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Abstract This paper is devoted to the analysis of non-negative solutions for a de-
generate parabolic-elliptic Patlak-Keller-Segel system with critical nonlinear diffusion in a
bounded domain with homogeneous Neumann boundary conditions. Our aim is to prove
the existence of a global weak solution under a smallness condition on the mass of the
initial data, there by completing previous results on finite blow-up for large masses. Un-
der some higher regularity condition on solutions, the uniqueness of solutions is proved by
using a classical duality technique.
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existence; Uniqueness.

1 Introduction

Chemotaxis is the movement of biological organisms oriented towards the gradient of some
substance, called the chemoattractant. The Patlak-Keller-Segel (PKS) model (see [13], [12]
and [17]) has been introduced in order to explain chemotaxis cell aggregation by means of
a coupled system of two equations: a drift-diffusion type equation for the cell density u,
and a reaction diffusion equation for the chemoattractant concentration . It reads

Ou = div(Vu™ —u-Vy) ze€Q,t>0,

“Ap = u—<u> € Qt>0,

(PKS) <pt)y> =0 t>0, (1)
ou=0,p = 0 r €00, t>0,
u(0,2) = wup(z) x €€,

where © C RY is an open bounded domain, v the outward unit normal vector to the
boundary 02 and m > 1. An important parameter in this model is the total mass M of
cells, which is formally conserved through the evolution:

1 1
M=<u>= [ /Qu(t,x) dx = @/Quo(m) dzx. (2)

Several studies have revealed that the dynamics of (1) depend sensitively on the parame-
ters N, m and M. More precisely, if N =2 and m = 1, it is well-known that the solutions
of (1) may blow up in finite time if M is sufficiently large (see [17, 16]) while solutions are
global in time for M sufficiently small [17], see also the survey articles [4, 10].

The situation is very different when m = 1 and N # 2. In fact, if N = 1, there is
global existence of solutions of (1) whatever the value of the mass of initial data M, see
[8] and the references therein. If N > 3, for all M > 0, there are initial data vy with mass
M for which the corresponding solutions of (1) explode in finite time (see [16]). Thus,



in dimension N > 3 and m = 1, the threshold phenomenon does not take place as in
dimension 2, but we expect the same phenomenon when N > 3 and m is equal to the
critical value m = m, = % More precisely, we consider a more general version of (1)

where the first equation of (1) is replaced by
O = div(¢(u) Vu—u Vo), t>0, z€,

and the diffusitivity ¢ is a positive function in C'(]0,c0[) which does not grow to fast
at infinity. In [8], the authors proved that there is a critical exponent such that, if the
diffusion has a faster growth than the one given by this exponent, solutions to (1) (with
#(u) instead of mu™~!) exist globally and are uniformly bounded, see also [6, 14] for
N = 2. More precisely, the main results in [8] read as follows:

o If ¢(u) > c(1 + u)? for all uw > 0 and some ¢ > 0 and p > 1 — % then all solutions of
(1) are global and bounded.

o If ¢(u) < c(1 +u)? for all u > 0 and some ¢ > 0 and p < 1 — % then there exist
initial data ug such that

lim ||u(.,t)||cc = 00, for some finite T > 0.
t—=T

2(N-1)

Except for N = 2, the critical case m = == is not covered by the analysis of [8]. Re-

cently, Cieslak and Laurencot in [7] show that if ¢(u) < ¢(1 —i—u)l_% and N > 3, there are
solutions of (1) blowing up in finite time when M exceeds an explicit threshold. In order
to prove that, when N > 3 and m = w, we have a threshold phenomenon similar to
dimension N = 2 with m = 1, it remains to show that solutions of (1) are global when M
is small enough. The goal of this paper is to show that this is indeed true, see Theorem

2.2 below.

By combining Theorem 2.2 with the blow-up result obtained in [7], we conclude that,
for N >3 and m = 2(N—N_l), there exists 0 < M; < My < oo such that the solutions of (1)
are global if the mass M of the initial data ug is in [0, M7 ), and may explode in finite time
if M > M,. An important open question is whether M; = M, when Q is a ball in RY and
ug is a radially symmetric function. Notice that, in the radial case, this result is true when
N = 2 and m = 1, and the threshold value of the mass for blow-up is M; = M, = 8,

see [6, 16, 15, 18]. Again, for N = 2 and m = 1, but for regular, connected and bounded

domain, it has been shown that M; = 47 = 22 (see [15, 16] and the references therein).
Such a result does not seem to be known for N > 3 and m = Q(N—N_l)

Still, in the whole space Q = RY when the equation for ¢ in (1) is replaced by the
Poisson equation ¢ = En * u, with Fny being the Poisson kernel, it has been shown in
[9, 5, 2, 20, 21, 3] that:

e When N > 3 and 1 < m < 2 — £, this modified version of (1) has a global weak
solution if M = ||lug||1 is sufficiently small, while finite time blow-up occurs for some
initial data with sufficiently large mass.

e When N > 2 and m > 2— %, this modified version of (1) has a global weak solution
whatever the value of M.



¢ When N >2and m=2— %, there is a threshold mass M. > 0 such that solutions
to this modified version of (1) exist globally if M = ||ug||; < M., and might blow up
in finite time if M > M.,.

From now on, we assume that

N>3 and m=

2 Main Theorem

Throughout this paper , we deal with weak solutions of (1). Our definition of weak
solutions now reads:

Definition 2.1. Let T € (0;00]. A pair (u,) of functions u : Q x [0,T) — [0, 00),
©: Q2 x[0,T) — R is called a weak solution of (1) in Q x [0,T) if

e u € L>®((0,T); L=(2)); u™e L*((0,T); HY(Q)) and < u >= M.
e 0 L*((0,7); HY(Q)) and < ¢ >= 0.

o (u,) satisfies the equation in the sense of distributions ; i.e,

T
—/ / (Vu™ -V —uVp - Vi) —u 0pp) dedt = / uo(x) ¥(0,z) dz,
0 Q Q

/OT/QVgp-de:cdt:/OT/Q(u—M)wdxdt,

for any continuously differentiable function ¢ € C1([0,T] x Q) with ¢)(T) =0 and T > 0.
For p € HY(Q) satisfying < ¢ >= 0, we denote by C the Sobolev constant where

. 2N
IVellz = Csllpllz-, where 27 = ———. (3)

The main theorem gives the existence and uniqueness of a time global weak solution to
(1) which corresponds to a degenerate version of the “Nagai model” for the semi-linear
Keller-Segel system, when ug € L*°(£2) and the initial data is assumed to be small.

Theorem 2.2. Define
2 C?

M, =| ———— , 4
() ®

where Cs is the Sobolev constant in (3).
Assume that ug is nonnegative function in L*°(Q), which satisfies

|[uollr < M. (5)

Then the equation (1) has a global weak solution (u,p) in the sense of Definition 2.1.
Moreover, if we assume that

p € L=((0,T); W2*(Q)) (6)

for all T > 0 then this solution is unique.



In order to prove the previous theorem, we introduce the following approximated equa-
tions

Ousg = div(V(us +06)™ —usVes) z€Q,t>0,

—Aps = us— < ug > x e, t>0,
(KS)s Y dyus = dpes = 0 rednt> 0,
us(0,2) = uo(z) r €,

where ¢ € (0, 1), and we show that under a smallness condition on the mass of initial data,
the Liapunov function

1
Ls(u.e) = [ (tal) + 51905l = us ) do.

yields the L™ bound of us(t) independent of 6. Then using Gagliardo-Nirenberg and
Poincaré inequalities, we obtain for p > m, the LP bound for us(t) independent of §.
As a consequence of Sobolev embedding theorem, we improve the regularity of ps. And
thus, under the same assumptions on the initial data, Moser’s iteration technique yields
the uniform bound of us. Then, thanks to the local well-posedness result [8, Theorem
3.1] we obtain the existence of a global solution of (KS)s. The existence of solutions
stated in Theorem 2.2 is then proved using a compactness method; for that purpose we
show an additional estimate on d;uj’ which, together with the already derived estimates,
guarantees the compactness in space and time of the family (us)se(o,1)- Finally, in the
presence of nonlinear diffusion and under some additional regularity assumption on g, we
prove the uniqueness using a classical duality technique.

3 Approximated Equations

The first equation of (1) is a quasilinear parabolic equation of degenerate type. Therefore,
we cannot expect the system (1) to have a classical solution at the point where u vanishes.
In order to prove Theorem 2.2, we use a compactness method and introduce the following
approximated equations of (KS):

Ousg = div(V(ug+9)™ —usVes) x€Q,t>0,

—Aps = us— < ug> x € Qt>0,
(KS)s dyus = dyps = 0 z €00t >0, (7)
us(0,2) = wup(x) x €,

where § € (0,1).
The main purpose of this section is to construct the time global strong solution of (7).

3.1 Existence of global strong solution of (KS);s

Theorem 3.1. For § € (0,1) and T > 0, we consider an initial condition ug € L>°(Q),
upg > 0 and such that ||ugl|1 < M, where M, is defined in (4). Then (KS)s has a global
strong solution (ug, s) which is bounded in L ((0,T) x Q) for all T > 0 uniformly with
respect to 6 € (0,1).

The starting point of the proof of Theorem 3.1 is the following local well-posedness
result [8, Theorem 1.3]:



Lemma 3.2. Let the same assumptions as that in Theorem 3.1 hold. There exists a maxi-
mal existence time T? . € (0,00] and a unique solution (us, ps) of (KS)s in [0,TS,,) % 2.
Moreover,

ﬁﬁm<mmmﬁw|m(ﬂk—m

In addition < us(t) >=<ug >= M for allt € [0,T2,.).

T max

To prove Theorem 3.1 we need to prove some lemmas which control L™ norm, L? norm
and L norm of the solution wus of (7).

3.2 [P -estimates, 1 < p < .

Our goal is to show that if ||ug||; is small enough then all solutions are global in time and
uniformly bounded.

Let us first prove the L™ bound for wug.

Lemma 3.3. Let the same assumptions as that in Theorem 3.1 hold and (us,ps) be the
nonnegative mazximal solution of (KS)s. Then, us satisfies the following estimate

s ()| < Co, for all t € [0,T2,.)

) - max

and ||lug(t)||1 = ||uo||x where Cy is a constant independent of T?,,.. and §.

max

Proof. In this proof, the solution to equation (7) should be denoted by (us,ps) but for
simplicity we drop the index.
Let us define the functional Lg by

Lstune) = [ () + 596 —u 9) do

/ / ma+5 dadz,

such that bs(1) = b5(1) = 0 and b(u) > 0. Accordmg to [11] it is a Liapunov functional
for (KS)s. Indeed,

iL(g( (t),e(t) = / bs(u) Opu dx — / Ay Oyp dxr — / O dx — / u Opp dx
dt ) Q Q Q
= / Opu (bs(u) — ) do — /(Ago +u) Owp dx
Q Q

= / div (m (u+6)™"" Vu—u Vo) (b5(u) — ) dz — / <u(t) > Owp dx
Q Q

where

d
= —/(m (u+ 8™ Vu—u V) (b)(u) Vu— V) de — M afgpd:r
Q Q

= —/ u (0§ (u) Vu — V)? dx
Q

< 0

Then, we can conclude that for all ¢t € [0,T?,,,) we have Ls(u(t), o(t)) < Ls(uo, ¢o). Using

’ - max

Sobolev inequality (3), Holder inequality, and Young inequality we obtain

1 C;2
2

Au¢¢VQWMWWHw < CHIVell2 [full g, <

2N -
Nt2



Since ]%, JJFVQ < m, and using interpolation inequality we get,
1 N—1 m
el za < [full{¥ [ullm™ < M QI [Jull-
2
Then,

Cs 2 2
X QIR [l

1
[ e de<3IIvels+
Q
Substituting this into the Liapunov functional, we find:

O 2
2

1 1
Lifue) > [ (s + 516l) da = 51l -

> /Qb(g(u) d

We next observe that:

bs(u) = m// ©O+s)™ dsdz>m// s™2 dsdz

u+1>

v

m—l m—1 m—l m—l'
Then:
1 C? 2 2 m
> - m _ s 2 2 m___m
Lilwg) > —— |l — S 0% M il — " 0 o)
1 C;2 m m
_ — ™ el
(-5 #) Dl - 2 10
Let us define wys by
1 G2 5 o Qv 2,
- Y Q¥ = MY - M
o= T Ty MV RN = 5 V)

Since M = ||ug||1 < M, then wyy is positive. Finally we get,

Ls(uo, o)+ ——= M || = Ly(u(t), p(t) + —== M | = wonr [[u(D][}: for t € [0,T}).

In addition, we can see that Ls(ug, pg) < C where C' is independent of § € (0,1). In fact,
Ls(uo, p0) = /Q(bé(uo) + %|V800|2 — ug o) du,

and, since (6 + )™ 1 <™t 4 s <14 s™~! we obtain

m—1
s(up) m/ / 5+8 dsdz<m/ / 1+8 dsdz

<m(uplnuy —up+1) + —1 <—O —ug + 1)
Using Young inequality we get
||luollm | m [
Li(uo, p0) < m [luoll§ +m 0]+ o2l 4 TV 4219l + 2 luollg + 5 loll3

since up € L>®(Q) and ¢g € HY(Q) we get Ls(ug,po) < C where C is independent of §
and the proof of the lemma is complete. O



Thanks to Lemma 3.3, let us now show that for all p > m the LP bound for us.

Lemma 3.4. Let the same assumptions as that in Theorem 3.1 hold. Then for all T > 0
and all p € (1,00) there exists C(p,T) independent on & such that, for all t € [0,T2,.) N
[0, T, the solution (us,ps) to (KS)s satisfies

lus(®)ll, < C(p, T), (8)
and .
/ /(5 + ug)™ ! u§_2 |Vus|? deds < C(p, T). 9)
0 Jo
To prove the previous lemma we need the following preliminary result [20].
Lemma 3.5. Consider 0 < q1 < qo < 2*. There is C1 depending only on N such that
[ullgy < C 1l sy Nullf, for u e H' (), (10)

with
. 2N (q2 — q1)
o= @[(N +2)q1 +2N(1 — q1)] € 0.1)

Proof. For u € H'(2) we have by Sobolev inequality
ull2s < Cn|lullpr (11)
By interpolation inequality we have for 0 < ¢1 < go < 2*
llllge < [ful3+ [lullg s (12)

where q% = % + lq;le. Hence, substitute (11) into (12) and the lemma is proved. [

Now, we recall the following generalized Poincaré inequality.
Lemma 3.6. For u € H' () we have for 0 < q; < 1 the following inequality
lull7p < Calar) ([Vull3 + [full3,),
where Cy depends only on ) and q.
Now using the last two lemmas, let us prove Lemma 3.4.

Proof. In this proof, the solution to equation (7) should be denoted by (us,ps) but for
simplicity we drop the index.
We choose p > 1, K > 0 and we multiply the first equation in (7) by (u — K )i_l and



integrate by parts using the boundary conditions for u and ¢ to see that
LR = - ) [ G K T

4 (p—l)/Qquo (- K2 Vu da

= —m(p—1) /9(5 tu— K+ K" (u— K)P? |Vul? dz

+ (p—l)/Q(U—KJrK) Ve (u— K2 Vu de

IN

—m(p—1) /Q(U—HS —K)" ! (u - K)er_2 |Vu|? dz

+ (p—l)/(u—K)ﬁ_1 Vgo-Vud:zH—(p—l)K/Vgp (u—K)ﬂ_2-Vuda:
Q Q

IN

—m(p—1) / (u+68—K)" ™t (u— K2 |Vul? da
Q
S (u—K)iAcpdm—K/(u—K)i_lAgpdx
p Q Q

< —mlp=1) [ (5= K (= KL [V o+ (),

where, thanks to the second equation in (7),

(I) = ’%1 Q(u—K){;(u—M)dx+K/(u—K)ﬁ‘1 (u— M) do

p—1 1
= T||(U—K)+||pi1+T(K M)|[(u — K)+[[5

+ Kll(u—K)|p+ K(K - M)||(u— K)4|[27]
K2 [[(u— K)4|[P7] + 2K [|(w— K) 4|2+ [)(u — K)4 |21

IN

Since for a > 0 and b > 0 we have a?~1b < aPt! + b5 and aPb < aPt! + Pt then,

() < 3l(u—K)|bf + K)PT + KPT (13)
and we get
d - -2
=K+l = —mp- 1)/{)(U+ §—K)" ! (u— K5 [Vul® do
+3pll(u = K)oy + Cp K77, (14)
for all ¢ € [0, T2,
The term ||(u — )+H§ﬂ can be estimated with the help of Lemma 3.5 and Lemma 3.6.
Assuming now that p > 2 we remark that 0 < p— <landl1l< ;i’:;l) = ]\27]_\[2 15& <
%, then thanks to Lemma 3.5 and Lemma 3.6 we obtain
p+m—1 Q-E-p-‘—l)l pt+m—1 2_5_1""1)19 p+m—1 Qj—p+i)1 (1_0)
(u—K), * sz(p"il) < Clp) <\|V(u —K), 2l llw=K) [Ty
prm— p+m—1
p+m—1 (p+1)1
+ - R, (15)
p+m—1




where

—1
- p;T — €(0,1)
Since
pm—1 Qf;ﬁ)l p+1 pt+1
= 8T IR = [ (= K de = [l - KL
p+m—1 Q
i1 2+1) 1 (p+1)(1-90) 2
2 p-‘—n’L—l(1 0) N
[Chak ONSENN s i = Q(’u—K)+ dz = |[(u = K)4[lf"
p+m—
and by Lemma 3.3
1 - lullm _ G
lw=Kulh = [ (0=K)do < gy [ K7 wde < g < 20

we substitute (17), (18) and (19) into (15) and obtain

m+p—1 _ (

o) K—(m—1><p+1>}.

1w = )41 < Ca(p) {IIV(U —K),? B K

We may choose K = K, large enough such that

Gt _2p(p-1)m

3 p Cs(p) K. S ntpo12
Hence q
Tl = EIlp < o) K27
so that
[1(u(t) = Ka)+ |5 < Cp) t+ [[uollh, for ¢ € [0, T3u)-
As

/ P dz < / 2 K || do +/ lu— Ky + K, da
Q u<2K, u>2K.

< QK)M +/ (2 [u— K.|)P dx,
u>2K.
< QRKDPTEM A2 [|(u - K|,
the previous inequality warrants that

lu@®llp < C(p,T), t € [0, Tmax) N[0, 7],

where C'(p,T) is a constant independent of ¢.

(16)

(17)

(18)

(19)

(20)

(21)

We next take K = 0 in (14), integrate with respect to time and use (8) to obtain

(9)-

Thanks to Lemma 3.4, we can improve the regularity of ¢;s.

O

Lemma 3.7. Let the same assumptions as that in Theorem 3.1 hold, the solution s

satisfies
1V5(t)]oo < L(T), t € [0, Tp) N[0, 7]

- max

where T'> 0 and L is a positive constant independent of d.



Proof. Using standard elliptic regularity estimates for g, we infer from Lemma 3.4 that
given T' > 0, and p € (1, 00), there is C(p,T) such that

s @llwz < Cp) |lus(®)llp < Cp,T), for t € [0, Timax) N[0, T].

Lemma 3.7 then readily follows from Sobolev embedding theorem upon choosing p >
N. O

+m—

Lemma 3.8. Let N >3, r >4, uc Li(Q), and u~ 2 e H(). Then it holds that

T+m

26
TTrm— _9 TTrm—
lullr < G777 Jlul 277 lu i o (22)

with
3N(r+m-—1)

T BN+2)r +4N(m - 1)

€ (0,1). (23)

Proof. For r > 4, we can see that

1
_ I 2
HUHT = </ (’U,H—ZL 1)T+3:—1 dIL’>T — HUM—ZL 1H£7
Q r+m—1

and

U P
2(r+m—1) r+m—1 N -2
By Lemma 3.5,
— r+m1< 0 T+m1 rem—1 1 _p T+m—1
lulle = ™3 1T < (€ 1™ Mg 15 10
and
2N (r-i-m 172 (7“+Tm—1))

r—i—%:—l (2N(1 o 2(r+m—l)) (N + 2) (r—i—m 1))
3N (r+m—1)

= € (0,1).
(BN +2)r+4N (m—1) 0,1)
In addition, we have
_1 Artm1) r+m—1
05 g = ([ W5 a0 =l
'r+'m 1 a
and we obtain (22). O

We are now in a position to prove the uniform L>(€2) bound for us.

Lemma 3.9. Let the same assumptions as that in Theorem 3.1 hold, and (ugs,ps) be the
nonnegative mazximal solution of (7). For all T > 0, there is Coo(T) such that
s (t)] oo < Coo(T), for all t € [0,T,,) N [0,T7,

) - max

where Coo(T') is a positive constant independent on 0.

10



Proof. In this proof we omit the index J§, and we employ Moser’s iteration technique

developed in [1, 21] to show the uniform norm bound for w.

We multiply the first equation in (7) by u"~!, where r > 4, and integrate it over 2. Then,

we have
d [l

_ m i r—1
% - - /Q(V(u +9) u Vo) -Vu' " dz

= —m(r—1) / (w+ 6™ w2 |Vul? do + (r — 1)/ u"t V- Vu dr
Q Q

< —m(r— 1)/ ™3 |\ Vaul? da 4 (r — 1)/ ! Vo Vu dz.
Q Q

By Young’s inequality and Lemma 3.7,

1 d r —4m r+m 2 ( — 1) ||VSO||OO/ r— m+1 r+m 1
. < - Vu dx Vu d
dtHuHT ~ (r+m-—1)?2 /‘ | + (r+m-—1) Q | | dz
—2m(r — 1) rtm—1 _
< v r—m-+1 d
< ) 3+ L [ da
—2’[’)’L(7" — 1) r+m 1 _
< —5||Vu c(r remtl g,
< 3o /Qu .
Using Hélder and Young inequalities and Lemma 3.3 we obtain
2m (T‘ — 1) T+m m—1 —(T uc
T < v C r—1
Lol < IV E e o) full Tl
2m (7' - 1) 'r+'m 2
Vu cr 24
eV B O el (24)
where we have used that r% <72 for r > 4.
By Lemma 3.8, we have for r > 4
T Ti—’;?. 01 T+m 7‘3—1’; 91
[lull; < CY ||u || D =B (25)
where
3N(r+m-—1)

0= < 1.

(BN +2)r +4N(m — 1)
Therefore, Young inequality and (25) yield that

2r 6 2r 6
207 flully < 20” OFF T BN W TE T
0r m (r—1) r—i—m—lH r+m1H
u
r+m—1 (r+m-—1)2 6r Csy(1) Lk
Or
n r+m-—1—0r 02()0(7’+m—1)r rA=0)Fm—1
r+m-—1 m(r —1)
. 2 or (r4m=1)
X (2 r)TERE oI |y (T

where C5(1) is the Poincaré constant defined in Lemma 3.6. Then we obtain

m (T - 1) T+m 1
272 ||u||n <
[l < Cs(1) (r+m—1)2|‘ HHl
__0r rm rdm r (A=0)r(r+m-1)
+ Clr(170)+m71 27‘((1 tm.nlz) 1 r}(1+e)+17)n+91 ||u|| r(1=0)+m-1

11



Now, since N > 2, which gives 4N > 3N + 2, we find the following upper bound for 6

3N
9§3N+2 (26)
In addition,
0r 0 1 3N
< =—-14+-—<— 2
rl—60)+m—-1—"1-86 +1—«9_ 2 (27)
r+m-—1 < r+m-—1 < 1 §3N+2’ (28)
rl—0)+m-1~"(1-6)(r+m-1) — 1-6 2
and 2 D+0r 240
r+m-—1)+0r +
< 9N + 4. 2
r(l—0)+m—1 _1—0_9 * (29)
AsCi > 1and r > 1, we get
m(T’—l) 'r+'m1 oN (1-0)r(r+m-—1)
9 2 ro< +4 r(1-0)+m—1
Pl < vl O (30)
Using Lemma 3.6 we have
r+m1 r+m1 7‘+m1
== < o) (19057 |3+ lu

HE (31)

Using Holder inequality, Young inequality and Lemma 3.3, we get
r+m—1
w2 |17 = rdm-1 S

r r+m—3 r—m-+1
: ully ™ <lull,
then

[Juol[, ™

r+m—3

r—m-+1
r—1

)

m (r—1) I rtm-1
(r+m—1)2

r— 3
L O

Jull
e e
u
r—1 \(r+m-—1)2 oll1

m rtT:L—l 2—m
< T2||U||:+<m ||uoll; ™ >

< rlully + .

(32)
Now substituting (32) and (31) into (30) we get
2 m ('I" - 1) 7‘+m 1 T+m 1
20 |l < oy (Ve 1+ Il
m (r—1)

r+m 1
Trm—1 IV

H ) +C T‘9N+4 HuH(lle)Te()#ll)

0)r(r+m—1)
13+ 2 [ull; + CF + € N [full. ST
hence

m (r—1)
1l < 2 o

r (1—6)(r+m—1)
IN+4 ||u|| r(1—0)+m—1

We apply Young inequality again to the last term of the above inequality. It is easy to see
that

2 (1-0)(r+m—1) (1—0)r+(1-0)(m—1)
3N+2§1_9_ r(l—0)+m—-1 r(1—60)+m—1 <1

12



so that

m (r—1) rt 3N+1

2(1,,||7 m=1 2 r IN-+4 T
Pl < Ve 2 B CE 1 (C AT T ally, (33)
for any r € [4,00).
Substituting (33) into (24) we end up with
d N
—lulll <r G e (€N lully < 5+ Or Jlull, (34)

for any r € [4,00), where a = (9N + 4)(3N + 1) + 1. After integrating (34) from 0 to ¢,
we obtain the L™ estimate for v as follows:

sup |[[u(t)|l; < l[uolly +T C5+C r* T sup [fu(t)][x. (35)
0<t<T 0<t<T
Since . )
[uollr < ffuolloc” [uolli < Cs,
then .
sup [lu(®)ll7 < Cr(T) 1 max {06, sup ||U(t)||g} , (36)
0<t<T 0<t<T
and we obtain for » > 4
1 [
sup ||lu(t)|lr < C7(T)r rr max {06, sup |\u(t)\|£} . (37)
0<t<T 0<t<T

We are now in a position to derive the claimed L estimate. To this end, we set

ap = maX{C’G, sup ||u(t)||4p}

0<t<T

for p > 0. Then we take r = 4P with p > 0 in (37) which reads

0, < 45 CuT)E max{GG, sup \|u<t>|\4p—1},
o<t<T

< 4T CH(T)® ap
since p < 2P for p > 1. Arguing by induction we conclude that
ap < 4°Tia 27 Cp(T)Zk=14" .
Then by using Lemma 3.3 we get

sup ||u(t)||lar < 4% C7(T) a9 < Cs(T).
0<t<T

Consequently, by letting p tend to oo, we see that u € L*((0,7T) x Q) and

sup |[|u(t)]|oc < Cs(T). (38)
0<t<T
Since the right hand side is independent of §, we have proved the lemma. O
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Lemma 3.10. Let the same assumptions as that in Theorem 3.1 hold, and (us,s) be the
solution to (7). Then for all T > 0 there is Co(T) such that the solution us satisfies the
following derivation estimate

T
/ Hat’u,gnH(Wl,N-‘-l)/ dt § Og(T).
0
Proof. Consider 1 € WHN+1(Q) and ¢ € (0,T), we have

/ m us' " (t) Oyus(t) ¢ dx

) - (Vu§' —us Vs) dx

= '/ LY+ VP - (Vg — us Vs) do

< m [ [t (V] V6] V] Vs
T Jl mlm — 1) w2 [Vugl? + [6lm — D [Vus (Vo] da
_ m m 1
< m [llusll " (963l 199112 + Vle sl Vsl
dm(m — 1) m—1 9 m—1 m
# Wl G 190 B+ 1l = IV T 9l

Using Lemma 3.8, Lemma 3.9, and the embedding of WHN*1(Q) in L>(Q), we end up
with

m__

< B (8), 00 >| < O(T) (||w< Yol + IVl 018 + 1) llwanss,

and a duality argument gives

8 ()| gy < C(T) <\|w?<t>\|2 IV IR + 1) .

Integrating the above inequality over (0,7) and using Lemma 3.4 with p = 2 and p =m
give Lemma 3.10. O

4 Proof of Theorem 2.2

4.1 Existence

In this section, we assume that ug is a nonnegative function in L>°(Q2) satisfying (5). For
0 € (0,1), (ug,¢ps) denotes the solution to (K.S)s constructed in Section 3. To prove
existence of a weak solution, we use a compactness method. For that purpose, we first
study the compactness properties of (ug, ©s)s-

Lemma 4.1. There are functions u and ¢ and a sequence (0p,)n>1, 6n, — 0, such that, for
allT >0 and p € (1,0),

ugs, — u, in LP((0,T) x Q) as 6, — 0, (39)

@5, — ¢, in LP((0,T); W>P(Q)) as &, — 0. (40)
In addition, uw € L>®((0,T) x Q) for all T > 0 and is nonnegative.

14



Proof. Thanks to Lemma 3.4 and Lemma 3.9, (uf")s is bounded in L*((0,7); H'(Q2)) while
(Opu)s is bounded in L1((0,T); (WLNF1)(Q)) by Lemma 3.10.

Since H'(€) is compactly embedded in L?(Q2) and L%*(Q) is continuously embedded in
(WENTL(Q), it follows from [19, corollary 4] that (uf) is compact in L*((0,T) x ) for
all T > 0. Since r — rm is %—Hb’lder continuous, it is easy to check that the previous
compactness property implies that (us) is compact in L>™((0,T) x Q) for all T' > 0. There
are thus a function u € L?™((0,T) x Q) for all T' > 0 and a sequence (8,),>1 such that

us, — u in L*™((0,T) x Q) as &, — 0, (41)
for all T' > 0, owing to Lemma 3.9, we may also assume that
us, — uin L=((0,T) x Q) as 6, — 0. (42)
for all T'> 0. It readily follows from (41) and (42), and Holder inequality that (39) holds
true. Since elliptic regularity ensure that
lps, = @5, llwze < C(p) [lus, — us, [lp,

forallk > 1,n > 1, and p € (1, 00), a straightforward consequence of (39) is that (¢s, )n>1
is a Cauchy sequence in LP((0,T); W2P(Q)) and thus converges to some function ¢ in that
space. Finally, the nonnegativity of u follows easily from that of us, by (39). O

Proof of Theorem 2.2 (existence). It remains to identify the equations solved by the limit
(u, ) of (us,, s, )n>1 constructed in Lemma 4.1. To this end we first note that , owing
to (39) and the boundedness of (us, ), and u in L*((0,T") x ), we have

ug’ — u™ in LP((0,T) x Q) as §, — 0, (43)

for all ' > 0. Since (V(us, + 6 )m+1 Jn>1 and (Vuj ),>1 are bounded in L*((0,T) x ©2) for
all 7' > 0 by Lemma 3.4 with p = 2 and p = m + 1, we may extract a further subsequence
(not relabeled) such that

V(ug, +6,)"2 — Va2 in L%((0,T) x Q), (44)
Vud — Vu™ in L*((0,T) x Q), (45)
for all T > 0. Then if ¢ € L*((0,T) x Q;RY),

T
‘/ /1/1- Vu(; +6,)" — Vu™] dxds
m41

u5n+(5 )m_V(u(sn—i—é) R } dxds

IA

m+1

/¢ V(us, +60) "% ((us, +6,)"7" —u"5") dads

2 —_—
+—m+1/ /UQ w- V(us, +6)7 —Vu?)da:ds
2 .
§m+1||¢||4||v(u5 +6) Iz [[(us, +00)"F —u”7 |l
2 m+1
+m+1//u2 . U5n+5) —Vu2>dmds.

Since vz ¢ € L*((0,T) x Q) we deduce from (39) and (44) that the right-hand side of
the above 1nequahty converges to zero as n — o0o. In other words,

V(us, +6,)™ — Vu™ in L3((0,T) x ), (46)
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for all T > 0.
Now, we are going to show that (u, ) in Lemma 4.1 is the desired weak solution in

Theorem 2.2. Let T > 0 and ¢ € C*([0,7] x Q) with ¥(T) = 0. The solution of (7)
satisfies

T
/ / [V(us, +0p)™ - Vb —us, Vs, - Vio—us, O] dedt = / ug ¥(0,z) dz, (47)
0o Jo Q
and

)

T
/ / (Vs - Vb + M o — ug, ] dadt = 0. (48)
0o Ja
From (46) we see that
T T
/ / V(us, + 0p)™ - Vo dedt — / / Vu'™ - Vi dadt as §, — 0.
0o Ja 0o Ja

From (39) we get

T T
/ / us, Oy dedt — / / u Oty dxdt as 9, — 0.
0 Q 0 Q

From (39) and (40) we get

T T
/ / us, Vs, - V¢ dedt — / / u V- Vi dedt as §, — 0.
0 Q 0 Q

Thus we conclude that u satisfies

T
/ / (Vu™ - Vip —uVep - Vi) —u-0pp) dedt = / uo(x) - (0, 2) dz.
0 Ja

Q

Similarly, from (40) we see that

T T
/ / Vs, - Vi dedt — / / V-V dzdt as §, — 0,
0o Jo 0o Jo

and from (39) we see that

T T
/ /U5n1/1dxdt—>/ /uwdxdtasén—>0.
0 Q 0 Q

Thus, we have constructed a weak solution (u, ) of (KS). O

4.2 Uniqueness

In this section, we prove the uniqueness statement of Theorem 2.2 under the additionnal
assumption (6) on . The proof relies on a classical duality technique, and on the method
presented in [2]

Proof. The proof estimates the difference of weak solutions in dual space H!(2)' of H(Q),
motivated by the fact that the nonlinear diffusion is monotone in this norm.
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Assume that we have two different weak solutions (u1, 1) and (ug,y2) to equations
(1) corresponding to the same initial conditions, and fix 7" > 0. We put

(u, ) = (u1 — ug, 1 — p2) in [0, T] x €.

Then ¢ is the strong solution of

—Ap = u in §,
e = 0 on 09, (49)
<> = 0.

Since dyu € L?((0,T); H'(2)'), we have
—Aath = 8tu1 — 8tUQ = 8tu in HI(Q)/,
and
1d 9
5IVelE = [ Ve Vo ds
= —< Aatgo, @ >(H1)’,H1:< Ort, >(H1)/,H1 . (50)

Now it follows from (1) that u satisfies the equation

O = div(V(u]* — u")) — div(u1 Vo + uVpa)
du = 0 (51)
u(0,z) = 0.
Substituting (51) in (50), we obtain
1d
——||Vy|} = /(u’ln —uy') Ap dz + / uy [Vol|?da —I—/ u Vs - Vo dr. (52)

The first integral on the right-hand side of (52) is nonnegative due to the fact that z — 2™
is an increasing function. The second integral on the right-hand side of (52) can be

estimated by
/ w1 [Vl dz| < Jfus]oo / Vgl da.
Q Q

For the last integral, using an integration by parts we obtain

/qu@-Vgpdx = —/A@Vgpg-Vgpdaz
Q Q
= / Vo -V(Vey - V) dx
Q
= Z/ i afjgpg O do + Z/ 0ip 0j2 8%@ dz. (53)
ij V8 ij 79
integrating by parts the second integral on the right-hand side of (53),
1
2 _ 2
Z/Q&«p djip2 Ojjp dz = 25/9@'902 9;|00]” da
(2] 2,7
1 2
= 5 [ Ver V(YD) do
Q

1
— _E/A@ |Vl|? dz
Q

C(T) |IVelf3,

IN
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since —Aps = ug— < ug >€ L*((0,T) x Q). Together with (53) the previous inequality
implies

/UVQOQ'VQOCL’B
Q

< o / (ID%0s] + 1) |Vol? da.
Q
< CT) (lgalleommasy + 1) /Q Vgl de,

provided that the L>((0,7); W%°(£)) norm of the function ¢, is bounded. Thus, sub-
stituting the above estimates in (52), one finally obtains

d
—/ Vo2 dz < C(T)/ Vol da. (54)

Notice that ||[Ve(0)|]2 = 0 which follows from (49) and the property u(0) = 0. Thus,
inequality (54) implies

V)5 < e“M " [|Ve(0)[[5 = 0.
Consequently, Vp(t) = 0 for all ¢ € [0,T] and, since < (t) >= 0, we have p(t) = 0
for all t € [0,T]. Using (49), we conclude that u(t) = 0 for all ¢ € [0,7]. Consequently
(u1, 1) = (uz, p2). [
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