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1

Abstract: Under certain conditions, solutions of the nonlocal boundary value

problem, y™ = f(z,y,9/, ...,y V), y(z;) = yifor 1 <4 < n-1, and
y(zn) — > peq Tiy(mi) = yn, are differentiated with respect to boundary con-
ditions, where a < z; < 9 < -+ < Tp1 <M < +++ < Y < ZTp < b,

Tl!"'JTmJy].?"“)ynER'

AMS Subject Classification: 34B10, 34B15
Key Words: nonlinear boundary value problem, ordinary differential equa-
tion, nonlocal boundary condition, existence, uniqueness

1. Introduction

In this paper, we will be concerned with differentiating solutions of certain
nonlocal boundary value problems with respect to boundary data for the n-th
order ordinary differential equation,

v = flzyy, ., yY), a<z <, (1)
satisfying
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m
y(@i) =%, 1<i<n-1, y(@) =D r%y(M%) = vn, (2)
k=1
wherem € N, a <21 < T2 < - <1 <M<+ <y < T < b, and
Ylyee oy Yn,T1,-..,Tm € R, and where we assume:
() f(z,u1,...,un) : (@,b) x R* = R is continuous,
(ii) %(m,ul, ..., un) : (a,b) x R* - R are continuous, 1 < ¢ < n,’and

(iil) Solutions of initial value problems for (1) extend to (a,b).

We remark that condition (iii) is not necessary for the spirit of this work’s
results, however, by assuming (iii), we avoid continually making statements in
terms of solutions’ maximal intervals of existence.

Under uniqueness assumptions on solutions of (1), (2), we will establish
analogues of a result that Hartman [9] attributes to Peano concerning differ-
entiation of solutions of (1) with respect to initial conditions. For our differ-
entiation with respect to boundary conditions results, given a solution y(z) of
(1), we will give much attention to the variational equation for (1) along y(z),
which is defined by

n_ N\~ Of

(
A
=1 Buk

(z,9(2), ¥'(2),...,y" V(&)1 (3)

Interest in multipoint boundary value problems for ordinary differential
equations has been ongoing for several years, with much attention given to
positive solutions. To see only few of these papers, we refer the reader to
papers by Bai and Fang [1], Gupta and Trofimchuk (8], Ma [17], [18], Sukup
[24] and Yang [25].

Likewise for equations on time scales, we suggest the manifold results in
the papers [2]-[6], [9]-[14], [16], [19]-[23]. In fact, smoothness results have been
given some consideration for (1), (2) when n = 2 and for specific and general
values of m; see [7] and [15] as well as arbitrary n; see [12].

The theorem for which we seek an analogue, attributed to Peano by Hart-
man, can be stated in the context of (1) as follows:

Theorem 1. (Peano) Assume that, with respect to (1), conditions (i)-
(iii) are satisfied. Let zp € (a,b) and y(z) = y(x,xo,cl, co,.-.,Cn) denote the
solution of (1) satisfying the initial conditions y*~(zg) = ¢;, 1 < % < n. Then,

(a) foreach1 <1i < m, gcy;(:z:) exists on (a,b), and o := gc%(:c) is the solution
of the variational equation (3) along y(z) satisfying the initial conditions,

aﬁi_” (o) =di5, 1<4,7<n.
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(b) £ —(z) exists on (a,b), and 8 := a—y—(x is the solution of the variational
equation (3) along y(z) satisfying the 1n1t13.1 conditions,

BV (zg) = —yP(z), 1<i<n.
(©) (x) Zy<’°>(xo i(w)

In addition, our analogue of Theorem 1 depends on uniqueness of solutions
of (1), (2), a condition we list as an assumption:
(iv) Given a < 1 < 29 <+ < Zp1 <M <+ < Py < Ty < b, if
y(z:) = z(zi), 1 <1< n-1, and y(za) = 3kl Tey(M) = 2(2n) — Lkly Th2(Mk),
where y\( z) and z(z) are solutions of (1), then y(z) = z(z).

We w1ll also make extensive use of a similar uniqueness condition on (3)
along solutions y(z) of (1).

(v) Given a < 27 < 23 < - < ZTp1 <M < - <y < ZTp, < b, and a
solution y(z) of (1), if u(z;) =0, 1 << n—1, and u(z,) — > ey Teu(me) = 0,
where u(z) is a solution of (3) along y(z), then u(z) = 0. ‘

2. An Analogue of Peano’s Theorem for (1), (2)

In this section, we derive our analogue of Theorem 1 for the nonlocal boundary
value problem (1), (2). For such a differentiation result, we need continuous
dependence of solutions on boundary conditions and parameters. Such conti-
nuity is an application of the Brouwer Invariance of Domain Theorem and was
established in [13]. We state the Continuous Dependence Theorem here:

Theorem 2. (Continuous Dependence) Assume (i)-(iv) are satisfied with
respect to (1). Let u(x) be a solution of (1) on (a,b), and let a < ¢ < z1 <
Tp < < Tp1 <M< < NMp<zTp<d<bandry...,7m €R be given.
Then, there exists a § > 0 such that, for

i — ;] <6, 1<i<n,
mi — 7| <6, |ri—pil<d, 1<i<m,
Iu(x'i)_y’i|<6a 1<i<n—1,

and

w(zn) = ) rrulm) — val <6,



1938 . -7 """~ 7 Henderson, J.W. Lyons

there exists a unique solution us(x) of (1) such that
ud(t;) =y, 1<i<n—1,

m
us(tn) = > pts(Tk) = yn,
k=1

and for1 < j < n, ugj_l)(x) converges uniformly to u~1)(z) as § — 0 on [c, d).

\ 3. Main Result

We are now in a position to state the main result of this paper.

Theorem 3. Assume conditions (i)-(v) are satisfied. Let u(z) be a solu-
tion of (1) on (a,b). Let n >2, meN,anda<z1 <2< - <Tp_1 <M <

o< Mm<zTp<bandry,...,rm,u1,...,Un € R be given, so that
w(z) =u(Z, 21, -, Ty ULy - oy Uny My e v o s Ty Ty - -+ > T )
where
) m
u(z;)) =u, L<i<n-—1, u(zn) — Zf‘ku('r]k) = Up.
k=1
Then,
(a) for each 1 < i < n, %(w) exists on (a,b). Moreover, for each 1 < j <

n—1,y; = ﬁ%(m) solves (3) along u(z) satisfying the boundary conditions

m
yi(@i) =8, 1<i<n—1, yj(zn) — > rey;(m) =0,
k=1

and y, := 3%(3:) solves (3) along u(z) satisfying the boundary conditions
m
Yn(z:) =0, 1<i<n—1, yu(zs) - Teyn(me) = 1.
k=1

(b) for each 1 < i < n, %(m) exists on (a,b), Moreover, for each 1 £ j <
n—1,z = g%(m) solves (3) along u(x) satisfying the boundary conditions

m
z(m:) = —u/(2)byy, 1<i<n—1,  z(zn) = D 7hyi(m) =0,
k=1
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and zp := aiin(:c) solves (3) along u(z) satisfying the boundary conditions

m

zn(z:)=0,1<i<n-1, z(zn) - Zmyj(nk) = —u(zy).
k=1
(c) for1 < j <m, g;%(a:) exists on (a,b), and w; = 33%(3:) is the solution
of (3) along u(z) satisfying

m ..
wi(z;) =0, 1<i<n—-1, wi(zy) — Zrkwj(nk) = rju'(n;).
k=1
(d) for1 < j <m, 33%(:1:) exists on (a,b), and v; := g%(:c) is the solution

of (39 along u(x) satisfying
‘ m
' owi(m) =0,1<i<n—1, wvi(za) = > revi(ne) = u(n;).
k=1

Proof. Before beginning the proof, we remark that occasionally we will
suppress some limits of summation, arguments, or subscripts for the sake of
space.

For part (a), let 1 < j < n— 1, and consider 3‘%, since the argument for

3‘% is similar, we withhold its proof. In this case we designate, for brevity,

w(Z,T1,. ., Tn, ULy -y Uny Ty -, Tmy T, - - -5 Tr) DY (s, uy).
Let 4 > 0 be as in Theorem 2, 0 < |h| < § be given, and define
1
yin(z) = > [u(e, uj +h) —ulz, u)]
Note that u(z;,u; + k) = u; + h, and u(z;,u;) = u;, so that, for every h # 0,

1
yin(zs) = $luj +h =)
=1.
Also, forevery h# 0, 1 <i<n—1, 1 # j,

Yin(Ti) = %[u(xi, uj + h) — w(zi, uj)]

1
= E[ui — ]

=0,
and for k # 0,

Yin(Zn) — Z TEY5n (k) =%[U(~’L‘muj + k) — u(2n, uj))
k=1
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m
r
-3 Ek[u(ﬂk, uj + h) — w(ne, uy)]
k=1
1
=E[un — U]
0.
For 2 <1 < n, let
Bi = u (x5, u)),
and

\ e = €i(h) = w0V (z;,u; + ) - B;.

By|Theorem 2, for 2 < i < n, ¢ = ¢;(h) — 0 as h — 0. Using the notation
of Theorem 1 for solutions of initial value problems for (1), viewing the solution
u(z) as the solution of an initial value problem, and denoting the solution

’U-(IE) = y(:'v) mj:uj;ﬁ27ﬁ3 .. 1ﬁn): we have
1
yjh,(x) = E[y(wa T, Uj + h’)ﬁ? + €o, ... ug’n. +€n) - y(xaxj)ujuﬁ% R )ﬁn)]‘

Then, by utilizing a telescoping sum, we have
: 1
yjh(x) =E[y($’ Zj,uj + h’eﬁ? +€2,... :/@n T fn)

_y(x’xj’uj:ﬁ2+€2,---:/Bn"‘en)
+y(z,z5,u5,02 + €2,...,0n + €n)
_+...

—y(z,25,u5,02,...,0n +€n)
+y($)wj1uj3ﬁ23“'1/8n + €p)
—y(:c,xj,uj,ﬁg,...,ﬁn)].

By Theorem 1 and the Mean Value Theorem, we obtain

1

yjh(x) =Ea1($,y($, xjwuj:/@2 + €2, .. )ﬁn + Gn))('U.J + h— ’U,J)

1 _
+ 302(33: y(z,zj,uj, 02+ &,..., 00 + €)){(B2 + 2 — B2)

1
+--+ Eaﬂ(xay(xaxjauj:ﬁ% O :/Bn + g71.))(/611 +€n — /871):
where ag(z,y()), 1<k< n, is the solution of the variational equation (3)
along y(-) satisfying,
() = by, 1 <5 <.

Furthermore, u; + h is between uj and u; + h, and for 2 <7 < n, G; + & is
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between §; and §; + ¢;. Now simplifying,
yin(z) =ou(z,y(z,z5,u; + B, B2 + €2,...,0n + €))

€ _
+ ECY?(-’E,?J(?J, Ti, uj, P2 + €, ..., 00 + €n)
+ ..

e -
+ fan(w,y(m,fcj,uj,ﬁz, ey B+ &)

Thus, to show }Lir% yin(z) exists, it suffices to show, for 2 < i < n, %‘ir% 2
exists.

Np\wforlgign—l, 1 # 7,
€ €
N0 = yn(e) = oa(a y()) + Foaleny() + -+ Fran(zny()),
and

0 =y;n(zn) Zrkyjh My Y

=a1(zZn, y Z"'kal Mk, Y
+ % [az (Tn,y Z’f‘ka’z Nk, Y ]
¢ m
e oo 1)~ Sl
k=1

Hence, we have a system of n — 1 equations with n — 1 unknowns (note the z;th
equation is omitted):

—on(e1,y()) = Foa(zn,y() + -+ Fon(e,y())
—a1(e2,y()) = Taa(ag,y()) + - + %an(mg,y(-))

—Q] wnv ) Zrkal Uk:

_—_%2 a2 (@n, y(-)) = Y reo(ne, u(-))

k=1
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_|_...

€
+ Fn l'n, Z"'kan 77k;

Define the following matrices:

- Q= € 1=
—on (21, ¥(T, 5, uj + R, B2 + €2, ., On + €a)) \ (62 m
—a1(z2,y(z,z5,u + h, B2+ €2,...,0n + €a)) 2’1;\

I B
‘\\\ ;al(:cn,y(a:,:r:j,uj +h,Betes,....0nte))— |’ : :
k’x Y ko (e, y(z, T, 05 + R Ba+ €2, B + Gn))) \%)
k=
and 1
M(h) :=
[Caafmy()  eslnu() o am(@ny() )
aa(z2,y(+)) az(z2,y()) - om(z2,9())
0a(omy()-  ealEmy()—  an(@a ()
\ T rece(me, () Lreasmey()) - X reom(mey()))

Then the system of equations written in its matrix form is
—a = M(h)e.
Note that in the matrix M (h), the solutions y(-) that each « is along are
not identical. Thus we consider the matrix
M .=
( az(z1, u(z)) as(zi,u(z)) - on(znuz) )
a2 (T2, u(z)) az(z2,u(z)) - om(Ze,u(z))

o (Tmu(@)—  az(@n u(z))— (2, ()

)—
\S reen(me u(@) Treasneu(@) - Tren(m u(z))
We claim det(M) # 0. Suppose to the contrary that det(M) = 0. Then
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there exist p2,ps,...,pn € R not all zero such that
(a1, u(z)) an(zyu@) \ [0
( ag(ze, u(x)) \ ( an (T2, u(z)) (O\
D2 : +:+Dn : =1:1
ao(Tn,u(z))— on(Zn, u(z))—
\ 3" ras(n, u(x))) \Sraa(nu(z)) \0/

where the limits of summa.tlon and the subscripts of r and n have been sup-
pressed.

Let

R ‘ZU((II, u(a:)) = pgag(ﬂﬂ',U(.’I‘)) +p3013($, 'U.((E)) +- +pnan($: 'U.(ZB))

Then\\

‘ w(zi,u(z)) =0, 1<i<n—1,

and
m
w(zn, w(z)) = Y rrom(ne, u(z)),
k=1
which when coupled with hypothesis (v) yields po = p3 = --- = p, = 0. This

is a contradiction to the choice of p;’s. Hence det(M) # 0 which means M
has an inverse. Hence, as a result of continuous dependence, for A # 0 and
sufficiently small, det(M(h)) # 0 implying M (h) has an inverse, and therefore,
we can solve for each ¢;/h, 2 < i < n, using Crammer’s rule:

Gi(h) _ 1

R MB)

az(z1) - oi—2(z1) T —oa(z1) o ap(z1)
ag(a;n)— | a,;_g(.xn)l —al('a:n)+ | an(m.n)— ’
2oraz(n) - 2oroi—o(n)  Yrkea(m) - Yran(n)

where each solution ¢, 1 <4 < n, is along its particular y(-).

Note as h — 0, det(M(h)) — det(M), and so for m; < i <n-—1, ¢(h}/h —
det(M;)/ det(M) := A; as h — 0, where M; is the n — 1 x n — 1 matrix found
by replacing the appropriate column of the matrix deﬁning M by

ol |~ au (@1, u(a)), -, 01 (T, u +Zrka1 e, ()|
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Now let y;(z) = ’llin% yin(z), and note by construction of y;x(x),

yi(z) = %(x)-

Furthermore,
yJ(m) = I{E%yjh(x) =(11($, y(:c, xj)“j;ﬂ?) ce )ﬁn))

+ A2a2(x1y($sxj:uja/62: s ,ﬁn).)
+ .
+ Anan(x y(iU a:j7uj)1827 s UBTL))

| =ai(z,u(z)) + ZA a;(z,u(z)),

which is a solution of the variational equation (3) along u(z). In addition, .

yi(zi) = lim yjn(z:) = dyj, 1<i<n—1,

and
m m
yi(zn) — 3 ryi(me) = lim 1yjn(en) — > reyin(me)
k=1 k=1

This completes the argument for %.

For part (b), let 1 € 5 < n—1, and consider %‘—j, since the argument for Bamin
is similar, we omit its proof. This time we designate u(z,z1,...,Zn, U1, -, Un,
Mooy Imy 71,0 :Tm) by u(m,xj)

Let 6 > 0 be as in Theorem 2, let 0 < |h| < § be given, and define

1
zjn(z) = +[u(@, 25 + h) ~ u(z, 75)].
Note that for h # 0, '
1
zin(z5) = [u zj,x; + h) — u(zj, ;)]
—h-[u(a:j,a:j + h) —u(z; + h, .’Ej“f‘ h)
+u(z; +h,z; + h) — u)
1
= - E[u(cmj,h: x; + h) - Al

!
=—1u (Ca:,-,h,: z; + h),
where Cz; » lies between z; and z; + h.
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Also, for1 <i<n-—1,1# j and h #0,

2 (@) = lulen 7y + B) = (i 25)

1
=E[Uz’ — u4]
=0.
In addition,
m 1 . m '
2in(@n) = > Trzin(ne) = [u(@n, z; + ) — > ru(ne, 5 + h)
k=1 k=1
m
\\\ — {w(@n, 75) = ) rru(ne, 75)}]
| k=1
| :%[un — Un)
=0,

for every h # 0.

Next, for 2 <7 < n, let

Bi = ult~V(z;, z5),
e; = €;(h) = 'U,(i_l)(.'lfj, z; + h) — Bi,
and
e1 = e1(h) = u(z;,z; + h) — uj.

By Theorem 2, for 1 < 7 < n, ¢ — 0 as h — 0. As in part (a), we

employ the notation of Theorem 1 for solutions of initial value problems for

(1). Viewing the solution u(z) as the solution of an initial value problem,
u(r) = y(z, 25,45, B2, B3, - - -, Bn), and using a telescoping sum, we have

1
Zjh(.’lf) =E[y($azjau3 + 61:/62 + €9,... :ﬂ'n + Gn)
- y(x=$j)uj1ﬂ2= < )ﬁﬂ.)]
1
=E[y($5$])u3 + eliﬁQ + 62) e 1ﬂ’n + en)

—y($;$j7uj,ﬂ2 +€21'“;/6n+6n)
+y(x1$j1ujyﬁ2 +E21"':)6‘n.+6'n.)
—_ +...

—-y(ximj)uj1ﬂ2)"‘ sﬁn +€n)
+y(z, 25,15, B2, - - -, Bn + €n)
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' - y(z,zj,u5,02,...,0n)]
Applying the Mean Value Theorem and Theorem 1,
1 .
zjn(z) =E[€1al($, y(z,zj,u; + €1,B2+€2,...,0n + €n))
+ P

+fnan(xzy(msmjauj;ﬁ%---aﬁn+€n))]; /
where, for 1 <i < n, g lies between §3; and 8;+¢;, and for 1 < k < n, ak(z,y(:))
is the solution of (3) along y(-) satisfying, :

afj_l)(mj) =0k, 1 <i< n.

-

“E', . . ] . €
Heénce, to show fllu% z;jn(z) exists, it suffices to show for 1 < i < n, ’lllr% >

exists.: From above,

€1
lim —- = hm zZaplx
h=0 h =0 (%)

= — lim w (cay 75 + 1)

= —u'(z;).
Now, by construction, for 1 <i<n—1,i # 7,

0= zjh,(:ci) = -E—lal(:cz-,y(-)) + 52-(2&2(1121',?}(‘)) + -4+ e—nan(mz’: y(*)),

h h h
and
m
_zjh xn Zrkzjh Mk Y
Ic=1
€1
=_E 1{Zn,y Z'f"kal (k> y +
€9 [ @
- ag(zn, y()) — Z'Fkaz(ﬂkyy('))
i k=1 §
+ ..
€
+ Kn O‘n Tn,Y Z'rkan Mk Y

Hence, we have a system of n — 1 equations with n — 1 unknowns (note the
z;th equation is omitted):
€

v/(z)e1((z1,4()) = Faa(@,y()) + - + Fan(e,v()
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W/ (z5)on((@2,9()) = Fanlaa, y()) + -+ + Tam(e2,y())
U,(-'L'j)[al In,Y Zﬁcal mc, ]
k=1
=2 [az(:cn,m ) = 3 reea(my())]
k=1

. .
i\‘\ + ﬁ [an Tn, Y(*)) Zrkan(nk, ]
\

which we can represent as a matrix equation u (:cj)a = M (h)e, similar to the
matrix equation from part (a).

At this point, we omit the part of the proof where we solve show M (h) has
nonzero determinant as it is nearly identical to the method used in part (a).
Instead, we simply provide the formula for each ¢;/h, 2<i<n:

G,;(h) . 1 %
h o [M(R)
ag(z1) - aia(m1)  v(egp)ealz) 0 op(21)
ag(x'n)— | er;_g(.xn)— u’(cx;.,h)x | an(x'n,)— ,
rag - dYorey—o [on(zn) =D ren] - Yrog

where each solution a;, 1 < i < n, is along its particular y(-). As a result of
continuous dependence, we are able to-take the limit for each ¢;/h, 2 < i < n.
Denote ’llim(.)ei/h =B;, 2<i<n.

Now let z;(z) = fllin%) z;n(x), and note by construction of z;x(z),

ou
zj(z) = bz; +—(x).

Furthermore,
zj(.’z;) = %iszjh(:c) = - u'(wj)al(:v,y(x, Lj,Ug, Ba,. .. 3/871))

+ B202($ay($1 xj:“’j:ﬁ?: s MBTL))
+ e
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+ B’na'n(xa y(a: Lj,Uj, 62: <. :ﬁn))

= — u'(z;)01(z, u(z ZB a;(z, u(z)),
1=2
which is a solution of the variational equation (3) along u(z).

HK
In addition, from above observations, z;(z) satisfies the boundary cond1t1ons

zi(z:) = }ll_I’% zip(zi) = —0iu'(z;), 1 <i<n-—1,
and
m m
zj(Tn) = D Trzi(me) = Lim | 2jn(22) — > rrzin(me) | =0.
k=1 k=1

This completes the proof for 2 o

Zj
For (c), we fix 1 < j £ m, and this time we designate

u(xxxla"')xn:ul;"':un:nly ---:Umﬂ”l;---ﬂ”m) b}’ U(CU:"IJ)
Let 6 > 0 be as in Theorem 2, let 0 < |h| < § be given, and define

1
wjh(x) = ‘E[U(wﬂb + h‘) - u(x,”b)]
Note that for A # 0,

Ms

win(T;)— Y TRwjn(mk)

1

m
[ u(zj,m; +h) — Zrku("?k:nj + h)
k=1

—u(zj,m) + Y reulne, ;)

k=1

1 =
=7 [u(xj, n; +h) — Z'rku(nk,m + h)
k=1

‘;r'|r—l?s-

—rju(n; + h,n; + k) +ruln; + h,n; +h) - un]
r .
Z#[u(cﬂj,hi nj + h) - h]

‘_'Tju’(cﬂj,h! nj + h),
where ¢, 5 lies between n; and n; + h. Also, for 1 <i<n—1and h#0

wjh(a:,-) =%[u(a:z-, n; + h) — u(x, 773‘)]

=%[u,; — U]
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=0.
Next, for 2 <7 < n, let
B = w7 (5, m),
and
& = €(h) = vV (z;,m; + h) — Gi.

By Theorem 2, for 2 < 7 < n, ¢ = ¢(h) - 0as h —» 0. We em-
ploy the notation of Theorem 1 for solutions of initial value problems for
(1). Viewing the solution u(z) as the solution of an initial value problem,
u(z) = y(z, zj,u4, B2, 53, .., 0n), and using a telescoping sum, we have

1
\\ wjh(x) ='E[y(xaxj:uj:ﬂ‘2+52;-~aﬁn+€n)
‘ —y(x,xj,uj,)@2,---,,6n)]
1
ZE[y(Q:)xj)uj:/B? +€2,... :ﬂn + En)

- y(xaxj:uj:ﬁ% “ee ;_ﬂn + €n)
+ y(z, zj,u5,02, ..., 00 + €n)
—_ +...
—y(z,zj,u5,B2,...,05n))
Then, by the Mean Value Theorem and Theorem 1,

wjn(x) =%[a2(a:,y($,xj, uj, B2 + €2, ..., Bn + €)) (B2 + €2 — ()

_l._ [P
+ an(way(ma "L'j:uj:ﬁ% v )1811 + En))(/@n + €p — /Bn)]
€ -
=—h2a2($:y(w7 xJ?uju ﬂ? t €2,... )/811 + En))
+ -

€n

+ Faﬂ(mﬁy(xa mj)uj&ﬂ% e )aa’n + Eﬂ-))!
where, for 2 < 7 < n, € lies between §; and 3; + ¢, and, for 1 < k <
n, ag(z,y(-)) is the solution of (3) along y(-) satisfying
V() =6, 1<i< .

€
Thus, to show hn% w;n(x) exists, it suffices to show, for 2 < i < n, ilzlmo >
exists. Now for 1 <i<n—1, i #j,
€n

0 = win(es) = Foalea,y()) + Zaa(@ny() + - + Tenlziy())
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and
m

rju'(c,,j,h,nj + h) =wjn(zn) — Z"'kwjh("?k:y('))
k=1

2% [ag(azn, ZTkQQ(nkay( ))]

%[ (Tn, y )_Z'erS(nka J

+...

\ €n
\ + E l: xn: Z""kan Nk, Y } 3

Hence, we have a system of n—1 equatlons with n — 1 unknowns (note the
z;th equation is omitted):

0= Sanr ) -+ St )

h
€2 | €n -
0= 5 (2, y() + - + Trom(z2,3(),

Tju,(c’f]j,hanj + h’) =% |:C22(£Un,‘y(')) - ZTkQQ(nkvy('))jl

k=1
+ F lan(xn)y( ) - ,CZ:lrkan Nk, ()):I )
which we can represent as a matrix equation o = M(h)e, similar to the matrix

equation from part (a).

As was done in part (b), we omit proof that M (h) has nonzero determinant.
Instead, we simply provide the formula for each
&/h, 2<i<n:
Efi(h) . 1

R M®)
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az(z1) - oi—2(z1) 0 oo ap(a)
a2(3;n)_ | ai—?(‘xn)_ an(zn)— |
doray e YTaimg riu(egn) ccr 2oTOg

where each solution o, 2 < ¢ < n, is along its. particular y(-). As a result of
continuous dependence, we are able to take the limit for each ¢;/h, 2 < i < n.
Denote ’llir%ei/h =C;, 2<i<n.

Now let w;(z) = ’llir% wjr(z), and note by construction of w;x(z),

i

\ w;(z) = o (2).

Furth%:rmore,

wi(z) = ’ll m wjp ()

—0

= Z Ciai(z, y(z, x5, uj, P, .., Fn))
i=2

n |
= Z Cia'i(a:a 'LL(.’L‘)),
i=2
which is a solution of the variational equation (3) along u(zx).
In addition, from above observations, w;(z) satisfies the boundary condi-
tions
wj(a:,;) = }llimawjh(a:i) = 0, 1<1<n- 1,

and

m m
wi(Tn) — Y riw;(m)) = lim Jwjn(zn) — > rewin(me) | = i (n).

This completes the proof for %‘;.

It remains to verify part (d). Fix 1 < j < m as before and consider
%. Again, let 6 > 0 be as in Theorem 2, 0 < |h| < & be given, denote

UZ, T, Ty Uy e s Uy Ty -+ s Ty Ty e oy Trm)
by u(z,r;), and define

vip(z) = %[u(m,'rj + h) — u(z, r;)].
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Note that for h # 0,
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‘_Sf
;"
H
‘-}
i M 3
?T‘
‘__‘@
;“'
-3
?r'

EI“I'—‘

;r'l*—'

m

[ (:1:3,7‘3+h) ZT‘ku(nk,T‘j-l‘h)

k=1

m
—u(zy,75) + Zrku (M, 75 ]
k=1

m
[ u(zj,rj +h) — Zrku (M, 75 + h)

k=1

— hu(n;, 5 + h) + hu(n;,r; + h) — un]

=’U.(T]j,7'j+h).
Also,for 1 <i<n—land h#0

vjn(Zi) =%[u($i=7‘j +h) — u(zi, ;)]

Now, for 2 < ¢ < n, let

and

1
= [ui — i

=0.

ﬁi = u(i—l)(xja Tj):

e = e;(h) = w "V (z;,r; + ) — Bi.

By Theorem 2, for 2 < ¢ < n, ¢ = ¢(h) —» 0as h — 0. We em-
ploy the notation of Theorem 1 for solutions of initial value problems for
(1). Viewing the solution u(z) as the solution of an initial value problem,

u(z) = y(z,z;,u5,02,0s, ...
| 1
=E[y($,$j,’l£j,ﬁ2 +€2,...,0n +6n)

’Ujh,(w)

. Bn), and using a telescoping sum, we have

= y(CE,SEj,Uj,ﬁQ, £ :ﬂn)]
1
_E[y(a’:: xj:uju@2 +€21‘--)ﬁn +€n)

_y($1$j:uj:ﬁ2,';':ﬁn+€n)
+ y(z,z5,u5,02,...,0n + €n)
— 4.
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- y(x’ xj’uj’/BQa v :ﬂn)]-
By the Mean Value Theorem and Theorem 1,

vjn(zT) =%[a2($,y($, Zj,Uj, B2+ €2, ..., 0n + €n))(B2 + €2 — B2)

+--
+ an(x:y(x:mj:ujaﬁ% R 1ﬂ'n + En))(ﬁn + €n — ﬁn)]
€ -
=E2a2($:y($:$j:uja;62 +€2,... :ﬁn + En))
+ PN
€

' +Enan(xay(xaxﬁuﬁﬁ?a”'aﬁn'l'g'n)):
where\\for 2 <1< n, Bi+§& lies between B; and B; + ¢; and, for 1 < k

<
n, ag(z, y(-)) is the solution of (3) along y(-) satisfying
a,(:_l)(a:j) =0, 1 <1< n.
Therefore, to show }llirrb vjp{x) exists, it suffices to show, for 2 < ¢ <

€
n, hm — exists.

o R
Now for 1 <i<n-—-1, ¢ # 7,
€ € €
0 = vjn(z:) = faz(:cz-, y(-) + faa(xi,y(-)) -+ 2o (20 y()),
and
m
u(nj; 75 + h) =vjn(@n) = > Tevin(mK)
k=1
€2 ik
=% [az(ﬂ:n, )= Y rraa(me, y }
‘ k=1
+ 2 las(z Zmas (7, y(- ))}
h n.) H
+ e
€ m
+ _th l:an(x'n:y(')) - Zrkan(nk)y('))] .
k=1

Hence, we have a system of n — 1 equations with n — 1 unknowns (note the
T;th equation is omitted):

0= Zon(ar,y()) + -+ Lan(zry(),
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0= %02(2:2,31(')) +o 4 %an(w%y('))’

m
€2
u(ng,rj +h) =+ [C‘rz(mmy(')) - Z'f‘kaz(nk,y('))]
k=1
+ . e )
€ m
+ 7”:— {an(wn,y(-)) - Z'f'kan(nk,y(-))] :
k=1
whichywe can represent as a matrix equation o = M(h)e, similar to the matrix
equation from part (a). -
As was done in parts (b) and (c), we omit proof that M (h) has nonzero
determinant. Instead, we simply provide the formula for each ¢;/h, 2 <i < n:

e(h) 1 »
h [M(R)]
ax(z1) o au—a(zy) 0 ai(z1) - an(z1)
w@)—  aia@)- ez anlge)— |
Yorag - Y roay—a u(n) droy - > rog

where each solution «;, 2 < 7 < n, is along its particular y(-). As a result of
continuous dependence, we are able to take the limit for each ¢;/h, 2 < i < n.
Denote ’llir%e,-/h =D, 2<i<n.

Now let v;(z) = ’1Lin:(t) vjp(z), and note by construction of vjs(z),

. Ou
vi(z) = "a,r—j(x)-

Furthermore,

vj(z) = lim v;n(2)

= Z Dioi(z,y(z,z5,u5, B2, .. -, Bn))

1=2
= Z Diai(l', ‘U,(il?)),
1=2

which is a solution of the variational equation (3) along u(z).
In addition, from above observations, w;(z) satisfies the boundary condi-
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tions
vj(zi) = lim vjn(zi) =0, 1 < <n -1,
and
m m
vi(Tn) — Y Trvs(ne)) = lim {vjn(zn) — > " revin(me) | = ulng).
This completes the proof for 3‘%. : O

References
‘\\\
[1] C. Bai, J. Fang, Existence of multiple positive solutions for nonlinear m-
point boundary value problems, J. Math. Anal. Appl., 281 (2003), 76-85.

[2] A. Datta, Differences with respect to boundary points for right focal
boundary conditions, J. Difference Equations Appl., 4 (1998), 571-578.

[3] J. Ehme, Differentiation of solutions of boundary value problems with re-
spect to nonlinear boundary conditions, J. Differential Equations, 101
(1993), 139-147.

[4] J. Ehme, P. W. Eloe, J. Henderson, Differentiability with respect to bound-
ary conditions and deviating argument for functional-differential systems,
Differential Equations Dynam. Systems, 1 (1993), 59-71.

[5] J. Ehme, J. Henderson, Functional boundary value problems and smooth-
ness of solutions, Nonlinear Anal., 26 (1996), 139-148.

[6] J. Ehme, B. Lawrence, Linearized problems and continuous dependence
for finite difference equations, Panamer. Math. J. 10 (2000), 13-24.

[7] J. Ehrke, J. Henderson, C. Kunkel, Q. Sheng, Bounda.r); data smooth-
ness for solutions of nonlocal boundary value problems for second order
differencial equations, J. Math Anal. Appl., 333 (2007), 191-203.

[8] C.P. Gupta, S.I. Trofimchuk, Solvability of a multi-point boundary value
problem and related a priori estimates, Canad. Appl. Math. Quart., 6
(1998), 45-60.

[9] P. Hartman, Ordinary Differential Equations, Wiley, New York (1964).



256 . J. Hendefson, J.W. Lyoné

[10] J. Henderson, Right focal point boundary value problems for ordinary
differential equation and variational equations, J. Math. Anal. Appl., 98
(1984), 363-377.

[11] J. Henderson, Disconjugacy, disfocality and differentiation with respect to
boundary conditions, J. Math. Anal. Appl., 121 (1987), 1-9.

[12] J. Henderson, B. Hopkins, E. Kim, J. Lyons, Boundary data s‘fmoothness
for solutions of nonlocal boundary value problems for nth order differential
equations, Involve, 1, No. 2 (2008), 167-181.

[13] j\ Henderson, B. Karna, C. C. Tisdell, Uniqueness implies existence for
multlpomt boundary value problems for second order equations, Proc.
Amer. Math. Soc., 133 (2005), 1365-1369.

[14] J. Henderson, B. Lawrence, Smooth dependence on boundary matrices, J.
Difference Equations Appl., 2 (1996), 161-166.

[15] J. Henderson, C. C. Tisdell, Boundary data smoothness for solutions of
three point boundary value problems for second order ordinary differential
equations, Z. Anal. Anwendungen, 23 (2004), 631-640.

[16] B. Lawrence, A variety of differentiability results for a multi-point bound-
ary value problem, J. Comput. Appl. Math., 141 (2002), 237-248.

[17] R. Ma, Existence theorems for a second-order three-point boundary value
problems, J. Math. Anal. Appl., 212 (1997), 430-442.

[18] R, Ma, Existence and uniqueness of solutions to first-order three-point
boundary value problems, Appl. Math. Lett., 15 (2002), 211-216.

[19] A.C. Peterson, Comparison theorems and existence theorems for ordinary
differential equations, J. Math. Anal. Appl., 55 (1976), 773-784.

[20] A.C. Peterson, Existence-uniqueness for ordinary differential equations, J.
Math. Anal. Appl., 64 (1978), 166-172.

[21] A.C. Peterson, Existence-uniqueness for focal point boundary value prob-
lems, SIAM J. Math. Anal., 12 (1981), 173-185.

[22] A.C. Peterson, Existence and uniqueness theorems for nonlinear difference
equations, J. Math. Anal. Appl., 125 (1987), 185-191.



CHARACTERIZATION OF PARTIAL DERIVATIVES WITH... 257

[23] J. Spencer, Relations between boundary value functions for a nonlinear
differential equation and its variational equation, Canad. Math. Bull., 18
(1975), 269-276.

[24] D. Sukup, On the existence of solutions to multipoint boundary value
problems, Rocky Mtn. J. Math., 6 (1976), 357-375.

[25] B. Yang, Boundary Value Problems for Ordinary Differential Equations,

Ph.D. Dissertation, Mississippi State University, Mississippi State, MS
(2002).



	Nova Southeastern University
	NSUWorks
	1-1-2009

	Characterization of Partial Derivatives with Respect to Boundary Conditions for Solutions of Nonlocal Boundary Value Problems for nth Order Differential Equations
	Jeffrey W. Lyons
	Johnny Henderson
	NSUWorks Citation


	tmp.1492526889.pdf.RK8Kl

