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ABSTRACT

In the first part of this dissertation the spherical evolute, the spherical involute, the
spherical orthotomic and the spherical antiorthotomic are investigated and their local dif-
feomorphic types are determined. The concept of the spherical conic is introduced. It is
proven that the incident angle and reflection angle are equal for the spherical conic. The
necessary and sufficient conditions for the spherical conic to be a circle are given.

In the second part of this dissertation the ruled surfaces of normals and binormals of a
regular space curve are locally classified under the left-right action according to the types
of the curve. For this purpose some results are obtained on the relationship of the powers

of terms in the Taylor series of an invertible function and its inverse.
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Part 1

Spherical Curves and Singularities



CHAPTER 1

Characterization and Properties of a Spherical Curve

1.1 Geodesic Distance on the Unit Sphere

Let 52 C R3 be the unit sphere centered at the origin and ~(s) be a smooth unit speed
curve lying on S2, where s is the arclength of 4. We may measure the contact between ~
and a (geodesic) circle on $2. To this end we consider the geodesic distance between two
points on §2. Given two points P and Q on S2, let # be the angle subtended at the center
of the unit sphere by PQ and d(P,R) denote the geodesic distance between P and Q. Then

by the law of cosines we have
|P-QP?=12+12-2x1x1 x cos,
where [P — Q)| is the length of the chord PQ. So
d(P,Q) = arccos (1 - —;— |P — Q(z) . (1.1)

1.2 Characterization of a Spherical Curve

Let v : I — R3 be a unit speed curve and t, n, b be the Frenet-Serret trihedron. It’s well
known that supposing the torsion T # 0, 4 is a spherical curve if and only if R+ (T'R') =0
(see [16, Page 32]), where R = %, & is the curvature of v and T = % and ' denotes the
derivative relative to the arclength s in this paper. Here we want to say a few words about
the case 7(s) = 0 for some s € I. Suppose « is a unit speed curve on the sphere centered

at the origin of radius a and 4 is not planar, i.e., 7(s) is not identically equal to 0. Then



~(s) - v(s) = a®. Differentiation gives
t-y=0 = kKn - v)+t-t=0 = Kmn-v)=-1, (1.2)

which implies |k| > = 1 > 0 for all s € I. Throughout this paper we take an
a

| - ||

orientation such that x > 0. Further differentiation yields

Kn-y+k(—kt+71b)-y=0 =rn-y+ktb-v=0
!
=>7'b-'~y=i

K2
The set {s | 7(s) # 0} is open in I. For each non-internal point s* € {s | 7(s) = 0} (i.e., the

point s* such that there is no interval I} C {s | 7(s) = 0} with s* € I;.) we have a sequence

{si}32, such that 7(s;) # 0 and lims; = s*.
K‘/I
If 7(s) =0 then 7b - vy = 5= K'(s) =0. (1.3)

Suppose s’ is a point in {s | 7(s) = 0} such that we have an interval I' C {s | 7(s) = 0}
with ¢’ € I’ and I’ is maximal with such property. On the interval I’, k/'(s) = 7(s) = 0. So
the restriction ~|I’ of 4y to I' is a segment of a circle. Let § be one of the boundary points
of I' or the isolated point in {s | 7(s) = 0}, then we have a sequence {s;}32, such that

T(s;) # 0 and lim s; = 5. So for 7(s) # 0,

K/I , . K/, .
by=—5=-TR = lim —(s;)= lim (b-v)(s;) = b(3) - 7(3).
Here we compute b -« in terms of , 7. Suppose 7(3) = 7(3) = - - = 7™ (3) = 0, but

7+1)(3) # 0. By (1.3) 7(3) = 0 = #'(3) = 0. By L’Hospital’s Rule,

K K
— = lim —. .
sl—r>n 7! (1 4)

g

~K*(b-7)(8) = lim —

So

7E) =0 = £"(3)=0. (1.5)



Similarly we have

K (s k() k(3
—/4;2(b ) E) = ;i_r?g 7-((3)) — = E—% 7'("“"1)253 = T(n+1)§;.
So
(n+2) (3
(b-7)(3) = _Eﬁfg—)ﬁ' (-9

Since ~ is a spherical curve the osculating sphere of 4 coincides with the sphere wherein

lies (see [16, page 32]) and for 7(s) # 0 we have
R2+(b-~)% =R+ (TR')? = a?, (1.7)

noting R = % and T = % (see [16, Page 32]). |b-v| = |T'R/| is the distance from the center
of the sphere (the origin) to the osculating plane of . When 7(5) = 0 we just treat TR’
as a single thing and define TR/(5) = (b - 4)(8), the distance from the center of the sphere
(the origin) to the osculating plane of ~ at s.

The curve 4 is great at s if its circle of curvature is a great circle on the sphere, (see
[13, page 100]) i.e., the osculating plane of 4 at s passes through the center of the sphere.
b-y=0&~=—-Rn& ~vy=—ansincey-v=a?and R = % > 0 (also see (2.4) in the

following). So we have

Proposition 1 The spherical curve v is great at s < b-v=-TR =0 at s & 4 = —an

at s.

Over the interval I', k/(s) = 0 = R(s) = R(3) for s€ I'. So for s € I, (b(s) - ¥(s))* =

(TR)(s)* = a® — R(3)%. ie., -

b~ = TR’ = constant over the interval I'. (1.8)



For 7(s) # 0,b -~ = -TR'
= —tn-y+b-t=(-TR)

> L+(TRY=0

Rr+ (TR =0. (1.9)

For each non-internal point s* € {s | 7(s) = 0} (i.e., the point s* such that there is no
interval I1 C {s | 7(s) = 0} with s* € I1.) we have a sequence {s;}32, such that 7(s;) # 0

and lim s; = s*. So by (1.9)
lim (TR') (s;) = lim (—R7(si)) = —R7(s*) =0. (1.10)

On the other hand, from TR’ = constant over the interval I’ we know that (TR') =0
over the interval I’ and we can define (T'R')/(s*) = 0, so (T'R') is continuous over I and
(1.9) holds for 7(s) = 0 too.

Contrarily, suppose a non-planar curve ~ satisfies (1.9). Then for 7(s) # 0 by (8 —11)
on [16, Page 32] one of the corresponding parts of 4 lies on a sphere of radius, say a and
R?2+ (TR)? =a® For 7(s) =0, (TR') = 0 = TR’ is constant on {s | 7(s) = 0} by (1.10).
Let I' C {s | 7(s) = 0} be as above and 3 be one of the boundary points of I’. Then
using the same argument as above (there exists a sequence {s;}$2, such that 7(s;) # 0 and

lim s; = 3) we have R(s)? = R(3)? = a® — (TR')%(%) for s € I'. This implies that the part

of ~ corresponding to I’ is a part of a circle of radius /a? — (TTR')%(3) and it is on the
sphere of radius a centered at the origin. The different non-circular parts of «y are connected
(separated) by the circular parts and each adjacent part of « share the same sphere. So

the entirety of 4y is on the sphere of radius a centered at the origin.



1.3 Geodesic Curvature

For a regular curve 4 on the unit sphere, its geodesic curvaturergy(s) is defined to be
the tangential component of the curvature of vy at s (see [13, page 88-89]). Let # be the
half angle subtended at the center of the unit sphere by any diameter of the circle cut out

/
by the osculating plane of 4 (the circle of curvature). Then k4 = Kcosf = —kTR' = £

TK
(c.f. [13, page 89]). So kg = 0 & TR’ = 0. Especially,
ifT#0,then K, =06 k' =0
if 7(3) = 7'(3) = --- = T™(3) = 0 but 7(**1(3) # 0, then by (1.6) we have x,(3) =
n(n+2)('§’)
~@E)r D E)”

So in this case kg = 0 « k("*2 = 0. And by Proposition 1,

~ is great & TR =0

& K =0ifT#00r k) =0if 73) =7'(8) = --- = 7™ (3) = 0 but 7™+ (3) £ 0.



CHAPTER 2

Contact with the Circle on S? and the Spherical Evolute

2.1 Contact with the Circle on S?

From now on we always assume « is a unit speed curve on the unit sphere.

For a unit speed curve ~ : I — S? and a point u € S2, we define a geodesic distance

function between v(s) and u by dy : I x §? — R,

dg(s,u) = d(v(s),u)
= arccos [1— %('y(s) —u) - (y(s) = u)

= arccos(y(s) - u),

by 4(s) - v(s) =u-u=1.

Consider all the points x on S? having the same geodesic distance C; from u, i.e.,
d(x,u) = Cj. Let C = cosC}, then x - u = C. We call the set of all such x the geodesic
circle with the geodesic center u and cosine of the geodesic radius C.

We state some definitions.

Definition 2 The spherical normal to ~ at ~v(s) is the great circle passing through ~(s)

and normal to vy at ~v(s) and is given by:

(2.1)



Definition 3 The spherical tangent to v at y(s) is the great circle which is tangent to ~

at v(s) and is given by

x-x=1,

(2.2)
x - (v(s) x t(s)) =0.

In the following proposition, for simplicity we omit the dependence of 4,t,n and b on

Proposition 4 Let v be a unit speed curve on S% and u € S?, then

(i) dy(s,u) =0« u=An+ pb for some A, u € R, i.e., u lies on the spherical normal to

v at ¥(s)-
(i) dy(s,u) =dj(s,u) =0« u=+£b.
(iil) dj(s,u) =dj(s,u) =dy/(s,u) =0 u=+b and 7(s) = 0.

(iv) di(s,u) = d’(s,u) = d"(s,u) = d§'")(s,u) = 0 & u = b, 7(s) = 0 and /(s) = 0.

Proof.

()
-—u - ‘Y’

[TT——);E‘:O@U"}’,:O@tJ_u@u:)\H-FMb
_7-“

dy(s,u) =

for some A, 1 € R < u lies on the great circle cut out by the normal plane of v(s), i.e., the

spherical normal to v at 4(s) since u € S.

(i)

D=

(—u- ) [1= (- w?]? = (—u-) ([1 - (- 0)?]
1—(y-u)?

)

d/gl(é’,u) =



So

So
dy(s,u) = dy(s,u) =0

& uy =(-u-v)=0
< u=JAn+pband (An+ pb) - kn = 0 for some A, u € R.
< u=pub for some p € R since k # 0.

Andue $?= (ub) =1= p==1.So

dy(s,u) =dj(s,u)=0 & u==b.

(i)
d(s,u)
_ Cuyi= e w - cae) (1= G0 )
1—(v-u)?
+ {(—u A L= w2 = (ue ) (L= (- u)2]%)l} (i__—(,ly——u—
d(s,u) = d(s,u) = d(s,u) = 0
& —uy=-u-q=-u-y"=0
& u=dtband—u-(kn) =0
& u=zband—u-[n+k(—kt +7b)] =0
& u=zbandFkr=0
& u=:tb andr = 0 sincex # 0.
(iv

d{™v) (s, u)
(mu )" (L= (- w2 4 () (1= (-
1~(y-u)?
(—ue ) (1= Gy w? )+ (—uey) ([0 = Gy w)?)?)
1-(y-u)?

(ML




Nl=

+4(—u- )" [1 = (v u)?

[0

#{Cuery - w)
So

d(s,u) = d(s,u) = d"(s,u) =dy " (s,u) = 0

PN _u.,y/: —u-q" = _u"Yl”: (——u-‘y)(IV) =0

& u=4br=0and ~u-[k'n+k(—kt+7h)]' =0

;

10

~(~u-7) (1= (- U)2]%)”} (1—_(—,1;55)
—(~u-v)([1- (7-u)2]%>l} <1—_%;)‘2‘

& u=d1b,r=0and —u- ["n+2k'(-kt +7b) + k(—K't — k*n+ 7'b — 77n)] =0

& u=zb,7=0and k7' =0

< u==b,7=0and 7/ =0 since & # 0.

1
Remark 1 u=++ —n- pb, 1 € R is the focal line (or polar azis) of v. If u € §?% then

1 1
(Y+on—ub)- (y+ -n—pb)=1

= oy +—4n-ntmb b+2v-(tn-pb) -2 m-b=1

VYt 3 p v (Cn-p —hn-b=

therefore,
u2—2(7-b)u+%7-n+$ = 0.
By (7-6) in [16, Page 25] the center of S (the origin) is expressed as
~Y+Rn+TR'b=0.
So~v-b=-TR and~-n=—R. Then from (2.3) we have
W+ 2TR - R*=0
The solutions to (2.5) are

p=-TR +/(TR2+R?=—-TR +1

(2.3)

(2.4)

(2.5)
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since (TR2+R?* =1 by (1.7). Sou =7+I—1€-n——ub =4+Rn+TR'btb==b by (2.4).

So {u | dj(s,u) = dj(s,u) = 0} = {£b} is the intersection of the focal line with the
unit sphere. It’s called the focal center of 4 at s, denoted by e = +b (c.f. [13, page 89]).
It’s also the center of the osculating geodesic circle of 4 at s. Porteous calls the curve e of
the focal centers the evolute of «v. So we proved that for a spherical curve « the evolute of
~ 18 the binormal indicatriz of . We’d like to add the word “spherical” before the evolute

and call e the spherical evolute of 4. As a result, - is called the spherical involute of e.

Remark 2 By (i) of Proposition 4, the geodesic circle on §% has 2-point contact with ~
at any point s iff the geodesic center of the geodesic circle passing through ~(s) is on the
spherical normal to v at vy(s). And the geodesic circle on S has 3-point contact with v at
any point s iff the geodesic center of the geodesic circle passing through ~(s) is one of the

focal centers of v at s.

Remark 3 In this proposition, if we replace dg : I x 8?2 — R by the Euclidean distance-
squared function de : I x S? — R defined by de(s,u) = (v(s) — u)? = 2(1 — v(s) - u), we

still get the same result, i.e.,
dy(s,u) =0 & di(s,u)=0;
dy(s,u) = di(s,0) =0 & dy(s,w) = d!(s,u) = 0

dy(s,u) =dg(s,u) =dj/(s,u) =0 & dp(s,u) =d.(s,u) =d(s,u) =0

d)(s,u) = d"(s,u) = d"(s,u) = d"(5,u) = 0

& d(s,u) =d!(s,u) = d"(s,u) = d'")(s,u) = 0.
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Remark 4 For a general regqular spherical curve (not necessarily unit speed) ~v(t), then
¥(t) = v(s7H(t)) is a unit-speed reparametrization, and y(t) = F(s(t)), s'(t) = |¥ @)].
Let %(t),7(t), T(t), Ti(t) and b(t) be the curvature, torsion, unit tangent, unit normal and
unit binormal of Y(t), then the curvature, torsion, tangent, normal and binormal of (t)
are defined to be k(t) = RK(s(t)), 7(t) = F(s(t)), t(t) = t(s(2)), n(t) = 0(s(t)) and b(t) =

t(t) x n(t).
Consider

dg(t, u) = arccos [1 - —;—(A/(t) —u) - (y(t) - u)] = arccos(vy(t) - u).

Then )
’ [1-(v®- w22 (1= (v(t) w32
§"(t) |u-t(s S R(s u-tils
Hew= (t) [0 Es(0)] + ') ((8) [ Ba(0)
[1 — (’y(t) . u)2]§ ,
T 1
—5'(t) {u- t(s(2)) ( .
| | 1= (v(t) - w2
and
s u-t(s S22 E(s s
P - (t) [a-Es@))] + ¢ (o) [w-Fs(0)]
1= () w22 i
+[s’(t)]2 R(s(t)) [u . [—E(s(t))]t(s(t))] + 7(s(t))b(s(t)))
1= ((2) - wp?] -
= {8"(®) |u-¥s@)] + [ OF Fs(®) [u - 5(s(2))] ( , )
{ [ ] y } [1-((®)-w)??
~(0) [u-Ts(0) ( L )
| | 1= (r(t) - w2
So

di(t,u) =0 & u=Ai(s(t) + pb(s(t)) for some A, u € R;

di(t,u) =di(t,u) =0 < u=tb(t) = b(s(t));
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d(t,u) = d"(t,u) = d"(t,u) = 0

& u==£b(t) = +b(s(t)) and 7(t) = 7(s(t)) = 0.

2.2 Some Properties of the Spherical Evolute

As in the case of the plane evolute we can show:

Proposition 5 The spherical evolute € of ~ is the envelope of the family of the spherical

normals to v and the spherical evolute has a cusp at s iff 7(s) = 0.

Proof. The family of the spherical normals to - is:

Then the envelope is

| X k(s)n(s) = 0.

Since k(s) # 0, we have x - n(s) = 0. Considering x - t(s) = 0, x =u(s)b(s) for some
p. But x-x =1 = (u(s))? = 1 = x = =% b(s), which is the spherical evolute e of ~.

x'=%£7(s)n(s), so the spherical evolute has a cusp at s iff 7(s) =0. W

Remark 5 Let 6(s) be the angle made by +b(s) and ~y(s). (See Figure 1 for the case of

b(s) and ¥(s)).
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A

“«— R

Figure 1: Angle between +b(s) and ~(s)

Then sinf = R ( = 1 ). The arclength {(s) of the portion of the great circle connecting
b(s) (—b(s)) and ~(s) is arcsin R(s) (7 — arcsin R(s) ), which is the geodesic radius of the

osculating geodesic circle of v at s. We call I(s) the geodesic radius of curvature of «y(s) at

s. So
, R/(s) R'(s)
I'(s) = - = 4+7(s
(s) i\/l — R%(s) V(TR)?(s) (s)
and

's)=0 & 7(8)=0 & b'(s)=Fr(s)n(s) =0.

The spherical evolute of ~, therefore, has a cusp at s iff the geodesic radius of curvature
of ~ has a critical point at s. The evolute of a plane curve v with k(s) never zero is given
by e(s) = 4(8) + [1/k(s)In(s). €'(s) = [1/x(s)]'n(s). So €'(s) = F7(s)n(s) is the analogue
for e of the equation €'(s) = [1/k(s)]'n(s) (c.f. Proposition 5.2 (vi) in [13]). [1/k(s)] is
the derivative of the radius of curvature of 4 at s and 7(s) is the derivative of the geodesic

radius of curvature of 4 up to sign.
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Remark 6 If v(t) is not a unit speed curve, then the envelope of the spherical normals to

~ 8:

x-x=1, x-x=1,

x-v'(t) =0, = 4 sx-t(s) =0,

| x- ~"(t) =0. | x (sk(s)n(s) + s"t(s)) =0,

where s is the arclength and §'(t) = ||/ (t)|| # 0. Therefore, we have
x-x=1, x-t(s) =0 and x-n(s) =0,

because k(s) # 0. So as above, we have x = £ b(s(t)). The spherical evolute of ~ is its
binornmal indicatriz no matter if it is unit speed. x'= x 7(s(t))b(s(t)), and the spherical

evolute has a cusp at s iff T(s(t))= 0, i.e., the torsion of the spherical evolute is zero.

In [13, page 89] Porteous defines the concept of an Ay center. A point ¢ of S? will be
said to be an Ay center of the curve v at s if, for all ¢ such that 1 <7 <k, ¢-v;(s) =0,
but ¢-v;,1(s) # 0. Here 7; denotes the i-th derivative of 4. For the evolute e of ~,
e-v;=xb-t=0and e vy = b kn =0, so the evolute e is at least an Az center of 4.

Furthermore we have:

Proposition 6 The evolute e is an Ax—1 (k > 3) center of the spherical curve v at s iff

7(s) = 7(s) = -+ = 7"9(5) = 0, but 7=~ (s) £ 0.

Proof. v; =t, v, = kn, v3 = —k*t + k'n+k7b, v, = —3kk't + (K" — K3 — kT)n + (26'T +
k1')b.

Claim: v, = (a polynomial of k, the derivatives of k, 7 and the derivatives of 7 up
to the order k£ — 5)t + (the polynomial of x, the derivatives of k, 7 and the derivatives of

T up to the order k£ — 4)n + ( (the polynomial of 7 and the derivatives of 7 up to the order
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k — 4 with the coefficients the polynomial of k¥ and the derivatives of x, which contains no
constant term) + k7(*~3))b. This is true for k¥ = 3,4.Suppose it is true for k = m. Then
fork=m+1,

“Ym+1 = (the polynomial of k, the derivatives of &, 7 and the derivatives of 7 up to the
order m — 4)t+ (the polynomial of «, the derivatives of k, 7 and the derivatives of 7 up to
the order m —5)(kn) + (the polynomial of «, the derivatives of k, 7 and the derivatives of 7
up to the order m — 3)n+ (the polynomial of x, the derivatives of x, 7 and the derivatives
of 7 up to the order m — 4)(—«t + 7b) + (the polynomial of 7 and the derivatives of 7 up
to the order m — 3 with the coefficients the polynomial of k¥ and the derivatives of k, which
contains no constant term) +x7™~2))b+ (the polynomial of 7 and the derivatives of T up
to the order m — 4 with the coefficients the polynomial of k¥ and the derivatives of x, which

contains no constant term) 4 £7{™~%)(~7rn)

= (the polynomial of k, the derivatives of s, 7 and the derivatives of 7 up to the
order m — 4)t + (the polynomial of «, the derivatives of &, 7 and the derivatives of 7 up to
the order m — 3)n+ (the polynomial of 7 and the derivatives of 7 up to the order m — 3 with
the coefficients the polynomial of k and the derivatives of x, which contains no constant
term) -+ &7(™=2))b. This completes the induction.

So e - 7y, = £b- (the polynomial of 7 and the derivatives of T up to the order k —4 with
the coefficients the polynomial of ¥ and the derivatives of k, which contains no constant
term) + kT*=3))b

= the polynomial of 7 and the derivatives of 7 up to the order k& — 4 with
the coeflicients the polynomial of k¥ and the derivatives of k, which contains no constant

term) + k7(*=3),
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Proof of sufficiency: Since k # 0 by (1.2), 7(s) = 7/(s) = --- = 769 (s) = 0 but

7(=3)(s) # 0 implies that e - v, = 0for 1 <i < k—1but e- v, # 0. So e is an Aj_; center
of the spherical curve 4 at s.

Proof of necessity:
e-v3=kT=0 => 7=0e-93=€e-74=0 = 7=7=0.

So by the expression for e - 4, above and the induction, that e is an Ag_; (k > 3) center

of 4 at s implies 7(s) = 7'(s) = - -- = T*=4(s) = 0, but 7~ (s) £ 0. M.

Proposition 7 Let v : I — S? be a unit speed curve. Then the spherical evolute e of 7 is

nowhere great.

Proof. We know

e = £b’ = Frn,e"’ = F[r'n+7(—kt+7b)]
e’ x € = tn x 7(—kt+7b) = k7%b + T3¢

and then
/

the unit tangent of e is: te = +n,

e ——
le'|
e x e kb + 1t

T x| ViZr
/

. . e e e ! x e
Here if 7 = 0, we can still define to and be to be the limit directions of — and Lxe
Iell lel X eII

the unit binormal of e is: be

since the curvature « of 4 is nonzero. By Proposition 1 and

0. b. = e-(e/xe’) lee,e"] kb+7t K
S Texe] lexe] CVEES Ve

£0

the result follows. W



CHAPTER 3

Relationship between the Spherical Evolute and the Spherical Involute

3.1 Construct the Spherical Evolute from the Spherical Involute

Definition 8 Given 2 spherical curves «v and e, if e is the spherical evolute of v then ~ is

called the spherical involute of e.

Given a spherical unit speed curve +(s), suppose another spherical curve (not nec-
essarily unit speed) 4;(s) at each point P; is tangent to a spherical normal to v at a
corresponding point P. In this section we use the suffix 1 to indicate the elements of ~,
at Py corresponding to those of v at P. By the above assumption and the fact that ~; is
in the plane where the spherical tangent to v, at P, lies we know «; 1t = «; = An+pub.

Then (in this subsection ’ = %, s is the arclength of «)
vy = Nn+A(—&t+7b) + /b + u(—7n)

=Xkt + (N = pr)n+ (A + p)b.

That the spherical normal to v at P is tangent to «y; at P, implies 4} Lt. So Ak = 0. But
k # 0. Then A =0 and ~; = pb. Since 4, is a spherical curve,
Y171 =(ub)(ub)=1 = p=1

Hence 4; = *b. And for v; = +b, 44 = Frn, which is the normal to ~. From this

construction and Proposition 5 we know

Proposition 9 The spherical evolute of ~ is a spherical curve ~y; which is tangent to the

spherical normal to v wherever ~y; meets the spherical normal to . R
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3.2 Construct the Spherical Involute from the Spherical Evolute

Now consider a pair of spherical curves  and 7;, we want to seek « as the spherical
involute of 4, (in this subsection ’ = %, s1 is the arclength of +;). Suppose at each of its
points the spherical tangent of « is normal to a spherical tangent of 4, at a corresponding

point and ~(s1) is on the spherical tangent of ~; at ~,(s1), i.e.,, 4(s1) is on the plane

spanned by 4;(s1) and t1(s1), so v =Xy, +ut; =

v =N+t +p'ty + pring
=N (—Rin; — T1R b1) + (A+p/)t1 + primy
= (M)t + (uk1 — N Ry)ng — NT1R)by.

By the assumption v/ Lt; we get

A =0. (3.1)

voy=1 = Ortut)?=1
= Ay -yttt + 22yt = 1
= M+u?=1 .
= MW+pe =0

By (3.1) we have A\(AN'—u) = 0, and then

A=0,
(3.2)

[ = constant;

or

(3.3)

In the case of (3.2), y = ut1.y-y=1 = pu==£1 = ~ =4t
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For a general curve its binormal is given by b = Esng")” x4" where s = ||¥'(t)||. If
~ = =+t; is the spherical involute of ~; then 4'x~” would be parallel to ;. But for
Y = :i:tl,

Y1 X (Yxy") = x (G xt]) = (1 - t1)t) — (1 -t
= (71 - (Kimr+ky [—K1ts +Tiba])t) — (77 - k1m1)t]

= [k} (—R1) + k1 (=TLRY)| t) — k1 (—Ri)t]

=t} = kin;—k¥; + K111y
#0
So £t} x £ t7 is not parallel to v; and +t; is not the spherical involute of ;.

In the case of (3.3), A"+ = 0. Thus A = ¢; cos s3+ca sin s; and p = —cj sin 81+c5 cos 81.
M4u? =1= 2+ c% = 1. So we can find an angle g such that ¢; = cosfy and ¢ = sin 6.
Then

A = cos 8 cos 81 + sin B sin s7
= cos(fy — 31)

> = v(s1) = cos(fg — s1)7v1(s1)+sin(fg — s1)t1(s1).
p = —cos g sin 81 + sin g cos 51

= sin(fy — s1) )

8y is the angle made by «(s1) and 4;(s;1) when s; = 0. So

Y (s1) = sin(fo — s1) [v1(81) + &1(s1)n1(s1)]
= sin(6p — 51) {-’-{—lé [£3(s1) — 1] mi(s1) — (TlR’l)(sl)bl(sl)} .
= sin(8 — 1) {a(s2) [(TLRE) () ma(51) = (TaBY) ()b (o) }
So the spherical involute of 4, has a cusp when s; = 6y or (T1R})(s1) = 0 i.e., v, is great

at s1. Here the spherical evolute «; could be great at s; because the spherical involute ~
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might have a cusp at the corresponding point. This does not contradicts Proposition 7,
where the spherical involute 4 is a regular curve.
Here we verify that the spherical evolute of ¥(s;) = cos(6p—s1)7v;(s1)+sin(6p—s1)t1(s1)

is indeed 4, as follows:

Y1(81) - ¥'(s1) = v1(s1) - [sin(6o — s1)7v1(s1) + K1(s1) sin(fp — s1)n1(s1)]
= sin(fp — 81) + k1(s1) sin(fp — s1) [~ R1(s1)]
=0

and

Y1(s1) - v"(s1)

= 71(81) - {—cos(0p — s1)71(s1) — [K1(s1) cos(6o — 1) — K1(s1) sin(b — s1)] n1(s1)+
+sin(f — s1) [1— £2(s1)] ta(s1) + £1(1)71 (51) sin(Bp — 51)by (51)}

= —cos(f — 1) + Ri(s1) [k1(s1) cos(Bo — 1) — K1 (s1) sin(6p — 51)]

—T1 (Sl)Rll (sl)m(sl)ﬁ(sl) sin(90 - 81)

_ _E'(Ll)s-n —31) — K1(s —'{,(81) sin(fp — s
- ﬁi(sl) info = s1) = 1)[ "&%(51)] (o =)

= T X (YY) = (v Y)Y = (Y)Y =0.

So v, is the spherical evolute of 4 and « is the spherical involute of ;.

We summarize this result in the following proposition:

Proposition 10 Suppose at each of its points the spherical tangent to ~ is normal to a
spherical tangent to vy, at a corresponding point and ~(s1) is on the spherical tangent to
1 at y1(s1). Then v(s1) = cos(6p — s1)v1(s1) +sin(fp — s1)t1(s1) or v(s1) = Lt1(s1), but

only ~y(s1) = cos(bg — $1)v1(s1) +sin(fp — s1)t1(s1) is the spherical involute of v, and v, is
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the spherical evolute of «y, where 6y is the angle made by v(s1) and ~,(s1) when s; = 0. The

spherical involute vy(s1) has a cusp when s; = 6 or (T1R})(s1) =0 i.e., 7, is great at s;. W

Remark 7 At each of its points £t; is normal to a spherical tangent of ~v; but £t; is not

the spherical involute of ;.

3.3 Local Diffeomorphic Image of the Spherical Evolute

In this section we’ll use the same technique as used in [1] on the application of the
unfolding in [3] to get the local diffeomorphic image of the spherical evolute of v. We first
state some definitions about the unfolding, the versal unfoldings and the (p)versal unfolding,
and Ag-singularity (Definition 3.6 in [3]) then a theorem on the (p)versal unfolding in (3]

for later use.

Definition 11 Let F': R x R", (s0,%X0) — R be a smooth function and f = Fy,, Fx,(s) =

F(s,xq). Then F is called an r-parameter unfolding of f.

Definition 12 Let G : R x RP,(sg,y0) — R be a p-parameter unfolding of the function
g = Gy,. Let

a:R xR",(s0,%0) — R where a(s,xg) = s close to s

b:R",xp — RP,yg

c:R,xg—R

be smooth. Then the unfolding F': R x R", (so,%0) — R defined by
F(s,x) = G(a(s,x),b(x)) + c(x)

is said to be (p)induced from G. If G is such that every unfolding of g is (p)induced from

G then G is called a (p)versal unfolding of g at s.
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Here (p) mean potential. Note that F' is an unfolding of f, where f(s) = g(s) + c(xq),

which is g up to an additive constant.

Definition 13 Induced and versal unfoldings: this is as in the last definition with ¢ = 0.

Definition 14 Given a differentiable function f :R,s0 — R. For k > 0, f is said to have
type Ay at so, or an Ag-singularity at sg, if f®)(sg) = 0 for all p with1 < p < k, and
F®E+H(s0) # 0. We also say that f has type A at so when f®)(so) = 0 for all p with

1<p<k

Let F: RxR", (s0,%0) — R be an r-parameter unfolding of the function f = Fy,, Fx,(s) =

F(s,x0), x = (z1,...,%r).

Theorem 15 (6.10p in [3]) Let the (k — 1)-jet of OF /0xz; at xo be
FFHOF /0xi(s,%0))(50) = 0158 + qgis? + -+ - + a1 ;8571 (without the constant term) for
i=1,...,r. Then F(s,x) is (p)versal iff the (k—1) x r matriz of coefficients (a;;) has rank

k — 1. (This certainly requires k — 1 < r, so the smallest possible value of r is k —1.)

In our case, for the curve v, let F: I x S — R be F(s,x) = de(s,%x) = (7(s) ~ x) -
(v(s) —x) (noting 3). Then for any fixed xo € S2, F(s,x) is a 2-parameter unfolding of the
function f(s) = F(s,x¢). And the following theorem is essentially due to Pei, Donghe and

Sano, Takashi. (c.f. Theorem 4.2 (2) in [1}).

Theorem 16 For the unit speed curve v = (r1(s),m2(s),3(s)) on the unit sphere S? and

k=2,3, if f(s) has the Ag-singularity at sg € I, then F is the (p)versal unfolding of f.
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Proof. Since x = (21,22,x3) € S2, m% + x% + x% = 1. 1,29 and z3can’t be all zero.

Without loss of generality, suppose z3 # 0. Then by 3 = £+/1 — (] + 5), we have

F(s,x)
So

oF

3.731
and

or

5$2

= (v(s) —x) - (v(s) = x)

2
= (r(s) — m1)* + (rals) — z2)* + [7"3(3) F1- @+ x%)} .

2(931—7"1(5))+2[7‘3(8):F\/1—($%+$%)} [ T i($21+ )
— (xf + x5

2
~2r1(s) + —2r3(s),
I3

.’El J,‘2

2x
—2ra(s) + 2r3(s).
3

Let xo = (%o1,Z02,%03) € S? and assume xg3 # 0, then j1(8F/0xi(s,%¢))(s0) =

.
—2rl(s0)s + Zro r5(s0)s, and
o3

02 ¥/

7% (OF)0z:(s,%0)) (s0) = —2ri(s0)s — 7] (s0)s* + 25%7"5( 0)s + Zos ® 50)8°

(k — jets without the constant term)

So the (2 — 1) x 2 matrix My = (aq1, o12) of coefficients « as in Theorem 15 is

2z
My = |=2r1(0) + 2 (s0), ~2r3(o0) + 2 (so)|

the (3 — 1) x 2 matrix M; of coefficients o as in Theorem 15 is

My =

Q1 012 —2r1(s0) + —7‘3(80) ~2r5(s0) + ~—37‘3( $0)

To2
rlt 0)

01
a1 o —-r{(s 0)+——7"§,'(80) —r5(s0) + 70s 3
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When f has the Ag-singularity (k = 2,3) at s € I, then Fy (so) = Fy,(s0) = 0 and by

Proposition 4

1
Xo = (9301,.'L'02,:L'03) = :tb(SO) = :I:t(So) X n(so) = i——'yl(s()) X ’7”(80)

k(s0)
=> 4
zor = £ [rh(s0)rd(s0) — (50} (s0)]
k(so)
oo = i—(1~) Iy (50} (s) — 74 (s0)7% (s0)]
KRS0
o = iE(‘ia [, (s} (s0) — 4 (s0)r(s0)] -

The determinant of My

det(Mz)
. {7“'1(30)7”5(30) — rh(solrd(s0) + 22 rhso)r{ (o) = v} (o))
29 50§ (50) — rg<so>r3(so>]}
o3

01 wl)
Zo3

X
:i:2li(30)(£l:03 4+ -E-Q:OQ +

2&(50) 7& 0

So by Theorem 15, F is the (p)versal unfolding of . W

Remark 8 Ify = (r1(s),72(s),73(s)) is a general curve on the unit sphere S%, Theorem 16
still holds: when f has the Ag-singularity (k = 2,3) at so € I, then F (s0) = Fy (s0) =0
and by Remark 4 after Proposition 4

0 = (s 0, 530) = 000 = iy g (0) X 7'

= det(Ms) = 2”’7 (tOL;'yu(to)H £ 0 because k(t) = [0 (j?)l?t;yuf;(to)” £0.

Here we state a theorem in [3] (see 6.16p, 6.17p, 6.18p in [3]):
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Theorem 17 Let F': (RxR", (s0,%0)) — R be an r-parameter unfolding of f(s) which has

the Ag-singularity at so. Let the bifurcation set of F' be denoted by

OF F
Br = {x € R"| there exists s with 9

Ez—éggzo at (3,3])}

Suppose that F is an (p)versal unfolding. Then
(a) if k =2, then BF is locally diffeomorphic to {0} xR™1;
(b) if k = 3, then B is locally diffeomorphic to CxR™2;

(c) if k = 4, then B is locally diffeomorphic to SW xR™3,
where C = {(z1,22)|z% = 23} and SW = {(z1, 22, 23)|71 = 3u? + w?v, 22 = 4u® +

2uv,x3 = v}.

So by above Theorem 15, 16, 17, Proposition 4 and Remark 3 after Proposition 4 we

have the following theorem (c.f. 4.2 (4) in [3]):

Theorem 18 Let v be a unit speed curve on S? and u € S2, then the spherical evolute of

~ 18
(a) diffeomorphic to a line if T(sg) # 0;
(b) diffeomorphic to the ordinary cusp C if T(so) =0 and 7/(sp) # 0. W

Remark 9 This theorem holds for a general curve o by Remark 4 after Proposition 4.



CHAPTER 4

Spherical Orthotomic and Antiorthotomic

4.1 Spherical Orthotomic

Given a spherical unit speed curve v and a point u € S2. The spherical tangent to ~

at s is given by

ie.,

x-x=1,
(4.1)

x-:(Rb —TR'n)(s) =0.

Then the spherical orthotomic of 4 relative to u is defined to be the set of reflections of
u about the planes where the great circles (4.1) lie for all s € I. We denote the spherical

orthotomic of = relative to u by u. Then
u=2((y—u) -v)v+u,

where v = :: (g:z)z“ is the unit tangential projection of b in the tangent plane to the sphere

at v (see Figure 2)
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Figure 2: Unit tangential projection of b in the tangent plane to the sphere at ~

and

b—(b-~)y b+ TR (—Rn—TR'b)

(1 - (TR))b-TRR'n
= R’b-TRR'm,
noting 4 = — Rn—TR'b and R? + (TR')? = 1. And
b —(b-~¥)v|| = R+ (TRR)? = R\/(R? + (TR')?) = R. So v = Rb—TR'n. By
4-v=Ry -b—TR~v-n=R(-TR)-TR(-R) =0, (4.2)
we have
u = -2u-v)v+u (4.3)
= —2[u-(Rb—TRm)] (Rb—TR'n) + u
= [-2R(u-b)+2TR'(u-n)] (Rb—TR'n) +u

= u—{2TR [TR'(u-n) — R(u-b)|n—2R[TR'(u-n) — R(u-b)] b}.
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Now we compute the derivatives of v and u.

v/ = R'b—7Rn—- (TR')Y'n - TR'(-kt+7b) (4.4)
= —[rR+(TR)|n+TR'st

= TRkt,

noting TR+ (TR')’ = 0 (see (8 — 12) in [16, Page 32].)

v = (-2)[(u-v)v+(u-v)v] (4.5)
= (-2){TR'k(u-t)(Rb—TR'n) + [R(u-b) —~ TR'(u-n)] TR'xt}

= (-2){TRk[R(u-b)—TR'(u-n)]t — (TR)?k(u-t)n+ TR (u-t)b}.

Sot =0&
)

TR'k(R(u-b) —TR'(u-n)) =0

{ (TR)2k(u-t) =0 (4.6)

TR'(u-t) = 0.
IfTR'(s) = (b-7)(s) = 0 then w'(s) = 0. i.e., if 4y is great at s then 0W'(s) = 0 by Proposition

1. If TR' # 0 then from (4.6) , we have

R(u-b)—TR'(u-n)=0
(4.7)

u-t=0
Since u-t =0, we can write u = uin + usb. Then

RI

Ui .

Ru-b)—TR(u'n)=0 = Rug—TRu; =0 = uy=
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Furthermore
ue §?
= w+ui=1
= [(%R’)? + 1] u=1
= [(TR)?+ R u? = R?
= u?=R?since (TR)?+ R?=1.
Hence
u; = &R
uy = +TR'.
So

u = uin+ usb =+ (Rn+ TR'b) = F~ since v = —(Rn + TR'b).
And obviously u = £(Rn+TR'b) satisfies (4.7). We have proved the following proposition:
Proposition 19 Let v be a unit speed curve on 52, and u € S? is not on ~ or its antipodal

image (u ¢ £). Let 1 be the spherical orthotomic of y relative to u. Then W (s) = 0 &

TR'(s) = (b-~4)(s) =0, i.e., v is great at s. W

4.2 Spherical Orthotomic as the Envelope of a Family of Geodesic Circles Centered at

~(s) and Passing through u

First we state a definition about the discriminant set.

Definition 20 Let F : (RxR",(s9,%0)) — R be a r-parameter unfolding of f(s). The

discriminant set of F is defined by

Dp = {m € R" | there exists s with F = %—f =0 at (s,m)}.
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Let v = ~(s) be a unit speed curve on S?, u € 8% and F(s,x) = (y —x) - (v —x) — (v —
u) - (y —u) for x €82. So F(s,x) = 0 is a family of geodesic circles on §? centered at v(s)
and passing through the point u. Actually they are the intersection of a family of spheres

centered at v(s) and passing through the point u with S2.

F(s,x)=y-y—2x-v+x-X—v-y+2u-y—u-u

=2(u—x) -5 sinceu-u=x-x=1.

Then the envelope of the family F(s,x) = 0, i.e., the discriminant set of F' is Dp =

{x| F(s,x) = 1?%2”5) = 0 for some s € I}.

F(s,x)za—FéZﬂ=0 & (u-x)-y=(u—-x)-t=0.

By (u—x) -t =0 we can write u — x = v;n + v2b. So
(u—x)-y=0= vin-y+wnb-y=0 = —Rv; —TRv =0.

On the other hand

u-x=vn+wmnb = x-x=u-u-2w(u-n)+uv(u-b)]+v?+v2
= v? +v3 —2[vy(u-n)+ve(u-b)]=0sincex-x=u-u=1.

By —Rv; — TR'vy = 0 we have

U2=%71§7U1 ==>U%[l—f—(%—g—,y]—Q[H-U—T%(u-b)]’lq:()
= v? —2TR'[TR'(u-n) — R(u-b)]v; =0 since (TR')2 + R* =1.

Then

v =0 v = 2TR' [TR'(u-n) — R(u - b)]
or

Vg = 0 vy = —2R [TR’(u . n) — R(u . b)] .
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Therefore,
x=u orx=u-{2TR [TR'(u-n) - R(u-b)]n—2R[TR'(u-n) — R(u-b)] b}.
If
u= u- (2TR'[TR'(u-n)— R(u-b)|n—2R[TR(u-n)— R(u-b)]b)(s)
for some s € R,
(here 2TR' [TR'(u-n)— R(u-b)]n—2R[TR'(u-n) — R(u-b)]b)(s) mean the evalua-
tion of
(2TR'[TR'(u-n) — R(u-b)|n—2R[TR (u-n) — R(u-b)]b) at s and we’ll use this no-
tation throughout this paper)
then

[TR'(u-n) — R(u-b)] (s) =0,

this implies that u is on the great circle (4.1). So the discriminant set

DF

= {u}U{u~- (2TR' [TR'(u-n) — R(u-b)|n— 2R [TR'(u-n) — R(u-b)] b)(s), s€ I}.
By (4.3)
U=u- {2TR [TR'(u-n) — R(u-b)|n— 2R [TR'(u-n) — R(u-b)] b}.

So the discriminant set of F consists of the point u and the spherical orthotomic of ~

relative to u. i.e.,

F(sg,x) = @—(gg—’}—) =0 & x=uorx=(-2(u-v)v+u)so) (4.8)



OF (sp,x) _ 0%F(s9,x%)
Os - 0s?

& (u—x)-v(s0) = (u—x)-t(sg) = k(u—x)-n(sp) =0

F(So,x) = =0

& x=uor
x=u—-(2TR'[TR'(u-n)— R(u-b)|n —2R[TR'(u-n) — R(u-b)]b) (sp)
and 2TR' (TR'(u-n) — R(u-b)) (sg) =0
& x=uorx=u—2(R%u-b)b)(so) and TR'(sp) =0

ie.,

OF (so,x) _ 0°F(so,
F(s0,x) = (;;’ X) _ ;:3 %) — 9

& x=uorx=(=2(u-v)v+u)(s)) =u—2(R*(u-b)b) (s) and TR'(sp) =0

& x=uorx=(-2(u-v)v+u)(s)) =u-—2(R%(u-b)b) (s0) and « is great at so.

and

OF(sg,x) O0*F(sg,x) 8%F(sp,x)
Flso,x) = 8s 9 9888 0

& (u=—x)-(s0) = (u—x) - t(s0) = (k(u = x) - n) (s0)

= (K'(u—x) - n+ k(u —x) - (=&t + 7b)) (s0) = 0
€ (u—x)-7(s0) = (u—x) - t(s0) = (u - x) - n(sp)
= (u—x) - (=Kt + 7b)(s0) = 0
& x=u,orx=(-2(u-v)v+u)(so) =u-—2(R*u-b)b)(so),
TR'(s0) =0 and — 2 (R%(u-b)r) (s0) = 0
& x=uor x=u—2(R%(u-b)b) (s0), v is great at so and 7(sp) = 0,

ie.,

OF(so,x) 0*F(sg,x) O3F(sp,x)
Fso,x) = 8s 92 0s8 0

& x=uorx=u-2(R*(u-b)b)(s0), v is great at so and 7(sg) = 0.

33
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Obviously, if x = u then F(s,x) = 0 and there is no k > 1 such that Qk—%:,f—’ul # 0 for any

s0 € R. So from the above we have the following proposition:

Proposition 21 Given a unit speed curve 4 on S? and a point u € S2. Let

F(s,x) = (7(s) = %) (v(s) = x) = (7(s) = u) - (7(s) —u), x € §%.
For xg € 8% define f(s) = Fx,(s) = F(s,xo). Then

f has the A;-singularity at s

< x9o=u-(2TR'[TR(u-n)—R(u-b)]n—2R[TR'(u-n)— R(u-b)]b) (s) dbut
Xo 7 u and v is not great at so

& xp=u-—(2TR [TR(u-n) -~ R(u-b)jn—-2R[TR'(u-n)— R(u-b)]b)(s) dbut

(TR'(u-n) — R(u-b))(sp) # 0 and v is not great at sop;

and
f has the As-singularity at sg
& xo=u- (2R?(u-b)b) (so) but
(R(u-b))(s0) #0, ~ is great at sg and 7(sg) # 0.
|

4.3 Local Diffeomorphic Image of the Spherical Orthotomic

In order to investigate the local diffeomorphic image of the spherical orthotomic, we

need Theorem 6.10 in [3].

Theorem 22 (6.10 in [3]) Let F : (RxR",(s9,%¢)) — R be an r-parameter unfolding of
f(8) = Fx,(8) = F(s,x0) and assume f has the Ag-singularity at so (k > 1). Let x =

(x1,...,2,) and the (k—1)-jet with constant of OF /8z; at xo be j* 1 (OF /0zi(s,%0))(s0) =
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og; + 0138 + a8 + - ak_l,is’“_l fori=1,...,r. Then F(s,x) is versal iff the k x r
matriz of coefficients (oyi) for j = 0,...,k —1; ¢ = 1,...,r has rank k. (This certainly

requires k <, so the smallest possible value of r is k.)

Now we will investigate if F'(s,x) = 2(u — x) - v is a versal unfolding of f(s) = Fx,(s) =

2(u—xg) -~ for u ¢ +~.

Theorem 23 For the unit speed curve v = (r1(s),r2(s),73(s)) on the unit sphere S* and
k=1,2, if f(s) as above has the Ag-singularity at sy € I and x¢ # u, then F is the versal

unfolding of f.

Proof. Since x = (x1,29,23) € 5%, a:% + :c% + m% = 1. 1,29 and z3can’t be all zero.
Without loss of generality, we suppose 3 # 0. Then by x3 = £+/1 — (ac§1 + acg), we have

F(s,x) = 2(u—x) - ~(s)

OF 2z 1 OoF

_8?1 = —27’1(3) + x—37"3(8), 8—1:2

Let xg = (%01, o2, Zo3) € S? and assume 23 # 0, then

2
= —2r9(8) + “2ry(s).
x3

jl (8F/8x1(s,x0)) (80)
_ 2z0; / 2zo1
= —2ri(so) + ——73(s0) — 2ri(so)s + —=r3(so)s,
Zo3 Zo3
and
j* (0F/8z3(s,%0)) (s0)
N 2x02 ’ 2:1,'02 ’
= —2ry(so) + ——73(s0) — 2r5(s0)s + ——r3(s0)s.
o3 o3

So the (2 — 1) x 2 matrix My = (@11, a12) of coefficients @ as in Theorem 22 (6.10 in
B]) is

2x 2x
My = |—2ri1(so) + 1 r3(s0), —2r2(s0) + ] 7‘3(80)] ;
03 Zo3
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the (3 — 1) x 2 matrix M of coefficients a as in Theorem 22 (6.10 in [3]) is

2%01 2z g2
u a1 oz ~2r1(so) + Ers(so) —2ra(s0) + ;63—7“3(80)
2 pumg =
2z 2x
a1 99 —2r}(s0) + —é—l—ré(so) —2r5(s0) + K(;ZTQ(SO)

When f has the Ag-singularity (k = 1,2) at so € I, then Fy,(s) = Fy (s) = 0 and by

(4.8) xp=uor
xo=u— (2TR [TR'(u-n) - R(u-b)|n - 2R [TR'(u-n) — R(u- b)] b) (so).
Now we need to find the condition for M, to be nonsingular.

det My = 4 [T1(80)7“I2(30) -7 (30)7'2(30]

— 22 [ (s0)r(50) = 7 (s0)73(50)] + =2 [ra(s0)rh(sa) — rh(so)ra(so)] |
Zo3 o3

4
= = et !
703 de (XO,7(80)77 (SO))

4
= — det (x0,7(s0), t(s0))
Zo3
Therefore,
Mj is singular < xo = Ay(sg) + pt(so) for some A, € R.
Now suppose xp # u, then
xo =u— (2TR' [TR'(u-n)— R(u-b)|n —2R[TR'(u-n) — R(u-b)] b) (so)  (4.9)

because Fy,(s) = Fy,(s) = 0.

So if My is singular then we have

My(s0) + pt(so)

= u-— (2TR [TR'(u-n) - R(u-b)|n—2R[TR'(u-n) — R(u-b)] b) (so)
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R
(A(=Rn + TR'b) + ut) (so)
= ((u-t)t+(u-n)n+(u-b)b
—[2TR' [TR'(u-n) — R(u-b)|n — 2R [TR'(u-n) — R(u - b)] b]) (s0)
—
(=ARn + ATR'b + /,Lt)(So)-
= ((u-tht+{u-n—-2TR' [TR(u-n) — R(u-b)]} n
+{u-b+2R[TR(u-n)— R(u-b)]}b) (so)
= (
t(so) - u=p
{ {u-n—2TR [TR'(u-n) - R(u-b)]}(s0) = —AR(s0)
\ {u-b+2R[TR(u-n)— R(u-b)]}(s0) = ATR/(s0)
FR—
u-t(sp) = p,u-n(sp) = —AR(sp),u-b(so) = ~ATR(s0)
=

w = ((u-t)t+(a-n)nt(u-b)b) (s0)
= ut(so) — AR(so)n — AT R/(s0)b
= pt(so) + Ay(so) = %o,
i.e., u = xg. This contradicts the assumption x¢ # u. So when xg # u, M, is nonsingular.

And M has rank 1.So by Theorem 22 (6.10 in [3]) F is the versal unfolding of f. W

Here we need a theorem in [3] (see 6.16, 6.17, 6.18 in [3]):
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Theorem 24 Let F : (RxR",(s0,%0)) — R be an r-parameter unfolding of f(s) which has

the Ag-singularity at so. Suppose that F' is a versal unfolding.
(a) if k =1, then D is locally diffeomorphic to {0} xR"~%;
(b) if k =2, then ®p is locally diffeomorphic to CxR™2;

(c) if k =3, then D is locally diffeomorphic to SWxR"3,
where C' = {(z1,72)|2? = 23} and SW = {(z1,72,23)| 71 = 3u? + v?v, 29 = 403 +

2uv, x3 = v}.
Then by (4.8), Theorem 22, 23, 24 and Proposition 21 we have:

Theorem 25 Let v be a unit speed curve on S and u € S?, then the spherical orthotomic

of v relative to u is, around the point corresponding to s = sp,

(a) locally diffeomorphic to a line if v is not great at sy and

(TR'(u-n) - R(u-b)) (s0) #0;

(b) locally diffeomorphic to the ordinary cusp C if v is great at sg, but

(R(u-b))(so) # 0 and 7(sg) # 0.

4.4 Spherical Antiorthotomic

Definition 26 Given a spherical curve v and a point u € S2, a spherical curve 6 is called
the spherical antiorthotomic of o relative to u if vy is the spherical orthotomic of 8 relative

to u.

By the definitions of the spherical orthotomic and the spherical antiorthotomic, we

know the spherical antiorthotomic of 4 relative to u is just the envelope of the family of the
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great circles the planes of which perpendicularly bisect the chords connecting the points of

~ and u. These great circles are given by the following:

x-x=1,
(4.10)
x-(y —u) =0.
Let F(s,x) = x-(y — u) for x €52. Then for x €5?%, F(s,x) = 0 defines the family of
the great circles in (4.10). Then the envelope of the family of great circles F(s,x) =0, i.e.,

the discriminant set D g of F' is given by

So we can write X = zyn + 23b. Thus
x(y=-u)=0
= (zin-+z3b)(y —u)=0
= zmn-y—2z(u-n)+xb-y—z9(u-b)=0
= —z1R—z1(u-n)—22TR —z3(u-b)=0
= z1(R+u-n)=—(TR +u-b)z,.
Then
ritri=1
= [(TR'+u-b)2+(R+u-n)?z3=(R+u-n)?
= [(TR’)2 + (u-b)2 +2TR (u-b)+R? + (u-n)? + 2R(u - n)] 22 = (R+u-n)?

= [1+1—(u-t)2—2(u-7)]x§=(R+u-n>2

since (TR)?+R?=1,(u-t)*+(u-n)>+(u-b)2 =1

andu-vy=[(u-t)t+(u-n)n+ (u-b)b]-(~Rn —TR'b) = -TR'(u-b) —~ R(u-n).
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And
(TR +u-b)?4+(R+u-n)?=0 & n(y—-u)=b(y—u)=0
< y—ult
& 4 —u = At for some AeR.
& u-t=-A,u-n=-Randu-b=-TR.
So u-t = 0 by (u-t)’>+(u-n)®+(u-b)® = 1 and (TR')>+R? = 1. Hence u =— Rn—TR'b = ~.
If u is not on 4, i.e., 2 ~ (u-t)% = 2(u-v) # 0, we have

TR +u-b

T =+ ’
V2 - (u-6? —2(u-7)
R+u'n

a:2=:i: .
V2 - (u-6)? —2(u-v)

Thus the spherical antiorthotomic of 4 relative to u is:

TR'-i—u-b R+u-n
oo "o b|. (4.11)
|:\/2—(u-t)2_2(u.7) \/2—(11-13)2——2(11.7) :|

We have
- x=:|:( TR +u-b e R+u-n b) (s0),
V2- (@t =2ue) 2 (uet)? —2(ue)
F(s,x) = BF(gs,x) = 82F3(jg’x) =0eox(y-u=x-t=xkn=0
& x = +b(sp) and (TR’ 4+ u-b)(sg) =0,
and

OF(sg,x) _ 0%*F(sg,x) _ 03F(sq,x)
os 98s2 s’

& xM-uw=x-t=xkn=x-(kn-k%*t+krb) =0

F(s0,x) = =0

& x==xb(sp) and (TR + u - b)(sg) = 7(sp) = 0.
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Let f(s) = Fx,(s) = F(s,%o), then from the above we have

Proposition 27 Given a unit speed curve vy on S? and a point u € S% which is not on ~

and let F(s,x) = x-(v — ), x € §2. For xg € 5? define f(s) = Fx,(s) = F(s,x¢). Then

f has the Aj-singularity at sg

TR +u-b R+u-n
& x== n-— b (80)
(\/2—-(u-t)2—2(u-7) \/2_(11.1;)2_2(11.7) )

but (TR 4+ u-b)(so) # 0.

and

f has the As-singularity at s

& xg = tb(sg) and (TR + u- b)(sp) = 0 but T(sg) # 0.

4.5 Local Diffeomorphic Image of the Spherical Antiorthotomic

Theorem 28 For the unit speed curve v = (r1(s),m2(s),73(s)) on the unit sphere S? and a
pointu € §2 which is not on~y (i.e., 2—(u-t)>*~2(u-y) #0), k = 1,2, if f(s) = xo-((s)—u)

has the Ag-singularity at so € I then F is the versal unfolding of f.

Proof. Since x = (#1,%2,23) € S%, 2 + 23 + 2% = 1. 21,2 and x3can’t be all zero.
Without loss of generality, we suppose z3 # 0. Let u = (u1,us,u3) € S% Then by z3 =

+4/1 — (29 4+ x3), we have

F(5,%) = x(y ~ )

oF . T
oo r1(8) —u1 — = [ra(s) — us]
oF

8_51:2 = 1ro(s) — ug — 'z—i [7"3(3) — ug]
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Let xo = (zo1, %02, %03) € 52 and assume zo3 # 0, then

j* (0F /0z1(s,%0)) (s0)

T o1
= 71(s0) — u1 — —= [r3(s0) — u3] + 1 (s0)s — —=75(s0)s,
Zo3 o3

and

j* (OF /0wy (s, %0)) (s0)

T 02
= ra(s0) —uz — :,C—((E [r3(s0) — us] 4+ r5(s0)s — ;6;7'3(80)5-

So the (2 — 1) x 2 matrix My = (@11, 12) of coefficients « as in Theorem 22 (6.10 in [3]) is

T Zo2
My = |r1(s0) —u1 — —= (r3(so) — us) , m2(s0) — ug — —= (r3(so) — us)|;
o3 o3

the (3 — 1) x 2 matrix My of coefficients « as in Theorem 22 (6.10 in [3]) is

11 Og2
M2 = =
Qo1 (2

When f has the A

Proposition 27 xp = £

[ Zo1 Zo2
r1(80) — u1 — s (r3(so) —us) 72(s0) — U2 — s (r3(s0) —u3)

zo2 ,

z
i (s0) = —*74(s0) rj(s0) = — 2} (s0)
- o3 o3
k-singularity (k = 1,2) at s € I, Fx,(s) = Fy,(s) = 0 and by
TR +u-b R+u-'n

b (80).

@ —2(u) 2wt —2u-n)

Now we need to find the condition for My to be nonsingular.

det My = [7‘1(30) —uy — %(ra,(m) - w-s)] [7“'2(80) - z—zzré(SO)]

- o0 == Z2 ) = )] [t = 2kt

= m% {[zo3(r1(so) —u1) — zo1(r3(s0) — us)] [wosra(se) — zo2rs(so)]

03

— [zmos(ra(so) — uz) — wo2(73(s0) — us)] [xo3ry(s0) — z0173(50)] }

1

03

= — [283(r1(s0) — w1)r5(s0) — Toazos (1 (s0) — u1)ri(so)
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—201203(73(s0) — u03)r3(s0) + TorZo2(r3(s0) — us)r3(so)
a3 (ra(s0) — u2)ri (s0) + zo1zo3(r2(so) — u2)ri(so)
+202703(73(s0) — u3)r1(S0) — To1%02(r3(s0) — us)r3(so)]
= 27 [ehtra(o0) = w)r(on) = soamnr (o) — 1) )
—z01203(r3(s0) — u3)ry(s0) — 23 (r2(s0) — u2)ry(s0)
+201203(r2(50) — w2)73(s0) + To2z03(r3(so) — us)ry(so)]

1
= — det(xo,v(s0) — u, 7’(50))
o3

1
= —det(xg,¥(s0) — u,t(sp)).
o3

det My =0

X0, (7(s0) — u) and t(sg) are linearly dependent

by Proposition 27

(A(y = u) + pt)(s0) (4.12)

= [(TR' +u-b)n- (R+u-n)b](so) for some A, u € R

{A(~Rn—TR'b~[(u-t)t + (u-n)n+ (u-b)b]) + ut} (so)

= ((TR +u-b)n— (R+u-n)b) (sp)

(lw=Mu-t)Jt —[AR+A(u-n)+ TR +u-b]n+

+ [-ATR' = Mu-b)+ R+u-n]b)(sp) =0
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’

(u—A(u-t))(s0) =0

AR+ (u-n))+TR +u-b)(s9) =0 > (4.13)

| (-ATR + (u-b)) + R+u-n)(so) =0

which implies A(R + u-n)? = —A\(TR' + u-b)2. So, if A # 0, then
R?+2R(u-n)+ (u-n)’=— [(TR)? + 2TR'(u-b) + (u-b)?]

= 142R(u-n)+2TR'(u-b)+(u-n)’>+(u-b)2=0

= 2—(u-t)*—2(u-4)=0.

But it is not possible by the assumption in the theorem.

If A =0, then g =0 by (4.13) and [(TR' +u-b)n — (R + u-n)b](sg) = 0 by (4.12).
This implies (TR’ + u-b)(sp) = (R+ u-n)(sg) = 0. Then we have

u=[(u-t)t — Rn—TR'b](so)
= u=r~(so) by (u-t)>+ (u-n)*+ (u-b)*=1and (TR)? + R2=1.

This contradicts the assumption.

So when u is not on 4 ( i.e., 2 — (u-t)* —2(u-+) #0), M, is nonsingular. And M,
has rank 1. So by Theorem 22 (6.10 in [3]) F' is the versal unfolding of f. M.

So by (4.11), Theorem 22, 28, 24 and Proposition 27 we have:

Theorem 29 Let v be a unit speed curve on S? and u be a point on S? which is not on v
(i.e., 2 — (u-t)> —2(u-~) #0). Then the spherical antiorthotomic of v relative to u is,

around the point corresponding to s = sy,
(a) locally diffeomorphic to a line if (T'R' + u - b)(sg) # 0;

(b) locally diffeomorphic to the ordinary cusp C if (TR' +u-b)(sg) =0 but 7(sg) # 0.



45

4.6 Spherical Evolute of the Spherical Orthotomic and the Caustic by Reflection

Suppose a “ray of light” emanating from u travels along the geodesic (the great circle)
on S? and is reflected by the curve 4 at 4(s). U is the spherical orthotomic as in (4.3). The

spherical normal to u at s is given as follows:

i.e.,

xx=t (4.14)
TR'kx-{[R(u-b) — TR'(u-n)|t — TR (u-t)n + R(u - t)b} = 0.

On the other hand, the reflection @ of u in the plane, where the spherical normal to v

at y(s) lies, is given by

=]

= 2[(y-u)-tjt+u

= —2(u-t)t+u.

The reflected “ray of light” (the great circle) by the curve « at 4(s) of the “ray of light”

emanating from u is given by

(4.15)

Now we compute v X U.
vyxu = (—Rn—TR'b) x[-2(u-t)t+]
= 2R(u-t)nxt+2(u-t)TR'bxt—{[R(u-b) —TR(u-n)] t+

TR(u-t)n— R(u-t)b}
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= [TR'(u-n)—R(u-b)] t+TR'(u-t)n - R(u-t)b

= —{[R(u-b)-TR(u-n)]t—TR(u-t)n+ R(u-t)b}.

Hence ' || ¥ x @ and then (4.14) and (4.15) define the same great circle. (If TR = 0, we
may consider (R(u-b) —TR'(u-n))t — TR'(u-t)n+ R(u-t)b as the direction of u’.)

So the envelope of the family of the spherical normals to u is same as the envelope of
the family of the reflected “ray of light” of the “ray of light” emanating from u reflected
by the curve 4, i.e., the spherical evolute of the spherical orthotomic u is the same as the
caustic by reflection of 4 relative to u.

Let F(s,x) =x- {[R(u-b) = TR'(u-n)]t — TR'(u-t)n+ R(u-t)b}. Then the spher-

ical evolute of the spherical orthotomic u is the envelope of the family F(s,x) = 0, i.e., the

discriminant set Dp = {x | F(s,x) = aFaz’x) =0 for some s € I}.
F(s,x) = 8Féss’ x) o
—
)
x-x=1,
{ x-{[R(u-b) —TR'(u-n)|t —TR'(u-t)n+ R(u-t)b} =0, (4.16)
| % {[2TR'k(u-t)]t + [(u-b) = 2TR'k(u-n)|n+ (u-n)b} = 0,

here

{[R(u-b) —~TR'(u-n)|t—TR'(u-t)n+ R(u-t)b}
= {R'(u-b)+R(u--7n) — (TR)'(u-n) - TR [u- (—kt + 7b)]} t
+[R(u-b) —TR'(u-n)| (kn) - [(TR)'(u-t)+ TR (u- kn)| n

—TR'(u-t)(—kt +7b) + [R'(u-t) + R(u- kn)| b+ R(u - t)(—7n)
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= [R(u-b)— (Rr+ (TR)(u-n) + TR'k(u-t) — R'(u-b) + TR s(u - t)] t
+{k[R(u-b)=TR(u-n)] - [(TR) (u-t)+ TR'k(u-n)] —7R(u-t)}n
+[-R(u-t)+ R(u-t)+ (u-n)]b

= [2TR'k(u-t)]t+ [(u-b) —2TR'k(u-n)| n+(u-n)b.

Suppose x = x1t+x9n + z3b € §2 is in (4.16), then we have

(
z?+at+ai=1

{ [TR'(u-n)—R(u-b)|z1 +TR(u-t)zs — R(u-t)zs =0

2TR k(u-t)x1 + [(u-b) = 2TR'k(u - n)]zs + (u-n)z3 = 0,
le.,

zi+z3+28=1

{ [TR'(u-n)—R(u-b))z; + TR'(u-t)zz — R(u-t)xs =0 (4.17)

2TR'(u-t)z1 + [R(u-b) — 2TR'(u-n)|z2 + R(u-n)z3 = 0.
Solving the second and third equations of (4.17), we have
zg(u-t) [R(u-b) — TR'(u- n)]

= 3TR’(11 . n) (u . b) + 3/"6(TR/)2(11 . b)2 _ (u . b)2K, _ 2H(TR’)2
R e R e

" 3TR'(u-n)(u-b) + 3x(TR)2(u-b)% — (u-b)’k — 26(TR)?’

Z1
(4.18)

T2
Plugging (4.18) into the first equation of (4.17) and using Maple, we have the three com-

ponents of the spherical evolute of the spherical orthotomic u :

(. _ (- t)(Ru-b)—TR(u-n))
xr] = A
! 4, = 1B b))~ TR(u-n)’ - 2TR(u t)’
A
L 3TR (u-n)(u-b) + 3x(TR)*(u-b)’ — (u-b)’k — 26(TR')?
\ T3 = A ,

where

A = [12(TR)%k(u-n)(u-b)® —6(TR)*k(u-n)(u-b) — 4TR)?(u-b)?
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+3(TR)*(u-b)? — 6TR'k(u-n)(u-b) +4k2(u- b)* — 4(u - b)*
—8(u-b)%k? +9(u-b)? + 4k? — 4 + 12(TR)?(u - n)*(u - b)®

+4RTR (u-n)*(u-b) — 3(TR)2(u - n)?z.

Now we can compute the torsion of the spherical evolute of the spherical orthotomic

x! xx!!x"

NEETdl and then use Theorem 18 and the remark after it to determine when the

by 7 =
caustic by reflection locally is diffeomorphic to a line or an ordinary cusp. It does not make

too much sense to compute the extremely complex expression for the torsion 7. So we omit

the computation of the torsion.



CHAPTER 5

Spherical Conic and its Spherical Orthotomic

5.1 Definition of the Spherical Ellipse and Hyperbola

Definition 30 A spherical ellipse (hyperbola) is the locus of the points the sum (the ab-
solute value of difference) of whose geodesic distances to two fized points is constant. These

two fized points are called the foci of the spherical conic.

For the spherical conic (ellipse or hyperbola) on the sphere, the geodesic distance is
given by (1.1).

Now we consider the spherical ellipse (hyperbola) on the sphere with foci u; and ug €
S2. Suppose the sum (the absolute value of difference) of the geodesic distances from any

point on the spherical conic to the foci is C;. So the equation of the spherical ellipse is
d(x,uy) +d(x,uy)= Ch,

and the equation of the spherical hyperbola is
ld(x,u;1) —d(x,u2) = Ci, (5.1)

where x € S2. These imply

|arccos (1 — 3x — uy[?) £ arccos (1 — 3|x — ugf?)| = G4
=  |arccos(x - up) % arccos(x - up)| = C

byx-x=uj-u; =uy-ug = 1.



50

For the spherical hyperbola we have two equations:
arccos(x - uy) + arccos(x - —ug) = C; + 7, (5.2)

arccos(x - —uy) + arccos(x - ug) = C1 + 7. (5.3)

So (5.2) is the spherical ellipse with the foci u; and —uo and the sum of the distances
Cy + 7, and (5.3) is the spherical ellipse with the foci —u; and uz and the sum of the
distances C; + 7. In (5.2), if we replace x by —x we get (5.3). This implies (5.2) is the
antipodal image of (5.3). Thus the spherical hyperbola (5.1) consists of a pair of spherical

ellipses (5.2) and (5.3), each of which is just the antipodal image of the other. Furthermore

|arccos(x - uy) =+ arccos(x - ug)| = C;

cos (arccos(x - up) % arccos(x - ug)) = cos C} (5.4)

(x-uy)(x-ug) F/1—(x-u1)2y/1 = (x-1u2)2 =cos Cy.

For d(x,u;) + d(x,u), if x is not on the great circle going through ujand ug, we can
always find some point x’ on the great circle going through ujand ug such that d(x’,u;) +
d(x',u2) > d(x,u;) + d(x,u2). So d(x,u;) + d(x,uz) achieves its maximum on the great
circle going through ujand uz. And then d(x, u;) +d(x,u2) < 27 —d(u;y, uz). We also know

d(x,u;) + d(x,u2) > d(u3, uz). Thus

cos(d(x,u1) + d(x,u2)) < cos(d(uy,uz))=u; - ug.
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For|d(x,u1) — d(x,uz)|,

ld(x,u1) — d(x,uz)| < d(uy,uy)

= cos(d(x,u1) — d(x,u2)) > uy - ug.

In the equation (x-uz)(x-ug) —4/1 — (x - u1)24/1 — (x - u2)? = cos C; for the spherical
ellipse, if we replace (uj,ug) by (—uj,—u2) , we get the same equation. This happens
because we take the cosine in (5.4). Let C = cos C, then (x-up)(x-ug) — /1 — (x-up)?
m = C consists of a pair of spherical ellipses, each of which is just the antipodal
image of the other. If we identify a spherical ellipse with its antipodal image we can define

a spherical ellipse by the following equation:

(x-ug)(x-ug) —/1—(x-u1)2y/1 - (x-u2)?2 = (5.5)

where —1 < C' < u; -ug. Actually (5.5) represents the spherical ellipse with the foci u; and
uy and the sum of the distances C; and the spherical ellipse with the foci —u; and —ug and
the sum of the distances C;, where C' = cos C;.If u; = —uz and C' = —1 then any x € S?
satisfies (5.5). So this case should be excluded from the definition of the spherical ellipse.

And we define a spherical hyperbola by the following equation:

(x-up)(x-ug) + /1 - (x-u;)2y/1 - (x-u2)? =C, (5.6)

where u; - up < C < 1. If u; = up and C = 1 then any x € S? satisfies (5.6). So this case
should be excluded from the definition of the spherical hyperbola. Both (5.5) and (5.6)
represent a pair of spherical ellipses, each of which is just the antipodal image of the other.
The difference between (5.5) and (5.6) is: for (5.5) the foci u; and ug lie inside of the same

spherical ellipse but for (5.6) the foci u; and uy lie inside of the different spherical ellipses.
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For both the spherical ellipse and the spherical hyperbola we have ((x-u;)(x-u2)—C)? =
(1= (x-u1)?)(1 - (x-uz)?). We call them the spherical conic. So the spherical conic on the

sphere satisfies the equation:

(x-u1)2+(x-u2)2—2C(x-u1)(x-u2)+C2—1=0 (5.7)

Figure 3: Spherical ellipse (1) Figure 4: Spherical ellipse (2)

-“1

Uy u |

Figure 5: Spherical ellipse (3) Figure 6: Spherical ellipse (4)
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Figure 7: Spherical hyperbola (1) Figure 8: Spherical hyperbola (2)

- Uy

Figure 9: Spherical hyperbola (3) Figure 10: Spherical hyperbola (4)
Figure 3, 4, 5 and 6 show some examples of the spherical ellipses and Figure 7, 8, 9

and 10 show several examples of the spherical hyperbolas.

5.2 Contact between the Spherical Curve and the Spherical Conic

Now we measure the contact between the unit speed curve «(s) and the spherical conic
(5.7).

Let

f(s) = ((s) - u1)? + (7(s) - uz)* — 2C(x(s) - 1) (v(s) - w2) + C* — 1,
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then 4 has 2-point contact with the spherical conic (5.7) at s iff
f(s)=f'(s)=0.
The geodesic circle centered at uy is given by
x - ug = Oy, (5.8)

where C is the cosine of the geodesic distance between the center us and any point on
the circle, i.e., the cosine of the geodesic radius of the circle. Let g(s) = uj(s) - ug — Co,
where uj is the spherical orthotomic of 4 relative to uy (c.f. (4.3)), then the circle (5.8)

has 2-point contact with the uj at s iff

g9(s)=4g'(s) =0.
We have the following proposition:

Proposition 81 Let v be a unit speed curve on S?, and u; € S? is not on ~ or its
antipodal image (ui1¢ ). Let uy be the spherical orthotomic of ~ relative to uy. Suppose
uy is smooth at s, i.e., TR'(s) # 0 by Proposition 19. Then the circle (5.8) going through
u1(s) and centered at ug € S? has 2-point contact with the Wy at s iff its geodesic radius is
d(ug,v(s)) + d(y(s),u1(s)) if uy is inside the circle(or |d(uz,v(s)) — d(v(s),ui(s))| if uz
is outside the circle), where d(ug,~(s)) is geodesic distance between ug and v(s), i.e., the

arclength of the shorter portion of the great circle connecting ug and ~(s).

Proof. In order to prove the geodesic radius is d(ug,~(s)) + d(v(s),ui(s))
(|d(uz,v(s)) — d(v(s),ui(s))|), it is equivalent to prove that the great circle going
through uy and ~(s) coincides with the great circle going through ~(s) and uj , which

is equivalent to prove (7 X ug) x (u1 x v)(s) = 0.
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u; Xy

So

Thus
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= (w —{2TR [TR'(u;-n) — R(u; -b)|n - 2R [TR(u; - n) — R(u; - b)] b})
x(—Rn — TR'b)

= R?*[-2R(ui-b)+2TR'(u; - n)] t + (TR)*[-2R(u; - b) + 2TR'(u; - n)] t
— [TR'(u1 - n)—R(u; - b)] t + TR (u; - t)n — R(u; - t)b

= [-2R%(u; -b) + 2R?TR/(u; - n) — 2R(TR')*(u; - b) + 2(TR')*(u; - n)
—TR'(u; - n)+R(u; - b)] t + TR'(u; - t)n — R(u; - t)b

= [TR'(u;-n) — R(u; -b)] t + TR (u; - t)n — R(u; - t)b.

(v x uz) x (ur x )

{[TR'(uz-n) — R(uz-b)] t = TR'(uz - t)n + R(uz - t)b} x

{[TR'(u;-n) — R(u; - b)] t + TR (u - t)n — R(u; - t)b}

TR/ (u; - t) [TR'(uz - n) — R(uz - b)] b+ R(u; - t) [TR'(uz - n) — R(uz - b)| n
+TR'(uz - t) [TR'(u; - n) — R(u; - b)] b+ RTR'(u; - t)(uy - t)t

+R(ug-t) [TR'(u; -n) — R(u; - b)| n — RTR'(u; - t)(uz - t)t

TR {(u;-t) [TR(uz-n) — R(uz - b)] + (uz - t) [TR'(u1 - n) -~ R(u; - b)]} b

+R{(u; - t) [TR (uz-n) — R(uz - b)] + (uz - t) [TR'(u; -n) — R(u; - b)|} n

(7 % 1) x (& x 7)(s) = 0

{(u1 - t) [TR(uz - n) — R(uy - b)] + (uz - t) [TR'(u; - n) — R(uy - b)]} (5) = 0.
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On the other hand

g(s) = ur'(s) w
= (-2){TR'k[R(u-b)—TR'(u-n)|t - (TR)*k(u-t)n+ TR (u- t)b} - up

= 2TR'k{(u; -t) [TR'(uz-n) — R(uz - b)] + (uz - t) [(TR'(u; - n) — R(u; - b)] }.

Since TR/(s) # 0,

g()=0 & (yxup)x(urxv)(s)=0.

Here is a proposition about a relationship between the contact of the spherical ortho-
tomic of 4 relative to u; with the circle (5.8) and the contact of the spherical conic (5.7)

with ~ :

Proposition 32 Let v be a unit speed curve on S2, and u; € S? is not on ~ or its
antipodal image (u1¢ +v). Let uy be the spherical orthotomic of +y relative to uy. Suppose
uy is smooth at s, i.e., TR/(s) # 0 by Proposition 19 and the circle (5.8) going through ui(s)
and centered at uz € S? has 2-point contact with the Uy at s, if and only if the spherical

conic (5.7) going through ~(s) also has 2-point contact with ~ at s.

Proof. Proof of sufficiency: By Proposition 31, g(s) = ¢'(s) = 0 = d(ug,ui(s)) =
d(ug,v(s))+d(y(s),ui(s)) if u; is inside the circle and then the spherical conic is a spherical
ellipse (or |d(uz2,v(s)) — d(~(s),ui(s))| if u; is outside the circle and then the spherical
conic is' a spherical hyperbola). By the construction of the spherical orthotomic we know
d(y(s), w) = d(v(s), ur(s))- So d(uz, ui(s)) = d(ug,¥(s)) + d(v(s), ui(s)) = d(uz,7(s)) +

d(~(s),u1) if the spherical conic is a spherical ellipse(or |d(ug,v(s)) — d(v(s),ui(s))| if the
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spherical conic is a spherical hyperbola), i.e., the geodesic radius of the circle (5.8) going
through uj(s) and centered at us is equal to the sum (or the absolute value of difference)
of the geodesic distances from any point on the spherical conic (5.7) going through ~(s) to
the foci u; and up € S%. Hence C; as in (5.8) is equal to C as in (5.7). So by TR’ # 0 we
have
9(s) =g'(s) =0
= (ur-t)(uz - t)+(u - n)(uz -n)+(u; - b)(ug - b)

—2[TR'(u; -n) — R(u; - b)] [TR (uz-n) — R(uz-b)] - C =0

and (u; - t) [TR'(ug ‘n) — R(ug - b)] + (ug - t) [TR'(ul ‘n) — R(uy - b)] =0.

On the other hand

f(s) = (v(s) w1)® + (7(s) - u2)* = 2C(x(s) - ur)(v(s) - w) + C* — 1
= (v(s) -ur)? + ((s) - u2)? ~ (7(s) - u1)*(7(s) - w2)® = 1 +
[C — (v(s) -u1)(7(s) - w2))?
= [~R(u-n) - TR(u;-b)]* + [-R(s2-n) - TR (uy - b))’
— [~R(u; - n) = TR'(u; - b)]* [-R(uz - n) — TR (ug - b))’
~1+{C— [~R(u1-n) - TR'(u; - b)] [R(uz - n) - TR'(uz - b)] }?
= [R(u1-n)+ TR (w -b)]* + [R(uz - n) + TR (uz - b)]?
— [R(u; - n) + TR'(u; - b)]? [R(uz - n) + TR (ug - b))
—1+ {(uy - t)(uz - t)+(u; - n)(ug - n)+(u; - b)(uy - b)
—2[TR/(u; - n) — R(u; - b)] [TR/(uz - n) — R(ug - b)]

— [R(u1 - n) + TR'(u; - b)] [R(uz - n) + TR (us - b)] }2 ,
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and

fi(s) = 2(y(s)-uy)(uy-t) +2(y(s) - uz)(uz - t) — (5.9)
2C(v(s) - uz)(m - t) = 2C(v(s) - wi)(uz - t)
= 2{(v(s) - w1)(u1 - t) + (7(s) - u)(uz - t)—
Cl(v(s) - ug)(ur - t) + (v(s) - w1)(uz - £)]}
= (-2) ([R(w -n) + TR (w1 - b)] (w1 - t) + [R(ug - n) + TR (uz - b)] (uz - t)
— {(u1 - t)(uz - t)+(m - n)(uz - m)+(u; - b)(ug - b)
—2[TR'(u1 - n) = R(u; - b)] [TR/(uz - n) — R(uz - b)]} x
x {[R(uz - n) + TR'(ug - b)] (u1 - t)+ [R(u; - n) + TR (u; - b)] (uz- t)}) .
( R?+(TR)? =1,
u -y =1,

S

uz-ug =1,

| (w1 %) [TR(uz - n) - R(uz - b)] + (ug - t) [TR (- n) — R(w; - b)] =0
and some computation using Maple we can prove that f(s) = f/(s) = 0.
(Maple codes for proving f(s) =0 :
simplify([R(uy - n) + TR'(u; - b)]* + [R(uy - n) + TR'(uy - b))* —
[R(u; - n) + TR'(u; - b)]>[R(uz - n) + TR (uz - b))® — 1+
{(u1 - t)(uz - t)+(ug - n)(uz - n)+(u; - b)(ug - b)—
2[TR(u; - n) — R(u; - b)] [TR'(uz - n) — R(uy - b)]
— [R(u1 - n) + TR'(u1 - b)] [R(uz - n) + TR/ (uy - b)]}?,

{R?+ (TR)?=1,(w - )%+ (u1 - b)? + (w - n)? = 1, (ug - t)* + (uz - b)> + (ug - n)2 = 1,



59

(u1 - t) [TR'(u2 - n) — R(ug - b)] + (uz - t) [TR'(u1 - n) — R(uy - b)] = 0});

Maple codes for proving f'(s) =0:

simplify((—2) ([R(uy - n) + TR/ (u; - b)] (u; - t) + [R(uz - n) + TR (uz - b)] (uz - t)

—{(u; - t)(uz - t)+(u;y - n)(uz - n)+(u; - b)(uz - b)

—2[TR'(u; -n) — R(uy - b)] [TR'(uz - n) — R(uz - b)]} x

% {[R(uz - ) + TR/ (uz - b)] (us - )+ [R(u; - n) + TR (- b)] (uz - 1)}),

{R?+(TR)? =1,(u; -t)*+ (u1-b)® + (u1-n)? = 1, (w2 - t)> + (uz - b)> + (uz - n)2 = 1,

(ug - t) TR (uz - m) — R(uz - b)] + (uz - t) [TR'(u1 - n) — R(uy - b)] = 0});

Proof of necessity: f(s) = f'(s) = 0 implies the spherical conic (5.7) is tangent to v
at s. Then by the following Theorem 33 and Theorem 34 the great circle going through ug
and «(s) coincides with the great circle going through ~(s) and ui(s). By Proposition 31

we know g(s) =¢'(s) =0.1

Remark 10 It’s easy to see that in Proposition 32 the spherical orthotomic relative to uy
of the spherical conic with foci uj,ug, going through v(s) and having 2-point contact at s
with =, is the circle going through ui(s) and centered at uy € S? having 2-point contact

with the uj at s.

5.3 Theorem on the Incident Angle and the Reflection Angle for Spherical Conic

Here we have the theorem about the incident angle and the reflection angle:

Theorem 33 Let x : I — S? be a spherical ellipse defined by

(x-w)(x-ug) —/1—(x-u)2y/1—(x-u)2=C
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with the foci u; and ug € 82, -1 < C < uy - uy. Let xg € S? be any point on the ellipse
(5.7), xo # Fu1,tuy and x{; be the tangent to x at xo. Consider the great circle going
through uy and x¢ as the incident ray and the great circle going through xo and uz as the
reflection ray. Then the incident angle, made by the tangent x{; and the great circle going
through uy and xg, is equal to the reflection angle, made by the tangent x;; and the great

circle going through x¢ and us.

Proof. The tangent to the incident ray uixg is:

(up X xg) X X9 = Xg X (u3 X Xp)

= (X() . ul)xo — ux.

[(Xo . u1)x0 - U1]2 = (Xo . 111)2 41— 2(X0 . u1)2 =1- (Xo ' u1)2 > () since X0 74 :I:ul.

The normalized tangent to the incident ray uixg is:

1
1-—- (Xo . u1)2

[(Xo . u1)x0 - u1] .

The tangent to the incident ray xgus is:

(XO X uz) X Xg=ug — (Xo . ug)XQ.

The normalized tangent to the incident ray xgus is:

1
1 — (xg - ug)?

[uz — (%0 - uz)xq],

where 1 — (xg - ug)? > 0 since xo # uy. (see Figure 11). Then

the incident angle is equal to the reflection angle
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—
\/1—_—(,1(0_—111)2 [(x0 - u)x0 — ] - X}
-

—/1 = (x0 - ug)2(xp - u3) = /1 — (x0 - u1)2(xg - uz). (5.10)

Plugging x into (5.7) we have

(x0 - u1)? 4 (x0 - uz)? — 2C(x¢ - u1)(xg - uz) + C? — 1 = 0. (5.11)

Differentiating (5.7) and evaluating at xg, we get

2(x0 - u1) (xp - u1) +2(x0 - uz) (xp - u2) — 2C((xg - u1) (%0 - uz) + (%o - w1 ) (x4 - ug)) = 0. (5.12)

Now we’ll prove (5.10) in the following cases.
Case 1: (xp - ug)(xo - uz) + (%0 - uz)(xp - ug) # 0.
Then we have

o = (Ko u)(xh - wr) + (%0 - ug) (X - uy)
(x5 - u1)(x0 - ug) + (xp - ur)(xp - u2)

. (5.13)
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Figure 11: The incident angle is equal to the reflection angle.

Plugging (5.13) into (5.11) yields

[(x0 - u1)? — (%0 - ug)?] {(x4 - u1)? [1 — (%0 - u)?] — (x4 - uz)? [1 — (%0 - u1)?]}

(%) - u1)(x0 - up) + (xo - uy) (%} - ug) =0.

(5.14)

Then we have the following subcases:
Subcase 1.1: x¢ -1y —Xg - ug = 0.

Then the assumption (x - ug)(xo - uz) + (%0 - ug)(xq - uz) # 0= x¢ - w1 # 0,

xg - ug # 0. By (5.13) we have

o = (Rorun)(xg-u1) + (xo-up)(xp-uz) _ (xo-un)((xp-w) + (xp-w2)) _
(xp - w1)(%o - ug) + (%0~ wmi)(xp-uz)  (x0-w)((Xp-w)+(xg-uz))
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From xg - u3 — Xg - ug = 0, we also know d(xg,u;) = d(xo, uz2). Then

CcC=1
= d(xg,u1) + d(xp,uz) =27 or 0
= d(x9,u1) = d(x0,u2) = 7 or d(xg,u;) = d(xg,u2) =0

= u] =up = —Xg Or u; = up = Xg,

which contradicts that xg # £u;. So this subcase can be excluded. Furthermore,

C=1
by §7) (x-up)?+ (x-ug)? — 2(x - up)(x - up) =0
= X-u =X-Uz

and then

d(x,u1) = d(x,us)
by S=1 d(x,u1) + d(x,uz) =27 or 0
=  d(x,u;) =d(x,uz) =7 or 0 for all x on (5.7)
= u; = uy

and the spherical ellipse (5.7) degenerates into a single point.

Subcase 1.2: xg-uy +Xg - ug = 0.
Again from the assumption (xj - u1)(xo - uz) + (%o - up)(xg - uz) # 0, we have
xo-u #0,

Xo-ug#o.

By (5.13) we have

0= (Xo u)(xg-w) + (xo-u)(xp-uz) _ (%0~ w)((Xp-u1) — (xp- u2))
(xp - u1)(x0 - uz) + (%0 - w1)(xg - u2) (%0~ uwr)(—(xq - w) + (x5 - u2))

=-1.
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Then by (5.7) we have

(x-m)?+ (x u)? +2(x-m)(x-u)=0 = x-up+x-up=0

= X6'U1+X6'UQ=0.

From xg-u; +x¢-uz = 0 we also have \/1 —(x0-um)?= \/1i (x0 - u2)?. So (5.10) follows.
Furthermore,
x-um+x-u2=0 = x-(urt+u)=0
= X is the great circle perpendicular to uj + ua.
Subcase 1.8: (xh-u1)?(1—(xp-u2)?) — (x}-ug)?(1 — (x0-u1)?) = 0. In this subcase
we have

1 — (%0 - u2)?(xg - u1) = £4/1 — (%0 - u)2(xg - uz).

If (xf - ug) = 0 then /1 — (%0 - u1)?(xp - ug) = 0. In this case,
1—(x0-ug)?(xg - u1) = —/1— (x0-u1)?(xq - ug) holds. So we assume xj - u; # 0.

Suppose that
AV 1- (XO . UQ)Q(X6 . u1) = 4/ 1- (XO ' u1)2(x6 . u2). (515)

From (xg - u1)(Xo - ug) — 4/1 — (%0 - u1)24/1 — (%0 - u2)2 = C and (5.13) we know

[(XO ~ug)(%o - ug) — /1= (x0 - u1)2/I — (%o - u2)2] [(0 - u1)(x0 - uz)+ (516)

+(x0 - u1)(xp - u2)] — [(%0 - u1)(xp - wr) + (x0 - u2)(xp - uz)] =0

By (5.15), (5.16) is equal to

[(Xo “uy)(xo - ug) — (Xi) u2) V1= (xg-u1)2v/1 = (xo- ul)g} [(x0 - 1) (%0 - uz)+
(xp - w1)

+(x0 - up ) (xg - u2)] — [(%0 - u)(xq - ur) + (%o - u2)(xg - w2)]

2(x - ug) [(x0 - u)? — 1] [(x6 - w)(x0 - ug) + (x0 - ug)(x} - uz)]
(xp - u1)




by (x§ - u1)? [1 — (%0 - uz)?] — (xg - uz)? [1 = (%0 - u1)?] = 0 using Maple.

(Maple code: simplify( | (xq - ui)(xp - ug) — gg 33 (1—(x0-u1)?)| x
X [(xg - u1)(xo0 - uz) + (%0 - ur)(xp - u2)] — (%0 - w1)(xp - w) + (x0 - u2)(xq - )],

{(x5 - u1)? [1 — (x0 - w2)?] = (x5 - u)? [1 = (%0 - u1)?]});)

So

(5.15) = (xp-u2) [(x0- up)? — 1] [(xp - u1)(xo - ug) + (x0 - u1)(xg - uz)] = 0.
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By the assumption (x{-u1)(xo-uz)+(xo-u1)(xy-uz) # 0, we have (x4-ug) [(x0 - wy)? — 1] =

0, which implies (xg - up)? [1 — (%0 u2)2] =0 by

(xp - u1)? [1 = (x0 - u2)’] = (x5 - u2)? [1 = (x0 - w)*] = 0.

Thus if (xf - u1)? [1 — (%0 - uz)?] # 0, then

(0 - u1)? [1 = (%0 - u)?] ~ (xq - u)? [1 - (xo0 - w1)?*] =0

= 1 —(x0-u2)?(xg-u1) = —+/1 — (%0 - ug)2(xg - uz).

1 — (xp-ug)?(xh-u1) = —+/1 — (xg - uy)?(x} - uz) still holds when
0 0

(xp-uz) [(x0 - u1)? — 1] = 0since (xp-u1)® [1 — (xq - uz)?] = 0 by (x-u1)? [1 — (x0 - uz)?] -

(x4 - u2)? [1 = (xq - u1)?] = 0. So we have

V1= (%0-u2)?(xp - wm) = —4/1 - (x0-u1)?(x( - ug) in this subcase no matter if
(xp - u2) [(x0-u1)® 1] = 0.
Case 2: (x( - u1)(xo - ug) + (%0 - u)(xg - uz) = 0.

In this case by (5.12) we have (xg - up)(xg - u1) + (%0 - ug)(xg - uz2) = 0.
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Subcase 2.1: xp -1y # 0.

(xg - up)(xo - ug) + (x0 - ug)(xp - uz) =0

(%0 - wy)(xp - ug) + (%0 - u2)(xg - ug) =0

(x4 - ug)(xg - w1 — Xo - uz)(xp - Uz + Xo - uz) _

(0 - w) 0.

=

Subcase 2.1.1: If xi - ug = 0 then

(k0 - ) (xh - ) + (o - ug) (xh 1) = 0
= (%0 up)(xp-u)=0
= (xp-u1) = 0 because (xg-u;) # 0.

So /1 — (%0 - ug)?(xq - u1) = —/1 — (Xg - u1)%(xg - uz) holds.

Subcase 2.1.2: If xp - u; — Xg - ug = 0 then

(x0 - ur)(xo - ug) + (x0 - uy)(xg-ug) =0= (xp-u1)+ (xf - uz) = 0 since (xg - uy) # 0.

So /1 — (xg - u2)?(xg - u1) = —4/1 — (%0 - u1)2(x} - uz) holds.
Subcase 2.1.3: If xg-ug + xp - uz = 0 then

cos (d(xp,u1)) + cos (d(xg,uz))=0

= 2cos <d(xo,u1) ;d(xo,u2)> cos (d(xo,ul) ;—d(Xo,UQ)) ~0

d(xg,u1) — d(xq, ug) T o d(xg,m) + d(xp,us) T

2 2 92
since 0 S d(XO,Ul) ; d(X[),llQ) S T and 0 S d(x07 ul) ;—d(xc,uz) S -
If d(xo,ul);dgxo,lm! = 7, then d(xp,u;) = m and d(xp,uz) = 0 or d(xo,u1) = 0 and

d(x0, u2) = 7.

So xp = ug or xg = u;. Contradiction.
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d Xg,U1 -+—d(x0,u2) _ T
3 = 3, then

d(xg,u1) + d(xp,u2) =7
=  C = cos(d(xg,u1) + d(xp,uz)) = —1
24D (o w)? + (x ug)? + 2(x - uy)(x - ug) = 0
= x-u+x-u=0
= xp-ur+x5-up=0

= /1= (x0-u2)?(xu1) = —/1— (x0-u1)?(xf - uz).

We also have x{ - u; — xg - ug = 0 from (xp - ug)(xg - w1) + (xo - u2)(xg - uz) = 0. So in

this subcase we actually have (x3 - u1) = (x§ - uz) = 0. Furthermore,

Xx-u+x-u=90
= x-(up4u2)=0

= x is the great circle perpendicular to u; + us.

Subcase 2.2: xg-u; = 0.

(xg - u1)(xo - uz) + (%0 - ug)(xg - uz) =0
(%0 - u)(xg - u1) + (X0 - uz)(xp - uz) = 0

= (xg-u1)(xg-uz) = (%0 - u2)(xp - uz) = 0.

Subcase 2.2.1: If xg - ug # 0 then

X w1 =Xp-ug=0

= /11— (x0-u2)?(xg-w) = —/1 = (x0 - u1)?(x - ug).
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Subcase 2.2.2: xg - ug = 0. Then

xo-u1=xo-u2=0

= d(xg,u1) = d(xqg,ug) = '72[
=  C = cos(d(xg,u;) + d(xp,uz)) = —1,

and then Subcase 2.1.3 works. W

Remark 11 In (5.10), if we replace ui,ug by —uy, —ug (5.10) still holds. This means we
have proven the following:

Given any point xXg on either of the spherical ellipse represented by (5.5), then the incident
angle, made by the tangent x; and the great circle going through uy (—uy) and xo, is equal

to the reflection angle, made by the tangent x|, and the great circle going through x¢ and ug

(—uz).

Remark 12 When xg - u; = x3 - ug = 0, the incident angle and the reflection angle are
both /2, i.e., the incident ray and the reflection ray are the great circle going through u,

and uy which is perpendicular to xq.
As a result of Theorem 33 we have a similar theorem for the spherical hyperbola:

Theorem 34 Let x: I — S? be a spherical hyperbola defined by

(x-wp)(x-ug) +/1—(x-u1)2y/1 - (x-u)2=C

with the foci uy and ug € 82, u; -ug < C < 1. Let xg € 52 be any point on the hyperbola
(5.7), xg # Tuy,Tuy and x| be the tangent to x at xo. Consider the great circle going
through uy and xq as the incident ray and the great circle going through xo and ug as the

reflection ray. Then the incident angle, made by the great circle going through uy and xq
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and the tangent xg, is equal to the reflection angle, made by the great circle going through

xo and ug and the tangent xg.

Proof. By (5.2) and (5.3) the spherical hyperbola (5.6) consists of a pair of spherical ellipses
with foci (u;, —u2) and (—uy, ug). Then it follows from Theorem 33 that the incident angle,
made by the great circle going through u; and x¢ and the tangent xj is equal to the angle,
made by the great circle going through x¢ and —ug and the tangent xj,. The great circle
going through x¢ and —uy is the same as the great circle going through xy and uy. So the
incident angle, made by the great circle going through u; and xo and the tangent xj is
equal to the reflection angle, made by the great circle going through x¢ and us and the

tangent x;. W

Remark 13 In [12] Namikawa states Theorem 33 and 84 without giving the proofs.

5.4 When is a Spherical Conic a Circle?

Generally the spherical conic (5.7) is not a plane curve. If it is a plane curve, it is a
circle. When is the spherical conic (5.7) a circle? Here is a theorem on when the spherical

conic (5.7) is a circle:

Theorem 35 Let x :I — S? be aunit speed spherical conic defined by (5.7) with the foci
u; and uy € S?, and t,n, b be the Frenet-Serret trihedron. Then (5.7) is a circle if and only

ifu1 = :l:U2 or C' = =%1.

Proof. “ <« ” If u; = Fuy it is obvious that x is a circle. If C = 1 and u; # uy then

(x-u1)? + (x-u2)? — 2(x - uy)(x - uz) = 0 by (5.7). This implies

(x-ug) — (x-up) =0=x-(u; —ug) = 0 = x is the great circle perpendicular to u; — us.
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Similarly, if C = —1 and u; # —us we can prove that x is the great circle perpendicular to
uj + usg.
“="7”:xis a circle. So the curvature k is constant.

Differentiating (5.7) we get
2(x-up)(ug - t) +2(x - ug)(uz-t) —2C ((ug - t)(x - ug) + (x-uy)(uz - t)) =0. (5.17)

As in Theorem 33, we consider the following cases:
Case 1: ((u; -t)(x-u2)+ (x-u;)(uz-t))(s) # 0 for all s € I. By (5.14) in Theorem 33

we have

([(x- w)? - (x- u2)2] {(u - t)? [1-(x- u2)2] — (uz - t)? [1—(x- u1)2]}) (s)=0

for all s € I. We consider the following subcases:

Subcase 1.1: ((ug-t)?[1 - (x-ug)?] = (uz-t)? [1 - (x-u1)?]) (s) = O for all s €
I.The proof for this subcase will be given at the end of this theorem.

Subcase 1.2: (x-u; —x-u2)(so) = 0 for some sp € I. This implies C = 1as in Subcase
1.1 of Theorem 33.

Subcase 1.8: (x-u; + x - ug)(s9) = 0 for some sp € I. This implies C = —1 as in
Subcase 1.2 of Theorem 33.

Case 2: ((ug - t)(x-u2) + (x-uy)(uz-t))(so) = 0 for some sp € I. Thus

((ur - t)(x - ug) + (x - w)(uz - t))(s0) = 0,
(5.18)

(Ge-ug)(ug - t) + (x - ug)(uz - t))(s0) = 0.

Subcase 2.1: (x-uy)(sp) # 0. Then

(ul-t)(x-ul—Xoug)(x-ul-f-x-uz) _
( e ) (s0) = 0 (5.19)
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by (5.18). From (5.19) we have the following subcases:
Subcase 2.1.1: (u;-t)(so) = 0. This implies (uz-t)(so) = 0 by (5.18) and (x-u1)(s0) #
0. Then
(- )7 [1 = (- u2)?] = (2 )% [1 = (x- w)?]) (s0) =0.
Subcase 2.1.2: (x - uj — X - up)(sp) = 0. This implies (u; - t)(so) = —(uz - t)(so) by
(5.18) and (x - uy)(so) # 0. Then
(Car - ©)7 [ = (- 2] = (- 92 [1 = (- w)?]) (s0) = 0.
Subcase 2.1.9: (x -y + X - u3)(so) = 0. This implies (u; - t)(s0) = (uz - t)(s0) by
(5.18) and (x - uy)(so) # 0. Then
(o )7 [1 ~ (- 02)%] = (ug - 1) [1— (x- w)?]) (s0) = 0.

Subcase 2.2: (x-u1)(sp) = 0. This implies ((u; - t)(x - u2)){s0) = 0 and ((x - uz)(ug -
t))(so) = 0. Then we have the following subcases:

Subcase 2.2.1: (x - ug)(so) # 0. This implies (u; - t)(sg) = (uz - t)(sg) = 0. Then
((ug - t)? [1 — (x-ug)?] — (ug - t)? [1 = (x - u1)?]) (s0) = 0.
Subcase 2.2.2: (x-ug)(so) = 0. Then by (5.7) and (x-u1)(so) = 0 we get C = *1.
Summarizing Case 2, whenever ((u; - t)(x-ug)+ (x-u3)(u2-t))(sg) = 0 we always have
((ug - t)2 [1 = (x-up)?] = (uz-t)? [1 — (x-u1)?]) (s0) =0 or C = 1.
Now we just need to prove the theorem for Subcase 1.1:

We can reparametrize x such that x(s) is periodic function with the period 27. We

know that for the circle x we have

t(s+3) = n(s), n(s+37)=—t(s),
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t(s+m) = —t(s), n(s+m)=-n(s),
t(s+3—27r—) = —n(s), n(s—i-?%r) = t(s).
Since x is a circle on S?, we can write x = —Rn — hb by (2.4), where R is the radius

of x and h = —x-b. R, h and b are all constant. Then

((u1- £)%(1 — (x - u2)?) = (uz2 - £)*(1 ~ (x - u1)?)))(s) = 0

(ug - t)? (1 — [R*(uz - n)? + 2RA(uz - n)(uy - b) + h*(uz - b)?]) (5.20)

= (uz-t)?(1 - [R*(u1 - n)® + 2RA(u; - n)(u; - b) + K% (uy - b)?]),

here we omit the dependence on s.

Replacing s by s + 7/2 in (5.20) we have

(ur - n)? (1 — [R%*(ug - t)® — 2RA(uz - t)(uz - b) + A(uz - b)?]) (5.21)

= (uz-n)? (1 - [R¥(uy - t)® — 2RA(w; - t)(ug - b) + A% (u; - b)?]) .
Replacing s by s+ 7 in (5.20) we have

(u1 - £)? (1 = [R*(uz - n)? — 2Rh(uz - n)(uz - b) + h%(uz - b)?)) (5.22)

= (uz-t)%(1 - [R*(u; - n)® — 2RA(uy - n)(u; - b) + h%(u; - b)?]).
Replacing s by s + 37/2 in (5.20) we have

(ur - n)? (1 — [R%(ug - t)% + 2RA(uz - t)(uz - b) + h2(uy - b)?)) (5.23)

= (uz-n)? (1 - [R*(uz - t)® + 2RA(uy - t)(uy - b) + A%(u1 - b)?]) .
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(5.20) — (5.22) =

(u - t)2(ug - n)(uz - b) = (ug - t)%(uy - n)(u; - b). (5.24)
(5.21) — (5.23) =

(u1 - n)%(uz - t)(uz - b) = (uz - n)%(uy - t)(uy - b). (5.25)
(5.20) + (5.22) =

(up - t)? (1= [R%(uz - n)? + k% (uz - b)?]) = (uz - t)* (1 — [R?*(uy - n)? + K% (u; - b)?]).
(5.26)

(5.21) + (5.23) =

(ur-n)? (1= [R%(uz - t)? + h?(uz - b)?]) = (uz - n)? (1 — [R%(uy - t)2 + A% (m - b)?]).
(5.27)

(5.26) + (5.27) =
(up - t)2 + (ug - m)? — A2 [(ug - £)% + (u; - n)?] (uz - b)?
= (uz-t)?+ (ug-n)? —n? [(uz - t)% + (uz - n)?] (u; - b)?
So by (ug -t)2 + (uz - n)2 + (u; - b)2 = 1 and (uy - t)2 + (ug - n)% + (uz - b)2 = 1, we have

1- (111 . b)2 - h2 [1 et (u1 . b)2] (UQ . b)2 =1- (I.IQ . b)2 - h2 []. - (U2 . b)2] (u1 . b)2
= —(u1 . b)2 - hz(UQ . b)2 = -—(UQ . b)2 — h2(u1 . b)2
= (1 - hz) [(u1 . b)2 — (UQ . b)z] = 0.

Then we have the following subcases:
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Subcase 1.1.1: h? =1 = R? = 0 = x = £b. This can happen only if u; = uy and
d(x,u;) = 0 or 7. If u; # ug, x must be a proper circle or a portion of the great circle
connecting u; and ug if C = u; - us.

Subcase 1.1.2: (u1-b)2 — (uz-b)2=0and 1 —h%#£0.

Subcase 1.1.2.1: (uy -b) = (uz-b) = 0. Then u; and uy are on the great circle which
is perpendicular to b and parallel to the circle x.x is a proper circle since 1 — h? # 0. We
can find only two points x; and x2 on x such that d(x;,u;) = d(x;,u2), ¢ = 1,2. No other
points on x have such property. So x can’t be a spherical hyperbola. On x we can find
two points x; and xp such that d(x1,u1) + d(x1, ug) is minimal and d(x2,u1) + d(x2, u2) is
maximal. Obviously, d(x1,u;) +d(x1, uz) # d(x2,u1) +d(x2, uz). So x can’t be a spherical
ellipse either and this case is excluded.

Subcase 1.1.2.2: (u; - b) = (uz - b) but (u; - b) #0.

(5.24) =
(ur - t)*(uz - n) = (uz - £)*(u; - m), (5.28)

(5.25) =
(u3 - n)2(ug - t) = (uz - n)2(uy - t), (5.29)

for all s € I.

Subcase 1.1.2.2.1: ((uy - t)(ug - t)(us - n)(uz - n))(s) # 0 for all s € I. This implies

(uz - t)%(u; - n) _ (u1 - t)%(uz - n)
(w - n)?(uz-t)  (uz-n)*(uy-t)

= (u;-t)(u;-n) — (uz-t)(uz-n) =0

o 14
2/<ads[

= (u;-t)? - (uz-t)? =aq,

(uy - t)2 = (ug -t)2] =0

where a is a constant.
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Replacing s by s + 7/2 we have

(wr-n)?2—(ug-n)?=a = (ur-t)2+ (ur-n)? - [(uz-t)?+ (uz-n)?] =2a
= 1—(u-b)2—[1—(uz-b)?] =2a
= a=0
= (u1-t)%? = (uz-t)? and (u; - n)2 = (ug - n)2.
By (5.28) and (5.29) we know (uj -t) = (uz - t), (w3 - n) = (uz - n). Thus u; = us.
Now we consider the cases where ((uy - t)(ug-t)(u; -n)(uz-n))(sp) = 0 for some sp € I.
Subcase 1.1.2.2.2: (uy - t)(sp) = 0 for some s € I. (5.28) or (5.29) =
[(ug - t)(u; - n)] (sg) = 0. Then we have the following subcases:

Subcase 1.1.2.2.2.1: (u1 -n)(so) = 0. Then

u; = +b.
And
(5.26) = [(u2-t)*(1—h%)] (s0) = 0;
(5.27) = [(uz-m)* (1 —h?)] (s0) =0.
Therefore

1-h%#0 = (ug-t)(so) = (uz-n)(sg) = 0.

So ug = xb. By the assumption (u; - b) = (uz - b) we know u; = uy = +b.

Subcase 1.1.2.2.2.2: (ug - t)(so) = 0.

(5.21)
= ((ul . l’l)2 [1 _ h2(UQ ' b)2]) (80) = ((UQ . 1’1)2 []. - h2(u1 . b)2]) (30)
= ([(u1 -n)? - (ug - n)2] [1- h%(uy - b)2]) (s0) =0

since (u; - b) = (uy - b).
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Then

((u1-n)? — (uz - n)?) (s0) = 0 since 1—h% 0, h? < land (u;-b)2 < 1,ie., 1-h%(u;-

b)% > 0. And we have (u; - n)(so) = £(uz - n)(sp)-

If (u1 - n)(sp) = (uz - n)(so) we have (uy - t)(so) = 0,(uz - t)(so) = 0, (u; - n)(so) =
(ug - n)(sp) and (up - b) = (uz - b). This implies u; = uy.

If (u; - n)(sp) = —(ug - n)(sp) then we have ((uz + uz) - n)(sg) = 0, (u; - t)(s0) =
0, (uz - t)(so) = 0 and (uy - b) = (uz - b).

In Figure 12, u; — ug is parallel to the circle x because (u; - b) = (uz-b). A and B
are the intersections of the circle x and the great circle going through u; and ug. D is the
middle point between A and B on the circle x. u; + ug is perpendicular to the circle x
because ((u;+ug)-n)(so) = 0, (ui-t)(so) =0, (ug-t)(so) = 0. Then uj +us goes through the
center of x. Also by (u; - t)(sg) = 0, (uz - t)(sg) = 0 we may take A to be —hb — Rn(sp), B
to be —hb + Rn(sg) and D to be —hb + Rt(so), noting (2.4) and t(so + 3F) = — n(so).

If x is a spherical hyperbola then |d(u;, A) — d(uz, A)| = d(u1,us) and d(u;,D) —
d(uz,D) = 0 imply d(uj,uz) = 0 and thus u; = ug.

If x is a spherical ellipse then d(A,B) = d(u, A) + d(ug, A) = d(u;, D) + d(uz,D) =

2d(u1,D). So u; - D = —h(uy - b),uz - D = —h(uy - b) and A - B = A% — R? imply

2cos? [arccos(—h(u; - b)) —1=h? - R? = 2h%(u;-b)?—1=h%- R?

= h?((u;-b)%? —1) =0 since h2 + R? = 1.

If (u; - b)2 — 1 =0 then u; = ug = +b since (u; -b) = (ug-b) and u; - u; = uz - ug =

(b-b)=1.



If h =0 then x = —Rn. And

(w1 +u2) - m)(s0) =0 = ((w+uz)-x)(s0) =0

= cos(d(u1,x(s0)) + cos(d(uz,x(s0))) =0

~ 9c0s (d(ul,x(So)) ~;-Cl(llz,x(é‘o))) cos (d(ul,x(so)) ;d(uzax(so))> o,
So
cos (d(ul,x(so)) ;d(m,X(So))) —0
= d(u1,x(s0)) + d(uz,x(s0)) =7
= (C=-1
And

cos (d(ul,x(so)) ;d(uz,x(so))) —0

= d(ug,x(s0)) — d(uz,x(s0)) =7
= d(uy,x(s9)) =7,d (ug,x(sg)) =0
= u = —x(sp),u2 = x(s9)

= uj; = —us.

Figure 12: Subcase 1.1.2.2.2.2 (ug - t)(sg) =0
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Subcase 1.1.2.2.3: (ug - t)(sg) = 0 for some sg € I. By the symmetry the proof of
this subcase is similar to that of Subcase 1.1.2.2.2.

Subcase 1.1.2.2.4: (u; - n)(sg) = 0 for some sy € I.

(5.28) or (5.29) = ((u; - t)(uz - n)) (so) = 0.

Then we have the following subcases:

Subcase 1.1.2.2.4.1: (uy - t)(so) = 0. This implies u; = +b. And
(5.26) = ((uz-t)%(1—h?))(so) = 0;
(527) = ((uz-n)?(1—A?))(s0) =0.
Therefore
1—h2750 = (UQ-t)(So)=(UQ-n)(80)=0 = up = *b.

By the assumption (u; - b) = (uz - b) we know u; = uy = +b.

Subcase 1.1.2.2.4.2: (ug - n)(sp) = 0.

(5.20) = ((u1 -t)2 [1 - hz(uz ' b)z]) (30) = ((UQ . t)2 [1 - h2(U1 . b)z]) (So)
= ([(ul . t)2 - (UQ . t)2] [1 - h2(u1 . b)Z]) (80) =0
since (u; - b) = (uz - b).
It follows ((uy - £)? — (ug - t)?) (so) = 0 since 1 — A%(u; - b)? > 0.
If (ug - t)(sp) = (ugz - t)(sg) then u; = uy.

If (u; - t)(so) = —(ug - t)(so) then we have

(u1 -n)(s0) =0, (uz-n)(sp) =0, (ur-b) = (uz-b)and ((u; + uz) - t) (so) =0,
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ie.,
(u-t)(so+5) =0,
(uz-t)(so+ %) =0,

(u1-b) = (uz-b)

((u1+ug) -n)(so+ 5) =0.

\

Then the same argument as in Subcase 1.1.2.2.2.2 applies here.
Subcase 1.1.2.2.5: (ug - n)(sg) = 0 for some sy € I. By the symmetry the proof of this
subcase is similar to that of Subcase 1.1.2.2.4.
Subcase 1.1.2.8: (u; -b) = —(uz - b) but (u; - b) #0.
(5.24) =

(ug - )2(uz - n) = —(ug - t)%(u; - n). (5.30)

(5.25) =

(u1 - n)%(uz - t) = —(ug - n)%(uy - t). (5.31)

Subcase 1.1.2.8.1: ((u; - t)(uz - t)(u; - n)(ug -n))(s) # 0 for all s € I. Then we have

(ug - t)%(up - n) _ —(uz - t)%(uz - n)
(u1-n)2(uz-t)  —(uz-n)?(u; -t)

=  (u;-t)(u;-n) - (uz-t)(ug-n)=0.

And the proof for Subcase 1.1.2.2.1 works here.
Now we consider the cases where ((u; - t)(uz-t)(u; -n)(uz-n))(sg) = 0 for some s € I.
Subcase 1.1.2.8.2: (u; - t)(so) = 0 for some sp € I. (5.30) or (5.31) = ((uz - t)(u; -
n))(so) = 0. Then we have the following subcases:

Subcase 1.1.2.8.2.1: (u; - n)(so) = 0. This implies

uy = +b.
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And

(5.26) = [(ug - t)2(1 — h?)] (s0) = O;

(5.27) = ((uz - n)%(1 — h?)) (sg) = 0.

Therefore

1—h%#0= (uz-t)(s0) = (uz-n)(sp) = 0.

So ug = +b. By the assumption (u; - b) = —(ugz - b) we know u; = —uz = £b.

Subcase 1.1.2.8.2.2: (uy - t)(so) = 0.

(5.21) = ((uy-n)? [1 —h%(uy - b)?]) (s0) = ((uz - m)? [1 — A*(ug - b)?]) (s0)

= ([(uy - n)? — (uy - n)2] [1- h%(uy -b)2]) (80) = Osince (uy - b) = —(uz - b).
This implies
((u1 -m)? = (us - n)?) (80) = 0 since 1 — h%(u; - b)? > 0.

If (u1 - n)(sp) = (ug - n)(sp) then we have (u; - t)(so) =0, (uz - t)(so) =0,

(ui - b) = —(uz - b) and [(u; — ug2) - n](sp) = 0.

If x is a spherical ellipse then

d(uy,A) +d(ug,A) = d(u;,B)+d(uz,B) = d(u;,ug) =27 — d(uz, u2)

= d(u,u)=7=u =—uy



(see Figure 13).

Figurel3: Subcase 1.1.2.3.2.2 (ug - t)(sg) =0
Suppose x is a spherical hyperbola.

(ug - x) = —h(uy - b) — R(u; - n)
x=—-hb—-Rn=

(uz - x) = —h(uz - b) — R(uz - n) = h(u;y - b) — R(u; - n).

By (5.7) we have

[—h(u1 . b) - R(u1 . n)]2 + [h(u1 . b) - R(u1 . n)]2

—2C [—h(uy - b) — R(uy - n)] [A(ur - b) = R(u; -n)] +C? -1 =0

where C' = cos(d(uz, A) — d(u1,A)) = V1 — h? = R. It follows

2h2(u; - b)3(1+ R) — h% + 2R* (R — 1)(u; - n)® = 0.
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(5.32)

Differentiating (5.32) we get 4R(R—1)(uy-n)(u; -t) = 0. If u; is perpendicular to the circle

x then u; = 4b. By (u; - b) = —(uz - b) we know u; = —ug.If u; is not perpendicular to

the circle x then we can find an s such that [(u; -n)(u; - t)] (s) # 0 and so R = 1 because

R=+1-h?3#0. Hence C = 1.

Subcase 1.1.2.3.8: (ug - t)(sp) = 0 for some sg € I. By the symmetry the proof of

this subcase is similar to that of Subcase 1.1.2.3.2.
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Subcase 1.1.2.8.4: (uy - n)(sp) = 0 for some sg € I.

(5.30) or (5.31) = [(uz-mn)(u;-t)](so) =0.

Then we have the following subcases:

Subcase 1.1.2.8.4.1: (uj - t)(sg) = 0. It follows

u; = +b.
And
(5.26) = [(uz-t)*(L—Ah%)] (s0) =0;
(527) = [(uz-n)*(1—h?](s0) =0.
Therefore

1-h2#£0 = (uz-t)(so) =(uz-n)(s) =0 = uy==b.

By the assumption (u; - b) = —(ug - b) we know u; = —ug = *b.

Subcase 1.1.2.8.4.2: (uz - n)(sg) = 0.

(5.20)
= ((ur-t)2[1 - R2(uz - b)?]) (s0) = ((uz - £)2 [1 — A2(uy - b)2]) (s0)
= ([(ug- )2 = (ug-t)2] [1 = A2(uy - b)?]) (s0) = 0
since (u; - b) = —(uz - b).
Then [(u; - £)2 — (uz - £)2] (o) = 0 since 1 — h2(uy - b)? > 0.
Tf (uy - t)(so) = —(uz - t)(s0) then uy = —uy. Suppose (1 - t)(so) = (uz - £)(s0). Then

we have (u; - n)(sp) = (uz-n)(so) =0, [(u1 — ug) - t] (so) = 0 and (u; -b) = —(uz - b), i.e,,
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(up-t)(so+7%) =0, (uz-t)(sp+ %) =0, (ur-b) = —(uz-b) and ((u; —uz)-n)(sg+7) = 0.
Then the same argument as in Subcase 1.1.2.3.2.2 applies here.

Subcase 1.1.2.8.5: (uz-n)(so) = 0 for some s¢ € I. By the symmetry the proof of this

subcase is similar to that of Subcase 1.1.2.3.4. W
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Part 11

Local Classifications of the Ruled
Surfaces of Normals and Binormals

of a Space Curve
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CHAPTER 6

Introduction

Given a space curve, we can consider the ruled surfaces associated with the tangents,
normals, binormals and Darboux vectors of the curve. Among these ruled surfaces the most
studied one is the ruled surface of the tangents, i.e., the tangent developable.

Cleave studied the local form of the tangent developable at points of zero torsion on
space curves in [4].

Mond gives the normal forms of the tangent developable of a space curve whose torsion
vanishes to order k only (0 < k < 4) in [10] and describes the developable surface of a space
curve in the neighborhood of a point ¢y on the curve at which the curvature is nonvanishing
and the torsion vanishes to order 4, or at which there is a nondegenerate zero of curvature.

Shcherbak in [15] investigates the hypersurface consisting of all the hyperplanes tangent
to a space curve and the curve consisting of the osculating hyperplanes to the space curve
in the dual projective space RP", and study the local structure of these two objects in terms
of the reflection points on the space curve.

Ishikawa in [6] classifies the C*°-equivalency classes of the envelopes of the osculating
hyperplanes to a curve in projective space and in [8] gives a local and topological classifica-
tion of the tangent developables of space curves. For a survey on the tangent developables
of space curves see [7].

Izumiya et al in [9] study the singularity of the rectifying developable, i.e., the ruled

surfaces of Darboux vectors of the space curve.
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For a unit speed curve it is trivial that its ruled surfaces of normals and binormals are
locally smooth.

In this part we’ll define the type of a smooth curve in terms of the orthogonal-right
equivalence and then give the local classification of the ruled surfaces of normals and bi-
normals of a general space curve under the left-right action 4 according to the types of the
curve. For this purpose we prove two lemmas on the relationship of the powers of terms in

the Taylor series of an invertible function and its inverse.



CHAPTER 7

Some Preliminaries and the Results

7.1 Definitions of the Ruled Surfaces of Normals and Binormals

Let v : (R,0) — R3,0 be a smooth regular curve. Let s(t) be the length function of the
curve, then J(t) = v(s~1(¢)) is a unit-speed reparametrization, and ~(t) = ¥(s(t)), '(t) =
v/ ()|l Let %(s), T(s) and N(s) be the curvature, unit tangent and unit normal of ~(s),
then the curvature, tangent and normal of «(t) are defined to be k(t) = K(s(t)), T(t) =

T (s(t)) and N(t) = N(s(t)). Differentiating T(t) = T(s(t)) gives

'(t) = §' () (s(t)) N (s = F(s(t) = T
T'(0) = #(0F (5(0) F (s(0) = N(O) = N 66) = 5oz T'0)
Differentiating v(t) = 4(s(t)) we get
YO =0T @) > 70 =)= T3
L gy < SO0 = )

[s'(£))?
So

N = N(s(t)
1 S0y(1) - "(O'(®)
TORGD)  SOF
7!(2)s(t) = " ()7 (2)
EOET0)

Thus the direction of the normal of ~(t) is &'(t)y”(¢) — " (t)~'(¢t).

For the regular curve y(t) we define its ruled surface of normals to be

RS (7)(tw) = () +u [S'(@)"(t) = s" ()7 (1)] -
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The direction of the binormal of 4(t) is 4/(t) x 4”(t). For the regular curve «(t) we

define its ruled surface of binormals to be
RSy(7)(t,u) = () +u (v'() x¥"(1))

7.2 Type of a Smooth Curve and A-Equivalence

Definition 36 Let « : (R,0) — R3,0 be a smooth regular curve. We say that ~ is of the
finite type (m,m + r,m + r + s) if there exist a diffeomorphism-germ h : R,0 — R,0 and
an orthogonal matriz M € R3 x R3 such that M~y (h(t)) = (t™, at™t" + o(t™*7), bt™H7+s 4
o(t™t7+9)), where m,r,s are integers, m > 1,7,s > 0 and a,b # 0, M~ stands for the

product of the matriz M and column vector ~.

Remark 14 In this definition, for M~y (h(t)) = (™, at™ " +o(t™T), bt™H+s 4 o(t™F7+9)),

ifr ors=0, e.g., s =0, then applying the orthogonal matriz

10 0
1
Ve |0 e b

0 -b a

to M~y (h(t)) yields (t™,va? + b2™F" + o(t™*"), a1+b (—ab + ab)t™*" + o(t™*+7)). So we

can always assume r,s > 0.

If M~(h(t)) = (t™,at™" + o(t™+7), t™FT+s 4 o(t™17+8)) we call 4 orthogonal-right
equivalent to (t™, at™ " +o(t™17), bt™ " 4 o(t™HT+5Y)). So « is of the type (1, 147, 1+7+35)
With r,s > 0 since v is a regular curve and a permutation matrix is an orthogonal matrix.
Given the left-right action of the group A (for its definition see Definition 37) we’ll find the

A-type of RS, (7)(t,u) and RSy(v)(t,u), i.e., normal forms of RS, (v)(t,w) and RSy(v)(t,u)
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under the left-right action of the group A according to the types of the curve. Here is the

definition of the left-right action of the group A:

Definition 37 Given two map-germs f and g : R®,a — RP,b, f and g are said to be A-
equivalent if there are diffeomorphism-germs, h1 of R"™,a and he of RP,b such that foh; =

hg o g, which is denoted by f A g.

For this part A is the left-right action on R? x R3.
Now we prove that RSy, () A RS, (v(h)) and RSy(*y) 4 RSy(~(h)) for a diffeomorphism-

germ h.

Proposition 38 Let v : (R,0) — R3,0 be a smooth reqular curve and h : R,0 — R,0 be a
diffeomorphism-germ, then

. A
(i): RSp(v) & RSp(y(h)) and

(i6): RSy(v) & RSy(v(h)).

Proof. (i): Let s,(t) and sy (t) be the length functions of the curves 4 and ~(h)
respectively.

We have

(1) = W @), (1) = W

3 s (® = Iy () | = I (@) K D),

, b (RO KO- [ (b)) (1) + (h(t) W(1)]
| vw) = W RE) RO '

So

RS (7)(t,u) =~(t) + ﬁm {7 O )~ [v@® - " ®] ¥ (0)}
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and

RS,(v(1) (¢, )
= (h(®) +u [sh 0 (&) YD) = gy () YR |

= y(h(®) +u{lly RO ON [v" ()R ) + v (h(2)) 1" (1)]

(WP (1) - (B0 £ RORE) W (B®) - (@),
I B O e "‘(t”}

_ 2 / " / " !
= 'r(h(t))+———”,y( (t))h,(t)”{ll’v (REDI [(W @) (h(t)) + (W ()" ()7 (A(2))] +
—(H' @) [v'(h(®) - 4" ()] ¥ ((®)) ~ Il (RN (R (0)*R" (£)7' (h(t)) }

’ 3
= A0+ u(h (tt))),

|{ll'7 (RN (R()) — [/ (h(E)) - 4" (R ()]~ (A(t)} -

Let F(t,u) = (h(t),u(R'(t))3), then F : R2,0 — R?0 is a diffeomorphism-germ and
RSu(y)(F(t, )= RSuly(h))(¢,4). Thus RSo(v) & RSu(v(h)).
(ii): Since

RSy(v)(t,u) =~(t) +u (v () x¥"(1)),

and

RSy (v(h)) (t,)
= 7 (h(t) +u (W) (@) x [F @)Y (A(E) + R () (B(2))])
= v (h(t) +u () (v (ht) x v (h(t)) ,

by using F(t,u) = (h(t),u (h’(t))2> , we have
RSy(v(R))(t,u) = RSy(7)(F (2, u)).

Hence RSj(7) & RSb( (h)). N
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And then we prove that RS, () 4 RSp(M~) and RSy() 4 RSy (M=) for an orthogo-

nal matrix M.

Proposition 39 Let v : (R,0) — R3,0 be a smooth reqular curve and M € R3 x R? be an

orthogonal matriz. Then
(i): RSu(v) & RSA(M~) and

., A
(it): RSy(7y) & RSy (M7).
Proof. (i): Since M is an orthogonal matrix ||Mx| = ||x|| for any x € R3. So

Sy () = 81y (1), 84 (£) = 8p14 (1), 85(2) = sipy (2)-

Then

RSy(MA)(t,u) = MA(t)+u [shey () MY (t) = shry () M~ (2)]

= M (@) +ul[d' ") - "Y' (1))

= MRSp(v)(t,u).
Therefore RS, () 4 RS, (M«) .

(ii): Since M is an orthogonal matrix M~ is just the rotation of 4 by some angle in
R3. So
RSy(M7)(t,u) = M~(t)+u[My'(t) x My"(t))]
= M(v@®)+u(¥'®) x¥"®))-

Hence RSy(7) 4 RSy(M~). 1

Now we’ll consider the relationship between the vanishing orders of the curvature & of

7, of ¥'x 4@ and the type of 4. Obviously x(0) = 0 < +’(0)x 4"(0) = 0. For the higher
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order derivatives of the curvature x we have the following lemma. This lemma is due to Dr.

Leslie Wilson.

Lemma 40 Let + : (R,0) — R3 be a smooth reqular curve, ¢ > 3. Then the following are

equivalent:
(8) Y(O)x 7'(0) = 7/(0)x 7"(0) = - = 7/(0) x 1ED(0) = 0 but (0)x 1 (0) # 0
(b) < is of type (1,q,q + s), for some s > 0.
(c) k(0) = K'(0) = --- = k14=3)(0) = 0 but 4= (0) # 0.
Proof. Suppose M is an orthogonal matrix. Then
(M)(@®) x (MY)O(0) = M /(&) x 7). (7.1)

Let h: R,0 — R, 0 be a diffeomorphism-germ. By Faa’ de Bruno’s formula

m!

(m n) ki, .. m)\km
Zkl Y T oy . g™ (RYFr - .- (R

where the sum ranges over n = 1,...,m and all nonnegative integers k1, ..., kn, such that
ki + - ++kn=nand k +2ky+---+mk, =m, and h(® is the i-th derivative of h (see
[14]), it is easy to see that 4'(0) x ¥"(0) = 4'(0) x 4"(0) = - -+ = 4'(0) x 4{«~1)(0) = 0 but
7'(0) x 79 (0) # 0,¢ > 3 implies that (7(h))'(0) x (v(R))"(0) = (¥(R))'(0) x (v(R))"(0) =

= (7(h))'(0) x (v())@=D(0) = 0 but (v(h))'(0) x (v(h))@(0) #0, g > 3. Applying this
argument to the curve 4(h) and the diffeomorphism-germ A~! : R,0 — R, 0 and by (7.1), we
know that v'(0)x v"(0) = +/(0)x ¥"(0) = --- = 4/(0) x¥4=1)(0) = 0 but +'(0) x ¥(?(0) #
0,q > 3 s equivalent to (M~(h))'(0)x (Mry(R))"(0) = (M (R)Y (0)x (M(R))"(0) = --- =

(M~ (R))'(0) x (M~ (R))@™(0) = 0 but (M~(R))'(0) x (M~(R))D(0) #0, ¢ > 3.
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(a) = (b) : We have
i k
YO xAO®) = | 1 we) e (7.2)

0 %)

= (B — W O%@), -7 @), (1))

If 4 is orthogonal-right equivalent to (™ +o0(t™), at™ " +o(t™*), bt™ 7+ 4 o(t™+7+5)) a #
0, b5 0, then we must have m = 1 and 1 4+ r = ¢q and « is of type (1,¢,q + s), for some
s> 0.

(b) = (a) : It’s obvious by the first paragraph above.

(6) = (o) : Let v(t) = (11(t),72(t),73(t)) be of type (1,49 +s), ¢ > 3, s > 0.
Then there exist an orthogonal matrix M and a diffeomorphism-germ A : R,0 — R,0
such that M~(h(t)) = (t,bpt9 + by 119! + -+ ey st?™ + cpyps1t975F 4 --.) for some
by, bg11,7 ", CatarCqtstl, * ER, by #0, cqps # 0. We denote M~y(h(t)) by 7(t). Let K be

the curvature of . From Section 7 we know the unit binormal

B(O) = Nt x 7(t) = L0 5 70O = OO _ () x 7'

OO O N IO 0N
So
K(H)B(t) = 7—(%-27‘]’3—@ (7.3)
By | B(t)|| = 1, 8'(t) # 0 and (7.3) we have
0] = sl O <7, (7.4
By (M)/(t) x Q'O = IM 1Y@ x 7@} = I'®) x 7@, 1) x

(YR @I = M @O Iy x~"(t))(h(t))| and Proposition 2.19 in [3] we know (0) = &/(0) =
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- = k@73(0) = 0 but k@=2(0) # 0 is equivalent to F(0) = F'(0) = --- = ®R@-3(0) = 0
but &2 (0) # 0. So we may just assume (t) = (t,bpt? + bpy1tI™! + .- cpystdts +
cp+s+1t‘1+s+1 + - --) for the purpose of this lemma.

By (7.3) and
7 (t) x4"(t) = 1972((d1e2 — dae1)bgegtstTT5 L+ O(TT5HY), —egcqrst® +O(t°11), doby +O(2))

for ¢ > 2, we have

K(t) = dobgt?™%u

where u is a unit. So x(0) = &/(0) = --- = k@3)(0) = 0 but (4=2(0) # 0 is equivalent to

that « is of type (1,q,q + ), for some s > 0. W

7.3 Main Theorems

We’ll prove the following results in the following sections.

Theorem 41 Let v : (R,0) — R3,0 be a smooth regular curve. Let A be the left-right
action on R? x R3.

(i) If v is of the type (1,2,s), s > 3, i.e.,, ¥'(0)x 4"(0) # 0, then RS,(¥)(t,u) is A-
equivalent to the map (t,u) — (t,u,0), i.e., an immersion.

(it) If v is of the type (1,q,9 + 8), ¢ = 3,8 > 1, or equivalently x(0) = k'(0) = --- =

k@=3)(0) = 0 but k(22 (0) # 0 then RS,(7)(t,u) 4 (t, 19" %u,0);

Theorem 42 Let v : (R,0) — R3,0 be a smooth regular curve. Let A be the left-right
action on R? x R3,

(1) If ~v is of the type (1,2,s), s > 3, i.e., ¥'(0)x 4"(0) # 0, then RSp(~)(t,u) A (t,u,0).



(i3) If v is of the type (1,q,q+s), s > 1,9 > 3, or equivalently k(0) = £'(0) = --- =

Kk@=3)(0) = 0 but K@= (0) £ 0 then RSy(7)(t,u) A (t,19 2, 0).
We first prove 2 lemmas.

7.4 Two Lemmas about Taylor Series

We denote the Taylor expansion of the function f about t = a by f;

Lemma 43 Let (t,u) be the coordinates in R?. Let f : RZ — R be C* function and
f(0,u) = 0 for any u € R. Given a point (0,b) € R?, suppose %(O,b) #0 (so f(t,u) has
an inverse function, denoted by f~1(t,w), with respect to t in a neighborhood of (0,b)) and
the Taylor expansion ]?(O,b) of f about (t,u) = (0,b) has such a form:

7o
fop = Zaiti + Z t'ps(u),

=1 i>ro+1,i—cdeg(p;(u)) > r
where r,c > 1 are integers and p;(u) is a polynomial in u, and ro > 1 is the largest integer
such that deg(a;) = 0 for 1 < i < ry and deg(pry+1(v)) > 0. Then the Taylor expansion

A
F Y opof f71(t,u) about (t,u) = (0,b) has the form:

A 70 ] .
Flop=D_bit'+ > t'qi(w), (7.5)
i=1

i>ro+1,i—cdeg(gi(u)) =7

where b;’s are some constants and g;(u)’s are some polynomials in v with
i — cdeg(q;(u)) > r and ry s the largest integer such that deg(b;) = 0 for 1 < i < 7
and deg(gry+1(u)) > 0. Furthermore, if ag = ag = -+ = ap, =0 for2 < ro < To, then

bp=by="-=by =0.

Proof. For the simplicity we omit the dependence on u and let g(t) = f~1(t,u) and

h(t) = f(t,u). So g(0) = h(0) = 0. Differentiating g(h(t)) =t and evaluating at t = 0 gives
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g'(0) - #'(0) = 1. Now we’ll use Faa’ de Bruno’s formula to show the Lemma:

where the sum ranges over n = 1,...,m and all nonnegative integers ki, ...,k such that
ki+---+kn=nand ki +2ks+---+mk, =m, and h{9) is the i-th derivative of h. (see
[14]) All the derivatives of h are taken at ¢ = 0, those of g at h(0) = 0.

If n = m, then

ki +kn=n
= hyteeet (m— 1)y =0

ki+2ka+---+mkp=m

ko=ks=-=kn=0
=
klzma
and if k3 = m, then
ky=ks=---=k, =0
ki+2ke+---+mkp,=m =
n=nm.
Son=m&k =
Ifn=1thenky =ky=---=kp.1=0and k,, =1;if k, = 1, then k; +2ks +--- +
mky, = mimplies ki =ky=---=kp,_1=0and by k1 +---+k,, =nwehaven =%k, = 1.

Sokn=1&n=1.

By Faa’ de Bruno’s formula (7.6), for m > 1 we have

. h(m) !
m _ _g-h™ m: - 7.7
g (h')m {Z kil Epeq!- (ADF - [(m — 1)1]’%—1 } (7.7)
AR (00 Al ()
(h’)m ’
where the sum ranges over n = 2,...,m — 1 and all nonnegative integers k1,..., kn—1 such

that kj + -+ k1 =nand k1 +2ky+---+ (m —1)ky,—1 = m. Especially, when m = 2,3
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we get 9(2) . (h’)2 + g’ . h(2) = 07 and g(3) . (h/)3 -+ 39(2) . h’ . h(2) + gl . h(3) = 0.

g -h® @) _ _39(2) N R Ny NC)
wy T K

By assumption, h’(0), 23 (0),...,A{)(0) are constants and A{"o*t1)(0),A{0+2)(0),... are

Hence ¢\?) = —

all the polynomials in u, with a(y41);47 # 0 in R(ro+1)(0) = a(ro+1)juj +.... So ¢'(0),
g@(0) and ¢®(0) are constants. By the formula (7.7) above and induction we know
¢'(0),9®(0),..., and g{™)(0) are constants and g™ (0) is a polynomials in u for any m
with deg(g(™+1(0)) = deg(h("o*1)(0)) > 0. In the same way one can prove that h(®(0) =
.-+ = h(r0)(0) = 0 implies g (0) = -- - = g{"0)}(0) = 0 for , < .

Since f(0,u) = 0 for any u € R, f~1(0,u) = 0 for any u € R and hence by the above
the Taylor expansion fﬁl(o’b)of (¢, u) about (t,u) = (0,b) has the form:

.A TO . .
Flow= Z bit" + Z t'qi(u), (7.8)
=1

i2ro+1

where ¢;(u) is a polynomial in u and 7y is the largest integer such that deg(b;) = 0 for

A
1 < i <7y and deg(gry+1(u))> 0 and there is no pure terms v/ (j > 0) in f‘l(o,b) .

Let ig > 7o be the smallest positive integers such that there exists a monomial % g;, ()

A
in the expansion =1 ,with ig — cdeg(gi,(u)) < 7.

A
Then any t'q;(u) with ¢ < 4p in the expansion f—l(OJ,) must satisfy (7.9)

either ¢ — cdeg(gi(u)) > rorl<i¢<ry (and deg(gi(w)) = 0).

Let’s rewrite the Taylor expansion of f(t,u) in the following form:

To
ait + Z a;t* + Z t’pi(u)
=2

i>ro+1,i—deg(p;(u)) > 7
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Put ¥(t,u) = (f71(¢,w),u). Then ¥(0,u) = (0,u) for any u € R. We expand f(¢(t,u)) =

about (0,b) :

A T0 A
a0 ™ op) + | D an(f op) + > a”(f o)W | =t (7.10)
i—2 >+, imcj >

Now we consider the term t%g;,(u) in the above Taylor expansion (7.10).

of
ot

A
in order to cancel the term a;t*°¢g;,(u) in a; f‘l(o,b)we must have the term —a;t*¢;,(u) in

a1 = —=—(0,b) # 0, s0 a3 f (0,p) has the term a1t giy(u). Considering g > 79 > 1, so

f.: aqi( fﬁl(oyby + > ( fél(o,b))ipi(u), in which each exponent 7 > 2. Thus
i=2 i2ro+1,i—cdeg(p;(u)) > r
—a,t%g;, (u) must be
case 1: the sum of the products of some terms like t¥qy(u) ( —a;t®g;,(u) is from
) A
(2 ailf o)’ ) or

case 2: the sum of the products of some t*q(u)’s and some p;(u) with k < 4o

A
( —a1t*gio(u) is from > (F Y op) pi(u) ) or
i>rp+1,i—cdeg(p;(u)) >

case 3: the sum of the sum of the products of some terms like t* gy (u) and the sum of the

‘ ro A .
products of some t*gx(u)’s and some p;(u) with k < ip ( —a1t®g;,(u) is from 22 ai(f o)
1=

A
and > (Fop'pi(u) ).
i>ro+1, i—cdeg(pi(u)) >

In case 1, for each factor t*qy(u) in the products we have the following 2 subcases:
subcase (i) ig > k > 79 and so k — cdeg(qx(u)) > r by (7.9). This contradicts
ip — cdeg (gi, (u)) < .
subcase (ii) deg(gr(u)) = 0 and k < 7. The products contain at least one factor
as in subcase (i). Then —a;t®g;,(u) must satisfy ig — cdeg(g;,(u)) > 7. This contradicts

io — cdeg (gi(uw)) < 7
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In case 2, suppose the product in the sum —a;#%¢;, () is the product of t*1gy, (u),.. .,
thagy, (u) (d > 1) and py(u), where deg (gx, (uw)) > 0 for 1 < ¢ < p and deg (g, (u)) = 0 for
1+p<i<dwherel<p<d Then d - cdeg(ps(u)) > r by the assumption about }\(O,b) .
For each t*qy. (u), 1 <14 < d, we have
ki — cdeg (g, (w)) > rfor 1 < i < p (ki < dp), and k; < ro and deg(gx,(w)) = 0 for

1+p<i<dSo Ty km — ¢y deg gk (w) 2 pr + Yf 1 ki and then

St b — ¢ | deg (pa(u)) + Ly deg (a5, (w) |
> pr+ Y, ki — cdeg (pa(w))
> pr+(d—p)— cdeg (pa(u))
> (r—1)p+d—cdeg(pa(u))
> (r—1p+r
Thus —a;t*g;,(u) must satisfy ig — deg (gi,(u)) > 7, This contradicts
do — deg (gio () < 7.

From the case 1 & 2 we know case 3 is also impossible. B

- A
Remark 15 1. In fqy), if 7o = 0, i.e., the coefficient of t depends on u, then f‘1(07b)

ro . . -~
may not has the form Y bit* + > t'qi(u), e.g., foop) = t(1 —u) and then
i=1 i2ro+1,i—cdeg(gi(u)) > 7

A
Fon= (o u)t.
A
2. If r =0 then f‘l(o,b) may not has the form

o . . -
dobitt + > t'qi(u), e.g., let c = 1 and fop) =t + t2u? + 3t3u2, then
=1 i2ro+1,i—cdeg(gi(u)) > r

A

fop=1t—tu? + (2ut — 3u?)t® + (15u* — 5uf)t? + O(u®), where deg(2u* — 3u?) =4 >3
and deg(15u* — 5uf) = 6 > 4.

3. Ifue R™ n>1, the lemma still holds.
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-~ o . .
(Questionl: in figp) = 3 ait’'+ » a;jt'u?, if a(ry41)j 7 0 for some j > Lis it
i=1 i>ro+1,i—cj >

, A T ) o
possible that there is a term b;ptu® with ¢ > ro+1in f1 0p)= > biot'+ > bijt'u’ 7
i=1 i>ro+1,i—cj > 7

Question2: Graded version of the Lemma:Let ro > r; > 0 and s > 0 be the integers.

~ ] , T0+8 .. ..
If fop) = D aiot’ + > a;it'u’ + > ait'u? (a1p # 0), can we have
’ i=1 i>ro41, imcj > 1o i>rotstl,i—cj >
A To . ro+$ L o
f op= 22 biot* + > bijt'u? + > bijtiud 7)
=1 i>ro+1,i—cj > 12 1>ro+s+1,i—cj > 711

Lemma 44 Let (t,u) be the coordinates in R?. Let f : RZ — R be C*® function and
f(0,u) = 0 for any u € R. Suppose %%(O, 0) # 0 ( so f(t,u) has an inverse function,
denoted by f~1(t,u), with respect to t in a neighborhood of (0,0) ) and the Taylor expansion

]?(a,O) of f about (t,u) = (a,0) for a near 0 has such a form:

A ..
f(a,O): aiof + Z aijt’uj,

i>1,j—ci>r

A
where v > 0,c > 1 are integers and a;; € R. Then the Taylor expansion f‘l(am a,0)0f

f7Y(t,u) about (t,u) = (a10a,0) for a near O has the form:
A . .
f_l(alo a,0)= apt+ Z bijtzu]a (7.11)
21, j—ci>r

where b;; € R.

Proof. Obviously f~1(0,4) = 0 for any u and QE,L; (a10a,0) = agy.

Ut u))=t = fFHfE0) =t = fH(awt,0)=t = f7(3,0) =apt.

A
We can write the Taylor expansion f“l(am a,0)0f f~1 about (¢t,u) = (aipa,0) as

A
AF) _ ..
f (a10 a,O) = alolt + § : bijtzuj -

121,521

Put 9(t,u) = (f~1(t,u),u). Then ¥(apa,0) = (a,0) for any a near 0.
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We expand f (¥(t,u)) =t about (a1pa,0) :

A A L.
aio f_l(alo a,0) -+ Z Q5 (f—l(alo a,O))qu =t (712)

i>1,j—ci>r

Suppose jg and ig are the smallest integers > 1 such that there exists a nonzero monomial

A
0y with jo — cip < r in the Taylor expansion f‘l(alo a,0) -

A
(1): If ig = 1, in order for (7.12) to hold > a,-j(f_l(aw 0,0)"%’ must contain the
i>1,j—ci>r
A
term tu/® (up to the coefficient), which can only be contributed by a1; f~ (4,040 %’ for

some j with j —cig = 7 —c > r. This contributing term is either tu’ with j —c > r or tu/tu’
with 7 —c¢ > r and j; < jo. In both cases, j + j1 — ¢ > j — ¢ > r. This implies jo — cip > 7.

Contradiction.

A .. . . -
(2): Ifip > 1, theterm t®w® in >0 as;(f 7} (410a,0)*t is of the form (T, (EFui))ud
i>1,j—ci>r ’
(up to the coefficient) or the sum of terms of such form, where Zi.—_l ik =10, 1 < i < 1p,
j'—ed > r and Zzzl jk + 7' = jo. We have the following 2 subcases:
Subcase(i): If j' = jo,then jr = 0 and 4 = 1 for 1 < k < 49 (¢ is from al"olt in
A
F @10a,0))s and d = ig. Then
d 1
(J] (e = 2 tod” = tion",
k=1
And j' — cd > r implies jg — cip > 7. Contradiction.
Subcase(ii): In the case j' < jo, suppose jx > 0 for 1 < ¢ < p and jx = 0 for
1+p <i<dwherel < p<d.If jx >0 then jx —cix > r because of jr < jo, ix < 79 and the
minimality of jo. And jz = 0 implies 7 = 1. So j'—l—ZZ:l J —cz,‘le i > j +pr—c(d—p).

Since j' —cd > r, —c(d—p)Z(T—j’)(l—-g)zr—j’notingr—j'SOand1—251. So

j' +pr—c(d—p) >3 +pr+r—j >r This implies jo — cip > r. Contradiction. W
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- o A
Remark 16 For any b € R, if fop) has the form aot + > a;it'u?, then f"l(o,b)

i>1,j—ci>r

also has the form ajgt+ 3. bytiud.
i>l,j—ci>r

Remark 17 Ifu € R™ n > 1, the lemma still holds.



CHAPTER 8

Proofs of Main Theorems

8.1 Proof of Theorem 41

The differential of RS, (t,u) at (t,u) = (0,0) is

D(RSn(7)(t, 1))l 0,0
¥ (t) +u[s" ()" (t) + ' ()7 (t) — 8" ()7 (t) — 8" () (2)]
S (e)"(1) — /(617 (1) o
7'(0)
§'(0)7"(0) — s"(0)¥'(0)

Case (i): If v is of the type (1,2,s), s > 3 then 4/(0)x ~4”(0) # 0, i.e., k(0) # 0 by
Lemma 40, then D(RS,(v)(t,u)) is nonsingular at (0,0) and RS, (v)(t,u) is an immersion
in a neighborhood of (0,0). So RS,(v)(t,u) is A-equivalent to the map (t,u) — (¢,u,0).

Case (ii): Suppose 4 is of the type (1,9, + 8), ¢ > 3,s > 1, or equivalently £(0) =
K(0) = -+ = k3(0) = 0 but k9-2(0) # 0 by Lemma 40, and suppose ~ and 7 are
orthogonal-right equivalent to (t,b4t? + by4197™! + O(t9%2), cg1t9 + O(t7+2)),b, # 0.
By Proposition 38 and Proposition 39 we know RS, (%) 4 RS, (7). So for the purpose of
finding the A-type of RS, () we may assume v = (¢, 417 + bg1¢9 + O(t912), cg1t9™! +
O(t72)),b, # 0. We'll prove that the A-type of RS, () does not depend on the values of
bg,**,Cq+1,* - It is only determined by the type (1,9,9 + s) of ~. By some computation

we have



105

RS (7)(t,u) =~() +uls')y"(t) - " ()7 ()]
= ((t +u [¢¥(1 — g)b2t273 + Ot~ %],
bgt? + O(tT™) + ut? 2 [g(q — 1)by + O(2)],
Cqr1t?™ + O(t42) +ut?™ [g(gq + 1)cgr1 + O()))

= (fur(t), fua(), fus(t)) ,

where
Fur(t) =t +u [¢3(1 — q)b2t2473 + O(t2172)]
Fua(t) = bgt? + O(t7+1) + ut?™2 [q(q — 1)bg + O()],
Fualt) = carat? + O(#2) + utt™ [g(q + egsr + @)
So the Taylor expansion fu\lo of fu1 at t = 0 has the form :‘9_: a;t'+ > t'p; (w)

i=1 i>rg+1,i—cdeg(pi(u)) >
for any v as in Lemma 43, where g =29 —4,¢c=2¢-3,r=0,a; =1, a; = 0 for

8ful
at

2 <4< 2g—4 and p;(u) is a multiple of u for i > ro+1. So (0) = 1, then f}(t) exists

A
-1

with respect to ¢ and f,;" also has the form

u

i bit' + z tigi(u) =t + Z tiq;(u) (8.1)
i=1 i>rg+1, i—cdeg(q; (u)) > 7 122q—3,i~(2¢~3) deg(qi(u)) 20
for any u by Lemma 43, where g;(u)’s are some polynomials.
Rewrite
Fu(f' (1) = ugi(t,u) + ga(t) = ugru(t) + g2(t)
and
Fus(fia (8)) = uh(t,0) + ha(t) = uhiu(t) + ha(t)
for some functions gi.(t), g2(t), h1.(t) and ha(t). After the change of the variables (t,u) —
(fa @), u),

RS"(7)(t7 u) = (t7 ug1(t, ’U,) + 92(t)7uh’1(tau) + hz(t))
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By (7.7) we can easily see the exponent of u in g;(u) in (8.1) is at least 1 (no constant term
A
in g;(u)) because p;(u)’s in fu1q are all the multiples of u. Rewrite f,;', in the following
form:
/\ . . .
f;llO: t+ Z t'qi(u) =t + Z agt'v?, (8.2)
i229—3,1—(2g—3) deg(q;(u)) 2 0 i229-3, j>0,i—(2¢—3)j 20

ai; € R. Then consider

k k
U (t + Z aijtiuj) = tku (1 + Z aijti“luj) (83)

i>29-3,i—(29-3)j>0 i>2g-3, j>0,i—(2g—3) >0

A
for k> g—22>1,ie., ut’ in f,o(t) with ¢ replaced by f;’llo . For the exponents i, j of the

terms t*u/ with j > 0 and 4 > (2¢ — 3)j > 3 in (8.3) we have

i—(20—3)j20=i-(q—2)j > (¢—1)j

=ki—k(g—2)j>k(g—1)j>2k>k+q—2fork>q—2.
So k(i —1) — (kj +1)(g—2) > 0 for k > g — 2 and (8.3) can be rewritten as

t*(u+ > bijtiu?) (8.4)
i229—4, j>1,i—(q—2)j 20
for some b;; € R. The change of the variables (X,Y,Z) — (X,Y — g2(X),Z — ho(X)))
further gives RS, (7y)(t,u) the form RS, (v)(t,u) = (t,ug:1(t, w), uhy(¢,u)), where the Taylor
expansions of ugi,(t) about t = 0 has the form
972 'iq(q — 1)b2u + Z C«ijtiujJ
i>29—4, j>1,i—(q—2) j 20

and similarly the Taylor expansions of uh;(t,u) about ¢t = 0 has the form

a1 [q(q + l)cq+1u + Z dijtiuj:l (8.5)

i>2q—4,j>1,i—(g~-2)j 20
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A A A
for any u by the forms of fu_llo, fu20, fuzg and (8.4), where ¢;j,d;; € R. Factor ugi.(t) =
t972g3(t,u). So

093(0,0
2000 _ g 12 0,

considering that the type (1,q,q + s) of v guarantees b, # 0. The Taylor expansion é\g(o,b)
of g3(t,u) about (¢,u) = (0,b) near (0,0) has the form
q(g — 1)u+ > cijt'u?,
i>2q—4, j>1,i—(q—2)j>0

noting that the coefficients of ¢! in the Taylor expansions of ug,(t) about t = 0 are all
the polynomials in u. Then the inverse g3 1(t,u) of g3(t,u) with respect to u exists in a
neighborhood of (t,u) = (0,0) and the Taylor expansion of g3 *(t,u) about (¢,u) = (0,b)
near (0,0) has the form

————l——u + Z eit'u! eij € R (8.6)

M@= D% oy a 51520
by Lemma 44 (with the roles of ¢t and u switched in Lemma /4), where that the exponent
j of u is bigger than 1 is from (7.7). By the change of the variables (¢,u) — (t,g5 1(t,w)),

RS, (t,u) takes the form
RS (t,u) = (8,47 %u, g5 ' (t, w1 (t, 957 (¢, u)).

Consider uhy(t,u) with u replaced by g3(t,u) (c.f. (8.5) and (8.6) ) and then we have :

1 L
971 | g(g+ g a=1 1)u+ Z ettt | + (8.7)
09 i1224-4, j1> 1, i1—(g~2) 1> 0
J2
. 1 o
" Dt MCE R 2  canttu
i9>2g—4, j2>1,i2—(g—2) jo > 0 i12>29—4, j1>1,11—(¢—2)j1>0
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In the second summation of (8.7), about the exponents of the term t‘u’ we have i =

io + 1k, j = jo — k + j1k for some k,1 < k < jo, and

ig + i1k — (g — 2)(j2 — k + j1k)
= iy —(q—2)(jo— k) + k[t — (¢ — 2)51]

> da—(g—2)ja+k[i1~(¢g—2)51] >0

because of the restrictions ¢, — (¢ — 2)j1 > 0 and i3 — (g — 2)j2 > 0. In the first summation
of (8.7), about the exponents of the term t'w/ it’s easy to see s — (¢ — 2)j > 0. So the
Taylor expansion of ha(t,u) = g3 *(t,u)h1(t, g5 ' (t,u)) about (t,u) = (0,b) for b near 0 has
the form

Z fijtiuj, fij e R. (88)

i2q—1,i—(¢-2)520

8.2 CF Composite Function Property

Here we state a definition about the C* composite function property in [2]. For the def-
inition and basic properties of semianalytic, subanalytic, Nash subanalytic and semiproper
see [2] and [1].

Let 2 € R™ be a subset and ¢ : 0 — R” denote a semiproper real analytic mapping.
X = (). Let (¢*C*(X))" denote the subalgebra of all functions f € C¥(Q) such that f is
"formally a composite with ¢”; i.e., for each a € X, there is g € C*¥(X) such that f —¢*(g)
is k-flat on ¢ ~!(a). A function f is k-flat on € iff the k-th Taylor polynomial of f is 0 about
each point of €.

Put C{®)(X) = NpenCF(X). For our case we define a map ¢ : R?2 — R? by o(t,u) =



109

(t,t972u), ¢ > 3. Let A>0,B > 0 and Q = {(t,u)| |[t| < 4, |u| < B}. Then
() = {(z,9)]| -B2*? < y < Bx??,0<z < 4}
U{(z,y) | Bz92 < y < —Bz% % —A <z <0} if q is odd,;
and
0(Q) = {(z,y)| —Bx?%2 < y< Bx?% —A <z < A} if g is even.
So () is closed (compact) semianalytic. The class of Nash subanalytic sets includes all
semianalytic sets. So ¢(€2) is a closed Nash subanalytic set. By Theorem 1.6 in [2] and the
remark after it we have
N (p(Q)) = C=(()-
By (8.8) 1?3(0,1,)= 3 fijt'w?, with ¢ ~ (g —2)j > 0 and i > g — 1, so for any
i>g-1,i—(q—2)j=0
k € N there is a g € C*(X) such that hs — ¢*(g) is k-flat on ¢~1((0,0))= {(0,b)| |b| < B}
because each term f;;t'u in }:\3(0,1)) satisfies 1 — (g — 2)j > 0. If t # 0, ¢ is a bianalytic map
and hg = hz o ¢~ 0 . So for any (a,b) € p(Q) and for any k € N there is g € C*¥(X) such
that hg — ¢*(g) is k-flat on ¢~1((a,b)). Hence hz € C(™)(p()) = C®(¢(f)). Then there
g € C*°(X) such that hg = go .
The change of the variables (X,Y,Z) — (X,Y,Z — g(X,Y))) leads to

RS, (7)(t,u) = (t,t97%,0). W

8.3 Proof of Theorem 42

Now we consider the ruled surface of binormals of 4(t). The differential of RSy(t, ) at
(t,u) = (0,0) is

1t + u(~'(t ue 70
PEsEEWI = | TETEOTO || 7O

¥ (t) x ¥"(t) ©0) 7' (0) x +"(0)
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Case 1: If 4 is of the type (1,2,s), s > 3 then 4/(0)x ~"(0) # 0, i.e., k(0) # 0 by

Lemma 40, then ~4/(0) # 0 and 4’(0) L 4'(0) x~4”(0) implies D(RSy(~)(t,u)) is nonsingular

at (0,0). So RSy(v)(t,u) is an immersion in a neighborhood of (0,0). So RSy(v)(t,u) is
A-equivalent to the map (t,u) — (¢,u,0).

Case 2:Suppose 7 is of the type (1,q,g9+3), ¢ > 3,s > 1, or equivalently x(0) = «'(0) =

.- = £473(0) = 0 but x2(0) # 0 by Lemma 40. By Proposition 38 and Proposition 39

we may assume that the curve 4 takes the form
() = (2, bgt? + bq+1qq+1 + O(tq+2)a Cq+1tq+1 + O(tq+2))a by # 0,

then by some computation we have

RSy(v)(t,u) =) +u(v'(t) x¥"(2)
= (t +u [q(q + 1)bgcg1t*@ Y + O(t%~1)] ,
bgt? + O(™) +ut?™" [—q(q + L)eg41 + O(2)],
cqr1t?t! + O(1972) + ut?=2 [g(g — 1)bg + O(t)])
= (fur(t), fua(t), fus(?)) ,
where
fur(t) =t +u [q(q + 1)bgcg41t%0~ 4+ O(t2—1)]
Fua(t) = bgt? + O(t7) + ut?™! [~q(g + 1)cg41 + O(1))],

fus(t) = cg1t9T + O(t9+2) + ut?=2 [g(q — 1)by + O(2)] -

So the Taylor expansion fu\lo of fyu1 at t =0 has the form

t+ Z aijtiuj, a;; € R.
i229-2, j>0,i~(29-2) j=0
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For fuo(f7l(t)) and fu3(f5;*(t)) we consider
k k
ul{t+ Z aijtiuj =thy |1 + Z aijti_luj .
i>2q-2, j>0,i—(24~2) j> 0 i>29-2, 5> 0,i—(24-2) j2 0
(8.9)
Fork>q—-2,fromi—(29—2)j > 0 wehavei—(¢—2)j > qj = ki—kj(q—2) > kjqg > 3k
since ¢ > 3 and j > 1(j > 1 is from (7.7) as pointed out in the paragraph before (8.2) ).

Soki—kj(g—2)>3k>k+q-2=
k(i—1)—(kj+1)(g—2)>0fork>qg—2. (8.10)

For k > ¢ —1,from i — (2¢ — 2) j > 0 we have
i—(g—-1)j=(g-1)j
= ki-kjlg—1)>kj(g—1)>2ksinceqg>3and j>1
(j > 1is from (7.7) as pointed out in the paragraph before (8.2) ). So
ki—kjlg—1)>2k>k+q—1

= k(t—-1)—(kj+1)(g—1)>0for k>q—1.
Then for k > g — 2, (8.9) can be rewritten as
t* | u + Z bijtiuj ,bij € R.
i>2¢-3, j>1,i—(¢—2)j >0
Then for k > q — 1, (8.9) can be rewritten as

tk (u+ Z bijtiuj> ,b,;j € R.

i>29-3, j>1,i~(g—1)j 20

Then in the same way as in the case of the ruled surface of normals we can show that by

some changes of variables we have

RSb(7) (ta U) é\ ( 2 tq_l ["‘I(q + 1/)Cq%-lu + Z c’ijti’uj:l )

i>2¢-3, j>1,4i—(q—1)j 20

tq—2 q(q — 1)bqu + Z dijtiuj y
)i 0

i>2¢-3, j>1,i—(g—2
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¢ij,dij € R. The Taylor expansion of the inverse function of

q(q — 1)bgu + Z d;jt'u?
i229-3, j>1,i—(¢—2)j20

with respect to u about (¢,u) = (0,b) near (0,0) has the form

1 .
Y+ eijt'u?,e;; € R
Q(q— 1)bq i>29—38. 3 Z'_ —9) 4 N N
2293, j>1,i—(¢—2)j20
by Lemma 44. Consider t97! | ~q(q + 1)cqy1u + > cijt'u? | with u re-
i>29-3, j>1,i—(g-1)j 20
placed by 1 u+ > e;;t*u? and we have:
2@—1)  >04-3 j>1i—(g-2)j>0
1 o
7 —q(g+ Vegyr | ——u+ Z et ult | + (8.11)
q(q_l)bq $1>20—3. 4 i1 —(g—2) 7
122g-3, j1>1,41—(¢—2) 120
g2
) 1 o
+ > it gla— e T > i jy !
1222¢-3, j2> 1, i3—(¢q—1)j2 20 A e 412>2¢-3, j1>1,41—(9~2) 5120
In the second summation of (8.11), about the exponents of the term t'u/ we have i =
ig + 01k, j = jo — k + j1k for some k, 1 < k < ja, and
ig + i1k — (g — 2)(j2 — k + jik) (8.12)

= d3—(q—2)(J2 — k) + ki1 — (¢ — 2)51]
> d2—(q—2)j2+kli1—(¢—2)51] 20

because of the restrictions 41 — (¢—2)j1 > 0 and io—(g—1)j2 > i2—(¢—2)j2 > 0. In the first
summation of (8.11), about the exponents of the term t'u/ it’s easy to see i — (g —2) § > 0.

So the Taylor expansion of (8.11) about (¢,u) = (0,b) for b near 0 has the form
Z fz'jtiuj, fij eR.
i>q~1,i—(a-2)j>0

Then in the same way as in the case of the ruled surface of normals we can show RSy(v)(t, ) 4

(t, > Fiitind 19=2u) 2 (,0,49-2u) A (¢, 492, 0). W
i2q-1,i-(q-2)j 20
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