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Abstract

The objective of this multiple case study was tareie how three pairs of high
school students from a northern Vermont high schpproached quadratic functions
through traditional and multiple representatiork$ag-our research questions were
examined: 1) How do students think about the cataddfunction as they work on a
series of tasks? 2) What mathematical strategiesgutlents employ when they work on
a series of tasks related to the quadratic fun@ti@hHow does the type of task,
traditional versus multiple representation, impatatlents’ understanding of the quadratic
function? 4) What kinds of knowledge (proceduratonceptual) do students utilize
when completing a series of tasks about the quadtatction? Qualitative research
methods that utilized think-aloud protocols whiledents were engaged in four tasks
pertaining to the quadratic function were emploiyethis study.

Results suggested that students tend to think abalated parts of the problem
when solving quadratic problems. Early on in the@irning about quadratics, students
primarily relied on procedural strategies suchhasktalouds, gestures, algebraic
formulas, converting equation forms, process ahelation, dissecting problems,
backtracking, and drawing pictures. In additidndents preferred the standard form to
the vertex form when solving quadratics and oftenfased the y-intercept of the
standard form with the y-coordinate of the verténew the function was in vertex form.
Results also indicated that students preferretiyebaaically solve a problem versus
tabular or graphical strategies. By exploring rstudents approach the quadratic
function through their own voices, this study offeome insight into the conceptions and
strategies that students use for solving problématihvolve the quadratic function as
well as possibilities for how quadratics may begtaun high school.
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Chapter One: Introduction

How students learn functions in mathematics has beepic of interest for many
decades. As a teacher of mathematics for oveeafsy| have been particularly
interested in not onligow my students understand quadratic functions, satvethy they
choose certain strategies and procedures for gptuaadratic functions. | was interested
in researching the common misconceptions that stadeve about quadratic functions
and the most effective teaching strategies thdtheip them understand quadratics more
fully. What thought sequences are going througir theads when they are doing
quadratics? | wanted to inquire into how studemé&e sense and/or develop meaning
and understanding about quadratic functions.
I. Vermont's Need for Improvement in Mathematics

Mathematics in Vermont is not holding strong. #2005 the New England
Common Assessment Program (NECAP) tests have lageimiatered to students in their
junior year of high school in New Hampshire, Rhégland, Maine, and Vermont. The
results of the NECAP tests are used for schoolavgmment and accountability under No
Child Left Behind (No Child Left Behind (NCLB) Aaif 2001, 2002). NECAPs are
designed to measure students’ level of understgrafithe Vermont grade expectations
during grade 11, as well as the standards in M&ieg; Hampshire and Rhode Island.
The test designers, Measured Progress, are cadraxtesign a test that measures the
student achievement of the common grade level ¢apecs (GEs) and standards from
the states involved in one test. The test iterasalso broken down by degree of

difficulty or depth, known as the Depth of Knowledgdicators. The Mathematics



NECAP consists of multiple choice and short ansyuesstions. In high school, the
students are tested in the fall of their juniornf@made 11); therefore the test is intended
to measure student achievement on the mathem#dindasds learned between grades 8
and 10. Essentially students should have compketegbrous Algebra | and Geometry
course by the beginning of their junior year inthgghool in order to meet proficiency or
higher on the exam. Proficient with Distinctiorstescaled score of 1152-1180, while
Proficient scaled score is 1140-1151, Partiallyfieient has a scaled score of 1134-1139,
and lastly, Substantially Below Proficient scaledrg is 1100-1133 (NECAP, 2013-
2014, p. 5). Simply one question can determinetdreor not a student is deemed
proficient or partially proficient. From Fall o0R9 to Fall of 2012, NECAP mathematics
scores (proficient or proficient with distinctiofor high school juniors has ranged from
35-38% proficient (Vermont State Department of Eadion, 2011-2012, p. 5). These
findings suggest that the state, as a whole, isgdpoorly in understanding essential math
concepts amongst high school juniors (See Tablé&bmething needs to be done if only
35% of the high school juniors are being deemedéigient in a particular core content
area. “No matter the psychological or socioecomamasons, poor mathematical ability
has serious consequences, and as educators waddusss the question of why so many

students are failing” (Jones, Hopper, & Franz, 2@0&807).



Table 1

Vermont NECAP Grade 11 Mathematics Results

Academic  Tested Level4 - Level 3 — Level 2 — Level 1 —
Year Proficiency Proficiency Partially Substantially
With Proficient Below
Distinction Proficient
N N % N % N % N %

Vermont 6,732 193 3 2,173 32 1,868 28 2,498 37
2009-2010

Study 245 5 2 94 38 52 21 94 38
School
2009-2010

Vermont 6,830 190 3 2399 35 1,754 26 2,487 36
2010-2011

Study 251 7 3 81 31 70 28 93 37
School
2010-2011

Vermont 6,408 212 3 2,118 33 1561 24 2,517 39
2011-2012

Study 262 4 2 75 29 69 26 114 44
School
2011-2012

Vermont 6,426 223 3 2,240 35 1545 24 2,418 38
2012-2013

Study 260 5 2 87 33 57 22 111 43
School
2012-2013

Vermont 26,396 818 3 8,930 34 6,728 25 9,920 38
Cumulative
total

Study 1,018 21 2 337 33 248 24 412 40
School
Cumulative
total




The NECAPs are a method that allows educatorssesaghe ability of the
students at their particular school. One of tipc®that are assessed in the Grade 11
NECAPs is the quadratic function. Quadratic fumasi are a core entity within the
Algebra 2 curriculum, which leads to pre-calcularsgd eventually calculus.

Within the high school curriculum, the highest leeemathematics a

student has studied has the strongest effect aree@gon completion.

Finishing a course beyond the level of Algebrad?2 éxample

trigonometry or pre-calculus) more than doublesaithés that a student

who enters college will complete a bachelor’'s deg(8ingham, 2003, p.

507)

Therefore, if knowledge gained from this study akame, and teachers in general, to
eventually “piecemeal” together a more accuratadlaetween traditional tasks and
multiple representations, and have a better sensbere students are not conceptually
understanding the quadratic in addition to procaldemrors, then this will have been a
worthy study.

The study school is in Northern Vermont and haspufation of roughly 1150
students in grades 9-12. It is a predominantlycd@aian English speaking school which
obtains its students from nine various feeder sishoo

NECAP scores for individual students are providethe school as well as the
school average. NECAP test results can help tesicag well as administrators,
formulate plans for school improvement as the stbao identify students who did not
achieve proficiency and work towards increasindgjskind math competency for students

in subsequent years. This is particularly trugrisdes 3 through 8 as teachers can follow
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the cohort and can attempt to close the achievegemt However, after eighth grade
there is no testing for two years and with studésiteg different levels of mathematics,
following the cohort is less successful. Howewvggh schools can observe which
students attain math proficiency, examine the asutisey followed and work to improve
achievement for subsequent cohorts. Inherentismtlodel is the necessity of teachers
using informed practice while teaching, presensimgilar materials and administering
common local assessments, without which it isaiffito see gaps and strengths in the
methods and courses. If possible, having horizamd vertical alignment of the
curricula would be helpful as well.

Also problematic is that the public, when obsenasegres for a fifth grade in
2010, and then seeing the score for a fifth grad®il1 at the same school, may falsely
compare the two years seeing improvement or atferieof. The same cohort is not
being observed in the press. It would be moreftriuio follow the same cohort to see if
school improvement is working.

Over the past eight years, NECAP scores have hétpielentify students’ ability
to achieve standards in each state. In sprin@db2students in their junior year of high
school were required to take a new test that ggall with the Common Core Standards.
These standards have been developed so thatth# states that adopt them will be able
to have a “united effort” in preparing students ttogir future academic schooling. Since
2012, 45 states, including Vermont, have adoptedCiiammon Core Standards. One
goal is to allow these states to be on the samengjdield when it comes to assessing
students. Prior to the Common Core Standardgsstatuld have their own standards and

assessments without being held accountable tadke rsext door, let alone a state across
5



the nation. The common scores or levels of aclnmeve will now be a comparison at the
same proficiency level. In other words, when astu is proclaimed proficient in one of
these 45 states, they should in turn be proclaipneficient in the other 44 states as well.

It is interesting to note that the Common Core Mathtics Standards has a
domain specific to Functions including: Interpretifunctions, Building Functions,
Linear, Quadratic, & Exponential Models, and Trigoretric Functions (National
Governors Association Center for Best Practice$020The Common Core in
mathematics is generally different from the curtanhdards for most states in the
following ways: 1) mathematics in the elementargdgs has a greater focus on standard
operations and much less on statistics and daliectioh; 2) mathematics in the middle
grades tends to use more application; and 3) in $iatpool, modeling is heavily
emphasized. Hopefully with students having a gjeorbase in operations and
measurement it will allow for quicker retrieval mfocedural knowledge and the ability to
apply the operations and concepts of measuremgmbbdems solving and modeling.
Based on the various states previously each hak&igown set of state standards, there
is not one manner in which to write standards.hédigh, with the adaptation of the
Common Core Standards, it seems that time is aéskence to truly get to the heart of
what is working for students and what is not wogkwhen being introduced to quadratic
functions.
Il. Purpose

In high school, students are introduced to higaeels of mathematics. They
meet new classes of functions, additional geompgispectives, and different ways of

analyzing data. Mathematical form and structugirb&o connect in ways that did not
6



occur to students in the lower grades. One coiore that all quadratic functions share
certain properties, as do all functions of othasseks — linear, periodic, or exponential.
The National Council of Teachers of MathematicO@®0states that students need to
“learn to use a wide range of explicitly and reoctely defined functions to model the
world around them. Moreover, their understandihtihe properties of those functions
will give them insights into the phenomena beingleled” (p. 288).

Learning algebra in high school should help altistus to “come to understand
the concept of a class of functions and learn¢oggize the characteristics of various
classes” (National Council of Teachers of Matheosat?000, p. 297). The overall goal
and purpose of high school mathematics is to givéents the capability to explore and
solve common issues in the real world. With tlespit is important to learn quadratics
because aspects of the quadratic function arelatadon in higher mathematics classes,
especially when dealing with higher polynomial ftioos (Afamasaga-Fuata'i, 1992;
Curran, 1995), as well as being in students’ limese they leave high school. Although
not restricted to these examples, quadratics radatee mathematical thinking and
reasoning in the real world due to being involvediescribing the paths of projectiles
(Brown, Breunlin, Wiltjer, Degner, Eddins, & Edward007; Center, 2012), appearing
on suspension bridges, being the cross-sectiontofrobile headlights, satellite dishes,
and radio telescopes (Brown et al., 2007), beiregl by the military when predicting
where artillery shells will hit the earth (Cent2012), to describe the orbits along which
the planets move, and the link between quadratiateans and acceleration (Budd &
Sangwin, 2004). In business, quadratics can be tesenaximize profit. More than that

though, functions (primarily linear and quadratacg the first place where students learn
7



to solve complex higher order thinking problemg thaolve graphical attributes, such as
slope, rather than simply answer problems. Bynliegrthe properties and behaviors of
guadratic (and in turn eventually polynomial) fuoos, students learn to look at details
and how to formulate the necessary solution(s)s prowess is used in everyday life.

As previously stated, the quadratic function anttfions in general are key
components to Algebra | and Il. For this reseatcialy | was interested in investigating
what helps and/or hinders students’ understandimgiadratic functions when simply
given tasks to complete without the influence téacher or coach. What approaches
and strategies did students utilize when the teachpproach and manner of speaking is
not an influence and the students are left witly timé material? Specific aspects of
traditional tasks may support learning for the stud in this study. On the other hand,
specific aspects of multiple representations tasksh as an explicit representation, may
support students as well.

By researching the conceptions and misconceptlmatsstudents have about
guadratics while attempting to independently sgjuadratic problems, | hope to better
understand their mathematical thinking and abdited be better able to address these
conceptions in my teaching practice. | aspirefinm justification along the process
behind traditional and/or multiple representatitasks to emphasize in the future when
teaching quadratic functions. The purpose ofshisly was not to introduce a new
method of teaching quadratic functions, but ratbhenvestigate the advantages and
disadvantages of how it is already being taugistudents. By recording and analyzing
student mathematical thinking, the goal is to réwdeat the students are thinking as they

approach quadratic functions. To be able to exgus@ature of their conceptual and
8



procedural knowledge of quadratic functions cowddgibly help when planning future
curriculum.
[ll. The Breakdown of the Quadratic Function

The concept of function has various formal andnmi@l definitions. For the
purpose of this study, function is going to be diésd by how it is defined in the Holt
Algebra 2 book (Burger, Chard, Hall, & Kennedy, 2ZR0This book is used in two out of
the three Algebra 2 courses taught at the studyatcti-unction is described as, “A
relation in which the first coordinate is nevereafed. There is only one output for each
input, so each element of the domain is mappedadotly one element in the range”
(Burger et al., p. 45). In other words, for evemalue there can only be ogealue. |If
there was the coordinate point (2, 1) on a functibare could not also be the point (2, 7)
due to the fact that the input x-value 2 has mioam tone output y-value. Although the
concept of function can go much more in depththerpurpose of this study, function is
narrowed down to quadratics.

Quadratic functions are most commonly defined amdard form as f(x) = &x-
bx + c when & 0. There are different ways to approach the guigdanction. The
guadratic function can also be expressed in fadttmen as f(x) = a(x-®(x-x2) and
vertex form f(x) = a(x-H)+ k. For this study, quadratic functions will een in the

standard and vertex forms. This is due to notesking factoring in this particular study.
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Figure 1 Quadratic Functions Graph

The graph of a quadratic function is called a palabwhich is recognized for its
U-shaped formation (see Figure 1: Quadratic Funsti@raph). The quadratic function
is called the quadratic equation when the stanfitard is set equal to zero which gives
the format of ak+ bx + ¢ = 0. The “solutions” of the equatiormiten “x” is solved.

This can be done through completing the squarejulératic formula, factoring, and
depending on the equation, graphing. The “solgti@ne called the roots, zeros, or x-
intercepts, and are essentially when the grapmvetes with the x-axis. The vertex of
the parabola is the turning point on the graphis Would be the highest point on the U-
shaped graph if the quadratic was negative andiogeown, versus when the lowest

point on the graph of the U-shaped graph was pesind opening upwards. One of the
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most crucial components in understanding the qdiadtanction is for students to learn
how to read the graph. By learning how to readgtia@h and the different components
of the graph, they will heighten their awarenestiattions in general. This will be
helpful when they move on to pre-calculus and dakuBy understanding the quadratic
function and finding the minimums, maximums, amdiis, where a function increases
versus decreases and when a function is positrgisaegative, it should help them
when being introduced to higher order polynomials.
IV. Potential Significance of the Study

Teaching involves three basic operations: cardfgkovations of students and
diagnosis of individual needs and interests; sgtiim the physical, social, emotional, and
intellectual environment in which the students lgmn; and facilitating students’ growth
by intervening between them and their environm8gh{ro, 2008, p. 109). By being
able to draw on students’ previous knowledge andrporate the manner in which they
approach new problems — with a particular focusjwadratic functions in this study — |
hoped to create learning experiences through theustasks that the students were
active in that would deepen the context in whieldehts understand quadratic functions.
In this study, this will be demonstrated during theorded conversations as students
work in pairs to solve quadratic problems.

This study extends the research on student legamithe areas of functions and
graphs, particularly those related to the quadfatiction. This study has the potential to
contribute to the mathematical education commusikyiowledge base on how students

develop a conceptual understanding of the grapheofjuadratic function. Results from
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this research may inform further questions abawdestt understanding of functions and
graphs, and hence, will hopefully influence futtgsearch in this domain.

Results of this study will serve to influence fwelassroom instruction in the
area of quadratic functions and graphing. ldealiynges in pedagogy and curriculum
units can be linked to knowledge obtained aboutithelopment of students’
understandings of the quadratic function. Teagclvelne are interested in using research,
can provide their classrooms, and schools, witbrmé&d best practices. If a teacher is
willing to look outside their current classroom iecula, they can maximize their use of
time within the classroom.

V. Research Statement/Question and Sub Questions

The objective of this research study is to exarhiow six high school students
approach and understand quadratic functions thrtnaglitional and/or multiple
representation tasks. Qualitative research methgss that utilize think aloud
protocols while students were engaged in eithelittoaal and/or multiple representation
tasks were employed. The idea was to develop ¢asesirs of students that would
ultimately demonstrate the nature of students’ ephieal and procedural knowledge of
guadratic functions; what they are thinking abauthey are approaching problems that
involve the quadratic function. The primary resbaguestions that this study addressed
are:

1) How do students think about the quadratic fuorctis they work on a series of

tasks?

2) What mathematical strategies do students enmyplmn they work on a series

of tasks dealing with the quadratic function?
12



3) How does the type of task, traditional versudtiple representation, impact
students understanding of the quadratic function?
4) What kinds of knowledge (procedural or conceptda students utilize when

completing a series of tasks about the quadratiction?
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Chapter Two: Literature Review

Functions in general are one of the most impottgpits in all of mathematics
(Cooney & Wilson, 1993; Dreyfus & Eisenberg, 19B&mberg, Carpenter, & Fennema,
1993; Zaslavsky, 1997). In fact, “In the last eeptmuch has been said about functions.
Magazine articles, convention speeches, and sortie afewer text material have
devoted considerable effort to present, clearkg, ithportant, unifying mathematical
topic” (Hight, 1968, p. 575). Cooney and Wilsortet) “The emphasis on functions as a
unifying mathematical concept, as a representatioral-world phenomena, and as an
important mathematical structure remains centrabttemporary discussions” (p. 144).
However, there are many questions about learniagraics that are still left
unanswered. Although research has been conduetiaotions in general (Afamasaga-
Fuata'i, 1992; Clement, 1989; Dreyfus & Eisenb&@84; Eisenberg, 1991; Eisenberg &
Dreyfus, 1994; Hartter, 2009; Hatisaru & Erbas, @Hitt, 1998; Leinhardt, Zaslavsky,
& Stein, 1990), about linear functions specificdlGhiu, Kessel, Moschkovich, &
Munoz-Nunez, 2001; Knuth, 2000; Reiken, 2008),udatg both linear and quadratic
functions in the study (Afamasaga-Fuata'i; Scizh3), as well as functions that have a
degree greater than two (Curran, 1995), the ppadits in the aforementioned studies
have primarily been studied post learning the natésee Appendix A: Function Studies
Matrix).

An interesting outcome arose when Dreyfus and Biesen(1984) were
conducting a study with 127 seventh and eighthegsathat focused on functions in

general. They noticed that high ability studestwded to solve problems using a
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graphical approach while low ability students watteacted more to pictorial and tabular
presentations of problems. In 2000 though, Eriatknwhile conducting a 284
participant study with high school aged studenas thcused mainly on linear functions
found the opposite. His results showed that titegiants relied heavily on algebraic
solutions versus graphical, that they seemed te haitualistic procedure for solving
problems similar to those in the study, and thatigpants had difficulty when dealing
with problems that were in the graph-to-equatiaedion. When Curran (1995)
conducted a study with three upper division highost students in Northern New
England, two of her findings were that all threedsints found describing graphs difficult
and that a student’s personality, motivation, amadbaites play an important role in the
degree to which the student will become engaged.

Research on teaching and learning quadratic fume{iDidis, Bas, & Erbas; Ellis
& Grinstead, 2008; Eraslan, 2008; Metcalf, 200Tic&kand, 2011; Vaiyavutjamai,
Ellerton, & Clements; Zaslavsky, 1997) has involetadents post learning about the
specific function(s) being studied. One of thegadyatic function studies, Metcalf
(2007), was conducted with three undergraduategl@ius students at a New England
State University. She found that one of her pgaicts could perform several
procedures, but showed limited relational undeditagof the concepts. Unfortunately
though, none of her participants showed much fié&ibbn moving between the
representations. In addition to this, they allibibd difficulties with communication
dealing with the quadratic function.

Joseph Reiken (2008) investigated 16 high schadhrgrade students when

learning about slope and the Cartesian Connectlolethey were engaged in either
15



traditional or multiple representation tasks. Alilgh his study was focused on specific
attributes of the linear function, this research imfluenced my study with respect to
how students approach tasks when they are initiigg introduced to specific
mathematic concepts; in this case, the quadratiction. My goal in the study was to
investigate what hinders/triggers understandinguatiee quadratic function from the
students’ perspective at the point of initial imuation. 1 did not want to have the
students perform the tasks multiple chapters aferg initially introduced to quadratic
functions, but rather before they received too mietlbw-up on assessments that would
alter their fundamental thoughts.

This literature review is divided into five sectgnin the first section | offer a
general overview of research on mathematical utai®eigng. The second section
follows with a discussion of the research relatethe constructivist approaches to
teaching and learning mathematics. In the thiadiee, | build on understanding
mathematics by relating the theories and researafhiing multiple representations.
The fourth section is a discussion of the reseabdut students’ misconceptions and
difficulties with functions and their multiple reggentations, and the fifth section
concludes with a synopsis of the think-aloud method
|. From Learning to Understanding: The Transfer of Knowledge

When a student is taught how to do something,aesdwt necessarily mean that
they know how to do it on their own or apply thisokvledge in different contexts. In
addition, learning mathematics does not necessasitpote an understanding of
mathematics. “Because of the complexity of thecfiomal domain, it is difficult to

describe exhaustively the constellation of procadand conceptual understandings that
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underlie competent performance” (Williams, 19933p8). Simply put, procedural
understanding isowto get something done; conceptual understandingpyghings are
being done. Procedural understandings can betasadve a mathematical problem
quickly and easily, especially as the proceduretes more automatic. It is slimmer in
its applicability though since it is hard to beleefed upon (Briars, 1982). In other
words, it is difficult to change a tactic if you dot know why you are doing it in the first
place, and do not know where it fits in the biggelmema of the concept. Conceptual
understanding, though, allows one to revisit tpearcess and modify it if necessary.
There is an interplay that comes from these tweetstendings that are not necessarily
mutually exclusive. Conceptual understanding prisnope to consider whether an
answer makes sense. An individual can recall aveldp, if necessary, procedural
strategies from other existing strategies in tleig-term memory (Kotsopoulos, 2007).
Although there are obstacles in identifying andiging covert behavior, cognitive
psychologists not only believe that it can hapgeen,that it should happen and that it is
worth the effort (Lester, 1982). In other wordssomeone continuously finds solutions
to the same type of mathematical problem only biggiprocedural knowledge, without
developing the conceptual knowledge for it, itéyweasy for this to become habituated
since it is getting positive results. Procedurad\wledge can allow a student to pass a
class, but conceptual knowledge combined with tieeguural knowledge will allow the
student to be prepared for the next mathematigal,las well as math literacy in the real
world.

In the attempt to gain a more complete understanalithe cognitive processes

in which students engage in functions and grapmesenting functions, careful analysis
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of behavior on mathematical tasks will most cetyaneed to come into play (Williams,
1993). Once again, “One hears often the distindbetween ‘doing’ and
‘understanding.’ It is a distinction applied t@tbase, for example, of a student who
presumably understands a mathematical idea butrdiidsiow how to use it in
computation” (Bruner, 1999, p. 29). For exampladents may or may not recognize a
function. On the occasion that they do understtred, may not have a complete
understanding of all of the elements or be ableatiosfer the function between different
representations of it — ordered pairs, table, egonagiraph, etc. If a student only
understands a particular form of function, duehtat being the only one used in a course,
that student will only retain that particular forrim this way, “The student unconsciously
accepts the particular form as the definition” (Mal980, p. 491) and is unknowingly
blind to the other forms possible of function. “Anportant ingredient in understanding
something is to know where it belongs in a largdresne and to become familiar with its
parts” (Haskell, 2001, p. 29). Knowing what kirafgools (equations, functions, etc.)
are available to a particular problem is importginte they lead to one’s depth of
knowledge, as well as one’s ability to successfatignplete the problem. Why is there
disconnect when it comes to transferring mathemmatiaterial from one problem to
another? Especially since, as previously statettions are such a central entity to the
content of Algebra.

With functions being such an important piece ofrtiehematical puzzle, it is
important that students have the background knaydéd do the more mundane, or
simplistic mathematical tasks when recognizing solgling functions. Daniel

Willingham (2006) relates that, “Students with@rbase of factual knowledge find it
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easier to learn more — the rich get richer” (p. 30his is due to previous knowledge
enhancing thinking. Effective transfer of knowledgquires a sufficient degree of
original knowledge (Bransford & Schwartz, 1999).h& a student is solving a problem
in math, space is freed up in their working (stiertn) memory and they can focus on
the problem at hand versus the background processessary to get to the problem. In
other words, when a student’s previous proceduraikedge is sound, it allows the
student to concentrate on the new material, instéadving to recall and sometimes
relearn the prerequisite material. For examplstutlents know their multiplication
tables, they can learn the concept of factoringmminials to obtain the roots of a
function easier. Students, unlike computers, casimaply input information and output
the correct answer when dealing with a new conc8pidents must be engaged in
meaningful and contextualized learning experiemcesder to retain deep understanding
of the subject matter at hand. In this way, théhematical procedure is related to other
knowledge, and understood (Mayer, 1982). Rathaar thcusing on inputs and outputs,
the focus needs to be on the transformation ofmn&ion and the processes by which
that occurs within the students’ thinking (Briat882). The transfer of knowledge
occurs when previous learning and experience id userder to more quickly and
efficiently learn a new skill, or mathematics carit@Haskell, 2001).

One process to examine the transfer of knowledgeirsvestigate schemas
present within the student’s thinking. Simply sadchema is a collection of memory
that comes to mind when a concept comes to beiqonedt An example could be
“visiting the zoo.” For a lot of people this pas& would possibly conjure up the vision

of buying tickets, seeing various classes of bgaing into a reptile building, and
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perhaps helping to feed a seal. Having a schemm& ¢o mind helps “provide a
prototypical description of the concept it reprdsehat can be used to interpret a range
of specific instances of that concept, and alsoftr features of the concept that are not
explicitly described” (Briars, 1982, p. 42).

Taking the time to have students conceptually wtdad, develop, and apply
schemata for various functions would be worthwfolethe students to later be able to
draw upon when answering various mathematical gpresst Having a schema that is
adaptable to the current problem at hand coulddhdllow for a deeper understanding in
the content as a whole and lead to quicker and axperate analogical transfer (Novick
& Holyoak, 1991). Hopefully, by gaining insight evhat helps/hinders students from
forming their own schema of a quadratic functidms study can enrich the current pool
of knowledge surrounding functions in general.

ll. Multiple Representations

Engaging in tasks involving multiple representasi@f a function may be a
beneficial way to facilitate the connections betwé®e different representations of the
guadratic function. These connections are essdotianderstanding the various parts of
the quadratic that will be explored with the studen this study. The National Council
of Teachers of Mathematics (2000) recommends figatdchool students should be able
to “create and use tabular, symbolic, graphical, wrbal representations and to analyze
and understand patterns, relations and functigns247).

Working with different representations of the quailris one way to promote
what has been called “flexible competence” by Mésefrch, Schoenfeld, and Arcavi

(1993), which emphasizes conceptually understanaiigmain rather than procedural
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mastery. Many other researchers have commentdtedmportance of students being
able to move back and forth between the variousesgmtations of each function at hand
(Ellis & Grinstead, 2008; Knuth, 2000; Leinhardiaét 1990). Flexible competence
exhibits that the student has a strong conceptuahledge base of the content and is not
simply demonstrating short-term memory superfipralcedures.

In a study that Knuth (2000) conducted with 284tsghool students ranging
from first year algebra through Advanced Placengaitulus, he concluded that although
“students often appear to understand connectiomgela equations and graphs,
particularly given the nature of the tasks thayttypically encounter...their actual
understanding of the connections is often supeaifes best” (Knuth, p. 53). Knuth
found that: 1) students relied heavily on algebsaicition methods versus graphical
solution methods, even if the graphical would hbgen quicker; 2) students seemed to
have developed a ritualistic procedure for sohpngpblems similar to those in the study;
and that 3) students may have difficulties dealuiy the graph-to-equation direction of
solving problems. These observations indicateghatents are dependent on rote
procedural understanding versus obtaining and uingeptual understanding. An
important question about student conceptual unaledgtg emerges — To what extent are
students accessing conceptual knowledge when gowroblems? More importantly,
what is their conceptual knowledge and understayiin

Students often learn mathematics through textbooklepms that all look the
same. When students are asked to do other problghia the same domain, but that
appear different, the students are lost with whata (Schoenfeld, 1985b). Students who

are asymmetrically stronger in procedural knowleitige domain over conceptual
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knowledge have a harder time transferring the kedge versus those that are just as
strong, if not stronger, in their conceptual untading (Rittle-Johnson & Alibali,
1999). Conceptual knowledge should be generakzatbshould be flexible enough to
flow between different problems within the same dom By emphasizing conceptual
understanding, a person can reconstruct a procédlatréhey may have forgotten. In
other words, they have more to work with, not pugirocedure (Schwartz, 2008).
Procedural knowledge is at one end of the knowleggetrum where superficial
limitation is automatized and fully compiled, whaseconceptual knowledge is at the
other end of the spectrum where the content isnstmtgd and easily transferable. On the
procedural end, students have in their minds hosuperficially solve similar looking
problems without much thought going into the prece®n the conceptual end, students
are able to reassign their thoughts to other problihat may be in different formats, may
be asking the question differently, or asking thuielent to go more in depth by not
simply asking for a calculation, but by asking &or interpretation. There is, of course,
every possible mixture of the two forms of knowledxs well. Having a greater
conceptual knowledge allows the student to apptiyadjust the procedure to fit the
problem at hand (Alibali, 2005; Rittle-Johnson &l#dli, 1999; Star, 2000).
[ll. The Constructivist Approach

Constructivism is rooted in the educational perspedhat learning occurs
through experimental, real life experiences thastwct and conditionalize knowledge
over time. Although the “tasks” given in this study are noxperimental, real life
experiences,” a constructivist approach allowsstadents to develop a deeper

conceptual knowledge of the domain. Afamasagadfiud092) indicated how the
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constructivism paradigm is present when studekes @aa active and participatory role in
their own learning through meaning-making actigtién order to assist students in
making meaning during a learning activity, it seemasessary to be deliberate in helping
them connect what they are learning to their griraywledge of the educational content.
Prior knowledge of the subject can be dependemamy factors, one of which may be
instruction. Instruction in many current classr@oemphasizes “knowing that” instead
of “knowing how” to answer a proposed problem (Reng 1992). Often, “knowing
how” in mathematics is linked with traditional insttion, a focus on memorization of
rules and algorithms, and less of a focus on teldpment of conceptual
understanding. Traditional instruction falls sharfailing to take into account the social
and cultural processes that each student bringjetolassroom. It is important to
acknowledge these processes and their influencasooe’s learning.

Individual students are seen as actively contnitguto the development of

the classroom micro-culture that both allows angst@ins their

individual mathematical activities. This reflexivaation implies that

neither an individual students’ mathematical atfivior the classroom

micro-culture can be adequately accounted for witltonsidering the

other. (Paul & Yackel, 1998, p. 161)
Learning does not occur in isolation. It is aneng@nce dependent upon interaction;
interaction with the learning activity, prior knadge, and culture. It seems important,
then, to design learning activities that facilitateeraction with others, dialog about
mathematics, with the deliberate intention of legdstudents toward constructing

mathematical meaning.
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IV. Misconceptions about functions

Previous research has identified various miscarmmepor issues that have
blocked students’ understanding of functions. Ethematics, “Misconceptions are
identified as incorrect features of student knogkethat are repeatable and explicit”
(Leinhardt et al., 1990, p. 30), but yet the mismption “must have a reasonably well-
formulated system of ideas, not simply a justifimatfor an error” (Zaslavsky, 1997, p.
5). In other words, the student has to have pafodlg solved an answer while thinking
that he or she was right the entire time. Whemhaidt and colleagues did a review of
research and theory to teaching and learning danainctions, graphs, and graphing for
the age range of 9-14, they came up with eight sathimgs of where misconceptions and
difficulties arose. They found that students haskconceptions about: 1) what is and is
not a function, 2) correspondence within a funcgt®nover generalizing the properties of
linear functions, 4) continuous versus discret@lysab) various representations of the
same function, 6) relative reading and interpretegj 7) the concept of variable within
the equation, and 8) notation within the graph afrection itself.

While Leinhardt et al. (1990) looked at functiomgldheir graphs in general for
misconceptions and difficulties, some researchmok at specific functions due to where
their focuses are in their investigations. Donmdsidpoulos (2007) found that secondary
students experience many difficulties when facdnadratics. The difficulties arise
due to students being challenged with having taltéasic multiplication facts.

Given that the factoring of quadratics is the wgtof polynomials as a

product of polynomials, students need to have hatrong conceptual

understanding of multiplication of polynomials aslhas the procedural
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knowledge to retrieve basic multiplication factieefively. (Kotsopoulos,

p. 22)

As previously mentioned, there are three diffefenhs of the quadratic function: the
standard form, factored form, and the vertex fokKotsopoulos points out that students
get confused when quadratics are shown in varistodthese forms and not exactly like
the students are used to seeing them. She gigex#mple of X+ 3x + 1 = x + 4 being
not in standard form and causing students troulblenasked to perform various tasks
with it.

It has been generalized by Ellis and Grinstead&§p@tat when working with
guadratic functions, students’ issues mainly appéidr 1) connections between
algebraic, tabular, and graphical representati®na,view of graphs as whole objects, 3)
struggles to correctly interpret the role of partar® and 4) a tendency to incorrectly
generalize from linear functions. They found diffities with connections between
algebraic and graphical representations of quadfaictions. Two-thirds of the students
interviewed described the role of the paramatiery = axX + bx + ¢ as the “slope” of a
guadratic function. In actuality, slope is notaatpf the quadratic function; it is a linear
function concept.

Zaslavsky (1997) researched the misconceptionsrttpEided students’
understanding of quadratics. When dealing withntileconceptions, she coined the
phraseconceptual obstaclesConceptual obstacles are “obstacles that have ratoay
nature and that can be explained in terms of thenaatical structures and concepts that
underlie students’ earlier learning experiences2(k). Her study comprised of over 800

students from eight economically advantaged higosls in Israel. Through a series of
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problem sets, Zaslavsky investigated student chafisérategies in problem-solving
possibilities. She identified five conceptual a@ades that impeded the students’
understanding of the quadratic function: 1) intetation of graphical information
(pictorial entailments), 2) relation between a qa#id function and a quadratic equation,
3) analogy between a quadratic functions and atifction, 4) seeming change in
form of a quadratic function whose parameter i® zand 5) over-emphasis on only one
coordinate of special points (ex...vertex).

V. Think-Aloud Method

By using the think-aloud method, this study aiménd outwhat,or the kind of,
conceptions that are occurring for the participaméslved. The goal is to develop cases
for pairs of students that will ultimately demorsé the nature of students’ conceptual
and procedural knowledge of quadratic functions.

The think-aloud method asks participants to saytewsa they are looking at,
doing, feeling, thinking, understanding, etc. asytare engaged in their task(s). Usually
participants are audio and/or video recorded whig are partaking in the activity. In
this manner their “thinking” is recorded for lataralysis. Since this protocol can
provide data about “both sophisticated and leskistpated cognitive processes that are
difficult to obtain by other means...it is an essantnethod for areas such as cognitive
psychology, educational science and knowledge attomun” (Someren, Barnard, &
Sandberg, 1994, p. 7). It should be noted thotlgtt,this method is only relevant if the
properties of the solution process are relevattigécstudy. | believe that the properties of
the solution process are relevant to this studgesthe focus is to attempt to understand

students’ conceptual and procedural knowledge stbey are being introduced to the
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qguadratic function, the “play by play” of their thnghts are key. “The think aloud method
is a means to validate or construct theories ohitivg processes” (Someren et al., p. 9).
Although being able teeeas well adhearhow the students get a correct answer will be
helpful, seeing how students construct an incomastver could be just as, if not more,

relevant to the study since it could leaduioy they are constructing an incorrect answer.

Although the prevailing assumption is that singégson protocols allow for the
purest cognitions, since the material in the taskilal be theoretically in-vivo to the
students, | believe that having one other persahsituss the tasks with would be
beneficial. Vygotsky (1978) stresses the importanicsocial interactions in the
development of complex thinking. The question thases of why not place students in
triads or in groups of even higher numbers. Wigkgsb dyads? According to
Schoenfeld (1985a), if the focus of an investigat®largely cognitive, having groups
larger than two should be negative. With largeugs there tend to be an increase in the
degree of social interactions, making it “more idifft to tease out the purely cognitive
aspects of students’ behavior” (Schoenfeld, p. B).giving the participants a voice
through the think-aloud method, | hope to be abladdress the research questions
through the analysis of their conversations (C&s&antos, 2006).

By having pairs, one of three talk modes can octudisputation talk, where the
participants may disagree with each other, 2) caftiud talk, where they construct a
common knowledge between the two of them, and Bloeatory talk, where the
participants critically challenge each other, knat supportive of one another as well
(Wegerif & Mercer, 1997). During the same taskaa could even go between the

various types of talks.
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Once again, the purpose of this study is to s@ethe studentapproachthe
various topics within the quadratic function, nao¢ success rate of each pair, although
that will be looked at as well. In other words,atpreliminary steps do students take
towards completing the various tasks given to them?at are the participants thinking
of as they approach the problems, as well as whategies they use in attempting to
solve the problems. Through analyzing the dateettsealways the possibility that | can

learn more from when the students obtain a wrorsgvanthan a correct answer.

28



Chapter Three: Research Methodolgy

A multiple case study approach for three pairswdents was utilized to
investigate questions regarding students’ undedstgrof quadratic functions. The study
was bounded by time and location with the resuity pertaining to these students and
no assumptions have been made on other studemsw€lt, 1998). The goal of analysis
is to investigate themes within each case and¢bempare the cases to each other to look
for common and contrasting themes.
|. Research Design

This study is an investigation of the effects tinadlitional and multiple
representation tasks have on how students thinktabe quadratic function, specifically
the axis of symmetry, vertex, the location of ro@tkether the parabola opens up or
down, the maximum/minimum point, the y-intercepd dimne main translations of the
function itself when graphed. The specific methofifactoring for roots are not a part of
this study. Due to the boundary of time, this @ptavould be a study all to itself.

Upon enroliment, students were paired accordirtgedoest fit of their schedule.
(This will be discussed more in tRarticipantssection.) Utilizing a “think-aloud”
protocol, each pair participated in the same fagk$. The tasks varied, with one being
more traditionally worded, one focused on more ipldtrepresentations, and then a
combination of the two for two mixed methods tasks.

Students participated in the study tasks over ediay period (before or after
school) for a maximum duration of 45 minutes eaaf din order to test and familiarize

the students with the technology, (i.e., camerasaadio devices) and study procedures,
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a pilot was conducted prior to the study. For tfithe pairs, this study coincided with
the timing to which the curriculum was taught tredates to quadratic equations. Due to
scheduling, the third pair participated just aftex chapter assessment, but prior to them
getting feedback on the assessment. The majdrguadratic exploration is done during
Chapter 5 of the boakKolt, Rinehart and Winston Algebra(2007) that is used at the
study school for the various Algebra 2 coursesf ourse, cannot claim that the
students had similar knowledge or were exposedhies instructional practices prior to
enrolling in Algebra 2 during study year.

The constructivist methodology was ideally suitedhe purpose of investigating
the processes by which students might construdtenadtical knowledge. It tends,
however, to emphasize the cognition of individuabents at the expense of social
interaction. In other words, it does not fully éakto account what the social and cultural
interactions can provide and solely concentratetherstudents’ thinking processes
(Cobb, Wood, & Yackel, 1990). Even so, since tinelents worked in pairs, students’
performance on these tasks cannot be analyzedwritomsidering their social and
cultural component that will be brought to the rat#ion. The social constructivist lens
seems most appropriate for this type of data arsalychrough the dyads each pair of
students would have the possibility of thinkingtbair own, listening to their partner,
and possibly re-evaluating their own thoughts.

It has been documented, “That student errors dderserandom or capricious —
they have a rationality and functionality of thewn” (Confrey & Smith, 1994, p. 135).
This only strengthens the importance that teacmerst “pay close attention to how a

mathematics problem is conceptualized, worked od,evaluated by students” (Confrey
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& Smith, p. 135). Constructivism in a social sggtwill allow the understanding, and
perhaps the development of knowledge, throughttigests’ activity with mathematical
tasks in a mathematical community (Davis, MaheN@&dldings, 1990). By using the
think-aloud protocol during, and just after, thapter in which the participants are being
first introduced to the quadratic function, | hdpeatchthese constructivist moments in
action.
Il. Participants

All six study participants are enrolled in the higghool (grades 9-12) where |
teach that is located in northern Vermont with paudation of approximately 1150
students. There were four males and two femalé&seiistudy, two of the males and one
female were sophomores (10) and the other three puerors (11) in high school,
making an even split.

To minimize outside mathematical influences, th@ument was to intentionally
be drawn from my class. However, due to the seadl of my study year's Algebra 2
class, | ended up having to also recruit from otkigebra 2 classes. In order to keep
control over the curriculum though, the recruitmerat done from the same level of
college prep Algebra 2 courses from the study sch@oce the students and parents had
agreed in writing to the study, the students abeegrerbal assent. The first six students
who signed and returned the paperwork became panits in the study (see Appendix
B: Consent Form).

The students were paired based on convenienceaaniligrity. The convenience

of the pairing came from the order in which thedstts volunteered to participate in the
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study. Familiarity was based on the fact thatphies already knew each other from the
mathematics class and would feel comfortable whetudsing the content.

In order to protect confidentiality, the studergf-selected pseudonyms. A
spreadsheet was maintained with each participaatise, pseudonym, date of
consent/assent, and a code for transcription pago€odes and/or pseudonyms were
utilized to identify people, places and case stdieluding other schools and personnel
that were only peripherally related to the study.

Each day, while the students performed tiespective tasks, the pairs were audio
taped and videotaped, which was then transcribedoiding and analyzing. The
tapes/disks and transcriptions were kept lockealtlinout the study and the data (both
electronic and hardcopy) will be destroyed at thigletion of my dissertation.

Although I did not foresee any reason for a studentithdraw from the study,
there was a protocol for this purpose. All papi#gits had the right to withdraw from the
study without penalty at any point. If one of 8tadents decided to withdraw from the
study, any previous data collected up to that pemild still be available to be used for
research. The partner of the student withdrawiamfthe study would have had the
option to continue with the study by him/herselimthdraw as well. Any data
previously collected from the partner would havwdleen available to be used for
research. The reason behind keeping the resealdwe to the beginning number of six
students. If one pair withdrew for any reason thatild have resulted in one third of the
data disappearing, which could have been detrirhemthe study. | requested that |
would have been informed of a withdrawal requestkily none occurred.

The students were compensated with $10 gift cartiset local pizza restaurant.
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lll. Role of Researcher

The selected participants worked through tasksubedl a non-directive
approach. In other words, although | was predaht] not assist the students with the
mathematics content. | was present only to keestindents on task and talking openly.

My plan was to analyze the individual students’stainction of mathematical
knowledge as they interacted with their partneine &udio and video recordings were
transcribed and then compared side by side withvtiteen work that the students
constructed. From these sources | looked for hegnes or “aha!” moments between the
students that would lead me to insights about hmnstudents approached and
understood the quadratic function tasks.

In order to ensure study validity, a standard prokevas in place for when |
interacted with the students during the study fsggendix C: Research Protocol). The
protocol was so that even though | was in the reotn the participants, there was
limited interaction that | would have with them;dimnply have me help to keep them on
task. To ensure confidentiality and to maintapoaitive rapport with the students, as
researcher, | was the only person in the room duhe study.

IV. Tasks

By the end of the study the three pairs of studeatscompleted the same four
tasks (see Tables 2 and 3), though not in the sades. The first two tasks were either
traditional (see Appendix D: Traditional Task #1)naultiple representations (see
Appendix E: Multiple Representations Task #1) itun@, while the last two were a
combination of the two methods (see Appendix F:edidMethods Tasks #1 and #2).

The tasks were specifically for this study, butdaheff of the students’ curriculum, the
33



standards provided by the National Council of Teaslof Mathematics, the current

Vermont Mathematics Standards, and the upcomingr@amCore Standards in

Mathematics.
Table 2
Daily Agenda
Day 1 Day 2 Day 3 Day 4
Pair A Traditional Multiple Mixed Methods Mixed Methods
Task #1 Representation Task #1 Task #2
Task #1
Pair B Multiple Traditional Mixed Methods Mixed Methods
Representation Task #1 Task #1 Task #2
Task #1
Pair C Traditional Multiple Mixed Methods Mixed Methods
Task #1 Representation Task #1 Task #2
Task #1

The reasoning behind switching betweenThaditional Taskand theMultiple
Representations Task days one and two is to counterbalance the it it may have
on the task in days three and four. The reasoondonterbalancing is to control for the
impact the task would have for learning the makerTdis was to see if there was a
benefit to the order in which the students recethedmaterial. If all of the pairs are
given theTraditional Taskfirst and then thdlultiple Representations Tagke
traditional task may in fact “teach” the pairs tfdents the concept at hand. It would be
hard to determine if the students’ thinking on ¢leeond task is a result of the task itself,

or the method, or a reflection of their thinkingsbd on the first task.
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Table 3

Task Breakdown

Content Traditional Multiple Mixed Mixed
Task #1 Representation  Methods Methods
Task #1 Task #1 Task #2
Axis of Symmetry Problem #4  Problems #1-4,Problems #4, Problems #3,
9, 10 5 4-7
Vertex Problems #4, Problems #8, 9, Problems #4, Problems #3,
5, 6-12 10 5 6, 7
Graph Orientation Problems #1- Problems #6, 9, Problem #4
3,4 10
y-intercept Problem #4,5  Problems #9, Problems #4, Problems #6,
10 5 7
Graph Problem #4, Problem #6 Problems #1-
Transformations 6-11 4
Maximum/minimum Problems #7-9 Problems #4
point
Location of roots Problems #1,
2,3

Traditional task versus multiple representations ta&k — Days 1 and 2 The

Traditional Taskwas designed prior to tiMultiple Representations Taslds with

Reiken (2008), a point was made to use a limitedber of representations and to

carefully select representations most often foumithé students’ Algebra 2 text. |

wanted to exhibit only the representations thatpiduticipants had recently been exposed

to in their Algebra 2 course. THeaditional Taskclosely followed the structure and

format of the workbook exercises that are presemt¢ioe Algebra 2 texts utilized for

instruction. Attention was given to designing omed problems to solve. This is

important due to not wanting to lead the partictgan one direction or another. | also

did not want them to feel finished after writingeoanswer down, if more were
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applicable. Since thiglultiple Representations Tagkoblems are merely modified
versions of th@raditional Taskproblems, théultiple Representation Tagkoblems
were designed after tiAgaditional Taskproblems. In théultiple Representations Task
there was an increase of representations.

Mixed methods — Days 3 and 4 The mixed methods tasks were given to all
three pairs in the same ordbfixed Methods Task dn the third day anilixed Methods
Task 2on the fourth day. This was to see if switching drder of the previous two tasks
had an affect on the participants’ understandirdy@erformance. Th®lixed Methods
Tasksincorporated elements from both methods (tradii@md multiple representations)
to examine whether any of the pairs approachedéekeproblems in different ways.

V. Information Collection

Data for this study came from students’ written kvfmr the various tasks, as well
as from the analyses of both the video and auditstripts.

e Audio and video recordings: Videotaping studenéslenit possible to study
individual student cognitive growth in a socialts®j (Davis, Maher, & Martino,
1992). All sessions were videotaped using a sikglgak Playsport video
camera per pair of students, secured to a tripdd@used on the students as
they worked on the various tasks. This was forcthrafort of the students. There
were also audio tape recordings. The data wasexdue to the fact that |
personally owned the video cameras’ disks as vgaiha tape recorders’ tapes. |
took out the disk/tapes of the respective recordece taping was completed for

confidentiality.
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The audio recordings would back-up the video reogslin what the students
said during the tasks. Both of the audio and vid®ordings were carefully
transcribed, coded and analyzed. The details thenvideo recordings proved to
be a rich source of data allowing me to see thénemaatical activity of the
students, facial expressions and body languagethed not have been picked up
by simply doing the audio recordings.

e Written work (tasks): The students’ individual wawrkile paired up was
compared with the transcripts from the audio amgw@irecordings for
triangulation.

VI. Procedures

The students participated in four different sessiover a four-day window of
time. If one of the pairs had to miss a day ofgshmly due to unforeseen circumstances
(illness, death in family, etc.), a make-up day wasin place as soon as possible (which
was convenient for all parties involved) to keep plair of students on track.

Each session was less than 45 minutes long (sde #abOn the first day the
students were read an introduction to the study f&gendix G: First Day Protocol).
Although | was present, it was simply to keep stusl®n task as well as to encourage
them to continually “think out loud” while engagingthe tasks. There was a protocol to
follow so that the results of the sessions werecoatpromised. | did not assist the
students in the tasks. Intervention only occuméen the students stopped talking. At
this point | followed the protocol simply to promipie students back into “thinking out

loud”.
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Table 4

Participant Session Times

Traditional Multiple Mixed Mixed

Task Representations Methods #1 Methods #2
Katy and Zoe 0:30:30 0:22:53 0:22:17 0:26:14
Oliver and 0:21:20 0:21:35 0:34:35 0:32:27
George
Jamal and 0:10:05 0:19:48 0:12:13 0:12:00
Mohammed

The pairs of students worked in a modified “thin&ead” protocol. This protocol asked
participants to say whatever they are lookinghahking, doing, feeling, etc., as they are
engaged in their task(s). Since the students adée and video recorded | was able to
hear firsthand the process of task completion frleenstudents’ perspective instead of
simply the final product.
VII. Information Analysis

The audio and video recordings were matched up thélstudents’ work artifacts
for triangulation. At this point | looked for gerad interactions between the pairs of
students, my own interventions to keep studentssk by general prompting, as well as
facial and body language as the students were a&imgplthe various tasks. | also looked
to see if any mathematical gesture-speech misnieivheen the students’ tasks took
place. Studies have shown that although studgettures may suggest the same
information that has been expressed in speechisthist always the case (Alibali,

Flevares, & Goldin-Meadow, 1997; Alibali & Goldin@Adows, 1993). For example,
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through gestures, a participant might reveal thatcharacteristic that indicates the y-
intercept in a function, they are actually intetprg it to be the x-intercept.

Throughout the data analysis | was constantly refgiback to previous studies’
results, Knuth (2000), Leinhardt et al. (1990), $agoulos (2007), Ellis and Grinstead
(2008), and Zaslavsky (1997), to see where misquiwe had been found prior to this
study. | wanted to be able to witness and identiignmisconceptions impacted
learning. | wanted to seehathindered/triggered understanding for the studentlved
in the study, and | wanted to see if their undeiditag was conceptual of procedural.

Although I was looking for correct and incorrecsasers throughout the tasks,
data was also coded for specific mathematical igeasining to the tasks, and whether
the students were specifically answering the trawhtl task, the multiple representations
task, or one of the mixed methods tasks. Althdugftially had a few ideas of possible
codes when | started analyzing the data, | purgds&lmy mind open to look fanew
ideas of what the students were thinking. | was &keping in mind the study’s
guestions so that | could try to answer them. hted the codes to emerge from the data.
The codes increased from 6 broad codes to 34 gpeoniés (see Appendix H: Codes).

Also, as the themes/codes were emerging | would lmgo back and recode at
times due to a particular notion that came up winidsgulating the data. Sometimes it
would deal with a hand gesture, or the thought lmttv quadratic form the participants
were looking at versus what they thought they vieoking at. | would then have to
reflow that thought through the data. As Glesr#@) puts it, “Coding is a progressive
process of sorting and defining and defining amtirsgp those scraps of collected data

that are applicable to your research purpose”3p).1
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VIII. Trustworthiness and Credibility

Many efforts were taken into consideration in orleensure the trustworthiness
of the study. Data was triangulated between tlokoaand video recordings that were
then transcribed and compared with the writterfaats of the students. Also, for control
over the consistency of what was said to the stisdémere was a protocol in place
(Appendix C: Research Protocol) for me to followievhsaid what | could or could not
say and when | could say it. For example “I madrtéhe question to the pair (upon
request), but | am not to help define any of thedsdhat are in the question.” In
addition to this, coding was checked through aereal reader and compared to the
researcher’s coding for credibility.

Being that the social constructivist lens was @nésn this qualitative research,
there is a chance that, although the study coulduipéicated, the results may not be
duplicated. This is due to the fact that differpatticipants can answer the very same
tasks differently and that the conversations witiew dyads could also have a different
outcome. These results can only be said to hamenad for these six participants during
this time period. Also, by having the open-endetspective in constructivism and

engaging multiple methods of analysis was importanihe trustworthiness of this study.
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Chapter Four: Results

I. Overview of Connections between Students and th@uadratic Function

This results section is divided into four individlgactions. Each section is
devoted to answering one of the research questidhs.first section focuses on
components of the quadratic function itself, spealfy addressing the first research
guestion, “How do students think about the quadfatction as they work through a
series of tasks?” The second section addressésdlmegs to answer, “What
mathematical strategies do students employ whenwioek on a series of tasks dealing
with the quadratic function?” The third sectiooks to see, “How does the type of task,
traditional versus multiple representation, impaadents understanding of the quadratic
function?” Finally, the fourth section focusestbe question, “What kinds of knowledge
(procedural or conceptual) do students utilize wt@mpleting a series of tasks about the
guadratic function?” For analytical purposes, péenote that the pair Katy and Zoe, as
well as the pair Oliver and George, were the twiosgthat participated in the study in-
vivo, while Mohammed and Jamal were the pair tlaatigpated shortly after taking their
chapter assessment, but prior to receiving thegssmnent results. It is interesting
because Mohammed and Jamal took the least amotinteobverall on the study. A
future study could be conducted which focused ¢ihd amount of time a pair uses to
complete the study, 2) the place in the curriculinen the pair has been introduced to
the content in the study, and 3) the pairs’ tasi€siilts.
[I. Section 1: How Students Think About the Quadratc Function

Brown (2000) relates that students who comprelaecmhcept “first seek to

develop an understanding of problems, and thiswafteolves thinking in terms of core
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concepts or big ideas.” The knowledge of the sttgle’ho are newer to the material, or
more unsure of themselves, are “much less likelyetorganized around big ideas, they
are more likely to approach problems by searchamgdrrect formulas and pat answers
that fit their everyday intuitions” (p. 49). Théoee, to tackle the research question,
“How do students think about the quadratic functsrthey work on a series of tasks?” |
have broken down this section into seven sectigash one focusing on one of the initial
core concepts of the quadratic function that sttelare asked to understand. Part 1 will
address the axis of symmetry, part 2 will focusvertex, part 3 will speak to graph
orientation, part 4 will attend to the y-intercgpart 5 will conquer the transformation of
graph, part 6 will deal with the maximum/minimumimto and finally part 7 will
concentrate on the location of roots. The poirireaeking down the quadratic into the
core concepts that are being addressed in thig gud focus (as much as possible) on
how the participants are thinking about each conicelividually, as well as within the
big picture or scheme of the quadratic functions.

Axis of symmetry. The axis of symmetry is the line that runs \eaity through
the x-coordinate of the vertex in a quadratic fiorct If the function’s graph was folded
over this line, then the two halves of the functieould be the mirror image of each other

(see Figure 2: Axis of Symmetry, Vertex, Maximumiitum).
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Figure 2 Axis of Symmetry, Vertex, Maximum/Minimum

The analysis of the axis of symmetry began wittkiog at how the pairs
responded to problem #4 on theaditional Task problems #1-4, 9, 10 on tivultiple
Representations Taskroblems #4-5 on thdixed Methods Task #&nd problems #3-7
on theMixed Methods Task #24 particularly focused on problems #1-4 on kheltiple
Representations Tasknce this was the first place where the partitipavere asked
guestions that specified the axis of symmetry, thatlit was not one of many concepts
needed to answer a problem. The participants stemenderstand the axis of
symmetry in 2 ways: 1) as a line that bisects #mtex (and the graph) as a whole, and 2)
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as a number derived from the formula. Although ohthe pairs initially showed their
procedural understanding of the axis of symmetigdderived from a formula, they
demonstrated limited conceptual knowledge at tine ti | will conclude with that
example. Although all three pairs eventually comtad on the axis of symmetry in both
ways of thinking, for this purpose | am presenting pairs under how they initially
presented themselves in thinking about and undetstg the axis of symmetry.

Axis of symmetry as a bisecting line.

Example 1When George and Oliver approached the axis of stmygtheir
conversation implied that they thought of the afisymmetry as a graphic physical

characteristic.

Oliver: Okay. So what is the axis of symmetry? How do fjod it? Is there more than
one way to find it?

George: Well, the axis of symmetry is like something thauld be reflected equally on
both sides?

Oliver: uh hum.

George:What is it finding...if you had a mirror, set it dawand if it looks the same, in
the mirror and the piece that it's the axis of syetny, sure.

Oliver: Also find the vertex could be a way of finding tivds of symmetry, through the
vertex. Find it that way, the mirror way. You tthuyea, so do you want to write that
down?

George: You can write it down.

Oliver: So what did we say the axis of symmetry was?
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George: The mirror of the axis is the same on both sidesactly the same.

Oliver: Okay. So a line, right, it's a line that reflesteamething else on the other side.
Make a line of a parabola. How do you find it?

George: The mirror way, the line, what did you say?

Oliver: Of the vertex.

George:Yes

Oliver: ...Vertical line through the vertex. Is there mtran one way to find it?

George: We just gave two ways, So yes.

Through George’s and Oliver's cumulative talk, tlvesre able to construct together a
common way of thinking about the axis of symmetieir focus was on that the axis of
symmetry was a line that could split the parabota two congruent parts. Later on,
when asked to solve for the axis of symmetry insggient problems, they used the

formula itself.

Axis of symmetry as a number.

Example 2When Katy and Zoe were asked to describe theaddgmmetry,

b

they initially went straight to the formula ¢, They also referred to it as the “x

portion (of the vertex) of the function.”

Katy: Number 1: What is the axis of symmetry? How da find it? Is there more than
one way to find it? So one way is...

Both: -b over 2a
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Zoe: | don't think there’s another way that at leastweedone.

Katy: | don’t think there’s another way either.

Zoe: So what is the axis of symmetry?

Katy: The axis of symmetry is...

(thinking with time gap)

Proctor: Don’t forget to say everything that you are thimki

Katy: I'm trying to think of what I'm going to say.

Zoe: Is thex.

Katy: ...Is finding thex portion of the function.

Zoe: | agree with that.

Katy: For numbers 2-4, please identify the axis of sytnyrfer the graph of each
function.

Zoe: First we have to identify the b, andc.

Katy: ais 1,bis -4, andcis 2. So we’re going to take...

Zoe:x =-b...

Katy: over 2a.

Katy: So we’re going to dob-which would end up being a positive 4.
Zoe: A negative times a negative would be a positive.

Zoe: Over 2 x 1 and that would be 4 over 2, which wdugd?.

46



Figure 3 Katy and Zoe Multiple Representation Task protden& 2

R
Zoe and Katy both felt confident in applying thenmla " 1o algebraically solve

for the axis of symmetry. (See Figure 3: Katy Zoe Multiple Representation Task
problems 1 & 2.) Later they would also show thaaaptual knowledge of reflecting the

y-intercept over the axis of symmetry for “anothpdint.

Example #3:Jamal and Mohammed initially confused the fornfafathe axis of

v —b +Vb? — 4ac
symmetry with the quadratic formul | 2a , and the equation of a ling=

mx + h The quadratic formula is used to find the rdatstercepts, zeros, etc.) of the
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guadratic function, and the equation of the lina [grt of the linear function, not the
guadratic function. Jamal and Mohammed eventumtktracked after completing other
problems to realize that their initial thought viasorrect. They did not, however, revisit
all of the problems that they had already answareakrectly while using the quadratic
formula instead of the axis of symmetry formuleee%igure 4: Jamal and Mohammed

Multiple Representation Task problems 1 & 2.

e ——

L=y tile-8

i |
L.

e e,

Figure 4 Jamal and Mohammed Multiple Representation Tasklpms 1 & 2

Figure 4 shows how Jamal and Mohammed initiallytestbe quadratic formula for the

axis of symmetry but eventually backtracked torfismber 1, but not the other problems
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that had been incorrectly attempted. It shouladted though, that in subsequent
problems when they were asked to solve problemstwihivolved the axis of symmetry
and were given the formula, they completed the, taskwhen they were again asked
about the axis of symmetry without the formulaytbace again portray themselves as
having limited understanding (both procedural amaceptual) of the concept. In that
instance they consistently gave the last numb#érefunction. If the function was in the
standard form they gave the y-intercept; if thection was in the vertex form they gave
the y-coordinate of the vertex.

Although it could be argued that students shouldakboth manners before being
thought of as proficient, | believe that both of fairs, George and Oliver and Zoe and
Katy, were headed in the correct direction withrtivatial take (as well as their
subsequent take) on the axis of symmetry.

Vertex. The analysis of the vertex began with looking@w the pairs responded
to problems #4-12 on the Traditional Task, problé®<L0 on the Multiple
Representation Task, problems #4-5 on the Mixechblig Task #1, and problems #3,
#6, and #7 on the Mixed Methods Task #2. | palaity focused on problems #9 and
#10 on the Multiple Representations Task sincevtfais the first place where the
participants were asked questions that specifiediéntex. All of the participants
considered the vertex to be the highest most (@e$d most) coordinate pair (X,y),
depending on which direction the parabola was tated. They also all agreed with the

process of algebraically finding the vertex.
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Example #4This example is when Katy and Zoe were approacpinglem #9 on the
Multiple Representations Task. They had alreadntified theira, b, andc, as well had

found their axis of symmetry.

Katy: So find out vertex, we have to plug our axisyohmetry back into the equation.
So it would be f(x) = (2)2 — 4(2) + 3 and that wabelqual 4 — 8 + 3 so it would be -4 + 3
and that would be -1. So vertex is (2, -1).

Zoe: | would agree.

All three pairs concurred in the thinking that thveguld have to obtain the axis of
symmetry prior to the vertex. Then, by plugging #xis of symmetry back into the
original equation for the “x”, they would be abtedhug out the y, which would be the y-
coordinate of the vertex.

Graph orientation. Graph orientation deals with whether or notgheabola
opens up or down. ltis indicated by the “a” wiiea quadratic function is put in
standard form (ex+ bx + c). If the “a” is positive, then the grapfil open up. If the
“a” is negative, then the graph will open down.

The analysis of the graph orientation began witkilng at how the pairs
responded to problems #1-4 on fhaditional Task problems #6, 9, and 10 on the
Multiple Representations Tasknd problem #4 on tHdixed Methods Task #4f one
were to strictly consider right and wrong answexgrall, the three pairs got 91.3% of
the questions which referred to the graph’s ori@mecorrect. The small percentage that

were answered incorrectly were all done by Jama@lMohammed, and due to there not
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being any “talk” about those particular questiahappears that those questions were
ones that were rushed through in order to get aotiethe task.Either Jamal or
Mohammed would answer the question while the athersimply watched, or looked off
into the air. For this section | will show one exae that exemplifies what all three pairs
wrote for this same questioMlultiple Representations Tagkoblem #6, and then discuss
a common misconception that appeared during thly stu

Common correct understanding.
Example #5Katy and Zoe’s conversation during tieltiple Representations Task

problem #6 about graph orientation was straighiéopoint.

Katy: 6) The graphs of all quadratic functions open uplwd-alse.

Zoe: False. Because you can have a parabola goingvadands.

Katy: Because tha can be negative or positive.

Zoe: Making a parabola

Katy: Going up or down.

Zoe: | would agree with that

Katy: False, becauseadfis negative, and that's a downward (parabola).

Zoe: | would agree with that...

By looking at the leading coefficient of the parkbthe students were able to determine

the orientation of the graph. Katy and Zoe confilhat this particular characteristic of

the quadratic function is a very straightforwaresoept.
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Common misconception.
Example #6:In this example Oliver and George used the tesiope” to describe “a”.
Slope is actually a linear concept and does nog laawle in the quadratic function.
Oliver: The graphs of all quadratic functions open upward.
George:No, slope could so it could be negative.
Oliver: Slope could be negative? Is that the answer?
George: Do you agree with that?
Oliver: Yea. It's be the because remember if you're trying to create algrapu
always use tha for up and down.

George: Yea.

In this discussion, Oliver questions George’s caatvocabulary, and in the
video Oliver even looks at George with a questigriace, but cannot pinpoint what is
incorrect since he does agree thatahthe leading coefficient, indicates the orientatio
of the graph. This example reaffirms what Zaslgd©97) and Ellis and Grinstead
(2008) said about students having a tendency tiern analogy between quadratic
functions and linear functions. Two-thirds of 8tadents interviewed by Ellis and
Grinstead described the role of the parametary = axX + bx + c as the “slope” of a
quadratic function. When, once again, in actuasitgpe is not a part of the quadratic
function; it is a linear function concept.

Y-Intercept. The analysis of the y-intercept began with logkath how the pairs
responded to problems #4-5 on fhaditional Task problem #9 on thMultiple

Representations Taskroblem #4 on th#®lixed Methods Task #and problem #6 on the
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Mixed Methods Task #2T'here were two thinking positions that the yeneept analysis
clearly fell in, having success understanding thetgrcept, and not having success
understanding the y-intercept.

Understanding the y-intercept. In theory, finding the y-intercept should be a
straightforward part of graphing a quadratic fuoietiespecially when it is “c” when the
function is in standard form. At some point thrbagt the tasks, each of the pairs did
refer to the y-intercept in this manner. In faictyas not usual, that while the participants

were dissecting the various quadratic functionsy tlrould identify the y-intercept first.

Example #7Jamal and Mohammed did not waste any time locakiag-intercept while
attemptingTraditional Taslkproblem #4.

Mohammed: We have to graph all of our functions Mr. Jamal.

Jamal: All right, so ¥ — 3.

Mohammed: is 3

Jamal: Well, 3 is the y-intercept, so you go down 3 and...

Mohammed: it’s right there. (Pointing with the pencil)

Example #8For this example | will use an excerpt from theersation between Katy
and Zoe while they were solving problem #9 onNhétiple Representations Taslkt

this point they had already solved for the axisyghmetry and the vertex. Katy and Zoe
not only demonstrated that they knew how to idgritie y-intercept, but that also knew

how to use it to help them (theorectically) grapbasabola.
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Katy: And our y-intercept is 3.

Zoe: Do we have more than one number for vertex?

Katy: Vertex?

Zoe: Yea, the vertex is the very bottom of the curlned and then it goes up by 3.

Katy: What do you mean?

Zoe: Yes, when you're doing your graph or whateveg, iimber that you lead off of
and then you find where you're suppose to go,teigh

Katy: Andcis our y-intercept and that’s 3.

Zoe: | would agree

Katy: An then we graph it, so the vertex is (2, -1) dnsl opening up so that points
would be at zero 1, no, 1 zero and the other psiat 3 zero, And then we can
take, find the arms...

Zoe: Okay. How do we find the arms?

Katy: Do we need to find like two more points or dojus...

Zoe: The y-intercept? So it's something that we Hawg we haven't really used.

Katy. Okay, so do we plug in the y-intercept equatiofirtd one? (a point)

Zoe: Ummm, | think that we have to hit the y-interceptdon’t know; | was never good
at this part.

Katy: Oh yea, it would be a y-intercept and then ydleceit (over the axis of
symmetry).

Zoe: Right and you figure out where that went from ¢er
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Through cumulative talk, Zoe and Katy were abledth identify the y-intercept as well
as identify another use for it, to reflect over #xés of symmetry line in order to find
another point on the parabola.

Example #9:For this example | will use the third pair, Olivend George, so that there is
an example showing understanding for each of tivg,dzefore showing examples of
when some of the participants did not show undedstg of the y-intercept. In this
example Oliver and George have already solvedi®wertex in problem 5a on the

Mixed Methods Task #1

George: Right. And then your y-intercept. Isn’t thasfjuhe last one. Is that what it is?
Oliver: Uh hum.

George: Okay

Oliver: Right?

George: | think so.

Oliver: Your y-intercept is usually. Right?

George: Yea, | think so. | hope so.

George and Oliver were the third and final paishow understanding (at some point) of
the y-intercept in the quadratic function. Knowihgs information, it makes the
examples of when the pairs did not show understanali the y-intercept all that more

peculiar.
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Not understanding the y-intercept. Two specific examples surfaced which
demonstarted a lack of understanding the y-intérc€&pe first example shows a serious
confusion between the y-intercept when the fundan standard form (f(x) = &¢ bx
+ ¢) versus the y-coordinate of the vertex wherfainetion is in the vertex form (f(x) =
a(x - hY + k).

Example #10 Zoe and Katy got confused with these two formndien pertaining to this
concept (see Figure 5: Katy and Zoe Mixed Methd&iprblem #7). Although the girls
started out using the process of elimination anmdectly eliminating the far right option
due to an incorrect y-intercept, they ultimately gonfused between the vertex format

and the standard format.

7. Ghren the three eguations:

N

: T
glx)=2x" +3r-4 fd{l]-&ﬁ_t‘g

nj Which equation &s represented by the graph shown below?
A0 = LA -3)-4
b} Explain how you decided on your answer in part {a),
WE FoLMD TRE LEETER AND IIEA OF Sypti TR Y
Axts

Figure 5 Katy and Zoe Mixed Methods #2 problem #7
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Zoe: Well...It's not the last one. Oh wait...that would ibdicating the vertex.

Zoe: We have the vertex, right? That wouldd¥e

Katy: What do you mean?

Zoe: How did you find the vertex?

Zoe: What isc?

Katy: With the area of symmetry.

Zoe: You mean the axis of symmetry??

Katy: Oh yea, right.

Zoe: With axis of symmetry, right, butwould be the other half of that right?

Katy: This? (pointing to the y-intercept of the thirebplem.)

Zoe: No, no

Katy: Oh the y-intercept?

Zoe: Yea

Katy: That's what it has to go through, (Indicating ttred y-intercept goes through the
y-axis on the graph).

Zoe: | thought that we would find the axis of symmeigyplugging it back in through
(while flipping back through the pages.) Okayeé svhat you're saying.
(Stopping the flipping and putting her hands dogaia satisfied.)

Katy: So, one of them goes through -4, (indicating thaty-intercept has to be -4 based
on the graph), so it's between these two now (itthg the first two functions)
because this one +8 (indicating the last functamng that’'s not emphasizing that
(as the y-intercept) on the graph.

Zoe: Yup, so...
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Katy: So negative three over two times two...it wouldhleegative three fourths...so it's
this one.
Zoe: Okay...l would agree with that. (They actually pdkthe wrong one; it is the

middle one.)

Once again, Katy and Zoe were on the right pathnvthey used the process of
elimination by eliminating the “obvious” wrong ansiin the option due to the y-
intercept not being correct. Unfortunately thoutdiey were confused by the two
different formats between the left option (verterniat) and the middle option (standard
format). What the girls took as their “b” as ifns standard format, was really an “h”

due to being in vertex format (see Table 5: Sgh\ar-unction with Two Forms).

58



Table 5

Solving a Function with Two Forms

Problem f(x) = 2(x-3f — 4 g(x) = 2% + 3x — 4
Format Vertex Standard
f(x) = a(x — h¥ +k gx)=aX+bx+c
Axis of symmetry Set (x — h) = 0 and solve for x. x = -b/2a
x—3=0 x =-3/2(2)
x=3 X=-%
axis of symmetry = 3 axis of symmetry = - 3
Vertex (h, k) Plug -% back into the
original equation for x and
(3, -4) solve for y (or g(x)).
(-%4, -5%)
y-intercept Option 1: plug zero in for x andC
solve for y (or f(x)). C=-4
Option 2: FOIL out (x-3)
distribute the 2 and combine
like terms in order to convert
the vertex form into the
standard form to be able to
identify c.
C=14
Correct Answer No Yes

Example #11 The other manner in which the y-intercept wasfesing was when

Oliver and George found the y-intercept last, iadtef starting with it (see Figure 6:

Oliver and George Multiple Representations Prob#&n
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Figure 6 Oliver and George Multiple Representations Pnobhd

George: Please find following properties of the parabdx) = ¥* — 4x + 3 to be able to
graph it. Sais 1, -4, 3 (stating tha, b, andc respectively)...so the graph opens
down? No up. Right? Becauaés positive. Axis of symmetry, -b...4 over 2 so
it's 2? As a...

Oliver: Minimum or maximum
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George: Going up the...is minimum and its y part would be...
Oliver: 2, because that’s the vertex.

George: Yup. But we also have to get the y too, right?
Oliver: Uh hum, which is 3.

George:All right, (2, 3)?

Oliver: Uh hum.

George: The y intercept is...

Oliver: Isn’t your y intercept?

George: That's just where it is, like the end point of the

In this example Oliver and George confused thetgraept of the standard form
with the y-coordinate of the vertex of the vertexnmi. They did get the correct axis of
symmetry of two, (which is also the x-coordinatelw# vertex), but to get the y-
coordinate of the vertex they needed to plug theeliack into the original function to
solve for y...which would have given them the ver2x-1). They had literally just
stated that the y-intercept is thendicating that perhaps it was a procedural eressus
a conceptual error.

Also, instead of simply taking their y-intercep} ¢f three that they had already
found and graphing it on the coordinate plane (Wipicssibly would have indicated to
them that their vertex was incorrect due to plagginéhey decided to go in a round-a-
bout manner in obtaining the (wrong) y-intercephey tried relating the points other
then the vertex to the parent graph of f(x)’= When a one is the leading coefficient

(number in front of the?¥, there is a shortcut that can be performed. Rtwnvertex,
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when you move to the right one unit you can movél)p..so one unit up. When you
move to the right two units, you can move ug (230 four units up. When you move to
the right three units, you can move up’(3¥0 nine units up. These points can then be

reflected across the axis of symmetry (see Figuf@uadratic Parent Function).

Figure 7 Quadratic Parent Function

George and Oliver continue...

George: Well, this we can at least graph...in creating baftices, so (2, 3)...and then
all goes up by 1 so it’s out over 1. Is that right

Oliver: Okay, you go over 1, 1 squared x 1 is 1, so yeah.

George: And the next one is 4.

Oliver: Go over 2.

George:Over 2 and it's up 4. So it'd be right aroundrtheSo the y-intercept would be
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7 if this is right. (reflects it) That’s good.

From their incorrect vertex of (2, 3) they did Bpine correct parent graph
symmetry with leading coefficient of one, but sinkeir vertex was incorrect, they got an
incorrect y-intercept from this method.

Transformation of graph. The analysis of the transformation of the grepban
with looking at how the pairs responded to proldetdy 6-11 on thelraditional Task
problem #6 on th#lultiple Representations Tasknd problems #1-4 on tivixed
Methods Task #2I particularly focused on problems #6-11 on Tmaditional Task and
problems #1-2 on thielixed Methods Task2 since | believe that these problems gave
better insight to what the participants’ thinkirgpat transformations were when dealing
with the quadratic functionThe transformations appeared to give all threespssues.

If one were to strictly consider correct and ineatranswers, Oliver and George got
70.8% of the transformation questions correct, Jamé Mohammed got 41.7% correct,
and Zoe and Katy got 50% correct. Of the problémasthe students got wrong, it was
due to conceptual errors; of the ones that thexguoect, | believe that it was due to
those questions being more simplistic in naturbeylwere ones that had closer
appearance similarities to linear functions, witoh participants would be more familiar
with. The students knew that they had to movduhetions from the parent function of
y =X, but they forgot their basic foundational rati@nbehind how to move it, and

which way to move it.

Example #12:In this example Katy had an insightful moment wisbe and Zoe were

discussing questions #6-11 on ffraditional Task Unfortunately, the insightful “aha!”
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moment did not completely pan out into them portrgyull understanding on the
concept of transformations. Although it is a ldnygéxcerpt, it demonstrates the girls’

cumulative thinking.

Katy: The quadratic parent function if f(x) Z.xlts graph is a parabola with its vertex at
the origin (0, 0). Describe each transformatiamfrthe parent function.
Ummmm...

Zoe: | don’t remember learning this...

Teacher: Try looking at the vocabulary with the questiorsee if that would help.

Katy: |don’t remember learning about a parent func{rest her head in her hand).

Zoe: ...well, we know that x squared is a...

Katy: But | don’t know what a parent function is...so..tlsanot really...do we have to
do like all of these?

Teacher: Yup, that is only one word in the directions...whhbut the other words in
the directions?

Zoe: Well since the parabola is a U shape and thexéstat (0, 0)...so the parent
function is one...and the other one is negative ardiqating problem #6) so that
deals with the arms...

Katy: But we are suppose to describe the transformétion the parent function.

Zoe: So the transformation is that it...

Katy: So apparently it transforms it...

Zoe: Do you know how to do that?

Katy: What | don’t get is that this one is f(x) and@lthe rest are g(x)...does that mean
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that they have been transformed?...oh wait, f...g.y.toene after one
another...(wiggling her head).

Zoe: (smiles)

Katy: That is the part that | get...oh wait, does thahmehen they are rotated, and like
flipped and turned..(happy with her new epipharkgyo

Zoe: What do we have to do?

Katy: You know (getting excited and using hand moves@ntwhen we had the graph
rotated, flipped and turned...like when if it is gos it is like this (indicating an
open up parabola with hands) and when it is negditigtoes this (indicating an
open down parabola).

Zoe: Oh, okay

Katy: Isn’t there a mathematical word that we haves® tlhough...like for each one?

Proctor: Describe your thoughts in your own terms.

Katy: (writes “flipped down” for number 6)...x — 1...so itas slid...because it is at x —

1, itis not at the (0,0) anymore.

Katy is correct in her thinking that transformatimeans to “flip” and “slide” the parent

graph in various directions so that the vertexp@séibly) in a new coordinate location

(see Figure 8: Katy and Zoe Traditional Task Pnolslé/6-11).
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The quadratic parent function is fix) = x'. s graph is a porabola with its vertes at the origin |:|'_II_ ﬂ.]
Describe each transformation from the parent function

B glx)=-x'

. glel= (= 1y

B glsj=x+7

|
8. gl

10, gle) =+ 3} °

11, gix] = Sa

Figure 8 Katy and Zoe Traditional Task Problems #6-11

Although Katy and Zoe got to the thinking of tramshation meaning to flip or slide,

it also means to stretch or make the arms of thatjoda steeper, as well as to compress,
to widen or make the arms more shallow than thgirmal parent graph f(x) => When
looking at the correct versus incorrect problemfsgare #8, only problems #6 and 8
would be counted as correct. The girls were nasistent with knowing which way a

function slid, if it even was supposed to slide¢ha first place.

Example #13: In these two examples demonstrating Oliver’s @edrge’s thinking of
the transformations of the quadratic function, tkegw in both tasks that a leading

66



coefficient other than one would change the arnth@function, and not just the location
of the vertex.

This is the first of the two examples from OliverdaGeorge. In this one they
conclude incorrectly. This excerpt is taken outh&f conversation between Oliver and

George as they are starting problem #8 onTtlaglitional Task

Oliver: Okay. Again, is not in standard form. So yownta foil that out?

George: Yea, sure, (laughing) I'll do the fractions. Wisit? 1/3x?

Oliver: Uh hum.

George: And that’s all they give us? Okay.

Oliver: Remember to have a multiplier.

George: Yea. Soit's just, is it 1/&® Is thatit? Oris it...

Oliver: Well,3x3is9

George: Oh yea... Soit's 1Mor is it 2/9"? (nervous laugh) That helps us a whole
lot. So+ 0x + 0. Wow that is a lot of empty sgsc

Oliver: So umm...

George; We're missing + 0 + 0x

Oliver: Oh wait.

George: Oh yea. All right. (Changes it to 1/9x 0x + 0) Okay. Do you know what
happens to the graph?

Oliver: Well, if the parent function goes out like thatdicating with his hands that it is
a wider opening up parabola)...oh my God. | dontwn

George: Yay...hmmm...it goes diagonal (joking)
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Oliver: Oh, the graph would just be thinner...

George: yea, you're right.

Oliver: Because remember when you go over, you have ligphgut by this (indicating
the 1/3).

George: Okay

Oliver: So the graph would be thinner.

George: Thinner instead of thicker. Yup

Oliver and George understood that the leading coefit changed the arms of the
parabola. Although this pair eventually recordes answer to #9 being that the parabola
became “thinner”, at one point, Oliver gesturedhwiis hands that the arms of the
parabola would widen the parent graph (see Figu€i9er and George Traditional Task
problems #9-11). When the leading coefficienesslthan one, the arms of the parabola
widen, or become more shallow. When the leadirgffaxent is greater the one, the

arms of the parabola become thinner, allowing thesdo be steeper, or stretch faster.
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Figure 9 Oliver and George Traditional Task problems #9-11

Oliver and George have the opposite thinking winety approached problem #11. This
time the leading coefficient was greater than amel, instead of correctly identifying the
arms as being thinner, the pair identified therbeiag “wider.”

In a subsequent problem though, Oliver and Gegpgeaed to correctly

understand this particular concept of the arms iipéog “thinner” or “wider”.

Example #14:In this second of the two examples from Olived &eorge, they are still

looking at the transformations of the quadraticction.

George: All right, #1: Circle the function that product®e widest parabola? How do
you know? Please explain your reason.
Oliver: Okay, so this is in standard form. This one wlaiilbe...right? Because...

George: | think that it would ...because f15doesn’t a fraction make it wider than the
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higher up number you have makes it thinner?

Oliver: [ think you're right.

George: Because, it does that because like it's how you,do the number time&'5 |
don’t know how to explain it.

Oliver: | know what you mean.

George: Yea.

Oliver: So wouldn’t we do the up and over method? loser to the vertex.

At this point Oliver is indicating that they arelpiooking at the “a” portion of the
functions, which is the indicator of whether or tlwé arms stretch or compress. If by
chance a function did not slide, or leave the coate location point of (0, 0), then when
the arms are widened they would in fact becomeeclusthe vertex as well as the x-axis,

versus stretching and becoming closer to the y-axis

Excerpt continues...

Oliver: The point. (shows with hands that the parabaald/be wider...George circles
the middle option.)

Oliver: Explain your reasoning? Tlads less than 1.

George: Yea.

Oliver: And the closer itis...

George: Yea.

Oliver: So pretty much...So | don’'t know how you'd explaM/hen it’s a fraction, it...

George: Because, like if, when using the up and over oettit only goes up 1 and out
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5, close to coming up. Like if it was like if weawe doing this one (indicating the
far right function), it would go up 3 and only dut..If that makes sense.
Oliver: That makes sense.

George: So that’s why it's wider.

As the researcher | would wonder why, on day twioyed and George had an issue with
transformation when the leading coefficient wasthetnumber one, but they so
eloquently explained the concept on day four. |l mave to go off of the assumption that
they either recalled the correct conceptual knogdedr that they simply got mixed up
previously. There is also the possibility that pinecess of engaging in the tasks initiated

new learning for Oliver and George.

Example #15In this transformation example, Jamal’s and Mohadim#hinking started
off correctly but got sidetracked somehow. Thisljem was asking to describe the

transformation of the function g(x) = (x +*3jom the parent graph of f(x) Zx

Jamal: (x + 3f

Mohammed: So making it equal to zero would be...

Jamal: (x — 3} which would be 9, and just go um...
Mohammed: That way (indicating moving the graph to the left)
Jamal: No, let’'s go up

Mohammed: Oh okay
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The boys started out conceptually knowing that steyuld set the portion inside the
parenthesis equal to zero and solve for x. Thiglvbave given them negative (-) three
which would 1) be the x-coordinate of the vertend &) verify that Mohammed was
correct that the graph would move to the left threis.

Maximum/minimum point . The analysis of the maximum/minimum point
began with looking at how the pairs responded tblems #7-9 on thklultiple
Representation Tasknd problem #4 on thdixed Methods Task #2 particularly
focused on problems #7-9 on thielltiple Representations Tasknce this was the first
place where the participants were asked questi@ispecified the maximum/minimum
point.

When Mohammed and Jamal were thinking out loudiatiee maximum and
minimum point, they had the consistent thought ihla&d to deal with an “x” concept in
the function. By this they were indicating thaeareeded to use either the “quadratic
formula” or use the “axis of symmetry” to help fitlte maximum.or minimum point.
Upon further analysis they think that both a minimand maximum value(s) exist.
Everything that is less than the axis of symmedrihe minimum and everything that is
greater than the axis of symmetry if the maximutues.

When Katy and Zoe were discussing the maximumaamdinimum point, they
came to the final conclusion of, “To find the maxtiee min you have to use the vertex
and arms of the parabola.” While this is not imeot, it does not specify which way the
arms must go for the y-coordinate of the vertelkg@ maximum or a minimum. In fact,

when the video and audio are triangulated withvihigen paper artifact, it shows that the
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girls could not come up with a specific explanatadrthey were thinking so they wrote a
general explanation.

Oliver and George were able to say their thougtdse succintly and with a less
generalized tone

Find the vertex, then depending on if the parabpkens up or down,

that is you min or max value of the function.thé parabola opens

upward due to a positive equation then it's a mum value. If the

parabola opens downward due to a negative equsdten it's the

maximum value.

Although Oliver and George were more specific iwho find the maximum or
minimum of a quadratic function than the previous pairs, all three pairs left out a key
part in their thinking to understand where the alctoinimum or maximum of the
guadratic is. Yes, you have to have the vertekihmiminimum or maximum of the
guadratic is only the y-coordinate of the vertex, the x-coordinate, and not the entire
(x, y) coordinate pair. None of the three pairsengpecific with this characteristic.
Location of roots. The analysis of the axis of symmetry began watiking at
how the pairs responded to problems #1-3 orMixed Methods Taskl. Due to the
data analyized, this section has been split intbdubsections: 1) What are roots?, and 2)
Finding the location of roots. As previously sthtthe specific methods of factoring
procedurally for roots are not a part of this stu@ue to the boundary of time, this

concept would be a study all to itself.
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What are roots? According to the three pairs of participants, ras: 1) the
most broken down an answer can get (Mohammed andl)Jaand 2) The “x” that comes
out of using the quadratic formula (Katy/Zoe and/@/George). At the initial asking
none of the pairs could think of any other namesrwots” although they referred to the
“x’s” that would result from using the quadratiaiiaula which could be termed as the ‘x-
intercepts.”

Finding the location of roots. At this point in Algebra 2 they are focused more on
the real roots than the imaginary ones. So whewy &ne asked how many roots there are
by looking at a diagram, they are not being ask®@d many complex roots there are
(meaning both real and imaginary ones), but ratlb@r many real roots are there. How
many times does the function cross or touch theixia general. In the figure below
(Figure 10: Examples of number of (real) rootsanieus quadratic function), function A
crosses the x-axis twice, therefore it has twol(reats. Function B does not touch the
x-axis at all, so it has zero (real) roots. Meaiwytiunction C simply kisses the x-axis in
one spot and returns in the direction that it oiddJy came from, indicating that it has one

(real) root.
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Figure 1Q Examples of number of (real) roots in variousdyaéic functions

Example #16 In Mixed Methods #1 task problem #3, Katy ane £onceptually
obtained the number of (real) roots inaccuratede (Sigure 11: Zoe and Katy Mixed
Methods #1 Problem #3). Going into this problene, pair had just finished answering
guestions asking for them to explain what the robi quadratic function were, how to

find them, different names for them, etc.
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Figure 11 Katy and Zoe Mixed Methods #1 Problem #3

Zoe: So what do you think the root would be?

Katy: | have no clue.
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Zoe: Okay, well it has to be some part of the grapthsoe’s the vertex, or the arms, the
vertex is well...

Katy: Well, apparently some of these like one or somth@in have more than one root
so | mean, also they are like thentercepts to something (YES!!!) | don’t know.

(Thinking)

Proctor: Tell me about what you are thinking about.

Katy: I'm thinking about how frustrating this is?

Zoe: Maybe it’s not talking about roots. It's talkiadpout this. Like where it is square
rooted by two. (It is never squared rooted by tluat, she is indicating where the term
that is “squared” is located.)

Katy: So what, like multiplying the coefficient by theponent?

Zoe: Sure

Katy: | don’t know but we don’t have anything to put dobesides that so we might as
well.

Zoe: Okay. Let’s put that down.

Even though both a graph and the function weregptethe most direct route
would have been to simply look at the functionsgiiaphing form) and count how many
times the function crossed (or touched) the x-akistead, Katy and Zoe came up with
the idea of multiplying the coefficient by the degr The irony is that there is not any
concept with quadratic function in which you would this process in order to get a
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specific answer. While talking through the prob)ehs pair did actually talk about the

possibility that the roots were when it touchedxkeis, but they dismissed it quickly.

In a brainstorming fashion, Katy had said, “Appaiesaome of these like one or some of
them have more than one root so | mean, also tteelka thex intercepts to something.”
On the complete other end of the spectrum, Oliner@eorge got problem 3a,
3b, and 3c, correct and would have gotten 3d coenemept for a slight procedural error
at the end. They, too, did not solve the problentie quick manner of simply looking
at the function graphed and seeing how many titne®s$sed (or touched) the x-axis.
Oliver and George did the very long procedural @ariceptually sound alternative) way

of plugging each function into the quadratic foreul

—b +Vb?% — 4ac
2a

% =

and algebraically solving for the number of (regabts that each function had. In other
words, it did not matter to them that there wasagly in front of them; they went back to
their comfort zone of finding the answer algebriycaThis reiterates when Leinhardt,
Zaslavsky, and Stein (1990) previously stated dinat of the students’ misconceptions
dealing with functions in general was moving betwesgpresentations of functions and
how it poses different psychological processes.psiously stated in Chapter Two,
students prefer one form of a function over the, @sd perhaps do not see the bigger
picture about how they all belong to a larger sobé@mthe world of mathematics. This
also emphasizes Knuth’s (2000) concept that stedeht heavily on algebraic solutions
in general versus graphical methods, even if taplgcal solution may in fact be quicker.

This was definitely the case with this problem.

78



Example #17 The last pair of participants, Mohammed and Jadid not answer what
the question was asking. Again, the question agietthe participants to state the
number of roots for each function in a graph. Etrerugh they had implied knowledge
on the concept of roots previously in stating thatroots were the most broken down the
guadratic function could get and that one “would thee quadratic formula” to find the
roots, they did try to go the easier directionamfding at the graph versus performing the

task algebraically.

Jamal: Please look at the following graphs. How manysatmes each function have? |
don’t even know how to find that.

Mohammed: Well, don’t we have to use the thing...fiadb, andc and then plug them
into the quadratic formula?...But how do you tellfe¢l like it is not...there has
to be another way to tell...(pointing to “number 0bts” with pencil)

Jamal: You mean like from the graph (pointing to thegdravith pencil)?

Mohammed: Yea. (starts filling in the numbers for the roots)
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NI Number of roots:
How can you tell? lox

f = '3 2 4*-"'2 Number of roots: R "'.- 5” I

l / How can you tell? E s! .

Figure 12 Jamal and Mohammed Mixed Methods #1 problem #3

It was difficult to discern why Mohammed chose thesmbers until Jamal reminded
him to go back and explain (see Figure 12: JamaiNohammed Mixed Methods #1
problem #3). Mohammed reasoned that the “numberais” pertained to the highest or
lowest point on the y with the vertex. In otherrdsy Mohammed identified the
maximum/minimum point for each graph instead of‘ti@mber of roots.” With their
confusion in thinking about the roots versus maximminimum point in these problems,
it might explain a little more why they were corddspreviously when trying to
understand the maximum/minimum point and thinkimaf it related to “x”.

With the students relying so heavily on the alg&bsalutions, it makes me
guestion the students’ difficulty with directiortglbetween the representations of the
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guadratic function. With the above set of questimated to roots, only one pair
(Mohammed and Jamal, albeit incorrectly) thougHotk at the graph to solve the
problem instead of trying to algebraically solve firoblem by manipulating the equation
of the function.
[ll. Section 2: Students’ Use of Strategies in Undstanding the Quadratic Function
This section focuses on the second research goe8fihat mathematical
strategies do students employ when they work a@riasof tasks dealing with the
guadratic function?” The participants engagediscuksion about the problems
concentrated on the vocabulary in the task, anad, would attempt to explain or prove
a point by gesturing in the air, instead of onglaper. Other strategies that students
employed included 1) jumping straight into usinig@nula, 2) converting the current
form to a more familiar form (which was usually tandard form), or simply having
issues with the representation present in gengeh@aging in a process of elimination,
4) dissecting the problem, 5) backtracking to e problem more than once or
backtracking to a similar problem that they ha@adly seen, and 6) drawing or sketching
a picture. lItis hard to say, though, that onlg strategy was used per problem.
Therefore, except for talking and dissection, whaoh strategies that are incorporated
with problem solving, the examples will show thdiat strategy used by the participants.
Talking. For the most part the conversations would fib itte category of
cumulative talk, where the participants construdhemir answers together and were
courteous to each other in listening to one anotlarcasionally a dyad would expand to
exploratory talk, where they would critically crelige each other. On the other end,

though, sometimes one participant would talk olierdther participant and unfortunately
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would lose out on a pertinent viewpoint. An exaengl this occurred with Katy and Zoe

(see Figure 13: Katy and Zoe Mixed Methods Taskrblem #5).

":le' hlﬂ:ﬂ'l.-,-mmmn. b b Ercagias o i Tr e Smm
a} hix} =B 1001 ok W)« Bw—T7 = 7 R BB |
ANOS -3/ A= L at= WL

Figure 13 Katy and Zoe Mixed Methods Task #2 problem #5

Example #18.In this example, Zoe and Katy have already fatlwedaxis of symmetry

for problem (a) and (c); backtracked to (b) anckembmore closely at it.

Katy: | think that that would be 3 over 2 too, just hmw us...like all the differences.
(giving a swooping indication of the three probl¢ms

Zoe: | don't know. | don’t see how that would be thtedves (back to 5b)...because |
can see where the x would equal 2. (She was aigiheanswer already, but Katy
kept going.)

Katy: What about this (indicating the 7)

Zoe: Well that’s a ¢ so that wouldn’t be in her forrb pver 2a for the axis of
symmetry)...x = 2 and that is a 2 (indicating the bemwithin the parenthesis),

but I'm not sure, it might be a 3 over it.
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Zoe: Sure, that kind of looks...

Zoe: Okay...I can see where you get it. I'm not sure howo it. But | see where you
would get that.

Katy: Do you agree?

Zoe: | would agree.

Although Zoe is making a point (albeit incorreétpty continued with her own thought
process and talked over her and missed Zoe'’s point.

Gestures. Gestures were utilized by the participants to comicate a
mathematical concept during their conversationtpfsingly there was not a
mathematical gesture/speech mismatch throughowttisly. The recorded gestures
included: drawing parabolas in the air or on theeapointing in a particular direction,
indicating movement of the graph, and pointingdamsthing in reference to their speech.
Example #19:During problem #12 on thEraditional Task Oliver and George

demonstrated using hand gestures to indicate plarabmvement.

Oliver: The vertex form of a quadratic function is.... Thegua function f(x) = x squared
is translated two moves left and three moves upd the quadratic function in

vertex form...translated two moves left, so that nseaur x is...
George: This way? (Indicating with his pencil moving teetleft)
Oliver: On 2, -2, and our y is 3, so yea, we have toteragarent function, write the

guadratic function.
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In this example George used his pencil controligd band movement to indicate that
the graph’s vertex was going to slide from the pageaph’s vertex of (0, 0) to the left so

that the x-coordinate of the new graph was goingetat -2.

Example #20At other times, the participants would use thigigérs to indicate the
shape of the parabola while trying to explain acemt to their partner. In this example,
Katy and Zoe describe to each other the orientatfdhe parabola while pointing out
key features that have led them to that beliefis Tthe beginning of problem #4 from

Mixed Methods Task2.

Katy: The height that a baseball reaches when it athican be modeled by the

function h(t) = - 16(t — 1.5) + 10. (Katy looks at Zoe with an aspirated look.)

What is the shape of the ball's path?

Zoe: Soyou havetogett=...

Katy: This is the ummm vertex form, isn’t it? (looksZae with questioning eyes.)

Zoe: Yea. This is in the form that we just saw sjoist has to be t = ... ahhh...+ 1.5 and
... 10...s0...and it

Katy: The shape of the ball's path...(almost whispering)

Zoe: Well no...it would be the then upside down U. (Dsaan upside down U on the
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desk with her finger.)

Katy: It wouldn’t be straight because it would be...ah.ellt would be curved.

Zoe: But it would also be upside down at the a...(Intlicathe negative sign in front of
the 16 in the function)

Katy: So it would be going like this. (Showing a dovards U with her fingerO

Zoe: It would be going down.

Katy: What do you mean?

Zoe: Like the U down

Katy: That's what | was saying, go like this. (Indiogtwith her hands again).

Through gestures and repeating the conversatiogitisevere able to agree on the
general shape of the flight of the ball.

Formula. Another strategy that was used, was to undeviatisgllect a formula.
By jumping straight into the formula, it is indigag that one (if not both) of the
participants did not think that a conversation wasessary and that they felt confident

enough to continue on with the problem.

Example #21 Katy and Zoe made this evident when asked totityethe axis of
symmetry for various functions on tMultiple Representations Tag¢kee Figure 14: Zoe

and Katy Multiple Representations #2).
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Katy: For numbers 2-4, please identify the axis of sytnyfer the graph of each
function.

Zoe: First we have to identifg, b, andc.

Katy: ais 1,bis -4, anccis 2. So we’re going to take...

Zoe:x =-b...

Katy: Over 2a

Katy: So we’re going to dob-which would end up being a positive 4.

Zoe: A negative times a negative would be a positive.

Zoe: Over 2 x 1 and that would be 4 over 2, which wdugd?.

Figure 14 Katy and Zoe Multiple Representations problem #2

In this case there was no discussion about whabeiaig) asked of them in the problem.
The students did not need to discuss the probldardoproceeding with the problem
itself. Katy and Zoe felt confident enough to siynpmp to the formula and solve the
guestion. With this particular problem, thoughplem #2 on th&ultiple

Representations TasKaty and Zoe did not have any other options teesthe problem.
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Since the function was given in the standard fand not the vertex form, and without a
graph of the function already drawn, their onlyickowvas to solve for a, b, and ¢ and
plug the correct coefficients into the axis of syetry formula. In this next example,
though, Oliver and George had options other thanggstraight to a formula, yet still

chose to go the formula route.

Example #22:While completinglraditional Taskproblem #4, Oliver and George
decided to algebraically solve for various attrésuof the function, before graphing it

(see Figure 15: Oliver and George Traditional TRskolem #4.

Figure 15 Oliver and George Traditional Task problem #4

In this problem, instead of recognizing that f(x}= 3 was just a transformation of the
parent quadratic graph of f(x) Z,xthey went into a long (albeit correct), sequenfce

finding the axis of symmetry, plugging the axissginmetry back into the function to
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finish finding the vertex, and locking down the armith specific coordinate points that
lied on the graph.

Converting forms. The representation of the function presented areiss the
participants 10.9% of the time. One of the mainasons that kept occurring is that when
a function was given in vertex form. Instead ofli@$sing the problem in the form given,
the participants would convert the problem to ttamdard form for (assumedly) comfort
purposes. This was particularly prevalent withv@®liand George as well as Katy and
Zoe. This confirms Kotsopoulos’ (2007) findingatistudents get confused when the
guadratic is in various forms.

Vertex form versus standard form. If the students’ work compared the standard
form of the quadratic function (f(x) = &% bx + c) with the vertex form of the quadratic
function (f(x)-a(x-h¥ + k), the standard form was better understoodt db84 problems
that had some aspect of the problem presentee inettiex form, the participants
converted 11 of the problems to the standard fombevattempting to solve the problem.
(45.8% occurence) The following problems demonstn@w the students preferred the

standard form over the vertex form.

Example #23 Finding the axis of symmetry from the vertexnfiowas not as easily
obtainable for the students as when they wererfipdifrom the standard form. In fact,
they would rather do as both Zoe and Katy, as ag[Dliver and George, did in Problem
#4 on theMultiple Representations Taskd change the vertex form to the standard form

before applying the axis of symmetry formula. Tlgythis instead of simply finding
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the axis of symmetry while the function was in e&rform (see Figure 16: Multiple

Representations #1 Problem #4 KEY).

Figure 168 Multiple Representations #1 Problem #4 KEY

Due to errors in procedure, the students answéiggtoblem incorrectly.
Recognizing that the lead coefficient was negatyéour instead of a positive (+) four,
they may have answered the problem correctly (gpeé17: Oliver and George

Multiple Representations #1 problem #4).
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Figure 17 Oliver and George Multiple Representations probi&l

This emphasizes what Knuth (2000) stated, in whtadents seem to have a
ritualistic procedure for solving problems whenytlaee similar. They may go in a
complete circle before they get to the right ansewem though there is a more direct root
that would have been quicker. The data from thidysprovides some support for the
idea that students are more confident in understgritie standard form than the vertex
form. This is supported by the fact that in AlgeBrlevel students see most functions in
standard form more than any other form. It dodsappear that the participants have
flexible competence when it comes to the conceph@fixis of symmetry. In other
words the participants did show proof of being ablénd the axis of symmetry in

various forms.
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Example #24 In this next example, Katy and Zoe were workamgproblem #3 on the

Mixed Methods Taslo find the vertex of each function, when givimgvertex form, and

then describe the transformation of each function.

Katy: And then we have to find the area (axis) of synmynfelr that one. (Indicating 3b.)
So it would be &+ 9 + 2. Do you agree?

Zoe: Uh hum. Where did you get that from?

Katy: I'm just distributing it. (Mis-distributing thequare into the binomial — common
procedural error.)

Zoe: It would bex, this is one of those that might be x = 3 becauasemake these into

zero so that x = 0 or x — 3 = 0, then you add thse& would just be positive 3.

Although Katy and Zoe continued to successfullystinfinding the y-coordinate of the
vertex, Katy’s first impulse was to convert thetearform of the function into a standard
form of the function in order to obtain the vertdkZoe did not speak out about the
fastest route of obtaining the vertex from its présstate, they might have in fact gotten
the wrong answer since Katy did not convert thenfoorrectly. Unfortunately though,
the vertex form of the quadratic function was ma only representation issue that
appeared in this study.

Representation issues. Other representation concerns occurred when thie pai
were asked to “Fill in the table” with ordered dlior a particular function (see Figure
18: Mixed Methods #2 Problem #6) or to find thréféedent solutions (ordered pairs) for

a particular function (see Figure 20: Traditionakk Problem #5).
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Figure 18 Mixed Methods #2 Problem #6

Example #25During theMixed Methods Task2 on problem #6, the participants were
asked to fill in a table for a particular quadrdtiaction. None of the pairs were fully
successful on this problem. Oliver and George wereeptually correct when they

started out the problem by stating:

George: Please answer the following questions using thetfons f(x) = 2% — 8x + 4.

Oliver: Okay. This is easy. We've been doing this alhgl Okay. We have to start

with O because 0...
(Thinking)

Oliver: So we’ll start with O for oux and so you take the 0 and you just plug into the

formula and that’s ouwy.

George: Okay.
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As George and Oliver went through the procedurat@ss of obtaining the pairs, they

made a slight miscalculation at the end which tesuh one of the pairs being incorrect.

Example #26 In the same problem, Katy and Zoe, on the dilaed, did not grasp the
concept thaany number could be plugged in feiand one would be able to procedurally
calculate they counterpart for it. Ironically, they did, howevenderstand that specific
ordered pairs that laid on the function could beesd into the table. Though they came
up with ordered pairs for the y-intercept, x-inegts, and vertex, they only wrote down
the vertex, but with a missing negative sign onydo®ordinate of the vertex.

Katy’'s and Zoe’s actions exemplify Zaslavsky’s (IPghought that students put
an overarching emphasis on only one coordinatp@tial points (ex.,...vertex). This
also fits together with Ellis and Grinstead’s (2p@®rk that found that students had
misconceptions about connections between algeltadialar, and graphical

representations.

Example #27Lastly, for problem #6 on thdixed Methods Task2, Jamal and
Mohammed, who demonstrated limitations in theiraggrtual and procedural knowledge

in their attempt to solve this problem.

Mohammed: Please answer the following questions using thetfan 2 - 8x + 4.

So...

Jamal: Please fill in the table, | don't know what wee @upposed to do with the table...
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Mohammed: So if thex was 1, then the y intercept would be...

Jamal: 4

Mohammed indicated that when you input a one fertttoordinate of an ordered pair,
you would be able to output the y-coordinate ofdame ordered pair. Unfortunately,
though, when Jamal heaydntercept he interpreted that Mohammed was asking where
the function going to cross the y-axis itself, amdwered four. Jamal is correct that the
y-intercept of the function f(x) = 2x- 8x + 4 would be four, specifically (0, 4) as a

coordinate pair. Due to this miscommunication,dbrversation continued as follows:

Mohammed: ...and then if it was 2, it would be 8. (Fills imettable but with the wrong

rule for a thought process)

Instead of plugging each x into the function toputtthe y, he simply multiplied each x
by four, which would actually result in a lineaagh if plotted on an xy coordinate plane,
instead of a quadratic graph. This consequentk/tva resulting table (see Figure 19:
Jamal and Mohammed Mixed Methods Task #2 Problem #6is reiterates what both
Ellis and Grinstead (2008) and Zaslavsky (1997 eHaund in their studies that students
make mistakes by incorrectly generalizing, or mgkanalogies with quadratic function

characteristics from linear function charactersstic
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Figure 19 Jamal and Mohammed Mixed Methods Task #2 prok#tém

As previously noted, the participants also hadconseptions when asked to find
three solutions (ordered pairs), that laid on ajgefunction, when not given any other
representation to look at. This required themrtdarstand that any (x, y) pair that made
the equation true would be acceptable answerslasoss. As with the above table
format, the participants could have plugged in anmber for the, procedurally solved
for ay, placed into the coordinate pair format of (x,igstead of the table format, and

they would have had a solution (see Figure #2@ditional Task Problem #5).

I )
. Write down three solutions to y = x* + 5x + 6.

Figure 2Q Traditional Task Problem #5
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Example #28When Katy and Zoe attempted problem #5 onTitaalitional Task they
initially skipped it, only to backtrack and retumit towards the end of their session (see
Figure 21: Katy and Zoe Traditional Task #5). He £nd, they did remember that they
could factor and solve for the x-intercepts, batytdid not put them in the (x, y)
coordinate form of (-2, 0) and (-3, 0), which woutlave resulted in two of their three
solutions. The x =% came from the pair arbityacibmbining the quadratic formula with

the axis of symmetry in an attempt to find a trgadution.

(x+3)(X+2)

Figure 21: Katy and Zoe Traditional Task #5

Example #29 Oliver and George were the only pair that ditl lmecktrack tol raditional
Task#5 in order to finish it (see Figure 22: Oliver @Adorge Traditional Task #5).
Although they were the only pair to understand #thét, y) coordinate pair was needed in
order to have a solution for the function, they dad utilize the correct procedures when
solving for the y-coordinate of the vertex. Thegda errors in squaring -2.5 as well as

confusing positive and negative signs while solving
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Figure 22: Oliver and George Traditional Task #5

The pairs had difficulty with directionality betwe®arious representations of the
quadratic function, as well as between differentrfats of the quadratic function. In
other words, coming up with (x, y) coordinate smn$ from a function is one direction,
whereas being given a graph and asked to extrag} oordinate solutions is another.
The students seemed to be more capable of solvaidgms successfully if they were
given the formulas and asked in a step-by-stepgahare rather than to simply solve for a
specific piece of the function without any aid. ig'may be due to the newness of the
guadratic function in the participants’ mathematiaseer, and perhaps one of the only
methods that was modeled and reinforced througiheirt previous mathematics classes.

Process of elimination.Issues arose when participants were asked to gaebet
various function representations. Problem #7 erMixed Methods#2 task proved to be
one that two of the pairs (Jamal/Mohammed and Kaig) struggled with, and
eventually got wrong (see Figure 23: Jamal and Mohad Mixed Methods Task #2

Problem #7).
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Figure 23 Jamal and Mohammed Mixed Methods Task #2 Prolfém

Example #29As with all of the groups, Jamal and Mohammeddistithat they wanted
to use process of elimination to decide which fiorcbest fit the given graph. They first
eliminated the most obvious wrong answer (fartb@#te right) upon realizing that a

positive (+) eight would have to be involved in tir@ph as the y-intercept.

Jamal: Given the three equations...which equation is represl by the graph shown
below?
Mohammed: So this one is not it (slashes through the tegdation)...because this is

an 8 (indicating the y-intercept.) These are \&@myilar except...
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Jamal: One is quantity squared and the other’s...

Mohammed: So the one that’s quantity squared...

Jamal: | think that it is this one (indicating the equatifarthest left) because when it is
written like that | think that it is actually ondly-axis. (They did pick the wrong

one, but they did get rid of the most obviously mgmne first.)

The boys confused the vertex form (farthest leftagpn) with the standard form
(middle equation) as well as the y-coordinate efitartex form with the y-intercept of
the standard form. The irony is that what | thaughs conceptual understanding may
have in fact have been procedural knowledge simeg got confused when narrowing
down between the first two equations. Though, \Was not the only place where these
two had an issue with being consistent with tHeaughts.

Dissecting problems In every problem presented to the pairs, there avee
strategy that was used by all of them — disseaifdhe problem. The dissecting of the
problems fell into two categories: 1) by dissecting vocabulary in the problem itself, or

2) by dissecting the equation in order to answeipttoblem.

Vocabulary. When the participants dissected a problem by lapkirthe
vocabulary, they would break apart the instructiontl they were able to make

connections with other concepts.

Example #31:In this exampleTraditional Taskproblem #1, Katy and Zoe had a
cumulative discussion about the vocabulary withim problem itself in order to be able

to answer the problem.
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Katy: Problems 1-3: For each quadratic, would thelpdeaopen up, down, to the left

or to the right? Please explain your reasoning..yi= 3 + 6x + 8.

Zoe: Well | don’t remember what a parabola is, butsiit has to open up, down, left, or
right, it is that U shaped thing (indicating a Utwher finger).

Katy: So of the 3x squared the 3 is aso the 6 would be odrand the 8 is out. The
3x squared is positive so calis positive so it would open up.

Zoe: | would agree.

Even though initially Zoe claims to not “remembdrata parabola is,” after revisiting
the vocabulary, they were able to successfully wbr&ugh the problem.
Equation. Along with dissecting the vocabulary within a lplem, the

participants would dissect the equation itselfricden to answer the question.

Example #32 In this example, mixed methods task #2 proble@I®er and George
have been asked to describe the differences anlhstias between the two function f(x)
=x*—1 and f(x) = (x — £) After converting the second function from verfesm to

standard form, they set about comparing the twaetfans.

Oliver: Alright, so...so looking at it, this is in standdoifm, right?
George: Uh hum.

Oliver: And this is not. That's the difference betwelea two functions. They both
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have...
George: X
Oliver: Yup
George: They're different because this one is a quadfatiction and, well this is a

guadratic function too, it's just missing the migldl So it’s different because

one is missing thb and the other one has it, once you do it out.
Oliver: And the vertexes of them (are different). Tme s (-1, 0) (pointing to the first

function). That one is —b so zero, and actually ith (0, -1) (correcting himself)

so they have different vertexes.
George Same numbers just flipped?
Oliver: Yup. What else? They both have different y-iné@ts. This one has a -1 y-

intercept where this one has a zero y-interceptctitally has a zero y-coordinate

to its vertex and a y-intercept of 1).

The boys continued on in the dissection of the lgmmbbreaking apart the various pieces
of the two functions while finding their similags and differences in order to feel

comfortable writing their answer.

Backtracking. The students did not always feel comfortable answggaroblems

on the initial read. In fact, 14.5% of the timiee fparticipants went ahead to other
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problems on the task and then backtracked to taqars problems in attempts to solve

it again.

Example #33When Jamal and Mohammed were readiraditional Task#1, they did

not have the conceptual knowledge to be able toptetenthe problem.

Mohammed: So what does this say...Write down three solutionsd + 5x + 6. What

do you think a solution would be?

(Thinking)

Mohammed: Maybe we should go about solving this one.

Jamal: | don’t know. What's your opinion?

Mohammed: My opinion is (noises and giggling, looking awkwabout being
stuck...)(Jamal fidgeting with hat)

Mohammed: Ahhh...we should just describe the transformatitmdi¢ationg to move
on to the next set of problems #6-11.) Let’s dat.th

(Switches problem and returns later)

Jamal: Should we (go back to) write down the solutior{&&ferring to backtracking to
problem #5 that they skipped over.)

Mohammed: Yes, we have to write down the three solutionthi® stuff.

Jamal: Oh yeah...ummm...

102



Mohammed: Three solutions (muttering it)

Jamal: | have no idea.

Mohammed: Oh jeezum

Proctor: Don’t forget to speak up, otherwise it will be thdo hear what you have
previously said when I'm looking at the tapes.

Mohammed: All right. (louder) So we have to write down tarsolutions to %+ 5x + 6,
so what do you think we’re solving for Jamal? Like

Jamal: Probably y... (They could have used the y-interoejgin ordered pair form)

Mohammed: So we would have to .... (mouth noises), how shaddstart this
problem? This is pretty tricky.

Jamal: Yea. | don’t know how to do this one.

Mohammed: Honestly, | kind of spaced out on this.

Mohammed and Jamal would again leave this problesreturn to it a third
time, only to eventually allow it to be the onlyoptem that they left blank in any of the
tasks. In this case | believe that the overarchomgept that any ordered pair (X, y) that
lies on the quadratic qualifies to be@ution was not yet a point that was conceptually
sound in their minds.

Drawing pictures. Upon analyzing the data, | was expecting the stisdendraw

or sketch pictures/graphs more often than they d@itere were only five instances where
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a pair drew some sort of picture to help with thelyem at hand. When looking back
though, after coding and analyzing the data, | atsarprised that there are so few
pictures initiated by the participants since thaip@ants seemed to be solving problems

primarily algebraically.

Example #34During theMultiple Representations Tagkoblem #8, Zoe and Katy were
asked to “describe how to find the minimum or maxmof a function.” Their general
response of having “to use the vertex and armseopairabola’ has already been
commented upon previously in Section Il Part Maxamiminimum Point earlier in this
chapter. What was not discussed, though, wasdugtsuggested that whether a

parabola had a minimum or maximum partially depednaie which quadrant it was in.

Katy: So we could say, if the vertex and the arms areeran the negative quadrant of
the graph, then the positive quadrant of the grdpn it would be a minimum,
not a maximum.

Zoe: | don't think so, | think that it depends on whislay it is flipped...

Katy: Because, | mean if the vertex, if it's going downt’s flipped down, and it’s like

(0, 0), then it's going to be more negative. (udiagd motions)

Zoe: Right, but even it it were like here, (startingdi@w sketch of parabolas) and even if

that's negative if it's flipped the other way, ttliscould be the minimum. It

depends on which way it is flipped, not what quaditis in.
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Katy: Right, Well | was saying on this side the quadsanthat it could be more specific
(not wanting to give up on her point).

Zoe: But does where it's placed matter?

Katy: As long as it's up or down it is saying whethdsit, has a minimum or

maximum.

While attempting to solve this problem, Katy wagrig to explain to Zoe which
guadrant the parabola was in made it more or leasy@nimum or maximum. Through
drawing two different parabolas (see Figure 24:th)ld Representations Problem #8 -
Zoe) that both encompassed minimum points, Zoealbbsto persuade Katy to

gracefully switch her answer so that they weregreament with one another.

T

Figure 24 Multiple Representations problem #8 — Zoe
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Example #34In this next example, Oliver used a drawing ttplprocess the problem #1
on the multiple representations task which asketddWs the axis of symmetry? How
do you find it? Is there more than one way to fi?d By referring to the drawing, he
and George were able to bounce ideas off of edwr ahd cumulatively come to a

consensus about their answer before writing it d¢see Figure 25: Multiple

Representations Task Problem #1 — Oliver)

Figure 25 Multiple Representations Task problem #1 - Oliver

In this figure, Oliver is both verbally and pictally processing the multiple manners in
which an axis of symmetry can be described, indgdvertical line, mirror, line of

reflection, etc.
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IV. Section 3: Differences in Understanding the Qudratic Function due to
Instructional Strategies.

The third research question was, “How does the typask, traditional versus
multiple representation, impact students understgnof the quadratic function?” As
previously stated, by the end of this study altipgrants were given the same four tasks
but not necessarily in the same order (see Talbafly Agenda with Participants).
Table 6

Daily Agenda with Participants

Day 1 Day 2 Day 3 Day 4
Traditional Multiple Mixed Methods Mixed Methods
Katy and Zoe Task #1 Representation Task #1 Task #2
53% Task #1 69.5% 63.75%
88%
Oliver and Multiple Traditional Mixed Methods Mixed Methods
Representation Task #1 Task #1 Task #2
George Task #1 70% 87.4% 97.5%
81%
Jamal and Traditional Multiple Mixed Methods Mixed Methods
Task #1 Representation Task #1 Task #2
Mohammed 40% Task #1 20% 36.25%
52%

The reason behind switching betweenThaditional Taskand theMultiple
Representations Task days one and two was to counterbalance thetdfiat it may
have on the task in days three and four. Althangkrms of performances, there were
differences in understanding between the three pllrelieve that had to do more with
who the individuals were within the three pairsseesthe order in which they were given
the tasks. Except for when the pairs participatatie Multiple Representations Task
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Oliver and George consistently performed the highésty and Zoe were a close second,
and Jamal and Mohammed were a more distant thishwlcame to strictly performance
data. In both day three and day four of the pandividual tasks, their scores stayed par
to the course, indicating that “counterbalancingy @ne and day two was not necessary.
V. Section 4: Student Understanding the Quadratic &nction Using Procedural
Knowledge Versus Conceptual Knowledge

The fourth research question was, “What kinds @iwedge (procedural or
conceptual) do students utilize when completingraes of tasks about the quadratic
function?” Currently, there has not been a stasidad method developed for assessing
procedural and conceptual knowledge. With this@pstated, it has become the general
agreement that students use both forms of know|etigkthat they are interactive and
bi-directional (Rittle-Johnson, 2012). For thigdst | am defining procedural knowledge
as something (like steps) that can be broken dowlrf@lowed. For conceptual
knowledge | am defining it as the big picture, sitiebert and Lefevre (1986) referred
to it as “a connected web of knowledge” (p. 3). aiffanalyzing the data for procedural
versus conceptual knowledge, I initially looked floe correct or incorrect answers,
which does not define either procedural or concdknowledge. It is important to note
though that one can have correctness without utaahelimg. If the pair got the answer
wrong, | then went back to the problem by lookingh& transcriptions, the video, and
the task artifact itself to analyze why they ga groblem wrong. | was interested to
know if they 1) started out (or eventually cameth® conceptual big picture for the
problem and then procedurally did a miscalculatm ) if they did not have the

conceptual big picture, or there were flaws inltigepicture. In other words, they had
108



pieces of the web of knowledge, but due to theysh&ing conducted towards the
beginning of coming to terms with the content, shedents, were still connecting the web
pieces. Itis even possible that the studentshaie only a partial understanding of the
conceptual knowledge once the unit had been costplet

Mohammed and Jamal answered 16.7% of the problemsatly that pertained
to the axis of symmetry, with 93.3% due to concapéurors. Initially, when asked
about the axis of symmetry in the Multiple Repre¢agans Task, they utilized the
quadratic formula, which finds the root(s) of thadction. They did this for the first four

problems of that particular task before being pness with the actual axis of symmetry

b
formula,x " 2a; after which they got the next two axis of symmigtroblems correct,

with one minor procedural negative sign error. yrakso went back and corrected the
first of the initial four problems, but conceptyathey did not start off with the correct
knowledge. For these boys, they understood hdpltg and chug” out the answer
when prompted (by the task) but demonstrated Lttleceptual knowledge of the
problems.

Table 7 illustrates the breakdown of incorrect aarswdue to conceptual and
procedural knowledge. When the student pairs nbthincorrect answers, they were

primarily due to conceptual errors from the beggni
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Table 7

Incorrect Answers Due to Conceptual and Procedtrabrs

Content Overall % % of % of
Incorrect Incorrect Due Incorrect Due
to Conceptual to Procedural
Error Error
Axis of Symmetry 35.2% 94.7% 5.3%
Vertex 38% 87.5% 12.5%
Graph Orientation 12.5% 66.7% 33.3%
y-Intercept 37.5% 100% 0%
Transformations 45.8% 100% 0%
Maximum/Minimum 25% 100% 0%
Location of Roots 55.6% 100% 0%
Overall 36.4% 94.8% 5.2%

One issue that arose concerning conceptual knoele@g the inability to
understand concepts in various situations. Thes piemonstrated difficulties in solving
the various forms of the quadratic function. Alaten the students answered the
problem incorrectly, it demonstrated that thereeagaps in the linking relationships
between quadratic functions concepts not being@sipent as the discrete bits of
information that would be used to produce a procatjucorrect answer (Ben-Hur,
2006).

Rittle-Johnson and Alibali (1999) have found th&iew students learn procedural
knowledge only, they have a harder time transfgrtire information; yet when students
learn conceptual knowledge that is then reinfolmgg@rocedural practice, the students
find it easier to grasp the broader mathematicalpe. Since the participants were in the
middle to the end of initially learning the matériadid not find it too surprising that they

had conceptual knowledge errors. It would be edeng to check the findings if this
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study had been repeated with the same participlamts, chapter or two later in their
Algebra 2 course. Perhaps they would have hadra numceptual hold on the various

concepts.
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Chapter Five: Discussion

My goal in conducting this research was to gaingimsinto how students
approach the quadratic function. Due to functibeisg such a broad topic, | chose to
focus on the following research questions:

1) How do students think about the quadratic fuorctis they work on a series of

tasks?

2) What mathematical strategies do students emyplmn they work on a series

of tasks dealing with the quadratic function?

3) How does the type of task, traditional versudtiple representations, impact

students understanding of the quadratic function?

4) What kinds of knowledge (procedural or conceptda students utilize when

completing a series of tasks about the quadratiction?

The six students that participated in the studyesdoared their thought processes
as they approached the various problems within &sthdealing with the quadratic
function. By analyzing the data collected from $irestudents that participated in the
study, | feel that | have been able to add to thstiag literature on students and their
thoughts as they approach the quadratic function.

In this chapter | will synthesize data from thedsttio provide information in
response to the research questions. The titldseafection headings indicate their
relation to the research questions listed in ChidpteBefore my concluding thoughts,
recommendations suggested by the current studsitecefor future teaching as well as

future research.
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I. How Do Students Think about the Quadratic Functon?

As the students approached the problems withiratnetasks, | attempted to
breakdown and isolate the seven specific core atgthat were being addressed in this
study. These were: 1) axis of symmetry, 2) ver8»graph orientation, 4) y-intercept, 5)
graph transformations, 6) maximum/minimum poing & location of roots. Ironically,
| found that the students thought about the querdiaction in parts, rather than as a
whole unit.

When dealing with the axis of symmetry, the papaeits viewed it in two ways:
1) as a line that bisects the vertex (and the gespdnwhole), and 2) as a number derived
from the formula. As for the vertex, the partiaipaconsidered the vertex to be the
highest most (or lowest most) coordinate pair xdgpending on which direction the
parabola was orientated. They also all agreed thélprocess of algebraically finding
the vertex by plugging the axis of symmetry inte thriginal function for the, and then
solving for they.

As the pairs addressed the graph orientation, gleegrally understood that if the
function was positive, then the graph’s parabolanga up, and if the function was
negative, then the graph’s parabola opened dovine. tdrm “slope” did come up though
in the conversations. Slope is actually a linearcept and does not have a role in the
guadratic function. This reaffirms what Zaslav$k997) and Ellis and Grinstead (2008)
found in their studies about students having adeoy to create an analogy between
guadratic functions and linear functions.

Transforming the graphs appeared to give all ofthies issues during the various

tasks. After conversing as pairs, each studentreaiembered that to transform a graph
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means to slide, flip, compress, stretch, etc pjte@red, though, that the students forgot,
or did not yet conceptually understand, the basmimélational rationale behind how to
move the functions, and which way to move them.

When discussing the maximum/minimum point, Katy Zoé came to the final
general conclusion that “you have to use the vaatekarms of the parabola” to find the
point. Oliver and George were more specific whesytincluded the orientation of the
graph indicating if the point was going to be a maxm or minimum point. None of the
three pairs were specific that the y-coordinatthefvertex was the maximum/minimum
point, and not the entire (X, y) vertex.

When the pairs were solving problems about thetiocaf roots, they
approached this in two manners: 1) what the roet®ynand 2) find the roots themselves.
All three pairs generally stated that the rootseasebroken dowr component of the
quadratic function. When looking at various grapgheugh, and indicating the location,
and how many (real) roots there were on the gragdhyree of the pairs appeared to not
understand the task and what was being asked wf. tidthough both Zoe and Katy and
Mohammed and Jamal had fleeting moments of dissngbat would have led them to
the correct answer, only George and Oliver execatdgubught process, albeit more
complex and time involved, that resulted in someem answers. Instead of simply
looking at the quadratic graphs and observing hamyntimes the functions touched or
crossed the x-axis, they proceeded to use the gtiafisrmula to algebraically solve for

the roots.

114



[I. What Mathematical Strategies Do Students Emplo$

As the participants attempted to solve problemtherfour tasks, they employed
various strategies along the way. These inclu@ledonversation, 2) gestures, 3)
undeviatingly using a formula, 4) converting thereat quadratic form to a more
familiar form or having an issue with the represéion in general, 5) process of
elimination, 6) dissecting the problem, 7) backtrag, and 8) sketching a picture.
Talking through the problems of course was key, tdugsing the Think-Aloud method.
The students used a combination of strategieh®ptoblems.

Two key observations came from the students ustiragegy #4, converting the
current quadratic form to a more familiar form @ving an issue with the representation
in general. The first one is that not once diddtuglents convert the standard form of the
guadratic to the vertex form, but rather they sektoelways convert the vertex form to
the standard form. The second observation beizigttie pairs would prefer to
algebraically solve a problem rather than obsermpeeanade graph, or change the
representation of the function from an equatioarnc, y table.

When the pairs used the fifth strategy, procesdiofination, another interesting
strategy came about. When the students were Iga@kiboth the vertex form and the
standard form, they confused the y-coordinate efvértex form with the y-intercept of
the standard form. This confusion could eventulaiyd to mis-graphing the quadratic
function at a later point.

lll. What Effect Do Various Instructional Strategie s Have?
By the end of the study, all three pairs of pgyaats were given the same tasks

but not necessarily in the same order. (See Talibaby Agenda with Participants.) The
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four tasks varied between being traditional, midtggpresentations, and two that
contained mixed methods. The general outcomeeofatks was that Oliver and George
performedthe highest, and also put the most time into e¢ask overall, and Jamal and
Mohammed performed the lowest and spent the |@astiat of time on the tasks overall.
| believe that the instructional strategies did Ima¢e a wavering effect on the outcome.
A future study could consist of three separate gsowith the first group only being
given traditional tasks, the second group only giiven multiple representations tasks,
and the third group mixed methods. Perhaps ifwlais done over a four day (or longer)
period one would see a difference between theuatstnal strategy outcomes.
IV. What Procedural Knowledge Versus Conceptual Knwledge Do Students Use?
The National Council of Teachers of Mathematic20®decommends that high
school students should be able to “create andalmedar, symbolic, graphical, and verbal
representations and to analyze and understandmattelations and functions” (p. 297).
The data from this study reveals that the partitipavere limited in both their conceptual
and procedural understanding of the quadratic fanctThe participants illustrated a
variety of misconceptions when presented with steshgroblems related to the quadratic
function. But, when givehintsthrough graphs, a function, a formula, etc., theye
more successful in solving the problem. In additihe participants had higher
confidence in their answers if the problems weesented in the quadratic standard form
where they could algebraically solve for the answer
One does have to remember that the students weskvéd in this study during or
just after the time period that they were initiahyroduced to the quadratic function. The

fact that they were not all sure of themselvesverg situation is to be expected, and the
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reason why the study occurred when it did in tbemriculum. | did not want rehearsed
and finely tuned answers; this study was an attempapture their initial thoughts about
the quadratic function.

With quadratic functions being such an importaetpiof the mathematical
puzzle, it is important that students have the pemknd knowledge to do the more
mundane mathematical tasks when recognizing anthgahese functions, which will
then bridge to other functions. On the occasi@t $tudents did understand the function
presented to them, they may not have a completerstahding of all of the elements or
be able to transfer the function between differeptesentations of it — ordered pairs,
table, equation, graph, etc. If a student onlyausthnds a particular form of function,
due to that being the only one used in a course stiudent will only retain that particular
form. Procedural knowledge can allow a studemiatss a class, but conceptual
knowledge combined with the procedural knowledgéallow the student to be
prepared for the next mathematical level.

As noted previously, the pairs preferred to contleztvertex form of the
guadratic to the standard form in order to soheeggioblem. This is primarily due to the
fact that students see the standard form of mostifuns more than any other form while
taking Algebra 2. During the academic year of Aige2, each function presented to the
students is usually presented as a single entigrmally the connections between the
various functions are not made until the pre-calswurriculum. This is in line with
Knuth’s (2000) belief that students have a ritualiprocedure for solving problems
when they are similar. Students will even go asfaengaging in extra procedural steps,

although a more direct route would have been qujakes to not understanding the
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overarching schema of the concept. According tazah (2011), students are more
likely to use mathematical procedures rather thaswkng how the mathematical
procedures are achieved. In other words, theyavather focus on the calculation
procedures then finding out how the conceptualgseae intertwined.
V. Implication for Teaching

This study has the potential to offer many teaglsnggestions. At the beginning
it calls attention to the quadratic function itsallbng with key aspects of it. Students
often overlook the connections between these casespthey only see one method of
getting the answer to specific questions. PerBapmients are too focused on “the tree”
and are not seeing that the tree is a part of aredaorest. As a result, | believe that the
students are missing key conceptual bridges ngtwheén they are initially learning the
guadratic function, but also later as they discatber functions with similar attributes.

The lack of conceptual knowledge demonstrated fitzese three pairs of students
could be a rationale for why a constructivist aggtowould benefit students in learning
the quadratic function. | believe that a handsooperative learning style, as well as the
use of multiple representations during instructehbeneficial for the students’
mathematical learning and understanding over ti@errently, standard curriculum may
ask students whether five quadratic functions ageor down, and then it may ask them
to transfer five quadratic functions into graphsg &hen to identify from the graphs of
another five quadratic functions their y-intercefitdoes not challenge them to dissect
the function, while providing evidence to demon&iaow the parts interplay with one
another, anthenbear out this information with the rest of thdassmates. will be
utilizing this approach the next time | introdube tjuadratic function to students.
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| believe that mathematics educators need to looichections not only between
the various concepts within the quadratic functlmurt, between the classes of polynomial
functions as well. An interesting outcome fronstkiudy is the finding that the
participants confused the vertex form and the stechtbrm of the quadratic, specifically
when addressing the y-coordinate of the vertextaad-intercept. As a mathematics
teacher, one solution in which to tackle this issu® be mindful of specifying which
form the problem is in, as well as being explicitem referring to the goordinate of the
vertexversus the yntercept not just calling both a universal Another
recommendation is to allow the students to compiadwo forms with guided direction
from the teacher so that they are active in consirg their own understanding of the
differences between the two forms more concretely.

Many researchers and educators have advocatedehaf multiple
representations as a way to enhance conceptualstadé@ing of many mathematical
concepts. By using research-based teaching metbndsioes not have to constantly
engage in trial and error practices in their ovasstoom. Methods have already been
tested. It may not work for all classrooms, bujites a sound place to start, which
would hopefully advance (and even change) the igecihis study, however, did not
find a difference in understanding or achievembatéd on the number of correct on the
tasks) between the multiple representation taséslantraditional tasks. One reason
may be that the students alternated between tke &asl groups that were not presented
solely with one method or the other. Another reasay be that there were a limited

number of students (three pairs) that performedasles in only four days. Upon
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reflection, perhaps the addition of pre- and pests would have yielded additional
information about students understanding of quarirat
VI. Implications for Future Research

The current study has extended the research thedtigates how students
approach the quadratic function with specific attanto the axis of symmetry, vertex,
orientation of graph, y-intercept, transformatiovigen the function is graphed, the
maximum/minimum point, and the location of roofhis study has the potential to add
to the mathematical community’s knowledge of howdshts develop a conceptual
understanding of the entire spectrum of the quadfaniction. This research may be
replicated and additional tasks could be desighatiwould continue to move towards
enhancing connections among the aspects of theafiafilinction.

One item that was not included in this study wasitbe of technology. When
creating the tasks for this study, | purposefubed “easy” numbers since | wanted to
know about the students’ conceptual understandmogtathe quadratic function, not
about how well they can manipulate a (graphinggwdator. In addition, if a student had
misconceptions about a problem, | wanted it to dseld on their mathematical
conceptions, and not on a possible procedural isdated to technology. Future
research could include the same tasks where gamepsvenly numbered with one set of
pairs being allowed to use calculators and onefgedirs not being allowed to use
calculators. This would also open up the issuagable to document the students’
technological procedural processes to be analyraddition to the other data.

Due to the structure of the tasks and their dedigias not able to systematically

investigate students’ understanding of the quaafatiction from multiple directions.
120



This is directly related to the use of worksheeksaas the method of delivery instead of
conducting an interview or a mini teaching in ortteobtain a collection of data. In
other words, should students be presented withltebraic, graphical, or table versions
of the same function first? How would students lbeesrn the entire spectrum of the
guadratic overall? Perhaps another area of studfyfure research could explore the
direction of how traditional and multiple represamins should be presented to students
initially. For this, one would need a much largardy population, along with additional
teachers to administer task protocols with diffé@nricula for the various groups of
students.

Lastly, a common standardized mathematical toolcdcba developed to assess
procedural knowledge versus conceptual knowledgestisdent is solving problems.
There are various opinions on how to assess tferelifces between these two forms of
knowledge, but it is difficult to accurately compdhe strategies since they are not lock
in step with one another. | do not know what tbi@ would look like per se, but it
should be a tool that clearly and efficiently asesshe various forms of knowledge.
VII. Concluding Thoughts

As | was proctoring the tasks and then analyziegddita, | was surprised by the
fact that students did not know the material. Swmmetheir understanding was not
demonstrated in the tasks, or was it? Was th@wledge so heavily procedural due to
the limited time that was allowed through the aurlum timeline that when they were
assessed without the aid of an instructor, that Were unable to answer the questions? |
was not surprised that the results suggestedhbaittidents tended to think about

isolated parts of the problem when solving the gatdproblems, but | was surprised
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with the lack of conceptual knowledge that was shown the end, | was disappointed by

the lack of conceptual knowledge demonstrated bysthdents in the study.

While analyzing the data, the following strategnd anisconception observations

were thought to be key:

Participants preferred the standard form over #réex form.
Participants confused the y-intercept of the stechétarm versus the y-
coordinate of the vertex when the function wasertex form.
Participants preferred algebraically solving a feabversus tabular or
graphical.

The linear function term of “slope” came up wheundgnts were
discussing the transformations of the quadratipiyra

The students interpreted the maximum/minimum pofrihe quadratic
function to be the entire (X, y) point of the vartastead of solely the y-

coordinate of the vertex.

It was surprising how difficult it was to recrsitx student participants for the

study. | accredit this to the fact that the studevere not accustomed to teachers asking

for volunteers for this type of study. Teacherthatstudy school primarily work on

earning their Master’s degree. Most conduct aatesearch studies, without needing to

require the students’ parent’s permission, norhgough the Institutional Review Board

(IRB) process. They only have to remove any stuadkmtifiable information from their

study. There is one other person at the studyatetioo went through this very same

doctoral program, but due to the nature of hisysthg participants were adults.
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Therefore, to my knowledge, other than when | diteocoursework, asking students to
be a part of a study that involved the IRB proagas very new to the study school.

Another aspect of the study that | had not considieras the difficulty entailed in
playing the full role of researcher vs. teachenthWnowing the students, | knew that a
word herg a focused finger point on the pabere or a quick example on the board
would set them straight when | could see themmgttiff course or frustrated during a
task. As a teacher, it was especially difficultamtthe students would look up with a,
“Can you help us?” look on their faces, or eveniétikey could ask me a question. |
was consciously trying to document when these gaunsgéiscussion were occurring so
that | could bring it back to my “own” instructiamhen possible in the future and not
leave it in the study.

| fully agree with Curran (1995) that a student'stivation, personality, and
attitude play an important role in the extent tdalitthe student will become engaged in
subject matter and eventually whether a studento@isuccessful in that subject matter
or not. This speaks to larger issues surroundimgouilum and instruction though, and
could also be an avenue for future research. Wdahbeing said, each student’s
understanding in this study was uniquely affectedhle prior knowledge and
experiences that they brought to the study.

Through this study, | am more aware of the impartaof focusing on both my
students’ conceptual understanding and their proeédinderstanding. Perhaps | can
help students to better understand mathematics Wiegrtoo are able to tell the
difference between the two forms of knowledge. Agxet example of this is when

students are solving problems with positive andatieg signs with numbers. The wrong
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sign a third of the way through the problem casetfthe entire remaining portion of the
problem, yet conceptually they could have beenisglit correctly.

The research on functions, constructivism, cona@nd procedural knowledge
and other key studies have truly informed my cutdm and teaching. | am constantly
looking to see if a student’s mistake is due toac@dural issue (from the past) or a
newer conceptual issue that would take longerddfgl | have found that students
actually appreciate knowing the misconception kxato the mistake (especially if it is
procedural) and go forth with the math content \higher self-confidence. | am alert to
the research findings that students do not showhrflaxibility in moving between the
representations of functions, as well as the diffies exhibited when describing the
graphs of functions. In the future, I will be Jagit to the concept that Dreyfus and
Eisenberg (1984) discovered that high ability stugliéend toward a graphical approach
to functions, while low ability students are motw&acted to pictorial and tabular
representations. | have yet to make any connecbetween this and my various

students, but am keeping it as a reference.

As a result of my research findings and the litgi@abn student understanding of

guadratics, | have taken the following steps to ifiyady daily teaching practice.

1. Become more conscious of the knowledge usead whestudents make

mistakes,

2. Overemphasize the difference between the yaept versus the y-coordinate

of a vertex, when a function is in any form,
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3. Place more emphasize in the similarities oypaial functions of the various

classes: linear, quadratic, cubic, etc,

4. Attempt to have my students describe in wondgether written or verbally,

their process (both conceptual and procedurahegsdre approaching problems,
5. Encourage students to solve a function fromynahifierent directions,
6. Provide more hands-on discovery time with (Bomfimy students.

| want my students to see that some problems haveus pathways to get to the
answer; that as long as they can conceptually exfilair reasoning so that | understand
their chosen pathway, that they will get the anseegrect. | want students to be able to
work backwards and forward when solving problemsl, @ be able to explain their

reasoning.

As a result of this study, | have become more awétke benefits of utilizing
multiple representations for the same problem wswwving quadratics. In the future, |
hope to address what Schoenfeld (1985b) has fouht$ ivarious studies, that students
rely heavily on textbook problems and when givgmablem that deals with the same
material but does not quite fit tineold that they are used to, they are lost in trying to
solve it. My intent is to address these issueb miy own students, colleagues, and
future curriculum. By integrating the key studgdings into my curriculum and
teaching, my goal is for students to be able taiobdnd use a higher level of conceptual
knowledge earlier on in their learning, have higt@nfidence when approaching
guadratic function problems, and ultimately, havegher success in their overall

mathematical understanding.
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Appendix A: Function Studies Matrix

\1%4

Author(s) | Quant | Location, | Age or Specific | Study Purpose of Results
and date | or sample N | grade, function | priorto | study
qual gender content,
during
or post?
Dreyfus & | quant | 127 K Functions | Post Assessment of | High ability students tended toward &
Eisenberg, grade, in general students’ graphical approach to functions, whil¢
1984 coed intuitions on the| low ability students were attracted to
mathematical | pictorial and tabular presentations.
notion of
functions.
Afamasag | Qual | 4 students High Contextua| post To investigate | Students’ conceptualizations of
a-Fuata'i, school lized the nature of mathematics concepts in realistic
1992 problems students’ situations represented legitimate, ang
dealing in conceptualizatiq viable alternatives to formal views
particular ns of functional | traditionally taught in school
with linear relationships as| mathematics.
and they emerged
quadratics from solving
functions contextual
problems, and
how they dealt
with problems
that they
encountered.

136



Curran, Qual | Observed| 11"/12", | Functions | post Determining e Students made connections
1995 25 coed in general, how the between the classes of
students, emphasizi students’ ability polynomial functions that are
interviewe ng to interpret the inherent to the graphs of all
dl polynomia graphs of functions
teacher | functions polynomial e Found contributing/inhibiting
and 3 with functions of factors when making the
students, degree degree greater transition to polynomial
northern greater than two functions of higher degrees.
New than two depend and e All three students found
England builds on their describing graphs difficult.
understanding e Students enjoyed using
of the graphs of graphing calculators.
linear and e A student’s personality,
quadratic motivation, and attitudes play
functions. an important role in the degree
to which the student will
become engaged.
Zaslavsky,| Qual | >800,in | 10"/ 11" | quadratics| post Reveal Five obstacles that were identified:
1997 25 grade, students’ 1. The interpretation of graphical
classroom| coed, misconceptions information (pictorial
s, eight surrounding entailments)
high quadratic 2. The relation between a
schools in functions and to guadratic function and a
economica possibly guadratic equation
lly well- identify 3. The analogy between a
establishe possible roots ir guadratic function and a linear
d areas in students’ earlier eqguation
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Israel. learning 4. The seeming change in the
Both experiences. algebraic form of a quadratic
advanced function whose parameter is
and zero
ordinary 5. The over-emphasis on only one
level coordinate of special points.
students
Knuth, Qual | 284, large| College- | Mainly Post Foster insight | Students relied heavily on algebraic solution
2000 suburban | prep linear into students’ | methods versus graphical.
high students understanding | Students seemed to have developed a ritualistic
school ranging of connections | procedure for solving problems similar to those in
from first- between the study.
year equations and | Students may have difficulties dealing with the
algebra to graphs graph-to-equation direction.
AP
calculus,
coed
Schorr, Qual Inner-city | 7" and §' | Linear and| post Problem- Meaningful mathematical experiences in the
2003 middle grade quadratic solving sessions mathematics of motion are possible for students|at
school in as students the middle school level.
New interpreted
Jersey, graphical
between 8 representations
and 11 involving
students constant and
met for linearly
each changing
session velocities.
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put

Metcalf, Qual 3 students, Undergrad| Quadratic | post What is the One student could perform several procedures,
2007 at a NE uate Pre- nature of showed limited relational understanding of the
state calculus students’ concepts. None of the participants showed muc
university understanding | flexibility in moving between the representations
of algebraic and they also exhibited difficulties with
graphical communication.
representations
of quadratics?
Ellis & Qual | Secondary Algebra | Quadratic | post Focus on Surprisingly two-thirds of the students in the stuc
Grinstead, students, | ll/Trigono connections identifieda as the “slope” of the parabola.
2008 classroom| metry between
observatio| class algebraic and
ns and 8 graphical
student representations
interviews of quadratic

functions,
specifically on
the roles of the
parameters, b,
andc in the
general form of
y=ax‘ +bx+

C.

139



Reiken, Qual 16 9" grade Linear Pre and An Students understand the Cartesian connection ffom
2008 students, during | investigation of | two perspectives, while they understand slope as a
Southern the effects that | number in five different ways.
California various tasks
have on how
student think
about slope and
the Cartesian
connection
Strickland, | Mixed | 5 students| High Quadratic | During | To determine | All of the students improved their algebraic
2011 idendified | school the effect of accuracy on tasks involving quadratic expressions
as having blending embedded within an area content.
a learning instructional
disability practices from
of having both the special
difficulties education and
in the mathematics
mathemati education
CcS literature.
Hatisaru &| Mixed | 11 — 10 10" grade | Concept | Post Investigate Students have weak perception of the concept of
Erbas, item of perceptions on | function.
2012 diagnostic function the concept of
test functions in
3 vocational high
interviewe schools on
d industry
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Appendix B: Consent Form

Student Participant Informed Consent

Title of Research Project: Students’ Understandingf Quadratic Functions:
Learning From Students’ Voices

Principal Investigator: Jennifer Parent
Faculty Sponsor: Regina Toolin

When reading this form, please note that the wiyls and “your” refer to the person
in the study rather than to a parent or guardidegally authorized representative who
might sign this form on behalf of the person in stiedy.

You are being invited to take part in this reseattiily becausas an Algebra Il high
school student you have been introduced to mathemh&inctions, but have not gone in
depth specifically with quadratic functions. Byrf@pating in this study hopefully you
will be able to provide insight on how to improveetinstructional experience for
students in the future when dealing with the quialfanction. The research study is
being done as part of the requirements for the ¢etop of a doctoral degree in
Educational Leadership and Policy Studies at theessity of Vermont.

You are encouraged to ask questions and take thartopity to discuss the study with
anybody you think can help you make this decision.

Why is This Research Study Being Conducted?

The question of how students learn mathematicbéas a topic of interest for many
decades. As a teacher of mathematics for oveydars, | have been particularly
interested in not onligow my students understand quadratic functionsythytthey
choose certain strategies and procedures for gptyumadratic functions. | want to
research any common misconceptions that the stsidesy have about quadratics. In
addition, | am interested in various formats amdtegies for teaching quadratics that
may help students learn concepts more fully. Itvi@amnquire into how students’ make
sense of or develop meaning and understanding ajpaglratic functions. | am
interested in the thought patterns and sequeneaésdtiur for students when they are
engaged in learning quadratic functions and eqastidn summary, this investigation is
interested in the effects that traditional and ipldtrepresentation tasks have on how
students think about the quadratic function.
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How Many People Will Take Part In The Study?
Six high school Algebra Il students will be takipgrt in the study.

What Is Involved In The Study?

e Six students will be asked to participate in theldgt The study will occur after
school over four days with a max of 45 minutesgaer after school.

e The four days will be consecutive in one week.

e The week prior to the study you will be asked tmean for roughly 15 minutes
to test the methods and camera.

e The students will be placed in pairs and comple¢estime four tasks through a
“think aloud” protocol. This protocol asks parfiants to say whatever they are
looking at, thinking, doing, feeling, etc, as treg engaged in their task(s). | will
investigate first hand the process of task commiettnrough the students’ eyes
(and cognitive thinking) instead of simply the fipaoduct. The tasks will be
audio and video recorded for the purposes of trgutgm.

What Are The Risks and Discomforts Of The Study?

We will do our best to protect the information walect from you. Information that
identifies you will be kept secure and restrictétbwever, there is a potential risk for an
accidental breach of confidentiality. Your paiiion in this research study will have
no affect on your Mathematics grade in any manner.

What Are The Benefits of Participating In The Study?

There may be no direct benefit to you however; ymarticipation may help your peers in
the future. As a result of participation in thésearch, it is possible though that you may
obtain a different and possibly better understagdiiithe quadratic function!

Are There Any Costs?
The only cost associated with participating in stisdy is your time.

What Is the Compensation?
Your will receive compensation in the form of a fift card to Mimmo’s Italian
Restaurant.

Can You Withdraw or Be Withdrawn From This Study?

Your participation in this study is completely votary. You have the right to say no,
and you may also change your mind at any time andrfy reason and withdraw by
contacting the researcher. If you decide to walagmprevious data collected up to that
point will still be used for the research studyouy partner will then be given the option
to continue singly or stop as well. If your partdecides to withdraw, then the data
collected previously from your partner will alsoveahe possibility of be used for the
study.
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What About Confidentiality?

To protect your confidentiality you will be askemdelf-select a pseudonym. A master
list that links your identity to the pseudonym vk kept in a locked filing cabinet and
the only person who will have access to it is thadfpal Investigator.

All research material (audio and video recordirigsks data, consent form) collected
during the “think aloud” protocol while working dhe math tasks will be stored on a
password-protected computer or in a locked filingioet. This data will not include
your name or the actual names of the other paaintgo The four tasks will be audio and
video recorded to be transcribed, coded and anglyZzbose recordings, along with the
transcriptions will be destroyed at the end ofghely. Final results will be published
without identifying information, only pseudonyms.

Upon request the Institutional Review Board willgranted direct access to your
research record for verification of data collectroathods and/or data.

Contact Information

You may contact Jennifer Parent, the Principal $tigator in charge of this study, at
802-527-6545 for more information about this stutfyyou have any questions about
your rights as a participant in a research praedbr more information on how to
proceed should you believe that you have beeneadjas a result of your participation in
this study you should contact Nancy Stalnaker[mector of the Research Protections
Office at the University of Vermont at 802-656-5040

Statement of Consent

You have been given and have read or have hadaeam a summary of this research
study. Should you have any further questions atimutesearch, you may contact the
person conducting the study at the address anghi@he number given below. Your
participation is voluntary and you may refuse tdipgoate or withdraw at any time
without penalty or prejudice.

You agree to participate in this study and you usid@d that you will receive a signed
copy of this form.

143



This form is valid only if the Committees on Hum@asearch’s current stamp of approval is
shown below.

Name of Participant Printed

Signature of Legal Guardian or Legally AuthorizegbResentative Date
(applicable for children and subjects unable toyde consent)

Name of Legal Guardian or Legally Authorized Repn¢ative Printed

Signature of Principal Investigator or Designee Date

Name of Principal Investigator or Designee Printed

Name of Principal Investigator: Jennifer ParentAM
Address: 71 South Main Street A-314, Saint Albafesmont, 05478
Telephone Number: 802-527-6545

Name of Faculty Sponsor: Regina Toolin, Ph.D

Address: Waterman Building 409A, University of Went
Telephone NumbeB02-656-1024
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Appendix C: Research Protocol

Research Protocol

General Instructions (not to be read aloud)

The pairs must work on the task for the entire 45utes. If after this time they
have not complete the entire task | may tell thieat they may stop.

Each pair will be allowed to spend as much timaexessary on each problem, if
they are actively “working through talking” and tlihe 45 minutes has not come
to an end. If the pair gets stuck on a problemitagpears that they have
reached a standoff, allow the pair to struggleSfoninutes. At this point, have
each student write down their individual thoughtstlee lined paper provided and
move on to the next problem. In addition, if tieer appears to become visibly
distressed from working on a problem (after attl@@sminutes have passed) have
them follow the same procedures mentioned aboverane on to the next
problem.

Be sure that promp8BOLDED on the master tasks are asked of the pair where
and when appropriate.

| may read the question to the pair (upon requbst)] am not to help define any
of the words that are in the question.

Each day the students will be provided with thé& fas the day (one per pair), a
piece of lined paper for writing on (one per stugleand pencil (one per student).
At no point will they be given a calculator to use.

While they are working on the tasks, it may be ssagy to encourage the
discussion or probe their thinking further. Oriig ffollowing questions may be
used to facilitate the discussion, elicit deeperking from the pair, or have them
further explain their thinking. At no point amd &ssist the pair in any way
towards the solution to the problem.
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Allowable Questions and Phrases

“Please continue talking.” | will use this to ramdithem to continue their
discussion.

“Tell me what you are thinking about?” (directeavyds one member of the
pair). This prompt should be used if it appeasat tine member of the pair seems
confused or is not talking as much as the other beerof the pair.

“Tell me what you think about what ‘your partneaid?” (directed towards one
member of the pair). This prompt should be usédajppears that one member of
the pair disagrees with the other, either by obegrtheir facial expressions or
through their discussion.

“If you are stuck, try to think about the vocabuylavithin the question.” This
prompt should be used if both partners seem sturapeédlo not know where to
start.

BOLDED Prompts on specific questions:

Task

Number Prompt

Traditional #1 4 Think about what the graph

may look like.

Traditional #1 5 How could you get a

solution to any function?

Multiple Representations #1 1 If you are stuck try

dissecting the vocabulary
within the question.

Multiple Representation #1] 8 Try to think if the

maximum or minimum
connect to anything else on
the function that may

trigger something helpful.

Mixed Methods #1 1 If you are stuck, try

dissecting the vocabulary
within the question.

Mixed Methods #2 2 What is alike and what is

different between the
functions?
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Appendix D: Traditional Task #1

Traditional Task 1 (Problems 1-12)

Problems 1-3: for each quadratic, would the pa@bpkn up, down, to the left or to the
right? Please explain your reasoning.

1. y=3x"+6x+8
a) Openup
b) Open down
c) Open to the right
d) Open to the left

2. y= X=X -6
a) Openup
b) Open down
c) Open to the right
d) Open to the left

3. y=-2x"+7x-9
a) Openup
b) Open down
c) Open to the right
d) Open to the left

4. Graph the quadratic function f(x) = x* = 3.
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5. Write down three solutions to y = x> + 5x + 6.

The quadratic parent function is f(x) Z xits graph is a parabola with its vertex at the
origin (0, 0). Describe each transformation frdrma parent function.

6. g(x)=-x*

7. g(x)=(x-1)

8. g(x)=x*+7

10. g(x) = (x + 3) 2

11. g(x) = 5x°

12. The vertex form of a quadratic function is f(x) = a(x — h)® +k.

The parent function f(x) =3is translated 2 units left and 3 units up. Wiiite
guadratic function in vertex form.
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Appendix E: Multiple Representations Task #1
Multiple Representations

Task 1 (Problems 1-10)

1. What is the axis of symmetry? How do you find it? Is there more than one way to
find it?

For numbers 2-4, please identify the axis of symynietr the graph of each
function.

2. g(x)=x*—4x+2

3. h(x)=-8x"+12x—-11

4. k(x)=-4(x+3)*+9
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For numbers 5 — 7, please tell whether each statkeisierue or false
explain why.

5. The graph of a quadratic function is always a parabola.

6. The graphs of all quadratic functions open upward.

7. The graph of f(x) = x* has a maximum value at (0, 0).

Please answer the following:

8. Describe how to find the minimum or maximum of a function.
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Please find the following properties of the parabola f(x) = x* — 4x + 3 to be able to
graph it.

a) a= , b= , C=

b) The graph opens (up/down). (Circle one.)

b
c) Axis of symmetry: x=- — =
2a

d) Does the function have a minimum or maximum? Find it.

e) Vertex:

f) y-intercept:

2L

44+

-6+
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10. Use the properties of a parabola to answer the following questions and then to
graph it.

Please use the function g(x) = 2x* + 4x -2

a. The graph opens (up/down). (Circle one.)

b. Axis of symmetry

c. Vertex

d. vy-intercept




Appendix F: Mixed Methods #1 and #2

Mixed Methods Task #1 (1-5)

1. What are the roots of a quadratic function? What are other names for the roots?

2. How can you find the roots of a quadratic function? Is there more then one way? Can
you state/describe other ways to find the roots of a quadratic function?

You may draw pictures in addition to your written explanation if you wish.
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3. Please look at the following graphs. How many roots does each function have?

a) .

: Number of roots:

How can you tell?

f(x) = x2 + 2x -

b)

6

N

- 4x+2 Number of roots:

f(x) = -3

How can you tell?

c) .
Number of roots:
P . . ... Howcanyoutell?

d) 1 \/

| h(x) =% - 6x + 13

Number of roots:

How can you tell?
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After finding the vertex and y-intercept of a quadratic function, how could you find a
third point (ordered pair) in order to graph the function?

Please find the vertex, y-intercept and a third point for each of the following functions.
You can use the graphs attached if you wish.

a) f(X)=xX-6x+7

vertex

y-intercept

third point

How did you find the third point?

2+

-2+

-4+
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b) g(x):%xz—Zx—l

vertex

y-intercept

third point

How did you find the third point?

-4

-6
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c) h(x):—%xz+ X+ 2

vertex

y-intercept

third point

How did you find the third point?

-2

-4
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Mixed Methods Task #2 (1-7)
Please show all work!!
Answer the following questions about functions #&athsformations.

1. Circle the function that produces the widest parabola. How do you know? Please
explain your reasoning.

f(x)=2x* -4 g(x) = - %xz +2 h(x) = -3(x - 1)°

2. Describe the difference(s) and similarity(ies) between these two functions:
f(x) =x*— 1 and f(x) = (x — 1)°.

3. Use the graph of f(x) = x* as a guide. Find the vertex of each translation. Graph each
function and then describe the transformation.

a) g(x)=(x+1)*-3 b) h(x) = (x—3)? +2
Vertex: (-1, ) Vertex: ( , )
Transformation Description Transformation Description
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4. The height that a baseball reaches when it is thrown can be modeled by the function
h(t) = -16(t — 1.5)* + 10.

a) What is the shape of the ball’s path?

b) What happens to the ball betweent =0 and t = 1.5 seconds?

c) Describe the transformation of h from the parent function f(t) = t*.

10




5. Identify the axis of symmetry for the graph of each function.

a) h(x)=-5x>+15x—3b) f(x)=3(x—2)*+7 c) g(x)=x>—=3x+2

6. Please answer the following questions using the function f(X)=2x° —8x+ 4

a) Please fill in the table.

X
Y

b) Please find the vertex.

c) Please find the y-intercept

d) Please graph the function
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7. Given the three equations:
F()=2(x-3F—4  g(x)=2¥+3x 4 h(x):%xz—6x+8

a) Which equation is represented by the graph shown below?

b) Explain how you decided on your answer in part (a).

-2
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Appendix G: First Day Protocol

First Day Protocol

To be read to all participants on the first day:

Thank you for participating in this study. | hagpat you find what you learn here
helpful in your Algebra Il studies. This study Wast a total of four days for about 45
minutes a day. | want to remind you that if at @oynt you feel uncomfortable for any
reason or simply wish to stop participating in ¢edy, you may do so at any time with
no penalty. This study is not evaluative and wit impact your course grade in any
way.

I’'m going to present you with a series of taskg tieve to do with the quadratic function.
I'd like you to work on the tasks together with yguartner and do so out-loud so that |
can hear the discussion that you are having fardaeg purposes. If you wish for me to
read a question to you | may upon request, butl Inet be able to define any of the
words in the question to you.

Each day you will be provided with the task forttday for you and your partner to
share, one piece of scrap lined paper for eaclowty use as you wish, and a pencil
each. You can write whatever you would like onphaeer. At no point may you use a
calculator while completing the various tasks.

During you and your partner’s discussion, | woulke lyou to try to agree on an answer
to one question before moving on to the next. dditeon, | may ask you questions that
are designed to help me understand what you ankitigi. | will be videotaping and
audio taping both of you as you are working ontttsis to help me remember what you
both do at different points in the problems. Onlyirs. Parent, and some University of
Vermont's professors will have access to the tagdwey will not be shared with anyone
else. Are you ready to start? Go ahead and headitections out loud and begin.
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Appendix H: Codes

How students think...

Core Concepts

Axis of Symmetry...(AOS)

Vertex...(V)

Whether the parabola opened up or down (orientatid®)
Y-intercept...(y-int)

Transformations when function is graphed...(Trans)
Maximum/minimum point...(MP)

Location of roots...(R)

Accuracy of what students thought

Whether the students knew how to get to the commesiver with (CAWD) or
without discussing it in depth. (In deptt80 seconds post reading initial
guestion.)

Whether the students knew how to get to the coamestver without (CAWOD)
discussing it in depth. (In depth30 seconds post reading initial question.)
Indicated that they knew the right answer but wtbeewrong answer...(IK)
Did not understand what to do at first, but camekkand got minimum parts
correct...(DNUGPRL)

Did not understand what to do at first, but camekland got maximum parts

correct...(DNUGPRM)
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Did not understand at first read and never got RUNG)

Got the right answer but explanation was not aceurgdAWA)

Thought they understood at first read and did cetepy...(UQ)

Thought they understood at first read, but didatall...(UDNU)

Thought they understood at first read but did nidiey got minimal parts correct
(<50%)...(UDNUPL)

Thought they understood at first read but did ndtey got most parts correct, but
not all £50%)...(UDNUPM)

Correct versus incorrect answer...graded accordirig & 3, 4, or 5 points for

each part of a question.

Strategies that students used...

Put the problem into a more familiar form (F)
Jump to formula (JF)

Process of elimination (E)

Dissected the problem (D)

Draw a picture (P)

Mathematical Body Gesture...(G)
Gesture-Speech mismatch...(GSM)

Representations of functions caused an issue éopaiticipants...(RCI)
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Procedural versus conceptual knowledge...
e Procedural understanding...(P)...systematic, stepdyy, sts if following a recipe
e Conceptual understanding...(C)...the bigger picture wieb of knowledge, the

ins and outs of a concept

Dyads
e Disputational talk (DT)
e Cumulative talk (CT)
e Exporatory talk (ET)
e Overtalk (OT)

e Not talk (OT)
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