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Abstract

In this article, we consider a convection-diffusion equation with a small diffusion coefficient €. It
is a version of a linearized Navier-Stokes equation. Due to the small parameter € multiplied to the
highest order of differential operators, the so-called turning point transition layers are displayed where
flows in opposite directions collide. For example, a turning point can be observed where the Kuroshio
and Kurile Currents meet, from opposite directions, in the North Pacific. Unlike boundary layers,
turning point transition layers occur where the convective flows collide and more delicate analysis is
necessitated.

Especially, we consider a single turning point with multiple-orders in one-dimensional spaces and
provide sharp estimations for the solution with compatible conditions. A main difficulty when solving
the problem arises from the fact that the diffusion coefficient is very small in comparison with other
terms and it causes a singularity in the solution. We use the asymptotic analysis that is different from
typical methods in the singular perturbation problem considered here. The matching technique has
been typically used, but this method brings about the difficulty in constructing a globally matched
solution. Our method is relatively easy to analyze, and turning point transition layers are

systematically and easily constructed.
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1. Introduction
We consider a convection-diffusion equation with the following boundary conditions:
Lu =—eu, —bu;, = f in Q=(-11)
U(D=a, uv@®=4

where O0<e<1, b=Db(x), f = f(x)are smooth on [-1, 1], and «, are constants. This type of

(1.1)

boundary value problem is considered a one-dimensional linearized Navier-Stokes equation around a
constant flow which changes directions at a point, called turning point.

Here, a turning point transition layer is a phenomenon that occurs at the point where the tangential
velocity vanishes and changes the sign. Our aim is constructing sharp estimation of the solution when
turning point phenomenon arises in the convection-diffusion equation. Particularly, when the viscous
effect of a fluid is larger than the inertia effect, flow velocity change within a very narrow region
compared with the characteristic length where U or its derivatives become very large. Although these
regions shrink to 0 as € goes to 0, they are difficult to analyze. Turbulence phenomenon is one of the
most important problems of classical physics. Since turbulence arises from laminar flow via transition
as the viscosity is decreased, research on turning points is important in the context of a transition layer.

First, we impose on the convection coefficient b the following conditions:

b<0 for x<0, b=0 for x=0, b>0 for x>0,
b (x)>cxP*  vxe[-11]. (1.2)
where ¢>¢ >0 isa constant. WLOG, we can set ¢ =1. Here, we assume that b has a zero with

p+kX‘”k. Note that a turning point with p -

p -order where p>1 and p is odd, that is b(X) = Zb
k=0

order is created at X =0by the first line of (1.2). Additionally, we write ™ for ¢ in (1.1)
throughout this article for convenience of analysis below. That is, the following is our model problem:
Lu =—e"u, —bui=f in Q=(-11)
U(ED=a, u@=p

In this paper, we concentrate on solving a single multiple-order turning point with compatible

(1.1b)

conditions in a one-dimensional boundary value problem. It is organized as follows.

From Ch. 2 to Ch. 3, we study theoretical background of this problem in detail. First of all, we
derive the model equation by linearizing the Navier-Stokes equation. It goes without saying that the
Navier-Stokes equation is the most important equation of fluid dynamics. The model equation
describes behaviors of fluid in certain physical circumstances. We look into the perturbation theory
because it is useful and essential in problems concerning small parameters. Also, we introduce one of
classical methodologies of the asymptotic analysis with an example. By studying about this method,

the advantages of our method will be revealed well.



From Ch. 4, we consider our model equation. In Ch. 4, we consider the homogeneous problem with
inhomogeneous boundary conditions. Our asymptotic analysis for this case gives an asymptotic
solution. Then, we can analyze the convergence of the asymptotic solutions and further make
estimates in Sobolev spaces. This result can be developed to apply to the inhomogeneous problem
with homogeneous boundary conditions in Ch. 5.

Finally, we present future directions of this research.

2. Derivation of the Model Equation

To derive the model equation under consideration in this thesis, we study the Navier-Stokes
equation. The model equation is a linearized version of the Navier-Stokes equation, and we justify the
model equation from the full Navier-Stokes and Euler equations. The Euler equations are considered
the limit problems of the Navier-Stokes equations, i.e., when the viscosity is zero. In chapter 3, we
give more details on this viewpoint. In this article, we consider only Newtonian fluid whose stress is

linear with respect to strain rate.

2.1 Derivation of the Navier-Stokes Equation

In this section, we derive the Navier-Stokes equation on the rectangular coordinates. As a first stage,
we derive the continuity equation from the law of conservation of mass. In fluid mechanical
viewpoint, it states that the rate of increase of mass within a fixed volume must equal to the rate of the
inflow through the boundaries. That is,

I%Odv [ pu-dA (21)
\Y; ov

where p is the density, and U is the velocity of fluid
Using the divergence theorem, Eq. (2.1) is transformed to:

j[%ojtv.(pﬁ)dV}:O. 22)

\

Since Eq. (2.2) is valid for an arbitrary volume V, we obtain the continuity equation:

P 4v(pu)-0, (23)

Next, we consider the motion on infinitesimal fluid element that is of rectangular parallelepiped shape.
By Newton’s Second Law, the net force on the element must be equal to the mass times acceleration

of the element. The latter is equal to the sum of the rate of momentum inflow plus the rate of
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momentum change in the element. That is,
— e o ¢ -
F=1| pulu-n)dA+— | pudV. (2.4)
> Efvp (u-n) &Jp

The net force equals the sum of the normal stress, shearing stress, external pressure, and the body

forces f ,e.g. gravity. For example, at the ith - component,

2 F=(,
-(p
Dividing Eq. (2.4) by the infinitesimal volume dxdydz and applying Eq. (2.5), we deduce that:

>R or, Ot, o1, op
lim =—24 +—2%——+f.
wdydz-odxdydz  Ox oy oz OX (2.6a)

% dydz +(z,,

,)dxdz + (7,

., )axdy
(2.5)

xotdx — Txx yordy — Tyx zotdz — Tax

xprdx p‘ XO)dydz + f,dxdydz.

Similarly, for the other components,

F 0 0 0
lim 25 Ty Ty sz—a—p+fj
adydo0dxdydz  ox  dy oz oy

(2.6b)
F 0
lim 2.F _ 0% 1 e 0%y 0P, f,.
dody.az>0dxdydz  ox oy 0z oz
At the ith — component surface of the control volume V,,
[ pu(u-n)dA=(puy, |, .o puu |, )dydz @.7)
oV,

We then deduce that,

[ pui(u-n)dn ]

) . - o[ - 0
dx,g;,rdrz]ao = dxdydz :&(puui)+5<puuj)+5<puuk) (2.8a)

:av.(pa)w{“‘%(a)*“i%(a)wk‘%(a)}

From (2.3), we find that

[pufinjea . . .
im & - 4%l —(l])+uj —(ﬁ)+uk —(J) . (2.8b)
ddy.dz—0  dxdydz ot OX oy 0z
The second term of the right side of (2.4) is found to be
o - -
*IPUdV ° pudxdydz
) ot ot = =0
lim Y = =p—U+U—p (2.9)
dxdy,dz—0  dxdydz dxdydz ot ot

From Eg. (2.4), (2.6), (2.8), and (2.9), we obtain the the Navier-Stokes equation:

11



p[%“m-vﬁ}—vmv-ﬁ?, (2.10)

where 7 is the deviatric stress tensor (rk, ) Here, the left side of (2.10) represents the inertia effect

of flow and the term V.7 does the viscosity effect. Note that (2.10) follows from the laws of mass

and momentum conservation.

2.2 The Euler Equation and Asymptotic Behavior
There have been many efforts to find a proper approximation of the Navier-Stokes equation. One of

the best approximations is an inviscid flow approximation. When the inviscid condition =0, i.e.

7; =0 asin (2.12) below, is applied to the Navier-Stokes equation, the Euler equation is obtained:

p(aat—”m-vl]]:—vm? (2.11)

Historically, the Euler equation is older than the Navier-Stokes equation. An inviscid flow is a flow
of which shear stress can be neglected. If velocity gradient is very small, this flow can be also
regarded as an inviscid flow. We now consider the following constitutive equation for Newtonian fluid:

ou ou; | 2 ~
T = pul —+—L |—-=u(V-u)s,, 2.12
i ﬂ(axj axij 3/1( )S; (2.12)
in the Cartesian coordinates system, where g is viscosity coefficient. The Euler equation (2.11) or
(2.10) with =0 (i.e. V-7=0) s used a good approximation of the Navier-Stokes equation in

many areas in the fluid dynamics.

To understand the convergence of the Euler solutions to the Navier-Stokes solutions, an asymptotic
expansion has been used. In this method, the solution is expressed by a power series of a small
parameter like viscosity coefficient. By doing this, we can catch the properties of the function, and we
can use some finite order of power series up to the required accuracy. This feature is useful in
theoretical area as well as in applied area.

However, in our problem, we notice that this methodology is not valid. If the fluid velocity changes
steeply in a relatively thin region like boundary layers, this flow has a large deviatric stress tensor

evenif x4 issmall. As indicated in (2.12), the Euler equation is then no longer a good approximation

of the Navier-Stokes equation in this region. Thus, we need a different method to investigate this

problem, called singularly perturbed problem.
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2.3 Linearized Navier-Stokes Equation

Here, we deduce our model equation from the Navier-Stokes equation. Firstly, we assume that the

. - .. ou e . .
model equation satisfies the steady state condition 5:0 and our fluid is incompressible. With

these conditions, the Navier-Stokes equation reads
PU-VU=-Vp+uV2Uu+f, (2.13)
where s a constant.

Thanks to the incompressibility, ie.V-u =0, —Vp is dropped in the weak formulation in the

Sobolev space H:(Q). The term u-vu expresses the convective acceleration of the flow, and

because this term is non-linear, it is difficult to analyze theoretically and numerically, e.g. if this term
is linear, the linear stability theory is available. As an approximation of the non-linear term, we

substitute —bVu for pﬁ-Vﬁ , Where b= b(;() is a polynomial, and obtain a linearized equation:

—1V*u-bvu=f. (2.14)
Especially, restricting to one-dimensional problem, we obtain our model equation:
o’u , ou
—u—-—-b—="1, 2.15
Mz o (2.15)

where b=Db(x).

3. Singular Perturbation Theory

The perturbation theory is to determine the behavior of the solutions X = X of some problem
depending on a small parameter € as € — 0. Roughly speaking, its goal is to construct a formal

asymptotic solution up to a small error. Once we have constructed such an asymptotic solution, we

would like to know whether it converges to exact solution x =X as € goesto 0. In case of
nonlinear problems, since a small error in nonlinear equations can lead to a big error in the solution,
the analysis would be much more involved.

In this chapter, we study singular perturbation theory. Comparing with regularly perturbed problems,
we justify our treatment of the singularly perturbed problems. We provide one of representative

methods for solving singularly perturbed problems: matched asymptotic expansion method.
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3.1 Properties of Singularly Perturbed Problem
Singularly perturbed problems have distinctions with regularly perturbed problems. In regular
perturbation problems, the solution’s behavior is the same qualitatively whether the parameter & is
zero or non-zero. That is, regular perturbation problems can be solved by the same method used to

solve un-perturbed problems. Consider the boundary problem:
{—eu;x+u‘ =X in Q=(0,1),

(3.1)
u(0)=0, u@=1.

Then, the solution is u® =x whether ¢ =0 or not.

On the other hand, singular perturbation problems behave differently from un-perturbation

problems. The following example illustrates this situation. Consider the initial value problem:
{ezquJrug =0 in Q=(0,,

(3.2)
us(0)=1 u(0)=0.

. . X . . .
Then, the exact solution is U° =cos— if €= 0, but the solutionat ¢ =0 does not exist.
€

In the Navier-Stokes equation, the viscosity coefficient is often considered as the perturbation
parameter. The solution of singularly perturbed problems often behaves depending on several
different length or time scales. Layer problems are a case depending on length. Assume the following
situation.

The domain is divided into two sub-domains. On one of these, the solution behaves as regularly
perturbed problems do. On the other sub-domain, the solution behaves as singularly perturbed
problems do. Then, the latter sub-domain is called a boundary layer, or an interior layer, according to
the position of the sub-domain.

To solve singularly perturbed problem, the basic approach is to reduce the target problem to several
easier problems and to assemble the results from those featly. Especially, asymptotic analysis
expresses a function as a power series of a parameter, then mathematical analysis according to the
order of the parameter becomes possible. Such an approach gives obvious intuition to the function,
and help to establish the connection with other functions. Moreover, the asymptotic analysis and the
physics theory share one of a fundamental property of nature, uncertainty principle, and the power and
effect of the asymptotic approach is obvious when we consider active interaction between analytic and

numerical methods. Consequently, the asymptotic analysis is a useful tool in perturbation problems.

3.2 Matched Asymptotic Expansion Method
Matched asymptotic analysis is a method for solving problem where the solution depend on rapid

variation in a narrow domain. A typical example is layer problems. In order to construct the solution,

14



we derive asymptotic solutions in the each domain where the model equation has different limit
behavior. Here, the solution that is similar to regular perturbed solution is called an outer solution, and
the corresponding sub-domain is called an outer layer. While the other solution that has singular
limiting behavior is called an inner solution, and the corresponding sub-domain is called an inner
layer. After all, we form a uniformly valid solution over the entire domain through asymptotic
matching of the inner and the outer solution.

Consider the following example:

{euxx+2ux+u:0 in Q=(0,1), (35)

u(0)=0, u@=L1
B
When ¢ =0, regular solution u= Ae 2 . Then, at least one boundary condition is not satisfied, so
the solution of this equation should have a boundary layer.
The outer solution is obtained by € — 0 and the inner solution is obtained by setting X =x/¢

and € = 0. Then,

—x/2
e

uouter(x) = e_T
(3.6)
1_e72X
uinner (X) = e—T

Note that each solution satisfies only one boundary condition. Here, we can confirm the matching

condition:
M U, () = fim U, (X). (3.7)
Finally, the global solution is obtained by
Ugiobat = Uinner T Youter ~ Uoverlap (3.8)
where Uy, has the common asymptotic behavior of the inner and the outer solutions in the
matching region. SO, Uy, ~ Uoyeriap and Ugiobat ~ UYinner inside the boundary layer, and
Uinner ~ Uovertap A0 Ugigpar ~ Ugee @WaY from the boundary layer. In this problem, Uy, =g"?
clearly. Thus, the global solution is
Ugopat (X, €) =% (€72 —e7), (3.9)

Moreover, matched asymptotic expansion method can be applied to nonlinear problems.

This method is a powerful tool for singularly perturbation problems, but the matching process is not
simple in many problems and doesn’t provide an appropriate estimate of the error. In our analysis
below, we do not use the matching techniques. It is showed that our method is easy to analyze, and

gives delicate estimates in Sobolev space.
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4. Homogeneous Case with Inhomogeneous Boundary

In this chapter, we investigate the model equation which is homogeneous with inhomogeneous
boundary for getting estimates of solution. We study the outer solution and the interior solution.
Although the analysis in this chapter is relatively simple, it will be extended to more complex cases in

future papers.

4.1 OQuter Solution

Suppose U ~ > e'ul in x<0 and u~>elu! in x>0, and substitute these expansions
=0 =0

in (1.1b). Then, we obtain the following equation:

S (uEe bul) = £ in[-1,0),

j=0

C (4.1)
S (uEY +bul) = in (0.
i=0

where u/" " =yl ®Y =0 for j=0,1,2,.., p.Since f =0, by imposing boundary conditions
WD =a, u’@=4, and u/(-1)=u@) =0for j>1, we find that the outer solutions are

uW=a, u'=p ad u'=0, u’=0 for j>1.

4.2 Interior Solution

Set U ~> '@lwith 6'=0'(X), X=x/e, Xe(—o,), and b(x)=>D bx =>"bex!,
j=0 j=p

i=p

p>1. Note that p is the order of zero of b(x). Then, Eq. (1.1b) is represented as follows:

S S s <o, >

j=0 j=p k=0

By a suitable substitution of variables,

0 ) ) j .
> () =Y, X" ) =0 43)
i=0 k=0
By identification at each power of €, we find that:
_ B! _ ,
-0 —b,x%0} => b ., X"GF Vvj=0. (4.4)
k=0

Next, we impose the boundary conditions: 6°(x=-1)=a,6°(x=1)=4, and &' (x=-1)=0,

6 (x=1)=0 for j>1.But, these interior solutions are difficult to handle because the form of the

16



solutions is not simple which will appear below. As a result, we introduce the approximate form 7K
of 6’ satisfying Eq (4.4) with the boundary conditions:
0° >a asxX — —o,
0° > as X -, (4.5)
0' 50 asX >+, j>1.

From (4.4), we obtain the explicit solutions for 6°,8":

P g p+l P g p+l

0°(X)=c, [a_[ e ‘”1 ds+ﬁj e ‘”1 ds], (4.6)

b
p sp+l

0'(X) =c," (a—B)b, ., . 1 5 I; sP2% P (s (4.7)

where ¢, = [~ exp(-b,sP/ (p+1)ds.

Now, we claim that

V2 p+1

),  vjzo0 (4.8)

(p+2)J(X)eXp(_ p 1

where P, denotes a polynomial in X of degree S with coefficients independent of ¢ but its
expression may be different at different occurrences.

For j=0, (4.8) follows from (4.6). Assume that (4.8) is valid for 0< j<n. For j=n+1,
applying Eq. (4.8) to Eq. (4.4), we find that

7)( p+l 7)( p+l

{0 n+le p+1 } {Z b( o1k X < (p+1)+n— ke p+1

n

_ < (p+1)+n—k =
_{Zb(p+l)+n—kx P I:)(p+2)k (X)} (49)
k=0
= P(p+2)n+(p+1) (Y)
With a suitable constant C_,,,
bp Xp+1
o7 = (R C,.)e ™ 4.10
X (o2 (X) +Cpyp )8 - (4.10)

Hence, we proved (4.8).

Integrating (4.8) with suitable constants D, , we find that

9’ =] 8)(s)ds+D,
_ bp ght b ghil (411)

:jx P (S)e P2 ds+Cj e P ds+D;.

17



b
__p Sp+1

From the boundary condition (4.5), D; =0 and C;c, :—J-OO Po.pj(s)e P ds. Thus, C; is

independent of ¢ and (R (X)+C,;) istoo.

p+2)j

The explicit solutions (4.11) are used to estimate 0’ inthe following section.

4.3 Exponentially Small Error Estimate

Here, exponentially small error means that

R e I LB (#.12)

H™(Q)
where i, and C are constants. In this paper, x,, are constants depending on j,m butits value

is different at different occurrences.

Firstly, we claim the following useful pointwise estimations:

nAi 1 for j=0 and m=0,
d"e’
| m |— Kimy - | X]| . (4.13)
dx € '“exp(—c—) for j>1 or m2>1,
€
and, for o <[0,1),
1 for j=0 and m=0,
0., <k 4.14
19 hun caorotomn = Kim ¢ ™exp(-cZ) for j=1 or m>1, (414
€
To prove it, differentiate Eq. (4.8), then, for m>1,
dmgj B b ¥p+l
dim = P(p+2)j+(m71)p(x)exp(_ E)+1 )- (4.15)
There is a constant C such that
b Yp+1
exp(— £ )s;<(c)exp(—2c| X|) (4.16)
p+1
and
| Fpi2)jam-np (X) IS K5 (C)EXP(C| X ) (4.17)
So,for j>0 and m=>1,
d"e’ - .
ey (x)|§z<jm(c)exp(—c|x|), VX € (—o0,0). (4.18)
X

Assume (4.12) to obtain equations of &' from those of @'. For j>1 and m=0, the estimate

(4.13) is clear from Eq. (4.6), Eq. (4.11), and Eq. (4.17). Thus, the estimate (4.13) is proved.
Meanwhile, the estimate (4.14) is achieved from (4.13) directly. This claim is used later in this paper.

Next, we explore our main issue of this section. From Eqg. (4.11),

18



bp p+l

5"(X)=LY P(,,+2),-(S)e_p+1S ds+6 ! (—0), or

b (4.19)
6/ (%)= [ Pyyy(s)e P ds+8)(c0),
Then, by (4.16) and (4.17), we obtain that:
[0 -0")(x=-1) |- (8 (—0) -0 (-1/ )|
—1/e —b.sP/(p+
<[ APy G) e ds (4.20)
S K_je—C/(,
and [(0' —6')(x=1)|< ke Then, ||’ llm e = K€ % is equivalent to (4.12) with the setting:
j i_pi i_pi 1+X i_giy 11X
5'(x)=0"-0"-[(0'-06 )x=—1]T_[(9 -0 )x:l]T' (4.21)
Now, apply Eq. (4.4)to &' and multiply by €™, then
. oo ) o
—€"5) —b x"5) = e UIxPrIksE 1 5, (4.22)

k=0

~. 1d Cen (i _ _ .
where o' =—EZ[bj_k+pr kP U0LG -0%),__,— (6" —0k)X:1}], v j>0.
k=0

Since §'(-)=5'@) =0 and ||5 || < Kin€ 7, Lemma4.lto &’ gives recursively that:

H™(©)

e KimP(e™Me " <xcp e, (4.23)

<
H™(Q)

Thus, the difference of 6 and €' is exponentially small.

4.4 Error Analysis

where 0€n=26j6j. By multiplying (4.4) by ¢’ and summing over
j=0

Set w,=u"-6,,
j = O!:L Yy n’
n . . j .
(265, + Db, XPHIke k) ~ 0, (4.24)
j=0 k=0

And,

19



L&, =iei(|_ﬁi)
j=0
= —Zn: (e*770) +be'6)) (4.25)
j=0

- _Z"; (be’) —kzj(;bm LXK GE)
< -

by replacing € 7*'g] to €*™x(4.24).

By permuting the summations, we find that:
nooo n-|j nooo
L6, =-> €01 (b= b, x"*) ==Y g/RI"(b) =-R",. (4.26)
j=0 k=0 j=0

Then, Lw, =R}, in Q,and w, (-1)=w,(1)=0.

€ en

Now, estimate the L?-norm of R;‘l as follows. First, by Taylor expansion,

IR (B)=[b- 3 b, "
k=0

< i, | x| (4.27)
=K_nen+(p+l)—j |Y|n+(p+l)—j .

From (4.13), we find that

ne P13 0 p+3 L I
|x 2R1|<K6 2Z|‘| 2 |6?J|<z<e 2exp(— ), (4.28)
E
thus
pl n+p+l
2 2
|x R" 1|L2(Q)_Ke . (4.29)

Then, we can use the following Lemma:

Lemma 4.1 The following regularity results and a priori estimates of the solutions u=u‘of

p-1

(L1b) with boundary conditions a=g=0 hold: if fx 2 eH™2(Q), m>2 , then

ue H™(Q), and

. <l 5 ke 2 52 (@.308

(@, xP o0 2@’ HY(Q) 2@’
1 p-1 m-1 P
=(p+1)(m-3) -(=7) _ i i
1l < 0 g DD 7Y |y (4:30D)
J:
where [lull :(_[Xp’luzdx)l’2 is x"*-weighted L*-norm.
L2 (Q, xFdx)
Q
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PROOF For v,we H; (), defining the bilinear form:

a_(v,w) =e”*(Dv, DW)LZ(Q) _(bVwW),_z(Q) (4.32)
we consider the weak formulation of (1.1b):
aUwW=FW,  FW=(f W (432)

For u,we Hé(Q) , thank to the Poincare inequality, we then find that the bilinear form is coercive,
1 b
a(uu)=e"uf +| ()udx
wuy=etup 4l )

1 C bt
> P |y 'il(m + L(E)(x 2 u)2dx (4.33)

2 xe” ul?

Wiy
where x>0 is a constant, and the bilinear form is bounded,

3, (U, W) < € [ Ul 10l Wil g +mMaX () 11l [l WII (4.34)

HY() HY(Q) HY(Q) HY()
by the Holder inequality. Invoking the Lax-Milgram theorem, there is a unique function u e Hé(Q)
satisfying (4.32).

Since b, >cxP? and p isodd, (4.33) leads

+1 2 1, = 2 + 2 1 ¢, Bt 2
e |Dul” +=|x?2ul° <€’ |Du] +I (=)(x 2 u)“dx
2o 2 2(Q) 2(0) -1°2
<a (u,u)=(f,u).q,
p-1 p-1 (4.35)
<|fx 7)| Ix 2 u|
_l L2(Q) 2(Q)
LSS pl
<Ifx 2P +=|x2uf .
0] 4 2(0)

Here, Young’s inequality is used in the last inequality. Then, from (4.35),

p-1 p-1
-5

Ix2uf <x|fx (4.36)
2(Q)

K @’

and (4.30a) is derived, and the H *-estimate is directly derived from (1.1b). By differentiating (1.1b),
we inductively find the higher estimates H™, m>3.

Finally, we attain the following theorem from the achieved results.
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Theorem 4.1 Let u® be the solution of (1.1b) with f =0. Then, for m,n>0, there is a

constant x, independent of ¢ such that:

€

1
_Hm ” SKnemer y

4.37
(n+)~(p+1)(m-D) (4.37)

Ju -6, ||Hm(Q)£1cne for m=12,

n
where 6, =) €'’
=0

Note that, for m> 3, estimation such as (4.37) can be successively given by Lemma 4.1.

5. Inhomogeneous Case with Homogeneous Boundary
In this chapter, we consider the model problem (1.1b) with o = =0 and arbitrary f . Roughly
speaking, the methodology is similar to the above chapter, but we need an additional condition unlike

the before case. Since f =0 and b(0)=0, the limit problem —bu’ = f has inconsistency at

x=0 if f(0)=0. To avoid such problem, we introduce the following condition:

‘ZTf(O)zo, i=0,1---N. (5.1)

By setting a suitable integer N, the solution will be smooth at X =0, so this condition called the

compatible condition.

5.1 Outer Solution
Since a=£=0,set u'(-1)=u’)=0 for j>0. Then, from (4.1), we find that

u! =u/ =0 Vj=(p+Dk, k=012, (5.22)
and
u=—["b(s) f(9)ds, u?=—['b(s) 1 (s)ds, (5.20)
and, for k=1,2,--,
O [ U, W = [he W (69

The following section gives the necessity of the compatible condition (5.1). By assuming a suitable

N in (5.1), the outer solutions and their derivativesat x=0" or x=0" will be finite.
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5.2 Role of Compatible Condition

Let m>1, and k>0,andset u (""" = f . First, we claim that, for m>1, x €[-1,0),

Ixx

d u(p+l)k . . dr+2u(p+l)(k—l)
(x)|<z< Z|x|prml T(x)l. (5.4)
Note that, from (4.1),
—buP P (x) =ufe PP (x), (5.5)

And, by differentiating (5.5) S-timesin X, we observe that

d s+lu(p+1)k s (s d rb d s—r+lu(p+1)k d s+2u(p+1)(k—1)
| _ | + |
dxs+l - dx" dxs—r+l dxs+2

b (5.6)

r p p-1 p-1
4oxP xPt xP+ .
L X P 0 P —X P <kx?, (5.4) for
b b,| cx?

Since ?Sxmin{x’”,l} and |b|

m=1 is followed from (5.5).
Assume that (5.4) holds for m<s. Then,
d s+1u (p+1)k d S— r+lu( p+1)k d s+2u (p+1)(k-1)

p-r
|dx—ls+1|_ {me{]x| 1}| dXS r+l | | d)l(s+2 |}

_ o _ d'+2 (P
<K, | x|’p{ E min{|| ,1}(Z| X [Pt !
r=1 1=0

g2 (P

s+2, (p+1)(k-1)
d* "y,

dXI+2 |)+| dXs+2 |}

s
<k | X[ Y x] '—|
sl | ;l | dXI+2

(5.7)
In the last inequality, we use the fact that min{|x|'7S ,|x|'+(p7r)}£ |x|'7S .
p-1 m,  (p+1)k r+2, . (p+1)(k-1)
-5 d"u eme AU
Moreover, |X 2 dIT(X)|<K' x| Z|x| pHr-mil dl”z (x)l.
Thus, to obtain
- dmylPk
|X 2 d)l(—m(o )ngk,m’ (58)
the following conditions are required:
dsu(p+l)(k—1) 1
Idxs (0)=0 for 2353m+§(3p—1), (5.9)
and
1
d™ 2P (prn
: 0)|<x : 5.10
| me2(3p+1) ( )l k-Lm+(3p+) (.10)

dx

Next, claim that
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dnu(p+l)k

—(0)=0
dx
d'f (5.11)
if —(O) 0 for O<i<n+(k+1)(p+1)-2.
By using the L'Hospital rule on (5.4) with m=n, we find that if
d iu(p+l)(k—1)
Id ——(07)=0 for 2<i<n+(p+1), (5.12)
X
then the first equation of (5.11) follows. Successively, (5.12) is derived if
d iu(p+l)(k—2)
'd—i(O*):O for 2<i<n+2(p+2). (5.13)
X
Recursively, we know that (5.12) is derived if
dl 2f dlu—(p+l)
VE 0)= Ixi (0)=0 for 2<i<n+(k+D(p+2). (5.14)

Thus, the claim (5.11) holds.

Then, (5.9) is obtained by the compatibility condition (5.1) with N = m+k(p+1)+%(3p—5).

And, (5.10) is obtained if
sy PHK-2) 1
'd—S(O‘)zo for 2§s£m+§(5p+1), (5.15)
X

and

! 0)]<x (5.16)

m+%(5 0+3) K=2,m+= (5 p+3)

1
| d™ 2P )
dx
Recursively, (5.10) is derived by the condition (5.1) with N = m+k(p+1)+%(3p—5) and the

factthat f is smooth.

Finally, we attain the following statement.

If (5.1) holds for N=m+k(p+1) +%(3p—5) , then

for some constant x,,, >0.

—(p—l) d u“”l)k ~(21) My Pk

2 r o+
a0

—— )] |x <K, (5.17)
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5.3 Interior Solution

Assume enough compatibility condition, we can guarantee the finiteness of |u’(07)|, |ul(07)],
|ul(07)], and |ul(07)[, but u’(07)=ul(0") generally. To resolve this disagreement at x =0,
we introduce interior solutions &’ (X) on (—0,0) and 6](X) on (0,), satisfying Eq. (4.4),
with the following boundary conditions:

0 (X)=u)(0), 6 (X)=€b)(X)=eu)’(0") atx=0, (5.18a)
6 (x)=u!(0"), ) (X)=€f)(x)=eul(0") atx=0. (5.18b)
Since these are just initial value problems of ordinary differential equation, we can determine (9|j,

0] explicitly. And, for j=0,1,

0° =eu’ (0 )j exp(— sp*l)ds+u (0), (5.19a)
0" =—eu (O) B J' Xs"*zexp(—isp”)ds. (5.19h)
’ 0 p+1
And, as X — o,

& —eup (07)c, , +u’(07) =:c;_ (e), (5.20a)

0 — bp+1 1
& — —eu, (07) ¢, =:¢_(e), (5.20b)

p+2 " '

where ¢, ;= j exp(——s"“)ds cr‘l:'[ sP*2exp(— e sp“)ds

Now, we derive the following pointwise estimations like the previous chapter.

If the compatibility condition (5.1) hold with N = k(p+1)+g(p—1), k>0, there are constants

k.. and C suchthat, for xe[0,1], 0< j<(p+Dk+p,

jm

1 for m=0,
de
| |— Kim | -me1 (5.21)
dx™ exp( c—) for m>1.
Furthermore, for o €[0,1),
1 for m=0,
|16) (5.22)

| m <K, o
e ) e 3zexn (e T)  for m>1.
€

25



In addition, there exist constants ¢/, (¢) with |c] (e)[<x; suchthatfor j>0,
G} (X) —>c! (e) as X >, (5.23)
First, note that [u/(07) [, [u}(0") 1, [uk(0)[, [uj(0")| < &; for 0< j<(p+1Dk+p from the

statement (5.17). Then, by using Eqg. (5.18), (5.19) and mathematical induction, we obtain that:

v p+1
pr P )
p+17
Then, using the same method with the proof of estimation in section 4.3, (5.21) and (5.22) are derived.

0l =P, (Xexp(- 0<j<(p+Dk+p. (5.24)
Next, since er()_() is bounded from (5.22), take a sequence Pp,-—>co such that

6} (p,) —>¢c! () for ¢! (e).Here, c! (e) isdefined similarlyto ¢’ (e)in (5.20). Observe that

0)(X)=0)(p,)+ I: 0 (s)ds, and take p, —> oo, then, from (4.16), (4.17), and (5.24),

16 (%) —¢! (o) [=] |70k (s)ds |< xe| [ exp(-cs)ds < keexp(-cx).  (5.25)

Clearly, these results can be valid for the left interior solutions also.

From now on, we construct the global solution of the model problem. Let ¢ Uy mean the

function on (-1,1) equal to the restriction of ¢ on (-1,0) and to the restriction of y on (0,1).
Then, u'u@’ and @' uu’ are C'([-11]) and H?((-L1) clearly. Thus, setting a linear
combination g':=(u' w8+ (@' uu)) gives C*([-11]) and H?*((-11)) functions.
However, g'(x=-1)=¢'(x=-1)=c/ (¢e)+est. and g’(x=1)=0)(x=1)=c/ (e)+est.
Here, e.st. means exponentially small term. Since there is a difference between the boundary values
of g’ and the boundary condition & =/8=0, we introduce interior solutions ¢'(X) that is a

interior solution of homogeneous case with the following boundary conditions:

{l==c (e) atx=-1 ¢'=-c! (e) atx=1  for j=0. (5.26)

. > —k — . .
To construct ¢, the interior solution » ‘6 (x;—c¢/, (€),—¢],(¢)) is required in each order of
k=0

€. Here, 51(;(;05,/3) denotes a interior solution 51(;() in homogeneous problem with boundary

values «, f. Thus,
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g =Yg

=6 (x; -, (€),~¢C,.(€))

e [50 (X; =l () ~C- () + 6 (x; ¢, (¢),—¢?, (e))} (5.27)
e [5‘) (X; = G2, (€),~C2. () + 0 (X L (€),—L . (€)) + 0" (X — 2, (€), ., (e))}

+

Then, the solution ) e’(g’+¢) satisfies the required boundary conditions of the current case,
j=0

and the results for @7 in chapter 4 can be used to ¢ identically.

5.4 Error Analysis

Now, we investigate an asymptotic error of the global solution constructed in previous section. Let

Wen = uE - gen _é/en (528a)
where
(p+Hn (p+)n
0n= D, €9l .= & (5.28b)
i=0 j=0

From the outer solutions in section 4.1 and the interior solutions 4',8),¢£7, after some elementary

11~

calculations, we find that

Lw, =R, +R0,+R},+est. in Q, (5.293)
W, (-1) =w,(1)=0 (5.29b)
where
n (p+1)n+(p+1) 7, ,(p+)n (p+1)n n @ j j j,(p+1)n
Rp,2 =€ P P (qu'; Uurxr:( )’ Rp,s = z 6J(0I>J< Ueer)RJ P (b)!
j=0
- (5.29c)
Rp, = D €/¢IRIPO (b,
j=0

Here, R™Y" are as in (4.26). Notice that, from the statement (5.17), |uJ, (07)],|ul, (0%)|<«; for

rxx

0<j<(p+D)n+p if we take N = n(p+l)+%(3p—1). Then, we can estimate the L?-norms

p-1

p-1 p-1
-5~ -(50) . I
and X 2Ry, asfollows. We first easily find that

~(50) )
2 n 2 n
of X Rp2: X Rpss

27



—(= p—l

|x 2 R;2|L2(Q)s;<ne<p+1>"+<p+1>. (5.30)
Using (4.17), (4.27) and (5.21), we find
- (p+1)n+1(p+3)(p+1)“ (P DN+E(p3)-
R e S M (A 17T
1=0 (5.31)

6(p+1)n+§<p+3) ( c | X |)

<K,

and using (4.27) and (4.13), we obtain

-2 (ps0n+2(p+3) R (pinnil(peay-j

|x 2 Rn4|$’<n6 ? lel 2 1y |
1 1=0 (5.32)

_Kne(p+1)n+5(p+l) ( c|x|)
Thus,
- (p+D)n+2(p-+d) - (p)n+2(p+2)
X 2R LS ae 2 X R, e X7 (539)
(p+Dn+(2+1)

Now, From (5.30) and (5.33), the Eq. (5.29a) is bounded by x.e 27 with respect to L”-

norm. By applying Lemma 4.1 with U = we attain the following estimation.

en’

Theorem 5.1 Assume that the compatibility conditions (5.1) hold with

N = n(p+l)+%(3p—l). Let u° be the solution of (1.1b) with a = £ =0. Then there exists a

constant x, >0 independent of € such that

E ( p+1)n+(§+1)
lu"-g.,-¢., ||L2(Q prldx)SKnE for m=0,
’ (5.34)
; (p+1>n—(m—1)p+§
||u _g(n_é’(n ||Hm(Q)S Kn€ for m=1,2,

Note that, for m >3, estimation such as (5.34) can be successively given by Lemma 4.1.

6. Conclusion

In this study, we have presented several estimations for the solution of the convection-diffusion
equation with a multiple-order turning point. We have studied the homogeneous case with
inhomogeneous boundary conditions, and the inhomogeneous case with the compatible condition in

one dimensional space. We have investigated outer and interior solutions to obtain. Unlike typical
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methods, a priori estimate can be applicable in our works, to give sharp estimations by a relatively
simple process.

As the beginning stage of research about turning points, we concentrate on studying in a one
dimensional problem with compatible conditions. In the future, research on incompatible cases will be
needed to drop the compatible condition. Meanwhile, it can be considered two- or three-dimensional
problems. Because a proper application of interior solution makes the numerical solution stable, by
using the interior solution provided in this paper, we can make a numerically stable scheme in two- or
three-dimensional domain. In those cases, the turning point would become a line or a surface, and we
would have to consider the normal directional velocity even if the tangential velocity is zero at the

turning point.
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