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Infinite soliton and kink-soliton trains
for nonlinear Schrodinger equations

Stefan Le Coz,* Tai-Peng Tsai'

September 30, 2013

Abstract

We look for solutions to generic nonlinear Schrodinger equations build upon solitons
and kinks. Solitons are localized solitary waves and kinks are their non localized counter-
parts. We prove the existence of infinite soliton trains, i.e. solutions behaving at large
time as the sum of infinitely many solitons. We also show that one can attach a kink
at one end of the train. Our proofs proceed by fixed point arguments around the
desired profile. We present two approaches leading to different results, one based on a
combination of LP — L¥' dispersive estimates and Strichartz estimates, the other based
only on Strichartz estimates.

Keywords:  soliton train, multi-soliton, multi-kink, nonlinear Schrodinger equations.
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1 Introduction
We consider the nonlinear Schrodinger equation
i0u+ Au+ f(u) =0, (NLS)

where u = u(t, ) is a complex-valued function on R x R¢, d > 1.

Our goal in this paper is push forward a study initiated in [9] on the existence of
exotic solutions to (NLS). We look for infinite soliton trains, i.e. solutions which behave
asymptotically as the sum of infinitely many solitons, possibly attached to a kink at one
end. We want to show that such a behavior is possible for general nonlinearities under mild
hypotheses. A typical nonlinearity example is the double-power nonlinearity

fu) = ul*u—|uffu, 0<a<pf<omax. (1.1)

Here and thereafter we denote the critical exponent by ap.x = +oo for d = 1,2 and
Omax = ﬁ for d > 3.

Let us shortly review some results on multi-solitons, i.e. solutions to (NLS) behaving at
large time as a finite sum of solitons. The inverse scattering transform provides a convenient
way to build multi-solitons (see e.g. [15]), however it is limited to integrable equations (for
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Schrodinger equations, only the 1D cubic case is integrable). For non-integrable Schrodinger
equations, one of the first result of existence of multi-solitons was obtained by Merle [13] for
L?-critical equations, triggering a series of work on multi-solitons. For energy-subcritical
nonlinearities, Cote, Martel and Merle [6, 11] obtained the existence of multi-solitons build
upon ground states, while the excited states case was treated by Cote and Le Coz [5] under
a high speed assumption. Stability/instability results have been obtained by Cote and Le
Coz [5], Martel, Merle, Tsai [12] and Perelman [14]. However, stability of multi-solitons for
power-type nonlinearities is still an open issue.

The existence of objects like infinite soliton trains is of importance as they usually
provide examples of extreme phenomena in the asymptotic behavior of solutions of nonlinear
dispersive equations. For example, for the Korteweg-de Vries equation, an infinite train of
solitons was used in [10] as a counter example to show the optimality of an asymptotic
stability statement. For nonlinear Schrodinger equation, the asymptotic stability results
usually hold under assumptions (typically in weighted spaces) excluding the infinite train
behavior. To our knowledge, our previous work [9] was the first one to establish the existence
of infinite soliton trains for non-integrable Schrédinger equations (for the integrable 1D cubic
nonlinear Schrodinger equation, the existence of infinite soliton trains may be obtained via
the inverse-scattering transform, see [8]).

Before stating our main results, let us give some preliminaries. To work in an energy
subcritical context, we first assume the following.

Assumption (F0). Let d > 1. Suppose f(u) = g(|u|?)u where g € C°([0,00),R) N
C2((0,00),R), 9(0) = 0 and

|59'(s)| + 529" (s)] < Co(s™/2 + 5°2/%), Vs >0,
where 0 < a1 < ag < amax and Cy > 0.
A bound state is a nontrivial solution ¢ € H'(R?) of the elliptic equation
Ab+ f(8) = wo (1:2)

for some frequency w > 0. We shall sometimes denote a bound state along with its frequency
(¢,w) to emphasize the dependency of ¢ on w. Any bound state ¢ with frequency w and
parameters z° € R? (position), v € R? (velocity) and v € R (phase) corresponds to a
solitary wave solution (soliton) of (NLS),

Ry a0 o (t, 1) = 200 5l0P 0 g0 20 ), (1.3)
The profile of an infinite soliton train is a sum of the form
[e.e]
R =) Rj, Rjt,z)= Ry, a0, (E2), TEN, (1.4)
j=1

where (R;); are given solitons with bound states profiles (¢;,w;) and parameters x?, v; € R¢
and 7; € R. A solution wu(t) is called an infinite soliton train if, for some profile R,

u(t) — Ro(t) =0 as t— o0

in some space-time norm.



Constructing a solution to (NLS) around an infinite train profile as (1.4) is much trickier
than when the profile is made with a finite number of solitons. First of all, we need to make
sure that the profile is well defined, as the addition of infinitely many solitons may very
well be infinite. We also have to take into account that it is very likely that the profile will
not belong to the same functional spaces as the solitons. In order to deal with these issues
we need a control on the growth of the solitons’ profiles (see (1.5)) and also to guarantee
some space integrability of the train (see (1.6)).

We will assume the following for our infinite train.

Assumption (T1). For 0 < a1 < amax given, the sequence of bound states {(¢;,w;) : j €
N} satisfies, for some 0 < a <1 and D, independent of j,

- « fawv/ xX .
|65(2)] + w; 2|V ()] < Daw}*e VUl ve e RY, W eN, (1.5)

and, for some rg > 1, d% <7rg<2+aq,

1 __d
A = Zw]f” 0 < 0. (1.6)
JjeEN

We say a nonlinearity f satisfies (T1) if such an infinite sequence (¢;,w;); exists for
some ro. Examples of such nonlinearities will be given in Section 2.

Note that the set [1,00) N (d%, 2 + «y) for rg is nonempty since 0 < a1 < ampax. The
condition ry > Ck% ensures that the exponent ail — % > 0. Thus w; — 0 as j — oo, and
(1.6) is a condition on how fast w; goes to 0. The existence of sequences of bound states
satisfying Assumption (T1) is guaranteed by Proposition 2.1, where bound states with small
frequencies are constructed as bifurcation from 0 along a fixed radial bound state @ of the
equation AQ + |Q|*'@Q = @ together with the estimate (1.5). Note that the ¢; may be
arbitrary excited states solutions of (1.2); in particular they may be sign-changing, non-
radial, or complex-valued. Also note that we do not need the bound for w='/2|Ve,(z)|
in (1.5) for Theorems 1.2 and 1.11 below, but we assume it for all theorems for simplicity
of presentation. For the same reason, we shall also set all initial positions x; to 0. Our
assumption includes the finite multi-soliton case by setting (¢;,w;) = (0,0) for j sufficiently
large.

We have followed two independent approaches for the study of this problem, leading to
two different types of results with different assumptions and conclusions. Before stating our

main results, we need a preliminary lemma which will be proved in Section 4.

Lemma 1.1. Let d > 1. For any 0 < a1 < as < amax Satisfying 2?532 < ay, one can
choose 1y so that the following conditions hold.
dOél
max(l, T) < o < 2 + aq, (17)
1 (65} 1
i G 1.8
2 7 1 * 9 ( )
1 1
et b (1.9)
To T2

where 79 = 2 + ay. Furthermore, if oy < 4/d, we can choose ro < 2.



1.1 Infinite soliton trains

We now state our two results on the existence of infinite soliton trains. The first approach of
the first theorem is based on LP-L9 decay estimates for . The Strichartz space S([t, oc))
will be defined in Section 3.

Theorem 1.2 (Infinite train of solitons (i)). Let d > 1 and assume Assumption (F0) and

o9
< aj. 1.10
24+ a9 o ( )
Let 7o = 2 + ag and take any ro verifying (1.7), (1.8), and (1.9). Let (¢j,w;j)jen be
a sequence of bound states satisfying Assumption (T1) with the chosen ro. There exist
constants c1 > 0 and vy > 1 such that, for any infinite soliton train profile Ry given as in
(1.4) with parameters vj € RY, CC? =0, vj € R satisfying

= inf A 1.11
ve = b Vi loe = vl > g, (1.11)

there exists a solution u to (NLS) on [0,00) satisfying
1 = Roo)Ollra + 14— Roollggpmy < €, V20, (1.12)
It is unique in the class of solutions satisfying the above estimate.

Remark 1.3 (L?-solutions). By (1.12) and Hélder inequality,
I(u = Reo)(t)ll e < €7, Wt >0, Ve [2,r].

As we will show that Ry, € L>(0,00; L™ N L>®(R?)) in (4.1), we have u € L>(0, 00; L™ N
L>®(R%)) where ;1 = max(2,79). In the case a1 < 4/d, we can choose 1y < 2 by Lemma
1.1, and thus u € L>(0, oo; L?(R%)).

Remark 1.4 (Comparison to previous results). Theorem 1.2 contains the pure power case
f(u) = |u|*u by writing f(u) = |u|*u — Olu|*"u for some small ¢ > 0. It also includes
the finite soliton train (multi-soliton) case by taking (¢;,w;) = (0,0) for j sufficiently large.
In addition the range of exponents is larger than in [9, Theorem 6.4]. Hence Theorem 1.2
extends Theorems 1.1, 1.7, 6.3 and 6.4 in [9] in a unified approach (except that [9, Theorem
6.3] does not require (1.10)).

Remark 1.5 (L?-subcritical nonlinearities). If we use a pure Strichartz norm approach and
do not use L™ norm, we can construct infinite soliton trains for all L?-subcritical or critical
exponents 0 < a; < ag < 4/d as in [9, Theorem 6.3], without the restriction (1.10).

In our second main result, we also control the train at the gradient level. The approach
is based solely on Strichartz estimates.

Theorem 1.6 (Infinite train of solitons (ii)). Let d > 1 and assume Assumption (F0) with
0 < < ﬁ. Let (¢j,wj)jen be a sequence of bound states satisfying Assumption (T1)
for some rq. There exist constants C > 0, ¢; > 0, cg > 0, and vy > 1 such that, for any
infinite soliton train profile Ry given as in (1.4) with parameters vj € R, x? =0,7 €R
satisfying

.= inf , —v;| > vy, 1.13
ve = dnb L V@i ok = il 2 g (1.13)



and )
Vi = Z(vJ-)w;l_li < 00, (1.14)
JEN

LISy

there exists a unique solution u to (NLS) satisfying, for some Ty = To(Vi) > 1,

€10

"llu = Roollg(jt,00y) + €™

Remark 1.7 (Examples of parameters choices). Condition (1.13) requires sufficiently large
relative speed, while condition (1.14) puts an upper bound on the growth of (v;). By (1.14)
we may assume g < 2. One possible choice of parameters is

wj =479, v =2 5> 1. (1.16)

1,1 d
;(477) 2Tar T < o0) thanks to the assumption

ap < di+2 (note this implies a3 < 1 unless d = 1).
In the above choice V, and v, grow linearly in |0|. In the following choice V, =
O(h(|v])|v]) while v, = C|v| for any function h > 1:

» {2J’+1h(|@|)@, if j is odd
wj = 4 ], Vj =

—2it+1g, if j is even

Condition (1.14) can be satisfied (Vi <

~

o> 1. (1.17)

Remark 1.8 (Infinite train starting at time 0). We use large Ty to off-set the contribution
of large V. If we impose that V, grows sub-exponentially in vy, e.g., Vi < C(1 + v,)™ for
some M > 1 (e.g. h(s) = (14 s)M~1in (1.17)), we may take Ty = 0 as in [9, Theorem 6.1].
Remark 1.9 (Existence of infinite trains under (FO) and (T1)). The proof of Theorem 1.2
uses a combination of L™ norm and Strichartz norm. To estimate |p/**! in L™ using
L"'-L" decay estimates, a restriction like (1.10) is needed to avoid the limiting case ay = 0+
and ag = amax—. However, we claim that exponents excluded by (1.10) are covered by
Theorem 1.6 above. Indeed, let & = SUPgcqcap.,. 355 We have @ = 1 for d = 1,2 and
a =2/d for d > 3. One then verifies that & < #“2 for all dimensions.

Hence we can construct infinite soliton trains for all energy-subcritical nonlinearities
satisfying Assumptions (F0) and (T1).
Remark 1.10 (Comparison between Theorems 1.2 and 1.6). Theorem 1.2 applies for non-
linearities whose general form is not far from a power type nonlinearity, no matter what
this power is (a; can be any H'-subcritical power). Theorem 1.6 applies for nonlinearities
that are sufficiently strong at 0 (a; has to be small), but with any kind of growth possible
away from 0. For the choice of the profile, Theorem 1.2 is more flexible as it requires only
some weak integrability condition (1.6), whereas Theorem 1.6 requires L2-integrability of
the profile (one take rg = 2 in (T1)) and its first derivative (1.14).

1.2 Infinite kink-soliton trains
In our next couple of theorems we let d = 1 and consider in R a train of the form

W =K+ R

where R is as in (1.4), and K is a kink solution of (NLS) given by the same formula
(1.3) but with the profile ¢ = ¢x now being a half-kink satisfying the same equation (1.2)
(¢" =wp — f(9)), 0 < ¢px(s) < b for some b > 0, and

lim ¢r(s)=b, ¢k(s)<0 VseR, ¢%(0)=mingy, lim ¢x(s)=0. (1.18)

§——00 s$——+00



A solution which converges to a profile W as above at positive time infinity will be called
an infinite kink-soliton train. We are going to give two results of existence of infinite kink-
soliton trains. Note that such object was never exhibited before, even in integrable cases.

In addition to Assumption (F0), we make the following assumption, which in particular
ensure the existence of a half-kink satisfying (1.18) (see Proposition 5.3).

Assumption (F1). For some wy > 0, there is a first b > 0 such that for h(s) = wos— f(s),

b
h(b) =0, / h(s)ds = 0. (1.19)
0
Moreover, h'(b) > 0, and for some & € [0, as],
£/ (0 +8)| + |s||f"(b+s)| < C|s|* + Cs|*2, VseR. (1.20)

Note that the nonlinearity (1.1) admits a half-kink when d = 1. See Example 5.2.
We now state our second set of results on the existence of infinite kink-soliton trains.

Recall Ng = {0} UN.

Theorem 1.11 (An infinite kink-soliton train (i)). Let d = 1 and assume Assumptions
(F0), (F1) and

)
< aj. 1.21
2+ oy o ( )
Let ro = 2 + ay. Then we can find ro satisfying (1.7)-(1.9). Assume that & is such that
1 O 1 v+ 1 1
PSRk (1.22)
2 To 9 To T2

Assume there is a sequence of bound states (¢;,w;)jen satisfying Assumption (T1) with the
chosen rg. Let ¢g = ¢ be the kink profile to be given in Proposition 5.83. There exist
constants c1 > 0, and vy > 1 such that, for the infinite kink-soliton profile W = K + R,
gwen as in (1.4), with any parameters v; € R, v; < vjyq, x? =0,v € R for j € Ny
satisfying

— inf @i — v >
YT keNogpk VI [vr = sl 2 vy,

there exists a unique solution u to (NLS) for t > 0 satisfying
1= WO ra + = Wil oy < €4, ¥ 0. (1.23)

Theorem 1.12 (An infinite kink-soliton train (ii)). Let d = 1 and assume Assumptions
(F0) and (F1) with 0 < a1 < 4/3. Let (¢;,w;), j € N be given and satisfying Assumption
(T1) for some ro which further satisfies

7‘0(011 + 1) < (d + 1)(0[1 + 2) (124)

Let ¢g = ¢ be the kink profile to be given in Proposition 5.3. There exist constants C > 0,
c1 >0, c>0, Ty > 1 and vy > 1 such that, for the kink-soliton train profile W = K + Ry,
gwen as in (1.4) with any parameters v; € R, v; > v, x? =0, v € R for j € Ng and
sufficiently large relative speed

.= inf o — vi| > s, 1.25
R S V@i vk = vj| = vy (1.25)

Vi = Z(vﬁw;l < 00, (1.26)



there exists a unique solution u to (NLS) for t > Ty satisfying

eclv*tHu - W”S([t,oo)) + GCQU*t V(u - W)HS([t,OO)) S C7 vt 2 TO' (127)

Remark 1.13. In Theorems 1.11 and 1.12, the kink K is on the left in the profile and
its velocity is less than the velocity of any soliton. This picture can be reversed by the
symmetry u(z,t) — u(x,t) = u(—=x,t).

Remark 1.14. In Theorem 1.12 we require upper bound a; < 4/3 and lower bound (1.24)
on &. The bound (1.24) is redundant if we choose a smaller rg, e.g. 79 = 1, but is nontrivial
if we take rg = 2.

The rest of the paper is organized as follows: In Section 2 we give an example of
nonlinearity for which Assumption (T1) is satisfied. In Section 3 we give the general scheme
of our proofs. In Section 4 we prove Theorems 1.2 and 1.6. In Section 5 we give Examples
5.1 and 5.2 for nonlinearities verifying Assumption (F1) and we prove Theorems 1.11 and
1.12.

2 Existence of a family of bound states satisfying (T1)

Assumption (T1) is satisfied for the nonlinearity f if, for example, f satisfies Assumption
(F2) below.

Assumption (F2). Suppose f(u) = f1(u) + fo(u) where fi(u) = [ulu, fo() = galul)u,
g2 € C°([0,00),R) N C?((0,00),R), g2(0) = 0 and

sgh(s)] + |s2g5(s)| < Cy P24 P22 s >0,
2 2
where 0 < a < 1 < Py < amax and Cy > 0.

This assumption is more specific about the small u behavior of f(u) than those in
Assumption (F0) so that we can have more control on the bound states with respect to
their frequencies. In particular, we do not consider fi(u) with opposite sign.

The following proposition gives an existence result of bound states with small frequen-
cies, obtained as the bifurcation from the radial ground state ) of the pure power nonlin-
earity, together with uniform estimates.

Proposition 2.1 (Bifurcation of solitons). Let d > 1 and assume Assumption (F2). Let
Q(z) be the unique positive radial solution of AQ + |Q|*Q = Q in R%. There is a small
wy = wy(d, o, B1, B2,Co) > 0 so that for all 0 < w < wy there is a solution ¢ = ¢, of (1.2)
of the form

b () = W QW ) + &, (W' Pa), (2.1)
where ||&y |2 < Cw™ with m = rﬁir{?l_al) > 0. Moreover, for any 0 < a < 1 there is a

constant D, > 0 such that

1/2

|6 ()] + w V2|V (z)| < Daw'/e™ "Il vz e RY, Vw € (0,w,). (2.2)

Note that we could allow Q) to be any radial excited state, provided we knew its non-
degeneracy, i.e invertibility of Ly in the proof below (such a result should be a consequence
of the classifications results [3, 4], however we did not pursue in that direction).

Before proving Proposition 2.1, we recall without proof the following classical lemma.



Lemma 2.2. Suppose f(u) = g(|u|?)u, g € C°([0,),R), f(0) =0 and
Isg'(s)] < C(s*1/% 4 5°2/2) | ¥s > 0.
For W,n € C we have
[FW ) = V)L S [l (W% + [W]02) + [0+ [l o,

Proof of Proposition 2.1. Since @ is real and radial, we will look for real and radial &,.
For the sake of simplicity in notation, we drop the subscript w during the proof. Denoting
/22 and substituting (2.1) in (1.2), we get

(—A, +1)¢ = w = f(WVNQ + €) — Q.

y=w

It can be rewritten as
L& = N(§) = Ni(§) + Na2(§), (2.3)
where
Li=—-A,+1-(1+)Qq
N(§) = Q@+ &) — f1(Q) — (1 +a)|Q[*¢
Na(§) = w e fo(w!/(Q +€)).

In the special case fo(u) = —|u|?u, we have Ny(¢) = —w§71|Q +£15(Q + ¢).
Let X = H? (R?). The properties of L, are well-known (see e.g [2]). It has one

rad
negative eigenvalue, its kernel in L?(R9) is spanned by (0,,Q); and the rest of its spectrum

is positive away from 0. Hence for radial functions Ly : X — L2 , is invertible and we have

Cs = H(L+)_1HB(L§ad;X) < 0.

We have
INL(E| S Tas1|QI* M€ + €]+ (2.4)

IN1(&1) = Ni(&2)] £ 1ax11Q* (€] + D)6 — &of + ([&1] + [&2))*61 — &l. (2.5)
We also have, by Assumption (F2) and Lemma 2.2,

No(©)] Sw F I W@+ O = Y2 W R Q. (26)
INa(€1) — Na(&2)| S Y2, ~H(1Q1 + leal + &) 161 — &l (2.7)

Denote B, ={{ € X : ||€||x <r}for 0 <r <1andlet 0 <w < 1. Because X is imbedded
in 222N L2252 for any dimension d, we have, for some Cj,

ING) = Nl < Ca (&1l + Nl )™ +0F Y e — 6ol (28)

for any &;,& € B,. Thus the map & — (Ly) !N (£) is a contraction map in B, C X for

. A
any w € (0,w,) if we choose (2r)™n(he) = .o ' < (4C30, + 1)~ 1L,
Finally, standard argument for exponential decay (see [1] or [7, Appendix]) shows that
for any a € (0,1)

[€(@)] + |VE@)] < o()e™ M, |Q(2)] + [VQ(x)| < Ce I,

using the uniform bound ||{]| ;2 < 1. We get (2.2) after rescaling. O



3 The perturbation argument

We recall the definition of the Strichartz spaces S([t,00)) and N([t,00)) and the well known
dispersive and Strichartz estimates. A pair of exponents (g,r) is said to be (Schridinger)-
admissible if

d d
—+ o=, 25 <400, (dig,r) #(2,2,400).
q T

Given a time ¢t € R, the Strichartz space S([t,o0)) is defined via the norm

lullseoon = SuP lull Lot 400) xR
q,r) admissible
r<rstr

Above rgi; = oo for d # 2, but we choose as + 2 < rgt; < 0o when d = 2 to stay away from
the forbidden endpoint. We denote the dual space by N([t,00)) = S([t,00))*. Hence for
any (¢,r) admissible, its norm verifies

HUHN([t,oo)) < Hu”L?’L;'([t,Jroo)XRd)

where ¢/, 7" are the conjugate exponents of ¢ and 7.
Let us recall the standard dispersive inequality

A _afi_1
let2ul, < 117G Jull, for ¢ £0, 2 < p < +oo
from which one can deduce the usual Strichartz estimate:

[l s 110, 00)) S Nluollzz + Il v (it,4+00))
where for ug € L2(R) u solves on [tg, 00) the following equation
iug + Au=F, u(ty) = uop.

For the proof of the main theorems with a profile W = Ry or W = K + R, we will
consider the error term 7 = u — W, which satisfies

10+ An = —[f(W +0) = f(W)] = H, H=f(W)= 3 [(R)). (3.1)
Jj€No
Above Ry =0if W = Ry and Ry = K if W = K + Rs. In Duhamel form,
)= =i [ SIS ) = SOV + H)Gs) ds. (32)
t

The proofs of Theorems 1.2 and 1.11 given in Sections 4 and 5 are self contained. For
the proofs of Theorems 1.6 and 1.12, we rely on the following generic result proved in [9,
Proposition 2.4].

Proposition 3.1. Letd > 1 and assume Assumption (F0). Let H = H(t,z) : [0,00)xR? —
C, W =W(t,z): [0,00)xR? — C be given functions which satisfy for some C1 > 0, Cy > 0,
A>0,Ty>0:

W (@)oo + M H )l < C1, V> Ty;

IVW @)z + VW (1) [loo + M VH(E) 12 < Ca, vt > Tp. (3.3)



Consider the equation (3.2). There exists a constant A\, = \«(d, a1, a2, C1) > 0 independent
of Cy, and a time T\, = Ti(d, a1, a0,C1,Cy) > 0 sufficiently large such that if X > A\, and
Ty > T., then there exists a unique solution n to (3.2) on [Ty, +o0) x RY satisfying

Mnlls(oon + € NVIllsooy <1, V=T, (3.4)

Here ¢; > 0 is a constant depending only on (aq,d).

4 Construction of infinite soliton trains

4.1 Proof of Theorem 1.2

In this section we prove Theorem 1.2 and construct infinite soliton trains in R?, d > 1. Note
1

that (1.6) in Assumption (T1) implies Ag := . w;‘_l < 00, and

1

d
1Roo ()l oerzro < Y IR )l oo S D (w; o twit ) = Ay + A (4.1)
JEN JjEN

We first show the existence of the exponent ry and prove Lemma 1.1.

Proof of Lemma 1.1. The idea is to choose ry = max(1, d%)—l—e for some 0 < € < 1. Clearly
ro < 2+ oy for sufficiently small € > 0 since @ < amax. So (1.7) is satisfied.
In the case d% > 1, we claim

aq 1 1 a; +1
— > -, —>1
d;&l + 9 2 d;ll 79

Both are clear if d < 2. For d > 3, both left sides become strictly smaller if oy is replaced
by max = d%Z and 7o is replaced by 2 + amax, but are no less than the right sides by direct
computation. Thus (1.8) and (1.9) are satisfied for sufficiently small € > 0.

In the case Ck% < 1, we claim

1 ap+1
> -, —
1 T9 2 1 +’I“2

The first inequality is a consequence of the assumption o > ay /(g + 2), while the second
is trivial. Thus (1.8) and (1.9) are satisfied for sufficiently small € > 0.

Suppose a1 < 4/d. In the case dﬂ > 1, since dﬂ < 2,79 d‘“ + € < 2 for sufficiently
small € > 0. In the case g‘ <l,rg=14+e<2. The proof of the lemma is complete. [

Remark 4.1. Although we chose 19 = max(1, do‘Tl) + ¢ in the proof of Lemma 1.1, it is not
necessary for Theorem 1.2. We only need 7y to satisfy (1.7)—(1.9).

We next estimate the source term in the equation for the error.

Lemma 4.2. Under the assumptions of Theorem 1.2, the source term H = f(Rs) —
> jen f(R)) satisfies, for some c1 € (0,a/2),

VO] < Ce,
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Proof. Fix t > 0. For any 2 € R?, choose m = m(x) € N so that ¢,, is a nearest soliton,

ie.
|z — vpt| = 1]%{11 |z — vjt|.
For j # m, we have

—|vj — v

1
|z — v;t] > §]vjt — opt] = 5

Thus, by (1.5), we have

[(Roo = Ro) (2, 1) < Y [Rj(@,1)] < (1) ZDGWI*W Pla—vt]

J#Fm J#Fm
Hence, by (1.6), the definition of v, (1.11) and (4.2), we have

1
o 1 1
t) < E Daw;”e 200t — D Age™ 290t
Jj#m

Denote A3 = supg.<||r.. |f'(s)]. By Lemma 2.2 and (4.1), we have

[

[H(t,2)| < |f(Roo) = f(Ru)| + Y |f(R)
j#m

< A3’ROO — Rm’ + ZJ;émA?”R]’ < 2A3z]7ﬁm’R]’ < 2A3(5m(t,1’).

In particular,
1
||H(t)HLoo < 2DaA2A3€7§av*t.
Condition (1.9) is equivalent to 4 < 4o
7’2 T0

l14+a; 1 1
> = > —, s> 1.
To S T9

The first inequality of (4.6) ensures that

ap+1 d < 1 d
o 2s T a1 2o’

and hence, using (1.6),

SR < SRS 1R € ™ % < 0 < oo

JEN JEN JEN

Since 7o < s(1 + a1) < s(1 + ag) < oo by (4.6), we have by (4.1)

1 1
I1f (Roo)ll e S I1RoolliRirre + [[Rooll 52 < C < o0.

Thus
IH ) ze < If(Roc)llps + D> _NF (R < C < 0.

JEN

By Hoélder inequality between L> and L* using (4.5) and (4.7), we have

IH (1)) < CemUm#/M5wt - yr € (s, 00).

Since s < 1 < oo by (4.6), we get the desired conclusion.

11

. Thus we can choose s so that

(4.5)

(4.6)



We now prove Theorem 1.2.

Proof of Theorem 1.2. The existence of ry has been shown in Lemma 1.1. We now fix
such a choice. The difference n = u — R satisfies equation (3.2) with W = R, and
H = f(Rs) — > jen [(R;). Denote the right side of (3.2) as ®n. We will show it is a
contraction mapping and has a unique fixed point n = ®7 in the class

I s + 10l 500y < € VE>0. (4.8)
We first show boundedness and suppose 7 satisfies (4.8). By Hélder inequality,
)|l < e ™t vt >0, Vrel2r

We have
\@MMthcl u—ﬂ4<wav+m—fmﬂmé+WﬂﬂMéyh

where (9:d(l — L), and 0 < 0 < 1 since 2 < 79 < 2 4+ opax-

2 r9
By Lemma 4.2 we have |[H(7)| ., < Ce”**". By Lemma 2.2,
LF OV +n) = FOV oy < Ml (W1 (W) g+ ] [ g (49)

The first term on the right side is bounded by Holder inequality
(V1 W12l < (L4 IS IV 5 e < O

if
(05} 1

<<=+

1 11
oo rg T~ rh T rg 2

The first inequality is always true since 1y, < 2 < ry. The second inequality is correct if
(1.8) holds. Thus this term can be estimated.
The last term of (4.9) is bounded by

1 1
e 12y <l )+ 10

which is bounded by Ce “1%*! since
2 <7rhlag +1) <rh(ag +1) < rg,

due to (1.10) and ro = 2 + as.
Combining the above we have, assuming (4.8),

00
”‘I)??(t)Hm < /t ‘t _ T‘_OCG_CIU*TdT < C?J*_H—ge_cw*t

for all ¢t > 0, which is bounded by %e*c“’*t if v, is sufficiently large.
For the Strichartz estimate, since (2/6,72) is admissible, we have with a = (2/6)’

19l 00p S IOV + 1) = FOV) + Hl i, o

—1/ae—clv*t

S e M pag00) S v

)
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for all ¢ > 0, which is bounded by ie_c”’*t if v, is sufficiently large.
Consider now the difference estimate. Suppose both 7; and 79 satisfy (4.8). Denote
n=m —n2 and

_ Cc1Uxt
6 = sup ™ (In(t)ls + Inllseocn) < 2

We have
[(@m — Pn2) ()| 1r2 < C/t [t =772 F W +m) = (W + )|l (1) dr

By Lemma 2.2 again with W replaced by W + 1,

1F W + 1) = FOW + 1)l oy S NI(W 2] (W 2|2 g+ 0+ ]2y
Sl + W) gy + Nl (B + By (410)

where E = |n1| + |n2|. The first term is already bounded above

W1+ [W12)] 1y < Cllnllparges < Coe 7,

’LTIQ
The last term of (4.10) is bounded similarly as above

(B + B9l g < Il onzes BN Zae s + 1Bl 33070 ) < Coemer(ranet,

Thus

(@1 — ®02)(0)]] s < / b | 005
t

< C(;v*—l-i-ee—cw*t

for all ¢ > 0, which is bounded by %66_51”“ if v, is sufficiently large.
We also have (recall a = (2/61)")

1210 = @2l 51,00y S WV A1) = FW A+ 1)l Loy oty

5 ||5e*611)*7' | < 5v;1/a67clv*t,

La(t,00) ~

for all ¢t > 0, which is bounded by iée*‘:“’*t if v, is sufficiently large.
We have shown that ® is a contraction mapping and hence has a unique fixed point in
the set (4.8). The proof of Theorem 1.2 is complete. O

Remark 4.3. The assumption (1.10) is used to estimate L™. To estimate |n|®**! in L'
using L"'-L" decay estimates, a restriction like (1.10) is needed to avoid the limiting case
a1 = 04+ and ag = amax—.

The condition (1.8) is used to bound the linear term in n, while (1.9) is used to bound
the source term (it ensures the existence of s in the proof of Lemma 4.2).

In (1.7), we need rg > 1 for (4.1). We need 7o > 91 so that the exponent in (1.6) is

2
positive. The condition 9 < a3 4+ 2 in (1.7) is redundant and follows from (1.9).

13



4.2 Proof of Theorem 1.6

In this section we prove Theorem 1.6 and construct infinite soliton trains in R¢, d > 1.
All along this section, we assume that we are under the assumptions of Theorem 1.6, in
particular we suppose that we are given a sequence of bound states (¢;,w;) for j € N
satisfying assumptions (T1), (1.13) (with v; to be determined later) and (1.14).

We first prove the following lemma.

Lemma 4.4. Let a € (0,1) be given by Assumption (T1). For A = amin(1,2a)v./4 > 0,
we have

IR ®)lloc +MIHB]2 < C, V205

IVRo(t)]l2 + VR (t)lloo + eM[VH ()2 < C(1+ Vi),  VE>0. (4.11)

where H s the source term defined by H = f(Roo) — > ey f(R;)-

L

Proof. Equation (1.6) in Assumption (T1) implies Ay := 3, yw" < oo, and

1

d
IRoo ()l oerzro < Y IR ()l poonire S D (w; a1 +wt TO) = Ay + Ay
JEN jeN

We also have for 1 <r < oo

+1_d 4_d
IV R (D)l r S D IVRi (Bl S Z w;t T D lojlwst (4.12)
jeN JjeN jEN
If we take r = 2, we have 04_1 —|— s — i > L _ 4 for all dimensions since 79 < 2 + Qax.

Thus the first sum of the right hand 81deaof (4 12) is finite for r € [2,00] by (1.6). The
second sum is also finite for r € [2,00] by (1.14). Thus

IV Roo (D)l 2o S A1 + Vi

We next consider the estimates of H = f(Roo) — > ey f(R). Fix t > 0. As in the proof

of Lemma 4.2, take any = € R? and choose m = m(x) € N so that ¢,, is a nearest soliton,
i.e.
|z — vpt| = min |z — vjt|.
JEN

Since op < amax and rg < 2 + a1, there exists s = at2-¢ with (0 < € < 1 such that

a1 +1
1 d 1 1 d
To <2+ a1 —, ot -2 — = .
oq 2 s a; 2rg

From arguments identical to those of the proof of Lemma 4.2, we have

|H ()| < Ceme=s/mvt -y e (s, 00),

with acceptable r including 0‘112 and 2.
To estimate ||VH(t)| 2, recall that by the Chain Rule we have

VH = V(f(Ro)) = Y_ V(f(Ry))
jEN

]EN _]GN

(4.13)
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Here, we denoted f, = % fand fz = % f the Wirtinger derivatives of f. Thus (here z and
m = m(x) are still as above), we have

IVH(th)‘ rg Z ‘VRj’ + (’fz(Roo) - fz(Rm)‘ + ’fZ(Roo) - fZ(Rm)D IVRm’

j#m
< N, 1/n fawlv/Q\:vajt\ 5 (t min(1,a1) 1/ fawrln/Q\:vamt\
S D (jwy e ™ + (Om(t, 7)) (Um )w,, e

J#m

112 a a o1/

52 :(vj>w]1~/ale gaw;’ |z vjt\6—4v*t+6 len(l,al)v*t<vm>w71n/oqe awn), [T —vmt|

J#m

A\t 1/01 —lawl./2|ar—v't|
Se g (vj)w; e 2% i

jEN

where 6,,(t,z) is defined and estimated in (4.3)-(4.4), and A = ¢ min(1,2a;)v,. Thus

_ 1oy —4
IVH@® 2 S e ™) (o) TSV
JEN
by Assumption (1.14). The proof of Lemma 4.4 is complete. O

We now prove Theorem 1.6.

Proof of Theorem 1.6. By Lemma 4.4, there exists vy such that if v, > vy, then the hy-
pothesis (3.3) of Proposition 3.1 is satisfied under the assumptions of Theorem 1.6, with
W =Rw and H = f(Rx) — ZjeNf(Rj)’ By Proposition 3.1, there exist Tj large enough
and n € C([Tp, o), H') with (V)0 s(jt,00)) (in particular [|n(t) 1) decaying exponentially
in ¢. O

Remark 4.5. One may tend to relax the exponent 2 in the norm [[VW/||;. so that VIV is
not that localized. However, ||VW || 245, with 81 < 0.01 is used in the proof of Proposition
3.1. It would not gain much trying to optimize it.

5 Construction of infinite kink-soliton trains

In this section we prove Theorems 1.11 and 1.12, and construct a train made of infinitely
many solitons and a half-kink for space dimension 1.

We first examine Assumption (F1) and give some examples. Estimate (1.20) is natural
since [ is Holder continuous. If f/(b) # 0, we can only take & = 0. Otherwise, we may take

& = 1if f is locally C1! near b. For certain f(s) we have & > 1.

Ezample 5.1. Le‘F f(s) =s— Si?s“s'& If we write f(s) = fi(s) + fa(s) with fi(s) = 1[s|%s
and fa(s) = s— %'ls‘s - %|S|28 = O(s®), f satisfies Assumptions (F0) and (F2) with a; = 2
and as = 4. We can choose 79 = 1+¢, 0 < € < 1, for Assumption (T1). The function f(s)
also satisfies Assumption (F1) with w =1, b = 27, h(s) = sins and h/(b) = 1. Moreover,

f@er)=2r#0, |f2n+s)|=1-coss| <Cs¥ a=2.

Hence conditions (1.21)-(1.22) are satisfied. Thus we can construct infinite kink-soliton
trains using Theorem 1.11. Since a; > 4/3, Theorem 1.12 does not apply to this example.
U
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Ezample 5.2. let f(s) = |s|*s—|s|%s, 0 < a < 3 < oo. Clearly f satisfies Assumptions (F0)
and (F2) with oy = @ and as = . The conditions h(b) = 0 = fob h(s)ds in Assumption
(F1) give

2 2

w=0b"—b" = b — ve.
2+« 24+
Thus (2 ﬁ)
_ + o _
proa = TP (D — (1 =) >0
and

W(b) =w—(1+a)b®+ (14 )b = —ab® + b’ > 0.

Thus (1.19) can be always satisfied by unique w > 0 and b > 0. For (1.20), we have & = 0

for most pair (a, ). Theorem 1.11 is not applicable in those cases. The exception is when
_ 2

0= f'(b) = (1 +a)b® — (1 + B)V5, hence b~ = —E&LQ = H_—%‘, or af8 = 2. Thus the

exceptional case is

2
a=1 if 0<a<V?2, g=-=.
e
Since da/2 < 1, we can take rg = 1. Conditions (1.21)-(1.22) imply
5—1 2
V5 <a<vV2, B=-=. (5.1)

2 leY

Thus for « satisfying (5.1), using Theorem 1.11 we can construct infinite kink-soliton trains
for the nonlinearity f(u) = (Ju|® — [u|**)u. On the other hand, by Theorem 1.12 we can
construct infinite kink-soliton trains if

0<a<4/3, a<f<o. (5.2)

We do not need af = 2. Indeed, since da/2 < 1 for a < 4/3, we can take 19 = 1,
and condition (1.24) is satisfied for any @ > 0. We can choose w; and v; as in (1.16) or
(1.17). In comparison, Theorem 1.12 covers more exponents than Theorem 1.11 except

when 4/3 < o < v/2 and B = 2/a. O
The existence of half-kink profiles is guaranteed by the following result.

Proposition 5.3. Let d = 1 and assume Assumptions (F0) and (F1). There is a solution
¢x(s) of

Pk = wopr — f(oK)
such that 0 < ¢ (s) < b,

lim ¢r(s) =b, ¢i(s) <0 VsER, @(0) =ming, lim ox(s) =0,

§——00 s§——+00

and that, for any 0 < a < min(wg, h'(b)), there is D, > 0 so that
Lico(b — 6K (5)) + 1520 Sx () + [0 (5)] < Dae™ ¥, Vs € R.

Proposition 5.3 can be easily proved using classical ordinary differential equations tech-
niques (see e.g. [9, Proposition 1.12]). As mentioned in Section 1, a kink solution of (NLS)
with parameters (vg,) is (setting the spatial translation to xy = 0)

K (t,2) = g — vpt)e ot broe— 1),
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For notational simplicity, we denote K = Ry and we consider the kink-soliton train profile

W:K+Roo:iRj
j=0

where Ry and R;, j > 0, are given in (1.4).

5.1 Proof of Theorem 1.11

We will solve the difference 7 = v — W in the class (1.23).

To start the proof, we note that, because & satisfies the same conditions as «q, we can
choose rp as in Lemma 1.1 to satisfy (1.22) in addition to (1.7)—(1.9). From now on we fix
To.

We start by estimating the source term.

Lemma 5.4. Under the assumptions of Theorem 1.11, the source term H = f(W) —
Z?iof(Rj) satisfies, for some ¢ > 0,

< Ce—cw*t

VH DI, <

To

: Al o 1o 1
satisfy (4.6) and % >5>

Proof. By (1.22), we have %1 > J.. We can choose s as in the proof of Lemma 4.2 to
2

For = > %(vo + v1)t, the contribution from Ry is the same as if Ry were a soliton. Thus
the estimate follows from Lemma 4.2.

For z < (v +v1)t, we have H = (f(W) — f(K)) — > 521 [(R;). In the proof of Lemma
4.2 we have shown

[Roo(t, )| < Ce™2% || Reg| 1y < C, (5.3)

‘if(Rj)(t7x)‘ < Cef%‘”’*’z Hi f(R])‘
J=1 =

<C.
Ls

For simplicity in notations, we assume now that vg = 9 = 0. This causes no loss of
generality since (NLS) is invariant under a Galilean transform and it guarantees that the
left part of the kink is approximately b without correction by a phase factor containing
ei2v02 By Assumption (F1), the mean value theorem, and since K, Ry, € L, we have

[f(W) = fE) = [f(b+ K —b+ Reo) = f(b+ K = b)| S (|| K] = b] + | Roo|)*| Rec|-

We first derive )
[f(W) — f(K)| < Ce 29",

Because 9 < (1 + @)s,

LF W) = FUO e < ML= b1 Roolll s + 11 Roo| s
< K| = bllZronzeo I Rooll ronzee + [RosllZhomze < C.

Summing these estimates, we have
1
[H@)| oo < Ce2® H(t)]|, < C.

The lemma follows by Holder inequality between L°° and L°. O
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Proof of Theorem 1.11. Fix a choice of ry satisfying (1.7)—(1.9) and (1.22). Let x1 =
x1(z,t) = 1$S%(’U0+’U1)t and xo = 1 — x1. Using (5.3), we have
a(W = 0)ll pronree + [xeWllpronre S 1

Assume
() L2 + [0l s(pro0yy < €7 VE>0. (5.4)
Note

[FW ) = FOV)] S xalW = b1 ] 4 x| W ] + [0l * o ] 4 |t
Thus by (1.8) and (1.22) we have

LFW = m) = FW)] g () < L+ DX (W = B)|Tronpee + IXeWllEronzoo) 1711l L2 s
G+1 1 1
+ Il gang + Ill7e5 e + Il 730,
< Cefcl'l)*’T.
Denote the right side of (3.2) as ®7. The same argument as for Theorem 1.2 shows that

— —cros —140/2 —civ.
1) < COT e, O gy < Con FO/2emerne,

Thus [|2n(0)[| r> + P9l s(ft,00)) < e~ 1% for v, sufficiently large.
For the difference estimate, for n; and 7y satisfying (5.4), we use

SOV +m) = FOV 40l S | xalW = 0% 4+ x2 W™+ > (Il + g™+ Ing1°2) | [l
=12

where 1 = 11 —12, and follow the same argument for Theorem 1.2 to derive, for v, sufficiently
large,

1
| @01 — Pl < 5\\?71 — 2|

where |7 = sup,~q e+ (Hn(t)HLTQ + HnHS([tm))). We have shown that @ is a contraction
mapping in the class (5.4). The proof of Theorem 1.11 is complete. U

5.2 Proof of Theorem 1.12

In this section we prove Theorem 1.12 and use Proposition 3.1 to construct a train of
infinitely many solitons and a half-kink for space dimension 1.

We assume throughout this section that the assumptions of Theorem 1.12 hold. In
particular, (¢;,w;) for j € N denote a sequence of bound states satisfying assumptions
(T1), (1.25) (with vy to be determined later) and ¢g = ¢k is the kink profile given in
Proposition 5.3 .

As in Section 4.2, our main task is to prove that the profile W = K + R, and the source
term H = f(W) — f(K) — >_;cn f(R;) satisfy to the hypotheses of Proposition 3.1.

Lemma 5.5. Let a € (0,1). For A = amin(1,2a)v,/4 > 0, we have

W () ]|oo + M| H(t)[|2 < Ch, Vi > 0;
VW ()|l2 + [[VW ()]l oo + M VH(E)|2 < C(1+ Vi), vVt >0.
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Proof. Since R, satisfies the same hypotheses as in Lemma 4.4, we only have to treat the
addition of the kink. We have, by Lemma 4.4 and Proposition 5.3

Wlleo + VW]l < 1Kl + [[Roollog + IVE |l + [[VRolle < C

Note that by exponential decay VK € L?(R), therefore, combined with Lemma 4.4 this
gives

VW, < [[VK]ly + [[V R, < C.

We now estimate the source term H. As in the proof of Lemma 4.4, we fix ¢t > 0, take any
x € R and choose m = m(x) corresponding to the nearest profile, i.e.

|z — vppt| = min [z — vjt|.
JEN

If m > 1, then as in the proof of Lemma 4.2, we still have
(Roo — Rop)(t,)| < Ce™ 290,
and by Proposition 5.3 it holds
\K(t,2)| < D, e~ ale—votl < Dae—%av*t.

Therefore, if m > 1 we have

H(t,z) < |f(Roc) = 3 F(R))| + Ad| K| + | f(K)| S e 39,
jEN

where Ay = max,cjow_j f'(s). If m =0, we replace the previous estimate by

H(t,2) < AslRoo| + 3 |F(Ry)| S €73,
JjEN
This implies that
IH @) S e 2
With z and m as above, if m = 0, we have (using a similar expression as (4.13))
‘VH(tax)’ rg (‘fz(K"i_ Roo) - fz(K)‘ + ’fZ(K +Roo) - fE(K)MVK‘ + Z ‘VRJ‘
JjEN

Since we are close to the kink (m = 0), the last sum will be small :

_a 1 1 /2
E IVR;| S e 4”“5 <vj>wj/ale 3w le—vst],
jEN jeN
In addition we have

1/2|9[3 th|

(fo(K + Roo) = Fo(K)| + [f=(K + Roo) — f=(K)) S |Roo] S e~ 571 S wl/em3e
jEN

Therefore
[VH(Lx)| S e 83 oy e 3t
jEN
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The estimate for the case m > 1 is similar as in Lemma 4.4 and we can conclude by (1.26)
that
HVHHQ <e —At Z 1/041 d/4 < e*)\tv*.
Jj€No
Let now s be defined as in the proof of Lemma 4.4. By (1.24), we can further assume
ro < s(a@+1). (5.5)

For simplicity in notations, assume that the kink in not moving, i.e. vg = 0. Therefore the
main contribution will come from the kink for z < 0 and the soliton train for x > 0. We
have on the right

IH | e sy < 1K +Roo) = f (Roo) | s a0y + 1 B s sy 11 (Roo) s + Y1 (B
jEN

< A4HKHLS($>0) + C < +00,

where the last inequality is due to exponential decay to 0 on the right for the kink. On the
left, we have

IH | s ooy < 1K + Roo) = F )| ooy + DRI s
JjeN

The first term cannot be treated as previously (unless Ry, € L*(R), which is a priori not
the case). Since f verifies (1.20), by the mean value theorem we have

[f(K + Roo) = FE) S (1K = b + [Roc)® + (IK = bl + | Ro|)*?) | R

Hence,
170K + Rao) = £ B ety 5 (15 = bl gy + 1K = B3 ) I Roolliow + 1 Recll i

The right hand side is finite since K converges exponentially to b and the L5t norm of
R is finite thanks to our choice of 19 and (5.5). In conclusion,

[H s < 1H Lo (z<oy + 1H | s @0y < +00-
By interpolation between s < 2 and co we get
1H 2 S e

This concludes the proof.
O

Proof of Theorem 1.12. By Lemma 5.5, there exists vy such that if v, > vy, then the hy-
pothesis (3.3) of Proposition 3.1 is satisfied under the assumptions of Theorem 1.12. The

conclusion of the Theorem then follows immediately from the conclusion of Proposition
3.1. O

Acknowledgments

The authors are grateful to Dong Li for stimulating discussions at the origin of this work.
The research of S. Le Coz is supported in part by the french ANR through project ESONSE.
The research of Tsai is supported in part by NSERC grant 261356-13 (Canada).

20



References

1]

[10]

[11]

[12]

S. Agmon. Lectures on exponential decay of solutions of second-order elliptic equations:
bounds on eigenfunctions of N-body Schrédinger operators, volume 29 of Mathematical
Notes. Princeton University Press, Princeton, NJ, 1982.

S.-M. Chang, S. Gustafson, K. Nakanishi, and T.-P. Tsai. Spectra of linearized opera-
tors for NLS solitary waves. SIAM J. Math. Anal., 39(4):1070-1111, 2007 /08.

C. Cortazar, M. Garcia-Huidobro, and C. S. Yarur. On the uniqueness of the second
bound state solution of a semilinear equation. Amnn. Inst. H. Poincaré Anal. Non
Linéaire, 26(6):2091-2110, 20009.

C. Cortazar, M. Garcia-Huidobro, and C. S. Yarur. On the uniqueness of sign changing
bound state solutions of a semilinear equation. Ann. Inst. H. Poincaré Anal. Non
Linéaire, 28(4):599-621, 2011.

R. Cote and S. Le Coz. High-speed excited multi-solitons in nonlinear Schrédinger
equations. J. Math. Pures Appl. (9), 96(2):135-166, 2011.

R. Cote, Y. Martel, and F. Merle. Construction of multi-soliton solutions for the
L?-supercritical gKdV and NLS equations. Rev. Mat. Iberoam., 27(1):273-302, 2011.

S. Gustafson, K. Nakanishi, and T.-P. Tsai. Asymptotic stability and completeness in
the energy space for nonlinear Schrodinger equations with small solitary waves. Int.
Math. Res. Not., (66):3559-3584, 2004.

S. Kamvissis. Focusing nonlinear Schrédinger equation with infinitely many solitons.
J. Math. Phys., 36(8):4175-4180, 1995.

S. Le Coz, D. Li, and T.-P. Tsai. Fast-moving finite and infinite trains of solitons for
nonlinear Schrédinger equations. 2013, arXiv:1304.3049.

Y. Martel and F. Merle. Asymptotic stability of solitons of the subcritical gKdV
equations revisited. Nonlinearity, 18(1):55-80, 2005.

Y. Martel and F. Merle. Multi solitary waves for nonlinear Schrodinger equations.
Ann. Inst. H. Poincaré Anal. Non Linéaire, 23(6):849-864, 2006.

Y. Martel, F. Merle, and T.-P. Tsai. Stability in H' of the sum of K solitary waves
for some nonlinear Schréodinger equations. Duke Math. J., 133(3):405-466, 2006.

F. Merle. Construction of solutions with exactly k£ blow-up points for the Schrédinger
equation with critical nonlinearity. Comm. Math. Phys., 129(2):223-240, 1990.

G. Perelman. Asymptotic stability of multi-soliton solutions for nonlinear Schrédinger
equations. Comm. Partial Differential Equations, 29(7-8):1051-1095, 2004.

V. E. Zakharov and A. B. Shabat. Exact theory of two-dimensional self-focusing and
one-dimensional self-modulation of waves in nonlinear media. Soviet Physics JETP,
34(1):62-69, 1972.

21



