View metadata, citation and similar papers at core.ac.uk

On: 11 February 2014, At: 00:41

Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Quaestiones Mathematicae

Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/tqma20

On the support of general local
cohomology modules and filter regular
sequences

Cihad Abdioglu ® , Kazem Khashyarmanesh ° & M. Tamer Kogan °

# Department of Mathematics , Karamanoglu Mehmetbey
University , Yunus Emre Campus Karaman, Turkey

b Department of Pure Mathematics , Ferdowsi University of
Mashhad , Center of Excellence in Analysis on Algebraic Structures
(CEAAS), P.O. Box 1159-91775, Mashhad, Iran

¢ Department of Mathematics , Gebze Institute of Technology ,
Cayirova Campus 41400, Gebze- Kocaeli, Turkey
Published online: 21 Dec 2011.

To cite this article: Cihad Abdioglu , Kazem Khashyarmanesh & M. Tamer Kosan (2011) On
the support of general local cohomology modules and filter regular sequences, Quaestiones
Mathematicae, 34:4, 479-487, DOI: 10.2989/16073606.2011.640745

To link to this article: http://dx.doi.org/10.2989/16073606.2011.640745

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content”) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,

and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &

brought to you by .{ CORE
provided by DSpace@KMU



https://core.ac.uk/display/51128817?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.tandfonline.com/loi/tqma20
http://www.tandfonline.com/action/showCitFormats?doi=10.2989/16073606.2011.640745
http://dx.doi.org/10.2989/16073606.2011.640745

Downloaded by [Gebze Y uksek Teknoloji Enstitisu ] at 00:41 11 February 2014

Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions



http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Gebze Y uksek Teknoloji Engtitisu ] at 00:41 11 February 2014

Quaestiones Mathematicae 34(2011), 479-487.

© 2011 NISC Pty Ltd, www.nisc.co.za
DOI: 10.2989/16073606.2011.640745

ON THE SUPPORT OF GENERAL LOCAL
COHOMOLOGY MODULES AND FILTER REGULAR
SEQUENCES

CIHAD ABDIOGLU

Department of Mathematics, Karamanoglu Mehmetbey University,
Yunus Emre Campus Karaman, Turkey.
FE-Mail cabdioglu@kmu.edu.tr

KAZzEM KHASHYARMANESH*

Department of Pure Mathematics, Ferdowsi University of Mashhad,
Center of Excellence in Analysis on Algebraic Structures (CEAAS),
P.O. Box 1159-91775, Mashhad, Iran.

E-Mail Khashyar@ipm.ir

M. TAMER KOSAN
Department of Mathematics, Gebze Institute of Technology,

Cayirova Campus 41400 Gebze- Kocaeli, Turkey.
E-Mail mtkosan@gyte.edu.tr

ABSTRACT. Let R be a commutative Noetherian ring with non-zero identity and a
an ideal of R. In the present paper, we examine the question whether the support of
HZ (N, M) must be closed in Zariski topology, where H{ (N, M) is the nth general
local cohomology module of finitely generated R-modules M and N with respect to
the ideal a.
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1. Introduction. Throughout this paper, we will assume that R is a commu-
tative Noetherian ring with non-zero identity, a is an ideal of R and M, N are two
finitely generated R-modules. Also, we shall use Ny (respectively, N) to denote the
set of non-negative (respectively, positive) integers.

Local cohomology was first defined and studied by Grothendieck [3]. For each
n € Ny, the nth local cohomology module of M with respect to an ideal a is defined
as

H} (M) = lim Exty(R/a™, M).
meN
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It is well known that, in general, the local cohomology modules HY (M) are not
finitely generated for all n € N. One of the important problems concerning local
cohomology is to find when the set of associated primes of H (M) is finite (cf. [7,
Problem 4]). There are several papers devoted to studying the associated prime
ideals of local cohomology modules. We refer the reader to the papers of Hellus
[4], Huneke and Sharp [9], Lyubeznik [15, 16], Singh [24], Katzman [10] and also
Singh and Swanson [25]. So it is natural to ask whether the sets of primes minimal
in the support of HZ(M) are finite for all n € N. This is equivalent to asking the
following question (see Lemma 2.1(i)).

QUESTION 1.1. Let R be a Noetherian ring, M a finitely generated R-module, a an
ideal of R, and n a non-negative integer. Is the support of HY (M) a Zariski-closed
subset of Spec(R)?

Recently, Huneke, Katz and Marly, in [8], provided some partial answers for
Question 1.1 in the case when the ideal a generated by n elements and the top
local cohomology modules H (M) are considered. For instance, they proved that:

e The support of H(wa)(M) is closed for all z,y € R.

Also, they showed that:

e If the support of H3(M) is closed for every three-generated ideal a of R
then, for all non-negative integers n, Suppp Hy (M) is closed for every n-generated
ideal b of R.

Afterward, Khashyarmanesh, in [12], showed that:

e Over an arbitrary commutative ring R, the following conditions are equiv-
alent:

(a) For all positive integers n, SupppHZ (M) is closed for every ideal a.

(b) For i = 2,34, SuppRHomR(R/(xl,...,:zri+1),H(i$hm,wi)(M)) is closec.i7 for
every sequence 2i,...,T;+; of elements of R such that zi,...,z; is an
(z1,...,i41)-filter regular sequence on M.

(c) SupprHZ(M) is closed for every three-generated ideal a of R, SupppH32(M)
is closed for every four-generated ideal a of R, and SupppHz(M) is closed
for every five-generated ideal a of R.

On the other hand, a generalization of the local cohomology functor has been
given by Herzog in [5] (see also [27]). For each n € Ny, the ith generalized local
cohomology module of the pair (IV, M) with respect to an ideal a is defined as

H}(N,M) = lim Ext®(N/a™N, M).
meN

Clearly, H:(R,N) = Hi(N) for all i € Ny. So, we are led to the following natural
question:
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QUESTION 1.2. Let R be a Noetherian ring, M and N be finitely generated R-
modules, a an ideal of R, and n a non-negative integer. Is the support of H} (N, M)
a Zariski-closed subset of Spec(R)?

The finiteness properties of generalized local cohomology modules are not well
understood (cf. [1], [6] and [14], [17]). In this paper we provide a partial answer to
Question 1.2.

Now, let E be the injective hull of the direct sum of all simple R-modules and
D(—) be the functor Hompg(—, E), which is a natural generalization of the Matlis
duality functor to non-local rings (see [19, 20, 21, 22]). The co-support of an
R-module L is defined as follows (cf. [22]):

co — Suppp L = SuppypD(L).
So as a dual version “in some sense” of Questions 1.1 and 1.2, we have that:

QUESTION 1.3. Let R be a Noetherian ring, M and N finitely generated R-
modules, a an ideal of R, and n a non-negative integer. Is the co-support of
H!(N, M) a Zariski-closed subset of Spec(R)?

In Section 3, we provide a partial answer to Question 1.3.

Our terminology follows the textbook [2] on local cohomology. For basic proper-
ties of generalized local cohomology modules, we refer the reader to [1], [6] and [14].

2. Support of generalized local cohomology modules. The concept of a
filter regular sequence plays an important role in this paper. A sequence z1,..., T,
of elements of the ideal a of R is said to be an a-filter regular sequence on M, if

(@1, xim) M i
C
SuppR ( (5017 .- ~,17i—1)M n V(a)

for all i = 1,...,n, where V(a) denotes the set of prime ideals of R containing
a. The concept of an a-filter regular sequence on M is a generalization of the one
for a filter regular sequence which has been studied in [23], [26] and has led to
some interesting results. Note that both concepts coincide if a is the maximal ideal
in a local ring. Also note that xy,...,x, is a weak M-sequence if and only if it
is an R-filter regular sequence on M. Tt is easy to see that the analogue of [26,
Appendix 2(ii)] holds true whenever R is Noetherian, M is finitely generated and
m is replaced by a; so that, if x1,...,x, is an a-filter regular sequence on M, then
there is an element y € a such that x,...,z,,y is an a-filter regular sequence on
M. Thus, for a positive integer n, there exists an a-filter regular sequence on M of
length n.

LEMMA 2.1. Suppose that X is an R-module.

(i) SupppX is closed if and only if the number of the minimal elements in
SupppX is finite.
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(ii) Let 0 — Y — X — Z — 0 be an exact sequence of R-modules. If the
sets SupprY and SupppZ are closed, then so is SupppX.

Proof. (i) Assume that the support of X is closed. Hence SupppX = V(a)
for some ideal a of R. Let a = N!_;q; be a minimal primary decomposition of a,
where q; is a p;-primary ideal for all i with 1 < ¢ < ¢. Then V(a) = V(Ni_,q;) =
U!_,V(gs). Also, it is easy to see that V(q;) = V(p;) for all 1 < i < ¢. Therefore
V(a) = Ul_;V(p;). So the number of the minimal elements in Supp,X is finite.
Conversely, if the number of the minimal elements in Suppy X is finite, then clearly
SupprX is closed.

(ii) It follows from (i). a

NOTATION 2.2. For an R-module X, we denote the set of minimal elements in
Supp(X) by minSuppp(X)

In the following theorem, for a fixed integer n, we study the closeness of the
support of the generalized local cohomology module H, (7;,1 (N, M).

..... )

THEOREM 2.3. Let n be a non-negative integer and x1, . .., x,, be an a-filter regular
sequence on M, where a := (x1,...,2,). Assume that

(i) Suppg(Exth T (N, HL(M))) C Suppg(Extl (N, Hi(M))) for all i = 0,1,
.,n—1,

i) H*=2(N, H!*!
a

($1 ..... Ii+1)(

M))=0, foralli=0,1,...,n—2,
(iii) Suppp(Exts (N, Hi(M))) is closed for alli =1,...,n —1,
(iv) minSuppp(H (M)) € Suppg(N), and
(v) the set Suppr(HZY(M)) is closed.

Then Suppr(HZ (N, M)) is closed.

Proof. Let x,41 be an element in a such that x1,...,z,41 is an a-filter regular
sequence on M. (Note that the existence of such element is explained in the
beginning of this section.) Put Sp := M and S, := H(im1 M) fori=1,... n+
1. Hence, by [11, Lemma 2.2], for each i = 0,1,...,n, we obtain the following
exact sequence:
00— H;(M) — Si L> (Sl)lerl — Si—i—l — 0.

Put L; := Imf; for ¢ = 0,1,...,n. Since the multiplication by z;41 provides
an automorphism on (S;)s,,, and HI(N, (Si)s,.,) is an a-torsion module, for all
j € Ny, it follows from the exact sequence 0 — L; — (5;) — Siy1 — 0
that

Ti+1

HY(N,L;) =0 (1)
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and ' '
H}(N,L;) = H 7' (N, Sit1) (2)

foralli =0,1,...,n and j € N. Hence, for : = 0,1,...,n, by applying the functor
H} (N, —) on the exact sequence 0 — Hi(M) — S; — L; — 0, in conjunction
with (1), (2) and [14, Lemma 2.2], one can obtain an exact sequence:

0 — Exth(N, H:(M)) — HX(N, S;) 25 H(N, Si;1)
— ExtR(N, Hy(M)) — HZ(N,S;) = Hy(N, Sit1)
— Exth (N, H{(M)) — HI(N,S;) 2 HI7Y(N, S;11)
— Ext} (N, HL (M) — ...

Now, let 7 be an arbitrary integer with 0 < ¢ < n — 1. Then, by assumption (ii),
there exists an exact sequence:

0 — Extl (N, HY(M)) — H'{(N, S;) &= H " 7Y(N, S;41)
— Extl YN, HL(M)).

So, in view of the hypothesis in condition (i), it is routine to check that the minimal
elements in Suppr(HZ (N, S;)) are contained in the set

minSupp (Exts *(N, H:(M))) U minSupp (HZ 1N, Siy1)). (3)
Thus, in view of assumption (iii) and (3), if Suppz(HZ~*~1(N, S;11)) is closed, then
the support of H?~¢(N, S;) is also closed. So, by using the telescoping method, we
need only to show that Suppy(HY(N, S, )) is closed. To achieve this, note that
Ha(N, 8n) = Hy (Homp (N, $,))
and Hompg(N, S,,) is a-torsion. Hence
HY(N,S,) = Homg(N, S,) = Homg(N, H(M)).

Since minSuppr(HZ(M)) C SuppypN, and the set Suppp(HZ(M)) is closed, the
support of H(N, S,,) is also closed by Lemma 2.1, as required. O

COROLLARY 2.4. Let x1,x2 be an a-filter regular sequence on M, where a :=
(z1,22). Assume that

(i) Suppr(Ext® (N, Hi(M))) C Suppg(Ext (N, Hi(M))) for i = 0,1,
(ii) HZ(N, H{,,,(M)) =0,

(iii) Suppp(ExtR(N, HL(M))) is closed, and
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(iv) minSuppg(Hg(M)) C SupppN.
Then Suppr(HZ2(N, M)) is closed.
Proof. It immediately follows from [8, Theorem 1.2] and Theorem 2.3. ad

Let £ be a class of R-modules. We say that an R-module X is L-projective if
Exth(L,X) =0 for all L € £ and for all i € N (see also [18]).

Similarly, we say that X is a-projective if Ext' (T, X) = 0 for every a-torsion
module T" and for all ¢ € N. So we have the following corollary.

COROLLARY 2.5. Let n be a non-negative integer and x1,...,x, be an a-filter
regular sequence on M, where a := (x1,...,x,). Assume that

(i) N is a-projective,
(i) HP~"=2(N,H' ! (M)) =0, for all i = 0,1,...,n — 2,

(@150 Tig1)
(iii) minSuppr(HZ(M)) C Suppr(N), and
(iv) the set Suppr(HZT(M)) is closed.
Then Suppr(HZ (N, M)) is closed.

3. Support of the Matlis dual of generalized local cohomology modules.
Let )5 denote the direct sum

@ R/m

meMaxSpec(R)

of all simple R-modules, Er be the injective hull of > ,, and D(—) be the functor
I’IOHIR(—7 ER) .

Note that D(—) is a natural generalization of the Matlis duality functor to
non-local rings.

Recall that the arithmetic rank of a, denoted by ara(a), is the least number of
elements of R required to generate an ideal which has the same radical as a.

PROPOSITION 3.1. For any ideal a of R, Homp(R/a, D(H?(M))) = 0, where n =
ara(a).

Proof. Since n = ara(a), there exists a sequence yi, ..., y, of elements of R such

that v/a = \/(y1, .-, yn). Hence there exists t € N such that y! € aforalll <i < n.
Clearly V(a) = V((y,...,y%)). Also, by [28, Proposition 1.2], there exists an

(v, ..., yh)-filter regular sequence zi,...,z, on M such that H, yt)(M) =
1299n
H(ch zn)(M). It is easy to see that z1,...,x, is also an a-filter regular sequence

on M. Thus Hy(M) = H, . (M). Now Hompg(R/a, D(Hg(M))) = 0 by [13,

Lemma 3.2(i)]. O
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In [12], it was shown that, for an a-filter regular sequence z1,...,x, on M,

Suppg(Hy (M)) = Suppr(Homp(R/a, H(;,|

,,,,,

Moreover, in view of Proposition 3.1, Homg(R/a, D(HZ(M))) = 0, where n =
ara(a). In this section we study the support of D(HZY (N, M)) which is a dual of
question 1.1 in [8] ‘in some sense’ in the context of the generalized local cohomology
modules.

THEOREM 3.2. Letn be a non-negative integer and x1, . .., x, be an a-filter regular
sequence on M, where a := (x1,...,%,). Assume that

(i) Suppp(D(Hg > (N, H{,, (M)

(z1,.-

C Suppg(D(HP—1=¢(N, H} (M)))) for all i =0,1,...,n— 2,

(1,-eyxi)
(ii) Suppp(D(Extl (N, Hi(M)))) is closed for all i = 0,1,...,n — 1,
(iii) Exty™ (N, Hi{(M)) =0 for alli = 0,1,...,n — 1, and

(iv) the set Suppg(N ®r D(H

(a:l,...,xn)(M))) is closed.
Then Suppz(D(HZ(N, M))) is closed.

Proof. By using the method which we employed in the proof of Theorem 2.3 for
i=0,1,...,n— 1, we have the following exact sequence

— D(H]"'(N, 8;11)) — D(H](N, S;)) — D(Ext},(N, Hy(M)))

— D(HI72(N, S;41)) — ...

— D(H,4(N, Si11)) — D(HZ(N, S;)) — D(Exty(N, Hy(M)))

— D(H?(N, Si11)) — D(HX(N, S;)) — D(Exty(N, Hi{(M))) — 0.

Thus, in view of the hypothesis in conditions (i), (ii) and (iii), we have that the
minimal element in Suppg(D(H?"4(N,S;))) is a subset of

minSupp (D(H '~ (N, Si+1))) UminSuppy; (D(Ext}y ™ (N, Hi(M))))

for all i =0,1,...,n — 1. Hence we need only to show that Suppr(D(H(N, S,)))
is closed. To do this, note that

D(HZ(N, 5))

1

D(H_J(Homp(N, Sy,)))
D(H_g(Homp(N, Hg (M))))
D(Hompg(N, Hg (M)))

N @r D(Hg (M)).

1R

1%

The result now follows from (iv). O
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COROLLARY 3.3. Let z1,29 be an a-filter regular sequence on M, where a :=
(z1,x2). Assume that

(i) Suppg(D(HJ(N, M))) € Suppg(D(Hg (N, M))),
(ii) Suppg(D(Extk(N, HL(M)))) is closed,
(iii) Ext} (N, HL(M)) =0 for all i = 0,1, and
(iv) the set Suppp(N ®@r D(H?, ..

Then Suppg(D(HZ(N, M))) is closed.

(M))) is closed.
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