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Abstract

Open Quantum Walks (OQWs), originally introduced in [2], are quantum
generalizations of classical Markov chains. Recently, natural continuous time
models of OQW have been developed in [24]. These models, called Continu-
ous Time Open Quantum Walks (CTOQWs), appear as natural continuous
time limits of discrete time OQWs. In particular they are quantum exten-
sions of continuous time Markov chains. This article is devoted to the study
of homogeneous CTOQW on Z¢. We focus namely on their associated quan-
tum trajectories which allow us to prove a Central Limit Theorem for the
"position" of the walker as well as a Large Deviation Principle.

1 Introduction

Open Quantum Walks concern evolution on lattices driven by quantum operations.
They describe namely Markovian dynamics influenced by internal degrees of free-
dom. They have been introduced originally by [2] (see also [I5]). These OQWs are
promising tools to model physical problems, especially in computer science (see
[27]). They can also model a variety of phenomena, as energy transfer in biological
systems ([21]).

Continuous time models have been developed as natural continuous time limits
of discrete time models [24, [5]. In particular in [5], a natural extension of Brownian



1 INTRODUCTION

motion called Open Quantum Brownian Motion has been constructed. In this
article, we focus on the continuous time open quantum walks (CTOQWSs) model
presented in [24]. More precisely, we focus on CTOQWs on Z?. Briefly speaking,
CTOQWs on Z% concern the evolution of density operators of the form

p=3 p(i)® li)(i| € H®C¥ (1)
i€z
where the "Z?-component" represents the "position" of the walker and H is a Hilbert
space describing the internal degrees of freedom. In particular, if D denotes the
set of density operators of the form , CTOQWs are described by a semigroup
{¢¢} such that, ¢; preserves D for all ¢t > 0.

In the context of quantum walks, one is mainly interested in the position of
the walker. At time 0, starting with density matrix in D as , the quantum
measurement of the "position" gives rise to a probability distribution gy on Z,
such that, for all i € Z¢,

qo(i) = P("that the walker is in i”) = Tr(p(i)) .
As well, after evolution, if

e = i) = 3 pO(0) @ i)l
iezd
then
(i) = P("that the walker, at timet, is in i”) = Tr(p" (7)) .

In [24], it has been shown that usual classical continuous time Markov chains are
particular cases of CTOQWs. In particular one can easily construct models where
the distribution ¢; corresponds to the one of a classical continuous time Markov
chain. Contrary to continuous time Markov chains, the distribution ¢, of CTOQWs
cannot be in general recovered by the knowledge of the initial distribution ¢y. One
needs to have access to the full knowledge of the initial state p. In this sense, this
justifies the name quantum walks.

Our models of continuous time quantum walks are rather different from the
usual models of unitary quantum walks. An essential difference concerns the large
time behaviour of the corresponding distribution ¢;. Let @); be a random variable
of law ¢, in the unitary quantum walk theory it has been shown that (Q);) satisfies
a Central Limit Theorem of the type

where @ has distribution

/1 — 22



2 CONTINUOUS TIME OPEN QUANTUM WALKS

Note that such behaviour is not usual in classical probability where usually one
expects speed in v/t and Gaussian law as limit in the Central Limit Theorem
(CLT). In our context, the distributions (¢ ):>0 express a rather classical behaviour
in large time in the sense that a more usual CLT holds. In particular this paper
is devoted to show that for CTOQWs one has the following weak convergence

Qt\;gm 1H—o>o N(Oa 02) )

where N(0,07) denotes usual Gaussian law. Such phenomena have also been
observed in the discrete setting of OQWs [I]. A key point to show this result
is the use of the quantum trajectories associated to the CTOQWSs. In general,
quantum trajectories describe evolutions of quantum system undergoing indirect
measurements (see [3] for an introduction). In the context of CTOQWs, quantum
trajectories describe the evolution of the states undergoing indirect measurements
of the position of the walker. In particular these quantum trajectories appear
as solution of jump-type stochastic differential equations called stochastic master
equations (see [24] for link between discrete and continuous time models in the
context of OQW, one can also consult [5] for such an approach in the context of
Open Quantum Brownian Motion). In the physic literature, note that such models
appear also naturally in order to describe non-Markovian evolutions. They are
called non-Markov generalization of Lindblad equations (see [0, 25, [4]).

After establishing the CLT, our next goal is to investigate a Large Deviation
Principle (LDP) for the position of the walker. In particular under additional
assumptions, one can apply the Gértner-Ellis Theorem in order to obtain the final
result (one can consult [7] for a similar result for discrete time OQWs).

The article is structured as follows. In Section 2, we present the model of CTO-
QWs on Z%. Next we develop the theory of quantum trajectories which describe
the continuous measurement of the position. In Section 3, we present the Central
Limit Theorem. Section 4 is devoted to the Large Deviation Principle (LDP).
Finally in Section 5, we present some examples which illustrate the CLT and the
LDP.

2 Continuous Time Open Quantum Walks

2.1 Main setup

The models of Continuous Time Open Quantum Walks have been formalized in
[24]. They arise as continuous limits of discrete time OQWs (we do not recall the
discrete time models and we refer to [2]). These limits processes are described by
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particular types of Lindblad master equations. Originally, these equations appear
in the "non-Markovian generalization of Lindblad theory" from Breuer [6]. In this
article, we focus on nearest neighbors, homogeneous CTOQWs on Z¢.

In the sequel, H denotes a finite dimensional Hilbert space and Sy denotes the
space of density matrix on H:

Su={peBMH)|p"=p.p=0Tr(p) =1}

We put Ky = H@CZ where C%* stands for the position of a particle while H corre-
sponds to the internal degree of freedom of this particle. We consider the canonical
basis {ei, ...,eq} of Z, we set ey = 04 and eqy, = —e, for all r € {1,...,d}. The
canonical basis of CZ” is denoted by ([i));cz.

As announced we focus on particular diagonal density matrices of Cy:

D= {u € B(Ka), =Y p(i) ®@i){il, p(i) > 0, 3 tx(p(i)) = 1}.

i€zZ4d i€Z4

In the sequel we shall consider evolutions on K; which preserve D. To this end
we consider a family of operators {D, },—1,.
{B}'};=1.. 24 on B(K;) such that B] = D, ® |i + e,)(i].

Now as announced the CTOQWs are generated by particulzzr Lindblad master
equations. Let M, the following Lindblad operator on H & CZ°,

M.: BH®CY) = B(H®CH)
2d

. ro T 1 T T

i€zZd r=1

where H is a self-adjoint operator on H which is called the Hamiltonian.

Let us introduce the operator
1 2d
Dy = —iH — §ZD;‘DT.

r=1

The next computation shows that M, preserves the set D.
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M) = 3 [— i[H, p()] ® [i){i +z Dyp(i) D5 @ i+ ) (i + .|
L SADDL i 3 10
- Z [(Dop( )+ p(0)D5) @ [i) il +§:1Drp<z'>D: @ i+ e i + e
—gzjd (Dop ) + p(i) D*+§:d1Drp er) i‘)®li><il,
for all pu = ezzj p(i) @ [3) (.

The following proposition describes precisely our model of CTOQWs.

Proposition 2.1.1. 2] Let ¥ = Y~ p© (i) @ |i)(i|, the equation

i€z
SO = M) )
dt ’
with initial condition p© admits a umque solutzon (u( ))t>0 with values in D.
More precisely, 1 is of the form p® Z PV (i) @ |i)(i| such that:
YA
d 2d
37" = Dop (i) + p () Dj + 3 Drp (i = ) Dy
r=1

for alli € 7.

Definition 2.1.2. The evolution ({2)) is called a Continuous Time Open Quantum
Walk on Z%.

This definition is justified by the following. The operator B; transcribes the
idea that the particle localized in |i) can only jump to one of its nearest neighbors
li + e,), and in this case, the transformation on H is governed by D,. In the case
the particle stands still, the evolution on H is governed by Dy. It is the exact
analogue of the usual OQWs for continuous time evolutions. An interesting fact
has been pointed out in [24], usual continuous time classical Markov chains can be
realized within this setup.

Now let us describe the probability distributions associated to CTOQWs.

bt



2 CONTINUOUS TIME OPEN QUANTUM WALKS

Definition 2.1.3. Let 4@ = > p(( iy (i]. Let pl = 3" p( )(i] be

i€zd i€z
the solution of the equation

(;it”(t) = M ().
We define
ai(i) = Te |1 ® [i) (il = Tr | ()] (3)

and we denote @; the random variable on Z¢ of law ¢, that is

P[Qt = @] = Qt(i)a
for all 1 € Z°.

As we can see in Section 3 and as it was announced in the introduction, the
shape of ¢; seems to converge to Gaussian shape. This is exactly the result pointed
out by the CLT in Section 3. In order to prove this, we shall need the theory of
quantum trajectories for CTOQWs.

2.2 Quantum trajectories

As in the discrete case, quantum trajectories are essential tools for showing the
CLT and the LDP. The description of quantum trajectories is less straightforward
than the one in OQWs. It makes use of stochastic differential equations driven by
jump processes. We refer to [24] for the justification of the below description and
the link between discrete and continuous time models. One can also consult [6]
where general indirect measurements for non-markovian generalization of Lindblad
equations have been developped.

Proposition 2.2.1. Let u©° Z pl° )(i| be an initial state on H ® cZ.

i€z
The quantum trajectory describing the indirect measurement of the position of the

CTOQWs led by M. is modeled by a Markov process (w(t) = ® |Xt>(Xt|>

t>0"
This Markov process is valued in the set

P= {,0@ 2)(il,p € Syt € Zd}

such that

0)(;
0) _ p (Z) N /- . . )/,
wv = ————— ® |i) (1| with probability Tr 7
w1 R0)
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and such that the following differential equation is satisfied:

t
w® = 4 / (pops_ + ps— Dy — ps—Tr(Dops— + ,os_DS)) ® [ X ) (Xs-| ds
rPs— D
X, X,
+Z/ / (Tr D,ps_Dy) ® | Xom + e ) (X + &
— Ps— @ |Xs><X8’) Locy<me(p,p, D5yN"(dy,ds)  (4)

where {N"},cq1,...24y are independent Poisson point processes on R2.

-----

In particular the Markov process (pg, X¢)i>o is valued in Sy X 74 and satisfies

dps = (DOIOS— + ps—DS - pS—Tr(DopS— + ps_DS))dS

D,.ps_Dy .
+ Z / ( - ps—) ]10<y<Tr(DTpS,D:)N (dy7 dS) ; (5)

(Dyps-Dy)
2d
dX, = Z/ERer]lo<y<Tr(Drps_D:>Nr<dy7ds) (6)
r=1"Y

0)(;
P (@) . . . 0)/;
and (pg, Xo) = | ————,1 | with probability Tr 1) ).
(Po 0) (Tl"( ) Z)) ) Y (P ( ))

Remark: The second expression of the description of quantum trajectories is the
exact continuous time analogue of the one described in [I] for OQWs. Let us briefly
explain how the quantum trajectories evolve in time. To this end we introduce:

. t
vr e {1,..,2d}, N'(t) = /0 /R Locyerti(Dyp. oy N7 (dy, ds) . (7)

~ t
The processes N" are Poisson processes with intensity / Tr(D,ps_D>)ds. In par-
0

ticular the processes
¢
—/ Tr(D,ps_D;)ds
0

are martingales with respect to the filtration induced by (p¢, X¢)¢>0. The evolution
described by is deterministic and interrupted by jumps occurring at random
time, it is typically a Piecewise Deterministic Markov Process. The jumps are
generated by the Poisson processes . As we can check from Eq. , if w® =
p®|i){i| for some p € Sy and i € Z* (that is | X,) = |i)), the deterministic evolution
let the position unchanged until a jump occurs. Since the Poisson processes N”

7



3 CENTRAL LIMIT THEOREM

are indepedent, only one Poisson process is involved. If T" denotes the time of the
first jump and assume the process N” is involved, the internal degree of freedom is
[%pr[V

Tr(D,pr_Dy)
This means that the partlcle has jumped from the position i) to the position
li + e,). In other words we have |X;) = |i), for all 0 < ¢t < T— and |Xp) =
li+e,). Next, the deterministic evolution starts again with the new initial condition
pr ® |i + e,)(i + e,| until a new jump occur and so on.

The following result allows us to make the connection between CTOQWs and
their associated quantum trajectories.

Proposition 2.2.2. Let u'Y) the OQW defined in Proposition and W the
associated quantum trajectory defined in Proposition [2.2.1] Then we have

updated by pr = and the position is changed and becomes |i + ¢,.).

vt >0, B(w®) =pu®.

Moreover, for allt > 0, the random variables X; and QQ; have the same distri-
butions q;.

Proof. The first part is proved in [24]. For the second part, let ¢ a bounded
continuous map on Z¢, we get:

E(6(Q0) = 3 o) T(u(1 @ [i)i)

ZEZd

=3 o) Te(E@)(I @ |i)(il))

ZEZd
= DE [ Tr(w®(I @ i) <|)))
zeZd
= E(Tr | X) (X d <\))
zeZd
= z{: ¢ ]E ﬂX} 1
i€Z4
=E(¢(Xy)),
and the result holds. ]

In the next section, we state the CLT.

3 Central Limit Theorem

This section is devoted to prove the Central Limit Theorem for CTOQWSs. The
result holds under some assumption concerning the Lindblad operator on H. This

8



3 CENTRAL LIMIT THEOREM

operator is defined below.
L: B(H) — B(H)
2d
p —  Dop+pDg +Y_D,pD;.

r=1
Our main assumption for the CLT is the following.
e (H1) There exists a unique density matrix p;,, € Sy such that
In particular dim Ker(£) = 1.

Under the condition (H1), we have the following ergodic theorem which is a
particular case of the Ergodic Theorem of [19]. In particular this theorem shall be
useful in the proof of the CLT.

Theorem 3.0.3 ([19]). Assume (H1). Let (ps, Xi)i>0 the Markov process defined
in Proposition [2.2.1), therefore

Lt a.s
7/ pst — Pinv -
t Jo

Now, our strategy to show the CLT consists in reducing the problem to a CLT
for martingales with the help of the solution of the Poisson equation. To this end
let us introduce the generator of the process (pt, Xt)>o0.

We denote A the Markov generator of the process (p;, X;)i>0 and D(A) his
domain. For all f € D(A), p € Sy and 2 € Z%, we get

Af(p;z) = Dy f(F(p),0)
+§1 [f (%’“”) = flp, fﬂ)] Te(D,pDy)  (8)

where F(p) = Dop + pDg — pTr(Dop + pDg) for all p € Sy and where D, f
denotes the differential of f at (p, z).

Remark: Note that in the sequel we do not need to make precise the exact do-
main of A. Actually we shall apply the Markov generator on C' functions.

We shall also need the following quantity,
2d
m = Z Tr(D,pine Dy e, .
r=1
The following lemma shall be used in the proof.

9



3 CENTRAL LIMIT THEOREM

Lemma 3.0.4. For all u € R?, the equation

2d

£(h) = —( S(er) DD, — (a1 (9)

r=1

admits a solution and the difference between any couple of solutions of @ s a
multiple of the identity.

Proof. First, let us remark that

Tr <pim, (Z(er.u)D:DT — (mu)])) = z_:lTr(D,,pim,D:f)(er.u)—(m.u)Tr(pim) =0,

r=1
2d
which implies that — <Z(er.u)D:Dr — (m.u)[) € {pms}*. But by hypothesis,
r=1

we have {pm,} = Ker(£)*. Moreover, since Ker(£)* = Im(L£*), we finally get
that

2d

- (Z(eT.u)D:DT — (m.u)[> € Im(L")

r=1
which proves the existence of the lemma. Now we prove the second part. To this
end consider J, and J!, two solutions of @ and set H, = J, — J!. It is then clear
that

L(H,)=0.
Therefore H, € Ker(L"). Since dim Ker(£) = 1, we get dim Ker(£*) = 1 and since
2d
L*(I) =D+ Dy+>_ D;D, =0, the operator H, is necessarily a multiple of the
r=1
identity:. O

From now on, for u € R, we denote .J, the unique solution of @ such that
Tr(J,) = 0. Moreover, if u = e,, then we simply write J,, = J,. Using the linearity

of L*, one can notice that:
d

Ju = ZU‘T‘JT7

r=1
for all u = (uy, ..., uq) € R
The next lemma concerns the Poisson equation in our context (see [20] for more
details on the Poisson equation).

Lemma 3.0.5. For all (p,z) € S x Z* and u € R?, let set

fulp,x) = Tr(pJy) + z.u. (10)
Then f, is solution of the Poisson equation:
Afu(p,x) =m.u. (11)

10
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Proof. For all (p,r) € Sx Z% and u € R?, we complete the following computation:
Afulp,x) = Tr(F(p)Ju)

2d
+2.
r=1

Tr(D,pD;

D,pD>
Tr (p7”)Ju> +zu+e.u—Tr(pdy) — zu

= Tr(DOpJ + pD§J, — Tr(Dop + pDS)pJu>

+ Z Tv(D,pD; J,) + Tr(D,pD;)(e,.u) — Tr <Tr(DTij)pJu)

2d 2d
— Tr|p|JuDo+ DiJu+ > DiJuD.+Y D:DT(eT.u)] )
r=1 r=1
2d

= Tr|p c*(Ju)+§:jD;“Dr(er.u)D
= Tr((m.u)p)

= mu,
so fu is solution of the Poisson equation ({11). m

Now we have found the solution of the Poisson equation, we express the CLT
for martingales that we shall use.

Theorem 3.0.6 ([10]). Let (M;)i>0 be a real, cidlig, and square integrable mar-
tingale. Suppose the following conditions:

1
lim E [ — AM, 12
A (mi%fzt' ') 12
and MM
tim MM o (13)
t—o0 t
for some o > 0, then
M,
L £y N(0,0%).

% t——+o00
We shall also use the following lemma which is a straightforward consequence

of the law of large numbers for martingales (see [26]).

Lemma 3.0.7. Let Z; a real, cadlag, and square integrable martingale which sat-
isfies (Z,Z)y < Kt for a constant K, then

Z a.s
%%0.

11

Tr(D,pDy)
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The last lemma below shall be useful in this part as well as in the next one.

Lemma 3.0.8. For allt > 0 and all u € RY, we have

E [sup | Xs — Xo!] < (2d)t and

0<s<t

E [sup e“'(sz())] < exp ((2d)t(e|“| — 1)) .
0<s<t
Proof. Let t > 0 and u € RY,

0<s<t
r 2d t
< E |exp <]u\2/ / ]10<y<Tr(DTva;f)NT(dy>dU))]
| r—1 Jv=0 JyeR

< E :exp <|U|,§:1 /Ot/yl_ONT(dy,dv)ﬂ |

Since N" are independent Poisson point processes on R?, we get

E Lsgigt e“'(szo)] < E [eXp (!u\ /Ot /1:0 Nl(dy,d’u)>]2d
- < exp ((2d)t(e|“| — 1)) :

In the same way, one can prove that

< (2d)t .

2d ot 1
E lsup | X — X0|] <E [Z / 0/ DNT(dy7dv)
r=1 V=YY

0<s<t

Now, we are in the position to state the main result of this section.

12
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Theorem 3.0.9. Assume (Hy) holds. Let (p, Xi)i>0 the Markov process defined
in Proposition then

Xt—tm L
\/% t—>—+c>>oN(07V)7

where V€ My(R) such that for all r,q € {1,...,d},

Vf’q = _qur(pianT) - mrTr(pim)‘]q)
+0rq (Tr<Drpva:) + Tr(Dr+dpinvD:+d))
+TI'(quva2<]r> + TI'(DTpva:Jq)
—Tr(DqudevDZerJr) - TT(Dr+devD:+qu) :

Remark: Proposition implies then the CLT for the process (Q:)i>0 as it
holds for (X3):>o.

Proof. As announced, the proof is a combination of Lemma [3.0.5 and Theorem
3.0.6, Let u € R? and f, the C* function defined in Lemma [3.0.5| Since A is the
generator of (p;, X;)i>0, following the theory of problem of martingale, the process

(M;)>0 defined by

My = fulpes X0 = fulpo, Xo) = [ Afulpe-, Xo)ds
= Tr(pitu) — Tr(poJu) + Xp.u — Xo.u — (m.u)t

is a local martingale with respect to the filtration F associated to (p:, Xi)i>0 (see

[26, T3] for more details on problem of martingale). In order to apply Theorem
3.0.6{ we shall show that (M;) is a true martingale. To this end it is sufficient

to show that E[ sup |Mg|| < oo (see [13] for more details). This way, since
0<s<t

ITr(pJy)| < ||Jullso for all p € Sy, one can check with the help of Lemma [3.0.§
that

]E( sup \MS|) < 2[|Jyloo + 2d|ult + |m.ult.
0<s<t

Now we shall see that (M,) fulfills the conditions of Theorem [3.0.6{ The first
one is the easiest one. Indeed,

|AM| < |Tr(Apsu)| + [AX ] < 2[[Julloo + Jul.-
This shows that AMj is bounded independently of s and thus the condition (|12))
holds. Now, we check that (M;) satisfies Equation (13). The bracket [M, M|,

13



3 CENTRAL LIMIT THEOREM

satisfies:

dM, M]s = duX,u.X]s+2d[u.X,Tr(pJ,)]s +d[Tr(pJu), Tr(pJ.)]s

2d 2d D P _D* 5
= NT ds) + 2 ep.U 7 I NT(ds
rzi( W Zl (Tr(Drps_Di) (da)

—22 e,.u)Tr( J)Nr(ds)—i—f:Tr MJ 2]\7’“(ds)
" (pe- Tr(D,ps-Dy) ¢

Drpst* \TT 2 2 \TT
QZT ((DrpsD)J )Tl"(ps_J YN"(ds) +;Tr(ps_Ju) N'(ds)

2
2d Dp_D* _
— Tr| 2= g | — Tr(ps_J,)? | N7(d
5 (i) o) 0

r=1
2d D P D* 5
—2Tr(ps— Tr| — 22— — Tr(ps— - N"(d
r(ps Ju)rz_:l r Tr(DTpS_D:)Ju r(ps—Ju) + (€r.1) (ds)
+Z >N (d +2§d: Dros=le ;) ()
e s) (e —— s).
" — Tr(DTpS_D:) “

5 ¢
Now we shall make the martingales Y (t) = N" () —/ Tr(D,ps—D;)ds appear
0

in the first and the last term of the above expression. Concerning the second term,
we recognize dTr(psJ,) and d(X;.u) to get

2d D'r S—D: 2 .
d[M, M]s == Z (TI' (T‘I‘(_Dfps__D*)Ju> - Tr(ps_Ju)Q Y (ds)

r=1

2d Dp_D* 2
Tr ([ —2r 7 — Tr(psJ,)? | Tr(D,ps_D¥)d
+Z(T<TI(DT/)S_D:)J> v(ps—Ju)® | Tr(Dyps-D;)ds

r=1

~2Te(py ) (AT (o) + (X)) = Te(F(pa- ) Ju)ds )

2d D ) _D*
y?‘ d 2 _rEsT T Y7(d
+Z er.u s) + 7«21 er. U (Tr(DTpS_D:)Ju> (ds)
2d
+Z ep.U (Dyps—Dr. d3+22 e, u)Tr(D,ps_ D J,)ds. (14)
r=1

14
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One can remark that for h(p, ) := Tr(pJ,)?, we get for all (p,z) € Sy x Z*:
Ah(p,x) = 2Tr(.7:(p)J )Tr(pJu)

+ Z ( (%J ) — Tr(pJu)Q) Tr(DrpDy) . (15)

Since h € C', the process (S/")i>o defined by:
St = Telp o — Telpo ) = [ Ab(ps, X, )ds

is a local martingale. Besides, since |Tr(pJ,)| < ||Jul|oo for all p € Sy, one has

E( sup |Sth|) <a+ ft < oo

0<s<t

for all t > 0, so SP is actually a true martingale.
Now using Equation in the second line of and recognizing dM; in the
third one, we have

2
2d D,ps_Dr*
d[M,M], = Tr| —— J, | —Tr(ps_J,)? | Y (ds
(M, M| rzl( (TI(D%D:) (ps-du)* | Y (ds)

+AR(pe—, Xoo)ds = 2Te(F(pa-)Ju) Tr(pe-Ju ) ds
—2Tr(ps—Ju) (dMS + (m.u)ds — Tr (.F(ps_)Ju) ds)

2d D P _D*
- )Y (ds) 2 ,- 7 1 YT(d
+Z e s) ++ 7«21 e (Tr(DTpS_D;f) (ds)
2d
+Z e, (D,ps—D7)ds +22 ey u)Tr(D,ps_DiJ,)ds

r=1

2
2d D,ps_D:

= Tp| 5577 T AL )2
> ( r(Tr(DTpSD;E)Ju t(ps—Ju)” + (€r.u)

r=1
D,ps_D:
2(e,u)Tr | =————F— Y”"
+ 2(e,.u) r(Tr(DrpsD;':)Ju>) (ds)

—dS! = 2Tr(p,— J,)dM, + d(Tr(PsJu)Q)

2d

—l—Tr(ps [ —l—ZeT )’DiD, + 2 (e;.u D*JDDd.
r=1

(16)

15



3 CENTRAL LIMIT THEOREM

Let us denote by H. the term in front of Y"(ds). Now, we shall apply Lemma
3.0.7. To this end, recall that for all p € Sy, |Tr(pJy)| < ||Julloo, this implies the
following estimates:

([ Hzavz, [ HayD) < @ + uf + 20ull L) D; D ot

2d
(=20 dab,, [ 2T d)ab)e < A1 Ll (310D )

r=1

2d
(5", 5")e < 64| 1,15% (Z HD;“DrHoo> t
r=1

[M7M]t

Lemma [3.0.7] shows that only the last term of contributes to tlim
Applying Theorem [3.0.3] we get

M, M 1 gt 2d
lim M, M: _ lim — [ Tr (,05_ { —2(m.u)J, + Z(er.u)zD;“Dr
0 r=1

+22 er.u) D} JD])ds

2d
:Tr(pim,[— (m.u)Jy +Z€r )2DD, —I—QZET D*JDD

r=1 r=1
2d
NowdeﬁningaizTr(pmv[ —1—2 er.u DD —{—22 er.u DJD])
r=1
Theorem [3.0.6] states that:
M, _ Xpu— (mau)t + Tr(pgJy) — Tr(pou) — Xo-u c, Ly N0, 0%).

% \/% t—4o00

Now since, since (Tr(thu) — Tr(poJu) — Xo.u) is bounded independently of ¢,
one can obviously deduce that for all u = (uq, ..., uq) € R%, one has

Xyu— (mau)t

7 tﬁJrooN(O o2),

where

Ji = =2 Z uruqqur va r + Z ( rpznvD:) +Tr(DT+dpinvD:+d)>

r,q=1

d
+2 Z Uplly <Tr(quva;‘Jr) - Tr(Dqudpva;rdJr)) )

rq=1
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4 LARGE DEVIATION PRINCIPLE

d
Finally we can check that o2 = Z UpttyVig for all u = (uq, ...,uq) € R?, which
r,q=1

ends the proof. O

We finish this section by specifying the case d = 1. This is the simpler case
where the walker can only jump to the right or the left. The Markov process
(pt, Xt)i>0, with values in Sy X Z, is defined by the following differential equations:

dps = (DOPS— + Ps—DS - ps_Tr(Dops_ + pS_D8)>dS

Dip,_ Dy <1 Dyp,_Dj <o
+<— S>N ds +<— S>N ds
Te(Dips_Dj) " (ds) Te(Daps_D5) (ds)

and dX, = N'(ds)— N?*(ds),
where Dy, Dy, Dy € B(H) such that Dy + Dj + Dy Dy + DD = 0.
Theorem 3.0.10. Suppose that the Lindblad operator
L(p) = Dop + pDg + D1pD7 + DopD;
admits a unique density matrix pip, such that L(pi,) = 0.

Set m = Tr(Di1pimyDy) — Tr(DapineD3), and let J the unique solution of
L*(J) = —=DiDy + D;Dy +ml such that Tr(J) = 0.
Then, we have the following CLT

Xt —tm L
Vit t—jgo
where 0° = Tr(pipe|—2mJ + DDy + DDy + 2D JDy — 2D J Dy)).

N(0,0%)

4 Large Deviation Principle

Here, we study a Large Deviation Principle (LDP) for CTOQWSs. Our proof is
inspired by strategies developed in [I7, [7] which are essentially based on the appli-
cation of the Gértner-Ellis Theorem ([12]). In the following, one can notice that
the Perron-Frobenius Theorem for positive maps ([14]) is the main tool to apply
the Gértner-Ellis Theorem.

17



4 LARGE DEVIATION PRINCIPLE

In order to prove the LDP, we shall use a deformed Lindblad operator. From
now on, we define for all u € R?, the operators D,(f‘) —e¢ 2D, r¢€ {0,...,2d},
and we denote £ the deformed Lindblad operator associated to the operators
Dﬁ“), that is,

2d
LY (p) = Dop + pD +_ " D,pDy
r=1
for all p € Sy.
Now, defining

2d
¢ (p) = >_ " DipDy,
r=1
for all p € Sy and all u € R?, we can see that £ is written in the usual Lindblad
form, that is £")(p) = Dop + pDj + #")(p). This way, the semi-group {etﬁ(u) }>o
is a completely positive (CP) semi-group (see [9] for the proof). In a same way,
we write L as:
L(p) = Dop + pDg + ¢(p)
2d
for all p € Sy where ¢(p) = > D,pD;.
r=1
In this part, the notion of irreducibility is required. This notion was originally

defined in [I1]. There are several equivalent definitions that the reader can find in
7, 8]

2d
Definition 4.0.11. The CP map ¢ : p — »_ D,pD is called irreducible if for any
r=1

non-zero x € H, the set C[D]z is dense in H, where C[D] is the set of polynomials
in D, re{l,..,2d}.

In the sequel, we need {etc(u)}tzo to be positivity improving. This means that
for all ¢ > 0 and for all A > 0, A € B(H), one has ¢'“"’(A) > 0. The following

lemma provides an effective criterion for verifying that {etc<u>}t20 is positivity
improving.

Lemma 4.0.12. If ¢ is irreducible, then ¢™) is irreducible by a direct application
of Definition |4.0.11| and therefore {etﬁ(u) }so s positivity improving ([17]).

The next two lemmas are relevant in the proof of the main theorem of this part.
In particular, the following lemma describes the largest eigenvalue associated to
the deformed Lindblad semigroup {ew(u)}tzo.

18



4 LARGE DEVIATION PRINCIPLE

Lemma 4.0.13. Let t > 0, suppose that ¢ is irreducible. Set
l, = max{Re(\), A € Sp(L")}.

Then €™ is an algebraically simple eigenvalue of ew(u), and the associated eigen-
vector V,, is strictly positive (which can be normalized to be in Sy ). Besides, the
map u — 1, can be extended to be analytic in a neighbourhood of RY.

Proof. The first part has been proved in [I7], the proof is based on the Perron-
Frobenius Theorem for CP maps ([I4]). In particular, using such result, one get
that the multiplicity of e is geometrically simple and that V, is strictly positive.
It remains to show the algebraic simplicity. To this end, we introduce:

T(X) = Vi 2l 1) (V2 XViE) Vi E
Then W(I) = I, hence |¥V]| = 1 and ¥ is trace preserving. Moreover it is clear
that W is positivity improving, then 1 is a geometrically simple eigenvalue of W,
therefore this holds for U* too. By applying Theorem 2.5. of [I4], one get that
the associated eigenvector X; is positive. Assume by contradiction that 1 is not
algebraically simple for ¥*. Then the Jordan decomposition shows that there exists
X, such that U*(X5) = X + X5 . Then, since ¥* is trace preserving, Tr(X;) = 0,
hence X; = 0 which is impossible. This implies that e’ is algebraically simple for
™ The analyticity of u — [, is a simple application of perturbation theory for
matrix eigenvalues (see Chapter II in [I8]). O

The next lemma describes the link between the moment generating function of
(Xt — XO) and the deformed Lindblad semigroup.

Lemma 4.0.14. For allt > 0 and all v € Rd, one has

E<€u-(Xt—Xo)> _ Tr<€t£(“) (E[po])) '

Proof. The idea of the proof consists in rewriting E(e“'(XtX°)> with the help of

a Dyson expansion. From now, we set u € R and f : (p,z) — “* € C'. Since A
is also the generator of (p:, Xi — Xo)i>0, the process (Mtf)tzo defined by

Mtf = f(pe, Xo — Xo) — f(p0,0) — /Ot Af(pe,—, Xi,— — Xo)dty

is a local martingale. Due to Lemma [3.0.8] one has the following upper bound.

E( sup ]Mf|) < exp ((2d)t(e|“| — 1)) +1

0<s<t

+ (el 1) 65 ||D;':Dr||oo> exp ((2d)t(e“| - 1)) .

r=1
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4 LARGE DEVIATION PRINCIPLE

Then E| sup |[M/|| < oo, for all t > 0 which implies that (M) is a true
0<s<t

martingale. This leads to
t
E(f(pu Xe = X0) ) = B(£0,0)) + B( [ Af(pus X, — Xo)dt).

This way, we can develop E(e“'(XtXO)) For all ¢t > 0,

¢ 2d
E<eu.(Xt—X0)) _ 1+E</ Z |:€u.(Xt1—XO+e'P) _ eu.(th—Xo)] Tl"(DrptlD:) dt1>
0 =1

t
= 1+E</ e (Xt —=Xo) Tr(ﬁ(“)(ptl))
0
2d
— Tr(Dop, + pi, Dy + > Drpy, Dy) dtl)
r=1

t
1 E(/ ot (Xt = Xo) <£(“’(pt1)) dtl)
0
t
—1 +/ Tr (E(“) (E |:eu-(Xt1_X0)pt1:|>) dt, . (17)
0

In a similar way, we want to develop E{e“'(XtIXO)ptl]. Let g : (p,x) > e"““p € C,
the process (M{)¢>o defined by

t
MP = glpr, Xi = X0) = 9(p0,0) = [ Aglprn- Xipe = Xo)dty

is a local martingale. One can also check that ]E( sup |M sg|) < oo for all t > 0,
0<s<t
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4 LARGE DEVIATION PRINCIPLE

which implies that (M{):>o is a true martingale. And therefore, one has

E[e“'(X“‘XO)pm} - E(po)+E( /0

2d *
+E ! Z €u'(Xt2*X0+3T) DrptzDT
U — Tr(DTptTD:)

t1

X F (g, )t )

. eu.(XtQ on)th

Tr(D, pt, D:)dtg)

t
S I
0

T(£9(p,))

2d
— pi, It (Do/?tz + pe, Dy + Y Dypr, D )] dt2)

r=1

Ry IO | S

We plug into and we get, for all t > 0,
E<e“-<Xt—X0>> —1+1Tr (Uu) (E[po])>

o [o{ ey (leon])

By iterating this procedure, we obtain

tF k
E(eu.<xt_xo>> Tr<Z = (L) (E[p0]>)
+ et o ot TI"( (ﬁ(u)>j+1 (E [eu-(thﬂ —Xo)ptj+1]>> dtj+1...dt1 .

for all j € N. Now it is obvious that the first term converges to Tr (ew(u) (E[pg])

when j goes to infinity. In order to conclude it remains to prove that the second
terms converges to zero. Let us estimate its norm.

+1 B
~/O<t-< <tTr<(£(“))J (E[e"'(xtf“ XO)ptf“D) dtjoy...dty
<o 1

i+t 1
H Jj+ sup ]E|:6u.(XS—X0):| ]
(7+1) G+1)! 0<s<t
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4 LARGE DEVIATION PRINCIPLE

Finally, thanks to Lemma |3.0.8/ and Jensen’s inequality,

u AR u(Xe. , ;—X
/O<fj<...<t Tr( (ﬁ( )) (E {6 ( a 0)ptj+1]>) dtj+1~--dt1
1

tj+1

j+1 u
i e(2d)t(e| —1)

<G e

which converges to 0 when j goes to infinity. [
Now, we can state the main result of this part.

Theorem 4.0.15. Let (pi, X¢)i>0 the Markov process defined in Proposition m
X — X,
Assume that ¢ is irreducible. The process <tto) satisfies a Large Deviation
>0

Principle with a good rate function A*.

Explicitly there exists a lower semicontinuous mapping A* : R? — [0, +o00] with
compact level sets {x|A*(x) < a}, such that, for all open set G and all closed set
F with G ¢ F C R?, one has:

el t—+o00 t

— inf A*(z) < liminf E logIP’(Xt_XO € G)

t—+o00 zeF

1 X — X,
< limsuptlog]P’(ttO € F) < —inf A*(2).

Moreover, A* can be expressed explicitly,

Az sup(ua —1,)
u€eRd

where 1, is defined in Lemma[{.0.13

Remark: Moreover, if E(e**°) < co then the LDP holds for (X;);>¢ and not only
for (X; — Xo)i>0. In this case, Proposition allows us to have the LDP for
(Qt)e=0.

Proof. The main tool of the proof is the Gértner-Ellis Theorem (GET) (see [12]).
We focus on the moment generating function which is involved in the GET. Let
t >0 and u € RY, Lemma [4.0.14] implies that

B 00) — Te (¢ (Elpo]) ) = 3 Te(e” (5(0)) )

i€Z4
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5 EXAMPLES

Set 0 < € < t. Due to Lemma 4.0.12] e“™ has the property of positivity
improving, therefore e’ (p(o)(i)> is strictly positive for all i € Z¢.

Tr (eeﬁ(u) (p(o)(l)))
inf Sp(V,,)
Sp {ed(u) (p(o) (z)) - ru,iVu} C R" and Sp {su7iVu e (p(o)(i))} C R, and thus

If we set r,,; = inf <Sp [eeﬁm (p(o) (z))]) > 0 and s,,; = then

Tu,iVu S ee[l(“) <p(0) (Z)> S Su,ivu .

(t—e) Ll

Since e ) preserves the positivity, we get

R (p“” (z')) < sy,

Taking the trace, Lemma {4.0.14] yields
e(t—e)lu Z /ru7i S E(eu.(xt—Xo)) S e(t—e)lu Z Su;j .
€74 1€z
The sums are finite and positive, then we have

lim E log (E(e“'(XtXO))> =1.

t—+oo

Now define A; : u — log <]E (e“' s )) the logarithm of the moment generating

- X
function of tTO, and A : u — [,. We have shown that

1
Since A is analytic (Lemma [4.0.13), Géartner-Ellis Theorem can be applied, this
proves the LDP and the associated good rate function is

Az sup(ux —1,).
u€eR?

5 Examples

Let us illustrate the results above with some examples.

In the case d = 1, we obtain a random walk on Z where the walker can stand
still some random time, jump to the right or jump to the left, these transformations
are respectly governed by Dy, D; or Dy. We must have:

Do+ D} + DDy + DDy = 0.
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5 EXAMPLES

1. The constraint above is respected in this concrete example:

Dy =

1 1 (11 1 1 0

This example falls within the scope of the CLT), in fact (H1) is checked with

1
Pinv = 5] We get

* « 1 (-5 2 8
m = Tr(D1pinyDy) — Tr(DapinyD3) =05 J = 6 ( 5 5) c ol = 5

X
Then =%
Vit
in Figure

S
+

s
o

a

T ——-——

8
Y (0, =). This result is illustrated with numerical simulations

Figure 1: Evolution of the distribution of the CTOQW starting from a state localized in 0. The X-axis stands
for the position |i) on Z, the Y-axis stands for the time ¢ and the Z-axis returns the distribution g (%).

X;— X
One can check that ¢ is irreducible. Hence the process (tto) satisfies
>0

a LDP with a good rate function A* : x — sup

numerical computations).

2. We focus on an other example on Z:

3
— 0 0
Dy=| 8 | Di=]y
0o == Z
4 2

24

(u.z — 1) (see Figure [2 for

u€ER4

and Dy =

O N =
O N -

-
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5 EXAMPLES

Ee-01 -

5.50-01
5e-01 ]
4.5e-01
4201
3.50-01
3e-01 ]
2.52-01
2e-01 -]
1.5e-01
1e-01 -]
5e-02 |

0200 T T T T L I— T T T 1

1 08 0.6 0.4 0.2 0 02 0.4 06 08 1

Figure 2: A* for the first example.
We get

Lp)=0 = p=

o ot o
atlw O

This implies that (H;) is satisfied with

Pinv =

o oo
gllw O

In particular, we have here

1 1 (- 73
m = Tr(D1pime D7) — Tr(D2pineDy) = —— ;5 J = — Lo cot=—.

10 10
The Central Limit Theorem yields:

Xiti5 e, 73

Ti o N(0, 55).
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5 EXAMPLES

The reader can easily check that ¢ is irreducible with the help of Definition
X, — X
4.0.11] Hence the process (to> satisfies a LDP with a good rate
>0

function A* : x +— sup (u.x — I,) where I, = max{R()\), A € Sp(L™)}.
u€Rd

Here £™ has a simple form in the canonical basis of Ms(C):

—6 0 0 20" +e™)
co L 0 -5 2(e" + v2e ) 0
~ 8 0 2(e" + V2 ™) -5 0
2(e" +2e7") 0 0 —4

1
Hence, tedious computations show that I, = 3 (204—\/208 + 64e2v + 1286—2“>.
Figure |3| displays the good rate function A*.

Figure 3: A* for the second example.

3. Now, we study an example of CTOQWs on Z?, this example is defined by
the operators below:

1
-- 0 1 /(11 1 (01
Dy = 2 >D = ) - )
Tl - 1 VB<0 1) * 22 <0 1)
1 /(1 0 1 {10
D3 \/6<—1 1) and D4 2<0 0



5 EXAMPLES

Again, we check that:
Do+ Dy + DiDy + D3Dy + D3Ds + DyDy = 0.

Figure [4] represents the evolution of the distribution of the CTOQW with

1

0 0
p® = (O 1) ®1(0,0))((0,0)| + (2 0) ®1(0,5)){(0,5)]
5 0 0

as initial state of the system.

N N~

Figure 4: Distribution of the CTOQW on Z? at time t = 3, 8 and 18.

7
— 0
One can check that (H1) holds with p;,, = 11 4 | and then the CLT is

0 —
11
satisfied. The characteristics of this example are

_<1 5)
m=\"22"22)"

4 (-5 2 3 [(—13 -8 1 106561 —414
‘]1_33<2 5) and J2_77<—8 13) V= 5305 (—414 14661) |
The Central Limit Theorem states then

Xt—mt L

\/f t%—+<>>o
27
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5 EXAMPLES

X; — X
One can check easily that ¢ is irreducible. Therefore the process (to>
>0

satisfies a LDP with a good rate function A* : 2 +— sup (u.x —[,). We can
ueRd

plot an numerical approximation of A* (see Figure [5) with the help of £
developed in the canonical basis thereafter:

4(—6+e¥14e “143e42) 4e"1 4e"1 4e%1+3e"2
£(u) — i ( —4e~ "1 —214+4(e%14eu1) 0 4e%14-3e%2 )
24 —4e~ "1 0 —21+44(e¥14e~ 1) 4e%1 4-3e%2
4e~¥1 —4e "1 —4e~ "1 —18+4e~ %1 43e%2

1
0B 06 -04 g2 4] 02 04 opE gg N

X

Figure 5: A* for the last example.
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