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a b s t r a c t

Island Microgrids can coordinate local energy resources, provide post-fault reliability improvements for
local customers, and aggregate local power and energy resources to offer services to the wider system. A
crucial component of an Island Microgrid is the battery energy storage system, which can manage local
imbalances, alleviate constraints, and improve reliability by enabling post-fault islanding. A planning and
sizing method is required to quantify and maximize the benefits of battery energy storage while avoiding
over-investment and under-utilization. This paper combines comprehensive reliability assessment with
chance-constrained convex optimization, via second-order cone programming, to optimally size energy
storage within an Island Microgrid. Chance constraints are applied to the battery state-of-charge to avoid
sizing the energy storage to accommodate extreme cases of uncertainty, avoiding uneconomic invest-
ment. The probability of reaching a state-of-charge constraint also indicates the likelihood that the
battery energy storage system will be unable to facilitate island operation in the event of an outage,
which affects the Island Microgrid reliability. The method is demonstrated on a real Austrian distribution
network as part of the MERLON project. Results illustrate that an optimal trade-off can be identified
between system reliability and operating cost when the probability of violating the chance constraints is
4.8%.
© 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Traditional distribution networks are transitioning to active
distribution systems with distributed energy resources (DERs) and
intelligent energy management schemes [1]. This transition brings
technical, social, and economic challenges driven by the un-
certainties that renewable generators and low carbon technologies
bring to supply and demand. Island microgrids (IM), which can
maximize the use of renewable energy [2], improve supply reli-
ability to customers [3], and coordinate local resources for partic-
ipation in wider network and system ancillary services, are a
potential solution to these challenges. However, these IM require
appropriate planning methods to quantify the benefits they can
deliver and ensure they are designed and operated in a cost-
effective manner. This paper provides a novel planning and sizing
(D. Greenwood).

r Ltd. This is an open access articl
method for IM which optimizes the capacity and operational
strategy of a battery energy storage system (BESS), while mini-
mizing the total cost of the system, and accounting for the system
reliability at the same time.
1.1. Island microgrid

The IM, also referred as the Integrated Local Energy System [4],
is a subset of the distribution network which can act as a virtual
power plant when connected to the wider system and continue to
operate in island mode when disconnected either intentionally for
economic benefits, or due to a fault. The IM can optimally integrate
the flexible resources and interconnections within local energy
networks and ensure their operational and economic optimization
[5]. A key component of IM is the Battery Energy Storage System
(BESS) [6]; BESS enable IM to operate as energy islands after a fault
on the wider distribution network which would otherwise result in
customer disconnections [7]. BESS's fast ramp rates enable them to
e under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Nomenclature

A. Indices and sets

t;bt2T Time step
i;k2N Bus index

B. Parameters
DT Analyzed time period in days
BESSCC,max Maximum available budget for investing BESS
BESSLT BESS lifetime
d Discount rate
Cen
BESS BESS capacity unit cost (V/kWh)

Cpwr
BESS BESS power rating unit cost (V/kW)

VOLL Value of Lost Load (V/MWh)
PG System electricity price (V/MWh)
Pre Renewable generator electricity price (V/MWh)
RG Number of renewable generators
Estbb BESS standby loss
AFR Available payment for providing frequency response

(V/MW/h)
Dt Length of a time step (hour)

C. Uncertainty variables
xe;i Load forecast error of bus i

D. Deterministic decision variables
ui;Rik; Iik Ancillary variables
PG Grid electricity import (MW)
Pre;i Electricity import from renewable generator or grid

of bus i (MW)
Pch;de Charging power (MW)
Pdis;de Discharging power (MW)
Eb;de Battery state of energy (MWh)
EBESS Battery capacity (MWh)
PBESS Battery power rating (MW)

E. Stochastic decision variables
~Pch Charging power
~Pdis Discharging power

F. Reliability assessment parameters
BESSA Battery's annual unavailability

BESSDS Battery's discharge state
CAIDI Customer Average Interruption Duration Index

(hours)
SAIDI System Average Interruption Duration Index (hours/

customer/year)
Uptime Simulated period at UP state
DOWNtime Simulated period at DOWN state
li Failure rate of element k (failures/year)
ri Repair time of element k (hours/failure)
W Weighting factor of linear decision rule
Gik Real part of element Yik in the admittance matrix
Bik Imaginary part of element Yik in the admittance

matrix
PLF;i Forecasted active power load of bus i (MW)
QL;i Reactive power load of bus i (Mvar)
Pre;i Renewable generator active power output of bus i

(MW)
Qre;i Renewable generator reactive power output of bus i

(Mvar)
hch Charging efficiency
hdis Discharging efficiency
Kw Global wear coefficient
a, b Probability of chance constraints violation
q Quantile
TFR Hours committed to provide frequency response
xe;s Sum of all load forecast error
Pnet;i Net active power injection of bus i (MW)
Qnet;i Net reactive power injection of bus i (Mvar)
CEl Cost of importing electricity (V)
RFR Revenue of providing frequency response (V)
CRC Reliability cost (V)
V Bus voltage (V)
q Bus phase angle (�)
BESSCC BESS capital cost (V)
~Eb Battery state of energy
EENS Expected Energy Not Served (MWh/year)
MTTF Mean Time to Failure (hours)
MTTR Mean Time to Repair (hours)
U1; U2 Uniformly distributed random numbers between

0 and 1
Uk Annual unavailability of element k (hours/year)
UBESS Annual unavailability of battery (hours/year)
Lk Active power demand at load point k (MW)
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execute rapid charging and discharging, which allows them to
provide ancillary services such as primary frequency control [8],
participate in the capacity market and dynamic firm frequency
response services [9].

1.2. Optimal sizing for island microgrid e literature review

Quantifying the impact of the BESS capital and operational costs
on benefits from ancillary services, energy trading, and network
reliability improvement is a complex, multi-objective problem. In
most methods within the existing literature, the optimal size of
BESS is determined via revenue-based objectives with reliability as
either an incidental bonus or a constraint using indices such as Loss
of Load Expectation (LOLE) or Expected Energy Not Supplied
(EENS). Examples include optimally sizing the BESS to minimize
capital and operational costs while guaranteeing a level of reli-
ability by meeting a specified LOLE criterion [10]; optimizing the
capacity of a BESS for an IM to guarantee its reliability [11e13] size
2

the BESS for off-grid systems which are respectively supported by
wind and solar generation, the reliability indicator in the sizing
studies must exceed a given threshold; and [14] uses a sequential
Monte Carlo simulation (SMCS) based searching method for sizing
the BESS to minimize cost and meet reliability requirements.

In some cases, the reliability benefit is included in the objective
function, but these papers either use heuristic optimization
methods or simplify the problem: the authors of [15] use a Genetic
Algorithm, which is computationally intensive and does not guar-
antee a globally optimal solution, to optimize the size and location
of BESS within a network. A separate process is required to calcu-
late the optimal dispatch of BESS. Neither stage employs optimal
power flow techniques. In Ref. [16], a robust optimal schedule is
calculated for a BESS in an IM with the objective of minimizing the
cost of operation (including the cost of load shedding during island
operation); however, it deals only with operation, and sizing is
excluded from the problem.

System reliability will often be in direct conflict with
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maximizing revenue from energy trading and ancillary services,
which necessitates a trade-off between the two objectives. This is
because enhancing the availability of the BESS to improve reliability
e either by designing it to have additional energy capacity or
operating it far from its SoC limits e reduces the availability of
power and energy resources to gain revenue via energy and
ancillary service markets. This compromise between (capital and
operational) costs and reliability enhancement has not been
explicitly investigated in the existing literature, nor do any pub-
lished methods identify an optimal trade-off.

The reliability evaluationmethods in existing BESS planning and
sizing studies often yield an over-optimistic estimate for the system
reliability because, for example, the availability of generators and
network components were neglected [17]. There is significant un-
certainty in renewable generation output and customer demand
within an IM, which affects BESS optimal operation and sizing
decisions. Neglecting or underestimating uncertainty could lead to
violation of network constraints, whilst overestimating uncertainty
or trying to deal with extreme cases could result in prohibitively
high investment costs for the BESS [18]. Overestimating the reli-
ability of the existing network could lead to the reliability benefits
offered by the BESS being under-valued.

The existing sizing studies have used a variety of methods to
model the impact of uncertainty. In Ref. [7], forecast errors for
renewable generation, load, and electricity price are modelled and
solved by robust optimization. Monte-Carlo simulation is applied in
Ref. [19] to evaluate the sizing performance considering the un-
certainty in generation and consumption. Reference [20] applies
probabilistic unit commitment to address the uncertainty in wind
farm production for BESS sizing. Stochastic programming is applied
in Refs. [21,22] to account for the stochastic nature of renewable
generation and load in a BESS sizing problem; A two-stage sto-
chastic programming is applied in Ref. [23] to model the long term
(cost development) and short term (load) uncertainties for optimal
charging site design. Mean-variance Markowitz theory is applied in
Ref. [24] to model the changes in microgrid cost when coupled by a
BESS. A combined robust optimization with stochastic program-
ming approach is applied in Ref. [25] to model the uncertainty
arising from load, renewable generation, and charging/discharging
efficiency. An expert fuzzy system-based approach is used in
Ref. [26] to model the intermittency of renewable generation in
sizing the BESS in an IM. Although the existing literature includes
some methods which consider the effect of uncertainty on sizing
study, they do not consider the impact of holding some of the
BESS's power and energy resources in reserve to address uncer-
tainty, which affects both its contribution to the system reliability
and its income frommarkets and services. This relationship, which
has not been considered in previous studies, can significantly affect
the sizing results and system costs and is a key aspect of the
method presented in this paper.
Table 1
Investigations of different features in sizing studies.

Key features [10] [12] [13

Uncertainty ✓

Optimal power flow
Convex optimization
Multi-service operation ✓ ✓

Battery degradation ✓

Island operation ✓ ✓

Uncertainty correlation
Reliability as a constraint ✓ ✓

Dependency between uncertainty and reliability ✓

Dependency between reliability and profits

3

1.3. Novelty and contributions

The existing literature does not provide a comprehensive
method for sizing BESS within IM that maximizes the business
prospects, addresses uncertainty, and enhances system reliability
while considering the interdependencies and potential conflicts
and synergies between these goals. To fill this research gap, the
present paper applies chance constrained programming (CCP) to
optimally size a BESS in an IM with the objective of minimizing
BESS lifetime cost; the reliability of the local network is included in
the objective function as an expected cost of customer in-
terruptions, quantified by EENS multiplied by Value of Lost Load
(VOLL). The interdependencies between the goals are modelled
using chance constraints, which are applied to the BESS state of
charge, and are also used to calculate the unavailability of the BESS
when evaluating system reliability. An optimal probability of
chance constraint violation can be found, representing a compro-
mise between revenue and reliability. The correlation between
uncertain variables and battery degradation are modelled using
Gaussian copula and a global wear coefficient, respectively.

Table 1 provides a comparative analysis of the features of the
new model proposed in this paper and those considered in the
literature. The inclusion of power flow equations renders the BESS
sizing problem nonlinear and nonconvex. To ensure the tractability
of the problem, this paper employs a state-of-the-art convex power
flow model for radial networks using second-order conic pro-
gramming (SOCP) [27]. This ensures a globally optimal and efficient
solution using commercially available solvers.

The contributions of this paper are:

i) A comprehensive optimal sizing method for BESS in IM that
accounts for the impact of capital and operational costs, in-
come from ancillary services and energy trading, and IM
reliability.

ii) The integration of a network reliability assessment method
into the formal optimal BESS sizing problem formulation.

iii) A novel application of chance constraints to restrict the
BESS's State of Charge in the presence of correlated uncer-
tainty, which affects its ability to enhance system reliability
through island-mode operation. This introduces the ability to
identify an optimal trade-off between system reliability and
investment and operation costs. The impact of the reliability
of the wider network which supplies the IM and the value of
lost load on this trade-off are investigated.

The rest of this paper is organized as follows: section 2 formu-
lates the BESS sizing problem and presents the methodology. Sec-
tions 3 and 4 respectively describe a case study and analyze its
results. Section 5 concludes the paper.
] [14] [15] [19] [7] [8] This paper

✓ ✓ ✓ ✓ ✓

✓ ✓ ✓

✓ ✓

✓ ✓ ✓ ✓

✓ ✓ ✓

✓ ✓ ✓

✓

✓

✓

✓ ✓ ✓
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2. Battery energy storage system sizing problem formulation
and methodology

This section presents the optimal BESS sizing methodology. A
flowchart of implementing the proposed sizing approach is pre-
sented in Fig. 1. Fig. 1 shows how the different methodological
components are integrated to produce an overall methodology, as
well as which subsections describe which components.
2.1. Deterministic battery energy storage system sizing problem
formulation

This section describes the deterministic equations which are
used to formulate the probabilistic sizing problem. For a given use-
case, an optimal BESS size e in terms of power rating and energy
capacity e can be found, which will minimize the cost of the BESS
over its lifetime. The BESS sizing problem is resolved byminimizing
the sum of the annualized operating cost, BESS capital cost
(annualized by the discount factor and battery lifetime), and reli-
ability cost subject to the IM's optimal operations over a repre-
sentative simulation period. The deterministic BESS sizing problem
is formulated as follows:
Minimize CTot ¼
 
365
DT

,
XT
t¼1

½CElðtÞ�RFRðtÞ�
!
þCRC þBESSCC,

dð1þ dÞBESSLT
ð1þ dÞBESSLT � 1

(1a)
Fig. 1. Overall flowchart of implementing the proposed sizing approach. It describes (1) the
the integration of reliability evaluation within the CCP problem formulation, (3) the proced

4

Subject to:

RFRðtÞ¼AFRðtÞ$PBESS$TFR (1b)

CRC ¼ EENS,VOLL (1c)

CElðtÞ¼ PGðtÞ,Dt,PGðtÞ þ
XRG
i¼1

Pre;iðtÞ,Dt,Pre;iðtÞ (1d)

BESSCC ¼Cen
BESS,EBESS þ Cpwr

BESS,PBESS (1e)

BESSLT ,

 
365
DT

,
XT
t¼1

ðPchðtÞ ,Dt ,hch þ PdisðtÞ ,Dt =hdisÞ
!
,Kw

< 0:2,EBESS (1f)

Pnet;iðtÞ¼ � Pch;deðtÞ þ Pdis;deðtÞ � PL;iðtÞ þ Pre;iðtÞ (1g)

Qnet;iðtÞ¼ � QL;iðtÞ þ Qre;iðtÞ (1h)
IM system reliability evaluation given different BESS power rating and availability, (2)
ure of resolving the CCP.
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Pnet;iðtÞ¼
ffiffiffi
2

p
GiiuiðtÞ þ

XN
k¼1

ksi

½GikRikðtÞþBikIikðtÞ� (1i)

Qnet;iðtÞ¼ �
ffiffiffi
2

p
BiiuiðtÞ �

XN
k¼1

ksi

½BikRikðtÞ�GikIikðtÞ� (1j)

2uiðtÞukðtÞ�R2ikðtÞ þ I2ikðtÞ (1k)

uiðtÞ¼V2
i ðtÞ

. ffiffiffi
2

p
(1l)

RikðtÞ¼ViðtÞVkðtÞcosðqiðtÞ� qkðtÞÞ (1m)

IikðtÞ¼ViðtÞVkðtÞsinðqiðtÞ� qkðtÞÞ (1n)

Eb;deðtÞ¼Eb;deðt�1Þ�Estbb þPch;deðtÞ,Dt,hch�Pdis;deðtÞ,Dt
.
hdis

(1o)

BESSCC � BESSCC;max (1p)

Equation (1a) represents the objective function of minimizing
annualized BESS capital cost, operating cost, and reliability cost;
(1 b) expresses the frequency response revenue, calculated as the
product of the availability payment, the power rating of the BESS,
and the number of hours committed to provide the ancillary ser-
vice. (1c) calculates the system reliability cost, quantified by EENS
multiplied by VOLL. (1 d) indicates the cost of importing electricity
from the grid and renewable generators. (1e) is the calculation of
battery capital cost. (1f) ensures the battery energy capacity is
above 80% of its original capacity (an assumed end of life condition)
at the end of the anticipated lifetime; Kw represents the relation-
ship between battery degradation and usage, which offers an
estimation of battery capacity fading considering the effect of
operating Depth of Discharge (DOD); the calculation of Kw is based
on [28] and summarized in Appendix B. Equations (1g) and (1h)
restrict the active and reactive power balances. (1i) to (1n) are
the convexification of complex power flow equations based on [27],
the convexification is explained in detail in Appendix A. Equation
(1�) shows the relationship between BESS state of energy and
charging/discharging power. (1p) states that the investment spent
on the BESS should be lower than the maximum available budget.

The evaluation of system reliability of (1c), in terms of EENS, is
described in section 2.2. (1a) - (1 b), (1 d) - (1�) are formulated
either in linear or second order conic form, which can be handled
by off-the-shelf solvers.
2.2. System reliability evaluation

This section describes the reliability evaluation method which is
used to link the optimal planning and sizing of the BESS to the
reliability performance of the IM. In distribution networks, reli-
ability indicates the ability to adequately supply demand with few
interruptions over a long period [29]. The operational states of any
system depend on the availability of the elements which comprise
it, because failure of a component can shut down the entire system
or leave it vulnerable to additional failures. Correct understanding
and modelling of the failure probabilities for each element can be
5

used to enumerate the likelihood of any operational state, and
therefore the reliability of the system.

In this paper, the SMCS has been used to evaluate the annual
reliability of the IM considering the probabilistic behavior of its
elements. The application of Monte Carlo Simulation has been
extensively addressed in the literature for the assessment of reli-
ability indices of distribution networks [30]. SMCS generates an
artificial operating history for the system which explores the
different probability states; its sequential nature allows it to
appropriately account for the time-dependent behavior of BESS,
demand, and renewable generation, all of which are present in the
case-study network.

The outage rate of network components, including branches,
transformers, circuit-breakers, and fuses, can be modelled using a
probabilistic approach, as can outages of supply from the wider
network, which are aggregated at the point of common coupling
(PCC) with the IM [31]. The simulated outage history for each
element within the system can be randomly generated by calcu-
lating the ‘Up’ and ‘Down’ state sequence for the simulation period
by using theMean Time To Failure (MTTF) andMean Time To Repair
(MTTR) [32] of the components and applying Eqs. (2) and (3):

Uptime ¼ �MTTF,lnðU1Þ (2)

Downtime ¼ �MTTR,lnðU2Þ (3)

where U1 and U2 are uniformly distributed random numbers be-
tween 0 and 1.

During grid-connected operation of the IM, the BESS can charge
or discharge depending on the demand, power, and operational
scheduling. However, enough energy needs to be held to manage
the IM frequency and voltage during power island operation, so the
SoC needs to remain within some limits.

To reproduce such operational characteristics, the BESS was
modelled using two variables: BESS availability, BESSA, and its
discharging state, BESSDS. The first term aggregates the intrinsic
availability of its components and the probability of the battery
being within 10%e90% of SOC and is linked to the chance con-
straints as discussed in section 2.4. Higher BESSA values mean the
BESS is more likely to be able to support the IM in post-fault island
operation. The second variable simulates the battery's scheduling
process, where an “Up” state means a charging period and lower
values indicate a higher probability of the battery being either
discharging or idle. The BESS can then be integrated into the MCS
using Eqs. (2) and (3).

The power output from distributed generators and load demand
vary with daily, weekly, and yearly seasonalities. By using historical
data for demand and generation in combination with component's
availabilities, the overall stochastic characteristics of the IM can be
modelled within the MCS.

The reliability indices for each load point, k, were calculated
based on analysis of the outage history of the network elements
between the load point and the generators. For a radial system and
considering the generator m as the source of energy, these can be
assessed by

lmk ¼
X
i

li½failures = year� (4)

Um
k ¼

X
i

li,ri½hours = year� (5)
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rmk ¼Uk

lk
½hours� (6)

where li, Ui and ri stands for the outage rate, annual supply un-
availability and outage duration time of the element i (elements are
circuit sections or transformers).

Each load can be supplied by either the PCC, or the BESS and
local generation. After calculating the reliability indices for load
point k for each available generator using Equations (4)e(6), the
load point unavailability can be assessed by aggregating the con-
tributions from each source, considering the upstream network,
distributed sources and BESS

Uk ¼
Y
m
Um
k ,Us,UBESS (7)

where Um
k is the annual supply unavailability of load point k related

to generator m; UBESS and Us represent the battery and the up-
stream network's annual unavailability. The latter is modelled
based on typical SAIDI (System Average Interruption Duration In-
dex) and CAIDI (Consumer Average Interruption Duration Index)
indices from distribution networks. The SAIDI and CAIDI can be
translated to the network's annual unavailability and repair time,
respectively.

For each timestep in theMCS, a Generation Adequacy evaluation
step is performed. At this step, based on the DER's power output,
the ratio between power imbalance and battery's power rating is
calculated to evaluate the system's capability to maintain island
mode operation. The load point's unavailability is updated when-
ever the power imbalance cannot be met, which is followed by a
demand response or load shedding scheme until the load demand
is fully supplied by the sources.

Reliability is quantified using the EENS index. For each load
point, k, the EENS can be calculated by
Fig. 2. General reliability evaluation considering multiple feeding paths and genera-
tion adequacy.

6

EENSk ¼Uk,Lk½MWh = year� (8)

where Lk is the mean active power demand for load point. k:
Hence, the EENS for the whole system can be calculated by

EENS¼
X
k

EENSk (9)

A flowchart outlining the reliability assessment methodology is
shown in Fig. 2.
2.3. Application of chance constraints

CCP has been widely applied in solving power system operation
and planning problems, as for example in Refs. [33,34], respectively.
A chance constraint e which can be violated with a specified
probability e can be used to introduce uncertainty into an other-
wise deterministic optimization problem. In solving the optimal
planning problem, the application of CCP allows avoiding over in-
vestment in BESS capacity to accommodate extreme cases with
near-zero probability, enabling a compromise between economi-
cally sizing of the BESS and accounting for operation under un-
certainty; the probability of violating the chance constraints can be
specified by the user, allowing their attitude to risk to be included
in the analysis.

In this paper, it is assumed that the IM can disconnect from the
main distribution network and operate as an island. One of the
BESS's functions is to address load imbalance within the IM,
including those arising from demand and generation uncertainty,
to keep the system operable during island mode operation or
delivering to its optimal schedule in grid-connected mode. Conse-
quently, the probability of the BESS reaching its state of charge
limits is a function of the uncertainty in demand and generation e

represented by the probability distribution of the forecast errors for
these values. The forecasts are not independent, and correlations
between forecast errors are modelled by Gaussian copula, formu-
lating a joint distribution, as explained in Appendix C. The uncer-
tain demand forecast errors are modelled in this paper, but the
method would be valid for uncertain generation forecasts or fore-
casts of both demand and generation.

The forecasting error xe;i can be included in (1g) by substituting
the active power demand PL;i with the sum of the forecasted de-
mand PLF;i and forecasting error xe;i

Pnet;iðtÞ¼ � ~PchðtÞ þ ~PdisðtÞ � PLF;iðtÞ � xe;iðtÞ þ Pre;iðtÞ (10)

The decision variables and constraints in (1) which relate to the
BESS are converted to stochastic variables and constraints due to
the inclusion of forecasting error, xe;i. In this paper, it is assumed
that the BESS alone addresses the effect of uncertain load forecast
errors. Therefore, only the BESS-related variables and constraints
are stochastic, other decision variables and constraints remain
deterministic.

Linear decision rules (LDRs) [35] are applied to handle the sto-
chastic equality constraints and reduce the number of stochastic
variables to make the problem tractable. LDRs define affine policies
which allocate uncertainty to each respective party that addresses
its impact. In this paper, LDRs assign the responsibility of
addressing uncertain forecast errors to the BESS according to (11a) -
(11c):

~PchðtÞ¼ Pch;deðtÞ þWchðtÞ,xe;sðtÞ (11a)
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~PdisðtÞ¼ Pdis;deðtÞ þWdisðtÞ,xe;sðtÞ (11b)

WdisðtÞ�WchðtÞ ¼ 1 (11c)

Pnet;iðtÞ¼ � Pch;deðtÞ þ Pdis;deðtÞ � PLF;iðtÞ þ Pre;iðtÞ (11d)

As (11a) and (11 b) show, the stochastic battery charging and
discharging power vales are expressed as a deterministic variable
plus the sum of uncertain load forecast errors multiplied by a
weighting factor. The weighting factor represents the proportion of
uncertainty affecting or offset by the relevant stochastic variable,
and (11c) means the BESS charge or discharge to offset the impact
of uncertainty. Consequently, the balance between deterministic
variables can be obtained as (11 d).

The BESS operates to balance the system and offset forecast
errors at each bus based on the LDRs (11a) and (11 b), which assume
that the forecast errors can be aggregated at the bus with BESS. The
influence of load forecast errors on other parameters of the IM, such
as the bus voltage and flow loss are assumed small, and their
duration of these errors are short, allowing them to be safely be
neglected.

Because the BESS operates to address the aggregated load
forecast error xe;s, (1�) is modified to (12) and (13):

~EbðtÞ¼ ~Ebðt�1Þ� Estbb þ Pch;deðtÞ ,Dt ,hch
� Pdis;deðtÞ,Dt

hdis
� xe;sðtÞ,herðtÞ

(12)

herðtÞ¼

8><>:
hch; if xe;sðtÞ � 0

1
hdis

; if xe;sðtÞ>0
(13)

where her causes the battery to charge or discharge in response to
the load forecast errors. The BESS at one time step should be able to
address the impact of uncertainty in previous time steps, which
introduces the constraint as:

~EbðtÞ¼ Eb;deðtÞ�
Xt
bt¼1

xe;sðbtÞ,herðbtÞ (14)

This indicates that the impact of uncertain variables on battery
operation accumulates with time, hence the reserve kept in the
battery to address the uncertainty is increasing with the duration of
the analyzed time window (DT in (1a)). Because addressing the
accumulated uncertainty limits BESS's capacity to provide other
services, or the available budget may fail to render a large enough
battery capacity to accommodate the accumulated forecast errors.
To avoid this, this paper assumes the forecast error will accumulate
for the 95th percentile of reversal time of the forecast error.

Based on (14), the deterministic variable of battery state of en-
ergy Eb;deðtÞ can therefore be expressed as:

Eb;deðtÞ¼ Eb;deðt�1Þþ Pch;deðtÞ ,Dt ,hch � Pdis;deðtÞ,Dt
hdis

(15)

Eb,de is constrained by the battery capacity EBESS, which is
expressed as

0� Eb;deðtÞ � EBESS (16)

The stochastic battery state of energy EbðtÞ is formulated using
chance constraints due to the inclusion of uncertain load forecast
errors; these are formulated as
7

Prð~EbðtÞ�0Þ � a (17)

Prð~EbðtÞ� EBESSÞ � b (18)

Pr in (17) and (18) indicate the probability that the constraint is
not violated, and a and b are the highest acceptable probabilities
with which the constraints can be violated. In this case, the battery
is permitted to reach its upper or lower state of charge constraints
with known probabilities. The inclusion of chance constraints
avoids unnecessarily high investment in battery capacity to
accommodate extreme cases of load forecast error. Higher values
for a and b will lead to more of the BESS's resources being
committed to revenue-oriented functions such as frequency
response and energy trading; this will increase the likelihood that
the BESS reaches its SoC limit when managing the demand forecast
errors, and therefore becoming unable to facilitate island mode
operation.

2.4. Chance constraints and battery energy storage system
availability

The BESS has a crucial role in maintaining the local system's
operational state by correcting local imbalances to maintain the
frequency and voltage during island mode operation. In these cir-
cumstances, the battery power rating, capacity, and operating
schedule have a major impact on the network's reliability indices.
The power rating affects the capability of the BESS to manage the
power imbalances, whilst the battery capacity is associated with
the availability of energy within the BESS.

The reliability evaluation method described in Section 2.2 is
used to quantify the relationship between the BESS availability and
power rating and the unavailability of the IM. For a case study
network, this is done by evaluating the unavailability of the island
microgrid for feasible combinations of BESS availability and power
ratings. For the case study used in this paper, the availability was
examined from 60% to 98% in steps of 2% and the BESS power rating
from 50 to 600 kW in steps of 50 kW. Fig. 3 depicts the resulting
relationship between the battery's availability, power rating and
the network's annual unavailability (the number of hours per year
that the network is unable to operate due to a concurrent loss of
supply from the PCC and BESS). It illustrates the significant influ-
ence of both the battery's availability and power rating on the
network's annual unavailability, showing a better chance of main-
taining the system in operation at high availability levels.

The sum of the chance constraint probabilities (aþb) is the
probability of constraint violation (PoCV). As discussed in section
2.3, probability levels a and b are applied to restrict the operating
boundary of the BESS. The value of 1-(aþb) is used as an estimate of
the BESS battery availability (explained in section 2.2) for the reli-
ability evaluation; this is because if the battery has reached its
upper or lower SOC boundary, it will no longer be able to provide
frequency response in islanded operation, and customer supplies
will be disconnected. This results in a relationship between the
probability level of the chance constraints and the annual un-
availability of each load bus; the impact of this on the IM as awhole
is shown in Fig. 3. The BESS power rating affects its ability to offset
power imbalance, and thereby affects the unavailability of
customer supplies. Piecewise linear functions were used to esti-
mate the relation between BESS power rating and annual un-
availability when the value falls between the values for which the
reliability evaluation method was used, this relationship fpw is
expressed as:

Uk ¼ fpwða; b; PBESSÞ (19)



Fig. 3. Relation between network annual unavailability, battery rating (50e600 kW), and battery availability (60%e98%).
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The annual unavailability is then be applied to calculate the
EENS according to (8)e(9). This allows the complex, non-linear
reliability evaluation to be integrated into the optimization prob-
lem as a set of linear functions.
2.5. Chance-Constrained Programming problem formulation for
battery sizing

Overall the CCP problem is formulated as:
Minimize (1a).
Subject to: (1 b) - (1n), (8), (9), (11c), (11 d), (13)e(19).
Solving the CCP problem means finding the optimal determin-

istic decision variables (as listed in Nomenclature) which satisfy the
system constraints and chance constraints, under the condition
that the uncertain variables are distributed according to their joint
distribution.
2.6. Transformation of chance constraints

The CCP problem cannot be directly solved by a conventional
optimization approach due to the probabilistic chance constraints
(17) and (18). This is dealt with by transforming the chance con-
straints to deterministic constraints, while ensuring the optimiza-
tion problem can still be formulated as a convex problem. Equations
(17) and (18) can be converted to (20) and (21) based on (14),

Xt
bt¼1

q
xe;sðbtÞð1�aÞ ,herðbtÞ � Eb;deðtÞ (20)

Xt
bt¼1

q
xe;sðbtÞðbÞ ,herðbtÞ� Eb;deðtÞ � EBESS (21)

because the quantile of uncertain variables follows a monotonic
relationship with its inverse cumulative distribution function. The
quantile q is defined as the inverse function of the load forecasting
error's cumulative distribution function (CDF) with the probabili-
ties a and b. The quantiles can be derived if the joint distribution of
load forecast errors is known.

In this paper, Gaussian copula is applied to capture the corre-
lations and generate correlated samples; MCS is then used to derive
the CDF of the uncertain term xe;s,herðtÞ in (12); based on the
8

correlated samples, the quantile can then be derived from the CDF
with a given probability.

For example, the BESS investigated in the Case Study addresses
the correlated forecast errors at six buses. The probability distri-
bution function (PDF) of the aggregated forecast errors at time step
1 and related CDF are shown in Fig. 4(a) and (b). If a and b are 5%,
the related quantile values of xe;s,herðtÞ are calculated as
0.032 MWh and �0.0285 MWh. It can also be observed from
Fig. 4(a) that the results from CCP can address 90% of uncertain load
forecast errors, the 5% extreme cases of power redundancy because
of the forecast errors in [�6.76%,-3%] can be discarded, and the
power shortage due to the forecast error in [3%,7.73%] can be
resolved by extra import from the local renewable generators or
grid in a real-world application.

By implementing this method, chance constraints (17) and (18)
can be essentially converted to linear constraints, hence the sto-
chastic CCP optimal sizing problem is reformulated as a deter-
ministic convex problem. The BESS needs to reserve enough energy
to cover the uncertainties, which effectively reduces its useable
capacity; this means the minimum SoC constraint will be greater
than the true minimum SoC and the maximum SoC constraint will
be less than the true maximum SoC.

3. Case study description

This section introduces the case study in terms of the summary
of Gussing distribution network for demonstration, IM use cases
identified in theMERLON project, and specification of each scenario
in case study.

3.1. Summary of distribution system

The case study for this paper is the Gussing distribution network
shown in Fig. 5, with the Strem area, which will act as an IM, clearly
identified. This is a real-world 20 kV distribution network in Austria
and is one of the demonstration sites for the H2020 MERLON
project [36]. The SOCP-based CCP for sizing the battery is formu-
lated in Matlab 2019a and solved by Gurobi [37].

As shown in Fig. 5, the Güssing distribution system is connected
to the wider distribution network by an incoming feeder connected
to bus T304. Buses T265 and T267 are connected via a switch which
is open during normal (pre-fault) operation, but can be closed to
provide an alternative supply to either feeder. Renewable



Fig. 4. PDF (a) and CDF (b) of aggregated load forecast errors of Merlon IM at time step 1, which label the 5% extreme cases on both sides.

Fig. 5. 20-kV Güssing distribution system with the feeder connecting to bus T304. The Strem area in the top-right of the figure is the local area which will form the IM.
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generators and electricity users, including public and residential
buildings, are connected to the network. The Strem area that acts as
the IM can be disconnected from the rest of the Güssing network
and operate in island mode in response to system requirements or
faults; this is enabled by the BESS which is connected at bus T266.
3.2. Island microgrid use cases

The business use cases of the IM and BESS within the MERLON
project [36] are:

� Local distribution grid management to address the voltage and
power flow operation constraints. For example, the analyzed
Austrian distribution system in this paper has a strict restriction
on voltage limitations of ±2% of the nominal value [38].

� Provision of secure supply during island mode operation: to
improve the system reliability considering possible disconnec-
tion between the IM and grid.

� Participation in energy markets: the BESS is assumed to respond
to variations in the wholesale electricity price between
06:00e00:00 every day in this study.

� Provision of balancing services to the Transmission System
Operator (TSO): the BESS is designed to join the Austrian
balancing market to provide Frequency Containment Reserves
(FCR), which is automatically activated within 30 s upon request
[39]; it is assumed in this study that the BESS maintains its State
of Charge between 40% and 60% in 00:00e06:00 to allow it to
9

respond to FCR requests. The BESS receives an availability pay-
ment for providing this service.
3.3. Case study specification

Four scenarios are investigated in case study, and they are
explained as follows:

i) Scenario 1: Investigating the effect of different chance
constraint probability levels on the proposed sizing study.

ii) Scenario 2: Investigating the impact of neglecting uncer-
tainty within the sizing study.

iii) Scenario 3: Investigating the impact of battery lifetime and
degradation.

iv) Scenario 4: Investigating the relationship between optimal
battery size, value of lost load, and system reliability.

The input parameters applied in the case study are shown in
Table 2; the availability payment for providing frequency response
is taken from Ref. [39]. The BESS is assumed to charge or discharge
with maximum power in the event of primary frequency response,
which is (based on analysis of historical data) required 7 times
between 00:00 to 6:00 a.m. [40]. Electricity demand of eight
representative days, comprising a weekday and a weekend day of
each season, were selected for implementing the sizing study, with
a time step of 1 h. Fig. 6 shows the load demand at one bus in the
case study network for the eight representative days, where the
demand in summer and autumn (time step 49 to 145) is lower than



Table 2
Parameters for the sizing problem.

BESS parameters

Capacity unit cost 316 V/kWh
Power rating unit cost 200 V/kW
BESSCC,max 200,000 V

Charging/discharging efficiency 95%
Operating limits 0 � SOC �100%
VOLL 30,000 V/MWh
Lifetime 15 years
Discount rate 6%
95th percentile of forecast error reversal time 5 h
Frequency response
Availability payments 22.01 V/MW/h
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the demand inwinter and spring. The distributions of the uncertain
load forecast errors for each of the 8 days was obtained by fitting
appropriate subsets of historical data over one year depending on
day of the week and season with Guassian copula; the correlation
between demand at two buses in Strem can be observed in Fig. A1.
The maximum available buget for the BESS was V200,000.

For the reliability modelling, the failure of the main incoming
supply to the network was calculated using the expected SAIDI and
CAIDI. The historical demand and generation data, branch param-
eters, SAIDI and CAIDI were provided by the Distribution System
Operator (DSO), Energie Güssing. The data in Table 2 represent a
base case, and the impact of varying of these parameters is inves-
tigated in the test-case scenarios.
4. Case study results and discussion

This section presents the results from each scenario and
discussions.
4.1. Scenario 1

Scenario 1 investigates how setting the chance constraints to
different probability levels e which reflects the operator's attitude
to risk e affects the optimal battery sizing. Sensitivity analysis is
performed by applying the proposed battery sizing frameworkwith
different probabilities varying from 20% to 0.1%. As the PoCV in-
creases, the cost of operating the system falls, the BESS power ca-
pacity increases and the BESS energy capacity reduces; however,
the system reliability cost increases. For a given PoCV, the sum of
the system and reliability costs will be a minimum; this PoCV
Fig. 6. Electricity demand of one bus in Strem over
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represents an optimal trade-off between system profits and
reliability.

The optimal BESS capacity and power rating corresponding to
each chance constraint probability levels are shown in Fig. 7. The
optimal battery configuration stays idle with 0.295 MWh and
0.533 MW when the PoCV is higher than 18.8%; the optimal ca-
pacity gradually increases from 0.295 MWh to 0.575 MWhwith the
PoCV reduces from 18.8% to 1.1%; the optimal battery power rating
accordingly decreases from0.533MW to 0.092MW. The CCP fails to
find a feasible solutionwhen PoCV is lower than 1.1%, since the load
forecast errors cannot be addressed in some extreme cases due to
the limited budget (200,000V).

Fig. 8 shows the trade-off between reliability and cost as the
PoCV varies. The reliability cost CRC in (1c) is depicted by the orange
line in Fig. 8(a) and the blue line indicates the sum of annualized
battery capital cost and electricity cost minus the revenue from
providing frequency response. Fig. 8(b) shows the total system cost
CTot as in (1a), which is reached by summing the two lines in
Fig. 8(a). As shown in Fig. 7, the reduction of PoCV leads to an in-
crease in BESS capacity; the BESS power rating is reduced due to the
limited budget. Changing BESS size leads to reduced income from
providing frequency response according to (1 b), hence the blue
line in Fig. 8(a) trends to increase.

Lower PoCV indicates a higher battery availability, and conse-
quently a decrease in EENS; the reliability cost is therefore
decreased as shown in Fig. 8(a). Fig. 8 indicates that a trade-off can
be reached between IM reliability and revenue to pursue the
optimized overall system cost. In this case, the minimum total cost
is reached when the PoCV is 5.8%.
4.2. Scenario 2

This scenario compares the proposed sizing approach with the
method presented in Ref. [13], in which the impact of uncertainty
has been neglected. The sizing study excluding uncertainty at the
planning stage yields an optimal battery configuration of
0.295 MWh and 0.533 MW. This was derived with a PoCV of 18.8%,
it represents the point at which the battery size stopped changing
as the PoCV was increased (see Fig. 7) and is the design which
would be obtained if the uncertain variables were modelled as
deterministic. The related annualized system cost could be reduced
by V11,429 compared with the optimal trade-off point from Fig. 8
due to the greater revenue from frequency response provision
enabled by a higher power rating. The payback period can be
reduced from 11.50 years to 6.94 years if only the revenue of
8 representative days, each hour is a time step.



Fig. 7. Optimal BESS capacity (blue) and power rating (orange) against PoCV changing from 20% to 1.1%.

Fig. 8. Costs against different PoCV changing from 10% to 1.1%. (a) Sum of annualized BESS capacity cost and operating cost (blue) and reliability cost (red) against different PoCV. (b)
Total system cost, derived by adding the two lines in (a).
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arbitrage and providing frequency response are considered. How-
ever, this also corresponds to a battery availability for post-fault
islanding of 62.4%, leading to an absolute EENS of 1.224 MWh
with a correspondingly higher reliability cost of V36,720. This
higher cost shows the reduction in system reliability if uncertainty
is neglected, which is far from the optimal trade-off between reli-
ability and cost observed in Fig. 8.
4.3. Scenario 3

The annualized total costs, i.e. CTot in (1a), against different
lengths of anticipated BESS lifetime are shown in Fig. 9, where the
blue line indicates the sizing results considering battery degrada-
tion, and the orange line is for the results excluding the impact of
11
battery degradation. As seen, the annualized total cost decreases
with the increase of anticipated lifetime for using the BESS, this is
because that an increase of battery lifetime would reduce the
annualized BESS capital cost. Additionally, the difference between
the two curves increases when the BESS anticipated lifetime in-
creases. Because according to (1f), BESS is only capable of providing
limited quantity of energy before reaching its end of life, hence the
high revenue of frequency response provision would be preferred
rather than arbitrage, and less capacity would be allocated for
arbitrage with the increase of anticipated battery lifetime; on the
other hand BESS can be frequently charged and discharged to
provide both frequency response and arbitrage when the impact of
battery degradation is not considered, leading to increased revenue
and hence reduced overall cost.



Fig. 9. Annualized total costs considering the impact of battery degradation (blue) and excluding the degradation factor (orange) against planned lifetime for using BESS.
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The optimal battery configurations derived from both the cases
of considering and excluding battery degradation are the same.
However, for a sizing study with higher available investment, the
exclusion of battery degradation impact could result in a trade-off
point higher than the optimal PoCV from the case of considering
battery degradation; this is because that a higher revenue could be
gained from unlimited charging and discharging for arbitrage and
when the battery capacity is larger because of higher investment,
the annualized system cost as in Fig. 8(a) would be lower, and the
trade-off point would therefore be higher than the optimal PoCV
from considering battery degradation.
4.4. Scenario 4

The VOLL reflects the willingness of consumers to invest to
improve their supply reliability [41]. As the VOLL increases, the
customers are less willing to tolerate an interruption in supply and
therefore more willing to invest in system reliability through their
energy bills. This scenario investigates the impact of VOLL on bat-
tery sizing, and on the optimal trade-off between system cost and
reliability represented by the PoCV. The optimal BESS size and
probability of constraints violation corresponding to different
values of VOLLs, are shown in Fig. 10.

As the VOLL increases, the best PoCV for reaching a trade-off
between system reliability and revenue decreases, consequently
the BESS capacity increases, and the power rating decreases. This
indicates that consumers require higher battery availability to
improve reliability, which reduces the income generated by
providing frequency response. The VOLL of private end users are
generally between 10,000 and 50,000 V/MWh [41], the optimized
battery capacity and power rating respectively increase from
0.295 MWh to 0.415 MWh and decrease from 0.533 MW to
Fig. 10. Battery sizing results in terms of capacity (blue solid line with circles), power rat
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0.343 MW when the VOLL changes from 10,000 to 50,000V/MWh;
the optimized PoCV varies from 18.7% to 4.8% to reach the optimal
balance between reliability and cost. Industrial and commercial
users have higher requirement for system reliability, with VOLL
increasing to as much as 150,000 V/MWh [41]. The optimal PoCV
slightly increases from 1.4% to 1.2% when the VOLL ranges from
70,000 to 100,000, and remains at 1.1% when the VOLL is 110,000 or
higher.

Based on the analysis of historical data, the main incoming
supply to the Güssing distribution system has an availability of
99.89%. By taking this as the base scenario, two other comparative
scenarios are developed with the availability of power source being
99.97% and 99.02%. The optimal PoCV for VOLLs from 10,000 to
150,000 V/MWh for the three availability scenarios are depicted in
Fig. 11. When the incoming supply has a high availability of 99.97%,
the optimal PoCV remains close to 20% for VOLLs up to 50,000
V/MWh; the optimal PoCV is 1.1% for all levels of VOLL when the
incoming supply availability falls to 99.02%. The results indicate
that there is no trade-off point between system cost and reliability
in implementing the sizing study for a distribution system with
availability of 99% or lower: the BESS with the highest availability is
always pursued to improve the IM reliability; conversely, the BESS
is not necessary tomaintain at a high availability to improve system
reliability if the distribution system is highly-reliable, instead, a
lower availability but with higher power rating can be obtained to
improve the revenue for providing ancillary services, hence various
trade-off points can be observed with different VOLLs.
5. Limitations and future work

The proposed sizing approach benefits the system operator and
project investors with maximized improved network performance
ing (blue dashed line with squares), optimal PoCV (orange line) with different VOLL.



Fig. 11. Optimal PoCV against different VOLL changing from 10,000 to 150,000, the blue, orange, and grey lines respectively represent the optimal PoCV with 99.99%, 99.89%, 99.02%
of availability of incoming supply.
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and good returns on investment. The work can be further extended
by the following research perspectives:

i) How the DSO should remunerate the BESS owners for
providing this service is a vital topic, and one which will be
investigated via the generation of new business models
within the MERLON project.

ii) The model proposed in this paper can be expanded for sizing
a BESS to fulfil other services such as peak shaving and ca-
pacity firming, and with more complicated complex un-
certainties in a distribution system.

iii) A sizing scheme for Island Microgrids, considering the inte-
gration of multiple energy vectors, can be investigated.

iv) In this paper, capacity fade is modelled only as a function of
operating Depth of Discharge; this could be extended by
considering the degradation factor of lifetime throughput,
inspired by Ref. [23].
6. Conclusion

This paper proposes the use of Chance-Constrained Program-
ming to compute the optimal size of a BESS in an Island Microgrid
(IM) with the objectives of minimizing system cost and improving
reliability. The chance constraints are applied in a novel way which
represents the availability of the BESS to improve reliability during
an islanding event. The main findings can be summarized as
follows:

� It is essential to consider the probability that the BESS will be
available to provide a secure supply to the IM in the event of a
fault on the wider network; increasing this probability will
reduce the income the system can obtain via energy and ancil-
lary service markets, but may maximize the overall value of the
BESS, particularly if the local distribution network is unreliable.

� The sizing problem for a realistic primary distribution network,
with an IM comprising several buses, can be efficiently solved by
this method. If the distribution system supports private end
users with a VOLL of 50,000V/MWh, an optimal 4.8% of proba-
bility of constraints violation is found to balance the system
reliability and operating cost, highlighting the trade-off be-
tween them. The optimal size of the battery is 0.415 MWh with
0.343 MW. As a comparison, the optimal size of the battery is
0.295 MWh with 0.533 MW if the uncertainty is not considered
within the sizing problem, this would lead to more income from
ancillary service markets but would reduce the system reli-
ability to unacceptable 18.8% of PoCV and would result in a non-
optimal trade-off because the uncertainty was neglected.
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� The optimal probability of constraints violation decreases when
the consumers' willingness to maintain system reliability, i.e.,
VOLL, is increased. A lower PoCV, corresponding to a BESS with
higher availability, is also required in a less-reliable distribution
system.

� When batter degradation was excluded from the sizing study, it
led to a higher optimal PoCV value than in the case which
included degradation. The corresponding battery configuration
would compromise IM reliability, with an overall higher total
cost to system operator.

The proposed SOCP-based CCP benefits the system operator and
project investors by allowing them to maximize the benefits of a
BESS fulfilling multiple, conflicting objectives in the face of
uncertainty.
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Appendices

A. Convexification of complex power flow

This section describes the model of the electrical networks used
in this paper. The IM and wider distribution network need to be
modelled as part of the sizing studies. The complex power flow
balance for active power and reactive power injected at bus i is
expressed by
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Pnet;i ¼
XN
k¼1

jVijjVkj½Gikcosðqi � qkÞþBiksinðqi � qkÞ� (A1)

Qnet;i ¼
XN
k¼1

jVijjVkj½Giksinðqi � qkÞ�Biksinðqi � qkÞ� (A2)

where Vi and qi denote the voltage and phase angle of bus i, Gik and
Bik represent the real and imaginary parts of the element Yik in the
admittance matrix, N is the total number of the buses that connect
with bus i. Pnet;i and Qnet;i indicate the net active and reactive
power injections at bus i.

According to Ref. [27], by defining variables ui ¼ V2
i =

ffiffiffi
2

p
, Rik ¼

ViVkcosðqi � qkÞ, Iik ¼ ViVksinðqi � qkÞ, (A1) and (A2) become

Pnet;i ¼
ffiffiffi
2

p
Giiui þ

XN
k¼1

ksi

½GikRik þBikIik� (A3)

Qnet;i ¼ �
ffiffiffi
2

p
Biiui �

XN
k¼1

ksi

½BikRik �GikIik� (A4)

The ancillary variables Rik and Iik satisfy

2uiuk ¼R2ik þ I2ik (A5)

which can be relaxed to

2uiuk �R2ik þ I2ik (A6)

The original nonconvex power flow model is therefore trans-
formed to the convex SOCP model of (A3), (A4) and (A6), which can
be efficiently solved to global optimality using commercially
available solvers.
Fig. A1. Hourly weekday loads at bus 1 and 2
B. Modelling of battery degradation

BESS degrade with use [42], and this, crucially, impacts the cost-
effectiveness of using the BESS to fulfil use cases [43]; the operating
Depth of Discharge (DOD) significantly affects the degradation,
hence it is used to explicitly model the battery capacity fade. The
model developed in Ref. [28] e which is summarized here e is
applied to simulate the battery degradation. The capacity loss DE
through a single charging/discharging action can be expressed as

DE¼ E0
���DiniKDini

�DfinKDfin

��� (A7)

where E0 in (10) is the initial exploitable energy at the beginning of
the charging/discharging action, Dini and Dfin represent the initial
and final DODs. KD is a coefficient derived from the achievable cycle
count (ACC) as a function of operating DOD, provided by the
manufacturer. KD is expressed as

KD¼ 1
2D

�
1�0:8

1
NACCðDÞ

�
(A8)

whereNACC(D) in (A8) is the number of cycles that can be carried out
before the battery's exploitable energy capacity reaches 80% of the
initial capacity, with a battery operating DOD of D. The battery
reaches its end of life when its capacity falls to 80%.
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This paper assumes a lithium-ion battery will be deployed in the
distribution system. The capacity loss in terms of different initial
and final State of Charge (SOC) is obtained as an approximately
linear surface. Therefore, a global wear coefficient Kw is developed
to approximate KD and (A7)

DE¼KwE
���Dini �Dfin

��� (A9)

By calculating the values of DE for all possible initial and final
SOCs from (A7) and (A9), the root mean squared errors between
them are recorded in terms of different values of Kw.

For a lithium battery with lifecycles NACC decreases from 15,000
to 6000 when the operating DODs increases from 0 to 100%, a value
of 1.04� 10�5 is derived for Kw as the best approximation to (A7) by
comparing the root mean squared errors; this means the exploit-
able capacity reduces approximately 1.04 � 10�5 kWh when the
battery charges or discharges by 1 kWh. This method offers accu-
rate estimation of battery degradation while its linearity means it
can be included in the optimization problemwithout modification.

C. Modelling of correlated demand with copula

The demand of customers at different buses in an IM can be
strongly correlated because of similar customer behavior and un-
derlying drivers. The correlations can significantly affect the system
operation and are explicitly modelled in this section. Based on the
historical hourly load data over a year from the case study distri-
bution system, the load of two buses on weekdays in spring from
07:00 to 08:00 are plotted in Fig. A1.

Gaussian copula can model the joint distribution with high di-
mensions, non-linear correlations, and different distributions of
uncertain variables [44], hence is appropriate for simulating the
correlated loads in a distribution system. This paper applies
Gaussian copula to capture the correlations between the load
forecast errors at each time step, and subsequently generates
correlated copula samples for MCS in solving the CCP.

According to Sklar's theorem, any multi-variate joint distribu-
tion with Nx variables Fðx1; x2;…; xNx

Þ can be transformed to a
copula function Cðx1; x2;…; xNx

Þ in terms of the uniform marginal
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distribution of each individual uncertain variable F1ðx1Þ, F2ðx2Þ, …,
FNx

ðxNx
Þ as shown in

F
�
x1; x2;…; xNx

�
¼C
��

F1ðx1Þ; F2ðx2Þ;…; FNx

�
xNx

��
(A10)

The copula, C, holds the correlations between uncertain vari-
ables. By applying Sklar's theorem, the correlations between un-
certain variables are captured and transferred to the domain [0, 1].
The inverse transformmethod can be applied to transfer the copula
to the original scale of uncertain variables. Based on these trans-
formations, the correlated samples of uncertain load forecast errors
at each time step are generated according to the following
procedure:

Step 1) Determine the probability distributions of the load forecast
errors at each bus based on historical data. Compute the
Spearman's rank correlation coefficients between the er-
rors for each pair of buses.

Step 2) Apply Gaussian copula to fit the historical load forecast
errors based on the correlation coefficients, leading to
correlated copula on unit scale.

Step 3) Use the inverse transform method and apply the corre-
sponding inverse cumulative distribution function to the
correlated copula on unit scale to generate samples of
correlated load forecast errors.
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