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A. Lejay / BSDE driven by Dirichlet process

1 Introduction

This article is devoted to the study of some Backward Stochastic Differen-
tial Equations (BSDE) for which the underlying process is associated to a
divergence-form partial differential operator, and its connection with semi-
linear parabolic PDE. An homogenization property is then proved.

The theory of BSDE is well known in the case of non-divergence form
operators (see e.g., Pardoux and Peng 1990, El Karoui 1997, Pardoux 1999a
and references within). But it has been developed in the framework of Itô
stochastic calculus and the classical or viscosity solutions of the corresponding
PDE.

When the operator is of the form

L =
1

2

∂

∂xi

(
ai,j

∂

∂xj

)
+ bi

∂

∂xi

,

for a bounded function b and a symmetric and bounded coefficient a satisfying
the uniform ellipticity condition λ|ξ|2 6 a(x)ξ ·ξ, ∀ξ ∈ RN , ∀x ∈ RN for some
positive constant λ, the right notion of solution for the semi-linear parabolic
PDE

∂u(t, x)

∂t
+ Lu(t, x) + h(t, x, u(t, x),∇u(t, x)) = 0 and u(T, x) = g(x) (1)

is the notion of weak — or generalized — solution. As it has been pointed
first in Barles and Lesigne 1997, there exists also some connection between
BSDE and weak solution. Our aim is to develop these links for divergence-
form operators with discontinuous coefficients.

In the first step, results about the existence and uniqueness of the solu-
tions for system of semi-linear parabolic PDEs are recalled. In particular, we
state an approximation result which asserts the convergence of the solutions
of a family of semi-linear system of parabolic PDEs to a solution of a semi-
linear system of parabolic PDE when the coefficients of their operators and
the non-linear term converges to that of the limiting non-linear equation.

If the coefficients in (1) are smooth, its generalized solution u is a classical
solution. In this case, the couple

Yt = u(t, Xt), Zt = ∇u(t, Xt) (2)

is the solution to the BSDE

Yt = g(XT ) +
∫ T

t
h(s, Xs, Ys, Zs) ds−

∫ T

t
Zs dMX

s , (3)
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where MX is the martingale part of the process X whose generator is L.
Using the theory of semi-group and Dirichlet forms (Fukushima, Os-

hima and Takeda 1994), a strong Markov process X may be associated to
a divergence-form operator. Furthermore, an approximation of the coeffi-
cients of L by smooth coefficients yields the convergence in distribution of
the associated processes.

Combining this result with the convergence of the solution to some semi-
linear parabolic PDE, we prove that the identification (2) of the solution of
the BSDE (3) is also valid when the second-order differential operator is a
divergence-form operator with possibly discontinuous coefficients.

We have to pass to the limit in the semi-martingale corresponding to
the BSDE. But we have to face discontinuous functions, since the func-
tional spaces that arises when studying divergence-form operators are Sobolev
spaces. Our approach is inspired by that of Rozkosz and SÃlomiński 1991. As
the process X is not in general solution to a BSDE, the use of the Krylov
estimate has been replaced by the Aronson estimate on the transition density
function.

Our proof does not require any knowledge about the stochastic calculus
for processes associated to a Dirichlet Form. But results similar to ours may
be proved directly without approximation: this is the approach chosen by
V. Bally, É. Pardoux and L. Stoica (Bally, Pardoux and Stoica 2005).

The representation of the solution of semi-linear PDE given by (2) and
(3) is extended in Section 5 to the system of semi-linear PDE

∂u(t, x)

∂t
+Lu(t, x)+h(t, x, u(t, x),∇u(t, x))+∇u(t, x)ĥ(t, x, u(t, x)) = 0. (4)

Here, the first-order differential non-linear term u(t, x)ĥ(t, x, u(t, x)) does not
satisfy the same Lipschitz condition the term h satisfies. However, the system
of semi-linear Parabolic PDE (4) has a unique solution, and a probabilistic
representation for it using BSDE may be given too. With a Girsanov trans-
form, this leads to construct the solution of the BSDE

Yt = g(XT ) +
∫ T

t
h(s, Xs, Ys, Zs) ds +

∫ T

t
Zsĥ(s, Xs, Ys) ds−

∫ T

t
Zs dMX

s .

In Section 6, we consider the homogenization property for the family of
semi-linear system of parabolic PDEs

∂uε(t, x)

∂t
+

1

2

∂

∂xi

(
ai,j(x/ε)

∂uε(t, x)

∂xj

)

+ h(t, τx/εω, x, uε(t, x)) +∇uε(t, x)ĥ(t, τx/ε, x, uε(t, x)) = 0 (5)

3
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where the functions ai,j, ω 7→ h(·, ω, ·, ·, ·) and ω 7→ ĥ(·, ω, ·, ·, ·) are either pe-
riodic or stationary random fields in an ergodic random media (Ω,G, µ, (τx)x∈RN ).

The homogenization consists in proving the convergence of uε to the so-
lution of a system of semi-linear parabolic PDE for which the coefficients of
the linear operator are constant, and whose non-linear terms are given by
some averaging of h and ĥ.

This is a case of non trivial convergence of solutions of semi-linear parabolic
PDEs. For that, a method introduced by É. Pardoux and A. Veretennikov
(Pardoux and Veretennikov 1997) is used to prove the weak convergence of
the solutions of the BSDEs.

This method relies on the use of a topology weaker than the Skoro-
hod topology, but for which the tightness criterion is easy to prove. The
homogenization property has yet been proved for semi-linear PDEs with
a non divergence-form (Gaudron and Pardoux 2001, Pardoux 1999a, Par-
doux 1999b), using the Meyer-Zheng topology (Meyer and Zheng 1984). In
this article, we use the S-topology which has been recently introduced by
A. Jakubowski (Jakubowski 1997).

However, the main drawback of this method is the fact that it does not
allow to deal with non-linearity in ∇u, except for some special case of a
quadratic term |∇u|2 (see Gaudron and Pardoux 2001). Here, our assump-
tions are slightly different from that of Gaudron and Pardoux 2001, since we
have to deal with a first-order differential term that is non-linear. In fact, we
have first to prove that the BSDE also gives us a probabilistic representation
of the solution of the semi-linear PDE (5).

An analytical proof of the homogenization property in periodic media,
that gives only a convergence in L2(RN) instead of a pointwise convergence,
may be found in Section 16, p. 200 of Bensoussan, Lions and Papanicolaou
1978. A probabilistic study of the homogenization of linear-parabolic PDE
with divergence-form operator having discontinuous coefficients may be found
in Lejay 2001a for the periodic media and Lejay 2001b for the random media.

We have to note that another probabilistic technique has been developed
using some stability Theorems for BSDE (Hu and Peng 1997) in order to
prove some homogenization results in periodic media for non-linear PDE
with non-divergence form operators : see Hu 1997, Buckdahn, Hu and Peng
1998. But while non-linear terms of the form h(t, x, u(t, x),∇u(t, x)) may be
considered, more regularity of the coefficients is needed than in the previously
cited works. Recently, F. Castell has adapted this method for random media
(Castell 2001), but this is require more precise estimates than in the case of
periodic media.

The paper is organized as follows: Section 2 contains some analytical
facts about the solution of a system of semi-linear parabolic PDEs, mainly
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existence, regularity and approximation. Some facts about the process as-
sociated to the divergence-form operator L are recalled in Section 3, and a
Martingale Representation Theorem with respect to the martingale part of
such a process is proved. The link 2 between the solution of the semi-linear
system of parabolic PDE and the BSDE is proved in Section 4. In section 5,
the sequels of the addition of a non-linear first-order differential operator are
studied. The homogenization property is considered in Section 6. A few
remarks on some possible extension of the previous results are made in Sec-
tion 7. This paper ends with an appendix containing some properties of the
S-topology.

2 Semi-linear parabolic PDEs

We give in this Section the main results concerning semi-linear parabolic
PDE, mainly existence, uniqueness and regularity of a solution, and a con-
vergence results on the solutions.

We assume that O is a bounded, open, connected subset of RN , and that
its boundary is smooth.

Let a = (ai,j)i,j=1,...,N be a measurable function on O with value in the
space of symmetric matrices and satisfying the uniform ellipticity and bound-
edness condition:

λ|ξ|2 6 a(x)ξ · ξ 6 Λ|ξ|2, ∀ξ ∈ RN , ∀x ∈ O, (6)

for some positive constants λ and Λ.
The operator (L, Dom(L)) is the self-adjoint operator defined by

L =
1

2

∂

∂xi

(
ai,j

∂

∂xj

)
,

Dom(L) =
{

f ∈ L2(O) Lf ∈ L2(O)
}
⊂ H1

0(O).

The operator (L, Dom(L)) is associated to E by the relation

E(u, v) = −〈Lu, v〉, ∀(u, v) ∈ Dom(L)× H1
0(O),

where E is the bilinear form

E(u, v) =
1

2

∫

O
ai,j(x)

∂u(x)

∂xi

∂v(x)

∂xj

dx (7)

defined on H1
0(O)× H1

0(O).
Let h be a measurable function on R+ ×O × Rm × Rm×N satisfying

5
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(h-i) y 7→ hi(t, x, y, z) is continuous;

(h-ii) |h(t, x, y, z)− h(t, x, y, z′)| 6 K0 ‖z − z′‖ with ‖z‖ =
√

Tr(zzT);

(h-iii) 〈h(t, x, y, z)− h(t, x, y′, z), y − y′〉 6 K1|y − y′|2;
(h-iv) |h(t, x, 0, 0)| 6 K2 and |h(t, x, 0, 0)| ∈ L2(0, T ; L2(O))m;

(h-v) |h(t, x, y, z)| 6 |h(t, x, 0, 0)|+ K3|y|+ K4|z|
for some positive constants K1, . . . , K4.

Let T be a positive real. We consider the system of semi-linear parabolic
PDEs





for i = 1 . . . , N, t ∈ [0, T ] and x ∈ O,
∂ui(t, x)

∂t
+ Lui(t, x) + hi(t, x, u(t, x),∇u1(t, x), . . . ,∇um(t, x)) = 0,

u(T, x) = g(x),

ui(t, ·) ∈ H1
0(O), ∀t ∈ [0, T ),

(8)
where the final condition g belongs to L2(O)m

We have to note that the condition ui(t, ·) ∈ H1
0(O) means that the func-

tion ui is equal to 0 on the set of points { (t, x) t ∈ [0, T ), x ∈ ∂O}. Hence,
this is a lateral boundary condition.

Remark 1. We use here the final condition instead of an initial condition for
reason of facility when dealing with BSDEs. The function ũ(t, x) = u(T−t, x)
is solution to the system of semi-linear parabolic PDE

∂ũ(t, x)

∂t
= Lũ(t, x) + h(T − t, x, ũ(t, x),∇ũ(t, x))

with the initial condition ũ(0, x) = g(x). If the non-linear term does not
depend on the time t, then both systems are equivalent.

We say that u is a solution of (8) if it belongs to

W =

{
f ∈ L2(0, T ; H1

0(O))m ∂f

∂t
∈ L2(0, T ; H−1(O))m

}

and satisfies for i = 1, . . . , m — setting ut = u(t, ·) —,

∫ T

0

〈
ui

t, v
〉

L2(O)
ϕ′(t) dt + 〈gi, v〉L2(O) ϕ(T )−

〈
ui

0, v
〉

L2(O)
ϕ(0)

= −
∫ T

0
E(ui

t, v)ϕ(t) dt +
∫ T

0

∫

O
hi(t, x, u(t, x),∇u(t, x))v(x)ϕ(t) dx dt, (9)

6
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for any v in H1
0(O) and any smooth function ϕ in C∞([0, T ];R). We have

to note that there exists a version û(t, x) of u(t, x) such that t 7→ û(t, ·) is
continuous from [0, T ] into L2(O)m. We set

H = C(0, T ; L2(O)m) ∩ L2(0, T ; H1
0(O))m,

so that û belongs to H. We systematically use the continuous version û of
t 7→ u(t, ·). The norm |·|H on H is defined by

|v|2H = sup
06t6T

‖v(t, ·)‖2
L2(O) +

∫ T

0
‖∇v(t, ·)‖2

L2(O) dt,

where we use the convention that for a function v = (v1, . . . , vm) in L2(O)m,
‖v‖2

L2(O) =
∑m

i=1 ‖vi‖2
L2(O). So ‖∇v‖L2(O) is equal to

∑
i=1,...,N
j=1,...,m

‖∂vj/∂xi‖2
L2(O).

We also suppress any further references in the name of functional spaces, i.e.,
when there is no ambiguity, L2(O) means L2(O)m.

We say that a constant depends only on the structure of (8) if this con-
stant depends only on λ, Λ, K0, . . . , K4, T and the dimension N .

Convention 1. We use the convention that in the proofs, the constants C0,
C1, ... depend only on the structure of (8).

Theorem 1. i) There exists a unique weak solution u to (8). Furthermore,
this solution is bounded and Hölder continuous in any compact subset of
(0, T )×O.

ii) If O is bounded, and if the final condition g is bounded, then u is
bounded on [0, T ]×O.

iii) If O is bounded and u is a solution to (8), but with a boundary condi-
tion u(t, x) = ϕ(t, x) on [0, T ]× ∂O ∪ {T } × O such that ϕ is bounded and
Hölder continuous, then u is bounded and Hölder continuous on [0, T ]×O.

The last point of this Theorem implies that if the final condition g is
Hölder continuous and has compact support on O, then u is Hölder contin-
uous on [0, T ]×O.

Proof. The existence and uniqueness of the solution is a well-known fact (see
e.g., Theorem 30.A, p. 771 in Zeidler 1990 for a proof with the Galerkin
method, or by Theorem V.6.1, p. 466 in Ladyženskaja, Solonnikov and
Ural’ceva 1968).

With our hypotheses on the coefficients of a and the non-linear term, we
obtain the inequalities VII.(2.8) and VII.(3.3) p. 577 and p. 579 in Ladyžen-
skaja, Solonnikov and Ural’ceva 1968, and Theorems VII.2.1, VII.2.2 and
VII.3.1, p.578 and p. 582 in Ladyženskaja, Solonnikov and Ural’ceva 1968
may be applied.

7
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Remark 2. The condition (h-iv) we gave on h may not be the optimal condi-

tion, but we have to note that it is important that
(∫ T

0 (
∫
O |h(t, x, 0, 0)|p dx)q/p dt

)1/q

is satisfied for some couple (p, q) satisfying N/2p + 1/q < 1.

We recall here an approximation result for a system of non-linear parabolic
PDEs, which yields that the convergence of the coefficients implies the con-
vergence of the solutions.

Theorem 2. Let (aε)ε>0 be a family of measurable functions satisfying

aε −−→
ε→0

a0almost everywhere, (10a)

and λ|ξ|2 6 aε(x)ξ · ξ 6 Λ|ξ|2, ∀ξ ∈ RN , ∀x ∈ O, ∀ε > 0. (10b)

We also assume that there exists a family (hε)ε>0 of functions satisfying (h-i)-
(h-v) with constants independent of ε, and such that

hε(t, x, y, z) −−→
ε→0

h0(t, x, y, z) a.e. on R+ ×O × Rm × RN×m. (11)

Let Lε be the divergence-form operator Lε = 1
2
∂xi

(
aε

i,j∂xj

)
. Then the solu-

tion uε to the system





∂uε(t, x)

∂t
+ Lεuε(t, x) + hε(t, x, uε(t, x),∇uε(t, x)) = 0,

uε(T, x) = g(x) ∈ L2(O) and uε(t, x) ∈ H1
0(O)m for t ∈ [0, T ),

(12)

converges for the norm |·|H, as ε decreases to 0, to the solution of the system
(12) with ε = 0.

Proof. We remark that in the weak sense,

∂uε(t, x)− u0(t, x)

∂t
+ Lε(uε(t, x)− u0(t, x))

+ hε(t, x, uε(t, x),∇uε(t, x))− h0(t, x, u0(t, x),∇u0(t, x))

+
1

2

∂

∂xi

(
(a0

i,j − aε
i,j)

∂u0(t, x)

∂xj

)
= 0.

For each ε > 0, we choose ûε(t, x) = uε(t, x)− u0(t, x) as a test function.
Hence,

〈hε(t, x, uε(t, x),∇uε(t, x))− hε(t, x, u0(t, x),∇u0(t, x)), ûε(t, x)〉
6 K1|ûε(t, x)|2 + K4 ‖∇ûε(t, x)‖ |ûε(t, x)|,

8
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and that

f ε(t, x)
def
= hε(t, x, u0(t, x),∇u0(t, x))

L2(0,T ;L2(O))−−−−−−−−→
ε→0

f 0(t, x)
def
= h0(t, x, u0(t, x),∇u0(t, x)),

because of the assumptions (h-i)-(h-v) on f ε and the fact that hε is bounded
almost everywhere by K2 + K3|u0|+ K4|∇u0| ∈ L2(O).

Furthermore,

m∑

i=1

Eε(ûi,ε(t, x), ûi,ε(t, x)) > λ

2
‖∇ûε(t, x)‖2

L2(O) .

Using the inequality

2αβ 6 δα2 +
1

δ
β2, ∀α, β ∈ R,∀δ > 0, (13)

in a judicious way, we obtain the existence of constants C1, C2 and C3 such
that, for any ε > 0,

C ′‖∇ûε(t, x)‖‖ûε(t, x)‖ 6 λ

12
‖∇ûε(t, x)‖2 + C1‖ûε(t, x)‖2,

〈(aε − a0)∇u0(t, x),∇ûε(t, x)〉 6 λ

12
‖∇ûε(t, x)‖2 + C2‖(aε − a0)û0(t, x)‖2,

〈f ε(t, x)− f 0(t, x),∇ûε(t, x)〉 6 λ

12
‖ûε(t, x)‖2 + C3‖f ε(t, x)− f 0(t, x)‖2.

Hence, we deduce that

−1

2

∂

∂t
‖ûε

t‖2 +
λ

4
‖∇ûε

t‖2 6 C4‖ûε
t‖2

+ C2‖(aε − a0)û0(t, ·)‖2
L2(O) + ‖f ε(t, ·)− f 0(t, ·)‖2

L2(O),

which yields, after an integration with respect to the time that

1

2
‖ûε

t‖2
L2(O) +

λ

4

∫ T

t
‖∇ûε

τ‖2
L2(O) dτ 6 C4

∫ T

t
‖ûε

τ‖2
L2(O) dτ

+ C2

∫ T

t

(
‖(aε − a0)û0(τ, ·)‖2

L2(O) + ‖f ε(τ, ·)− f 0(τ, ·)‖2
L2(O)

)
dτ, (14)

since ûε
T = 0. From the Lebesgue Dominated Convergence Theorem, the last

two terms converge to 0 with ε. The Gronwall Lemma (see e.g., Theorem 5.1,
p. 498 in Ethier and Kurtz 1986) implies that sup06t6T ‖ûε

t‖L2(O) converges
to 0 as ε goes to 0. We easily deduce from (14) that |ûε|H −−→

ε→0
0.

9
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3 On the Markov process associated to some

divergence-form operator

We quickly recall in this Section some results about stochastic processes as-
sociated to divergence-form operators. In Section 3.1, such a process is con-
structed using results on its transition functions. In Section 3.2, a martingale
representation theorem with respect to the martingale part of processes gen-
erated by Divergence-form operators is proved. Section 3.3 is devoted to the
relation between a process generated by a divergence-form defined on the
whole space, and the process generated by the same operator defined only
on some arbitrary domain.

3.1 Transition function and stochastic process

The quadratic bilinear form E defined in (7) is clearly a strong local, regular
Dirichlet Form on L2(O) (see Fukushima, Oshima and Takeda 1994, Ma and
Röckner 1991). Let (Pt)t>0 be the semi-group it generates.

Let us assume for a moment that O = RN .
Let p(t, x, y) be the fundamental solution — which existence is ensured

by standard results in PDE theory (Friedman 1964) — of the equation (x is
fixed) 




∂p(t, x, y)

∂t
= Lp(t, x, y), ∀y ∈ RN , ∀t > 0,

p(0, x, y) = δx−y.

This fundamental solution is continuous, symmetric in x and y, i.e., p(t, x, y) =
p(t, y, x), and satisfies the Aronson estimate, i.e., there exists a constant M
depending only on Λ, λ and N such that

p(t, x, y) 6 M

tN/2
exp

(−|x− y|2
Mt

)
(15)

for any (t, x, y) in R∗+ × RN × RN .
There exist also some constants C = C(N, λ, Λ) > 0 and α = α(N, λ, Λ) ∈

(0, 1) such that for every δ > 0,

|p(t′, x′, y′)− p(t, x, y)| 6 C

δN




√
|t′ − t| ∨ |x′ − x| ∨ |y′ − y|

δ




α

(16)

for all (t′, x′, y′), (t′, x′, y′) ∈ [δ2,∞)× RN × RN with |y′ − y| ∨ |x′ − x| 6 δ.

10
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Proofs of these estimates may be found for example in Aronson 1968,
Stroock 1988, or in the Appendix A, p. 536 of Jikov, Kozlov and Oleinik
1994 only for (15).

This fundamental solution p is the transition density function of the semi-
group (Pt)t>0 associated to (L, Dom(L)), i.e.,

for any f ∈ L2(RN) , Ptf(x) =
∫

RN
p(t, x, y)f(y) dy a.e. (17)

and this semi-group is a Feller semi-group, as it is proved for example in
Theorem II.3.1, p. 341 in Stroock 1988.

With (15) and (16), for each t > 0, if we use the representation (17) of Ptf
for any f ∈ L2(RN), Pt is continuous from L2(RN) into the space C0(RN ;R)
of continuous functions on RN that vanish at infinity.

The resolvent Gα = (α−L)−1 is linked to the semi-group by the relation

Gαf(x) =
∫ +∞

0
e−αtPtf(x) dt, ∀α > 0 (18)

and the domain Dom(L) of L is also equal to Gα(L2(RN)).
The existence of a Hunt process (Xt, t > 0;Px, x ∈ RN) whose infinitesimal

generator is (L, Dom(L)) follows from the Feller property of the semi-group.
Since Pt1 = 1 for any t > 0, the life-time of this stochastic process is infinite
(see Theorem 4.5.4, p. 165 in Fukushima, Oshima and Takeda 1994) The
strong local property of its associated Dirichlet form (E , H1(RN)) implies that
X continuity. The filtration (FX

t )t>0 of the process is the minimal complete
admissible filtration (see Appendix A.2, p. 310 of Fukushima, Oshima and
Takeda 1994 for definition) and is consequently right-continuous.

In fact, it may be proved that the process X is really a Dirichlet process,
i.e., the sum of a square-integrable martingale and a term locally of zero-
quadratic variation (see Theorem 2.1, p. 19 in Rozkosz 1996a). Let us denote
by MX the martingale part of X.

3.2 A Martingale Representation Theorem

We give a Martingale Representation Theorem with respect to the martingale
part MX of the process X. This is required to prove the existence of the
solution of some BSDE under the distribution Px of X.

The space DomC(L) = Gα(C∞c (RN ;R)) is dense in Dom(L) and dense in
the Banach space C0(RN ;R) consisting of those continuous functions which
vanish at infinity (see e.g., Proposition 5.3, p. 687 in Tomisaki 1980).

The Itô formula implies that for any f ∈ DomC(L), f(Xt) − f(X0) −∫ t
0 Lf(Xs) ds is a (FX,Px)-martingale for any starting point x in RN (this

11
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is true for any starting point x because f is continuous and Lf is bounded
(See Chapter 5 in Fukushima, Oshima and Takeda 1994, and not only for
quasi-every starting point).

Lemma 1. For each x in RN , the distribution Px is the unique solution to
the martingale problem:

f(Xt)− f(x)−
∫ t

0
Lf(Xs) ds is a (FX,Px)-martingale ∀f ∈ DomC(L).

Proof. Let (P̃x)x∈RN be another family of solutions to the martingale problem.
For a function f in DomC(L), we set

G̃αf(x) =
∫ +∞

0
e−αtẼx [ f(Xt) ] dt.

It is then clear that ‖G̃αf‖∞ 6 1
α
‖f‖∞. Then

∫ +∞

0
e−αtẼx

[
f(Xt)− f(X0)−

∫ t

0
Lf(Xs) ds

]
dt = 0

for any α > 0 and any x ∈ RN . An integration by parts gives

G̃α(α− L)f(x) = f(x)

and G̃α = (α−L)−1 = Gα on DomC(L). By density of this space in C0(RN ;R)
equipped with the uniform norm and (18),

Ex [ f(Xt) ] = Ẽx [ f(Xt) ] , ∀f ∈ C0(RN ;R), ∀t > 0, ∀x ∈ RN .

According to Corollary 4.3, p. 186 in Ethier and Kurtz 1986, this is sufficient
to prove that Px = P̃x for any x ∈ RN .

Theorem 3 (A Martingale Representation Theorem). Let x be a point
of RN . Let M be a locally square-integrable (FX

t ,Px)-martingale. Then there
exists some FX

t -predictable process H such that

Ex




N∑

i,j=1

∫ +∞

0
Hi

sH
j
s d〈MX,i, MX,j〉s


 < +∞,

and Mt = M0 +
N∑

i=1

∫ t

0
Hi

s dMX,i
s .

12
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Proof. Let σ be a matrix such that σσT = a. A Martingale Representation
Theorem under Px holds for the strongly orthogonal family of martingale(∫ t

0 σ−1
1,j (Xs) dMX,j

s , . . . ,
∫ t
0 σ−1

N,j(Xs) dMX,j
s

)
, if Px is an extremal point of the

set of probability measures P̂x absolutely continuous with respect to Px and
such that the elements of this family are also square-integrable P̂x-martingales
(see Theorem 39, p. 152 in Protter 1990).

Let f be a function in DomC(L). For any s > 0, the square-integrable,

continuous, local martingale M
[f ],s
t = f(Xt)− f(Xs)−

∫ t
s Lf(Xr) dr is equal to∫ t

s ∇f(Xr) dMX
r Px-a.s. for a fixed starting point x. The result follows from

Chapter 5 of Fukushima, Oshima and Takeda 1994. Generally, this is true
for quasi-every point, but the existence of a transition density function, the
Markov property and the fact that the previous expression of f(Xt) uses only
the process between s > 0 and t allows to prove it for any starting point.

And this is true for any starting point because of the existence of a tran-
sition density function and the Markov property may be used.

Let x be a point in RN . Let P̂ be a measure absolutely continuous with
respect to Px such that MX is a square integrable martingale with respect to P̂
and P̂|FX

0
= Px|FX

0
. Hence M[f ],s is also a (FX, P̂)-martingale for any s > 0.

As f and Lf are continuous and bounded, lims→0 M
[f ],s
t = f(Xt)−f(X0)−∫ t

0 Lf(Xs) ds is a (FX, P̂)-martingale. So, P̂ is a solution of the martingale
problem and is equal to Px. The result is proved.

3.3 Killed process and generator on arbitrary domain

Now, if we work with an open, connected subset O of RN , the process asso-
ciated to the Dirichlet form 1

2

∫
O ai,j∂xi

u(x)∂xj
v(x) dx on H1

0(O) × H1
0(O) is

the process X killed when exiting O (Theorem 4.4.2, p. 154 in Fukushima,
Oshima and Takeda 1994).

This is done by adding to O an extra point ∆, and by defining the new
process

X̂t =





Xt if t < τ,

∆ otherwise,

where τ = inf { t > 0 X 6∈ O } is the exit time from O. The infinitesimal

generator of X̂ is then the self-adjoint operator LO = 1
2
∂xi

(
ai,j∂xj

)
with

domain
{

u ∈ H1
0(O) LOu ∈ L2(O)

}
.

The semi-group of this process X̂ admits also a transition density function,
which is symmetric on O ×O and satisfies the upper bound of the Aronson
estimate (15).

13
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4 BSDEs driven by Dirichlet processes

This Section is devoted to prove that BSDE also gives in our cases the weak
solution of semi-linear PDE.

4.1 On the BSDEs

Now, let O be a connected, open subset of RN with a regular boundary.
Let us introduce a family (aε)ε>0 of measurable functions with values in

the space of symmetric matrices and a family of terms (hε)ε>0 such that

(aε-i) The family (aε)ε>0 satisfies (10a)-(10b).

(aε-ii) For each ε > 0, aε is smooth, i.e., of class C∞.

(hε-i) For each ε > 0, hε satisfies (h-i)-(h-v) and hε(t, x, y, z) −−→
ε→0

h0(t, x, y, z)

a.e. on R+ ×O × Rm × RN×m.

(hε-ii) For each ε > 0, hε is smooth.

The hypothesis of Theorem 2 are satisfied with these conditions.
For technical reason, we assume that aε(x) is extended to the Identity

matrix when x 6∈ O, and that every other function defined on O is extended
to 0 outside O.

We denote by Xε the process associated to the self-adjoint divergence-
form operator Lε = 1

2
∂xi

(
aε

i,j∂xj

)
on RN . For each ε > 0, we denote by τ ε

the exit time from O of the process Xε.
For any ε > 0, the coefficients aε are some smooth approximation of a0,

and then

∀ε > 0, Lε =
1

2
aε ∂2

∂xi∂xj

+
1

2

∂aε
i,j

∂xj

∂

∂xj

.

Of course, if ε > 0, then Xε is solution to the SDE

dXε
t = σε

i,j(X
ε
t) dBε

t +
1

2

∂aε
i,j

∂xj

(Xε
t) dt

for some Brownian Motion Bε, and where σε is a matrix such that σε ·(σε)T =
aε. But this in not the case for ε = 0.

We assume that the processes Xε are defined on the same probability
space. Since a Martingale Representation Theorem holds with respect to the

14
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martingale part MXε
of Xε (see Theorem 3), for any T > 0, any x ∈ RN and

each ε > 0, there exists a unique pair (Yε
t , Z

ε
t)t∈[0,T ] solution to the problem

Yε
t = g(Xε

T )1{T<τε }+
∫ T∧τε

t∧τε
hε(s, Xε

s, Y
ε
s, Z

ε
s) ds

−
∫ T∧τε

t∧τε
Zε

s dMXε

s , ∀t ∈ [0, T ], Px-a.s.,

(19a)

Yε and Zε are FXε

-progressively measurable, (19b)

Yε
t = 0 and Zε

t = 0 when t ∈ [τ ε, T ], (19c)

Ex

[
sup

06t6T
|Yε

t |2 +
∫ T

0
‖Zε

s‖2 ds

]
< +∞, (19d)

for a non-linear term hε satisfying (h-i)-(h-v) (see e.g., Theorem 4.1 and
Remark 3.5, p. 511 and p. 523 in Pardoux 1999a).

Under conditions (aε-ii) and (hε-ii), with the additional assumption that

(g-i) The function g is smooth with compact support on O,

the weak solution uε to (12) is a classical solution, i.e., a function in C1,2(R+×
O). Using the Itô formula, it immediately follows that The Itô formula yields
that for any ε > 0,

uε(t ∧ τ ε, Xε
t∧τε) = uε(T ∧ τ ε, Xε

T∧τε)−
∫ T∧τε

t∧τε
∇uε(s, Xε

s) dMXε

s

+
∫ T∧τε

t∧τε
hε(s, Xε

s, u
ε(s, Xε

s),∇uε(s, Xε
s)) ds, ∀t ∈ [0, T ] (20)

almost surely.
The following Lemma allows to identify the solution to (19a)-(19d).

Lemma 2. Let ε be a fixed non-negative real. We assume that aε satisfies
(6), g belongs to L2(O), hε satisfies (h-i)-(h-v), and the solution uε ∈ H to
(12) satisfies (20). Then for almost every starting point x,

Ex

[
sup

06t6T∧τε
|uε(t, Xε

t)|2
]

< +∞ and Ex

[ ∫ T∧τε

0
‖∇uε(t, Xε

t)‖2
]

< +∞.

Proof. Let (P ε
t )t>0 be the semi-group of Xε with density transition func-

tion pε. Let ϕ be a non-negative bounded function in L1(O), and f be a
function in L1([0, T ]×O). Then, with the Cauchy-Schwarz inequality,

∫ T

0

∫

O
|ϕ(x)P ε

s f(s, x)| dx ds 6
∫ T

0

∫

O

∫

O
‖ϕ‖∞ pε(s, x, y)|f(s, y)| dy dx ds

6 ‖ϕ‖∞ ‖f‖L1([0,T ]×O) ,

15
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since by symmetry of pε(t, ·, ·), ∫
O pε(s, x, y) dx 6 1. As ‖∇uε‖2 belongs to

L1([0, T ] × O), the local martingale
∫ t∧τε

0 ∇uε(s, Xε
s) dMXε

s is then a square-
integrable martingale under

∫
O dxϕ(x)Px for any initial distribution with a

bounded density ϕ. Hence, this is true under Px for almost every x ∈ O,
since x 7→ Ex

[ ∫ t∧τε

0 ‖∇uε(s, Xε
s)‖2 ds

]
is universally measurable.

With (20), it is clear that Ex

[
sup06t6T |uε(t ∧ τ 0, Xε

t∧τ0)|2
]

may be com-

pared to Ex

[ ∫ T∧τε

t∧τε |hε(s, Xε
s, u

ε(s, Xε
s),∇uε(s, Xε

s))|2 ds
]
, to Ex [ |g(Xε

t∧τε)|2 ] 6
C ‖g‖2

L2(O), and to Ex

[ ∫ t∧τε

0 ‖∇uε(s, Xε
s)‖2 ds

]
. These quantities are finite

under Px for almost every point x.

Hence for any ε > 0, the unique solution to (19a)-(19d) satisfies

uε(t ∧ τ ε, Xε
t∧τε) = Yε

t and ∇uε(t ∧ τ ε, Xε
t∧τε) = Zε

t . (21)

The goal of this Section is to prove that the previous identifications (20)
and (21) are also true for ε = 0, when uε is not necessarily differentiable and
for which the Itô formula does not work.

Theorem 4. If a0 satisfies (6), g belongs to L2(O) and h0 satisfies (h-i)-
(h-v), then, for any T > 0, the solution (Y0

t , Z
0
t )t∈[0,T ] of (19a)-(19d) with

ε = 0 is equal to

Y0
t = u0(t ∧ τ 0, X0

t∧τ0), ∀t ∈ [0, T ],Px-a.s.

and Z0
t = ∇u0(t ∧ τ 0, X0

t ∧ τ 0), t-a.e. ∈ [0, T ], Px-a.s.,

for almost every x, where u0 is the continuous version of the solution of (8).

This Theorem is proved in Section 4.2.

Remark 3. Strictly speaking, this Theorem identifies Y0 and u(0, x) when
X0 = x, but translating everything in time allows to identify u(s, x) with the
initial value Y0 of some BSDE for any s ∈ [0, T ].

To conclude this Section, we state a Lemma which will be used intensively.

Lemma 3. Let (Yε, Zε) be the solution of (19a)-(19d). The local martingale(∫ t∧τε

0 Yε
s · Zε

s dMX
s

)
t∈[0,T ]

is a martingale, and there exists some constants C

that depend only on λ, Λ such that

E
[

sup
06t6T

∣∣∣∣∣
∫ t∧τε

0
Yε

s · Zε
s dMXε

s

∣∣∣∣∣

]

6 C E
[
δ sup

06t6T
|Yε

t |2 +
1

δ

∫ T∧τε

0
‖Zε

s‖2 ds

]
< +∞ (22)

for any δ > 0.
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Proof. With the Burkholder-Davis-Gundy Inequality,

E
[

sup
06t6T

∣∣∣∣∣
∫ t∧τε

0
Yε

s · Zε
s dMXε

s

∣∣∣∣∣

]
6 CE




(∫ T∧τε

0
|Yε

s|2 ‖Zε
s‖2 ds

)1/2



6 CE


 sup

06t6T
|Yε

s|
(∫ T∧τε

0
‖Zε

s‖2 ds

)1/2

 ,

that yields (22) with (13), and consequently,
∫ ·∧τε

0 Yε
s ·Zε

s dMXε

s is a martingale.

4.2 Identification of the solutions of the BSDE

This Section is devoted to the proof of Theorem 4.
For a given non-linear term h0 satisfying (h-i)-(h-v), we set

hε(t, x, y, z) = ρε(x, y, z) ? h0(t, x, y, z), (23)

where (ρε)ε>0 is a sequence of mollifiers, and ? denotes the convolution op-
eration. It is clear that hε also satisfies (h-i)-(h-v) with the same constants
as h0. Hence (hε-i) and (hε-ii) are also satisfied.

For any x ∈ RN , we have

Xε
t = MXε

t + Nε
t , ∀t > 0, Px-a.s.,

where MXε

t is a martingale with cross-variations

〈MXε,i, MXε,j〉t =
∫ t

0
ai,j(X

ε
s) ds, for i, j = 1, . . . , N,

and Nε is a process locally of zero-quadratic variations (see Theorem 2.1,
p. 19 in Rozkosz 1996a). Furthermore, from the results in Rozkosz 1996a,

L(Xε, MXε

, Nε | Px) −−→
ε→0

L(X0, MX0

, N0 | Px). (24)

We may assume without loss of generality that O is bounded, so that the
exit time τ ε from O is almost surely finite under each Px, for any x in O. A
localization argument will be used at the end of this proof.

Let us denote by ν the Lebesgue measure on O and we set Pν [ · ] =∫
O Px [ · ] dx.

The function which associate to a continuous path its first exit time from
an open domain O is discontinuous if the paths hits the boundary of O and
remains for some positive time in the closure of O. But, the irregular points

17
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of a domain for a process (X,P) associated to the divergence-form opera-
tor (L, Dom(L)) are the same of those of the Brownian motion (Littman,
Stampacchia and Weinberger 1963). Hence, the set of discontinuities of the
function ω ∈ C([0, T ];O) 7→ τ(ω), if τ(ω) = inf { t > 0 ωt 6∈ O } is of null
measure for P if the boundary of O is smooth enough.

Under the assumption that the boundary of O is regular, it follows from
(24) that

L(Xε, MXε

, Nε, τ ε | Pν) −−→
ε→0

L(X0, MX0

, N0, τ 0 | Pν).

The following Lemma replaces the Krylov estimate (Krylov 1980) for
the Dirichlet process Xε which in general is not the solution of a Stochastic
Differential Equation.

We define by L1([0, T ]×O) the space of measurable functions f on [0, T ]×
O such that ∫ T

0

∫

O
|f(t, x)| dx dt < +∞.

Lemma 4. Let f be a function in L1([0, T ]×O) and let (fn)n∈N be a sequence
of functions converging to f in L1([0, T ]×O). Then

Eν

[ ∫ T∧τε

0
|fn(s, Xε

s)− f(s, Xε
s)| ds

]
uniformly in ε−−−−−−−−→

n→+∞ 0.

Proof. As ν is the Lebesgue measure on O,

Eν




∫ T∧τε

0
|fn(s, Xε

s)− f(s, Xε
s)| ds


 (25)

6
∫ T

0
Eν

[ ∫ T

0
1O(Xε

s)|fn(s, Xε
s)− f(s, Xε

s)| ds

]

6
∫ T

0

∫

O×O
pε(s, x, y)|fn(s, y)− f(s, y)| dx dy ds

where pε is the transition density of Xε. By the symmetry of pε,
∫
O pε(s, x, y) dx 6

1. So, (25) is smaller than
∫
[0,T ]×O |fn(s, x) − f(s, x)| ds dx which converges

to 0 as n → +∞, and the Lemma is proved.

Two Lemmas may be deduced from this one.
Since we need some joint convergence, we denote by (Uε)ε>0 a family of

continuous stochastic processes, which will be set to
∫ ·∧τε

0 f(s, Xε
s) ds and to∫ ·∧τε

0 ∇uε(s, Xε
s) dMXε

s .

18
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Lemma 5. Let f be a function in L1([0, T ]×O) and (Uε)ε>0 be a family of
continuous stochastic processes such that L (Xε, Uε Pν) converges weakly to
L (X0, U0 Pν) for the topology of the uniform norm. Then

L
(

Xε, Uε,
∫ ·∧τε

0
f(s, Xε

s) ds Pν

)

dist.−−→
ε→0

L
(

X0, U0,
∫ ·∧τ0

0
f(s, X0

s) ds Pν

)
(26)

for the topology of the uniform norm.

Proof. Let (fn)n∈N be a family of continuous functions on [0, T ] × O such
that fn converges to f in L1([0, T ] × O). It is clear that

∫ ·∧τε

0 fn(s, Xε
s) ds

converges in distribution to
∫ ·∧τε

0 fn(s, X0
s) ds, and (26) follows from the use

of Lemma 4 and Theorem 4.2, p. 25 in Billingsley 1968.

Lemma 6. Let (Uε)ε>0 be a family of continuous stochastic processes such
that L (Xε, Uε Pν) converges weakly to L (X0, U0 Pν). Then

L
(

Xε, Uε,
∫ ·∧τε

0
∇uε(s, Xε

s) dMXε

s Pν

)

dist.−−→
ε→0

L
(

X0, U0,
∫ ·∧τ0

0
∇u0(s, X0

s) dMX0

s Pν

)
(27)

for the topology of the uniform norm.

Proof. We remark that if (fn)n∈N is a sequence of functions converging in
L1(0, T ; L2(O)) to some function f , then

Eν


 sup

06t6T

∣∣∣∣∣
∫ t∧τε

0
(f − fn)(s, Xε

s) dMXε

s

∣∣∣∣∣
2




6 Eν

[ ∫ T∧τε

0
Λ|f − fn|2(s, Xε

s) ds

]
uniformly in ε−−−−−−−−→

n→+∞ 0.

The study of the limit of
∫ ·∧τε

0 ∇uε(s, Xε
s) dMXε

s is then reduced to that of∫ ·∧τε

0 ∇u0(s, Xε
s) dMXε

s , and u0 may be approximated by some continuous func-
tions.

We remark that

sup
ε>0
Eν

[
〈MXε,i, MXε,j〉T1{T<τε }

]
6 sup

ε>0
ΛTν(O)
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Hence Theorem 7.10 in Kurtz and Protter 1995 (see also Jakubowski, M’emin
and Pag‘es 1989) implies the convergence (27) in the Skorohod topology.

On the other side, we remark that if uε = (uε
1, . . . , u

ε
m), then for i, j =

1, . . . , m,

(〈∫ ·∧τε

0
∇uε

i (s, X
ε
s) dMXε

s ,
∫ ·∧τε

0
∇uε

j(s, X
ε
s) dMXε

s

〉

t

)

t∈[0,T ]

=

(∫ t∧τε

0
〈aε∇uε

i ,∇uε
j〉(s, Xε

s) ds

)

t∈[0,T ]

converges in distribution in the space of continuous functions to the cross-
variations of

∫ ·∧τε

0 ∇uε(s, Xε
s) dMXε

s . Hence, the sequence of quadratic vari-
ations is tight in the space of continuous function, which also proves the
tightness of (

∫ ·∧τε

0 ∇uε(s, Xε
s) dMXε

s )ε>0 (see Theorem VI.4.13, p. 322 in Ja-
cod and Shiryaev 1987). The Skorohod topology is weaker than the uniform
topology, so that any limit in distribution in the space of continuous function
of the last sequence is equal to

∫ ·∧τ0

0 ∇u0(s, X0
s) dMX0

s , which is consequently
continuous. The convergence in (27) holds in fact in the uniform topology
(see Proposition VI.1.17, p. 292 in Jacod and Shiryaev 1987).

4.2.1 Case of a non-linear term with a Lipschitz growth

Theorem 4 will be proved in three steps. In the first two steps, we assume
that the final condition g satisfies condition (g-i), i.e., g is a smooth function
with compact support on O.

We assume in a first step that for all ε > 0, the functions hε are Lipschitz
in y with the same constant, i.e.,

(h-iii’) |hε(t, x, y, z)− hε(t, x, y′, z)| 6 C|y − y′|.
In fact, if this condition is true for h0, (h-iii’) is satisfied for hε defined by (23).

In this first Section, under the additional hypotheses (g-i) and (h-iii’) we
prove that both sides of (20) will converges in distribution as ε goes to 0 to
the same equation (20) with ε = 0. Hence, it will be possible to identify the
solution of the BSDE (19a)-(19d) with ε = 0 as (u0(t ∧ τ 0, X0

t∧τ0),∇u0(t ∧
τ 0, X0

t∧τ0)).
We set f ε(s, x) = hε(s, x, uε(s, x),∇uε(s, x)) for any ε > 0. We remark

that

|f ε(s, x)− f 0(s, x)| 6 C0‖∇uε(s, x)−∇u0(s, x)‖ + C1|uε(s, x)− u0(s, x)|
+ C2|hε(s, x, u0(s, x),∇u0(s, x))− h0(s, x, u0(s, x),∇u0(s, x))|.
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The hypotheses on hε and h0 imply that f ε converges to f 0 in L1([0, T ]×O),
because from Theorem 2, uε and ∇uε converge respectively to u0 and ∇u0

in L1([0, T ]×O).
From Lemmas 4, 5 and 6,

L
(

Xε,
∫ ·∧τε

0
uε(s, Xε

s) ds,
∫ ·∧τε

0
∇uε(s, Xε

s) dMXε

s Pν

)

dist.−−→
ε→0

L
(

X0,
∫ ·∧τ0

0
u0(s, X0

s) ds,
∫ ·∧τ0

0
∇u0(s, X0

s) dMX0

s Pν

)
.

Lemma 7. For any t ∈ [0, T ],

uε(t ∧ τ ε, Xε
t∧τε)

dist.−−→
ε→0

u0(t ∧ τ 0, X0
t∧τ0). (28)

Proof. We have

Eν

[
|uε(t ∧ τ ε, Xε

t∧τε)− u0(t ∧ τ ε, Xε
t∧τε)|2

]

6
∫

O

∫

O
pε(t, x, y)|uε(t, y)− u0(t, y)|2 dy dx

6
∫

O
|uε(t, y)− u0(t, y)|2 dy −−→

ε→0
0,

(29)

so we have to study the limit of u0(t ∧ τ ε, Xε
t∧τε). With Theorem 1, u0 is

continuous on [0, T ]×O, so that u0(t∧ τ ε, Xε
t∧τε) converges in distribution to

u0(t ∧ τ 0, X0
t∧τ0).

The continuity of u0 on [0, T ]×O, equations (20) and (28) lead to

u0(t∧τ 0, X0
t∧τ0) = u0(T∧τ 0, X0

T∧τ0)+
∫ T∧τ0

t∧τ0
h0(s, X0

s, u
0(s, X0

s),∇u0(s, X0
s)) ds

−
∫ T∧τ0

t∧τ0
∇u0(s, X0

s) dMX0

s , ∀t ∈ [0, T ], Pν-a.s. (30)

Because of the lateral condition, uε(T∧τ ε, Xε
T∧τε) is equal to g(Xε

T )1{T<τε }. If
O is not bounded, we have only to use a localization argument to obtain the
same result. For any event K in FT , the function x 7→ Px [ K ] is universally
measurable. Hence, (30) also holds under Px for almost every x,

We have then proved that u0 is solution of (20) even if ε = 0. But we have
not proved yet that u0(t ∧ τ 0, X0

t∧τ0) and ∇u0(t ∧ τ 0, X0
t∧τ0) are in the good

spaces. If is clear that these functions are FX0
-progressively measurable.

With Lemma 2, our candidate to be the solution of the BSDE satis-
fies (19d), and (Y0

t , Z
0
t ) = (u0(t∧ τ 0, X0

t∧τ0),∇u0(t∧ τ 0, X0
t∧τ0)) under Px, but

only for almost every x.
Hence Theorem 4 is proved under the conditions (h-iii’) and (g-i).
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4.2.2 Case of monotone non-linear terms

The condition (h-iii’) may be relaxed, but the strategy is changed. For that,
we work now with the process X0 associated to L0 = 1

2
∂xi

(a0
i,j

∂
∂xj

). Now, we

do not assume that h0 satisfies (h-iii’). But the functions hε defined by (23)
satisfy this condition with some constant Cε depending on ε. The following
proof is inspired by the results in Hu 1997.

We still assume condition (g-i), and that O is bounded. For any ε > 0,
let uε be the solution to the system of semi-linear parabolic PDE

∂uε(t, x)

∂t
+ L0uε(t, x) + hε(t, x, uε(t, x),∇uε(t, x)) = 0

with the final condition uε(T, x) = g(x) and the lateral boundary condition
uε(t, ·) ∈ H1

0(O), ∀t < T .
For any ε > 0, let (Yε

t , Z
ε
t)t∈[0,T ] be the unique FX0

-progressively measur-
able solution to

Yε
t = uε(T ∧ τ 0, X0

T∧τ0) +
∫ T∧τ0

t∧τ0
hε(s, X0

s, Y
ε
s, Z

ε
s) ds−

∫ T∧τ0

t∧τ0
Zε

s dMX0

s ,

such that (Yε
t , Z

ε
t) = 0 on (τ 0, T ] and

Eν

[
sup

06t6T
|Yε

t |2 +
∫ T∧τ0

0
‖Zε

s‖2 ds

]
< +∞.

We remark that

〈hε(t, X0
t , Y

ε
t , Z

ε
t)− h0(t, X0

t , Y
0
t , Z

0
t ), Yε

t − Y0
t 〉

6 〈hε(t, X0
t , Y

ε
t , Z

ε
t)− hε(t, X0

t , Y
0
t , Z

0
t ), Yε

t − Y0
t 〉

+ 〈hε(t, X0
t , Y

0
t , Z

0
t )− h0(t, X0

t , Y
0
t , Z

0
t ), Yε

t − Y0
t 〉

and that

f ε(t, x)
def
= hε(t, x, uε(t, x),∇uε(t, x))

L2([0,T ]×O)−−−−−−−→
ε→0

f 0(t, x)
def
= h0(t, x, u0(t, x),∇u0(t, x)).

With Lemma 3, and the Gronwall Lemma, there exist some constants C1

and C2 such that

Eν

[
|Yε

t − Y0
t |2

]
+ C0Eν

[ ∫ T∧τ0

t
‖Zε

s − Z0
s‖2 ds

]

6 Eν

[
|uε(T ∧ τ 0, X0

T∧τ0)− u0(T ∧ τ 0, X0
T∧τ0)|2

]

+ C1Eν

[ ∫ T∧τ0

t∧τ0
|Yε

s − Y0
s |2 ds

]
+ C2Eν

[ ∫ T∧τ0

t∧τ0
(f ε − f 0)2(s, X0

s) ds

]
.
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Again with the Gronwall Lemma, Yε
t converges to Y0

t in L2(Pν), because

Eν

[ ∫ T∧τ0

0
(f ε − f 0)2(s, X0

s) ds

]
−−→
ε→0

0,

and (29) holds.
As Yε

t = uε(t ∧ τ 0, X0
t∧τ0) and Zε

t = ∇uε(t ∧ τ 0, X0
t∧τ0) for any ε > 0, the

identification of the limit leads to Y0
t = u0(t ∧ τ 0, X0

t∧τ0) and Z0
t = ∇u0(t ∧

τ 0, X0
t∧τ0). With a localization argument, this is true even ifO is not bounded.

Again with Lemma 2, we may identify Y0 and Z0 with u0(t ∧ τ 0, X0
t∧τ0) and

∇u0(t ∧ τ 0, X0
t∧τ0) even if condition (h-iii’) is not satisfied.

4.2.3 Final condition

Now, let g0 be a function in L2(O). We know that there exists a family (gε)ε>0

of smooth functions with compact support on O such that gε converges to
g0 in L2(O). For all ε > 0, let (Yε, Zε) be the unique solution to the BSDE

Yε
t = gε(X0

T )1{T<τ0 } +
∫ T∧τ0

t∧τ0
h0(s, X0

s, Y
ε
s, Z

ε
s) ds−

∫ T∧τ0

t∧τ0
Zε

s dMX0

s ,Pν-a.s.

satisfying (19b)-(19d). Hence, the Gronwall Lemma yields

sup
06t6T

Eν

[
|Yε

t − Y0
t |2

]
+ Eν

[ ∫ T∧τε

0
‖Zε

s − Z0
s‖2 ds

]

6 C0e
C1TEν

[
|g(X0

T )− gε(X0
T )|2

]
6 C0e

C1T ‖g − gε‖L2(O) −−→ε→0
0.

But, with Theorem 2,

Eν

[
|uε(t ∧ τ 0, X0

t∧τ0)− u0(t ∧ τ 0, X0
t∧τ0)|2

]
−−→
ε→0

0

and Eν

[ ∫ T

0
‖∇uε(s, X0

s)−∇u0(s, X0
s)‖2 ds

]
−−→
ε→0

0,

and, by concluding as previously, Theorem 4 is proved for any final condition
in L2(O).

4.3 Two estimates on the solution of the BSDE

In this Section, we prove some estimates on Y and Z better than (19d), but
under the assumption that

(g-ii) The function g is bounded on O.

These estimates will be used to deal with a non-linear first order differential
term in the homogenization result.

We drop the superscript 0.
A probabilistic proof of the boundedness of the process Y is given here.
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Boundedness of Y. We prove that under our conditions, the process Y is
bounded.

Let α be a positive real. The Itô formula applied to eαt|Yt|2 yields

eαt|Yt|2 = eαT |g(XT )|21{T<τ } + 2
∫ T∧τ

t∧τ
eαsYs · h(s, Xs, Ys, Zs) ds

− 2
∫ T∧τ

t∧τ
eαsYs · Zs dMX

s −
m∑

i=1

∫ T∧τ

t∧τ
eαs

〈
a(Xs)Z

i
s, Z

i
s

〉
ds

− α
∫ T∧τ

t∧τ
eαs|Ys|2 ds.

But, with (h-ii)-(h-iv),

Ys · h(s, Xs, Ys, Zs) 6 K1|Ys|2 + K4|Ys| ‖Zs‖ + K2|Ys|
6

(
K1 +

K4

2δ
+ 1

)
|Ys|2 + K2

2 +
δ

2
‖Zs‖2 .

Hence, for δ small enough,

eαt|Yt|2 + C0

∫ T∧τ

t∧τ
‖Zs‖2 ds 6 C1 +

(
K1 +

K4

2δ
+ 1− α

) ∫ T∧τ

t∧τ
eαs|Ys|2 ds

− 2
∫ T∧τ

t∧τ
eαsYs · Zs dMX

s (31)

for some constant C0 and C1 that depend on the bound of g and λ, Λ, α
and T . If α is large enough, we obtain that

eαt|Yt|2 6 C1 − 2
∫ T∧τ

t∧τ
eαsYs · Zs dMX

s .

But, as in Lemma 3,
∫ ·
0 eαsYs · Zs dMX

s is a martingale, and applying the

conditional expectation E
[
· FX

t

]
to the last expression, we obtain that Yt

is bounded by some constant that depends only on λ, Λ, K1, . . . , K4, ‖g‖∞
and T .

An estimate on
∫ ·
0 Zs dMX

s . If we set α to 0 in (31), it is clear now that

∫ T∧τ

0
‖Zs‖2 ds 6 C2 + C3

∫ T∧τ

0
Ys · Zs dMX

s .

Taking the expectation of the square in each side of the inequality leads to

E




(∫ T∧τ

0
‖Zs‖2 ds

)2

 6 C4. (32)
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5 Case of a non-linear first-order differential

term

5.1 Solution of semi-linear PDE and BSDE

We are now interested by the system of parabolic PDE




for i = 1, . . . , m,

∂ui

∂t
+

1

2

∂

∂xk

(
ak,j

∂ui

∂xj

)
+ĥ(u1, . . . , um)∇ui

+ hi(u
1, . . . , um,∇u1, . . . ,∇um) = 0,

u(T, x) = g(x) and ui(t, ·) ∈ H1
0(O) ∀t ∈ [0, T ),

(33)

where ĥ is a measurable bounded function defined on [0, T ] ×O × Rm with
values in Rm and satisfying

(ĥ-i) |ĥ(s, x, y)| 6 Λ for any (s, x, y) ∈ [0, T ]×O × Rm;

(ĥ-ii) there exists some constant K such that |ĥ(s, x, y) − ĥ(s, x, y)| 6
K|y − y′| for any (s, x, y, y′) in [0, T ]×O × Rm × Rm.

We insist on the fact that the non-linear first-order terms is the same for any
component on the system. This system may not be reduced to (8) since for
any (x, y, y′, z),

|ĥ(x, y)z − ĥ(x, y′)z| 6 K|y − y′| · |z|
and thus ĥ does not satisfies (h-iii).

Theorem 5. There exists a unique solution in H to the system (33).

Proof. We remark first that since |ĥ(x, u(t, x))∇ui(t, x)| 6 Λ|ui(t, x)|, using
classically the Gronwall inequality, for any τ ∈ [0, T ],

sup
τ6t6T

‖ut‖2
L2(O) +

∫ T

τ
‖∇ut‖2

L2(O) dt 6 α ‖g‖L2(O) eβ(T−τ), (34)

where α and β depend only on the structure of (33).
For the existence, we have only to consider the following scheme: Let u(0)

be an arbitrary function in the Banach spaceH, and let u(n) = (u1,(n), . . . , um,(n))
be the recursively defined solution in H to





for i = 1, . . . ,m,

∂ui,(n)

∂t
+

1

2

∂

∂xk

(
ak,j

∂ui,(n)

∂xj

)
+ ĥ(u1,(n−1), . . . , um,(n−1))∇ui,(n)

+hi(u
1,(n), . . . , um,(n),∇u1,(n), . . . ,∇um,(n)) = 0,

u(n)(T, x) = g(x) and ui,(n)(t, ·) ∈ H1
0(O) ∀t ∈ [0, T ).
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The existence of u(n) when u(n−1) is given is ensured by Theorem 1, since for
this equation, the term ĥ(x, u(n−1)(x))z satisfies (h-iii). Some computations
similar to that of the proof of Theorem 2 imply that

‖u(n+1)
t − u

(n)
t ‖2

L2(O) +
∫ T

t
‖∇u(n+1)

s −∇u(n)
s ‖2

L2(O) ds

6
∫ T

t
(C1 + C2‖∇u(n)

s ‖2
L2(O))‖u(n+1)

s − u(n)
s ‖2

L2(O) ds

+
∫ T

t
‖u(n)

s − u(n−1)
s ‖2

L2(O) ds

As
∫ T
0 ‖∇u(n)

s ‖2
L2(O) ds is bounded by some constant depending only on the

structure of (8) and which is so independent from n. Hence, by the Gronwall
Lemma again, for any 0 6 τ 6 T ,

sup
τ6t6T

‖u(n+1)
t − u

(n)
t ‖2

L2(O) +
∫ T

τ
‖∇u(n+1)

s −∇u(n)
s ‖2

L2(O) ds

6
(∫ T

τ
esα‖g‖L2(O)e

βT

ds

)

×
(

sup
τ6t6T

‖u(n)
t − u

(n−1)
t ‖2

L2(O) +
∫ T

τ
‖∇u

(n)
t −∇u

(n−1)
t ‖2

L2(O) dt

)
.

We set

τ = T − 1

2
exp(−Tα ‖g‖L2(O) eβT ),

so that
∫ T
τ esα‖g‖L2(O)e

βT

ds 6 1/2. It follows from the Fixed Point Theorem
that u(n) converges to the solution u of (33) on the time interval [τ, T ] and
the limit is unique. Setting τ0 = T and τ1 = T , we may iteratively construct
a sequence of decreasing times in order to solve (33) on [τk, τk−1] with uτk−1

as final condition. However, the norm of uτk−1
may increase, but using (34),

we may set

τk = τk−1 − 1

2
exp

(
−Tα ‖g‖L2(O) eβT eβ(T−τk)

)
,

so that the distance between τk and τk−1 decreases. However, if (τk)k∈N is
bounded by below, then τk− τk−1 does not converges to 0, and then τk could
not be bounded by below. Although τk − τk−1 decreases to 0, it is possible
to solve recursively (33) on the whole interval [0, T ].

Now, once the solution u to (33) has been found, one may consider the
process X generated by the differential operator

L =
1

2

∂

∂xi

(
ai,j(x)

∂

∂xj

)
+ ĥi(x, u(t, x))

∂

∂xi

.
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The distribution P̂s,x of this inhomogeneous in time stochastic process X

satisfying P̂s,x [ Xs = x ] = 1 is also given by the Girsanov transform

dP̂s,x

dPx

∣∣∣∣∣Ft

= exp
(∫ t

s
a−1ĥ(r, Xr, u(r, Xr)) dMX

r −
1

2

∫ t

s
aĥ · ĥ(r, Xr, u(r, Xr)) dr

)
,

where Px is the distribution of the process generated by L = 1
2

∂
∂xi

(
ai,j(x) ∂

∂xj

)

starting at x, and MX is the martingale part of this process. The absolute
continuity of the measure P̂s,x with respect to the measure Px is easily derived
from the results in Lyons and Zhang 1996 and in Chen and Zhao 1995.

Remark 4. If the coefficient a is smooth, then X is the solution of the Stochas-
tic Differential Equation

Xt = X0 +
∫ t

0
σ(Xs) dBs +

∫ t

0
ĥ(s, Xs, Ys) ds

where σ is such that σσT = a and B is a Brownian Motion. We face here a
Forward-Backward Stochastic Differential Equation. The idea of the previous
representation coupling a BSDE and a non-linear operator seen as a linear
operator by “freezing” the solution appearing in the coefficient is close in
its spirit from the Four Step Scheme introduce by Ma, Protter and Yong
(Ma, Protter and Yong 1994). It may be used for quasi-linear PDE with a
divergence-form operator (Lejay 2004).

Theorem 6. The conclusion of Theorem 4 are valid under P̂s,x.

Proof. Although Theorem 4 has been proved for time-homogeneous stochas-
tic process whose infinitesimal generator is self-adjoint, it is still valid under
distribution P̂s,x. In fact Aronson estimate (15) and estimate (16) have a ver-
sion in for non-homogeneous probability transition function. Furthermore,
we have used the fact that

∫
RN p(t, x, y) dx = 1 for any y, and this comes from

the symmetry of the operator. But if the operator has a bounded first-order
differential operator, with the version of the non-homogeneous in time Aron-
son estimate, it is easily proved that there exists some constant C depending
only on λ, Λ and n such that

∫
RN p(s, t, x, y) dx 6 C.

Theorem 4 has to be re-proved from scratch. One may think to use the
Girsanov theorem on the conclusion of 4, but in this case, the BSDE becomes
under the new distribution

Yt = g(XT )1{T<τ }+
∫ T∧τ

t∧τ
h(s, Xs, Ys, Zs) ds+

∫ T∧τ

t∧τ
Zsĥ(s, Xs, Ys) ds−

∫ T∧τ

t∧τ
ZsM

X
s ,
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which is different from (19a). But, as we will see in the next Section, this
allow to prove a new existence result.

5.2 Girsanov Theorem and an existence result for BSDE

We will see how Theorem 6 may be used together with the Girsanov theorem
to prove some new existence result of BSDE.

Proposition 1. Let ĥ be satisfying (ĥ-i)-(ĥ-ii). We assume (g-ii), i.e., that
g is bounded. Let (X, P̂x) be the process generated by the self-adjoint operator

L = 1
2

∂
∂xi

(
ai,j

∂
∂xj

)
. The martingale part of this process is denoted by M̂X.

Then there exists a unique solution to the BSDE





Yt =g(XT )1{T<τ } +
∫ T∧τ

t∧τ
h(s, Xs, Ys, Zs) ds

+
∫ T∧τ

t∧τ
Zsĥ(s, Xs, Ys) ds−

∫ T∧τ

t∧τ
Zs dM̂X

s , P̂0,x-a.s.,

Êx

[
sup06t6T∧τ |Yt|2 +

∫ T∧τ
0 ‖Zt‖2 dt

]
< +∞,

Y and Z are FX-progressively measurable

(35)

for almost every x in O. Moreover, this solution is given by Yt = u(t, Xt)
and Zt = ∇u(t, Xt) on [0, τ ], where u is the solution of (33).

Proof. The idea is to consider first the BSDE Yt = g(XT )+
∫ T
t h(s, Xs, Ys, Zs) ds−∫ T

t Zs dMX
s , where the driving process X is generated by the operator L −

ĥ(t, x, u(t, x))∇. Here, u is the solution to (33) with −ĥ instead of ĥ as a
first-order differential term. The process X denotes the martingale part of
the process X. Let us denote by Px the distribution of this process starting
at point x. By Theorem 6, Yt = u(t, Xt) and Zt = u(t, Zt).

Let L be the martingale

Lt =
∫ t∧τ

0
a−1(Xs)ĥ(s, Xs, Ys) dMX

s .

The boundedness of a−1 and ĥ implies that exp
(
Lt − 1

2
〈L〉t

)
is an exponential

martingale. Let P̂0,x be the distribution defined by

dP̂0,x

dPx

∣∣∣∣∣FX
t

= exp
(
Lt − 1

2
〈L〉t

)

for any t ∈ [0, T ]. The solution of the BSDE

Yt = g(XT )1{T<τ } +
∫ T∧τ

t∧τ
h(s, Xs, Ys, Zs) ds−

∫ T∧τ

t∧τ
Zs dMX

s , ∀t ∈ [0, T ],
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becomes

Yt = g(XT )1{T<τ } +
∫ T∧τ

t∧τ
h(s, Xs, Ys, Zs) ds

+
∫ T∧τ

t∧τ
Zs · ĥ(s, Xs, Ys) ds−

∫ T∧τ

t∧τ
Zs dM̂X

s , ∀t ∈ [0, T ], P̂0,x-a.s.

under P̂0,x, where

M̂X
t = MX

t −
∫ t∧τ

0
ĥ(s, Xs, Ys) ds

is a (FX, P̂0,x)-martingale. The boundedness of Y and (32) (see also (46)
below) implies that

Ê0,x

[
sup

06t6T∧
|Ys|2 +

∫ T∧τ

0
‖Zs‖2 ds

]

6 C0Ex


 sup

06t6T∧
|Ys|4 +

(∫ T∧τ

0
‖Zs‖2 ds

)2

 < +∞,

so that (Y, Z) is also the solution of the system of BSDE (35) under the
distribution P̂0,x.

Under the new distribution P̂0,x, the infinitesimal generator of X is the

divergence-form operator L = 1
2
∂xi

(
ai,j∂xj

)
.

6 Homogenization

We prove now a homogenization result for a family of semi-linear parabolic
PDEs. More precisely, a convergence result of the solution of semi-linear
parabolic PDE is proved when a parameter that represents the scale of the
heterogeneities decreases to 0.

Two cases of homogenization are considered: the periodic media and the
random media.

We assume that the coefficients of the linear operators and the non-linear
terms are defined on RN , and not only on O.

We start by recalling quickly some homogenization results on the linear
part of the PDE.
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6.1 Homogenization in periodic media of a divergence-
form operator

We give here briefly the result about the homogenization of the family of
operators Lε defined by

Lε =
1

2

∂

∂xi

(
ai,j(·/ε)

∂

∂xj

)
+

1

ε
bi(·/ε)

∂

∂xi

, (36)

assuming that a, b are measurable, 1-periodic, a satisfies hypotheses 6 as
above, and b = (bi)

N
i=1 is measurable, bounded by Λ.

A probabilistic approach of the the convergence of Xε to a Gaussian pro-
cess X for divergence-form operator is considered in Lejay 2001a, Lejay 2000.
The method used here adapts to our particular class of processes the general
procedure: see Bensoussan, Lions and Papanicolaou 1978, Olla 1994, Freidlin
1996 for example.

This convergence of Xε to X may also be obtained by some analytical
way, because the convergence of the solutions of the parabolic equations is
equivalent to the convergence in distribution of the associated processes, as it
is proved in Rozkosz 1996b. The analytical ways of proving a homogenization
result are well-known (Jikov, Kozlov and Oleinik 1994, Bensoussan, Lions and
Papanicolaou 1978).

In fact, the process Xε starting from x is equal in distribution to the

process (εXt/ε2)t>0, where X
def
= X1 starting from x/ε.

There exists a unique 1-periodic solution π locally in H1(RN) to the prob-
lem

1

2

∂

∂xi

(
ai,j

∂π

∂xj

)
− ∂

∂xi

(biπ) = 0,
∫

[0,1]N
π(x) dx = 1.

This function π is the density of the invariant measure of the projection on
the torus RN/ZN of the Markov process associated to 1

2
∂xi

(
ai,j∂xj

)
+ bi∂xi

.

With some spectral gap technique (see e.g., Corollary 4, p. 21 in Lejay
2001a or Chapter 1 in Olla 1994), if f is locally integrable and 1-periodic,
then for any p > 1,

∀t > 0, sup
x∈RN

Ex

[ ∣∣∣∣∣
∫ t

0
f(Xε

s/ε) ds− t
∫

[0,1]N
f(x)π(x) dx

∣∣∣∣∣
p ]
−−→
ε→0

0. (37)

For k = 1, . . . , N , there exists a unique 1-periodic solution vk locally
in H1(RN) of the problem





1

2

∂

∂xi

(
ai,j

∂vk

∂xj

)
+ bi

∂vk

∂xi

=

(−1

2

∂ak,j

∂xj

− bj

)
in the weak sense,

∫

[0,1]N
vk(x)π(x) dx = 0,
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considering that

1

2

∫

[0,1]N
ai,j(x)

∂π(x)

∂xj

dx =
∫

[0,1]N
bi(x)π(x) dx. (38)

If x = (x1, . . . , xN), we set wk(x) = xk +vk(x), wε
k(x) = xk +εvk(x/ε) and

wε(x) = (wε
1(x), . . . , wε

N(x)). Then wk is a harmonic function for 1
2
∂xi

(
ai,j∂xj

)
+

bi∂xi
and

wε(Xε
t) = wε(Xε

0) + M̃ε
t , (39)

where M̃ε is a local martingale with cross-variations

〈M̃ε,i, M̃ε,j〉t =
∫ t

0
aε

i,j

∂wε

∂xi

∂wε

∂xj

(Xε
s) ds.

Furthermore, vk is 1-periodic and is then bounded. We assume that for
any ε > 0, Xε

0 = x. It follows from (37) and a Central Limit Theorem for
the martingales (see e.g., Theorem 7.1.4, p. 339 in Ethier and Kurtz 1986,
in which the convergence in probability of the cross-variations implies the
converge in distribution) that Xε converges in distribution to

Xt = x + MX
t

where MX is a martingale with cross-variations

〈MX,i, MX,j〉 = tai,j = t
∫

[0,1]N
ap,q(x)

∂ui(x)

∂xp

∂uj(x)

∂xq

π(x) dx. (40)

With (37) and the Burkholder-Davis-Gundy Inequality that

sup
ε>0
E

[
sup

06t6T
|M̃ε

t |2
]

< +∞, (41)

since ai,j∂xi
w∂xj

w is 1-periodic and belongs locally to L1(RN).

Theorem 4.4, p. 27 in Billingsley 1968 asserts that (Xε, M̃ε)ε>0 converges

in distribution to (X, MX).

6.2 Homogenization of a divergence-form operator in
random media

Let (ΩM,G, µ) be a probability space. We consider now a group (τx)x∈RN of
transformation on (ΩM,G, µ) that preserves the measure µ and such that it is
ergodic. Furthermore, we assume that (τx)x∈RN is stochastically continuous.
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A function f measurable on ΩM × RN such that there exists a random
function f on Ω for which

f(x, ω) = f(τxω), ∀x ∈ RN , ∀ω ∈ ΩM,

is called a stationary random field.
Let us consider the family of operators Lε defined by

Lε,ω =
1

2

∂

∂xi

(
ai,j(x/ε, ω)

∂

∂xj

)
(42)

where the coefficient a is the stationary random field associated to a such
that µ-almost surely,

λ|ξ|2 6 aξ · ξ, ∀ξ ∈ RN , and a is bounded by Λ.

Let Xε,ω be the Dirichlet process whose infinitesimal generator is Lε,ω. As
in the case of periodic media, there exists an operator L = 1

2
ai,j∂

2
xi,xj

with
constant coefficients such that Xε,ω converges in distribution to the process
X associated to L.

Let us introduce the space

V2
pot =

{
(f1, . . . , fN) ∈ L2(ΩM)N

∫
ΩM fi dµ = 0, for i = 1, . . . , N,

rot (f1(·, ω), . . . , fN(·, ω)) = 0

}
,

where fi is the stationary random field associated to fi.
It is possible to find for k = 1, . . . , N a unique element (fk

1 , . . . , fk
N) in V2

pot

such that
∫

ΩM
ai,j(δi,k + fk

i )gj dµ = 0, ∀(g1, . . . ,gN) ∈ V2
pot.

Hence, there exists a unique family of (continuous) functions wi(x, ω) such
that

∂wi(x, ω)

∂xj

= δi,j + f i
j(τxω) ∀i, j = 1, . . . , N and wi(0, ω) = 0.

Each of the functions wi(x, ω) is not a stationary random field. But there are
harmonic for L1,ω, i.e., L1,ωwi(·, ω) = 0 in the weak sense. Furthermore, for
almost every realization ω, εwi(x/ε, ω) converges uniformly on each compact
of RN to the ith projection x 7→ xi. Using the Aronson estimate (15), it is
easily proved that for any T > 0,

sup
06t6T

|Xε,ω
t − εw(Xε,ω

t /ε, ω)| proba.−−−→
ε→0

0.
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Now, we set

and ǎi,j(τxω) = ap,q(δi,p + f i
p)(δj,q + f j

q )(τxω)

= ap,q(x, ω)
∂wi(x, ω)

∂xp

∂wj(x, ω)

∂xq

(x, ω).
(43)

For almost every realization ω, there exists a local martingale M̃ε,ω such
that

M̃ε,ω,i
t = εwi(X

ε,ω
t /ε, ω)− Xε,ω,i

t and M̃ε,ω dist.−−→
ε→0

MX = X,

where MX is a martingale with quadratic variations 〈MX,i, MX,j〉t = t
∫
ΩM ǎi,j(ω) dµ(ω).

The convergence holds for almost every starting point x and almost every re-
alization ω.

Details may be found in Lejay 2001b and Lejay 2000. Concerning the
probabilistic approach, the reader is also referred to Olla 1994 and Osada
1998.

6.3 Homogenization of semi-linear PDEs

In this section, the process Xε is the process associated to the operator Lε,
i.e.,





Lε =
1

2

∂

∂xi

(
ai,j(·/ε)

∂

∂xj

)
+

1

ε
bi(·/ε)

∂

∂xi

in periodic media,

Lε =
1

2

∂

∂xi

(
ai,j(τ·/εω)

∂

∂xj

)
in a random media.

We assume that these processes are conservative, i.e., the operators Lε are
defined on RN . We also assume that they are defined on the canonical prob-
ability space of continuous functions.

The distribution P is either Px for a fixed x in the case of periodic media,
or Px,ω which is the distribution of the process starting at x when the random
environment is fixed to be ω.

In fact, the periodic media is a particular part of the homogenization in
random media. Indeed, in the periodic case, we let the space ΩM be equal
to the unit torus RN/ZN , and τxy = y + x mod 1 for any x, y in RN . The
measure µ is the Lebesgue measure.

So, we use only the notation for a general random media. If we are in
the case of periodic media, we have to replace the measure µ by the measure
π(x) dx when averaging the non-linear terms.

We shall precise our assumptions on the non-linear terms. We assume
that h is a measurable function on [0, T ]× ΩM × RN × Rm satisfying:
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(h-vi) The function (x, y) 7→ h(s, ω, x, y) is equicontinuous uniformly with
respect to the two first variables.

(h-vii) The family of functions s ∈ [0, T ] 7→ h(s, ω, x, y) is equicontinuous
uniformly with respect to ω, x, z.

(h-viii) The function ω 7→ h(s, ω, x, y) is a function in L1(ΩM, µ)m for any
(s, x, y) ∈ R+ × RN × Rm.

Let O be a open domain of RN with regular boundary. We prove the
following Theorem.

Theorem 7 (Homogenization of semi-linear PDE). Let Lε be defined
by (36) or (42). Let h and ĥ be some functions on R+ × Ω ×O × Rm such
that

(i) (t, x, y) 7→ h(t, ω, x, y) and (t, x, y) 7→ ĥ(t, ω, x, y) satisfy (h-i)-(h-v) and
the constants K1, . . . , K4 do not depend on ω;

(ii) The function h satisfies (h-vi)-(h-vii);

(iii) The function ĥ satisfies (ĥ-i)-(ĥ-ii);

Let uε = (uε
1, . . . , u

ε
m) be the solution of the system





∂uε
i (t, x, ω)

∂t
+ Lεuε

i (t, x, ω) + hi(t, τx/εω, x, uε(t, x, ω))

+
∂uε

i (t, x))

∂xj

ĥj(t, τx/εω, x, uε(t, x, ω)) = 0, x ∈ O, t ∈ [0, T )

uε(T, x, ω) = g(x) ∈ L2(O)m,

uε(T, ·, ω) ∈ H1
0(O)m, ∀t ∈ [0, T ).

(44)

Then, for almost every realization ω, almost every x ∈ O and any t > 0,
the solution uε(t, x, ω) converges almost surely to the solution of the system





∂ui(t, x)

∂t
+

1

2
ak,j

∂2ui(t, x)

∂xk∂xj

+ hi(t, x, u(t, x))

+
∂ui(t, x)

∂xj

ĥj(t, x, u(t, x)) = 0, x ∈ O, t ∈ [0, T ),

u(T, x) = g(x),

u(t, ·) ∈ H1
0(O)m, ∀t ∈ [0, T ),

(45)

where a is defined by (40),

hi(t, x, y) =
∫

ΩM
h(t, ω, x, y) dµ(ω)

and ĥi(t, x, y) =
∫

ΩM
(δi,j + f i

j)(ω)ĥj(t, ω, x, y) dµ(ω).
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The choice of the hypotheses (h-vi)-(h-viii) will be justified by Proposi-
tion 2 below.

The method used here does not allow to deal with a general non-linearity
in ∇u, because of the lack on control on the term Zε (see the comments p. 535
in Pardoux 1999a).

The remainder of this section is devoted to prove Theorem 7. We assume
that we have fixed an arbitrary realization ω of the media, with a starting
point x.

The distribution P̂ε is the distribution of the process starting at point x
and time 0 whose infinitesimal generator is

Lε + ĥ(s, τxω, x, uε(s, x)),

where u is the solution of (44). The martingale part of X under the distri-

bution P̂ε is denoted by M̂Xε
. We denote by τ ε the first exit time of X of the

open, connected subset O of RN .
Let us denote by Yε, Zε the unique FXε

-progressively measurable solution
to the BSDE





Yε
t = g(Xε

T )1{T<τε } +
∫ T
t h(s, τXε

s
ω, Xε

s, Y
ε
s) ds− ∫ T

t Zε
s dM̂Xε

s ,

Ê
[

sup06t6T |Yε
t |2 +

∫ T
0 ‖Zε

t‖2 dt
]
.

We use the convention that Yε
t and Zε

t are equal to zero when t > τ ε, and
that x 7→ h(s, x, y) and x 7→ ĥ(s, x, y) are extended to be equal to 0 in the

cemetery point ∆. We set Mε
t =

∫ t
0 Zε

s dM̂Xε

s .
The distribution Pε is that of the process whose generator is Lε and

starting from some point x.
The canonical stochastic process will be denoted by Xε while working

under the distributions Pε or P̂ε.
We know from the results in Section 6.1 for periodic media and 6.2 for

random media that L(Xε | Pε) converges to the distribution of some non-
standard Brownian Motion.

We assume in a first time that the final condition g is a smooth func-
tion with compact support on O. We will see in Step 10 how to drop this
condition.

Step 1: Use of the Girsanov transform. As we have seen it in Sec-
tion 5.1, the distribution P̂ε is the probability measure defined on the space
of continuous functions by the relation,

dP̂ε

dP

∣∣∣∣∣FX
t

= exp
(
Lε

t −
1

2
〈Lε〉t

)
, ∀t ∈ [0, T ],
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where Lε
t =

∫ t∧τε

0 a−1(Xε
s/ε)ĥ(s, τXε

s
ω, Xε

s, Y
ε
s) dMX. We remark that for any

γ > 1, for any ε > 0, any t ∈ [0, T ] and for any function Φ FXε

T -measurable,

Êε [ Φ ] 6 Eε

[
exp

(
γ′Lε

T +
γ′

2
〈Lε〉T

) ]1/γ′

Eε

[
exp

(
γ′

2
〈Lε〉T

)
Φγ

]1/γ

6 exp

(
γ′λK̂2

2
T

)
Eε [ Φγ ]1/γ ,

(46)

where Pε is the distribution of Xε and 1/γ + 1/γ′ = 1. Hence, it follows that
the convergence in probability under Pε implies the convergence in probability
under P̂ε.

Step 2: An estimate on Yε and Mε.
We have already seen that uε is bounded. But for the periodic media, we

work with the operator Lε + 1
ε
b, and in this case, it has not been proved that

uε is bounded by a constant that does not depend on ε, since the bounds of
the coefficients vary with ε.

But as in Section 4.3, Yε is bounded by a constant that does not depend
on ε, because we need only to know the bounds of the coefficient a. In fact,
we only require

Êε

[
sup

06t6T
|Yε

t |2
]

6 C0

which may be directly proved setting α = 0 in the proof of Section 4.3.
Since

Êε [ 〈Mε〉T ] 6 ΛÊε

[ ∫ T∧τε

0
‖Zε

s‖2 ds

]
,

it follows that

sup
ε>0
Êε

[
sup

06t6T
|Yε

t |2 + sup
06t6T

|Mε
t |2

]
< +∞. (47)

We also remark that from (h-v),

CV(Yε) 6 Êε

[ ∫ T∧τε

0
|hε(s, Xε

s, Y
ε
s)| ds

]
6 TK ′Êε

[
sup

06t6T
|Yε

s|2
]

+ TK ′.

With (A1), this is sufficient to assert that (Yε, Mε) is S-tight.

Step 3: Convergence of (Xε, Yε, Mε). From (47), the sequence L(Yε, Mε | P̂ε)
is S-tight (see (A1)). The sequence L(Xε | Pε) is tight for the topology U of
the uniform norm as we have seen it in Section 6.1 and 6.2. With the result
of Step 1, it is clear that L(Xε | P̂ε) is tight.
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As a result, there exist some processes X in C([0, T ];RN), Y and M in

D([0, T ];Rm) such that L(Xε, Yε, Mε | P̂ε)
U × S × S-topology−−−−−−−−−−−→

ε→0
L

(
X, Y, M P

)

along a subsequence.

Step 4: Convergence of Xε. Under P̂ε, for i = 1, . . . , N ,

Xε,i
t + εvi(X

ε
t/ε) = Xε,i

ε2 + εvi(X
ε
ε2/ε)

+ M̂ε,i
t +

∫ t

ε2

(
δi,j +

∂vi

∂xj

(Xε
s, ω)

)
ĥj(s, τXε

s
ω, Xε

s, Y
ε
s) ds, (48)

where M̂ε is a local martingale with cross-variations

〈M̂i, M̂j〉t =
∫ t

ε2
ap,q

(
δi,p +

∂vi

∂xp

) (
δj,q +

∂vj

∂xq

)
(Xε

s, ω) ds.

From (46), the Central Limit Theorem for martingales (See Theorem 7.1.4,
p. 339 in Ethier and Kurtz 1986 and Proposition 2, there exists a distribu-
tion P on the space of continuous function such that L(M̂Xε | P̂ε) converges

weakly to L(MX | P).
The following Proposition is used to prove the convergence of the last

term in the right-hand side of (48).

Proposition 2. Let f(t, ω, x, y) a function satisfying (h-vi)-(h-viii). Then
for almost every realization of the media, the following convergence holds:

sup
06t6T

∣∣∣∣∣
∫ t∧τε

0
f ε(s, τXε

s
ω, Xε

s, Y
ε
s) ds−

∫ t∧τε

0
f(s, Xε

s, Y
ε
s) ds

∣∣∣∣∣
proba.−−−→
ε→0

0,

where f(s, x, y) =
∫
ΩM f(s, ω, x, y) dµ(ω).

Proof. The argument used in the proof of Lemma 4.2 in Pardoux 1999b are
easily adapted to our case.

We denote by τ the first exit time from O for the process X. From
results on the S-topology (see Corollary 2.11, p.10 in Jakubowski 1997 and

Proposition 2, it is clear that
∫ t∧τε

0 ĥ(s, Xε
s, Y

ε
s) ds converges in C([0, T ];Rm)

to
∫ t∧τ
0 ĥ(s, Xs, Ys) ds. Passing to the limit,

Xt = MX
t +

∫ t∧τ

0
ĥ(s, Xs, Ys) ds, ∀t ∈ [0, T ], P-a.s. (49)

and MX is a (FX,P)-martingale with cross-variations ta.
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Step 5: Convergence of Yε at the terminal time. As uε is the solution
to (44), if τ ε 6 T , then Xε

τε belongs to ∂O, and then uε(T ∧ τ ε, Xε
T∧τε) =

g(Xε
T )1{T<τε }. Furthermore, since g is a continuous function with compact

support in O, it is also clear that g(Xε
T )1{T<τε } = g(Xε

T∧τε) and it converges
to g(XT )1{T<τ }, where τ is the first time the process X exits from O.

Step 6: Passage to the limit for the BSDEs. With Theorem A.1 and
Proposition A.1, there exists a countable set D in [0, T ) such that for any
t ∈ [0, T ] \D,

L
(
τ ε, Xε

t , Y
ε
t , M

ε
t ,

∫ T

t
h(s, Xε

s, Y
ε
s) ds, Xε

T , Mε
T P̂ε

)

−−→
ε→0

L
(
τ , Xt, Yt, Mt,

∫ T

t
h(s, Xs, Ys) ds, XT , MT P

)
, (50)

along a subsequence.
Using the right-continuity of Y and M, P-a.s.,

Yt = g(XT )1{T<τ } +
∫ T∧τ

t∧τ
h(s, Xs, Ys) ds + MT∧τ −Mt∧τ , ∀t ∈ [0, T ], (51)

Step 7: The martingales MX and M are (FX,Y,M,P)-martingales. The

processes Yε and Mε are FXε
-adapted. We denote by FX,Y,M the minimal

admissible and complete filtration generated by (X, Y, M).
We remark from (51) that Mt is a function of Ys, Xs for s 6 t, and M0.

Hence, M is FX,Y,M-adapted.
With the Burkholder-Davis-Gundy Inequality and (47), we may apply

Lemma A.1 to (Xε, Yε, Mε), that asserts that M is a (FX,Y,M,P)-martingale.

Since MX
t is FX

t -adapted, it is also FX,Y,M
t -adapted.

In the case of a periodic media, we have only to use (37) with (46) and

Lemma A.1 to prove MX is a FX,Y,M-martingale.
The function ǎ defined by (43) belongs in fact to L1+γ(ΩM, µ) for some

γ > 0 that depends only on λ and Λ. For that, we have to use the Meyers’
estimate on the gradient — which is a stationary random field — of the
harmonic function wi(x, ω) (for i = 1, . . . , N) (see Meyers 1963). Hence,
with (46),

Êµ

[
sup

06t6T
|M̂ε

t |2
]

6 C0Êµ

[ ∫ T

0
|ǎ|(τXε

s/εω) ds

]

6 C1Eµ

[
ε2

∫ T/ε2

0
|ǎ|1+γ(τXsω) ds

]
= C1

∫

Ω
|ǎ|1+γ(ω) dµ(ω)
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for some constants C0 and C1, where C1 depends on γ. Hence Lemma A.1 is
valid for (Xε, Yε, Mε, M̂ε) if we work under P̂µ. Since P does not depend on a

realization of the media, MX is a (FX,Y,M,P)-martingales.

Step 8: Identification of the limit. Let (Yt, Zt)t∈[0,T ] be the unique

FX
t -progressively measurable solution of the BSDE

Yt = g(XT )1{T<τ } +
∫ T∧τ

t∧τ
h(s, Xs, Ys) ds−

∫ T∧τ

t∧τ
Zs dMX

s (52)

with E
[

sup06t6T |Yt|2 +
∫ T∧τε

0 ‖Zs‖2 ds
]

< +∞ and (Yt, Zt) = 0 on [τ , T ].

The process Y is FX
t -adapted. Hence it is FX,Y,M-adapted. We set Mt =∫ t∧τ

0 Zs dMX
s .

With Lemma A.2, Yt and Mt are square-integrable for each t > 0, and
from Lemma 3,

∫ T∧τ
0 Ys dMs is a martingale.

Applying the Itô formula for possibly discontinuous martingale M and
using (47),

E
[
|Yt − Yt|2

]
+

m∑

i=1

2E
[

[Mi −Mi]T − [Mi −Mi]t
]

= 2E
[ ∫ T∧τε

t∧τε
(h(s, Xs, Ys)− h(s, Xs, Ys)) · (Ys − Ys) ds

]

6 2K
∫ T

t
|Ys − Ys|2 ds.

Using the Gronwall Lemma Y = Y and M = M. This proves that (Yε, Mε)
converge to (Y, M) is the S-topology.

Step 9: Convergence of Yε
0 to Y0. The convergence in the S-topology

does not ensure us that Yε
0 converges to Y0. But the value of Yε at time 0 is

given by

Yε
0 = g(Xε

T )1{T<τε } +
∫ T∧τ

0
hε(s, Xε

s, Y
ε
s) ds−Mε

T .

It follows from the continuity of the projection πT : y ∈ (D([0, T ];R), S) 7→
y(T ) (cf. Remark A.2) that Mε

T converges in distribution to MT . Then Yε
0

converges in distribution to Y0. Since Yε
0 and Y0 are deterministic,

Yε
0 = g(Xε

T )1{T<τε } +
∫ T∧τ

0
hε(s, Xε

s, Y
ε
s) ds + Mε

T

−−→
ε→0

Y0 = g(XT )1{T<τ } +
∫ T∧τ

0
h(s, Xs, Ys) ds + MT .
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Step 10: Extension to any initial condition in L2(O). If the final
condition g belongs only to L2(O), there exists a sequence of continuous
functions gη such that gη converges to g in L2(O). We use again a stability
result and Theorem 4.2, p. 25 in Billingsley 1968.

Let (Yε,η, Zε,η) be the solution to

Yε,η
t = gη(Xε

T )1{T<τε } +
∫ T∧τε

t∧τε
h(s, τXε

s/ε, X
ε
s, Y

ε,η
s ) ds−

∫ T∧τε

t∧τε
Zε,η

s dMXε

s

satisfying (19b)-(19d), and (Yη, Zη) the solution to

Yη
t = gη(XT )1{T<τ } +

∫ T∧τ

t∧τ
h(s, Xs, Y

ε,η
s ) ds−

∫ T∧τ

t∧τ
Zε,η

s dMX
s .

Using the results of Section 4.2.3, we deduce that

Ê
[
|Yε

0 − Yε,η
0 |2

]
6 CÊ

[
|g(Xε

T )− gη(Xε
T )|2; T < τ ε

]
.

If there is no highly-oscillatory first order term in the operator Lε (this is
the case for the random media), the Aronson estimate (15) implies that there
exists some constant C depending only on λ, Λ, the dimension N and T such
that

Ê
[
|g(Xε

T )− gη(Xε
T )|2; T < τ ε

]
6 C ‖g − gη‖2

L2(O)

uniformly in ε−−−−−−−−→
η→0

0.

It is now clear from Theorem 4.2, p. 25 in Billingsley 1968 that g(Xε
T )1{T<τε }

converges in distribution to g(XT )1{T<τ }.
For the homogenization in periodic media with the presence of a highly-

oscillatory first order term, we have to work a bit more.

Lemma 8. We assume that the hypothesis on the coefficients a and b defined
in Section 6.1 are satisfied. Let f be a function in L1(O). Then there exists
some constant C depending only on λ, Λ such that

sup
x∈O

Ex [ |f(Xε
T )| ] 6 C ‖f‖L1(O) .

Proof. Using a partition of the unity, we may assume that the support of f
is contained in the cube ξ + [0, 1]N , and it may be extended to a periodic
function f̃ . With Proposition 1 in Lejay 2001a, we know that

sup
x∈O

Ex [ |f(Xε
T )| ] 6 sup

x∈RN

Ex

[
|f̃(ε−1Xε

T/ε2)|
]

6 C
∫

[0,1]N
|f̃(x/ε)| dx 6 (C + 1)

∫

[0,1]N
|f̃(x)| dx

for some constant C that depends only on λ and Λ.

We have only to conclude as previously, by using again a Girsanov trans-
form to work under the distribution P̂.
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Conclusion The proof of Theorem 7 is then complete, and the expressions
(49) and (52), together the identification of Step 8 and Theorem 6 allows
to express Y0 as u(0, x), where u is the solution of (45). With Step 9, we
have then proved that uε(0, x, ω) converges to u(0, x). There is no difficulty
to prove using the same method that uε(t, x, ω) converges to u(t, x) for any
t ∈ [0, T ].

7 Concluding remarks

1. Our results may be extended to the case the self-adjoint operator L takes
the form

L =
e2V

2

∂

∂xi

(
ai,je

−2V ∂

∂xj

)

where V is a measurable bounded function. In this case, it is natural to work
with the space L2(O; e2V (x) dx) instead of L2(O). For the homogenization
in random media, the invariant measure is e−2V(ω) dµ(ω) if V is the random
variable on (ΩM,G, µ) corresponding to the stationary random field V and∫
ΩM e−2V(ω) dµ(ω) = 1. For the homogenization in periodic media, the den-

sity π of the invariant measure is given by L∗π = 0, where L∗ is the adjoint
of L seen as an operator on the space L2

per(e
−2V (x) dx) of periodic functions.

2. There should be no difficulty to extend the results of Section 4 and 5
when the coefficients of the linear operator depend on time, and are bounded
and uniformly elliptic independently of the time variable.

3. All the previous proofs may be adapted for studying systems of semi-linear
elliptic PDEs of the form





Lui(x) + hi(x, ui(x),∇ui(x)) = fi(x),

ui ∈ H1
0(O), i = 1, . . . , n.

A The S-topology

The S-topology has been introduced by A. Jakubowski in Jakubowski 1997.
It is a topology defined on the Skorohod space D([0, T ];R) of càdlàg (right
continuous with left limit at each point) functions that is weaker than the
Skorohod topology. But tightness criterions are easier to establish with
this topology using the same tightness criteria as the one introduced by
P.A. Meyer and W.A. Zheng in Meyer and Zheng 1984.
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Let z be a function in D([0, T ];R). Let Na,b(z) the number of up-crossing
given levels a < b, i.e., Na,b(z) > k if there exist numbers 0 6 t1 < t2 <
· · · < t2k−1 < t2k 6 T such that z(t2k−1) < a and z(t2k) > b.

We recall here some propositions about the S-topology.

Proposition A.1 (A criteria for S-tightness). A sequence (Yε)ε>0 is
S-tight if and only if it is relatively compact with respect to the S-topology.

Let (Yε)ε>0 be a family of stochastic processes in D([0, T ];R). Then this
family is tight for the S-topology if and only if (‖Yε‖∞)ε>0 and (Na,b(Yε))ε>0

are tight for each a < b.

Remark A.1. The S-topology is defined on D([0, T ];R), but may be easily ex-
tended to the N -dimensional case. We remark that from the very definition,
(Y1,ε, . . . , YN,ε)ε>0 is S-tight if and only if (Yi,ε)ε>0 is S-tight for i = 1, . . . , N .

If (Y,P, (Ft)t>0) is a process in D([0, T ];R) such that Yt is integrable for
any t, the conditional variation of Y is defined by

CV(Y) = sup
06t1<···<tn=T partition of [0,T ]

n−1∑

i=1

E
[ ∣∣∣E

[
Yti+1

− Yti Fti

]∣∣∣
]
.

The process Y is called a quasimartingale if CV(Y) < +∞.
When Y is a Ft-martingale, then CV(Y) = 0.
A variation of the Doob inequality (cf. Lemma 3, p. 359 in Meyer and

Zheng 1984, where it is assumed that YT = 0) implies that

P
[

sup
t∈[0,T ]

|Yt| > κ

]
6 2

κ

(
CV(Y) + E

[
sup

06t6T
|Yt|

])
,

E
[
Nα,β(Y)

]
6 1

β − α

(
|α|+ CV(Y) + E

[
sup

06t6T
|Yt|

])
.

It follows that a sequence (Yε)ε>0 is S-tight if

sup
ε>0

(
CV(Yε) + E

[
sup

06t6T
|Yε

t |
])

< +∞. (A1)

Theorem A.1. Let (Yε)ε>0 be a S-tight family of stochastic processes in
D([0, T ];R). Then there exists a sequence (εk)k∈N decreasing to 0, some pro-
cess Y in D([0, T ];R) and a countable subset D ∈ [0, T ) such that for any n
and any (t1, . . . , tn) ⊂ [0, T ] \D,

(Yεk
t1 , . . . , Yεk

tn )
dist.−−−→

k→∞
(Yt1 , . . . , Ytn).
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Remark A.2. We have to note that the projection πT : y ∈ (D([0, T ];R), S) 7→
y(T ) is continuous (see Remark 2.4, p. 8 in Jakubowski 1997), but y 7→ y(t)
is not continuous for each 0 6 t < T .

We can now state two Lemmas concerning the convergence of some se-
quence of random variable in the S-topology.

Lemma A.1. Let (Xε, Mε) be a multidimensional process in D([0, T ];Rp)
(p ∈ N∗) converging to (X, M) in the S-topology. Let (FXε

t )t>0 (resp. (FX
t )t>0)

be the minimal complete admissible filtration for Xε (resp. X). We assume
that

sup
ε>0
E

[
sup

06t6T
|Mε

t |2
]

< CT , ∀T > 0, (A2a)

Mε is a FXε−martingale, (A2b)

and M is FX-adapted. (A2c)

Then M is a FX-martingale.

Proof. We may assume without loss of generality that X and M are one-
dimensional processes in D([0, T ];R). Let t0 ∈ [0, t].

Let D be a countable dense subset of [0, T ] such that X converges in
finite-dimensional distribution on [0, T ] \D (see Theorem A.1). Let Φt0 be a
function on the space D([0, T ];Rp) of the form Φt0(Xt) =

∑k
i=1 fi(Xti), where

k is an arbitrary integer, (fi)i=1,...,k a family of continuous bounded functions
and t1, . . . , tk belongs to [0, t0] \D.

We set

St,δ(V) =
1

δ

∫ t+δ

t
Vs ds,

which is a continuous function from (D([0, T ];R), S) to (C([0, T ];R), U). Fur-
thermore,

E
[
St,δ(V)2

]
6 E

[
sup

06t6T
|Vt|2

]
.

Consequently, (St,δ(M
ε))ε>0 is uniformly integrable.

So, with (A2a) and (A2b), for any r > 0,

0 = E [ Φt0(X
ε)(St0+r,δ(M

ε)− St0,δ(M
ε)) ]

−−→
ε→0

E [ Φt0(X)(St0+r,δ(M)− St0,δ(M)) ] .

As M is right-continuous and FX-adapted, if δ decreases to 0,

E [ Φt0(X)Mt0+r ] = E[ Φt0(X)E[ Mt0+r | FX
t0

] ] = E [ Φt0(X)Mt0 ] ,

and from the freedom of choice of Φt0 and a monotone class Theorem, M is
a FX-martingale.
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Remark A.3. The condition (A2a) may be replaced by the weaker condi-
tion that (sup06t6T |Mε

t |)ε>0 is uniformly integrable. But under the condi-
tion (A2a), M is a square-integrable martingale.

Remark A.4. We have assumed that (sup06t6T |Mε
t |)ε>0 is uniformly inte-

grable to deal with some càdlàg processes. But if Mε converges to M in the
topology of the uniform convergence, the previous Lemma is true with (A2a)
replaced by the weaker condition that (Mε

t)ε>0,t∈[0,T ] is uniformly integrable
(see Proposition IX.1.12, p. 484 in Jacod and Shiryaev 1987).

Lemma A.2. Let (Yε)ε>0 be a sequence of processes converging weakly in

(D([0, T ];Rp), S) to Y. We assume that supε>0 E
[

sup06t6T |Yε
t |2

]
< +∞.

Hence, for any t > 0, E
[

sup06t6T |Yt|2
]

< +∞.

Proof. With Definition 3.3 and Corollary 2.9, p. 13 and p. 10 of Jakubowski
1997, there exists a countable set D ⊂ [0, T ) such that, with the help of the
Fatou Lemma,

E
[

sup
t∈Dc

|Yt|2
]

6 E
[

lim inf
ε→0

sup
t∈Dc

|Yε
t |2

]
6 sup

ε>0
E

[
sup

06t6T
|Yε

t |2
]

< +∞.

The Lemma is proved using the density of Dc in [0, T ] and the right-continuity
of Y.

Acknowledgment. The author wishes to thank Professor Étienne Par-
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