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Unbiased risk estimation method for covariance estimation

Hélene Lescornel * Jean-Michel Loubes! Claudie Chabriac

Abstract

We consider a model selection estimator of the covariance of a random process. Using
the Unbiased Risk Estimation (URE) method, we build an estimator of the risk which allows
to select an estimator in a collection of model. Then, we present an oracle inequality which
ensures that the risk of the selected estimator is close to the risk of the oracle. Simulations
show the efficiency of this methodology.

Keywords: covariance estimation, model selection, URE method.

1 Introduction

Estimating the covariance function of stochastic processes is a fundamental issue in statistics
with many applications, ranging from geostatistics, financial series or epidemiology for instance
(we refer to [Ste99], [Jou77] or [Cre93| for general references). While parametric methods have
been extensively studied in the statistical literature (see [Cre93] for a review), nonparamet-
ric procedures have only recently received attention, see for instance [EPTA08, BBLMA10,
BBLLMA10, BBLA11] and references therein. One of the main difficulty in this framework is
to impose that the estimator is also a covariance function, preventing the direct use of usual
nonparametric statistical methods.

In this paper, we propose to construct a non parametric estimator of the covariance func-
tion of a stochastic process by using a model selection procedure based on the Unbiased Risk
Estimation (U.R.E.) method. We work under general assumptions on the process, that is, we
do not assume Gaussianity nor stationarity of the observations.

Consider a stochastic process (X (t)),cp taking its values in R and indexed by 7' C R,
d € N. We assume that E[X (¢)] = 0 Vt € T and we aim at estimating its covariance function
o(s,t) =E[X (s) X (t)] < oo forallt,s € T. We assume we observe X; (t;) where i € {1...n}
and t € {1...n}. Note that the observation points ¢; are fixed and that the X;’s are independent
copies of the process X. Set set x; = (X; (t1),...,X;(tp)) Vi € {1...n} and denote by X the
covariance matrix of these vectors.

Following the methodology presented in [BBLMA10], we approximate the process X by its
projection onto some finite dimensional model. For this, consider a countable set of functions
(92) e Which may be for instance a basis of L? (T') and choose a collection of models M C P (A).
For m C M, a finite number of indices, the process can be approximated by

X ()~ Y aroa(t).
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Such an approximation leads to an estimator of ¥ depending on the collection of functions m,
denoted by 3,,. Our objective is to select in a data driven way, the best model, i.e the one close
to an oracle mg defined as a minimizer of the quadratic risk, namely

2
mo € argminR (m) = arg mink [HE — EmH } .
meM meM

A model selection procedure will be performed using the U.R.E. method, which has been intro-
duced in [Ste81] and fully described in [Tsy04]. The idea is to find an estimator R (m) of the
risk which is unbiased, and to select m by minimizing this estimator. Hence, if R is close to its
expectation, 3,5, will be an estimator with a small risk, nearly as the best quantity i]mo.

In this work, following the U.R.E. method, we build an estimator of the risk which allows
to select an estimator of the covariance function. Then, we present an oracle inequality for the
covariance estimator which ensures that the risk of the selected estimator is not too large with
respect to the risk of the oracle.

The paper is organized as follows. In Section 2 we present the statistical framework and
recall some useful algebraic tools for matrices. The following section, Section 3 is devoted to
the approximation of the process and the construction of the covariance estimator. Section 4 is
devoted to the U.R.E. method, and provides an oracle inequality. Some numerical experiments
are exposed in Section 5, while the proofs are postponed to the Appendix.

2 The statistical framework

Recall that we consider an R-valued stochastic process, X = (X (t)),cp, where T is some subset
of R%, d € N. We assume that X has finite moments up to order 4 and zero mean. Our aim is
to study the covariance function of X denoted by o (s,t) = E[X (s) X (¢)].

Let X1,...X,, be independent copies of the process X, and assume that we observe these
copies at some determinist points t1,...,t, in T'. We set z; = (X; (t1),...,X; (tp)) T, and denote
the empirical covariance of the data by

1 n
S=— E T,
n -
i=1

with expectation ¥ = (o (¢, tk))K]’ k<p:

Hence, the observation model can be written, in a matrix regression framework, as
vz =L +U; eRPP 1<i<n (1)
Where U; are i.i.d. error matrices with E [U;] = 0.

We now recall some notations related to the study of matrices, which will be used in the
following.

Denote by S; the subset composed of symmetric matrix in R<.

For any matrix A = (a;;) € RS, |A|% = tr (AAT) is the Frobenius norm of the matrix
which is associated to the inner scalar product (A4, B) = tr (ABT).

A~ € R¥™ is a reflexive generalized inverse of A, that is, some matrix such as A“AA~™ = A
andAA"A=A".

In the following, we will consider matrix data as a natural extension of the vectorial data,
with different correlation structure. For this, we introduce a natural linear transformation,
which converts any matrix into a column vector. The vectorization of a k X n matrix A =
(aij)1<i<k,1<j<n is the knx1 column vector denoted by vec (A), obtained by stacking the columns
of the matrix A on top of one another. That is vec(A) = [a11, ..., Ak1, A12, ooy A2y ovy Qs ovy Glp]



If A =(aij)1<i<ki<j<n is a k x n matrix and B =(b;;)1<i<p,1<j<q IS a p X ¢ matrix, then the
Kronecker product of the two matrices, denoted by A ® B, is the kp x ng block matrix

allB e alnB
A® B =

apB . . . ap,B

For A, B and C some real matrices, we recall the following properties that will be useful in
our settings.

Proposition 2.1.
vec (ABC) = <C’T ® A) vec (B)

(
1] = [[vec (A)] = lvec (A)]], (
(A® B) (C® D) = (AC) ® (BD) (4
(AoB)' =AT @ BT (
These identities can be found in [Seb08].

Let m € M, and recall that to the finite set {g},¢,, of functions g, : ' — R we associate
the n x |m| matrix G with entries gj) = g (¢;), j = 1,...,n, A € m. Furthermore, for each t € T,
we write Gy = (ga (£),A € m) . For k € N, S}, denotes the linear subspace of R¥** composed
of symmetric matrices. For G eR™*I™| §(G) is the linear subspace of R"*" defined by

S(G) = {G\IIGT LD esm}.

This set will be the natural projection space for the corresponding covariance estimator.

3 Model selection approach

The estimation procedure is a two step procedure. First we consider a functional expansion of
the process and approximate it by its projection onto some finite collection of functions. Then,

we construct a rule to pick out the best of these estimators among the collection of estimated,
based on the U.R.E. method.

In this section, we explain the construction of a projection based estimator for the covariance
of a process and point out its properties. More details can be found in [BBLMA10].

Consider a process X with an expansion on a set of functions (gx),c, of the following form

X (1) =3 aga(t)

A€A

where A is a countable set, and (ax),c, are random coefficients in R of the process X.

This situation occurs in large number of cases. If we assume that the process takes its values
in L2 (T) or an Hilbert space, a natural choice of the functions is given by the corresponding
Hilbert basis (gy)ycp of L? (T'). Alternatively, the Karhunen-Loeve expansion of the covariance
provides a natural basis. However, since it relies on the nature of the process X, this expansion
is usually unknown or require additional information on the process. We refer to [Adl190] for
more references on this expansion. Under other kind of regularity assumptions on the process,
for instance assuming that the paths of the process belong to some RKHS, other expansions can
be considered as in [CY10] for instance.



Now consider the projection of the process onto a finite number of functions. For this, let
m be a finite subset of A and consider the corresponding approximation of the process in the
following form

X ()= ag (1) (6)
AEm

We note G, € RP*I™l where (Gm);x = 9x(tj) and ay, the random vector of RI™ with
coeflicients (ax)c,,-

Hence, we obtain that

F= (X (t1), . X (tp)>T = Gumam

and
ii' = Guama, G .
Thus, approximating the process X by X its projection onto the model m implies approx-
imating the covariance matrix ¥ by G,, UG ¥ e RI™*Iml where ¥ = E lama,,] is some
symmetric matrix. With previous definitions, that amounts to saying that we want to choose

an estimator in the subset S (Gy,) for some subset m of A.

Assume that the subset m is fixed. The best approximation of ¥ in S (G,,) for the Frobenius
norm is its projection denoted by X,,. But X is unknown, hence we can not determinate this
quantity. A natural idea is to study the projection of S on S (G,,). We denote this quantity by
S

Proposition 3.1 in [BBLMA10] gives an explicit form for these projections. We recall it for
sake of completeness.

Proposition 3.1. Let A in RP*P and G € RPXI™|. The infimum
inf {||A-T;T €S(G)}
s achieved at

. _ A—i—AT _
_ T T T T
r-c¢(¢'a) ¢ < 5 )G(G G) G
In particular, if A € Sy, the projection of A on S (G) is ILAIl with the projection matriz 11 =
G (GTG)f G e RP*P,
It amounts to saying that inf { HA — G\IIGT|

;U e S‘m‘} is reached at

¥ = (GTG)i a7 (AJFTAT> G (GTG)i .

Remark 3.2. Thanks to the properties of the reflexive generalized inverse given in [Rao73], the
projection of a non-negative definite matric A € S, on S (G) will be also a non-negative definite
matriz. Moreover, the matriz I1 does not depend on the choice of the generalized inverse.

Thanks to this result, the projection of ¥ on S (G,,) can be characterized as
Yim = X100, (7)

and the same for S (that is, our candidate for estimating )

S = 11, STl (8)

where II,,, = Gy, (G),Gn) ™ G,
Hence, the estimator Y, is a covariance matrix. Now, our aim is to choose the best subset

m among a collection of candidates.



4 Model selection with the U.R.E. method

Let M be a finite collection of models m. In this section, we focus on picking the best model

among this collection by following the U.R.E. method. Since the law of ’E — 3| is unknown,

we thus aim at finding an estimator of its expectation.
We consider that the best subset m is mg defined by

.2
mg € argminE [HE — EmH ]
meM

Then the oracle is defined as the best estimate knowing all the information, namely i]m().

A2
Set R(m) =E [HE — EmH } . First, we compute this quantity.

Proposition 4.1.

E [Hz—imm = |2 = S % + ”((H’”fn’”)@) 9)

where ® = Var (vec (CECET))

Here we can note the similarity with the usual risk for standard estimation models. For
instance, assume that we observe a Gaussian model with observations a vector Y € R" such as

Y=0+e &~N(0,1,)

where € € R and 6 € R" is the unknown quantity to estimate, using the projection Oy, of the
vector Y onto some subspace S,,. If the subspace dimension is denoted by D,,, the risk of a
such estimator is given by

.2 5 5
E He - emH — 16 — 0] + 2Dy
We thus recognize the same kind of decomposition with a bias term and with w
playing the role of the variance term D,,/n with e = 1/4/n. Hence it is natural to extend the
Unbiased Risk Estimation procedure of previous Gaussian model to the matrix model obtained

by the vectorization of Model (1).
Now, we present an estimator of the risk. We assume n > 3, and we set :

1
n—1

n
R 2
42— 3 Hmeix;er — zmH
=1

A~ 12 s
Proposition 4.2. ’S — EmH +2% + C is an unbiased estimator of the risk, where C' does not
depend on m. More precisely :
A |2 A2 .2 tr (P
e [[s-Sa +222] 5 |Jo- 5] + 22
n

n

Note that the constant @ is unknown but does not depend on m. So in the URE procedure,

~ 2 - N 2 <
minimizing HS — EmH —i—Q% with respect to m is equivalent to minimizing HS — EmH —i-Q% +C
which is unbiased.
Then we can define the estimator X of ¥ by

A2 A2
with m € argmin (HS —Ym ’ + 2—m>
meM n
The next theorem establishes an oracle inequality for this estimator.



Theorem 4.3. For all A > 0, we have :

el[5-s] < ara) prele-gaf]+ L2 as
meM n

Hence we have obtained a model selection procedure which enables to recover the best
covariance model among a given collection. This method works without strong assumptions
on the process, in particular stationarity is not assumed, but at the expend of necessary i.i.d
observations of the process at the same points.
We point out that this study requires a large number of replications n with respect to the number
of observation points p. Actually our method is not designed to tackle the problem of covariance
estimation in the high dimensional case p >> n. This topic has received a growing attention
over the past years and we refer to [BLO8| and references therein for a survey.

The proof of these results are using the vectorization of the matrices involved here. That is
why we must deal with the matrix ® = var (vec (ﬂ:xT)) It is postponed to the appendix.

5 Numerical examples

In this section we illustrate the behaviour of the covariance estimator 3 with programs imple-
mented using SCILAB. We aim at knowing if our procedure leads to choose the best model,
that is the model minimizing the risk.

Recall that n is the number of copies of the process and p is the number of points where
we observe these copies. Here, we consider the case where 7" = [0;1] and A is a subset of N.
For sake of simplicity, we identify m and the set 1,...,m. Moreover, the points (;) are
equi-spaced in [0;1].

1<j<p

For a given process X, we must start by the choice of the functions of its expansion. Their
knowledge is needed for the matrix G,. Indeed, (G);, = ga (L))

The method is the following: First, we simulate a sample for p and n given. Second, for m
between 1 to some integer M, we compute the unbiased risk estimator related to the model m.
Finally, we pick out a m minimizing this estimator and we compute 3.

For each example, we plot the curve of the risk function and give its minimum mg. We plot
also the curve of the function of the risk estimator and give its minimum . Finally we compare
the true covariance and the estimator.

Example 1

Here we work with the numerical examples of [BBLMA10]. We choose the Fourier basis func-
tions: L
75 St A=1
gr(t) = \/5% cos(27r%t) si A est pair
\/5% sin(QW%t) si A est impair
And we study the following process :

X(t) = arga(t)
=1

where a) are independent Gaussian variables with mean zero and variance V(ay). Let D(V)
the diagonal matrix in m* x m* such as D(V)xx = V(ay). Then we have

Y =GuD(V)G].



Here are the results for V(ay) =1 V A. We choose m* = 35 = p, n = 50, M = 31. Here
it can be shown that the minimum of the risk is achieved at § — 1, so in this setting we have
mg = 24. Here the minimum of the estimator is the same : m = 24.

Risque da | estim aleur assacié au madala m Estimateur sans biais du risque

Estimateur de la covariance

Here are the results for V(ay) = 0.0475 +0.95* V X, and m* = 35 = p, n = 60, M = 34.
Here the figures show that mg = m = 18.

Example 2

Now we test our estimator with the process studied in [CY10].

We consider the functions

ga(t) = cos(Art)

And the process X studied is :
m*
X(1) = axtua(t)
A=1

where a) are i.i.d. random variables following the uniform law on [—\/3; \/§] and () = (713; i

If D is the diagonal matrix with entries D)) = %, as before we have that

Y =G DG,

Here we choose m* = 50, n = 1000, p = 40 and M = 20. We found mg = 4 = m.



Risque de | estimateur associé au modéle m Estimateur sans biais du risque

0 071
1 0.7180
0.0645-
] 0.7175
00640 0.7170+
g ] 3 071654
2 0.0635- g
4 1 -
& 0.7160~
0.0630 0.7155-
1 0.7150
00625
] 0.71457
0.06: T T T T T T T T T 0714 T T T T T T T T T J
0 5 10 15 20 25 30 35 40 a5 50 4 5 10 15 20 25 30 35 40 a5 50
m m
Covariance Estimateur de la covariance

Example 3

Here we consider the case of the brownian bridge with its Karhunen Loeve expansion. Indeed,
this expansion

X(t) = Zn/magn(t)

A>1

is computed in [SW86], p.213-215 : vy = (%)2, and gy(t) = v/2sin(\rt).

The covariance function of the brownian bridge is K (s,t) = s(1 —t) for s < ¢t. Simulate the
sample is the same as simulate n gaussian vectors of covariance matrix ¥ = (K (;,%;))1<i,j<p-
Here n = 100, p = 35 and M = 20. We found mg =5 = m.



Risque de | estimateur associé au modéle m Estimateur sans biais du risque

0.90

0.85+

0.80

°
g
L

Estimateur

0.75+

0.70

Estimateur de la covariance

Note that for the first and the last example,the size of the sample is not so large. However,
for each of the simulated examples, the covariance estimator shows good performances. Indeed,
the procedure introduced in this paper leads each time to the selection of the best model, in the
sense that the chosen model minimizes the risk.

6 Appendix
Recall that ,, = I1,, 311, S, = IL,,, 511, and

1
n—1

n
R 2
32— 3 HmeixiTHm — zmH
=1

We start by proving the proposition 4.1.
Proof. Using the orthogonality, we have
~ 2 9 ~ 2
== S| =12 = Sl + |2 =
With the proposition 2.1 we deduce
.12 . 2 - 2
5] = o - S =02 1) e -1
Since II,, is a projection matrix,
.12
HEm - EmH =tr ((Hm ® I,,) vec (X — ) vec (X — S)T>
Hence

E [HE — ﬁ)m‘ﬂ =2 - ZuP+E [tr ((Hm ® I,,) vec (X — S) vec (X — S)T)}



== =S +tr ((Hm ®IL;,) E [WC(E — S)vee (X~ S)TD

N

n

= I==Snl?+

Proof of Proposition 4.2.

Proof. We start by the proof of the following lemma
Lemma 6.1. 42, is an unbiased estimator of tr (I, ® I1,,,) ®).

Proof. We deduce from the proposition 2.1 and the fact that IL,, is a projection matrix that:

<n—nEwm=§:E[

T N 2
e () e 52

_ Zn:E [H(Hm ®II,,) (vec (mzw;r) - vec(S)> HZ}

=1

_ Z:E [tr ((Hm ® IL,) (vec <:cle) — vec (S)) <vec (;WD _ vee (s))T (I, ® Hm)Tﬂ

_ gtr ((Hm ® I, E [(vec (xlxlT> - veC(S)) <vec <xzsz> - vec(S)>TD

But if (v;);<;<,, are some i.i.d. vectors with covariance matrix V' and mean v = - > " | v,

we have
n

E [(vi — o) (vi = @)T} = % > E [(Uz’ —op) (vi = Uj)T]
k=1
LY o (-]
k=1
T ki
— % {(n ~1)E [(vl —vg) (v1 — vz)T} +(n—-2)(n—-1)E [(Ul —v2) (v1 — Uz)T} }

:%{(n—l)QV—i—(n—Q)(n—l)V}

:%((n—l)n‘/)

Hence

this identity gives

Finally

10



Now, it remains to show that

I @) @) | tr(2)
n n

A~ 12 t
IEMs_zmH}znz—nmzmaF—7“<
We have that
.2 9 . A 12
|5 = En|| =15 -2 +2(S 2,2 Zn) + |- En
And using the orthogonality we deduce that
TP 5 . ) .12
[s=Sm| =15 =212 +2(S = 2,2 = £0) + 1% = Sl + | S — S

For the same reason :

<S—z,z—im>:(S—z,z—zm>+<5—z,zm—2m>

R 2
—(S—,%-%,) - Hzm —zmH

And because the expectation of S is equal to X we obtain that
TP 5 5 .12
E||s=%n| | = 1= - Snl? +E[IS =S| ~E|[£n - S

First

1 - 1 2
E [HS - z\ﬂ - —E| Y <xxT — %, w) - 2> ~~E [meT - EH ]
ij=1

And with the properties of the Frobenius norm

2o 5[] =5 e 5]
o)) e )

then we derive that

E [meT . 2”2] — tr (®)

Thus
E[lIs - x7] = 2

Second

.2 1 n
E [Hzm _ zmH } = —E| Y <Hm <wa _ 2) 1,11, <xjx]T _ z) Hm>
ij=1

= 25 (1 (o7 ) Mt (27— 5) 1)) = 25 1 (527 - 5) 0

And using the proposition 2.1 and the specificity of 1I,,,, we obtain that

E [Hnm (22" — %) nmm _E [Hm (1 (22" %) 11,.) HQ]

11



_E [Hnm @ Ty, (vee (27 - %)) m
= (A (e (7 -5) (e (7 =) oo )
= [ () e 7 ) (o7 -2)))

E [Hnm (227 - %) Hmm = tr (I, ® I1,) ®)

Hence

And we obtain

® [Jon 5] - e el®

n

Finally, we have

r (1L, @ I,;,) ) N tr ()

25— S| = 2z - T ;

Proof of Proposition 4.3.

22
Proof. As 777” > 0, we have:

EU@_EW}gEMg_SW+2§ﬂ+mEKz_&s_zﬂ+Ems_mﬂ

.12
Let mg € argminE [HE — EmH } an oracle. By definition of m,

meM
o alP 258 < -2
Then
efle- ] <E [l - s+ 22] v & [is - 2] + 2= [(5 - 5.5 - %))

we derive from the previous proposition and (10)

2] + 2”7(;1)) ) [<2 —5,5— 2>]

~ 2 ~
E [Hz - EH } <E [Hz S,
Moreover by the Cauchy-Schwarz inequality we have that
<2—S,s—z> < HE—SH IS — 5|

And using again this inequality

E[(s-s.5-3)] < Eﬂﬁ_qﬂ S[EESE

< sl + 2]y

12



For the same reasons as before we obtain

Thus

n

~ 2 ~
s <2 J5- 5
n

2}+4KED+2¢EMS—Em01 tr (%)

With the following inequality which holds Va, b € R et YA > 0

2 b<a—2+Ab2
a \A

‘We obtain for all 4 > 0:

. 2 2 tr (®
Eﬂb—zu]gEME—zm }@+A”)+lLlM+m
n
The definition of mg gives the result.
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