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Time fluctuations in a population model of adaptive dynamics

Sepideh Mirrahimi*f Benoit Perthame?? Panagiotis E. Souganidis/"*

June 3, 2013

Abstract

We study the dynamics of phenotypically structured populations in environments with fluctua-
tions. In particular, using novel arguments from the theories of Hamilton-Jacobi equations with
constraints and homogenization, we obtain results about the evolution of populations in environ-
ments with time oscillations, the development of concentrations in the form of Dirac masses, the
location of the dominant traits and their evolution in time. Such questions have already been
studied in time homogeneous environments. More precisely we consider the dynamics of a pheno-
typically structured population in a changing environment under mutations and competition for a
single resource. The mathematical model is a non-local parabolic equation with a periodic in time
reaction term. We study the asymptotic behavior of the solutions in the limit of small diffusion
and fast reaction. Under concavity assumptions on the reaction term, we prove that the solution
converges to a Dirac mass whose evolution in time is driven by a Hamilton-Jacobi equation with
constraint and an effective growth/death rate which is derived as a homogenization limit. We
also prove that, after long-time, the population concentrates on a trait where the maximum of an
effective growth rate is attained. Finally we provide an example showing that the time oscillations
may lead to a strict increase of the asymptotic population size.

Key-words: Reaction-diffusion equations, Asymptotic analysis, Hamilton-Jacobi equation, Adaptive
dynamics, Population biology, Homogenization.

AMS Class. No: 35B25, 35K57, 49125, 92D15

1 Introduction

Phenotypically structured populations can be modeled using non-local Lotka-Volterra equations, which
have the property that, in the small mutations limit, the solutions concentrate on one or several
evolving in time Dirac masses. A recently developed mathematical approach, which uses Hamilton-
Jacobi equations with constraint, allows us to understand the behavior of the solutions in constant

environments [5], 12} [T, 10].
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Since stochastic and periodic modulations are important for the modeling [9, 14} 5] 8, 16], a natural
and relevant question is whether it is possible to further develop the theory to models with time fluc-
tuating environments.

In this note we consider an environment which varies periodically in time in order, for instance, to take
into account the effect of seasonal variations in the dynamics, and we study the asymptotic properties
of the initial value problem

ENet = Ne R(a;, é,[a(t)) +e2An.  in RN x(0,00),

ne(-,0) =ng. in RV (1)

I(t) == [pn h(z)ne (2, t)dz,

where
R:RY xR x [0,00) — R is smooth and 1-periodic in its second argument. (2)

The population is structured by phenotypical traits € R with density ne(x,t) at time t. It is
assumed that there exists a single type of resource which is consumed by each individual trait = at
a rate 1(x); I(t) is then the total consumption of the population. The mutations and the growth
rate are represented respectively by the Laplacian term and R. The novelty is the periodic in time
dependence of the growth rate R. The small coefficient ¢ is used to consider only rare mutations and
to rescale time in order to study a time scale much larger than the generation one.

To ensure the survival and the boundedness of the population we assume that R takes positive values
for “small enough populations” and negative values for “large enough populations” , i.e., there exist
a value Iy > 0 such that

1
max R(z,s,Ip) =0 and X :={zxecR", / R(x,s,0)ds > 0} # 0. (3)
0<s<1, zeRN 0
In addition the growth rate R satisfies, for some positive constants K;, i = 1,...,7, and all (z,s,I) €

RN x R x [0,I] and A > 0, the following concavity and decay assumptions:

— K; < D?R(z,s,1) < —Ko, K3 — Ki|z|* < R(x,s,1) < Ky — Kolz|?, (4)
— K5 < DrR(z,s,1) < —Kg, (5)
D3R € L®(RY x (0,1) x [0,4]) and |D2;R| < Kr. (6)

The “uptake coefficient” 1 : RN — R must be regular and bounded from above and below, i.e., there
exist positive constants v,,, ¥ and Kg such that

0 <ty <P <9y and |[[¢|c2 < Ks. (7)

We also assume that the initial datum is “asymptotically monomorphic”, i.e., it is close to a Dirac
mass in the sense that there exist 2° € X', p° > 0 and a smooth v : RY — R such that

noe = e“?/e and, ase — 0, (8)



ne(-,0) — 0% (- — 2%)  weakly in the sense of measures. 9)

e—0
In addition there exist constants L; > 0,4 = 1,...,4, and a smooth u° : RN — R such that, for all
z € RY,
— LI < D% < —Lol, —Lz— Li|z|* <ul(x) < Ly — Lo|x|?, max uw(z)=0=1u"" (10)
zeR

and, as € — 0,
ul—u® locally uniformly in R¥. (11)
Finally, it is necessary to impose the following compatibility assumption between the initial data and

the growth rate R:
413 < Ky < Ky < 4L3. (12)

Our first result is about the behavior of the n.’s as ¢ — 0. It asserts the existence of a fittest trait
Z(t) and a total population size p(t) at time ¢t and provides a “canonical equation” for the evolution in
time of 7 in terms of the “effective fitness” R(z,y) satisfying R(x,x) = 0. In the sequel, D; R denotes
the derivative of R with respect to the first argument.

Theorem 1.1 (Limit as ¢ — 0). Assume @)-(I2). There exist a fittest trait T € C! ([0,00); X) and
a total population size p € C ([0, 00); (0,00)) such that, along subsequences € — 0,

ne(-,t)—0(t)0(- —Z(t)) weakly in the sense of measures,
and,
I.—T:=00() in L*(0,00) weak-x.
Moreover, T satisfies the canonical equation

#(t) = (=D2u(z(1), 1)) - DIR(Z(t), 7(1)). (13)

We note that, in the language of adaptive dynamics, R(y,x) can be interpreted as the effective fit-
ness of a mutant y in a resident population with a dominant trait x, while DR is usually called the
selection gradient, since it represents the capability of invasion. The extra term (—Dg,u(f(t), 15))_1 is
an indicator of the diversity around the dominant trait in the resident population.

The second issue is the identification of the long time limit of the fittest trait T . We prove that, in
the limit ¢ — oo, the population converges to a, so called, Evolutionary Stable Distribution (ESD)
corresponding to a distribution of population which is stable under introduction of small mutations

(see [111, 6], [7] for a more detailed definition). See also [4], [13] for recent studies of the local and global
stability of stationary solutions of integro-differential population models in constant environments.

Theorem 1.2 (Limit as t — 00). In addition to @A)—[12)) assume that either N =1 or, if N > 1, R
is given, for some smooth b,d, B, D : RN — (0,00) by
R(z,s,1) =b(x)B(s,I) —d(z)D(s,I). (14)
Then, as t — oo, the population reaches an FEwvolutionary Stable Distribution 0,,0(- — Two), i€,
0(t) — 0oo and T(t) — Too, where 0,5 > 0 and To, are characterized by (L is defined in (23))
1

1
R(Toos Too) =0 = max R(x,Too) and 0o = m/o Z(Too, 8)ds. (15)



Notice that we do not claim the uniqueness of the Evolutionary Stable Distribution. Indeed there may
exist several (poo,Too) satisfying (I0]). Here we only prove that there exists (poo, Too) satisfying (IH)
such that, as t — oo, the population converges to 0,,0(- — Too)-

The difference between our conclusions and the results for time homogeneous environments in [10] is
that, in the canonical equation ([I3]), the growth rate R is replaced by an effective growth rate R which
is derived after a homogenization process. Moreover, we are only able to prove that the I.’s converge
in L>° weak-+ and not a.e., which is the case for constant environments in [10]. This adds a difficulty
in Theorem and it is the reason why we are not able to describe, without additional assumptions,
the long-time limit behavior of the fittest trait T for general growth rate R when N > 1. This remains
an open question.

In Section B3] we give an example of R not satisfying the assumptions of Theorem for which
Z(t) exhibits a periodic behavior. This example fits the structure (I8]) below with general concavity
properties on R but it is not necessarily derived from a homogenization limit.

The proofs use in a fundamental way the classical Hopf-Cole transformation
Ue = € In ng, (16)
which yields the following Hamilton-Jacobi equation for wu, :

uey = R(x, L, I.(t)) + |Dyue|®* + eAu.  in RN x (0,00), an
17
ue(+,0) = ul, in RV,
The next theorem describes the behavior of the u.’s, as € — 0 (recall that R is defined in Section [2).

Theorem 1.3. Assume (3)-(12). Along subsequences ¢ — 0, us — u locally uniformly in R x [0, o),
where u € C(RYN x [0,00)) is a solution of

uy = R(z,%(t)) + |Dyul? in RN x (0, 00),

max u(z,t) =0 =u(@(t),t) in (0,00), (18)
u(-,0) = u in RV,

In general not much is known about the structure of the effective growth rate R. In Section [ we give
an example of an R, for which the effective growth rate R can be computed explicitly. Moreover, for
this example no concavity assumption is made.

Note that the convergence of the u.’s in Theorem[[.3land, thus, the convergence of the n.’s in Theorem
[L1] are established only along subsequences. To prove convergence for all e, we need that (I8]) has a
unique solution. This is, however, not known even for non oscillatory environments except for some
particular form of growth rate R (see [2] [12]).

The paper is organized as follows. In Section 2] we study the asymptotic behavior of the solution under
rare mutations (limit e — 0) and we provide the proofs of Theorems [[T] and In Section [ we



consider the long time behavior of the dynamics (limit ¢ — oo) and we give the proof of Theorem
In Section @l we study a particular form of growth rate R, for which the results can be proved without
any concavity assumptions on R and the effective growth rate R has a natural structure. Finally
we present an example of an oscillatory environment which yields an asymptotic effective population
density that is strictly larger than the averaged one.

2 The behavior as ¢ — 0 and the proofs of Theorems [I.1] and

We present the proofs of Theorems [T and which are closely related. Since the argument is long,
we next summarize briefly the several steps. First we obtain some a priori bounds on u. and I.. Then
we identify the equation for the fittest trait Z. The limit of the I.’s is studied in Lemma 21 The
last three steps are the identification (and properties) of the effective growth rate R, the effective
Hamilton-Jacobi equation and the canonical equation.

Proofs of Theorems[I 1l and[1.3 . Step 1: a priort bounds. It follows from (3)), arguing as in [10],
that for all ¢ > 0,
0 < I.(t) < In + O(e). (19)

Next we use @) and ([I0) to get, for some C1, Cy > 0, £ < 1 and all (z,t) € RV x [0, 00),
— Ly <D*u. < —Ly and — Lz — Lyi|z|> — O1t < uc(x,t) < Ly — Lo|x|* + Cat. (20)

It follows from (I7)) that, for all balls Br centered at the origin and of radius R, there exists C5 =
C3(R) > 0 such that

l[tet (@, )| oo (Brx (0,00)) < C- (21)

¢

Finally the regularity properties of the “viscous” Hamilton-Jacobi equations yield that, for all 7" > 0,
there exists Cy = C4(R,T) > 0 such that

|1 D3ue || oo (Brx (o)) < Cia- (22)

Hence, after differentiating (7)) in x, the previous estimates yield a C5 = C5(R,T) > 0 such that

HDzmuEHL“’(BRX[O,T]) < Cs. (23)

All the above bounds allow us to pass to the limit, along subsequences ¢ — 0, and to obtain w :
RY x [0,00) — R such that, as ¢ — 0,

u: —u i Cle(RY x [0,00)) and, for all T > 0 and (z,t) € RY x [0,7],

—Ly < D2u(z,t) < —Ly and u,Dj,u, D3u e L®(RN x [0,T7).

Step 2. The fittest trait. In view of the strict concavity of u., for each € > 0, there exists a unique
Z.(t) such that

ue (T (), 1) = max ue(x,t) and Dyu.(Z:(t),t) = 0.
re

Differentiating the latter equality with respect to t and using (I7) we find

To(t) - D2u (T (t),t) = —Dyue (T (1), t)



— D.R(z.(t), é L(8)) — 2D2ue (T (1), £) - Dyue(To(t), ) — eADgus (T (1), t)

= —D,R(Z.(t), g,la(t)) — eAD u (T (t),t).

Since D2u.(T:(t),t) is invertible and ||D3ul| o (p,x(o77) < Ca it follows that Z-(t) is bounded in
(0,7), and, hence, along subsequences ¢ — 0, T.—7 in Coc((0,00)), for some T € C%1((0,00)) such
that

w(Z(t),t) = max,cpn u(x,t), D u(z(t),t) =0,

and (24)
#(t) = (- D2u(@®), 1) - Do R(E(®), L, L(1) ),

where the bracket denotes the weak limit of R(Z(t), %, I.(t)) which exists, since R is locally bounded.

Step 3. The weak limit of I.. To identify the weak limit of the I.’s, we consider the first exit time
T* > 0 of T from X, i.e., the smallest time 7% > 0 such that T(t) € X for all 0 < ¢ < T and
Z(T*) € OX if T* < co. Note that T* is well defined since Z(0) = 2° € X'. The last step of the ongoing
proof is to show that T™ = oco.

We need the following two results. Their proofs are given after the end of the ongoing one.

Lemma 2.1. Assume (3), (3) and (7). For allx € X, there exists a unique 1-periodic positive solution
Z(z,s):[0,1] — (0,In) to

4T(z,5) = I(z,5) R(z,s,I(z,s)), (25)
Z(z,0) = Z(z,1).

Moreover, as X 2 x — xg € 0X,
max Z(z,s) — 0. (26)

0<s<1
In view of ([26]), for z € X, we define, by continuity, Z(z,s) = 0.

Lemma 2.2. Assume (3), {3) and (7). Let T be the smallest time T > 0 such that T.(t) € X for
all0<t<TF andT(T}) € OX if T} < oco. Then, for all0 <t < T,

Kgt

InI.(t) — In Z(Z. (£), é)( < | 1(0) - I Z(@-(0), 0)|e ¥ + OVE,

where C' only depends on the constants K;. Moreover, as € — 0, TX — T*. Consequently, if T(t) € X
for0 <t <T* and T(T*) € OX, then, as e — 0 and t — T*, I.(t)—0.

It follows that, as € — 0,
1
L()—T() = / I@(),8)ds >0 in Lo((0,T*)) weak-x. (27)
0

6



Once I is known, it is possible to compute the weight @ of the Dirac mass. Indeed, we show in the
next steps that, as ¢ — 0,

I() = x U()ne(z, )de —1(-) = o()¢(T(-)) in L2((0,T7)) weak-*.
Step 4. The effective growth rate. We can now explain the average used to determine the effective
growth rate. Again (B)) and Lemma yield that, as ¢ — 0,

T* T*
t t t t
/ B, L L(0) ~ R(x. 220, D)t < K5/ () — Z((t), 5| dt—s0.
0 £ £ £ 0 3
Therefore the weak limit in (24)) is computed as the weak limit (in time) of R(xz, £, Z(z(t), £)). To this

end, we define, for all z € RY and y € X (here X stands for the closure of X),

1
Rla.y) = /0 R(z,5.Z(y,))ds. (25)
It follows that, for 0 <t < T,
1
(Rl L 1)) =Rz, 7)) = /0 R(z, s, T(x(1), s))ds. (29)

In particular, if y € OX, then R(x,y) fo (z,s,0)d

Notice also that, integrating [BI]) below in s and using the periodicity, we always have, for z € X,
R(z,z) = 0. (30)

Finally, it is immediate from () and (28]), that R(x,y) is strictly concave in the first variable.

Step 5. The limiting Hamilton-Jacobi equation. Tt is now possible to pass to the limit ¢ — 0 in
@@ for (x,t) € RN x [0,T*). To this end, observe that

Pe(2,t) i= ue(x,t) — /OtR (33, Z,Ia(ﬂ) dr

€

solves .
_ — T T 2
et — D, = a/o AR (a: E,IE(T)) dr + |Dyp. + / D R( S L (T)) drl?.

Since the u.’s converges locally uniformly from Step 1 and R( x, 6, I(t )) converges weakly in ¢ and
strongly in  to R (x,Z(t)) from Step 2, we find that, as ¢ — 0,

oe(x,t)—p(z,t) = u(x,t) —/0 R (2, (7)) dr in Cie(RY x (0,T%)).

Moreover, in view of @), (@) and Lemma 2.1} for any 7' € (0,7%) and R > 0, there exists C' =
C(R,T) > 0 such that, for (z,t) € Bgr x [0,T]

/0 AR (m g IE(T)) dr

<C,




and, as € — 0,

/Ot Dok (2,2, 1.(7)) dr — D.R (v, 7 2(), D)) lar < Ky /OT 1.(1) ~ Z((e), D)t — 0.

Thus, as € — 0 and for all (z,t) € Bg x [0,T],

t - t
/ DR (2,2, 1.(7)) dT—>/ DR (z,%(7)) dr.
0 € 0
It follows from the stability of viscosity solutions that ¢ is a viscosity solution to
t
o = |Dx<p+/ DR (w,f(7))d7|2 in RN x (0,7%),
0
which, written in terms of u, reads
u = R(z,Z(t)) + |Dyul? in RY x (0,T%).

The constraint max, g~ u(x,t) = 0 follows from (I6) and ([I9)) (see [12,[1]). We then conclude following
[12] that, for all t € (0,7*),

ne(,t)—0(t)0(- —T(t)) weakly in the sense of measures.

Step 6. The canonical equation. The canonical equation ([I3]) now follows from ([24)) and (29]).

Step 7. The global time T = co. Assume T™* < co. Then Z(T™*) € X. It follows from the canonical
equation (I3) that, for all ¢t € (0,7%),

4 [V R@E(t),5,0)ds = F(t) [} D.R(E(),s,0)ds
= DiR(Z(t),Z(t)) (- D2u(T(t),t)) " [} DoR(Z(t), s,0)ds,

while, when ¢ = T*, Lemma 2.2 yields that DR (Z(t),Z(t)) = fol D, R(z(t),s,0)ds. Hence

1
i/ R(E(T™), 5,0)ds > 0,
i J,

which is a contradicition because, by the definition of the open set X, fol R(%(t),s,0)ds > 0 for
t€[0,7%) and [} R(T(T*),s,0)ds = 0. O

Proof of Lemma[21]. First we prove that, for a fixed x € X, there exists a solution Z of (25]). To this
end observe that J := InZ solves

£T(x,5) = R(x,5,exp(T (2,5)) in s € [0,1],
J(2,0) = .

(31)



It turns out that it is possible to choose o < In Ips so that J(z,0) = J(z,1). Indeed, the definition
of Iy in @) yields that, if « = In I, then J(z,1) < a. On the other hand, for a very small we claim
that J(x,1) > «, which is enough to conclude, since J(z, s) been a continuous increasing function of
«, it has a fixed point a*. Choosing a = o yields a periodic solution.

To prove the claim, we set u = fol R(x,s,0)ds > 0 since © € X. Because R is locally bounded, there
exists a constant C' > 0, which is independent of «, such that J(z,s) < a+C and, for a small enough,

1 1
J(z,1) = J(x,0) +/0 R(z,s,exp(J (z,s))ds > T (x,0) —I—/O R(z,5,0)ds + O(e®) > J (x,0) +

NI’:

This proves the claim and the existence of a periodic solution.

The uniqueness follows from a contraction argument. Indeed let [7; and [J> be two periodic solutions
to (BI). Then

%(Jl —J2) = R(z,s,exp(J1 (2, 5)) — R(x, s, exp(Ja(z, 5)).

Multiplying the above equation by sgn (J3 — J2) and using the monotonicity in I according to (),
we find

d
d_‘jl — jz‘ < -C|Hh — jz‘,
s
and, after integration,
1
¢ [ 19:(6) = Ta(s)|ds < ~1(1) = FoD)] + I (0) = To(0)] =
and, hence, J; = Jo.

Finally we prove (26]). It follows from (BII) that, for € X,
1 . |
0= / R(.Z' s,e J(x, ))ds < / R(x,s,o)ds — KgeMinoss<i ‘7(:(:,5)'
0 0

If £ = xg € OX, then fol R(z,s,0)ds — 0 and, since the variations of J(x, s) are bounded, because R
is locally bounded, the result follows. O

Proof of Lemma 22, We identify the weak limit of I, and prove (27)). We begin with the observation
that in the “gaussian”- type concentration, x — T.(t) scales as /c.

Indeed multiplying () by ¢ and integrating with respect to z we find (recall that with J; :=In I.),

i fRN x)ne(x t) R(m, ﬁ,[e(t))dx szN AY(z) ne(z, t)dx
edtJ () = Jpn ¥(x)ne (2, t)dx e Jpn ¥(x)ne(z,t)

Note that in order to justify the integration by parts above, we first replace ¢ by ¥, = xry where x,
is a compactly supported smooth function such that x; = 1 in B(0,L) and yz = 0 in RV\B(0, 2L).
Then we integrate by parts and finally let L — +oo.




Returning to the above equation we find

ue (x,t) —ue (Te(t),t)

— < Rz, Lt I.t))d
ediJE(t) = fRN 1/J($)€ us(z,t)—ug(ig((‘zjt)ey 8( )) ’ + 0(82)
t fRN Y(xe = dx
ug (z,t) —ue (Te (t),t) t _ t
= f]RN Y(x)e € [R(x,g,fg(t)) _R(xa(t)vgvlf(t))]dx

t
Jen (e B )dx ( e )

Using Laplace’s method for approximation of integrals, ([20) and ([22)), we find that the first term is of

order /e and, hence,

d _ t
e Je(t) = R(T:(1), 2, I:(1)) + O(Ve).

Next we compute

LT @), )~ Je(t)] = R(7o(0), L, exp (T(@(0), ) ) — RE(), L, exp(Je (1)

+ O(VE) + e Dy T(@.(1), 9 .(0).

o |

Multiplying the above equality by sgn(J (Z-(t), £) — J-(t)), using our previous estimates and employing
the monotonicity property in (&), we get

E%‘j(fa(t), é) — Jo(t)] = —|R(z-(1), é,exp(j(fe(t), g))) — R(z(t), é,exp(Ja(t)))‘ +O(VE)

< —KalJ (70, 2) — (0] + O(V2).

The first claim of Lemma is now immediate. Moreover, since Z.(t) — T(t), locally uniformly as
€ — 0, we obtain that, as ¢ — 0,
T; — T

The last claim is a consequence of the previous steps and Lemma 2] O

3 The long time behavior

3.1 Convergence as t — oo when N =1 (The proof of Theorem (1))

Throughout this subsection we assume that N = 1. The goal is to prove the existence of some
Too € RY such that, as t — 0o, T(t) — To, and
R(Toos Too) = 0 = max R(x, To)- (32)
rER
To this end, we consider the map A : R — R defined by A(z) = y, where y is the unique maximum

point of R(-,z). We obviously have
D,R(A(x),z) = 0.

We consider the following three cases depending on the comparison between Z(-) and A(z(-)). If
Z(t) < A(Z(t)), then D,R(Z(t),Z(t)) > 0 and, if T(t) > A(%(t)), then D,R(Z(t),Z(t)) < 0. It then
follows using (I3]) and the concavity of u that, if Z(t) < A(Z(t)) (vesp. Z(t) > A(Z(t))), then Z(t) > 0

10



(resp. Z(t) < 0). If Z(t) = A(Z(t)), then D, R(Z(t),Z(t)) = 0 and hence again (3)) yields Z(¢t) = 0. We
also notice that, if A(Z(0)) = Z(0) = 2, then from the above argument we have that for all ¢ > 0,
Z(t) = Too, With x4 satisfying (B2).

Now we assume that A(Z(0)) > Z(0) (the case A(Z(0)) < Z(0) can be treated similarly) and set

to:=1inf {t e R : A(Z(t)) < Z(t)}.

If tg < oo, then A(T(tg)) = T(to) and, hence, for all t > to, T(t) = T(ty) = Too. If tg = 00, then
Z(t) > 0 for all t > 0, and thus, since the set B = {Z(t) :t € [0,00)} is compact (see below), there
exists Tg € R such that

lim Z(t) = To.

t—00

The compactness of B follows from the observation that, in view of (28]), () and (5,
R(z,Z(t) < Ky — Koz,
and, since R(Z(t),Z(t)) = 0,
[T()] < (Ka/K2)'/?. (33)
We now claim that Ty satisfies (82)). Indeed, if there exists z € RY such that R(z,Tg) > 0, then using
([I8), we have lim;_, u(z,t) = 400, a contradiction to the constraint maxzer u(x,t) = 0.
3.2 Convergence for a particular case with N > 1 (The proof of Theorem (ii))

We prove Theorem [[L2]in the multi-d case with a growth rate R as in (I4]). In this case we find

b(x(t))(B(s, I(t)) — d(m(t))(D(s, I(t)) = 0, (34)

and thus
(= Diu(@(t),)z(t) = V' (T(£))(B(s, (1)) — d'(2(t))(D(s, I(¢))

_[HED) _ AEO)] s e
=[5 ~ Gy | 1O 0

Therefore, after taking inner product with Z(¢), dividing by d(Z(t))(D(s, I(t)) and using the strict
concavity of u, we obtain
- d b(Z(t))
P <C—1 :
ROF < dt n(d(f(t))

This proves that ¢ — b(Z(t))/d(Z(t)) increases and thus converges, as t — 0o, to some constant [. For
this we need to show that {Z(t) : t € [0,00)} is bounded, a fact which follows exactly as in the proof
of (33). Finally, in view of (B84]), we also have

i (DG 1(1)

OB 1)

We prove next that



Arguing by contradiction we assume that | < max,(b(x)/d(z)). Then there must exist 7 € R" such
that | < (b(7)/d(x)), in which case

0< liﬂ(i)lgf b(z)(B(s,I(t)) — d(Z){D(s, I(t)).
Finally, since u solves
Bru = [ Dyul® +b(x)(B(s, 1(1)) — d(x)(D(s, I(t)),
we find

lim w(Z,t) = oo,
t—00

a contradiction to the constraint max,cpn u(z,t) = 0.

3.3 A counterexample in the multi-dimension case

In this subsection we present an example showing that, when N > 1, the T ’s may not converge, as
t — oo, at least for the Hamilton-Jacobi problem (I8]). Indeed we find a strictly concave with respect
to the first variable R : RY x RV — R, an I-periodic map ¢t — Z(¢) and a function u : RY x [0, 00] — R

which satisfies
O — |Dyul? = R (z,7(t)) in RN x (0,00),

maX;crN u(z,t) = u(Z(t),t) =0,
u(-,0) =y in RV,

We choose G : RY — R¥ so that the ode # = G(z) has a periodic solution; note that such func-
tion exists only for N > 1. A simple example for N = 2 is G(z1,22) = (—x2,21), which admits
(x1(t), z2(t)) = (rcost,rsint) as periodic solutions.

Let F: RY — R be an arbitrary smooth function and define R : RY x RN — R by

R(z,y) = — (DF(y)G(y) + 4F (y)?) |z — y> + 2F (y)G(y) (z — y). (35)

It is immediate that R is a concave function with respect to x and satisfies R(z,z) = 0. It is also
easily verified that

u(z,t) = —F(Z(t))|x — Z(t)|? with  Z(t) = G(Z(t)) and T(0) = o,

is a viscosity solution of @3] for R as in [B5) and ug(z) = —F(x0)|z — 20|?>. Moreover the canonical
equation (24)) is written as

(1) = (-D2u(@(t),t)) "' DLR(T(H),7(1) = 2F @)™ 2FE®)GE(1) = GE(®).

Finally we choose o € RY such that t — Z(t) with 2(to) = x¢ is 1-periodic. Then the limit lim;_, Z(#)
does not exist.

Note that the counterexample presented above is for the Hamilton-Jacobi problem ([I8). We do not

know if such periodic oscillation can arise in the ¢ — 0 limit of the viscous Hamilton-Jacobi equation
(7). When the growth rate independent of time, a result similar to Theorem was proved in [10]
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for general R. In that problem, the key point leading to the convergence, as t — oo, of the Z(t)’s is
that I(t), which is the strong limit of the I.’s as ¢ — 0, is increasing in time. In the case at hand, we
can only prove that the I.’s converge weakly to I. We know nothing about the monotonicity of I. We
remark that numerical computations suggest (see Figure [I) that monotonicity holds, if at all, in the
average.

3

2

Figure 1: Dynamics of the total population I.(t) for R(z,s,I) = (2 4 sin (27s)) 211“"352 — .5, Y(x) =1
and ¢ = 0.01. The 1.’s oscillate with period of order ¢ around a monotone curve I.

4 A particular case with a natural structure for R

The concavity assumption () is very strong. Here we study, using a different method based on BV
estimates, a class of growth rates R which do not satisfy ([d]). Throughout this section, for several
arguments, we follow [I] which studies a similar problem but without time oscillations.
We consider growth rates of the form

R(sta[) :b(ZL')B(S,I)—D(S,I), (36)

with
B,D:R x [0,00) - R 1-periodic with respect to the first argument (37)

and we assume that, for all (s,I) € R x [TT’", 2TM] and z € RV,
0< B(s,I), 0< D(s,I) and 0 <b,, <b(z)<by, (38)
where I Mo> fm > 0 are such that

max  R(z,s,Ip;) =0 and min  R(z,s,1I,,) =0, (39)
0<s<1, zeRN 0<s<1, z€RN

and there constants a; > 0 and ag > 0 such that, for all (s,I) € R x [0, 00),
Dy B(s,I) < —ay and ag < Dy D(s,1). (40)
As far as n.(-,0) is concerned, we replace ([@)—(IT]) by

L < [9(z)nc(z,0)dz < In, and
(41)

ne(z,0) < exp (_AMJFB) for some A, B > 0 and all z € RV.

13



Eventhough (B6) seems close to ([I4]), no concavity assumption is made and the analysis of Section
does not apply here.

Theorem 4.1. Assume (1) and {{0)-(41). Along subsequences ¢ — 0, the u.’s converge locally
uniformly to u € C(RN x R) satisfying the constrained Hamilton-Jacobi equation

up = R(z, F(t)) + |Deul?  in RY x (0,00),

max u(x,t) =0, (42)

with

! T z)b(x)n:(x,t)dx
Rz, F) :/o I(F,s)ds <&F) — 1> and F(t) = lim J o )b(IE)(t) (2,t)d 7

and I defined in [{8) below. In particular, along subsequences ¢ — 0 and in the sense of measures,
ne —n with supp n C {(z,t) : u(x,t) =0} C {(z,t) : Rz, F(t)) = 0}.

As in Theorem [I.2, we can deduce the long time convergence to the Evolutionary Stable Distribution.
To this end we assume that

there exists a unique z, € R" such that b(z,) = max b(z). (43)
z€eR

Theorem 4.2. Assume (1), ({0)-2) and ({3) Then, as t — oo, the population reaches the Evolu-
tionary Stable Distribution p.o(- — x), i.e.,

n(-,t) . p«0(- — ) in the sense of measures, (44)
with
L [ 20,0
px = T.),s) ds.
¥(zs) Jo

Proof of Theorem [{.1] It follows easily from (39), [I]) and the arguments in [I] that
I+ O(e) < I.(t) < Ins + O(e). (45)

Define next

[ b(z) ¢ (x) ne(z,t) dx

Fs(t) = Ie(t) )

and note that
b < Fu(t) < bay. (46)

We next prove that F. € BV)y.(0,00) uniformly in €. Indeed, using (), (38)) and ([@5), we find
%Fe(t) =172 (I [neybpde — [nogbda [nbyd)
= I72(I. f (5An€ +en,g (bB(ﬁ,Ie) — D(ﬁ,lg))) b dx
— [nebvda [ (eAn.+e'n. (VB(L, 1) — D(L,1L)) ¢ da)
=O0(e) + (eI2)'B(L, L) ([ neda - [ne b ¢ de — ([ nebipdz)?) > O(e).
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Then (46]) and [{T) yield that, for each 7' > 0, there exists C = C(T") > 0 such that
T
d
/|—gwga
T

It follows that, along subsequences ¢ — 0 , the F.’s converge a.e. and in L' to some F.
To conclude we need a result similar to the one of Lemma 2]

Lemma 4.3. Assume (7) and {{0)-({41). For all t € R, there exists a unique, 1-periodic solution
I(t,") € CYR — [Im,IM] to

LI(F(t),s) = T(F(t).s) (FO)B(s.Z(F(t),s)) - D (s, I(F(t), 5))),
Z(F(t),0) =Z(F(t),1).

(48)

Moreover, for allT >0 and as € — 0, fOT [I.(t) — Z(F(t), £)|dt — 0.

The first claim is proved as in Lemma 2.1 We postpone the proof of the second assertion to the end
of this section.

Using (1), (@0)—#T) and following [I], we show that the u.’s are bounded and locally Lipschitz con-
tinuous uniformly in € and, hence, converge along subsequences € — 0 to a solution u of

wMP!/BsI(( ))dsb(x u/DsI ,s))ds.
Since Z(F,-) is a periodic solution to (8], we have

lKB@ﬂ( s)ds Pt /DSI $))ds = 0.

It follows that
Uy = \Dxu\2 + R(z, F(t))

with @)
b
D(s,Z(F(t),s))ds (— —1).
/ F(t)
The last claim of Theorem 1] can be proved using (6], [@2]) and following [12]. O

We conclude with

Proof of Theorem[.2 It follows from (7)) that F is an increasing function. Hence, in view of (40,
there exists F such that, as t — oo, F(t) — F,. Moreover

F, = max b(x) = b(x). (49)

zeRN

Indeed, if not, then R(x., Fi) > 0 and, hence, from ([#2)), lim; o u(z«,t) = 00, a contradiction to the
constraint max,cpny u(x,t) = 0.
Finally (44]) follows from ([@9) and the observation that

supp n(x,t) C {(z,t) : R(z,t) =0} = {(z,t) : b(z) = F(t)}.
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Proof of the second claim of Lemma[{.3 Eventhough we follow the same ideas as in Lemma 2.1 to
prove the second claim, we need to modify the arguments, since, without the concavity assumption
M), ue may have several maxima.

We use again the log transformations J. = logl. and J = logZ. Multiplying (1) by #(x) and
integrating with respect to x leads to

S L) = B, L(1) [ o@ne(a.) ba)do - LODE L) + /RN A (z) n. (2, )da.

It follows from (@S] that
eqi (Jo(t) = T (Fe(1),£)) = F-(t)B (£, L(t)) = F()B (£, T (Fe(1), 1))
D (L 1(0) + D (ST (R(1), ) +O(E2)
Multiplying the above equality by sgn(Je(t) — 7 (F<(t), %)) and employing (@), we obtain
e [Je(t) = T (F=(8), )| =~ |[Fz()B (L () — Fe(t) B (£, T (F=(t), 1))

—|D (L I.(t)) = D (L, Z (F-(t), %)) + O(e?).

e

Integrating in time over [0,7], for some fixed 7' > 0, and using the convergence of the F.’s we find
that, as ¢ — 0,

TFtBtIt FtBtIFtt DtIt DtIFttdt 0
| IFOBE L) = FOBC (P, )|+ IDEL:(0) = DEI(F). H)ld — o

The second claim of Lemma E.3] follows in view of (40). O

5 A qualitative effect: fluctuations may increase the population size

We conclude with an example that shows that the time-oscillations may lead to a strict increase of
the population size at the evolutionary stable state, a conclusion which also holds in the context of
physiologically structured populations [3].

To this end, we consider, along the lines of Section [ the rate function
R(x,I) = b(z) — D1(s)Da(I) (50)
with b and D(s,I) = D;(s)D2(I) satisfying (37)—-@0) and [A3]) and, for simplicity, we take ¢ = 1 in

(). The goal is to compare the size of the ESD in Theorem [£.2] to the one obtained from the model
with the “averaged rate”

1
Rav(x,l) = b(x) - Dl,avD2(I) with Dl,av = / Dl(s)ds.
0

Later, we write f,y for the average of the 1-periodic map f: R = R, i.e., far = fol f(s)ds.
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Let Z be the 1-periodic solution of &) with F(t) = b(x,) according to ([@9d]). With the above simpli-
fications, the magnitude p4 of the Evolutionary Stable Distribution obtained in ([Z.2]) is

P /0 ' Z(s)ds.

Since we can multiply equation [{8) by any function of Z(s), elementary maipulations lead to the
identities

1
b(xy) = / D1 (s)D2(Z(s))ds and / D5 (Z(s))ds b(xy) / D1 (s)D3(Z(s))ds. (51)
0
A straightforward application of the Cauchy-Schwarz inequality in (B1]) yields

b(x*)z < Dl,av D2(I)avb(x*)

and thus .
b(2) < Dy ay / Da(Z(s))ds. (52)
0
Consider next the “averaged” version of (), i.e., the equation
ENg av,t = Ne,av Rav(xy [a,av(t)) + E2Ane,av in RV x (07 OO), (53)
I av(t) = [on Neav(e, t)da.
It follows from the earlier results [10] that the magnitude p,, of the Evolutionary Stable Distribution
corresponding to (B3] satisfies the identity
b($*) = Dl,avD2(pav)7 (54)

and, therefore, unless D is constant, in which case (52) must be an equality, we conclude

1
Da(pa) < / Ds(Z(s)ds. (55)
0
If, in addition to above hypotheses, we also assume that
I — Dy(I) is concave, (56)

then (B3]) yields
paV < p*7

which substantiates our claim about the possible effect of the time oscillations.

References

[1] G. Barles, S. Mirrahimi, and B. Perthame. Concentration in Lotka-Volterra parabolic or integral
equations: a general convergence result. Methods Appl. Anal., 16(3):321-340, 2009.

[2] G. Barles and B. Perthame. Concentrations and constrained Hamilton-Jacobi equations arising
in adaptive dynamics. Contemp. Math., 439:57-68, 2007.

17



[3]

J. Clairambault, S. Gaubert, and B. Perthame. Comparison of the perron and floquet eigen-
values in monotone differential systems and age structured equations. C. R. Acad. Sc. Paris,
345((10):549-555, 2007.

L. Desvillettes, P.-E. Jabin, S. Mischler, and G. Raoul. On mutation-selection dynamics for
continuous structured populations. Commun. Math. Sci., 6(3):729-747, 2008.

O. Diekmann, P.-E. Jabin, S. Mischler, and B. Perthame. The dynamics of adaptation: an
illuminating example and a Hamilton-Jacobi approach. Th. Pop. Biol., 67(4):257-271, 2005.

Ilan Eshel. Evolutionary and continuous stability. Journal of Theoretical Biology, 103(1):99-111,
1983.

P.-E. Jabin and G. Raoul. On selection dynamics for competitive interactions. J. Math. Biol.,
63(3):493-517, 2011.

E. Kussel, R. Kishony, N. Q. Balaban, and S. Leibler. Bacterial persistence: a model of survival
in changing environments. Genetics, 169:1807—-1814, 2005.

R. Lande. Natural selection and random genetic drift in phenotypic evolution. Evolution, 30:314—
334, 1976.

A. Lorz, S. Mirrahimi, and B. Perthame. Dirac mass dynamics in multidimensional nonlocal
parabolic equations. Comm. Partial Differential Equations, 36(6):1071-1098, 2011.

J. Maynard Smith and G. R. Price. The logic of animal conflict. Nature, 246:15-18, 1973.

B. Perthame and G. Barles. Dirac concentrations in Lotka-Volterra parabolic PDEs. Indiana
Univ. Math. J., 57(7):3275-3301, 2008.

G. Raoul. Long time evolution of populations under selection and vanishing mutations. Acta
Applicandae Mathematica, 114:1-14, 2011.

S. Rosenblat. Population models in a periodically fluctuating environment. Journal of Mathe-
matical Biology, 9:23-36, 1980.

A. Sasaki and S. Ellner. The evolutionarily stable phenotype distribution in a random environ-
ment. Evolution, 49(2):337-350, 1995.

H. Svardal, C. Rueffler, and J. Hermisson. Comparing environmental and genetic variance as
adaptive response to fluctuating selection. Fwvolution, 65:2492-2513, 2011.

18



	Introduction
	The behavior as 0 and the proofs of Theorems 1.1 and 1.3
	The long time behavior
	Convergence as t  when N=1 (The proof of Theorem 1.2 (i))
	Convergence for a particular case with N>1 (The proof of Theorem 1.2 (ii))
	A counterexample in the multi-dimension case

	A particular case with a natural structure for R
	A qualitative effect: fluctuations may increase the population size

