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Abstract

Let (S!,dg1) be the unit circle in R? endowed with the arclength distance. We give a sufficient
and necessary condition for a general probability measure u to admit a well defined Fréchet mean
on (S',ds1). We derive a new sufficient condition of existence P(a, ) with no restriction on the
support of the measure. Then, we study the convergence of the empirical Fréchet mean to the
Fréchet mean and we give an algorithm to compute it.

Keywords : circular data, Fréchet mean, uniqueness. AMS classification: 62H11.

1 Introduction

1.1 Statistics for non-Euclidean data.

In many fields of interest, results of an experiment are objects taking values in non-Euclidean spaces. A
rather general framework to model such data is Riemannian geometry and more particularly quotient
manifolds. As an illustration, in biology or geology, directional data are often used, see e.g. [14] or [6]
and references therein. In this case, observations take their values in the circle or a sphere, that is, an
Euclidean space quotiented by the action of scaling.

The usual definitions of basic statistical concepts were developed in an Euclidean framework.
Therefore, these definitions must be adapted for random variables with values in non-Euclidean spaces
such as manifolds. To describe the localization of a probability distribution, one needs to define a
central value such as a mean or a median. There has been multiple attempts to give a definition of a
mean in non Euclidean space, see among many others [2, 4, 12, 13, 8, 5, 16] or [7].

In this paper, we consider the so-called Fréchet mean, see [7, 8, 12] or [2] and references therein.
We are particularly interested in the study of its uniqueness. The Fréchet mean is defined on general
metric spaces by extending the fact that Euclidean mean minimizes the sum of square the distance to
the data, see equation (1.3) below. To study the well definiteness of the Fréchet mean on a manifold,
two facts must be taken into account: non uniqueness of geodesics from one point to another (existence
of a cut locus) and the effect of curvature, see e.g. [4] for further discussion. Due to the cut-locus, the
distance function is no longer convex and finding conditions to ensure the uniqueness of the Fréchet
mean is not obvious. Two main directions have been explored in the literature: bounding the support
of the measure in [3] for the n-spheres and in [8, 10, 12, 1] for manifolds, or consider special cases
of absolutely continuous radial distributions, see [9] for the unit circle and or [10, 11] for projective
spaces. In a sense, these two conditions control the concentration of the probability measure. The
philosophy behind these works is to ensure a convexity property of the Fréchet functional given by
equation (1.2) below, see e.g. the introduction of [1] for a review of the above cited papers.



1.2 Fréchet mean on the circle

A standard way to extend the definition of the Euclidean mean in non-Euclidean metric space is to use
the minimization property of the Euclidean mean. This definition is usually credited to M. Fréchet in
[7] although some authors credit it to E. Cartan, see e.g. [10]. Let S! be the unit circle of the plane,

St = {x% + ﬂ:% =1, (z1,29) € RZ}.

endowed with the arclength distance given for all z = (21, 22),p = (p1,p2) € S' by

dg1 (z,p) = 2 arcsin <w> , (1.1)

where ||z —p|| = /(z1 — p1)2 + (z2 — p2)? is the Euclidean norm in R%. In the whole paper, u is a
probability measure on S' and the Fréchet functional is defined for all p € S' by

1
Fur) = 3 [, #(e.p)du(o) (1.2
The Fréchet functional is Lipschitz since by the triangle inequality we have |F,(p1) — Fu(p2)| <
2mdg1 (p1, p2) for any pi,ps € S'. Thus, F,, attains its minimum in at least one point and the only
issue at hand is uniqueness.

Definition 1.1. We say that the Fréchet mean of a probability measure p in (S, ds1) is well defined if
F,, admits a unique argmin. That is, there exists a unique p* € S' satisfying F,,(p*) = minpenr F,u(p),

and we note
p* = argmin F,(p). (1.3)

pest

The argmins of F), are also called Riemannian center of mass [16] or intrinsic mean [2] as the
(S',dg1) is a simple one dimensional compact Riemannian manifold. The advantage of dealing with
a simple object such as the circle is that curvature problems disappear and we only face the cut-
locus problem. In this sense, it allows us to completely understand its effect on the non-convexity
of the distance function dgi, and to give a complete answer about the problem of uniqueness. In
what follows, we fully characterize probability measures that admit a well defined Fréchet mean on
the circle (S, dg1). In particularly a necessary and sufficient condition is given in Theorem 4.1, which
links the existence of a Fréchet mean for a measure p to the comparison between the distribution p and
the uniform measure A on S'. The surprising fact is that A appears as a benchmark to discriminate
measures having a well defined Fréchet mean. The uniform measure A is the 'worst’ possible case as

all points of the circle is a Fréchet mean, indeed the Fréchet functional (1.2) is constant and equals to

73

’ In opposition to what have been done before we do not try to ensure convexity property on
the Fréchet functional. Indeed, the definition of the Fréchet mean relies on the global optimization
problem (1.3) which is, in general, non convex. The advantage of our approach is that we do not need
to restrict the support or suppose restrictive conditions of symmetry on the density. As the geometry
of flat manifold is simple, we can derive explicit form on the Fréchet functional and its derivative

which can be hard to compute in non-flat manifolds such as n-dimensional spheres.

1.3 Organization of the paper

In Section 2, we introduce notations that will be used throughout the paper. In Section 3, we give
explicit expressions for the Fréchet functional and its derivative and we discuss some properties of
critical points of the Fréchet functional. Section 4 contains the main result with the necessary and
sufficient condition of Theorem 4.1 for the existence of the Fréchet mean for a general measure. We also
propose a new sufficient criterion P(c, ) that ensures the well definiteness of the Fréchet mean. In
Section 5, we study the convergence of the empirical Fréchet mean to the Fréchet mean, and describe
an algorithm to compute the empirical Fréchet mean.



2 Notations

In what follows, 14 denotes the indicator function of the set A C R and the notation f; F&)dpp, (t)
stands for the Lebesgue integral f[a " JF(t)dpp, (t) if a < b and f[b ol f(t)dpp, (t) if b > a.

2.1 Normal coordinates

Given a base point p € S', there is a canonical chart called the exponential map defined from TpS1 ~ R,
the tangent space of S' at p, to S' and denoted by

ep: R — St ~ [cos(f) —sin(0)
0 — ey(8) = Ryp, where Ity = <Sin(9) cos(6)

This map is onto but not one to one as it is 27w-periodic. To guaranty the injectivity, we choose to
restrict the domain of definition R of e, to [—m,7[. Thus, for all pi,ps € S! there is a now unique
65y € [—m, m[ satisfying e,, (653) = p2 and

e : [-m,a[— S! and eljl St — [—7, 7, for all p € S*.

Such parametrizations are called normal coordinates systems centered at p and 65} is nothing else but
the coordinate of py read in a normal coordinate system centered in pj. To simplify the notations, we
will omit the exponent p; if no confusion is possible and we will write 65} = 6,,,.

The cut locus of a point py € S! is denoted by pp and is equal to the opposite point (in R?) of
po, that is pp = —po. In a normal coordinates system centered at p € S', the coordinate of Py is
Hgozego—ﬂifogﬁgo <71'0r(9§0:(9£0—|—7rif77§0£0 < 0.

2.2 Distance function and probability measures and the Fréchet functional

The arclength distance between two points p;,ps € S' was defined in (1.1). Given normal coordinates
0p,,0p, € [—m, 7] of these points in the chart centered at an arbitrary point ,

ds, (p1,p2) = drj277(0p15 Opy) = min{|0,, — 0, +27k|, k € Z}.

This means that the circle S! is locally isometric to the real line R.

Unless specified, p will denote a general probability measure on (S, B(S!)) where B(S!) is the Borel
set of S' € R?. Given a point py € S, p1,, is the image measure of u through e;ol : St — [—m, 7.
This is a measure on R with a support in [—7, 7[ which is defined by

fopo (A) = poep (AN [—m, 7)), for all A € B(R), (2.1)

where B(R) is the Borel set in R. The usual Euclidean mean/expectation and variance of f,, are
denoted

M (tipy) = /R tdjipo (2).

Finally, let us introduce for any py € S', the map Fu,, : [—7, 7[— R given by

By (0) 1= Fulen(0) = 5 [ pors0.0)dhy 0

12T+ 21 — 0)2dpu, (8) + [, (t—0)2dpp (1), F0<6 <,
JEET = 0)2dppg (1) + [T (t = 21 — 0)2dp, (1), if —7 <60 <0,

2



3 The Fréchet functional on the Circle

3.1 The derivative of the Fréchet functional

A function f : [—m,m[— R is said left continuous on [—m, x| if it is left continuous everywhere on
| = m, 7| and with lim,_,o- f(7m +¢) = f(—m). Similarly, f is said to be continuous on [—m,7[ if it is
left and right continuous on [—m, w[. We provide here an explicit expression of the derivative of F,

Proposition 3.1. Let i be a probability measure on (S',ds1) and fix an arbitrary po € S*. Then,
F, : S! — R is differentiable in following sense :

1. Letp € S be a point with a cut locus of p-measure 0, i.e u({—p}) = 0. Then F,,, is continuously
differentiable at 65° and we have

d _ {‘950 - 27(/@0([_777 —m+ ‘950 D - m(:“’po)a if 0 < HII;O <,

80 ) =\ g v (4 0 AD — i), —m< o<, OV

2. The function d%Fﬂpo is left continuous on [—m,w[. Then we extend the definition of the derivative
of F,, by setting for all 6 €] — m, x|

d d
5y (0) = i B, (0+2) (3.2)
and d%Fﬂpo (—m) = lim,_,(- %Fﬂpo (m+¢).

3. Let p € S! be a point with a cut locus of positive measure, i.e ,u({ p}) > 0. Then, p is a cusp
point of F, in the sense that lim, o~ L F, 1 (05° +€) — lim, o+ & Fp,, (0p° 4+ ¢) = —u({—p}).

Note that the left-continuity comes from our convention on the exponential map which is defined on
[—m,7[. If a measure p is such that u({p}) = 0 for all p € S! then F, is of class C! on [—m, 7.
Differentiability issues appear when the measure p has atoms, see Figure 1.

Proof. For convenience we omit in this proof the superscript py by writing 6, = 65° for all p € S!. In
the coordinate system centered at py we have for all 6, € [—7, 7|

1 1 _
Fﬂpo (ap) = ) /Rth/‘po (t) — Hpm(ﬂpo) + 59;2; +2m <9,Tm (ep)]l[o,w[(ep) + upe (ep)]l[—w,o[, (ep)> (3.3)

where g (0) = f::JrG(W +t — 0)dup,(t) and g, (0) = Joun(m —t + 0)dpy, (t). Hence, to prove
Proposition 3.1, we just have to study the derivative of g:po and Yimy
For all 0, €]0,7[ and ¢ € R such that 6, + ¢ €]0, 7[ we have,

1 . . 1 —m+0p+e —m+0p+e
(@t -an, @) =2 [ T w0 - [ ) @
B —

The limit from the left in equation (3.4) is lim,_,- %(g:[po Op+¢) — g:[po (0p)) = —pipo ([—m, =7 + 6,[)
when 0 < 6, < 7. The (left) derivative at ¢, = 0 is given by lim__,o- %(g;po (Op+¢) — gf{po (Hp)) = 0.
Similarly, if —m < 6, < 0, we have lim__,,- %(g;po Op+¢)— . (0p)) = tp, ([T + 6p, 7[) and statement
2 is proved.

To prove statement 1, suppose that the cut locus of p is of u- measure 0. In this case, the limit from

the left and from the right in equation (3.4) are equal as lim. o < = /- ::9%4—5 +t—0,)dup,(t) =0

since fip,({#p — m}) = 0. Thence, formula (3.3) yields @gum Op) = —ppo([—m, =7 + 6,[), if 6, €
[0, 7] and d%g;po (0p) = pipo ([T + 0y, 7]), if 6, € [—7,0].

Finally, suppose that p € S' has a cut locus of positive measure. If 0 < 0, < m, it means that
fipo ({6 — 7}) > 0 and then, L F, o (0p) = lim,_,+ d%Fupo (Op+¢) = —lm. o+ pipy([—7 + Op, — + 6, +
e]) = —ppo({—m+0,}). The case —m < 6, < 0 is similar and the proof of statement 3 is completed. [



Figure 1: Let p = %61,1 + %51,* + %51,2 with p1 = Ra2xp* and pg = R_2:p*. In blue: F, .. In green:
3 3

d
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3.2 Local minimum of the Fréchet functional

The critical points of the Fréchet functional are the points at which the derivative of F,, in the sens
of Proposition 3.1, is 0. As a immediate consequence of equation (3.1) we have

oy (037) =~ (3.5)

Thus, the critical points are precisely the exponential barycenters (i.e. points p € S' at which m( Hp) =
0). This fact was already shown in [5] or [12] for general manifolds. Note that a critical point of the
Fréchet functional is not in general an extremum (see an illustration Figure 1) but it is worth noticing
that the minima of the Fréchet functional are regular points in the sens of the following result,

Corollary 3.1. Let u be a probability measure on S*. The cut locus of a (local or global) minimum
of F, is of p-measure 0.

Proof. Let p € S! be a point satisfying u({—p}) > 0. For any py € S!, Statement 3 of Proposition
3.1 ensure that the derivative d%F of the Fr¢het functional has a negative jump at 65°. Hence, the

Fpo
signs of (lim,_,o- %FMPO(GP?,I +¢), lim, o+ %Fﬂpo (0po, +€)) is either (+,4), (+,—) or (—,—). This
means that 63’ cannot be a minimum of F,, ~since it would correspond to the case (—,+). O

Remark 3.1. Note that assumptions of Corollary 1 in [17] and Theorem 1 in [2] contain a condition
of the form p({p}) to ensure (classical) differentiability of the Fréchet functional at its minimum. In
the case of the circle, Corollary 3.1 shows us that the Fréchet functional is automatically differentiable
at its minima.

4 Necessary and sufficient condition for the existence of the Fréchet
mean
4.1 Main result

Theorem 4.1. Let i be a probability measure and p* € S' be a critical point of F,,. Then, the following
propositions are equivalent,

1. p* is a well defined Fréchet mean of (S',p) .

2. Forall0< < )
/ A=, = 4 4]) — iye (|=, = + £])dt > 0,
0



and for all —m < 6 <0,

/0 A7 +t, 7)) — pp=(Jm + ¢, w[)dt > 0,
0

where X\ is the uniform measure on [—m, 7| and - is defined in (2.1).

Theorem 4.1 gives a necessary and sufficient condition for the existence of the Fréchet mean of
a general measure g on the circle S'. This condition is given in terms of comparison between the
p-measure and the uniform measure A of balls centered at the cut locus of a global minimum. The
important point is that the p-measure of a (small) neighborhood of the cut locus of p* cannot be
larger than the uniform measure of this neighborhood.

As p is a probability measure, the functions ¢t — A([—m, =7 + t]) — pp+([—7, —7 + t[) and ¢t —>
A(Jm —t,7[) — pp=(Jm —t, 7]) do not need to be always positive for t € [—m,0[ and ¢ € [0, 7| respectively.
An example where this quantity is always positive is when g admits a density which is a decreasing
function of the distance to a point p*, see [9]. In this case, the density is radially distributed around its
mode p* which is, by Theorem 4.1, the Fréchet mean of u. Many classical probability distributions used
in circular data analysis follow this framework: von Mises distribution, wrapped normal distribution,
geodesic normal distribution [17] , etc...

Another well-known example of distributions that admit a well defined Fréchet mean is distribu-
tions with support included in an hemisphere, see [3]. More precisely, suppose that there exists a point
p € S with u({p € St dg1 (p,p) < 3}) =1 and pu({p € S'.dsi(p,p) < &}) > 0. In this case, Statement
2 of Theorem 4.1 holds since one can show that the minimum p* of F}, is in {p € S',dgs1(p, p) < 5} and
that F, . (0)—F), . (0) > 2(0+m—20;)% for 0 € [—m, 05— 2], F, . (0)—F, .(0) = % for 0 € [05,—5,05+5]
and F, . (0) — F), . (0) > 2(0 — 7 —205)% for all 0 € [0; + 5, m[. The case of equality corresponds to
distributions with support in the boundary of the hemisphere, that is i« = (1 — 6)595*7% A

with € = %6}’;* + % and in this case, there are two global argmins at 0 and 20, £ 7, see Figure 2.

(a) (b)

Figure 2: Let pg = (1 —€)dp—z + €0piz with e = % + 3. (a) F, with 0 = 0. (b) F),, with 6 = ?{—’6

4.2 Proof of Theorem 4.1

As already noticed, there exists at least one global argmin p* € S! of F,, since F), is a continuous
function defined on the compact set S'. Moreover, Proposition 3.1 and Corollary 3.1 ensure that p*
is a regular critical point of F),, i.e. a zero of the derivative with a cut locus of y-measure 0.
In the normal coordinate system centered at p* the functional G, . (0) = F}, .(0) — F, . (0) has a
P P P
particularly simple expression thanks to equation (3.5). Indeed, we have

0—mn

™

(7 +t = 0)dpy (t) 4+ 270 of(0) / (m—t 4 0)dpy-(t).

1
Gﬂp* ((9) = 502 + QW]I[O,F[(Q) /
O+

—T



It is clear that Statement 1 is equivalent to the fact that the unique zero of G, . is 0. Thence,
Theorem 5.1 will be an easy consequence of Lemma 4.1 below since we have A([—m, —7 + t[) = % for

all 0 <t <. O
Lemma 4.1. Let i be a probability measure on S' and p* € S' be an argmin of F,,. Then for any
0 € |—m,
0 ¢
o pps ([, —m + t[)dt, if 0 <6 <m,
G, (6) = 27§ S0, 2
— — pp+ ([ + £, w])dt, if —m<60<0
"] 2T

Proof. The probability measure u can be decomposed as follow,
p=ap®+ (1 —a)u’, 0<a<l, (4.1)

where p? is a probability measure such that ug({p}) = 0 for all p € S* and ps = Z;rzocf wjdp, where
;»28 wj = 1 and the p;’s are in S'. Hence, we consider the two cases separately : first, when the
measure is non atomic, and then, when it is purely atomic. The general case follows immediately in
view of equation (4.1).
First, assume that p is an atomless measure of S'. Proposition 3.1 ensures that F, 1 is continuously
differentiable everywhere and the real function F), . is of class C! on [~ w[. Formula (3.1) and the

fundamental theorem of calculus gives for all § € [—7, 7|

6 O e ([~m, — if 0<
Gp,.(0) = / tdt — 2 foo e (=, = + t)dt, 1 0<b<m (4.2)
v 0 Jo tp ([T + ¢, 7])dt, if —7<60<0.

Consider now the case where p is a purely atomic measure. First, we treat the case where the number
of mass of Dirac in the sum is finite, i.e u = 2?21 wjdp;, n € N . Recall that F), . is a Lipschitz
function on [—m, w[. Proposition 3.1 ensures that the derivative is piecewise continuous and formula
(3.1) holds for all 6 € [—m, 7[\{03}7_,, i.e points that have a cut locus of y-measure 0. Hence for all

0 € [—m, [, equation (4.2) holds too.

To treat the case where yu = jﬁ‘f w;joy; we proceed by approximation. Let o(n) = {j €
N | wj > 5} and remark that Card(¢(n)) < +oo for all n € N since ;;ch w;j = 1. Then
if vy = Tln) Zj6¢(n) wjdy,;, where c(n) = Zjeqb(n) wj is a normalizing constant, we have for all

0 € [—m, 7,

0 0 n )
(=7, — t|)dt f 0<40
Gl/" (9) — / tdt — 27 fOO Vp ([ T, T+ D ) 1 Ko<,
0 0 V;L*([W‘Ft,ﬂ'[)dt, if —r < 0 <O0.

The sequence (Vg*)nzl converges to u in total variation. By the dominated convergence Theorem for

all 0, € [—m, 7, G,,;L* (#) converge as n — oo to (4.2). O

4.3 The criterion P(a, )

Although the necessary and sufficient condition of Theorem 4.1 is a key step to understand the problem
of non uniqueness of the Fréchet mean on S', it is of little practice interest: we have to know a priori
a critical point p* of the Fréchet functional. In this section, we derive sufficient conditions of existence
with no restriction on the support of the probability measure and that are easily usable. Let us
introduce the following definition :

Definition 4.1. Let f : S' — R be a probability density, p € S', a €]0,1] and ¢ €]0,7[. We say

that f satisfies the property P(p,c, ) if for all 0] > ¢

11—«
2

fp(0) < (4.3)



Figure 3: An example of distribution satisfying P(c, ). Plot of the density f, in blue with the bounds
P(p,0.1,2) in yellow and P(p,0.5,1.6) in red.

where f, = foe,: [—m, n[— RT. Moreover, we say that f € P(a, ) if there is a p € S' such that f
satisfies P(p, o, ).

The parameters a and ¢ control the concentration of p around p. The idea is to control the mass
lying in the complementary of the ball B(p, ), see Figure 3. We have the following properties :

Lemma 4.2. Let f:S' — R be a probability density on the circle. Then
1. P(p,a1,p1) = P(p,a2,p2) if a1 > ag and 1 < 3.
2. Let p1,po € St and ¢ < 5. If dsi(p1,p2) < 7™ — @ then P(p1, o, @) = P(p2, o, ¢ + ds1(p1,p2))-
3. If f satisfies P(p, a, @) then |m(pup,)| < ¢ + 14_—7T°‘(7T — )2

Proof. The first proposition is obvious in view of the Definition 4.1.
To prove the second claim suppose that 0 < 6b) = —00? < 7 — ¢ (the other case is similar) and
write

o2 (0) = fpu (0 + 0001 gz (0) + fpy (0 + 03 — 2m) 1 _gon (6).

In particular, it implies that 7 > 7 — 65} > ¢ and since P(p1,, ¢) holds, we have f,,(0) < 12—_7Ta’ if
0> p—060) or § < —p—0b). This is equivalent to the fact that P(ps, o, min{| —p — 61|, |0 — 003 |}) =
P(p2,a, ¢ + 65}) holds. The case ¢ — m < 65} < 0 is similar and we have P(pa,a, ¢ — 65;). Finally
recall that |6h)] = dsi(p1,p2) and the property is proved.

To show the last claim, we only need to consider the case where p, has its support on [0, .
Indeed, pp, = wp, + (1 = w)p,; where p, ([=7,0[) = 5 ([0,7) = 1 and 0 < w < 1. Tt yields that
m(pp) = [ptdwp, + (1 —w)u)) = [p+ td(—wp, + (1 —w)p)) < [ps tdut. Then, if the density f, of
fp has its support in [0, 7] we have

mi) < ¢ (1- / Coa) + [Tenin o+ 122 [T

® ®

which gives the result. O

If the density f is sufficiently concentrated around a critical point p* of F), then, this point is the
Fréchet mean of . More precisely we have the following result,

Proposition 4.1. Let pu be a probability measure with density f : S' — Rt and p* € S! be a critical

point of Fy,. If f satisfies P(p*,a, @) with o €]0,1] and 0 < ¢ < @ = W% then, p admits a well

defined Fréchet mean at p*.



For all a €]0,1], we have pg = 0 < ¢, <
included in the ball B(p*, ) = {p € S, ds: (p*, p
entire circle S'.

1. Note that if @« = 1 then p has its support

T
) < 5} and when a < 1, the support of ;1 can be the

Proof. Let Gy, . (0) = Fy, . (0) — F), . (0) for all 0 € [—m, w[. As the measure y admits a density f, G, .
is twice differentiable and equation (3.1) implies that %Gup* 0)=1-2nf(—m+80),if0 <60 <m,
and J‘%GHP* (0) =1-2rf(r+0), if —7<6<0. Since f € P(p*,a,p), the function G, . is convex
on [—m + ¢, — ¢] and has a unique minimum at 0. Let us show that 0 is the only argmin of F e On

[—m,w]. If 6 € [r — ¢, [, we have thanks to Lemma 4.1
0
G, (0) = G (T — ) + / t — 2wy ([—m, —m + t])dt.
T—p

Since f € P(p*, a, ) we have G, . (1 — ) > §(m — ©)? and the second term is bounded from below
by f:ﬂpt — 2nv([—m, —7 + t[)dt where v = 3(6_,, + 0,). It yields for 6 € [1 — ¢, 7],

1
G (0) > S (a(m — )" = 7). (4.4)
The right hand side of (4.4) is strictly positive if ¢ < ¢, = Wl_\’_/ia. Similarly, the same condition
implies G, . (0) > 0 for € [—m, —7 + ¢[. O

We are now able to define a functional class of densities that admit a well defined Fréchet mean
without restriction on the support of the measure.

Theorem 4.2. Let 0 < § < % be a parameter of concentration and p a probability measure with
density [ € P(«, ) (see Definition 4.1) with

as <a<l and © < dpq

where as be the square of the root of (5 — 65 + 62)X3 + (1 — %) X2 — (20 + 1)X — 1 that lies in 0, 1]

and po = ﬂlﬁa. Then i admits a well defined Fréchet means.

Firstly, remark that there is no need to know a critical point a priori. Secondly, the parameter §
controls the concentration of f via the inequality ay < a and ¢ < dp,. There is a tradeoff between
a and the possible value of ¢: the smaller « is (i.e the less f is concentrated) the smaller ¢ must be
(i.e we need to control the value of the density on a bigger interval). In Tabular 1 we give examples
of numerical values. Note that the column corresponding to § = 0 is given as a reference only as the
set P(ag, d¢p,) is empty for this values of 6.

0= 0 L I I I
— 10 5 3 5
as < 039 046 054 0.69 1
0pay; > 0 012 026 047 =

Table 1: Some values of a5 and dp,, depending on § €]0, %[

Proof. We show that under the hypothesis of the Theorem 4.2, there is a critical point p* of F),
satisfying dg1 (p,p*) < (1 — 8)pq where p € S! is a point satisfiying f € P(p, a, ). Thence, by Lemma
4.2, f belongs to P(p*, a, 004 + (1 — §)pa) = P(p*, a, va) and Proposition 4.1 will ensure that p* is
the Fréchet mean of pu.



In the rest of the proof, we show that there is a p* € S! such that %FMP(HI’;*) = 0 with dgi (p, p*) <
(I — 8)pq. To this end, suppose that m(u,) > 0 (the case m(u,) < 0 is similar). Equation (3.5)
implies that -2 F, (0) = —m(up,) < 0, and let us check that, under the hypothesis of Theorem 4.2, we
have %FM ((1 = d)pa) < 0. Since %FM is a continuous function, the intermediate value Theorem
will ensure the existence of a critical point p* such that [67.] < (1 — d)¢,. Equation (3.1) gives

d

gt (1 =0)pa) = (1 = d)pa = 2mpuy ([=m, =7 + (1 = 8)@al) — m(up).
We have —2mp,([—m, —7m+(1— 5) [) > (a— 1)(1 0)¢q since f € P(p,a,dp,) and |—7 + (1 — 0)pq| >
d¢q. Moreover, — ( ) > 00 — g2 (T — 0 )% by Lemma 4.2 Statement 3. It gives,

d (5—60 +0%)ay/a+ (1 —6)a— (20 +1)/a—1

il - >

This quantity is positive as soon as 1 > a > ag, where /ag is the root of the polynomial X +—
(5 —60 +62) X3+ (1 —0%)X?% — (26 + 1)X — 1 that lies in ]0,1]. It is easy to see that a1 = 1 and
2
numerical experiments show that the (increasing) function 6 — as takes its value in ]0.39,1[ for
§ €]0,1[. O

5 Fréchet mean of an empirical measure

5.1 Existence

Let Xi,..., X, be independent and identically distributed random variables with value in (S!,dg1)
and of probability distribution p. The empirical measure is defined as usual by

1 n
= E;éxi

and we note pj, the empirical Fréchet mean defined as the unique argmin of Fy»(p) = 5= Y1, d2, (p, X;),
p € S'. In [18] a strong law of large number is given for the empirical Fréchet mean in a semi metric
space which is the case of (S!,dg1). In particular, if p exists for each n € N, the empirical Fréchet
mean is a consistent estimator of the Fréchet mean. Indeed, the empirical Fréchet mean is well defined
almost surely for a wide class of probability measures as the following fact from [2] Remark 2.6 shows,

Lemma 5.1. Let pu be a non atomic probability measure on the circle, i.e satisfying p({p}) = 0 for
all p € St. Then for all n € N the empirical Fréchet mean exists almost surely.

Hence, the empirical Fréchet mean p}, of a probability measure p can be computed even if p does
not possess a well defined Fréchet mean.

5.2 Consistency

If the Fréchet mean p* of u is well defined, we study the rate of convergence of the empirical Fréchet
mean pj, to p*.

Proposition 5.1. Let p be a measure with density f : S — R that admits a well defined Fréchet
mean p*. Then, there exists a strictly increasing function p :)0,m[—]0, 400 such that for all p € St,

p#p*
Fu(p) — Fu(p*) = p(ds:(p,p")).

If p} denotes the empirical Fréchet mean, we have for all x > 0

P (pldss 0" 2 0002 ) <207 (1)

where s = max{|z — y|, z,y € support(u)} and C(s) = (4% + 4725 + 25) < 4w (2w + 7+ 1).

10



The function p in the statement of the Proposition 5.1 determines the rate of convergence of p}, to p*.

Proof. The first claim about the lower bound p is a direct consequence of the following Lemma:

Lemma 5.2. Let f: [—m, m[— R be a continuous function on [—m, 7| (see Section 3). If f vanishes
at a unique point Oy € [—m, [, then there exists a strictly increasing function p :]0, w[—]0, +o00[ such
that for all 6 € [—m, w[\{0},

f(0) = p(ds1 (6o, 0)).

Proof. As f is the restriction on [—7, 7| of a continuous periodic function we can assume, without loss
of generality, that 8y = 0. Then, define for all 8 €]0, 7|

1 ? : .
p(0) = m/o g(t)dt, where ¢(t) = min {f(—t),f(t), glg}ff(ﬂ} , for all t € [—m,7[. O

We now focus on the proof of the concentration inequality (5.1) which is divided in two steps: first
we show the uniform convergence in probability of F; un to Fy, and then, we deduce the convergence
of their argmins by using the lower bound given by the function p. Equation (3.1) implies that

d d
2 Fyn(0) — F, (0)] <2 o Fu (0) = <2 Fy (0)] + 2| Fip (0) = F, 0)
2 (B @) = B @) <2m sup |GFg0) = 5, 0]+ 2[Fi(0) ~ iy (0)
<47 [mpy) — m(ug)| + 2| may) — ma(u)| (52)
+47T20 S[llp [‘Mp([_ﬂ-aa[) - M;([_ﬂ-aa[){ (53)
e|l—m,m
where my(v) = [ t*dv(t), for a measure v on R. The term (5.3) can be controlled in proba-

bility using the Dvoretzky-Kiefer-Wolfowitz inequality (see e.g [15]), and we have for all z > 0,
IP’<47T2 SUPge[—m x| |\pp([—7,0)) — pi([—,0)| > 4772\/%) < 2e*. For the terms of (5.2) which in-
volve the first and second moment of 1, and p;, we use an Hoeffding type inequality which gives
for all z > 0, ]P’(4772 |m(pp) — m(p)| + 2 |ma(pp) —mg(ug){ > s(4m? + 23)\/§) < 2e77, where

s = max{|x —y|, x,y € support u} is the diameter of the support of p. Combining these two
concentration inequalities we have for all z > 0,

P <2 sup | Fy,, (0) — Fyn (9)‘ > (472 + 4m?s + 28)\/§> < 2e 7. (5.4)
feR n

We now use a classical inequality in M-estimation,

F,,0)
F,, (0p<) > p(ds1 (O, 0, )). Plugging this in equation (5.4) we have,

Fﬂp (ap;i) - Fﬂp (ap*) < 2sup¢9€[77r,7r[ ‘Fuﬁ (9) -
. By Lemma 5.2, there exists an increasing function p : Rt — R* such that F}, (6p:) —

*
n

P (p(dgl (O, 0p)) > (477 + d?s + 25)\/§> <277,

n

and the proof of Proposition 5.1 is completed. U

The function p that appears in the statement of Proposition 5.1 can be explicitly computed if the
density f € P(a, ). The parameter a €]0, 1] can be interpreted as a measure of the convexity of F),,
on the interval [—¢p, ¢]. For example, if o = 1 and ¢ = ¢, = 7, then y has its support contained in
[ T T T T

—%,%] and F,, is quadratic on [T, 7].

Proposition 5.2. Let u be a probability measure with density f : S' — R satisfying the hypothesis
of Theorem 4.2. Note p* the Fréchet mean of p and for all x > 0 we have

P <ds1(p22,p*) > /Bla, ) (£>%> <27,

n

where B(a, p) = C'max {y(g—i@, %} with v(a, ) = L (a(r — )2 — ¢?) and C = 4r(2n* + 7+ 1).

11



Proof. This result is a direct consequence of Proposition 5.1 and we only have to find a strictly
increasing function p : [0, 7] — R satisfying for all 0 € [—=, [, F,(p) — F,(p*) > p(dsi (p,p*)). As
pp+ admits a density fy+, the Fréchet functional F), . is twice differentiable and f € P(p*, o, ), see
proof of Theorem 4.2. Thus, for all 6 € [~7 + @q, 9o — 7], a second order Taylor expansion of F), . at

0 ensures that for some 6 € [—7 + Yo, T — Pal,

2 d2 G a9
Fup*(‘g)_Fup (0) = 20 d62 (6?) > 56 .

For all 0 € [—m, —a|U]paq, 7| we have by inequality (4.4),

Fupe (0) = Fu, (0) 2 S(a(m — 9a)? = 92) = 7(a,9a) > 0.

N | —

Then, let p(t) = t mln{y(a :pa) (2} > 2 mln{7 (0p) , 5§} for any ¢ < @q. O

5.3 Computation

Computation of the Fréchet mean of a general probability measure may not be an easy task as it is a
global optimization problem. In practice the Fréchet functional is not a convex function and a gradient
descent algorithm will only give a local minimum which depends on the initialization point.

2.4] 1.95|
19
22 1.85|
18
175

17

I R S S

165

16

1.55)

15

Figure 4: (a) and (b) Plots of F;» where n =10 and p™ = )" , dx, where the X; i.i.d of uniform law
A. The red points are the local minima computed with the described algorithm. (c) In blue: plot of
Fy» where n = 4. In green: the derivative of F,». The critical points are given by the intersection
between the green curve and the z-axis in black.

The Fréchet functional of an empirical measure is a continuous piecewise quadratic function as it

. 2 .
can be written Fn (0) = 55 Y11 (0—0% +27(Ljrygr((0% ) [—r0/(0) = L [—ro—n((0%, ) L0,2((F))) . This
formula together with Corollary 3.1 implies that the regular critical points (i.e point with no mass
at their cut locus) of F), are precisely the local minima of F},. Moreover, the cumulative distribution

function of u” is, here, piecewise constant with jumps of size % and we have

1
([ Z T y(0%,) = - Card{é?g(i < t}.

Thence, the derivative of the empirical Fréchet functional is piecewise linear and to find the critical
points amounts to solve n affine relations given by equation (3.1), see also Figure 4(c) for an illustration.
Note, that in practice, there are less than n solutions, see Figure 4(a) and 4(b).

The following algorithm takes as input the values {X;}? ; and returns the Fréchet mean of p" =
1 S 6
n i=19X;-

12



Initialization Step: Choose an arbitrarily point p € S!.

Compute the coordinates {9&, i and reorder them is increasing order. We denote 7, = —7 <7 <

T, <. STy <0:7'n_1Jr1 the n; negative sortedtermsandTO'F:ﬂ>Tl+2...27';;2 ZO:T;;_H

the no = n — ny positive sorted terms.

Compute the mean m(u}) = =(7y +... 4+ 7,, + 7 +...+7,,) and initialize 67, to 0, says.

# The first step compares all the local minima in [0, 7]

Step 1: For i from 0 to n; do

# Hg*mew is the candidate to be a critical point between 7, and 7,
Let 07, 0, = 275 4+ m(py)

# verify if 6},

new 18 @ critical point and then test its value. If better, keep it.

if 77 47 <O ey < Tipy +mand Fun (0. ,0,) < Fun(03.) then 67, := 6., end if
end for.
# The Step 2 is the same as Step 1 but for local minima in [—m,0f
Step 2: For i = 0 to ny do

Let 07, o = —2mi 4 m(py)

if 7 = <O oy <70 —mand Fyn (6. .,,) < Fun(60.) then 67, := 60, end if
end for.

# The value of 0). is the best argmin
Output: Return p* = e,(6).).

This algorithm can be extended to more general measures that the empirical one. The approach
will be the same: find the critical points of the Fréchet functional with formula 3.1 and compare
the values of the local minima. Unfortunately, there may be some computational issues as general
cumulative distribution function will be not piecewise constant anymore.

6 Conclusion

It is not straightforward to extend criterion such as the one given in Theorem 4.1 to more general
spaces, e.g. for the n dimensional sphere S™. Recall that the circle S' is a flat space in the sense that
it is locally isometric to the Euclidean space R. Then, the only phenomenon that induces uniqueness
issues of the Fréchet mean is the presence of a cut locus. The criterion presented in this note relies on
an explicit formula for the gradient of the Fréchet mean. Curvature has an extra effect on the metric
and makes difficult to derive exact computation on the Fréchet functional and its gradient. Moreover,
it is not clear if the role played by the uniform measure as a benchmark in the well definiteness of the
Fréchet mean in S' can be extended to n-spheres or non flat manifolds.
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