
HAL Id: inria-00070013
https://hal.inria.fr/inria-00070013

Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Computing one million digits of racine de 2
Xavier Gourdon, Bruno Salvy

To cite this version:
Xavier Gourdon, Bruno Salvy. Computing one million digits of racine de 2. RT-0155, INRIA. 1993,
pp.6. �inria-00070013�

https://hal.inria.fr/inria-00070013
https://hal.archives-ouvertes.fr


������������	��
����������������������������������������
�������������������	������ ���!��	"�������������	��

# $&% ' ( )�*�+ , $&+ - % *�./.�*0$1+ 2 *�,3*�)54
$76 8

9;:=<?>A@CBEDGFIHKJMLEFIN
O�BQPSRST�UWV;X�YIZ

[]\_^a`I`
bc:=>�dfeWeWg

h����iM�����j�j�ck
lIm?npo=qrn�sQtvu�w�xyn{zp|}qr~
�a� x�� � m?u�u�m?��z{x��
���~_�rz{~�n�x��yz�o=z�~�n

���"�j���/�����������j���f���0�



����� ���	��
��� ���	� � 
��
����
� 
���
���������� �

��� �"!$#&%�'	(*)+%-,.(0/1�2/3,546%7) /3(98.�2:;�=<

>@?+ACB;DFE-G�B
H�@JI�@;KML B >ONv@JPST�QSRTPS@VU�RST�QXW @;I&YW@GT[Z/b�:[\&WA@]^K�> R&R @CB Rv:FW*IS:�R�:_K`R B P-LaRQPSB @VLC:�R6Nv@�P-K @;I

RQTbL TcJ\SPdR @eRTPS@gfvBhK`R.c�>iWiW > TWRjI?>OY�>ORhK T�Z k l�@am@LQ>A@CR&R`WOno

��p6�qr�s� � � �stg�_� 
��Jtu� 
��
����
� � �wv�_qr
� p6���_� � � � �

x�yz A[{}|5yz
NMTWP-K�cjTWR&R B T?R-K.L TcJcj@CR&R�W :_L TWRSRv:=>~KMKQ:�R-L @JI�@;KeK`R B P-LaR PSBQ@;K.I�@JI�TWRSR��@C@;Ka> R�R @CBQRS@;K�I�@

bc:�\&W @r\v@CPdR_�@CR B @0PdR >iW >~K&�@C@�\vTWPSBeLC:FW~L P&W @CBG@am�LC:L @Cc�@CR�RgW @r\SB @Cc�> @CBec�>iWiW >AT?RjI�@JI*�@;LQ>Oc�:FW @;K
I�@ k l&o

��T :�\d\v@f:�B > RS�2�&�3���a�7�i�6�-�h�����-���a��d�e�;�+�C�i�;�����;�C�



� ��� �����
	��� ����� � 	�����	���� ��	��	��
� ��� 8
������� �"!$#&%(')!+*,%�-���-.*�/0!"'1-.%32.�546��798

:<;>=�?�@BADCFE5=(GH@I;
bc:�\&W @JLC:�R�Nv@�P-K @;Ic:KK:_P�>OYP�\SB @;LQ>~K > TWRjLC:FW~L P&W�:�R TWBeRQT�@KJ�@;LaR > <W@aWOn L T cJ\SPdR @j:rW�:�BTYW@�RyPdcrNv@CB0T[Z

I?>OY�>ORhK T�Z7K Tcj@�L T?R-K`R�:�R&RhKCo(LSTWB @KM}:[cJ\&W @ONy:�R >AR&R @CB @;K R > RdY3K PSB <W@CnET�Z-RMPS@�L T cJ\SPdR�:�R > TWR�T�Z�P�Q�>ORMPjbc:�\&W @LC:�R@N�@eZ�TWPSR-I�> R�RMPS@RQ�RMP >~KMK PS@ET�Z RMP�>~K�RS@CQ�K W @CRMR @CBFo��XPS@ec�T�K`RMRv:�RQPSB�:FW2QM:;n�R TJ\SB TdL @C@;I@R TJL Tc�\SPdR @
: L TWR-K`R�:�R&R)S >~KXRQTVLC:FWiW2RMPS@gZ�PSR-LaR > TWRUTWVYX[Z]\_^K`badc�egQ.P�>~LMP�B @CRQPSB R-K RMPS@.fvBaK`Rgf�I?>OY�>ORhK�T�Z5SJo5hMT�Q�@C<W@CBiN
Q.PS@CRjf�Nv@;L T cj@;KXW�:�BTYW@lkmfc:�BQTWPSR-I�din]n"NonOnOnqpHN"TWVrXOZ]\bN�@;L Tcj@;K <W@CBMn@R >Ocj@ s L TWR-K Pdc�> RdY-ogt R�RMP�>~K RSTR @ONQ�@GP-K @JRMPS@JL TcJ\SPdR�:[R > TWR�T�Z*RMPS@ fvBhK`Rec�>iWiW >AT?R�I?>OY�>ORhK T�Z k l�: K0:�R5>AR-L @CR&R > <W@JRQT@RMPS@�PSR-I�@CBhK`R�:�R-I?> RdY
T�Z�b�:[\&WA@]^K,uvTy:�R > RdYJ\�T�> R�RKR�PdcVN�@CBhKCo�FMPSB0:=>Oc >~K�R TJK`PST�QSRMPv:�RXRMP�>~K PSR-I�@CBhK`R�:�R-I?> RdY�>~KX\SB T�f-R�:[N&WA@ R TYy:_>AR@c�P-LTP�@am�LQ> @CR-Lan�> R@RMPS@rL TcJ\SPdR�:�R >AT?R-KCo �XPS@3\SB T YWB�:�c Q�@ I�@;KTL B >ONv@JL TcJ\SPdR @;K RMPS@gfvBhK`R.c > WiW > TWR
I?>OY�>ORhKET�Z k l�> R :�N�TWPdRjgdoov6L�o \2o P2o�PSTWPSBhKETWR
: U\v:�BhL�din owh @CB @�:�B @_K Tcj@_R >Oc�> RdY�KJL Tc�\v:�B > RdY�RMPS@K`\�@C@;IdKMT[Z TWPSBI:FWOYWT?B >ORMPdc :�R-I T�Z"bc:�\&W @] Ka@C<_:FWiZMo

N.N�I?>OY�>ORhK TWPSB.R > c�@ @C<_:FWiZ B�:[R > T
x nWeOy do d;K x ooQK x o g
Q}dfel gdozvK dfedo^lK vdo x
diy?gOQ x d?do gK {O{�ozQK ydo e
glq{|yOQ g]vdo x K gSdWdo gK QdooQ
yOv]vWgOv dWd?doovK d;lOyOydozyK d?do g

t R RTPS@VK @;L TWR-I�L T�W PdcjR�NrT?PSB�R >Ocj@ >~Kgc P&WOR >O\&W > @;I N&n�g�@f:LMP6R >Ocj@rRMPS@GR�PdcrNv@CB0T�Z�I?>OY�>ORhKeI�T?PdN&WA@;K}N
PS@CR-L @j:�YWB T�Q.RMP�T�Z)~�kmf��o���O�H�|�o���q�}pHN Q.P�>iW @j@C<_:FWiZ�]^K.R >Ocj@rYWBQT�QgK�> R�~�kmf���pho�� PS@3R >Ocj@�RS@C@;I�@;I6N�n5@C<_:FWiZ
R TrL TcJ\SPdR @0T?RS@�c�>iWiW > TWR I?> Y�> RaK�T�Z k l Q�TWP&W~I_RMP�P-K Nv@0B TWPdY P&W n�QOnrL�o \2o P2o PSTWPSBhK�TWR_RMP�>~KXc�:LTP�> RS@Rk R T
N�@3L TcJ\v:�B @;I Q�>ORMP�TWPSBIg oov PSTWPSBhKKpho
U�> R-L @�:FWiW�RMPS@bL T cJ\SPdR�:�R > TWR-KKT[Z>TWVrXOZO\c:�B @J\�@CB`Z�TWBMcj@;I5> R RTPS@JUW@CB RS@aWdN2Q�P�> LTP > K;> R�L Tc�\�> W @;I��>NRMPS@Cn LC:�RSRST R3Nv@ T�<W@CBMR�:[UW@CR�N�n c�@CB @�bc:�\&W @b\SBQTYWB�:�c�c�> RdY-o5FMPSB0>OcJ\SB T�<W@Ccj@CR&RhK T_<?@CBlTWVrXOZO\�RMP�P-K

Pv:=<W@gR TJN�@ :FWOYWTWB > RTPdc�>~L�o*�XPS@;K @ Z :FWiW�> R&R TJR`Q�TJLTW : KMK @;K � >OcJ\SBQT_<?@Ccj@CR�R T�Z RTPS@G:FWOYWTWB >ORMPdc]P-K @;I_Z�TWBXRMPS@L Tc�\SPdR�:�R > TWR�T�Z�k l�>ORhK @aWiZ/:�R-I >OcJ\SB T�<W@Cc�@CR�RMT[Z*RMPS@GPSR-I�@CB`WOn?> RdY�:�B >ORMPdc�@CR >~L�oMV�W K TrN bc:�\&W @ >AR&R @CYW@CBaK
k PS@CR-L @
uvTy:[RhKKpj:�B @6W > c > RQ@;ISR T	lO������vl x lOQ]Q I?>OY�>ORhK�TWR :
gl[s�N�> RaK_c�:LTP�>ARS@o ��T
T_<?@CBhL Tcj@6RMP�>~KW >Oc�>OR�:�R > TWR�NXRTPS@_fvRv:FW�\SB TY?B�:�c Q�>iWiWITWPdRT\SPdRbR`Q�T�R�PdcrNv@CBhK�Q.PST�K @�L T?R-LC:�R @CRv:�R > TWR nW> @aW~IdK�RMPS@�B >OYP&R
B @;K P&W RFo
��@I����CB=��1=(GH@I;�@>��� �

�XPS@ cjT�K`RXQ�@aWiW}U�RST�Q R�:FWOYWTWB >ORMPdc RQTbL TcJ\SPdR @3k lJL TWR-K >~K`RhK/>AR >OR @CB�:�R > RdY_RMPS@3K @i�?PS@CR-L @
���|  � � ���r¡ l£¢ d ¡|�"�Y¤ �"¥ � g ¡ l ¤ k�dWp

¦�§�¨o©KªK«¬o®°¯i±1²_³�«°ª�´°µ�¶�®�·|¸°¹�º<¸6§,·|»K¼ ½�¾H¿ÁÀOµÃÂ�¯�µ�²°Ä|Å�ÆÇÂ�µ�Èiµ�ÉW·OÊi«dÅËÄi¶�µKÌ
ÍiÎKÏWÐHÑKÒrÓÔiÕ×ÖiÒ Ø ÕËÙ}Ú�Ð�Ù ÒWÐHÎÛÓÜKÒ ÅËÄiÈÞÝ ÒKÖ Ù|Õ"Ó°ß Î àKÏ áâÚ�ÐãÙiÒWÐ×Î"ÓÜKÒ

d



��TcJ\SPdR >ARdY k l

TNdR�:=> RS@;IrN&nG:�\d\&WOn?>ARdY�NM@CQ�R TWR2] K0c�@CRMPST I R TgRMPS@ \vT�WOn�RSTc�>�:FW��r���3ldo}� P�> K K @i�WPS@CR-L @.L TWR�<W@CBMYW@;K"R T k l
�WPv: I�B�:�R >~LC:FWiWOnON Q.P�>~LTP cj@f:�R-K RMPv:�ReRMPS@jR�PdcrNv@CBET�Z L TWBQB @;LaRVI?>OY�>ORhK I�TWPdN&W @;K :[R0@f:LMP > RQ@CB�:�R > TWR2o_�XP�>~K
ZpT[W W T�Q�K"Z�B Tc9K PdN-K`R >OR PdR >ARdY � � � k l�¢�� � >AR k�dWp :�R-IEB @CQ B >OR > RdY�d ¡|� � : K,k k l���� � p ¡ l<¢ �� � �� ¡ k k l�¢�� � pHNQ.P�>~LMP�n?> @aW IdK

� �W  � � dl
�i��k lÞ¢�� �
	

LSB T c RMP�>~K�TWRS@�RSTRQ@;KrRMPv:�RJRTP�> K�L TWRy<?@CBMYW@CR-L @ >~K�:�W K T	�$�����C�i�iN c�@f:�R�> RdYjRMPv:[R : K`c�:FWiWI@CB BQTWBj:�R�TWRS@K`R�:�Y?@3Q�>iWiW�RSTRg\SB @C<W@CR&R�RMPS@rK @i�?PS@CR-L @3Z�B Tc L TWR�<W@CBMY�> RdY-o.� P�> Kg\SBQT\v@CBMR`n�LC:�R6Nv@�P-K @;I6\SB T�f-R :�N&WOn�N&n
L TcJ\SPdR > RdY TWR&WOn�l � I?>OY�>ORhK T�Z � �� T?B�> R�bc:�\&W @3\v:�B W :�R-L @3N&n�I�TWPdN&W > RdY������������ :�R @f:LMP�K R @C\2o
V K`PSTWBMRhL T c�> RdY�T�Zgk�dWp�>~KgRMPv:�R > R0BQ@i�WP�> B @;K RMPS@JL TcJ\SPdR�:�R >AT?R�T[Z*RMPS@E>AR�<W@CBhK @ T[Z/R�PdcVN�@CBhKgQ�>ORMP�:

W�:�BMYW@MR�PdcrNv@CB�T�Z2I?>OY�>ORhKCo*�XP�>~K > K"RSTR�:KRS@;L @;KMK >OR`n :�R-IrQ�@ K Pv:FWiWvB�:�RMPS@CB�B @aWOn�TWRrRMPS@ Z�T�WiWAT�Q�> RdYrK @i�WPS@CR-L @
�"¥ � n

	
{|n+{yd�nOy+{|QSd�diQ]yOv x {|v ¤ ���|  � � g l �"� � � �� 	 k l+p

�XP�>~K.K @i�?PS@CR-L @K>~K�TNdR�:=> RS@;I�N�n :�\d\&WOnW> RdY�NM@CQ.RQTWR2] K c�@CRMPST I�R TJl�� �
���
:�R-I_N�n_K >Oc�>iW :�BI:�BMYWPdc�@CR�RhK�:K

:�NvT�<W@ON�>OR3L TWR�<W@CBMY?@;KÇ�WPv:I�B :�R >~LC:FWiWOn RQT k l ¡ ldo0b5TWB @3\SBQ@;LQ> K @aW nON TWRS@JLC:�R�\SB T�<W@rRMPv:[R�� � � � k l ¡ l����dinO� �"!$#gZ�TWBM:FWiW RSTWR5RS@CYy:�R > <W@K> R&R @CYW@CB>f+o1hM@CR-L @ RMPS@gfvBhK`R.c > WiW > TWR I?>OY�>ORhKMT[Z l � �&% k cjTWBQ@�\SB @;LQ>~K @aWOn6RMPS@
fvBhK`R�l � ¥ � d ¤ n x Q ¤ v]yOyeI?>OY�>ORhKKp/:�BQ@eRMPST�K @0T�Z*k ldo�XPS@j:I�<�:�R&R�:�YW@ET�Zgk l+p�T�<W@CB.k�dWp"> KgRTPv:�RM>OR0B @i�?P�> B @;KKTWR&WOn�: IdI?> R >AT?R-K N2\SB TdI�P-LaRhKK:�R-I�I?> <W>~K > TWR-K N&n
ldocVeIdI?> R >AT?R :�R-I	I?> <?> K >AT?RsN&njl5T�Z.W�:�BMYW@ R�PdcVN�@CBhK�k�R�PdcrNv@CBhK Q�>ORMP	RTPSTWP-K :�R-IdKET�Z I?>OY�>ORhKâp :�B @ RSTR
@KM \�@CR-K > <W@E> R�bc:�\&W @ON-NSPdR�c P&WOR >O\&W >~LC:�R > TWRc>~KCo �XP�>~K�>~K.I?>~KML P-KMK @;I�> R5TWPSBMRS@KMdR�K @;LaR > TWR-KCo
'D�g?)(+* G ;>=�*�(+*1?�,9�Þ;FA.- @Þ�1=�,�G ;0/ �g�213*

L"W Ty:�R >ARdY�\vT�> R&RIR�PdcrNv@CBhKM:�B @3K`R TWBQ@;I_N�n�bc:�\&W @ :K
4 Z�5"X$�Yk76 ¤"8 p ¤

Q.PS@CB @96�:�R-I 8 :�B @K> R&R @CYW@CBhKCoX�XP�>~K B @C\SB @;K @CR&RhK:69;�din=<aoX�XPS@CR�NS@KM-L @C\dR�Q�PS@CR>�����������0>~KgK`c�:FWiW @CBeRMPv:�R
T|VYXOZ$?"\_^@�����������"eÛN�:FWiW-RMPS@MT\�@CB�:�R > TWR-K+\�@CB`Z�TWBMcj@;I�T?RBuvT�:�R > RdYe\vT�> R&R�R�PdcrNv@CBhK�:�B @�B @;I�P-L @;IE> R&R @CB Rv:FWiWOnR TjT\�@CB�:�R > TWR-KaTWR�> R&R @CYW@CBhKCo

��T?R-K >~I�@CBMRST�QsRMPS@eI?> <W>~K > TWR6N�nbl Q.P�>~LTP >~K�RS@C@;I�@;I > RUk lqpHNy:�R-I@K Pd\d\vT�K @������������B��lOnOnOnOn o2H�Pv:�R
Pv:�\d\v@CR-Ka>~K RMPv:�R0d ¡ l;> K fvBhK R L T cJ\SPdR @;I�R TJlOnOnOnOneI?>OY�>ORhK}Nv:�R-I�RMPS@CR�bc:�\&W @ L Tc�\SPdR @;K RMPS@�\SBQT I�P-LaRMT[ZR`Q/TJlOn]nOnOneI?>OY�>ORhKa>AR&R @CYW@CBaKCo ��Tj:=<WT�>~I_RMP�>~K QM:K`R @KT�Z}R >Ocj@ON?>OR�>~KXRMPS@CBQ@aZpTWBQ@ I�@;K > B�:[N&WA@ R T3RQB�:�R-K Z�TWBMc k l+p
> R�R T�:�B @;L PSBQB @CR-L @GT�<W@CB�> R�RQ@CYW@CBhK �

� ¥ � {|n+{ydin]y+{|QSdWd�QOyWv x {|v ¤ � �|  � � g � �BAb�l � � ��
Ab� ¤ k g+p

Q.PS@CB @ A � � din]� �3!C# N�:�R-I RMPS@@I?>A<?>~K > TWR-KE> R�k g+p;:�B @bL TWR-K >~I�@CB @;I
: KED�P-LTW >~I�@f:�R�I?>A<?>~K > TWR-KJL Tc�\SPdR @;IN�nF�$GCH�5 o/L > <?>~K > TWR�:�R-I c P&WOR >O\&W >~LC:�R > TWR N&n A5� :�B @0RST R I?>im�L P&WOReR TbL T cJ\SPdR @3N�@;LC:�P-K @jbc:�\&W @VK`RQTWB @;K>ORhKK> R&R @CYW@CBhK;>AR Nv:K @�dinOnOn]n�k�T?R :�g lWs�N�>OR3c�:LTP�> RS@WphoJ�XPS@CB @aZ�TWB @rRMPS@;K @jT\v@CB :�R > TWR-K0BQ@;I�P-L @JR T�K`P�>iZ�RhKCoH�@VK PST�Q > R�T?PSBMRS@KM ReK @;LaR > TWR@PST�QSRTP�> KgLC:�R@N�@VI�TWRS@E@am�LQ> @CR�R`WOno
��T�L T?R-LTWAP-I�@rRMP�>~KgK @;LaR > TWR�N RMP�>~K >~K.RMPS@ \SB TdL @;I�PSB @rQ/@0P-K @3R TbL T cJ\SPdR @ k lJQ�>ORMPc: W�:�BMYW@ERyPdcrN�@CB

T�Z*I?> Y�> RaK �

l



��Tc�\SPdR > RdY k l

� f �O�e�����J����� �T�;�����
	 ��� �~���;���2��� �X�7���;�a�	����`�3��� ���F������gf��slO���Þ� l]ylSd xOx 	��������;�K��?BMRhl�� ���+D��=Gqk�R�p
� �=G[E � P�N&W P�� �Ç{|nq{ydinOy+{WQSdWdiQOy]v x {iv Wd� � x 
���! � z Q#"CW�� R%$!�

P�� ��> �?PST"k g&"�K`P�>iZ R}k�P�N W°pHN l+p"�XR B PSR-LCL PdNv@Wk P�N W°p Wd� ��l&"CW 
�!$ x('*),+@x.-�k�@C<_:FWiZ�kmL"W Ty:�R k g#"�K`P�>iZ�R k�P�N W°p3�.l#"FR B PSR-LCL PdNv@Wk P�N W°pHN �gQ#"CW°pHN R�p�p

z�/ $,�
�XPS@e\SBQT L @;I�PSB @;K�� ? ��\B� :�R-I��#0=H+c21�1 H�3�T :�BQ@3I�@CR�:=>iW @;I@Nv@aW T�Q3o
465 GH� =(G ; (�G ;>=�*�(�*)?), G ;0/ �g�213*

V�WORMPSTWPdYP�bc:�\&W @VK`RQTWB @;Ka> RaK�> R&R @CYW@CBhKa> R Nv: K @�dinOnOnOn k�T?R�: glWs�N�>OR�c :LMP�> RS@WpHN0RTPS@3\SB TdI�P-LaR0T�Z/:�R
> R&R @CYW@CB.N&n�d�n87 � R�:[UW@;KXRMPS@rK :�cj@eR >Ocj@G: KXRMPS@3\SBQT I�P-LaRgN�n�:�R&n x frs I?>OY�>ORhK > R&R @CYW@CB;obt RgR PSB R-K�TWPdR�RMPv:�R
P-K > RdYjbc:�\&W @] K�> R&R @CB Rv:FW}IS:�R�: K`R B P-LaRQPSB @ON&RMPS@ L T&K`R�T�Z K P-LTP�T \v@CB�:�R >AT?R-K.LC:�R_Nv@3L TWR-K >~I�@CB�:[N&W n�BQ@;I�P-L @;I0o
�XP�>~K >~KG: LMP�> @C<W@;I�RTPv:�RdU KgRQT bc:�\&W @] K:9aPv: LMU&QM:�B @3\v: LMU�:�YW@<;@L TcJc :�R-IdK �ÇX����ÛT�=>3rZ�TqN2?�� �+XB���ÛT�=@3�Z�TqN
A 5��}c �B� 5rN�XB?#?�0rT��B�=5]\7oH�@ >iW W P-K`RQB�:�R @ RMPS@;K @VL T cJc�:�R-IdK�T?R�:�R�@KMv:�cJ\&W @oXH�@eR�:[UW@eRMPS@K> R�RQ@CYW@CBgcDC�EGF�H�I�J>K�L#M�N#O oÃ��:FWiW > RdY
RMPS@�Z�PSR-LaR > TWR A �#0]cPC�E"XQ?#?Q0YTB���=5O\5^�c�e�B @CR PSBQR-K3RTPS@ >AR&R @CB Rv:�W : IdI�B @;KMKET�Z�RMPS@�bc:�\&W @j> R&R @CYW@CBRc2o��XPS@
?��=�+X��B�+TR=@3rZ"T ZpPSR-LaR >AT?R�N�:�\d\&W >A@;I R T_RMPS@j:IdI�B @;KMK A ��0]c<N0I?>~K :KMK @CcVN&W @;K RMPS@jb�:[\&WA@E> R&R @CYW@CBÞc�> R&R T�> RaK
L Tc�\vTWRS@CR&RhKM:�R-I BQ@CR PSB R-KXRMPS@3K @i�WPS@CR-L @�T�Z RMPS@ > BI:IdI�B @;KTK @;K �
S cDCTE2F<H#I�J&K#L�M#N#O�C
S A ��0]cPC�E�XB?#?Q0YT��B�=5O\5^×c<eUC
S XQ?�?�0��+T=GWcDCTE#?��=�+XB���+TR=@3�Z�T�^ A ��0]c�e!VXB?#?�0��+TCG[cWCTEXH5a%L#M�N#O5a�H�I�J&KbaYF

�XPS@ fvBhK RM> R&R @CYW@CB >AR�XB?#?Q0��+TCG[c BQ@C\SB @;K @CR&RhK.RTPS@VR`n&\v@ET�Z*RMPS@�TN>Z @;LaRgc0k PS@CB @ :_\�T�K >OR > <W@E> R�R @CY?@CB pHN
RMPS@ ZpT�WiW T�Q�> RdYcTWRS@;KG:�BQ@JRMPS@ x s I?>OY�>ORhK N&W TdLCKGT[Z)cc> R!B @C<W@CBhK @�TWBhI�@CB;o UWPd\d\vT�K @@Q�@JQM:�R&ReR T�LC:FW~L P&W�:�R @
=2EWc2[\F<]#]�]#] o}�XPS@�b�:[\&WA@0BQ@C\SB @;K @CR&R�:�R > TWR�T�Z!=6Nv@ > RdY

Hba^]5a%L#M�N#Oba^H�I�J>K5aYF
Q�@eL TcJ\SPdR @
S =_CTE A 5��}c ��� 5(^}XB���ÛT�=@3�Z�T<^`Hba.]5aF� H#3��=5 A ^8F<E�aQb>c#cÃaKXB?#?�0��+TCG[c�eÛeOedV

=eCTEfF�H�I�J>K�L#M�N#O#]�]#]�]
�XPS@RX����ÛT�=>3rZ�TeZpPSR-LaR >AT?R�:KMK @CcVN&W @;K�RMPS@3K @i�?PS@CR-L @GT�Z > R�RQ@CYW@CBhK�> R&R T�:�bc:�\&W @GTN>Z @;LaRM:�R-I�BQ@CR PSB R-K

RMPS@G: IdI�B @;KMK T�Z RTP�> K TN>Z @;LaR;oÁ�/:FWiW > RdY@RMPS@CR�RMPS@ ZpPSR-LaR >AT?R A 5��}c ��� 5jB @CRQPSB R-K.RTPS@Gb�:[\&WA@�@KMd\SB @;KMK > TWR6R TQ.P�>~LTP�>ORJ\�T�> R�RaK N PS@CB @6=}o��XP�P-K c P&WOR >O\&WOn?>ARdY
T?BVI?> <W>~I?> RdY
:�R�> R&R @CYW@CBJN&n din 7 � >~K�B @;I�P-L @;I RQT K`P�>iZ�R
T\�@CB�:�R > TWR-KaTWR@RMPS@Bf x s I?>OY�>ORhK�N&W T LCK T�Z}RTP�> Ka> R�RQ@CYW@CBiNv:�R-I RMPS@;K @G:�BQ@0<W@CBMn�Z :K R;o

�XPS@rL T I�@eRTPv:�R�I�T�@;K�>ORM>~KXRMPS@ ZpT[W W T�Q�> RdYr�
�hg �3�(�r��;���@�`�Q�&��	����QiF�J�����j�Q�#�r�;� �lk*�����O�3��������	>�T�V���r��F�����
> R�RTR T�W >~K`Ri� �*�+D��=Gqk�R�p/J:D �MHIJ NÇkm^I?> KQ:KMK @CcrN&W @Wk :IdI�B @;KTK T�Z�k�R�p�pon°p z\/ $Ã�

g



��TcJ\SPdR >ARdY k l

� �2�&�O�3�`�;�j�&�a�d�:69;_d�n 7��
K`P�>iZ�Ri� �*�+D<�2G+k :"N UYp

 �� :q�>nrB �7z�/ J:D*�MHKJMNIkmn+p�� J:D �MHIJ NÇk \�T�> R�RTR T"k :KTK @CcrN&WA@Wk T\�k K PdN-K T \�k�dW�Çk l"Nzn��;UYpHN > R�RTR T�W >~K`R k :+pËp�p�p�p�p
z�/ $,�

�B�:,Y=�� C 1�=�GH�21 G×E,�1=(G×@I;
H�@cRST�Q L TWR-L @CR�RQB�:�R @5TWRsRMPS@�\SB TdI�P-LaR�T�Z3R`Q�T�W�:�BMYW@5> R&R @CYW@CBhK N�Q.P�>~LMP >~K_RMPS@�cjT�K R�@KMd\v@CR-K > <W@

T\v@CB :�R > TWR > R@RMP�>~KM:FWOYWTWB > RTPdc�o�bc:�\&W @3L TcJ\SPdR @;K RMPS@e\SBQT I�P-LaRMT[Z}R`Q/TRfYs I?> Y�> RaK�> R�R @CY?@CBhK W >OUW@GTWRS@eI�T�@;K
N�nrPv:�R-I k�@KM-L @C\dR*RTPv:�R�>ORXI�Ty@;K�>OR�> RJNv: K @0dinOnOnOnqpho2�XP�>~K�B @i�?P�> B @;KÃ~�kmf � p @aW @Ccj@CR&R�:�BTn T \v@CB�:�R >AT?R-KCo �XP�>~K
L T�K`R�LC:�R@Nv@0B @;I�P-L @;I R Tl~Rkmf��o���+�H���o���+��p�T\v@CB :�R > TWR-K�P-K > RdY
	0:�B�:�RhK PdNv: ] K�:FWOYWTWB >ORMPdc�o ��Trc�P&WOR >O\&W n6R`Q/TlOfYs I?>OY�>ORhK�> R&R @CYW@CBhK�� :�R-I�lN�	0:�B�:�RhK PdNv: ] K�:FWOYWTWB >ORMPdc L T?R-K >~K`RhK�> R L PdRTR > RdY
� :�R-I� > R&R TJR`Q�T3\v:�BTRhK N

��� 6 � A ¢ 6 ¥O¤  � 8 � A ¢ 8K¥
Q.PS@CB @ A � din � N 6 � N 6 ¥ N 8 � :�R-I 8 ¥ N�@ >ARdY�frs I?>OY�>ORhKaRyPdcrNv@CBaK NS:�R-IJRTPS@CR@R TVL Tc�\SPdR @�RTPS@.\SB TdI�P-LaR���
:K

�� ��k76 � 8 � p A � ¢ m k76 � ¢ 6 ¥ p�k 8 � ¢ 8 ¥ p�� 6 � 8 � �F6 ¥ 8 ¥ n A ¢ 6 ¥ 8 ¥
	

k x p
FMR&WOn RMPSB @C@J\SBQT I�P-LaRhK T�Z fYs I?>OY�>ORhKER�PdcVN�@CBhKgPv:=<W@JR T@N�@bL TcJ\SPdRQ@;I5> R-K`R @f:IcT[Z*Z�TWPSBeQ�>ORMP RMPS@�P-K Pv:FW
ZpT?BMc�P&W :������k76 � 8 � p A � ¢ k76 ¥�8 � ¢ 6 � 8K¥ p A ¢ 6 ¥�8K¥ o V]B @;L PSBhK >A<?@ :�\d\&W >~LC:�R > TWR
T[ZBk x pXW @f:IdK R T6RMPS@NvTWPSR-Ij~�kmf �o���O�H���o�Ë�q� pho
VeKJK @C@CR >AR RMPS@@\SB @C<?> TWP-KbK @;LaR > TWR�N.L PdRMR > RdY >AR&R @CYW@CBaKj:�R-I c�P&WOR >O\&W n?> RdYsRMPS@Cc N�n A �&din � LC:�R

Nv@ @am�LQ> @CR�R W n
:LTP�> @C<W@;I�P-K >ARdY�bc:�\&W @] K > R�RQ@CB Rv:FW IS:[R�:@K`R B P-LaRQPSB @;KCo5UWTcj@@LC:�B @�>~KEB @i�?P�> B @;I RTPSTWPdYP�N
K > R-L @JRMPS@�B @C\SB @;K @CR�R�:[R > TWR�T�ZM:�R�> R&R @CYW@CB3LC:�RSRST RI@CR-I6N&n�:��C@CB T-o.��TWR-K >~I�@CBgZ�TWB >AR-K R�:�R-L @JRMPS@ > R�R @CY?@CB
cPC�E2F<H#IQJ>K#]�]#]�]#L#M�N#O�:�R-I�K Pd\d\�T�K @ Q/@eQM:�R&RXR TJL TcJ\SPdR @_=�N&RMPS@ W�:K`R>QJI?>OY�>ORhK T�Z�c2o H�@3L T cJ\SPdR @
S Z2F!C�E�?�� �ÛX��B�+T�=>3rZ"T�^}XB?#?Q0YT��B�=5O\5^×c<eOedV

Z C�E Hba L#M#N�Oba%]5a^H#I�J&KbaYF
S Z#H�C�E Hba 5 A ^H�����Iba���ZGF���e!V

Z�H C�E Hba^L�M#N#O5a%]
S =_CTE A 5��}c ��� 5(^}XB���ÛT�=@3�Z�T<^KZ#Hre+e!V

=eC�E ]
�XP�>~KXc�@f:�R-K RMPv:�R*Q�@gPv:=<W@�RQTVRQ@;K`R*RMPS@gW�:K R x s I?> Y�> RaKXN&W T LCK�T[Z}RMPS@KB @C\SB @;K @CR&R�:�R > TWR T�ZG=5:�R-IbI�@aW @CR @RMPS@Cc >iZVRMPS@Cn :�B @��C@CB TrNXNv@aZ�TWB @ LC:FWiW > RdYsRMPS@6Z�PSR-LaR > TWR A 5��}c ��� 5(^}XB���ÛT�=@3�Z�T<^�e+e�oS� :�U?>ARdY	RTP�> K > R�RQT

:LCL TWPSR&RiNdQ�@eQMB >OR @eRTPS@eZ�T�WiWAT�Q�> RdYJ\SBQT L @;I�PSB @O�
��� �;�j�&�h� � ������@����� �X�M�C� ���	@� �[�$�=� ��a�lk*���a�$���� �~�#�J������� �j�@�����r�i���$� ��j�Q�#�r�;�-���
fvBhK`R W : K`RM\v:�BMR�� �*�}D��2G+k�R�N U�N fvBaK`RiN W�:K`R}p
� �=G[E � WdN�> Wd� ��> R�RTR T�W >~K`R k�R�p  � ����� �3� �e�$�i���������"!r�\��$# �i���-�a��&% ���F�-�a�3�('T� �F�d�C� iF�*)

 �� UY¢�l,+�RST\-Kâk�W°p�B �0z\/ fvBhK`R�� �>n  W�:K`R�� �MR  J:D �MHIJ NÇk�p-� fvBhK`R�� �.\vT�> R&RMR T"k :KMK @CcrN&W @Wk�T\�k�d]N W°pHN T\�k UY¢�ldoOo RST\-KKk�W°pHN W°p�pËp Wd� �
m T\�k`ldoOo UY¢GdON W°pon 
� �0D > � D��2|1U�?/. �0deB��
d � �  � z T \�k�>dN W°p��>n.$d�%�!$ 

x



��Tc�\SPdR > RdY k l

 �� >,� nrB �7z�/ W�:K`Ri� �>n z � A z W�:K`Ri� �.\vT�> R&RMR T"k : KMK @CcrN&W @Wk l"N T\�k doOo >dN W°p�p�p/� J:D �MHIJ NÇk�p
z�/ $,�

HgK > RdYJRMP�>~KK:�R-I TWPSB.\SB @C<?> TWP-K B TWPdR > RS@;K N�	0:�B�:�RhK PdNv: ] KM:FWOYWTWB > RTPdc f-RhK�> R@fv<?@gW > RS@;K �
� f���� �(!��3� � � ���R� �M��� �3�� ����h������� kmf	�
�
pU_:�B�:�\SB TdI�� �*�+D<�2G+k R�N c�p
� �=G[E � U�NdU l�N :�NdN�N-LWN-I�Nv: LWNdN7I 

 �� W @CRdYRTP�k�R�p�gyOnOn]n�TWB W @CRdYRMP�k c�p`�.lOnOnOnrB �0z�/ J:D �MHKJMNÇk R2";c�p�� U�� ��L @ >iW k WA@CRdY RMP�k�R�p ¡ x p  Udl"� ��>6�?PST"k U�N l+p fvBhK`R W : K`RM\v:�BMR}k�R�N Udl"N :"N N�p  fvBhK`R`W�:K`RT\v:�BMR k c
N U l�N LWN IYp :LW� �.U�:�B�:�\SBQT IYk :�N L�p  N7I�� �.U�:�B�:�\SBQT IYk N�N^IYp J:D �MHIJ NÇk K P�> Z�R k : LWN l#";Udl+p�¢�K`P�>iZ�R k U�:�B�:�\SB TdIYk :+¢.N�N^L�¢�IYp3�M:L$�XN7I�N U l+pË¢.N7IYp
z�/ $,�

N TR @ RMPv:�RgRMPS@r\SB�:LaR >~LC:FW�@am�LQ> @CR-Lan�T�Z*RMP�>~K0:FWOYWT?B >ORMPdc�I�@C\v@CR-IdK TWR�RMPS@�<�:FW PS@jT�Z*RMPS@rRMPSB @;K PST�W~IdK
Q.PS@CBQ@ Q�@6W @CR�RMPS@cPSR-I�@CB`WOn?> RdY :�B >ORMPdcj@CR >~L k PS@CBQ@ bc:�\&W @] K > R�R @CBQRv:FW3c�P&W R > \&W >~LC:�R > TWR�p�L Tc�\SPdR @�RMPS@
\SB TdI�P-LaRhKCo9t R \SB :LaR >~L @ONgRMP�>~K_\SB TYWB�:[c1>~K@cjTWBQ@�@am�LQ> @CR&R@RMPv:�R bc:�\&W @] KJ\SBQT I�P-LaR�:K@K TyTWR :K�RMPS@
> R&R @CYW@CBhKXPv:=<W@ec�TWB @gRMPv:�R�:�N�TWPdR.R @CR6RMPSTWP-K :�R-I@I?>OY�>ORhK�o
��@I����CB=��1=(GH@I;�@>�����
N T�Q RTPv:�R.Q�@�Pv:=<W@G:�R�@am�LQ> @CR�Rgc�P&W R > \&W >~LC:�R > TWR�N�>OR�>~KM:�K >OcJ\&W @Vc :�RMR @CBXR TJL TcJ\SPdRQ@ � �� Q�>ORMP6R`Q/Tc�P&WOR >O\&W > LC:[R > TWR-KCogh T�Q�@C<W@CB�N : Z�@CQ K PSTWBMRhL PdRhKXLC:�R@N�@GP-K @;I R TJc�:[UW@�RTP�> KgL TcJ\SPdR :�R > TWR�@C<W@CR Z :K R @CB;o
L�> BhK`R�N Q.PS@CR f ���jN RMPS@�K \&W >ORMR >ARdY \��<0�� �"Z�XB�$� A X80B�5> R��rX80YX A 0 5#?�LC:�R Nv@�I�TWRS@�TWR-L @ > R-K`RQ@f:IT�ZXR`Q�>~L @ojFMRS@@LC:�RcP-K @JRMP�>~K R T@QMB >OR @j:@K @;L TWR-I�\SB T L @;I�PSBQ@��YX 0YX��CG�0@Q.P�>~LMP > K K W >OYP�R W n�Z :K R @CBeRMPv:�R

�YX 0YX A 0 5�? >AR6RMP�>~K.K`\�@;LQ> :�W LC:K @oUW@;L TWR-I�N�> RcTWPSB0:FWOYWTWB >ORMPdc � �� ¡ Ab� >~KeLTW T�K @rR T A5� ¡ ldo��XP�>~KeLC:�R6Nv@rR�:�U?@CR�> R�RQT :LCL T?PSR�RgR T@K`\v:�B @TWRS@ W TWRdY6c P&WOR >O\&W >~LC:�R > TWR k � �� N&n � � pH�KTWR-L @�Q/@rPv:=<W@JL TcJ\SPdRQ@;I��
� � �� N"Q/@JL PdR�� > R�RQT@R Q�T@N&W TdLCK
� � � �� � � A � ¢ lN :�R-IcB @CQMB >OR @E>OR : K��
� k*� � A �"¡ l+p A � ¢ 9¢ A �W  � ¡ ldo H�@�RST�Q9Pv:f<?@VRTPSB @C@
\SB TdI�P-LaRhKXRQTj@KM}:[c�> RS@

k��×p k*� � A5� ¡ lqp�� � � ¤ k����×p �� � � :�R-I k�������p Ab�|  � ¡ l�� � �
	

�"B T I�P-LaRIk�>°p�>~K>�?P�>~LMU WOn�:LMP�> @C<W@;I�N Nv@;LC:�P-K @&� � Ab� ¡ l >~KK:JK`PSTWBMRa>AR&R @CYW@CB  \SB TdI�P-LaRÇk�> > > p�>~K�RST R�L T�K`R`WOn
K > R-L @JQ�@jT?R&W n�Pv:=<W@rR T�K`P�>iZ�R :�R-I I?>A<?>~I�@@N�n�l@RMPS@E> R&R @CYW@CB � � oJ� P�> K QM:;nON0RTPS@CB @�>~K0TWR&WOn�T?RS@3W�:�BTYW@\SB TdI�P-LaRÇk�> >°pXR TJLC:FW~L P&W :[R @E>AR-K R @f:I�T[Z}R`Q/T�k ��� � � :�R-I��� � � pho�XP�>~K W @f:IdKMP-K R TJRMPS@gZ�T�WiW T�Qa>ARdY_\SB TY?B�:�cU�

�! ���.�2�����J���&� �X�M�C�}l#" �C���F�C�����£f � k�� �$�����_����� �C��;�X������5f � � �3�;�����C�3�j��d ¡ l-�
� " �O�3�������\�#���T�;��� � �C���;��� ���Çf % �~� �O�3� �>�� �;������$ )R B PSR-LCL PdN�@O� �*�+D<�2G+k R�N Urp
� �=G[E � P�NS< fvBhK`R W : K`RM\v:�BMR}k U_:�B :K��?B k�R�pHN U�N P�N <Yp J:D �MHIJ NÇk�>6�?PST"k K`P�>iZ�R k�R�N UYpHN lqp�¢XfvBhK`RM\v:�BMR k U�:�B�:�\SB TdIYk�R�N <YpHN UYp�¢Çk�P��.K P�> Z�R kmv]nOnOn"N U��0dWp�p�"fR�p
z�/ $,�

v



��TcJ\SPdR >ARdY k l

t RJRMP�>~K \SB TdL @;I�PSB @ON]\���0��$� A X80B�K>~K�:�Rj:�Rv:FW TYWTWP-K+RQT>\��<0��$�qZ�XB�$� A X80B�eQ�P�> LTPjB @CRQPSB R-K TWR&WOnrRMPS@ fvBhK`RPv:FWiZ�T�Z RMPS@0RyPdcrN�@CB;o
� C9(+*�;.Cl����*1?�,

O�@;LC:�P-K @KT�Z}RTPS@XW > c > RgK > �C@0T�Z2RMPS@M> R&R @CYW@CBhK"> R�b�:[\&WA@ON&Q�@gPv:f<?@.R T :=<WT�> I�L B @f:�R > TWR T�Zr> R�R @CY?@CBhK Q�>ORMP
cjTWB @�RMPv:�R vl x lOQOQgI?>OY�>ORhKCo*�XP�P-K N�>AR_RMPS@I: LaR Pv:FW-\SB TY?B�:�cUN�Q�@MP-K @�R Q�T0@KMdR B�:g\SB TdL @;I�PSB @;K R T3L Tc�\SPdR @
RMPS@�W : K`R*R`Q�TeR @CBMcbK"T�Z2RMPS@eK @i�WPS@CR-L @o �XPS@;K @g\SB T L @;I�PSBQ@;:�BQ@MB�:�RMPS@CB W TWRdYj:�R-I�PSR�>iWiWAPdc >�Rv:�R > RdY�:�R-IJQ�@
Tc�>OR.RMPS@Cc PS@CB @o�O/: K >~LC:FWiW nON�TWRS@ePv:K R TJL PdR.RTPS@IR�PdcrNv@CBhK�> R&R TJK @C<W@CB�:�W=\�> @;L @;K N \v@CB`Z�TWBMc RTPS@ 9CK c�:FWiW ;\SB TdI�P-LaRhKj:=<WT�>~I?> RdY�R�PdcVN�@CBhKrQ�>ORMP	c�TWB @_RMPv:�R vl x lOQ]Q�I?>OY�>ORhK >AR	RTPS@ >AR&R @CBMc�@;I?> :[R @�L TcJ\SPdR�:[R > TWR-K N
\SB T\v:�Y�:�R @rRMPS@JLC:�B BMnc:�R-I5B @CP-K @JRTPS@3W TdLC:FW/<�:�B >�:�N&W @;KeRQT�K`\v:�B @rcj@CcjT?BMnoV� PS@;K @r\SB T L @;I�PSBQ@;K3LC:�R N�@
TNdR�:=> RS@;I N�n @ s�c�:=>iW+ZpB T c RTPS@ :�PdRMPST?BhKCo
��@Ç;RE�1 C ,�GH@I;

H�@�@KMd\v@;LaReRMPv:[R.RMP�>~KK@KM \�@CB > @CR-L @�L T?Ry<?> R-L @;KgRMPS@GB @f: I�@CBeRMPv:�R.N�@ >ARdYc:�R�> R&R @CBM\SB @CRQ@;I@W�:�RdY?Pv:�YW@E>~K
RSTR :�R�T N-K`R�:LTW @JR T@RTPS@bK`\v@C@;I T�Z K P-LTPjL Tc�\SPdR�:�R > TWR-K;>AR!b�:[\&WA@o�V5\SB T YWB�:�c QMB > RTR @CR5>AR��SQ�TWP&W~I
RSTR3Pv:=<W@�Nv@C@CR!B @f:FWiWOn cjTWB @�@am�LQ> @CR�RrRMPv:�R TWPSBhK  cjTWBQ@CT_<?@CBiN�>ORVQ�TWP&W~I�Pv:=<W@�B @i�WP�> B @;I N�>OYcRyPdcrNv@CBaK\v:LTU_:�YW@;K�:�R-I3Q�TWP&W~I Pv:=<W@*N�@C@CRJcjTWBQ@*R @;I?> TWP-K+R TgQMB >OR @o�N @C<W@CBMRMPS@aW @;KMK}NK Tcj@ Z�:K`R2\SB TdI�P-LaR�:FWOYWTWB > RTPdc
K`PSTWP&W~I6Nv@E>OcJ\&W @Ccj@CR&R @;I >AR�bc:�\&W @] KXU?@CB RS@aW o.�XPS@3\SB T YWB�:�c Q�TWP&W~I Pv:f<?@eNv@C@CR
din W > RS@;K�W TWRdY-oXH�P�>iWA@
:�R L5L �1s�Nv: K @;Ir\SB TdI�P-LaR*Q�>iWiW2Nv@K@am�LQ> @CR�R�TWR&WOn Z�TWB�<W@CBMn W�:�BMYW@ RyPdcrNv@CBaK�T�Z}I?>OY�>ORhKÁk :�N�TWPdR�TWRS@.c�>iWiW > TWR�p
:�R-I RMP�P-K�> K RST R :�N-K T�W PdR @aWOnGRS@;L @;KMK :�BMnON�	0:�B :�RhK PdNv:d]^K�:FWOYWTWB >ORMPdc
N=> Z�>OcJ\&W @Ccj@CR�RQ@;IE> RJRMPS@*U?@CB RS@aWdNQ�TWP&W~INv@gZ�:K`R @CB RMPv:�RJRTPS@I@KM�>~K`R > RdYr\SB T I�P-LaR ZpTWB�RyPdcrN�@CBhK�T�Z�:�NvTWPdR�gOnOn I?> Y�> RaK N&Q.P�>~LMP >~K�:3L Tc�cjTWR@K > �C@.Z�TWB
L Ty@am@LQ>A@CR&RhK0:�\d\�@f:�B > RdY�>AR W�:�BMYW@3L Tc�\SPdR�:�R > TWR-KCo

y


