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Abstract—This article focusses on the well-known problem
of energy management for hybrid-electric vehicles. Although
researches on this problem have recently intensified. Dynamic
programming (DP) is still considered as the reference method
because it obtains the best solutions of the literature so far,
even though it requires a significant computational time. This
article however, describes two heuristic-global-optimization-based
algorithms that not only require less computational time than DP,
but also produce better solutions, with significantly lower fuel
consumption cost.
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I. INTRODUCTION

Before the last decade there was no crisis in fossil fuels
and the Hybrid-electric vehicle (HEV) diffusion was hindered
by the technology of electrical energy storage. Now, the eco-
design, sustainable development and the price of a barrel of
oil, rendered HEV promotion necessary. Their name refers to
the use of at least two different energy sources for propulsion
of the vehicles, for example: (1) a fuel cell with an hydrogen
tank, non-reversible and that can only furnish a limited power
quantity at a time, combined with (2) a battery or super ca-
pacitor which can store energy recovery and give it back later.
Combining such architecture with smart power management
reduces considerably the fuel consumption [1]. The challenge
is to minimize the overall cost of fuel consumption for a
given vehicle that follows a given profile of power demand,
by optimizing the distribution of power on the two sources, in
the presence of several constraints of availability, performance
and state of charge of the super-capacitor. Among the prolific
research on the topic, dynamic programming (DP) remains
the reference method that obtains solutions with the best fuel
consumption [2].

This paper describes a filtering-based and a heuristic
optimization-based algorithm that can obtain solutions of a
significantly lower fuel consumption cost than the solutions
obtained from DP.

II. MATHEMATICAL FORMULATION

The problem consists in finding at each instant the optimal
power split between two energy sources (e.g. a fuel-cell and
storage element such as a super capacitor) to satisfy the power
demand of a driver on a predefined road section. The objective
is to minimize the total fuel consumption of the vehicle, taking
into account the non-linear of yield functions and limitations
of each energy source.

As proposed in [3] it can be formulated as the following
optimal control problem:

min
u
−

∫ T

0

fc(u(s))ds (1)

subject to (s.t.) ẋ = −fB(x, r − u) (2)

x(0) = x0, x(T ) = xf (3)

0 ≤ u ≤ umax (4)

r −Kmax ≤ u ≤ r −Kmin (5)

xmin ≤ x ≤ xmax (6)

where r is fixed and represents the power requested by the
powertrain, u (resp. r − u) represents the power produced by
the fuel cell (resp. storage element), x represents the state of
charge of the storage element and fc (resp. fB) are known
functions, that take into account the energy loss that happen
during any energy transfer. This optimal control problem has
constraints on the control action and bounds on the state of
variable, rendering difficult the application of the Pontryagin
principle, because of the complexity the resulting Hamiltonian
equations.

Note that this problem is naturally time-discretized because
r’s, fc’s and fB’s data are obtained experimentally. It is
therefore possible, instead of interpolating the data points for
a continuous formulation of the problem, to directly solve
its time-discretized version where ri is the power required
at instant i, with i an integer varying from 1 to n, n being
the number of data points obtained experimentally, and this
without any loss of precision.



III. LITERATURE REVIEW

Although researches on this problem has recently intensi-
fied. Dynamic programming is still considered as the reference
method, because it provided the best known solutions, although
it can require a significant amount of computational time [2].

Several other approaches have been proposed in the liter-
ature, such as Equivalent Consumption Minimization Strategy
(ECMS), Genetic algorithms, Fuzzy logic, Rule-based, Ther-
mostat ... [4],[5],[6]. All these methods can be much faster
than DP, but to the best of our knowledge, none of them
found solutions of better quality than DP. Therefore, there is
a widespread perception that DP provides the optimal solution
of such problems as it is stated in [7].

A recent paper of Pérez and Garcia [3] proposed a direct
transcription approach using the non-linear solver MINOS that
uses a projected augmented Lagrangian algorithm. Unfortu-
nately, no comparison to the literature or previous publications
was provided. However, The authors mentioned the high
sensitivity of the resulting code to parameters settings.

IV. THE PROPOSED RESOLUTION METHODS

A. Power filtering on the fuel cell: Algo. A

This heuristic is inspired from electrical filters and aims
at limiting the range of usage of the fuel cell to the best
portions of its efficiency function. It requires two parameters:
(1) Bl called the lower band is chosen between 0 and the
maximum power the fuel cell can provide, whereas (2) Bu

called the upper band must be strictly higher than Bl and less
than the maximum power the fuel cell can provide. Let vi be
the power generated or stored by the storage element at time
i. The heuristic works as follows:

• if ri ≤ Bl, then set vi = ri and ui = 0

• if Bl ≤ ri ≤ Bu, then set ui = ri and vi = 0

• if ri ≥ Bu, then set ui = Bu and vi = ri −Bu

The short computational time required by this heuristic allows
the user to fine-tune Bl and Bu after just a few attempts.
The difference between this heuristic and the well-known
“Thermostat” [5] is that the latter filtered the power required by
looking at the storage element and not at the fuel cell efficiency
function as it is done for our heuristic.

B. Subgradient optimization-based local search from a deter-
ministic starting point: Algo. B

Taking advantage of the time-discretization, we reformulated
the problem as a non-linear problem with non-linear con-
straints using decision variables: (i) ui ≥ 0 equal to the power
generated by the fuel cell at time i, (ii) vi equal to the power
generated (if vi ≥ 0) or stored (if vi ≤ 0) by the storage
element at time i.

min

n∑
i=1

fc(ui) (7)

s.t. ui + vi ≥ r(i), ∀i ∈ [1, ..., n] (8)
n∑

i=1

(vi + ρ̃(vi)) = 0 (9)

i∑
k=1

(vk + ρ̃(vk)) ≤ x0 − xmin, ∀i ∈ [1, ..., n] (10)

i∑
k=1

(vk + ρ̃(vk)) ≥ x0 − xmax, ∀i ∈ [1, ..., n] (11)

where ρ̃(vi) is the amount power lost when SE generates or
receives vi.

This heuristic consists in applying subgradient optimization
on this formulation. Although the idea is similar to [3].
The main challenge of such approach remains that it can
be assimilated to a local search, and as such its efficiency
is strongly dependent on the starting point chosen. Using
random initial solutions leads to poor results and an increased
computational time. Finding the best starting point is key, and
our algorithm uses a predefined starting point corresponding
exactly to the power required r.

V. RESULTS OBTAINED

Table I summarizes the results obtained in comparison to
the DP from [2], using the same powertrain characteristics
and the power profiles provided by INRETS and ALSTOM
(ESKISEHIR) with a time sampling of 1s. All implementations
were done with MATLAB R2009 on a 2.80 Ghz, 3 Gb RAM
PC. Results show an improvement of more than 13% on the

TABLE I. RESULT OF OUR HEURISTICS VS DP

DP Algo. A Algo. B

INRETS Fuel cost 10131 8869 8750

Computing time 22 h 5 s 23 min

ESKISEHIR Fuel cost 31826 28365 27601

Computing time 52 h 5 s 10h

fuel consumption cost from the solution from DP.

VI. CONCLUSION

For offline energy optimization in hybrid-electric vehicles,
our algorithms based on global optimization produce solutions
of significantly lower fuel consumption cost than the solutions
from the dynamic programming. They should therefore be used
from now on instead of DP to generate reference solutions.
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