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THE PARABOLIC-PARABOLIC KELLER-SEGEL SYSTEM WITH
CRITICAL DIFFUSION AS A GRADIENT FLOW IN R¢, d>3

ADRIEN BLANCHET! AND PHILIPPE LAURENCOT?

ABSTRACT. It is known that, for the parabolic-elliptic Keller-Segel system with
critical porous-medium diffusion in dimension R?, d > 3 (also referred to as the
quasilinear Smoluchowski-Poisson equation), there is a critical value of the chemo-
tactic sensitivity (measuring in some sense the strength of the drift term) above
which there are solutions blowing up in finite time and below which all solutions
are global in time. This global existence result is shown to remain true for the
parabolic-parabolic Keller-Segel system with critical porous-medium type diffusion
in dimension R?, d > 3, when the chemotactic sensitivity is below the same criti-
cal value. The solution is constructed by using a minimising scheme involving the
Kantorovich-Wasserstein metric for the first component and the L2-norm for the
second component. The cornerstone of the proof is the derivation of additional es-
timates which relies on a generalisation to a non-monotone functional of a method
due to Matthes, McCann, & Savaré (2009).

1. INTRODUCTION
In space dimension 2, the classical parabolic-parabolic Keller-Segel system reads [17]:
Op =div[Vp —xop V],
(t,r) € (0,00) x R?,

T Oic = DogAc— agc+ Pop,
where p > 0 and ¢ > 0 are the density of cells and the concentration of chemo-
attractant, respectively, xo > 0, Dg, and [, are positive given constants, and 7 and
p are non-negative given constants. This system is one of the simplest models to
describe the aggregation of cells by chemotaxis: the diffusion of the amoebae in
a Petri dish is counterbalanced by the attraction toward higher concentrations of
chemo-attractant that they themselves emit. This model has been widely studied
mathematically in the last two decades with a main focus on the so-called parabolic-
elliptic Keller-Segel system (also referred to as the Patlak-Keller-Segel system or
the Smoluchowski-Poisson equation in astrophysics) which corresponds to the choice
7 =0, see [5, 14, 15, 22| for a review. In particular, a striking feature of the Patlak-
Keller-Segel system is that, given a non-negative and integrable initial condition py,
there exists a global solution only if ||po|li < 8mx0f0/Do while solutions blow in
finite time if ||poll1 > 87x0B0/Do. On the one hand, it is worth pointing out that
this phenomenon has some biological and physical relevance as it corresponds to
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2 A. BLANCHET AND PH. LAURENCOT

the formation of aggregates in biology or the gravitational collapse in astrophysics,
see [, 14, 15, 22| and the references therein. On the other hand, let us also mention
that such a behaviour is only observed in two space dimensions: indeed, solutions
do exist globally in one space dimension whatever the value of ||pg||; while, in space
dimension greater or equal to three, there are solutions blowing up in finite time
emanating from initial data py with arbitrary small mass ||po||1-

It has been shown recently that, in higher space dimensions d > 3, a generalisa-
tion of this model, which is known in astrophysics as the generalised Smoluchowski-
Poisson system [12], exhibits a similar threshold phenomenon. It differs from the
above classical Keller-Segel system by a nonlinear diffusion and reads:

{ Op = div [Vp™ — xopV<] ,

(t,z) € (0,00) x R?,
T = DoAc—age+ Bop,

(1)

where

2
m =2 7€ (1,2),
the parameters yo > 0, Dy, and [, are positive given constants, and 7 and « are
non-negative given constants. With this choice of m, observe that the porous medium
diffusion Ap™ scales in the same way as the interaction term div[pV¢| and that we
recover m = 1 for d = 2. Several results are now available for the parabolic-elliptic
version of (1) corresponding to the choice 7 = 0, see [3, 8, 26, 27, 28, 29, 30, 31| and
it was shown in [8, 31] that there is a critical value M, of the mass ||po||; of the initial
condition pg depending upon d, xo, Dy, and Sy such that:

o if ||po|l1 < M., then there is a global solution to (1) with initial condition p,
e given any M > M., there is at least one initial condition py > 0 with [|pg||; =
M such that the corresponding solution to (1) blows up in finite time.

Though the well-posedness of the parabolic-parabolic Keller-Segel system (1) (7 > 0)
has been investigated recently, studies focused on the case where the exponent of the
diffusion is strictly above 2(d — 1)/d [23, 28] and nothing seems to be known when
m = 2(d — 1)/d. The purpose of this paper is not only to show that global existence
is true in that case for sufficiently small masses ||po||; but also to give a quantitative
estimate on the smallness condition related to a functional inequality. We actually
prove global existence as soon as ||poll1 < M., where M, is the already mentioned
critical mass associated to the parabolic-elliptic Keller-Segel system.

Before describing more precisely our result and its proof, let us first get rid of
inessential constants in (1) and normalise the initial condition py for p by introducing
the rescaled functions

p(t,x) = Ru(Tt, Xx) and c(t,z) =To(Tt, Xx), (t,z) € [0,00) x R?

with
Dl/(d—2) Dd/(d—2)
- 0 and T = Bollpoly/" .

2/d

d/(d—2
R=DY x = — T =
1ol 1ol
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Then (u,v) solves

Oyu = div [Vu™ — xuV] |

) (t,2) € (0,00) x RY,
TOWw =Av—av+u,

with

X0 2/d @ 2/d
X = 3050 ||;00||1/ >0 and o= D(c]l/(dfz) ||,00||1/ 20,

while the initial condition ug of u satisfies ||ug|[; = 1. Owing to this transformation,
the smallness condition for global existence on ||pg||1 is equivalent to a smallness
condition on y.

Let us now describe the main result of this paper. We define

2
(3) Xe = m,

where Cyrg is the constant of the variant of the Hardy-Littlewood-Sobolev inequality
established in [8, Lemma 3.2[:

/Rd h(x) (Vo * h)(x) dx

che (L'NnL™)(RY),h#0p <o0.
(2 e

(4)  Chyps = sup

Here ) is the Poisson kernel, that is,

= 1 || 2-d d
= — ds = R
Yo(z) /0 (Irs) 72 exp ( P ) s=c¢q x|, xR,

where cq := I'(d/2)/(2(d — 2)7%?). Tt is shown in [8] that, when 7 = a = 0, solutions
to (2) exist globally provided that x € (0, x.] and the main purpose of this paper is
to prove that, when 7 > 0 and a > 0, solutions to (2) also exist globally in time if

X < Xe-
Theorem 1 (Global existence). Let 7 > 0, a > 0, ug be a non-negative function in
LYRY, (1 + |z|?) dz) N L™(RY) satisfying ||uoll = 1 and vy € HY(RY). If x < x. then
there exists a weak solution (u,v) to the parabolic-parabolic Keller-Segel system (2),
that is, for allt > 0 and & € C°(RY),

o u c L>®0,t; LY(R?, (1+ |z]?) dz) N L™(RY)), w™? € L2(0,t; H'(RY)),

o u(t) 20, flu(t)]: = 1,

e v € L0, ; HY(RY)) N L2(0, t; HX(RY)) N WL2(0,¢; L2(RY)), v(0) = vy,

and
& (u(t) — ug) d:p+/ / (V(u™) —x u Vo) -VEdr ds =0,
R4 0 JRd

70w —Av+av=u ae in (0,t) xR

Note that Theorem 1 is valid without sign restriction on vy. It is however easy
to check, using the non-negativity of u and the regularity of v, that vy > 0 implies
v > 0.
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Remark 2. As for the classical parabolic-parabolic Keller-Segel system in space di-
mension d = 2, we do not know what happens for x > x.. It is worth mentioning
that, unlike the parabolic-elliptic case, there might be global solutions to (2) for x > Xx.
as recently shown in [4] in the two dimensional case.

The proof relies on the fact that the parabolic-parabolic Keller-Segel system (2)
can be seen as a gradient flow of the energy

u(x)|™ 1 @
5)  Eafue] = /R {% — @) o(z) + 5 Vo) + 5 v(x)2} dz
in Py(R?) x L*(R?) endowed with the Kantorovich-Wasserstein metric for the first
component and the usual L%norm for the second component, where P,(R?) is the
set of probability measures on R? with finite second moment. Let us mention at this
point that, since the pioneering works [16, 21], several equations have been interpreted
as a gradient flow for a Wasserstein distance, see, e.g., [1, 2, 10, 20, 32|, including the
parabolic-elliptic Keller-Segel system in two space dimensions which actually can be
seen as a non-local partial differential equation and thus handled as a single equa-
tion [6, 7], and the literature concerning this issue is steadily growing. In contrast,
there are only a few examples of systems which can be interpreted as gradient flows
with respect to some metric involving a Wasserstein distance and, as far as we know,
a minimising scheme is used to construct solutions to the parabolic-parabolic Keller-
Segel system (with linear diffusion m = 1) in two space dimensions [11] and to a thin
film approximation of the Muskat problem [18].

To describe more precisely the approach used herein, we introduce the set
K := (P, NL™)(RY) x HY(RY)

on which the energy &, is well-defined, see below, and we construct solutions to (2)
by the now classical minimising scheme: given an initial condition (ug,vy) € K and
a time step h > 0, we define a sequence (up , Upn)n>0 i K as follows:

{ (Uh,O, Uh,o) = (Uoﬂfo) )

(uh,n—l—la Uh,n—l—l) € Argmin(u,y)e]cfh,n[ua 'U] ) n > 07

(6)

where

Fhnlu, 0] = +7 o= vnallz| + Ealu, v,

1 (Wi (u,up,)
7 |

and W, is the Kantorovich-Wasserstein distance on Py(R%). Several difficulties arise
in the proof of the well-posedness and convergence of the previous minimising scheme.
First, as the energy &, is not displacement convex, standard results from [1, 32] do not
apply and even the existence of a minimiser is not clear. Nevertheless, the assump-
tion x < x. and a further development of the modified Hardy-Littlewood-Sobolev
inequality (4) allow us to obtain an (L' N L™)(RY) x H'(RY) bound on minimising
sequences which permits in particular to pass to the limit in the term in &,[u, v]
involving the product uv, see Proposition 7, and prove the existence of a minimiser.
A similar problem is faced when using this approach to construct global solutions
to the parabolic-elliptic Keller-Segel system in two space dimensions [6, 7] and is
solved there with the help of the logarithmic Hardy-Littlewood-Sobolev inequality.
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A second difficulty stems from the fact that, unlike the parabolic-elliptic Keller-Segel
system, the Cauchy problem (2) cannot be reduced to a single equation. More pre-
cisely, to obtain the Euler-Lagrange equation satisfied by a minimiser (u,v) of Fj
in K, the parameters h and n being fixed, we consider a “horizontal” perturbation
for @ and a L%-perturbation for v defined for § € (0,1) by

us=(d+0Q)#u, wvs:=v+0w,

where ¢ € C°(R%R?Y) and w € C°(RY) are two smooth test functions, id is the
identity function of R? and T'#pu is the push-forward measure of the measure ; by
the map T'. Identifying the FEuler-Lagrange equation requires to pass to the limit as
0 —0in
Wh . i) = Wi ) sl il
20 4}
which can be performed by standard arguments [1, 32], but also in
1 v(x) — v )
g (7]1_) — U5115)<5L’) dx = / 71(3:) [U(x) 'U(§ + C(IL')) . w(x+5g<x)) dr .
R4

R4

This is where the main difficulty lies since
vo(id +6¢) — v
4}

but % is only in (L' N L™)(R%) and m < 2. Therefore, the regularity of (u, ) is not
enough to pass to the limit in this term and has to be improved. To this end, a
powerful technique is developed in [20], the main idea being to use as test functions
in the minimising scheme the solution to a suitably chosen simpler gradient flow
and analyse the short time behaviour of the outcoming inequality. In the framework
considered in [20] (see also [7]), the choice of the auxiliary gradient flow naturally
comes from the existence of another Liapunov functional which is different from the
energy. Such a nice structure does not seem to be available here but it turns out that
we are able to somehow extend the scope of this method by finding a simple gradient
flow (s — (U(s),V(s)) such that s — &E,[U(s),V(s)] is the sum of a decreasing
function and a remainder which can be controlled: for the problem (2) under study,
the choice is the solutions U and V to the initial value problems

AU —AU =0 in (0,00) xR:  U(0) =a,

— (Vi in L*(RY),

and
OV — AV +aV =0 in (0,00) x RY, V(0)

=7v.
Owing to the properties of (U, V), we have &,[u,v] < E,[U(s),V(s)] for all s > 0
and this particular choice and the known regularity of (U, V') allow us to pass to the
limit as s — 0 in the inequality (E,[U(s), V(s)] — &,[@,0])/s > 0 and finally obtain
the desired L?(IR?)-regularity of u, see Proposition 8 and Corollary 9. This regularity
allows us to pass to the limit in the Euler-Lagrange equation. This analysis is per-
formed in Section 2 where we prove the well-posedness of the minimising scheme (6)
and study the properties of the minimisers. Section 3 is dedicated to the proof of the
convergence of the scheme as h — 0, from which Theorem 1 follows.
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2. THE MINIMISING SCHEME

For a > 0 and (u,v) € (L' NL™)(R?) x HY(RY), we define the functional &,[u, v]
by (5). First notice that it is well-defined as the integrability properties of v and v
ensure that uv € L1(RY): indeed, by the Holder and Sobolev inequalities

m 1/d
(7) luvlly < [lullzaas2) [0llaza-2 < C llull’ Jully [Voll; < oo.

We next study the properties of £,, a > 0. To this end, let ), be the Bessel kernel
defined for av > 0 by:

&0 1 |ac|2 d
- = — - = ds, € R%,
% (:c) /0 (4 s)d/2 exp ( s as) S X

the case a = 0 corresponding to the already defined Poisson kernel. For u € L'(IR%),
Sa(u) := Yy * u solves

(8) —AS,(u) + aSq(u) =u in R?

in the sense of distributions, see [19, Theorem 6.23]. The Bessel kernel is also referred
to as the screened Poisson or Yukawa potential in the literature.

We now show that a modified Hardy-Littlewood-Sobolev inequality is valid for the
Bessel kernel )V, for oo > 0:

Lemma 3 (Hardy-Littlewood-Sobolev inequality for the Bessel kernel). For a > 0,

/Rd h(x) (Vo * h)(x) do

che (L'nL™)(RY, h#0 3 = Curs ,
1A (Al

(9)  sup

where Cyrs is defined in (4).

Proof. We denote the left-hand side of (9) by p,. By the definition of ), and ),
(10) 0 < Valz) < Vo(z) for ze€R?.

Therefore, for h € (L* N L™)(RY),

[ @) Q@) do < [ b G B @) do < [ Jha)] o s ) da

m 2/d
< Crs Rl 127

whence p,, is finite with p, < Chrs .
Conversely, given a non-negative function h € (L' N L™)(R?), we define hy(z) =
N h(Az) for A > 1 and x € R%. Observe that

(11) [lhall = IRl sl = X2 1IR]5,

and /Rd ha(x) (Vo x hy)(z) doz = )\d_Q/ h(x) (Var-2 x h)(z) dz .

R4

As A — 00, Y,a—2 converges pointwisely to )y for x # 0. Moreover, by (10),
0 < h(@) Var-z *h)(x) < h(z) Vo xh)(z), = €R.
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Since h (Y * h) € LY(R?) by the classical Hardy-Littlewood-Sobolev inequality [19,
Theorem 4.3], we infer from Lebesgue’s dominated convergence theorem that

lim () (Var—2 x h)(x) de = / h(x) (Vo * h)(x) dx .

A—=00 Jpd Rd
By (11), it implies
/ ha(z) (Vo x hy)(x) do / R(x) (Var-2 * h)(z) dz
fho > lim 2B 57d = lim Z& 27d
Ao 1Al Al Ao 172l 111
/ h(x) (Vo * h)(x) dx
R4

2/d
[

This inequality being valid for all non-negative h € (L' NL™)(R?), it readily extends
to all h € (L' N L™)(RY) so that p, > Chrs, and the proof is complete. O

With the above notations, we have an alternative formula for &, for a > 0.

Lemma 4. Let a > 0, u € (L' NL™)(RY), and v € HY(R?). Then
1 o
Ealu, v] = Ealu, Sa(w)] + 5V (v = Sa(w) |7 + 5 llv = Sa(w)5-

Proof. We proceed as in [9] and first claim that S, (u) € HY(R?) so that &,[u, Sa(u)]
is well defined. Indeed, since m € (1,d/2) and u € (L' N L™)(R%), we infer from [19,
Theorem 6.23 (v)] that S,(u) € L™(R?) for all r € [1,dm/(d — 2m)]. In addition,
using a rescaling with respect to the parameter «, we deduce from [25, Chapter V,
§ 3.3, Theorem 3| that, for all p € (1, m], there is C' = C(d, p) such that

(12) ol Sa(w)lly + Vo [VSa()ll, + 1D*Sa(u)l, < C(p) llull,-

In particular, since 2d/(d + 2) € (1,m), we have S,(u) € W*?#/(4+2)(R?) and the
Sobolev embedding guarantees that V.S, (u) € L?(R%). Also, dm/(d — 2m) > 2 and
we thus have S, (u) € L2(R%), thereby completing the proof of the claim.

We now compute

Ealu, v] — Enlut, Sa(w)] :/

Rd

{ —ufv—Sy(u)] + % IV[v — Sa(w)]]?
+ Vv — Su(u)] - VS,(u) + % v — Sa(u)l?
oo = Sa@] Sa(w) | d
1 2 o 2
=S IVl0 = Sa@)3 + 5 llo = Sa(w)l
¢ [ o= 5.0 05,0 + 05, (0) ~ )] s

which gives the stated result by using the Bessel equation (8). U

A lower bound on &, follows from Lemmas 3 and 4:
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Lemma 5 (Lower bound on &,). Let x. be defined in (3). If a > 0 and (u,v) €
(L' N L™)(RY) x HY(R?), then

. Chrs 2/d m
(i) Ealuv] = 5 (xe = x Jull?) Jull
X
Moreover there exists C; > 0 depending only on d such that
.o 2/d m
(i) IVoll3 + allolls < 4 Eafu,v] + C ullF Jully:

Proof. Owing to the property (8) of the Bessel potential and the modified Hardy-
Littlewood-Sobolev inequality for the Bessel kernel (9), we have:

lulm 1 /
Eolu, Sp(u)] = —— — = uwS,(u) dz
[, Sa(w)] = s =5 | wSaw)
ulm - C .
llln_ Cs o g2/

~ x(m—=1) 2
Chs 2/d m
> 5 (e = i)l
The estimate (i) then readily follows from Lemma 4 and the above inequality.
Next, by (7) and Young’s inequality, we have
IVoll3 + ellv]l; < 28a[u, v] + 2]uv]y
m 1/d
< 28afu, 0] + C [ull July™ Vo]

[Vl 2/ |
< 2€afu, o] + T+ Ol ully

2/d

Vol + af|v||3

2
which gives the stated result (ii). O

< 2E,[u, v

m
lull

Though Lemma 4 is not true for a = 0 since Sy(u) ¢ HY(R?), it turns out that
Lemma 5 is still valid in that case as we show now.

Lemma 6 (Lower bound on &y). Let x. be defined in (3). If (u,v) € (L' NL™)(R?) x
HY(RY), then the statement of Lemma 5 remains true for a = 0.

Proof. Since we cannot use (u,Sp(u)) in &), we use an approximation argument:
recalling that, given ¢ € (0,1), S.(u) € HY(RY), we may compute

ol 0] — ol S-(u)] = 5 190 — S-(u))} — = / Se(u) (v — S.(u)) da.

R4
We infer from Holder’s, Sobolev’s and Young’s inequalities that

Eolu, v] — Eolu, S-(u)]
% IV (v = S ()l = & [15:(u)llaaara) [I(v = S:(w))ll2a/(a—2)

% IV(v = Sc(u))l; = C e 1Se(w)ll2qqar2) IV (0 = Se(w))]l2

—C & ||Sc(u) |54/ (ar2) -

v

v

v
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whence
(13) Eolu, v] > Eolu, Se(w)] — C € ||S=(u)lI2d/(ay2)
It next follows from the modified Hardy-Littlewood-Sobolev inequality (9) that
lulln 1 /
_ w2 2+ A
Eolu, S=(u)] -1 2 Ju Se(u) (2u+ AS.(u)) dz
b 1/
SN el | 7 S. g d
-1 2 (u) (u+e Se(u)) dz
[[ullm CHLS 2/d >
m m Sg U
Z m-1) [[eell5 el || (w)l3
Chs 2/d € 2
> m_ .
> 2 (x xmn)|mm 18wl

Combining (13) and the above inequality gives

c .
(1) Eafuv] = 55 (e = x Jull™) i = € < 180 aaray = 5 1S5

We are then left to study the behaviour of the last two terms of the rlght—hand side
of (14) as € — 0. To this end, we note that S.(u) = Yy * (u — e S.(u)) and it follows
from the regularity of solutions to the Poisson equation (see, e.g., [19, Theorem 10.2])
and the estimates (12) for the Bessel potential that, for p € (1, m],

(15) 15 () lap/(a-20) < C () [lu =& Se(u)ll, < Cp) [lullp-

We set py, := dm/(d —2m) > 1 and consider py € (1,2d/(d + 2)) to be determined
later on. Since 2 € (po, pr) and 2d/(d + 2) € (po, pm), We have

2— 2d — (d + 2
N=—e1),  pi= @+ 2P0 g1y,
and we infer from Hélder’s inequality, (12), and (14) that
e Sl < e [1Se(u)llpm 1Se(u)lly P
(16) < Clpo) MO ull e 7.
and
£2 ”S€<u)”gd/(d+2) < e? 1152 (u )H(d+2 ppm/d 152 (u )H(d+2)(lfﬂ)p0/d
(17) < C<p0) (2d+(d+2)(u—1)po)/d HuH(d+2 wpm/d ”u” (d+2)(1— /J,)po/d
Since N '
and

Pm = Do po=l P — 1
we can find py € (1,2d/(d + 2)) sufficiently close to 1 such that 1 + (A — 1)pg > 0
and 2d + (d+ 2)(u — 1)po > 0. Owing to (16) and (17), this property readily implies
that the last two terms of the right-hand side of (14) converges to zero as ¢ — 0.
Consequently, letting e — 0 in (14) gives that the estimate (i) of Lemma 5 is also

2d+ (d+2)(p—1)py =

>0,
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true for « = 0. The proof of the estimate for ||Vv|| is then the same as that of
Lemma 5 (ii). O

After this preparation, we are in a position to define and study the minimisation
scheme. Set
K :=(P,NL™)(R?) x H'(RY),
where Py(R?) is the set of probability measures on R? with finite second moment.
For a > 0, h € (0,1) and (ug, vg) € K, we define the functional
1 (Wi(u,ug)
Frlu,v| = — | ——
e vli= g (
where W, is the Kantorovich-Wasserstein distance on Py (R?). Our aim is to minimise
Fp, on K.

+ﬂw—%@)+&mwh

2.1. Existence and properties of minimisers.

Proposition 7 (Existence of minimisers). Given x € (0,x.), (ug,v0) € K, and
h € (0,1), there exists at least a minimiser (u,v) € K of Fy in K. Moreover, any
minimiser (u,v) of Fp, in K satisfies

(18) Fnlu,v] < Fplug, vo] = Ealuo, vo] -

Proof. We proceed in two steps.
Step 1: Estimates. Consider (u,v) € K. The lower bound on the free energy, see
Lemma 5 (i), ensures that

1 (Wi(u,u m
(19) Falu] 2 g (P20 o — wl) + ol

where 1 := Chrs (Xc — X)/2x > 0. Therefore, Fj, is non-negative in £ and we may
define

(20) w:= inf Fplu,v]>0.
(u,w)eK

Let (ug, vg)r>1 be a minimising sequence with w < Fp[ug, vg] < w + 1/k for k > 1.
Recalling that

W (8o, 1) < Wa(do, uo) + Wa(uo, 1), € Po(RY),

where &y denotes the Dirac mass in R? centred at x = 0, we deduce from (19) that,
for k > 1,

/d |z|?uy(z) do < Z/d 2| 2ug(z) da + 2W3 (up, uo)
R R

<2 [ fxfPuo(r) dz + 4hxFu[ux, ve]
R4

(21) <2 [ |z]Pug(z) dz + 4hx(w + 1) .
R4

It also follows from (19) and (20) that, for k£ > 1,

fh[uk,vk] i Qh}"h[uk,vk] S (1 %

1 T n

(22)  Jlugll + llow = vollz < P

) (w=+1).
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Furthermore, we infer from Lemma 5 (ii) that
(23) vang <4 Efug,vr] + C1 |luglm < C, k>1.

Step 2: Passing to the limit. Owing to (21), (22), and (23), it follows from the
Dunford-Pettis theorem that there are (us,vs) € (L' N L™)(RY) x HY(RY) and a
subsequence of (ug, vg)x, which is not relabelled, such that

(24) Up — Uy in (LN L™)(RY)
(25) Vp — Vs in HY(RY).

Since wuy is a probability measure for all & > 1, the convergence (24) guarantees
that us is a probability measure. Next, a classical truncation argument and (21)
imply that the second moment of u, is finite. Therefore, 1, belongs to Py(R?) and
(Uoos Voo) € K.

Next, weak lower semicontinuity arguments and the properties of the Kantorovich-
Wasserstein distance allow us to deduce from (24) and (25) that

L (W3 (uoo, o) > luslli , Vvsoll3 | @ llvsoll3
2 . e N7 YT _ m
2 5 ( = ) + el 5 .
< lim inf (]:h[uk,vk]Jr/ ug(x) v () d:p) :
k—oo Rd

We are then left with passing to the limit in the last term of the right-hand side
of (26). For that purpose, given n > 1, we fix a truncation function 6,, € C5°(R?)
satisfying 0 < 0, (x) < 1 for all z € R? and

1 iz <n
On(z) = { 0 if|x]>2n.

By (23), (6,, vg)x>1 is bounded in H}(B(0,2n)) for each n > 1 and, using a diagonal
process, we can extract a further subsequence, not relabelled, of (vj)g>1 such that

(27) O, vy — 0, Vs in LP(R?) for any p € [2,2d/(d —2)) and n > 1.

It next follows from the Holder and Sobolev inequalities that

, (d+2)/2d
2 2
< ||vkll2d/(a—2) [ / upt dx]

{lz|>n}

/ (1 —0,) upvy do
R4

1/d
<CIVallul? || wal
{|z|=n}
C Yo
m/2 2
(28) < oo IVnlalual? | [ o as] <22
the last inequality being a consequence of (21) and (22). Similarly, since (ts0, Vo) €

KC, we also have

(20) <

C
n2/d

/ (1 —6,) s Voo dx
R4
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Thanks to (22), (28), and (29), we have for all n > 1

< +

/ (Ug Vg — Uso Voo) d / O (Vg — Voo) Uy dx
R4 Rd

/ O (U — Uno) Voo dix
R4

+ +

/ (1 —0,) upvy dz
Rd

/ (1 =0,) us Voo dx
R4

<C ||9n ('Uk - voo)”m/(m—l) +

/ O (U — Uoo) Voo d
R4

+Cn~%

Since 2 < m/(m — 1) < 2d/(d — 2) and 0,v, € L™ (m=D(R?), the first two terms
of the right-hand side of the above inequality converge to zero as k — oo by (24)
and (27). Thus, for all n > 1,

lim sup / (Ug Vg — Uoo Voo) d| < Cn=2/
k—o0 R4
Letting n — oo gives
(30) lim [ w(z)vg(z) de = / Uoo () Voo () da .
k—oco Rd ]Rd

Combining the inequalities (26), (30) obtained previously, and the minimising prop-
erty of (ug,vy), we end up with Fj[te, Vo] < w. Since (s, Vo) belongs to K, we
actually have F,[tso, Uso] = w by (20) and (e, Uso) is thus a minimiser of Fj, in K.

Finally, given a minimiser (u, v) of Fj, in I, the inequality (18) is a straightforward
consequence of the minimising property of (u,v). O

We next improve the regularity of minimisers of F, in K by adapting an argument
developed in [20]. The key argument in [20] is the existence of an additional Liapunov
functional for the problem under study which is associated to another “simpler”
gradient flow, the solutions to this gradient flow being then used as test functions.
Though there does not seem to be such a structure hidden in the parabolic-parabolic
Keller-Segel system (2), we nevertheless find a simple evolution system, the solutions
of which we use as test functions and thereby obtain additional regularity for the
minimisers.

Proposition 8 (Further regularity of the minimisers). Let x € (0, x.), (uo,vo) € K,
and h € (0,1). Consider (u,v) € K be a minimiser of Fj, in K. Then, u™/? € HY(R?),
Av —av+u € LERY) and there exists Co > 0 depending only on d, x, o, and T such
that

4
(31) X IV (™) |3+ (| Av — aw+ |3 < 245(0) + Cs (Ealuo, vo] + Ealuo, vo] /™)

where
Hluo] — Hlu]

(32)  An(0) = I

(V203 + a flvollz = Voll3 — a[lv]l3)

>3
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and H is Boltzmann’s entropy defined by
(33) Hw] ::/ w(z)log(w(z)) dx.
R4

Recall that, if w € (P, N L™)(R?), then wlogw € LY(R?) and there is C3 > 0
depending only on d such that

/ wllogw| dz < Cy(1+ [wll™) + / w(z) (1+ |2?) de,
Rd Rd

(34) Hlw] > —Cs —/ w(x) (1+ [zf?) dz,

Rd
see, e.g., [13, p. 329]. Therefore, H[uo] and H[u] are well-defined and thus A (0) as
well.

Proof of Proposition 8. Let (u,v) be a minimiser of F, in K. We introduce the
solutions U and V' to the initial value problems

(35) U — AU =0 in (0,00) x R, U(0)=u in R%

and

(36) OV — AV +aV =0 in (0,00) x RY, V(0)=v inR%
Classical results ensure that (U(t), V (t)) belongs to K for all ¢ > 0 and therefore
(37) Fnlu,v] < FLU(@), V(1)], t>0.

Unlike in [20], the free energy &, is not a Liapunov functional for (U, V'). Nevertheless,
and this is actually the cornerstone of the proof, the time derivative of £, along the
flow of (35)—(36) is the sum of a negative term and a remainder term which can be
controlled. The claimed additional regularity on (u, v) results from the computation
of the time evolution of F,[U, V] and its proof requires several steps: we first use (35),
(36), and their gradient flow structures to compute the time evolution of F,[U, V].
The second step is devoted to control a remainder term arising in this computation.
Once this is done, weak convergence arguments and the lower bound on &,, see
Lemma 5 and Lemma 6, are used in the last step to obtain (31).

Step 1.

e It follows from (35), (36), and integration by parts that

—de (U, V] = —T/ U’”‘2|VU|2dx—/ U (AV —aV +aV) dx
Rd

dt @ X Rd
—/dU (AV —aV) dx—/d(AV—aV)zd:c
o _'_]RR’ R
where
D(t) := miXIIV (U™2@0)) I3+ I(AV —aV + U)(®)]5, >0,
and

R(t) = ||U(1)]2 —a/Rd(UV)(t,x) de, t>0.
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After integration we obtain

(38) QKW%V@H—&mmkg—AHXst+A%uﬁd& £>0.

e We next recall that the linear heat equation (35) can be interpreted as the gradient
flow of the functional H defined in (33) for the Kantorovich-Wasserstein distance
W, in Py(RY), see [16, 21]. Therefore, owing to the differentiability properties of
the Kantorovich-Wasserstein distance (see, e.g., [1, Corollary 10.2.7] and [32, Theo-
rem 8.13)), it follows from [1, Theorem 11.1.4] that

1 d
2 dt

Integrating with respect to time we obtain

SWU@),u0) < Hlug) — H[U®)], t>0.

3 VEU0),10) = Wi, w0)] < [ (lun] = HU)) dis
By the monotonicity of s — H[U(s)] we deduce that, for all £ > 0,
(39) % VR (U (1), u0) = Wy (u, u0)| < t(H[uo] — H[U(1)]) -

e Furthermore, it readily follows from (36) and Young’s inequality that

1 d
2 dt

—||V - v0||§ = —/ V(V =) - VV +aV (V —u)] de
]Rd
1
< —[IVVI5 + 5 (IVVI5 + [[Vwoll3) — e |[V]3
«
+ 2 (VI3 + fleol?)
1 1
—5 (IVVIE+a IVIR) + 5 (190l + a llwl) -

Integrating with respect to time and using the monotonicity of s — ||[VV(s)|3 and
s [V (s)||3 we end up with

(40) V(&) = voll3 = Ilv = wollz < t (IVwoll3 + e [leoll3 = IVV(O)II3 — a[[V(£)]3)

for all £ > 0.
e Combining the above estimates (37), (38), (39) and (40) gives, for ¢t > 0,

0 < FLU(), V()] — Frlu,v]

t
< o= (tfud] = M /D m+/n
t
+ o5 (IVwoll3 + e flwolls = IVV @5 — a [V©)]5)

which also reads

(41) /D ds < An(t) /R t>0,
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with
an(e) = P ZHIOL L 2 (19003 + ol [9VOIE = a IV -

Owing to the continuity and regularity properties of U and V', the function A has
a limit as ¢t — 0 and

(42) fim A, (1) = A44(0)

the constant A,(0) being defined in (32).

Step 2. We now estimate R. Since 2 € (m,2/(m — 1)), the Hélder and Sobolev
inequalities ensure that, given w € L™(R?) such that |w|™? € H'(R?), the function
w belongs to L2(R?) and

m 2/m
(43) w3 < wlhn w1 < C lwla [V(w™2)];™ .
Combining the above estimate with Young’s inequality gives
2 2
U 2 < = Um/2 C U m/(m—1)
U1z < o V@A), +C U ,
and thus
2 D m/(m—1)
(44) IWlz = 5 + ¢ Ul :
Moreover, we infer from (7) and Young’s inequality that
m/2 |jp71/d IVVI3 m
(45) a|UVIl < aClUIR UL [IVVle £ ===+ CllU |5 -

We now infer from (44), (45), and the time monotonicity of s — |[|[VV(s)||3 and
s+ [|U(s)|| that

1 1 [ 1 m m/(m—
s [ R as <5 [ D) ds+ 5 190+ C (s + ull/ )
0 0
By (41), Lemma 5 and Lemma 6 we finally obtain
I m m/ (m—
1 [ DO ds < 2400+ V0l + € (ully + i)
0

(46) < 24,() + C (Ealu, v] + Eqfu, v]V DY

Step 3. We are now left with passing to the limit as ¢ — 0 in the left-hand side
of (46). To this end, define first

1 t
Di(t,x) == ¥/ U™(s,x)ds, (t,z)€[0,1] x R%,
0

Sincem € (1,2) and U € C([0, 1]; L™(R?)), the function D; belongs to C([0, 1]; L2(R%))
and D, (t) converges to u™? in L2(R%) as ¢t — 0. Combining this property with (42)
and (46), we realise that (VD;(t))e(0,1) is bounded in L*(R% R?) and converges to-
wards V (u™/?) in H™'(R% R?). Therefore, V (u™/?) belongs to L?(R%;R?) and

(47) |V (/)5 < tim inf | VD (8)]3 -
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Similarly, defining

Dy(t, 2) ::% <A/OtV(s,a:) ds—a/OtV(s,x) d3+/0tU(3,:c) ds)

for (t,z) € [0,1] x R%, we infer from (42) and (46) that (Da(t))ie(0,1) is bounded in
L2(RY) while the continuity properties of U and V with respect to time guarantee

that Dy(t) converges towards Av — av + u in H™Y(R?) as ¢ — 0. Consequently,
Av — av +u € L*(R?) and

(48) |Av — av + ull; < lignionf IDy(1)]|5 .

ﬁ
Thanks to (42), (47), and (48), we may let ¢ — 0 in (46) and obtain the stated
result. O

Corollary 9. Let x € (0,x.), (up,v0) € K, h € (0,1), and consider a minimiser
(u,v) of Fp, in K. Then u € L*(R?).

Proof. Since u belongs to L™(RY) by the definition of K, Corollary 9 follows at once
from Proposition 8 and (43). O

2.2. The Euler-Lagrange equation.
Lemma 10 (Euler-Lagrange equation). Consider x € (0,x.), (uo,v0) € K, and
h e (0,1). If (u,v) € K is a minimiser of F, in K, then

[ =) +1 Ve (V@) = x w Vo)l da < [l

for any & in C°(RY) and

UV — g
h

In addition, V (u™) — x u Vv € L2™/Cm=U(R) and satisfies

(51) h ||V (u™)—xu Vv|]2m/(2m71) < Cy Wh(u, ug) HV (um/2) H

for some positive constant Cy depending only on d, o, x and T.

Proof. Pick two smooth test functions ¢ € C{°(R%R?) and w € C5°(R?) and define
Ts :=1id + 6 ¢ and

W22<u7 uO)

(49) 5

(50) T —Av+av—u=0 ae in R

1/m
2

us =Ts#Hu , vs:=v+dw
for 6 € (0,1), where id is the identity function of R? and T#u denotes the image
measure or push-forward measure of the measure p by the map 7'. Notice that there
is d; small enough such that Ts is a C*-diffeomorphism from R? onto R? for all
d € (0,0,) and Det (VT5) = Det (I4 V() > 0.
e By a standard computation, see [32, Theorem 5.30] for instance,
s [ — i

(52) iy L0 /R TH(VC() " (a) dr

6—0

e It is also standard, see [32, Theorem 8.13] that

(53) (15% WQ (U(S,UO)Q; WQ (U,UO) _ _/Rd(x _ VQO(I’)) . QOVgo(x) UQ(I‘) d{L‘,
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where V¢ is the optimal map pushing uy onto u, that is, u = Vp#uy and
Woww) = [ Jo= Ve@)P ufe) do
Rd

= inf {/ lz —T(2)|* uo(w) dz : THuo = u} .
R4
e Another classical computation ensures that
1 2 2 2 2
(54)  lim — [[|Vos[3 + e [Jos[ls = [Vol3 —a ol = | (Vv Vw+avw) do.
60 20 Rd
e Finally, by the definition of the push-forward measure,

/Rdm ~ g vy)(z) dz = / (@) [o(z) — v(Ty(@)) — 6 w(Tx(z))] dz .

Rd

Since u is bounded in L?(R?) by Corollary 9 and

T —
% L ¢-Vo inLARY),  woTs —w in LA(RY),
we conclude that
1
(55) lim = [ [uv— usvs](x) dx:—/ (u¢-Vo+uw) do .
600 Rd Rd

e Since (ug,vs) belongs to K, we infer from the above estimates (52), (53), (54),
and (55) that

1
0< (151_1)%5 (fT[U(S,U(S] —.FT[U,U])

= | @ = ota)) - oVipla) nle) do + T [ i) (o1a) = (o) da

- [ @) @) do - [ uw) o) ola) da

X Rd
_ /R () w(z) dx+/Rd[—Av(x) + av(z)] w(z) dz .

The above inequality being valid for arbitrary (¢,w) € C°(R% R?) x C5°(RY), it is
also valid for (—(, —w) so that we end up with

! ™ — v u Vo) dx TU_UO—vozv—u w ax
(56) ;Rdc-(wu) X u Vo) d +/R< Av + ) d
1
= iy Lo (E = Ve@) - CoVe(e) uole) da

Observe that, since V (u™) = 2 u™? V (u™?) and u € L™(R?) with V (u"™/?) €
L?(R?) by the definition of K and Proposition 8, Vu™ belongs to L!(R?) and the first
term on the left-hand side of (56) is meaningful.

Now, taking ( = 0 in (56) and using a density argument, the regularity of the
minimisers, see Proposition 8 and Corollary 9, readily gives (50). We next take
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w = 01in (56) to obtain
1
61 [ (V= xu Vo) o= [ (0= Vpla)) - oTipla) wfa) ds
R R

for all ¢ € Cg°(R% RY).
On the one hand, the Cauchy-Schwarz inequality and the properties of Vi ensure

that
1/2

/Rd(x — V() - CoVip(x) ug(x) da| < Wa(u, uo) ( 9 C(2)]? ulz) dx)

and we infer from the Holder and Sobolev inequalities that

[ @ = Vel - ¢oViola) uafe) da

1/m

< Wa(u, o) [€llam [[u™" |5

1/m
9 .

< C Walu,ug) [[Cllam ||V (u™?)]]

Recalling (57) we arrive at

1/m
2

< C Walu,uo) |[¢]lzm ||V (™)

¢ (V™) —xuVv) de

for all ¢ € C(R%RY), whence V (u™) — xuVv € L¥YCm=1(RY) and (51) by a
duality argument.
On the other hand, consider ¢ € C°(R?). Using Taylor’s expansion, we have

€(2) — E(Vp()) — (VE0 V) (2) - (z — ¢(@))] < | Do %

for x € RY. Multiplying the above inequality by ug, integrating over RY, and using
the properties of Vi give

tédkum—fu—(VfoV@)%kL—w)wﬂdx < | D?*¢]lse Wi (u, uq) -

Combining the above inequality with (57) (with ( = V&) leads us to (49). O

3. CONVERGENCE

Let x € (0,xc), (up,v0) € K, and h € (0,1). We define a sequence (up n, Unn)n>0
in I as follows:
(58) (un0,vn0) == (uo, vo),
and, for each n > 0,

(Uhnt1, Unnt1) 1s @ minimiser in IC of the functional

i W22 (u, uhm)
2h
Recall that the existence of (up 41, Vnnt1) is guaranteed by Proposition 7 since x €

(0, x.). We next define a piecewise constant time dependent pair of functions (uy, vy,)
by

Fh,n[uvv] = +T7 ”U - Uh,n”% +£a[uvv]7 (uvv) e K.

(un,vp)(t) == (Unn, Unn) » t € [nh,(n+1)h), n>0.
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3.1. Compactness. By the analysis performed in Section 2, (up(t),vs(t)) belongs
to IC for all t > 0 and (up,vy) is endowed with several interesting properties which
we collect in the next lemma.

Lemma 11 (Uniform estimates). There is a positive constant Cs depending only on
d, x, T, a, ug, and vy such that, for 0 < s <1,

() Ealun(0), (0] < Ealun(s), 0a(s),

(i) <i WS(uh’?l’um) + 7 [[vhnt1 — Uh,n||§> < 2E4[uo, vo] h,
n=0

(i) Jan 8+ Ve (D) < Cs.

(v) @1 + [ Ja unlt,z) do < Cs (1+9),

and, fort > h,

© [ (¥ () @+ 1 - @+ w)9)) B as < ¢ 4,

t
(vi) / 1V () = xunVon) () [omhim )y ds < C5 (1+1) .
h

Proof. e Energy and moment estimates: Let n > 0. It follows from the properties
of the minimisers of F ,, in K, see Proposition 7, that

1 |:W22 (Whont1, Uhon)

(59) o

2 +7 ||'Uh,n+1 - vh,n||§:| +ga [uh,n-i-la 'Uh,n-l—l] S goz [uh,na 'Uh,n] )

Consider s > 0, t € (s,00), and set N := [t/h] and v := [s/h]. T N > 1+ v, we
sum up (59) from n = v to n = N — 1 to obtain

Nf
1 Zl [W22<Uh,n+lauh,n)

— + 7 |[vnng1 — Uh,n||§ + Ealun N, vn ] < Ealuny, vny] -
2h X

Since both terms of the left-hand side of the above inequality are non-negative by
Lemma 5 and Lemma 6, we deduce (i) as

Ealun(t), vp(t)] = Ealunn, vhn] < Ealtihy, Vny] = Ealun(s), va(s)],
and (ii) by taking s =0 (v =0) and t — oo in

N—-1

Z [Wg (uh,n—l—la uh,n)
X

+ 7 th,nJrl - 'Uh,an S 2h, ga[uh,l/u Uh,l/] .

n=v
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The estimate (iii) directly follows from the lower bound on &,, see Lemma 5 and
Lemma 6, while we deduce (iv) from (ii) thanks to the inequalities

N-1

W (b0, unn) < Wa(do, uo) + Z Wa(Uh g1, Unn)

n=0
N1 1/2
< Wh(do, ug) + VN (Z WS(uh,nH, Uhn)>
n=0
and

N-1

|vn,nll2 < [lvoll2 + Z |Vhnt1 — Vnnll2
n=0

N-1 1/2
< |lwollz + VN (Z [ Uh,n||§) :
n=0

e Additional estimates: Assume now that ¢ > h. By the properties of the min-
imisers of F},,, in K, see Proposition 8§,

—|rv< B+ b | At = @V s + wnnall3
2 _
S ; (H[uh,n] - H[uh,nJrl]) + C(2 h, (ga [uh,na Uh,n] + ga [uh,n7 Uh,n]l/(m 1))

+7 (IVonalls + allvnalls = Vonasills = o flonnil®) -

Summing from n =0 to N — 1, it follows from (34), (58), (i), and (iv) that

N—-1

Z IV 2 D13 +h > A1 — WVt + Ui |

n=0
N-—1

(Hluno] — Hlunn)) + Coh Y (Ealtthn: vnn] + Ealtinn, vna]/" )

n=0
7 (Vonoll + allvnollz = Vornlls — allonnl3)

(KH[U]%Q] + 03 —|—/ ‘l’|2uh,N<SL’) dx) + 7 (HV@M]H% +« thgHg)

<

= o

IA

2
X
+ C2h Z altun,0,Un0] + Ealtno, vno] /")

§0(1+t),

whence (v).
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Finally, setting ¢ := 2m/(m+1) € (1,2), we infer from (51), (ii), (v), and Holder’s
inequality that

h Z HV (“hm7n+1) — X Unnt1 V”hﬂ“HZm/(szl)
-0

’ﬁ/m

N-1
<Y pt? Z Wég(uh,n—f—la Up,n) HV (u;l”ﬁrl) ,
n=0

><2ﬂvz

B 9/2

< C p? (1\[2:1 Wi (U i1, uhn)) (Z HV (“hmﬁrl)
n=0

<c (/h(NH)h HV <Uhm/2(s)) z dS) (2-9)/2

<C(1+1),
which completes the proof. (l

The following corollary guarantees the compactness of (uy,), (vs), and (Vo) with
respect to the space variable x:

Corollary 12. There is a positive constant Cyg depending only on d, x, T, o, ug, and
vo such that, fort > h,

| (@I + 19uI2) &5 < G+o),

t
/th@)uﬁp ds < Cy(141).
h

Proof. We infer from the regularity of the minimisers of 7, ,, in K, see Proposition 8,
(43), and the estimates of Lemma 11 that

/||uh (5)|2" ds < © / a9 S)H2 ds < C (1+1).

Next, since m € (1,2), we have Vu,, = 2u§? ™2y m/2)

estimates (iii) and (v) of Lemma 11 that

t
/ ||Vuh(s
h

Finally, since m > 1, we combme the estimates (iii)—(v) of Lemma 11 with (60) to
conclude. 0

/m and we infer from the

(uy*)( ||uh<s>||$;;m ds <O (1+1).

We now turn to the compactness with respect to time.

Lemma 13 (Time equicontinuity). There is a positive constant Cy depending only
ond, x, T, a, ug, and vy such that, for 0 < s <t,

lon(®) = en()ls < Cr (Vi—s+Vh)

Jun(t) — un(s) l-@rn < Cp (14 )T (3 — g 4 p)m=b/2m
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Proof. Consider s > 0, t > s and set N = [t/h] and v = [s/h]. Either N = v and

(up, vp)(t) = (up,vy)(s) which readily implies the result. Or N > v and, on the one
hand, we infer from the estimate (ii) of Lemma 11 that

N-1
lon(t) = vn($)ll2 = lon,y = vnollz < D ot = vnalla

n=v

N1 1/2
<+VvN-—-v (Z VR — Uhn”%)
n=v

S\/2(]\7—zj)hé’a[uo,vo] <c <M+ﬁ)

T

On the other hand, it follows from the Euler-Lagrange equation (49) that, for £ €
C¥(RY) and v <n < N — 1,

., g(uh,n-l-l - uh,n) dx
R

<h /d |Vf| }V (Uhm,n+1) — X Uhn+1 Vvh,n—f—l’ dz
R
W22 (Uh,n+17 Uh,n)

el 2R

whence, after summing up these inequalities from n =v ton =N — 1:

/Rd E(up(t) — up(s)) do /Rd E(up N — up,,) dz

N-1
<)
n=v

N

/ E(Uppt1 — Unp) dT
Rd
1

<h Y 1VElem IV (uftng) = X thnss Vonartfly om

N-1

+ [[€ w2 ZWQQ(uh,n—f—lauhm)'

Using the estimates (iii) and (vi) of Lemma 11, we obtain
N-1

Z Wi (U st tny) < C h,

n=v

and

N-1
h Z HV (“hm7n+1) — X Uhnt1 vvh7n+1H2m/(2mfl)

(N+1)h
< / IV () = X wn Vonllg o) d5
(v+1)h

< C [14 (N + 1)p)mHD2m (N — p)p)m=1/2m
S C (1 +t)(m+1)/2m (t — 54+ h)(m—l)/Qm’
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so that

< C (L4 )M (8 — 5 4 h)" D (V€] o

§(un(t) — un(s)) dz

Rd

+ C [[€]lwzes b

Since H%(RY) and H¥2(R?) are continuously embedded in L>®(R%) and L?>™(R%), re-
spectively, we end up with

[ gtu® — () s

from which the result follows by a duality argument. O

< C (L) (¢ — s 4 h)" DT s

3.2. Convergence. We are now in a position to establish the strong convergence of
(up)n and (vy)p, required to identify the equations solved by their cluster points as
h — 0. For further use, we define the weight o by

1
o(z) = —, zeR%.

V14 |z|? ’

Proposition 14 (Convergence). There are a sequence (h;);>1 of positive numbers
in (0,1), h; = 0, and functions
we ([0, 00 HWD(RY), v e ([0, 00) TR ofa) dr))
such that, for allt >0, € (0,1), and T > 1,
up, () — u(t) in H@2(RY),

op, (t) — v(t)  in LA(RY o(x) d),

up, — u in L5, T;L™(R?)),
(61)

vp, — v in L6, Ty HY(RY o(x) dx)).
Proof. Since H!(R?) is continuously embedded in L?(R%; o(z) dz), it follows from the
estimates (iii) and (iv) of Lemma 11 that {v,(¢) : (¢,h) € [0,00) x (0,1)} lies in a
compact subset of L2(R%; o(x) dx) while the time equicontinuity of Lemma 13 entails
that

limsup [ |vn(t,z) — vp(s,2)|? o(z) dz < Cr Vit —s, 0<s<t.
h—0 Rd

We then infer from a refined version of the Ascoli-Arzela theorem, see [1, Proposi-
tion 3.3.1], that there are a sequence (h;);>1 of positive numbers in (0,1), h; — 0,
and v € C([0,00); L2(RY; o(x) dx)) such that, for all + > 0,

vp, (t) — v(t) in L2(RY o(x) dx).

It next readily follows from the estimate (iv) of Lemma 11 and Lebesgue’s dominated
convergence theorem that

(62) vp, — v in LP(0,T;L*(RY% o(z) dx))
for all p € [1,00) and T > 0.
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Furthermore, recall that H2(R?) is compactly embedded in H'(R%; o(z) dz) which
is continuously embedded in L?(R% o(x) dz). Given § € (0,1) and T > 1, (vp)n
is bounded in L2(6,T; H3(R?)) by Corollary 12. We may then apply a standard
compactness result, see [24, Lemma 9], to deduce from (62) the second convergence
stated in (61).

Next, HY/™(RY) is densely and continuously embedded in L™ ™=Y(R9). Conse-
quently, L™(R?) is continuously embedded in H~*/™(R¢%) and we then conclude that
L™(RY) NLYRY (1 + |2]?) dx) is compactly embedded in H=(4*2)(R?). Owing to the
estimates (iii) and (iv) of Lemma 11, there is for each T" > 0 a compact subset of
H=@*2)(R?) (depending on T') in which w(t) lies for all A € (0,1) and ¢t € [0,7].
This fact along with the time equicontinuity of (uj) in Lemma 13 and [1, Propo-
sition 3.3.1], ensure that there are a subsequence of (h;);>; (not relabelled) and a
function u € C([0, 00); H~(@*2)(R?)) such that, for all ¢ > 0,

(63) up,(t) — u(t) in H@(RY).

Thanks to the estimate (iii) of Lemma 11 and the continuous embedding of L™ (R%)
in H=(@*2)(R%), we may combine (63) and Lebesgue’s dominated convergence theorem
to deduce that

(64) up, —u in LP(0, T H™H2(RY)

for all p € [1,00) and T > 0.
Finally, given § € (0,1) and T" > 0, it follows from the estimates (iii)—(iv) of
Lemma 11 and Corollary 12 that

(65) (un,);>1 is bounded in  L*(6, T; WH™(R?)) N LY(R% (1 + |z[*) dz)).

Since WH™(RY) NLY(RY; (1+|x|?) dz) is compactly embedded in L™(R?) and L™(R9)
is continuously embedded in H=(@+2)(R?), a further use of [24, Lemma 9] allows us
to deduce from (64) and (65) the first convergence stated in (61). O

3.3. Identifying the limit. In addition to the convergence of Proposition 14, we
note that the estimates of Corollary 12 ensure that, after possibly extracting a further
subsequence, we may assume that

(66) Avp, = Av in L*((6,T) x RY),

(67) up, = u in L¥(§,T;L*(RY)).

Now, checking that (u,v) is a weak solution to (1) follows from Lemma 10, Propo-
sition 14, (66), and (67) by classical arguments. Observe in particular that (61)
and (67) imply that (uh].Vvhj)Pl converges weakly towards uVv in L1((5,T) x

R% o(z) dz) for all 6 € (0,1) and T" > 1. We have thus constructed a weak so-
lution to the parabolic-parabolic Keller-Segel system (2) and proved Theorem 1.
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