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Abstract

In this paper, we are interested in a diffusion process based on a gradient descent. The
process is non Markov and has a memory term which is built as a weighted average of
the drift term all along the past of the trajectory. For this type of diffusion, we study the
long time behaviour of the process in terms of the memory. We exhibit some conditions
for the long-time stability of the dynamical system and then provide, when stable, some
convergence properties of the occupation measures and of the marginal distribution, to
the associated steady regimes. When the memory is too long, we show that in general,
the dynamical system has a tendency to explode, and in the particular gaussian case, we
explicitly obtain the rate of divergence.
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1 Introduction

We are interested in this work in the evolution of a diffusion with a drift defined as an average
over all past positions of a gradient of a functional. If k and & are two positive and increasing
maps, the process can be written as

t
dXt = — <k(1t)/ h(S)VU(XS)dS) dt—i-(T(t,Xf)th. (11)
0
Such diffusions are naturally derived from the family of deterministic ordinary differential
equations given by
1
!

¥ = —k(s)/o h(1) VU (x, ). (1.2)

For optimization procedure, this deterministic equation may be useful since the solution (x5)s>0
behaves like an inertial gradient descent: this point enables the solution to avoid some local
traps although this property is of course false with a simple gradient descent. In some re-
cent works of Cabot, Engler, and Gadat (2009a) and Cabot (2009), the authors propose a tricky
change of variable to link the behaviour of (1.2) with the second order differential equation
with a damping coefficient a:

Vt>0  z7(t) +a(t)Z(t) + VU[z(t)] = 0. (1.3)

More precisely, if T is the solution initialized with 7(0) = 0 of the ordinary differential equation




Cabot (2009) shows that if x satisfies (1.2), then z = x o T satisfies (1.3) with a damping effect a
given by

k'h + kh' 1 k(KW K
)= () o0 =35 (5 + %) e

Equation (1.3) is indeed a generalization of the so-called dissipative Heavy Ball with Friction
(HBF) system whose equations were first introduced by Polyak (1987) and Antipin (1994). If
U is a real positive map from R? to R, the HBF models the evolution of a ball left on the
graph of U and which is submitted to the action of the gravity with some friction resistance
proportional to its speed, the friction here is described through the application a. There exists
a large bibliography on equation (1.3) among the convex and optimization community, and
most of these works are concerned with the convergence of the trajectory and its optimization
properties. Most of the past works dealt with these properties depending on U and the re-
pelling coefficient a(t) that may (or not) depend on time t. When 4 is constant, some old result
of Haraux (1991) establishes the convergence of solutions through some critical point of U in
the one dimensional case when U is a bounded from below and coercive potential. More re-
cently, Alvarez (2000) shows the asymptotic convergence of solutions of equation (1.3) to some
minimum point of the potential U in Hilbert spaces with constant damping function 2 and any
convex potential U. In much more general cases, Alvarez, Attouch, Bolte, and Redont (2002)
yield some weak convergence of the trajectory to some minimizer (resp. critical point) of U
(always for constant friction effect ) when the potential U is convex (resp. analytic) and the
trajectory is weakly compact. At last, in a recent paper, Cabot et al. (2009a) establish some con-
vergence results and optimization properties of the trajectories with general vanishing (or not)
damping effect a and potential U.

In the sequel, we will be interested in the stochastic evolution of equations similar to (1.2)
in the special case of h = k' for k any positive increasing application. It can be shown that if k
increases at least as v/, then a is likely to be positive. In this situation, it is easy to compute T
for special memory functions.

o If k(t) = e, one can show that 7/(t) = t/+/A and a(t) = V/A.

o If k(t) = t* with a > 1/2, it is also immediate to see that T(¢) = t*/4a and a(t) = 2L,

Note that for each of these two situations, Cabot et al. (2009a) and Cabot, Engler, and Gadat
(2009b) have shown that the deterministic trajectory (zs)s>o solution of (1.3) converges to a
critical point of U which is generically a local minimum of U (the set of initialization points for
whom (zs)s>0 converges to a minimum is open and dense). Hence, we will be interested in this
work in the behaviour of the system (1.1) for these two typical cases of memory.

One may rely the behaviour of (1.1) to a stochastic HBF as follows. Indeed, a stochastic version
of (1.3) with any variance Xypr(s,.) can be expressed as a couple (z1,z2) satisfying

{ dz1(s) = —za(s)ds+Zpypr(s,z1(s))dWs,
dza(s) = —a(s)za(s)ds — VU(z1(s))ds.

Following the reparametrization X; = z; o T}, it is easy to show that (X;);>¢ and (z;(t))s>0 are
equivalent up to the change of parametrisation 7 if o and X ypr satisfy

Shpr(t,-) = o2(t, )/ T (T71(1)).

For instance, when k(t) = ¢!, a time homogeneous ¢ in the average gradient descent (1.1) is
equivalent to a time homogeneous Xpr in the stochastic HBE. At last, in the case k(t) = t*, a
time homogeneous L ypr in the stochastic (HBF) system corresponds to an annealing situation
where 02(t) = 2, {a/t}!/* although conversely, a time homogeneous ¢ in the average gra-
dient system (1.1) implies an increasing amount of noise in the stochastic HBF. In this work, we



will only consider the case of time-homogeneous ¢ since our main objective is to understand
the effect of the memory on the dynamical system with a fixed level of noise.

Regarding now the probabilistic past works, in a sense, our work belongs to the large class
of self-interacting diffusions introduced by Coppersmith and Diaconis (1987) that describe
some non Markovian dynamical system whose evolution depends on the whole past of the
trajectory. Such processes have been extensively studied in the discrete settings within the case
of Random Walks with Reinforcement by Pemantle (1992) for the evolution of a growing poly-
mer model.

In the continuous settings, Cranston and LeJan (1995) have studied a process (denoted (X;):>0)
that looks similar to the one introduced in (1.1) and have established the almost sure behaviour
of X;/t for a special drift based on a functional of the differences (X; — Xs)o<s<t- The process

is then reinforced by the occupation measure fot 0x.ds, (see also the work of Raimond (1997) for
an averaged drift based on % as well as the initial work of Durrett and Rogers (1992)).
Further works of Benaim, Ledoux, and Raimond (2002), Benaim and Raimond (2003) provided
some complete study of self-attractive or interactive diffusions with values in a compact set
when the process is reinforced by its normalized occupation measure (y;). They obtained some
convergence of (;) towards a measure defined as a fixed point of an equation derived through
a Gibbs field. Their work is mainly based on the powerful tool of asymptotic pseudo-trajectory
introduced by Benaim and Hirsh (1996) and a compactness assumption. Further results can be
obtained in the special case of symmetric self-interactions as pointed by Benaim and Raimond
(2005). In some very recent works (Kurtzman, 2009; Kurtzman & Chambeu, 2009), some study
of the asymptotics of such types of non-homogeneous Markov processes has been extended
to the non-compact setting. At last, one may also refer to the interesting works of Bakhtin
(2002) and Bakhtin and Mattingly (2005) where the authors define in a very general case some
diffusion for which the drift depends on the whole past trajectory: the drift coefficient of the
equation is a nonlinear functional of the past history of the solution and they provide sufficient
conditions for the existence and uniqueness of such solutions. Another common point with this
work is the intensive use of Lyapunov function of the system. Note that such infinite memory
diffusions may have some applications for stochastic Navier-Stokes equations (see e.g. Bakhtin
(2006) for further details).

From a pure technical point of view, we will use a dimensional increment to treat (1.1) with
Markovian tools. Hence, this space enlargement will naturally yield some coupled Langevin
equations on the position and speed of a particle. Some recent works have dealt with the study
of some processes (X;, V;)¢>0 based on:

dXy = Vdt,
d‘/t = F(Xt,vt)dt+0'(Xt,Vt)th,

and such coupled equations cover a large number of situations such that the kinetic Fokker
Planck equation for instance (one may find many details and references in Villani (2009), page
11 and the section 7 of chapter 1). To the best of our knowledge, the noise term dW always acts
directly on the speed component and not on the position increment. Note that in our work, the
noise will act on the position of the particle itself but not on its speed.

Let us now describe the main objective of the paper that is to study the long time behaviour
of the dynamical system defined by (1.1), in terms of U, ¢ and especially to t — k(t) that
plays the role of the “memory” of the system. More precisely, we will be interested in the
long-time stability of this process (i.e. existence and uniqueness of a steady regime, conver-
gence properties to this steady regime including rate of convergence), and a description of
this steady regime when it is possible. The paper is organized as follows. In Section 2, we
first state our basic definitions and a description of (X;) (solution to (1.1)) as a component of
a generally non-homogeneous R? x R?-Markov process that we denote (X;, Y;)i>o (see (2.3)).



Then, we give some preliminary results about the existence of solutions and on the hypoellip-
tic nature of (X, Y;);>0. Under some non-degeneracy conditions, this second result leads to
uniqueness of the invariant distribution in the homogeneous case. In Section 3, we state our
main results about the long-time stability of the of our process in terms of the memory func-
tion f +— k(t) or more precisely of 7o := lim inf(%/)(t) as t — 4o0. Throughout the paper, we
assume that k is a positive increasing function. Thus, r« belongs to [0, +co]. In Subsection 3.1,
we focus on the (stable) case: 1o € (0,+00]. Under some repelling condition on U, we build a
Lyapunov function for the dynamical system and state a series of results about the long-time
weak convergence of the occupation measures, some properties of the invariant distribution
and convergence rates for the marginal distribution of (X}, Y;)s>0 to the steady regime. Then,
in Subsection 3.2, we show that when 7, = 0 (i.e. when the dynamical system has too much
memory), (X¢)¢>0 has some long-time explosion properties. More precisely, we show that there
exists a subsequence (t,),>o such that t, — o0 and E[|X;,|>] — +oco. Furthermore, when
U(x) = x2/2, we obtain a CLT that gives the explicit rate of divergence of (X;);>¢ in this par-
ticular case. Finally, Sections 4, 5, 6 and 7 are devoted to the proofs of the main results.

Aknowledgements We would like to gratefully acknowledge Patrick Cattiaux, Frangois
Delarue, Arnaud Guillin, Laurent Miclo and Stéphane Menozzi for their interests, their helpful
discussions and their warm support. We are very much indebted to the anonymous referees
and Alice Guionnet for their constructive comments that resulted in a significant improvement
of the original manuscript.

2 Setting and General Statements

Before a precise definition of the dynamical system, let us list a short series of notations. The
scalar product and the Euclidean norm on R? are respectively denoted by (, ) and |.|. The
set of d x q matrices is denoted by M, and we adopt the notation || . || for every non-explicit
norm on this finite-dimensional vector space. For a C3-function f : RY — R, Vf, D?>f denote
respectively the gradient of f and the Hessian matrix of f and D3f is defined for every i, j,
ke{1,...,d} by (D°f(x))ijk = 93 x,x f(x). For every x € RY, we set

1

3 2\*
axi,xj,xkf(x)‘ *

D f ()| = <2

ik

Given any C?-function f : R x R? — R, V,f : R x R? — R¥ and D?f : R x R — M,
denote the functions respectively defined by (V.f(x,y)); = 0xf(x,y) and (D3f(x,y))i; =
9x,9x, f (x,y). For ameasure y and a p-integrable function f, weset y(f) = [ fdu. The Lebesgue

measure on IR is denoted by A,. Finally, we will denote by C every non explicit positive con-
stant.

Throughout this paper, we denote by U : RY +— R a smooth (at least C?) function on R?
satisfying the following coercivity conditions:

lim U(x) =400, inf U(x)>0 and, liminf(x, VU(x)) > 0. (2.1)

|x|%+oo xe]Rd |X‘4)+OO
We consider the following SDE:

42X = o(X)dW; — k(lt) ( /0 tk/(s)Vu(Xs)ds) at, 2.2)

where ¢ : R? — M, 4 is a continuous function, (W;);> is a d-dimensional standard Brownian
motion and (k(t))>o is a deterministic positive increasing C2-function. Denoting by ()} );>0 the
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process defined by
1 t,
%= /O K (s)VU(X, )ds,

we observe that d)y = (K'/k)(t)(VU(X;) — V;)dt. This means that SDE (2.2) can be viewed
as a 2d-dimensional non-homogeneous Markovian dynamical system given by the following
SDE:

dXt = U(Xt)th — Ytdt. (2 3)

dY; = r(t)(VU(X;) — Yy)dt, '

where r(t) = %(t) is a Cl-function, o : R? — M, ; is at least continuous and U satisfies (2.1).
These assumptions will hold throughout the paper. Note that r is a non negative function on
R owing to our assumption on k. We denote by (Z;);>o, the coupled general solution to (2.3):
Zi = (X4, Y:), and by, (Z7)s>0, the coupled solution starting from z = (x,y) for x,y € R".
Integrating by parts equations (2.3), one checks that:
t
Yi = ykk((t(;) + k<1t)/0 K (s) VU(XE)ds. (2.4)
This means in particular that the previously defined process (X, Vi)i>0 with Xy = x corre-
sponds to the solution of (2.3) starting from z = (x,0).
Under some classical conditions about existence and uniqueness of the solutions (see Sub-
section (2.1)), (X¢, Y4, t)>0 is an homogeneous Markov process whose infinitesimal generator
A is defined for every f € CZ(R? x R? x Ry), by:

Af(y,) = ~(y, Vaf) 4 H(O(VU) —y, Vof) + 5T (0 (D3 (x,y)o(x) +af.  (25)

With a slight abuse of notation, in the particular case r(t) = A > 0 for every t > 0, we will
also denote by A the infinitesimal generator of the homogeneous Markov process (X, Y})>o.
Note also that in the proofs, we will write (X}, Y;) instead of (X7, Y7) in order to alleviate the
notations.

2.1 Existence of solutions

First, let us state a result about existence of solutions for (2.3). In this way, we denote by (Hy)
the following growth assumption:

(Ho): There exists C > 0 such that Tr [0* (x) D?U(x)c(x)] < CU(x) for every x € R%.

This assumption is satisfied for a very large class of potentials U (including potentials with non
sublinear gradient). (Hp) is true for potential U with asymptotic behaviour U(x) ~ Ci|x|?
and D?U(x) ~e C2|x|P~2 as soon as ||o(x)|| = O(|x|). It is even true for potential U with very
weak growth: U(x) ~e Cy1n|x| and D?>U(x) ~e Ca|x| 72 as soon as |o(x)|| = O(1 + |x|) also
satisfies (Hp).

Proposition 2.1 Assume (Hy), then strong existence holds for SDE (2.3). Moreover, if (Xo, Yo) satis-
fies E[U(Xo) + [Yo[?] < +oo, then for every T > 0, sup, (o 1y E[U(X¢) + [Yi[?] < +o0.

Remark 2.1 Furthermore, if VU and o are locally Lipschitz continuous functions, one checks classi-
cally that pathwise uniqueness also holds for (2.3).

Proof : Consider h : R*+1 — R, defined by h(x,y,t) = U(x) + |y|>/(2r(t)). Let T > 0. Then,
for every t € [0, T], one checks that (2.5) applied to & implies

Ah(x,y,t) = %Tr (o* (x)D*U(x)o(x)) + |y|* <—1 - 2:/2(2)) < Crh(x,y,t), (2.6)

5



under (Hp). Then, a classical Picard iteration leads to the strong existence of the solutions.
Now, let (X}, Yi)i>0 be a solution of (2.3) starting from (Xo, Yp) with E[U(Xo) + YOZ] < +oo.
Then, It6 formula yields:

t
(X, Vi, t) = h(Xo, Yo, 0) + / Al(Xs, Ys,s)ds + M,
0

where (M;);>0 is the local martingale defined by
t t ,
Mii= [(VUX),a(X)dWs) = T [ 85U (Xe)os(X)aw.
i]

Let (Ty),>1 denote an increasing sequence of stopping times such that (M;at, )¢>0 is a mar-
tingale for every n > 1. Using Fatou’s lemma and the monotone convergence Theorem, we
deduce from (2.6) that

E[i(X;, Yi, t)] < E[l(Xo, Yo,0)] + Cr /0 "E[h(X., Y., s)]ds, VE<T. 2.7)

Now, E[h(Xo, Yo,0)] < 400 and the second result follows from the Gronwall lemma. O]

In the proof of the previous proposition, we observe that the function & leads to a finite-
time control of the behaviour of (Z;);>o but, owing to (2.6), it appears that this function will
not be adapted for the study of the long-time stability of the dynamical system because there
is only a mean-repelling effect for the second component Y. In other words, one can say that
h is not a Lyapunov function for (2.3). In order to generate a mean-repelling effect for the first
component X, we will have to consider a more complex function V that will be introduced in
Proposition 3.1.

2.2 Density with respect to the Lebesgue measure

In this part, we focus on the smoothness of the semi-group associated with the homogeneous
Markov process (X;, Yi, t)¢>0 and deduce a uniqueness property of the stationary distribution
of the Markov process (X}, Y)¢>0 in the homogeneous case r(t) = A for every t > 0. Let us
first remind some tool of hypoelliptic theory for inhomogeneous Markov stochastic processes
described in Cattiaux and Mesnager (2002) and Chaleyat-Maurel and Michel (1984). Note that
in some special cases, r may not depend on time t and the coupled Markov process may be
homogeneous. These very special cases occur only for exponential memory terms k(t) = A2,
(AM1,A2) € R2. In the sequel, we will avoid any distinction between the homogeneous and
inhomogeneous setting and treat directly the general inhomogeneous case.

We first state some elementary notations for the vector fields which govern our equation
(2.3). As the process may be inhomogeneous, these vector fields depend on the three variables
(t,x,y). We denote by o7, ... 0; the vector fields defined as

Vie{l...d}: oj(x) = Xﬁ(x)axi. (2.8)

We also introduce the drift vector field Lp defined by

Lp(t,x,y) = —(y, Vi) +r(t)(VU(x) =y, Vy),

as well as the diffusion one:

d
Lo(3)() = 5 LAV () 50) )

j=



Following the convention of Cattiaux and Mesnager (2002), we define the vector field Lz as

Lz(t,x,y) = Lp(t,x,y) — Ly(x).

If Ay, ... Apareasetof p vector fields, we denote Span Lie( Ay, ..., A,) the Lie algebra generated
by the Lie bracket of vector fields [A;, Ajl, [A;, [A}, Ak]], [Ai, [Aj, [Ax All]] -
Let us define & as

Su= {x € RY, det (D?U(x)) # o}, (2.9)

and M the complementary manifold My = R?\ &;. We next state two hypothesis needed
to obtain hypoellipticity of the process.
(I1): o and U are C* and there exists ¢y > 0 such that co* > ¢ld, (uniformly elliptic on RY).

(Ip): dim(My) < d — 1.

We are now able to state the following theorem whose proof is deferred to Subsection 4.1.

Theorem 2.1 Assume (I3) and (I2). Then, for any z, the process (X7, Y7 )i=o is hypoelliptic and for any
z € R* x R and t > 0, the density p;(z,.) of (X7, Y?)i>0 (w.r.t. the Lebesgue measure on R? x RY)
is C*™. Furthermore, if limy_, . o % > 0, then for every z € R? x RY, SuppP;(z,.) = R? x R? and
when r(t) = re > 0 for every t > 0, there is at most one invariant distribution for the homogeneous
Markov process (X7, YF)i>o0.

Remark 2.2 1. Assumption (1) is somewhat more classical and the uniform ellipticity of o seems nec-
essary. Let us briefly discuss on the technical hypothesis (1). It is possible to state some less restrictive
condition. We denote 9;,, _;,U(x) = 8x11 Oy, - -- axip U(x) and we define &y the set of x € R? such that

there exists d finite sequence sy := (i1, .- -11,p,),---,5a := (ia1 - - -1a,p,) for which the matrix

0, 7, 1
af;jl (x) ... 851171 (x) ... ag’l{;lu(x)
+ - -
B afjl U(x) ... af;] U(x) ... af;/d U(x)
Ms1 ..... Sd(x) - : ap’+lU(x) ap"HLI(x)
1 % ]+1 i
+
i U(x) ... o U(x) ... i U(x)
is invertible. Indeed, &1 corresponds to the special case s = {1},...s; = {d} in the above definition

and thus Ey C Ey. Assumption (1) may be replaced by the less restrzctzve one on Ey:

(I,): dim(R¥\ &y) <d — 1.
If we set d = 1 and assume that o is constant, the condition (T,) states that the set of points x where all
the derivatives of the potential U are vanishing is Lebesgue-negligible.

2. Our theorem provides some smoothness properties of z — pi(zo,z). As concerns zo — pi(20,2),
it seems that under some polynomial growth assumptions for the vector fields, such properties could be
obtained using some Malliavin calculus arguments (see Hairer (2011) for instance) but we will not focus
on this point in the sequel.

3. The fact that Supp(P:(zo,.)) = RY x RY (for every zo € R??) and the uniqueness of the invariant
distribution are proved in Lemma 4.2. The proof is strongly based on the surjectivity of x — VU(x)

and lim |, | % = 400 is a convenient assumption to ensure this property (see proof of Lemma 4.2

for details). Note that when x — VU (x) is bounded on R?, (Y;)s>0 is a bounded process (see (2.4)) and
thus, Supp(P:(z,.)) # R? x R? in this case.



3 Asymptotic behaviour

We now focus on the main objective of this paper: the study of the ergodic properties of the
process solution to (2.3), these properties strongly rely on the asymptotic behaviour of t — r(t).
In this way, we set 7o = liminf; , . 7(t) and divide this section into two parts corresponding
to the cases 7 > 0 and 7., = 0 respectively.

3.1 The stable case: 7o, > 0:

First, note that 7. > 0 occurs in the two following cases:

o k(t) = exp(At): in this case, r(t) = ro = A and (X}, Y7);>0 is an homogeneous Markov
process.

o k(t) = exp(t*) with a > 1: in this case, ro = lim;_ o r(t) = +00.

Even if a part of the main results about the asymptotic behaviour of the process is stated to-
gether, the reader has to keep in mind that there is an important difference for the two previous
cases. Under some mean-repelling assumptions, we will show in particular, that in the first
case, the stochastic process has its own stationary regime while in the second case, the non-
homogeneous Markov process has some convergence properties to the stationary regime of
the memoryless stochastic differential equation

dSt = —VU(St)dt+U(St)th, (31)

whose infinitesimal generator £ is defined for every ¢ € C2(R?) by

Lg(x) = —(VU(x),Vg(x)) + %Tr (o(x)D?*g(x)c*(x)). (3.2)

Let us now introduce a Lyapunov-type stability assumption (Hy) and an assumption on the
asymptotic behaviour of the function ¢ — r(t):

(H1): There exist m € (0,7«) and € € (0,7 — m) such that

lim sup (—m(x,VU(x)) + %Tr (o (x)(D*U(x) + (m + s)Id)a(x))> = —o0.

\x\%-i—oo

Note that in the homogeneous case (r(t) = r« for every t > 0), we could take ¢ = 0.

7 t 00
(Rq): rz((tt)) == 0.

Remark 3.1 Condition (Hy) is not restrictive and is satisfied for a large class of potentials U. For
instance, for constant covariance matrix o, (Hu) is satisfied for all potentials U(x) ~|y— 1o |X|7 as

soon as q > 0. This is even true for all U(x) ~|y 10 In(|x| +1)P for p > 1. For varying o, (Hy) is
satisfied provided o is not asymptotically too large:

e For asymptotic polynomial U: U(x) ~ |y 40 |X|7 with q > 0, (H) is true if ||o(x)o*(x)|| =
o(|x|7"?) as |x| — oo,
e Forasymptotic logarithmic U: U(x) ~ |y 40 In(|x| +1)P with p > 1, (Hy) is trueif ||o(x)o* (x) || =
o(In(|x| +1)f~1) as |x| — +oo.
As concerns (Ry), note that this assumption is satisfied in the two cases mentioned before : k(t) =

exp(At) and k(t) = exp(t*), & > 1. Indeed, (Ry) is true as soon as k > Ck for t large enough. This is
generally true in our case o > 0.



The next proposition (whose proof is given in Subsection 4.2) establishes the existence of a
Lyapunov function V for (Z;)i>0 = (X, Yi)i>0. In this way, we need to introduce p : Ry — R

defined by . ki |
o(t) = ( /t k(s)ds> . (3.3)

Owing to Lemma 4.3, p is well-defined when r € (0,+o0] and is a positive C!-solution to
1u(t) = u?(t) — r(t)u(t) that satisfies p(t) ~ r(t) as t — +oo.

Proposition 3.1 Assume (Hy) and (Rq) and suppose that iminf; , o 7(t) = ree > 0. Set m, =
m+e. Then, V : R x RY x Ry — R defined by

2 X 2 x
Vi) = () + i me (B - B2, 64

is a Lyapunov function for the SDE in the following sense: there exists to > 0 such that V is positive for
every t > toand,

lim sup (sup .AV(x,y,t)) = —oo. (3.5)
()| —+e0 \ £>H0
If moreover, limsup, , | 7(t) < +4oo, there exists t; > 0 such that
li fVix,y, = H-o00. 3.6
ohim (VD) = e oo

Remark 3.2 The construction of this non trivial Lyapunov function is a key step for the sequel of the
paper. The reader will remark a non classical point in the proof of this lemma: the mean-repelling effect

of the first coordinate is generated by — <Px(’ty)> )

We should note that this Lyapunov function is very similar to the one used in several works on the
Vlasov-Fokker-Planck equation. For instance, a recent paper by Bolley, Guillin, and Malrieu (2010) (see
also Bakry, Cattiaux, and Guillin (2008) and Wu (2001)) used a coupling argument with a Lyapunov
function of the form Q(x,y) = aly|*> + b(x,y) + c|x|? to establish exponential rates of convergence
to equilibrium of solutions of Vlasov-Fokker-Planck equations with respect to the Wasserstein distance.
Conwersely, Villani (2009) obtains lower bounds for the solutions of the kinetic Fokker-Planck equations
using another function Q(t,x,y) = a(t)|y|> + b(t)(x,y) + c(t)|x|*> with a suitable choice of a,b and
c (see theorem A.19 of Villani (2009)). Thus, in such coupled stochastic equation, the term implying
(x,y) (or (x,v) with the standard notations of Fokker-Planck equations) seems to play a key role to
obtain lower and upper bounds.

3.1.1 Convergence properties of the occupation measures

For a fixed initial value z = (x,y) € R¥ x RY, we consider some families of occupation mea-
sures (v (w,dx,dy))s>1 and (u(dx,dy)):>1 respectively defined for every bounded continuous
function f : R? x RY — R, for every t > 0 by:

/ F(XE,Y2)d
and by
= / F(XE, Y2)]ds = E[vE (w, f)].
We first focus on the asymptotic behaviour of (¢f);>0 and obtain the following result:

Theorem 3.1 Assume that ro € R* U {+o0}. Assume (Hy), (H1) and (Rq). Then, for every
z = (x,y) € R? x RY, the family of probabilities (u3);>1 is tight on R? x R, Let yeo denote an
accumulation point of (yF)i>1 when t — +oo:



(i) If ro = 00, the first marginal of yue is an invariant distribution for the stochastic differential
equation (3.1).

(it) If r(t) o e < +00, Heo 1S an invariant distribution of the homogeneous Markov process

solution to (2.3) with r(t) = re, Vt > 0.

Remark 3.3 In particular, the second statement implies that under (Ho) and (Hy), existence holds for
the invariant distribution in the homogeneous case.

We now focus on the family of random occupation measures (vi(w,dx,dy)):>1 for which
we want to obtain a “quenched” version of Theorem 3.1. In this way, we need to introduce a
little stronger assumption (H}) (compared to (Hy)):

(H,) : There exists a € (0,1], B € R and & > 0 such that

(i) —(x,VU(x)) <p—a(Ux)V]x]?)", VxR

2
(i) (14 Te(00")(x)) <1 T 'fo((f' DU+ H\Df‘uoc)m)

|x| =00
= 0

(U) v [x)").

Remark 3.4 Assumption (i) is a mean-repelling assumption whose intensity depends on the parameter
a. Assumption (ii) is a growth assumption that is essentially needed to control the part of the dynamical
system that hampers the mean-repelling effect. Coming back to the examples of Remark 3.1, one checks
that if U is a C3~function such that U(x) = |x|7 (g > 0) for |x| large enough, Assumption (H,) is
fulfilled with a = (q/2) A1 if ||o(x)o*(x)|| = o(|x]7"?) as |x| — +oo. However, when U(x) ~
In(1+ |x|)P, one observes that (H%) (i) is not satisfied, i.e. that the mean-repelling effect is too weak.

Theorem 3.2 Assume that ro € R% U {400}. Assume (H}) and (Rq). Then, for every z = (x,y) €
R? x IRd,for every p > 1,

1/t .
sup - | ((u(xg)v|xg|2)”” 1+|Y§]2”> ds < +oo as. (3.7)

t>1

In particular, the family of probabilities (V7 );>1 is a.s. tight on R x RY. Let v, denote an accumu-
lation point of (V})>1 when t — 4-o00:

o (i) Ifreo = 400, Voo (dx, dy) = Oyui(x) (dy) 7w (dx) where 7t is a.s an invariant distribution for the
stochastic differential equation (3.1).

o (ii) If r(t) I e € R, Voo is a.s an invariant distribution of the homogeneous Markov
process solution to (2.3) with r(t) = re, ¥Vt > 0.

Remark 3.5 o Under the hypotheses of Theorem 2.1, uniqueness holds for the invariant distribu-
tion v of (2.3) with r(t) = re € RY, Vt > 0. In this case, it follows from Theorems 3.1(ii)
and 3.2(ii), that when r(t) — re € RY., for every bounded continuous function f : R — R,
(U3 (f))i>1 and (vi(w, f)i>1 converge (a.s. in the second case) to v(f) as t — —+o0. Obviously,
the same remark holds when ro = +00 and when uniqueness holds for the invariant distribution
of (3.1).
Furthermore, these convergence properties can be extended to non bounded continuous functions
using (3.7) and uniform integrability arguments.

e Note also that the condition on D3U in (H,) is only necessary for the identification of ve when
Yoo = 400 (for more details, see the proof of Proposition 4.2).
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3.1.2 Properties of the “invariant distribution” and convergence rates

We will only talk of invariant distributions within the classical homogeneous case when k(t) =
exp(r«t). In the non-homogeneous setting, we will be interested in the set of accumulation
points of mean occupation measures (47 );>q ,crd xR

In the next proposition, we focus on the homogeneous case and provide some properties of the
invariant distribution unde Assumptions (I1) and (I) introduced for Theorem 2.1.

Proposition 3.2 Assume (Hp), (Hy) and r(t) = reo € R%. Assume (Iy), (I2) and limyy| % =
+o0. Then, there exists a unique invariant distribution v satisfying the following properties:

e (i) v is absolutely continuous w.r.t. the Lebesgue measure. Let p,, denote the associated C*(IRY x
RY, R ) density. Then, p,., is the unique non-negative solution to

1 .
(Y, Vapr,) + ETr (c*D3pr.0)) + 1o [(y — VU(X), Vypr.) + Pr..] = 0. (3.8)

which satisfies [paq pr., (X, y)dxdy = 1.

e (ii) Assumed = 1, U(x) = x2/2,0(x) = ¢ > 0Vx € R, and r(t) = ro €]0; +00[. Then, pr.,
is the centered Gaussian measure on R x R whose covariance matrix is given by

0—2 Toot1 1

Remark 3.6 The proof of (3.8) is based on the fact that [ Ag(x,y)pr..(x,y)A2a(dx, dy) = O for every
g € CI‘Z((]R”I x R%). Extending and applying this identity to the non-bounded particular functions
f(x,y) = xand f(x,y) =y, one obtains the following simple properties:

/yp,m(x,y)/\Zd(dx,dy) =0 and /VU(x)prw(x,y)/\Zd(dx,dy) =0.

As concerns (ii), remark that when re — +00, the limit variance of (X?)i>o is equal to 0% /2. We re-
cover here the standard variance of the Ornstein-Uhlenbeck process that corresponds to the non-memory
case. Note also that when r decreases, the limit variance increases. This means that more the process
remembers the past, less the dynamical system is long-time stable. This point will be emphasized in the
next subsection in which we focus on the case 1o = 0.

We now want to state some results about the convergence in distribution as t — +oco.
Let us first focus on the homogeneous case r(t) = r. where we derive some controls of the
distance in total variation between the semi-group P}*((x,v),.) (associated (X}, Y;)s>0) and the
invariant distribution from “Meyn-Tweedie”-type techniques.

Theorem 3.3 Assume r(t) = re > 0, (H}) (a € (0,1]), (T1) (I2), im|y|, o U — oo, Assume

E
that there exists a local minimum x* of U such that DU (x*) # 0. Then, for every p > 1 and for any
t>0:

sup |P[~(z0,f) —v(f)| < Ca,p,rwvof(ZO)
{fIf1<1}

_ pta-1

exp(—Yprot) ifa=1
T-a ifae (0,1).

2
where z = (x,Y), Ve is a positive function defined by V_,(z) = U(x) + ‘x — L Ypre and Cop

are some positive constants which do not depend on zg and t.

Proof : The proofs in cases 2 = 1 and a < 1 rely respectively on Theorem 5.2 of Down, Meyn,
and Tweedie (1995) and Theorem 3.10 of Douc, Fort, and Guillin (2009). The first assumption
to check is that compact sets are petite, i.e. to show that for every compact set K of R??, there
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exist a probability 2 on R and a non-trivial o-finite measure v, on B(RR*?) such that for every
z0 € K, [~ Pi(zo,.)a(dt) > v,(.). This point is a straightforward consequence of Lemma 4.2(ii).
Following the assumptions of Down et al. (1995) (when a = 1) and Douc et al. (2009) (when
a < 1), we want now to prove that there exists a compact set C and some suitable positive &
and f such that

AVE < p—avit (3.9)
First, by Inequality (4.23) (applied with r(t) = r«), there exist some positive a1 and B such

that
AVE < B1—aq[(U(x) V [x)PHT 4 [y[P].

Second, one checks easily that Vo (x) < C(1+ U(x) V |x|> + |y|?). Thus, using that |y|? >
(Jy[*P*2=1) — 1) and the elementary inequality |u + 0| < c,(|u|? + [0|P), it follows that there
exist some positive ap and 8, such that,

AVE < By — DcQVO’ZJr”*l(x,y) Vx,y € R%

Finally, the fact that lim Vo (x, y) = +o0 as |(x,y)| — +oo (see (3.6)) implies that we can build
a compact set K such that g, < Br1x + %Vféﬂ_l(x,y) for every x,y € R?. Thus, we deduce

(3.9) (with B =frand & = %) and this concludes the proof when a2 = 1 owing to Theorem 5.2
of Down et al. (1995). When a < 1, we remark that (3.9) can be written
AVE < Plc — ¢(V&)

pta—1
with ¢(u) = au 7 . A simple computation shows that

Hy(u) = 1u 4:2) - &(1}7—01) {”%ﬂ _1} '

Thus, a simple equivalent to r..(s) := ¢ o H, 1(s) is given by

+a—1
&p/(lfu)(]_ — u)}lﬁll p+a—1
ri(s) ~ ] ST as S —» +oo,

pﬁ

The second result follows applying (3.6) of Douc et al. (2009) with ¥; = Id and ¥, = 1. U
Finally, we focus on the non-homogeneous case r(t) — +oo. In this case, by Theorems 3.1
and 3.2, it seems that (X;);>0 has some convergence properties to the invariant distribution 7
of the classical diffusion dS; = —VU(S;)dt + 0(S;)dW;. In the following theorem, we derive
a result about the Wasserstein distance between Py, and 7t from a coupling with the classical
diffusion (S¢)¢>o under the additional following Assumption:
(AC) : There exists p > 0 such that for every x1, x2 € RY,

(x1 —x2, VU(x2) — VU(x1)) + %Tr (5% (x1,x2)) < —plxa — x1|% (3.10)

where 7(x,y) = o(y) — o (x).

Remark 3.7 Note that under (AC), existence and uniqueness hold for the invariant distribution 1t
of the classical diffusion dS; = —VU(S;)dt 4+ o(S¢)dW; (see e.g. Down et al. (1995)). Here, this
assumption will have two roles: we will use it classically to control the (Wasserstein) distance between
the distribution of (S¥)s>0 and 7t but also to control the L*-distance between the trajectory of (S¥)i>o
and (X))o (built with the same Brownian Motion).

For any u,v € P(R?), we recall that the 2t"-Wasserstein distance is defined by W, (y,v) =

inf E[|X — Y|?]2 where the infimum is taken over every couple (X,Y) with marginal distribu-
tion u and v respectively.
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Theorem 3.4 Assume roo = +oo, (H}), (AC) and that t — fot k(s)ds/k(t) is a non-increasing
function that tends to 0 as t — 4-oc0. Suppose that VU and o are locally lispchitz functions and denote
by 7t the unique invariant distribution of (3.1). Then, there exist some positive Cy and Cy such that for

every positive t,

Wy (Px,, ) < Cie P4 4 CZ/ k(v)dv, Yu € |0,t].
k(u) Jo

In particular, Wy (Px,, m) = 0as t — +oo.
Owing to an optimization of the preceding inequality, the next corollary follows.

Corollary 3.1 Under the assumptions of Theorem 3.4,

G

PN et-HT ) &2
Wa(Px,, ) < C <1+ro >e +roH—1(t)

H=1(#)
where H is defined by:

H() :u—:)log [Cclzp (%/()“k@)dwﬁ%— )}

Remark 3.8 We can provide some explicit bound of W, for some specific memory functions k.
o Ifk(t) = at® et forw > 1, then r(t) ~ at?*=2 and H(t) ~ t whereas
t—HN () ~ Slogt,
P
and the bound obtained is
Wa(Px,, m) < CH ™"
for a suitable constant C > 0.
o Ifk(t) = ele®', then H1(t) ~ p%t and for a suitable constant C > 0

— Py

Wz(]PXt,T[) < Ce »il,

3.2 The non-stable case: 7. = 0

In this part, we focus on the long memory case: r(t) — 0. For instance, one can think to
k(t) = (1+t)* with a > 0 or to k(t) = e1+)", & € (0;1). We prove first that in this case, the
dynamical system is not stable for subquadratic case.

3.2.1 Subquadratic case

We show that when U has at most quadratic growth and the diffusion part is not degenerated
(in a sense being precised below), the dynamical system has a tendency to explode.

Theorem 3.5 Assume that |VU|* < C(1+ U) and that there exists Ao > 0 such that Tr(c* D?*Uc) (x) >
Ao > 0. Assume that r(t) — 0 and that one can find to > 0 such that v'(t) + 2r?(t) > 0 for every
t > to. Then, for every initial value z = (x,y),

lim sup r()E[| X7|?] > 0.

f— 400

In particular, there exists a subsequence ()1 such that E[| X} |*] — 4-c0.

Remark 3.9 One observes that the condition on r(t) is satisfied as soon as k(t) = e +1)" with a €
(0;1) or k(t) = (1+t)* with « > %. In particular, it contains the “non- weighted” averaged case

where Yy = %th f(; VU(X)ds.
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3.2.2 The quadratic case

In this second part of the long memory case, we want to specify the previous result in the very
particular quadratic case. More precisely, we assume that U(x) = x?/2, that d = 1 and that the
memory is polynomial: k(t) = (1 +)* and r(t) = a/(1 + t). In fact, in this case, the long-time
behaviour of the process is given by that of its covariance matrix. Setting f(t) = E[X?], g(t) =
E[Y?] and h(t) = E[X,Y,], we derive from It formula that

fin= 1-26()
)] g= () - g(0)]
W(E)=—g(t) + r(B)[F(1) — h(1)]

Then, some sharp computations on this differential system (see Section 7) yield the following
result:

Theorem 3.6 Letd = 1, U(x) = x*/2 and k(t) = (1 + t)* with a > 1/2, we have:
i) The process (Xi, Yt)t>0 is asymptotically centered.
ii) The process (Xt, Yt ) >0 satisfies

t
200 +1

. o
}L%EYE:MH, and  EX? ~

2041, [2a+1
(M "‘j X1/ “: Yt>:£>/\/(0,12) as b — too.

4 Proofs of Hypoellipticity and convergence to steady regime

as t — Hoo.

iif)

4.1 Proof of Theorem 2.1 (Hypoellipticity)

The first part of Theorem 2.1 is given by the conclusions of Lemma 4.1 and 4.2 whereas the
uniqueness of the invariant distribution (in the homogeneous case) comes from Lemma 4.2.

Lemma 4.1 Assume (Iy) and (1) . Then, for any z € RY x RY and any t > 0, Pi(z,.) is absolutely
continuous with respect to the Lebesgue measure over R? x R?. Moreover, for any time t > 0 and every
z0 € R x RY, z + pi(20,2) is C® on R? x RY.

Proof : Recall the notation Z; = (X}, Y;) for a solution of Equation (2.3) and the definition of &y
and My given by (2.9). Our coupled process can be written in an homogeneous way consider-
ing (Z;, &) with ¢; defined through d¢; = dt. The system is thus equivalent to

dXt = —Ytdt—l-O'(Xt)th
{ dYt = r(ét)(VU(Xt) — Yt)dt
d& = dt

Fix any z = Z, we first show that for all ¢, P;(z,.) is absolutely continuous with respect to the
Lebesgue measure. As x and y belong to R?, in order to apply the Hérmander’s sum of square
theorem (see e.g. Hormander (1967)), we must establish that

V(x,y,¢) € R? x RY x R, dim span Lie (% + Lz,al,...,ad> (x,y,{) =2d+1,

where 07, ...,04 are defined by (2.8). Note that following the Kohn’s argument (detailed in
Kohn (1978); Treves (1980)), no assumption on the growth of the vector fields is needed for
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the existence p¢(zo, .) of the density with respect to the Lebesgue measure and the regularity of

z — pi(20,2).
Remark first that since ¢ is uniformly elliptic over R%, we have the simplification:

span (01,...04) = span (dx,,...0x,).

Thus, we obtain

(0 NE
L1e<a€—|—Lz,0'1,...,0'd> = Lle(aé,‘f’LD_Lmal/---/ad)

= Lle <a€+LD Lg,ax],...,axd>

. d
= Lie (86 + Lp, 0y, ..,axd>

The last equality is true since from the definition of the Vector tield L, this vector field belongs
to span (8x1,.. dx,). Thus, 0y,...04 trivially provides the 2 53 component (of dimension d) as
well as ag + Lp ensures the presence of (of dimension 1). Thus it remains to obtain the 2 y

component (of dimension d). A simple computation yields for any f € C*(RY x R? x R, ):
P P P y y

9
[ax, a§+LD] Za L Uoy, (f

Now, suppose x € &, then D?U(x) is invertible and it implies that

V(x,y,&) € (Rd\Mu) xR' xR,  dim span Lie( +Ly,0,.. ) (x,y,&) =24 +1.

¢
As the manifold My; has a vanishing Lebesgue measure, it shows that for any time ¢ > 0,
Pi(zo, .) is absolutely continuous with respect to the Lebesgue measure and C* on RY x R¢. [
If we replace (I,) by (I), the same result holds. One just have to use a convenient set
of sequences of multi-indices which depends on the x € &;. These sequences (si,...,s;) are
defined in Remark 2.2, and it is enough to compute the several bracketing rules

d
(P w2o]),

to obtain the hypo-elliptic condition

V(x,y,8) € (le \ Mu) x R? x Ry dim span Lie (8

3% —I—Lz,(Tl,...,O'd) (x,y,(j) =2d+1.

.

(i) For any T > 0, for every zg € R? x R? and any open set O C RY x RY, the transition ker-
nel associated to a solution of (2.3) satisfies Pr(zo, ©) > 0. As a consequence, for every zg € R*,
Supp(Pr(zo,.)) = R? x R? and there exists at most one invariant probability measure for (X;,Y;) in
the homogeneous setting and when r(t) — re € (0; +00).

(ii) Furthermore, if r(t) = A > 0 and if there exists a local minimum x* of U such that D*>U(x*) is an
invertible matrix, then, there exists T > 0 such that for every compact set K of R??, there exists ri > 0
and «(T, K) > 0 such that

Lemma 4.2 Assume (1), (I2) and lim)y|_,

Vz € K, PT(Z,.) Z “(T/K)AZd(' N B(Z*/ rK))

with z* = (x*,0).
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Remark 4.1 In fact, these properties are strongly linked to the controllability of the dynamical system.
In the first part where we end the proof of Theorem 2.1, the result relies on an approximate controllability
property of the dynamical system.

The second one which is based on a local lower bound of the density of the semi-group involves some
(local) exact controllability. This property is ensured by the nondegeneracy of DU (x*). Note that (ii)
implies that compact sets are petite (see Down et al. (1995)), which is a fundamental point of the proof
of Theorem 3.3.

Proof : Proof of (i) : Let T > 0. Our first objective is to show that the dynamical is approxima-

tively controllable, i.e. that, for every zp = (xo, o) and z; = (x1,y1) € R? x RY, for every 1 > 0,
there exists a continuous function (i (t));e[o,r) such that (z"7(t)) defined as the unique solution

starting from zg to
(0 = 4 ey wn
y(t) = r(O(VU(x(t) —y(t)), '
satisfies |z"7(T) — z1| < 7. In the sequel, when z, z; and # are fixed, we will say that (z"1(t))
is a solution to the (zg, z1,77)-controllability problem. Note that it is enough to prove this ap-
proximate controllability problem when ¢ = I;. Indeed, if (z"/(t))sc[o 7] is a solution to the

problem with o = I, then (27 (x()uy (1)) tefo,7] is a solution to the corresponding problem of
approximate controllability with o(.).
Then, let us assume that ¢ = I; and consider a trajectory (x,(t));>o that belongs to C* (R, R?)
such that

x;(0) =x0, %;(0) = —vo x4(T)=2x and x,(T)= 4.2)

We deduce from (4.1) that for a function (u,(t)), the process (x,7( ), yy(t)) with y,7( ) = uy(t) —
x(t), is a solution to the (zo, z1,7) controllability problem if, u,(0) = 0, luy (T)| < 1 and

Vte [0,T], y(t) + Auy(t) = &, (t) +r(t)x,(t) +r(t) VU (xy(1)).
Solving the above differential equation with initial condition 1, (0) = 0, we obtain

1y () = k(lt) /Otk(s) (i (5) + 7(3)y (5) + 7(s) VU (x, (5))) ds

1 t/—/-% .
= /O (k(s) %y () +h(s) VU (x, (5))ds.

In particular, we have

uﬂ(T)—i_ 1+/ k; 7(8))ds.

Thus, it is enough to show that there exists (x;(t));>o satisfying (4.2) such that

'Q@Y—l+/ 2 VU(()MSSn- 43)
In this way, we first check that x — VU(x) is surjective on R? using the Fenchel-Legendre
transform. Actually, for every v € R, let F, be defined for every x € RY by F,(x) = (x,v) —
U(x). Owing to the assumption limyy|_, o U(x)/|x| = +oo, we have limy|_, o Fo(x) = —c0.
As a consequence, the function F, has a global maximum x,. In particular, VF,(x,) = 0 and
thus, v = VU(xy).

Then, set vy = I;ETT))y%k_(gS’ and let x,, € R be such that VU(xy,) = vo. Note that for this choice,
we have

(s)
e 1+/ kT U(xy,)ds = 0. (4.4)
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The idea is then to consider a trajectory (x(t))c[o,r) Which spends almost all the time in xy,. In
this way, let 6, > 0 and consider (x;(t))cjo,r] be a C? function which satisfies (4.2),

xy(t) = xp, on [0, T =yl and Vt € [0, T] |x(t)| < M := 14 max{|xo|, |x1], [x0,|}.  (4.5)
Such a function clearly exists and owing to (4.4), the associated function u,, satisfies:

juy (T)] < Cr sup [VU(x)[5,.
|x|<M

Choosing ¢, small enough yields the (zo, z1, 17)-controllability.

Now, let O denote an open set of R x R, choose z; = (x1,1) and # > 0 such that
B(z1,27) C O and let T > 0. We want to show that for every zg € R? x R?, Pr(zo, O) > 0. Let
(z"1(t))tefo,r be a solution to the (zo, z1,77)-controllability problem, i.e. such that [z1(T) — z1| <
;7. Then, we can deduce that Pr(zg, O) > 0if P(|Z? — z"(T)| < i) > 0. This point is implied
by the Support theorem of Stroock and Varadhan (1972) (see e.g. Ikeda and Watanabe (1981)).
Now, under (I1) and (I»), we know that P(zo,.) has a density p;(zo,.) with respect to the
Lebesgue measure and that (P)¢>o is almost strong Feller in the following sense: for any
I € B(R? x RY),z — Pi(z,T) is continuous on &, which is an open set whose complemen-
tary My has a vanishing Lebesgue measure. Then, owing to a straightforward adaptation of
Proposition 4.1.1. of Da Prato and Zabczyk (1996), we obtain that for any (z,z’) € (RY x R%)?,
for any postive t and T, Py 1(z,.) and Py, 1(2/,.) are equivalent. The uniqueness of the invariant
distribution then follows from Doob’s Theorem (see e.g. Da Prato and Zabczyk (1996), Theorem
4.2.1). This concludes the proof of (i).

Proof of (ii) : We first need to show that the system is locally exactly controllable near z* =
(x*,0) in a sense made precise below.

Let us define

e = (uoumo-n) = (0 o) ™ 4= (ieuey ap)e 9

Recall that we denote z := (x,y), the linear system z = Az + Bo(x*)u is called the linearized
system of z = F(z) + Z(x)u at z*. In fact, since o(x*) and D?U(x*) are invertible matrices, one
checks easily that Span(Bo(x*)u, AL(x*)u,u € R*) = R*. As a consequence, the linearized
system solves the so-called Kalman condition. Thus, it follows from Theorems 1.16 and 3.8
of (Coron, 2007) that the system z = F(z) + o(x)u is locally exactly controllable at z*. More
formally, it means that for every positive T and ¢, there exists #7 > 0 such that for every (z1,2z,) €

B(z*, 1),

z(0) = z1,z(T) = z»

F(z(t), u(t))eejor) with  [ullor := sup |u(t)] <e and {7; _F(z) + Bo(x)u

te[0,T)

Owing to the exact controllability, the idea is now to obtain some lower bounds for the transi-
tion density around z* by localizing the work of Delarue and Menozzi (2010) (see also Bally and
Kohatsu-Higa (2010) for other results on the subject). In this view, we follow the notations and
the numbering of Delarue and Menozzi (2010) and observe that our equation (2.3) is a particu-
lar case of (Delarue & Menozzi, 2010)(1.1) with F(t,x,y) = —y and F(t,x,y) = VU(x) — y.

In particular, since D?>U(x*) is invertible and x — D?U(x) is continuous, since ¢ is uni-
formly elliptic and locally Lipschitz continuous, we can check that Assumption (A) of (Delarue
& Menozzi, 2010) is satisfied on a sufficiently small ball B(z*, p) but not obviously on the whole
space R?. However, following carefully the proofs of Delarue and Menozzi (2010), we can check
that, owing to the local exact controllability around z*, the lower bound obtained in Theorem
1.1 of Delarue and Menozzi (2010) remains true if T, € and 1 are small enough (see the appendix
for details).
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As a consequence, there exists T > 0, #r > 0 and Cy > 0 such that for every ¢ € (0, T], for
every z1,zp € B(z*,51),

1. _ tI 0
pi(z1,22) > CTlt 2d exp(—Crt|T; 1 (61(z1) — 22) |2) where T; = < Od tzld) ,

and (6¢(z1))¢>0 denotes the solution to z = F(z). It follows in particular that there exists posi-
tive C} and C% such that for every z1,z € B(z*, 1),

pr(z1,22) > Chexp(—C3|0r(z1) — z2]?). 4.7)
We denote in the sequel 6; = (6},6?) and remark that for every t+ > 0 and any trajectory
initialised at zq:
1 167 (z1) ‘yl / 2(20) PPds < |y1|2
— 4.
U (6 (1)) + =5 U(x 165 (20)["ds < U(x1) + 25— (4.8)

Hence, we deduce easily that

sup  |07(z1) — z2|* < oo
21,20€B(z* 1)

By (4.7), it follows that there exists ar > 0 such that for every z1,z, € B(z*, y7),
pr(z1,2z2) > ar > 0.

We are now able to end the proof of (ii). Let B be a Borel subset of O := B(z*, 7). We have
for every z € K:

P>r(z,B) / / pr(z,21)pr(21,22) A2 (dz1 ) Aoy (dz2) > arAy(B) mf PT(Z 0).

Then, it remains to show that inf,cx Pr(z, @) > 0 and this point follows again from control-

lability argument: denote by (u(ﬂzgz*))tem,ﬂ the control built in (i) that yields the (z,z*, 4 )-
2

controlability. Since z € K, we deduce from the construction of x, defined in (4.5) that ug,ZT’Z )

2

can be built such that su 1451245 < 400, As a consequence, it follows from the sup-
p zeK JO ”TT q p

port Theorem that inf,cx P(|Z% — z5| < ) > 0. The result follows. O

4.2 Building the Lyapunov function
We first show a key lemma for the construction of the Lyapunov function in Proposition 3.1.

Lemma 4.3 Assume (Ry) and ro > 0. Then, (p(t))s>o defined by (3.3) is a positive C'-solution to the
differential equation u(t) = —r(t)u(t) + u?(t) which satzsﬁes p( ) — last — oo,

Proof : First, (o(t))s>0 is a positive solution to #(t) = —r(f)u(t) + u?(t) on R, if and only if
z(t) = ﬁ is solution to v'(t) — r(t)v(t) = —1. The general solution is given by:

v(t) = gf(; r(s)ds (C _/0 e~ Jor( dde)

with C € R. Since 7, > 0, we can set C = f0+ e~ h"™xgds and we obtain the following
positive particular solution on R :

t +oo
z(t) = eho ’(S)ds/ e~ Jor@dxgs — fi(s)ds
t t
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where fi(s) = e~ Jrr@dx — k(t)/k(s). Since f{(s) = —r(s)fi(s), an integration by parts yields:
o [RHS O] AR, 1 A,
o= =Bl TR e e

By Assumption (Rj),

o fi(s)r'(s) _

] W == O(Z(t)) ast — +00.
It follows that r(t)z(t) — 1 as t + +oo. Finally, p = 1/z satisfies % — last — +oo. This
completes the proof. O

With the result of Lemma 4.3, one can choose a suitable p to build a Lyapunov functional V'
as pointed in Proposition 3.1 whose proof can be found below.
Proof of Proposition 3.1:
(i) First, one checks that V can be written:

2
Y

p(t)

V(x,y,t) =U(x)+ y? (1 _ e > + 0y 4.9)

2 \r() 1)) "2

Then, since m, < 7, and % — 1ast — +oo we deduce that

. . 1 ]]lg
m - >
1%%12; <r(t) pz(t)> 0

It follows that V' is positive for t large enough. If moreover, limsup,_, , ., 7(t) < +o0, we have

.. 1 M,
imint (775 ~ () >

and (3.6) follows.
Second,

Av(xly/t) = - me;((?)<x,VU(X)> — |y’2 <]_ — przl:) + 21:2(2))

+ me(x,y) (—1 + rlt) + o(t) ) + 1Tlf (c*(x)(D*U(x) + melg)o(x)) .

2

On the one hand, p satisfies

LA A

p(t) ()
On the other hand, m. € (0,7«). Thus, since () /r*(t) — 0 and p(t) ~ r(t) as t — +oo,

L Me r'(t)
liﬂ?f (1 - o(t) + 2r2(t)> > 0. (4.10)

We deduce that there exist f; > 0 and a7 > 0 such that

AV (x,y,t) < —mg@(x,VU(xD + %Tr (o (x)(D*U(x) + mely)o(x)) —agly[> V> H.

p(t)
4.11)

Now, since m, > m and % — 1, there exists ty > t; such that mg% > m for every t > ty.

Using that liminf|, |, (x, VU(x)) > 0, we deduce that there exists a compact subset K of R4
such that
—mg:$<x,vu(x)> < —m(x,VU(x)), VxeK"

Finally, using the Lyapunov stability assumption (Hy) and (4.11), we obtain that for every
t > to,

limsup AV (x,y,t) = —oo.

|(xy)|—=+eo
This ends the proof. O
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4.3 Proofs of Theorems 3.1 and 3.2

Both theorems rely on a first step concerning the tightness of (37 );>1 and (vf)¢>1. This step is
detailed in Proposition 4.1. The proof of Proposition 4.1 requires some technical results detailed
in Lemma 4.4 (which concerns exclusively the tightness of the stochastic occupation measures
(vf)i>1 and not (pf)s>1)- Next, the identification steps of Theorems 3.1 and 3.2 are provided by
Proposition 4.2.

Lemma 4.4 Assume (Rq) and liminf;_, o 7(t) = 7o € (0, +00].

(i) Let a € (0,1] such that (H,) holds. Let 7 : Ry — R be a decreasing C' function such that
f0+°° nsds < +oo. Then, for every z € R? x RY, for every p > 1,

oo y4 z\2\p+a—1 H s |2P]
s (Bl v 2o i ) ds < oo @12)
stli%)) 1t [(U(Xf) v |Xﬂ2)p + |Yf|2p} < 400 as. (4.13)
and,
sup 1B [(U(Xf) v IXE[2)P + |Yﬂ2f’} < +oo. (4.14)
t>0

(ii) Assume (HYy). Then, for every z € R? x RY,

sup’E [(U(Xf) v XE2)P + |Yf|2p} < foo. (4.15)

Proof : We recall that throughout the paper, C denotes a positive constant whose value may
change from line to line and that in the proofs, we write (X}, Y;) instead of (X7,Y7). Let V be
defined by (3.4) and let ty > 0 such that (3.5) holds. Fix any t > ty. By Itd formula, we have:

t
mV”(Xt, Yt, t) = I’]tOVp(XfO,YtU, to) +/t (ﬂsAVp(Xs, YS,S) + ﬂéVP(XS, YS,S)) dS + (Mt — Mto)/
0

(4.16)
where (M;);> is the local martingale defined by

t
M; = / p;yszfl(Xs,Ys,sKVU(Xs) + m, <XS _ 5 ) ,0(Xs)dWs).
0

p(s)

Setting 0; (V) = Y.4_1(VV)x0F, one checks that

i=1

d
P —p Pl p—1 O-i(v)
AVP =pV <AV+ Ly |

Owing to (4.11), it follows that there exists t; > 0 and 1 > 0 such that

() < i TU() —
+% Tr (0% (x)(D*U(x) + mely)o(x)) i“g (x,y,t ] (4.17)
i=1

First, using Assumption (H;) and the fact that r(t)/p(f) — 1ast — +oo, we obtain the
existence of #; > 0 and B € R such that,

—me:;<(tt))<x,VU(X)> —aq|y* < B —a (U(x) V [x[)" + |yl?). (4.18)
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Second, we focus on (4.17).

Tr (0" (x) (D*U(x) + mel)o( Zd; Uli/v (x,y,t)
i=1

< CTr(oo™)(x) (]Vx\/(x,y,t)|2

2
XL U(x)||-|-1>.

Let us control the above right term. On the one hand, it follows from (4.9) that for ¢ large
enough,

V(x,y,t) > Cw
4 7 - r(t)/

where C is a positive constant. As well, remark that V' can be written as follows:

2

Then, by Lemma 4.3 and the definition of m,, we deduce that 1 — mr(t)/p?(t) > C > 0 for ¢
large enough. It follows that V(x,y,t) > C(U(x) + |x|?) for ¢ large enough. As a consequence,

V(x,y,t) > Cmax{ (x) + |x|?; ’¥|) } for t large enough. (4.19)

On the other hand, one easily derives from (4.9) that

2
VoV 0P < € (IVU@P + 132+ ).

Thus, using that liminf;_, ;e 7(t) /p?(t) = 1/7e < +00, it follows from the two previous in-
equalities that, for ¢ large enough,

d
Tr (0" (x) (D*U(x) + mely)o(x)) + ; i i/V (x,y,t)
< CTr(00") () (HWHIDZ (x u) 2 o (U ) v [P

by Assumption (HJ). Then, we derive from (4.18) that for ¢ large enough, one can find ay > 0
and 2 € R such that

AVP (2,9,8) < VP (1) (B2 — a2 (UG V [xP) + [y P) (420)

Now, by (4.9) and (4.19), there exist 0 < C; < C; such that for f large enough,

C <U(x) Vx| v %) <V(x,y,t) <C (U(x) Vx> v %j) : (4.21)

It is thus immediate to check that for any 6 > 0, one can find a suitable 3 such that
BiVP (x,y, 1) <OV (x,y, ) (U(x) V %) + [yl?) + B3

Hence, setting 6 = «>/2, we derive from equation (4.20) that:

AVP(,,8) < B3 — 22 ((UG) V3P + [yP) VP (9,0, (4.22)
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Now, we deduce from (4.21) that

2(p—1) 2(p—-1)
VI y0) 2 C ([u<x> vty ) > <[u<x> v+ ) ~

Consequently, for a suitable choice of B € R, & > 0 and ty > 0, one can check that for every
t > to, for every x,y € RY,

4 B _ & 2\p+a—1 ‘y‘ZP
AV (g, ) < B (UG v Pt ) (4.23)
and that V¥ (x, y, t) is positive.
Owing to (4.23), we are going to prove (i) by exhibiting a non-negative supermartingale. This
argument can be viewed as a continuous adaptation of Lemma 4 of Lamberton and Pages

(2003). Set ap(x,y,t) = (U(x) V |x[?)PTo~1 + r(lf)‘;: and let (G¢)¢>t, be the non-negative pro-

cess defined by

t _ [t
Gt = 1 VP (X, Yi, t) + Ec/ HsPa,p(Xs, Y5, 5)ds + ,B/ nsds Yt > 1.
to t

With the notations of (4.16), Vi > t,

t . t
G =Gy, +/t s [AVP(Xe, Ye, 8) + &y p (X, Yo, 5) — B ds +/t VP (X, Ye, 8)ds + (M; — My,).
0 0
(4.24)

Since 7 < 0, it follows from (4.23) that
ns [AVP (X5, Ys,8) + &pap(Xs, Ys) — B] + 1.V (Xs, Ys,8) <0, Vs > .

Finally, checking that AV?(x,y,t) < CVF(x,y,t) for every t < ty, for every x,y € R?, we get
by similar arguments as those developed in Proposition 2.1:

sup E[VP (X, Yi, t)] < +o0. (4.25)

t<to

In particular, E[V?((Xy,, Yi,, to)] < oo is finite and it follows that (G;);>¢, is a non-negative
supermartingale. Thus, (G;) is a.s convergent and sup,.,, E[G;] < +o0. As a consequence,

+o00
sup 7:VP(Xy, Yy, t) < +ooas., sup i E[VP(Xy, Y, t)] < +oo, /t qSIE[tpa,p(Xs,Ys)]ds < 4o0.
0

>t >t
(4.26)
Now, by the a.s. local boundedness of (Z;)>o, (4.25) and the fact that Yo,y < CVP, we deduce
that (4.26) holds with ty = 0. Thus, (4.12) follows. (4.13) and (4.14) follow when limsup,_, ,  7(t) <
+o00. When limsup,_, 7(t) = +oo, the controls for (X;) in (4.13) and (4.14) are also true but
we still have to prove that for every p > 1:

sup 7| Y;|*P < +oo as. and sup 7 E[|Y,|*] < +oo. (4.27)

>0 t>0

By (H,)(ii) and the fact that mings U > 0, we get |[VU(x)| < U(x) V |x|?. Thus, we deduce
from (2.4) and Jensen’s inequality that

1

|Y,|?? < C <1—|— 0

/Otk/(s)(U(Xs) Vv |XS|2)Pds> as. (4.28)
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The statements of (4.27) follow easily.
(ii) When a = 1, it follows from (4.21), (4.22) and liminf; ;o 7(t) = 7o > 0 that there exists
B € R,a’ > 0and ty > 0 such that for every (x,y,t) € R? x RY x [to, +-00],

AVP(x,y,t) < B —a'VP(x,y,t).

Then, It formula yields,
! / t !
E[e*'VP (X, Yi, t)] = e VE[VP (Xy, Yip, to)] + | €°E [a'VP(X;, Ys, s) + AVP (X, Ys,5)] ds
to

! t !
< e"PE[VP (X4, Yy, to)] +ﬁ’/ e ds.
to
Using (4.25), we deduce that
ﬁl
sup E[VP(X;, Y, t)] < C (1 - ,) < o0
£>0 x

Thus, by (4.21), it follows that sup,., E[(U(X;) V |X;|*)’] < 4co and then from (4.28) that,
sup;-o B[ Y;[*!] < +oo. O
We are now able to establish tightness of mean and stochastic occupation measures as an-
nounced in the next proposition.

Proposition 4.1 Assume (Ry) and fix any z = (x,y) € R? x R?. Then,

t
(i) If (Hp) and (Hy) hold, (43 )s>1 is tight and sup% E[|YZ[*)ds < +c0.
0

t>1

(ii) If there exists a € (0,1] such that (H}) holds, for every g > 1

1t z z12\4 {’Ysz|2}q
sup y J, UGG VXY + S Simrds < +oo s,

In particular, (vi(w,.)¢>1 is a.s. tight.

Proof : The proof of (i) is almost standard and we provide it for sake of completeness, (if)
requires more technicalities.

(i) On the one hand, the tightness of (y});>1 follows from (3.5) and from a straightforward
adaptation of Lemma 9.7 of Ethier and Kurtz (1986) (chapter 9, p. 242) to this non-homogeneous
Markovian framework. On the other hand, by (4.11) (Hy) and the fact that VU, D?U and ¢ are
locally bounded, we deduce that there exist 1 > 0, 1 € R and a3 > 0 such that for every
(x,y) € R4 x R4, for every t > t1, AV(x,y,t) < B1 — a1]y|>. Then, applying Itd formula, we
have

a1 lim sup 1 t]E[|YS|2]dS < lim sup (E[V(th’ Yt1’ tl)]t IE[V(XV Yt/ t)] + 51) < 181

t—+oo0 51 t— 400

and the second statement of (i) follows.
(ii) Set p > 1. Using It6 formula and (4.23), we have for every t >ty > 0:

t 2
+ ((u(xs) VI PP {r'(fs)‘p}f

where (N;) is defined for every t > 0 by

> < 1 Vp(Xto’ Yto’ to)t_ Vp(Xt/ Ytl t) + ‘B + Nt _t Nto/

&

t
N; = p/o VP(X,, Y, s)(VU(X,) + m, (XS — st ) , 0 (X, )dWs).
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Note that by Lemma 4.4, (N;) is a martingale. We have now to show that N;/t — 0 as t — +oo.
Set M; = ftf)(l/s)st. We want to show that (M) < +oc0o. For every t > tj, we have:

t 2
(M) < [ 52020, Y, 8) (IVUCOR+ 1P + L5 ) ooy (s

fo

Owing to the elementary inequality |u 4 0[P < Cp(|u|P + |v|?) for u,v € R, we have:

V2 (x,y,t) < C (1 + (U)X %) .

Using (H}), it follows that, since p(t) ~ r(t),

2
) ) VIR s

Y23t PR
r(s)?r r(s)?r—2

t
(M); < C|[ s2 (1+

to

' {
+C [ 572 (1 +

fo

> (U(X,) V| X,[*)ds.  (4.29)

By the elementary inequality |uv| < (4% + v?)/2 for u,v € R, and after some standard inequal-
ities, one can find suitable constants (C, C ) satisfying a.s.,

t u 2}2 214p-2 214p—4

<M>t = c to o [1 N ( (XS) v ’XS|2)4P o {|1}ESS‘)4} {|1:’S(|S)}4: {|:Ess|)4};2p4 ] ds
t X 2}2 214p-2 214p—4

< C to g2 [1 + (U( s) V |X5’2)4P+2a—2 {’fgl)} {|:ESS’)4};7_’93 {|:ESS’)4};7_’95 ] ds.

The second inequality holds since liminfr(¢) > 0. By Lemma 4.4, it follows that (M), < 400
a.s. Then, (M;) is a convergent martingale. Setting M« = lim; 1 M;, we derive from an
integration by parts and from Cesaro’s Lemma that

Ny — N, 1/t 1t
= [ sdMy = (M= My) = 5 [ (Mo - My)ds
t t to t to
2% (Moo — Myy) — (Moo — Myy) = 0.
As a consequence, &t — 0 a.s. and it follows that (v7);>1(w, .) is a.s.-tight. O

The next proposition identifies the adherence of the tight occupation measures in the several
cases addressed by Theorem 3.2.

Proposition 4.2 Assume (Ryp).

(i) Assume (Hg) and (H1) and denote by ye an accumulation point of the (tight) family (7 )s>1.
Then,
(i1) If reo = o0, the first marginal of oo is an invariant distribution for SDE (3.1).
(iz) If r(t) = re € R, poo(dx,dy) is an invariant distribution of the homogeneous Markov
process solution to (2.3) with r(t) = re for every t > 0.

(ii) Leta € (0,1] such that (HY) holds, and denote by veo (w) an accumulation point of the (a.s. tight)
family (vE(co) )1

(ii1) Ifreo = 400, Veo(w, dx, dy) = dyu(x) (dy)7t(dx) where 7t is a.s. an invariant distribution
for SDE (3.1).

(iip) Ifr(t) = re € RY, Veo(w, dx, dy) is an invariant distribution of the homogeneous Markov
process solution to (2.3) with r(t) = re for every t > 0.
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Remark 4.2 Oppositely to (iiy), we only identify the first marginal of the accumulation point in (iy).
This point may appear a little surprising since uy(f) = E[vi(f)] but is due to the weaker stability
assumption (Hy) in the first part of the proposition. Note that we could obtain the whole identification
in (i) under (HJ).

Proof : The proof of (i1) and (i) being an adaptation of that of (ii;) and (iiy) in a simpler case,
we choose to mainly detail the second ones and to give some elements of the first ones at the
end of the proof.

(ii1) We assume that 7o = +0c0. Let veo(w) be a weak limit of (vi(w))s=0. By the factorization
theorem for probability measures, ve(w) = v}, (x, dy)v2 (dx) where a.s., v}, is a transition prob-
ability and v?2 is a probability distribution. We first prove that 12 is a.s. an invariant distribu-
tion for SDE (3.1). Recall the notation L for the generator of (S t)tzo solution to the classical SDE
(3.1). Owing to the Echeverria-Weiss Theorem (see e.g. Theorem 9.17, chapter 9, p. 248 of Ethier
and Kurtz (1986)), v2, is an invariant distribution for (S;)i> if a.s., [ Lf(x)veo(w,dx,dy) = 0
for every f € C3(IRY). A countability argument shows that it is enough to show that for every
f€CHURY), [ Lf(x)Voo(w,dx,dy) = 0a.s., i.e. that for every f € C3(R?),

t
1/Lf( Ods 2% 0 g,
0

The idea of the proof is thus to compare the generator 4 of (2.3) to £, the one corresponding to

SDE (3.1). For f € C3(R%), set g1(x,y,t) = f(x) — %. By It6 formula,

_*/ Ag1(X,,Y,,s)ds = 81(%,y,0) _tgl(Xt/Ytlt) —i—%

with N; = fo V181(X,,Y,,8),0(Xs)dWs). On the one hand, by (4.13) applied with 7, = 1/#?
and p = 1,sup,-, |V,*/ t2 < 400 a.s. Then, since f is compactly supported,

X, Y, t L 00
lglht>|§c<t |t|)H_+>o s, (4:30)

t r(t)t

and it follows that
gl(XtrYt/t) - gl(x,y,O) t—4-o00
t

On the other hand, using that inf;>o 7(t) > 0, we have

>0 a.s.

Va0 = [955) - 2L < car o)

Then, it follows from (4.12) that the martingale (M;);>1 defined by M; = flt(l /s)dNs and a
similar method to that of (4.29) that

1 rt 00

. /O (Vig1(X,, Yo s), o(Xe)dWs) "2 0 as.

Finally, v7(Ag1) === 0 a.s.. Now, A can be decomposed as Agy(x,v,t) = Lf(x) + H(x,y,t)
where

H(x,y,t) = r(lt) (—y*sz(X)Wr ;Tr(g*(x)Cy(x)a(x))> —gl(x,y,t)rz(t),

and (Cy(x));; = Y 103, x; x,f(x). Then, v, is a.s. an invariant distribution for SDE (3.1) if

1 ot
?/0 H(X,, Y, s)ds =50 as.
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and this point follows from the control below

101 < (5 (0P + ) + il ),

the fact that »/(t)/r*(t) — 0, 1/r(t) — 0 (under the assumptions of (ii1)), and Proposition

4.1(ii) that yields : sup,., ; fo Y, |%ds < +o0  as.
Finally, let us check that v2 (dx)-a.s one has v, (x, dy) = dgyy(x)(dy) a.s. Itis enough to prove

that for every Lipschitz bounded continuous function f : R x RY — R

P [ XY - X, VU S50 as,
and this property will be true if
1/t|vu(xs)—ys|d 2FR g g, (4.31)
Applying Itd formula to ¢(t,w) = |[VU(X,) — Y,|?, we get
L rervu) - s = VO ZHEm9lbe) L ey as
t o 2t 2t Jo
+3 /Ot<D2U(Xs)(Vu(XS) —Y,), 0 (X,)dW,)
where F is a function that depends on VU, D?U, D3U and ¢ that satisfies
|F(x,y)] < C(1+ (U(x) V |x|*)Pt + |y|*) with p; > 1. (4.32)
J|ds < +oo as.

Now, it follows from Proposition 4.1 and (4.32) that sup,, fo |F
and similar arguments as those developed in (4.29) combined with (4.12) yield
1t 0
+ [ (PPUX)(TUX) = Y,), o(X)aws) =520 as.

0

As a consequence,
1 ot
()| VU(X,) — Y,|?ds < 400 as.

sup —
t>Il) 0
and (4.31) follows from Jensen'’s inequality and the fact that r(t) — +oo.
(iip): 7(t) = Teo < +00. Let Voo(w) be a weak limit of (v7(w))s>1. Let f : R x R* — R.

Following a similar strategy, it is enough to show that
t—o00

/.Arwf X,,Y,)ds —/— 0 a.s.

where A, denotes the infinitesimal generator of the homogeneous Markov process (Z;):>0
,y,t) = f(x,y) and

when r is constant (r(t) = r« for every t > 0). In this case, we set g2(x,y, t)
derive from similar arguments to those developed in (ii1) that,

/Ang Y, s)ds =% 0 as.

Then, we can show that
t
1/ A (X, Y )ds — Aga(X,, Y, s)ds 2F2%00 g
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using that
Ag2(x,y, 1) = Ar f(x,y) = (r(t) — 1) (VU(x) =y, Vyf(x,y))

combined with the fact that supp f is compact and r(f) ~=— r,. This ends the proof of (ii).

(1) and (i2): in this case, it is enough to prove that for every C3-function f with compact
support,

1 t t— o0 .

;/ E[Lf(X,)]ds =% 0 ifr(f) — +oo and, (4.33)
0
t

1/ E[A,.f(X,, Y,)]ds =550 ifr(t) = re € R%. (4.34)
0

Following carefully the proof of (iiz), one checks that (4.34) is true using in particular that g is
compactly supported. In the same way, one observes that under (Hp) and (H7) (only), a direct
adaptation of the proof of the first part of (i1) is available to obtain (4.33) if

t
sup1 E[|Y,|*]ds < +c0 and, El%[] 2F0 0 (when r(t) — 4o00).

>1 tJo r(t)t
The first point has already been proven in Proposition 4.1. Let us focus on the second one. Since
for t large enough lim sup, 2)| =400 AV (x,y,t) = —oo, it follows that there exist C and ty > 0

such that for every t > t; for every x,y € RY, AV (x,y,t) < C. Then, an adaptation of the
proof of Lemma 4.4 (see (4.24)) shows that (G;);>4, defined by G; = 1,V (X,,Y,,t) + C f;roo Nsds
is a non-negative supermartingale when t — 7; is a non-increasing positive function such that
[y nsds < +oo. Since V(x,y,t) > |y[2/(r(t)), this implies sup,s, {ME[|Y,Plr(t) 7'} < +eo.
Applying this property with 77; = 2 yields

E[Y[1\*_ 1 (E[Y\_ C 1 (EGP ) o
o) < () <50 (1+f§£t2< 20 )) >

4.4 Some properties of the invariant distribution

In this short paragraph, we provide some identification clues for the adherence points of (v7(w,.)):>0
and (yf)i>0 when r(t) = r € R’ This results are summarized in Proposition 3.2 in the first
part of the paper.

Proof of Proposition 3.2:

(ii) We study first the identification problem when d = 1, o a positive constant, r(t) = 7 > 0
and U(x) = x?/2. Note first that the assumptions of Theorem 3.3 are fulfilled with a = 1.
Then, in particular, (X,,Y;)¢>0 converges weakly to the unique invariant distribution v. Since
(X, Y})i=0 is a Gaussian process, v is a Gaussian random variable whose parameters are the
limits of the expectation and variance/covariance of the process. Let us compute these limits.
We set for any £ > 0: ¢1(t) = E[X,] and ¢»(t) = E[Y,]. One easily checks that ¢ and ¢, satisfy
a simple coupled differential equation

¢1(t)= —¢a(t)
¢y (t)=reol¢1(£) — Pa(t)].

When r €]0,4], the eigenvalues of the matrix of the system are complex with negative real
part and when ., > 4, the eigenvalues are real and negative. In the two cases, it follows that

E[X,] =% 0 and, E[Y,] Z2%o0.

27



Set now f(t) = E[|X,|%],¢(t) = E|[|Y,|] and h(t) = E[X,Y,]. Simple computations yield the
following first order differential system:

f(t)= o2 —2h(t)
§'()= 2reofh(t) —g(t)]
W (t)==g(t) +reo[f (t) — h(t)].

The homogeneous system associated to the preceding one can be written Z'(t) = M, Z(t)
where Z(t) = (f(t),g(t),h(t))T and

0 0 -2
M, = 0 —2re0 2re .
Too -1 —To0

Computations on the characteristic polynom of this matrix show that for every ro, > 0, M,
has a negative real eigenvalue that we denote by & and two complex eigenvalues 1 and B,
whose real part is negative when 7o, < 4. When ro, > 4, M, has a 3 real negative eigenvalues.
Denoting by A, =diag(a, B1, B2), by (va, vg,, vg,) a basis of eigen vectors and by P, the matrix
of the coordinates of this set of vectors in the canonical basis, we have:

0.2
Z't) =P NP Z)+ | 0 .
0

2
Consider now Z(t) = Z(t) + M, ! ( ) , we check immediately that
Z'(t) = P AP Z(),
and Z is given by
P 'Z(t) = e*~'P,1Z(0).

Teo

0
Hence, using that the real part of the eigenvalues is negative, it follows that Z(t) — ( 0 ) as

t — +o0. Thus,

0_2 _reet+l 1 1 0,2
f—+o0 1 27ioo 27-{02 T
0 —3 0 0 0

Thus, we obtain that E[(X,)?] =2+%% et Z, E[(Y,)Y) LA Z  E[X,Y] o . This ends
the proof of (if).

(i) We consider now a more general case when () = r« and U satisfies the hypo-ellipticity
condition dim(My;) < d — 1. Then, from Theorem 2.1 and 3.1 there exists a unique invariant
distribution of the coupled markovian process (X;,Y;)t>0 whose density is denoted p,, with
respect to the Lebesgue measure. We know that p,_ is characterized by the balance property:

Vf e C2(R x R) : /]RX]R Af(x,y)pr. (x,y)dxdy = 0.

Since we can choose f and all its derivatives of order 1 and 2 vanishing on JK, very simple
integration by parts ensures that p, satisfies the following partial differential equation:

1 *
W, Vabre (5, 9) + 5T (D2Prooy 0 (2, 1)0" (5,9)) ) +7e0 [y = VUR), Vypro (5,9)) + pr] =0
This ends the proof of the proposition. 0
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5 Convergence rate when r,, = +00

Proof of Theorem 3.4: We establish in this proof that under the conditions of Theorem 3.4, there
exist some positive constants C; and C; such that for every positive s, ¢,

t
Wy (Px,,,, m) < Crexp(—ps) + k((::)/o k(v)do,

which is obviously equivalent to the conclusion of Theorem 3.4. First, note that under the
assumptions of the theorem, 7r has a moment of any order owing to (3.5) combined with (3.7).
Then, let (W;) denote a d-dimensional Brownian Motion and let (X,,Y;) denote the unique
(strong) solution to (2.3) adapted to the filtration generated by W. For every t > 0, we also
denote by (Sé’x) the unique (strong) solution to the following SDE

dSs = —VU(Ss)ds + o(Ss)dWiss, So = x, (.1)

where (W;) is the same Brownian Motion as previously. Let (S¢”) denote a stationary solution
to (5.1) whose initial value is independent of X; (this is possible owing to a potential filtration
enlargement). We have:

1 1 1
W2 (Px,.,, ) < E[|X;ps — Sé'n’2]2 < E[[X; 5 — Sé'xt‘z]z + E[‘Sé'xt - Sé'n‘z]zr (5.2)

thanks to the Minkowski inequality. First, we deduce from It6 formula that
S
exp(205)|Sy* — SY7 = [x —y* + /0 exp(2pu) (ZPISZ" — S*+29(SIF, Si’y)) du + ML,

where (M!);>0 is a martingale and ¢ denotes the left-hand side of Assumption (AC) (see (3.10))
defined by

1 ~ %
@(x1,x2) = (x1 — x2, VU (x2) — VU(x7)) + QTr ((607)(x1,x2))
with 7(x1, x2) = 0(x2) — 0(x1). Then, owing to (AC), it follows that
E[|SE — 5¢[7] < exp(—2ps)|x —y*

Thus, using that X; and Sf)’” are independent, we deduce that

E[|SE% — SUT2)E < exp(—ps) ( I/ rx—ywznwy)ﬂ)x,(dx))z <Crexp(—ps),  (53)

1

where C; = (supt20 [ [1x— y\zn(dy)IPXt(dx)) ? is finite since 77 has a moment of order 2 and

sup;-o E[|X:[*] < +oc0 by (4.15).
Second, we focus on the first term of the right-hand side of (5.2). Set § = 2p — ¢ where ¢ €
(0,2p). As previously, setting H; = X, — S%, we deduce from Itd formula that

exp (65)E[|Hs ] = /Oséexp(&u)lEHHuF]du
+2 /0 " exp(6u) <]E[<Hu, VU(S) = Yy )] + ;]E[Tr(c”r&*(XHu,Sf,’Xf))]) du. (5.4)
Using that

<HMIVU<SZXt) - Yt+u> = <Xt+u - SZthvu<Sil’Xt) - vu<Xt+u>> + <Hulvu<Xt+u) - Yt+u>/
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we deduce that

(54 =2 " exp(u) ( FEIFLE) + Elp(X,.y, S + El(H, VU(X,10) = Vi) ) do.

Using the fact that forevery ¢ > 0, |(H,, VU(X,,,) — Yu)| < §|Hu? + |[VU(X,,,) — Y]/ (2€),
one can find sufficiently small § and ¢ to ensure that § —2p + ¢ < 0 and then it follows from
Assumption (AC) that

E[|Hs[?] <

= eXp(S_(SS> /OS exp((su)lEHYt-i-u - vu(XH-u) |2]du' (55)

Now, by (2.4)

2 2 tHu 2
Yo~ VU, )P <2 ( P+ (s [ K @IVUG) - VU, o) ) .

Then, we deduce from Jensen’s inequality that

2AyPO2 1
k(t+u))2 N Tkt +u

Applying It6 formula, we have

IEHYtJru - vu(XtJru)’z] <

) /Ot+14 k’(U)IE[|VU(Xt+u> — VU(XUMZ]dU.

t4u
VU(X,,,) — VU(X,) = —2/ (VU(X,) — VU(X,), D2U(X,)Y,)dr
t4u
Z/ Tr(c* D3U; %) (X, )dr + Misu — Mo,
z 1

where M; = Zfo (VU(X,) — VU(X,), D*U(X;)r(X,)dW,) and D3U; is the d x d matrix de-
fined by (D3U;.)jx = 81 ikU. By Assumption (Hj)(ii) and the elementary inequality |(a, b)| <
(|a|*> + |b|?) /2, we obtain the existence of a positive number p such that:

(VU(X,) — VU(X,), D*U(X,)Y,) + ;Xd:Tr(a*D3ui,,a*)(Xr)|
i=1
< C (14 (U(X) VX )P + (U(X) VIXAP)P + 1Y)

Furthermore, by (2.4), (H})(ii) and Jensen’s inequality,
E[|Y;[?] < sup E[[VU(X))]] < C(1+ sup E[(U(X)) V [Xi])?]).

0<I<r 0<I<r

Thus, by Lemma 4.4 (see (4.15)), we deduce that there exists a positive C such that for every
t,u,v € Ry witht+u > v,

E[|VU(X,.,) — VU(X,)[) < C(t+u - 0).

Asa consequence,

(Y - VUG < 5 ([ K@@+ u-oio) < S ([T ko),

by an integration by parts. Using that t — fo v)dv) /k(t) is nonincreasing and plugging the
previous inequality into (5.5), we obtain that for every positive s and ¢#:

. ' k(v)d
cJo20)70 exp(—&s)/ exp(du)du < CZM,
0

]E[|HS|2] S k(i’)
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where C; does not depend on t and s. Theorem 3.4 follows. U
Proof of Corollary 3.1:
For any t > t, set

C u
— CrePt=u) 2 /
¢i(u) = Cie + k() Jo k(v)do.

¢: achieves its unique minimum on u*(t) which satisfies

(i K (u) [
p(t—u) —
pCie +C Czkz(u)/o k(v)do.

Taking the logarithm, we obtain

el (3 o)

Using the notation H defined in Corollary 3.1, we thus obtain u*(t) = H~1(t), and

Wa(Px,, 7t) < g (H™'(t)) = Cre P(=H(1) (1 + r(Hfl(t))> - r(H%(f))'

6 Proof of general unstability (.. = 0 and subquadratic potential)

Proof of Theorem 3.5: Let ] : R? x R? x Ry — R be defined by

2
TG0 = ol0) (o) + ).

where v is a C!-function on R ; which will be fixed later. We have:

Al ) = 30T [ (DD2UD)] + Iy (~o(0r)+ T2 ) + (0ol U,

From now, we take v as a solution of the o.d.e. given by —ov(t)r(t) + # 0. Thus, v can be

chosen as v(t) = exp(2R(t)) where R(t fo s)ds. Using that Tr(c*D?Uc)(x) > Ag > 0, we
deduce that

Aﬂn%wz%%wwudmwnﬂuy

As a consequence, it follows from It6 formula applied between ty and ¢ that

EU@M@MZEU@WQWH+?W@_MWLF&4W@WEWMM%.
Dividing by v(t), we deduce

E[|Y:[*] Ao olto) Lty s

OB + 5 2 o 5 (1= 00 ) [ s EUXls

Let tg € R, such that #/(t) + 2r2(t) > 0,Vt > to, then (r(t)v(t))’ > 0 for t > ty and it follows
that

— 1/%@mmmwmm@za

mfo
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Using that v(t) — +oo (since v(t) = (k(t)/k(0))?), we deduce that

.. E[]Y: ’2] Ao
+— > —
I}mmf <r(t)IE[U(Xt)] > 1 > 0. (6.1)
From now, let us argue by contradiction and assume that
limsup r(t)E[|X,|?] = 0. (6.2)

t—-+oo

From our hypothesis, there exists a suitable C such that |VU|? < C(1 + U) and it follows that
U is an under-quadratic potential: U(x) < C(1 + |x|?). The hypothesis given by equation (6.2)
trivially implies that r(t)E[U(X;)] — 0. Thus,

lim inf E[|Y;|?] > ik 0. (6.3)

t—+o0

We now focus on K : R? x R? x R defined by K(x,y,t) = exp(R(t)){x,y). First,

AK(x,,1) = RO (= |y + 1(1)(x, VU(x))).

Owing to It6 formula, we obtain

eROE[(X;, Y;)] = RO (xg, yo) +/ E[| Y]+ r(s)E[(Xs, VU(X5))]) ds.

Since |(x, VU(x))| < C(1 + |x|?), it follows from (6.2) and (6.3) that there exists & > 0 and
t1 > 0 such that for s > {4,
E[|Ys]?] - r(s)E[(Xs, VU(X;))] > &

Then, since r(t) — 0 and exp(R(t)) — +o0, we deduce that:

1 t
I E[(X;, V1)] < —ali fi/ s
im sup E[(X, )] < ~&liminf ey | e0ds

Recall that #( is such that ' (t) + 2r%(t) > 0 for every t > 0. Then, an integration by parts yields

1 ) /t eR(S)dS _ 1 B eR(t(])—R(f) + 1 /t r/(s>eR(S) ds S 1 B eR(tO)_R(t) B 2 ) /t eR(S)dS.
t r to

eR(t (t) r(to) eR(®) Jyy  7(s)? ~ r(t) r(to) eR(t
Thus,
1t 1( 1 eR(to) =R(t)
L R(s) > = t— 400
R( / ds (r(t) ) e
As a consequence, limsup, ,,  E[(X;,Y;)] = —co. Then, by Itd formula applied to | X |2, we
obtain that:

E[|X,[?] = |x? - z/ (Xo, Yo)lds + [ E[Te(oo*) (X,)]ds.

fo

The fact that 7/ (t) + 2r2(t) > 0 for ¢ large enough implies that r(t) > 1/(2¢). Thus,
limsup r(t)E[| X;|?] > Climsup IEHXt| | > Climinf(—E[(X}, Y})]) = +oo.
t—+o00 t— 400 t—+4o00

This is a contradiction with (6.2). O
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7 Proof of unstability (. = 0 and quadratic potential)

Proof of Theorem 3.6: We set for any + > 0: ¢;(t) = E[X,] and ¢(t) = E[Y,]. One easily checks
that ¢; and ¢, satisfy a simple coupled differential equation

{ Pi()=  —(t)

¢ (t)=15501(8) — Pa(1)]-

Thus, ¢; satisfies the second order differential equation ¢/ (t) + a(t)¢](t) + ¢1(t) = 0. This last
equation is a particular case of second order differential equation with asymptotically small

dissipation studied in Cabot et al. (2009b) where we set a(t) = 1%;. Since / a(s)ds = +oo, we
0
can apply Corollary 3.2 of Cabot et al. (2009a) to obtain that

E[X,] =% 0 and, E[Y,] Z%o0.

This shows i). Now, we study the second point ii) and we will show a sequence of technical
lemmas. We use the notation f, g and & defined in Subsection 3.2.2.

Lemma 7.1 Assume that k(t) = (1 + )" witha > 1/2. Then,

Vi>0  r(t)f(r)+g(t) > %, and, limsupr(t)f(t) +g(t) <a.

Proof : We consider the application F(t) = r(t)f(t) + g(t). F satisfies
F'(t) = r(6)f(8) +r(t) = 2r()h(t) + 2r(t) [n(t) — g(t)]
() f () +r(t) —2r(t)g(t)
iy - 1) r'(t)
O ACRN(GE0 [—Zr(t) -5 } | 7.1)

Since a > 1/2, that 7' 4 2r> > 0 for every t > 0 and F satisfies the inequality

F(t) < :/((:))F(t) +r(t) VE>O.

Thus, for any ¢t > 0:
(/) (£) = (F'/)(£) = " (DE(H) /(1) <1,
and it follows that
F(t) = r()f(t) + g(t) < C(1+£)r(t) 52 .
We focus now on the lower bound. We observe that
VE>0  F(t) = =2r()E(t) + F(H) (' (1) +2r2()) + ().

Thus, for every t > 0, F'(t) + 2r(t)F(t) > r(t) since ¥ +2r? > 0. Hence,
t ! t

2/ r(s)ds 2/ r(s)ds

vt >0, F(t)e Jo >r(t)e Jo .

Using a simple integration and the fact that F is positive, we obtain

F(t) > F(O)e_z-/o r(s)ds —l—/otr(s)e_z/s r(u)duds .

This ends the proof of Lemma 7.1. O
The preceding lemma shows in particular that (7(¢) f(t));>0 and (g(#))¢>0 are bounded func-
tions. We now want to obtain the same property for h. This is the purpose of Lemma 7.2.

vt > 0.
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Lemma 7.2 Assume that k(t) = (1+ t)* with « > 1/2. Then, h is a bounded function on R

Proof : First, one observes that

(1 +0(0)) = (107 (wh(e) + (14050 + 5070~ )
= (L OO0 — ()] = (L + 5 wf (1) — (14 Dg(8),

and thus, that h(t) = (1+ )~ (h(O) + [ s"“lt,b(s)ds) with ¢(t) = af(t) — (1 + t)g(t). This
representation of /1 and the controls of f and g obtained previously suggest to study . One
checks that

Y'(t) =a+ (2 —1)g(t) —4ah(t) Vt>0,

and that ¢ satisfies the second order differential equation

(14 89" + (2 — 1/2)¢ +dayp = a(20 —1/2) — (a — %)g,

We build now a Lyapunov function for the second order differential equation written above

and consider C given as

Ct) = 92(1) + -y (o).

From Lemma 7.1, we know that B is bounded and the elementary inequality |uv| < eu?/2 +
v?/(2¢) (with u,v € R and ¢ > 0), applied with u = ¢/(t),v = B(t)ande = 1 —1/(2a) > 0
since « > 1/2, yields
C'(t) < 2732( ) < C < +oo.

It follows that for every t > 0, C(t) < C(1 + t). Then, the construction of C implies that ¢ is a
bounded function. Since & satisfies 4ah = a + (20 — 1)g — ¢’, we easily conclude that & is also
bounded. ]

We have shown that 7f, ¢ and h are bounded functions (Lemmas 7.1 and 7.2). It is then
natural to use f = rf and to study the asymptotic behaviour of Z defined by 2(t) = (f, g, h)T
for every t > 0. Using (S), we observe that Z is a solution to

Z(t) = Miz(t) +r(t)9,

with 6 = (1,0,0)T and,

~ = 0 —2r
Me=10 —2r(t) 2r(t)
1 -1  —r()

Let us denote by z(*) the t-shifted trajectory of Z, i.e. defined for every s > 0by () (s) = 2(t +35).
We have the next lemma.
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Lemma 7.3 The family (£)(.));0 is relatively compact for the topology of uniform convergence on
compact sets and every limit function () is a stationary solution toy' = Mooy with Me = limy_, ;o M.
As a consequence,

lim r(t)f(t) — g(t) = 0.

t—o00

Proof : We are going to apply the Ascoli Theorem to (£();>9. By Lemmas 7.1 and 7.2, % is a
bounded vector of R3 on R, . Thus,

sup [|2(0)]] < +oo.

t>0

Furthermore, (2());>¢ is equicontinuous. Actually,

t+u
V(L T) € R2, Y(uo)e[T?  20(u) —20(0) = / [NMLE(s) + r(s)0]ds.
t+ov
and it follows from the boundedness of (M;);>o, (2¢)i>0 and (7(t))>o that, there exists C > 0
such that
V(o) € ;TP 29 () —2Y(v)| < Clu—ol.

Then, by the Ascoli theorem, (£(*));> is relatively compact. Since ((2))/(.))i>0 = M2 (.) +
r1)(.)é, it is immediate to check that ((£())’(.))s>0 is also a relatively compact. Denoting by
7)) = (f(=), o() B(=NT 3 limit point of (£());9, we deduce that (2(*))'(.) = Mz(*®)(.)
(where we also used that lim;_, ;o 7(t) = 0). It follows that

Moreover, there exists (C1,Cp, C3) € ]R?F x R such that f(°°) = C; and g(°°) = Cy and h(“)(u) =

(C1 — C2)u + C3. Now, by Lemma 7.2, h(®) ig clearly bounded, and we conclude that C; = C;.

It follows that () is stationary and that 0 = f(*)(0) — ¢{®)(0) = lim;_, o (r(t) f(t) — g(1)).
We now end the proof of the theorem. Recall that F(t) = r(t)f(t) + g(t). Since r(t)f(t) —

g(t) =52 0, we choose to express F/ as follows:

P =5 (50 -20) 0050 +50)+ 5 (50 +20) (050 - g0) + 11

= 5O+ 5 O —80) + T

It follows that G defined by G(t) = (1 + )2 F(t) satisfies

G(t) = 2"‘2—1(1“)%

(r(Df(1) — g(t)) +a(l+1)"7

Then, by an integration, we obtain

_ 241
2

F(t) = (1+1)

v ¥ — o« t a—
F(0)+a(1+t)*2“z“ X 20c2+ 1 (1,‘227+l - 1) + 2oc2 1t22+1/0 s (r(s)f(s) —g(s))ds.

We observe that up to a constant, the last term can be written (b(t))~! fot b'(s)(r(s)f(s) —

g(s))ds with b(t) = t*57+ 252
that

+o0o. Then, thanks to a Cesaro-type argument, it follows

— 2a+1 b 0
E [ 00 (6) —gs) ds =0,
0
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As a consequence, F(t) — 40 %, and Lemma 7.3 leads to

t 14
E[X?] ~ , d lim EY? = i
X~ 2 an et T op 1

Finally, since & is bounded, - i E[X;Y}] 2% 0. Thus, assertion iii) of the theorem follows using

that in the Gaussian case, the convergence in distribution follows from that of the covariance
matrix. This ends the proof of the theorem. U

8 Appendix

We detail the proof of Lemma 4.2(ii) or more precisely, we explain how the proof of Delarue
and Menozzi (2010) can be used in our context. With the notations introduced in (4.6), (2.3)
can be written as dZ; = F(Z;)dt + Bo(X;)dW;. Since Assumption (A) is satisfied on a ball
B(z*,p) (o > 0), we can easily build (Z;) solution to dZ; = F(Z;)dt + B&(X;)dW; (with the
same Brownian Motion) such that F(x) = F(x) and &(x) = ¢(x) on B(z*,p).

For the process (Z;);>0, Theorem 1.1 of Delarue and Menozzi (2010) holds and one may
observe that the lower bound obtained in this theorem is a consequence of equation numbered
(4.21 — DM) and of the control of its remainder denoted by Rr_.. Here, the remainder is

denoted by R%f . in order to specify the process involved. Then, we first emphasize two points:
(a) RZ_, is a functional of (Wi)sc(o,7—ej, ($1)rejo,7—e)s (V1)iefo,r—q and (§1)ejo,7—e Where:
= (@t)tepo,r) is a particular solution to the control problem ¢ = F(§) + Bo(¢') g with
$(0) = z1, (T) = z2 (with (¢);c[o,7 being such that fo |ps|?ds < +o0).
= (vt)se(0,7—¢ is @ progressively measurable stochastic process such that ]E[ AR
— (Xt)iefor) is a solution to df; = (F(%:) + Boy)dt + Bo (%} )dW; with fo = z1.

(b) If (¢¢) and (v;) are such that Proposition 4.2 and 4.3 of (Delarue & Menozzi, 2010) hold,
then there exists a measurable set C such that P(C) > 1/2 and such that for every mea-
surable C € C, )

E[R7_1c] < Cr(1+ |0r(z1) — 22[*),

where (6;(z1))>0 always denotes the solution to 8 = F(8) starting from z;.

Second, we show that we can find a sufficiently small ball B(z*, ) such that, for every z1,z; €
B(z*,0), (¢t)te(o,1), built with a control (¢4)c[o 1) that satisfies the conclusions of Proposition
4.2 of Delarue and Menozzi (2010), is always included in B(z*, p) for any time ¢ € [0; T]. In this

view, set (x,y) = U(x) + 5; YE We have

P — 9() < C [ (V9(F()), B 5))gu)ds.

Let 7, := inf{t > 0,|¢(t) — z*| = p} A T. From Proposition 4.2 of (Delarue & Menozzi, 2010)
and denoting by My = sup, g, ) [V§(x)|.[|o(x)[|, we deduce that,

P@EAT)) —(z1) < CrMplfing, (21) — 22 8.1)

Now, by our non explosive result given in (4.8), we have that for every & > 0, there exists § > 0
such that for every z;,z, € B(z*%,0), sup,~, [0:(z1) — z3|? < e. By (8.1), and the strict convexity
of U on B(z*, p), it follows that for a suitable choice of € and &

sup  §(z1) +CrMpe < inf U(x).

|21*Z*‘§5 ‘X—X*|:‘0
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Hence, for e > 0 and 6 small enough,

sup  sup P(P(tAT)) < inf U(x).
21,20€B(z*,6) t€[0,T) |x—x*|=p

It implies that 7, = T and we deduce that for every z1,z2 € B(2z*,6), (¢t)cpo,1] is always in-
cluded in B(z*, p) for any t € [0; T].

We can now focus on (Z;)>o itself. From the latter argument, one deduces that (¢(t))cjo,1)
is a solution to z; = F(z;) + Bo(xt)g¢ with ¢(0) = z; and ¢(T) = z,. We then denote it
by (¢t)sefo,r)- Following carefully the construction of (4.21 — DM), one then checks that this
equation also holds for (Z;).

If (v) is built as in Proposition 4.3 of (Delarue & Menozzi, 2010), then R% , = R%fs on
theset D = {w € O,Vt € [0, T —¢], xt(w) = Xi(w)} (where (xt)ic[o,r] denotes the solution to
dx: = (F(x:) + Bo;)dt + Bo(x} )dW; with xo = z1). From (b), one deduces that the lower bound
of Theorem 1.1 remains true for (Z;) itself if P(D) > 1/2 (so that P(DNC) > 0).

In fact,

D={weQVte|0,T—¢, € B(z"0)}

and it remains to prove that

P( sup |x:—2z"|>p) <1/2.
te[0,T—¢]

We can find 6 small enough such that for every z1,zx € B(z%,0), (t)scpo,r—e € B(z*,0/2), we
only have to check that P(sup;c g r_ | Xt — ¢l = £) <1/2.

Writing ¥t — ¢ = O =Ty + T with ©; = §; — ¢r and (T)¢>0 being a Gaussian process defined
by (3.15-DM), we have

P( sup % —¢ill = 5) <P( sup (6 —T1[ = £)+C, sup E[L,[7.
te[0,T—¢] te0,T—¢] t€[0,T]

Then, we deduce from Proposition 4.3 and Lemma 3.9 of Delarue and Menozzi (2010) that for
T small enough, IP(D) > 1/2. This concludes the proof. 0
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