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TOPOLOGICAL ASYMPTOTIC ANALYSIS FOR A CLASS OF
QUASILINEAR ELLIPTIC EQUATIONS

SAMUEL AMSTUTZ AND ALAIN BONNAFE

Abstract

Topological asymptotic expansions for quasilinear elliptic equations have not been studied
yet. Such questions arise from the need to apply topological asymptotic methods in shape
optimization to nonlinear elasticity equations as in imaging to detect sets with codimensions
> 2 (e.g. points in 2D or segments in 3D). Our main contribution is to provide topological
asymptotic expansions for a class of quasilinear elliptic equations, perturbed in non-empty
subdomains. The obtained topological gradient can be split into a classical linear term and
a new term which accounts for the non linearity of the equation. With respect to topological
asymptotic analysis, moving from linear equations onto nonlinear ones requires to heavily
revise the implemented methods and tools. By comparison with the steps carried out to
obtain such expansions with the Laplace equation, the core issue for a quasilinear equation
lies in the ability to define the variation of the direct state at scale 1 in RY. Accordingly
we build dedicated weighted quotient Sobolev spaces, which semi-norms encompass both the
LP norm and the L? norm of the gradient in RY. Then we consider an appropriate class of
quasilinear elliptic equations, to ensure that the problem defining the direct state at scale
1 enjoys a combined p and 2 ellipticity property. The needed asymptotic behavior of the
solution of the nonlinear interface problem in RY is then proven. An appropriate duality
scheme is set up between the direct and adjoint states at each stage of approximation.

Keywords: quasilinear elliptic equations, topological asymptotic analysis, topological de-
rivative, two-norm discrepancy, quasilinear interface problems.

1. INTRODUCTION AND OVERVIEW

The present article provides topological asymptotic expansions for a class of quasilinear
elliptic equations of second order.

The methods of so-called topological asymptotic expansions or topological gradients or topo-
logical sensitivity have been developed since the 1990’s [33] 47, 511, 58, [59]. They are applied
in the field of shape optimization (e.g. [4, 14, B3]) as well as in image processing (e.g.
[16] 19, 20| 21] 22, 23], 24], 25, [41], [42]). The key idea is to assess the sensitivity of an appro-
priately chosen functional, taken on the solution of a partial differential equation, when the
latter is perturbed in the vicinity of a given point zg, in a subdomain of which one geometric
parameter goes down to zero.

More precisely, let Q@ C RN be a bounded domain, and consider a partial differential
equation in 2, e.g. the Laplace equation, with a boundary condition on boundary Of).
Assume this equation admits a unique solution wg, called the unperturbed direct state, in an
appropriate functional space Fy. Consider a bounded domain w C R¥, such that 0 € w, a
point zg € Q2 and a parameter € > 0 small enough such that w. := 2o + ¢ w C Q. Then,
as shown on Figure [I modify the equation in we, either by changing a coefficient of the
equation in we, for instance a conductivity, or by restricting the domain of the equation to
Q. := Q\ w. and by requiring an additional boundary condition on dw.. Assume that the
perturbed equation obtained that way admits a unique solution w,., called the (perturbed)
direct state, in a functional space F.. Let now J, : 7. — R be a functional defined for £ > 0
small enough. Then the topological asymptotic expansion of J. is an expansion of the form

Je(ue) = Jo(up) + p(e) g(xo) + o(p(e)), Ve >0 small enough, (1.1)
1



FIGURE 1. An equation perturbed in w,

where p is a non negative function such that liH(l) p(e) = 0. The scalar g(xg) is called the
e—

topological gradient, or topological derivative, at point xg. When x( ranges in {2, one defines
that way the topological gradient field g : Q — R.

Topological asymptotic expansions were obtained for many equations such as linear elastici-
ty equations [33], Helmholtz equation [57], Stokes equations [36] and incompressible Navier-
Stokes equations [I1]. Regarding the Laplace equation, topological asymptotic expansions
were obtained in the case of Dirichlet boundary condition [12} [35] as in the case of Neumann
boundary condition [15, 52]. Moreover asymptotic expansions were provided for the first
eigenvalues and eigenfunctions of classical problems for the Laplace operator perturbed in
small domain w, in 2 and 3 dimensional domains [50}, 51].

Hence from a mathematical perspective, the question of topological asymptotic expansions
for nonlinear elliptic equations of second order naturally arises next. The case of semilinear
equations, made of the Laplace operator added to a nonlinear term, was studied in [12, [3§].

e The topological sensitivity for a class of nonlinear equations of the form
~Au+®(u) =0, uc HNQ)

where —A is a linear and homogeneous differential operator of order 2 and @ is
a possibly nonlinear function, is studied in [I2]. The functional setting is that of
Hilbert spaces.

e Topological derivatives for equations of the form

—Au = F(z,u(x))

where A is the Laplacian operator and F € C%%(Q x R), are obtained in [38]. The
functional setting is that of weighted Holder spaces.

To our best knowledge, topological asymptotic expansions remain unknown for nonlinear
elliptic equations with a nonlinearity in the principal part of the differential operator, such
as quasilinear equations.

Moreover such questions also arise from at least two applicative fields.

(1) In the field of shape optimization, the use of linear elasticity equations remains a
drawback whenever the actual behavior of mechanical structures is better described
by equations of nonlinear elasticity [30]. This issue was raised e.g. in [3] §8.

(2) In the field of imaging, the detection of subsets of codimension > 2, as points in 2D
and curves in 3D, remains an important task, e.g. in medical imaging. A smooth
curve can be locally approximated by a segment, of length ‘small enough’. Applying
a topological asymptotic method, the task of detecting segments in 2D images was
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dealt with in [I0] by means of a Laplace equation with Neumann boundary condition.
According to the theory of potential [2, 37, 46, [49], the Laplace equation can only
detect subsets which codimensions are < 2. For instance it cannot detect points in 2D
or segments in 3D. For such tasks, one may consider the p-Laplace equation, where
parameter p is chosen strictly larger that the codimension of the subsets to detect.

In accordance with such motivations, the present article provides topological asymptotic
expansions for a class of quasilinear elliptic equations of second order, perturbed in non-
empty open subsets.

We first analyze in section [2| some of the specific issues arising in the process of obtaining
topological asymptotic expansions for quasilinear elliptic equations. To serve as a reference,
we sketch the steps usually taken for that purpose in the case of a linear elliptic equation.
Then considering the p-Laplace equation, we raise the conditions required to define the varia-
tion of the direct state at scale 1 in RY, denoted H.

These conditions justify that we build dedicated quotient weighted Sobolev spaces in ap-
pendix Al We thus introduce Banach spaces denoted W(RY) and V(RY) and the Hilbert
space H(RYM), all of them enjoying Poincaré inequalities. Eventually Proposition will
be pivotal to ensure a combined p- and 2-coercivity to the nonlinear operator defining the
variation of the direct state at scale 1.

The conditions pointed out in section [2]also widely determine the class of quasilinear elliptic
equations which we define in section [3| In particular the corresponding operators satisfy a
combined p- and 2-ellipticity property. Our main contribution is the topological asymptotic
expansion stated in Theorem To obtain this result, we study the direct state and its
variation at each stage of approximation. We similarly study the variations of the adjoint
state. The steps taken for the adjoint state are classical as we define the adjoint state as
solution of a linearized equation. By contrast the nonlinear approach applied to the direct
state is fairly new. The needed asymptotic behavior of the solution of the nonlinear interface
problem in RY is then proven. An appropriate duality scheme is set up between direct and
adjoint states at each stage of approximation. We eventually prove the topological asymptotic
expansion of the functional, separating a linear term and a nonlinear term. While both terms
depend on the variations of the direct and adjoint states at scale 1 in RY, one essential
ingredient for the nonlinear term is an operator, denoted S, characterizing the nonlinearity
of the considered equation.

For reader’s convenience, most proofs are postponed to section [4

Let us end this introduction by gathering some notation used throughout this article. The
space dimension is denoted by N, N € N, N > 2. A real number p € [2,00) and its Holder
conjugate exponent ¢ such that 1/p + 1/q = 1 are supposed to be given. The following
standard notation will be used.

(1) The symbol |E| denotes either the usual euclidean norm of E in RY when E € RV,
or the N-dimensional Lebesgue measure of E when E C RY.

(2) For all a > 0, we denote B, := {z € RY;|z| <a} and B), :=R" \ B,.

(3) SN~! will be the unit sphere in RY and AN~! its surface area.

(4) Iy denotes the N-dimensional identity matrix.

(5) For all open subset O C RY or O C R, C§°(O) denotes the space of infinitely
differentiable functions with compact support C O and D'(O) denotes the space of
distributions in O.

(6) The topological dual of a normed space F is denoted F*, and the duality pairing
between F* and F by (.,.).

Moreover, € is a given bounded domain of RY. We denote

(1) WP(Q) the Sobolev space defined by
WhP(Q) := {u € D'(Q);u € LP(Q), Vu € LP(Q)}



endowed with the norm

1
P

el 2= (el + 1Vl )

V= Wol’p(Q) the closure of C§°() in WhP(Q);
(3) H'(Q) the Hilbert space defined by

HY(Q) = {ueD(Q);ue L*Q),Vue L*(Q)}

endowed with the norm

N|=

12 = (Il + 1Vulfzg) "

(4) H := H}() the closure of C§°(Q2) in HY(Q).

[l

2. SPECIFIC ISSUES ARISING FOR A QUASILINEAR ELLIPTIC EQUATION

This section points out the specific issues arising in the process of obtaining a topological
asymptotic expansion for a second order quasilinear elliptic equation, by comparison with a
linear elliptic equation. We briefly recall in subsection the main steps taken to obtain
the expansion in the case of a linear elliptic equation. In subsection we determine in
the quasilinear context the conditions allowing to apply the Minty-Browder Theorem ([45],
Chap. 2 §2, [27] Thm. V.15), so as to give sense to the variation of the direct state at scale
1. In the last subsection [2.4] we complete our preliminary study by announcing how three
other steps of the method will have to be generalized in the quasilinear context.

In all the subsequent we shall study quasilinear elliptic equations of second order Qu = 0
which are Euler-Lagrange equations of functionals of the form

/Q W (Vu) - ful, (2.1)

where v : Q — RY is a positive conductivity function, W € CH(RY,R) is called the potential
and f: Q — R is a source. For convenience we denote the gradient field T':= VIWV.

As is well-known (see e.g. [32], Chap. 8), under relevant assumptions, in an appropriate
functional space and with appropriate boundary condition, a function u minimizes functional
if and only if it satisfies the following Fuler-Lagrange equation

Qu :=—div(y T(Vu)) — f = 0. (2.2)
For a given p € (2, 00), we shall focus on the two following cases:
(1) the p-Laplace equation, weighted by the conductivity function ~,
—div (fy |VulP~? Vu) - f=0, (2.3)

which derives from the potential W (y) := % lolP, Vo € RY;
(2) the modified p-Laplace equation

p—2

—div (’y <a2 + |Vu|2) ’ Vu) —f=0, (2.4)
for a given real number a > 0, which derives from the potential
1 I
Wa(p) := , (aZ + |<p|2) ‘. VoeRM.

From the perspective of topological asymptotic expansions, we shall see that properties of

equations (2.3) and (2.4) broadly differ, far beyond the well-known fact that equation ({2.3])
is degenerate while equation ([2.4) is not.
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2.1. Standard steps taken for a linear elliptic equation. The task of obtaining the
topological asymptotic expansion for a linear elliptic equation was already performed many
times in the literature [13], [15, B3] B5] B6, 47, 511 59].

Let’s consider here a conductivity perturbation in the Laplace equation with homogeneous
Dirichlet boundary condition.

ow

@

FIGURE 2. Perturbation of the conductivity in w.

Let © ¢ RY be a bounded domain with a smooth boundary 09, zo €  and a smooth
bounded domain w C RY such that 0 € w. For ¢ > 0, let w. := 29+ w. For e > 0
small enough it holds w. CC 2. Given two positive numbers g # 1 we define the perturbed
conductivity by

Ye:=7 in 2\ w: and 7. := 7 in we. (2.5)

Let a source f € L?(f2) be such that z¢ ¢ spt(f), with spt(f) being the support of f. The
perturbed direct state u. is the solution of

{—div (7eVue) = f in Q,

(2.6)
us =0 on 0f).

Let the Hilbert space H = HJ(Q) and J : H — R a Fréchet differentiable functional. The
following steps are taken:

(1) By linearity, the variation . := u. — ug of the direct state is simply defined by means
of the Lax-Milgram theorem in the Hilbert space H.

(2) The perturbed adjoint state v, is defined as the unique solution of the problem:
find v € H such that

/ vVu.Vn=—(DJ(up),n), Yné€H,
Q

where (., .) stands for the inner product of H.

By linearity, the variation 0. := v. — vg of the direct state is simply defined by
means of the Lax-Milgram theorem in the Hilbert space H.

Thanks to the fact that the direct and adjoint states are in duality in the Hilbert
space H, one can easily transform the first order Taylor expansion of functional J
and obtains

J(ue)—J(uo)z—/Q%Vf»e.Vas + (71—7(])/ Vug.Vug +o(ielly) . (2.7)



Assuming enough regularity for 092 and for the sources f and DJ(up), one may
assume (e.g. [34] Thm 8.34) that Vug and Vv are continuous in 2, and in particular
at point xg. This entails

/ V. Vg = |w| Vg(xg).Vug(zo) ¥ + o(e™).

Hence, according to (2.7, the main task is to determine the asymptotic expansion
of the integral:

/ VeVU:. V. (2.8)
Q

One thus introduces the variation H of direct state (resp. the variation K of adjoint
state) at scale 1 in such a way that the following approximations hold

te(z) ~eH(e 'z) and 9.(z) ~eK(e'x), forae. z€Q.
The conductivity v at scale 1 is defined by
vi=9 mR¥\w and 4.:=7 inw. (2.9)

An appropriate Hilbert space # of functions defined on RY is then built ([31], volume
6, chapter XI and [9]). A Poincaré inequality in H is required for coercivity. One
defines H as solution of the problem:

find H € H such that

/N YVHNn+ (71 — 'yo)/ Vug(zg).Vn =0, VneH. (2.10)
R w

Similarly one defines K as solution of the problem:
find K € H such that

/N YWVKNn+ (nm — 'yo)/ Vuo(z0).Vp =0, VneH. (2.11)
R w

Again H and K are defined by means of the Lax-Milgram theorem in the Hilbert
space H. The integral

/ YWVK.VH
RN

is well defined. Plugging the test function K € H in 1j and using the Green
formula, one obtains

—/N’yVK.VH = (71— ") / Vug(zo). VK = (71 — ) Vuo(xo). : Kn,
R w w

where the letter n denotes here the outward unit normal to dw.
Regarding the calculation of the latter integral, it follows from the linearity of
equation (2.11)) defining K that the mapping

Vuo(ao) € BY s (31 — 70) [w Veo(eo) + [

Ow

Kn} c RN

is linear. It only depends on the set w and on the ratio 71 /9. Thus there exists an
N x N matrix P = P(w,v1/70), called polarization tensor, such that

(711 — ) [IW\Vvo(l’o)Jr/aw Knout:| = PVuo(zo).

Such polarization tensor can be explicitly calculated for various types of sets w, see
e.g. [0, [13], 29, [40] 55].
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(4) One then needs to determine the asymptotic behaviors of variations of direct and
adjoint states at scale 1. Problems and are two-phase transmission
linear problems in R"Y and were extensively studied, see e.g. [6] Part I. By convolution
of the source with a fundamental solution of the Laplace equation, one obtains the
asymptotic behavior of K and VK as follows:

K(y)=0 (|y\17N) and VK(y) = 0O <|y|7N) when |y| — +oo.

The same asymptotic behaviors hold for H and VH.

(5) It matters to know whether the variation of the direct state (resp. of the adjoint state)
‘far away’ from the perturbation w; is of a higher order, i.e. is negligible, compared to
the same variation ‘near’ the perturbation, as shown on Figure 3| That is the reason
why the asymptotic behaviors of H and K and of their gradient fields play a key role
in the justification of expansion

/Q%VGE.VaE =N /RN YWKVH + o(eV). (2.12)

Close to the perturbation

in B(x,,T,

o) Q
Far away from the .
perturbation in Q \ B(x,,T) W'=x+ew

FiGure 3. Close to the perturbation versus far away from the perturbation.

(6) From (2.7) and ([2.12)), it eventually follows the desired topological asymptotic expan-
sion
J(uc) = J(ug) = g(xo) £V + o(e™),
with
9(x0) = Vug(x0). (PVuy(w0)) = Vug(zo)" PVuy (o).

For more details we refer the reader to[13] or to [26].

2.2. First steps taken for a quasilinear elliptic equation. We choose to first study the
case of the p-Laplace equation. For a given f € L9(£2), the perturbed direct state u. satisfies
the equation

— div (% Vo P2 Vug) —f inQ,
ue =0 on 0f).

In the space V = I/Vol’p(Q)7 it is standard ([44] or [I§] §6.6) to argue that wu. is uniquely

defined by
{u:} = argmin {/ xe |Vul? — fu} ,
ucV QP
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and that equivalently u. is the unique solution of the problem:
find u € V such that

/ Ye |VulP 2 Vu.Vn = / fn, Vnev. (2.13)
Q Q

Denote ug the unperturbed direct state and . := us — ug the variation of the direct state.
Hence calculating the difference between equation (2.13]) and the equation satisfied by uy,
one obtains that function . solves the problem:

find @ € V such that

/ e [|Vu0 VAP 2 (Vug + Vi) — Vg2 Vuo} A
Q

+ (1 —70) \Vuolp_Q Vup.Vn =0, VneV. (2.14)

We

Conversely consider equation (2.14]) and the nonlinear operator A : V — V* defined by
(Auii, ) = / e (Vg + Vil (Vug + Vi) — [VuoP > VgV, Vi € V.
Q

Due to Holder’s inequality, it is clear that A. is well defined. Moreover, as shown below, the
Minty-Browder theorem ([27], Theorem 5.15) can be applied to operator A. so as to prove
that equation admits a unique solution in V. Due to uniqueness, the latter solution
equals ..

Let’s sketch briefly the arguments showing that A, satisfies the assumptions required by
the Minty-Browder theorem (similar arguments will be detailed later on in the proof of

Proposition .
(1) The continuity of A, is based on the following inequality ([44], p.73):

1
o +0l 2 (o o) = lol 2| < o= D)1l [ o+ e a
<22p-1)[g| (IoP > + WP ?) Ve,peRY. (2.15)
It follows from (12.15)) and from Hélder’s inequality that, for all u,v,n € V,

(Aelu ) = Acla). ] <€ [ [[900+u)P~2 Vol + 9o !] 199

D
<c [nvmo )22 190 oy + V0] zm)} 190l 2o(cy
with C' = 2P~2(p — 1) max(o,y1). Hence for all u,v € V, it holds
D
JAcu+v) = Acfw)yn < C [nwuo + )22, 190 gy + V2 zp(m} .

The continuity of A, follows.
(2) As Q is bounded, by the Poincaré inequality, the norm ||.||,, is equivalent to the semi-
norm |.[, in V. Moreover the following p-ellipticity inequality holds ([44], page 71

(D):

for all p € (2,00), there exists ¢ = ¢(p) > 0 such that

o+ w2 (e +9) — el 2] w2 e WP, ¥ o eRY. (2.16)

The strict monotonicity and the coercivity of A. follow.
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We now prepare the change of scale by taking an intermediate step. Assume that wug is
regular enough and denote Uy := Vug(zg) its gradient at the center x( of perturbation. We
first approximate the variation . by the function hA. solution of:

find h € V such that

/ e [|Uo VAP (Uy + VA) — |UglP2 Uo] A
Q

+ (71 — 70)/ |UolP2Uy. V=0, VneV.

Similarly the Minty-Browder theorem ensures the existence and uniqueness of the solution.
Moving now to scale 1, we look for a function space W(RY) in which one can apply the
Minty-Browder theorem to the problem:

find H € W(RY) such that

[ 7 1o+ VP2 @+ 1) = ol 00) 9

+ (- w)/ UolP 2 Up. V=0 ¥neWRY), (2.17)

where the perturbed conductivity 7 at scale 1 is still defined by (2.9).
For that purpose, we exclude the trivial case Uy = 0. We need to find a reflexive Banach
space W(R™) such that the nonlinear operator A : W(RY) — W*(R") defined by

(Au,m) := / g [IUo + Vul " (U + Vu) — U~ Uo} Vi, Vu,n € W(RY)
RN

is well defined in W(R") and satisfies all the assumptions required by the Minty-Browder
theorem.

2.3. A two-norm discrepancy between LP(R") and L?(R"). From (2.16) we infer

(Au,u) = /RN'y“UO—FVU\”_Q(UOﬁ—Vu)—\Uolp_zUo] Vu > V], gy, (2.18)

with ¢ = ¢ min(y0,71) > 0. Therefore the coercivity of A could be secured in W(RY)
provided that u € W(RY) = Vu € LP(RY) and should an equivalence hold in W(RY)
between the norm [lul|,y g~y and the semi-norm |ulyy gy = [Vl 1o@a)-

To obtain such an equivalence of the norm with the semi-norm in an unbounded domain
(e.g. [31], volume 6, chapter XI and [9], Annexe A), a classical approach would be to define
W(RY) as the quotient space

W(RY) = WH(RY) /B,
where WY (RY) is a weighted Sobolev space of the type
WY(RY) == {u e D'(RY); wyu € LP(RY) and Vu € LP(RM)},

for an appropriate weight w, : RY — R,, and P, is a space of polynomials belonging to
W“’(RN ). In fact here, P, can only be {0} or R, the set of constants. The weighted space
WY (RY) would then be equipped with the norm

lullypw@yy = llwpell oryy + IVUllLo@ry
and its quotient space W(RY) with the norm ([28], 11.2)

ey = ff Jlwp(u+m)lLogny + [Vull oy
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Suppose that we have built such a quotient space. It follows from inequality (2.15) that for
all u,n € W(RYN)

Auan)| <€ [ 19l ([t + [FuP2) 95
RN

with C' = 2P=2(p — 1) max(7p,v1). This does not guarantee that A is well defined in all the
space W(RY). Consider the subspace

V(RN = {ue WRN); Vu € LQ(RN)}
endowed with the norm

[ullygny = ,inf, lwp(u+m)| o@ny + VUl pp@yy + [Vl 2@y - (2.19)
For all u,n € V(R"Y) the Cauchy-Schwarz and Holder inequalities entail

D
{Au,m)| < C <|Uor” IVull 2y 19l 2wy + [Vl 2 ey ||Vn|er<Rw>> S 220

Thus A is well defined in the subspace V(RY ). In addition, A is a bounded linear operator
VIRN) — V*(RYN). Nevertheless inequality (2.18) shows that one cannot expect A to be
coercive in V(RY) equipped with the norm (2.19), as (Au,u) does not provide control over
the term [|Vul[2(gxy.

In comparison with the method recalled in section 2.1} it thus appears that the step of
defining the variation of the direct state at scale 1 by means of the Minty-Browder theorem,
requires both

e to consider a functional space whose norm gives control on both the LP and the L?
norms of the gradient, and which in addition enjoys a Poincaré inequality;

e to consider a quasilinear elliptic operator A enjoying both p- and 2- ellipticity prop-
erties, which is not the case for the p-Laplacian.

The first requirement justifies our construction of the Banach space V(R") (and the Hilbert
space H(RY) when p = 2) in appendix |Al The second requirement provides restrictions on
the class of quasilinear equations we address in section [3]

This situation is similar to the two-norm discrepancy known since the 1970’s in the stability
analysis of nonlinear optimal control [5, B9, [43] 48], where the Lagrangian is typically twice
differentiable in L° norm but only coercive in L? norm.

2.4. Other changes in the quasilinear context. Several other steps have to be generali-
zed in order to obtain the topological asymptotic expansion in the quasilinear context. In
particular we shall have to:

(1) ensure duality between the variation of the direct state and the corresponding varia-
tion of the adjoint state at each step of approximation. This task, straightforward in
the linear case within the framework of Hilbert spaces, will be made again possible
by considering both relevant embeddings and a posteriori regularity properties.

(2) determine the asymptotic behavior in RY of the variation of the direct state at scale
1. This function will be solution of a nonlinear transmission problem in V(R"), for
which techniques of convolution do not apply. We shall build a supersolution and a
subsolution and then prove a comparison theorem.

(3) determine with respect to the variation of the direct state, what does mean ‘far away
from the perturbation’ by opposition to ‘close to the perturbation’. This question
will be dealt with in Propositions and
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3. TOPOLOGICAL ASYMPTOTIC EXPANSION FOR A CLASS OF QUASILINEAR ELLIPTIC
EQUATIONS

3.1. A class of non-quadratic potentials. Let W : RY — R be a twice Fréchet-differentiable
function. Denote T : RV — RY the gradient field T := VWW. At the next order of derivation,
for all ¢ € RN, we define Sy RN — RN by

Se(¥) == T(p+4) = T(p) = DT(p)4h, V¢ €RY.
In view of the arguments expounded in section [2] we make:
Assumption 3.1. The potential W satisfies the following conditions.

(1) For some a > 0, it holds W € C%(RN R).
(2) There exist by > ap > 0 such that

ao lpl” S W(p) <bo(L+]pl), Ve eRY.
(3) There exists a; > 0 such that
T < ar]ol (1 +]0P7%), Ve eRN.
(4) There exist 0 < ¢ < C such that

p—2

—2
c(1+1p%)7 [ < DT(9)Yd < CO+[o)T [P, ¥ eo,p e RY.
(5) There exists ¢ > 0 such that

(T(p+9) = T(9) ¥ > (|l + [¢*), ¥, eRY.
(6) There exists C' > 0 such that

T(e+v) = T(@) S Cll [L+1eP 2+ 0P ], Vv eRY.
7) For any M > 0 there exist cg = co(M,p) > 0 and c,_3 = ¢,—3(p) = 0 such that
7 p

|Sp(12) = Sp(i1)| < |12 — ab1] (|¥1] + [4b2]) [Co + cp—3 (|11 + |7/)2|)p_3} :
Vo € B(0, M), Y1, € RY.

In addition the constant c,_3 satisfies ¢,_3 =0, Vp € [2,3].
(8) For any M > 0 there exist dy = do(M,p) > 0 and d,—4 = dp—4(p) > 0 such that

S0 (9) = S (V)] < o2 = 1l |01 [do + dypa [917"] . Vo, 02 € B0, M), v € BV,
In addition the constant d,_4 satisfies d,—4 =0, Vp € [2,4].

Let us comment on the conditions stated in Assumption [3.1

(1) Conditions (2), and are classical growth conditions about respectively the
potential W, the gradient field T" and the Hessian DT, in works related to quasilinear
elliptic equations (e.g. [34}, 46]). Condition entails that potential W is strictly
convex and provides 2-ellipticity to variational problems defining the adjoint state
and its variations.

(2) Condition (5|) ensures the combined p- and 2-ellipticity property.

(3) Condition (|6) will be essential to estimate the variations of the direct state at various
steps of approximation. When ¢ is bounded it implies:
for any M > 0 there exist by > 0 and b,—1 > 0 such that

T(p + ) = T(p)| < br 9] +bp—1 [97", Vo € B(O,M),V ¢ € RY. (3.1)

Note that, should we have made the additional assumption that 7(0) = 0, then
condition @ would have implied condition ({3]).
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(4) Condition @ gives control over nonlinearity of gradient field T' at a given point ¢
and is related to the third derivative of W if it exists. When ¢ is bounded it implies:
for any M > 0 there exist two constants cp > 0 and c,—3 > 0 satisfying nullity
condition stated in condition (7)), such that

[Sp ()] < co [ +cps [WI'™" Vo € B(0, M), ¥y € RY. (3:2)

(5) Condition ({8]) takes into account the fourth derivative of W, if it exists, and accounts
for the variation of the nonlinearity of gradient field T' from a given point ¢ to
another point @s.

In the subsequent we shall only write ‘condition (7)’ instead of ‘condition (i) of Assumption
whenever no confusion is possible.

The class of potentials satisfying Assumption encompasses the archetype of non-
degenerate elliptic potentials ([34] p.261 or [63] p.343) given, for some a > 0, by

1 /2
W, : pcRV ’ <a2 + \g0|2)p . (3.3)

For potential W,, the p- and 2-ellipticity property required by condition follows from
a slightly extended version of an inequality given by Lindqvist in [44], page 71 (I).

Proposition 3.2. Let a > 0 and p € [2,00). Then there exists ¢ > 0 such that

p—2

@+lp+vf)7 (p+v) — (a*+ MQ)%A W >c (WP + [P, Ve, eRY.

The proof is deferred to subsection on page At the price of some calculations we
obtain the following result, whose proof is given in subsection on page

Proposition 3.3. Let a > 0 and p € [2,00). Then potential W, satisfies Assumption .

3.2. The perturbed quasilinear equation. We assume that 2 is a bounded domain of
RN with C2-boundary 9. Let a function f € C%%(Q), for some a > 0, with support
spt(f) CC Q. A point xzg € Q \ spt(f) is given. Without loss of generality we assume that
zg = 0.

Consider a bounded domain w of RY with a C?-boundary dw such that 0 € w. For all e > 0,
let w. := ew. In all this chapter, we assume ¢ > 0 is small enough such that w. CC Q\ spt(f).
Moreover changing if appropriate w (resp. €) into w/A (resp. into A\e) for some A > 0 large
enough, we can assume without loss of generality that there exist two real numbers

0<p<R suchthat wCC B(0,p) C B(0,R) CC Q\ spt(f). (3.4)

Define the perturbed conductivity function v, :  — R by
Ve =70 in Q\w: and v :=y in we, (3.5)
where 9,71 are two positive real numbers with 79 # 1. Denote v := min(~o,v1)(> 0) and

7 := max(70,71)-
We define the direct state u. in the Banach space V := VVO1 P(Q).

Lemma 3.4. For all € > 0 small enough, the functional

Ws:neVH/%W(W) - /fn
Q Q
is continuous, strictly conver and coercive in V. We define u. as

{us} = argmin W.(n).
ney
This solution is characterized by the Fuler-Lagrange equation:

find us €V such that / YT (Vue).Vn = / fn, Vmey, (3.6)
Q Q
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whose strong form is

—div (T (Vue)) = f in Q,

du. € WHP(Q h that
find ue (€2) suc ¢ {uE—O on Of2.

The proof, based on standard arguments, is sketched in subsection on page

3.3. Topological asymptotic expansion. For all £ > 0 small enough, consider a functional
Je : H — R such that

Te(ue) = Jo(ug) + (G, ue — ug) + 02 ¥ + R(e), (3.7)

where

(1) G denotes a bounded linear form on #;
(2) b2 € R;
(3) the remainder R(¢) is

(a) either of the form

R(#) = o (llue = uol%,) . (3.8)
(b) or of the form

R(z)=0 / V(e — )+ [V —wo)? ) (3.9)
Q\B(0,ae™)

for a given & > 0 and a given 7 € (0,1). In this case, the remainder R(e) is
controlled by the variation of the direct state ‘far away’ from the perturbation.

A classical example of such a functional is given by the compliance
uEHHJ(u):/fu, (3.10)
Q

with in this particular case, G = f and d9 = 0.
We now have all the ingredients to state our main result which provides the topological
asymptotic expansion of J.(u.). We denote:

e by ug the unperturbed direct state defined by in the case € = 0;

by Up := Vug(zp) the gradient of uy at point xg;

by H the variation of the direct state at scale 1 in RY defined by ;
by vo the unperturbed adjoint state defined by in the case ¢ = 0;
by Vo := Vup(xo) the gradient of vy at point xo;

by K the variation of the adjoint state at scale 1 in RY defined by ;
by « the conductivity function at scale 1 defined by

yi=v inRY\w and v:=7 in w; (3.11)

e by P the polarization tensor defined by (3.70]), and which only depends on the set w,
on the definite positive matrix DT (Up) and on the ratio v /7o.

Theorem 3.5. Assume that

the potential W satisfies Assumption |3. 1|;

the functional J. satisfies an expansion of the type ;

the direct unperturbed state satisfies ug € L>(2);

the unperturbed adjoint state satisfies vg € L>(§2), Vug € L>(Q) and Vg is Hélder
continuous in a neighborhood of xg;

e the variation of the direct state at scale 1 satisfies the asymptotic behavior stated in
Assumption [3.15
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Then for € > 0 small enough it holds

Te(uz) — Joluo) = ¥ g(wo) + o(e™), (3.12)
where the topoogical gradient is given by
glzo) = T(Uo)TPVy+ 6, (3.13)
+/ vSu,(VH). (Vo + VK) . (3.14)
RN

Two terms (3.13]) and (3.14) appear in the formula on the topological gradient.

e In the linear case, where Sy, = 0, the topological gradient g(xp) reduces to the first
term . At least when d2 = 0, it can be computed at every point xg € £ with the
only knowledge of the fields Vug, Vvg and the polarization tensor P, which however
also depends on DT'(Vugp). A number of closed formulas for the polarization tensor
can be found e.g. in [7, 13| [33] [40].

e The term appears here for the first time. It accounts for the component of the
topological gradient which is caused by the nonlinearity of the equation.

It is worth emphasizing that some of the regularity assumptions made in Theorem can
be directly ascertained in some cases as follows.

e In the prototype case w = B(0,1), W = W, for some a > 0 and ;1 < 79, define

2
a N
P24 <1+> S
|Ug?) N —2
with the convention that p = 400 when N = 2. If p € [2, ), then no assumption has
to be made about the asymptotic behavior of function H, as it is then ensured by
virtue of the Theorem [3.12] stated hereafter on page

e The assumption ug € L>(2) is theoretically needed for proving the C*#(Q) regularity
of ug (see Lemma [3.6)). In practice this assumption can be taken for granted.

e When G is regular enough, Lemma states that v in cL8 (€2). Hence no assump-
tion is needed about the regularity of vg.

So as to prove Theorem ({3.5)), we shall now study the variation of the direct state in section
the variation of the adjoint state in section [3.5] and lastly the asymptotic behavior of

J=(u¢) in section

3.4. Variation of the direct state.

3.4.1. About the regularity of the unperturbed direct state. In the unperturbed case ¢ = 0,
Euler-Lagrange equation (3.6|) reads

/70T(Vuo).V77:/fn, VYn e V. (3.15)
Q 0

Lemma 3.6. Assume that ug € L>(Q). Then it holds ug € C*P(Q) for some > 0.

The proof is available in subsection [4.4] on page

3.4.2. Step 1: wvariation ue — ug. Let Ge := us —ug € V. After (3.15)), it is straightforward
from Lemma that 4. is characterized by the Euler-Lagrange equation: find @ € V such
that

/ YT (Vuyg + Va).Vn = / YT (Vug).Vn, VneV, (3.16)
Q Q

Since . — 70 =1 — Y0 in we and . — v = 0 in Q \ we, the latter can be rewritten

/Q 2 [T(Vu + Vi) — T(Vuo) V1 + (31 — o) / T(Vug).Vn =0, YpeV. (3.17)

We
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3.4.3. Step 2: approximation of variation t.. We approximate 4. by the solution h. of the
following Euler-Lagrange equation: find A € V such that

/Q 7 [T(Uo + Vh) — T(U)] Vi + (11— 0) / T(Uo)Vn=0, YneV.  (3.18)

We

3.4.4. Step 3: change to scale 1. We look for a function H which may approximate the map
y € QJe s e ho(ey).

With our set of assumptions, there is no a priori guarantee that W(V H) is integrable over
RY. For instance, in the case of Wy, it holds W,(z) > %ap > 0. Hence there is no hope

to define function H as the minimizer of a functional involving the integral [px YW (VH).
Instead we start from the variational form (3.18]) by applying the Minty-Browder theorem in
the reflexive Banach space V(RY) (see appendix .

Proposition 3.7. There erists a unique function H € V(RY) such that
[ AW+ V) = T(W0)) 90 =~ = 20) [ TW).Tn, vy e VEY). (319
R w

Proof. Using inequality (3.1)) and Holder’s inequality, we obtain that for all 5y, 7o € V(RY)
| @0t V) = 0] Vel < [ 7 (519l + by V) (9
R R

p
<ALVl 2@y ViRl 2@y + 7001 IVl Loy V2]l o vy - (3:20)
Define operator A by

(Ani,m2) := /RN YT (Uo + V) = T(Up)] . V2, ¥ mu,m € V(RY). (3.21)

According to inequality (3.20)), (An 77 ) is well defined for all 7y, 72 € V(RY). Moreover for
all g1 € V(RY), it holds Am % ( N) with

[ Am: |

V*(RN) <% <b1 HV771HL2 (RN) + bp 1 HVT/IHLP RN ) )
Then define L € V*(RY) by
L:neVRY) = —(y — )/UOV"?

The variational problem (3.19) can be equivalently written: find H € V(RY) such that
AH = L. Let us check the assumptions required by the Minty-Browder theorem.
(1) Let n; € V(RY). According to condition (@ and by Hoélder’s inequality, it holds for
all 7 € V(RV)

[([A(m +n) — Am],n2)| =

/RN Y[T(Uo + V(m +n)) —T(Uo+ Vm)].Vne

<€ [ 190l [1+ 100+ T+ 19072 (9

C/ |V

<C (1 4 op2 |Uo!p’2) IVl 2wy IVl L2 )

[—

(1 +op2 \onp‘z) + 2P 2| Unp P2 4 IVn!p_z} V2]

_ _ p
+ T [2“ 190122, 9l v, + 197 z,,(RN)] 192l ey
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where C' := C 7 and C is the constant of condition @ Hence

[ A(m +n) — Am| V*(RY) <C [HVnHL?(]RN + [IVmll7, Lp ]RN ||V77||LP(]RN + ||V77”Lp RN) | 2

where C' := C max (1 + 2P 2 |Up[P2, 27’_2>. It follows that A(n +n) — Am — 0 in
V*(RN) when 1 — 0 in )‘RN). Thus A is continuous at point 71, for all n; € V(RY).
(3

(2) According to condition (|5)), there exists ¢ > 0 such that for all 5y, 72 € V(RY),
(A = Ao =) = [ [T+ V) = T+ T)) (V1 — T
R

>y (HVm Vil @y + 1V = VUQH%Q(RN)) :

Hence
(A — Ang,m —12) 2 0, Vi1, m2 € V(RY).
In addition, if
(Am — Ana,m —12) =0
then Vi1 = Vi a.e. in RY, and thus 1 = 12 in the quotient space V(RY). Hence A

is strictly monotone.
(3) Lastly, according to condition , there exists ¢ > 0 such that for all n € V(RY)

(nay = [ [T+ V0) = T(W).77

IVl gy + V0 2 ey
It follows from Proposition [A-5] that

A
i Am M)
lInll—oo [|7]ly(rvy

Y

= +OO7

whereby A is coercive in V(RY).

Therefore by virtue of the Minty-Browder theorem ([27], Theorem V-15), there exists a unique
H € V(RY) such that AH = L, which completes the proof of Proposition O

3.4.5. Step 4: asymptotic behavior of variations of the direct state. For all € > 0 small enough,
set

H.(z) :=eH(c ') (3.22)
where H € V¥(RY) is for the time being an arbitrary element of the class H € V(RN).
As infeqwy, (€71z) > 0, it follows from H € V¥(RY) that H. € W'P(Q) C H'(Q). Using
the combined p- and 2-ellipticity property stated in condition , we obtain the following
estimates.

Lemma 3.8. It holds:

HVﬂEHiP(Q)"‘HV%H%Q(Q) = O<5N)7 (3.23)
VRl o) + I VPelF20) = O(EN), (3.24)
IVH[} ) + Ve o) = O(Y). (3.25)

The proof is available in subsection on page

Further estimation of the variation of the direct state at scale € requires to estimate the
asymptotic behavior of function H at scale 1 in R™. To our best knowledge, no such result
is available in the literature, e.g. [53], 54, 56, [60].
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Let us first study the asymptotic decay of a radial function of V(R™). Let n € V¥ (RY)
such that for some C,7 € R and M > 0, it holds

n(@) = Cla[ 7, ¥zeRY,|g| > M.

By definition of V¥(RY), it holds w,n € LP(RY) and Vi € LP(RN) N L2(RY). An easy
calculation shows that these conditions imply

>N1
A
2

and that, whatever the values of N > 2 and p € [2, 00), the constraint Vi € L2(RY) is always
the active one with respect to exponent 7.

In the subsequent we shall prove that the asymptotic decay of function H is similar to
that of a radial function of V(RY), at least in the prototype case, that is when w = B(0,1)
and W = W,. Accordingly, relaxing the assumption about the shape of w and assuming only
that potential W belongs to the class of potentials defined by Assumption [3.1], we shall make
the Assumption hereafter about the asymptotic behavior of function H.

3.4.6. Asymptotic behavior of function H. Denote @) the operator such that QH = 0, that is

@uum)i= [ AT+ V) =TV + (1 =) [ T(Wh)-

w

Vo, e € V(RY).  (3.26)

We assume w = B(0,1) and W = W, for some a > 0. Assuming again the non trivial case
Uy # 0, set e; = \Uo\_l Up and let (e, e, ...,en) be an orthonormal basis of RY. Denote
(1,2, ...,xN) the system of coordinates in this basis.

Denote RY the half-space {x e RN Uy. x> O}. Due to the symmetry of w = B(0, 1) with
respect to the line RUy, it follows straightforwardly from the uniqueness stated in Proposition
that H is odd with respect to the first coordinate. Thus there exists an element H of
the class H such that

I:I(—xl,xg,...,xN) = —H(xl,azg, ...,JZN), V(wl,mg,...,xN) S RN.

In particular it holds

H(O,xg,...,x]\[) =0, V(.’L‘Q,...,.’L’N> e RV-L,
Hence it suffices to study the asymptotic behavior of function H in the half-space Rﬂf .
We denote )
a N
p=2+4+ |14+ —5 | —, 3.27
pe (1) s (327

with the convention that p = +oo if N = 2. The following results provide adequate superso-
lution and subsolution of function H, respectively.

Proposition 3.9. Assume w = B(0,1), 71 < v and W = W, for some a > 0. If p € [2,D),
then there exists B > N/2 and a function P € V(RN) N L>®(RY) such that

_ -5
P(z) = k(Uo) e[, if |zl > 1, (3.28)
P(z) = k(Up.z), if |z <1,
(QP.m) =0, ¥ne V(RY),spt(n) CRY,n >0 ae,
where
Yo~ (3.29)

ki=———m——.
Y1+ (8 —1)
The proof is available in subsection [.6] on page
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Lemma 3.10. Assume w = B(0,1), 1 < 7 and W = W, for some a > 0. Denote O the
null function in RN . Then

(Q0,n) <0,  VneV(®RY),spt(n) CRY,n>0ae. .

The proof is easy following the steps taken for proving Proposition (3.9). Only is the
transmission condition to be checked across dw, as obviously Q0 = 0 in w and in RV \ @.

Proposition 3.11. Assumew = B(0,1), 1 < v and W = W, for somea > 0 andp € [2,p).
Let P be the supersolution defined in Proposition . Then there exists an element H of
the class H such that ~

0< H(z) < P(z), forae z€RY. (3.30)

The proof is available in subsection on page Therefore we can now state

Theorem 3.12. Assume w = B(0,1), v1 < 70 and W = W, for some a > 0. Assume

p € [2,p) where p is defined by equation .
Then there exists an element H of the class H € V(RN) and 7 > % — 1 such that

H(y)=0 (ly|™")  as |yl = +oo. (3.31)

Moreover it holds
H e L>°(RM). (3.32)

This completes our analysis of the asymptotic behavior of H in the case w = B(0,1) and
W = W,. Accordingly we make the following assumption in the general case.

Assumption 3.13. We assume that
(1) there exists an element H of the class H € V(RY) and 7 > & — 1 such that

Hy)=0(lyl™") as |yl — +oo; (3.33)

(2) and
H e L°(RM). (3.34)

Lemma 3.14. It holds H € H(RY)

The proof is available in subsection [£.8 on page [33]
From now on, function H. is defined choosing H = H in 1j ie.

H.(x):=eH(ce 'z), Vze. (3.35)
Proposition 3.15. It holds
[Vhe — VHstzp(Q) + [Vhe — VH€H%2(Q) = o(eV), (3.36)
Yo > 0, ¥r € (0,1), / VheP+ VA = o(eN), (3.37)
Q\B(0,ae™)
/ Vo — Vol (190" + [Vhe) = o), (3.38)
Q

¥ pe (4,00, / Vo — Uo| VAP = o(e), (3.39)

Q
Vpe @ oo),/ Vo — Uo| VA" = o(eM), (3.40)

Q
19k = VHI(VA + VH) = o), (3.41)
Vpe (3,00)7/ Vhe — VH.| (IVhe| + [VH)"2 = o(eM). (3.42)

Q

The proof is available in subsection on page
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Proposition 3.16. It holds

IViie = Vhe|[7,q) + IV — Vh5||%2(9) = o(eV), (3.43)
/Q Vi — Vh| (Vi + [Vh.]) = o(e™), (3.44)
Vpe (3,00),/ Vit — Vhe| (Vi + [Vh))P2 = o(e™), (3.45)
Q
Va >0, Vre(0,1), / Vi P +|Vie)* = o). (3.46)
Q\B(0,ae™)

The proof is available in subsection [4.10] on page

Estimate states that the energy of the variation outside a ball of radius ae”, r € (0,1)
can be neglected at first order in the asymptotic expansion. When ¢ — 0, the radius of the
ball B(0, ae"™) goes to 0, but compared to the size of the perturbation subdomain w; it goes
to infinity. The radius ae” follows directly from the asymptotic behavior of function H.

3.5. Variation of the adjoint state. We define the adjoint state as solution of a linearized
equation in the Hilbert space H = HE (). Using the coercivity provided by condition
and the Lax-Milgram theorem in H, one obtains that, for all € > 0 small enough, there exists
a unique v. € H solution of variational problem

/ VDT (Vug)Vu:.Vn=—(G,n), VYneH. (3.47)
Q

3.5.1. About the regularity of the unperturbed adjoint state.

Lemma 3.17. If the functional J is the compliance , then it holds vy € Cl’fé(ﬁ) for
some 8> 0. In particular this implies vy € L*°(Q), Vvg € L*(Q) and vy € V.

The proof is available in subsection [4.11] on page Accordingly, in the general case we
shall make the assumptions that vy € L>(£2) and Vug € L*°(Q2). As by definition vy € H, it
follows that vg € V.

3.5.2. Step 1: wvariation ve — vg. Let 0. = v. — vg. After (3.47)), one obtains

/ YeDT(Vug)V..Vn=—(y1 —7) | DT(Vug)Vug.Vn, VneH. (3.48)
Q

We

3.5.3. Step 2: approximation of variation V.. Applying the Lax-Milgram theorem, we ap-
proximate the variation ¥, by the unique function k. € H such that

/Q ©DT(Uo)VE. Vi = — (i — ) | DTU)Vo.Vn, Vi € M. (3.49)

We

3.5.4. Step 3: change to scale 1. We look for a function K which may approximate the map
y € Q/e > e k.(ey). The weighted quotient Hilbert space H(RY) is defined in section
Applying the Lax-Milgram theorem in H(R”), one obtains

Lemma 3.18. There exists a unique function K € H(RN) such that

/R ADT(U3)VK.Vn = ~ (3~ 70) / DT(U)Vo.Vi, ¥ 1€ HRY). (3.50)
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3.5.5. Step 4: asymptotic behavior of variations of the adjoint state. For all € > 0 small

enough, let )
K.:ze€Q— K.(z):=cK(e x)

(3.51)

where K € H"(RY) is for the time being an arbitrary element of the class K € H(RN).
Making the change of scale backward, as inf,cq wo (5_195) > 0, it follows from K € H*(RY)

that K. € H'(9Q).
Lemma 3.19. It holds

IVElf2) = OE™),
IVkl2) = O(EY),
IVEc|720) = O@EY).

The proof is available in subsection [4.12] on page
Proposition 3.20. There exists an element K of the class K € H(RN) such that
K@) =0 (IyI'"™) as |yl > +o,
and
VK(y) =0 <|y|_N> as |y| = +o0.
Moreover, it holds
K € V(RY).

The proof is available in subsection on page[39
From now on, function K, will be defined choosing K = K in (3.51)).

Lemma 3.21. It holds
|Vke — VKEH%?(Q) = o(eV),

and
Ya > 0,¥r € (0,1), / |VE)? = o(eV).
Q\B(0,ae")
The proof is available in subsection [4.14] on page
Lemma 3.22. [t holds
IV3 = Vke|f2y =  o(e™).
The proof is available in subsection [4.15] on page

3.6. Topological asymptotic expansion. For simplicity we denote
j(e) == Je(ue), Ve >0 small enough.

Expansion (3.7)) reads
j(e) = §(0) = (G, i) + 63 e + R(e).

e In the first case (3.8]), after estimate (3.23), it holds
R(e)=o (||u5 — ung_[) =0 (z-:N) :
e In the second case (3.9)), after estimate (3.46)), it holds

R(e)=0 (/ Ve |P + va5|2> =0 (V).
O\B(0,ae™)

(3.52)
(3.53)
(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
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Then plugging test function n = 4. € V C H in variational form , one obtains
)= 30) = = [ ADT(Tu0) V. T+ 6 ¥ + ofe™)
__ /ﬂ . DT (Vo) Vit Vo — /Q DT (V) Vit Vi, + 85 eV + o(eN).  (3.62)
Plugging now 1 = 4. € ¥V C H in variational form yields
/Q'yEDT(VuO)VfJE.Vng +(v1—7) | DT (Vup)Vvy.Vi, = 0. (3.63)

We

Since we have assumed that vy € V (see Lemma [3.17)), we can plug n = vy in variational form

(3.17) and obtain

/Q'yg [T(Vug + Vi) — T(Vug)] .Vug + (71 — Y0) /wE T (Vug).Vug = 0. (3.64)
Summing equalities , and , it follows
j(e) = §(0) = ji(e) + ja(e) + b2 €™ + o(e™) (3.65)
with
3= =) [ T(Tu). T (5.66)
and B

jale) = /Q e [T(Vie + V) — T(Vug) — DT(Vug) (V)] Voo
+(n1 — ’Yo)/ [DT (Vuo)Vvg.Vi. — T(Vug).Viy]

= /Q'YaSVuO (Vfbg).va + (’Yl — ’}’0)/ [DT(VUQ)VU().V@E — T(VUO).V@E] . (367)

We shall see hereafter that ja(e) accounts for the contribution of the nonlinear behavior of
T to j(g), while j;(¢) provides the variation of j(¢) caused by the ‘affine component’ of T

3.6.1. Expansion of linear term ji(¢). Following the approximation steps 2 and 3, we define
B = =) [ (U)o + VR (3.68)

and

L= (m —70)/T(U0).(% +VE)

~ (n = 0) 7O ol o+ |

the last equality stemming from Green’s formula, where n is the outward unit normal to dw.
Regarding the calculation of the latter integral, it follows from the linearity of equation

(3.50) that the mapping

Kn] , (3.69)

W

Vo> (31— 70) [rw|vo+/a

is linear RY — R¥. It only depends on the set w, on the definite positive matrix DT (Up)
and on the ratio v1 /9. Hence there exists a second order tensor, called polarization tensor,

P = P(w, DT(Us), 71 /%),

K]

w
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such that
(=) [l Yo+ [ Ka] = PVa (3.10)
Eventually we arrive at )
Ji = T(Up). (PVh) = T(Up)" PVa. (3.71)
Lemma 3.23. For all € > 0 small enough it holds
gi(e) =N = o(e). (3.72)

The proof is available in subsection [4.16] on page
Lemma 3.24. For all € > 0 small enough it holds
ji(e) = ji(e) = o(eM). (3.73)

The proof is available in subsection on page [44]
Summing estimates (3.72)) and (3.73)) we derive the following.

Proposition 3.25. It holds:
j1(e) = NT(U)TPVo + o (V). (3.74)

3.6.2. Expansion of nonlinear term ja(¢). The term ja(e) can be approximated with the help
of approximation steps 2 and 3 as follows. Since Vh. € LP(Q) and Vk. € L*(Q), in view of
the growth condition (3.2]) one can define

Jale) = /Q 7St (Vhe) Vo + (11 — 70) / IDT(Up)Vo.Vhe — T(U).Vk].  (3.75)
Similarly since VH € LP(RV) N L2(RY) and VK € L?(RY), one can define
Jy = / S0, (VH). Yo + (o~ 70) / IDT(Uo)Vo.VH — T(Uy).VK]. (3.76)
R w

In addition after Propositions and it holds H € H(R™) and K € V(RY). Plugging
test function K into variational form (3.19|) defining H and plugging test function H into

variational form(3.50|) defining K, one obtains

Jy = / vSu, (VH). (Vo + VK). (3.77)
RN
Lemma 3.26. For ¢ > 0 small enough it holds
Ja(e) = eNJy = o(e™). (3.78)

The proof is available in subsection [4.18| on page
Lemma 3.27. It holds

[ 1900 = Vol (19t + VRl ", (3.79)

Il
)
—~
™

Vpe (3,00),/ Voo — Vol [VAPL = o(eM). (3.80)
Q

The proof is available in subsection on page
Lemma 3.28. For e > 0 small enough it holds
ja(e) = ja(e) = o(e™). (3.81)

The proof is available in subsection on page
Eventually summing estimates (3.78)) and (3.81)) yields the following.

Proposition 3.29.

jole) = N < /R | 180, (VH). (Vo + vm) +o(eN). (3.82)
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3.6.3. Topological asymptotic expansion. Lastly, according to (3.65)), summing the estimate
of ji(e) given by (3.74) and the estimate of jo(e) given by (3.82)), one obtains the topological
asymptotic expansion clalmed in Theorem [3.5

4. PROOFS
4.1. Proof of Proposition Let ,7 € RY. Tt is easy to check the following algebraic
identity by expanding both sides

R(p,0) 1= [(a® + o+ 01") T (9 + ) — (a2 + )7 ] 0

_ (@ + o+ ¢ — (> + g7 (!<p+¢|2 B W)

—2 —2
@+lp+ )7 +(@+]e)7 |
+ . P

By monotonicity of the function x € Ry + (a® + ) B , the first term on the right-hand side
is always non negative. Hence

2 2\ 222 2 2222

It follows immediately from (4.1) that

R(p, ) > ea|9]?,

where ¢y := aP~2 > 0 does not depend on ¢, 1.
Let us now prove the p-coercivity. As the case ¥ = 0 is trivial, we assume ¢ # 0 and we
decompose ¢ as follows

o=E+s, withé e RV, s e R and €4 = 0.
Let b € R, such that b> = a2 + |¢ |2. The Pythagorean theorem yields

Rip, ) = [(B+ (s + D) T (s+1) — (02 + $292) T 5| 2.

Let ; (0.0)
‘= — an = By,
Thus s s
Qp, ) = ( +(s+1) ) 2 (s+1)— (d2 + 52)T s. (4.2)

We distinguish between several cases.

(1) If s > 0. Due to the monotonicity of the map = € Ry > (d? + :1:2)%, it holds

—2

(@4 (s+1)D)7 —(@+)7 |50

and
—2

(d* + (s+1))2 (+1)7 >1.

It thus follows from formula (4.2) that Q(p,) > 1.
(2) If s < 0. Let t :=|s| = —s. Rewrite (4.2) as follows

Qo) = (@ + (10T 1—t)+ (E+)7 ¢ (4.3)

We distinguish again two cases.
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—2
(a) If t < 1. Due to the monotonicity of the maps z € Ry ~ 22 and z € Ry —
2P~ and since

vz € (0,1],

l\DM—\

max(l —x,z) >
one obtains from (4.3|) that
Qo) > (1 —t)P2(A —t) +tP 2t = (1 — )P L P71 > 2l7P,
(b) If t > 1. As 0 <t —1 < t, by monotonicity, it holds
@10 T A )T >0
From equation (4.3)), one thus obtains

Qo) = {— (+(1-62)"7 + (& +t2)p;2] E+ (@ (1)) 7
> {— (& + (1 - t)z)pT_Q + (& +t2)p§2] + (d*+(1- t)2)¥
= ()T > ()T 21
Let ¢, = min(1,2'7P) = 217P. We have thus proved that
R(p, ) 2 |9, Vo, 9 €RY.

Lastly choosing ¢ = 1 5 min(ca, ¢,) completes the proof of Proposition
4.2. Proof of Proposition We shall prove that, for all @ > 0, the potential W, satisfies
Assumption
(1) The two maps ¢ € RN — |¢|* and t € Ry — %(az +1)
composite function W, is also C*°.
(2) Regarding condition , it is obvious that the lower bound holds with ag := %. Then,

for all ¢ € RV, we have by convexity that

D
2

are C°. It follows that the

Wal) = 1 (a2 +16f%)* < 22% @@ +Jol").

Hence the upper bound of condition holds choosing by := 1 2%5° max(a?, 1).

P2
(3) About condition (3), it first holds

p—2
Tulp) = (+101?) * ¢ VpeRY.
Thus )
p—z _ .
Tu(p)| <272 aP 2 o] if |p| <a,
—2
ITa(p)l <2 [P if o] > a.
Hence inequality in condition (3]) holds choosing a; := 2" max(aP~2,1).
(4) For all ,7 € RN it holds

DL = (-2 (2 + 162) T (ot (a2 +1of) T .
Thus

DTu(p)y-9p

-2 (@ +168) 7 2+ (@4 1o) T P

pP—2
> (a+1pP) Tl

Hence the lower bound in condition holds choosing ¢ := min(1, a?~2) > 0.
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Moreover the Cauchy-Schwarz inequality yields

p— p—2

=) (6 +16) T 1o+ (2 1) T | o

-1 (a+162) T 0P

Hence the upper bound in condition (4 holds choosing C := (p — 1) max(1, a?~2).
(5) Condition (5)) follows immediately from Proposition
(6) Regarding condition @, let o, € RNV, Let g:t € (0,1) — Ty(¢ +t1p). The equality

DTu(p)y9p

IN

IN

may be expanded into
p—4

1 p—4
T +v) - Tulp) = (p-2) /0 (a4 le+t0l”) = (o + 1)) (o + ) dt

p—2

+/01 (az—l—\(p—l—w]Q)det.

Thus
Tue+0)~Tl@ll < 0=2) [ (@ +lo+t0f?) * Jo+tol 1ol at
1 p—2
+/0 <a2+|<p+tw|2) * | dt
1 p=2
< G-l [ (@+loruf)? a
< @-Dll(a+20eP +20) T (4.4)

Moreover

p—2 p=2

(a2 + 200l +208P) * <27 (@ +200l’) T it 2P <a® 4200,
(a2 + 210 +21ul?)

Hence inequality (4.4)) entails

A

2

< o2 |y i 20 > a? + 2|
) p=2
p—z 2 — —
Tl +0) =Tl < (=Dl |27 (a4 217) T 427202
< Clyl L+l + lpP
p—2 p—4 p—2
with C := (p—1)2"2 max(1,2 2 )max(aP~2,2"2 ). This proves condition

(7) Regarding condition , let M > 0 and let p € B(0,M). For all 1,12 € RV, the
Taylor formula reads

S(a2) — S(n) = Tulp + ¥2) — Talp + 1) — DTa(0) (b2 — 1)
1
- /0 (DT + v + t(ths — 1)) — DTa()] (42 — 1)) dt

1 1
- /0 /0 DTy (0 + s [(1 = t)ihr + tha]) (1 = t)¢hn + t4hn) (2 — ) ds dt. (4.5)
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For all &1, &, &3 € RY one obtains by differentiation

p—2

PLENE) = (-2 (@ +1aP) T @ea+ (@ +iaP) T &

Next one gets
DT (60)(6,65) = (0~ 20— 4) (o + laal?) * (616)(6 &)

p—4

+ (-2 (2 +1al) T (@80 +(EL)E+(E&)E]. (46)

After Cauchy-Schwarz’s inequality it follows

DT &) < Co) (@ +1al) T ol

where C(p) = (p —2)(|p — 4] + 3).
o If p € [2,3] then

|D>Tu(&1)(62,€3)| < C(p)aP ™ [&a] €] -
Hence entails
|Sp(1ha) — Sp(¥1)| < Clp)aP~> [y — Y| (] + [2l) -

Therefore condition holds with cg = C(p)aP~ and c¢,_3 = 0.
o If p € (3,0), for all s,t € (0,1) it holds

p—3 p=3

(@ +lp+s [0 =tyr + 1)) * < (a®+ 200l +2(nl + [a])?)

2
p=3 / 9 2y 252 p—3 p—3
<27 (a®+2M7) T +2P77 (Jgn| + [y2)P0

Therefore 1) yields condition with ¢g = 22 C (p) (a® + 2M?) = and
cp-3 = 207°C(p).
(8) Regarding condition , we set for clarity Zy (o) := S,(¢). For a given 1) € RY, the
map ¢ — Zy(p) is C*°. According to the Taylor formula with integral remainder, for
all p,9, ¢ € RN it holds

DZy(p)(€) = DTu(p+v)(€) — DTu(p)(€) — D*Tu(p) (¥, €)

1
- /0 (1= 8)D*Ta(io + 5) (1, €, 0) ds.

Let M > 0 and let @1, 2 € B(0, M). For all ¢ € RY it thus holds

1
Zy(p2) — Zy(p1) = /0 DZy(p1 + t(p2 — 1)) (@2 — @1) dt

1 1
- /0 /0 (1= $)D*Tu(ip1 + (g2 — 1) + sU) (¥, 02 — 1, ¥) dsdt. (4.7)
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Differentiating (4.6)), for all &1, &2, &3 € RY one obtains

p—_8

DT(60)(6,60.62) = (P =D~ D —6) (* +1611°) * (61086

+(p—2)(p—4) (02 + |§1\2) ’ “52\2 (€1-63)&1 + (&1:62)(E2-63)61 + (51-52)(51-53)52}
Fo-20-1) (2 +16P) T (6.6 [©)0 + (686 + (6.6)E]

co-2 (@ 1P) T [ePe e 6]
Thus

D Tu(E) @8] < C0) (0 +1aa?) © 16l 6l

where C(p) = (p —2)[3+ |p —4[ (6 + |p — 6])].
o If p € [2,4], it holds

|D3T,(61) (&2, 2, &3)| < C(p)aP ™ |&2]? |&5) -
Hence it follows from

|52 () = S (¥)] < %C(p)a]”*4 2 — n] 417

Therefore condition holds with do = C(p)a?~*/2 and d,,—4 = 0.
o If p >4, for all t,s € (0,1) it holds

p—4 p—4

2

(@ +ler+tlez—en+s0P) T < (420 420pP) T

— p—4
< 2"7 (a242M2) 7 4yt

Hence (4.7)) yields
|Sis (1) = S (V)] < lip2 = 01 (do [ + dp—a [1"72)

with do(M, p) = 2°2°C(p) (a® + 2M?)" T and dy_s(p) = 22-5C(p).

This completes the proof of condition .

4.3. Proof of Lemma It follows from the upper-bound of condition and from
f e (Q) c LYRQ) that the functional W, is well defined in V.
(1) Applying the Lebesgue dominated convergence theorem and using the assumptions,

one proves in a standard way that functional W, is continuous and Gateaux-differentiable
in V, with

DW.(u)(1) = /Q W T(Vu).n — ful, Vu,n € V. (48)

See e.g. [18], proof of Thm. 6.6.1. Note that, according to condition (3), Vu € LP()
implies that T'(Vu) € L4(£2). Hence the integral in is well defined.

(2) The strict convexity of functional W. follows immediately from that of W.

(3) After Poincaré inequality in V and after condition , it holds

We(u) = vaolull, = Cllfllpaqy luly,  Vu eV,

which entails the coercivity of W; in V.

Therefore (see e.g. [18], Theorem 3.3.4.) the minimization of W, in V admits a unique
solution. This solution is equivalently defined by the first order condition DW.(u.) = 0
which is the claimed Euler-Lagrange equation.
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4.4. Proof of Lemma The unperturbed direct state ug € V is weak solution of the
Dirichlet problem

—div (v0T'(Vu)) = f in £,
u=0 on 02.

According to condition (1)) it holds 7" € C**(R¥) and by assumption f € C%(Q). Moreover
referring to [46], structure conditions (3.46) p.181 hold by virtue of condition (4f). Hence it
follows from [46] Theorem 3.20 that ug € C1#(Q), for some 3 > 0.

4.5. Proof of Lemma [3.8
(1) Plugging n = @, € V the variational form (3.17) yields

/Q 7 [T(Vit. + Vo) — T(Vuo)] Vii. = — (11 —0) /w T(Vw) Vi (49)
It follows from condition that there exists ¢ > 0 such that
3 eIVl + Vil ) < [ 2 [7(V + Vi) = T(Vu)] Vi (@410)
In addition Vug € L*®(Q) by Lemma and T is continuous. Thus let

M := sup {\T(w)‘ syl < HVUUHL“’(Q)} < o0

e According to Holder’s inequality it holds

1N
<M wl|rea [V pq) -

/ T(Vug). Vi

Therefore equations (4.9) and (4.10]) imply

1 N _
7 eIV, g < 11— 0l M [l €7 [ Vitel| ey -

Dividing both sides by || V.|| Lr(9) and powering the inequality to the power of
q entails
||Vﬂ5||}£p(m = O(gN)-

e Similarly applying Cauchy-Schwarz’s inequality, it holds
/ T(Vug).Viie

Hence one obtains from (4.9)) and (4.10) that
=2
IViellz2(q) = OE™),

which completes the proof of (3.23).
(2) The proof of estimate (3.24)) is similar to the one of (3.23), starting from variational

form ((3.18]).
(3) Lastly, since H € V(RY), by definition it holds VH € LP(RY) N L?(RY). Thus

making a change of scale yields

IVH iy = [ (V8 = [ IVHP S VI g, = O,

1N
< M |w|? e [|Vie]| 12 (q) -

Similarly one obtains
IVH:|[72(q) = ON),
which completes the proof of estimate (3.25)).
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Remark 4.1. By convexity, it follows immediately from estimates (3.23)), (3.24]) and (3.25))
that

Ve — VhEHIZp(Q) + Ve — Vhs”i?(g) = O(eN)’ (4.11)
[Vhe = VH.Z, 0 + IVhe - V|20 = OEY). (112)

Moreover 4., he € ¥V C H. Thus according to Poincaré inequalities in V and in H, inequalities
(3.23) and (3.24)) imply

”ﬁa”ip(g) + HﬁsH%Z’(Q) = 0(51\’)’ (4.13)
el ey + Ihelz@y = OGEM). (4.14)

By convexity again it follows from (4.13)) and (4.14) that
e = Bell e + e — helPagqy = OGEM). (4.15)

4.6. Proof of Proposition Consider the function P defined by (3.28)) for some €
(N/2,N). It is easy to check that P € V(R™) N L>®(RY). Recall we denote

RY = {z e RY; Up. 2 > 0}.
We shall prove that P is a supersolution of operator () in the half-space Rf for some appro-

priately chosen 5 € (N/2,N). We shall need the following elementary inequalities: for all
B > N/2, it holds

1+k(1—8) > 0, (4.16)
—24k(B—-2) < 0. (4.17)

According to the Green formula, one can split operator () into the sum of three operators
Qints Qirans and Qear, with supports respectively in @, on dw and in RY \ w, as follows:

@P) = [ AT+ VP) =T+ (0 =) [ T(Wh).n,

w

- <QintP7 77) + <Qt7‘ansP7 77> + <Q€$tpa T]> ) VTI € V(RN)a
with

(QintPym) = —Vl/divT(UoJrVP)n,

<Qt7’ansP7 77> = /(9 [VIT(UO + (vp)znt) - FYOT(UO + (VP)e:vt)] -no,

(QextPym) = —’Yo/ divT(Uy + VP)n.
RM\w

Hence P is a supersolution of () in the half-space ]Rf , that is
(QP,n) >0, VneV(RY),spt(n) CRY,n>0ae.
if and only if the three following conditions are satisfied:
—div(T(Up+VP)) >0, VzewnRY;  (4.18)
T (Uo + (VP)int(z)) = %T(Uo + (VP)ewt(z))] . >0, Vo€ dwnRY;  (4.19)
—div(T(Uy +VP)) >0, VzeRY\a. (4.20)
As W = W,, we denote for simplicity
Tu(p) = o(l¢l*) ¢, Vo €RY,
with

p—2

o(A)=(a®+A) 7, VAER,.
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In w and in RY \ @, it holds

div(T,(Uy + VP)) = o(|Us + VP|*) AP + 20" (|Uy + VP*) (Uy + VP)'V2P(Uy + VP)
p_
a? + Uy + VPJ?

Thus, as o > 0, the study of the sign in internal (resp. external) condition (4.18]) (resp.
(4.20)) can be carried out studying the sign of the term

<a2 + U+ VP|2) AP + (p — 2)(Uy + VP)TV2P(Uy + VP). (4.22)

(1) It is obvious that div(T,(Up + VP)) = 0 in w. Thus internal condition (4.18) is
satisfied.

(2) We now study external condition (4.20). For all z € RV, |z| > 1 and all ¢ € RY,
denoting

— o(|Uy + VPP) [AP + (Uo + VP)'V2P(Us + VP)| . (4.21)

r:=|z| and e, := ’%,

an easy calculation shows that

VP(z) = kr P [Uy — B (Uo.e,) e,] (4.23)
and
GTVIP@)p = KB [(B42) (Vo) (er9)” — 20w.0)(Uog) — (Up) o] . (4.24)
In particular one gets
AP(z) = —kBr 2"P(Uy.z)(N - B). (4.25)

As 8 < N, it follows that AP < 0 in Rf\w. In order to study the sign of (4.22)), let us
consider an arbitrary z € RY \@. Obviously, if (Uy+VP(z))T V2P (z)(Uy+VP(z)) <
0, it follows immediately that

(2 + 10y + VP@)*) AP(@) + (p = 2) (Uy + VP(x))"V2P(@)(Uy + VP(x)) <0,

therefore external condition (4.20)) is satisfied at point x.
Hence, let us assume that (U + VP(z))T V2P (z)(Ug + VP(z)) > 0. Denoting

~ xT Uo Uo
@p:=Up+ VP(z) and cosf:= —.— =e,.—,
) ol 0ol ~ "' T00
one obtains
er.p = |Up|cosb [1 +kr (1 - ,8)} ,
v = (Uoa) [1+kr (1= 8)|,
Uo = Ul [1 + krB(1 — B cos? 9)} ,
2 2
G2 = (Ul [sin2 0 (1 + kr’ﬁ) +cos? 0 (1 Y kA1 5)) ] .
Thus formula (4.24) entails
pTVEP(2)p = kBr—* P (Up.a) [Uol* f(r,0,k,5) (4.26)

with
F(r,0,k,B) = (8 + 1) cos? 8 (1 kP — 5))2

-2 (1 +krP(1 - 5)) (1 + kr=?(1 = Bcos? 0)) — sin? 4 (1 + kr_5>2.



31

In addition formula (4.25)) yields

(0 +181%) AP(z) = —kr 27 (Uy.2) |Us* (N = )

2 2 2

x L; e sin? ¢ (1 + k:r*ﬁ) +cos? 0 (1 +Er A1 - 5)) ] . (4.27)
0

Hence the sign of (4.22)) is negative if and only if the sign of

2

~(N-5) [; ;

|Uo|

2 2
+sin2 ¢ (1 ¥ k:r_6> + cos?d (1 +ErP(1 - 6)) ] Y (p—2) f(r,60,k,8)
(4.28)
is negative. As p > 2 and 8 < N, it thus suffices that

~(N —B)[ o 5 +cos?0 (1 +kr—ﬁ(1—5))2] +

|Uof?
(p—2) [(B + 1) cos® 6 (1 + kr P (1 — ﬂ)>2 -2 (1 + kr P (1 — B)) (1 + kr =P (1 — Bcos? 9))]

be negative. By inequality (4.16]), it holds
14+ krP(1—Bcos’0) >1+krP1—8)>1+k(1—-58)>0.
It follows that

-2 (1 + kr P (1 - 6)) (1 + kr~?(1 — B cos? (9))

-2 (1 +kr P(1 - 5))2 < —2cos* 0 (1 +kr (1 - B)>2 :

Hence it suffices that

2 2
— (N —/3)’ 2 + c0520(1+m*5(1—/3)) [B-N+(p-2)(B+1-2)] <0. (4.29)
0

As > N/2 > 1, it follows from inequality (4.16] that
2
cos? f (1 +krP(1 - ﬁ)) <1,

Thus it suffices that
a2

—~(N=-B)——=+[B-N+(p-2)(B-1)]<0,
Uo|?

which is equivalent to

<N< P )+(p_2).

B < > (4.30)
There exists § € (N/2, N) satisfying inequality (4.30]) as soon as
N (1 + ) +(p—2)
N
‘U " : (4.31)

2 1+

|U |2 +(p—2)
The latter condition (4.31]) is equivalent to
2
a N
p<2+ (1 ) =P,
Uo*/) N —2
with the convention that p = 400 if N = 2.
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(3) Lastly let us prove that, for 8 chosen as above and k defined by , function P
satisfies the transmission condition , that is
ML (U + (VP)int(x)).x > 4T (Uy + (VP)egt(z)).x, Vo,|z| = 1,Up. = > 0.
As
T(p) = o(l¢l*)p, Ve € RY

with ¢ an increasing function, a sufficient condition is given by the following three
conditions:

Y1 (Uo 4+ (VP)int(x)).x = v0(Up + (VP)ext(x)).x,  Va,|z| =1, (4.32)
|Uo 4+ (VP)int(x))] > |Up + (VP)eat(x))|,  Va,|z| =1, (4.33)
(Uo+ (VP)ine(x)). 2 >0, Va,|z|=1,Upx >0. (4.34)
(a) After the definition of P, the first condition reads
(1K) =0 (14 k(1= §)).

which exactly provides the value of k chosen in definition ([3.29)).
(b) After the definition (3.28]) of P, the second condition (4.33)) reads

(1+k)?> 1 +k)?+kBcos? (=24 k(B —2)), V0 € [-n/2,+7/2].

This condition is satisfied due to inequality (4.17]).
(c) Regarding the latter condition (4.34)), it holds

(Uo+ (VP)ine(2))) .x = (1 + k)Up.x > 0.

The proof of Proposition [3.9]is now complete.

4.7. Proof of proposition Recall that by symmetry there exists an element H of the
class H such that

H(z) =0, VYzeRY Uy z=0.
Let P the supersolution defined in Proposition (3.9). For all € V(RY) such that spt(n) C RY
and 7 > 0 a.e., we have obtained

(QP,n) = 0.
As by definition of H, it holds QH = 0, it follows that
<QP - QHa 77> Z 07
that is
/  [T(U + VP) — T(Uy + VH)] .V > 0. (4.35)
RN

As P = H = 0 in the hyperplane (RUp)L, the test function defined by

() = max (0, H(z) — P(z)) if 2 € RY,
ME) = 0 otherwise

satisfies the conditions n € V(RY), spt(ny) C RY and n > 0. Hence it can be plugged into
inequality (4.35)). It follows

/{~ ) ~ [T (U + VP) — T(Uy 4+ VH)].(VH — VP) > 0.
H>P} N RY

Moreover after the ellipticity condition , there exists ¢ > 0 such that

c/ \VH —VP]P +|VH — VPJ?
{#>P} N RY

<

/{ﬁ Py Ry Y[T(Uy + VP) —T(Uy+ VH)].(VP - VH).
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One concludes that
/ IVl + [Vil? :/ VH = VP]P + |VH - VP =0,
RN {#>P} N RY

Due to the Poincaré inequality stated in Corollary , it follows that = 0 in V(RY).
Hence P > H ae. in Rf.

Similarly, one easily obtains from Lemma that H > 0 a.e. in ]Rf .

We have thus obtained that 0 < H < P in Rf. As P c LOO(RN) and

Ply)=0(lyl™") as |yl = +oo,y €RY,
with 7 := 8 —1 > N/2 — 1, one concludes that H € L>*(RY) with
Hiy)=0(yI™") as |yl = +oo,y e RY.

Since H is an odd function with respect to the first coordinate x1, i.e. along the line RUj,
the above properties immediately extend to the whole RY.

4.8. Proof of Lemma As H € V(RY), by definition it holds VH € L?(RY). Moreover
according to Assumption H € L*(RY). As in addition wy € L*(RY), it follows that
woH € L?(RY), which completes the proof of the assertion H € H(RY).

4.9. Proof of Proposition Let us begin proving a technical lemma. Recall 0 < p < R
defined in (3.4) such that w CcC B(0,p) C B(0,R) CC .

Let 6 : RN — R a smooth function such that
0(z) =0, Vx € B(0,p) and 6(x)=1, Yz € RV \ B(0,R). (4.36)
Recall
H.(x):=eH(c '2), VzeQ, (4.37)
and set

ke(z) = 0(z)H:(x).
Lemma 4.2. It holds k. € Wl’p(Q) and H, — k. € V. Moreover
IVkelDpiqy + IVRelZ2) = ole™). (4.38)

Proof. Denote Cy := max([|]| oo (mry , [[VO| oo (mav)). Since |re(2)] < Cg |He(2)] for ae. z €
Q, it follows from H. € LP(Q) that k. € LP(Q2). Next, from
Vke(x) = VO(z) He(x) + 0(x) VH.(x)
we infer by convexity
Ve (2)[? < 207108 (|HL(2)P + |VH-2)]").

Thus H. € WHP(Q) entails that Vi, € LP(2). One concludes k. € WHP(2). Moreover by
definition of , it holds H. — k. = 0 on dQ. Thus H. — k. € WyP(Q) = V.

Let us now prove (4.38). Let C := max(2p_1C’g,2C'92). By convexity, for a.e. x € Q it
holds

Ve (@) + | Vae(2)|* < C (lHa(iv)ler [ He(2)|* + [V He ()7 + |VH5(96)|2) - (439
(1) Since # =0 in B(0, p), we have

/ \Vke|P + |Vke|> = 0. (4.40)
B(0,p)
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(2) Then let’s integrate in Bf(), R) \ B(0, p). Making a change of scale and applying the
asymptotic behavior of H given by (3.33)), we obtain

~|P ~ 12
|H€|p+|H€’2 = €p‘H‘ —1—62‘H)

&N /
B(0,R/¢)\B(0,p/¢)
N pT 27
Vo <R> O (&P <€> + &2 <6>
£ P P

< 0 (Ep(l—i-T) +€2(1+T)> _ O(EN),

/B(OVR)\B(O,p)

IN

since p(1+7)>2(14+17) > N.
Recall VH € LP(RY) N L%(RY). Thus

/ v+ vif < VHP + [VH] = o (V).
B(0,R)\B(0,p) RN\B(0,p/¢)
Therefore integrating inequality (4.39) in B(0, R) \ B(0, p) entails
/ IViP + |Vee)* = o(eV). (4.41)
B(0,R)\B(0,p)

(3) Lastly it holds k. = H. in Q\ B(0,R) and thus V. = VH. in Q\ B(0, R). Since
VH ¢ LP(RN) N L2(RY), it follows

/ |Vke|P + |Vke|* < 5N/ IVHPP + |VH|> =0 (V). (4.42)
Q\B(0,R) RN\B(0,R/e)
Gathering (4.40)), (4.41)) and (4.42), one eventually obtains (4.38]). O

We now prove Proposition [3.15

(1) First we prove inequality (3.36). For alln € V, define n. € V(RY) by n.(y) := ¢~ !n(ey)
for all y € Q/c and n.(y) := 0 for all y € RV \ (Q/e). Applying variational formulation
(3.19) to n- and making the change of scale backward, one obtains

[ <[00+ V)~ TW0) .V = =1 =) [ T(00). 7, (1.43)
Calculating the difference with variational form (3.18]) yields
/ 7o [T(Uo + Vhe) — T(Up + VH.)] .V =0, VeV (4.44)
Q

Recall function k. introduced in Lemma such that H. — k. € V. Plugging
n = he — (H: — ke) € V in (4.44) one obtains

/ Ye [T'(Up + Vhe) — T(Up + VH,)] .(Vhe — VH,)
Q

_ /Q ve [T(Uo + Vhe) — T(Uo + VH.)] .Vk.. (4.45)

Using condition (), it follows that the left hand side of (#.45) can be bounded from
below as

ve (IVhe = VH| ) +1IVhe = VH 220

< / Ye [T(Uy + Vhe) — T(Ug + VH.)| .(Vhe — VH.). (4.46)
Q
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Looking now at the right hand side of (4.45)), applying inequality (3.1) with M :=
[Uol + [VH|| oo mav), one obtains

/Q [T(Up+ Vh) —T(Up + VH,)| .Vk.

< / [bl |Vhe — VH.| + by—1 |Vhe — VH5|Z’—1} | Vke|
Q

D
< by [|Vhe — VH€HL2(Q) ||V"05||L2(Q) + bp—1[[Vhe — VHEHEP(Q) ”V’%HLP(Q) - (4.47)

Gathering (4.45)), (4.46) and (4.47)) as well as estimates (4.12) and (4.38]), it follows
that

ne <||Vh5 - VHa”I[),p(Q) + | Vhe — VH&”%%Q))

<31 (OEM))? (0(=M))? + by (O(E™)) 7 (o)) ¥ = oY),

which is the claimed estimate (3.36)).
(2) We turn to the proof of inequality (3.37). Since VH € L2(RV)NLP(RY)and r—1 < 0
it holds

/ |\VH.|P + |[VH.|*> < EN/ IVHIP + |VH* = o(eV).
Q\B(0,0e™) RN\B(0,ae™ 1)
The latter estimate combined with estimate (3.36|) entails by convexity that
/ VAol + |Vhel? = o(e™)
Q\B(0,ae™)

which is the claimed estimate (3.37)).
(3) We now prove estimate (3.38]). After Lemma Vug is - Holder continuous in a
neighborhood of xg = 0 for some § > 0. Hence there exist § > 0 and L > 0 such that
Vug(z) — Up| < L|z|?, Va e B(0,0).

To apply estimate (3.37)), we choose o := 1 and r = 1/2. For all € € (0, 62), according
to estimates (3.24)) and (3.37)) it follows

/ (Vo = Tl (IVhel” + V|
Q

< [ il (9P + 1) + 2 Vol | (1Vh.l? + [Vh. )
B(0,ae™) Q\B(0,ae™)
< Lo O(eN) + o(eV) = o(e),

which completes the proof of estimate (3.38)).
(4) For all p € (4,00) and for all A € R, it holds A?~2 < A2 + \P. Hence (3.39) follows

immediately from (3.38)).
(5) Similarly, for all p € (3,00) and for all A € Ry it holds AP~1 < A2 + \?. Hence ([3.40))

follows immediately from (3.38)).
(6) Regarding estimate (3.41)), the Cauchy-Schwarz inequality and estimates (3.36)), (3.24)
and ([3.25)) result in

/Q Vhe — VH.| (IVhe| + |VH.|)

< IVhe = VH. | 3oy [19hell 2oy + IV Hel 2oy | = ol

which completes the proof of estimate (3.41)).
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(7) Lastly let p € (3,00). For all A € R, it holds \~2 < A+ P!, Hence due to estimates
(3.36), (3.24), (3.25), (3.41) and to Holder’s inequality one obtains

/Q Vhe — VH.| (|Vhe| + [VH.|)"2
é/QWhE—VHEMWhEH|VHE|>+/Q|Vh5—VHE|(|Vh€|+|VH€|>p‘1

P
< 0(5N) + || Vhe — VHSHLP(Q) I1Vhe| + ‘VH5|||ZP(Q)
N N
=o0(eM) 4 o(e?) O(e) = o(eV)
which is the claimed estimate (3.42)).

4.10. Proof of Proposition [3.16

(1) Let us first prove inequality (3.43)). For all n € V, calculating the difference between
variational forms (3.17) and (3.18) yields after rearrangement

/Q e [T(Vg + Vi) — T(Vauo + Vhe)] .V = — (1 —70) / (T(Vuo) — T(Up)). ¥

+ / = [T(Vuo) = T(Uo)] -V + / Ve [T(Uo + Vhe) = T(Vug + Vhe)] . V.
Q Q
For all @ > 0 and for all » € (0,1), splitting the domains of integration of the two

latter integrals into B(0,ae”) and Q \ B(0,ac"), one may rewrite the latter equality
as

/Q% [T(Vuo + Vie) — T(Vug + Vhe)] .V = — (71 — ) / (T(Vuo) = T(Uo))-Vn

We

0,ae™)

+ / e [T(Vug) — T(Uy)] Vi + / 2 [T(Uo + Vhe) — T(Vuo + Vhe)) .V
B(0,ae™) B(

+ [ [T + Vhe) = T(Uo)) Vi + Y [T(Vuo) — T(Vuy + Vho)] . ¥,
Q\B(0,ae7) O\B(0,ae")

Plugging the test function n = @, — h. € V and applying condition it follows that

5
1 (Ve = Vhell i) + IV = Vhcllfa@) < Y &ile),
i=1

with
£6) = ~01 =) [ (T(Vu0) - W)V ~ Th), (4.49)
Exe) = /B o TET(T0) = T(C)] (Vi = V), (4.49)
E(e) = /B - Ye [T(Ug + Vhe) — T(Vug 4+ Vh.)] .(Viie — Vhe), (4.50)
Ei(e) = /Q o T T+ Vhe) = U] (Ve = Th), (4.51)
Es(e) = /Q - Ve [T(Vug) — T(Vug + Vhe)] (Ve — Vhe). (4.52)

Hence it suffices to prove that there exist a > 0 and r € (0, 1) such that
Eile) = o(eN), Vi, 1<i<5.
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After Lemma there exists 8 > 0 such that Vug is S-Holder continuous in a
neighborhood of zy = 0. To apply estimate (3.37)), we choose a := p (see (3.4))) and

1 N
T::2<2ﬂ+N+1> € (0,1).

In particular after (3.4), it holds w CC B(0, p) = B(0, «). In addition, after condition
, T is Lipschitz-continuous in a neighborhood of Ujy. Hence there exist § > 0 and
L > 0 such that

max(|Vug(z) — Uo|, |T(Vuo(z)) — T(Up)|) < Lz’ Vo e, |z <0 (4.53)

In addition it holds
5 1
w. C B(0,pe) C B(0,p") C B(0,5) 0 <e < min (1, <p) ) ,

(a) Applying Cauchy-Schwarz’s inequality, it follows from estimates (4.53)) and (4.11))
that

IN

€1(e)] 2y | [(T(Vug) = T(Uo))| [Vie = Vhe|

IA

29L x O (s/”%) x O (5%> = o(eN).

(b) Similarly after estimate (4.11) and (4.53) and Cauchy-Schwarz’s inequality, it
holds

|E2(e)] < AL xO <ET(6+%)) x O (5%> =0 <5N+g> = o(eM).

(c) After condition (), it holds

E3(e)] < ’yC/( )|U0 — V| [1 + Vg + Vhe P2+ U — VUOVH] Vii. — Vhe|.
B(0,pe™
(4.54)
Let us look for an upper bound for (4.54)).

e First after estimates (4.11)) and (4.53) and Cauchy-Schwarz’s inequality it
holds

/ Up — V| [1+]U0—vu0\1’—2] Vii. — Vh|
B(0,pe™)
< LpPelr [1 + (L5ﬁ>”_2] / Vii. — Vhe|
B(0,pe™)
<erO (5%> O (5%) =0 (5w) =0 <5N+§) = o(eM).
e Then, since p > 2,

/ Vo — Vuo| [Vg + Vhe [P~2 Vit — Vh|
B(0,pe™)

< zp-2/( )\Uo—vuoy(ywoyp—2+ Vhe|P~2) |Viie — Vhe|.
B(0,pe™
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On one hand, after estimates (4.11)) and (4.53) and Cauchy-Schwarz’s
inequality, it holds

/ Vo — Vuo| Vo2 [Vii. — Vhe|
B(0,pe™)

< L% (U] + Laﬁ)p_Qo (%) 0(c¥) =0 (") = o).

On the other hand, according to (4.53)), (3.24) and (4.11) and Holder’s
inequality

/ Uy — Vg |[Vhe P2 |Vie — V|
B(0,pe™)
p—2

1 p=2
P p
< ( / o — vuo\p> ( / \W@P) ( / Vi, Vhav’)
B(0,pe") B(0,pe") B(0,pe")

p—2

<0 (e’“</3p+N>)fl’ 0N T 0(EN)r = 0 (e%) = o(eV).

3=

since

N

p

>N+ 1 [1(26+N )(2ﬁ+N) N}:NnLi.

Hence the upper bound of (4.54)) is a o(¢V), and one concludes from (4.54) that
E(e) = o(eM).
(d) After inequality (3.1]) it holds

e <7 [ (b1 Vel 4 by (Vo] [Vt — Vo]
Q\B(0,pe™)

Applying Holder’s inequality and estimates (4.11)) and (3.37)), it follows

Eae)l < b ( / |th|2> 194 - Vhell 2
Q\B(0,pe™)

q
+7bp-1 </ ‘Vhs‘p> V. — VhEHLp(Q)
Q\B(0,pe7)

< o(e%) 0% ) 1 o(e7) O ) = o(eN).

(e) After Lemma it holds Vuy € L*°(€2). Thus one can apply again inequality
and proves exactly as for £4(¢) that E5(e) = o(e™).
(2) Regarding estimate , Cauchy-Schwarz’s inequality and estimates ,
and entail that

N[

| 19 = Il (9] + VA
< IV = Vhell gy (Il 2oy + [ Fhell 2y ) = ofe

which proves estimate (|3.44]).
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(3) Let p € (3,00). For all A € Ry it holds A?”2 < A 4+ AP~ Hence due to estimates
A4y, (13.43)), (3.23), (3. and to Holder’s inequality one obtains
3.44), (3.43), (3.23)), (3.24 d to Holder’s i li btai

/Q Ve — Vhe| (|Viie| + [Vhe|)P

sArvae—Vhs\<|vas|+|Vh€>+/Q|vas—w|<vas|+th€|>”‘1

N N
q

< O(EN) + || Vi — VhEHLP(Q) ||V ie| + |Vhs|‘|1€p(g) y = O(EN) +o(e7) O(e

which is the claimed estimate (3.45)).
(4) Eventually estimate (3.46|) immediately follows by convexity from estimates (3.37))

and (3:43).

4.11. Proof of Lemma As J. is assumed to be the compliance, it holds G = f €
C%(€). The unperturbed adjoint state vg € H is weak solution of the Dirichlet problem

—div (y0DT(Vuo)Vug)) = —f in Q,
v9 =0 on 0f).

) = o(e")

(4.55)

According to condition it holds DT € C%*(RM,R), and by Lemma it holds Vug €
C%3(Q). Hence DT (Vug) € C*?(Q). In addition, DT (Vug) is uniformly strictly 2-elliptic
according to the lower bound of condition , and we have f € C%%(Q). Therefore according
to [34] Thm 8.34, problem admits a unique strong solution wy € C*%(Q) with B =
min(a, af) > 0. According to the weak maximum principle, [34] Cor 8.2, one has vy = wo.
As Q is bounded and as by definition vy € H, it follows that vy € L>®(2), Vvg € L*(2) and
vg € V.

4.12. Proof of Lemma [3.19.
(1) We first prove estimate (3.52). After Lemma it holds ug € C15(Q), hence

Vug € L () and DT (Vug) € L®(2). Moreover we assumed Vvg € L*(Q). Due
to the ellipticity of DT stated in condition , applying test function n = ¥, in the
variational form ([3.48)) defining o, it holds:

ol c/ ]Vﬁg\Q < / VDT (Vug)V0:.Vo. = — (71 —70) DT (Vuy)Vvy.Voe
Q Q

We

< |71—70|HDT(VU0)||L°°HVUO||L°°/ Ve
We

N
2

1
< v =l DT (Vuo)|| L[| Vo Lo |w]? €

This provides estimate (3.52)).
(2) The upper bound l) to HVk&H%Q(Q) is obtained in the same way.

(3) After a change of scale and since by definition VK € L2(R") it holds

Vel f2(q) -

VK ey == [ IVKE <N [ VKR =0,
Q/e RN

which is estimate (3.54]).

4.13. Proof of Proposition [3.20
(1) We first study the asymptotic behavior of K and VK. The variational form (3.50)

can be rewritten

DT(Ug) VK.V = (1 - 71) / DT(Uo)(Vo + VK).Vy, VneH®RY).  (4.56)

RN Y0
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As matrix DT (Up) is positive definite, up to a linear change of coordinates in RY,
one can asume that DT'(Up) = Iy.

The proof of the asymptotic behavior of K is standard (e.g. [§], §3.1.2). We denote
by E the fundamental solution of the Laplace operator in R, given for all y € RV,

y # 0 by X
E(y):=1{°" N . (4.57)
{(Q_J\If)AN >N, i N >3,
with Ay the area of the unit sphere of RY. In particular it holds
VN >2,3Cy >0,y e RN,y £0, |VE®)| <Cnlyl*™. (4.58)

Denote by 7 the distribution in R defined by
(Tm) = @1 - 1) /(Vo +VK).Vn, Ve CgRY).
0 w
It follows from (4.56]) that
AK =T.
Hence consider the element K of the class K given by
K=Tx*E. (4.59)

Let p > 0 such that w € B(0, p). To study the behavior of K at infinity, let y € RN,
ly| > 2p. The convolution (4.59) reads

K(y) = (::1 — 1> /(Vo + VK (2)).VE(y — 2) dz. (4.60)
0 w
Since Vy + VK € L?(w), the Cauchy-Schwarz’s inequality yields

1
N 2
K| <c([IvB0-27 @)
2 _ 1‘ Vo + VK|l 2 (- In addition, (4.58) yields

/ VE(y -2 d= < C% / y— 22N <} / Iyl — =)%Y

2 1\ >N 2-2N
Cx |w] (2> |y .

&(y)| < 'y,

with C' = C Oy 2N-1 \w|% This proves .

The calculations proving the asymptotic behavior of VK are similar, based
on VK =T xVE.
As by definition it holds VK € L?(RY), the claimed regularity K € V(RY) is equiv-
alent to w,K € LP(RN) and VK € LP(RY). If w cC B(0,M), the fact that
w,K € LP(RY \ B(0,M)) and VK € LP(RN \ B(0, M)) is a straightforward con-
sequence of the estimates and . The variational form defining K

can be rewritten in the strong form

div(DT(Up)K) = 0 in RV \ dw,

with C =

IN

Hence

{70 (DT (Ug)VE.n),, —71 (DT (Ug)VK.n),,, = (11 —)(DT(Up)Vp).n  on dw.

int
(4.61)
Such transmission problems, with a source of zero mean value on Ow, have been
studied e.g. [6], §2.4. The solution is a single layer potential. As dw is C? and the
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source is continuous, the regularity of the density entails that K € L*(B(0,M))
and VK € L>®(B(0,M)). Hence w,K € LP(B(0,M)) and VK € LP(B(0,M)). One
concludes that w,K € LP(RY) and VK € LP(RY), i.e., K € V(RY).

4.14. Proof of Lemma We start proving a technical lemma. Consider a smooth
function 6 : RY — R such that

0(z) =0, Yo € B(0,p) and 6(z) =1, Yoz € RV \ B(0,R)

where 0 < p < R were defined in ({3.4), that is w CC B(0,p) C B(0,R) CC Q\ spt(f).
Denote

Cp = sup {max(|6(z)|, |[VO(z)| ;2 € RN} < 0.

Recall function K. is defined by (3.51)), and set

Ko (2) = 0() K. (2).
According to the Leibniz formula, for a.e. z € Q it holds

(VKo (2)? < 263 (|K.(2)] + |VE()?)
Since K. € H'(Q), it follows Ky. € H'().
Lemma 4.3. It holds
||VK9,EH§/2(Q) = O(EN)- (4.62)

Proof. As 8 =0 in B(0, p), we have of course

/ VK[> = 0. (4.63)
B(0,p)

Integrating in B(0, R) \ B(0, p), according to the asymptotic behavior of K given by (13.55)
and since VK € L?(R") one obtains

1
202/ VK| S/ K. |? +/ VK. [?
6 7 B(0,R)\B(0,p) B(0,R)\B(0,p) B(0,R)\B(0,p)
12
§€2+N/ K( + eN/ VK[
B(0,R/e)\B(0,p/<) B(0,R/e)\B(0,p/¢)

<20 ((p)Q_QN <R>N> +eNo(1) = o(eV).  (4.64)

3 9

Lastly it holds Ky = K. in Q\ B(0, R). Again VK € L*(R") and thus

/ VK. |* < sN/ IVK]* =0 (V). (4.65)
Q\B(0,R) RN\B(0,R/e)
Gathering (4.63)), (4.64)) and (4.65)), one obtains the claimed estimate (4.62)). O

We now prove Lemma [3.21]
(1) We begin proving estimate (3.58). For all n € H, we define 7, € H(RY) by
1
m(y) = _nley), vy € /e and m(y) =0, vy € R\ (Q/e).

Applying the variational form (3.50)) to 7; € H(RY) and making the change of scale
backward, one obtains

/Q e DT(U) VK.V = —(m — ) | DT(Uo)Vo.Vn, ¥y € H.

We
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Then calculating the difference with the variational form (3.49)) yields
YeDT(Uy)(Vke: — VK.).Vn =0, Vn € H. (4.66)
Q

Using that Ky. € H(Q) and K. — Ky € H, choosing n = k. — (K. — Ky.) € H in
(4.66)), we arrive at

/nyEDT(UO)(VkE — VK.).(Vk. — VK,) = —/Q%DT(UO)(VI{:E —VK.).VKy,.
Then applying condition one obtains

c/\VkE—VKa\Q <
Q

A DT (Up)(Vke — VK.).V Kq.

1 1
2 2
7|DT(U0)|</Q|V]<:5—VK€|2> (/QyVKg,EP) .

_ 2
Using (4.62)) completes the proof of (3.58)).

(2) Let us now prove (3.59). Let & > 0 and r € (0,1). By convexity we have
|Vk|? < 2|Vk. — VK> + 2|VK.].

IN

This implies

After a change of scale one obtains

/ Vk|? < 2/ \Vke — VK> + 2 5N/ IVK[*. (4.67)
Q\B(0,ae™) Q\B(0,ae™) RN\ B(0,cem—1)

After (3.58) it holds

/ \Vk. — VK| < / |Vk. — VK[> = o(e™).
Q\B(0,ae™) Q

Again VK € L*(R") and r — 1 < 0 entail that

/ IVK* = o(1).
RN\B(0,ae”—1)
Hence (4.67) yields (3.59)).

4.15. Proof of Lemma [3 Recall that after Lemma [3.6] Vg is S-Holder continuous in
Q for some > 0. Also, after condition (|1f), DT is &-Holder continuous on every compact set
for some @ > 0, and by assumption Vvo is B-Hélder continuous in a neighborhood of point

zo = 0 for some 3 > 0. Let 7 := min(@f3, ) > 0. Hence there exist d € (0,1) and L > 0 such
that for all z € B(0,6) it holds

|DT(Vuo(z)) — DT(Up)| + | DT (Vuo(x)) Vo (z) — DT (Uo)Vo| < L || . (4.68)

Let p > 0 be such that w C B(0, p), see (3.4). So as to apply estimate (3.59)), we choose
a:=p and r := 1/2. Lastly, for all ¢ < min(1, (§/p)?) it holds

we C B(0,pe) C B(0,pe") C B(0,9).

We can now start our estimations. According to condition , it holds

1 N
IV — V| 2200 < / . DT(Vug) (V. — Vk.)? . (4.69)
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Calculating the difference between the variational forms (3.48) and (3.49) and choosing n =
v, — ks € H, one obtains:

/ 7.DT (Vuy) (V5. — Vk.)?
Q
— (1 =) / (DT (Vo) — DT(Uo)V) . (V- — V)

—/Q(%DT(VUO)—%DT(Uo))VkE.(Vf;E—ng). (4.70)

(1) Regarding the first term on the right-hand side of (4.70), it follows from (4.68) and
from Cauchy-Schwarz’s inequality that

/ (DT (Vo) Vo — DT(U)VA) . (V. — V)

< LpTet |w|z e |V, — Vkell o) = Che™ 2 || Vi — Vel g2y (471)

where (7 is a positive constant.

(2) Then consider the second term on the right side of (4.70). We split the domain of
integration into B(0,ae”) and Q \ B(0,ac"). Applying (4.68), the Cauchy-Schwarz
inequality and estimate , we arrive at

/ - (7.DT(Vuo) — 4DT(Uy)) V.. (Vi — Vke)
B(0,ae”

—y 7 i ﬂ rie Y ~

with Cp a positive constant. Regarding the integral in Q \ B(0,ae"), the term
7=DT(Vug) — 7 DT(Up) is bounded by C' 1= 27||DT(Vuo)|| e (). After Cauchy-
Schwarz’s inequality and estimate ([3.59)) one obtains

/ (4. DT(Vug) — 4. DT(Uy)) Vk. (Vii. — Vi)
Q\B(0,ce™)

2
~ ~ N
gc(/ va) NIV = Vhell oy = 0(e) [Vo: — Vkllpzgqy - (4.73)
Q\B(0,ce™)

Therefore, gathering (4.69), (4.70)), (4.71)), (4.72) and (4.73) and dividing by || Ve — Vke|| 12(q)
it follows that

N
2

Y¢lIVie = Vel 2q) = ole?),

and (3.60)) is proven.
4.16. Proof of Lemma u It follows from definitions ) and - that
Jie)—eNJ = (v =) [/ T(Up).(Vo + Vk.) — eN/ T(Up).(Vo + VK)

— (=0 T(Wh). | (Vh— VEK).
Using (3.58)) and Cauchy-Schwarz’s inequality, we obtain

~ 1
Ji(e) —N| < 29|T(U0)| lw|? % ||Vke — VEL| 121 < Ol

which proves Lemma [3.23
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4.17. Proof of Lemma It follows from definitions and that
MO =3 = (n=0) [ [M(Tu0).Fo. ~T(Wh)-Vo+ Vh)]
= (m- ’yo)/w T(Vuo). Vo — T(Uo) Va
+n =) [ (V). Vi - T(00) V.
Since x € Q +— T (Vug(x)).Vug(x) is continuous at point zg = 0, it holds

/T(Vuo).Vvo—T(UO).VO = |we]o(1) = o(e™).

Moreover, since z € 2 — T (Vug(z)) is continuous at point z¢ = 0, after Cauchy-Schwarz’s
inequality and estimates (3.60]) and (3.53)), it holds

1T (Vo). Ve — T(Up).Vike|

We

< [ 1T(Vuo)| |V — Vhe| + / T (Vuo) — T(U)| | Vk|

1 N ~
< Jol? €% (0(1) IVE = Vhell oy + 0(1) [ Vhell 2y ) = o(=™).

This completes the proof of Lemma, [3.24
4.18. Proof of Lemma By change of scale from (3.76)), we get
Ny = N / vSu, (VH). Vo + / YeSu, (VH:). Vo
RN\ (Q/e) Q
+on =) [ (DT VH. ~ T(00). VK.

In view of (3.2) and H € V(RY), the first integral on the right-hand side is the remainder of
a converging integral. Thus

Lo iV = o).
RN\(Q/e)
It follows

eNJy —o(eN) =

/Q oSt (VH).Vo + (11 — 70) / IDT(Uo)Vo.VH. — T(Uy).VEK.]. (474)

We

Therefore gathering (3.75) and (4.74)) yields

Ga(e) — Ny — oY) = /Q 7 [Sus (Vhe) — So (VHL)] Vo

+(n =) [ DT(Uo)Vo.(Vhe — VH,) (4.75)

We

—(m = 0) / T(Up).(Vk: — VEL). (4.76)
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Regarding the term (4.75)), Holder’s inequality and estimate ([3.36) imply

1 N
DT (Up)Vo.(Vhe = VH.) < |DT(Uo)Vollwl|t €@ ||Vhe — VH.| 1y q)

— O(c7) o) = o(Y).

Similarly for(4.76]), Cauchy-Schwarz’s inequality and estimate (3.58|) entail
1 N
/ T(Up).(Vhe = VE.) < |T(Uo)||ol? e¥ |Vh. — VK| 120
We N
2
It follows
Ja(e) — Ny = /Q e Sty (Vhe) — Suo(VHR) Vo + o(e™). (4.77)

Condition provides
| 150(Vhe) = 51 (V1)
< [ 9k = VHA(Fhe] + [VHD) o0+ cpoa (Ve + [P ].
with ¢,—3 = 0 if p € [2,3]. Hence it follows from estimates and that
[ 15600 = S5, (VHDL = o(e).

Using (4.77)) completes the proof of Lemma

4.19. Proof of Lemma [3.271

(1) We first prove estimate 1' Since Vg is B—Hélder continuous in a neighborhood
of xg = 0 for some S > 0, there exist 6 > 0 and L > 0 such that

Vuo(z) — Vol < Lz, Ve € B(0,9).
To apply estimate (3.37)), we choose v := § and r := 1/2. Hence for all € € (0,1),

according to estimates ([3.24) and (3.37) it follows
/ (Voo = Vol (IVhel? + VA
Q

< [ wlal (1R + (9 + 2ol ey [
B(0,aem) Q\B(0,ae™

< LaPeB O(N) + o(eN) = o(eV),

(19 +vnef)

which proves (3.79).
(2) For all p € (3,00) and for all A € R, it holds A»~1 < A2 + \P. Hence (3.80) follows
immediately from estimate (3.79)).

4.20. Proof of Lemma Calculating the difference between (3.67)) and (3.75)) yields
Jale) — Tale) = /Q e (S50 (Viie)- Voo — S (V). Vil (4.78)

—l—(’yl — 70)/ [DT(V’U,())VUQ.V@; — DT(U())Vo.VhE]

(1 = 0) / (T(Vuo).Vi. — T(Up). V]
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Let § > 0. Due to the continuity of Vug and Vug at point zop = 0 and to the continuity of
DT, for € > 0 small enough it holds

max (| DT (Vug)Vvg — DT (Uo)Vo|, |T(Vug) —T(Up)|) <9 in we.

Hence after Cauchy-Schwarz’s inequality and estimates (3.43) and ((3.24)

|DT(VUO)V’U().V’I~L€ — DT(U())V().VhE‘

We

< | |DT(Vuo)Vuo| |Viie — Vhe| + / \DT(Vug)Vvo — DT (Up)Vo| |Vhe|

1N _
< [wf? % [IDT (Vo) Veioll o ) IV e = Vel 2y + 8 Vel 20
<O0(2) o(c2)+ O(c2) 5 O(c2) = o(V).
Similarly after Cauchy-Schwarz’s inequality and estimates (3.60|) and (3.53))
|T(VU0).VQNIE — T(UQ).V](H

We

< [ 1T(Vuo)| |V — Vhe| + / T (Vuo) — T(Uo)| | Vk|

We

1 N ~
< lwf? ¥ [IT(Vuo)ll o) IV = Vel 20y + 6 1Vhell 20

NP4

<O0(e2) o(e?)+ O(e2) 6 Ofe Ny,

) =o(e
Thus vields
ga(e) — Ja(e) — o(aN) = /Q’yg [Svu, (Vie).Vog — Sy, (Vhe). Vo], (4.79)
which we split into three terms as
/Q e [Svuy (Viie). Voo — Sy (Vhe). Vi)
= [ 2 [59u0((V) = S5y (V] oo+ [ 2 [Suq(The) = St (Vh)]-Too
+ /Q oS0 (Vhe). (Voo — Vo) . (4.80)

(1) Regarding the first term on the right-hand side of (4.80]), as Vuy € L>°(Q), it follows
from condition that

/Q S (Viie) — St (Vo)

< /Q [Viie = Vhe| (V] + [Vhel) [0 + cps (Ve + [Vhe])" ]

with ¢,—3 = 0 for all p € [2,3]. Thus estimates (3.44) and (3.45) entail

/Q (S50 (Viiz) — Svug(Vhe)| = o).
As Vg € L™(9), it follows

/Q Ye [Svug (Vite) — Svuy (Vhe)] . Vg = o(e™).
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(2) Regarding the second term on the right-hand side of (4.80)), as Vug € L*°(2), accord-
ing to condition (8))

/Q |Svuy(Vhe) — Sty (Vhe)| < /Q (Vg — Uil [do [Vhel? + dps [VheP2]

with d,—4 = 0 for all p € [2,4]. Thus estimates (3.38) and (3.39) entail
[ 186(Th) = Sy (TR = ofe").

As Vg € L*(Q), it follows

918500 (Vo) = S (Th2)) T = o).
(3) Regarding the third term on the right-hand side of , according to , it holds
/Q S0, (Vhe)| V00— Vol < /Q\wo Vol [e0 VAP + cpos (B

with ¢,—3 = 0 for all p € [2,3]. Hence it follows from estimates (3.79) and (3.80)) that

/Q\SUO(VhEM Vuo— U] = ofeM).
Gathering the above estimates, and completes the proof of Lemma

5. CONCLUSION

In this article, we first analyzed specific issues arising in the process of obtaining a topolo-
gical asymptotic expansion for a second order quasilinear elliptic equation, by comparison
with a linear elliptic equation. When trying to define the variation of the direct state at
scale 1 in RY, it turns out that this variation can be defined by applying the Minty-Browder
theorem to a specific nonlinear operator, which is derived from the considered quasilinear
equation. The requirements of the Minty-Browder theorem bring into light a two-norms
discrepancy involving the LP and the L? norms of the gradient. They require to consider at
the same time

e a functional space which is equipped with a norm giving control on both the LP and
the L? norms of the gradient and which enjoys in addition a Poincaré inequality;

e a quasilinear elliptic equation whose operator enjoys both p- and 2- ellipticity prop-
erties.

The first condition justifies that we built the quotient weighted Sobolev space V(R™) and the
quotient weighted Hilbert space H(R™) in appendix The second condition explains why
in section [3| we restricted ourselves to a specific class of quasilinear equations.

Several other key features of the linear method had to be adapted to the nonlinear case.
In particular, implementing the method required to:

(1) ensure duality between the variation of the direct state and the corresponding varia-
tion of the adjoint state at each stage of approximation;

(2) determine the spatial decay of the variation of the direct state at scale 1;

(3) determine with respect to the variation of the direct state, what does mean ‘far away
from the perturbation’ by opposition to ‘close to the perturbation’.

As a result, our main contribution is Theorem which provides the topological asymptotic
expansion for quasilinear elliptic equations of the considered class.

Our belief is that the doorway of topological asymptotic expansions for quasilinear ellip-
tic equations is now opened. As topological asymptotic expansions will gradually become
available for larger classes of nonlinear equations and of functionals, the scope of attainable
applicative tasks should significantly broaden, in particular in shape optimization and in
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imaging. Further research can be pursued in several directions, like for instance to obtain
similar topological asymptotic expansions for larger classes of quasilinear elliptic equations,
including degenerate equations such as the p-Laplace equation, or to tackle models of non-
linear elasticity.

APPENDIX A. WEIGHTED AND QUOTIENT SOBOLEV SPACES

The purpose of this appendix is to build an appropriate reflexive Banach space so as to
define the variation of the direct state at scale 1 in RY. In such a space, the variational form
defining this variation has to comply with the requirements of the Minty-Browder theorem.
The main result of this section is Proposition which ensures the required coercivity
property involving both the L” and the L? norms of the gradient. Similarly, we build an
appropriate Hilbert space so as to define the variation of the adjoint state at scale 1 in RY.

The building scheme of such spaces is classical. We follow the approach of [9], which
directly provides Poincaré inequalities in the preliminary space W(RN ) as well as in the
Hilbert space H(RY). We shall take one more step to obtain a similar result in our main
working space V(RY).

A.1. Weighted Sobolev spaces. We define the weight function w), : RN — R as follows:
for all z € RV,

N|=

o er) if p# N,
’ <1+\x|2>_ (1og(2+ya;\2))_1 if p=N.

For all open subset O C RY, recall we denote D’(O) the space of distributions in O. Let
the space

N

VU(0) :={u e D'(0); wyu € LP(0),Vu € LP(O) N L*(0)}
endowed with the norm defined by
lullywoy = llwptll ooy + IVullro) + VUl 20y, Yu € VH(O).

For technical purposes it is useful to define the larger space

WY (0) :={u e D'(0) ; wpu € LP(0),Vu € LP(0)}
endowed with the norm defined by

lallaioy = lwptll ooy + [Vall ooy s Yu € WH(O).

Then we define the space

HY(0) := {u € D'(0) ; wou € L*(0),Vu € L*(0)}
endowed the inner product defined by

(s V)ggw (o) = (W2u, W2V) 120y + (VU, V) 120y, Vu,v € HY(O).

Obviously, the three normed spaces V*(O), W*(O) and H"(O) coincide when p = 2.
The following Lemma can be proved by standard arguments, see e.g. [11 2§].

Lemma A.1. The spaces W*(0) and V*(O) endowed with the norms |.[|,yw @y and ||| yw o)

respectively, are reflexive separable Banach spaces. The space H™(QO) endowed with the inner
product (., '>Hw(0) is a separable Hilbert space.
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A.2. Quotient weighted Sobolev spaces. It is straightforwardly checked that the cons-
tant functions belong to W*(RY) if and only if p > N. Therefore we set

P _{ {0} if p<N,
P R if p> N,
and define the quotient space
WRY) := W¥(RY)/P,.
Note that, should we have considered a Sobolev space W™ (RY) of higher order, the set P,

would have contained higher order polynomials, see [9, [17]. The space W(RY) is equipped
with its natural quotient norm

H[U]HW(RN) = iglf_, ||U+m‘|ww(RN)7 v [u] € W(RY) (A1)
melp
where u € WY¥(RY) is an arbitrary representative of the class [u].
Since W (RY) is a reflexive Banach space and P, is a closed subspace then W(RY) is still
a reflexive Banach space (see e.g. [28], chapter XI, §11.2).
Similarly constant functions belong to V*(RY) if and only if they belong to WY (R™).
Thus we define likewise
VRN == VO(RY)/P,
equipped with the norm
] by gy = inf lu+mlpwgyy, Y [u] € VRY). (A.2)
melp

In a similar way we construct the Hilbert space
HRY) := HY(RY)/Ps.
A.3. Poincaré inequality in W(RY). The following key result is proven in [9].
Theorem A.2. There exists ¢ > 0 such that
ldlwny < cllVull sy, ¥ [u] € WRY),

where u € WY(RY) is any representative of the class [u].

For all [u] € W(RN), let u € W (RY) be an arbitrary element in the class [u]. Endow
W(RY) with the semi-norm
[ullyw@yy = IVull @y - (A.3)
Theorem can be rephrased as follows.

Corollary A.3. The semi-norm | . |,ygwy and the norm || . ||,y gxy are equivalent in W(RN).
A.4. Poincaré inequality and coercivity in V(RY). Let [u] € V(RY) and u € V*(RV)
be any element of the class [u]. Endow V(R") with the semi-norm given by

|[ully@yy = VUl o @ry + VUl 2@y - (A4)
Theorem also implies the following, whose straightforward proof is left to the reader.

Corollary A.4. The semi-norm | . |\gxy and the norm || . ||}~y are equivalent in V(RM).

We can now state the main result of this appendix, which enables to prove the combined
p- and 2- coercivity property.

Proposition A.5. For all [u] € V(RY), denote by u € V*(RYN) any element in the class [u].
Then it holds )

Tl + IVl

[l vy —00 [l @y
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Proof. To study the limit at infinity, given the equivalence stated in Corollary [A.4] one can
assume that

[ly@yy = IVl Loy + 1Vl 2y > 1.
(1) If |V oy < 1, then it holds

IVl + IValza@ry  IVulZa@y) | (@lvey —1)?

|[u] |V(RN) |[u] |V(IRN) |[u] |V(RN)

(2) If [[Vull ogavy > 1, since 2 < p < 0o, then it holds

IVl gy + VUl T2y (Vullfo @y + [Vullfs @ > L
|[U]|V(RN) B |[U]|V(RN) T2 VERY)
Thus we have
HV“HIZP(RN) + HVUH%%RN) min (HUHV(RN) - 1)2 HU”v(RN)
[l - [ullygyy 2

Hence

. Hv“H]zp(RN) + HVUHQH(RN)

im = —o0.

|l gvy —00 [[u]ly @y

In view of the equivalence stated in Corollary [A.4] we obtain the claimed limit. 0

A.5. Poincaré inequality and coercivity in H(RY). For all [u] € H(RY), denote by
u € H*(RYN) any element in the class [u]. Endow H(R") with the semi-norm

[ullyymry = [IVull 2@ -

Applying Corollary [A74] in the case p = 2 straightforwardly yields:

Corollary A.6. The semi-norm | . |y gwy and the norm || . ||y gy are equivalent in H(RY).
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