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� Z[<?>=]hVsd7cvU Vsj0Mh>=w0]hcvMOVsT_j�VYK�cvjzT0b+>7]hcvMOVsT_j�Mh9;c�M�VYK�daT_<?<?T_j�VWj�<�c�Mh9[>=<�c�MhVsd7cvU�KOTv��M`��cv]h>�,.-0/�12/23)4�Vsj
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Mh9[VYK�VYK�c�MOT0b[VYd�Mh9;c�M5KN>7>=<�K���>7UWUJK`MhZ;gLVs>7gKJ�KN>7�_>7]hc_U0XCZ;c_g[]hcvMOZ[]h>
Khdi9[>=<?>7K���VWMO9Sg[V�� >=]h>=jCM�d=T_jJ�_>7]Ow0>=j;d=>
b;]OT0b+>7]NMhVW>.K�cv]h>&LJj[T���j�c0K&��>7UWU
c0K�KNMO]ic�MO>7w_Vs>7K MOTuZ+KN>?Mh9[>=<M,�>0� w+��c_g;cvbLMic�MOVs�_>?>7]O]hT_]�cvj+cvUsIJKOVYK�I T_]
MhT�d=T_<AR;VWj[>pMO9[>7<�� � 9;>=j d=T_<?b;cv]h>7g MOT�Mh9[>pR+c_KOVsd ��T_Z[]�T_bf>=]ic�MhVWT0j;KN, c_g[gLVWMOVsT_j � KOZ[RLMO]ic_daMOVsT_j2�
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��c_UWZ;>7K�]h>aMhZ[]Oj;>7gE]O>.KNbf>7daMOVs�_>7UWI
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I =
∫ 106+π

106 sin(cos(t))− cos(sin(t))dt
�RQ j?MO9;>)T_j;>Q9;cvj+g?\%c_]OV65�7E\
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T0j�Mh9[>�MOTvMicvUL>7]O]hT_]�VsK%j[>7>7gL>.g�MhT Rf>�cvR[Us>�MOT&gL>7d=Vsg[>�T_�[MO9;>Qc_d�MhZ;cvULc0d=daZ;]hc0daI&Tv�[Mh9[>�]O>.KNZ;U�M.��\�]h>=�JVsT_Z;K
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Mh9[>�>=]h]hT_] MO>=]h<���� M�VsK&T_��MO>=j�MO9;>�d=c_KO>SMO9;cvM�MO9[>?]hT_Z[j;g[Tv��>=]h]hT_]EVsK
<?>7]O>7UWI�>.K`MhVW<�cvMO>7g�T_]QKOT_<?>=MOVs<P>.K�>=�0>=j�gLVsKO<?VsKhKO>7g�RCI�daT_<?b[Z[MOVsj[w?��V�Mh9�cPb[]h>7d=VsKOVsT_j�MO9;cvMQVsK��Nw_TJTLg
>7j[T_Z;w_99����� j;KNMO>.c_g��0T_Z[]5w0T0c_UCVYK%MhT�w_Vs�_>�cE]OVsw_T0]OT0Z;K2��T0]O<SZ[UYc RfT_Z;j;gLVsj[w&MO9[>�MhTvMicvU[>7]O]hT_]%<�c_gL>�Vsj?MO9[>
d=T_<?b[ZLMic�MhVWT0jd,�RfTvMh9pMh9[>?<?cvMO9[>7<�c�MOVYd=c_U�c_j;g ]hT_Z;j;gLTv� >=]h]hT_]�I�VsjpT_]igL>7])MhT�Rf>Pc_R[Us>AMhT�w0Z;cv]icvjCMO>7>
Mh9[>&�;j;c_U�]O>.KNZ;U�M.�

� juMh9[VYKQb;c_b+>7]
f : [a, b] → R

VYK�Mh9[>
C∞ ��Z[j;d�MhVWT0j ��>���c_j0M)MOT�VsjCMO>=w0]hcvMO>&T_j c��;j[VWMO>AgLT0<�cvVsj

[a, b]
�[cvj;g

n
VsK�Mh9[>�jJZ[<ARf>=]QT_��>7��c_UWZ+c�MOVsT_j�bfT_Vsj0MiK�VWj�Mh9[> � >7��MOT_j[�`��T_MO>7K�<?>=MO9[TLg�� � >aM

I =

∫ b

a

f(x)dx

Rf>&MO9;>�>�H[c_daM���c_UWZ[>&��cvUsZ[>�T_� MO9;>�VWjCMO>7w_]icvU��Lc_KhKNZ[<?>.g�MhT�R+>&�;j;V�Mh>_�
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n
� c_<?> �[T0]O<SZ[Usc

cnt Mh]hc_b+>E�=>7K
I2 = (b− a) f0+f1

2 − 1
12* @LVW<?b;KOT_j

I3 = b−a
6 (f0 + 4f1 + f2) − 1

90� @JVs<?b+T0j � K 3
8

]hZ[UW>
I4 = 3h

8 (f0 + 3f1 + 3f2 + f3) − 3
80m ��TJT0UW>

I5 = 2
45h(7f0 + 32f1 + 12f2 + 32f3 + 7f4) − 8

945

��Vsw_Z[]h> � J � >=��MOT0jL�N��TvMO>.K?VWjCMh>=w_]ic�MhVWT0j���T0]O<SZ[Usc0KP��T_]�KO<�cvUsU
n
� 8 T�KOVs<Pb;UWVW��I�Mh9[>uj[TvMic�MhVWT0j;K?��>

g[>a�;j[>
fi = f(xi)

�

8�9[> � >7��MOT_j[�`��T_MO>7KQ<P>=MO9[TLguZ+KN>.K�>7XCZ;c_UWUsIC� KOb;c_d=>7g�>=��c_UWZ;cvMOVsT_j�bfT_Vsj0MiK)Vsj�MO9;>AVsj0Mh>=w0]hcvMOVsT_jugLTv�
<�c_VWj2�[d=T_<?<?T_j[UsI�]h>a��>7]O>.g�MhT?c0K��Nc_R;KhdaVYKOKhc_K.�

x0, x1, . . . xn−1
J

for 0 ≤ i < n, xi = a + ih where h =
b− a

n− 1
is the step.

@JVsj;d=>
x0 = a

c_j;g
xn−1 = b

�fMh9[>ARfT_Z[j+g[K c_]O>AZ;KN>.g c_K cvR;KhdaVYKhKOc�c_j;g�MO9;>A<?>aMh9[TLg VYK KhcvVYg�MOT
Rf>�daUsT0KO>7g��P8�9[>?b[]hVWj;d=VWb;UW>PTv��MO9[>?<?>aMh9[TLgpVYKEMOTucvb;b[]OT^HLVs<�c�MO>AMO9[>P��Z[j+d�MOVsT_j���VWMO9�MO9[> � c_w_]icvj[w0>
VsjCMO>7]ObfT_UYc�MhVWj[wAb+T0UWIJj[T0<PVYcvUf��VWMO9z]h>7KObf>7d�M�MOTSMO9[>&cvR+KOd=VsKhKOc0K=��8�9[> d=T_<?Vsj[w���T0]O<SZ[Usc0K���T0UWUsT�� gLVs]O>.d�MOUsI
��]hT_<#MO9[VYKQKNMhc�Mh>=<?>=jCM.�

�;T_]
i ∈ [0, n − 1]

��Us>aM
li(x) =

∏
j 6=i

(x−xj)
(xi−xj)

cvj+g
wi = 1

h

∫ b

a li(x)dx
�p8�9;>�cvb;b[]OT^HLVs<�c�MO>.g

VsjCMO>7w_]icvU VsK�MO9[>7j

In = h

n−1∑

i=0

wif(xi).

8�9[>A<?cvMO9[>7<�c�MOVYd=c_U�>=]h]OT0]
En = I − In

VsKQTv�%MO9[>&��T0]O<
En = cnhn+1f (n)(ζ)

��T_]
n
>=�0>=jucvj;g

En = cnhn+2f (n+1)(ζ)
��T0]

n
TLg[g���T_]QKOT_<?>

ζ ∈]a, b[
� �^� ,�Mh9[VYK���VWUsU2Rf>�gL>aMicvVsUW>.g�c���MO>7]O��cv]ig[K	I��

��Vs]hKNMOUsI ��> gL>7Khda]hVsR+>pMO9[>�cvUsw_T_]hVWMO9[<�K�Z+KN>.g Vsj T_Z;]zVs<Pb;UW>7<P>7jCMhc�MhVWT0j T_��MO9[> � >7��MOT_j[�`��T_MO>7K
XCZ;c0gL]ic�MOZ;]O>uKhdi9[>=<?>_�k8�9;>=j ��> >7KNMhc_R[UWVYKO9 KNT0<P> � c_d�MiKzc_R+T0ZLM�MO9;> <�c�MO9;>=<�c�MhVsd7cvU)>7]O]hT_]�T_��MO9[>
<?>=MO9[TLg c_Kz��>7UWUEc_K�c���>=� Z;KO>a��Z[UEUW>7<?<?c0K�]h>=Us>=��cvjCM�MhTZ�;T0cvMOVsj[wv� bfT_Vsj0Mzc_]OVWMO9;<P>=MOVYdv� 8�9[>.KN> ]h>a�
KOZ[UWMhK�c_UWUsT��kZ;K�MOT�b[]hTJd=>=>.g MhT czMh9[T_]hT_Z;w_9 K`MhZ;gLIpT_�
Mh9[>�>=]h]hT_]E<?c0gL>���9[>7j�Z+KNVsj[w�MO9[> � >=��MhT_jL�
��T_MO>.K�XCZ;c0gL]hcvMOZ[]h> Khdi9[>7<P> T_j�cAdaT0<?b[ZLMO>7]�Z;KNVsj[w��;T0cvMOVsj[wv� b+T0VWjCM�cv]hV�Mh9[<?>aMOVYdv�58�9[>7jz��>EKNMhcvMO>ET_Z[]
<�c_VWj�Mh9[>=T0]O>7< , 8�9[>7T_]h>=< * � �)� I�����>&daT0j;daUsZ;gL>E��V�Mh9�KOT_<?>)>�HLb+>7]OVs<?>=jCMhK�cvj;g�]O>7<?c_]�LLK�cvRfT_ZLM�MO9[>
XCZ;c0gL]ic�MOZ;]O>&KOdi9;>=<?>�K`MhZ;gLVs>7g��
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� j Mh9[> � >=��MhT_jL�N��TvMh>7K�<?>=MO9[TLg ��>zgLVYK`MhVWj[w0Z[VYKN9�Mh9[>�d=T_<?b[ZLMic�MhVWT0j�Tv��MO9[>�daTJ>���d=VW>7j0MiK���]hT_< MO9[>
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T_��MO9[>�UsVsj[>7c_]OVWM`IpT_��Mh9[>�VsjCMO>=w0]hc_U ����>zVWj;d=UWZ+gL>z9[T���>=�0>=]EMO9;>zb[]hTJTv��T_j[UsI ��T0]�MO9;> � >7��MOT_j[�`��T_MO>7K
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R
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 � ��� � �)�9���&��� 
 � ��P�!
#�����"("���
� ��!"!$#!J%��>&MO]icvj;KN��T_]h<�MO9;>�>�HLb[]h>7KhKNVsT_j�Tv�

wi
��]hT_<�KN>.d�MhVWT0j � J

wi = 1
h

∫ b

a
li(x)dx

=
∫ n−1

0
li(a + xh)dx

=
∫ n−1

0

∏
j 6=i

(a+xh−xj)
(xi−xj)

dx

=
∫ n−1

0

∏
j 6=i

(a+xh−(a+jh))
h(i−j) dx

=
∫ n−1

0

∏
j 6=i

(x−j)
(i−j) dx

= (−1)n−1−i

i!(n−1−i)!

∫ n−1

0

∏
j 6=i(x− j)dx.

8�9;>E��c_]OVYcvR[Us>�di9;cvj;w_>
x 7→ n− 1− x

KO9[T��QK�Mh9;c�M
wn−1−i = wi

�
� >aM

l?i (x) =
∏

j 6=i(x − j)
cvj;g

Li
Mh9[> cvjCMOVYgL>=]hVs��cvMOVs�_> T_�

l?i
KNZ+di9 MO9;cvM

Li(0) = 0
� � >aM

ui = (−1)n−1−i

i!(n−1−i)! = (−1)n−1−i (
n−1

i )
n!

�
8�9[>7j���>�daT0<?b[ZLMO>&Mh9[>���>=Vsw_9CMhK�c_K

wi = uiLi(n− 1)
, � I

�;]OT0< MO9;>���T0]O<SZ[UYc�T0j[>ud=c_j�j[T_MOVYda>�MO9;>u��>7VWw090MiK?cv]h>�]ic�MhVWT0j;cvU���8�9;>=I�d7cvj�MO9JZ;K?Rf> daT0<Pb;ZLMO>.g
>�H[c_d�MhUWI�c_K

wi = bi

δ

RJI � UWw0T_]hV�Mh9[< � R+>7UWT����

x�#�% ¥ }&� |�'� � � >7��MOT_j[�`��T_MO>7K�d=TC>���daVs>=jCMhK
(�)

δ ← lcm(2, 3, . . . , n)*+)
l?0 ← (x− 1)(x− 2) . . . (x− n− 1)δ,+).- ¥ }

i← 0 to n− 1
¦ ¥

/ )
Li ←

∫ n−1

0
l?i (x)dx . Li

VsKQc_j�VsjCMO>7w_>=]
¥ )

l?i+1 ←
x−i

x−(i+1) l
?
i .

Z;bfg[cvMO>�VYK�gLT_j;>�VWj�b[UYc_da>
¦ )

bi ←
(
n−1

i

)
Li0 ) ¡1� ¦ - ¥ }

2+) } ¡ | � } �
(b0, b1, . . . , bbn/2c, δ · n!)

8�Vs<?VWj[wCK���>=]h>)gLT0j[>QT_j�c�\%>7j0MhVWZ;<S� � d=T_<?b[ZLMh>=]
��VWMO9�Du\ �%e �430� �_>=]iKOVWT0j?t[� � � � c_j;g�cv]h>)KO9[T���j
T0jz�+w_Z[]h>�tL�58�9[>&MOVs<?>�daT0<Pb;UW>�HJVWM`I�VYK

O(n log2 n)
��T0]�>7c0di9�UsTJT_b�MO9JZ;K

O(n3 log2 n)
Vsj�MhTvMicvU��
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��Vsw_Z[]h>�t�J
��TJ>���daVs>=jCMiK�daT_<?b[Z[Mhc�MhVWT0j�MOVs<P>&��T0]QKN<�c_UWU
n
�

� � �����������A������!

� 9;>=j�b+>7]N��T0]O<?Vsj[w�c�jJZ[<?>=]hVsd7cvU�VWjCMh>=w_]ic�MhVWT0jpRJIu<?>7c_j;KETv��c � >7��MOT0jL�`��T_MO>.K)<?>aMh9[TLg��2Mh9[>=]h>?cv]h>
M`��T�KOT_Z[]ida>.K�T_��>=]h]OT0]hK�MOTSdaT_j+KNVYgL>=]0J�Mh9[>Q<�c�Mh9[>=<�c�MhVsd7cvU[>7]O]hT_]%Mh9;c�M�daT_<?>.K���]OT0<�Mh9[>�<?>aMO9;TJg?VWMhKO>=UW�`�
c_j;g Mh9[>�]OT0Z[j;gLT_��>7]O]hT_]�Vsj�Mh9[>udaT0<Pb;ZLMhcvMOVsT_j���9[VYdi9�g[>=bf>=j;g[KPT0j�MO9[>���c�I���>zVs<?b[Us>=<?>=jCM?MO9[>
c_UWw0T_]hV�Mh9[<��

��>&�;]iK`MQw0VW�0> RfT_Z[j+g[K�T_j�MO9;>�<?cvMO9[>7<�c�MOVYd=c_U�>=]h]OT0]���V�Mh9�>7UW>7<?>=jCMhc_]OI�b[]hTJTv� K7�

����� 	�
��������
������������������������� �!"�$#%�'&(&�
)&
* ' ¡J¥ } ¡ ,+ 	���	 �����

n
�0�)�&� 
 � ��������
#�"�! �����
���$ �P�O
����)��("
�� �"� � ��
 � �E�����

[a, b]
���P
 �

n
�!� �P�O
 $ � $

�.-9()��
 �������=�����"����� � (�� $���� ��� �)���	�
≤ n

� �¡�"�
n
� �"��� ���P
�� $ �.-9()��
 ���"���!�"� �"��� � � ("��$���� �)���)���	�

≤ n−1
�

� ��!"!$#!J �[T0]&c_jJI
n
� MO9[>?<?>aMh9[TLgpVYK&>�H[c_daM ��T0]&b+T0UWIJj[T0<PVYcvUYK Tv��g[>=w_]h>=>SZ[b�MOT

n − 1
R+>.d=cvZ+KN>PVWj

Mh9;c�M)d7c_KO>)Mh9[> � c_w_]icvj[w0>)VsjCMO>=]hbfT_UYc�MOVsj[w?bfT_UsICj;T_<?Vsc_U�VsK
f
>�H[c_daMOUsI_�

���a ��! 
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� >aM%j[T��
n
Rf>�TLg[g2��8�9[>�di9[T0Vsd=>
Tv�;MO9[>�>=��cvUsZ;cvMOVsT_j�bfT_VsjCMhK���T_]�MO9;>�<?>aMh9[TLg�w0VW�0>7K

xi+xn−1−i =
a + b

� � >aM
g(x) = (x− x0)(x− x1) . . . (x− xn−1)

�

g

(
a + b

2
− x

)
=

n−1∏

i=0

(
a + b

2
− x− xi

)

=

n−1∏

i=0

(
a + b

2
− x− (a + b− xn−1−i)

)

=

n−1∏

i=0

(
−

a + b

2
− x + xn−1−i

)

= (−1)n
n−1∏

i=0

(
a + b

2
+ x− xn−1−i

)

= −g

(
a + b

2
+ x

)

c_j;g Mh9[>=j ∫ b

a
g(x)dx = 0 =

∑n−1
i=0 wig(xi)

KOVWj+da>
g(xi) = 0

� 8�9[> � >=��MhT_jL�N��TvMh>7K�<?>=MO9[TLg�VYK
>�H[c_d�M?��T0]�b+T0UWIJj[T0<PVYcvUYKPTv��gL>=w0]O>7>

n − 1
c�M�<?T0KNM7��cvj+g���T0]

g
��9[Vsdi9 9;c0K?gL>=w0]O>7>

n
��9[>=j+da>�RJI

UsVsj[>7c_]OVWM`I�VsKQ>�H[c_daM���T0]QcvUsU�b+T0UWIJj[T0<?Vsc_UsK�T_��gL>7w_]h>=>�c�M�<?T0KNM
n
�

����� � �'�$��
 �����'
)&����
� j�MO9[VYK�KN>.d�MOVsT_jz��> >7KNMhcvR;UWVYKN9�MO9[> >�HLb[]h>7KhKNVsT_j�T_�2MO9[> <�c�MO9;>=<�c�MhVsd7cvUf>=]h]OT0]�w_Vs�_>7j�VWj�@J>7daMOVsT_j � ���[T_]
Mh9[VYK�MO9[>&��T0]O<�c_UWVYKN< T_��Mh9[>�\%>7c_j[T�L_>=]hj[>7UfT_�%c_j�VsjCMO>7w_]ic�MOVsT_j�<?>aMO9;TJg�VYKQcPb+T���>=]O��Z[U MhTCT0U �

�;T_]&czXCZ;c_g[]hcvMOZ[]h>�<?>aMh9[TLg
I : Cν+1([a, b]) → R

MO9;>S>7]O]hT_]
E : f 7→

∫ b

a f(x)dx − I(f)
d7cvj

Rf>�KO>=>=j�c_K�cPUsVWj;>7cv]���Z;j;d�MhVWT0j
Cν+1([a, b])→ R

�5��>�9;c��0>)Mh9[>&��T_UsUWT���Vsj[w?]h>7KOZ[U�M0J
* ' ¡J¥ } ¡  + 	 �
	�� �������

Kν(t) =
1

ν!
E[x 7→ (x− t)ν

+]

(����

(x− t)ν
+ =

{
(x− t)ν if x > t

0 otherwise.
� �

E[p] = 0
���"��("�P� �=�����"����� � (�� $

p
�����)���)���	��(�
 � �^$�


ν

 � ��� ���"�

f ∈ Cν+1([a, b])
�

E[f ] =

∫ b

a

f (ν+1)(t)Kn(t)dt.

Kν
� $��	(��P���	��
 � � \%>7c_j[T&L_>=]hj[>7U �����"�������

ν
���

E
�
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� ��!"!$#!J%��]hV�MhVWj;wSMh9[>�8�c�ICUsT_]�KO>=]hVW>.K�c_KhKNTLdaVYc�Mh>7gz��V�Mh9
f
c�M�T0]OVsw_Vsj

a
J

f(x) = pν(x) +

∫ x

a

1

ν!
(x− t)νf (ν+1)(t)dt

= pν(x) +

∫ b

a

1

ν!
(x− t)ν

+f (ν+1)(t)dt,

E[f ] = E

[∫ b

a

1

ν!
(x− t)ν

+f (ν+1)(t)dt

]

=

∫ b

a

E

[
1

ν!
(x− t)ν

+

]
f (ν+1)(t)dt.

8�9[VYK MO9[>7T_]h>=< UsVWj=LLK MO9;>S<�c�Mh9[>=<�cvMOVYd=cvU�>=]h]hT_])��VWMO9pMO9[>P<�c"HLVs<?c_U�g[>=w_]h>=>STv��Mh9[>Pb+T0UWIJj[T0<PVYcvU
Mh9[>�<?>aMh9[TLgSVsjCMO>7w_]ic�MO>.K�>�H[c_daMOUsIm,�VWMhK5<�c�HJVs<�cvULT0]hgL>7]	Ia��� j�8�9[>7T_]h>=< * � � ��>�b[]hT��_>.g�Mh9;c�M5Mh9[>�T_]igL>=]
T_��c_j

n
��bfT_VsjCMhK � >=��MOT0jL�N��TvMO>.K&<?>aMO9;TJg VYK�cvM�UW>.c_KNM

n − 1
��T_]

n
>7�_>=j�c_j;g

n
��T0]

n
TLg[g�� � ����>

c0gL<?V�M�MO9+c�M�MO9[VYK�VsK�T0bLMOVs<�cvU cvj;g�MO9;cvM�Mh9[>&\�>.cvj[T�L_>7]Oj[>7U+T_�2MO9;> � >=��MhT_jL�N��TvMh>7K�<P>=MO9[TLg�gLTJ>7K�j[TvM
di9+cvj[w0>EKOVWw0j�T0j

[a, b]
�JMO9[>7j���>&9;c��0>EcP<?>aMh9[TLgzMhT�daT_<?b[Z[MO>EMO9[>�d=TJ>���daVs>=jCM

cn
w_Vs�_>7jzVsj�MicvR[Us> � �

� VWMO9�Mh9[>�<?>7cvj���cvUsZ[>&MO9;>=T_]h>=<#MO9[>7]O>&>�HLVYK`MiK
ζ ∈]a, b[

KOZ;di9zMh9;c�M0J

E[f ] = f (ν+1)(ζ)

∫ b

a

Kν(t)dt
,�t)I

c_j;g���>&T_R[MhcvVsj

cn :=

{
1

hn+1

∫ b

a
Kn(t)dt if

j
is even,

1
hn+2

∫ b

a Kn+1(t)dt if
j

is odd.
�;T_]�>�H[c_<Pb;UW>E��T_]�Mh9[>

3
� bfT_Vsj0MiK�<?>aMO9;TJg LJj[T���j�c_K�� �!����$������ $ ������� �L��>�w_>=M

E[f ] =

∫ b

a

f(x)dx −
b− a

6

[
(f(a) + 4f(

a + b

2
) + f(b))

]
,

K(t) =
1

6
Ex((x − t)3+),

���a ��! 
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����� �

6K(t) =

∫ b

a

(x − t)3+dx−
b− a

6

[
(a− t)3+ + 4(

a + b

2
− t)3+ + (b− t)3+

]

=

∫ b

t

(x − t)3dx−
b− a

6

[
4(

a + b

2
− t)3+ + (b− t)3

]

=

{
(b−t)4

4 − b−a
6

[
4(a+b

2 − t)3 + (b− t)3
]

if t < a+b
2

(b−t)4

4 − b−a
6 (b− t)3 if t ≥ a+b

2

,

∫ b

a

K(t)dt =

∫ b

a

(b− t)4

24
−

b− a

36
(b− t)3dt−

∫ a+b
2

a

(b− a)

9
(
a + b

2
− t)3dt

=
(b− a)5

120
−

(b− a)5

144
−

(b− a)5

576
= −

1

90

(
b− a

2

)5

c_j;g���>E�;j;g�Mh9[>���cvUsZ[>
c3 = − 1

90

w0VW�0>=j�VWj�MO9;> Mh9[Vs]hg�]hT�� Tv�%8�c_R[Us> � �

��� � ����� �'&�� 
�������� 
)& �����
c
n

!"
 �	� !  �������
� j�T_]igL>7]�MhT�R+>�c_R[UW>EMhT�w_Vs�_>&cvj�cvR;KOT_UsZLMO>&RfT_Z[j+g�T0jzMh9[>�<�c�Mh9[>=<�c�MhVsd7cvU >=]h]hT_]���>&j[>7>7gzMOT�RfT_Z[j+g
Mh9[>

cn
d=TJ>���daVs>=jCMhK7����>AgL>aMicvVsU�9;>=]h>�MO9[>AR+T0Z[j;g c_j;g�MO9[>Sb[]hTCT_�%��T_]

n
>7�_>=j �+cvj+g�w_Vs�_>�Mh9[>�]h>7KOZ[U�M

T0j[UsI&��T_]
n
TLg[g2��e�>.d=c_UWUJMh9;c�M%��T_]

n
>=�_>7j2��Mh9[> � >7��MOT_j[�`��T_MO>7K�<?>aMh9[TLgAVYK%>�H[c0d�M%��T_]5cvUsULbfT_UsICj;T_<?Vsc_UsK

Z;b�MhT�gL>=w0]O>7>
n− 1

�
8�c�L0> ��T0]

f
cP<?T_j[VYd�gL>7w_]h>=>a�

n
bfT_UsICj;T_<?Vsc_U

p
VWj�>7XCZ;cvMOVsT_jU, t�I�MhT�w_>=MEJ

En[p] = p(n)(ζ)

∫ b

a

Kn−1(t)dt

c_j;gzMO9[>7j
cn = En[p]

n!hn+1

KOVsj;da>
p(n)(ζ) = n!

�
� j�b;c_]NMhVsd=Z[Usc_]���T_]

p(x) = (x− x0)(x− x1) . . . (x− xn−1)
�;��>&9;c��0>

En[p] =

∫ b

a

p(x)dx −

n−1∑

i=0

wip(xi) =

∫ b

a

p(x)dx

KOT V�M�VsK�>7j[T_Z;w_9�MOT�RfT_Z[j;g ∣∣∣∫ b

a p(x)dx
∣∣∣ Vsj T_]igL>=]?MhT�R+T0Z[j;g

cn
� ��>u��VsUWU)Z;KN>u]h>=bf>7cvMO>.gLUWI MO9[>

��T0UWUsT���Vsj[wPKOVs<Pb;UW>�Us>=<?<�c=J

�¡  �~ + 	 + 	 �¡�"�

(u, x, v) ∈ R
3 $��!� � 
 � ("


u ≤ x ≤ v
�
|x− u||x− v| ≤ (v−u)2

4

�
� } ¥��
¥ {�� |�� ¥�� + 	�� 	

∀x ∈ [a, b], |p(x)| ≤
hn(n− 1)!

4
.

� ��!"!$#!J � >=M
x ∈ [a, b]

KNZ;di9 MO9;cvM
p(x) 6= 0

��8�9[>=j�MO9[>7]O>�VYK
i0 ∈ [0, n − 2]

KOZ;di9�Mh9;c�M
x ∈

]xi0 , xi0+1[
�;cvj+g�Mh9CZ+K

|x− xi0 ||x− xi0+1| ≤
h2

4
.

� � >7<?<?c * � * �
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� o � ("�������!
������9$�$��

8�9;>=j

|p(x)| ≤

n−1∏

i=0

|x− xi|

≤
h2

4

∏

i6={i0,i0+1}

|x− xi|

≤
h2

4

[
∏

i>i0+1

(i− i0)h

][
∏

i<i0

(i0 + 1− i)h

]
,

[
∏

i>i0+1

(i− i0)h

][
∏

i<i0

(i0 + 1− i)h

]
≤ (n− 1− i0)!(i0 − 1)!hn−2

≤ (n− 1)!hn−2,

|p(x)| ≤
hn(n− 1)!

4
.

Q j�MO9;>�TvMO9;>=]�9;c_j;gz��>&9;c��_>
b− a = (n− 1)h

�L��9[VYdi9�ICVs>=UYg[K

|En[p]| =

∣∣∣∣∣

∫ b

a

p(x)dx

∣∣∣∣∣ ≤
∫ b

a

|p(x)|dx ≤
hn+1(n− 1)!(n− 1)

4
.

� VWMO9
En[p] = cnhn+1n!

��>Ew0>aM

|cn| ≤
n− 1

4n
≤

1

4
.

�;T_]
n
TJg;g���>)Mhc)L_>

p(x) = (x−x0)(x−x1)...(x−xn−1)(x−
a+b
2 ) �

��> 9;c��_>�Mh9[>E>=��cvUsZ;c�MhVWT0j
bfT_VsjCMhK�c_j;g�MO9[>�<?VYg[gLUs>�Tv� Mh9[>�Vsj0Mh>=]h��cvU2c_K'�7>=]hTJ>7K�Tv�

p
�

@JVs<?VWUYcv]Qd=T_<?b[ZLMic�MhVWT0j;K�w_Vs�_>�J

|p(x)| ≤
hn+1(n− 1)!(n− 1)

8Mh9[>=j
∣∣∣∣∣

∫ b

a

p(x)dx

∣∣∣∣∣ ≤
hn+2(n− 1)!(n− 1)2

8

c_j;g���V�Mh9
En = cnhn+2p(n+1) ��>&w_>=M

|cn| ≤
(n− 1)2

8n(n + 1)
≤

1

8
.

���a ��! 



���������	��
������������������������
����! ����"
#��$&%'�!()����("
����� ���

����� � # � !"�$#�! ��# ���
�;T_]�Mh9[>�>7]O]hT_]�c_j;cvUsILKNVYK&Tv� � Usw_T0]OVWMO9;< t[����>�j[>=>.g�c���>=��Z;KO>a��Z[U�Us>=<?<�c_K�d=T_j;d=>=]hj[VWj;w�MO9[>��.Z;UWb��
d7cvUYdaZ[UsZ;K.�i�0c_K%��>=UsU;c_K�KOT_<?>�gL>=�;j[VWMOVsT_j;K7�58�9[>'�;T0cvMOVsj[wv� bfT_Vsj0M5jJZ[<SR+>7]hK5c_]O>�]h>=b[]h>7KO>=jCMO>.gA��VWMO9�]ic_g[V H
2
,�Mh9[VYK�d=T_Z[UYg�Rf>�w_>7j[>=]icvUsV��7>7gE��T0]%c_jJIE]ic_g[V H�R[Z[M�]ic_gLV�H

2
VYK%KNVs<?b[UW>7]5cvj;gAVsK�j;cvMOZ[]icvUCT_jPdaT_<?b[Z[MO>=]iK	I��

�;T_]EMO9;VsK�KO>7daMOVsT_j2�
p
VYK&Mh9[>?��T0]�LJVsj[w�b;]O>.daVYKNVsT_j2�2c_j;g���>�c_KhKOZ[<?>?c_UWU��+T0c�MhVWj;wv� b+T0VWjCM&jCZ;<ARf>=]iK�cv]h>

j;T_]h<?c_UWV��=>.g��J��9[VYdi9�<?>.cvj;K�Vsj�T_Z[]�j[T_Mhc�MhVWT0j;K�MO9+c�M�MO9;>�>�HLb+T0j[>=jCM�]icvj[w0>EVYK�Z[jJRfT_Z[j;g[>7g��
��¡��"� ��|+� ¥�� + 	��
	��� �
¥���¡ � |�� 	 �¡�"� ( �����! ��0����� ���	("�9�!� ���	���

x
� ����� � ���

E(x) := 1+blog2 |x|c
�

$��!� � 
 � (�

2E(x)−1 ≤ |x| < 2E(x)

�

��¡��"� ��|+� ¥�� + 	���	�� # � � 	 �¡�"��(m�����! ��0���������	("�n�O� ���	���
x
� �&�)�������

ulp(x) := 2E(x)−p
�

�;T_])c?]h>7c_U
x 6= 0

c_j;guc?��T_]�LCVsj[w?b[]h>7d=VsKOVWT0j
p
��>Ac_UW��c�ILK�9;c��_>

2p−1ulp(x) ≤ |x| < 2pulp(x)
� � �

x
VYK�c �;TCc�MhVWj[w_��bfT_VsjCM�jCZ;<ARf>=].�2MO9;>=j

ulp(x)
VYK&MO9[>���>=Vsw_9CM�T_��Mh9[>�UW>.c_KNMAKNVsw_j;V��+d7cvjCM�R[VWM�F �=>7]OT

T0]&j[TvMEF Vsj�Mh9[>
p
� R[VWM&<�c_j0MhVsKhKhczT_�

x
���[T0]�cvUsU5]O>.cvU

x
�
ulp(x)

VsK�c_UW��c�ILK)w0]O>.c�MO>7])Mh9;cvj �=>7]OT�RJI
g[>a�;j[VWMOVsT_j �

�¡  �~ + 	��
	�� �

c 6= 0
("���

x 6= 0

 � ���

c · ulp(x) < 2 · ulp(cx)
�

� ��!"!$#!J%VW�
c < 0

VWMQVYK��_T_VYg�� ��I�gL>=�;j[VWMOVsT_j�Tv�
ulp(x)

��>&9;c��0> ��T0]QcvUsU
c > 0

J

2p−1ulp(x) ≤ |x|

c_j;g
|cx| < 2pulp(cx)

KOT
c · 2p−1ulp(x) ≤ |cx| < 2pulp(cx).


�¡  �~ + 	�� 	�� $	$�� � �P� � �������������� �"�"!# �9$ � 
#�$�0�����&%m�E�	�����	$ 
 � ��� �P�t(��P����������� �P� ��� �E����$ �����
(��������0���������	("�

x
� � � ( �^�('

ulp(x) ≤ ulp(◦(x))
��� � �����

◦(x)
� $ 
 � �������������P�1�����

x
�P� 
 � � � � �^$����

� �0�)�����P
 � ("�N���)�	�"�������	��� - �!�"�����O
R��(��1�2���
� ��!"!$#!Jp��>u9;c��0>

2E(x)−1 ≤ |x| < 2E(x) cvj;g
ulp(x) = 2E(x)−p � � ��MO>=]�]OT0Z[j;gLVsj[w ��>uw_>aM

2E(x)−1 ≤ | ◦ (x)| ≤ 2E(x) KOVsj;da>
2E(x) c_j;g

2E(x)−1 cv]h> >�H[c_daMOUsI ]O>7b[]O>.KN>7jCMhcvR;UW>0��MO9[>7]O>=��T_]h>
ulp(◦(x)) ≥ 2E(x)−p ≥ ulp(x)

�

�¡  �~ + 	�* 	 � ��


x
( ���"�O ��0���������	("��("���

◦(x)
�P
 $������������P�1� 
������	("����$�
 �"�

p
� �P
 $ � �� ���

|x| ≤
(1 + 2−p)| ◦ (x)|

�

� ��!"!$#!J%RJIzgL>=�;j[VWMOVsT_j�Tv�%]hT_Z[j;g[VWj[wSMOT�j;>7cv]h>7KNM���>&9;c��0>

|x− ◦(x)| ≤
1

2
ulp(◦(x)) ≤

1

2
21−p| ◦ (x)|,

|x| ≤ | ◦ (x)| + 2−p| ◦ (x)|.
+�, ¢(- ./- ¢0.�132547698�.;:34769<�2
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� t � ("�������!
������9$�$��


�¡  �~ + 	���� 	 � ��

a
(����

b
�	� 
q� �N�����! ��0�����  '�0("
��P�1�) �!� �P�!
 �O� ���	���	$ ����
 � � $�(���� $�� �)� (����

�����	� � $�� ���
p

 � ��� �P�U("�P�n���"�������P�1� ���0�)��$

ulp(a) + ulp(b) ≤
3

2
ulp(◦(a + b)).

� ��!"!$#!JK� M5KOZ���da>7K2MOTEdaT_j+KNVYgL>=] MO9[>�d=c0KN>
��9[>=]h>
a
cvj;g

b
cv]h>�bfT0KOV�MhVW�0>_��8�9;>�gL>=�;j[VWMOVsT_j�T_�;Z[Usb�w_Vs�_>.K�J

2p−1ulp(a) ≤ a < 2pulp(a),

2p−1ulp(b) ≤ b < 2pulp(b)
Mh9JZ;K

2p−1[ulp(a) + ulp(b)] ≤ a + b < 2p[ulp(a) + ulp(b)].
� �

ulp(a) = ulp(b)
��>Ew0>aM

2pulp(a) ≤ a + b < 2p+1ulp(a)

c_j;g�MO9;>=]h>a��T_]h>
ulp(◦(a + b)) ≥ ulp(a + b) ≥ 2ulp(a) = ulp(a) + ulp(b)

, � >7<?<?c * � � I�c_j;g�MO9[>
Us>=<?<�cP9[T_UYg[K7�

Q)Mh9[>=]h��VsKO>���>�d=c_jSc_KhKOZ[<?>���VWMO9[T0ZLM5UWTCKOK�T_�;w_>7j[>=]icvUsV�M`IEMh9;c�M
ulp(a) > ulp(b)

��MO9;cvM5VsK
ulp(a) ≥

2 · ulp(b)
�5��>�gL>.gLZ;d=>)J

ulp(a) + ulp(b) ≤
3

2
ulp(a),

c_j;g�MOT0w_>aMh9[>=]���VWMO9
ulp(◦(a + b)) ≥ ulp(a + b) ≥ ulp(a)

, � >=<?<�c * � � ISMh9[VsKzdaT_j+daUsZ;gL>7K�MO9[>
b;]OTJTv�`�

�������
	���KJ � >aM
p = 4

c_j;g�di9;T0KO>�]hT_Z;j;gLVsj[w�MOT j[>7c_]O>.K`M0J
a = 1.010

�
b = 0.1001

Vsj R[Vsj;cv]hI
j;TvMhcvMOVsT_j2�
a + b = 1.1101

�
◦(a + b) = 1.110

�
ulp(a) + ulp(b) = 2−3 + 2−4 = 3

22−3 = 3
2ulp(◦(a + b))

�

����� � 
�������
�� ��&�&�
)&(�
� j T0]hg[>=]?MOT b[]OT��JVYgL> cvj >7]O]hT_]�RfT_Z;j;g T_j Mh9[> jJZ[<?>=]hVsd7cvUQ]h>7KOZ[UWMzw_Vs�_>7j RCI�MO9;> � >7��MOT_j[�`��T_MO>7K
<?>=MO9[TLg��[��>&j[>=>.g�MOT?9;c��_>�c?KNMO>=b[��RJIC� KNMO>7bzUsTJT)L�VsjCMOT � Usw_T0]OVWMO9;< tL�

8�9[VYK
KNMO>7b?VsK5T_��MO>7j�j[>=w0UW>.d�MO>.gP��9[>=j�gLT0VWj[w�jJZ[<?>7]OVYd=c_U[VWjCMh>=w_]ic�MhVWT0j2����9[>7]O>�>7]O]hT_]�c_j;cvUsILKNVYK%K`MhT_b;K
]hVsw_9CM�c���MO>7]�K`Mic�MhVWj[w&Mh9[>���>=UsU=LJj[T���jSRfT_Z;j;gS��T_]5Mh9[>�<�c�MO9;>=<�c�MhVsd7cvUL>=]h]hT_].��� jP� c_daM7�vMh9[>�>�HLbf>=]hVW<?>7j0M
VsUsUWZ;KNMO]ic�Mh>7gSVWj ��VWw0Z[]h> * KO9[T��QK�MO9;cvM�<AZ;di9P]O>7<�cvVsj;K�MOT&R+>�gLT0j[>�MOT�daT0jCMO]hT_UCMO9[>�>7]O]hT_]�T_jSMO9;>�]h>7KOZ[UWM7�

�;T_]�Mh9[VsK�KN>.d�MhVWT0j���>pgL>7j[TvMh>uRJI
x̂
Mh9[> ��cvUsZ[> c0d�MOZ+cvUsUWI�daT_<?b[Z[MO>7g , V � >_� ��VWMO9 cvUsU)]hT_Z;j;gLTv�

>7]O]hT_]iK	I2��T0]�c�w0VW�0>=j��N>�H[c_daM.����c_UWZ;>
x
�Lc_K
��T0Z[UYgSRf> d=T_<?b[ZLMh>7g���VWMO9�c_j�VWj[�;j[VWMO>)b;]O>.daVYKNVsT_j?��]hT_< MO9[>

Rf>=w0VWj;j[VWj;wPT_��Mh9[>�cvUsw_T0]OVWMO9;<��
� j?c_g[g[V�MhVWT0jAMhT)Mh9[>�b;cv]icv<?>aMh>=]iK T_�fc_UWw0T_]hV�Mh9[<kt)��>�j[>=>.gSc_jAZ[b[bf>=]5RfT_Z;j;g

M
Tv�
|f (n)|

T0j
[a, b]VW�

n
VsK
>=�_>7j2�_T0]
cvj?Z[b;b+>7]
RfT_Z[j;g?T_�

|f (n+1)|
V��

n
VYK5TLg[g

� p
VsK�MO9[>Q��T_]�LJVWj;wEb;]O>.daVYKNVsT_j?>�HLb[]h>7KhKO>7gPVWj

���a ��! 



���������	��
������������������������
����! ����"
#��$&%'�!()����("
����� � *

x�#�% ¥ }&� |�'� � � >7��MOT_j[�`��T_MO>7K�VsjCMO>=w0]hcvMOVsT_j
����	����aJ

â, b̂, f, n
�

� ��� 	����aJ
Î
�

(�).- ¥ }
i← 0 to n− 1

¦ ¥
*+)

t← ◦(â ∗ (n− i− 1))
,+)

u← ◦(̂b ∗ i)/ )
x← ◦(t + u)¥ )
x← ◦(x/(n− 1))¦ )
yi ← ◦(f(x))0 )
yi ← ◦(yi ∗ ni)2+) ¡1� ¦ - ¥ }

�+)
S ← sum(yi, i = 0 . . . n− 1) .

��V�Mh9 ? >=<?<?>=U�cvj;g
	QVYg[c�cvUsw_T0]OVWMO9;< � t �
( § )

U ← ◦(S/d(n− 1))(�(�)
D ← ◦(b− a)(�*+) } ¡ | � } �

◦(DU)

-1200

-1000

-800

-600

-400

-200

 0

 200
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lo
g(

er
ro

r)

n

��������������������
���������� ���!���������

��Vsw_Z[]h> * J � j >�H[cv<?b[Us>�T_��>=]h]OT0]�<P>.c_KOZ[]h>=<?>=jCMQ��T0]QMO9;> � >7��MOT0jL�`��T_MO>.K�<?>aMO9;TJgu��T_]
f : x 7→ x2 �

[a, b] = [0, 9]
�P��T_<?b[Z[Mhc�MhVWT0j;KE��>7]O>?gLT0j[>S��VWMO9�Mh9[>�gL>a� c_Z[U�M ���"� ����� b[]h>7d=VsKOVsT_j T_�

53
R[VWMhK7�

n
Mh9[>

jJZ[<SR+>7]QTv�5bfT_VsjCMhK�VYKQgLVYKNb;Usc�I0>7g�T_j�MO9;>AcvR;KhdaVYKhKOc;�[cvj;g�Vsj�T_]igLVWj+c�MO>.K�MO9;>�R;c_KO>a�
2
UWT0w0c_]OVWMO9[< Tv�%MO9[>

>7]O]hT_].�

 ¡ £¢"¤!¥�¦�§�¥



� � � ("�������!
������9$�$��

Mh9[>EjCZ;<ARf>=]�Tv� R[VWMhK�Tv� MO9[>E<�cvjCMOVYKOKhc[�
a
cvj;g

b
]OT0Z[j;gL>.g?MOTPj[>.cv]h>7KNM

p
� R[VWMR�;TCc�MhVWj[w_��bfT_VsjCM�jJZ[<SR+>7]hK

w0VW�JVsj[w
â
c_j;g

b̂ � m
c_juZ[b[bf>=] R+T0Z[j;guT_�

|f ′|
T_j

[a, b]
�'� j�MO9[>S]O>.K`MQT_��Mh9[VYK KO>7daMOVsT_ju��>���VWUsU�b;]OT��0>

T0Z[]�<�cvVsjzMh9[>=T0]O>7<iJ
* ' ¡J¥ } ¡  + 	�����	�� � ���i�	� � ����
��P�1��
 � � �O� ������� �	("�����!()����("
���������

f
�9$��P�1� � � �������P
 � ���&
 � ��
���
�(��

�����������"�N
 � ������$	��� 
 � $$�	�"�������	� ��� '

Etot = (
45

2
+ 21 · 2−p)ulp(Î) +

1

2
|Û |
(
ulp(̂b) + ulp(â)

)

+3
(1 + 2−p)n · D̂

d(n− 1)
max(δbyi

) +





1

8

(
b− a

n− 1

)n+2

M
� �

n
� $��0�)�

,

1

4

(
b− a

n− 1

)n+1

M
��
 � ������� $��+�

8�9[>�c_UWw0T_]hV�Mh9[<#d=c_j�Rf>�cvj+cvUsI2�7>7g�VWjuKO>=�0>=]icvU�K`Mh>=b;KEJ
� ��MO9[>�d=T_<?b[ZLMic�MOVsT_j�Tv�
MO9[>?��>=Vsw_9CMhK

wi
�
i ∈ [0, n − 1]

Tv��Mh9[>?<?>aMO9;TJg2� �;T_] � >7��MOT_j[�`��T_MO>7K7�
MO9[TCKN>���>7VWw09CMhK�c_]O>�]ic�MhVWT0j;cvU�cvj;g�d=T_<?b[ZLMh>7g�>�H[c_d�MhUWI�J

wi = ni

d

��9;>=]h>
ni, d ∈ Z

��KOT j[T
]OT0Z[j;gLVsj[w?>=]h]hT_]�TLd=daZ;]hK�c�M�Mh9[VYKQK`Mh>=b2�

tL��MO9[>�d=T_<?b[ZLMic�MhVWT0j�T_�
xi
��8�9[VYK�VYK�gLT_j;>&cvMQUWVsj[>AmSTv� � Usw_T0]OVWMO9[<�t�J

x̂i = ◦

(
◦(◦((n− 1− i) · â) + ◦(i · b̂))

n− 1

)
.

� j�T0]hg[>=]�MOT?KNVs<?b[UWVW��I?MO9;>Ej;TvMhcvMOVsT_j;K���> ��]hV�Mh>
t = (n− i− 1)a

�
u = i · b

c_j;g�Mh9[>=Vs]�VWj;>�H[c_daM
daT0Z[jCMO>=]hb;c_]NMiK

t̂ = ◦((n − i − 1)â)
�
û = ◦(i b̂)

��� �
b = 0

T0]
i = 0

MO9[>S>=]h]OT0]QT_j
û
VsK��=>7]OT+�

Q)MO9[>7]O��VYKO> Mh9[>�>=]h]hT_]�>7KNMOVs<�c�MOVsT_j�IJVW>7Usg;K�J

| ◦ (i · b̂)− ib| ≤ 1
2ulp(◦(îb)) + i

2ulp(̂b)

≤ 3
2ulp(◦(îb)) = 3

2ulp(û).
� � >=<?<�c_K * � 3 cvj+g * � ���

@JVs<PVsUYcv]hUWI�V��
a = 0

T0]
n − i − 1 = 0

Mh9[>p>7]O]hT_]�T0j
t̂
VYKm�7>=]hT;��cvj+g TvMO9;>=]h��VsKO>u��>pw_>aM

|t̂− t| ≤ 3
2ulp(t̂)

�
� >=M�Z;K�j[T���c0KOKOZ[<?>PMO9;cvM

a
cvj+g

b
9;c��_>PMh9[>�KOc_<?>?KOVsw_j ,���9[VYdi9�d7cvj�R+> �7>=]hT2I

�
Mh9[VsK�UW>.c_g[K

>7c0KNVsUWI�MOT?MO9;>&� c_d�M�Mh9;c�M
t̂
cvj+g

û
9+c��_>EMO9[>�Khcv<?>�KOVWw0jU,�MO9[VYKQc0KOKOZ[<?bLMOVsT_j�VYK�j[>7d=>7KhKOc_]OI?MhT�R+>

cvR[Us>QMhT�Z;KO> � >7<?<?c * � � o2I���� ��Mh9[VYK
VYK
j;TvM�Mh9[> d7c_KO>Q��> d=cvj�KOb[UsV�M�MO9[> VWjCMh>=w_]ic�MhVWT0j?VWjCMO>7]O��c_U+c�M
0
��DuT0]O>7T��_>7]�c0KOKOZ[<?> ��VWMO9;T_ZLMQUsT0KhK�Tv�%w_>7j[>=]icvUsV�M`IPMh9;c�M

0 ≤ a < b
�L��9[VYdi9�w_Vs�_>.K

0 ≤ â ≤ b̂
�

| ◦ (t̂ + û)− (t + u)| ≤ 1
2ulp(◦(t̂ + û)) + 3

2 (ulp(t̂) + ulp(û))

≤ 11
4 ulp(◦(t̂ + û)).

� � >=<?<�c * � � o �
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8�c)LJVWj[w?VsjCMOT�c_d7daT_Z;j0M�Mh9[>�>=]h]OT0]�d=T_<?Vsj[wP��]OT0<#MO9;>�gLVW�JVYKNVsT_j�RJI
n− 1

��>�w0>aM0J

δbxi
= |xi − x̂i| ≤

1
2ulp(x̂i) + 11

4(n−1)ulp(◦(ĉ + d̂))

≤ 1
2ulp(x̂i) + 11

2 ulp(x̂i)
� � >7<P<�c0K * � 3 c_j;g * � �"�

≤ 6 · ulp(x̂i).

* ��MO9[>�d=T_<?b[ZLMic�MhVWT0jpTv�
f(xi)

�P��>�c_KhKNZ;<P>?��>S9+c��_>?cvj�VW<?b[Us>=<?>=jCMic�MOVsT_j�Tv�
f
��VWMO9 daT_]h]h>7d�M

]OT0Z[j;gLVsj[w+�fc_j;gu��>Sd=c_UWU MO9[>S��Z[j;daMOVsT_j
f
]h>7XCZ[>.K`MhVWj;w�MO9[>S]OT0Z[j;gLVsj[w�MhTzj[>.cv]h>7KNM)Tv�5Mh9[>A>�H[c_d�M

��cvUsZ[>���V�Mh9�b[]h>7daVYKOVWT0j
p
�%@JZ+di9?d=T_]h]O>.d�MhUWI�]hT_Z[j+gL>7gPVs<Pb;UW>7<P>7jCMhc�MhVWT0j;K%Tv� <�c�Mh9[>=<�c�MhVsd7cvUL��Z;j;d��

MOVsT_j;K���VWMO9�cv]hR[VWMO]icv]hISb[]h>7d=VsKOVsT_jzT0j�Mh9[> ]h>7KOZ[UWM�d7cvj�R+>E��T_Z;j;g���T0]�>�H[cv<?b[Us> Vsj�Du\ ��e �43E� ��T_]
j[T_j[� Mh]OVs�JVsc_U ��Z[j;d�MhVWT0j;K�UsV�L0>

exp
�
sin

�
arctan

cvj;g�jJZ[<?>=]hT_Z;K�T_MO9[>7]hK7�
� V�Mh9�MO9[>�c_UW]h>7c0gLI�>7KNMOVs<�c�Mh>7g�>=]h]OT0]�T0j

x̂i
��>E9+c��_>)J

|f(x̂i)− f(xi)| = |f
′(θi)(x̂i − xi)|, θi ∈ [min(xi, x̂i), max(xi, x̂i)]

cvj;g���VWMO9�cvjzZ;b[b+>7]�R+T0Z[j;g�T_j
f ′ ��>&d=cvj�R+T0Z[j;gzMO9[VYK�>=]h]hT_]�c_R;KOT_UsZLMO>7UWI0� � >aM f̂i = ◦(f(x̂i))R+>&Mh9[> �;TCc�MOVsj[w_��bfT_VsjCM�jJZ[<SR+>7]QdaT0<Pb;ZLMO>.g�� � M�MO9[VYKQKNMO>7b���>�j[T�� 9+c��_>)J

|f̂i − f(xi)| ≤ |f ′(θi)(x̂i − xi)|+
1
2ulp(f̂i)

≤ 6m · ulp(x̂i) + 1
2ulp(f̂i).

� ��daT0<Pb;ZLMhcvMOVsT_j�Tv��MO9[>
yi = f(xi) · ni

��8�9;>&c0d=d=Z[<AZ[UYc�Mh>7g�>=]h]OT0]�KNTP� cv]0J

δbyi
= |ŷi − yi| ≤ |ni| · |f̂i − fi|+

1
2ulp(ŷi)

≤ 6|ni| ·m · ulp(x̂i) + |ni|
2 ulp(f̂i) + 1

2ulp(ŷi)
≤ 6|ni| ·m · ulp(x̂i) + 3

2ulp(ŷi).
� � >=<?<�c_K * � 3 cvj;g * � �"�

e�>=<�c_]�L�J���9[>7j R+T0Z[j;gLVsj[w�MO9[>�>=]h]OT0]zT0j
x̂i
�

f̂i
c_K���>7UWU&c_K

ŷi
�QMO9;>pMh>=]h< ��VWMO9

ulp(x̂i)��cvj[VYKN9;>7KPV�� MO9[>�>7]O]hT_]PT_j
x̂i

VYK��7>=]hT;��Q j;>�d7cvj >.c_KOVWUsI�KN9;T�� MO9;cvM���V�Mh9�T0Z[]�c_KhKNZ[<?bLMhVWT0j
MO9;cvM�j[T�Z;j;gL>=]��;T�� TLd=d=Z[]iK=�5VW�

x̂i = 0
Mh9[>=j MO9[>�>7]O]hT_]ST_j

x̂i
VsK&�7>=]hTw,�V�� >_�

xi = 0
IScvj;g

MO9[>�VsUsU�� gL>a�+j[>7g XCZ;cvjCMhV�M`I
ulp(x̂i)

��cvj[VYKO9[>7K7� �[T0]&MO9[>�>7]O]hT_]&RfT_Z[j;g���>�L_>=>7bpMh]hc0d	L Tv��T_j[UsI
max(δbyi

)
�

mL��KNZ;<P<�cvMOVsT_j T_��MO9[>
yi
� KEJ�MO9[VYKEVsK&gLT0j[>A��VWMO9 ? >7<?<P>7U5cvj;g 	)Vsg;czKOZ[<?<?cvMOVsT_j�cvUsw_T_]hVWMO9[< � t � �

��9[VYdi9 w_Z;c_]hc_jCMO>=>.K�cvju>7]O]hT_]�T_�
c�M)<?T0KNM
1.5 ulp

T0j�MO9[>A�;j;cvU�]O>.KNZ;U�M.�Q8�9[VsK cvUsw_T0]OVWMO9[< Z;KO>7K
cPUsc_]Ow0>=]���T0]�LJVsj[wPb[]O>.daVYKNVsT_j

p′ ≈ p + log2(n)
� � >aM

S =
∑n−1

i=0 yi
�

|Ŝ − S| ≤
3

2
ulp(Ŝ) + n ·max(δbyi

).

n[��gLVs�CVYKOVWT0j�Tv�
S
RJI

d(n − 1)
J

U = S
d(n−1)

�p8�9[>�daT0<Pb;ZLMhcvMOVsT_j�Tv�
d(n − 1)

VYKAgLT0j[>���VWMO9
VWjCMh>=w_>7]Qcv]hV�Mh9[<?>aMhVsd&cvj+g�VYK�>�H[c0d�M7�58�9[>�>7]O]hT_]�cvM�Mh9[VYKQK`Mh>=b�VYK�MO9JZ;KEJ

|Û − U | ≤ 1
2ulp(Û) + 3

2d(n−1)ulp(Ŝ) + n
d(n−1)max(δbyi

)

≤ 7
2ulp(Û) + n

d(n−1)max(δbyi
).

� � >=<?<�c_K * � 3 c_j;g * � ���
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3 ��<AZ[UWMOVsb[UsVsd7c�MhVWT0j�RJI
b− a

J
I = (b− a)U

�5��>�j;TvMO>
D = b− a

cvj+g
D̂ = ◦(̂b− â)

�

|D̂ −D| ≤ 1
2

[
ulp(D̂) + ulp(â) + ulp(b̂)

]
.

��>�9+c��_>&RJI�9JICbfTvMh9[>7KOVYK
b̂ ≥ b− 1

2ulp(̂b),
â ≤ a + 1

2ulp(â)
��9[>=]h>

ulp(0) = 0
RJIzdaT0jC�0>=jCMOVsT_j�cvj;gzMO9;>=]h>a��T_]h>

b̂− â ≥ b− a− 1
2

(
ulp(â) + ulp(b̂)

)

≥ b− a− ulp(b̂).

Q jpMh9[>?TvMh9[>=]&9;c_j;g ��>�LJj[T��
b̂ > â

� KOT���>P9;c��_>
b̂ − â ≥ max( 1

2ulp(̂b), b − a − ulp(b̂))��9[VYdi9�w0VW�0>7K
ulp(̂b) ≤ 2(b̂− â)

��8�9[>7j

D ≤ b̂− â + ulp(b̂) ≤ 3(b̂− â) ≤ 3(1 + 2−p)D̂
� � >7<P<�c * � �"�

.
, * I

� ����>Sb[ZLM&cvUsU2MO9;>A]h>7KOZ[U�MiK)c_j;g�R+T0Z[j;g[K w0cvMO9[>7]O>.g�KNT�� c_]7�f��>Ad=c_ju]O>.c_di9�MO9;>���T_UsUsT���VWj[w?�+j;cvU
>=]h]OT0]�T_j

Î = ◦(D̂Û)
J

|Î − I | ≤ 1
2ulp(Î) + |D̂Û −D · U |

≤ 1
2ulp(Î) + |Û | · |D̂ −D|+ |D| · |Û − U |

≤ 1
2ulp(Î) + |Û | · |D̂ −D|+ 3(1 + 2−p)|D̂| · |Û − U |

� � j[>.X0Z+cvUsV�M`IN, * I �
≤ 1

2ulp(Î) + |Û | · |D̂ −D|+

3(1 + 2−p)|D̂|
(

7
2ulp(Û) + n

d(n−1)max(δbyi
)
)

≤ ( 43
2 + 21 · 2−p)ulp(Î) + |Û | · |D̂ −D|

+3 (1+2−p)n· bD
d(n−1) max(δbyi

)
� � >7<?<?c0K * � 3 cvj;g * � �"�

≤ ( 45
2 + 21 · 2−p)ulp(Î) + 1

2 |Û |
(
ulp(̂b) + ulp(â)

)

+3 (1+2−p)n· bD
d(n−1) max(δbyi

)
� � >7<?<?c0K * � 3 cvj;g * � �"�

.

8�9[VYK�RfT_Z[j+gz��T0]�MO9[>�>7]O]hT_]�VYK�KOcvMOVYK`� c0d�MhT_]hI?��T_]�Z;KOVWj;wPVWMQVsj�Mh9[>�cvUsw_T0]OVWMO9;<��LRf>7d7cvZ;KO>&V�MQVYK�<�c_gL>
T_��XCZ;c_j0MhV�MhVW>.K�MO9+c�MQ��>&d7cvj�daT0<Pb;ZLMO>�Rf>a��T0]O>EMO9;>�cvUsw_T_]hVWMO9[<#VWMhKO>=UW� ,

p
�
n
Ia�[T_]���9;Vsdi9�cv]h>&j;c�MhZ[]hc_UWUsI

d=T_<?b[ZLMh>7g�VsjzMh9[> �;T�� T_��Mh9[>�cvUsw_T0]OVWMO9;< ,
Î
�
Û
�
b̂
�
â
�
D̂
�
d
�
δ byi

I��
�;T_]�MO9;>&�;j;cvU >=]h]OT0]�RfT_Z[j+g���>&j[>=>.g�MOT�c_g[g�cPRfT_Z[j;g�T0jzMh9[>�<�c�MO9;>=<�c�MhVsd7cvU�>=]h]hT_]0J

E ������� ≤





1

8

(
b− a

n− 1

)n+2

M
VW�

n
VsK�TLg[g

,

1

4

(
b− a

n− 1

)n+1

M
TvMh9[>=]h��VYKN>

, � I

���a ��! 
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��9;Vsdi9�VYK�>.c_KOVWUsI�d=T_<?b[ZLMh>7g�c0K���>=UsU �v� j�Mh9[>zd=T_Z[]iKN>�T_��MO9[>zb[]OT0w_]icv< ��>zc_]O>�c_R[Us>�MOTpdi9;T0KO>�MO9[>
]hT_Z;j;gLVsj[w)<?TLgL>���T_]�>=�0>=]hI&d=T_<?b[ZLMic�MhVWT0j2��8�9;VsK%cvUsUsT��QK Z;K�MhT Z;KO>�b+>.KOKOVW<?VYK`MhVsd�]hT_Z[j+gLVWj;w)<?TLgL>7K%cvj+g
Mh9JZ;K�c��_T0Vsg�MO9[>�b[]hT_R;UW>7<#Tv�%]OT0Z[j;gLT_� >=]h]OT0]hK�Vsj�Mh9[>�daT0<?b[ZLMhcvMOVsT_j�Tv��MO9[>�>7]O]hT_]�RfT_Z[j;g�VWMhKO>=UW�`�

� ��� ����� � 
 ���S	�!

� UWw0T_]hV�Mh9[<�tP��c_KQVW<?b[Us>=<?>=jCMh>7g�Z;KOVWj;w?MO9[>AD \ �%e UWVsR[]icv]hI �430� �R� j c0g[gLVWMOVsT_j�MOT�Mh9[>�]h>7KOZ[UWMQTv�%MO9[>
VsjCMO>7w_]ic�MOVsT_j �0Mh9[>�b[]hT_w0]hc_< w0VW�0>7K�c_j�>7]O]hT_]�RfT_Z[j;g�T0jzMh9[>�daT0<Pb;ZLMO>.gz]h>7KOZ[UWM)KNb[UsVWMQVWj���T_Z[]QMO>=]h<�K�J
� ��MO9[>�<�cvMO9[>7<?cvMOVYd=c_U�>=]h]OT0]7�J��9[TCKN>&>�HLb[]h>7KhKOVWT0jzVYK�w_Vs�_>=j�Vsj�>.XCZ;c�MhVWT0j � �
tL��MO9[>��OKNMhc�MhVsd��E>7]O]hT_]

E � ����� = ( 45
2 + 21 · 2−p)ulp(Î)

�
* ��MO9[>��OgLVW�f>7]O>7j;da>��E>7]O]hT_]

E ��� � = 1
2 |Û |

(
ulp(̂b) + ulp(â) + ulp(D̂)

) �

� ��MO9[>�>7��cvUsZ;c�MhVWT0j�>7]O]hT_]
E �
	 ��� = 3 (1+2−p)n· bD

d(n−1) max(δbyi
)
�

�;T_]�T_Z[]�>�HLbf>=]hVW<?>=jCMiK ��>�di9;T0KO>
c���Z[j+d�MOVsT_j?cvj+g�cvj�VsjCMO>7w_]ic�MOVsT_jSgLT_<�cvVsj���9[>7]O>
MO9[>�>�H[c0d�M���c_UWZ[>
VYKRLCj;T���j2�CKOT�Mh9;c�M���> d=c_j�<?>7c0KNZ[]h>Qb[]h>7d=VsKO>=UsISMO9[>&c_daMOZ;c_U+>7]O]hT_]�T_�2MO9;>Ed=T_<?b[ZLMic�MOVsT_jt, gL>7j[TvMh>7g�RJI
E � � ��

Ia� ��VWw0Z[]O> � KO9[T��QK�MO9;>SgLVW�f>7]O>7jCM >=]h]hT_]iK���9[>=jpd=T_<?b[ZLMhVWj;w�MO9;>AVsj0Mh>=w0]hc_U
I =

∫ 3

0 exdx
��VWMO9

113
R[V�MiK�Tv����T0]�LJVsj[wPb[]O>.daVYKNVsT_j �JMO9[>�jJZ[<SR+>7]�Tv��>7��cvUsZ;c�MhVWT0j�bfT_VsjCMhK���cv]hIJVWj;wA��]hT_<

2
MhT

100
�

8�9[>ugLT0<?VWj;cvMOVsj[w�>=]h]OT0]PKOT_Z[]ida>�VYKPc_UW��c�ILK�Mh9[>�>=��cvUsZ;cvMOVsT_j >7]O]hT_]
E �
	 ���

��8�9[>�<�c�Mh9[>=<�c�MhVsd7cvU
>7]O]hT_]�gL>.da]h>7c0KN>.K&]hc_b[Vsg[UWI R;ZLMAVWMScvb[bf>7c_]hK�d=UW>.cv]hUWI MO9;cvM�V�MAVYK���>=UsU
daT0<?b+>7j;KOcvMO>.g�RJIpMO9[>�]hT_Z;j;gLTv�
>7]O]hT_]�c_K�KOTCT0j�c0K�<?T0]O> MO9;c_j�c_R+T0ZLM

10
>7��c_UWZ+c�MOVsT_j�b+T0VWjCMiK�cv]h>)Z;KO>7g��J��T0]�MO9[>�daT0j;KOVsgL>7]O>.g?��Z[j;daMOVsT_j

c_j;g�b;c_]hc_<?>aMO>7]hK7��8�9;>QMO9;>=T_]h>aMhVsd7cvU+w0cvVsj�Tv�2Vsj;d=]O>.c_KOVWj[w&Mh9[>)T0]hg[>=]
T_��MO9[> <?>aMO9;TJgzVsK
UWTCK`M.����Vsw_Z;]O> m
w0VW�0>7K�MO9[>&KN<�c_UWUs>7KNM���cvUsZ[> Tv��MO9;> jJZ[<SR+>7]�T_�2b+T0VWjCMhK���T0]
��9[VYdi9�Mh9[>)<�c�Mh9[>=<�cvMOVYd=cvUf>=]h]hT_]
VYK�VWjL��>7]OVsT_]
MhT)Mh9[>�KNZ;< Tv�fc_UWUJT_MO9[>7]�>7]O]hT_]�MO>7]O<�K7����T_]5gLVW�f>7]O>7j0M5��T_]�LJVWj[w)b[]O>.daVYKNVsT_j+K�di9[TCKN>7j2��8�9;VsK�VYK5daT_<?<?T_j;UWI
VsjCMO>7]Ob[]h>aMh>7gPc_K�Mh9[>�T_bLMhVW<�c_UL��c_UWZ;>�Tv�

n
VsjSMh9[>���T_UsUsT���VWj[w�KO>=j;KO>)J ��T_]59[Vsw_9;>=]5��cvUsZ[>7K%T_�

n
MO9[>�Rf>=j;>a�[M

T_�
cvj 9;VWw09[>=]ET_]igL>=] <?>aMO9;TJg VsKEUsT0KNM VsjuMO9[>Pj[T0VsKO>�Tv�
MO9[>S]OT0Z[j;gLT_��>7]O]hT_].�+c_j;g���T_]&KO<?c_UWUs>=] ��cvUsZ[>7K
Mh9[>Sc0d=d=Z[]hc0daI�T0juMO9;>A>=��c_UWZ;cvMOVsT_juT_��Mh9[>���Z;j;d�MhVWT0j VsK j[T_M)>�HLb[UsT_VWMO>.g�MOTzVWMhK)��Z[UsUW>.K`M.� � UWMO9;T_Z[w09uMO9[>
d=TJ>���daVs>=jCMhK&w0>=j[>7]hcvMOVsj[w�cvUsw_T_]hVWMO9[< VYK�KOUWT�����T_]�9[Vsw_9 ��cvUsZ[>.K&Tv�

n
� j[T�b;c_]NMhVsd=Z[Usc_]�c�MOMO>=<?bLMiK���>=]h>

<�c0gL>&MOT�T0bLMOVs<?V��7>�V�MQI0>aM
�
MO9[VYKQVYK�<?TvMhVW��c�Mh>7g�b;c_]NMhUWI�RJIzMO9[>AKOUsT�� w_]hT���MO9�VWj ��Vsw_Z[]h>�mi,�Mh9[>�TvMh9[>=]

]h>7c0KNT0j;K?Rf>=Vsj[w�MO9;>pjJZ[<?>=]hVsd7cvUQVsj;KNMhc_R[VWUsVWM`I g[VsKhdaZ;KhKO>7g�R+>7UWT�� c0K���>=UsU c_K�MO9[>�b+TCKOKOVWR;VWUsV�M`I�MOT Z;KN>
d=T_<?bfT0KOV�MhVWT0jOI��

8�9[>�RfT_Z;j;gPT_jSMO9[>�MhTvMhc_UL>=]h]OT0]5c_K�w_Vs�_>7jSRJI�Mh9[>QcvUsw_T0]OVWMO9[< VYK�KOT_<?>=9;T�� daUsT0KO>�MOTEMO9[>�<?>.c_KOZ[]O>.g
>7]O]hT_].��� j�Mh9[>&>�HLb+>7]OVs<?>=jCMhc_U�g[c�MicS��>ET_R;KO>=]h�_>EcS<�c�HJVs<�cvU ]ic�MOVsTPTv��c_R+T0ZLM

46000
F ��9;Vsdi9�KN>7>=<�K

MhT?R+>&9JZ[w_>0�JR[ZLMQ��VWMO9�cSUsT_wCcv]hV�Mh9[<?VsdEKhd=cvUs>EV�M�<?>7c_j;K���>EUsT0KNM�cS<?>=]h>
16

R;V�MiK�Tv��b;]O>.daVYKNVsT_j�RCIzT_Z[]
>.K`MhVW<�cvMOVsT_j2��� j�b;cv]OMOVYdaZ;Usc_]�Mh9[VYK�<?>7cvj+K�T_Z[]Qc_UWw0T_]hV�Mh9[< VsKQj[TvM�MOTJT�w0]OTCKOKOUWI?bf>7KhKNVs<?VsKNMOVYdv�

8�9[>zjCZ;<P>7]OVYd=c_U5VWj+K`MicvR[VsUWVWM`IpT_��Mh9[>�<?>aMh9[TLg ��9[>=j
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