the first part of the lemma.

The second statement of the lemma is much simpler to prove, since X, +Y,, =
Zg;é E;. Either by direct calculation or by using the moment generating function, one
may write down an expression for every moment of X, (j)+ Y, (j) — 7; in particular one
may check that

E[(X,(5) + Yo (5) — 5)°] < C5°

for some constant C', completing the proof. O
Lemma 3.26. Let K(n,T) = [n"/8]T/n + [2T/n?] and let
Unit = {0 € Tiegury : |1 Zo(k)=(k/2,k/2)|| < 5% and [T,(k)—k| < L5 Vk < K(n,T)}.
Then there exists a finite constant C such that for any T > Cn?8,

P(|Up 7| > 522K D) > 1 - 7732,

272
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Proof. Note that, for any £ > 0 and u € Ty, by the triangle inequality we have
1 1 1
| Xy — k/2| = §|Xu +Y,—k+X,-Y, < §|Xu +Y, — k| + §’Xu - Y.,
and similarly for |Y;, — k/2|. Thus
P(1Zu — (k/2,k/D]| > r) < B(Xo+ Y — k| > 5) + B(X, — Yl > 5.

Applying Markov’s inequality and the sixth moment estimates from Lemma 3.25, we

obtain

P(I1 20 — (/2. /|| > ) < E[|Xu + Yu - k°) (3)° + E[1 X, - Yal*] ()"
< 20K (33)°

where C' is a finite constant. Thus, for K > 0, v € Tk and k < K,
nt\6
P([| 20 (k) — (k/2,k/2)|| > 55) < 20K (33)",

Now note that T, (k) is a sum of k independent exponential random variables of
parameter 1, and therefore has the same distribution as X, (k) + Y, (k). Thus, again by
Lemma 3.25,

(17, (k) — 4] < C#®

and therefore
- ~ 02\ 6 n2\6
P(|T(k) — k| > 75) <E[ITo(k) — k°] (%) < CF* ()",
We deduce that, for some finite constant C’,

. N . K C'k3n24
P(3k < K : || Zy(k) — (k/2,k/2)|| > 551 or |Ty(k) — k| > 52) < Z 6

k=1

. (3.29)

Summing over k, this is at most C'K*n?*/T6, and since K (n,T) = O(n~'/3T) < O(T),
we have
O//n24

P(3k < K(1,T) : | Z(k) — (K/2,k/2)]| > s or [Tu(k) = b > 15) < =

for some finite constant C”.

Converting the above to a statement about U, v, we have shown that

C’”n24
T2’

PlveU,r)>1-—

and since there are 25(7T) vertices in T K(n,T)s

C//n24 > '

B|Unrl) > 2400 (1 =
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Obviously we also have
E [‘Un,T‘Q] S 22K(n,T) 7

and therefore by the Paley-Zygmund inequality,

1,24 2R 2
(1012 200 (1- S0 ) 2 (1 ) Elbeal]

T2 172 ) E[|Unr|?]
9 C/ln24 2
= (1 B T2> <1 -T2 >
The result follows. O

Lemma 3.27. Define
Var = {v € Ty : 1 Zo(k)=(k/2,k/2)|| < 550 and [T, (k)—k| < £z Vk < K(n,T)},

where K(n,T) = [n"/8]T/n + [2T/n?] as in Lemma 3.26. Then there exists a finite
constant C such that for any T > Cn*8,

P(|Var| > g280D) > 1 - 7732,

Proof. We claim that every v € U, r is also in V,, 7. By Lemma 3.26 this is sufficient
to complete the proof.
Take v € Uy, r. In particular, for each k < K(n,T), we have || Z,(k) — (k/2,k/2)| <

L This ensures that v satisfies the first condition required to be in Vi1, but it also

32nt"
implies that

k T T
5+ +1 1t magen
R(X,(k), Yy (k) < 2320~ = TaUTESS TN
3 - mer T 1= s
T
and so for k > ;5 — 2,
1+ ;> 1 1
R(Xy(k),Yy(k)) < = < 5 < —, (3.30)
l—qe (=gp)? 15

where we used the fact that 1+ 2 <1/(1 —z) for z € [0,1).
Now, T, (k) consists of a sum of k independent exponential random variables of
parameter 1, which we call e,(0),...,e,(k — 1). For k > |T/4n?] we then have, by

definition,

N o) v el
= R(Xo (1), Yo(0)) i:%iﬂ | R(Xo(@), Yo (D))
Applying (3.30), this is at least
1 k—1 1 5 )
(1-33) X el =(1-53) @k - T(T/407)).
i=|T/4n2|
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Since v € Uy, 1, whenever k < K (n,T) we have |T, (k) — k| < T/4n?, and we obtain

iﬂﬁﬂz(1—§%)QF47®F—QTMnﬂ+TWM%)2(1—5%)Qw7%g)zk—g§,

We also obviously have T, (k)
for all x and y, we have T, (k)

>0>k— % when k < |T/4n?]; and since R(x,y) > 1
<

Tv(k‘) for all k. Thus we have shown that if v € Uy, 1
then |T, (k) — k| < 7T/8n? for all k < K(n,T), and we deduce that also v € V,, 1, as
required. O

We now want to move from discrete to continuous time. We need some more
notation. For v € N and s < t, let v(s) be the unique ancestor of v that is in N. Also
let gen(v) be the unique integer such that v € Tgep(y)-

Lemma 3.28. Recall the definition of V, r from Lemma 3.27. If v € V7 then v € N;
for some t > [n"/8]T/n + [2T/n?| — T/n?, and

‘gen(v(s)) — s} < 87% +1

for all s < [n/8]T/n + [2T/n?] — T/n? — 1.

Proof. If v € V,, 7 then |T,(k) — k| < 7T/8n? for all k < K(n,T). In particular
T, > K(n,T) —T/n? = [n"/®|T/n + [2T/n*] — T/n?,

and therefore v € N; for some t > [n7/8]T/n + [2T/n?] — T/n?.
Now, for any s < [n"/8]T/n 4 [2T/n?] — T/n? — 1, since v € V,, 1,

T, = Tulgen(u(s))) > gen(u(s)) — 77/8n?,
so since Ty, (5) < s (because v(s) € N) we have
gen(v(s)) < s+ 7T/8n?. (3.31)

Since s < [n"/8]T/n + [2T/n?] — T/n? — 1, the above implies in particular that
gen(v(s)) +1 < K(n,T) = gen(v) and therefore we also have (again since v € V;, 1)

Ty(s) + @y(s) = To(gen(v(s)) + 1) < gen(v(s)) + 1+ 7T /8n2.
Combining this with the fact that T, + ®,(5) > s (because v(s) € Ns), we obtain
s < gen(v(s)) + 1+ 7T/8n?,

and combining this with (3.31) gives the result. O

We can now prove the main result of this section.

Proof of Proposition 3.14. By Lemma 3.27, with probability at least 1 — 1/7%/2, we
have |V, 7| > ﬁZK(”’T). Suppose that v € V7 and let t = [n7/®]T/n. Then
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by Lemma 3.28, gen(v(t)) > t — 7T/8n? — 1, and of course gen(v) = K(n,T) =
[n7/81T /n+[2T/n?]. Thus the number of descendants that v(t) has in Vj, 7 is at most

oI T/EVTnt [2T /0] ~([n7/31T /n~TT [8n? 1) < 93T/n?

We deduce that if |V, 7| > ﬁQK (.T) then the number of distinct ancestors of particles

in V;, 7 that are in N; must be at least

K(n,T
2K (D) >2T/n1/8—T/n2—210g2T—1

972 . 93T /n? —

For T > Cn*® and C large the right-hand side is certainly larger than 27/ n'/8=2T/n?

Now, if u € Ny is an ancestor of a particle v € V;, 7, and s < ¢, then

1Zu(s) = (s/2,5/2)]| = |1 Zu(s) — (5/2,5/2)]|

< [|Zy(s) — (Btol) eenGel)y ||y ) (zenlple) genCiol)) _ (5 5y
T
T 1,7T

S gopd T 5(@ 1)

where for the first inequality we used the triangle inequality, for the second we used
that v € V,, 7, and for the third we again used that v € V;, 7 together with Lemma 3.28.
For T' > Cn*® and C large this is smaller than 7'/2n?, which completes the proof. [

3.5.2 From the lead diagonal to other gradients: proof of Proposition
3.15

We will build up to the proof of Proposition 3.15 gradually, first constructing a suitable
candidate function hy,, and then proving several lemmas that establish the required
properties of hy .

For p > A >0 let

p o INUZ 02 1/212
s =5 = (Va5 -5) ) -
We have defined « in such a way that, for p > A > 0, if g(s) = (As, us) for s € [0, 1]
then

K(g,0,t) = k(\, p)t.

We would like our function hy, to begin with gradient (1/2,1/2), but then to
transition in small steps to having gradient (f%(0), f{-(0)). In order to ensure that
K(h #n,0,t) remains positive for all small ¢, we need to check that (A, p) is strictly
positive for all the gradients (A, ) that hy, passes through at small times. If k was
concave (or even concave on the region where it is positive) then this would be trivial
since we could ask Ay, to transition linearly. Unfortunately there is a small region on
which « is positive and not concave, so we have to use a more complicated argument.
This is done in the following lemma.

Lemma 3.29. For every 0 < A < p such that k(X\, ) > 0, there exists a path v(t) =
(vx(t),vv (1)), t € [0,1] and ko > 0 such that
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(i) (vx(0),7v(0)) = (1/2,1/2) and (vx(1),7y (1)) = (A, p);
(i1) k(y(t)) > ko >0 for all t € [0,1];

(iii) ~y is piecewise linear and v (t)| < 20 and |4 (t)| < 20 for all t € [0,1] such that
v s differentiable at t;

(iv) vx(t) € [3/2 — v/2,10] and vy (t) € [3/2 — V/2,10] for all t € [0,1].

5 3/2+/2/2 5

B R — i

E o) E

! ;..: ..... ° !

I : ! I

| P |

3/2+ V2 ---------- A

L (A ) | |

o z

sp-val i
3/2—v21/2 3/24 2 10 A

Figure 3-1: The pale green region is Y1 and the pale orange region is Yo. The thick blue
(solid) and red (dotted) paths show our definition of v when (A, p) is in L1 and Yo respectively.

Proof. We define T =T UYy where
Ti={(\p): A€ (3/2-v2,3/2+V2), p e[ 10)}

and
Ty ={(\p): p € (3/2+V2,10), A € [3/2 + V2, 1]}

Figure 3-1 shows T; and Y5 in pale green and pale orange respectively. We show that
the statement of the Lemma holds for all the points (A, ) € T and that k(A p) < 0 if
(A, ) ¢ Y. Tt is easy to see that

KON = =20 +4VA—1>0 for Ae(3/2—v2,3/2+V2). (3.32)

and this is concave as a function of A. Since for 0 < A < u we have

K\, 1)

o —(1/2)(2u — N2 — 2uAT? <0
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and

k(A 1)
ou?

the functions x(-, ) on (0, u] and k(A,-) on [\, 00) are concave for each fixed A and

= —2(2u = N2 = (1/2)p7% <0,

respectively. This means that if we move parallel to either axis, we have the concave
property; and so if for example x(A1, 1) > 0 and x(Ag, 1) > 0 with A, A2 < pu, then
K(A, @) > 0 for all A € [\, Az

We now take advantage of this concavity parallel to the axes. For every (A, u) € T
such that x(\, ) > 0 we choose v to be the union of the linear paths connecting
(1/2,1/2) to (A, A) and then to (A, ). Then clearly ~ satisfies (i) and (iv). Since
0 < A < pu <10 throughout Y, the total length of the linear paths described is at most
20, and therefore we may choose a time parameterization of v such that |7 (¢)| < 20 and
|75 ()] < 20, so that y satisfies (iii). We claim that ~ also satisfies (ii). Indeed, by (3.32)
k(7(t)) is positive on the first linear segment; in particular x(A, A) > 0, and since by as-
sumption k(A, u) > 0, by concavity parallel to the axes x(y(t)) is positive on the second
linear segment too and x(\, p) > kg where kg := min{x(1/2,1/2), k(A\, ), (A, )} > 0.

Now consider (), 1) € To such that x(A, ) > 0. Since A > 3/2++/2/2 and p < 10,

we have

O(Ap) _ p 1 Ap 1
AR _ K 2 1< - ~1<0, 3.33
A X2 —x T (34422 V- (3:33)

so (N, ) > k(A p) > 0 for every N € [3/2 + +v/2/2,\]. In particular, x(3/2 +
V2/2, 1) > 0 and (3/2 ++/2/2, ) € Y1, so we can define v as the union of the linear
paths connecting (1/2,1/2) to (3/2+/2/2,3/2+1/2/2), then to (3/2++/2/2, ), and
then to (A, ). Then as above, v clearly satisfies (i) and (iv) and can be parameterized
such that it satisfies (iii). Also k(y(t)) is positive on the first and second linear segments
by the analysis of the A\ € (3/2 — v/2,3/2 + v/2) case above, it is positive on the third
linear segment by (3.33) and k(A, 1) > kg. Thus + satisfies (ii) too.

To complete our proof, it remains to show that (A, pu) < 0 for (A\,u) ¢ Y. If
0<A<pu<3/2— v/2, this follows from the fact that for every A < 3/2 — V2,

(A, 3/2—2) = ?’/2;\/5“2\/3 —2V2 )\—g+\/§+2\/3/2 —V2 <0, (3.34)

and for every t € [0,3/2 — /2 — ],

Ok 1) 3%6(&#))

d
dtm(Ath,qut)_(

2 I )= A+t u+t)
©w—A 1
= + + -2
A+8)?2  V2ut+t—X ptt
1
> —2>0.

C\/3/2-12
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Secondly, if 0 < A\ < 3/2 — /2 < u, then we use (3.34) plus the fact that

8&()\,,@_—1 2 e _ 1 n 3 _1<0
o \/2M \F N 3/2—\/5 /3/2_\/5
Finally, when 0 < A < p and g > 10, the key fact is to observe that for every p > 10
Ok (A, u) 1 2 1 1 3
— -1<——+—-1<0. 3.35
O x/2u f VI (3.35)

Since k(A,10) < 0 for A <10, (3.35) gives that (A, u) < 0 for any p > 10 and A < 10;
and since k(A A\) < 0 for A > 10, (3.35) gives that (A, u) < 0 whenever p > 10 and
A > 10. This completes the proof. O

Take f € G2, such that %f((f,(),t)]t:o > 0 and K(f,0,t) > 0 for all t € (0,1].
Also fix n € N and m € N such that n > m. We now construct a function h = hy .,
which depends on n and m; we will later show that for m sufficiently large (and n even
larger) the resulting function satisfies the properties of Proposition 3.15.

Let 7 = m™[n"/%]/n. We will eventually choose n much larger than m, so that
7 is small. Also let A = f4(0) and p = f;-(0). Take v as in Lemma 3.29 and for
j€{0,1,...,m} define

Aj = Alm = vx (3/m), Wi = ,ugm) =7y (j/m) and T, =Tm!™ (3.36)

Begin by defining h(s) = (s/2,s/2) = (Aos, pos) for s < 1. Then recursively, for
each j = 1,...,m, suppose that h(s) is defined for s < 7;_; and set

h(S) = h(’l‘j_l) + (/\j(s — Tj_l), uj(s — Tj_l)) for s € (Tj_l,’i'j].

Also define

S —T

A(s) = h(r) + (f(27) = h(r)(

Finally, for each j € {2tn,2mn+1,...,n} let h(j/n) = f(j/n) and interpolate linearly
between these values.

Note that, since K has only downward jumps and K(f,0,t) > 0 for all ¢ € (0,1],
we have inf g, g K(f,0, s) > 0 for every v > 0. Thus we may choose v = vy, € (0,1]
such that

) for s € (,27].

(a) [|f(s) = (As,us)|| < s/m for all s <,
(b) K(f,s,t) >0 forall s<vandt>s,and
(c) K(f,v,1) > K(f,0,1)—1/m.

Lemma 3.30. Suppose that p > X\ > 0 and k(A\, ) > 0. Foranym > 2,5 € {1,...,m}

and any s € [1j_1, 7],
1R m(5) = (g, y9)]| < 40751 /m.
Moreover, if 2T < v, then for any s € [1,v],
1 fmm(5) — (As, 1s)]| < 40s/m.
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Proof. We begin by noting that for s € [7;_1, 7],
h(s) = (Ajs, pjs) = h(Tj—1) — (NjTj1, i Tj-1), (3.37)
so for the first part of the lemma it suffices to show that for any j € {1,...,m},
17 (7j-1) = (AjTi-1, 1) || < 40751 /m. (3.38)

We prove (3.38) by induction. Recall that for each j, A; = vx(j/m), and by Lemma
3.29 (iii), [Aj—1 — Aj| £20/m and |p; — pj—1|< 20/m. Thus we first have

[17(70) — (A170, pa70) || = max{[Ao — A1|70, [0 — palmo} < 2070/m.
Suppose that j € {1,...,m — 1} and (3.38) holds for j. By the triangle inequality,
hx (75) = Al < Thx (75) = Amil + 175 = Ajas]
and then by (3.37), this equals
hx (Tj-1) = Ajmjal + X = AjalTse

Applying (3.38) and using the fact that |\;_1 — ;| < 20/m, we obtain that

40751 n 207; < 4073‘
m m m

|hx (7j) = Aja7i] <

By symmetry we also have |hy (7;) — pj417;| < 407;/m. Hence, by induction, (3.38)
holds for all j € {1,...,m}, proving the first part of the lemma.
For the second part, suppose that 27 < v. Note first that for s € [r,27], h is linear

and therefore
Ih(s) = (As, us) || < max {[|h(7) — (A7, pr)|l, [|A(27) — (2A7, 2u7)||}.
By the first part of the lemma,
|h(T) — (A7, uT)|| < 407m—1/m < 407 /m
and since h(27) = f(27), by property (a) of f,
|h(27) — (2A7,2uT)|| < 27/m.

This proves the second part of the lemma for s € [r,27]; for s € [27,v], we note

that h linearly interpolates between values of f, and therefore for j such that s €
[i/n, (5 +1)/n],

1h(s) = (s, ws) || < max {|[£(2) = (AL pd)ll, IF(55) — AVEEE pZE0)I1}
<j+1 < s+1/n < 2s

nm m - m
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where we used (a) and the fact that 27 > 1/n. O

Corollary 3.31. Suppose that p > X > 0, k(A,u) > 0 and m > 1600, m € N. Then

for any j € {1,...,m} and any s € [1j_1, 7},
iy 1600 < p* < M 3200
Aj (1 m ) < B hpnm(s)) < Aj (1 + m )’
and if 2 < v then for any s € [, V]
w1600 . . W/ 3200
~ )< < < = — .
(1= 28 < By (hpnm() +1/2 < R (b)) < 5 (14 255)

Proof. We begin with the lower bound on R*(h(s)) for s € [rj_1,7;]. Since p > X, we
have hy (s) > hx(s), and therefore by the first part of Lemma 3.30,

R (h(s)) = 0 s A0 _ (L= W0 lmiio)y

hx(s) - /\j$+407'j_1/m - )\7] 1 +407j_1/(m)\js)

Using the fact that s > 7;_;, and then that 1/(1+x) > 1 —x for z > 0, this is at least

(- ) (- )

By Lemma 3.29 (iv), we have \; > 3/2 — /2 > 1/20 and similarly for 1, so the above
is at least ‘;—j(l — 1600/m), and the first lower bound on R*(h(s)) follows. The first
upper bound is similar, using that 1/(1 —z) < 1+ 2z for z € [0,1/2]; since m > 1600
and \; > 1/20 we have 40/(mA;) < 1/2, and we obtain

R*(h(s)) < ’;j(H 10 )(1+ 80 );

miL mA;

then since \; > 1/20, p; > 1/20 and m > 1600, the product of the last two terms
reduces to the desired form.

The proof of the second part of the corollary, when s € [r,v], is almost identical.
Indeed, if hy(s) > hx(s) then R%(h(s)) + 1/2 = R*(h(s)) and we use the same
argument but apply the second part of Lemma 3.30 rather than the first part. The same
applies to the lower bound even when hy (s) < hx(s), since in any case R% (h(s))+1/2 >
hy (s)/hx(s). However, we have to make a slight modification to the upper bound when
hy (s) < hx(s); in this case, we instead have R% (h(s)) +1/2 < R*(h(s)) where

hx(s)

R ((s) = 5

and then the argument above gives

hx(s)
hy (s)

<R A ) (14 2 <20 ),

- Am um/ =

R (h(s)) = us —40s/m ~ I

However, since A < p, we have A/p < 1 < pu/X\ and so the same conclusion holds. [
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Corollary 3.32. Suppose that p > X > 0, k(\, ) > 0 and m > 1600, m € N. There
ezists a finite constant C' such that for any j € {1,...,m} and any s,t € [1j_1, ;] with

s <'t, we have

- C
K(hfnm,s:t) 2 £, 1)t = 5) = —(t = s),

m

and if 2 < v then for any s,t € [1,v] with s < t, we have

K(Rfpm,s,t) > k(A )t —s) — %(t — 5).

Proof. We begin with the first statement. Using (3.3), since h(t) — h(s) = (X\;(t —
s), pj(t —s)), we have

K(h,s,t) /R* du+2f/ v R (R(w) A du
+2v2 / B (W) du = Xt — ) — st - 5).

Since u > A, we have hy (u) > hx(u) for all u < 7 and therefore R% (h(u)) = R*(h(u))—
1/2 and R} (h(u)) = 1/2 for all u < 7. Thus

K(h,s,t) = — /t R*(h(u))du + 2\/§/t \/(R*(h(u)) —1/2))\; du
+ 2/t —s) — Nj(t —5) — pji(t —s). (3.39)

By Corollary 3.31, for any u € [s,t] we have

1 90) < < 21+ 22

and, using also that (1 — z)Y/2 > 1 —z for z € [0,1),

A 6001; /2
- )
> (2-2)"70-50)

Substituting these estimates into (3.39), we have

f{(h,s,t)zf&(lqt?)( )+2f(7f7) /2A1/2(1 Z) - s)

)\j 2 J m

T2l — ) = Mgl — ) — iyt s).

Recognising that

1/2
K(Aj, pj) = — +2\[(7_§) )\1/2+2u1/2 Aj — 1,

67



we see that

~ 3200Nj s 1\1/2 1/2 3200
and the first part of the result follows using Lemma 3.29 (iv).
The proof of the second part is almost identical, though since for u € [r,v] we do
not have exactly h'y (u) = A and R (u) = p, we must additionally use the bounds
f(21) — h(7) < 20T + 27/m? — AT + 407 /m 42

R = <A+ —
X(u) T - T - +m

and similarly

42
R’ >A— —
x(u) = m
and 42 42
- — <k < —.
p=—= y(u) <p+ -
With the addition of these estimates, the proof proceeds as before. O

Corollary 3.32 essentially guarantees that K (h fn,m, S, t) is positive for 0 < s <t <
v, provided that (A, ) > 0. We now need to show that f((hf,n,m,l/, t) is not too
negative for ¢ > v. The following result will be used to check that K (f,v,t) is closely
approximated by K (h Fms Uy t).

Proposition 3.33. Suppose that 0 < s < t < 1 and that f € G3,. Let f, be the
function in PL,, constructed by setting fn(j/n) = f(j/n) for each j = 0,...,n and
interpolating linearly. Then

liminf K (fn,s,t) > K(f,s,t).

n—oo

We prove this in Appendix 3.B.2. Later, in Proposition 3.37, we will also show that
the opposite inequality holds in certain circumstances. We now have the pieces in place
to prove Proposition 3.15.

Proof of Proposition 3.15. As usual let A = f4(0), u = fi-(0) and 7 = m™[n7/*]/n,
with \; and y; as in (3.36) and 7; = 7m/~™, for j € {0,1,...,m}. We will check that
h f.n,m satisfies the desired properties when m and n are sufficiently large. Without loss
of generality we assume that p > A.

Since Ton is an integer we have hf, ., € PL2, and since f € G2, it is easy to
see that hy,.m € G3; too. Since ||hfnm(s)|| < Ms and ||f(s)|| < Ms for s < 27 =
2m™ [n"/8] /n, and Ry ,.m(j/n) = f(j/n) for j > 27n, by choosing n large enough that
27M < € we have hyp ., € B(f,€). This proves that hy, ., satisfies (3.7) when n is
large.

For (3.8), note first that 79 = [n7/8]/n. Take n large enough that 27 < v. Then
we claim that since lim;_,o K(f,0,t)/t > 0, we have (), 1) > 0. To see why the claim
holds, for small s we have [|f'(s) — (A, p)|| < 1/m and || f(s) — (As, us)|| < s/m. The
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same argument as in Corollary 3.31 then shows that for some finite constant C,

L= D) s mtson+ 5 < BU) <5 (14 5)
and plugging these estimates into (3.3) with @ = 0 and b = t and using standard
approximations shows that K(f,0,t) < k(\, p)t + C't/m for some finite constant C'.
This implies the claim.

Since k(A, u) > 0, by Lemma 3.29 we may choose k9 > 0 such that x(y(t)) > k¢ for
all t € [0,1], and then k(\j, ;) > ko for all j € {0,...,m}. Corollary 3.32 then tells

us that for s € [7;_1, 7j] we have

j—1

K(hgnm:70,8) > > (KN, i) = C/m)(1i = 7i-1) + (£(Nj, 1) — C/m)(s — 75-1)
=1

> (ko = C/m)(s — 10),

and for s € [1,v] we have

K (hpnms0,8) 2 Y (KN, i) = C/m) (1 = 1i-1) + (K(A, 1) = C/m)(s —7)
1

> (ko — C/m)(s — 7).

Thus, by choosing m large enough, we may ensure that I~((hf7n,m, 70,8) > Ko(s — 70)/2
for all s € [70,v].

For s > v, by the above argument we have

f{(hf,n,m) 70, S) 2 K(hf,n,ma 70, V) + K(hf’n7m, v, S)
> ko(v —70)/2 + K(hfnm: Vs 8), (3.40)

and since k(v —79)/2 increases to ror/2 as n — oo and K (f,v,s) > 0 by (b), to show
(3.8) it suffices to show that for large n,

K(hﬁn,mvl/vs) Z}?(f,l/,s)—/ﬂolj/ll.

But since h is the piecewise linear interpolation of f on the interval [v, 1], this follows
from Proposition 3.33.

Finally, for (3.9), applying (3.40) with s = 1, we certainly have
R(hf,n,rm 70, 1) > K(hf,n,mv v, 1);

by Proposition 3.33 the right-hand side converges to K(f,v,1) as n — oo; and by (c)
we know that f((f, v,1) > K(f,0, 1) — 1/m. This completes the proof. O
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3.6. Coupling ¢ with simpler processes

One problem we face is that £x and & are not independent, because their jump rates
at time t are functions of the pair (£x(t), £y (t)). However, if we already know that &7
has remained near a fixed function f, then the jump rates are “almost deterministic”
and therefore £x and £y are “almost independent”. In order to take advantage of this
idea, we will construct new processes Z; and Z_ which have the maximal and minimal
jump rates (respectively) that £7 may have if it remains near f. We will couple these
processes with another process, Z, which will have the same distribution as ¢7 but will
be trapped between Z, and Z_, as long as Z remains near f.

Recall the definitions of Ry (I, F,T), R (I, F,T), Ry (I,F,T), Ry (I,F,T), |I|, I, I,
z (s, F), 2 (s, F), y~ (s, F), y*(s,F), Tprr(f,n) and I; from Section 3.2.1. In what
follows, the reader can think of the case I = I and F' = I'y;7(f,n) for some function
f.

Let
V(I,F) = o~ (I", )2t (I, F)] x [y (I, F),y* (I, F)].

Take z = (z,y) € V(I,F). Under a probability measure Q. = Q™7 let (X, (I~ +
s),s € |I]) be a compound Poisson process started from x with rate 2R% (I, F, T)T and
jumps that are exponentially distributed with parameter 7', and let (Y;.(I~+s),s € |I])
be an independent compound Poisson process started from y with rate 2R{ (I, F, T)T
and jumps that are exponentially distributed with parameter T'. Let Z, = (X4, Y, ).

We now construct—again under Qﬁ’F’T—two more (pure jump) processes Z (I~ +s)
and Z_(I~ + s) for s € |I] recursively as follows. Start by setting Z(I~) = z and
Z_(I7) = z. The jumps of both Z and Z_ are subsets of the jumps of Z;. Suppose
that Z, has a jump at time s, and that Z(s—) = 2/. Let U be an independent
Uniform|0, 1] random variable. Since X and Yy are independent, exactly one of X
or Yy jumps at time s. Suppose for a moment that X, has a jump of size 2’ > 0.
Then accept the jump for Z if U < Rx(2')/R%(I,F,T) and reject it otherwise; in
other words, set Z(s) = 2’ + (2/,0) with probability Rx(z')/R% (I, F,T) and Z(s) = 2/
otherwise. Accept the jump for Z_ if U < Ry(I,F,T)/RL(I,F,T) and reject it
otherwise. Similarly, if Y has a jump of size y > 0, then accept the jump for Z if
U < Ry(2')/R{-(I, F,T), and accept it for Z_ if U < Ry, (I, F,T)/Ry (I, F,T).

Recall that for F C E?, g € F and an interval I C [0, 1], we say that g|; € F|; if
there exists a function h € F' such that h(u) = g(u) for all u € I. Let

A5(17F7T) = {€T|I € F’I}

and
A(I,F,T) = {Z!I € F\]}

Note that for any z € V(I,F), on the event A(I, F,T), under QLT we always
have

Rx(Z(s)) € [Rx(I,F,T),RL(I,F,T)] and Ry(Z(s)) € [Ry(I.F,T),R}(I,F,T),

for all s € I. Thus, by our construction:

(i) under QLT on the event A(I, F,T), we have X_(s) < X(s) < X,(s) and
Y_(s) <Y(s) <Yi(s) forall s €I,

(ii) the process (Z(s)14(in[o,s],F,T))ser under QLPT is equal in distribution to the
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process (fT(S)ﬂAg(m[o,s],F,T))seI conditionally on ¢7(I7) = z under Q;
(iii) under QLT the processes (X_,X4) and (Y_,Y,) are independent.
Furthermore, by the thinning property of Poisson processes,

(iv) under Qi’F’T, the processes X_ and X — X_ are independent, as are Y_ and
Y, —-Y_.

3.6.1 Applying the coupling to the upper bound: proof of Proposi-
tions 3.4 and 3.21

Recall the terminology “X+ case” and “X — case” from Section 3.2.1, and the defini-
tions of £X(I, F,T) and & (I, F,T). The main part of the proof of Proposition 3.4 is
the following lemma.

Lemma 3.34. Suppose that F C E* and T > 1. Then for any I C [0,1] and z €
V(I,F),

QAL F.T)|7(I7)=2) <exp(—TELU,F,T) - TE(I,F,T)).
Proof. For z € V(I,F), using (ii), (i) and (iii) in that order,

Q(Ac(I,F,T) | €7(I7) = 2)
= QLT (A(LLF,T))
<QMFT(X_(IT)y <at(IT,F), Y_(I") <y"(IT,F))
= QLT (X_(I") <2t (I, F)) QLI (Yo(IY) <y* (I, F)).

We will apply this bound when we are in the X— and Y — cases. Of course, we were
not forced to concentrate on the two upper boundaries (I, F) and y*(I*, F'), and
by considering the other permutations of boundaries we obtain upper bounds on the

same quantity of the form
QUIT(X(IT) 2 o= (I, F)) QLI (Yo (I') 2y~ (I, F)),

QYT (X (I) > a (I, F))QLYFT (Y- (') < y* (I, F))

and
QU (X_(I) <2t (It, F) QLT (Yo (IT) >y (I, F))

which we can apply in other cases as appropriate. Now, for any A > 0, by Markov’s

inequality,

QLT (X (I) <a*(I*,F))
_ QI,F,T(e—/\X_(IJF) > e—Ax+(1+,F))
< QLFT [e—A(X,(ﬁ)—X,(r))] AN (I F)—2~ (17, F))

= exp ( — 2Ry (I, F, T)T|I|Tj\r)\ FAN@t (I F) — oI, F))).
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In the X— case we have 2Ry (I, F,T)|I| > 2T (I",F) — 2~ (I",F), so we can choose

the optimal value
2R (I, F,T)|I
A:T¢ SLEDI o
xt(

It F)—a—(I,F)
Simplifying gives
QI (X (I") <a* (I, F))

<o (= 7(y2Rg 1 BT - T T B - (7))

which equals exp (— TEL(I,F, T)) in the X — case. Similarly, in the X+ case, by using

QLI (X (IT) = 2= (I, F))
< QI fexp (W(X (1) = X4 (I7))) = pla™(IT, F) =2 (I, F))]

for p > 0, we obtain

QUFT (X,(1%) > 4 (17, )

<exp ( - T<\/2R;r(([v FT)| = a= (I, F) - x+(1_’F)>2>

=exp(—TEL(I,F.T))

and when we are in neither the X — nor X+ case we can use a trivial upper bound of
1. By symmetry we obtain the same bounds in terms of Y. Applying these bounds in

the appropriate cases completes the proof. ]

Our main results in this section are now easy corollaries of Lemma 3.34.

Proof of Proposition 3.4. Recall that I; = [j/n, (j+1)/n]andlet V(j) = V(I;, Ty (f,n)).
Note that the restrictions on z ensure that z € V (i), and therefore by the Markov prop-
erty,

Q(€T|[i/n,0] € FM,T(fv ”)‘[i/n,a] \é}T/n = Z)

[On]—1
< H sSup @(gT‘Ij S FM,T(f?n)’Ij ‘é.]T/n - Z/)
=i 2'eV(5)
[6n]—1
= ] sw QA Tar(fin), T) &, =2).
j=i 2'eV(3)
The result now follows from Lemma 3.34. O

Proof of Proposition 3.21. Let i = |an| and ¢ = [bn]. Let V; = {w : |Jlw — f(a)| <
1/n%}, and for j € {i +1,...,0} let V; = {w : [[w — f(j/n)|| < 1/n*}. Note that, by
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the Markov property,

Q(¢" o) € Arir(fom) \ab]\ga = 2)

—1
< H SU‘I; Q(E" 1Ay € A (fin |1 Alab] lﬁj/n = w)
we
j=t
/-1
—Hsup@.Ag( N a,b], Aprr(f,n), T ‘j/n: w).
; WEVj
The result now follows from Lemma 3.34, together with (3.12) and (3.13). O

3.6.2 Applying the coupling to the lower bound: proofs of Lemmas
3.16, 3.17 and 3.18

We begin this section with the proof of Lemma 3.16, which links the probability that
we want to bound with our coupled compound Poisson processes.

Proof of Lemma 3.16. We begin by splitting [0, 1] into its subintervals I;, j = 0,...,n—
1. Recall a previous definition: let Zy = {(0,0)} and, for j € {1,...,n — 1}, define

2= {z € [0,00): Iz = F(i/m)]| < 33}

By applying the Markov property at each time j/n,

Q(le[k/n,u € At (f ) ey | €7 (k/n) = w)
> Q(JI€7(s) = fs)ll < 1/n? Vs € Iy, €7(1E) € Zyu,

&, € G3uplr, Vi€ {k,...,n— 1}‘5T(§) :w)

H inf @(HgT ()| < 1/m? Vs e I;, €7(E) e 25,
'y, € Girrly |€7(2) = Z)
It therefore remains to show that for each j and any z € Z;,
Q" (5) = ()| < 1/n? ¥s € I, €7 (1) € By, €71r; € Ghugly, |€7(2) = 2)

> qT)sz,T(Z7j7 f) QT)L{M,T(Zaja f) QH,M,T(Z7j7 f) (jn,M,T(Zajy f) (341)

We now use the coupling from Section 3.6, with I = I; and F' = Ay r(f,n). We

P Avr(fin ),

simply write @, as shorthand for Q . By property (ii) of the coupling, we

have

Q<||€T(S) —f(9)] <1/m® Vs eI, (H) € 2, 1, € Ghurly,

(4)=z)

=Q:(12(s) = )| < 1/m? ¥s € I, Z(HEL) € 2511, 21y, € Gyl )
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which, by property (i), is at least

QZ(HZ*(S) ()| <& Vsel, 2. (H2) € 21, Z-|1, € Ghurly,s
Zu(s)— Z_(s) =0 Vs ¢ [j).
By property (iv), this equals
Q-(12-(5) = )| < b Vs € Iy, Z-(321) € Zj4a, 21, € Ghizly,)
Q. (Z+(s) —Z.(5)=0 Vse Ij)
and finally, by property (iii), the above equals
Q-(1X-(5) = fx(s)| < & Vs € Iy |X_(E) — fx(Bh)| < 5k, X 11, € Gurely,)

-Qz(\Y—(S)—fy(S)\ < # Vs € I, [Y(5E) — iy ()] < i L)

-QZ<X+(5) ~X_(s)=0 Vse Jj) -QZ(Y+(3) Y. (s)=0 Vs € zj).

Noting that X; — X_ and Y, — Y_ are increasing, this is exactly

Qi(,M7T(zaja f) qz;(,M,T(Zaja f) qz,M,T(Zaja f) qr}L/,M,T(zaja f)

Thus we have shown (3.41) and the proof is complete. O

The proof of Lemma 3.17, which bounds the § terms, is elementary.

Proof of Lemma 3.17. Recall that
G (2, ) = QUMM (x (21 - X (2) — o).
Also recall that under Qij’AM‘T(f’n)’T, the process X1 — X_ jumps at rate
2(RL(Ij, A (fon), T) — Ry (Ij, Avr(f,n), T))T.
Therefore, for each j € {0,...,n — 1} and z € Z;, using (3.13),
Giarr (20, 0) = exp (= 2(RE (5, Tarr (f,m), T) = B (1, Dare (f,0), 7)) T/m).

Since f € G%,, for j > \/n, by (3.14) we have

dnarr (2,4, ) = exp (= 40a,70(j, n)T/n),

and by symmetry
Cj?};,M,T(Zvj? f) > exXp ( — 45M7T(j, n)T/n)

The result then follows from the deterministic bounds from (3.61), in Appendix 3.A. O

The proof of Lemma 3.18 is much more delicate. Our next result provides a bound
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on compound Poisson processes. This will then be applied to prove Lemma 3.18.

Lemma 3.35. Suppose that §,t,A > 0 and a € R satisfy a < tA/2 and |a] < §/2.
Suppose also that R > 1/2. Let (X(s),s > 0) be a compound Poisson process of rate

RT whose jumps are exponentially distributed with parameter T

—a/t)3/2
Then for T > 321(252(/(2%%1{3))2’

P(la+ X(s) — As| <d Vs <t, |a+ X(t) — At| < 0/2)
> %exp ( —tT(VR — VA)? - 5(1 +VR(V2t/5 + 1/2))T).

Proof. The bulk of the work to prove Lemma 3.35 is done by showing the following
2A3/2(4t4-6)
R1/252(A/\1)2 )

intermediate result. For T >

(X (s)— As| < 6 Vs < £) > %exp (~T (VR VAP ~5(AAD)|1— VRJAIT). (3.42)

For any ¢ < T and s > 0, we have

]E[eqX(S)] = exp (1 i%qu/T> .

Fix a = T(1 — y/R/A); then elementary calculations show that

EX(s)eX9] _ o
E[eaX(s)]

Let (05)s>0 be the natural filtration of X, and define a new probability measure p by

setting X
e[l S

o = 7E[€ax(5)] = exp (aX(s)

dp

e Ras ) .

1—a/T

Then, by the definition of u, for any §’ > 0 we have

Rat
]P(|X(S) — AS| < 5/ Vs < t) = ,u[exp ( — &X(t) + m)l{‘x(s)_As|<§/ VSSt}]

and using the bound | X (t) — At| < ¢’ and simplifying we obtain

P(|X(s) — As| < & Vs <t)
> exp ( T (VR — VA)? - \a|5/)),u(|X(s) —As| <8 Vs<t). (3.43)

Taking ¢’ = §(A A 1), it remains to bound u(|X(s) — As| < §(AA1) Vs < t) from
below.

One may easily check that (X (s)—As, s > 0) is a martingale under u, and therefore
by Jensen’s inequality, (e”(X (5)=As) g > 0) is a submartingale under u for any v < T'—a

(the upper bound on v is required to ensure that the expectation is finite). By Doob’s
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submartingale inequality, for any v € (0,7 — a), we have
p(3s<t:X(s)—As > §(AAN1)) = u(sup eV (X(s)=4s) > e”‘s(A/\l))
s<t
S M[el/(X(t)fAt)]eflj(S(A/\l) (344)

and for any v < 0 we have

u(3s <t:X(s) —As < —§(AN1)) = u(sup eV (X(s)=4s) > 671/6(14/\1))

s<t
< M[GV(X(t)fAt)]eué(A/\l). (345)
Now, for any v < T — a,
_ _ —a/T)— R(a+v)t Rat
v(X(t)—At)) _ (a+v)X(t) Rat/(1—a/T)—Avt _ - N
ple | =Ele le eXp(l—(a—i—z/)/T 1—a/T A”t)’

and simplifying we obtain

Avt Av?t
V(X (t)—At)] _ <— A t) _ (_)
ple J=exp (1= va/Ry2 ) TP (AT =)
It is then easy to check that for T > %m, each of the probabilities in (3.44)

and (3.45) can be made smaller than e=3/2 < 1/4 by choosing v = i(S(TQ/\l)' Thus we
have
u(| X (s) —As| < 6(AN1) Vs<t)>1/2

for such T'. Substituting this into the lower bound in (3.43), using 0’ = §(A A 1), gives
(3.42).
Lemma 3.35 now requires us to deal with the position of our process at the endpoints
of the intervals I;.

Let Ai(a) = A — a/t. Note that if |X(s) — Ai(a)s| < 6/2 for all s < ¢, then
la+ X(s) — As| < ¢ for all s <t and |a+ X (t) — At| < 6/2. Thus

P(la+X(s)—As| <d Vs <t, la+X(t)—At| <6/2) > P(|X(s)—As(a)s| < /2 Vs < t).

Now (3.42) tells us that the latter probability is at least

%exp < “T(VER — /A (a))? - Wﬁ - (Afa))l/Q)T) (3.46)

Using the fact that (1 — z)Y/2 > 1 — z/2 for z € [0, 1], we have

t(VR — /Ay(a))? < (R+A+%—2xﬂ47%(1— 2;)1/2>t

< (VR- VA + g + V26 Rt.

76



and

- () 1230+ (i) ) = g0+ VR

Substituting these estimates into (3.46) gives

;exp<—tT(\/le—\/Z)2 —5<1+\/E(\/M+1/2))T>’

as required. ]

We now apply Lemma 3.35 to prove Lemma 3.18. However we still need to consider
two cases: if fx does not change much over the interval I; then we may simply ask
our process not to jump over that interval, and a bound similar to that in the proof of
Lemma 3.17 is better than the estimate provided by Lemma 3.35.

Proof of Lemma 3.18. Recall that

s r(z g f) = QU ’”)’T(\X_<s> ~fx(s) <k vse T,
| X_ (2 — (8] < 2L, Xy €G3MT|I>

Write @), as shorthand for LiAsn, r(fn).T

Since f € G3;,j > 1 and n > 2M, under @), we also have, for any s € I,

j 1 j 1 3j L j+2 1 _j+1
X (s)>x> (—)——>——7> - = - -
(S)_l‘_fx n 22 — Mn 2n2 — 3Mn 3Mn — 3Mn 3Mn 3Mn
> 2
-3

and if | X_(? ) fX(]—)| < 515 then also
X (s) S X (BN < fx (B + 5L < M2 4 L < 3Ms.

Thus in fact, under the conditions of the lemma, X_| 1; 1s always in Gsmr| I;5 SO

Gan (20, )
Qi (5 (o] < 3 v,

+
X_(Eh) — fx ()] < n)
(3.47)
For the remainder of this proof, for I C [0,1], we write Ry (I) as shorthand for

Ry (I, Aprr(fyn),T), and similarly for RY(I), Ry (I) and R{:(I). (Recall that we
wrote Ry (I) in Section 3.6 and Appendix 3.A to mean Ry (I,Ty7(f,n),T).)

Case 1: fX(J'H) <z+ 2n2

Note that since z € Z;, we have v < fX(i) + ﬁ < fx(ﬂ) + 2%, and therefore
|z — fx(s)| < 55 for all s € I;. Thus (3.47) can be bounded in the following trivial
way:

Gnan (., f) 2 Qx(X-(s) = Vs € Ij) = Q:(X_(57) = ).
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Under @Q,, X_ jumps at rate ZR;((j)T, so we deduce that

21%;((,1)1’),

n

qi(,zM,T(Zaj, f) > exp ( - (3.48)

On the other hand we have

[ (oo - G o

G+1)/n (G+1)/n
22/ R}(f(s))ds—Q/ \/2R§(( ()n(fx(EE) = fx(L))ds

j/n i/n

+ fx (B2 = fx(L).

By (3.14),
Ry (f(s)) > R%(j) — dar(jon) = Ry (§) — Sar,r (4, m),

so since fx (L) — fx(L) < 25 and R (f(s)) < M for all s,

/JH (\/2R* \/fX ) ds > 2R (j) — 20u,7(j, 1) B 2\/§M1/2'

n n3/2

The result now follows from this and (3.48).

Case 2: fx (L) >+ o

Note that X_ jumps at rate 2R;(( J)T and has exponential jumps of parameter 7" under
Q. We therefore aim to apply Lemma 3.35, with A = n(fx(Zt1) — fx(2)), § = 1/n?,
t=1/nand a =x — fx(j/n). We need to check that a < tA/2; to see this, note that

since z € Z(j) and we are in Case 2,

20 =2(z — fx(1)) < 5k + 2 — fx(L) < fx(F) — fx () = tA.

It is also easy to check that for T' > 8n%2M3/2, T is large enough that the conclusion
of Lemma 3.35 holds. Thus applying Lemma 3.35 to (3.47) gives

@arnr(a ) = gow (= 1 (V2RG) - V(i (D) - )’
! (1+ QRX(j)(x/%+;))T>.

n2

Since f € G3,, we have Ry +(3) < M and therefore

1+ /2R () (V2n +1/2) <1+ V2M (V2n +1/2) < 2(M + 1)n'/2.

Thus

X .
Tnsmr(2,3, f)

> e (= T (yoie() - /(i — i) - 2D g
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Noting that since f € PL2 we have n(fX( Ly — fx (& )) f'(s) for all s € I;, and
by (3.14)

(Rx(f()) = ur(4,m)) VO < Ry (j) < R%(§) < Rx (f(s)) + darr(jm),

we deduce that

2. GO/ 25 in
2hatys [T ari(p(eas + 2L
J

and using also that y/(a — b) A0 > y/a — v/b for a,b > 0,

1\/23 n(fx () — fx (1))
1)/n
/J+ \/QR* 5)) [y (s) \/»\/25MT 4on) (Fx (Z) = fx(L)).

Thus

L(y2hx () — (x50 — px(3)
/Hl)/n \/2}2*7 \/f'7> 25MT (J,n )

+7\/25MT]7 n) (Fx(ZE) — fx ().

This combines with (3.49) to give the result. O

3.7. The final details for the upper bound

3.7.1 Compactness and semicontinuity

There are a few more technical issues that must be resolved in order to complete the
proof of the upper bound in Theorem 3.1. One of the remaining ingredients is to prove
that the set of functions that we are interested in can be covered by a finite collection of
small balls around suitably chosen functions. Recall that PL,, is the subset of functions
in F that are linear on each interval [i/n, (i+1)/n] for alli = 0,...,n—1 and continuous
on [0,1]. For F' C E and r > 0, write By(F,7) = Uscp Ba(f,r), where By(f,r) is the
ball of radius r about f in the metric d.

Lemma 3.36. Suppose that F C E? and M > 1. For any n > 4M, there exist
N € NU {0} and g1,...,9n € G%,;, N PL2 such that

N
FN Gy € | (Ba,(9i1/n°) N Balgi, 1/n)) € Ba(F,2/n)
i=1

for all T > (4Mn)3/2.

We will prove this in Appendix 3.B.1.
In order to check that the supremum of our rate function K over f € By(F,¢) is
close to the supremum over f € F when ¢ is small, we will need to show that K has
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some form of upper semi-continuity.

Proposition 3.37. Suppose that 0 < § < 1 and there exists M € (1,00) such that
fifn € G?M for all n. Suppose also that either f is continuous at 0, or 0 = 1. If
d(fn, f) = 0 then

limsup K (f,0,0) < K(f,0,0).

n—oo

The following simple corollary of Proposition 3.37 is written in a more convenient
form.

Corollary 3.38. Suppose that M € (1,00) and F C E? is closed. Then

m  swp K(£,01)< sup K(,0,1).
€70 feBy(Fe)nG, fEFNG2,

We will prove Proposition 3.37 and Corollary 3.38 in Appendix 3.B.3.

3.7.2 The result for fixed 7: proof of Propositions 3.7 and 3.8

Proof of Proposition 3.7. Recall that g € G?M N PL2. By Markov’s inequality, for any
Kk >0,

1
P(NT(FM,T(%”)’@) = “) = E[ > Yarpaetanrioemlon} | =
’UENT
and by Lemma 3.3 (Many-to-one),
— &s)d
E{ Z Il{ZuTl[o,e]EFM,T(Q,H)[o,o]}] - Q[H{ET| 0,01€Tar,7(9:m) (0,07} € e S]

’UENT

Now, if fT’[O’g} € L'n7(g,m)]j0,0, then by Lemma 3.6,

orT 0 [On]/n
| Reyis=1 [ REonis<T [ R (gl)ds + Ta(Mn.T),
0 0 0

and therefore

R(&s)ds
@[ﬂ{aTnog]erMT(gnﬂog}efo (8e)ds]

< Q(¢"j0,6) € T (g, n)l[o,e])eTf‘)W/n R (g(s))ds+Tn(M:n.T)

We also know from Proposition 3.4 that

Q¢ 10,0 € Tarr(9.7)j0,0)
[On]—1
< exp <_ T Z (g;(I],FMJ“(g,n),T) + g}t(IjaI‘M,T(g7n)7T))>7
=0

and by Proposition 3.5 that, if ¢ = (9x, 9y),

[6n]—

Z €3 arlan. 1) > [ (1o o) 1 0) -0 B ).
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Since g € G?M, we also have

[Vn]/n [Vnl]/n [Vi]/n
/ <\/2R} \/gX ) ds </ 2R}(g(s))ds+/ gx(s)ds
0 0
2 2
n n vn
S0
[On]—

Z EX(I;, Tarr(g,m), T) > /Lenn(\/zR* ))—\/gg((s))st—o(ﬁ+ﬁzl)

and by symmetry the same bound holds for Y. Recalling from Lemma 3.6 that
n(M,n,T) = O(nj\fl—; + %3/}), we deduce that

Jj=

P(Nr(Tarr(g,n),0) = k)
< o TIE (VR GG /05 ) ds—T [/ (/2R () /35 () ds

. eO(Ml/f +MOT?3) 4T [10"" R (g(s))ds 1

K

_ leTf((g,O, [6n] /n)—&-O(Ml/Z—i—MSnT2/3)

K
as required, where for the last equality we used the fact that g € G?M N PL%, and
therefore K(g,0,s) = Jo R*(g(u))du — I(g,0,s) for all s. O

Proposition 3.8 essentially establishes the upper bound in Theorem 3.1 with high
probability for a fixed (large) T. The proof mostly involves using Lemma 3.2 and
the technical results stated in Section 3.7.1 to ensure that we can cover our set in
a suitable way with finitely many balls around piecewise linear functions, and then
applying Proposition 3.7.

Proof of Proposition 3.8. Take M > My and the other parameters as in the statement
of the Proposition. By Lemma 3.2,

P(3v € Ny : 28 ¢ G3yp) < e T,

By Corollary 3.38, since F' is closed we may choose n large enough such that n > 4M
and

sup K(f,0,1) < sup K(f,0,1)+¢/3.
FE€B4(F2/n)NG3,, fEFNGE ),

By Lemma 3.36 we may choose N € N and g1,...,9n € G val PL2 such that
N
FnGir C | (Ba,(gi1/n%) N Ba(gi, 1/n)) C By(F,2/n)

i=1

for all 7' > (4Mn)3/2. Recall that T'ar7(gi,n) = Ba, (gi,1/n%) N Ba(gi, 1/n) N G3; .
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Then for any A > 0,

N AT
P(Np(F) > eAT) <P(JveNp: zl ¢ G?\/[,T) + Z]P(NT(FM,T(%’,n)) > %)
=1
s N AT
< TV ZP(NT(FMT(gi,n)) > %) (3.51)

By Proposition 3.7, for each ¢ we have

AT 4
e N _ M L
P<NT(FM,T(91‘7”)) > W) < 4T P <TK(91',0,1) +O( pyr + M3nT?% ) ;

and combining this with (3.51) we see that

4

% M"T 3, m2/3
<e + ar s, oD (TK(gi,O,l)—i—O(nlM + M3nT ) .
By our choice of g1,...,gn and n, we have
~ max K(g:,0,1) < sup K(f,0,1)< sup K(f,0,1)4¢/3
i€{l,...N} FEB4(F,2/n)NG2,, FEFNG2,,

and therefore

1
—i73 g P(Nr(F) > A7)

) 2/3 472/3
< (—50)V< sup K(f,o,l)TQ/S—AT2/3+€T+O(MlT/4>>'
JEFNG?,, 3 "

42/3 . 2/3 .
MZIZ7Y term is smaller than 5T3 , and choosing

ni/4

Increasing n if necessary so that the O(

A= sup K(f0,1)+e¢,
FEFNG?,,

we have

: 1 AT
TIE};OWIOgP(NT(F’G) > e) < —éo.

This is precisely the statement of the proposition, but with 4M in place of M. Since
we only assumed that M > Mj in the proof, the proposition holds when M > 4My. O

3.7.3 Paths with K(f) = —oo are unlikely: proof of Lemma 3.9

Before proving Lemma 3.9, we need to relate K to K.

Lemma 3.39. Suppose that M > 1. If F C E? is closed and suppep K(f) = —oo,
then there exists € > 0 such that

sup inf f((f,O, 0) < 0.
FEB(Fe)NG3, , PE101]
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Proof. If the result is not true, then for each n € N we may choose f,, € B(F,1/n)NG3,,
such that

inf K(f,,0,0)>—1/n.
ot (f )>—1/n

It is easy to check that G%W,l is closed and totally bounded. Since (E?,d) is complete,
G?M’l is compact. We may therefore find a subsequence (f,,;);>1 such that d(fy,, f) —
0 as j — oo for some fo, € G?MJ. Since F'N G?w’l is closed, and d(f, F' N G?w’l) =0,
we must in fact have fo, € F'N G?W’l. On the other hand, by Proposition 3.37, for any
0 € [0, 1] such that f is continuous at 6,

‘f{(fOO7076) Z hmsupk(fnjaoue) Z 0
Jj—o0
But f. is non-decreasing and therefore continuous almost everywhere, and t +— K (f,0,t)
has only downward jumps, so we must have K(fs,0,6) > 0 for all € [0,1]. Thus
K(fsx) > 0, which contradicts the hypothesis of the lemma. O

We can now prove Lemma 3.9, which says that if F' is closed and sup;cp K(f) =
—00, then with high probability Np(F) is zero.

Proof of Lemma 3.9. Choose M > M. Since Gup C Ganr1, by Lemma 3.39 we may
choose ng > 4M such that

sup inf K(f,0,6) <0.
fGB(F,Z/TLo)ﬂGZA{ 96[071}

Let

n=-— sup inf K(f,0,60) > 0. (3.52)
FEB(F2/no)nG2,, 0€10,1]

Then take n > ng such that the error term in Proposition 3.7 is smaller than n7T'/3 for
T sufficiently large, and such that (4M)2?/n < n/3.
By Lemma 3.36 we may choose N € NU{0} and g1, ...,gn € G2,,NPL2 such that
N
Fn G%\/[,T C U (BAn (917 1/n2) N Bd(gi7 l/n)) C Bd(F7 2/”)

i=1

for all T > (4Mn)3/2.
For each i = 1,..., N, note that since g; € GiM, by the definition of K, for any
0<s<t<1 we have

K(gi,0,t) < K(g;,0,5) + (4M)2(t — s). (3.53)

In particular, the function t — K (g;,0,t) has only downward jumps, and therefore its

infimum is achieved. Thus, by (3.52), we may choose 6; such that

K(9:,0,0;) = eé%f”ff(gi,(%@) < -
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Let 6; = [;n]/n. Using (3.53) again, we then have
K(gi,0,0;) < —n+ (4M)*/n < —21/3 (3.54)

where the last inequality holds because we chose n such that (4M)?/n < /3.

Now, by our choice of g1, ..., gn, we have

N

Nr(F) < No((GRr0)*) + Y Nr(Carr(gin)
i=1

and therefore

N

P(Np(F) > 1) <P(No((Ghyr)9) = 1) + Y P(Ne(Tarr(gi ) > 1). (3.55)
=1

By Lemma 3.2, the first term on the right-hand side above is at most e=00T?, Also,
since a population that is extinct at time 6 must also be extinct at time 1, for each ¢

we have
P(Nr(Tarr(gisn)) > 1) < P(NT(FM,T(Qian)7éi) >1).

Since 6; is an integer multiple of 1/n, by Proposition 3.7 we have

X . R MT
P(NT(PMyT(g,’, n),@z) > 1) < exp <TK(g,~, 0, QZ) + O(W + M3nT2/3>>

< eXP(_nT/?’)a
where the last inequality follows from (3.54) and our choice of n. Returning to (3.55),

we have shown that
P(N7(F) > 1) < e %T"* 4 Ne=T/3,

which completes the proof. O

3.7.4 Lattice times to continuous time: proof of Proposition 3.10

Before moving on to the proof of Proposition 3.10, we state and prove two lemmas that
will check that paths of particles are not drastically changed by rescaling by a slightly
different value of T

Lemma 3.40. Suppose that M > 1,t>3M andt —1<s <t. For any F C E?, we
have
Ny(FNG3yp,) < No(B(F,3M/t)).

Proof. Suppose that u € Ny satisfies Z5 € F N G?W’s. Take any v € N; such that
v is a descendant of u. We claim that d(X3, X!) < 3M/t, which means that for all
e [~3M/t,1+3M/t,

XHr —3M/t) —3M/t < X3(7) < X!(r+3M/t) +3M/t
where f(7) is interpreted to equal f(0) for 7 < 0 and f(1) for 7 > 1. Since Z; € F, the
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claim plus its equivalent Y statement ensure that Z! € B(F,3M/t), which is enough
to complete the proof.

To prove the claim, first note that it holds when 7 < 0, since in this case X (1) =
X3(0) = X(0) = XL(7). If 7> 0, since s < t and

TSZT(t—l)zt(T—r/t)zt(T_M) > o(r— 22,

t t
we have
Xa(r) = X3(7) = Xy(7 = *).
Also, since X3 € G%u,s? for any 7 € [0, 1] we have
R 1 1 8\ s
Xi(r) = Xu(rs) = 7 Xu(rs) + (1= ) Xi(r)
< SXo(rh) + (=2) M1+ 2572
M 3M
<X+ (1257 < X(r) + ==

as required. If 7 > 1 then X (7) = X (1) and then the argument above gives that that
X35(1) < XL(1) + 3M/t = X!(r) + 3M /L. O

Lemma 3.41. Suppose that M >2, T > 2 andt € [T —1,T). Ith((G%\M)C) > 1 then

either NT((G?WQ’T)C) >1 or NT—l((G?W/Q’T_l)C) > 1.

Proof. Suppose there exists v € N; such that Z! € (G?V[’t)c. It is possible that either
X! or V! (or both) is the reason for Z! falling outside G%\/I,t; without loss of generality
assume that it is X?. Then there exists s € [0, 1] such that either X/ (s) > M (s+2t=2/3),
or X!(s) < s/M — 2t=2/3. In the first case, take w € Ny such that w is a descendant
of v. Then

X7 (s) = = X (sT) > %Xv(st) > %M(s 423y > o2y

M
T 2

so ZL ¢ (G?WQ’T)C. In the second case, let u be the ancestor of v in Np_1. Then

1 t 1 t s
XIHs) = o= Xu(s(T = 1)) < - X (st 7(7 _ 2t72/3)
2s
<= 2T —1)7%3
<2 -y
so ZzI'-1 ¢ (G?W2 r_1)¢ This completes the proof. O

Proof of Proposition 3.10. We begin with the first part of the result. Take ¢ > 0. We
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start by noting that
1 .
IP(EIte [T —1,7]: - log Ny(F) > sup K(f,0,1)+5)
¢ fEFNG2,

| _
< P(Ht € [T —1,T]: {log Ni(F N Gyy) > s K(f,0,1) —1—5)
eFNGy,

+P(3 [T —1,T]: Ny((G31,)°) > 1). (3.56)

We show that the right-hand side is exponentially small in 7. By Corollary 3.38, we
can choose €’ € (0,1) such that

sup K(f,0,1)< sup K(f,0,1)+¢/3.

FEB(FNG2, fernGs,

By Lemma 3.40, provided that 3M /T < &', we have
Ni(F NG3,) < Np(B(F,€'))
for all t € [T'— 1, T]. Therefore for large T

1 ~
P(Ht € [T —1.T): log Ni(F N Glyp) = s K(f,0,1) —l—s)
eFnGy,

<P(—logNr(B(F,€) > sw  K(f,0.1)+¢)

T-1 FEFNGE,

gP(%logNT(B(F,s’))Z sup f((f,o,l)+e/3).

fEB(Fe)NG3,

Then Proposition 3.8 tells us that this is at most exp(—8yT"/?/2) for large T. Substi-
tuting this into (3.56), we have

1 N
P(ate [T —1,7]: - log Ny(F) >  sup K(f,0,1)+5)

¢ JEFNG?,

< exp(—6oT"?/2) + P(3t € [T — 1, T] : Np((G3,)9) > 1). (3.57)

For the remaining term, Lemma 3.41 tells us that for T" > 2,

Pt € [T~ 1,7]: N((G3)®) > 1)
< P(NT((G?W/Q,T)C) > 1) +P(NT*1((G?\4/2,T—1)C) > 1).

By Lemma 3.2, this is at most 2exp (— (7 — 1)*/?). Returning to (3.57), we have

1 _
]P’(Elt € [T~ 1,7): 5 log Ni(F) > e K(£.0,1) +5)
€eFNG2,

< exp(—60T"/?/2) + 2exp (= 6o(T — 1)'/?).
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By the Borel-Cantelli lemma,

1 _
]P’(limsup;logNt(F)Z sup K(f,0,1)+5)=0,

2
t—00 fEFNG3,

and since € > 0 was arbitrary, we deduce the first part of the result.
The proof when supscp K(f) = —oo is very similar. By Lemma 3.39, we may
choose €’ > 0 such that

sup K(f) = —o0. (3.58)
feB(Fe")NGY,

Then

PEt € [T —1,T]: Ny(F) > 1) <P(3t € [T — 1,T] : N(F N Gyy,) > 1)
+P(Et e [T —1,T]: Ny((Gir,)) = 1). (3.59)

As argued above, by Lemmas 3.41 and 3.2 the last term on the right-hand side is at
most 2 exp (— do(T — 1)1/3) provided that T' > 2. For the first term on the right-hand
side, by Lemma 3.40, provided that 3M/T < &’ we have

P3t € [T —1,T]: Ny(FNG3,) > 1)

< P(Nr(B(F,e")) = 1)
< P(Np(B(F,&") N Ghyy) 2 1) + P(N2((G3,0)9) 2 1).

Due to (3.58), we can apply Lemma 3.9 to tell us that the first term on the right-hand

*50T1/3/2, and Lemma 3.2 to tell us that the second term on the

—§oT1/3

side above is at most e
right-hand side is at most e . Returning to (3.59), and applying the Borel-Cantelli
lemma, we have

P(limsup N¢(F) > 1) = 0.

t—o00

This completes the proof. O
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Appendix

3.A. Deterministic bounds on the rate function

We use the same notation as in Section 3.6. Our main aim in this section is to prove
Proposition 3.5 and Lemma 3.6, showing that the bounds obtained in Section 3.6, in
terms of £¥(1;, Tarr(f,n),T), look something like the growth rate seen in our main
theorem. This work involves tedious approximations of sums and integrals. Most of
the work is in bounding R* in terms of R™ and R~, which is done using the following
lemma. Throughout this section we write Ry (j) = Ry (L, Tarr(f,n),T) and similarly
for R}, Ry and R;.

Lemma 3.42. Suppose that M > 1, n > 2M, f|;, € G?\ﬂlw j>n'? and s € ;.
Then

RY(5) = omr(j,n) < Rx (f(5)) < Rx(5) + mr(d,n) (3.60)

where

Onr(jm) = (6M°nl/? + B2) (f (52) = fx (1)
+ Mt (fy (58) = fr(2)) + T + 34

Moreover,
n—1 .
Smr(j,m)  14M* 5M3n
> - S—mt T (3.61)
j=[vn]

Proof. We begin with the upper bound in (3.60), and claim first that for any j €
{0,1,...,n — 1} we have
Z)<<,. 1)( <E) 1 l) 1 9
fr(2) < (Bx)+5) (I (=) + 5+ 7) + 5 (3.62)
To see why this is true, by the definition of Ry (j), for any € > 0 we may take g €
I'yr(f,n) and s € I such that

Rx(Tg(s)) < Ry (J) +e,

and then

Noting that gy (s) > gy (£) > fy(£) —1/n? and gx(s) < gx(5=) < fx(E2) +1/n?,

n

we see that 4
K@) -1’ +1/T
fx(E) +1/n2 4+ 1/T

< Ry(j) +e.

N =

Since € > 0 was arbitrary, the left-hand side must in fact be at most Ry (j), and then
rearranging gives (3.62).

We now aim to bound R% (f(s)) above for s € I;. We concentrate first on the case
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that fy(s) > fx(s). Whenever this holds, using (3.62),

RS 1R 1 ) - ()
B =500 "2 e 27 fxls)
o (Bx()+12) (I (D) +1n? + YT) +55 1 fy(s) = v(3)
< x(®) 2T T )
Writing

(Rx(G) +5) (P () + 5+ )
= (Ry () + 5)fx<s> + (Rx) +5) (P () — Fx(s) + oy + 7,)
and substituting this into the bound above, we have (for fy(s) > fx(s))

(Rx () +3) (Fx(5) = fx(8) + 35 + 1) + 5 + fr(s) = fr (D)
fx(s)

The first term on the right-hand side is the important one, and we now aim to bound the

other terms. Since f|;, € G3,|1,, we have fx(s) > s/M, and since also f € Daro(f,n),

Rx(f(s)) < Rx(j) +

RG) < Re(Tf) < TS oMt e 3
1
RL((s)) < () 3D Ux(50) = Ix (i )s/ff 1)+ () — ()

This is true in the case fy(s) > fx(s), but when fy(s) < fx(s) we have R%(f(s)) =
1/2 < Ry (j), so the inequality above trivially holds in that case too. Taking s > j/n >
n~1/2, and combining some of the terms, we obtain the upper bound in (3.60).
The lower bound in (3.60) is similar. We choose g € T'azr(f,n) and s € [£, 7] such
that Rx(Tg(s)) > R%(j)—1/n? If Rx(Tg(s)) = 1/2 then R} (j) < 1/2+1/n?, so the
lower bound on that interval is trivial; we may therefore assume that Rx(Tg(s)) > 1/2

and then we have a similar bound to (3.62):

fy(‘Hl) > <R)+((j)+%> (fx(%) —%) —%—%. (3.64)

We then apply this essentially as in the proof of the upper bound to obtain

(REG) +3) (fx(s) = fx(D)+ 5) + B+ 4+ + A (EE) - fr(s)
fX()

Rx(f(s)) > R%(j) -

In place of (3.63) we must use the slightly more involved bound, for j > /n and
n>2M,

ML 11 3L+ L
Ry(j) < i +1T—;§T;+T—;=6M2+2],\§"—;§6M2+WT‘/H—;
Mn a2t T 3in J
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Applying this and taking s > j/n > n~1/2 and combining terms, gives the lower bound
n (3.60).

To prove (3.61), summing over j > n'/2 and telescoping gives

L M3 oM M M3 3M3
Z M,TT(LJ,H)S<6 2 ) x () 17/2fY() 7 3M3n

+
1/2
j=[va] "

toEE T T
Using that fx (1) < M and fy (1) < M, and combining terms, gives the result. O

3.A.1 Proof of Proposition 3.5

We first give a lemma which handles the cross-term that appears when multiplying out
the quadratics involved in Proposition 3.5.

Lemma 3.43. Suppose that f € PL2 NG2%,, 0 € (0,1, M > 1 and n > 2M. Then for
any k€ {(\/ﬁ—‘av Lenj - 1}7

|6n]/n [6n] -1 () QM52 AM2nl/2
/k/n \/R* $))fx (s)ds = Z J+1 xj)_ nl/a 12

Proof. Take s € [% I for some j € {0,1,...,n — 1}. Note that since f € PL,, we

n

have
Fi(s) =n(f(5Z2) = f(L) = n(a]y —1/n —a; —1/n%) Vv

Using the elementary inequality /(a —b) V0 > a'/? — b!/2 valid for all a,b > 0, we

obtain
fX( )>n1/2( j—+ o )1/2 \/>7’L_1/2
Thus
(G+1)/n (G+1)/n
/ \/RX (s)ds > ((Q:;‘H )1/2 f/n) // nR% (f(s))ds
j/n
and since f € G3,, R%(f(s)) < M? for all s > 0, so
(G+1)/n (+1)/n
/ VA )ds > fyy — ) [ W R (f(5))ds — VIMR2.
i/m

We now use the lower bound in (3.60) to see that for j > \/n,
(j+1)/ (j+1 /n
/ \/nR* ))ds > / nR}(j) —ndpr(j,n))VO0ds

_ \/(R}u) _ iy
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Again using /(a — b) V 0 > a'/? — b/2, we therefore have, for j > /n,

(G+1)/n
/ VB (F(9)) i (5)ds

z\/ R}(j)(gﬁ S I By LLUE AL NP O Y.

n J+l1 J n3/2 n J+1

By the Cauchy-Schwartz inequality,

1 5M G n—1 5M n—l 1/2
T + 1 2 < ,T
VS — : xj+1 / ( Z Ty = )

j=k

<.

and applying (3.61), together with the fact that fx (1) < M, gives

n—1 . 1/2 5 4 1/2 5/2 2 1/2
<Z(5M,T7§77n) (f(1)+1/n)) - (28M 10M n) / - 6M 4M?n

— nl/2 T nl/4 T T1/2
]:

Summing (3.65) over k < j < |fn| — 1 and substituting the above bound gives the
result. O

We can now prove our main proposition for this section.

Proof of Proposition 3.5. We first claim that for each j =0,...,n — 1 we have

2Ry (J) 2R3 (j) - - 4
EXL;, Tarr(fom), T) > i —2\/ )Ti (xj+1—xj)+xj+1—xj—ﬁ. (3.66)

Indeed, in either the X+ case or the X — case, this follows directly from the definition
of 5;, even without the 4/n? error term on the right-hand side. If we are in neither
the X+ nor the X — case, then 2R (j)/n < :L';-:l —z; and 2R3 (j)/n > Ti—T

2Rx<j>_2\/2R;<j>(ﬁ I

;r, SO

n

< x}ﬁrl -5 - 2\/(($;+1 - :L'j) Vv 0) (l‘j+l —z; )+ (l‘;rl - :L';r) V0

and using v/(a — b) V 0 > a'/2 — b'/2 we have
\/(DCJ;1 —zj) V0= \/(x;':tl —x; —4/n?) V0> \/x;’H —x; —2/n,
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so in this case

2R5 () _2\/21%}@')( .

- - +
n n @i ) T —
<4/n* < EX(L;, Tyr(f,n),T) + 4/n?
and the claim is proved.
Now write K = [#n]. By the upper bound in (3.60), for any j > n'/2,
1

" Ry (f(s))ds < TxU)

+ 5M,T(j?n) )
n n

J
n

Summing over k < j < K — 1 and applying (3.61) gives

K/n U Ry()  14M* 5M3n
R (f(s))ds < X4 .
[, ) D T

Lemma 3.43 gives that

K/n K-1 RE(H) SM5/2  AM2nl/2
/k \/R}(f(s))f&(s)dsz \/X ($j+1_x;)_ nl/4 12

/n j=k "
Also
K/n K-1 ' ' K-1
| s < 3 (D < 1) £ Y (g + 10 = ] 4 1/02)
K-1
< (acjf_H - x;r) +2/n.
j=k

Putting these bounds together with (3.66), and combining error terms, we obtain

=

/kK/” (\/2R§((f(8)) - \/f&(5)>2ds < 715;(Ij7FM,T(f, n),T) + 0(::14; i é‘{j;))

/n j

Il
B

completing the proof. O

3.A.2 Proof of Lemma 3.6

The proof of Lemma 3.6 is relatively straightforward. The upper and lower bounds are
very similar, but quite lengthy, so we separate them out into two proofs.

Proof of Lemma 3.6: upper bound. Write K = |fOn]. We split the integral from 0 to

into three parts:

0 3MT—2/3 [Vn]/n 0
/ R(Tqg(s))ds §/ R(Tg(s))ds+/ R(Tg(s))ds+/ R(Tqg(s))ds.
0 0 3MT—2/3 [vn]/n (3.67)
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For the first term on the right-hand side, note that for any g € G?\/[ rand s < 3MT—2/3,

MT(s+2T2/3) +1
1

R(Tg(s)) < < MT(3M +2)T~%3 +1 < 6M>*T'/3,

For the second term on the right-hand side of (3.67), we note that for s > 3M T-2/3
we have 2723 < %S/M and therefore, since g € G?\/],T’

MT(s+2T"23)+1 _MT(s+ 2)+1 2\, 3M

R(T < < SM <3M?(1+ e

( g(S)) = T(S/M _ 2T—2/3) - TSLM - < 3M) + Ts
< 6M? 4+ T3,

We now consider the last term in (3.67), but work with any k& > [y/n]; since g €
Tarr(f,n), by definition of R} and Ry we have

0 0 0
/k R(Tg(s))ds = /k Ry (Tg(s))ds + / Ry (Tg(s))ds

K it i+l
<3 / 1, Tar(fom), ds+Z / R (L, Dagr(F.m), T)ds
j=k’ 7
K K ‘
R-i-
+3 vU). (3.68)
; n
j=k j=k
By the lower bound in (3.60), for any s € [%, %1],

Ry (j) < Rx(f(s)) + darr (4, n),

so using (3.61) and the fact that f is M-good,

K RY (K+1)/n K Sair(jin)
R d —_
> (7o) + 3 2

j=k /n

(K+1)/n M4 M3n

< R (f(s))ds + O +—

L, msuenso( s+ )
K/n M4 M3n

< R%(f(s))ds+ O +—.
[, s +0( g+ 75

By symmetry we also have

K

R+(]) K/n . M4 M3n
]; v g/k Ry (f(9)ds + 0=+ 220).

n /n

Substituting these bounds into (3.68) gives the upper bound in the second part of
the lemma. For the first part of the lemma, returning to (3.67) and substituting in our

estimates above for the three terms on the right-hand side, we have

M3 M4 1 M3n)

0 K/n
/0 R(Tyg(s))ds < /k/n Rx (f(s))ds + O(T1/3 + nl/2 + T1/3p1/2 + T
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Since R (f(s)) > 0 for all s, the result follows. O

Proof of Lemma 3.6: lower bound. Note that, again writing K = |fn] but now with
any k satisfying [\/n] <k < K,

0 K/n
R(Tg(s))ds > / R(Tg(s))ds.

Since g € T'yr7(f,n), by definition of Ry and Ry we have

(% 0 (%
/ Rx(T d5+/ Ry (Tqg(s))ds
K-1 K-1 j7+1
S R Cana (o T S |7 Rey Casarn). s
P =k’
K-1 — K—-1 —
_ Rx(])+ Ry(])
n n
j=k ji=k

By the upper bound in (3.60), for any s € [Z,2t1] we have Ry (j) > Ri(f(s)) —

n’ n

dn,r(j,m), so using (3.61) and the fact that f is M-good,

K—1 K/n K—1
R 1)
=% " k/n j=k n
K/n M4 M3
> A —
> /k/n R ((s)ds — 025 + =)
By symmetry we also have
K—1 /.
Ry (j) Km M*  M°n
> _
> = _/k/n Ry (f())ds = O (=5 + =)
=k
Combining these bounds gives the result. O

3.A.3 Proof of Lemma 3.22

The main difference between Lemma 3.22 and our previous deterministic bounds on the
rate function is that it requires us to consider more general time intervals than those of
the form [j/n, (j + 1)/n]. Lemma 3.44 will do most of the work required, and uses the
uniform structure of Ay 7(f,n) to get better bounds than are possible for I'y; 7 (f, n).

Lemma 3.44. Suppose that M,T > 1, n > 2M and f € PL? N G%\/f‘ Then for any
; ] j+1
je{lvnl],...,n—1} and u,v such that 2 <u <v < =,

[ (oritre) - i) s
14M

< Ex ([u, vl Anrr(f, n),T)+65M’2(j’n)+2\/25M’2(j’ ™) (f (i) - Fx )+ oy

Proof. As in the proof of Lemma 3.18, for I C [0, 1] we write ]:2)} (I) as shorthand for
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Ry (I, Arr(f,n),T), and similarly for R}(I), R;(I) and R;(I) We also write, for
s €10,1],
a”(s) =" (s, Anr(f,n)) = inf{gx (s) : g € Apr(fn)}

and similarly for 2 (s), y~(s) and y*(s).
By (3.14) and the fact that f is linear on I; (and therefore on [u,v]), we have

[ (orite) - i) s
:2/U R f(s))ds—l—/v fg(s)ds—2/v \/2R§<(f(s))fx(s)ds

< 2R3 (1) (v — u) + 200 7(j, ) (v — u) + fx (v fx()
—2/ \/2RX U_f(( W gs, (3.69)

Applying (3.14) and using the elementary inequality \/(a — b) V0 > /a — v/b, valid
for all a,b > 0, for any s € I; we have

\/in \/ RX —omr (g, )) V0
> \/R; (1) = \fnnr(Gin) =\ B (o) = 3 foarr (o)

so we have

/ \/QR* U_q]jx()
/(«/QRJ“ u,v]) — +/2601.7(j, n ),/fX -

z¢2R;<[u,v]><fx<v>—fx<u>><v—u>—\/%W”’)(f( ) g

n
Using again that /(a — b) V0 > \/a — Vb we have

VIx () = Jx(@) > /@ (o) = 1n® = (@ (u) + L/n?)) V 0
> ot ) — o (u) - V2],

and since f is M-good, and therefore by (3.14) Ry ([u,v]) < M2 +68x,7(j,n), we deduce
that

S [~.

). (3.70)

V2RE (o)) (fx (0) — fe(w)) (0 — )
2/ M? + 5M,T(jan)'

> \/2R}([u, v]) (T (v) — 27 (u))(v —u) — 372

Substituting this into (3.70), and using that

VM2 4 Sy (iom) < VA 4 Jor 0 (Gm) < M+ ba(Gm) + 1
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gives that

2\/23}([u7v])(v—w(x+(v)—x—(u))—\/W(f (50 = (D)

2(M +épmr(j,n) +1)
32 '

Substituting this bound into (3.69) and using that ]:2;( (1;) < ]:Z;(([u, v]) and v—u < 1/n,

we obtain

[ (om0 - \/15) s

< 2Ry ([u, o)) (v —u) + 27 (v) — 27 (u) — 2\/23}([%@])(@ —u)(@*(v) — 27 (u))

60p,r(j,m) | 2 \/26M,T(j7n) j+1 J 8M
Tt tat 2 T(fX(T) ~ fx(2)) W32

It then remains to note that, following exactly the same argument as (3.66),

EX ([u,v], Anpr(fom), T)
> 2R}([U,v])(v—u)+x_(v)—x+(u)—2\/2}?}([u,v])(v — )@t (v) — o (u) —4/n.

Combining error terms gives the result. O

It is now a relatively simple task to apply Lemma 3.44 to complete the proof of
Lemma 3.22.

Proof of Lemma 3.22. By symmetry it suffices to show that

[on]—1

S° EE b, A (fon). T / (\/25:* ))—\/fg((s))2ds—0(7?ﬁ+ﬂ>.

j=lan]

By Lemma 3.44,

[bn]—
Z Ex(I; N [a,b), Aprr(f,n),T)
~an]
[bn]—1 9
=23 /I ) = r) s
J=lan] la
[bn]—1

B Z <65MT Js )+2\/26J‘/[’77;(]’n)(f (]+1) fX( )) 2%?)%)

j=lan]

Note that

> [ (G - ) o= [ (R - ) e

fbn] 1

j=lan]
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and by (3.61)

[on]—1 . 4 3
66r,7(J,m) | 14MN M M°n
> (T m) =0l )
j=lan]
Finally, by Cauchy-Schwarz,
[on]—1 -
20 ,n ; ;
py) )
j=lan

[bn]—1 [on]—1

§< > W)W( > (fX(jJ,;l)—fX(i))ym,

j=lan] j=lan|

and using (3.61) and the fact that f € G3,, we see that

[bon]—1

25M,T(]7n) j+1 j . M5/2 M2n1/2
'ZL:J\/TL(fX(n)_fX(n))—O(nl/4 + i )
j=lan

Combining these estimates completes the proof.

3.B. Proofs of compactness and semicontinuity

3.B.1 Compactness of G}, ,: proof of Lemma 3.36

The proof of Lemma 3.36, which says that for any F C E? we can cover F N G?M,T
in a nice way with small balls around piecewise linear functions, is straightforward.

We directly construct piecewise linear approximations to an arbitrary function within

FOGiyr-

Proof of Lemma 3.36. Suppose that T > (4Mn)%/? and take h € F N G?M,T'

define a function g € PL2 by interpolating linearly between the values

g(i/n) = [n*h(j/n)|/n* ~j=0,1,....n.

Then clearly
A, (g,h) < 1/n>.

We claim that d(g, h) < 1/n. To see this, take s € [0, 1], and then fix j € {0,1,...

such that s € [j/n,(j +1)/n]. Then

and
g(s) > g(£) > h(L) = 1/n”

which, by the definition of d, establishes the claim.

Next we claim that g € G3,,. Since h € G3, ; we know that for any j = 1,2, ...

i_ -2/3 ~ ; < l —2/3
- —oT _h(]/n)_M(n+2T )
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and since T' > (4Mn)3/? we obtain

j j—1/2 . Mj+1/2 2Mj
< < h < < .
2Mn — Mn — (]/n)_ n - n

But h(j/n) — 1/n* < g(j/n) < h(j/n) so

<
2Mn n? — n

and since n > 4M, j/(2Mn) — 1/n? > j/(4Mn), which, given that g interpolates
linearly between these values, proves the claim.

Since the functions g created in this way can take only finitely many values (namely
integer multiples of 1/n? with a maximum of at most 2M) at the times 0,1/n,2/n, ..., 1,
and interpolate linearly between these values, there are only finitely many possible such

functions, and therefore the proof is complete. O

3.B.2 Partial lower semi-continuity of K: proof of Proposition 3.33

To complete the proof of the lower bound in Section 3.3, we need to prove a partial semi-
continuity result about K, which was stated in Proposition 3.33. We begin with a useful
lemma which states that given continuity, convergence under d implies convergence
pointwise.

Lemma 3.45. If f € E is continuous at s and d(fn, f) — 0, then fn(s) — f(s).
Moreover, if d(fn, f) — 0, then f,(1) — f(1) (regardless of whether f is continuous at

1).

Proof. Fix € > 0 and s € [0,1] such that f is continuous at s. Then we can find § > 0
such that |f(u) — f(s)| < €/2 for any u € [s — d,s + 6] N [0,1]. Choose N such that
d(fn, f) < (g/2) A0 for all n > N. By the definition of d, this means that

f(s=06)v0)—e/2< fu(s) < f((s+6) A1) +e/2.
Then we have
F(s) = < fl(s = 6)V0) = /2 < fuls) < fl(s+0) A1) +2/2 < f(s) +¢

and since € > 0 was arbitrary, we have shown that f,(s) — f(s).

For the second part of the lemma, simply note that by the definition of d, if
d(fn, f) <& then [fn(1) — f(1)| <e. M

We now show that when f,, is the piecewise linear interpolation to f, the cross-terms
that appear when multiplying out the quadratic terms in K satisfy a semicontinuity

property.

Lemma 3.46. Suppose that 0 < a < b < 1 and that f € G3, for some M. Let f, be
the function in PL,, constructed by setting f,(j/n) = f(j/n) for each j =0,...,n and
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interpolating linearly. Then

linnigf/ VR Uas d5>/ VEx(F(5) S (s)ds

where we write frn(s) = (fa,x(s), fa,y(s)).

Proof. We carry out the proof when a = 0 and b = 1; the general case follows by
including 1ys¢fq,p)y throughout.
Note that

[ G s s
= /01 > 1{86[%%)}\/1%;(%(5))\/n(fn,x( 5= fax(5H))ds
i=1

- /1 i 1{36[%1%)}\/R}UR(S))\/”(J"X(%) — fx(=1))ds
Z/ Z]l{ e[izl, iy} inf Z]\/RX fulu \/n(fX(z) (1)) ds

e[’

Since f is continuous almost everywhere, by Lemma 3.45, f,,(u) — f(u) almost every-
where. Since f is M-good, and R% is continuous away from 0, R% (fn(u)) = R%(f(u))

for almost every u € [0, 1]. Since f is differentiable almost everywhere, we deduce that

the integrand above converges to \/R% (f(s)) f% (s) for almost every s € [0, 1]. It is also
bounded above by

s) = ; ]l{se[inl,jl)}M<n(fX (%) fX(Z — 1)) + 1>

which is integrable and whose integral equals M (fx (1) 4+ 1) for each n, which is also

the integral of lim,_ o F,(s). Therefore, by the generalised dominated convergence

theorem, the integral converges to

/01 \/R}(f(s))fég(s) ds

and the proof is complete. ]

It is then a simple task to prove Proposition 3.33, which shows that K (f,0,t) can
be bounded above by taking piecewise linear approximations to f.

Proof of Proposition 3.33. By (3.3), for any f € E?,

K (f,0,t) = /R* ds+2f/ VR () fi(5)ds — fx(2)

+2v2 /0 R ) Fr()ds — fr()
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It therefore suffices, by symmetry, to show that

lim sup /0 RE(fuo)ids < [ RO (G5,

n—o0

hnrgiogf/ VR Uas d5>/ VR (F(5) S (s)ds

limsup fp x () < fx (1)

n—oo

and

The first of these statements follows from Lemma 3.45 and the continuity and bound-
edness of R* away from 0, using the fact that f, and therefore f,, is good. The second
follows from Lemma 3.46. For the third, we observe that since f is increasing and

right-continuous,

Frx (1) < fx (B) = fx (1),
which completes the proof. O

3.B.3 Upper semi-continuity of K: proofs of Proposition 3.37 and
Corollary 3.38

The following consequence of the Cauchy-Schwarz inequality is the key to proving
Proposition 3.37.

Lemma 3.47. Suppose that 0 < a < b < 1 and f,f, € G3; for all n. If f is
differentiable on [a,b], and d(f,, f) — 0, then

liﬂs;ip/ \/R* (fu(s ds</ \/R* (s)ds

where we write f, x for the x-component of f,.

Proof. We carry out the proof when a = 0 and b = 1; the general case follows by
including 1ys¢fqp)y throughout. By the Cauchy-Schwarz inequality, for any m € N,

/ VAxUnls dS—Z / RGN x)ds

< i (/ :/Z/m r(hoas) [ o) "
m ijm ) 1/2 w12
(1 ms) )~ hr(5)

where the last inequality is not an equality since we do not know whether f,, x is
absolutely continuous. Since f is continuous, by Lemma 3.45 we know that f,(s) —
f(s) for every s. Thus, using that f, f, € G2, and R is continuous away from 0, by

bounded convergence the right-hand side above converges to

i/m 1/2 i i—
/(A_l)/me(s))ds) (e (D)= e (54))”

(]

m

>

=1

100



which is at most

il( sup,R}(f(u»)l/Z(m(fx(;) fX(Z‘l))f/z. (3.71)

m _
im1 M \uel=l 1

We claim that (3.71) converges, as m — 00, to fol VRY(f(5))f(s)ds. To prove this
we can follow almost exactly the same argument as in the proof of Lemma 3.46, writing
(3.71) in the form

[ 3

) ( sup R}(f(u»)l/?(m(fx(;) fx(z_l)))1/2ds

ue[ ]

and applying the generalised dominated convergence theorem since the integrand eval-

uated at s converges as m — oo to /Ry (f(s))fy(s) for almost every s € [0,1], and

can be bounded above by

5) = ;1{%[%“M(m(fx(;> _ fX<i;L1>> + 1).

This completes the proof. O

The next step is to extend the previous lemma to functions that are not necessarily
continuous.

Lemma 3.48. Suppose that 0 < a <b<1 and f, f, € G2, for all n. If d(fn, f) — 0,

th(?’fl
n—r00 / \/ / \/ )

where we write f, x for the x-component of f,.

Proof. Fix € € (0,6M). Let S C (0,1) be the set of points (in (0,1)) at which f is not
differentiable. Since f is increasing, S has zero Lebesgue measure, and can therefore be
covered by a finite collection (s7,s7), ..., (sy,sk) of open intervals whose total length
is at most e2/M3. Let 8" = |JN,(s;,s5). Then by Lemma 3.47, since [a,0] \ S' is a

finite union of closed intervals on which f is absolutely continuous, we have

lim sup / R (fn(s s)ds < / R%( ds
n—o0  J[a,b]\S’ \/ X [a,b]\S’ \/ )

<[ \/R}(f(s)) (s,

It therefore suffices to show that

n—00

limsup/ \/R}(fn(s)) nx(s)ds <e. (3.72)
[a,b]NS’

However, since f,, € G?\/[, we have

/ VBN T 6lds < [ [ (o),
[a,b]NS’ [a,b]NS’ ’
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and by Jensen’s inequality, this is at most

1/2
" ““’””S'W[ b]ns,fé,xwds) < MV[81(fnx(8) = fax (@)

where |S’| denotes the Lebesgue measure of S’. Since f, € G3,, this is at most
M3/2,/|8"|, which is smaller than e by construction. Thus (3.72) holds and the proof

is complete. ]

The proof of Proposition 3.37 is now a simple consequence of the results above.

Proof of Proposition 3.37. We use the alternative form of K mentioned in (3.3), i.e.

6 (4
R(1.0.0) = = [ R()as+2V2 [ RGO fois

0
123 /0 R (F() fr(s)ds — fx(0) — fr(6). (3.73)

Since either f is continuous at 6, or § = 1, by Lemma 3.45 we have

Jnx(0) + foy (0) = fx(0) + fr(0).

Since f is continuous almost everywhere, by Lemma 3.45 and the continuity of R* away
from 0 (using the fact that f,, f € G3,), we have

0 0
/ R*(fa(s))ds —>/ R*(f(s))ds.
0 0
The result then follows from Lemma 3.48 and the symmetry between the X and Y
components. [

Corollary 3.38 follows easily from Proposition 3.37.

Proof of Corollary 3.38. For each n € N, take f, € By(F,1/n) N G3, such that

K(fnuovl)z sup R(fa()?l)_l/n
FEB4(F,1/n)NG3,

By Lemma 3.36 we know that G?M,T is totally bounded, and since G%, C G%M,T and is
closed, and (E?, d) is complete, we deduce that G?M is compact under d. Therefore there
exists a subsequence (fn;);j>1 such that d(f,,, fos) = 0 as j — oo for some foo € G3;.
Since d(fn;, foo) — 0, and F' is closed, we also have f. € F'. By Proposition 3.37

hmsupk(fn]w()? 1) S K(fOO7O7 1)

Jj—o0
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Then by our choice of fy,

lim sup sup K'(f,O, 1)
=00 feBy(F,1/n;)NG3,

< limsup(K (fn;,0,1) +1/nj) < K(fo,0,1) < sup  K(f,0,1)

Jj—oo fEFNGE,

which completes the proof. ]
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Chapter 4

A small deviations result for the unscaled paths

of random walks

4.1. Introduction

In many applications it is of interest to estimate the probability that the path of a
process is close to a given function. In this chapter, we consider this problem for a
compound Poisson process (X (s), s > 0) starting from the origin, which jumps at rate
r and has jump distribution ¢ satisfying E[e"l¢]] < oo for some 1 > 0.

Let L > 0, p,q € [—1, 1] with p < g be constants. We define Ly := LTY3, but our
proof in principle could be extended to Ly = LT7 with v < 1/2. We determine the
behaviour of

Po(|X (s) — Fr(s)|< Lt ¥s € [0,T], X(T) — Fr(T) € (pLr, qL7))

when T is large, for a specific class of functions. We assume that Fr : [0,00) — R is of
the form Fr(s) = zs + Gr(s), where z € R is a constant independent of T', Gr(s) =
G(s) — xp is a twice differentiable function such that G(0) = 0 and zp € (—Lp, L7)
satisfies /T3 — x, with z € (—L, L).

We stress that GG is a function independent of T and satisfies some extra properties,
which we postpone for now, but essentially require that |G’| decreases fast enough at
large times. Our result can also be extended to the case in which L, p and g depend
on T', but converge to constants as 1" tends to infinity.

The greatest challenge in this work is that we consider tubes centred about functions
with a nonlinear component. Using a standard change of measure, we can deduce the
result from Mogul’skiii [38] in the case F'(s) = zs. As we have mentioned in Chapter 1,
in the proof of Theorem 1.3 the problem is reduced to estimating the probability that
a process with mean zero stays in a strip of constant width around the zero function,
and this is not strongly affected by the position at which the process starts and ends at
the beginning and at the end of the interval. However, this is no longer the case when
F(s) is nonlinear.

Our proof is based on a Brownian motion approximation on smaller intervals cov-
ering [0,7]. This way, we translate our problem into the estimate of probabilities that
a Brownian motion lies in a tube about a given function, which is a much simpler task.
By putting together the approximations on the smaller intervals we find our result on
the probability that X (s) stays near Frr(s) on [0,7]. We now introduce our definitions
more formally.

Let Ty = T'/37¢, with ¢ € (0,1/3).

We split [Ty, T] into Ny := |T'/37¥] intervals for v € (0,1/3), so that each interval
has length Ay = (T — Tp) /Ny satisfying limy_,o Ap /T30 = 1.

These choices for Ty and Np are motivated by the fact that we are considering
the probability that a process stays in a tube of width L7, and the Brownian motion
approximation of a compound Poisson process is accurate when the length of the time
interval, divided by the square of the tube width, tends to infinity. In our case, this
means that we need Ar/L% — oo. This condition is satisfied for any N smaller
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than |T'/377], even Ny = 1, and in fact for some choices of G(s) our theorem could
be proved without splitting [Tp,T] into smaller intervals. However, some technical
conditions on G(s) are needed to make the Brownian approximation precise, which are
only required locally on each interval, so that having a large number of them ultimately
allows to consider a wider class of functions. More details about this will appear later,
in Section 4.7.

On a different note, we will need a different argument to estimate the probability
that X(s) — zs stays near Gr(s) at small times, up to time Tp. Using the fact that
G(s) does not grow wildly, we will bound from below this probability using the fact
that Ty is much smaller compared to the tube width, which is guaranteed by our choice
of Ty = T3,

We can now state the properties required on G(s), which we need in different
parts of our proof. These assumptions ensure small errors in the approximation of the
probability that X (s)—zs stays near Gp(s) with the probability that a Brownian motion
stays near G (s) on each interval of length A, and also guarantee that combining these
errors on the smaller intervals gives an error which is small enough.

We assume that it is possible to find a sequence dr € (0,1) with limgp_,o 07 = 0,
such that

ar x| _or,

- . log(T)
lim 62Ny = oo, 1 —0 d’ _z
W g o =00 I Tsy ~ 0L T IS T

1
(i) lim — sup |G'(s)|=0;
T—00 0T s¢[Ty,T)

Nt
. / N,
(iii) lim /67 E_l |G'(T5)|= 0;

1 (5

G'(s)%ds = 0;

(iv) lim  sup
T—oo 1<i<Ny LToT J1,_,

T
(v) lim |G"(s)|ds = 0.
T—o0 TO

We state the following property separately for future reference, since some of our
results, in particular Proposition 4.12, will require this assumption:

(vi) there exists a constant M > 0, independent of T', such that |G'(s)|< M Vs > 0.

Note that this is a consequence of (ii). Indeed, (ii) implies that there exists a constant
M’ > 0 independent of T such that

sup |G'(s)|< M'6p.
SE[TO7T]

This in particular gives that |G'(T)|< M'ér and so limy_|G'(T)|= 0, from which
(vi) follows using that G is continuously differentiable and independent of 7.

The requirements on G(s) implied by the assumptions (i)-(v) seem to be implicit.
To clarify this, we mention that one of the possible applications of our result is related to
the problem of the consistent maximal displacement, that is, to determine how closely
the particles in a branching system can travel to the path of the rightmost particle.
This problem has been considered for example in [27] for branching random walks and
in [40] for Branching Brownian motion. Existing results can be refined by showing that
there are particles above curves that are very close below the rightmost particle path,
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for example above curves of the form zs — bs®.

With this in mind, we show that when G(s) = (s+1)® with a € (0,7/10], it is possible
to choose 7 in such a way that the assumptions (i)-(v) are satisfied. We postpone this
discussion to Section 4.7 at the end of the chapter and we now proceed towards the
statement of our main theorem.

Define ¢(\) = E[e*¢] and let

A(z):= sup {Az—logE[eMW]} = sup {rz—rop(\) +7}
Arp(A)<oo At p(A)<oo

be the usual large deviations rate function. Denote by A(z) the value of A for which
the supremum is achieved, so that

A(z)=Az)z —rd(A(2)) + 7

and \(z) satisfies ¢'(\(z)) = z/r.
Let D be the space of cadlag functions H : [0,00) — R. For F € C%(]0, 00), R), let

B(F,L,a,b)|juy={H € D :|H(s) — F(s)|< L Vs € [u,t], H(t) — F(t) € (aL,bL)}.

Theorem 4.1. Let Fr(s) = zs + G(s) — xp where G(s) and xp satisfy the properties
(1)-(v). If z > rE[£] then

) 1
lim — <log Po(X € B(Fr, L1,p,9)|j0,1)) + A(2)T

T—o0 T1/3
T ! s 2 71-27‘ /! z
@AM - [ S as) = xee -pry - TG RE

If z < rE[¢] the same result holds but replacing pL with gL on the right-hand side. If
z = rE[¢] the same holds with A(z) = 0, A(z) = 0 and ¢"(\(2)) = E[£2].

An identical statement to Theorem 4.1 holds for a discrete time random walk.

Let Ag(2) = Ag(2)z — log ¢(Ag(2)) where A\, satisfies ¢'(A\g(2)) = z. For u,t € N let
By(F,L,a,b)|ug=1{H € D: |H(k)—F(k)|< LVk € [u,t]NN, H(t)—F(t) € (aL,bL)}.

Theorem 4.2. Let S, =& +...,&, n € N with & ~ &. Let F,(s) = zs + G(s) — zp,
where G(s) and x,, satisfy the properties (i)-(v). If z > E[{] then

1
hm —_— (IOgPO(S € Bd(Fan,pa q)

n—oco n1/3

0,n]) + Aa(2)n

1" G'(s)? m°r¢" (Ma(2))
Ai(2)G(n) — = ————ds | = A —plL) — ————.
PG00 5 [ ds) = - o) - T
If z < E[¢] the same result holds but replacing pL with gL on the right-hand side. If
z = E[€] the same holds with M\g(z) =0, Ag(z) = 0 and ¢"(\a(2)) = E[£2].

We only prove Theorem 4.1, but the proof of Theorem 4.2 is identical and in fact
simpler because the discretisation argument to transform Y '(s) into a process in discrete
time from Lemma 4.12 is not necessary.

The remaining of the chapter is structured as follows. In Section 4.2.1 we deal with
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the linear term zs with a standard change of measure, thereby reducing our problem
to estimating the probability that a process Y (s) with mean 0 stays near G(s) — zp.

In Section 4.2.2 we prove some elementary estimates about the probability that a
Brownian motion stays in a tube about a given function.

In Section 4.3.1 we show how to split the probability that Y (s) stays near G(s)—xrp
in [0, 7] into probabilities on smaller time intervals.

In Section 4.3.2 we approximate each one of these with the probability that a
Brownian motion stays near G(s) — xp, using the Komlés-Major-Tusnddy Theorem.
Proposition 4.13 in Section 4.3.3, in which we split the probability that Y'(s) stays near
G(s) —zr on [0,T] into probabilities that a Brownian motion stays near G(s) — z7 on
smaller intervals, will be at the core of the proof of Theorem 4.1.

In Section 4.4 we give some technical results on how to combine together terms
coming from different intervals. Finally, in Sections 4.5 and 4.6 we prove the upper
and lower bound of Theorem 4.1, respectively.

4.2. Elementary bounds on compound Poisson processes
and Brownian motion

4.2.1 Changing the measure to deal with the linear component of F

The probability that a compound Poisson process stays near a linear function zs can
be easily addressed with a Girsanov-type change of measure, so that under the new
probability measure the process has drift zs.

For s < T, let F be the filtration generated by the process (X (u) : u < s). Define
a new measure by

Az
AQD | AOXEO 0D e 0,7]. (41)
dP |z
Lemma 4.3. Under Q") (X(s),s > 0) has mean zs and variance ¢"(\(z))rs. In

particular, if we let
X(s)—zs
§>0

Vid' A=)

then Egrs [Y(j +1) = Y (5)] = 0 and Egas [(Y(j + 1) = Y())?] = 1 for every j € N.

Y(s) = (4.2)

Proof. Let S;, =& + -+ &,, n € N be the sum of n independent copies of £. Con-
ditioning to the number of jumps of X (s) up to time s and using the independence of

the increments, we get

Egae) [X (s)] = Ep [ EX()=rssAED+7s x ()]

= i Ep [6)\(2)571 Sn] 6_7"5¢(>‘(2))+7"86—rs (’I“S)n

n=0 n!
= i nEp [} Bp [}2)E] " e 0(A=) (rs)"
n=0 n!
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Noting that Ep [e**)¢¢] = ¢/(A(2)), the above gives that

3

S (rs)

Egai) [X (s)] = Znqb’()\(z))gb()\(z))n—le—rsq&()\(z))

n=0

n!

and since \(2) satisfies ¢'(A(2)) = z/r, we have that Ega:) [X (s)] = 2zs. Similarly,

z S)—Trs s Z n —Ts z 7’3"‘
Eqao [X(5)?] = Ep [ X ()-rs60) 4 ZEP (2150 §2] =790 >>(n!).

Using that

Ep[eN®% 2] = ZE @5 e2] 423 "Ep[eMPng ]

1<j
— nEp [ Bp [ 4 n(n — DEp [XPE¢]*Bp [XPE] "2
=n¢" (A(2))$(A(2)" ! +n(n — 1)¢'(A(2))*(A(2))" 2.

Substituting this, we obtain

— n 1 7rs¢> z (Ts)n
Egvo [ = o ))m
n=1
- n—2_—rsp(A(z)) (Ts)n
Z (2))" " (n—2)!

n—=

— ¢"(A(2))rs + ' (M(2))2(rs)?,

50 Egacs) (X (s)?] - Egae [X(5)]?2 = ¢"(A(2))rs. From the definition of Y(s) in (4.2), it
is clear that Ega)[Y(4)] = 0 for every j € N. Since

Egro [Y(i + DY ()] =Epn (Y +1) =Y () +Y(5)Y ()]

=B [V +1) =Y ()] Ege) [Y ()] +Egren [Y(4)?]

=Ega» [Y()?]

and

Egae) [(X(5) — 24)?] _ B (X)) — Egra [X (5)])?] _
ré" (M=) ré"(\(2)) g

Ego [Y(5)?] =

we can conclude that

Egao [(Y (G +1) = Y (5))°]
=Ep [Y( + D] +Epe) [Y ()] = 2B o [Y G+ DY ()] = G+ 1) +j - 2j=1.
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This completes the proof. O

Since Ep[X (s)] = rsEp[{], when z = rEp[¢] the process (X (s) — zs, s > 0) already
has mean 0 under P. In this case, it is easy to see that A(z) = 0, ¢(A(2)) = 1, ¢'(A\(2)) =
Ep[€] and ¢ (\(2)) = Ep[€2]. Therefore, from (4.1), we deduce that Q**) = P. In this
case, Lemma 4.3 still holds, although there is actually no change of measure involved.

The next lemma uses the change of measure introduced in Lemma 4.3 to transform
the probability that X (s) stays in a tube about Fr(s) = zs+ Gr(s) into the probability
that Y(s) stays in a tube about a rescaled version of Gp(s), under the new probability
measure Q)‘(Z).

Lemma 4.4. Recall that Fr(s) = zs + Gr(s), where Gr(s) = G(s) — xp. Define
Gr(s) = Gr(s)(ré"(\(2)))? and Ly = Ly (r¢"(M(2))) /2.
If z > rE[¢], for any € > 0 small enough
exp (= A(2)T = M=) (G(T) — ar + (p+€)L1)) Q7 (Y € B(Gr, Ly, p,p+¢)
<Po(X € B(Fr, Lr,p,q)|o,1)
< exp (= A(2)T = M)(G(T) = 2 + pL)) Q' (Y € B(Cr, Lr,p,)|jo.11)

1)

and if z < rE[], for any € > 0 small enough

exp (= A(2)T = M2)(G(T) — 21 + (¢ + &) L)) Q7 (Y € B(Gr, Lr,q —,0)0.17)
<Po(X € B(Fr,Lr,p,q)ljo.1)
< exp (= A(2)T = A2)(G(T) — r + qLr)) QP (Y € B(Gr, Lr,p,q)lo.1)-

When z = rE[¢],
Po(X € B(Fr, Lt,p,q)ljo1]) =Po(Y € B(Gr, L, p, @)ljo,m)-

Proof. Let Ap={X € B(Fr, Ly,p,q)|jor}- We note that ¢/(0) = Ep[¢] and ¢"(X) =
E[e*¢%] > 0 VA € R. Since A(2) satisfies ¢/(A\(2)) = z/r, then A(z) > 0 if and only if
z > rE[¢]. Tt follows that when z > rE[¢], since X (T') > 2T+ G(T) —xp + pLr on Ar,
then

Po(Ar) = Q" [exp (= AM2)X(T) + 1T (p(A(2) — 1)) 1a, ]
< exp (= A(2)(2T + G(T) — wr + pLr) + rTH(A(2)) — rT) Q) (Ar)
= exp (= A(2)T = A(2)(G(T) — o7 + pLr)) Q¥ (Ar).

Recalling the definition of Y(s) from Lemma 4.3, we can write
Az Az 5 7
Q)7 (Ar) = QW (Y € B(Gr, L1, p, a)ljo,1)»

so the upper bound is proved. For any € > 0 let A%, = {X € B(Fr,Ly,p,p+ E)|[07T]}.

Then the lower bound can be proved in the same way using that

Po(X € B(Fr, Lt,p,q)ljo1)) > Po(A7).
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The case z < rE[¢{] is analogous, and when z = rE[{] we already noticed that there is

no change of measure, the drift is already 0 so the only effect is dividing all quantities

by /r¢"(A(2)) = V/rE[E?]. a

From now on, we denote by QQy the probability measure Qé(z) and all the results
we present involve the process Y (s) under Qp. We will switch back to X (s) when we

prove Theorem 4.1 in Sections 4.5 and 4.6.

4.2.2 Detailed estimates for the probability that a Brownian motion

stays in a tube about a function f

In this section we prove some sharp estimates for Brownian motion, most of which can
be almost directly deduced from [40], although we give here more explicit error bounds.

Our first lemma concerns the probability that a Brownian motion starting from z
stays in a symmetric strip of constant width L up to time ¢.

Proposition 4.5. Fizz € (—L,L) and —1 < p < q < 1. There ezists a constant C > 0
such that if t > 8L?

7T2t q 7T2t
(e 8L2 COS (;Tlx/) /p cos (%) du) (1-Ce %)
< ]P)x(B(S) € (_L7 L) Vs € [Ovt]a B(t) € (pLaqL))
7\'2 q 7\'2
< <68L5 cos (g;) / cos (%) dy> (1+ CeiT?t).
Proof. From standard results (see for example Problem 1.7.8 in [34]) we have that

P.(B(s) € (L, L) ¥s € [0.1], B(t) € (pL.qL))
ni.él e 2525 sin (%)2 cos (%) /pq cos (WTW) dv.

Since all the even terms are zero, this can be rewritten as

Py (B(s) € (=L, L) Vs € [0,1], B(t) € (pL,qL))

) B q
Z e 2]€+1 28L§ cos 7['(2]{3 + 1)1: / cos 7T(2k + 1)V dy
2L g 2

k=0

2 q
=e 8Lé cos (?)/ cos (%) dv
P 2 1 q 2 1
Z eer2t o (T(2k+ 1)z / cos [TEEA DV
2L , 2

k=

The lemma is proved if we show that there exists a constant C' > 0 such that

00 . q
Z —(2h41)2 T8 % b cos m(2k+1)x / cos m(2k+1)v v
2L g 2

k=1

2

<Ce 1% cos (;ri) /q cos (%V) dv. (4.3)
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Using that for every kK > 1 and o € (—1,1)

cos (W) ’ < (2k +1) cos (%)

we obtain

oo i q
Z —(2k+1)? 8Lt cos m(2k+1)x / o8 m(2k 4+ 1)v v
2L g 2

k=1
> 2k +1 q 2k 41
<3 R | <7T<k‘+>fv) / cos <7T<’f+>V> v
] oL , 2
i 2k +1) 2e” 2"’“)255) cos (7737) /q cos (W—V) dv
— 2L 2
When t > 8L?,
o " 2 o 71—
SO(2k + 12 TS 290N 1S 2k 4+ 1)% R
k=1 k=2
<9+Z (2K + 1)%e (BFHD* =955 )
k=2
7\,2
EZ) <9+Z (2k + 1)2e 4 2) < Ce 7
This proves (4.3) and completes the proof. O

We now extend Proposition 4.5 and consider the probability that a Brownian motion
lies in a tube of constant width centred about a given function f. Again, the proof is
adapted from [40], but we give explicit error bounds.

Proposition 4.6. Let (B(s), s > 0) be a standard Brownian motion. Let x € (—L, L)
and f : [0,00) — R be a twice differentiable function such that f(0) = —x. If f'(t) >0
then

oS OaL =4 [ f()%ds -/ (O)a— T~ [{17(5) |ds( C Ce L2 COS /
<P(B(s) = f(s) € (-L,L) Vs € [0 t], B(t) - f(t) € (pL qL))
< o T OPL=L J§ £/(9)%ds+ O)a- 25+ L [S11( (14 e L2 ) cos ( / cos

If f'(t) < 0, the same inequalities hold but swapping f'(t)qL with f'(t)pL

Proof. The proof is a standard application of Girsanov’s theorem, combined with

Proposition 4.5. Define a new measure P, by

(ZEI; el 'OBEI=3 [ 16Pds 5 € [0,4).

Under P,, the process B(s) = B(s) — f(s), s € [0,t] is a Brownian motion starting
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from z. Let

Ay :={B(s) € (-L,L) Vs € [0,t], B(t) € (pL,qL)}.

Then
Bo(Ar) = Ep [eho /OIBCE-3 1600y ]

We write the exponential martingale in the change of measure in terms of B. The

stochastic integration by parts formula gives that

/f dB(s /ﬂ

Substituting B(s) = B(s)+ f(s) for all s € [0,] and using that (from the deterministic

integration by parts formula)

/ () f(s)ds = /(O F(t) + f(0)z — / f'(s)2ds,
0 0
we get

/Ot f'(s)dB(s) = f'(t)B(t) + / f"(s)B(s)ds — /Ot £(s)f(s)ds

/ f"(s)B(s)ds — f'(0)x + /Ot f'(s)%ds

This, together with the bounds on B on the event A;, gives that

- e
= Ep [ef/(w (-7 O PP Bt} i PPy

> o (OPL=1'O)a=L 11" (9lds+} [§ /(5 %dsp( 4,).

The upper bound on P(A;) follows by estimating P(A;) with Proposition 4.5. The

proof of the lower bound is identical. ]

In [40], Proposition 4.6 is extended even further, to the case in which the tube has
width L(s), which varies with time. The result with tubes of constant width is enough
for our purposes, so we refer to [40] for further details.

We introduce more notation, which will be more convenient later on in our proofs.
Until the remaining of this section, (B(s), s > 0) is a standard Brownian motion

and H : [0,00) — R is a twice differentiable function such that H(0) = —w, where
€ (—L,L).
For a,b € [—1,1] with a < b define
L if H(t) >0 bL if H'(t) >0
O (H,Lab)=1{"" " ®) 07 (H,L,a,b) = it H(t)
bL if H'(t) <0 aL if H'(t) <0
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Define also

n;:t(H,w,L,a, b)

1 ! / 2 / 7r2(t B u) + ! ! 11
=~ | H'(sds + H'(wpw — "5 = 07 (. La,)H'(t) + L | |H"(s)]ds,
ﬁlzt(H,w,L,a,b)
1 t 2(4 t
= —2/ H'(s)2ds + H' (u)w — ”gp“) — 0, (H,L,a,b)H'(t) - L/ \H" (s)|ds

and

I'(y,a,b) = cos (%y) /b cos (%)du.
a

We can rewrite Proposition 4.6 as follows.

Proposition 4.7. Let t > 0 and a,b € [—1,1] with a < b. There exists a constant
C > 0 such that

exp (ﬁat(H, w, L, a, b))F(w/L, a, b)(l — C’e_wzt/LQ)
< Qo(|B(s) — H(s)|< L Vs € [0,t], B(t)— H(t) € (aL,bL))
< exp (Iﬁ}g:t(H,’w, L,a, b))F(w/L, a, b)(l + Ce*WQt/LQ).
We notice that the previous proposition gives a sharp estimate for the probability
that B(s) stays near a flat function H(s) = —w only when t/L? — co. When t/L? — 0
instead, B(s) stays near its starting position with probability close to 1. We make this

assertion precise in the next lemmas, which we will need later, in Section 4.6, when we
prove the lower bound of Theorem 4.1.

Lemma 4.8. Let x € (—L,L) and € > 0 such that —L +cL < x < L —eL. Then

QB L s € 0.1, 1B6) — sl eL) 21— (Y2 ) e ()

Proof. Using that —L + ¢ < © < L — €L, by standard properties of the Brownian

motion we have

Q. (|B(s)|< L Vs € ]0,t], |B(t) — xz|< L)
> Q.(|B(s) —z|< eL Vs € [0,t], |B(t) —x|< eL)
= Qo(|B(s)|<eL Vs €[0,t])) =1—Qy(Is € [0,¢] : |B(s)|> eL).

From the reflection principle,
Qo(3s € [0,t] : |B(s)|> eL) <2Qp(3s € [0,t] : B(s) > eL) = 4Qo(B(t) > ¢L).

Using the tail estimates

L <1 - 12) exp (— %) <QW >w) < ! exp (— %) (4.4)

w21
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where W ~ N (0, 1) and w > 0, we obtain

4Qo(B(t) > L) < \;(\f) exp (—i?) . O

It is easy to extend the previous lemma to the probability that B(s) is near a
function H(s) with a Girsanov change of measure:

Lemma 4.9. Let x € (—L,L) and € > 0 such that —L+¢eL < x < L —eL. For any
H :[0,00) = R such that H'(t) > 0,

QZ<B €B(H,L,%—¢,% +€)|[0,t]>

> exp (—H’(t)(:c+€L)+H’(O)x—L /Ot]H”(s)]ds—; /Ot H’(s)2d8> (1_

22t L2
e 2t )
Vel

Proof. Define a new measure Q, by

dQ,
dQ,

B [P g e o 4],

t

Under Q,, the process B(s) = B(s) — H(s), s € [0,1] is a Brownian motion starting

from z. Let
Ay :={B(s) € (-L,L) ¥s € [0,t], B(t) € (x —eL,x +<L)}.

Then, with the same steps as in the proof of Proposition 4.7 we can show that
R t 1 t
Qo) < exp (') + <L)~ B0 + L [ (B (5)ds+ 5 [ H'(sas) (0.
0 0
Estimating Q,(A;) with Lemma 4.8 gives the result. O]

4.3. Proof outline for Theorem 4.1

4.3.1 Splitting [0, 7] into smaller intervals

As we anticipated in Section 4.1, our proof consists of splitting [0,7] into smaller
intervals, on which we approximate the compound Poisson process with a Brownian
motion. The next lemma shows how we split the time intervals, going backwards and
separating the final part.

For a,b € [-1,1] and € < (b — a)/4 define

+ B a—¢ b+e
B& (HvLaa7 b)|[0,t]_ B(Hv (1 +5)L7 1+ 1 +€>’[O,t] (45)
and L b
_ a+e b—c¢
Be (H7L7a7 b)’[o,t]—B(Hv(l _g)L’E’E)‘[O,t]' (4-6)

Lemma 4.10. Denote by Qq the probability measure @é(z) defined in Lemma 4.3. Let
a,b € [-1,1] and n € N such that 1/n? < (b — a)/4. Define k;F = (k +1/2)/n? for
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ke {-n?...,n>—1}. Let
GER(t) = G(t + Timt) — G(Ti—1) — ki Ly
fort € [0,T; —T;—1] and i € {1,...,Np}. Then

Qo(Y € B(Gr, Lt,a,b)|j0.1])
n?—1

< Z Qo (Y € B(Gr, Lt s, %)‘[O,Ti_l]>(@0(y € Bii_/(2n2)(G§,;}L’LT7a’b)’[O7AT])

k=—n?

and

QO (Y S B(GTa LT7 a, b) | [07T’i})
n%2-5

> Z QO (Y € B(GTaLTa%7%)|[0’Ti71]>(@0(y € Bl_/(QnQ)(Gﬁ;]’?aLTvaa b)’[O,AT])
k=—n2+4

Proof. We let I, := (kLp/n?, (k + 1)Ly/n?) for k € {-n?,...,n? — 1} and write

(=Lp, L7) as the disjoint union UZZZ__ITLQ Ij.. Splitting the last time interval we obtain

Qo(Y € B(Gr, Lt,a,b)|0.1,)
n?2—1

< 3 (Y eBOr.Lr. . 5 o, )

k=—n2

- sup Qc(1y_1)+2 (Y € B(Gr, L, 0,b) |17, 1))
zEl}

Using that |x — k" Ly |< Ly/(2n?) for every x € I, and stationarity,

Sg}) QG(TZ_l)-‘rCE(Y € B(GT’ LT? a” b)‘[Tl_l,Tz])
rClp

< QG(Tifl)Jrk?zLLT (Y S Bi’_/(Qng)(GTv LT) a, b)|[Ti71,Ti])
= Qo(Y € Bf_/@nz)(Gﬁg‘la Lr,a, b)’[O,Tz‘—Tiflw'

This concludes the proof of the upper bound. On the other hand, using that
inf @G(Ti71)+x <Y S B(GT, LT, a, b)’[Ti—lyTi]>
€l

Z QO (Y S B;/(QnQ) (Gi#7 LT7 a’? b)|[O,Ti—Ti_1})

we can prove the lower bound in the same way. O

4.3.2 Brownian motion approximation: the KMT Theorem

We now proceed with the approximation of Y'(s) with a standard Brownian motion
on each interval of length Ap. Under suitable rescaling, the Functional Central Limit
Theorem ensures that the processes converge in distribution. However, since the num-
ber of intervals depends on T', we need to quantify the error in this approximation.
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To achieve this, we use the Komlés-Major-Tusnddy theorem (KMT), which was first
introduced in [35], but we state here an equivalent version taken from [24]:

Theorem 4.11 (KMT). Let Zy,Zs,... be i.i.d. random variables with E(Z;) = 0,
E(Z1)? =1 and E(e?!1%1]) < oo for some 0 > 0. Let S(j) := Z1 + - + Z;.

Then for any T € N, it is possible to construct a version of S(j), j € {0,...,7} and
a standard Brownian motion (B(t), t < T) on the same probability space such that for

every z > 0,

Qo (maxlS() - BU)z Clogr +2 ) < Ke™
JIST

where C, K, i are positive constants which do not depend on 7.

We want to apply Theorem 4.11 with S(j) = Y (j), where Z, = Y(k) —Y(k — 1)
satisfies Egai-) [Y (k) = Y (k —1)] = 0 and Egao) [(Y (k) — Y (k —1))?] =1 for k € N,
from Lemma 4.3. The following lemma adapts Theorem 4.11 to the approximation of
Y (s) with a Brownian motion in continuous time.

Lemma 4.12. Assume that H : [0,00) — R satisfies |H'(s)|< M for every s > 0, where
M > 0 is a constant independent of T'. Then there exist two constants p', K' > 0, also
independent of T', such that

Qo(B € By;, (H, Ly, ar,br)|p ag) — K'e 7 Ero7
< QO (Y S B(H7 LT, ar, bT)|[[)7AT})
< Qo (B < BZ;:ST (H,Lr,ar, bT)|[0,AT]) + K/e_M/LT(STa

for every T' large enough, where ap,by € [—1,1] and dr is a sequence satisfying condi-
tions (1)-(iv) and such that 897 < by — ap.

Proof. In the first part of the proof we show that we can change the probability that
a Brownian motion stays near a function H(s) on [0,¢] into the probability that the
process is close to H(s) at discrete times up to ¢, with an exponentially small additive
error.

Let 7 = |[Ap].

For F, H € D, define d(F, H)|jo, o= max{|F(j) — H(j)|: j=0,...,7} and let

Bd(H,L,a,b)|[O7AT}: {F eD: d(Fvﬂ)‘[O,AT}< L, aL < F(T) — H(T) < bL}

and for € such that 8 < b — a define B;e(H,L,a,b)][O,AT] and By _(H,L,a,b)|jo,a,]
analogously to (4.5) and (4.6). We start by showing that if B(s) is a standard Brownian
motion, then there exist C' > 0 and v > 0 independent of T" such that

—uLTéT

Qo(B € B, 5. (H, L1, ar,br) 0.a7]) — Ce
< Qo(B € B(H, Lt,ar,br)ljo.A])
< Qu(B € B}, (H,Lr,ar,br)ljp.a.) + Ce . (4.7)
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Writing

Qo(B € By, (H, Lr,ar,br)ljo,a7])
< Qo(B € B(H, Ly, ar,br)ljo )
+Qo(3j <7, Iselj,j+1]:|B(s)— H(s)— (B(j) — H(j))|> Lrér),

we get the lower bound in (4.7) if we show that
Qo (37' <7, 3dseljj+1]:|B(s)-H(s) - (B() - H())> LT5T) < CeVhror. (4.8)
From a union bound and using stationarity, we get
Qo(Fj <7 Is €5 j+1]:|B(s) - H(s) — (B(j) — H(j))|> Lrér)

<3 Qu(3s€0,1): |B(s) — (H(s + ) — H(j))|> Lor)

j=0
<> Qo sup [B(s)|> Lror — sup [H(s + ) — H()).
=0 s€[0,1] s€[0,1]

We now have

sup sup |H(s+j) — H(j)|[<sup sup |H'(s)|[< sup [H'(s)|< M,
J<T 5€[0,1] J<T s€ljyj+1] s€[0,A7]

which is smaller than Lpdr /2 for every T large enough. Using this, together with the
reflection principle and (4.4)

Qo(3j <7, Is€ljj+1]:|B(s)— H(s) — (B(j) — H(j))|> Lrdr)

< 27@0(32%1?”\3(3)\> LT‘ST) < 87Qo(B(1) > LT;T)
2 2
< S (k)os (-

so since from (i) we have that limp_, 12§(57;) =0, (4.8) is proved.

For the upper bound in (4.7) we only have to check that the condition at the end

of the interval can be moved from ¢ to 7. From

Qo(B € B(H, Ly, ar,br)|jo,a7])
< Qu(B € Bjs (H,Lr,ar,br)ljo,a,))
+ Qo(3s € [r,t] : |B(s) — H(s) — (B(r) — H(7))|> Lrdr),

the result is proved by bounding the second term with the probability in (4.8).
We also note that (4.7) holds if we replace B(s) with Y (s). The only change in the

previous calculations for a Brownian motion is when we estimate

LT5T
27@0(821[31731]IY(8)|> 5 )
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Recall that the increment distribution & of X (s) satisfies Ep[e” €] < oo for some 7* > 0.
Note that Y(s), s > 0 is a martingale under Q(/)\(Z) and so the exponential of |Y(s)] is

a positive submartingale. By Doob’s maximal inequality, for any n < n*, we have

Qo sup V(s> 250) <o [ex (av/roDEDIY (1)) [ b (- 57 RGN o)
= Egfexp (11X (1) — =) exp ( ~ Z27 /i (A=)

Since | X (1)] is smaller than the sum of N ~ Pois(r) independent copies of |£|, we have
Ep[e"XOI] < Ep [enzﬁzllakl] = exp (rEp[e™€] — 1),
and so Ep [e"'X(l)‘] < oo for every k such that Ep [e"‘lé‘] < 00. We then have that

EQ[exp (n]X(l) — z|)] = Ep[exp ()\(Z)X(l) —rop(A(2)) + 7“) exp (n\X(l) — z|)]
< Ep[exp (M2)X (1) + nX (D)) exp (— ré(A(z)) + 7+ nl2]).

where the expectation is finite if 7 is small enough, since by definition of A(z) we have
that E[eM®X(D] < 00, and {) : ¢(\) < 0o} is an open set.

Now that we can change the probabilities on the continuous-time interval [0, ], for
both a Brownian motion and a compound Poisson process, into probabilities involving
the discrete times on [0, Ap], we can bound the error in the approximation of Y (j)
with B(j) for j < 7 with Theorem 4.11.

Theorem 4.11 says that we can build a coupling of Y (j) for 1 < j < 7 with a
standard Brownian motion B(s), defined under the same probability measure Q, such
that

@),

Qo(3 <721V () - BU)I= Ladr) < Kexp (- 252

where p and K are constants that do not depend on T'. Therefore
Qo(Y € By, (H, Lt,ar,br)ljo.ar])

<Qo(Be B:lfggT(Ha Ly, ar,br)|jo.am) + @0(37 <7:|Y(j) — B(j)|> Lrdr)

Lré
<Qo(Be BI%T(H, Ly, ar,br)ljo,a.)) + K exp <_ K 2T T).

Combining this with the discrete approximations of B(s) and Y (s) from (4.7) gives

Qo(Y € B(H, Lr, ar,br)|j0,a])
< Qu(Y € B}y, (H,Lp,ar,br)ljo,a,)) + Ce "7
<Q(Be€ BZ%T(H, Ly, ar,br)|0,ar)) + Ke Mrdr/2 | ce=vLrir
< Qo(B € By (H, Ly, ar,br)|jo,ag) + Ke #Lr00/2 4 20 vLror,

which proves the upper bound in the statement of the lemma. The lower bound can

be obtained in the same way. O
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4.3.3 Switching back to Y (s)

Lemma 4.12 bounds the probability that Y (s) stays in a tube with the sum of two terms,
one involving the probability that a Brownian motion stays in a slightly modified tube
and an error term. We can apply Proposition 4.7 to estimate the Brownian motion
probability. Our next step is changing the additive error term in Lemma 4.12 into a
multiplicative error.

In order to use the results from Lemma 4.10 and Lemma 4.12 in an optimal way,
we need to choose n, a and b dependent of T'.

Recall the definition of d7 and the conditions (i)-(v) from Section 4.1. Let

(a) nr = 13,"?]
(b) rp = 407.
If by — ar = 1/n7, then clearly 4/n% < br — ar and
br —ar = 672" > 61% > 86

if T is large, so the assumptions in Lemma 4.10 and Lemma 4.12 are fulfilled. Further-
more, 77 = 467 > 1/(2n2) + 367 and it is easy to check that

vir LoV L e
2 nr 2 1_1/TT/2

From now on, whenever we use n and r we always consider them to be chosen as in (a)
and (b), although we sometimes omit the dependence on 7" as a shorthand.

Proposition 4.13. Take ap,br € [—1,1] and np = L(S;l/zj such that bp —ap = 1/np.
Let rp = 467. Recall the definitions of k' and Gf# from Lemma 4.10 and K"E_l,Ti’
kp_ o, ond T before Lemma 4.7.

There exists T' > 0 such that when T > T, for every i € {1,...,Np}, for every
ke{-n?...,n?2-1}

Qo (Y S Bf/(?rﬁ) (GZ%Z? Lr,ar, bT) ’[O,Aﬂ)

+ + ar—rr br+ry ki ap—ry brtrr \ g+
< exp (K:Tifl,Ti (G’ kn LT’ (1 + TT)LT’ 1+rr > 1+4rp )) F(1+TT’ 1+rr > 1+4rp )qu’

and for every k € {—n? +4,...,n?> -5}

Qo (Y € Bl_/(2n2) (Gi’,}f) Lr,ar, bT) ‘[O,Aﬂ)

> exp (K’i-_l T (G, k;lL—LT7 (1 o TT)LTa ar+rr bT—'rT>> F( kx  artrr bT—'rT>\1;;’

l—rp > 1—rp l—rp? 1—rp 0 1—7p

where

vf = (1 + Cexp (— %)) <1 + K'exp (— %'LT(ST))
and

Yy = (1 — Cexp (— %)) (1 — K'exp (— %LT(ST)).

Before proving Proposition 4.13 we state an easy result which we will need to
estimate from below the cosine terms in the proof.
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Lemma 4.14. Recall from Lemma 4.7 the definition

I'(y,a,b) = cos (%) /b cos (%)du.

Let a,b € [—1,1] and n € N such that 1/n = b — a. Recall from Lemma 4.10 that
kb =(k+1/2)/n% for ke {-n? ... ,n%—1}.

If r is small enough and g < % < r%, for every k € {-n?+4,...,n? -5}

kX a+r b—r
O<Cl(r)§r(1—r’1—r’1—r> (4.9)
and for every k € {-—n?,...,n? — 1}
0<e(r) <1( ky a—r b”) (4.10)
B G I iy b '
where c1(r) satisfies
im —i08(c0r) _ (4.11)

T—o00 LT5T

Proof. When k € {—n? +4,...,n% — 5} we have |k}|< 1 — % < 1— 2. This gives,

writing 1—;« =1+ 75, that

32(”@)(1‘2«):;(1‘@&’)

kb
2(1—r)

and so
cos (57) > cos (T = 7Y = sin ()
201 —7)/ ~ 2 16(1—7r)/ 16(1—1r)/"
Using the parity of the cosine,

b—r 1

I—r TV TV
/ cos (—) dv > / cos (—) dv =
atr 2 1-(=a) 2r 2
1 1—r 1—r

Using that b —a = 1/n > /r/2,

b—a—2r> VT2 —2r
-7 = 1-7

> \/r/4

if r is small enough, so since cos (”2—“) decreasing when z € (0, 1),

cos <7T : IHHQT) < cos (1y/1/2).

2 1—r

It follows that

i—r TV 2 2 T b—a+2r 2
- > — — _ ] > — — A
/11 cos< 5 >du > coS (2 ) > 77(1 cos(7r\/77/2))
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This shows that we can choose

ci(r) = - sin (ﬁ) (1 — cos(mv/7/2)).
To show (4.10), using that |k;'|< 1 we have ﬁ! <15 =1-15, 80

k" T r ) r
o) o () o )

It is easy to check that Z(f};r) > 16(7{7"_” when r < 7/9, so

wr

sin <m> > sin <%>

We also have that

btr b—r
1+7r in 1—7r vz
cos (—)du > cos (—)du
a—r 2 atr 2
147 1—r

because the interval on the left-hand side is bigger and the integrating function is always

positive on [—1,1]. Tt follows that for every k € {—n?,...,n? — 1}

ikt T ez _ r = ez
cos cos (—) dv > sin (7) cos (—)du
2(1+7) gt 2 16(1 —r)/ Jatr 2

1—r

and so (4.10) is a consequence of the bound in (4.9).
We are left to prove (4.11). It suffices to show that

Th_r}réo log ('sin(é7)) (LT5T)_1 +log (1 — cos(\/g)) (LT(ST)_1 =0.

Recall that limp_,. NTé% = oo by (i), Npr < TY3 and 67 < 1, so we also have

w =1 and lim,_,g 1_%;(96) = 1/2, our limit

limp_y oo L7dp = 0o. Using that lim, g
is equivalent to
. -1
lim log(d7)(Lpé =0.
i og(67) (Lrdr) 0

This can be rewritten as
. 24\ —1
Tlgléo 5T log (5T) (LT5T) ,

which is 0 since lim,_,p+ xlogz = 0 and limp_, LTé% = oo from (i). O

Proof of Proposition 4.15. In order to estimate the probability that Y (s) is in a tube
about Gf; we apply Lemma 4.12 starting from B;’/(%T)(Gi% Ly, ar,br)lj0,a7)-
Recall that rp = 407 > 1/(2n2) + 30r.
Then for every T large enough

Q(Y € B0 (G Lroaz.br) | )

< Q(B € B (G Lr,ar, br) | g o, ) + K exp (= #/Ladr). (412)
Noting that (Gf}l)’(s) =G'(s+Tj—1) Vs € [0,Ar] and Gf}l(O) = —k; Ly, Proposition
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4.7 gives that

QO (B S B;; (Gigfv LT7 ar, bT) |[O,AT]>

ar —ry br+r
< o (i (G KT (1 ray i, 40T, I

+ _
r( by ar—rr brt ) (14 ce AR, (413)
1+rp 147y 14 rp

where

/@:;t(H, w, L,a,b)

72 (t —

= —2/ H/(5)2dS+H/(U)U} — 8L2 U) — H?’(HvL’a’ b)H/(t) _|_L/ |H"(S)|d5,

and

b
I'(y,a,b) = cos (W—y) / cos (W—V)du.
2 )/, 2
Denote by A the right-hand side in (4.13). Then, by shifting time to [T;_1, T;] we have

ar —Trr bT + rr
A = exp </€;i17Ti <G7 k?i_LT7 (1 + TT)LT’ 1 4 rp ? 1 + rT ))

( kX ar—rr br+ 7’T> (1 + Ce—WQAT/L%)_

)

1L+rp 147y 14rp

The proposition is proved if we show that the second term in (4.12) satisfies
!/
K'exp (— ,u'LTdT) < A-K'exp (— %LT5T> (4.14)

for T >T'. By (4.10) in Lemma 4.14

k‘,f ar —Trr bT+TT)

0< <F< , ,
alrr) < L+rp 14+rp 14

Using this, together with the fact that rp < 4, |0£ G'(T;)|< 2|G/(T;)| Ly and |k;F|< 1,

we have

' L, 2 ' T Ar
Az alrr)ep (=G (M) Ly -5 | G(9)%ds = |G (T)|Lr — =50,
2 ), 8L7
so (4.14) is proved if we show that for T large

7T2AT)

1 (T
ex(rr) exp (— 21C/(T)| Ly - 2/T G/ (s)2ds — |G/(T; o)l Lr — "
i—1 T

> exp < - 'l;/LTéT).

Taking the logarithm of both terms and changing sign gives

/ L, 2 / mAr _
—log(ci(rr)) +2|G(T3) | L1 + 5 G'(s)°ds + |G (Ti-1)| L1 + ——— < 5 Lrdr,
2 1, 8L7 2
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and dividing by Lpdr we obtain

— l()g(q (TT)) 2 ’ 1 i
—_— 4 G ji +
| ( )| ZLT(ST T, 4

! 2
d
Trdr 5 G'(s)°ds

1 ’/T2AT ,u’
ZG(Ti )|+ ==L < 2
+5T‘ (Ti 1)‘+8L?:’F6T =9

(4.15)
Recalling that Aq = (T — Tp) /Ny and Ly = LT'/3, we have

Ap T-Ty 1
L35y L¥T  Npép’

which tends to 0 as T' — oo since limp_,o, 07 N7 = 0o from (i). By Lemma 4.14,

Jim —log(ex (rp)) (Lror) " = 0.

We also have that

2 1 T 1
—|G(T})|+ G'(s)%ds + —|G'(T,—
5T\ (T3)] 2Lror Jr. (s) 5T’ (Ti-1)|
3 T )
< — sup |G'(s)|+ G'(s)?ds,
TSE[TO’T]\ (s)] 2Lror Jr. (s)

which tends to 0 for every ¢ € {1,..., Np} by (ii) and (iv). We thus get that all the
terms on the left-hand side of (4.15) tend to 0 when T is large.

This concludes the proof of (4.14) and therefore the proof of the upper bound in
the statement of the proposition. The lower bound can be obtained with identical

calculations, using (4.9) in Lemma 4.14. O

4.4. Proof of Theorem 4.1

The strategy of the proof of Theorem 4.1 is combining Lemma 4.10 with Proposition
4.13: we split a time interval of length A¢ from the end, then we estimate the proba-
bility that Y (s) stays near G(s) on this interval, and then we keep going backwards.

In order to iterate this procedure, we need an intermediate step. Indeed, Lemma
4.10 separates two time intervals in such a way that the endpoints of the first interval
are L7 /n? apart and the tube on the next interval is widened or narrowed by Ly /n?.
However, the lemma requires that Ly /n? < (bLy —aL7)/4, and this assumption is not
satisfied at the endpoints of the first interval, since b — a = 1/n?. Therefore, before
applying the lemma again, we use a union bound to get the endpoints at the end of
the first interval Lp/n apart. This is summarised in the following proposition.

Proposition 4.15. Let n > 4. We use N as a shorthand for the number of intervals
Nrp. Recall that rp = 40p. Let ca(n) be defined as in Lemma 4.106,

g (1 + Cexp <— %)) (1 + K'exp (— %/LTcST)> (1+ ca(n))
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and

Yy = (1 — Cexp (— %)) (1 — K'exp (— %/L:NST)) (1—ca(n)).
Then

Qo(Y € B(Gr, L1, p, )I[o:r])
[gn—1] n—1

Y ¥ % Qo(Y € B(Gr, Lr, 2, )

iN=lpn] JN-1=—7 jo=—n

N
' H { €xp (’iiti—l,Ti (ijitl,n Lr, (1 + TT)LT’ ]ll/j—:;T ’ JU”T_}%Z‘H’T)) }

i=1
N
Ji-1+1/2 ji/n—rp ji/n+1/n+rp\ o
|| , , vl (4.16)
- 1+7’T) 1+7rp 1+4+rp

and

QO(Y € B(GT7LTapa Q)|[0,T])
n—2 n—2

> Z Z QO(YGB(GT,LT,%—ﬁ>%+ﬁ)‘[o,m)
jN_1:7n+1 j1:7n+1
N

T{ 0 (st (63 B 0 o, e, ptmen)) |

i1 ﬁ{r (j“+1/2 ji/n+rT7ji/n+1/n—TT) \I/T_}' (4.17)

Pl n(l—rp)’ 1—rp 1—7rp

where j:'_n and j;,, fori €{0,...,N — 1} are defined by

" Ji/n+1/n if G'(T;) >0 — Jdi/n=1n G (T) >0
ji/n—1/n if G'(T}) <0 i+ 1/n if GUT) <0,

©,n

and in (4.17) we define, for convenience of notation, jo := x/L and jy := pn.

Before proving Proposition 4.15, we state separately some easy approximations of
the terms involving the cosine.

< V" Recall that fork € {—n? ... ,n?-1}

Vr
Lemma 4.16. Letn > 4 and 5 < V)

we defined k= (k+1/2)/n?.
Ifje{-n,....,n—=1} and k € {jn,...,jn+n — 1},

1
n

mhiy () +1/2)
- <2<1+r>> = ( i+ ) (1t ea(n)) (4.18)
andif je{-n+1,...,n—2} and k € {jn,...,jn+n — 1},
oS mhy cos m(j +1/2) —eoln
<2(1 — 7“)> = < on(l —r) > (1 —c2(n)), (4.19)
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where cz(n) = £~ sin (ﬁ)fl

Proof. Using that |k—jn—n/2+1/2|<n/2—-1/2 < n/2forevery k € {jn,...,jn+n—1},

Taylor’s formula gives

o (ain) o (ain )|

and similarly

m(k+1/2) w(jn+n/2) v

2n2(1+r) 2n2(1+r) ' “An(1+7)

cos (2(71rk—:r)> oS (7;(%17(?—1/7«2)))‘ = 4n(1ﬂ— ok

Since for every —n < j<n—1

7(j+1/2) < m(n—1/2) < m(n—1/2) 7 m
2n(1+7) |~ 2n(l1+7r) — 2n 2 4n
and the cosine is even, we have
7(j+1/2) (7T 7r>
— ) > - — — 4.2
COS(Qn(1+r) zcos{g5 =), (4.20)

which gives (4.18). Similarly, for every —n+1 < j < n—2, using that [j+1/2|<n—3/2
and \/r <2/n

7T(j+1/2)‘ < m(n —3/2) ™ 3

(=) | = 2n(l—r) 20—r) dn(l—r) 2 200—r) dn(l-r)

Since for n > 4

n2(iﬂ— r 4n(iﬂr— T) - n(lﬂ— T) (% B Z) - n(lﬁ—r)(; B %) - _m = _%’

o (D) 2 n (5 1),

and so (4.19) is proved. O

it follows that

Proof of Proposition 4.15. We start by applying Lemma 4.10 once, to separate the last

time interval. This gives

Qo (Y S B(GT7 Lr,p, q)‘[O,TN])
n2-1

< Z QO (Y € B(GTa LT7 %7 %)‘[O,TN,ﬂ)QO (Y € BT/(QTQ)(G?\}T’L]H LTapa q)|[0,AT])

k=—n2
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By Proposition 4.13,

Qo (Y € B ) (G L1 0) ., )

+ —rr g+rr kf  p—rr gqtrr +
< exp <HTN—17TN (G’ kn Lr, ( + TT)LT’ I+ry? l+rT)> F<1+TT > 14+rp? 14rp \II

where
Vi = (1 + Cexp (— %)) (1 + K'exp (— %LTéT)).

Then

Qo (Y € B(Gr, L, p, )jo,ry))

. + —rr gtrr ki p=rr gtrr )\ g+
xp (KITNflyTN (G’ ko Lr, (Lt rr)Lr, § I4rp? 1+7’T)) F(“"‘T’ rr Terr ) VT

We split the sum over k into groups of n indices, thus obtaining

@O(Y € B(GTa LTapa Q)|[0,TN])

n—1 jn+n—1
< Z Z QO (Y € B(GT> LT7 TTIC27 %) ‘[07TN71])
j=—n k=jn

. + —rr g+rT kb  p—rr gtrr +
xp (ﬁTNflyTN (G’ knLr, (Lt rr)Lr, § I4rp? 1+TT)) F(“"’T’ I4rp? 1+7’T>\II '

We now change the terms that depend on k into quantities involving j.
Let ca(n) = Zsin (£) ', By (4.18) in Lemma 4.16, If j € {-n,...,n — 2} and
ke{jn,...,jn+n—1},

kit (G +1/2)
" < 177 1 .
cos<2(1+r)> _COS<2n(1—|—r) (14 ca(n))
Furthermore, k" — j/n = (k+1/2 — jn)/n? < 1/n when k € {jn,...,jn+n —1}.

Using this and the definition of jj{,_ljn, we have
Qo(Y € B(Gr, L1, p,q)ljo17)

n—1
< Z Qo (Y € B(G, Ly, L, %)‘[O,TN_1]>

j==n

coxp (R (G L (L4 rr) Ly B, 02 ) ) T (A B, 0 ) 0
where \Ilqur = (1 + c2(n)) 7.

According to the notation introduced in the statement of the proposition, we denote
the index j in the sum above by jy_1 ,, since it is the index determining the endpoint
of the process at time T_1. We repeat this N times where, for 0 < i < N — 1, we
substitute k£ with k; to denote the index for splitting the tube width at time T;. This

proves the upper bound in the statement of the proposition.
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The lower bound can be proved in the same way, using the lower bounds in Lemma

4.10, Proposition 4.13, Lemma 4.16 and j,_, ,, instead of j]'t,71 - O

Before we move to the next section and prove Theorem 4.1, we prove another
elementary result which will be useful in the proof to deal with the cosine terms that
appear combining all the Brownian motion probabilities.

Lemma 4.17. Recall that for y € (—1,1) and a,b € (—1,1) we defined

F(y, a, b) = cos (%) /b cos (%)dy.

f 1 VT
S w Sy

For everyn > 4 and

— j+1/2 j/n—r j/n+1/n+r
<1 4.21
_Z_: ( (+r) 147 1+r <1+esn) (4.21)

and

Tf F(j+1/2 j/n+r j/n+1/n—r)21_03(n)’ (429

Pttt n(l—r) 1-—r 1—r
where c3(n) > 0 and lim, o c3(n) = 0.

Proof. We only prove the lower bound. Letting f = v(1 —r) — j/n, we have

j/n+1l/n—r
=7 v 1 1/n=r m(B+j/n)
ﬁ/ln” cos (7> dv = T /T cos (2(1 = ) dg.

For every 8 € (r,1/n —r), a Taylor expansion and then using that |5|< 1/n+7r < 3/n

gives

T e P T L

SO

() ()

Substituting this and changing back to the original variable in the integral, we obtain

j/n+l/n—r

(i) o (5

- (ﬁe(rSlll/I; r) “ (W(2€1+—j:)n)) - n(lzi r)) /rl/"” o <7T(25(1+—j£)n)> 1d—ﬁ7‘

Z/TV"’”COSQ <7T(B+j/n)) g 2r <1/n>

20—=r) J1—=r n(l—-r)\1—r
j/n+1/n—r
= / T cos? <E> dv — _m
ifntr 2 n?(1—r)?

1—r
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Taking the sum of the integrals over j, we obtain

j/nH/n - v 1= (11 ) v
T n(l—r i
Z / cos (—) dv = / cos? (—) dv
/n+7‘ 2 _1+ 1 2
j=—-n+1 n(l—r)
! o (TV ! 9 (TV
:/ cos (—) dy—2/ cos (—) dv
—1 2 1— 1 2
n(l—r)
1
2
:1—2/ C082<E)dl/21—7,
1—_1 2 n(l—r)
n(l—r)
and so using that —ﬁr < 1z 41 Tz = —n;f 7 we ultimately get
— j/n+1/n—r
= w(j+1/2) R v 2 27
2. S\ Gy ) fumer cos () 21 A= " 20—
Pttt n(l—r ifnt n r n r
-1 2n B Amn? =

4.5. Proof of the upper bound in Theorem 4.1

The proof of the upper bound in Theorem 4.1 is a consequence of Proposition 4.15 and
the assumptions we made on G(s).

Proof of the upper bound in Theorem 4.1. In this proof, we use N as a shorthand for
the number of intervals N7. From (4.16) in Proposition 4.15,

Qo(Y € B(Gr, Lt,p,9)lp, T])
[gn—1] n—1

Z Z Z QO(YGB GTvLT7 ) 4:1)|[0,T0]>

jN=|pn] IJN-1=—71 Jjo=—n

N
' H { exXp <H£717T¢ <G7ji—t1,n LT7 (1 + rT>LT7 JZ{:L-;TTT ’ ]i/n;rii;lJrTT)) }

=1
.H{F (J"‘1+1/2 Ji/n—rr ji/”“/””T) \I';} (4.23)
=1

n(1+ry)’ 1+rp ’ 14+ 7rp

where
nit(H, w, L,a,b)

1 t
. _2/ H(5)%ds + H'(u)w —

2 (t—u t
o Lo )+ L[ las

and

I'(y,a,b) = cos (%y) /b cos (%)du.

The rest of the proof essentially consists of combining together the terms in the

products in (4.23). We first deal with the exponential terms involving /-;JT: 1 We
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have

N - , .
1 L (s (T — Tim) / R~
9 ds — —5———5 + Lr(1 d
Z]‘_JIZeXP( 2/Ti1G(S) ] 8L%(1+TT)2 + Lp(1+7rp) Ti,1|G (s)|ds
L ey ! (T — Tp)
(-3 [ ceras s tatarn [ 1670 - IS a2

We show that the terms involving GE and jz-+_ 1., can be rewritten as a telescopic
sum where all the terms are small, except from the first and the last one. Recall the

definitions

al if G'(T}) > 0

ji/n+1/n if G(T;) > 0
bL if G'(T}) < 0, o

05.(G, L,a,b) =
ji/n—1/n if G'(T;) < 0.

Shifting the index ¢ in the j;r_ 1.n 8ives that

N
[Texp (—07, (G- (4 rr) Ly, M3e EERT )G/ (T) + iy, LG (L))
i=1

N-1
= { H exp ( — H;L_ (G, (1+rp)Ly, Ji{z;;"T’ Ji/nfiq/derTT)G’(n) +j;nLTG’(E)}
i=1

. exp (_Q—TFN (G, (1 +r7) L7, J'N1/+n;TrT’ jN/nlJSrlr/TnJrrT)G/(TN) n j(—)’:nLTG,(TO)) .

If G'(T;) > 0, using that ﬁ < 2 for every r < 1, and so 1 < ¥ . 1_\1/;/2 < /T,

we have

exp (=0 (G. (L rr) L, M3re BTN GUT) 4, LrGY(T)))
= exp <G’(Ti) (2 —re) i+ oy (L + ;)LT>
= exp (G'(Ti) (rT + i)LT> < exp (3\/ﬁ\G/(Ti)’LT>,

and it is easy to check that the same holds when G'(T;) < 0. Substituting this in the

above and using that

exp <_9}‘|—N (G, (1 + TT)LTy le/:T—TTT , jN/nl—:_lr/;l+TT)G/(TN) 4 ]anLTGI(TO))

< exp (216 (Tw)\ Ly + |G/ (1) | L ).

we obtain that

N
[Texp (~07, (G- (4 rr)Lp, MEn 2EERT )G/ (T) + 57\ LG (Ti))
i=1

N—-1
< exp (3vrrLe Y |G/(T)|+2|G (Tw)| Ly + |G/ (Ty)| Ly ). (4.25)
=1
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Going back to (4.23) and substituting (4.24) and (4.25), we have

Qo(Y € B(Gr, Lt,p,9)|0,1)

1 /T r 2T —Tq
< exp (—2 /T G'(s)%ds + Lp(1 +rp) . |G" (s)|ds — M)
0 0 T

- exp (3yrrLy Z (G/(T)|+2|G'(Tw)| Ly + G/ (Ty) | L)

[qn—1] n—1

"y oy 5 (Y € B(Gr L i )] )

=|pn] JN—1=—n Jjo=—n

Q{2 pn i Uty gl ()
Pl n(l+rp)” 1+4+7rp 14+rp

We now deal with the sums in the last two lines of (4.26). The error terms
/ 2 _u
m;:@+@m»@+cmﬂ—ﬂ%%?»@+K%2h%>

are independent of ¢ and jg,...,jv—1. Recall that we defined

I'(y,a,b) = cos (%) /b cos (mj>dl/

a

With a shift and then using that F( 5?;;17“/; L z Nl/f;”, in/ n;jrlr/;HT) < n?’ , we can write

N
HF(jZ 1+1/2 ji/n—rp jz/n—I—l/n—i—rT)

P 1+7rp)” 1+rp I+rp
N-1 . . .
:F( Jo+1/2  jn/n—rr jN/n-i—l/n—i—rT) HF( Ji+1/2 ji/n—rr ]i/n+1/n+rT)
n(l4+rr)’ 14rp 2 1+rp n(l—I—?“T)’ 1+rp ’ 1+rp
N—-1 . . .
_3 F(gi+1/2 ji/n —rr ]i/n+1/n+TT>
Tonr o n(l+rp) 14+rp ’ L+ry ‘

Using that [gn — 1] — [pn] < gn — pn, this gives that

n—1
Z Z Z Q()(YGB(GT,LTaJ():jOJrl)‘[OTo)

jN=|pn] JN—1=—n Jjo=—n

1 {F@_l +1/2 jifn—rr jifn+ 1/n+rT>q,T+}

P n(l1+ryr)’ 14+rp ’ 1+ rp

<3(¢—p)(¥ Z @D(YGB(GT’ vﬁ)v%)‘m,%])
Jjo=—n

{N ljnz:l <]Z+1/2 ji/n —rr ]z/n+1/n+rT)}.

1—|—7“T’ 1+rp ’ 1+rp

=1
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By Lemma 4.17, for every n > 4 and % < % < 2(1_7\/\;;/2),

n—1

S 1/9 i 1
S (LEL2 Gy G T o),
n(l+r) 1+r 147

j==n

so the above is smaller than

n—1
3 - p)(97)" > QoY € B(Gr, Ly, 2, ) | ) - (L es(m) ¥

Jjo=-n

After taking the sum over jp and bounding the probability with 1, since ¢ — p < 2 this

is again smaller than

6(U;) N (1 4 e3(n))

Returning to (4.26), we deduce that

Qo(Y € B(G, L7,p,9)|0,1)

17 T (T — T
< exp <—2 . G/(S)2d3 + LT(l + TT) . |G//(S)|d3 - M)
0 0 T

N-1

-mpG¢ﬁLTz]G +maawm@+Kﬂﬂom>.6@;VW1+@m»

(4.27)

Recall that we are interested in P (X € B(Fr, Ly, p, q)][oﬂ), and in Lemma 4.4 we
showed that when z > rE[¢]

Po(X € B(Fr, L1, p, q)ljo.1))
< exp (= A(2)T = M) (G(T) — o1 + pL)) Q)P (Y € B(Gr, L, p, )lj0.17)

where éT(S) = GT(S)(T¢”(A(Z)))_1/2 and L = LT(r¢”()\(z)))_1/2.
An upper bound for QS(Z) (Y € B(éT, L, p, q)|[07T]) is given by (4.27) with Gr and
Ly instead of Gy and Lp, so combining this with Lemma 4.4 gives that

Po(X € B(Fr, Lr,p,q)|po,11)
< exp (= AT = ME)(G(T) = wr +pLr)) - 6(27) ™ (L4 es(m) ™

LT s TG AT - Tord" (Mz)
eXp( / (M) ”LT“”T’/TO ) T BLA(L 1 rr)? )

G'(T)] |, 20C(Tw)|Lr | |G (To)|Lr
P (WmTZ rGE) T G rqs"(A(z)))'
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We take logarithms on both sides and divide by T'/2, thus getting

1

< ﬁ(_ AT — M=)G(T)) + A(Tzl)/g — A(2)pL + 1‘;%3? + %1 ()
1 T G/ 2 G// S
o1 +500) g, gty 2000 [ Sy

(T — To)rd" (A(2) (T | AG(TWIL | |G(To)IL
ST o2 VT LZ ) T rOR) T Ne)

Writing

B 1 T G/(S)Q o 1 T G/(S)Q ) 1 To G/(S)Q )
TRE /T ) 2T1/3/0 A" +21’1/3/0 A"

and rearranging terms, this is equivalent to

. 1 (T G'(s
717 (108 BolX € B(Er Lyop. o)) + AT + ARG + 5 [ Sl sas)

Az lo ’
= (Tl)/s —Al2)pL + J:gl(/fﬂ) +%1 (¥ +)+NT1/3 log (1+ es(n7))
LT sy T e wAT — Toyrd"(M2)
* 2T1/3/ T s+ LA+ rn) | R~ ST e

G| 21G"(IW)IL | |G(To)IL
r¢"(A(z))  re"(A(z) - re"(A(2))

+3/rrL Z

We now take the limit as T tends to infinity. For the first term, recall that z7 /T3 — z
with z € (=L, L). We defined

2 _w
\I/+ (1+Cg(nT))<1+Cexp(_%))(1+Kle %LT(ST)'
Since limy_yo A /L3 = 00, limy_yee L7dr = 0o and limp_,o NT/T1/3 — 0, we have

. NT 7T2AT N / LTéT _
A o (1 O (= ity ) + i qujp los (14 K75 1) =0

Recalling that cy(n) = - sin (ﬁ)fl, and so limp_,~ co(nr) = 1, we also have

lim
T—oo T

Nt
Ti/3 log (1 + C2(nT)) =0,
which ultimately shows that

. Nr /
lim T1/3 log( Jr)—0.

T—o00

Lemma 4.17 ensures that limp_, o c3(ny) = 0, so

. Np—-1
lim W log (1 + Cg(nT)) =0.

T—o00 /
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Recall that Ty = T'/3¢ and that, as we showed in (vi), there exists M > 0 such that
|G'(s)|< M for every s > 0. Then
M?Ty

1 [T G(s) _ _
P T / rT )Y S P T AT

By assumption (v),

. L(l + 7“T) r " o
Tlgréo W 7 ’G (S)|d8 =0.

We also have that

Nr—1

3/rrL Z |G'(T;)| 21G(Tw)|L  |G(Ty)|L

r¢"(A(z))  re"(AMz))  rd"(A(2))

tends to 0 by (iii) and the fact that limp_,o|G'(T)|= 0. Putting all these results

together, we conclude that

T—o0

) 1
lim m <10gP0(X S B(FT, LTvpv Q)|[O,T}) + A(Z)T

T "(5)? 22rd" (N 2
ARG+ | f(()\()))d> < Az)r = Aapr - L0 g

4.6. Proof of the lower bound in Theorem 4.1

In all the lemmas that led to the proof of Theorem 4.1 we proved upper bounds and
(most of the times, symmetric) lower bounds, which ensure that we can replicate the
same proof structure we used for the upper bound to prove the lower bound as well.
The only substantial technicality arises in the lower bound of the probability that Y (s)
stays in the tube about Gr(s) at small times.

From the calculations in Section 4.7, we see that the less strict condition on G(s)
is achieved by choosing Ty as large as possible, provided that limz_, 5TL2T /Ty = oo
which gives Ty = T3¢, We use a two stage argument to bound from below the
probability that Y'(s) stays near Gr(s) on [0,7p]: up to small times T) = T, we use
the fact that the contribution of G(s) is negligible compared to the size of the tube
for such a small time. After T{, which however small, tends to infinity as 7" tends to
infinity, we can use that the derivatives of G tend to zero to show that the probability
that Y (s) stays near G (s) tends to one exponentially fast, and fast enough to overrule
the error terms.

Lemma 4.18. Let T) = TV and Ty = T'/37¢, with e € (0,1/3). Recall that we defined
ny = Lé;lﬂj and we assumed that |xp/Lr — x/L|< \/o7/8. Then

lim — log@o (Y € B(Gr,Lr, % 271T7 Lt ﬁ)}[O,Tol) =0

T—o0 L
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Proof. Since dp < 8/np, by Lemma 4.12 we have

Qo(Y S B(GT;LTa % - ﬁ’ % + ﬁ)‘[o,']—b])

- 1 1
> Qo(B € By, (Gr Lro§ = 54§ + 55 gy ) — K exp (= #/Lrdr)  (4.28)

for T large enough. Using standard properties of Brownian motion, for large T" we can

write

_ 1 1
Qo (B € B, (Gr, L1, § — 30 £ %)‘[0,%])

or/Lr—1/(2n2) @p/Lr+1/(2n2)
> Qo (B EB(GT>(1_35T)LT7 B T >’[0 Té])

Q:ET (B E 835 +1/(2 2)(éa LT7 % - ﬁv % + ﬁ) —T(’)])’ (429)

where G(s) = G(s +T3) — G(T}), s € [0, Ty — Tj]. We start by finding a lower bound
on the first term. Recall that Gp(s) = G(s) — zp. As we deduced in (vi), we have
|G'(s)|< M Vs > 0, where M is a constant independent of 7. The mean value Theorem
gives that

sup |G(s)|< sup |G’(s)\T6§MT6.
s€[0,T3] s€[0,T}]

Since L:%% = T1/3£V5% and this tends to zero by assumption (i), then MT}/Ly < 6%
when T is large enough. Using this, and that ﬁ — 0% > %T — 02 > %T for large T, we

have

z7/Lr—1/(2n2) xr/Lr+1/(2n%)
o <B © B<GT’ (1= 307) L, [ =S >’[0 Té])

> Q. (B . B<H’ (1 — 46p) Ly, “rlLr=inls zT/L_TgiT/z;))[O Té])

where H(s) = 0. Lemma 4.9 states that if v € (—=L,L) and —L+¢L < x < L —¢L, for
any H :[0,00) = R

QI<B €B(H,L,%—¢,% +€)|[O,t]>

> exp (—H’(t)(m+€L)+H’(O)x—L /O t]H”(s)]ds—; /0 t H’(s)2d3> (1—

Q\F =L
feL )

This, with H(s) =0 and eLy = dp Lt /4, gives

x g z 5
Qo (B c B(H) (1 —467) L7, T/LT46 T/4, T/1LT4§TT/4) ‘[0 T'])

/ 2712
2 4./2Ty p<_5TLT>.

VT orLr 4221}

Since 62L2(T4) ™t < 6%T2/3_€, and this tends to infinity by (i), the right-hand side can
be made bigger than 1/2 by choosing T' large enough.
We now consider the second term in (4.29). since 1/ny < 207, we have 367+ # <
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87 for large T'. Furthermore, using that ﬁ — 80p > @ for T large enough and
175 = ZI< r, we have

(75 = 5 2+ 57) € (§ — gy +800 § + 5 — 807).

Then

QIT<B€B;>,5T+1/(2 2)(GT7LT7%_% %+ )‘[OTO T’])

~ x7/Lr—/o1/8 x7/LT+/37/8
> Quyp (BGB(GT,(1—85T)L T/ITSTT/ 7 T/1T86T T/ )‘[O%_Té]).

Using Lemma 4.9 with H(s) = G(s) and eLy = /37 L7 /8, this is bigger than

To
A= exp ( —G'(T) (;cT + VOLLT) 4 G(Th)awr — Lr(1 — 857) / yG”(s)yds)

0
1 [T 2 8/2(Ty — TY) S L2
. _Z G'(s)2d 1. v 0 70 __orhr ).
oxp ( 2 Té (8) S) < ﬁ RV 5TLT °Xp ( 82'2(T0_T0)>

Then

O, T
A /() (2 + ) + (T3 — (1 - 861) /T G (9)]ds

Lt
/ !
b G’()ds—i—ilog 1—i $v2AT — Tp) ep(—igéTL%,) :
2L Lt VT ﬁLT 82.2(To—1})

Note that 6pL2Ty " =< 67T"/3, which tends to infinity by (i). We also have that
limyp oo 7 /Ly = /L € (—1,1) and limp_,o G'(1})) = 0. Furthermore,
1 M?T,
LT ( ) S —_ LT ?
which tends to 0. Using all these facts, and assumption (v) for the integral of the

second derivative, we obtain
. logA
lim
T—o0 LT

= 0. (4.30)
Going back to (4.29), we have thus shown that
_ 1 1
Qo (B € Bys, Gy Lt § = 5 T+ 37 ‘[O,To]> 2 A/2
for T large. Therefore, substituting this in (4.28), we obtain

Q(Y €B(Gr Lr.§ — % + 55 oy ) = A/2— K exp (= 1/ Lrdy).
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Then
1 1 1
71050 (v € BGr.Lr, 5 = 5 5 + 55 oy

ZI}Tlog(j;l)—i—;Tlog(l—

which tends to 0 by (4.30) and the fact that

/

2K
1 o (= M’LTéT)),

1 1 log(A)
—1 —. —u'Lpé =27 /s
Ly Og<A exp (= p TT)) Ly "
is negative and tends to 0. 0

Lemma 4.18 was the only extra ingredient required for the lower bound, which we
are now ready to prove.

Proof of the lower bound in Theorem 4.1. From (4.17) in Proposition 4.15 and anal-
ogous considerations on the exponential terms as those we have used for the upper

bound, we have

Qo(Y € B(Gr, Lt,p,9)lj0,17)

T T 2 —
> exp <—; . G'(s)%ds — Lp(1 — TT)/T |G" (s)|ds — m (T = To) >
0 0

SL%(l — T‘T)2

N—
coxp (= 3yrrLe ) |G/(T)| =216 (Tw)| Lz — |G/ (1) L)

=1

n—2 n—2
1 1
Z Z Qo(YEB(GT,LT,%—TnTa%"‘2nT)|[0,TO]>
jN-1=—n+l  ji=—n+l

N . . ;

14+ 1/2 i ‘ L/n— '
10 F(]z 1+1/ ’Jz/"JFTT?Jl/”"' /n rT)foT— . (4.31)

n(l—rp)’ 1—rp L—rr

where jg := x and jy := pn. Writing

HF(]Z 1+1/2 ji/n+r ],/n—i-l/n—r)
(1—-r)" 1—1r"~ 1—r

_F<x+1/2 p+r p+1/n—r>1ﬁlr<ji+1/2 Ji/n+r ji/n+1/n—?")

nl—r)1—r" 1-7 bl n(l—r) 1—-r "~ 1—r
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we have that

n—2 n—2

Y o Y QY eB@ning- it )om)

jNci=—ntl ji=—ntl

.ﬁ{r(]’i1+1/2 Ji/n+r ji/n+1/n—r>\1},}

nl—r)’ 1—7r "~ 1—r T

1=

1 1 x+1/2 p+r p+1/n—r
ZQ(](Y GB(GT7LT7%_%7%+%)‘[O,Tg})r<n(l_r>7 1—7“’ 1—r )

n—2

<\Il,T_>NJ:/:1_I: Z F(ji+1/2 Ji/n+r ji/n+1/n—r>.

Pttt n(l—r) 1—-1r"~ 1—7r

Jr

From (4.22) in Lemma 4.17, for every n > 4 and vr < Sy

2

IN

3=

n—2 . . .
Z 11(]—#1/2 j/n+r ]/n+1/n—r>21_c3(n)’

i n(l—r) 1—r 1—r
so going back to (4.31), this gives that

Qo(Y € B(Gr, Lt,p,9)lj0,1)

17 r (T — T
> exp (—2 A G'(s)%ds — Lp(1 — rT)/T |G”(s)|ds — M)
0 0 T

N—-1
e (= 3yFrLr 3IG/(T)-2{6 (Tw)| Ly ~ G/ (To) L )

. QO(Y S B(GTaLTa % - ﬁ’ % + ﬁ)‘[oaTO])

x+1/2 p+rp p+1/np—rp /N N—1
F( ’ , ) v 1- . (432
np(l—rp) 1 —rp 1—rp ( T ) ( 03(nT)) ( )

Lemma 4.4 ensures that, if z > rE[¢], for any € > 0 small enough

Po(X € B(Fr, L,p,9)|j0,1))
> ¢ AMATARGI) AR 2D @+OLr QA (Y € B(Gr, Ly, p,p + €)ljo.17),

where Gr(s) = GT(S)(rgZ)”()\(z)))_l and Ly = Ly (Tgi)”()\(z)))_l. A lower bound for
QM=) (Y e B(Gr, Ly, p,p+ 5)|[07T]) is given by (4.32) with G, L7 and ¢ replaced by
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Gr, Lt and p + ¢. This gives

Po(X € B(Fr, Lr,p,q)ljo.17)
> exp (_ A(2)T — M2)G(T) + Mz)ar — A(=)(p + 5)LT>

ox 1 T G'(s)? . . T 1G"(s)| S_WQ(T—To)rgb”()\(z))
p( 2/T m"(())d Lz T)/TO N2 T BIE(L - rr)? )

ex - |G'(T; )I 2|G'(Tw)|Lr  |G'(Ty)| Ly
p ( 3\/7TLT Z ¢// ) rgb”()\(z)) rgb”()\(z)) )

1 1
(Y S B G,Lt, 7 T znTvZ + %)‘[0,%])

+1/2 prr p+1/ng— . )
(s ml_/rT Tt 1/72 L) (@)Y —emn) T (@38)
Write
1 T q'(s)? B 1 T q'(s)? 1 o G'(s)?
T /T r¢~<A<z>>ds“2T1/3/o r¢ﬂ<A<z>>ds+2Tl/3/o )™

Taking logarithms on both sides, dividing by T'/3 and rearranging (in the same way

we have done for the upper bound) gives that

1 1 (T G'(s)?

T1/3 <IOgPo(X€B(FT7LTaPa )Ho,T])JFA(Z)TJFA(z)G(TH2/0 r¢’ (A (z))ds>
A2)ar 1 [T Gl(s)? T 6" ()|

> i~ MA@+l - T1/3/ o M [ Gy

_ T = Ty)re" (M=) G'(T: )\ _2[GT(IW)IL  |G(To)|L
8L2T(1—rT)2 Svrrk Z r¢"(Mz))  rd"(A(z)) e (A(2))

NT1/3 ]og ( (HT))

log Qo (Y € B(GTﬂLTv T 2n1T’ % + ﬁ”[&%]) T

T1/3

1 x+1/2 p+rp p+1/np—rp Nt

— 1o r( , , ) log (0!
R STE Rl PTG e S e g 7i7s o8 (V)

Lemma 4.18 gives that

. 1 1 1
1 T1/3 log(@o (Y (S B(GT, LT, T~ 2np0 % + %)‘[O,To]) = 0.

Recall that we defined

/

Yy = (1 — Cexp (— %)) (1 — K'exp (— %/LT5T)> (1= e2(n)),

where cp(n) = f-sin (ﬁ)_l. We have

. Nr
lim T log( ca(nr)) = 0.

T—oo

With analogous considerations for the other terms as the ones we made at the end of
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the proof of the upper bound when we take the limit as T tends to infinity we get

) 1
lim (lOgIPO(X € B(FT7LT7p7 q)‘[O,T]—i_A(Z)T

T—o0 T1/3
+ A( )G(T)—i‘l/TG/(S)ZdS > ANz2)z— A=) (p+ )L_M
) 2 )y TNz ) = T AR s1z
Since € was arbitrary, this completes the proof. 0O

4.7. Example of a relevant choice of G(s)

In this section we show that functions of the form G(s) = A(s+1)® satisfy the conditions
(i)-(v) for every A € R and « € (0,7/10]. Note that G’(s) = aA(s+1)*"! is a positive,
decreasing function and lim7_,o, G'(T) — 0. Since G”(s) = a(a — 1)A(s +1)*72 < 0,

/kwwwzdw—dw

so clearly (v) is satisfied as the endpoints of the interval tend to infinity.
We take 6p = T~", where ) will be chosen later. We write h(t) =< g(t) if there exist
two constants ¢, C' > 0 such that ch(t) < g(t) < Ch(t) for every t.

Then (i) requires 1/3 — v — 2n > 0, that is

n<1/6—v/2. (4.34)

For (ii), since

we need

n<1/3—a/3—¢c(1—-a). (4.35)

We now move to (iii). Recall that Ap =< T2/34v o since T, = Ty + iy for i €
{1,..., Ny} we have T; < iT%/3t". Then, using that for o € (0,1)

Nr Nt Nr [e] o/3—av

Zia_l < Z/ 2% tdr = / 2z = Np < e ,

i—1 =1 /i1 0 « a

we have
N Nrp Nt Ta/3—av
Z|G/(Tz)|x Z Tl o T(2/3+V)(a71) Z o1l < T(2/3+l/)(a71)7
i =
(6%

=1 i=1 =1

- T2a/3—2/3+au—u+a/3—au

_ Ta—2/3—u
and so to get (iii) we need o —2/3 — v —1n/2 < 0, that is
n>2a—4/3 —2v. (4.36)

Finally, we need to compute the integral of the derivative squared in (iv). Note that
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for any o # 1/2

' ! a?A?
/ G/(5)2d5 — a2A2/ (s + 1)204*2 _ I(t + 1)20471 — (u+ 1)2a—1|.

©2a — 1|

When a < 1/2 we have

: T e : a?A? 20-1
lim sup G'(s)“ds < lim sup 2(Ti-1 + 1)
T 1

T—00 1<i<Np T—o00 1<i<Np |20é — 1|

a2 A?

< lim

2Ty +1)** =0
= T 200 — 1 (To+1) ’

and since 07T'/3 > 62 N7, where the latter tends to infinity by (i), then (iv) is proved.
The same argument works when o = 1/2, since for every ¢ € {1..., Ny}

T;
/ G'(s)%ds = o® A*(log(T; + 1) — log(Ti—1 + 1)) < a?A%log(T + 1)
Ti—a

and opTY3 > 5%NT = T1/3=v+21 which tends to infinity as a power of T'.
When a > 1/2 we have

200—1 20—1

= (1+To+iAr)" ™ = (14 To+ (i — 1)Ar)
- (Z,AT)Za—l . ((’L . 1)AT)20¢—1

B 1\ 201
= (iag)* " (1= (1-7) = 20727201
]

(L+T)* " = 1+ T

SO

T a2 A2
/ G/(3)2d5 = ((1 + Ti)Qa—l —(1+ T‘71)2a—1> - i2a—2A%ﬂa71'
Ti 20 — 1

It follows that

Y

11/3 /Ti G'(s)2ds = T~1/3 j2a=2pia/3-2/3+v(2a-1) < pla/3=1+v(2a=1)+n
orT Ti—1 B

and so (iv) requires that 4a/3 — 1+ v(2a — 1) + 71 < 0, that is
n<l-—4a/3 —v(2a—1). (4.37)

In order to show that the assumptions (i)-(iv) are fulfilled, we need to put together the
conditions (4.34)-(4.37), which give the system

n<1/6—-v/2
n<1l/3—a/3—¢(1—a)
n>2a—4/3—-2v
n<l—4a/3 —v(2a—1).

It is easy to check that when a € (0,7/10], for every v small enough and ¢ =
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v/(1 — «) we have
20 —4/3 —2v <min{1/6 —v/2,1/3 — /3,1 — 4a/3 — v(2a0 — 1)},

which means that it is possible to choose 1 such that the system has a solution, and
therefore the conditions (4.34)-(4.37) are satisfied. Indeed

e 2a0—4/3—2v<1/6 —v/2if and only if o < 3/4 + 3v/2;

e 20—4/3—-2v <1/3—a/3—c(l—a)ifand only if & < 5/7+6v/7—(3/7)e(1—«).
If e =v/(1 — ), this gives a < 5/7 + 3v/7;

e 2a—4/3—-2v <1—4a/3 —v(2a—1) if and only if o < 7/10 + (3/10)(3 — 2a)v.

Since 7/10 < 5/7 < 3/4, if v is small enough then the most restrictive condition is
a < 7/10+ (3/10)(3 — 2a)v, which ultimately gives the upper bound « < 7/10.
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