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Modeling and Computed Torque Control of a 6 Degree of
Freedom Robotic Arm

Abstract - This paper presents modeling and control design of ED
7220C — a vertical articulated serial arm having 5 revolute joints
with 6 Degree Of Freedom. Both the direct and inverse kinematic
models have been developed. For analysis of forces and to
facilitate the controller design, system dynamics have been
formulated. A non-linear control technique, Computed Torque
Control (CTC) has been presented. The algorithm, implemented
in MATLAB/Simulink, utilizes the derived dynamics as well as
linear control techniques. Simulation results clearly demonstrate
the efficacy of the presented approach in terms of trajectory
tracking. Various responses of the arm joints have been recorded
to characterize the performance of the control algorithm. The
research finds its applications in simulation of advance non-
linear and robust control techniques as well as their
implementation on the physical platform.

Index Terms — Mathematical modeling, Arm Kinematics and
Dynamics, Controller Design, Multi-DOF robotic manipulator

L INTRODUCTION

Robots were initially designed as a source of fun and
entertainment. By the time field of robotics get advanced, it
changed the face of its preliminary purpose. Now robots are
essential part of automated industries. They become more of a
need than a luxury for industrial growth [1,2]. Additionally,
robots are being used for rehabilitation [3-6], assistance [7,8],
Virtual Reality (VR) [9], nuclear power plants [10] and so on.
Robotics is the growing field of engineering. Currently it is
among the most interesting topics for scientists as it is core
part of future economy, warfare and medicine.

Kinematic problem is associated with the motion of robot.
It does not deal with the forces that cause the motion. It is
further divided into two categories, a) Forward Kinematic
(FK), b) Inverse Kinematics (IK). FK deals with the
computation of end-effector coordinates knowing the achieved
joint angles. The model can be computed through various
methods. Denavit-Hartenberg (DH) and successive screw
displacement are most commonly used methods for kinematic
modeling. In DH formulation approach, first DH parameters
are defined. Having the knowledge of these parameters, the
kinematic model can be described for any robot [11]. In
contrast to FK, IK model computes the required joint angles
for the given coordinates and is more complex than FK [12].

A number of research works has been presented
relating to the modeling of Kinematics. Shi et al. have
proposed the general solution for FK problem of 6 Degree Of
Freedom (DOF) robot [13]. Kumar et al. have reported FK
and IK solution for a virtual robot [14]. IK of serial link
robotic arm has been proposed by Cubero [15]. To compute
the required joint angles for any desired position of arm,
geometric solution has been provided by Clothier et al. [16].

Moving ahead towards control design, dynamic model is
an important topic [17]. In dynamic modeling, forces and
torques acting on the robot are taken into account [18].
Different approaches for dynamics computation have been
discovered by researchers. Newton—Euler and Euler-Lagrange
formulations are commonly used for dynamics modeling.

Controller design demands the mathematical model of the
robotic arm. Robot modeling involves two types of models,
Kinematic model and Dynamic model discussed earlier. To
operate the robotic manipulator with absolute precision and at
high speed control strategy has to be well defined. Robot
dynamics, payload, operating environment are the main
challenges in designing the control system.

Classical as well as robust and adaptive control
techniques have been reported in research community.
Proportional Derivative (PD) and Proportional Integral
Derivative (PID) are the basic and mostly utilized classical
control techniques have been implemented on mobile robots
[19] and on industrial robotic arm presented in [20]. In
Modern control techniques, utilization of robot dynamics for
cancelling out its nonlinear dynamics along with the Classical
control techniques has made the system to work more
efficiently and effectively. Work has been reported in [21],
combining Computed Torque Control (CTC) with PD and
PID. Based on CTC, [22] presents a comparison between
Locally Weighted Projection Regression (LWPR) and
Gaussian Process Regression (GPR).

This paper is outlined as follows: Section II describes the
Robot modeling. The designed control algorithm and its
results are presented in Section III and finally Section IV
concludes the work.

1L MODELING OF ROBOTIC ARM

A 6 DOF robotic manipulator ED7220C has been used in
the current research work. The robotic arm has 5 revolute
joints include tool, wrist, elbow, shoulder, waist or base joints
as shown in Fig. 1. Each joint is actuated through servo motor.
To make the system close loop, position feedback is obtained
by optical encoders. These kind of robotic manipulators are
commonly used in teaching and research. Link specifications
of robotic arm have been depicted in Table 1 below.

TABLE 1
LINK SPECIFICATIONS
Links DOF Link Lengths
Base 1 385
Shoulder 1 220
Elbow 1 220
Wrist 2 155
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Fig. 1 ED7220C joints

A. Kinematic Model

Kinematic model deals with the motion of robot without
including the forces that cause the motion. All geometric and
time based properties of robot motion are involved in study of
kinematics. Analysis of kinematics consists of Forward and
Inverse Kinematic.

The procedure use to get end — effector coordinates from
known joints angles is called forward or direct kinematics.
Fig. 2 shows the kinematic model of ED7220C robotic
manipulator. DH parameter based kinematic model, has been
derived for robotic arm ED7220C. Frame assignment is shown
in Fig. 3. The wrist joint having 2 DOF so it is represented as
tool pitch and tool roll. After attachment of frames to each
joint, DH parameters have been derived and are given in
Table 2 [1].
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Fig. 2 Kinematic modeling
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Fig. 3 Frames assignment
The following definitions have been used.
a;_, =Angle from Z;_;to Z;measured about X;_,
a;_, = Distance from Z;_ to Z;measured along X;_;
d; = Distance from X;_;to X;measured along Z;

0; = Angle from X;_;to X;measured about Z;

where “1” is the frame number.

TABLE 2
DH PARAMETERS
Parameters Joint (7)

1 2 3 4 5 6
Link twist (@;_4) 0 -90° 0 0 -90° 0
Link length (a;_4) 0 0 /> B 0 0
Joint distance (d;) l 0 0 0 0 Iy
Joint angle (6;) 0, 0, 03 0,4 05 0

Based on these parameters, the transformation matrix
9T includes the overall rotation and translation of tool frame
{6} with respect to base frame {0}. The transformation matrix
is given by (1)

—C1S234 GA

€1€234C5 + 51S5  —C1C234S5 + 51C5

or = 51C234C5 — €155 —S1€234S5 — €105 —S1S234  S14 (1)
—5234Cs 523455 —C234 B
0 0 0 1

First 3x3 sub matrix of transformation matrix gives
rotation and first 3 elements of the last column gives the
position, i.e.

X1 [C,A
Y|=|s,4
Z B
where A and B are given by
A = _l45234 + l3C23 + l2C2
B =1 = lycy34 — I3S33 — I35
and
¢, = cos(a), cap = cos(a+Db), cape =cos(a+b+c)

Sy = sin(a), Sqp = sin(a +b), sgpe = sin(a+b +¢)

To achieve the desired position and orientation of end —
effector, the required joint angles can be calculated by IK. IK



model of robotic arm has been computed by Algebraic and
Geometric methods. The orientation of gripper has been
realized geometrically while the closed form equations for
each joint angle of the robotic arm have been derived
algebraically. 6, is given by (2).

0; = AtanZ(py, Dx) @)

The required joint angles (6,,65,0,) can then be
computed by (3), (4) and (5) which are as follows:

. = (c1px + S1Py + l45234)2 +@, L+ 145234)2 - lzz - 132

3 21,1,
S3 =11 —¢3?
03 = Atan2(s;, c3) 3)

_ (C1px +s1py + 145234)(0313 +15) = (p, — Iy + Luca34)s315

c
’ (csls+1)* + 532132
o =— (Clpx +51py + 145234)5313 + (0, — L+ Loz (el + 1)
’ (c3ls + 1)% + 532157
0, = Atan2(s,, c;) 4
04 = 6334 — (62 + 65) (5)

B.  Dynamic Model

Dynamic model deals with the forces and torques causing
the motion of the body [18]. In this research work, robotic arm
dynamic model has been computed by Eular-Lagrange
formulation. This energy based formulation [23] is
comparatively compact and simple. Nomenclature used to
derive dynamic model has been mentioned in Table 3.

TABLE 3
DYNAMIC NOMENCLATURE

Symbol Description

m; i" link mass

v, it" link linear velocity

lw i*" link angular velocity

Hi it" link inertia tensor

°p it" link Position

The potential and kinetic energies of individual link has
been calculated by (6) and (7)

1“1' = —mingciP (6)
k; = EmichiVCi +5 foTHiw (7

The difference of total potential energy and kinematic
energy has been used to compute Lagrangian [11] and the
Torque (8) for each link is then computed by differentiating
Lagrangian w.r.t § and 6.

7=M(q)§+V(q,q9 +G(q) (®)

where 7 is the joint torque, M(q) represents the inertia tensor,
V(q, q) represents Centrifugal and Corollis forces and G(q)

matrix is representing gravity. The derived model has been
given in [24].

The inertia matrix is always semi — positive definite. This
property of inertia matrix has been used to verify the dynamic
model. The joint trajectories are shown in Fig. 4 and the
consequent positive definite conditions as well as the required
joint torques to accomplish this motion are shown in Fig. 5
and Fig. 6 respectively.
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Fig. 4 Joints trajectory

Value
[22]
’

% 10 20 30 40 50

Time (sec)
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III.  CONTROL DESIGN

A. Computed Torque Control

CTC is a fundamental non-linear control technique applied
to nullify the nonlinear behavior of the system. The dynamics
that are modeled will determine the feedback loop for the
control design. In the presence of an exact dynamic model,
CTC works well and results in good performance parameters.
It is not almost impossible but practically an accurate dynamic



model is very difficult to achieve. Moreover the dynamics of a
robotic manipulator change significantly when a heavy
payload is picked up [25]. These changes result in
performance degradation of the manipulator’s trajectory-
tracking. To surpass this degradation, many researchers have
proposed advanced CTC techniques like model based fuzzy
controller to obtain the desired control and a fuzzy switching
control to reinforce closed loop system performance [26]. In
[27] Soltani et al. proposed fuzzy CTC to estimate nonlinear
dynamics.

The dynamic model of the robotic manipulator is nonlinear
function of states variables (joint positions and velocities).
This establishes a guideline for the required controller to be a
nonlinear function of the states. CTC is one such control
which is model based. Here linearization and decoupling is
accomplished through deploying robot dynamics in the
feedback loop. The CTC with Proportional-Derivative (PD)
control is given by

1= M(qQv+ V(g,q)+9(q) €))

where the auxiliary control signal is
v=qq— K, — Kpe (10)

havingv = [v; v, v; 1,]Tistheinput ande = g5 —q is
the position tracking error. Now solving for the closed loop,
the error dynamics are calculated as under

é+ Kyé+ Kye=0 (11)

A practical approach is to decouple the multivariable
linear system of error dynamics of each joint independently.
This could be achieved easily by taking K, and K, diagonal
matrices [28] as under

K, =diag {#; 25 25 A3}

12

Now each joint respond as a critically damped linear
system where the error converge to zero exponentially [29].
€4+ 26+ Me=0, i=1230r4 (13)

B.  Results and Discussion
The simulation is performed using Matlab/Simulink. The
Simulink model is given in Fig. 7.
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Fig. 7 Developed Simulink model

The robotic manipulator ED7220C is modeled in
ctc3st_plant (S-Functionl) and CTC algorithm is embedded in

ctc3st_control (S-Function). Desired joint angles (qq) and
actual joint angles (q ) are exported to the Simulink workspace
for taking the plots given below.

Simulations have been done by considering different
values of A (1, 2 and 4). The difference between responses is
evident in Fig. 8-10.The tracking responses have been plotted
by giving different inputs to each link. It can be observed that
by increasing the A the performance of the system has
improved.

As there is no overshoot for each value of A but there is
significant difference in reaching time to desired response. For
A=1, the settling time for the step and ramp input is almost 7
sec. and in the case of sine input it is 6 sec. As the A is
changed to 2 the settling time to each input has reduced. In the
case of A=4 the settling time in case of step and ramp has
reduced to 1.4 and 2.3 sec. respectively and for sine input it is
0.8 sec.
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IV.  CONCLUSION

The work presented in this paper provides a complete path
from modeling Kinematics to design of Control system of a 6
DOF robotic arm. Control technique CTC utilizes the
modelled dynamics of the robotic arm to design a feedback
loop, cancelling the non-linearities of the system and then
further on utilizing the linear control techniques to achieve the
desired response. Designed platform has immense capabilities
in the field of research and academics activities. The
implementation of CTC on real platform is under
development. It is envisaged in near future to design advance
non-linear control techniques followed by their testing on a

real platform.
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