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1. Introduction

The Fibonacci sequence, say {f, },.\ is the sequence of positive integers satisfying the recurrence relation fo = 0,f; = 1 and
fo =fao1 +fa2,n = 2. The Lucas sequence, say {l,},. is the sequence of positive integers satisfying the recurrence relation
Ip = 2,11 =land I, =11 + ln,z,n > 2.

In recent years, several connections between the Fibonacci and Lucas sequences with matrices have been given by re-
searches. In [3], some classes of identities for some generalizations of Fibonacci numbers have been obtained. The relations
between the Bell matrix and the Fibonacci matrix, which provide a unified approach to some lower triangular matrices, such
as the Stirling matrices of both kinds, the Lah matrix, and the generalized Pascal matrix, were studied in [23]. In [16], ipek
computed the spectral norms of circulant matrices with classical Fibonacci and Lucas numbers entries. In [4], Bozkurt first
computed the spectral norms of the matrices related with integer sequences, and then he gave two examples related with
Fibonacci, Lucas, Pell and Perrin numbers.

Some of traditional methods for calculation of the determinant of an n x n matrix are based on factorization in a product
of certain matrices such as lower, upper, tridiagonal, pentadiagonal and Hessenberg matrices. A brief overview of the theory
of determinants can be found, for example, in [14,21].

In some papers related with relationships between the Fibonacci and Lucas sequences with certain matrices, the results
on relations between determinants of families of tridiagonal and pentadiagonal matrices with Fibonacci and Lucas numbers
have been presented. Cahill and Narayan [7] showed how Fibonacci and Lucas numbers arise as determinants of some tri-
diagonal matrices. Strang [20] has introduced real tridiagonal matrices such that their determinants are Fibonacci numbers.
Nalli and Civciv [19] gave a generalization of the presented in [7]. Also, Civciv [9] investigated the determinant of a special
pentadiagonal matrix with the Fibonacci numbers. In [11], by the determinant of tridiagonal matrix, another proof of the
Fibonacci identities is given. In [22], another proof of Pell identities is presented by the determinant of tridiagonal matrix.

In general we use the standard terminology and notation of Hessenberg matrix theory, see [13]. The determinant

H” = |ai]‘{n’
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where a; =0 when i —j > 1 or when j—i>1 is known as a Hessenberg determinant or simply Hessenbergian. If a; =0
when i —j > 1, the Hessenbergian takes the from

ayp a2 i3 -+ Qip1 Qin
Q1 Qypp 03 -+ Oap-1 Q2n
Qs ds3
H, =
Q43

Unn-1  Om n

If a; = 0 when j —i > 1, the triangular array of zero elements appears in top right-hand corner.

It is well known that several famous numbers may be represented as determinants of Hessenberg matrices. In many pa-
pers related with relationships between the Fibonacci and Lucas sequences with certain matrices, the results on relations
between determinants of families of Hessenberg matrices with Fibonacci and Lucas numbers have been given [5, 6, 8,
20]. In [6], complex Hessenberg matrices such that their determinants are Fibonacci numbers have been introduced. It
was showed in [8] that the maximum determinant achieved by n x n Hessenberg (0, 1)-matrices is the nth Fibonacci number
fa. Esmaeili [10] gave several new classes of Fibonacci-Hessenberg matrices whose determinants are in the form tf;_; + f;_»
or fy 1 + tf,_» for some real or complex number t. In [18], by constructing new Fibonacci-Hessenberg matrices, another
proofs of two results relative to the Pell and Perrin numbers is given.

Besides the usual Fibonacci and Lucas numbers many kinds of generalizations of these numbers have been presented in
the literature. For any integer numbers s > 0 and ¢t # 0 with s? -+ 4t > 0; the nth (s, t)-Fibonacci sequence, say {F(s, t)} .y iS
defined recurrently by

Fri1(s,t) = sFy(s,t) + tFy q(s,t) forn > 1, (1)
with Fo(s,t) =0, Fyi(s,t) =1.

For any integer numbers s > 0 and ¢t # 0 with s? + 4t > 0; the nth (s, t)-Lucas sequence, say {L,(s, t)}, is defined recur-
rently by

Ln+1 (57 t) = SLTI(57 t) + th—l (Ss t) for n = 11 (2)

with Lo(s,t) =2, Li(s,t) =s.
In the rest of the paper, F,(s,t) and L,(s, t) would be written as F, and L, respectively.
The following table summarizes special cases of F, and L,:

(57 t) Fﬂ Lrl

(1,1) Fibonacci numbers Lucas numbers

(2,1) Pell numbers Pell-Lucas numbers

(1,2) Jacobsthal numbers Jacobsthal-Lucas numbers
(3,-2) Mersenne numbers Fermat numbers

Binet's formula are well known in the Fibonacci numbers theory [17]. Binet's formula allows us to express the (s, t)-Fibo-
nacci and Lucas numbers in function of the roots o and p of the following characteristic equation, associated to the recur-
rence relation (1), or (2):

x> =sx+t. 3)
Theorem 1 (Binet's formula). The nth (s, t)-Fibonacci and Lucas numbers are given by

o — B

= [

where o, B are the roots of the characteristic equation (3), and o > f3 (see [17]).
Note that, since 0 < s, then

F, and L, = o" + f", (4)

B<0<oa and |B| < |al,

a+pf=s and of = —t,

o—f=+/s*+4t

In this paper, we derive some relationships between the (s, t)-Fibonacci and Lucas numbers and determinants of some
types of Hessenberg matrices, and we give a conjecture on the determinant of an infinite pentadiagonal matrix with the clas-
sical Fibonacci and Gaussian Fibonacci numbers.
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The main contents of this paper are organized as follows: in Section 2, we introduce new classes of Hessenberg matrices
whose determinants are the (s, t)-Fibonacci and Lucas numbers, where cofactor expansion is used to obtain these determi-

nants. We also give the following interesting conjecture on the determinant of an infinite pentadiagonal matrix with the
classical Fibonacci and Gaussian Fibonacci numbers in Section 3.

2. The determinants of Hessenberg matrices with the (s, t)-Fibonacci and Lucas sequences

Theorem 2. For any integer numbers s > 0 and t # 0 with s> + 4t > 0, define the (n+ 1) x (n + 1) matrix Hy,; as

Fan 2tFanoi (20%Fans (20%Fans -+ (20" 'Fouy (20)"F,
1 —s s? —s3 (8)(—5)”
Hyy — 1 _2s 32 . G)H)M >0
1 35 (Z)(fs)“

Then, the determinant H, is given by

(s2 + 4t)"Fy,,  if n is zero or even,
—1/ (82 + 46" Loy, if n odd.

Proof. If we expand the determinant H,,; by the two elements in the last row, and repeat this operation on the determi-
nants of lower order which appear, then we obtain

/n
Hn+1 = —Z<k>San+l—k + (_Zt)nFn-

k=1

Hn+1 =

From where, the H,, term can be absorbed into the sum, thus we have
"/n
(1 @Fa = 3 ([ )¢Hur 5)
k=0

Since the polynomial in (5) is an Appell polynomial, using inverse relation of Appell polynomial (for more details see [1,2])
we obtain

Hn+1 = (*1)ni(z)(2t)nik5ki“n+k- (6)

k=0

From (4) and (6) we have

7(_1)n - n n—k n+ n+k
HM_M’;(I{)QQ s (o - )

~CUs <"> (20" * o (25)" - B (s)'] (7)

k

= (-1’ [ (2t + as)" — (2t + ps)"]

= e =) — (8~ op)']

af
_(71),1 n n np2n n
— g = B (1 = ]
_1\'w2n _ p2n
=(dﬁ)"(W>7 ®)

where o, 8 are the roots of the characteristic equation (3), and o > f. Consequently, from (8) we get
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\/MFM, if n is zero or even,
Hn+l =
s+ a0 1, if n odd.

This completes the proof. O

For ¢,(s), we have the following values:

(s,t) H, Hj Hy Hs
(1,1) 5F, —5Lg 25Fg —25L49
1,2) 9F, oL, 81Fs 811y,

Theorem 3. For any integer numbers s > 0 and t # 0 with s> + 4t > 0, define the (n+ 1) x (n + 1) matrix Hy,_, as

Fan 2tFans1 (26Fanzs (20%Fanis - (20" 'Faur  (20)"F,
n —S
., 1 n-1 -2s 0
== , n>=
" n! n-2 —3s
1 —-ns

n+1

Then, the determinant H,_, is given by

L14/(s2 +4t)"Fp,,  if nis zero or even,
. .

n+1 —
— 10 /(s? + 40" Lo, if n odd.

Proof. Since some of H; s elements are functions of n, the minor obtained by removing its last row and column is not

equal to H, . Hence, this implies that there is no obvious recurrence relation linking H;_,,H,, H;_,, etc. Therefore, by a

series of row operations which reduce some of its elements to zero, the determinant H;_, can be obtained by transform-
ing Hp1.

By performing the row operations
i—1
Ri=Ri - <m> (=S)Ri1,
with 2 < i< n, we get the determinant C,,; with (n — 1) zero elements. Then, again by performing the row operations
, i—-1
Ri=Ri— (m) (=S)Ri1,
with 2 <i< n-— 1, we get the determinant C, with (n — 2) zero elements. Then, with 2 <i < n - 2, etc., and, finally, with

i =2, we get the determinant H, ;. O

For H' .., we have the following values:

n+1»
s,t H; H; H; H;
2 3 4 5
(1,1) 5F4 ~3Ls B Fs —51L1o
(1,2) %F‘l _%L5 %FS —%Lm

Corollary 4. For any integer numbers s > 0 and t # 0 with s> + 4t > 0, define the (n+ 1) x (n+ 1) matrix S,.; and Ty,
respectively, as



n n n
(o) (1) ()
—os 2t
Sni1 = —os 2t
—os
and
n n
(o) (1)
—ps 2t
Thi1 = —ps 2t
_[)’5

with n > 0. Then,

,‘l)n
o —

—

=

Proof. Since

(&"Sni1 = f'Tui) =

A. Ipek, K. Ar1/Applied Mathematics and Computation 229 (2014) 433-439

()

Sur =3} )2 s

k=0

and

T = 30 () @0 st

k=0

thus from the Eq. (8) we

have CL (07S,1 — ' Tosr) = (00 — /})"((’”

o—p

) (5)

y

2t

(u4)

—os

(u1)

2t

_ﬂs

(S + 4t)"Fan,

/(52 +40)" Ly,

nacci and Lucas numbers, the result appears. O

2t

(s

)

2t

n+1

if n is zero or even,

if n odd.

ng2n_g2n
o—p
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). From the Binet’s formulas of the nth (s, t)-Fibo-

Theorem 5. For any integer numbers s > 0 and t # 0 with s> + 4t > 0, define the (n + 1) x (n+ 1),n > 0, matrices A,,1 and By 1,

respectively, as

1 as

-1 1
_1
An+1 = '

and

1 ps

-1 1
_1
Bn+1 = ‘

with o = SV qng g —

(as)” (o)’
as  (as)?
1 os

(ps)* (ps)’
ps  (ps)?

(o)™ (os)"
(0(5)“72 (as)n—l
(as)"3  (os)" 2

s—/s2+4t Then

2

n+1

n+1
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1
An+1 + Bn+1 = FnLZH'

Proof. If we recall the properties of determinant and use the Binet’s formulas of the nth (s, t)-Fibonacci and Lucas numbers,
we obtain

n n

Apii +Bpog =t [(as+6)" + (Bs+1D)"] = t‘”Z(Z)tn—k {(as)" + (ﬂs)k} — Z<Z>t_k [(ocs)" + (ﬁs)k]

k=0 k=0

_Z< ){( ) (ﬂ:)} (Ofterl) +(¢+l>n=(O‘s;rt>n+<ﬁst+t>n:;?(a2”+ﬁ2")=;7LG.

Thus, the proof is completed.
For n = 0, we have

1
A1+B1:2:t—OL0

and for n = 1 we have
1,5, 1
A2+32:?(S +2t):?L2

O

3. The determinant of an infinite pentadiagonal matrix with Fibonacci and Gaussian Fibonacci numbers

Gaussian numbers were investigated in 1832 by Gauss [12]. A Gaussian integer is a complex number whose real and
imaginary part are both integers. The Gaussian integers, with ordinary addition and multiplication of complex numbers,
form an integral domain, usually written as Z[i]. This domain does not have a total ordering that respects arithmetic, since
it contains imaginary numbers. Gaussian integers are the set

7l ={a+ib:abezand ¥ = -1}.

Horadam [15] examined Fibonacci numbers on the complex plane and established some interesting properties about
them. Gaussian Fibonacci numbers (GENS) fi¢ are defined f{“ f,1 L+ £ n = 2, where f{% =1, f{© = 1. The first six GFNs
are 1,1+41,2+1,3+2i,5+ 3i and 8 + 5i. Therefore, clearly, f{© = f, + lfn,l,n > 1. Here, f, is the nth classical Fibonacci
number [17].

In the paper [9], the determinant of a pentadiagonal matrix with Fibonacci numbers such that

Il — fifeea fien fifier ]
—firr 1 =2fifia

Ek fkf k-1 _f k+1

Jiern S

. 1= 2fifia fien
L fkfk—l _fk+1 1 _fkfk—l - kxk
was computed.

In here, we give the following interesting conjecture on the determinant of an infinite pentadiagonal matrix with the clas-
sical Fibonacci and Gaussian Fibonacci numbers:

Conjecture 6.

—fl© ivfi 0 0 0 0 0

—ifOVE FORO ifOVE VRS 0 0 o0

VAR ROVE R BOVE 0 L
0 0 —ifYVE -£ORY —ifSVE PVRR O ’
0 0 PR ROVE AORY 9RO
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where f, and f\© are the nth classical Fibonacci and Gaussian Fibonacci numbers, respectively, i = —1, and j@ is the conjugate of
the nth Gaussian Fibonacci number.

4. Conclusions

We obtain formulas for the determinants of some Hessenberg matrices associated with the (s, t)-Fibonacci numbers and
the roots of the characteristic equation (3) and they are computational feasible. Also, we give the following interesting con-
jecture on the determinant of an infinite pentadiagonal matrix with the classical Fibonacci and Gaussian Fibonacci numbers.

Acknowledgements
The authors wish to thank the editor and the referees for their thorough review and very useful suggestions.

References

[1] M. Anshelevich, Appell polynomials and their relatives, Int. Math. Res. Not. 65 (2004) 3469-3531.
[2] P. Appell, Sur une classe de polynomes, Ann. Sci. I'E.N.S. 29 (1880) 119-144.
[3] M. Bicknell-Johnson, C. Spears, Classes of identities for the generalized Fibonacci numbers G, = G,_1 + Gp_ from matrices with constant valued
determinants, Fibonacci Quart. 34 (1996) 121-128.
[4] D. Bozkurt, On the spectral norms of the matrices connected to integer number sequences, Appl. Math. Comput. 219 (12) (2013) 6576-6579.
[5] N.D. Cahill, J.R. D’Errico, D.A. Narayan, ].Y. Narayan, Fibonacci determinants. The college math, J. Math. Assoc. Am. 33 (3) (2002) 221-225.
[6] N.D. Cahill, J.R. D’Errico, J. Spence, Complex factorizations of the Fibonacci and Lucas numbers, Fibonacci Quart. 41 (1) (2003) 13-19.
[7] N.D. Cahill, D.A. Narayan, Fibonacci and Lucas numbers as tridiagonal matrix determinants, Fibonacci Quart. 42 (2004) 216-221.
[8] Ching Li, The maximum determinant of an n x n lower Hessenberg (0, 1) matrix, Linear Algebra Appl. 183 (1993) 147-153.
[9] H. Civciv, A note on the determinant of five-diagonal matrices with Fibonacci numbers, Int. . Contemp. Math. Sci. 3 (9) (2008) 419-424.
[10] M. Esmaeili, More on the Fibonacci sequence and Hessenberg matrices, Integers 6 (32) (2006).
[11] J. Feng, Fibonacci identities via the determinant of tridiagonal matrix, Appl. Math. Comput. 217 (2011) 5978-5981.
[12] C.F. Gauss, Theoria residuorum biquadraticorum, Commentatio secunda., Commun. Soc. Reg. Sci. Gottingen 7 (1832) 1-34.
[13] G.H. Golub, C.F. Van Loan, Matrix Computations, third ed., Johns Hopkins University Press, Baltimore, MD, 1996.
[14] L. Hogben, Handbook of Linear Algebra, Chapman and Hall, Boca Raton, 2007.
[15] A.F. Horadam, Further appearence of the Fibonacci sequence, Fibonacci Quart. 1 (4) (1963) 41-42.
[16] A. ipek, On the spectral norms of circulant matrices with classical Fibonacci and Lucas numbers entries, Appl. Math. Comput. 217 (12) (2011) 6011-
6012.
[17] T. Koshy, Fibonacci and Lucas Numbers with Applications, Wiley, 2001.
[18] H.C. Li, On Fibonacci-Hessenberg matrices and the Pell and Perrin numbers, Appl. Math. Comput. 218 (2012) 8353-8358.
[19] A. Nalli, H. Civciv, A generalization of tridiagonal matrix determinants, Fibonacci and Lucas numbers, Chaos Solitons Fract. 40 (1) (2009) 355-361.
[20] G. Strang, Introduction to Linear Algebra, second ed., Wellesley-Cambridge, Wellesley, MA, 1998.
[21] R. Vein, P. Dale, Determinants and Their Applications in Mathematical Physics, Appl. Math. Sci., vol. 134, Springer-Verlag, New York, 1998, ISBN 0-387-
98558-1.
[22] M. Yasar, D. Bozkurt, Another proof of Pell identities by using the determinant of tridiagonal matrix, Appl. Math. Comput. 218 (2012) 6067-6071.
[23] W. Wang, T. Wang, Identities via Bell matrix and Fibonacci matrix, Discrete Appl. Math. 156 (14) (2008) 2793-2803.


http://refhub.elsevier.com/S0096-3003(13)01354-4/h0005
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0010
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0015
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0015
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0015
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0020
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0025
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0030
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0035
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0040
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0040
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0040
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0045
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0050
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0055
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0060
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0065
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0065
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0070
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0070
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0075
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0080
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0080
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0080
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0085
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0085
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0090
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0095
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0100
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0100
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0105
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0105
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0105
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0110
http://refhub.elsevier.com/S0096-3003(13)01354-4/h0115

	On Hessenberg and pentadiagonal determinants related  with Fibonacci and Fibonacci-like numbers
	1 Introduction
	2 The determinants of Hessenberg matrices with the ? -Fibonacci and Lucas sequences
	3 The determinant of an infinite pentadiagonal matrix with Fibonacci and Gaussian Fibonacci numbers
	4 Conclusions
	Acknowledgements
	References


