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Multidimensional two-component
Gaussian mixtures detection

Béatrice Laurent and Clément Marteau and Cathy Maugis-Rabusseau

Institut de Mathématiques de Toulouse, INSA de Toulouse, Université de Toulouse
INSA de Toulouse,
135, avenue de Rangueil,
31077 Toulouse Cedex 4, France.

Abstract: Let (Xi,...,X,) be a d-dimensional i.i.d sample from a distribu-
tion with density f. The problem of detection of a two-component mixture
is considered. Our aim is to decide whether f is the density of a standard
Gaussian random d-vector (f = ¢4) against f is a two-component mixture:
f=({0—¢)pq+ecda(. — pn) where (e, u) are unknown parameters. Optimal sep-
aration conditions on ¢, u,n and the dimension d are established, allowing to
separate both hypotheses with prescribed errors. Several testing procedures are
proposed and two alternative subsets are considered.

AMS 2000 subject classifications: Primary 62H15; secondary 62G30.
Keywords and phrases: Gaussian mixtures, Non-asymptotic testing proce-
dure, Order statistics, Separation rates.

1. Introduction

Let X = (X1,...,X,) be an ii.d n-sample, where for all « € {1,...,n}, X; cor-
responds to a d-dimensional random vector, whose distribution admits a density f
w.r.t the Lebesgue measure on RY. In the following, we denote by ¢4(.) the density
function of the standard Gaussian distribution Ny (04, 1) on R4, Our aim is to test

Hy: f=¢g against H,:feF, (1)
where
F={few: xR = (1 —&)ga(x) + ea(z — p); € €0, 1], p € R}

is the set of two-component Gaussian mixtures on R?. Mixture models are at the
core of several studies and provide a powerful paradigm that allows to model sev-
eral practical phenomena. We refer to McLachlan and Peel (2000) for an extended
introduction to this topic.

1
imsart-generic ver. 2011/01/24 file: PreprintLaurentetal2015.tex date: September 30, 2015



Laurent et al./Multidimensional two-component Gaussian miztures detection 2

The particular case of a two-component mixture is sometimes referred as a con-
tamination model. In some sense, a proportion ¢ of the sample is driven from a
(Gaussian) distribution centered in g while the remaining part of the data is cen-
tered. In this context, the testing problem (1) amounts to the detection of a plausible
contamination inside the data at hand w.r.t. the null distribution. We refer for in-
stance to Donoho and Jin (2004) for practical motivations regarding this problem.
We stress that Gaussian mixture is at the core of our contribution since it provides a
benchmark model for several practical applications. However, the results proposed in
this paper could be certainly extended to a wide range of alternative distributions.

In a unidimensional setting (d = 1), the testing problem (1) has been widely
considered in the literature in the last two decades. A large attention has been payed
to methods based on the likelihood ratio, see e.g. Chernoff and Lander (1995), Azals
et al. (2009) or Garel (2007). Concerning the construction of optimal separation
conditions on the parameters (e, ), we can mention the seminal contribution of
Ingster (1999). These conditions have been reached by the higher-criticism procedure
proposed in Donoho and Jin (2004) in a specific sparse context, i.e. when ¢ < 1/4/n
as n — 4o00. Then, several extensions of this contribution have been proposed in
an extended context: we mention for instance Cai et al. (2007) for a study including
confidence sets and the dense setting (¢ > 1/y/n as n — +00), Cai et al. (2011) for
heterogeneous and heteroscedastic mixtures, or Cai and Wu (2014) where general
distributions and separation conditions have been investigated. In a slightly different
spirit, a procedure based on the order statistics and non-asymptotic investigations
on the testing problem (1) have been proposed in Laurent et al. (2014).

In the contributions mentioned above, only unidimensional distributions are con-
sidered. In a different setting (signal detection), multidimensional problems have been
at the core of recent investigations. We mention e.g. Arias-Castro et al. (2011) or Bu-
tucea and Ingster (2013) among others. In a recent paper, Verzelen and Arias-Castro
(2014) address the problem of testing normality in a multidimensional framework.
They consider two-component Gaussian mixture alternatives where the proportions
are fixed and the difference in means are sparse. However, up to our knowledge, the
multidimensional testing problem as displayed in (1) has never been studied so far.
We stress that in our setting, the proportion ¢ is allowed to depend on the number of
observations n. The present paper proposes a first attempt in this context. Our aim is
two-fold: we establish optimal separation conditions on the parameters (g, 1) for the
testing problem (1) in a first time, and describe the influence of the dimension d on
the corresponding problem. In the same time, we propose various testing procedures
and compare their theoretical performances.

In this paper, we assume that the norm of the mean parameter p is bounded on
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the alternative Hy. Given M € RY, we deal with the subsets F,[M] and Fi[M]
defined as
FolM] = {fepn €F; e€]0, 1], ||ull <M},

and
FoolM] = {fiey € F; € €)0,1], [lulloc < M},

1/2
where for a given u € R?, ||| = (2?21 u?) denotes the lo-norm and ||p||e =

max;—1._q|/;| corresponds to the lo-norm. In this context, our main results can be
gathered in the following theorem.

Theorem 1. Let a, 3 €]0,1] be fired and C. = Cy(a, 8, M), C_ = C_(a, 3, M) be
two explicit constants. Then, there exists a level-o testing procedure W, o such that

sup Pf(\i]ag =0)<p and inf sup Py (U, =0)>p,
FEF[M] Yo o fer(M]
elul>cpdl/t/m clpl>c_dl/4) ym

where the infimum is taken on all possible level-a testing procedures V..
Similarly, there exists a level-o testing procedure U, o, such that

sup Pi(Vpoo =0) <3 and inf sup Ps(V, =0)> 5.
feFs[M] Yo o feFe[M]
lllioo>Cy /I /n ellplloo>C—y/In(d)/n

Theorem 1 indicates that the detection boundary associated to the testing prob-
lem (1) for the alternative subset F»[M] is of order d'/*/\/n: detection is impossible
(with a prescribed level 3) if ||u|| is smaller than d*/*/,/n, up to some constant. In

the case of the alternative set F,[M], the detection boundary depends on /In(d).
In these two cases, we propose optimal testing strategies in Sections 3.1, 3.2 and 3.3.

The paper is organized as follows. Two different lower bounds are proposed in
Section 2 for both subsets F»[M] and F[M] and proved in Section 5. Associated
upper bounds are established in Section 3 and proved in Section 6. To this end, we
will investigate the performances of three different testing procedures. Some useful
lemmas are gathered in Appendix A, while Appendix B contains some technical
results.

All along the paper, we use the following notations. For any density g on R?,
we denote respectively by P, and E,; the probability and expectation under the
assumption that the common density of each X; in the i.i.d. sample (X7,..., X)) is
g. In the particular case where the Xy,..., X, are i.i.d. with common density ¢g,
which is associated to the null hypothesis Hy, we write Py := Py, and Ej := E,,. A

d
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testing procedure ¥ denotes a measurable function of the sample X, having values
in {0,1}. By convention, we reject (resp. do not reject) Hy is W = 1 (resp. ¥ = 0).
Given « €]0, 1], the test W is said to be of level av if Py(¥ = 1) < «. In such a case,
we write W = U,

2. Lower bounds
2.1. Lower bound for the alternative class F>[M]

The non asymptotic minimax separation rates have been introduced by Baraud
(2002). Let us recall the main definitions. Given 5 €]0, 1[, the class of alternatives
Fo[M] and a level-a test V,, we define the uniform separation p(¥,, Fo[M], B) of
U, over the class F5[M] as the smallest positive number p such that the test has a
second kind error at most equal to 3 for all alternatives f. ,y in F2[M] such that
e||lp|l = p. More precisely,

P(Va, Fo[M],8) =inf § p > 0; sup Py(¥,=0)<p
g
ellpll=p

Then, the (o, §)-minimax separation rate over F,[M] is defined as
B(fé[M]vauﬁ) = lqu'lf p(\I]auf2[M]7B)v

where the infimum is taken over all level-a tests V.

Theorem 2 proposes a lower bound for the minimax separation rate p(Fo[M], a, ).
The main ingredient for the proof (displayed in Section 5) is the construction of
particular distributions for which the separation of both hypotheses Hy and H; will
be impossible with a prescribed level j3.

Theorem 2. Let o, § €]0, 1] such that o+ f < 0.29. Define
1 d1/4

P# = T

2,/C(M) V1

Then, if p < p*,

M2
where C(M) =1+ TeMQ.

inf sup P;(¥,=0)> g, (2)
Va feFa[M]
ellulize

where the infimum is taken over all level-ov tests. In particular, this implies that
p(Fo[M], v, B) > p*.
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Equation (2) indicates that the hypotheses Hy and H; cannot be separated with
prescribed first and second kind errors a and [ following the value of the terms
e, ||pll, d and n. In particular, for any level-« testing procedure, one can find a distri-
bution f € Fo[M] such that ||| > p# and P;(¥, = 0) > . This result is obtained
thanks to an assumption on the levels a and 3. This assumption is essentially tech-
nical and could be removed thanks to additional technical algebra.

The condition e||u| = d'*//n is quite informative. First of all, since ||u| is
bounded, the proportion parameter € should be at least of order 1/4/n. This condition
is often characterized as the dense regime in the literature. In the same time, the
‘energy’ || ]| should not be to small if one expects to detect a potential contamination
in the sample. It is worth pointing out that Theorem 2 precisely quantifies the role
played by the dimension d of the problem at hand. We will see in Section 3 that this
lower bound is optimal, up to some constant.

2.2. Lower bound for the alternative class Fo[M]

In this section, we concentrate our attention on the alternative F = F,[M]. As in
Section 2.1, we consider the (o, )-minimax separation rate over F..[M] defined as

B(]:OO[M],Q,B) = 1\13515 p(\I]m]:oo{M]aﬁ)a

where the infimum is taken over all level-« tests ¥, and

P(Wo, Foo[M], ) =inf ¢ p>0; sup Py(¥,=0)<p
fE€EF | M]
ellpelloc>p

Theorem 3 provides a lower bound for the minimax separation rate in this context.
The proof is postponed to Section 5.

Theorem 3. Let «, B €]0, 1] such that a+ 3 < 1. Let

o= \/ ﬁ% In 1 + di(ax, §)?

where C(M) = (14 M2e™*/2) and n(a, ) = 2(1 — o — ). Then, if p < p*,

inf sup Py(¥,=0)> 0.
Yo fer. [M]
ellulloc=p

This implies that
p(Foo[M], o, B) = p".
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Theorem 3 indicates that the detection condition on the parameters (e, u1) is af-
fected by the change of the reference norm. In particular, the dependency w.r.t. the
dimension of the data is in this context of order y/In(d) which makes in some sense
the detection problem easier than the one considered in Section 2.1.

3. Upper bounds

In Section 2, we have proposed lower bounds on the separation region for the testing
problem (1). In particular, we have proved that in some specific cases, related to the
value of the parameters (g, 1), testing is impossible, i.e. every level-a tests will be
associated to a second kind error greater than a prescribed level 5.

The aim of this section is to complete this discussion with upper bounds on the
separation region. We propose three different testing procedures and investigate their
related performances. In particular, we prove that these procedures reach the lower
bounds presented above for both alternatives F,[M] and Fo[M].

3.1. First testing procedure for the alternative class Fa[M]

In a first time, we propose a procedure in the case where the alternative is expressed
through the ls-norm of p. This procedure is based on the fluctuations of the empiri-
cal mean of the data. Intuitively, E;[X] = ep for all random vectors having density
f € Fo[M], while E[X] = 0 under Hy. In particular, if the empirical mean of the
sample has a large norm, there is a chance that the data have been driven w.r.t. a
density f that belongs to Fo[M].

More precisely, given X = (X1,...,X,), set X,, = % > X;. Let v, denote the
i=1
(1 — ) quantile of a chi-squared distribution with d degrees of freedom and define
the test ¥y, as
Via = Lyyms,pova- (3)
The following theorem investigates the performances of this test.

Theorem 4. Let o, 5 €]0,1[ be fized. Then, the testing procedure U, , introduced
in (8) is of level . Moreover, there exists a positive constant C(c, 5, M) depending
only on «, B and M such that

sup IP)f (\Ill,a = O) < Bu
feF2[M]
ellullZp
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for all p € RY such that
d1/4
ND
The above result indicates that the test ¥, , is powerful as soon as f € Fo[M] with
ellpl| = d*/*//n. According to the lower bound displayed in Theorem 2, it appears

that the minimax detection frontier is of order d'/*/\/n up to a constant, i.e. there
exist C_ and Cy such that

e the hypotheses Hy and H; cannot be separated if ||| < C_d"/*/\/n,
e there exists a level-a powerful test as soon as e||u| > Cyd"/*/\/n.

p > C(a, B, M)

These two assertions together provide the first part of Theorem 1. We stress that
we do not investigate the value of the optimal constant associated to this separa-
tion problem (C_ and C; do not match). Such a study indeed requires advanced
asymptotic tools (see e.g. Ingster and Suslina, 2003) and is outside the scope of the

paper.

3.2. Second testing procedure for the alternative class Fy[M]

In a unidimensional context, Laurent et al. (2014) have introduced a testing pro-
cedure based on the ordered statistics. Such variables can indeed provide valuable
informations on the deviation of the sample w.r.t. a benchmark distribution (e.g.
under Hy). Although the ordered statistics of the sample are not clearly defined in
a multidimensional setting, we can still project the data on a given axis and apply
the procedure detailed in Laurent et al. (2014).

To this end, we split the sample X in two different parts A = (A, ..., A,/;) and
Y = (Y3,...,Y,)2). For the sake of convenience, we assume without loss of generality
that n is even and write n/2 = n in the sequel. Set

Ay,

_ ] —
where n; (4)

The axis generated by the vector v, indicates the direction of the empirical mean
of the sample A. Under H;, it provides an information on the direction where the
contamination in the sample has occurred. Then, we project the remaining data Y
on this axis. To this end, define

Z0 = (Vi v,) Vie{l,...,n}.
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The corresponding sample Z () — (ZY’”), e ZT(LU”)) is unidimensional and we re-
mark that under Hy, Y; ~ Ny(0q4, I4), hence conditionally on v, Zf“"), 75 are
i.i.d. standard Gaussian variables since ||v,|| = 1. Therefore, we can apply the test
introduced in Laurent et al. (2014). Recall that this test is based on the ordered
statistics Z() < -+ < Zy,y of an i.id. sample (Z;, ..., Z,) of standard Gaussian vari-
ables. More formally, assume that n > 2 and consider the subset IC,, of {1,2,...,n/2}
defined by

Kn ={27,0 < j < [logy(n/2)]}. (5)

The test statistics is then defined as

\Il2,a = sup ]l{Z(Un) Y (6)

k€K, =kt~ den,
where for all u €]0, 1], ¢, denotes the (1 —u) quantile of Z,_j11) and
ay, = sup {u €]0, 1[, Py (Elk: € K, Zin—t+1) < qwk) < a} . (7)

In some sense, we proceed to a multiple testing approach. The subset IC,, is related
to the different orders that are included in the detection process: we do not use the
whole ordered sample in order to enhance the performances of our test. The term «,

then corresponds to a correction of the level of each individual test 1 GO

(n—k+1) o,
that guarantees a final first kind error of level a.. The quantiles g, ; can be explicitly
computed. We refer to Laurent et al. (2014) for more details regarding the construc-
tion of this testing procedure.

Theorem 5 enhances the performances of the test s ,.

Theorem 5. Let o, 5 €]0,1[ be fized. Then, the testing procedure Vs, introduced
in (6) is of level a. Moreover, there exists a positive constant C(c, 5, M) depending
only on «, B and M such that

sup Py (Vy,=0) <5,
JeF[M]
ellnll=p

for all p € RY such that
d1/4
p>pi=Cla, 3, M)—+VInlnn
N4

provided that
ne > C(a, B, M).
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The main conclusion of the above result is that the test ¥, , based on the ordered
statistics has a maximal second kind error bounded by 3 as soon as p > p'. Hence,
VU, o exhibits essentially the same level of performances than ¥, ,. The only difference
with the bound displayed in Theorem 4 is related to an additional log-term (v/InInn).
Indeed, we proceed to a multiple testing procedure since we consider several indices
for the ordered statistics. This log-term corresponds to the price to pay for such a
construction. However, we stress that it could be removed provided that the upper
bound M on |[|p]| is known.

This testing procedure has been included in the present study since we expect
some robustness properties w.r.t. futur extensions of this work (see Section 4 for an
extended discussion).

3.3. A testing procedure for the alternative class Fo[M]

In the previous section, we have applied the procedure proposed in Laurent et al.
(2014) on the projection of the data on a given axis (generated by the empirical mean
of the sample). Here, we alternatively consider a projection on the canonical axis.
In other word, we apply the procedure of Laurent et al. (2014) on each canonical
direction in order to detect a possible contamination. As summarized in Theorem
6 below, this approach appears to be convenient when dealing with the alternative
class Foo[M].
Let (ey,...,eq) be the canonical basis of R?. In the following, we set

Zij = <Xi,6j> ViE{l,...,n}, ]e{l,d}

Then, for a given j € {1,...,d}, we can remark that (Z; ;);—1._, is a unidimensional
sample and we denote by (Z(Z-)J)Z-:lmn its associated ordered statistics. Then, for a
given level a €]0, 1], we set

+ .
Ta7j ‘= Sup {1Z(n7k+1),j>QQn,k}7
ke,

and

T-. := sup {]12 }
a,j * k),i<—Yan,k [
J ke, (4.3 o

where K, o, and ¢, are defined as in Equations (5) and (7). Then, we consider
the following test statistics

U3, = sup max(TiC T ) (8)
’ 2d )

1<j<d 2a77
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The following theorem provides a control on the first and second kind errors of the
test W3, when the alternative is measured via the infinite norm.

Theorem 6. Let o, 5 €0, 1] be fized. Then, the test Vs, introduced in (8) is of level
a. Moreover, if n > 3 and

$.95 « In [4d log,(n/2)/al - oo b (2)dz.

n M

then, there exists a positive constant C (3, M) depending only on 5 and M, such that

sup ]P)f(\I]&a = 0) < Bu

ellplloc =p
as soon as
Inln(n) In(d/a
p> 0(5,) x | 2 ntdfo), o)

Theorem 6, together with Theorem 3 allow to characterize the separation frontier
for the testing problem (1) when the energy (norm of ;) is measured w.r.t. the infinite
norm. As discussed in Section 2, the problem appears to be easier in this setting as
the dimension of the data grows: the price to pay is a term of order 1/In(d) (against
d"/* with the ly-norm).

By the way, the construction of the test W3, highlights the presence of this log-
term: we proceed to 2d different tests (for each dimension, in the directions e; and
—e;), and reject Hy as soon as one of these tests detects something. This exactly
corresponds to a multiple testing approach. The price to pay relies in the Bonferroni
correction in each test: «v is replaced by a/2d, which implies the presence of a /In(d)
term in the separation condition.

4. Discussion

In our opinion, the main contribution of this paper is a sharp characterization of
the role played by the dimension in a two-component mixture detection context. As
discussed above, the price to pay in a multidimensional setting is a term of order
d'/* (resp. \/In(d)) when the energy in the alternative is measured w.r.t. the ly-norm
(resp. loo-norm). At this step, several questions are still open and provide possible
outcomes for futur investigations.

First of all, according to the classical denomination in the statistical literature, our
investigations have been drawn in a dense regime. Indeed, the proportion parameter
e is not allowed to be (asymptotically) smaller than 1/4/n. On the other hand, when
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d = 1, several analyses have been conducted in a so-called sparse regime, i.e. when
e < 1/4/n. In this context, it could be challenging to investigate the testing problem
(1) in a sparse context and to precisely determine the influence of the dimension d
on the problem. By the way, it seems necessary to propose a procedure that will be
convenient for any considered regime, i.e. in some sense adaptive to the asymptotic
of parameter ¢.

Several additional investigations could be driven in this setting, among them:
considering more general benchmark distributions (i.e. different from the standard
Gaussian distribution), heteroscedastic mixtures or taking into account some uncer-
tainty on the reference distribution. All these questions are outside the scope of the
paper but could be at the core of future contributions.

5. Proof of Theorems 2 and 3
For the sake of convenience, we introduce the subset F|[p, M| which corresponds to
Falp, M] = {f € Fa[M];ellp]| = p}
in the first proof, and
Foolp, M] = {f € Fo[M]; ellpllo = p}

in the second proof, for any given radius p > 0. Following Ingster and Suslina (2003)
or Baraud (2002), we will use a Bayesian argument in order to bound the minimax
separation radius in the two contexts. Thus, we consider a subset {g,;w € Q} of
Flp, M] which will be specify for each proof later. Then,

sup Py(V,=0)>P, (V,=0),Vwe Q.
feFlp,M]

Denoting the uniform probability measure 7 on the finite set €2, we have

sup Pp(¥,=0) > /IP’QW (¥ = 0)dm(w) := P (¥, =0). (10)
feFlp,M] Q

Using (10) and similar computations as in Ingster and Suslina (2003) or Baraud
(2002), we obtain

inf sup Py(V,=0) > inf P, (¥, =0)
Ve feF(p.M] Ve

> 1-a- 3VEDEI -1,
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where L, (X) = %{;(1 ) is the likelihood ratio. In particular, if we can ensure that

EO [L?T(X)} <1+ 77(04a ﬁ)27
where n(a, f) = 2(1 — a — ) for all a, § €]0, 1], then
1
inf sup Py(V,=0)>1—a—-n(a,p)=20.
Va feFlp,M] 2

In the two following proofs displayed below, we will specify the subset {g.;w € Q}
and propose an upper bound for the term Ey[L?(X)].

5.1. Proof of Theorem 2

In this proof, recall that
Flp, M] = Falp, M] = {f € Fo[M];ellull = p},

for any given radius p > 0.
We now consider r €]0, M] and € €]0, 1] such that er = p. In this context, we
choose Q = {—1,1}% and

Vw € Q, g,(.) = (1 —e)pa(.) + eda ( — %w) € Falp, M.

Then, we have to propose an upper bound for the term Ey[L?(X)] where in this
setting

LX) - %@

n

. 1 (Zﬁd(Xi—%w)
- zdwEl}dﬂl“‘g”g 9a(X) ]

n

1 r2 P
= 5 Z H [(1 —5)+5e_76<X“\/8 q :

we{-1,1}4 =1

Thus,

1 " 2 L .
2X) = o > J[[a-eret—aes (P 4 Konm)

woe{-1,1}4 =1

N 62€_r2€<xi,¢%<w+w>>} _
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Since for all 1 € RY, E, [6<Xi’”>} = elul*/2 we have

Eo[L(X)] = % Z H [(1 —e)? +2(1—¢)+ 526—726%”%@”2} .

w@e{—1,1}4 =1
Noticing that ||w + ©[|? = 2d + 2(w, ),

n P
BN = g X [[[1-2+emed]

woe{-1,1}4 =1

1 2 n
- & X [efeie )

w,@e{—1,1}¢
- E [{1 + 2 (e§<WW> - 1) }n] ,

where W and W are two independent d-dimensional Rademacher random variables,
ie.

V)

P(W = w) = P(IW = w) = % Vw € {=1,1}".

Noticing that
d
(W, W) => W,W,
j=1

and that the variables Wjo for 1 < 5 < d are also i.i.d. Rademacher random
variables, (W, W) has the same distribution as Y = Z?:l W;. This leads to

Eo[12(X)) =E[{1+¢ (ﬁy - 1) }n] .

We now use the following inequality which holds for any real number u such that
lu| < M :
M

et — 1 —u| < %u? (11)
Since |r2X| < r? < M?, we have
2 r? eM? pd
T 1< =Y+ ——=Y2
‘ ST TR
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Hence, we have
0<1-c <1+ (Y - 1) <1150 (£+£M2Y—2>.
Setting C'(M) = 1+ eM* M?/2,
0<1+e2 <6§Y _ 1) < 1+C(M)52T2 <|Y| Y Yz) |
which leads to Vi oy "
Eo[L3(X)] <E {{1 +a <% v 7)} } ,

a=C(M)e*r?/Vd. (12)
Using the inequality In(1 4+ z) < x for all z > 0, we have

where

Eo[L2(X)] < E [e{"a(ydvyf)}},

<) TR ]
< MPl=<1])+E|e™™a1 )
- (m— {51}

Moreover, using an integration by part

na¥?> na |Y| e na¥’
E|:€ d]l{\}/fg>1}:| < e P(ﬁ>1)+/e7m P(@ d >t>dt,
leading to

400 2
Eo[L7(X)] < e™ +/ P (e”“T > t) dt.

n

We deduce from Hoeffding’s inequality that for all > 0,

P (% > :17) < 2exp (—2°/2).

Hence, for all t > e"*,
2

P (e"“YT > t) < 9t~ 1/2ma,
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In the particular case where na < 1/2, we get

+oo
Eo[Lgr(X)] < e +2/ {1 /2na gy

na

4na
< na 1 —1/2 <
< e < + T ona Qnae ) < h(na),

where the function h(.) is defined as

4z
=" (1+——¢'/2 1/2].
h(z) e(+1 576 ) Vo € [0,1/2]
The function h is non decreasing on [0, 1/2[. Hence
na < 1/4 = Bo[L2(X)] < h(1/4) <3 < 1+ n(a, )%,

since, according to our assumption

1
a+f<1l——~0293= (1—a-—08)?2>1/2
B NG ( B) /

In order to conclude the proof, just remark from (12) that
na < 1/4 & e%? < Vd/(4C(M)n).

Hence, setting (p#)? = V/d/(4C(M)n), we get that if p < p#, then Eo[L2(X)] <
1+ n(a, B)%, which leads to the desired result.

O

5.2. Proof of Theorem 3
In this context,
Flp, M} = Foclp, M] := {f € Foc[M]; e[l = p},

for any p > 0. Let r €]0, M| such that er = p. In this context, we choose
d
Q= {w c{0,1}% s.t. ij = 1} ,
j=1
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and we define for all w € €2,

9w (-) = (1 = €)da(.) + e0u(. — rw) € Fos[p, M].

Now, we turn our attention to the control of the associated likelihood ratio. For
each j =1,...,d, let DY) € {0,1}¢ such that Déj) = 1,-; and

dP,

L.(X) = dTP’O(X)’
= [H%(Xi)] E > ] {(1—e>¢d(Xi>+e¢d<Xi—rD“’)}],
= éZUj(X),
with . ( (‘))
Ga(X; —rDY
Uj@):g{(l—em A }
Thus .
Bl 12 (X)] = 5 > BalU;(X)7] + 7 3 EolU (X)U(X)]. (13)
=1 Py

In a first time, we can remark that for all j € {1,... d}

n oy
Eo[U;(X)?] = Eo (H{(1—5)+5¢d<XZ b )}> :

Pl Pa(X:)
WX, —rDOYY 2"
= Ey, {(1—6)+8¢ ();d(X1>D )}] 7

and

Eg, [{(1 —e) + 8%();6;)3)@) }2]

2(r — rDW .
» %(zd—g))dx +2(1—¢)e g pa(x —rDY)dx,

= (1—e)? 4% +2(1—e)e,
= 1+E2(6T2 _1),

= (1—¢)+¢
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since fRd ¢ (x) ) dy = exp(||u||*). Thus
EolU; (X) = {1+ 23" - 1)}

Concerning the second sum in (13), we obtain for all j,k € {1,...,d}, j #k
Eo[U;(X)Up(X)]

- ba(X; — DY) ba(X; — rD®)
g{(1—6)+6 (<bd(X') )}{(1—a)+a (<bd(X-) >}],
Ga(X1 — rDW) + ¢g(X; — rDW)
Ga(X1) ’
2 0a(X1 = D)X, rD“))} }

= E,

= {E¢d {(1—5)2+(1 £)e

e Pa(X1)?

= {(1—e)?+2(1 —e)e + 2 exp[r?(DW, DWH 1"
= {(1-e)+21—¢g)e+e’}" =

since [, S 4y = exp({pn, pa)). Finally

Eo[L?(X)] = % {1 4 1)}" + d(dd; D)

We obtain

% {1+ -1} + % <1+n(a, )%
{1 + 62(6T2 — 1)}n <1+ dn(a, B)?

& (e —1) <exp [% In(1 + dn(a, B)*) | — 1.

Eo[L7(X)] < 1+n(a, B)* <
=

Since 0 < r < M, ,
(" —1) < C(M)(er)? = C(M)(p*)?,

where the constant C'(M) satisfies C(M) = (14 M?e™’ /2) (see (11)). On the other
hand,

1
exp 1n1+dn }—1> In(1 + dn(a, B)?).
Thus, the condition Eo[L2(X)] < 14 n(a, 8)? is fulfilled as soon as

C(M)p* < — L n(1+ dig(a, B)%)
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which is equivalent to

p< \/ﬁ% In(1 + dn(a, )2).

This concludes the proof of Theorem 3.

6. Proof of Theorems 4, 5 and 6
6.1. Proof of Theorem

First, remark that
d n 2
- 1
NDAEDY (_ ZX“‘) |
j=1 Vn i=1

Under Hy, X;; are i.i.d. standard Gaussian random variables. Hence ||v/nX,,|* is a
chi-squared random variable with d degrees of freedom and

Po(U, 0 = 1) = Po([[vVnX,|]* > va) = a,

according to the definition of the quantile v,. The test ¥, , is hence of level a.

Now, we want to control the second kind error. Under Hy, each variable X; can be
written as
Xi = Vip+n;,

where V; is a Bernoulli variable with parameter e, 1; ~ Ny(0g4, I;) and V; and n; are
independent. Then

_ S
\/ﬁXn—ﬁ/H‘B

n
where S =Y V; ~ B(n,¢) is a binomial random variable with parameters (n,e¢),
=1
n

B :; ni//n ~ Ng(04, 1) and S, B are independent. In particular, conditionally to

_ 2
S, the variable |[v/nX,|]* = H% w+ B H has a non-central chi-squared distribution

with d degrees of freedom and noncentrality parameter \g = ||%u||2 Introduce

hs = d+ As — 2¢/[d + 2\s] In(2/5).
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According to Lemma 2 in Appendix A (see also Laurent et al., 2012)

2
B
(H\/_,u—i—B <h5‘5> <t

Hence, for each f € Fo[M],

Pr(Pra=0) = Pr([vnXal* <va).

- (Hf’”BQS”“)’
- ({HIMBZUQ}H{%SUQ})
({HW’HB 2§ua}m{h5>va}>,

2
< P(hs <v,) +IP< Shs>,

< ]P(hs SUQ)—Fg.

nw+ B

|7

According to Lemma 1 in Appendix A,

Vo < d+b(a,d) where b(a,d)=2In(1l/a)+2+/dIn(1/a).

Hence
P(hs <va) < P(hs < d+b(d, ),
< P(As — 2v/[d+2Xs]In(2/8) < b(d, @),
< P(As —21/2In(2/8)vAs — [24/dIn(2/B) + b(d, )] < 0),
< P(vAs < R(a
with

R, 8,d) = /2In(2/B) + \/21n(2/8) + 2/dn(2/B) + b(av, d).

We notice that R(a,,d) < C(a, B)d"* where C(a, ) is a constant depending
only on o and 3. Assuming that /nel|p| > C(a, 8)d*/* and using a Tchebychev’s
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inequality leads to

P(hg < va) < P( < m (o ,B)W‘) ,
< P <|S—n5| > ne — ﬁ (a ,ﬁ)dm) ;
nel|pl)?
[nellpll — /nC(a, B)d"/4]?’
ne||pl| M

[nel|pul] = v/nC(a, B)dH4]?
Then, P(hs < v,) < /2 is satisfied if

nellul _ B
nellull = VaCla, YAV = 200

The last inequality is fulfilled if
ViCla A M /TF2aCla, BAT B/
n

ellpll =

Bn pn/ M
noticing that > < B is fulfilled if and only if z ¢ [ + gp £ VS

Thus P(hg < va) § B2 if

Cla, B, M)d"/*
\/ﬁ b

where C’(a, B, M) is a positive constant depending on «, 5 and M.

ellpll =

6.2. Proof of Theorem 5

Following the definition of a,, ¥, is ensured to be a level-a test. Then, under Hy,
each variable Y; can be written as

Yi=Viu+mn, 1=1...n,

where V; ~ B(g) denotes a random Bernoulli variable and n; ~ Ny(04, 1), Vi and »;
being independent. Hence, for all i € {1,...,n}, we get

Z{) = (Yiovn) = Vil vn) + (i vn)
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which satisfies
Z" vy ~ (1= )N (0, 1) + eN ({1, va), 1)

Let f € Fo[M] and €, be the event defined as

Q, = {5<,u,vn> > C (g,M) % ln(l/a)},

where K, = y/Inln(n) and C(8, M) denotes the constant appearing in (20) (see
Appendix B). In the following, the constant C(g, M)\/In(1/«) is denoted C, g.as.
Then, using Lemma 3 in Appendix B, we get

Pf(\lfg’a = O) S Evn [Ef []1\1;2@:0]19%@”” ]P) (QC )
S Evn []].QUnEf []1\1;2ya:0|’0n:|] ]P) (ch)n)
< g FP(00). (14)

Now, we turn our attention to the control of P;(€) ). Using the definition of v, we
obtain

P0) = By (e} < 20, )

A, CopM
=P < n |
f(@“MH>— Wi“)

- ]P)f (5 <:U“a/_1n> < Ca;f7M||\/EAn||’%n) .

At this step, remark that the variable A,, can be written as

_ S U
A, = E#+%> (15)

where S ~ B(n,¢), U ~ Ny(04, I3), and S and U are independent. Moreover, condi-
tionally to S, ||\/nA,||* has a noncentral chi-squared distribution with d degrees of
freedom and noncentrality parameter Ag = ||% w||?. Introduce

h(S) = d‘l‘ )\S + 2 (d+ 2)\5)1’5 + 21’5

with 23 = In(4/5). According to Lemma 2,

By (I, > h(s) | 5) < 5.
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Then,
PAE) = Py (o) < 2 A, ).
< Py (=0 A0 < 2 VAST, ) + B (IVRAE > 0(S).
< Py (6 (1, An) < C“;f’M h(S)mn) +§
< Py <5”5”25+ 5\”/%”2 < C“;f’M mnn) +§
since
el A,) = 5“Z||25+ 5\”/’%”2, (16)

where Z ~ N(0,1) and is independent of S.
Let Cy 3 = +/8/5. According to the Tchebychev’s inequality,
P (]S — ne| > Cy gv/ne) < g

Thus,
Py ) < Py ({5”5”2S+ 5\”/‘%” < ‘“BM\/ }m {|S —ne| < Cw\/—})
g B

T

Note that, if |S — ne| < Cy gy/ne and \/ne > 2Cy g then S € [ine, 3ne]. Hence, on
the event |S — ne| < C4 gy/ne

h(S) = <d+/\s+2,/(d+2>\s)x5+2x5)

2./2x3S
< \/d—l—Qx +24/dzs + |/:L|| f/ﬂ%”#”

< agVd+ 5\/ﬁ€||MH + 1/ 3/ 2nxgel|pl|
< a15Vd+ azgv/nel|pl|
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since S < 2ne and /nel|p|| > 1, where a1 3 and asp are two positive constants.

Then, as soon as /ne > 2C g,
Pr(€2,)

< Pf({€’|z||25+€\“/ﬁi||2< —l F}ﬂ{\S—nszCm\/_})

Lo, el Copur 2
< B (5P + f < Gt o i+ an/iclul] ) +

el , _ Coss ¥
py (el < Co [al,Mw,Menuu]—§a2r|u||2 + 3

IA

Let 25/ be the 3/8 quantile of the standard Gaussian distribution. Then,

(i, ) 5

if

Then, P(€2 ) < §+§B =

v

[S]jey

Cop

M 1 el
o [V anavell] - 522l < T

& el = 2Cusarkn |arsVd + asgv/mellul | + 2253/l = 0
& ne?||ul)? = 2v0vne||p)| — vaVd >0, (17)

: -

with vy, = Co g mknaos — 288 > 0 and v, = 2C, g arknar,s > 0. Inequality (17) is
fulfilled if
Vne|pll = vrn + /03, + v2nVd,

Finally, Py (V5. = 0) < 8 occurs as soon as
vne|ul| > C*dY*k, > 1 and ne > C (18)

for some constants C* and C which only depend on «, § and M.
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6.3. Proof of Theorem 6

The test U3, is a level-a test since

]P)O(\I]?),a = 1) = Po (El] < {1’ d} Tsz =1UTg 207 1) ’
d
+ - J—
< $n 3, on 5,01
< 2X — =aq.
< dx2x 2d a

We now consider the control on the second kind error of this test W3, when the
alternative is measured via the infinite norm. If

il > C(8. M) x \/lnln(n) ln(2d/oz)’

n

then there exists jo € {1,...,d} such that
Py (TE,, =0) <Bor Py (T3, =0) <4

according to Lemma 3 in Appendix B. Then,

Pf(‘I’&a = 0) = IP’f ( sup max <T+ Ta ) = O) ,

1<j<d 30007 " 3q0d
— (ﬂ{T+ =0} (T ;= }),
j=1..d
< inf [Pf(T = 0) NPT 0)}
j_l 2d’
< Py(TL ;=0 APy(Tg ; =0) < B.
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Appendix A: Properties for chi-squared distribution and noncentral
chi-squared distribution.

In this section, we present some well-known results there are useful throughout the
proofs. The first lemma is concerned with deviation of a chi-squared random variable,
proposed in Laurent and Massart (2000).

Lemma 1. Let U be a chi-squared random variable with d degrees of freedom. Then,
e for any positive x,

P(U > d+2Vdr +2z) < e,
P(U < d—2Vdr) <e™®.

o For any given o €]0,1[, let u(d, @) be the (1 — a)-quantile of x*(d). Then

u(d, o) < d+2In(1/a) +2¢/dIn(1/a) = d + b(a, d).

This second lemma provides the control of deviations of a noncentral chi-squared
random variable, available in Birgé (2001).

Lemma 2. Let T' be a noncentral chi-squared random variable with d degrees of
freedom and a noncentrality parameter X. Then, for any positive x,

P T2d+)\+2\/(d+2)\)x+2x> < e,

P(T<d+\—2 (d+2>\)9:) < e,

Appendix B: Unidimensional test

We have previously proposed some testing procedures that uses results proposed in
Laurent et al. (2014) in a unidimensional context. For the sake of convenience, we
reproduce a slightly different version of theses contributions in order to facilitate the
understanding of the proofs.

Let (Zy,...,Z,) be i.i.d. random variables from an unknown density g w.r.t. the
Lebesgue measure on R. The order statistics are denoted by Z1) < Zp) < ... < Zpp)
We want to test

Hy: g=¢(.) wversus H;: ge G[M],

where ¢(.) = ¢1(.) is the unidimensional Gaussian density and

GM|={z€R— (1—-¢)p(z) +ep(z —7);0 <7 < M}.
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Let o €]0, 1[. Let T, be the test statistics defined as

Toi= sup {1z, 4yonuns | (19)
ke,

where, for all u €]0, 1[, 2, is the (1—u)-quantile of Z(,,_;1) under the null hypothesis
and
Q, = sup {u €]0, 1[, Py, (Elk € Kns Zin—k+1) > zu,k) < a} .

The following lemma establishes sufficient conditions that allow to control the second
kind error of T,.

Lemma 3. Let 5 €]0,1 — «f. Assume that n > 3 and

3.5 x R2logs(n/2)/e) o (TF L

n M

Then, there exists a positive constant C([3, M) depending only on  and M, such that
if

Inln(n) In(1/a
pzcw,M)\/ i) (20)
then,
sup Py(T, =0) < p.
9691>[M]

Proof. By definition, the test statistics T}, introduced in (19) is exactly of level a,
namely
Py (To = 1) =Py, (3k € Ky, Zin—ts1) > Zank) < @,

thanks to the definition of «,,.

In order to control the second kind error of the test T,, we first give an upper
bound for z,, ;. Let ®(z) = 1—®(z), where ® is the cumulative distribution function
associated to the density function ¢. For all  €]0,1] and k € {1,2,...,n/2}, let t,4
be the positive real number defined as

D (tas) =~ [1— | == (21)

if k> 2In(2), and ¢, = +oo otherwise. According to Lemma A.1 in Laurent et al.
(2014), 24, & < ta, k. Considering g € G;[M], we want to control the second kind
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error of the test:

Py(To =0) = Py (Vk € Kn, Zin-tt1) < Zan k)

< <
~ klenle P (Zn k+1) > Zan,k) . (22)

Since zq, k < ta, k, Using Markov’s inequality

]P)g (Z(n—k+l) < zan,k) < PQ(Z(n—k-‘rl) < tan,k)

< P (Z {(1z<ta, 3 — @} >n(l—q) - k‘)

(1 — @) = kJ?

if n(1 —¢q1) — k> 0, where
1 — {1 = Pg (Zl Z tan,k> = (1 — E)i) (tan,k) -+ E(i) (tan,k — T) .

Note that the inequality (= > < [ is fulfilled if and only if = ¢ % + 6_2n + 27\/1’;4% .
Then,
Pt (Zn—k+1) < tani) < B,
if
= k 2 21+ 4kp
1—¢e)®(t, D (t, >4+ — 4 ¥ " 23
(1= 8 (fap ) +28 (s —7) > = + =+ 2 (23
Now, we consider k € K,, such that
99 - k _
?@(M) < " <0.99 (M)

The set of solutions of this inequation is not empty since under the assumptions
of Lemma 3, 0.99 ®(M)n > 1. Note that |K,| < log,(n/2), hence a,, > a/|K,| >
a/ log,(n/2). We will show that Condition (23) is fulfilled. Using a Taylor expansion
at the order 1,

(1=8)® (ta, 1) + P (tap 1 — T) = D (to, 1) +e70(a)

where a belongs to the interval |t ,, x — T, ta, [ We recall that @ (t,,, 1) = % [1 — %} )

Using (21), we just have to show that

2\/1 T 4kp f
6 - Bn
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in order to prove that Condition (23) holds.

Next, we want to prove that [t,, x — 7,4, remains included in a fixed interval
[c1 (M), co(M)] with ¢; (M) > 0.
On one hand, we have

tan ke > 7 <§) > &7 (0.99 (M),

and
tank — M > @71(0.99 ®(M)) — M := ¢, (M) > 0.

Moreover,

21n(2/an)

0.99
2 n

P (to,n) > —P(M)— 0.99 ®(M)
)

> V7
- 200

since (8.25)In(21og,(n/2)/a)/n < ®(M). This implies that

b < B (B(M)/200) = ca(M).

Finally, since ¢(a) > ¢(ca(M)), (24) is satisfied if e7 > C(8, M)/InIn(n) In(1/a)/n
for some suitable constant C'(a, 3, M).
U
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