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We studied the influences of wide energy spectrum and emission angle of secondary electrons on

electron bunching from a dc-biased single surface multipactor. In our previous study of the same

system, an ideally narrow energy spread of secondary electrons without emission angle was used in

the analysis of the electron trajectory [M. S. Hur, J.-I. Kim, G.-J. Kim, and S.-G. Jeon, Phys. Plasmas

18, 033103 (2011) and S.-G. Jeon, J.-I. Kim, S.-T. Han, S.-S. Jung, and J. U. Kim, Phys. Plasmas 16,

073101 (2009)]. In this paper, we investigated the cases with realistic energy spectrum, which is fea-

tured by a wide energy spread and significant emission angle. To theoretically approach the matter of

emission angle, we employed a concept of effective longitudinal velocity distribution. The theoretical

results are verified by particle-in-cell (PIC) simulations. We also studied the electron bunching from

a copper by PIC simulations, where we observed stable electron bunches with bunch width of approx-

imately 80 lm. VC 2012 American Institute of Physics. [doi:10.1063/1.3685697]

I. INTRODUCTION

The multipactor discharge is prevalent in many rf

devices.3–8 Like other discharge processes, the multipactor is

also associated with electron avalanche: some free initial

electrons inside the device are accelerated by rf field to hit

the material surface, yielding more secondary electrons.

Then, the emitted secondary electrons hit again after several

periods of the rf and make even more secondary electrons.

As this procedure is periodically repeated, the number of

free electrons in vacuum increases rapidly. This event, which

occurs in most rf devices, is usually undesirable, since it can

damage the window of the rf device9–11 or change the condi-

tions of device operation.9 Sometimes the multipactor leads

even to vacuum breakdown.10,11

Despite these undesirable features, there is a stream of

utilizing it for a high intensity electron beam generation.12,13

For example, there can appear electron bunches, which have

narrow sizes and high intensities, if some inherent resonance

conditions are satisfied.1,2,13 The electron bunches generated

in this way can be utilized as a source of an efficient and

compact microwave generator. Due to the avalanche-like

property of the multipactor, usually the current density is

very high compared to the conventional device: we expect to

obtain a bunch current of a few tens of mA or even A order

from GHz resonators. Another major advantage is that the

electron beams are generated in a “bunched” form, so there

is no need to use a dc-ac beam converting system as in the

conventional microwave generator such as klystron. Thus,

the size of the conventional klystron can be reduced signifi-

cantly keeping the high efficiency. The typical bunch size

from the multipactor is a few pico-second in time domain

(tens of microns in space domain), which is much shorter

than the period of GHz driving, so it is advantageous to use

high harmonics also. One of the multipactor discharge struc-

tures suitable for that purpose, i.e., the bunch generator, is

the dc-biased single surface multipactor2 (Fig. 1).

In our previous works on this system, the fixed point

theory with space charge effect neglected has been stud-

ied.1,2 From the theory and simulations, it was found that

narrow bunches of electrons can be generated stably if some

stability conditions are satisfied. Such conditions were

derived analytically from the quadratic mapping of a given

phase deviation to the next cycle phase deviation.1,2 And

from the same mapping, the effects of a small, square-

shaped energy spread in the secondary emission energy have

been investigated.1

In this paper, we extend our previous work to include

more realistic effects. First of all, we investigated the cases

with realistically wide spectrum of emission energy of the

secondary electrons. The materials we first considered here

are some artificial materials with broader spectra than before,

and then we studied the case with a copper eventually. For

analysis, we used the previously developed quadratic map-

ping1 and particle-in-cell (PIC) simulations. Second, we con-

sidered the effects of emission angle of secondary electrons.

For the implementation of the angle effect to our previous

one-dimensional theory, we employed the concept of the

“effective” secondary emission energy spectrum in normal

direction to the surface. We compared the mapping theory

with such “effective” spectrum with PIC simulations, from

which a good agreement was obtained.

The paper is organized as follows: first, previous work

on the fixed point theory is reviewed in Sec. II. Next, we

present effective longitudinal energy spectrum by material

property and angular effect of true secondary electron along

with PIC simulation in Sec. III. Finally, we summarize in

Sec. IV.a)Electronic mail: mshur@unist.ac.kr.
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II. FIXED POINT THEORY

In this section, we review the fixed point equation to cal-

culate analytically the electron trajectories for bunching and

its stability condition. If the electron trajectory in the struc-

ture is assumed to depend only on the external dc and ac

fields without space charge effect, the single electron equa-

tion of motion is given by

d2z

dt2
¼ � e

m
Ed �

e

m
Ea sin xtþ h0ð Þ; (1)

where Ed and Ea are amplitudes of dc and ac fields. Ed has to

be large enough to yield secondary electrons. And also, Ea

must be adequately larger than Ed to prevent premature

impact. The integration of Eq. (1) yields the trajectory equa-

tion of the secondary electron,

zðtÞ ¼ v0 �
eEa

mx
cos h0

� �
t� eEd

2m
t2

þ eEa

mx2
sinðxtþ h0Þ � sin h0½ �; (2)

where z t ¼ 0ð Þ ¼ 0. When the electron returns to the emis-

sion plate after the nth cycle of ac field, the secondary elec-

tron should start with the same initial velocity v0. So, with

z ¼ 0 at t ¼ 2pn=x in Eq. (2), the resonance equation is

given by

cos h0¼ v� npe; (3)

where e ¼ Ed=Ea; v ¼ mxv0=eEa. Here, e represents the ra-

tio of ac and dc fields and � is the normalized emission ve-

locity of secondary electrons.

For a resonant electron to tolerate any perturbed devia-

tion from its resonant trajectory, it should be in a certain

range of stability condition. To find the stability condition of

the fixed point, we derived a quadratic function, which

mapped the deviation Dk ¼ hk � h0 at the kth cycle to Dk þ 1

at the next cycle. If it takes sk for an electron to finish its

cycle, Dk þ 1 ¼ hk þ 1 � h0 ¼ hk þ s hkð Þ � h0 � sðh0Þ; where

s h0ð Þ ¼ 2np and s is the time for the electron to return to the

emission plate. Here, hk is the initial phase at the kth cycle,

and h0 is the fixed point from Eq. (2). By Taylor expansion

up to the second order of Dk, we obtain

Dk þ 1

Dk
¼ 1þ s hkð Þ � s h0ð Þ

hk � h0

� 1þ @s
@h

����
h0

þDk

2

@2s

@h2

����
h0

: (4)

From zðs=xÞ ¼ 0, we could obtain @hs and @2
hs,

s00 ¼ �
2np sin h0

� � 2npe
¼ 2np

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� � � npe2ð Þ

p
� � 2npe

; (5)

s000 ¼
2np

� � 2npeð Þ3
2np e�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� � � npeð Þ2

q 3� ��

� � � npeð Þ �2 � 2npe� þ 2n2p2e2
� �	

: (6)

Equation (4) can be simply written by a quadratic function as

Dk þ 1 ¼ f ðDkÞ ¼ Dk bþ aDkð Þ; (7)

where a ¼ s000=2 and b ¼ 1þ s00. From a standard quadratic

mapping analysis, the stability condition for the fixed point

h0 can be set as bj j < 1. If the stability condition is satisfied,

the electron phase will converge to the fixed point as itera-

tion goes on, even though there exists some perturbation in

its trajectory.

We also considered the energy spread of the secondary

electrons. To do that, the mapping function was modified as

follows:

hk þ 1 ¼ hk þ s �k; hkð Þ � s �0; h0ð Þ; (8)

where �k ¼ �0 þ d�k. As we use the Taylor expansion on Eq.

(8) up to the second order, we approximately obtain

hk þ 1 ¼ hk þ Dks
0
0 þ d�k@�s0 þ

1

2
D2

ks
00
0 þ Dkd�k@�s

0
0

þ 1

2
d�2

k@
2
� ; (9)

where Dk ¼ hk � h0. For the convenience in analysis, we

represent Eq. (9) as follows:

g xð Þ ¼ xðb̂þ axÞ þ s; (10)

where b̂ ¼ bþ d�k@�s00, s ¼ d�k@�s0 þ d�2
k@

2
�s0=2,

a ¼ s000=2, b ¼ 1þ s00, gðxÞ ¼ Dk þ 1, and x ¼ Dk. In our pre-

vious work, we studied the case where d�k is small compared

to the peak value of �0. Equation (10) was numerically calcu-

lated, and calculation of mapping was verified by PIC

simulation.

III. EFFECTIVE LONGITUDINAL ENERGY SPECTRUM

In this section, we study the characteristics of the elec-

tron bunches, when more realistic features of secondary

emission are included. Here, the realistic features can be

described by two properties, which were not counted in our

previous works:1,2 one is the much wider energy spectrum of

the secondary electrons and the other is the non-zero emis-

sion angle. The energy spread effect is already included in

the mapping theory via the “s”-term in Eq. (10). Previously,

we studied a very narrow, square-shaped emission energy

spectrum,1 where D�=� < 0:05� 0:15. Here, we apply the

same mapping theory to the case with a broader, Gaussian-

like realistic energy spectrum with D�=� < 0:1� 0:5. Fur-

thermore, to account for the emission angle effects of the

secondary electrons by the one-dimensional mapping theory,

FIG. 1. The structure of the multipactor. Lower plates are surface which the

electrons hit.
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we derived the “effective” emission spectrum of longitudinal

velocity, which was implemented to the energy spread term

in the mapping theory. The iteration results of the mapping

were compared with PIC simulations. We also studied the

electron bunching from a copper plate, which has even a

wider emission energy spectrum. For such a very wide

energy spectrum, our mapping theory is not valid any more,

since Eq. (10) has derived from the Taylor expansion for

small Dk only. In that case, we performed just the PIC simu-

lations to obtain the electron bunching size in the phase

space and current profile.

For the realistic energy spectrum and emission angle of

the secondary electrons, we used the analytic fitting formulae

in the paper by Furman and Pivi.14 In Ref. 14, the authors

described the energy distribution of secondary electrons

from the surface of material, for a given energy and incident

angle of a primary electron; the emission energy distribution

of true secondary electrons is determined by

fn Eð Þ ¼ FnEPn� 1e� E=en , where Fn is a normalizing factor,

which depends on fitting parameters of material Pn; en. This

is for the true secondary emission, which dominates the

energy spectrum more than other secondary emission mecha-

nisms such as backscatter or rediffusion.14

As is implied from our one dimensional analysis, distri-

bution of �z (longitudinal velocity) is important in determin-

ing the trajectories of electrons and bunching. At this point,

we use velocity distribution instead of energy. The emission

angle follows the cos h distribution, and azimuthal angle is

uniformly distributed in 0–2p (Ref. 14) as in Fig. 2. The par-

allel component of the velocity does not influence much the

bunching as long as the transverse dimension of the system

is large enough compared to the transverse deviation of elec-

trons for one cycle (this point was verified by PIC simula-

tions). To obtain vz-distribution with emission angle spread

considered, we start from

E ¼ 1

2

eE2
a

mx
�2

z

cos2 h
; (11)

which is from E½eV� ¼ 1
2e mv2½eV�, v ¼ eEa

mx �, and v ¼ vz

cos h.

Emission angle and energy variation of the probability distri-

bution can be expressed by dP E; hð Þ ¼ A fn Eð Þ cos h dh dE,

where fn Eð Þ ¼ FnEPn� 1e� E=en and A is a normalizing con-

stant. Then, from Eq. (11), we obtain

dP �z; hð Þ ¼ A0vzf
0
n �z; hð Þ

cos h
d�zdh: (12)

By averaging over e, we obtain

dP �zð Þ � dP �z; hð Þh ihd�z ¼ F �zð Þd�z; (13)

where F �zð Þ ¼
Ð p

2

0

A0f 0n �z;hð Þ�z

cos h dh. Here, F �zð Þ actually means

the probability distribution of speed in z-direction consider-

ing the effect of the emission angle.

The numerical integration of F �zð Þ can be compared

with velocity distribution obtained from Monte Carlo (MC)

method. In MC method, we used the accept-reject method,

where two random numbers are used. The procedures are

that the first random number R1 is chosen from the range

[0, Emax], where Emax is the maximum true secondary elec-

tron energy. The first random number is used to calculate

f R1ð Þ ¼ A0EP � 1e
E
e . Then, the second random number R2 is

uniformly generated between 0 and 1. The random number

generation is repeated until we obtain R2 < f R1ð Þ, then R1 is

converted to the normalized velocity � ¼ 2x
ffiffiffiffiffi
R1

p
=Ea. We

used 105 test electrons to get �z distribution. We compared

the effective longitudinal velocity distributions calculated

FIG. 2. The diagram of the h distribution which follows cos h and / is uni-

formly distributed in 0–2p.

FIG. 3. Comparison of normalized velocity spectra between MC method

and numerical iteration in artifical materials where the parameters are (a)

Pn ¼ 64; en ¼ 0:01 and (b) Pn ¼ 4:2; en ¼ 0:2. The dotted and solid lines

overlap quite exactly on the dotted-dashed and dashed lines, respectively, so

they are not that distinguishable.
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from Eq. (13) and from the MC calculation in Fig. 3. The

material parameters were (Pn ¼ 65; en ¼ 0:01) and

(Pn ¼ 4:2; en ¼ 0:2) which correspond to � ¼ 0:1 6 0:01

and � ¼ 0:1 6 0:05, respectively. These energy spreads are

much wider than the cases in Ref. 1. From Fig. 3, it looks

like that by the emission angle of secondary electrons, their

effective longitudinal velocity distribution is generally

broadened, and the peak position is shifted to the lower side.

And in the case (a) of Fig. 3, which has narrower spectrum

than Fig. 3(b), the peak position is shifted less; the shifted

intervals of (a) and (b) are D� ¼ 0:0044 and 0.0186. On the

other hand, the spectral width of �z in case (a) is much wider

than case (b). Note that numerical iteration and MC method

agree well with each other.

With these modified longitudinal velocity distributions of

the secondary electrons, we iterated Eq. (10) to obtain phase

diagrams. We also performed PIC simulations for compari-

sons. For the PIC simulations, the empirical formulae in

Ref. 14 were implemented to the secondary electron routine

of the code. The secondary emission routine allows a full

energy spectrum of the secondary emission, which is com-

posed of back scattering, rediffusion, and true secondary elec-

tron emission.15 The width of material surface was 200 lm in

transverse direction, and the longitudinal length of the system

was 200 lm. We fixed the frequency and ac field amplitude

at 35 GHz and 5.941 V/lm, respectively, and the dc field was

varied.

To extract the phase information of the electron bunches

from the PIC simulations, we measured the full width at

Imax=e of the electric current through the emission plate as in

Figure 4 and converted it to the phase following the proce-

dure in Ref. 1. Electrons phase spread obtained in this way

was compared with the results from mapping Eq. (10). Note

that the width of the phase spread is proportional to the lon-

gitudinal size of the bunch. Figure 5 shows comparison of

phase spread from the simulations and Eq. (10). The error

bars actually represent the phase range measured from simu-

lations. In this map, the shaded area means that the darker

(blue online) the region is, the more frequently hk appear in

that region during the interation of Eq. (10). In Fig. 5, the

electrons phases mostly reside on the dark (blue online)

region, whose ranges agree well with those measured from

the simulations (full width Imax=e). Figs. 5(a), 5(c) and 5(b),

5(d) are comparisons of the phase diagrams when the emis-

sion angle is counted [(b), (d)] or not counted [(a), (c)] for

parameters corresponding to the cases of Fig. 3. In Figs. 5(a)

and 5(c), both measured phases and calculated ones exhibit

wider spread when the emission angle is counted, which is a

natural result from the broadened effective �z-spectrum as

FIG. 4. (Color online) The current diagram of normal direction at the sur-

face of material where the parameter of material is Pn ¼ 64; en ¼ 0:01. We

measured the full width of Imax=e.

FIG. 5. (Color online) The diagram represented energy

spread of secondary electron with angular effect, com-

paring with simulation results and mapping function,

where the parameters are (a) Pn ¼ 64; en ¼ 0:01 and (b)

Pn ¼ 4:2; en ¼ 0:2 without angular effect and (c)

Pn ¼ 64; en ¼ 0:01 and (d) Pn ¼ 4:2; en ¼ 0:2 with

effective angular effect.

FIG. 6. Comparison of normalized velocity spectra between MC method

and numerical iteration in copper case.
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seen in Fig. 3(a). Note that the bifurcation [two branches of

dark (blue online) region in Fig. 5(a)] is merged out in Fig.

5(c) by the broadened �z-spectrum by emission angle. In

Figs. 5(b) and 5(d), the phase spread is a little bit wider

when the angle effect is counted, which is opposite to the

cases (a) and (c). This can be explained by different behavior

of effective �z-spectrum in Figs. 3(a) and 3(b). In Fig. 3(b),

the velocity broadening is not that significant as in Fig. 3(a),

but instead, the peak shift to the lower side is severer. We

observed from our previous work1 that when the emission

velocity is lower, the phase diagram shifts to the left in h� e
space, which results in narrowing down of phase spread as

shown in Fig. 5(d). In other words, depending on peak shift

or spectral broadening of �z-distribution by emission angle,

the phase spread (or correspondingly, the longitudinal bunch

size) can be differently influenced.

Finally, we have considered the case of real parameters of

Pn and en for copper, which have much wider secondary

energy spectrum as in Fig. 6. In this case, when the emission

angle is counted, the peak shift appears quite significant

(D� ¼ 0:048, corresponding to 2:28� 105m=s), while the

spectral broadening of �z-distribution is very small. So, we can

expect, by the same logic discoursed for Figs. 5(b) and 5(d),

the phase spread will be narrowed down. This point could be

verified by the measurements from the PIC simulations. In

Fig. 7, the upper (lower) curves represent the phase maximum

(minimum) of electron trajectories as a function of e ¼ Ed=Ea.

As the emission angle is counted (solid curves), the phase

spread (distance from the lower curve to the upper curve) is

narrowed down, which is similar to Figs. 5(b) and 5(d). The

typical value of phase spread for copper is 4:747� 10�12s,

corresponding to 80 lm in longitudinal bunch size.

IV. CONCLUSION

We studied the generation of beam bunching from dc-

biased, single-surface multipactor with realistic energy

spread and emission angle of secondary electrons. In our pre-

vious work, we theoretically studied stability condition of

fixed phase and bifurcation, when the energy spectrum of the

secondary electrons was quite narrow and the emission angle

was neglected. In this paper, we extended our previous work

to find the influences of much broader secondary emission

spectrum and emission angle, which are always inherent in

real materials. What we first considered here was the cases

with somewhat artificial material with broad secondary

energy spectrum and emission angle. The novel feature of

this work is in employing the effective longitudinal velocity

distribution to incorporate the emission angle effect to the

one-dimensional quadratic mapping, which we used for theo-

retical analysis of the electron trajectories. We observed that

when the emission angle is counted, the �z-distribution is

effectively widened, and simultaneously there appears peak-

shift to the lower side of �z. These two effects influence the

phase spread (or the longitudinal bunch size), sometimes

broadening it or sometimes narrowing it down, depending on

which of spectral broadening or peak shift is dominant. We

also studied the case where the copper, whose secondary

spectrum is even wider, was used as an emission plate. In

this case also, the bunch size slightly decreased by the emis-

sion angle effect: the numerical value of the longitudinal

bunch size for copper was 80 lm, which is suitable for the

generation of THz wave generation.
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