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Abstract

It is by now well-known that one can recover a potential in the wave equation from the knowl-
edge of the initial waves, the boundary data and the flux on a part of the boundary satisfying
the Gamma-conditions of J.-L. Lions. We are interested in proving that trying to fit the discrete
fluxes, given by discrete approximations of the wave equation, with the continuous one, one re-
covers, at the limit, the potential of the continuous model. In order to do that, we shall develop a
Lax-type argument, usually used for convergence results of numerical schemes, which states that
consistency and uniform stability imply convergence. In our case, the most difficult part of the
analysis is the one corresponding to the uniform stability, that we shall prove using new uniform
discrete Carleman estimates, where uniform means with respect to the discretization parameter.
We shall then deduce a convergence result for the discrete inverse problems. Our analysis will be
restricted to the 1-d case for space semi-discrete wave equations discretized on a uniform mesh
using a finite differences approach.

Key words: Inverse problem, Discrete wave equation, Discrete Carleman estimate, Stability,
Convergence.
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1 Introduction

In this article, our goal is to study the convergence of an inverse problem for the 1-d wave equation.
Before introducing that problem, we shall present which inverse problem we are dealing with in
the continuous setting.
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The continuous inverse problem. For T > 0, we consider the following continuous wave
equation:
Oy — Oaay + qy = g, (t,z) € (0,T) x (0,1),
y(t70) :go(t)7 y(t71) :gl(t)7 te (07T)7 (1‘1)
y(07 ) = y07 aty(ov ) =y

Here, y = y(t,x) is the amplitude of the waves, (y°,4') is the initial datum, ¢ = ¢(z) is a
potential function, g is a distributed source term and (g°, g') are boundary source terms.

Of course, this problem is well-posed in some functional spaces, for instance: If (yo,yl) €
H'(0,1) x L*(0,1), g € L*(0,T;L?(0,1)), ¢* € H(0,T) for i = 1,2, with the compatibility
conditions y°(0) = ¢g°(0) and y°(1) = ¢'(0) and ¢ € L*°(0, 1), the solution y of (LI) belongs to
C([0,T); H*(0,1))NC*([0,T7], L*(0,1)). Such result is well-known except perhaps for the condition
on the boundary data, which is a consequence of a hidden regularity result and a duality argument,
giving a solution of (II)) in the sense of transposition - see [28], detailed for instance in [27]. Under
this class of regularity, using again a hidden regularity result in [28], we can prove that d,y(¢,1)
belongs to L*(0,T).

We can therefore ask if, given (y°,4'), g, (¢°, g*), the knowledge of the additional information
0zy(t, 1) for a certain amount of time allows to characterize the potential q. We emphasize here
that the data (y°,4"), g, (¢° g") are supposed to be known a priori.

It has been proved in [I] that this question has a positive answer provided that T is large
enough (T > 1 here) and y € H'(0,T; L>°(0,1)). Of course, to guarantee this regularity without
any knowledge on ¢, we may impose some stronger conditions on the data (yo7 yl)7 g, (go7 gl)7 see
e.g. in Remark below.

Let us precisely recall the results in [I]. For m > 0, we introduce the set
LZ,(0,1) = {g € L*(0,1), s.t. [|gll o (o,1) < ™M}

It will also be convenient to denote by y[g] the solution y of (II)) with potential q. Assuming that
p € LZ,,(0,1) is a given potential, we are concerned with the stability of the map ¢ — d.y[q](-, 1)
around p. Then we have the following local Lipschitz stability result:

Theorem 1.1 ([I]). Let m >0, K> 0,7 >0 and T > 1.
Let p in LZ,,(0,1). Assume that the corresponding solution y[p] of equation (L)) is such that

”y[p]HHl(O,T;LOO(O,l)) < K. (1.2)
Assume also that the initial datum y° satisfies
inf{|y0(x)|7:c €(0,1)}>r (1.3)

Then for all g € LZ,,(0,1), Oway(p] (-, 1) — 0eaylq](+, 1) € L*(0,T) and there exists a constant C > 0
that depends only on the parameters (T, m, K,r) such that for all ¢ € LS, (0,1),
10e2y[p] (-, 1) = Oeeylal (-, Dl 20,y < Cllp = dll 20,1y » (1.4)

lla — p||L2(0,1) < C|0wypl(- 1) — Oewyld] (- 1)||L2(0,T) : (1.5)
Estimate (LI) gives the Lispchitz stability of the inverse problem and (4] states the con-
tinuous dependance of the derivative of the flux of the solution with respect to the potential.

Together, these two estimates indicate that the above result is sharp. Note however that estimate
(T4 is, by far, the easiest one to obtain.

Remark 1.2. The condition (L2) can be guaranteed uniformly for p € LT, (0,1) with more
constraints on the data (y°,y%), g, (¢° ¢') in (L), for instance:

(y°.y") € H*(0,1) x H'(0,1),

g€ WH(0,T;L%(0,1)), (¢°,9") € (H*(0,T))*,



under the compatibility conditions
g"(0)=4°(0), ¢'(0)=4"(1), 3g"(0) =y'(0) and drg" (0) =y'(1).

Indeed, under these assumptions, dyy[p] belongs to the space C°([0, T); H*(0,1))NC* ([0, T); L*(0, 1))
(see [27]), with estimates depending only on m and the norms of (y°,y"), g, (¢° ") in the above
spaces. Therefore, due to Sobolev’s imbedding, y[p] satisfies (L2) for some constant K > 0 that
can be chosen uniformly with respect to p € LZ,,(0,1).

The method of proof of Theorem [[.T]is based on a global Carleman estimate and is very close
to the approach of [22], that concerns the wave equation with Neumann boundary condition and
Dirichlet observation for the inverse problem of retrieving a potential. Actually, it also closely
follows the approach of [33] but the work [I] requires less regularity conditions on y.

The use of Carleman estimates to prove uniqueness in inverse problems was introduced in [9]
by A. L. Bukhgeim and M. V. Klibanov. Concerning inverse problems for hyperbolic equations
with a single observation, we can refer to [30], [3I] or [34], where the method relies on uniqueness
results obtained by local Carleman estimates (see e.g. [20], [26]) and compactness-uniqueness
arguments based on observability inequalities (see also [35]). Related references [22], [21] and [23]
use global Carleman estimates, but rather consider the case of interior or Dirichlet boundary data
observation. Let us also mention the work [5] for logarithmic stability results when no geometric
condition is fulfilled.

Discrete inverse problems. In this paper, we would like to address the question of the
numerical computation of an approximation of the potential p € L*(0, 1), on which we assume
the additional knowledge that its L°°(0, 1)-norm is bounded by some constant m > 0.
A natural approach is to find pp € LZ,,(0,1), or rather in a discrete version of it denoted by
o<m(0, 1) that will be made precise later (see (20)), such that

0t 0zyn[pn](t, 1) =~ 0:02y[p) (¢, 1), ¢ € (0,T), (1.6)

where yp, is the solution of a corresponding discrete wave equation with potential py (here, h > 0
refers to a discretization parameter) and the meaning of (L6) has to be clarified. The question
is then the following: Does ([I6]) imply p, ~ p ? Or, to be more precise, can we guarantee the
convergence of the discrete potentials p;, toward the continuous one p ?

Our analysis will focus on this precise convergence issue. To sum up in a very informal way
our results, we will show that the convergence indeed holds true (Theorem [£1]), provided a Ty-
chonoff regularization process is introduced, and the key estimate is a stability estimate for the
discrete inverse problem (Theorem [B]), given by appropriate global discrete Carleman estimates
(Corollary 24l and Lemma 2T3)).

To be more precise, for N € N, set h = 1/(N + 1), and let us consider the following semi-
discrete 1-d wave equation:

Ouyjn — (Anyn); + a,nYsn = gjn,  t € (0,T), j € [1,N],

yo;h(t) g%(t)7 yNJrl,h(t) :19}1L(t), te [07 T]7 (17)
Y5,0(0) = Y5 ns  Oy5,n(0) = Yj ps J € [1,N],

where

1
(Anyn)j = ﬁ(yﬂl,h = 2yj,h + Yi—1,n)

denotes the classical finite-difference discretization of the Laplace operator and where (y;-)’ h yjl-’ n)
are the initial sampled data at z; = jh, g € L*(0,T), i = 0,1 and gn € L*(0,T; L%(0,1)) are
the boundary and source sampled data. Here and in the sequel, L? (0,1) denotes a discrete space
endowed with a suitable discrete version of the L?(0, 1)-norm that will be introduced later (see
@4)). In the following, it will be important to sometimes underline the dependence of y;, in (1)
with respect to the potential g,. This will be done using the notation y[gn].



Note that, using these notations, the discrete normal derivatives of yx[gqn] at the point z =1
is naturally approximated by

yviinlan] —ynala] _ gn(®)  ynanlan]
h h h

The fact that gi is known will allow us to simplify the difference of the discrete normal derivatives
of yn[gn] and yu[ps] simply as
yn.nlan] — yn.n(pn]
h h
In order to prove the convergence of the inverse problem, we shall develop a Lax-type argument
for the convergence of the numerical schemes that relies on:

e Consistency: Ifp € LZ,,(0, 1), there exists a sequence of discrete potentials py, € L <,, (0, 1)
such that

pn—p i L*(0,1), (1.8)

5tyN+1,h [ph] — 8tyN,h [ph]
h

— 2:0:ylp]( 1) in L*(0,T). (1.9)

e Uniform stability: There exists a constant C' independent of h > 0 such that for all
(qh7ph) € LZ?S’!H(O? 1)27

deyn,nlgn]  Beyn,nlpn]
: (1.10)

h

||Qh—thL2 0.1 <C .
7(0,1)
L2(0,T)

Of course, the consistency is the easiest part of the argument and will be detailed in Section [l
The most difficult one comes from the stability estimate (LI0).

Actually, as we shall explain below, we will not get (LI0), but we shall rather prove an
estimate of the form

deyn,nlgn]  Beyn,nlpn]
h h L2(0,T)
—+ Ch H@,f@ttyh [Qh] — 8:8ttyh [ph]HL2(OyT;L}QL[071)) ’ (111)

llan — thL}QL(O,l) < C‘

where
Yi+1,h — Yjh
(O yn)y = F=5—=2,
for some C > 0 independent of h > 0 - see Theorem [3.1] for precise statements.

This is still compatible with the Lax argument: the added observation operator weakly con-
verges to 0 as h — 0, since h(?;r is of norm bounded by 2 on L7 (0, 1), and obviously converge
to zero for smooth data. Therefore, in the limit h — 0, this term disappears and (L)) still
yields (L3).

Of course, this should be taken into account into the consistency argument: Given p €
L*>(0,1), one should find a sequence py such that (8)—(T3) hold and

hoj; Oeyn [pn) —0 in L*((0,T) x (0,1)). (1.12)

We refer the reader to Theorem for precise assumptions and statements concerning the con-
sistency.

The convergence result for the discrete inverse problems toward the continuous one is then
given in Theorem ]l and takes into account the previous comments. Roughly speaking, we will
prove that, given any p € L°°(0,1) and any sequence p, € L7°<,,(0, 1) such that the convergences
(T3 and ([TI2) hold, the discrete potentials pj converge to p in L*(0,1) as h — 0. We refer to
Section 1] for precise assumptions and statements.



The proof of the uniform stability estimate (LII]) (see Theorem [B]) is based on a discrete
Carleman estimate for (7)), which should be proved uniformly with respect to h > 0 (see Corol-
lary [24)). This is the main difficulty in our work.

First, a discrete version of the continuous Carleman estimate yielding the stability (T3] cannot
be true as it is. Indeed, that would contradict the results in [19] [25] [36] [16] that emphasize the
lack of uniform observability of the discrete wave equations. This is due to the fact that the
semidiscretization process that yields (L7 creates spurious high-frequency solutions traveling at
velocity of the order of h, see e.g. [32][29]. Hence, they cannot be observed in finite time uniformly
with respect to h > 0.

We shall therefore develop a discrete Carleman estimate for the discrete wave equation (7))
which holds uniformly with respect to the discretization parameter h > 0. We will use the same
Carleman weights as in the continuous case. Though, the discrete integrations by parts will
generate a term which cannot be handled directly. This will correspond to a term of the order
of 1 at high-frequencies of the order of 1/h, whereas it is small for frequencies of order less than
1/h, thus being completely compatible with the continuous Carleman estimates and the analysis
of the observability properties of the discrete wave equation. One can see [36] [16] for review
articles concerning that fact.

Uniform Carleman estimates for discrete equations have not been developed extensively so
far. The only results we are aware of concern the elliptic case [6] [T, 8] for applications to the
controllability of discrete parabolic equations, in particular in [8]. More recently in [14], discrete
Carleman estimates have been derived for elliptic equations in order to prove uniform stability
results for the discrete Calderén problems.

Outline. The paper is organized as follows. Section [ is devoted to the proof of discrete
Carleman estimates for a 1-d semi-discrete wave operator. A uniform stability estimate for the
related inverse problem is derived from it in Section Bl Convergence issues are finally detailed
and proved in Section [ and further comments are given in Section

2 Discrete Carleman estimates

In this section, we establish uniform Carleman estimates for the semi-discrete wave operator.

2.1 Continuous case

We recall here the global Carleman estimates for the continuous wave operator.
Let 2° < 0,8 >0, A>0and 3 € (0,1). On [-T,T] x [0,1], we define the weight functions

¥ =(t,x) and o = p(t,) as
Y(t,z) =z —aF = pt* + Co, ot ) =, (2.1)

where Cy > 0 is such that ¢» > 1 on [-T,T] x [0, 1].
Let us begin by recalling the continuous Carleman estimate. This will make easier the com-
parisons with the forthcoming discrete ones:
Theorem 2.1 ([I]). Let Lw = Oyw — Opgw, T > 0 and B € (0,1).
There exist Ao > 0, so > 0 and a constant M = M (so, o, T, 67500) > 0 such that for all s > so,
A > Xo and w satisfying
Lw € L*((=T,T) x (0,1))

x (0 ,
w € L*(=T,T; H (0,1
w(xT, ) = dw(£T,-) =0,



we have

5)\/ / ©0e**? (|ovw|? + |0,w|®) dudt + s )\3/ / 325 w|? dadt
2s¢p 2sp(t,1) 2
<M/ / |Lwl|? dmdt—&-MsA/ o(t, 1)e |0zw(t, 1)|” dt. (2.2)
T

Carleman estimates for hyperbolic equations can be found in [20] and we refer the reader to
the bibliography therein for extensive references. The Carleman estimate stated here can be seen
as a more refined version of the one in [20, Theorem 1.2] but in the case of boundary observation
and with the freedom on A. For the proof of this Carleman estimate, we therefore refer to [I.

Remark 2.2. Note that the above Carleman estimate holds without any condition on T. This
might be surprising but this should not be since we assume that w(£T) = dww(xT) = 0 and
therefore, the corresponding unique continuation result is: If w(£T) = Sw(£T) = 0, w €
L3(=T,T; H(0,1)), Opw — Opew = 0 and dyw(-,1) = 0, then w = 0.

2.2 Statement of the results

In this section, we state uniform Carleman estimates for semi-discrete wave operators.

Of course, since we work in a semi-discrete framework, the space variable x is now to be
considered as taking only discrete values z; = jh € [0,1] for j € [0,..., N + 1] (recall that h =
1/(N 4+ 1)). Therefore, for continuous functions f (e.g. with ¢, 1,...), we will write indifferently
f(x;) or f;. We will also add the subscript A~ when we want to emphasize the dependence in the
mesh size parameter h > 0, but we shall remove it as soon as the context clearly underlines that
we are working for one particular h > 0.

Moreover, by analogy with the continuous case, we will use the following notations:

N+1

N N
fn=hY " fin fo=h>_ fin, fn=hY" fins- (2.3)
j=1

(0,1) j=1 [0,1) =0 (0,1]

Note that it also defines in a natural way a discrete version of the LP(0,1)-norms as follows:
for p € [1,00), we introduce L% (0, 1) (respectively L} ([0,1))) the space of discrete functions f
defined for jh, j € [1, N], (resp. j € [0, N]) endowed with the norms

Uil oy = / P (resp. 1l o0 = / e} (2.4)
L} (0,1) ©0.1) L} ([0,1)) [0,1)
and, for p = oo,
Iallimion = sup 1fnl (esp. Ifulleqony = sup 1fnl. (2.5)
v jE[1,N] v j€lo,N]

By analogy with LZ,(0,1), we also define

L3 (0,1) = {an = (@n)sepny € L2(0,1), st aull o) <m0} - (2.6)

We shall also use in the sequel the following notations:

. 205 . B . .
(mavn); = Vj+1,h + vih + V-1, : (mion); = (mi; )it = U]+1,h2+ Vjh :
Vj+1,h — Vj—1,h _ Vj+1,h — Vj,h
(Onvn); = % ; (0 vn); = (8 vn)jt1 = ﬁTJ ;
(Anvn); Vjt1,h — 205 + 51, ho
J

h2

One of the main results of this paper is the following discrete Carleman estimates:



Theorem 2.3. Let Lywy, = 0wy, — Apwy, T >0 and B € (0,1).
There exist so > 0, A > 0, € > 0, ho > 0 and a constant M = M(so, A\, T,¢e,3) > 0 independent
of h > 0 such that for all h € (0, ho) and s € (so,e/h), for all wy satisfying

Lywy, € L*(=T,T; Lj, (0, 1)),
wo,n(t) = wnt1,n(t) =0  on (=T,T),
wh(iT) = 8twh (iT) = O,

we have

T T T
s/ / e**?|9wn|* dt + 5/ / >0 wn |? dt + s° / / e>*|wp|* dt
-1 J0,1) —7 Jo,1) -1 J©01)

T T
< M/ / 628w|Lhwh|2 dt + M.S/ EZSW(t’l) ‘(8,jwh)N+1‘2 dt (27)
—7J0,1) -7

T
+Ms/ / e**?|hd;, dywn|* dt
-1 J{0,1)

for ¢ given by 21)).

The proof of Theorem 23] will be given at the end of Section
The following remarks are in order:

e The weight function ¢ in the above discrete Carleman estimate is the same as for the
continuous one.

e In Theorem 23] the parameter A is fixed, whereas it is not in the continuous Carleman
estimate of Theorem 211 Looking carefully at the proof of Theorem [Z3] one can prove that there
exists Ao such that, for all A > Ao, there exist £(\) > 0 and M = M () such that (27) holds for
all s > so(A) and sh < g(A). These dependences of € and M on A are very intricate and we did
not manage to follow it precisely.

e The fact that M is independent of A > 0 is of major importance in the applications we have
in mind. This is very similar to the observability properties of discrete wave equations for which
one should prove observability results uniformly with respect to the discretization parameter(s),
otherwise the discrete controls (obtained by duality from the discrete observability properties)
may diverge, see e.g. [16].

e The range of s in Theorem 23] is limited to s < e€/h. This is a technical assumption, that
is not surprising when comparing it to [0, [7]. Indeed, for s of the order of 1/h, €% is a high-
frequency function of frequency of the order of 1/h and therefore it does not reflect anymore the
dynamics of the continuous wave operator.

e A new term appears in the right hand side of (27]), which cannot be absorbed by the terms
of the left hand side. Though, this term is needed and cannot be removed. Otherwise, one could
obtain a uniform observability result for the discrete wave equation, a fact which is well-known
to be false according to [25]. Besides, this extra term is of the order of one for frequencies of the
order of 1/h, whereas it can be absorbed by the left hand side for frequencies of smaller order.
According to [16], this indicates that the extra term in estimate ([2.7)) has the right scale.

Note that in the application we have in mind, we shall not use directly the Carleman estimate
([27) which involves the wave equation without a potential but rather one in which a L® potential
is allowed. Indeed, we have the following corollary:

Corollary 2.4. Let T > 0 and 8 € (0,1). Let m > 0, gn € Ly <,,(0,1) and Ln[gn)wn =
Orwn — Apwn + qrwh.

There exist so > 0, A >0, € > 0, ho > 0 and a constant M = M (so, \,T,m,e,3) > 0 such that
for all h € (0, ho) and for all s € (so,e/h), for all wy satisfying

Lulgn]wn, € L*(=T, T3 L; (0, 1)),
wo,n(t) = wnt1,n(t) =0  on (=T,T),
wh(iT) = 8twh (iT) = O,



we have:

T T T
s/ / e**?|dpwn |? dt—|—s/ / %10 wp |? dt—|—33/ / e Jwy|? dt
-1 J(0,1) -1 J0,1) -1 J(0,1)
T T
< M/ / e**?| Ly [qn)wn|? dt + Ms/ e
—7J(0,1) -7

T
—|—Ms/ / e**? | hdy dywn | dt,
—7J[0,1)

s _ 2
20D (9 wn) N4 | dt (2.8)

for ¢ given by 2IJ).

Proof. This is a simple consequence of Theorem 23] since Lrwy = Lp[gn]wn — grwy with gn €
Li°<,,(0,1) leads to

T T T
/ / e**?| Lwy|® dt < 2/ / e**?| Li[qn]wn |? dt + 2m* / / e wy | dt.
-1 J©01) —-7J0,1) -1 J©01)

This last term can be absorb by the left hand side of (27)) by choosing s large enough. This
immediately yields (28]). |

Until the end of this section, we shall work for A > 0 fix. We therefore omit the indexes h on

the discrete functions to simplify notations.

2.3 Basic discrete identities

Below, we list several preliminary dentities that will be extensively used in the sequel. Let us
begin with easy identities left to the reader:

Lemma 2.5. The following identities hold:
a1b1 + azb2 a1+ a2 b1 + b2 h? fa1 — az b1 — b2
= — ; 2.
= () () < () (M) 29)

aiby —ab2 a1 —a2 b1 + b2 a1 + a2 b1 — bs
h _( h )( 2 >+< 2 )( h > (2.10)

Using these identities, one can obtain the next lemma:

Lemma 2.6. The following identities hold:

2

h h _
m;:I—FaB;; mh:I—FIAh:mﬁmh ; (2.11)
1 _ _ _ _ _
On = 5(3;{4'811) =m0y, =0, my =m0y = dmy; (2.12)
A, =050, =050 ; (2.13)
h2

my, (w) = (my; u)(mjv) + I@IU) (Onv) ; (2.14)
By (uv) = (95 w) (mi;v) + (miyu) (95 v) ; (2.15)
An(pv) = (Anp) (mav) + 2(0np) (Onv) + (mnp) (Anv). (2.16)

Proof. To begin with, one easily obtains (ZI1]), since

- gvj+1h—vj
Vi1 + 205 +vj— Vir1 — 205 + vj— h?
(mpv); = e A 4J P M . B B B 4] I7L — —&-I(Ahv)j.

Similar computations left to the readers yield (Z12]) and (2I3).

oy Vi1t Y
)i =

h
(it = v+ 50 v);,



Identities (Z.14)—(Z15) are straightforward consequences of the formula of Lemma[Z5l To get
@I8), we do as follows:

An(pv) = 9, (9 (pv))
=0y, ((9y p)(mjv) + (my; p) (95 )
= (9 O p) (i iy v) + (my, 03 ) (O my ) + (8 muy p) (my, Oy ) + (myymi p) (9, Oy v)
= (Anp)(mav) + 2(0np)(Onv) + (map)(Anv).
Note that this should of course be compared to the corresponding classical Leibniz formula
A(pv) = vAp+2Vp - Vv + pAv. |
We now explain how discrete integrations by parts work:

Lemma 2.7 (Discrete integration by parts formula). Let v, f, g be discrete functions such that
vo = vn+1 = 0. Then we have the following identities:

. / 9(OF f) = / On 9)f +9gny1fnii — gofo s (2.17)
0,1) 0,1]
+ Nat h o4 h -
b g(onf) = (my g)(0y f) — 590(811 Fo— §QN+1(3h fIN+1; (2.18)
(0,1) (0,1)
2 h? +, 129+
o2 v(Opv) = [v]” Ong + = |0n v|°0y g ; (2.19)
(0,1) (0,1) 2 Jio,
o [ aaw) = / (87) (85 9) — (85 v)ogo + (B v)vs1gn+1 (2:20)
(0,1) [0,1)
1
o [ o)== [ @0 g5 [ oA (221)
(0,1) [0,1) (0,1)

1 1 _ 2 1 2
) / gAhvah”U = ——/ |8,fv|28,fg + = ](Bh ’U)N+1‘ gN+1 — = ](8;1;)0] go. (2.22)
0.1) 2o, 2 2

Proof. Let us begin with ([Z17):

/ 907 f
[0,1)

h> g (%) => gifit1— Y 0l
j=0 Jj=0 Jj=0

N+1 N+1
= Y g-1fi— Y gifi+antifne = gofo
j=1 j=1
N+1

= -—-h Z ( 9] l)fj + gn+1fn+1 — gofo-

In order to prove (ZI8)), using (212]), we do as follows:

1 _
[ s = 5 < / 90+ [ gazf>
(0,1) 0,1) (0,1)

i1+ 5 Zgaa
N
_Z O )

Il
[
?TLMZ

1

N
wlw

gj+1 8}1

<
Il
o

h
- §9N+1(3;ff)N

Il
N
Mz

(95 + 934105 )y — 290(0F Fo

<.
I
<}



To prove (ZI9), using the fact that vo = vn41 = 0, and successively (ZI8), @I4), ZI5) and
@I1), we obtain:

2/ guopy = 2/ mi (vg) (8 v)
(0,1) [0,1)

2

B 2/[0,1) <(m¢”><mtg> + hz(@;fv)(aig)) (OFv)
2 h? )
- /[0,1)(””‘;”83('”' )+ /[0,1)(8“) (07 9)

- h?
= [ @il + 5 [ @@t
(0,1] [0,1)
2

h
[ @ant+ g [ @rrore.
(0,1) [0,1)

For (220), using (ZI7), we write

[ aaw) = [ goi00
(0,1) (0,1)

/ 905 07 — g1 (B v)n 11 — (B 0)w41)
(0,1]

= [ (@) @) - @ vhog + (B v)vagnen.
[0,1)
From (220), we prove (221), using vo = vn+1 = 0 and Lemma 26}

/ guAw = - / (0 0) (07 (gv))
(0,1) [0,1)

- /[ el [ ofvmivarg
0,1 0,1

1
[ eelmig -5 [ oty
[0,1) [0,1)

Jos

»

1
ot ol + 5 [ ol
(0,1)

Finally, in order to prove (222)), we first remark that, using Lemma [26]

(Anv);(Bnv); = (85, (94 v));(my, (D5 v)); = %(32 (193 v]*));

and therefore (2:22) follows from (2I7):
1 _
/ gARVIRY = 5/ 90 (|aljv|2)
(0,1) (0,1)

1 _ 1 -
= 5/( . 90, (|3;r”|2) ~ 39N+ (|(8:’U)N+1|2 —1(8; ”U)N+1|2)

’

1

1 _ 2 1 2
. / 0020 g + 2 @ v)na [P aner — 2 |@F o)l go.
2 [0,1) 2 2

This concludes the proof of Lemma 2.7} O
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2.4 Computation of the conjugate operator

Set p = exp(—s¢), ¢ given by (Z1)), and
o(t,z) = p Nt 2)w(t,z) = TP w(t,z) and Py = % (O — Ap) (pv).

Proposition 2.8. The conjugate operator Py can be expanded as follows:

2
h——Ahp> Apv — Onp _ v—Ahp.

Pyv = Opv + 28tvatp +o utp <1 + 20, vL
p p 2 p p

(2.23)

(2.24)

Proof. Identity ([224]) can be deduced easily by explicit computations based on Lemma 25 In-

deed,
1 0 0 A
Pyv = =[0u — Ap](pv) = Ouv + 28tvﬂ —l—vip — M
p p p p
But, using (2I6]), we get
Ahéﬂ”) — Ay mphp Onp | mthhp.

Besides, from (2.17]),
mpp h? [ Anp h?
—= ) =14 — [ —) and mpv = v+ —Apv,
p p 4

which immediately yield identity ([2.24)).

|

One step of the usual way to prove a Carleman estimate is to split the operator P) into
two operators Py 1 and P 2 (detailed in Section [Z6]), that, roughly speaking, corresponds to a
decomposition into a self-adjoint part and a skew-adjoint one, and then to compute and estimate

the scalar product

T
/ P 1v Py v dt.
(0,1)

But we first need to give a more precise expression of Pjv, using the following equalities:

Proposition 2.9. The coefficients in the expression of P, can be expanded as follows:

% = —shpdu, % = $"N¢ (0)” — sNp () — shpDuut,
Onp Anp

= —8)\1417 = 82)\2142 — S)\2A3 — 8)\A47

where the coefficients (A1, A2, A3, As) are given by

efsw(t,zﬁ»o’h)

1 1
At) =5 [ 00l (o + o) doy

As(t, x)—/ (1= |o]) [¢*(024)?] (t, 2 + oh) et
i ’ o—sw(t,2) ’
0= [ (1ol [p0u?) -+ om) T o
i ’ o—sw(t,2) ’
e~ se(tzjt+oh)
/ (1 = lo]) [pOaatt] (t, 2 + oh) —— 55— dor

11

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)



Proof. Since p = e™*% and ¢ = ¥, identities (Z25) are straightforward.
Getting (2:26]) is more technical. We write

pit1—pj-1 _ 1 [Tt
(Onp), = 2=t — [T, p(a) e asz + oh)do
J 2h 2h Jy, ’

and since 9zp = —sA\pp0z1), we get (2.26))1:
8hp> SA /1 p(t,z; + oh)
Gl (1) = 52 Ou)(t, ;5 + oh) LTI T I o AAL ().
(%) =5 [ st + o2 s o

Similarly, the proof of ([Z26])2 relies on the usual Taylor formulas in integral form

flzxx£h) = flx)Lhf(z)+ /1(1 Fo)f'(z + oh)do.
0
Indeed, applying this identity to p,
pris = by % pa) 41 [ (15 0)0cple + ot dor
and therefore,

. —_ 2 . + . 1
(Bnp)y = P20t [ (1= o) orup(a; + oh) do
-1

Since Ozzp = szAngaz(Bzi/))z — s)\nga(ﬁzi/))z — 8AppDzeth, we immediately deduce (220))s. O

Remark 2.10. The coefficients of P, are intrinsically defined on the grid {jh};cp,ny and not
for x € [0,1] as formulas @Z0)—230) may imply. But it turns out that these formula induce
a natural continuous extension of these coefficients that is easier to handle. We shall therefore
identify these coefficients with their continuous extension given by (2.21) —(Z30) without confusion.

2.5 Preliminary estimates

Before going into the proof of the Carleman estimate itself, done in Section 2.6l we give here
several key approximations on the coefficients A; defined in (227)—(228)-(229)—(230) and their
derivatives.
To begin with, we shall introduce the Landau notation O (e) to denote functions f = f(¢,x)
that satisfy, for some constant C' independent of € > 0 but that might depend on A, |f| < Ce.
We are then in position to state the following basic estimates:

Lemma 2.11. For all A > 0, s > 0 and h > 0 with sh < 1, for all 0 € [-2,2] and (t,x) €
[-T,T] x [0,1],

p(t,x +ah) e~ se(tatoh)

ota) - ewerm LT OMsh); (2.31)
plt,z + oh) M .
Oz ( o(t,7) > Ox(sh) ; Ot ( ) = Ox(sh) ; (2.32)
plt,z + oh) p(t,z+ oh B
Oza ( () ) Ox(sh) ; ( = Ox(sh). (2.33)
Proof. Since the function 1 is smooth and bounded on (=7,T") x (0,1), we have ¥(t,z; + och) =

P(t,x;) + O(h) and therefore

o(t,z + oh) = M EEDTAOM) — Avtei) () L Oy (R)) = o(t, z) + Ox(R).

12



Therefore, we easily get (23] since
p(t,z + oh) = e *PEDTONER — 5 2 (1 + O (sh)).

Similarly,
o, (p(t, T+ O'h)> — 8, (e—sg;(t,zﬁ»o’h)esgp(t,z))
p(t,x)
efsgp(t,;vJﬁo'h)
= At + oh) (1,7 + oh) + ol 2)0th(1,2)] S
so that

p(t,x)
which concludes the proof of ([2:32)), left.
Of course, other estimates in ([232)-(233) can be proved following the same ideas. Details
are left to the reader. d

o, <w) = sAOA(h)(1 4 Ox(sh)) = Ox(sh),

We can now give good approximations of the coefficients A;:
Lemma 2.12. Set

fi =00, f2=¢"(00)°, f3=0(0:0)% fi=@duat).

Using the notations A; defined in Proposition[2.9, for (t,x) € [-T,T] % [0,1] and j € {1,2, 3,4},
we have:
e On the 0th order derivation operators:

Aj = f; +Ox(sh) = m} (A;j) + Ox(sh) = mj, (A;) + Oxr(sh) = mn(A;) + Ox(sh) ; (2.34)
e On the 1st order derivation operators:
OnAj = 0ufj + Ox(sh) = 8 Aj + Ox(sh) = 8, A; + Ox(sh), (2.35)
O0tAj = 0t f; + Oa(sh) ; (2.36)
e On the 2nd order derivation operators:
AnAj = 0w fj + Ox(sh),  OuA; = Oufj + Oxr(sh). (2.37)
Proof. Let us first notice that that all the coefficients A; can be written as

1 —sp(t,z+oh) e
() = (o) fs e 77 (o =d 12 if j =1,
AJ (t7:c) - /;1 2% (U)fﬂ (t7:c + Uh) e*ﬂP(t@) d07 2% (U) - { (1 _ |O’|) otherwise.

Using Lemma [2.TT] and the regularity of 1 and ¢, one can write

efsgp(t,;vJﬁo'h)

1
Aj(t,z) = /w(a)fj(tvfﬁffh)md"
-1

1
= / 1 (@) (fi (t, 2) + Ox(h)) (1 + Ox(sh)) do = f;(t,z) + Ox(sh).
-1
Let us remark that it also yields the same expansion for A;(t,z + h) up to an error term of order

O (h), from which one easily concludes (2:34]).
For the first-order derivatives (Z35]), we can write

1
OnAj(t,x) = l/ 02z A;(t,x + ah) da

7s<p(t z+(ato)h)

= / / wi(0)0x fi(t,z + (a +U)h) Py dado

efsw(t,zﬁ»(a«‘ﬁo‘)h)

13



But using (2:32),
1 1 1 efstp(t z+(a+o)h)
5 [1 [1 /,LJ(O')fJ(t7$ —+ (Oé + a')h)@x <W> dOédO' = O/\(Sh)

Therefore, we only have to estimate

7s<p(t z+(ato)h)

/ / w;(0)0xfi(t,z + (a +U)h) eetiTah) dado,

which can be done by using 9, f;(t,z + (o + 0)h) = 0. f;(t,z) + Ox(h), (23I) and the fact that
fjl uj(o)do = 1. This yields

8hAj (t7 13) = 8xfj (t7 ac) + O, (Sh)

Of course, similar computations can be done for 8;143'7 0, Aj.

r ([2.36), the idea is the same: we use the integral expression of the coefficients, check that
the derivatives from the ratio of exponentials are of order Oy(sh) and can therefore be neglected
due to (232), and then proceed as above. Details are left to the reader.

For the estimates on the second order derivatives (2.37)), this proof applies again and is there-
fore omitted, using this time the second order estimates (2.33). a

To summarize the results detailed in Lemma [Z.12] we have proved that
Av @O, A2 = 9*(0:9)°, Az p(0:0)°, Au = 00ust,

up to error terms in Ox(sh), and these expressions can be differentiate twice, still with an error
term of the order of Ox(sh).

A more precise expression of P,v can now be deduced from Propositions 2.8 and 2.9
Pyv = Ouv — 28Xp0ipOrv + 32)\2<p2 (8,51/))2 v — s)\2<p (8t1/))2 v — sAp(On)v

2
_ <1 + %(52)\2,42 —s\ZA; — s)\A4)> Apv + 2sAA10n0 — (32)\2A2 S . P SAA4)v.

In order to simplify the notations, we set

2
Ao = %(52)\2A2 — S)\2A3 — S)\A4),
so that P, can be rewritten as
Prv = Ouv — 28 Ap0ipOrv + 32)\2g02 (8,51,/1)2 v — s)\znp (8,51,/1)2 v — sAp(Oth)v

— (1 + Ao) Apv+ 28AA10p0 — (52)\2142 — S)\2A3 — s)\A4)v.

Note that Ap is expected to be small. Indeed, using Lemma 2.12] one easily gets that Ao is
in Ox(sh) and that the same holds true for the following expressions:

Ao, mnAo, mif Ao, O Ao, OF Ao, 01 Ao, AnAo,diAo  all are Oy (sh). (2.38)

We emphasize that this term Ay is a purely numerical artifact which does not have any continuous
counterpart.

14



2.6 Proof of the Carleman estimate

In this section, we focus on the proof of the discrete Carleman estimate (27]) given in Theorem 23]
We first set

Poiv = 0uv — Apv(l + Ag) + 5222 [4,02 (O))? — Az] v, (2.39)
Prov = —s)\’ [np|8t1/)|2 — As] v — 25X [pOupdv — A10pv] (2.40)
Ryv = sA[puyp — Adlv, (2.41)

so that we have Py 1v + Phn2v = Ppv + Rpv, and in particular,

T T T
/ / |th+th|2dt:/ / |Ph,1v|2dt+/ / | Provl|® dt
-1 J(0,1) -1 J(0,1) -1 J(0,1)

T
+2/ PhylvPhyz’U dt. (2.42)
-7 J(0,1)

We will then prove the following;:

Lemma 2.13. There exist A > 0, so > 0, g0 > 0 and a constant My > 0 such that for all
s € (s0,e0/h), for all v satisfying vo = vn41 = 0 and v(£T) = O (£T) =0,

T T T
5/ / |90 dt—|—5/ / |0, v? dt—|—53/ / [v|? dt
—-T J(0,1) —-T J[0,1) —-T J(0,1)
T T T
+/ / |Ph,1v|2dt+/ / |Ph,2v|2dt§M0/ / | Prol? dt (2.43)
—T J(0,1) -7 J(0,1) -7 J(0,1)

T T
—|—Mgs/ y(a;v)NHf dt+Mos/ / |hd; 8| dt.
-7 J[0,1)

-T

Proof. We will begin with calculating and bounding from below the product

T
/ P 1v Py v dt.
~7Jo,1)

Step 1. Explicit computations of the cross product.
The proof of estimate (Z43) relies first of all on the computation of the multiplication of each
term of P, 1v by each term of Py 2v. We write

T 3 2
/ Pr1v Ppovdt = ZZL'J

=T J(0,1) i=1 j=1

where I;; denotes the product between the i-th term of P 1 in (IQEQI) and the j-th term of P o
in (2:40). We now perform the computation of each I;; term.

Of course, we shall strongly use below the properties of v on the boundary and in particular
that v(£T) = 0:v(£T) = 0, vo(t) = va+1(t) = 0 and also the fact that drvo(t) = dron4+1(t) =0
for all t € (—=T,T).

We shall also use the results of Lemma which will allow us to simplify most of the
expression in which the coefficients A; appear. We recall to the reader that we will use the
notation (Z3) for the discrete integrals in space. In order to simplify notations, we will also omit
“dt” in the integrals in time (that are continuous ones). Therefore:

/ f:h;/Tfj(t)dt and / f:h;/Tfj(t)dt.

-7 J(0,1) i —T J[0,1)
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Computation of I11. Integrating by parts in time,

T
I = — s)\z/ 3tt’0(80|8t1/’|2 — Az)v
(0,1)
) 5)\2

SA |8w| <P|8t1/’| — As) — |v| Ort <'0|8t¢| —4s)
= )2 / / 1002 0(|00[* — 10207

22

s / / (0284 (010 ]* — |0t ]?)

T T
+ s/ Ox(sh)|d:v]* + 5/ Ox(sh)|v|?,
0,1) =T J(0,1)

using Az = ¢|0,0|*> + Ox(sh) and 0y Az = Oy (<p|8x1/)|2) + Ox(sh).

Computation of I12.

T
L= — 25)\/ Ortv(pOrp v — A10KV)
0,1)

T T
= [ [ jpeleswsrs [ jowPeiaw
-7 J(0,1) -7 J(0,1)

T T
— 28)\/ / 01 A10:v0Rv — 28)\/ / A10:v0R0¢0.
-1 J(0,1) -1 J(0,1)
But, by 2I9),

T T h2 T
— 23)\/ A10:00,00 = s)\/ / |8 On AL — —s)\/ / |8, dv|* 0, Ay
-7 J(0,1) -7 J(0,1) 2 -7 J(0,1)

Therefore, using Lemma 2.12] for 0, A1 and 9; A1, we get

T T
o= s / / 100020 (Bt + Beath) + 5X° / / 1002102 + 0,0%)
—1J(0,1)

T
—23)\2/ / ©(0:) (Onv) Ot Dytp — —/ / |hd; Oww|* 05 Ay
=T J(0,1) [0,1)

T T
+ s/ Ox(sh)|8ev|* + s/ Ox(sh)Ovopv.
—T J(0,1) —-T J(0,1)
Computation of I21. Using (2.21]) and (2.38)),
T
Is1 = S)\z/ Ahv(l + Ao)(tp|ati/)|2 — Ag)v
-7 J(0,1)

T
_ / / | JBE P (O Ao gl — Av)

s)\2
/ / | BB+ Ao — )

) / / 10 o210 — 10:32)
2
42 / / [0]2 0 (010012 — plButs]?)

T T
+ s/ Ox(sh)|8; v]* + s/ Ox(sh)|v]?.
_ [0,1) —T J(0,1)
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We do not develop the term in 9y (¢|0:h|> — ¢|82)|?) since it is uniformly bounded with respect
to s.

Computation of I2a. We can split this term in two parts as follows

T T
Ioo = 25)\/ Ahv(l + Ao)(paﬂ/)aﬂ) — 28)\/ Ahv(l + AO)Alﬁhv .

—T J(0,1) -7 J(0,1)

I224 Iz

To compute I22,, we use Ap = 8;8;, Orvg = Oron+1 = 0, and formula (2I5]) and 2I7):

T
o= =20 [ [ (@00} + A)edn)
—7J[0,1)

T
- 25)\/ / (BiFv)ymt (9:0) (1 + Ao)pdeah)
0,1)
T
+5)\/ / |8;v|28tmz((1 + Ao) o).
-1 J[0,1)
T T
2 / / (O3 vy (810)De (00u)) + 5N / / 107 v[201(000)
T J0,1) —7 J[0,1)

T T
+ 5/ Ox(sh)|8; v]* + 5/ Ox(sh) (B v)m (Bw).
[0,1) -1 J[0,1)

For the computation of I29;, we rather use (2Z22]) and (238):
T
b= —sx [ [P (1 o)
7 J0,1)
T
33 [ (14 A0) AN )@ v
— 8)\/ (1+ Ao)A1)(t,0 )|(8;’U)0|2

T
— / / ot ooy +s [ [ onsmiarel
T T J[0,1)

_

+sh [ (lpdat)(t, 1) + Oa(sh)) (9, v) v+

q

— s\ ([pd=v](t, 0) +(9A(sh))|(8,fv)o|2.

/
7

T
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Therefore, I22 = I22q — I225 gives
T
o= =23 [ [ @romi@w)eovon
—7 J[0,1)
T
+s,\2/ / 10 0% 0(10e]? + [829]%)
—7J[0,1)
T
_|_3)\/ / 105 0 2p(Duath + Daat))
—7J{0,1)

Y / (0] (£, 1) + Ox(sh)) |(By v 41 [?

-7

T
45\ / ([9021.0) + Ox(sh)) 3] 0)ol
T T
+ s/ Ox(sh)|8; v|* + s/ Ox(sh) (9 v)mi (8vv).
—7 J[0,1) —7 J[0,1)

Computation of Is;. From Lemma [2.12] one easily obtains:

T
Iy = — s*\* / / o210l — A2)(plOnb]? — As)
-7 J(0,1)
T

T
— / / P (0 — [0epf?)? + s° / Ox(sh)[o]2.
-7 J(0,1)

-1 J0,1)
Computation of Is2. Finally, from (ZI9]) of Lemma [Z6] we get

T
I3y = —233)\3/ / 0(P%0|* — A2)(pdrpdrv — A1Dpv)
-7 J(0,1)
313 T 2 2 2
O\ / / [0[20: (10 — Az)p0rt)
-1 J(0,1)

T
_ N / / [o[20n (A1 (2100 — A2)
—7J(0,1)

S3

)\3 T

[ mapeRor (ol - x).
-1 J(0,1)

But, according to Lemma [2:12]

O ((D21000* — A2)pdu) = 30° 10| (10ep|” — [0:1[?)
+ 30%0u1|00))? — 00| 0ab|* + Ox(sh)

+

and
(A1 (9°|0:0]* — As)) = 3Ap* (02| (104]? — |021)]?)
+ ¢ 000|000 ” — 3¢°|00]*Baat) + Ox(sh).

Thus we obtain

T
Iy = 383A4/ / 0P (10:0 — 0.]%)?
—7.J0,1)
T
+353A3/ / 1020° (1006200t + 19 Buat)
—7Jo,1)

T
o [P (0uvPou +10P0w)
-1 J(0,1)

T T
+ s/ Ox(sh)|8; v]* + 83/ / Ox(sh)[v]?.
-1 J(0,1) -1 J(0,1)
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Final computation. Gathering all the terms, one can write
T
/ Pp v Prpov =1, + Io, vo + L1013 + ITych, (2.44)
-7 J(0,1)

where I, contains all the terms in |v|?:
T
I, = / / [v|*F, (2.45)
T J(0,1)

3A2 2 2 S)\2 2 2
F= - 78tt(<ﬂ|5t1/)| — @|0z]7) + Taxx(<ﬂ|5t1/f| — @|0z%]7)

+ $° X% (1000 — |0291?) (Outh — Bwath) + 25° N> 0° (009> 00st) + |00t |* Drath)
+25° X% (1000 — |029]°)* + 5° Ox(sh)

= " X% (10:0]? — 0.0 %) (Outh — Duath) + 25° N2 ¢° (|00)[° 00t + |00t Dat))
+25° M (|00 ? — |021]%)% + s°Ox(sh) + sOA(1)

with F' given by

Ip,,vv contains all the terms involving first order derivatives of v:

T T
I, w0 = 25)2 / /( ool +20)" / /[ 1ol o
—1J(0,1 —1Jo,1

T T
— 28)\2/ / ©(0:) (Onv) Oetp 029 — 25)\2/ / 097 v)ymit (8¢v)Dx1pdrtp
-1 J(0,1) -1 J[o,1)
T T
+ SA/ / |3t1)|2s0(3tt1/1 + 0z2®) + S)\/ / |8;v|2<p(8ttz/) + Ozz?)
—T J(0,1) —-T J[0,1)
T
+ s/ / (OA(sh)|8tv|2 + O (sh)atvahv)
-1 J(0,1)

T
+ s/ / (OA(sh)|8,fv|2 + OA(sh)m;(atv)a,J{v) ;
-1 J{0,1)

It0,1y contains all the boundary terms:

Loy = — sA / ([0at](t, 1) + Ox(sh)) (B v) w11

+ 52 / ([90210,0) + Ox(sh)) 3 o)

Ityeh contains the term corresponding to the Tychonoff regularization:

T
ITych = _2/ / |h8;{3tv|28;A1 (246)
2 —-T J[0,1)

Step 2. Bounding each term from below.
In the sequel, M > 0 and C' > 0 will denote generic constants that all are independent of h and s
but may depend on A.
Step 2.1. Dealing with the O order terms in v.
We have:
F = s°X*0°G + s°Ox(sh) + sOx(1),
with

G

2X(10e0* — [0291%) + (100%]° — 1023*) (Oret) — Daath) + 2(|10400|* Oset) + |00t |* Dut))
2A([00* — 10:01%) + (100 ” — 1029]?) (Out) — Baat)) + 2(10e* — |021)]?)Deat)
+ 2(0:91? (O + Orat)).
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But 9getp + 0229 = 2(1 — B) > 0 and inf o ,1) [0¢|* = 4inf(o 1) [z — 2°|? is strictly positive since
2° ¢ [0,1]. Therefore, setting X = |943|*> — |021]?, we have

G>20X2—2X(38+1)+c, withc=16(1—p) (o |z — 2 > 0.

Thus, there exists Ao > 0 large enough such that for all A > Ao, this expression can be made
strictly positive. Therefore, for A > Ao, we get a positive constant c. > 0 independent of A such

that r r
I > 2C*S3A3/ / o] — (s°Ox(sh) +50A(1))/ / jof?
—T J(0,1) —-T J(0,1)

Thereby, bounding ¢ from below by 1, we can choose sg(A) such that for all s > so(A),

T T
I, > 6*53)\3/T/(0 )|v|2 —SBOA(sh)/T/(O ) [v]>. (2.47)
- ’1 —_ s

From then on, we fix A > Ao.

Step 2.2. Dealing with the first-order derivatives.

The idea is to show that the terms in which sA\? appears are positive up to a small error term,
and then check that the terms in s\ are strictly positive.

On the one hand,

r e on 2, 1 [T 2 2
/ / P(000)(Dnv) Ot Dup| < / / o0 + 1 / / ool |2
—rJo 2 J_rJwon 2/ _rJon

Lt 2 2 1 (7 +,012 2 T I
< 5/ / @|0rv|"|9et)] +§/ / 0|07 v[?0.9 +O>\(Sh)/ / |05 |
-1 J(0,1) —rJon _rJiom

and similarly,

T
‘ / / P07 v) mit (Ov) O Bu)
-1 J[0,1)

1 [T 1 [T
< 5/ [ ediowreg [ [ omi@orowr
—1 J[0,1) -1 J[0,1)
1 (7 1 /T T
< 5/ [ elotorowr+; / / |01 + Ox(sh) / / o2,
2 J)_rJp 2 J_rJwoy —7Jo,1

Therefore,

T T
23A2/T/(0 )|atv|2¢|at¢|2+2sA2/T/[O 1o ploeul
— 1 — ,1

T T
—2sA? [ /o ) ©(80)(Onv) Db Duth — 25\° / /0 , (O v)Ymif (8v) 0Ot

> — sOx(sh) / / |8 v|? — 5O (sh) / / |0v.
0,1) 0,1)

On the other hand, focusing on the terms in s), we have 9yt + 9z2% = 2(1 — 8) > 0, and
then, bounding ¢ = eM’ from below by 1, we obtain:

T T
Torve > 25M(1 5)/ / 19 0)? + 25A(1 — 5)/ / 10,02
—7Jo,1) —7J(0,1)
T T
— sOA(sh)/ / |8, v|* — sOA(sh)/ / |9:)?, (2.48)
-7 J[0,1) —-T J(0,1)
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where we used that, by Cauchy Schwartz,

T T T T
/ / Onof? < / / 0 0f2, / / Imif (Bw)|? < / / 0o,
-7 J(0,1) -7 J[0,1) -7 J{0,1) —7J(0,1)

Step 2.3. The boundary terms.
Since min_r,7yx(0,1) ¥92z% > 0 (recall 2% < 0), then there exists e1(\) > 0 such that taking
sh <e1(N),

Oxa(sh) < min {o(t, 2)09(t,x)} .

(t,2)e(=T,T)x(0,1)

Therefore,
Toay = = sA /J ([pd=4](t, 1) + Ox(8h)) [y v)n1* + 8/\/ ([£=4](t,0) + Ox(sh)) |85 v)o|?

> — 25\ / [90:4)(8, (35 v)waa[* = —sCs / COR (2.49)

Step 2.4. The Tychonoff reqularization.
Let us recall that 9;" A1 = A\p|02:%|* + ¢0sa) + Ox(sh) = Ox(1) since sh < £(\). Thus

Iryen = ——/ / |ho,f o0, Ay > —SCA/ / |RO; D, (2.50)
0,1) 0,1)

Noticing that )\ap|8x1/)|2 + ©0zz > 0, Ityen < 0 and cannot be made positive. This is not only a
technical matter, since otherwise we would get uniform observability results for the semidiscrete
wave equations, which is proved not to hold in [25].

Step 3. Proof of Lemma [2.13]

Recall that A is fixed from Step 2.1.
Collecting the results (Z48)-(Z350), of Step 2, we have proved that for s > so(\) and sh < e1(\),

T
/ PpivProv > 2sA(1-p / / 18, v)* + 2sA(1 — / / |9:v]?
-1 J(0,1) 0,1) 0,1)
—s(’)A(sh)/ / |0 v|* — SO)\(Sh)/ / |0
-1 J0,1) -1 J(0,1)
T T
+c*53)\3/ / lv|* — SSOA(Sh)/ / |v]?
—-1J(0,1) -1 J(0,1)

T T
—sCA/ (0, v)ns1]” — sOA/ / |hd; B,v]?.
-T -1 J[0,1)

Therefore, taking sh small enough such that

O (sh) < min {)\(1 _ ), 0*33751@)} :

which defines e(\) > 0, we obtain, for some constant M; = M;(X) > 0,

S o[ f e [
(0,1) [0,1) (0,1)

T
< Ml/ Plyhfng,hv—FMls/ ‘(8hv N+1’ +M15/ / |h8h 8t1)| . (2.51)
[0,1)

—1 J(0,1) -

21



Now, we use that from (2:42]),

T T T
2/ Pl,hvpz,hv+/ / |P1,h'U|2+/ / |P1pol?
—rJ(0,1) —rJ(0,1) —1J(0,1)
T T
gz/ / |th|2+2/ / |Rnv|?,
—rJo,1) —rJo,)

where Rpv is given by (2.41), which yields, for some Ma(X) > 0,

T 2 g 2 T 2
s/ / |00 —|—s/ / |05 v] —|—33/ / v
-1 J(0,1) -1 J0,1) -7 J(0,1)
T T T
—|—/ / |Pp1v]? +/ / | P ov]? < Mz/ / |Pool®
-1 J(0,1) -1 J(0,1) -1 J(0,1)

T T T
—I—Mz/ / |Rh’l}|2 —|—M28/ ‘(8;1})N+1|2 +M28/ / |h8;8tv|2. (2.52)
-1 J(0,1) T -1 J[0,1)

Therefore, since

T T
/ / |Ruof? < 5222 / / 02 (0t — A2)? < 5205 (1) / lof?,
—-T (0,1) —-T (0,1) (0,1)

this term can be absorbed by the left hand side of ([252) by taking s large enough, thus yielding

to ([2.43). O

Proof of Theorem[Z.3 The Carleman estimate ([Z7) of Theorem [2.3] will now be deduced from
Lemma 213l Actually, it simply consists in writing (2.43)) in terms of w instead of v, using that
w = vexp(—sy) and, by construction, see ([Z23)), exp(s¢)Lrw = Ppv.

In particular, we have

e*Pow = e*? 0 (ve” *?) = Ov — sAvpdip,
0w = ¥, (ve™*%) = B u(e®?mf (e757)) — e (e )mjw,
and, since, similarly as in Lemma 2.1T]
e*?mi (e7%%) = 14 Ox(sh) and €*¥9; (e7°%) = —sApdzth + Ox(sh),
we get, for sh small enough,
2Dyl < 2A0,0]? + 252 X267 D 2o,
910 wl? < 3107 of? + 35 A2 0, 2 mi vl

Therefore, there exists M3(\) such that

T T T
s/ / 628“’|8tw|2 + s/ / e2w|8;{w|2 + 33/ / ezs“"|w|2
—7.J(0,1) —7J{0,1) —7J(0,1)
T T T
< M38/ / 80| + M3S/ / |0 v)* + M353/ / [v]®.  (2.53)
—7.J(0,1) —7 J[0,1) -7 J(0,1)

Now, it remains to estimate the right hand side of (243) in terms of w. For the boundary
term, we use the fact that ¢(¢,-) is increasing and therefore

_ v wye’PN _
|(0h v)N+1] = ‘TN = ’NT PN = (9, w)nya]e* P, (2.54)

<‘w_N
~— 1 h
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Finally, we bound the term corresponding to the Tychonoff regularization, using (2.15]) of Lemma[2.6]
and 0w = e*¥ 0w + wok(e*?):

RO B = hO)T (Bsw)mi (€%%) + h(B; w)mF 8, (e*?)
+mi (8:w)hd;f (e°7) + (mjFw)ho;l (8re®?).
Again, similarly to Lemma [Z11] one can prove

himy, (94 (e*%))

es¥

ha} ()

es¥

oy (8re"%)

es¥

= Ox(sh), = Ox(sh), and = sOx(sh),

and deduce a bound of the form:

|hd; D] < [hd; (Duw)[e%? (1 4+ Ox(sh)) 4+ Ox(sh)|d;f w]e?
+ Ox(sh)|mj (Bvw)|e®* + sOx(sh)|m) w|e>?.

Therefore, one gets:

T
s// Koy D]
—71 J[0,1)

T
< M4s/ / e**?|hd; opw|® + M45(9A(sh)/
-1 J[0,1)

T

-T

[ (ol + mi @)
[0,1)
T
+M4SSOA(Sh)/ / e>*?|lmjfw|?
—1J0,1)
T T
< Mss / / 25| hay Dw|? + MssOx (sh) / / €259 w]? (2.55)
-1 J0,1) -7 J0,1)
r 2sp 2 3 r 2sp 2
+ M5sOx(sh) e~ |0vw|” + M5s°Ox(sh) e wl”.
—7J(0,1) —7J(0,1)

Hence, combining (Z353)—(254)-(2353), plugging them in (243)) and choosing sh small enough
so that MoMsMsOx(sh) < 1/2 and sh < e (given by Lemma [Z13)), we obtain the desired
Carleman estimate (27)). |

3 Uniform stability estimates

In this section, we state and prove uniform stability results for the semi-discrete framework,
announced by (LIT) in the introduction.

3.1 Statements of the results

Similarly to Theorem [[LI] we will prove the following local stability result:

Theorem 3.1. Letm >0, K >0, >0, T > 1 and pr € Lj’<,,(0,1).
Consider the equation

attyj,h - (Ahyh)j + Pj.nYih = 9jh, te (07T)7 JE€ [[17 N]]7
yor(t) = gn(t),  yn+1a(t) = gn(t), t€(0,7),

Yin(0) =905, Oyin(0) =y},  jeE[LNI,
and assume that
lylpnlll 10,7520 0,19 < K (3.1)
and
jeitg [l = (3.2)
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Then there exists a constant C = C(T,m,K,r) > 0 independent of h such that for all qn €
Ly’ <., (0,1), the uniform stability estimate (LII) holds:
lan =prllz0ry < C 10:(85 yn) v+ 1lan] — at(aijh)NH[ph]HLz(oyT) (3-3)
+C Hh@f{@ttyh [an] — hd)y} Devyn [P ”LQ(O,T;Li[O,l)) :
Before giving the proof of Theorem [3.I] at the end of this section, we will begin by a stability

theorem for the following inverse source problem, using the discrete Carleman estimate obtained
in the previous section:

Theorem 3.2. Let m >0, K >0,r>0,T > 1.
Let fn, € L7(0,1), Ry, € HY(0,T; L3 (0,1)) such that

”RhHHl(O,T;LZ"(O,l)) S K and jei[[Ill,fN]] |R;n(0)] = 7. (3.4)

Let gqn € Ly <,,(0,1) and consider the semi-discrete wave equation
Ouujn — (Apun); + qjnujn = finRin(t), t€(0,T),5 € [1,N],

UO,h(t) = 07 uN+1,h(t) = 07 te (07T)7 (35)
ijh(O) =0, 8tuj,h(0) =0, jE [[17N]].

Then there exists a constant C = C(T,m, K,r) > 0 independent of h and such that

Haﬁ(aguh)NﬂHL%o,T) + Hha]jattuhHL2(O,T;L,2L([O,1))) <C ||fh||L§(0,1) ’ (3.6)

Hfh”Li(o,l) <C Haﬁ(aguh)NHHL%o,T) +C HhaffaﬁtuhHL%O,T;L%([O,I))) : 3.7)

Theorem [3.1] will then be a simple consequence of Theorem [3.2] see its proof in Section [3.3l

3.2 Stability for the inverse source problem

Before going into the proof of Theorem [3.2] we first recall some counterparts of the classical energy
estimates for the solutions of the continuous wave equation in the context of the semi-discrete
wave equation:
Lemma 3.3. Let m >0 and qn € Lj <,,(0,1).

Let g € L*(0,T;L3(0,1)) and (29, 21) be discrete functions and let z;, be the solution of

Owzjn — (Anzn); + anzjn = gjn(t), t€(0,7),7 € [1,N],

Zo’h(t) =0, ZN+1,h(t) =0, t e (07 T)7
2jn(0) = 25 n,  9ezjn(0) = 2, j € [1,N].
Then, setting
Ei(t) = [|0} 2 (1)} + 118ezn (1) +lza ()17 (3.8)
r(E) =190 2 ][ 12 (10,1)) AL 01) RANLE 0,1) '

there exists a constant C = C(T, m) > 0 independent of h and such for all t € (0,T),

We also have the following “hidden regularity” property:

"(8;z'h)N+1"2L2(07T) <C (Ha,fngi%([o’l)) + Hz;llHZL%(OJ) + ||thil(07T;L}QL(071))) . (3.10)
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Proof. The proof is somewhat classical, except perhaps for (BI0). The quantity E7 is usually
called the discrete energy of the solution z,. We sketch it for the convenience of the reader since
it will be useful in the sequel.

Differentiating E} with respect to the time ¢, we obtain

dE;
dt

(t) = 2/ (8ttzh — Apzn + Zh) %7
(0,1)

< 2/ |gn (t)Orzn| + 2(m + 1)/ |20t 21 |
(0,1) (0,1)

1/2
2 </(O ) Igh(t)l2> \ELE@) + (m+ 1) Eg(1).

IN

Therefore,
1/2
d/E? m+1
W[ mor) 2 E

and Gronwall’s estimate then yields a constant C(T, m) such that for all t € (0,7,
Ej(t) < C(ER(0) + th||2Ll(o,T;L§(0,1)))v (3.11)

which implies (8:9)) providing a discrete Poincaré estimate proved hereafter:

N j—1
[ gl =ny <hza,t(|zh|2>k>
(0,1) k

j=1 =0

N 1/2 1/2
é2h2</ w:zw) (/ |mzzh|2>
e [0,1) [0,1)
1/2 1/2
§2/ 107 2 ? / 2]
[0,1) (0,1)

/ lzn|” < 4/ |0y 21| (3.12)
(0,1) [0,1)
Therefore (311)) implies (39).

Finally, to prove ([I0), we use a multiplier type argument. Multiplying the equation of zj,
by j(2j+1,n — 2zj—1,r) (which is a discrete version of £9,z), summing in j and integrating in time,
we get (cf [25] Lemma 2.2] or the proof of ([@20]) given hereafter in a more intricate case):

which implies

N T T T
hZ/ 01z nOcZjt1,n +/ / |0 zn]* +Xh(t)’
=070 o J[o,1) 0
T T 5
— 2/ / ghxahzh = / ‘(8,:zh)N+1] (313)
0 J(0,1) 0

Xh(t) =2 /(0 Y x@hzh(t)ﬁtzh(t).

Of course, since each term in (B.I3) is easily bounded by supjy ry £;(t) except for the term
involving g, which can be bounded by th||L1(L}2) supo 7 v/ B, (t), we immediately obtain (3.10)
from ([B33). d

where
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Proof of Theorem[32. Step 1. Energy estimates. Set z;, = Oiup. Then, using the notation
Lulgn] = 0w — An + qn , zn satisfies

Li[gn)zn = frnOcRn, t€(0,T),
Zo’h(t) = ZN+1,h(t) = 07 te (07 T)7 (3.14)
Zh (O) =0, Oszn, (O) = thh (0)

We can apply Lemma B3] to z;, solution of (3I4) since d; Ry belongs to L'(0,T;L7(0,1)) and
frn € L2(0,1). In particular, if E7 denotes the energy of z;, (see (B8)), we obtain, for all t € (0, T),

Ei.(t) < C (InBa ()32 0.1y + 10 Bl F1 07,02 0.1
< C Utz o) (IR0 O 01y + IBA N1 0,12 00 ) < CK I filliz 0y (3:15)

where we have used that H*(0,T; L5°(0,1)) embeds into C([0, T]; L2 (0, 1)).
Moreover, Lemma [B3] also yields (8:6]). Indeed, estimate ([BI0) becomes here

_ 2 2 2 2
H(ah Zh)NJrlHLz(O,T) + Hatzh”Loo(o,T;Li(oJ)) <CK HthLi(OJ) )

but z, = dup and the operator ha,;L is bounded uniformly in h.

Step 2. The choice of the Carleman weight. Since we assumed T > 1, there exists z° < 0
such that
T> sup |z —2° (: 1+ |x0|).
z€(0,1)
Therefore, we can choose f € (0,1) and n > 0 such that the Carleman weight function ¢ =
Y(t,x) = |z — 2°]* — Bt* + Cy satisfies

¥(0,2) > Co, z€(0,1),
¢(t7x)§007 te [—Ty—T“‘U]U[T—U:T]: LEE(O, 1)

In particular,

{so(o,x)ze”“, z € (0,1), (3.16)

p(t,x) <, te[-T,-T+nU[T—n,T], z€(0,1).

In the sequel, we fix 3 as above (8 € (0,1) and T+/B < SUP,e(0,1) 1T — z%)), A, so, € > 0 such
that Corollary 2-4lholds and the Carleman estimate (2.8]) holds for all h € (0, ho) and s € (so,/h).

Step 3. Extension and truncation. We now extend the problem [BI4]) on (—T,T), setting
zn(t) = zp(—t) for all t € (=T,0). We also extend 9;Ry in an even way and keep the same
notations for the new problem.

Let us define the cut-off function x € C*°(R; [0, 1]) such that:

(£T) = 0x(£T) =0
{ icé(t) =1 fiﬁr allt € [T +n, T — 7. (3.17)

We set wp = xzn that satisfies the following equation:
Lh[qh]wh = attXZh + 28,5X8tzh + thatRh7 t e (—T7 T)7
wo,h(t) = wN+1,h(t) =0, te (—T7 T)7

wi(0) =0, Orwn(0) = fuRn(0),
wh(:tT) = 07 Gtwh(:tT) =0.

(3.18)

Step 4. Using the Carleman estimate. From now on, C' > 0 will correspond to a generic
constant depending on so, A\, T, z°, 3, x and n but independent of h € (0,ho) and s € (so,e/h).
We use the same notations as in Section [2 and set v, = exp(s¢)w;,. We then have (recall (2Z39)))

Pyavn = duvn — (1+ Ao)Apvp + 822 [0 (8:)® — As] v
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and v, (£T) = dyvn(£T) = 0, v, (0) = 0 and Ayvx (0) = fr Rn(0)e*¥ ),
Using the properties of v, Lemma [Z12] and (238]), we can make the following calculation:

0
/ Py, 1o Oson
—7J0,1)
0
:/ / (8ttvh — (1 + Ao)Ahvh + 82)\2 [(,02(8{(/))2 — Az} ’Uh) Orup
—7J(0,1)
1 2 0 . gt
= 5/ |8t1)h(0)| +/ 8h Uhah ((1 —‘y—Ao)aﬂ)h)
(0,1) —-T J[0,1)
52)\2 0 9 5 9
S5 [l (e @w)? - )
—7J(0,1)
1 (0. 0
>3 [ AnlRPe e e [
(0,1) —7J0,1)

0 1
+/ / <§at(|a;vh|2)m;(1 + Ao) +8;Aoa;vhm;atvh>
-1 J0,1)

r’ 2 2s0(0 2 0 2
3 [ anperer—ee [
(0,1) =T J(0,1)

1 0 0
- = / / |8, vn|2my! (8: Ao) + / B AoB; vt Bron,
2 ) r [0,1) =T J[0,1)

r? 0
> [ apper s [
(0,1) -7 J(0,1)

0 0
— Ox(sh) </ / |a,jvh|2+/ / |atuh|2>.
-7 J[0,1) —-T J(0,1)
Therefore

r? T T
. |fh|262s<P(0,-) < / Py1vn Owvn + Cs? / / |'Uh|2
2 Jo —1J0,1) —1Jo,1)

T T
05 (sh) ( [ [ wnre ] W).
—T J[0,1) =T J(0,1)
T 1 T 9 T 5
/ / Py 1o Oron| < ——= / / | Pr,1vn| +8/ / |Ocvn|
—rJo 2v/s \J_1J0,1) —rJo

and the fact that Ox(sh) is bounded by some constant independent of s since sh < &, we get

T T
r2\/s |fh|2623“0(0") S/ / |Ph,1vh|2 -I-S/ / |8tvh|2
(0,1) -1 J(0,1) -7 J(0,1)

T T T
+C'35/2/ / lon|? + CV/'s / / |a,fuh|2+/ / EX
-7 J(0,1) -7 J[0,1) -7 J(0,1)

Using

27



From the Carleman estimate (2:43)) of Lemmal[2T3] this implies that for all s satisfying so < s < %,

T T
7,2\/5 |fh|2e2s<p(o,.) < M/ / |thh|2+Ms/ |(3;vh)N+1‘2
( —T J(0,1) -7

0,1)
T
+Ms / / KO} Dyon?
—-T J[0,1)

T T
M/ / e**?| Lwn|* + Ms/ e2ePtD) ’(G;wh)NH‘z
—rJo,) _r

IN

T
+Ms/ / e**?|hd; dywn |, (3.19)
-1 J[0,1)
where the last estimate follows from (2.54)—(253).

From equation (B8], the properties (BI7)) of the cut-off function x and (BI8) of the weight
function ¢, which is a decaying function of |t|, one gets

T T
/ / e**?| Lyws)® < C/ / e (|th8tRh|2 + [0exBezn|” + |8ttxzh|2)
—rJ(0,1) —1J(0,1)

T —T+n T
cf [ ewntomiee([ T [C) [ o 4P
-7 J(0,1) T T—n/ J(0,1)

—T+n T
C’KZ/ 20|, 2 4 € </ +/ > Ei(t).
(0,1) T T—q

Using now the energy estimate (315,

T
/ / 62s<p|Lhwh|2
—-T J(0,1)

IN

IA

IN

C
CKQ/ ezsw(o,-)uhlz_'_CKzezse* 0/ |fh|2
(0,1) (0,1)

: CK2/< > S A (3.20)
0,1

Similarly, since d:wp = xO:zn + O¢x2h, using the energy estimate (15,

T
/ / e**?|hd;k d,wn |
—7 J[0,1)

T T
< 2/ / ezs“"X2|h8;{8tzh|2+2h2/ / e>*?10yx|?18; zn|?
-7 J[0,1) -7 J[0,1)

T
2/ / 628¢X2|ha;atzh|2+2h20f(2/ 0| 1, 12, (3.21)
—-T J[0,1) (0,1)

IN

where we have used that, as proved above,

T 25 204+ 12 25e2C0 —T r 2 2 250(0,-)| p |2
/ / e |8tX| |8h Zh| < Ce / +/ Eh(t) <CK / e ’ |fh| .
—7J0,1) -7 T—n (0,1)

Therefore, plugging (3.20)-B21) in ([B.19) we obtain

T

s . s _ 2

0| f” + COs / N2 (0, 2n) w1 |
—-T

Vart [ e <ont |
(0,1) 0

(0,1)

T
+ C’s/ / e**? | oy duzn|® + Csh2K2/ 20| |2
-1 J[0,1) (0,1)
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Thus, since sh? < e(h)ho < 1, taking s« > so such that for all s > s., \/57'2 —2CK? > 0, for all
h € (0, hs) with h, = min{ho,e/s.}, we obtain

T T
5x(0,- swp(t, - 2 S
/ 2012 < C’s*/ g2 e(t1) 2 ’(Bh zh)NH’ + Cs*/ / e***?|hd) 8,21,
(0,1) -T —1J[0,1)

and therefore

- +
Hfh”Li(O,l) <C H(@h Zh)N+1HL2(—T,T) +C Hhah 8t'zhHL2(Jr,T;L;=‘L(o,1)) ) (3.22)
which coincides with (877)). The proof of Theorem is then complete. O

Remark 3.4. With the notations of Theorem[Z2, if R, € H*(0,T; L°(0,1))NW=>1(0,T; L7 (0,1))
and Rp(0,-),0:Ri(0,-) € L7°(0,1), considering the equation satisfied by wp = Oyzp:

8ttwh —Ahﬂ)h"‘Qh’Wh :fhattRfu te (07T)7] € H17Nﬂ7
woyh(t) = wN+1,h(t) =0, te (07T)7
wr(0) = fultn(0), Orwn(0) = frnorRn(0),

from Lemmal33, we get

w w 2 2
sup FEj (t) < CEy (0) +C HthL2 (0,1) HRh”W?J(O,T;L2 (0,1))
te(0,T) h h

with

B (0) = /[ o O + /

(0,1)

RO + / | B (0)?

(0,1)

<2 /[ O Em RAOF + € el 0.0 (B0 02, 00, Dl -

Therefore, if in addition to [BA4), there exists a constant § > 0 such that for all h > 0,

1

||RhHW2v1(O,T;L}2L(O,1)) + ||(Rh(07 ')78tRh(07 '))HL?L"(OJ)? < 57 ( )
52 3.23

/ 10, fn]? < ﬁ/ |fnl?,

[0,1) (0,1)
then
+ — ot -1
e whHLOO(O,T;Li[O,l)) = [|on 8tzhHL°"(0,T;L?1[0»1)) < Coh HthL%,(O’l) ’

and in particular, .
B0 Bzl oo 0,112 0,1y < CONSrllzz 0,1

Therefore, if condition [B.23) is satisfied for § > 0 small enough, estimate [B22)) simply becomes,
for h small enough,

||fh||L§(0,1) <C |‘(8}:Zh)N+1|‘L2(—T,T) :
Condition [B23]) can be seen as a filtering condition on the data. To be more precise, if we filter
enough the data (at the scale 6/h with § small enough ), the Tychonoff regularization term is not
needed anymore in (31).

3.3 Uniform stability for the discrete inverse problem

Proof of Theorem[31l Setting un = yrnlgn] — yn[pr], where yr[gn] and yn[ps] are respectively the
solutions of (L7 corresponding to ps and gn, then u; solves

Outun — Apun + qrunp = thh, t e (07 T)7 j S [[17]\7]]7
onh(t) = UN+1’h(t) =0, te (O, T), (3.24)
Uh(()) = 0, (9tuh(0) = O,

with fr, = pr — qn and Rp, = yp[pr]. We then directly apply Theorem O
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Remark 3.5. Remark also applies here of course, and the filtering condition (3.23)) then
becomes:

0 2 _0°
0 1 + 2
Hyh[ph]HW2,1(0’T;L§(0,1)) + H(ymyh)HLff(o,l)? < % /[071) ’811 (qn — ph)‘ < 2 /(071) lgn —prl”,

for some 6 > 0 small enough. A convenient way to satisfy these two conditions is to impose that
both pr, and gy, belong to a filtered space and that the data (y3,vi), gn and (g5, gt) are smooth.

4 Convergence issues

In this section, we will detail and prove the convergence results that were presented rapidly in
the introduction.

4.1 Statements of the results

In order to prove a convergence result, we shall need some assumptions first.
Assumption 1 (A priori bounds on the potential). There exists m > 0 such that p € LZ,,(0,1).
Assumption 2 (Regularity assumptions). The data satisfy

(v°,y") € H*(0,1) x H'(0,1),
g€ WHH0,T5L%(0,1)), (¢°,9") € (H*(0,7))*,

with the compatibility conditions
g°(0)=4°(0), ¢'(0)=y"(1), 8g°(0) =y"(0) and dig'(0) = y'(1).

One should notice that under these regularity assumptions, according to [27] (see also Re-
mark [Z), for p € LZ,,(0,1) the solution y[p] of (II) belongs to the space C2([0,T]; L*(0,1)) N
C'([0,T7; H*(0,1))nC°([0,T]; H*(0,1)). In particular, one can check that d:.y[p](-,1) € L*(0,T)
(this can be found in [27] but can also be seen as a consequence of the multiplier identity (£12])
and that y[p] € H'(0,T; L>°(0,1)).

Since we are interested in a convergence result, we shall explain how to compare discrete
functions with continuous ones. In order to do so, we introduce two extension operators.

The first one extends discrete functions by continuous piecewise affine functions. To be more
precise, if f, is a discrete function (f;n);jeo, .., n+1], the extension e (fn) defined on [0, 1] by

(@) = fiot (ZEZDEY @ gty on [, (5 10, G € [0, N1

This extension presents the advantage of being naturally in Hl(O7 1).
The second one is the piecewise constant extension e (f,), defined for discrete functions

(fin)jer, N1 by
0
h

) (fn) =0 on [0, h/2[U[(N + 1/2)h, 1].

Of course, this one is more natural when dealing with functions lying in L? (0,1). In particular,
we have

Heg(fh)uw(og) = HthLﬁ(O,l)'

Also note that easy (but tedious) computations show that ep,(fs) converge to f in L*(0,1) if
and only if e} (f,) converge to f in L?(0,1).

Of course, we shall need some convergence estimates:
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Assumption 3 (Convergence assumptions). The sequence of discrete data (y5,vy}),) satisfies

(. Anef). (Anwh) — (Ay®.AyY) i L2(0.1) x H7'(0,1). (11)
—
The sequences of source terms gn, (g5, i) satisfy
e%(gh) — g in W1'1(07T;L2(07 1)), (g&g;ll) — (90791) m (H2(O7 T))2. (4.2)
h—0 h—0

Finally, we shall also need a uniform positivity assumption:

Assumption 4 (Positivity). There exists r > 0 such that
inf {|y°(z)|,z € (0,1)} >r >0, and VYh>0, i[[rllfN]] ly5n| > 7. (4.3)
JEllL,

Now, we introduce, for h > 0, the following observation operator:

On: Li<,(0,1) — L*(0,T) x L*((0,T) x (0,1))
Ph = (0u(8y, ynlpn]) N1, hOzen (Deynlpnl)),
where yp,[ps] is the solution of (1) with potential p,. We also introduce its continuous analogous

(4.4)

©o: LZ,(0,1) — L*0,T)x L*((0,T) x (0,1))
where y[p] is the solution of ([I)) with potential p.

Note that, using these notations, Theorem [3.I] can then be seen as a uniform stability of the
maps 6;1. Indeed,

(4.5)

| h0% Bseynlan] — hoif Dreyn [ph]HL2(07T;L}QL([071))

— [h0uen (Oueynlan]) — hOren@uuynlprDll 2 om0 -
and then (33)) reads as:

He(i)L(Qh) - eg(ph)HLz 0.1 < CllOn(pn) — @h(Qh)HLz 0,T)x L2((0,T)x(0,1)) * (4.6)
(0,1) ( (( ))

Our main result is then the following convergence theorem:
Theorem 4.1. Under Assumptions[IHg, let qn € Lj<,,(0,1) be such that

On(qn) ;j) Oo(p) strongly in L2(O, T) x Lz((O,T) x (0,1)). (4.7)

Then one has the convergence
e (qn) P in L*(0,1). (4.8)

Before going into the proof of Theorem Il we shall emphasize that there exist discrete
sequences of potentials such that () holds. Actually, this is a consequence of the following
consistency result:

Theorem 4.2. Under Assumptions IHf} for all potential p € LZ,,(0,1) there exists discrete
potentials pn € Li’<,,(0,1) such that

e%(ph) ’:Gp m LQ(O7 1) and On(pr) m Oo(p) in LQ(O7 T) x LQ((O7 T) x (0,1)). (4.9)

Moreover
hstlp lyn[prlle 0,750 (0,1)) < 00, (4.10)
€

1
where yp[pr] is the solution of ([IT).

In the following section, we give the proofs of these Theorems. Actually, as we will see,
Theorem is the second milestone of the proof of Theorem (1] the first one being Theorem 311
In other words, the proof of Theorem 1] that will be given at the end of this section, relies on a
Lax-type argument for the convergence of the numerical schemes based on the consistency of the
method, given by ([@9]), and the uniform stability ([&G) of the discrete inverse problems.
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4.2 Proofs

Proof of Theorem[-2 In the proof, we shall distinguish the regularity and convergence issues
coming from the boundary source terms and the initial data from the classical ones coming from
the potential and distributed source term.

Step 1: Convergence without potential and source term.
Let z be the solution of

Oz — Opaz =0, (t,z) € (0,T) x (0,1),

2(t,0) = ¢°(t), y(t,1)=g'(t), te(0,T), (4.11)
Z(07 ) :y07 8tz(07') =y

Since (y°,4") and (g% g") satisfy Assumption B the solution z of {II) satisfies (see |27] for
details)
dvz € C([0,T); H*(0,1)) n C*([0,T], L*(0,1)).

We are therefore allowed to write the following multiplier identity

T
%/ 1Oez(t, 1)[? dt = / / CEar dmdt——/ 19rg [ dt
0 0

+/ 8ttz(T7m)x8xtz(T7m)dx—/ O01¢2(0,2)x02:2(0, ) dx, (4.12)
0 0

which is obtained by differentiating in time equation (£I1]), and then multiplying it by x0:zz,
integrating over (0,7") x (0,1) and doing integration by parts.
Now, let zp, be the solution of

8”’2]7 (Ahzh) =0, te (07 T)7 JE€ [[17N]]7
Zo,n(t) = gh( ), antia(t) = gi(t), te€[0,7], (4.13)
Zj’h(o) - y],h7 Gth,h(O) = yjl’,h7 ] € [[17 Nﬂ

In this step, we want to prove that zp m z in the appropriate functional spaces. In order to do
—

that, we use the following result:

Theorem 4.3 ([I7]). Let (f2, fi)n>o0 be a sequence of boundary data strongly convergent to some
functions (f°, 1) in L*(0,T)2. Let (o2, ¢}) be a sequence of discrete functions such that

(R (¢h), eh(%)) (<P ©') strongly in  L*(0,1) x H *(0,1). (4.14)
Then the solutions pn, of

8tt80],h - (Ah@h) - 07 te (07T)7 ] € |I17NI|7
@Oyh( ) fh( )7 L)ONJrl,h(t) = 1fi}(t% te [OvT]v
©in(0) =¢jn,  Opin(0) =¢jn,  JE[LN]

converge toward the solution ¢ of

Ot — Ozap = 0, (t,z) € (0,T) x (0,1),
w(t,0) = f201), o(t;1) = f1(1), t€(0,T),
0(0,)) =¢",  0p(0,:) = ¢,
in the following sense: for all p < oo,
enlen) — @ strongly in L((0,T); L*(0,1)) N WP ((0,T); H™'(0,1)). (4.15)
—
Besides, for all to € [0,T],
(eh(on)(to), e (pn)(to)) i (9(to), dep(to)) - strongly in L*(0,1) x H~'(0,1). (4.16)
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For the proof of Theorem [A3] we refer to [17]. Note that Theorem [£3]is not standard, since it
deals with solutions of the continuous wave equation defined in the transposition sense. Therefore,
the proof of Theorem [£.3] is based on a duality argument and convergence results for the adjoint
equation, namely the waves, and in particular on their normal derivatives on the boundary (which
corresponds to the adjoint operator of the Dirichlet boundary conditions).

Of course, regarding the regularity hypothesis in Assumption 2] and the convergence one in
Assumption [3, we can apply this result to zx, Orzn and 9 zn. Of course, the latter yields the
strongest result, thus improving the ones on 0z, and zp: for all p < oo,

Ouel (2n) " Onz  strongly in LP((0,7T); L*(0,1)) nWYP((0,T); H~*(0,1)),

h—
Oren(zn) ;s Oz strongly in LP((0,T); H'(0,1)) nWP((0,T); L*(0,1)), (4.17)
en(zn) 7 strongly in WP ((0,T); H'(0,1)) N W?>?((0,T); L*(0, 1)),

and, for all to € [0, 77,

(0 (OnB:zn) (to), ep (Beezn) (to)) . (Dwtz(to), Ouez(to))  strongly in (L?(0,1))%. (4.18)

Now, we focus on the convergence of the normal derivatives. This is slightly more subtle.
First, arguing as in [17] by duality against smooth functions, one easily checks that

(O zn)vt1 = Baz(-,1)  weakly in L*(0,T). (4.19)
—

Then, we derive a multiplier identity similar to (£I2) for the discrete equation (£I3]). In order
to do that, we multiply equation ([@I3)) differentiated once in time by xd;,0:zn:

T T
/ / 8tttzh X 8}18ch dt — / / Ah&gzh X 8}18ch dt = 0.
0 (0,1) 0 (0,1)

But, on the one hand, using (219)), we have

T

T
/ Ostezn T OpOezp dt = Orezn T OnOizn
o J(,1)

(0,1)

T
—/ Orezn © OnOpezn dt
0 o J(0,1)

T 1 T ) h2 T )
+ —/ / |att2h| dt _ / / |8;8ttzh| dt
o 2Jo Jon 4 Jo Jou

and on the other hand, using now (2:22)), we get

= (%tzh X ahatzh
(0,1)

1 |
Ahatzh T 8h8tzh = —5 / |8;T8tzh,|2 + §|(8h 8t2h)N+1|2'
(0,1)

(0,1)

Combining these last three identities, we obtain

1 T 2 h2 T 2
= / [(8), Orzn)N41|” dt + — / / |(9;r(9ttzh| dt
2 Jo 4 Jo o

T 1 (T
+ —/ / |Osezn|? dt + = / / |0y Dpzn| dt.  (4.20)
o 2 0 (0,1) 2 0 [0,1)

According to the strong convergences in (£I7) and ([@I8]), we can pass to the limit in the right
hand side of (£20), which converges to the right hand side of ([@I2]), leading to:

1 [T ) B2 [T ) 1 [T )
lim 5 / |(8;:8t2h)1\r+1| dt + Z / / |8,J{8ttzh| dt | = 5 / |8xtz(-7 1)| dt.
h—0 0 0 [0,1) 0
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This last fact, together with the weak convergence (£I9]), implies that

(95, Qezn)n-41, hdwen(Duuzn)) — (9ar2(-,1),0) strongly in L*(0,T) x L*((0,T) x (0,1)). (4.21)

Step 2 Convergence with source term and potential

So far, we did not assume anything on the potential p and on the convergence of the discrete

potentials py to p, since they did not appear in the study of z and zj, solutions of (£11]) and (@I3).
Since p € LZ,,(0,1), it is very easy to construct a sequence pp, € Lj <,,(0,1) such that eh (pr)

strongly converge to p in L2 (0,1). Taking such sequence pn, we set ythh] = zn + vn[pn] where

vr[pn] is the solution of

Ouvjn — (Anvn); + Pjnvin = gih — Pinzin, t € (0,T), j € [1,N],
onh(t) = ’UN+1’h(t) = 07 te [07 T]7
v;,n(0) =0, 0w, n(0) =0, j € [1, NJ.

Due to the convergence hypothesis in Assumption [} we have the convergence of €% (gn) towards
g in Wh(0,T; L?(0,1)) as h — 0.

From @ID), e (z,) and e} (ds21,) strongly converge in L*(0,T;L?(0,1)) towards z and 8;z,
respectively. Besides, es(z1,) and ey, (9:z1) respectively converge to z and 9z in L(0, T; H*(0,1)).
Since 20, (t) = gp(t) and dszo,n(t) = Orgh(t) are bounded (H?(0,T7) C C*([0,T])) and strongly
converge in C°([0,T)), respectively, toward z(t,0) = ¢°(t) and 9;2(t,0) = 8,¢°(t), en(z) and
en(Oszn) respectively converge to z and 9z in L?*(0,T; L>(0,1)). Of course, this implies the
L?(0,T; L*°(0, 1)) boundedness of the sequences e} (z3) and ) (ds21,). Since they converge strongly
in L?(0,T; L?(0,1)), we also have the strong L?(0,T; L*(0, 1))-convergences of (e,(z4), e (d:21))
toward (z, 0¢2).

Similarly, e} (pr) strongly converges to p in L?(0,1) and is bounded in L>(0,1). Therefore,
ey (pr) strongly converges to p in L*(0,1).

Since e (anby) = ep(an)en(by), we thus obtain that eh(pnzn) and e))(prd:izn), respectively,
strongly converge to pz and pd;z in L*(0,T; L?(0,1)).

Therefore,

enlgn = pnan) —> g —pz in WH(0,T: L*(0,1)).

Thus, classical results yield the convergence of vy [pr] toward v[p], solution of

875751)—A’U+p1):g—p2, (t,LE) € (07T) X (07 1)7
u(t,0) = v(t, 1) = 0, te (0,7),
v(0,) =0, 9w(0,-)=0.

Therefore, we obtain

{ Deen(vnlpn]) 7= Oevlp]  strongly in L*((0,T); Ho(0,1)) N H'((0,T); L*(0,1)), (122

en(vn[pn]) h—()) v[p] strongly in L?((0,T); Hg(0,1)) N H?((0,T); L*(0,1))
—
and, for all to € [0, 7],

(e (Ondevn[pn]) (t0), eh (Dervn[pn]) (to)) — (Deev[pl(to), Buvlpl(to))  strongly in (L*(0, 1))*.

Of course, as for zj,, using the discrete multiplier identity satisfied by d;v (see ([@20)) and the
above convergences, we easily get

((On Oevnlpn])v-+1, hdsen(Beevnlpnl)) — (Bxev[p](1),0)
strongly in L*(0,T) x L*((0,T) x (0,1)). (4.23)

Now, using (@21]) and ([@23)), the solution yu[pn] of (7)) converges to the solution y[p] of (1)
in the following sense:

(Or Oeynlpn])v-+1, hdzen(Beeynlpnl)) — (Baey[p](-,1),0) strongly in L2(0, T)x L*((0,T)x(0,1)),

34



which is precisely ([@9).
Besides, using ([@I7) and [@22]), we have

en(ynlpn]) — ylpl in H'(0,T; H'(0,1)),

which of course implies the bound ([@I0]). This concludes the proof of Theorem d
We are now in position to prove Theorem [Tl

Proof of Theorem[/.1 Let p € LZ,,(0,1) and let gn € Lj’<,,(0,1) be such that (@) holds.
Denote by p, the potentials given by Theorem Then we have

On(pn) — On(gn) — (0,0) strongly in L*(0,T) x L*((0,T) x (0,1)).

But according to ([@I0) and the positivity Assumption @ we can apply Theorem B} for some
C > 0 independent of h > 0, estimate ([@B) holds. Therefore, ef)(pr) — 5 (qn) strongly converges
to zero in L?(0,1). Using @3), we deduce that e} (g,) strongly converges to p in L*(0, 1). a

5 Further comments

e Other convergence results. Note that our convergence results require the convergence
of hd; Ouynlpn] to zero in L?(0,T;L*(0,1)). This term is here to handle spurious high-frequency
waves generated by the space semi-discretization - see e.g. [32] - which are by now well-known
to be responsible for the lack of uniform observability of waves [36]. Of course, other ways of
removing these high-frequency waves can be implemented, an easy one being to impose some
smoothness and filtering conditions on the data - see Remark Note however that these
conditions seem to be more difficult to implement in practice.

e Time discretization. Here we focused on the space semi-discretization of the wave equa-
tion for simplicity. Indeed, the fully discrete wave equation in which the time-derivative has been
approximated by the centered difference approximation could be handled the same way, since
time and space are completely decoupled then. This will of course introduce a Tychonoff regu-
larization term within the Carleman estimates of the same order but depending not only on the
space discretization parameter, but also on the time semi-discretization parameter. This again is
completely compatible with the known results on the observability of discrete waves - see [15] [17].

e Other space discretizations. Here, we have chosen a very simple space discretization
process corresponding to the finite-differences approach. Other space discretizations should be
studied, but regarding the literature in what concerns discrete observability estimates for the
waves (see e.g. [36] [16]), we expect the Tychonoff regularization term to be needed within the
discrete Carleman estimates in the case of finite-elements methods. However, for mixed finite
elements methods (see [10, 1T}, [13]), we expect better behavior than here and this Tychonoff
regularization term may be not needed anymore. This should be studied carefully.

e Higher dimensions and more sophisticated wave models. Of course, an interesting
question would be to develop these discrete Carleman estimates in higher dimensions (as it was
done in [7]). It is usually admitted that Carleman estimates “do not see” the dimension of the
space. This is indeed true in the continuous case, but in the discrete case, the integrations by
parts are much more intricate. This is currently under investigation. Regarding more generic
hyperbolic models, one could also mention [24], [4] or [2] giving stability of inverse problem from
global Carleman estimates respectively for the Lamé system, a discontinuous wave equation or in
a network of 1-d strings.

e Semilinear wave equations. One of the standard applications of Carleman estimates
is to prove controllability of semilinear wave equations - see [12] [I8]. We expect that these
discrete Carleman estimates could be of some use to prove the convergence of discrete controls
for semilinear wave equations and to improve the results already obtained for globally Lipschitz
nonlinearities using bi-grids methods in [37].
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e How to compute a discrete sequence p;, such that ©,(p,) converges to O¢(p) ?
This is certainly one of the most challenging issues concerning this kind of inverse problems, since
the map Oy, is highly nonlinear. Of course, a natural idea is to introduce

2
Jh(Ph) = H@h(Ph) - @0(17)HL2(0,T)xL2(o,T;L2(0,1))

and to minimize it on the set L;’<,,(0,1). But this can be very hard since J, may have several
local minima. Another approach will be presented in the work [3] based on Carleman estimates
and stability results inspired from [22] [1].

Acknowledgements. The authors acknowledge Jérome Le Rousseau, Franck Boyer, Jean-Pierre
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