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 � � �´X�po{�n§¢Pnqjki«��{|h�loXWrIpoX�v�r(X�r�dsv(¢sXWikikX�nq����{|dg��T�X�jurIp|XW{�ns��p|ju¢GX�f� X ¥g��ikds{�nPpojkdsr fgv¶�WdsVY��dG{y¦
p|XWVYXWrIp�fgX�l&��imnsloV�nsl\jkl|lyv�l^fgXYlojuVwv�iknqpojkdsr(l^rzv�VYhW{|jk}Iv�X;l\�s¦¯_�ª\p�¬M~�dsv�{��WX�£Énqjk{|XstMr�dsv(l&��{|ds�MdGlodsr�l
v(r�XwVYhWpoT�dgfgX�fgX4¢zjklov(nqikjmlonqpojkdsrKfgXY��T(nsV4��l&l|�Wnsiknsju{|X�l\�q¦©_�ª\p�fgXwp�xz��X�±©£¤dg�Wv(l�nqr(f?� dsrIp|X ¥zp�²4�Wdsvg¦
�(iuh�X��ei�� vgp|juikjmlonqpojkdsr¡f� v�r�X.nq����{|dg��T�X�Tzxz��{ojmfgX�fgX.� dGV4�({oX;lolojudGr f�X�l�f�dsr�r�h�X�l�¬��´dGV4VYX�imneV�nsl|loX
f�X4fgdGr�r�h�X�l�fgXWVYX�v�{oX4nq��{|U�l&� dGVY��{oX;lolojkdsrep|XWikiuXY}Iv�� jki�r�� X�lyp&p|dsvP��dGv�{�l\�(nGl&��dIloloju�(iuX4fgXwimn.��T(nq{|�sX�{
�WdsVY��ikU p|XWVYXWrIp�XWr�VYh�V4dGju{|XstIv�r�X&�(ns{yp|juX�fgX�l�fgdGr�r�h�X�l�fgdsjup�{|X�lypoX�{�lov�{�fgjmlo}Iv�XG¬zS�dsv�poX&i�� ds{|ju�Gjur�nqikj³p|h
f�X&�WX^p|{|n§¢PnsjuiM{oh;lyjmfgX�nqikds{�l�f�nsr(l�lon4�Wns�(ns�Wj³p|h��wV�nqjkrIpoXWr(ju{�v�r�X&�MXW{o£¤ds{|VYnsr(� X�fgX&¢zjklov(nqikjmlonqpojkdsr�¸q¦¯_
p|XWVY�(l^{oh�XWi�lyv�{^~��^t�V�nqik�s{|U�l�v�r?��T(nq{|�sX�V4X�rIp\X p&v�r�Xwf�h�� dGVY��{oX;lolojkdsr {oh;nqikjkloh�lRXWr¶�MXW{|V�nqr�X�r(� X��
imn4¢sdGiuh�XstzpodGvgp�v�r ��{|h�loXW{|¢§nsrIp�v�refgX��s{|h�fgX���{|h�� jmlojudGr�po{|U�l�h�iuX�¢shG¬
� Á �;� ¿ ��� � �w� �^jklov(nqikjmlonqpojkdsr4dsvgpo¦8ds£®¦¯�Wds{|Xst§¢zjklov(nqikjmlonqpojkdsr4�q¦©_�ª\p;tslyjkV�v(iknqpojkdsr�fgX���imnsloV�n�tq� dGVY��{oX;l�¦
lojkdsr fgX�fgdsr(r�hWX;lW¬
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_&nqr�l\imn�}Iv�?WpoXwnG��p|v�XWikiuX4fgX4r�dsv�¢GXWikiuX;lR{|X�l|lydGv�{�� X�lRhWr�X�{o�Gh pojm}Iv�X�l�t(imn�£¤v�lyjkdsrep|T�XW{|VYdsrzv(�Wiuh;nqjk{oX��Wdsrg¦
lypojupov(X�v�r�f�X�l�X�rP��XWv�¥�V�nq��XWv�{�l#fgX´� X´lojkU�� ikXs¬;]¶nqjml�imn�{|h�nsiujmlonqpojkdsr�fgX´{oh;ns��p|XWv�{�l«r�h;� X;loloj³p|XEimnRfgh p|XW{|VYj³¦
r�nPpojkdsr?fgX4��T�nqVY�(l^VYns�sr�hWpojm}Iv�X�l^��X�{oVYXWpyp|nsrIp�fgXY� dGrg°(r�X�{&lov5@�l|nqVYVYXWrIp^ikdsr��spoX�V4��l^v(rK��imnsloV�n
p|{oU;lw��T�nqv(f«¬��#n?� dsVY��ikX ¥gjupoh.fgv ��T(hWr�dGV4U�r�X�{|XWr�f·jur�fgjklo�MXWr(l|nq��ikX�ikX�{|X��Wdsv�{�l��?fgX�l4lojuVwv�iknqpojkdsr(l
rzv�VYh�{ojm}Iv�X�l�n§¢PnqrIp´fgX&��{|dz�Wh�fgX�{ �wfgX�l�poX;l�p�l�XWr�¢z{�nqjkXR�s{�nqr�fgXWv�{;¬G�#X^VYdgfgU�iuX^�shWr(hW{�nqikXWVYXWrIp´v�pojkiujmlyh
�Mdsv({�h pov�fgjuX�{RikX�� dsVY�Mds{opoX�V4X�rIp\fgX�l��(ns{yp|jk�Wv�ikX�lRfgv ��imnsloV�nYlyX��(nGlyX�lov�{�i�� �1A ���g�CB ÁED Â ½GF �É��� Á1H
�Wdsv��(iuh�X.n§¢GX���ikX�l �1A ���g�CB ÁED �·Â ½ � �5I À�½ ��� dGvKJ\Á BÉ�;� ÁED¨�MXW{|V4XWpyp�nqrIp�fgXefgh��W{ojk{oX!iuX;l���T(nqVY�(l
h�iuX;��p|{ojm}Iv�X�l�XWp�V�ns�sr�hWpojm}Gv(X�lML N�Å��s¸q�#t�N�Å��s¸sn�t�Å5NON
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� � h;}Gv�nPpojkdsrefgX��\imnslodP¢!�Wns{|nG��p|hW{|jkloX^i�� hW¢sdGiuv�pojkdsref�nqr�lRikX�poXWVY�(l^X p^i�� X�lo�(ns�WX�fgX�imn�fgjml�p|{ojk��vgp|judGr
f�X�l��(nq{opojm� v�ikX�l�f� v�rw��iknGlyV�n\r�dsr4� dsikikjklojudGr�r�X�iA¬§��X���vgp�fgX�ikn&lyjkV�v(iknqpojkdsr�X;l�p�fgX��Wnqim� v(iuX�{�imn�£¤dGr(��p|judGr
f�X�f�jklypo{|ju�(vgpojkdsr

falpha(~x,~v, t)
��nq{�ns��p|hW{|jkl|nqrIp;tG�Mdsv�{R��T�ns}Iv�X�X�lo��U;� X�fgX��(ns{yp|jk�Wv�ikX�l�tIikXWv({\fgXWr�lyjupoh �

v(r?jkr(lyp|nqrIp
t
fgdGr�r�hGt«��dGv�{�v�r?¢GX�� poXWv({&�MdGlojupojkdsr

~x
XWp&v�r ¢sX;��p|XWv�{�¢zj³p|X�l|lyX

~v
f�nsr(l&i�� ½ ��X���� ½ Â ½ �

XOY���� ½ � ¬
�©izX ¥gjml�p|X´fgX�vg¥���{|jur�� jk�(nqikX�l�nq����{|dg��T�X�l#��dGv�{�ikn\{oh;lydGiuvgp|judGr�rzv�VYhW{|jk}Iv�X�fgX´i�� h�}Iv(nPp|judGr�fgX´�\imnslodP¢M¬

��nK�({oX�V4jkUW{|Xenq���({odg��T�X lyX �(nGlyX lov�{�v�r �Wnqim� v(i��(nq{��(ns{yp|jk�Wv�ikX�l T fgjup�~�nq{opojm� ikX ¦¯�©rg¦y�´XWiki�dGv ~��o� V tp�nqr(f�jkl�}Iv�XYikn.loX�� dGr(fgXYlyX4�(nGlyXYlyv({�v�r�XYfgjkl|� {|h p|jkl|nPp|judGr?fgXYi�� X;ly��ns� X4fgX�l��(T(nsloX�l�¬#�´X pyp|X�fgXW{|r�jkUW{|X
�MXW{|VYX p�fgX��(nsiuikjkXW{\imnY£Énsju��ikX��({oh;� jmlyjkdsr¶fgX;l\�Wdzf�X�l&fgX�p�xz�MX�~E�o�^¬�[Rr�XwVYh poT(dzf�XwfgX4fgjkl|� {|h p|jkl|nPp|judGr
f�X�i�� h�}Iv(nPp|judGr4f�X��^iknGlydP¢�n&hWpoh���{|ds�MdGlohWX�f�nqr�lZL N�Å5[�� U Q8¬
\EikikX�vgpojkiujmloXRfgX�l�¢Gdsikv�VYX�l�°(r�jml�X p��Wdsr(lojml�p|X
�.nq�(��{od§¥gjkVYXW{&ikn�£¤dsr(� pojkdsr»fgXYfgjklypo{|jk��vgpojkdsr

f(~v, ~x, t)
�(nq{�v�r XWr(loXWVw��ikX4fgXY¢Gdsikv�VYX�l�fgjmlo�W{oXWp|l�fgX

i�� X�lo�(ns�WX�fgX;l���T(nGlyX;lW¬qZ\dqpodGr(l�}Iv�� v(r�XRlyjkV�v(iknqpojkdsrwf(nqr(l�v�rYX;ly�(nG� X���Tzxglyjm}Iv�X�fgX�fgjuVYX�r(lyjkdsr
n T n§¢sX;�

n = 1, 2, 3 V XWrIpo{�n"]®r�X�fgX�lR¢sdsikv�VYX�fgjmlo�W{oXWp|l�f�nqr�l�i�� X�lo�(nG� X�fgX�l��(T(nsloX�l�fgX�fgjkVYXWr(lojkdsr
2n

¬
� � X�lyp �\�(ns{yp|ju{�fgX;l�fgdsr(r�hWX;l#£¤dGv�{|r�juX;l��(nq{�ikX��WdgfgX�^�_a`5bdc5edfgL �hN��G�"Q(f�X�lojuVwv�imnPpojkdsr�l�f�X��(iknGlyV�nsl

�P¦¯_ T n = 2 V }Gv(X\lyX\�(nsloXRikXR��{|h�loXWrIp�po{�n§¢PnqjkiA¬s��n�{|h�lodsikvgpojkdsr�fgX;lEh�}Iv(nqpojkdsr(l�fgXR�\imnslodP¢���nq{��WX\� dgfgX
£¤dGv�{|r�j³p.XWr lods{opojkX¶v�r¨��T(nqVY� l|�Wnsiknsju{|X �

4
fgjuVYX�r(lyjkdsr�lWt�}Iv�j&lodsrIp.iuX;l!fgjkVYXWr(lojkdsr(l!fgX?i�� X�lo�(ns�WX

\�v(� ikjkf�juX�r ~X = (x, y)
XWp^fgX�i�� X;ly��ns� X�f�X�l�¢zjupoX�l|loX�l ~V = (vx, vy)

¬�~�ns{�ikn�lov�jupoXGt(r�dGv(lRnq�(��X�iuikXW{|dsr(l
ÂiBÉ��j D�Á ���CB A � ½Mt

Du,v(i, j) T n§¢sX;� (u, v, i, j) ∈ [1, N ]
t#ikX�{|h�lov�iup|nPp4fgX!imn¶lojuVwv�imnPpojkdsr rIv(V4h�{ojm}Iv�X

�Mdsv({�v�r@jur(lyp|nsrIp
t

fgdsr(r�h?lov�{.v�r�XK�G{ojkikiuXKf�jkl|� {|U p|XKfgXK{|h�lodsikvgp|judGr
N

t´ddk
(u, v)

{|XW��{|h�loXWrIp|Xeikn
�MdGlojupojkdsr.X p

(i, j)
imn4¢IjupoX;loloXs¬

&('ml no+>/�prqO<�/�p)+.-:s
[\r�XwlojkV�v�imnPp|judGrKlyv({\v�r�Xw�s{|juikikXwfgXw{oh;lydGiuvgp|judGr

N = 64
X�rGp|{|n
]mr(X�v�r�XwVYnGloloXwf�XwfgdGr�r�hWX;lRh��GnqikX��

64× 64× 64 × 64
¢PnsiuX�v�{|l�f�dsv���ikX��Mdsv�{R��T(nG}Iv�X��(nsl�fgX�p|XWVY�(l

t
t�lydGj³p

12, 5
P&d���dGv�{RloXWv�ikXWVYXWrIp

100
�(nGlwfgX�poX�V4��lut T imn¶�({oh;� jmlyjkdsr¡fgdGv���ikX�X;l�p4r�h��WX�l|lonsju{|X �¶imne{|h�fgv(� pojkdsr f�v¡��{|v�j³pYrzv�VYhW{|jk}Iv�X

XWp�X�lyp!jkVY��dIlyh�X¶�(ns{�iuX lyjkV�v(iknqpoXWv({ V ¬��´X popoX¶p|{oU;l��G{|nsr(fgX¶}Iv(nqrIp|j³p|hKf� jurg£¤dG{oV�nqpojkdsr jkr(fgv�jup.fgX�vg¥

Ð�Ðwv
x(Özy�y�y
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nsjur�lyjg}Iv�X�ikn&�GX�lypojkdsrwf�X�l�v�r�jupoh;l�fgX�l�p|dg��µ§ns�sX�nP°(rYfgX���dGv�¢sdGju{�XW¥z�(iudGj³p|XW{�X p��(ns{|�Wdsv�{|ju{�� X�¢Gdsikv�VYX�fgX
f�dsr�r�h�X�l�fgX�VYnsr�jkUW{|X´jkrIpoXW{�ns� pojk¢sXG¬�\Er4X���X p;tPjuigloXWV��(iuX�jurzvgp|juikX�fgX���nqim� v�ikXW{���ikv(lojuX�v�{|l>P&d&fgX�fgdsr�r(hWX�l
��nq{�lyjkV�v(iknqpojkdsr(l�t«lyj�r�dGv(l&r�XY��dGv�¢sdGr(l&v�iupohW{|jkXWv�{|XWVYXWrIp�ikX�l�nqr(nsiuxgloXW{;t�X p�fgXYikn!V ?WVYX�V�nqr�jkUW{|X4jui
X;l�p�jkrIv�pojkiuXYfgX4��dIloloh�fgX�{^v(r�XYV4hWpoT�dgfgXYf� X ¥g��ikds{�nPp|judGrKlyj��WX pyp|X4f�XW{|r�juU�{oXwr�� X�lyp&�(nGl&jurIpoX�{|nG��p|ju¢GX�X p
�({oh;� jmlyXG¬3\Er X	�MXWp�t�i�� B D � ½ �§�(�q�CB H B¤� �?X;l�pwv�r¡hWikhWVYX�rGpw��{ojkVYds{�fgjmnqi�f�nsr(l�i�� X ¥g��ikds{�nPpojkdsr·fgX.��T(nqVY�(l
f�X�fgdsr(r�hWX;l\�Wns{RXWikikX�£Éns�WjuikjupoX�imn�{|X�� dGr(lypo{|v(��p|judGr.VYX�rGp�nqikX�f� v�r¶��T(hWr�dGV4U�r�X�XWp^fgdGr(��lodsr¶nqr�nqikxzloXs¬
��n��({oh;� jmlyjkdsr }Gv�nqrIp �.X�iuikXst«X;l�p�r�h;� X�l|l|nqjk{oX ��imn.¢§nsiujmf�nqpojkdsr?f�X4i�� nqr(nsiuxgloXw�(ns{�iuX;l^v�pojkiujmlonqpoX�v�{|l�f�v
loxgl�p|UWVYXs¬

~�dsv({�{oh���dGr(fg{|X��?i�� XWr�lyX�V���ikXefgX�l��WdsrIpo{�nqjkrIpoX�lwXWr(�sXWr�fg{oh�X�l4�(ns{4v(r�XelyjkV�v�imnPp|judGr X�r �s¦¯_�ª\p�t
jki�X�lyp¶nqikds{�l�r�h;� X;lol|nqjk{oX?fgX·� dsVw��jkr�XW{ fgXWv�¥@fgdsV�nsjur�X;l.jurg£¤dG{oV�nqpojm}Gv(X�l S�iknKH BÉ� ��� ��BÉ�;�g�WB Á D }Iv�j
£¤dGv�{|r�j³p�imnYVYh poT(dzf�X�f� XW¥g��iudG{|nqpojkdsr.fgX�lRf�dsr�r�h�X�l�tgX pRimn � Á 
 X�� ½ �;�CB ÁED Â ½ Â Á D�D��z½ � }Iv�j#��X�{oVYX p
imnKf�juVYjkrIv�pojkdsr f�X�l4ns�W�WU�lw¢sX�{|l�iuX;lwjkrIpoX�{y£ÉnG� X�lwfgX l�p|dz��µPns�sX�l�¬��´X;lwf�XWvg¥·p|T�hWV�nPp|jk}Iv�X;lwlodsrIpYfgdsr(�
ns��dG{|f�hWX�l�f(nqr(l��WXYpo{�n§¢PnqjkiEfgX�{|X���T�X�{|��T�XGt«iuX��(vgp�h p�nqrIp�fgX��({odG��dIlyX�{&v(r¡� dsv(��ikns�sX�fgX;l�fgXWv�¥»}Iv�j
{|hW�Mdsr�fgXw�(juX�r nsvg¥K� dGr(fgjupojkdsr(l&��{|h��Wh�fgX�V4VYX�rGp�hW¢Gdg}Gv(hWX�l T jkrIpoX�{|nG��pojkdsrKpoX�V4��l�{oh�XWi�X p�po{|U�l&T(nsvgpoX
�({oh;� jmlyjkdsr V ¬MZ\dsv(l���T�X�{|��T(dsr(l&fgdsr�� ��{oh;nqikjkloXW{�f�nqr�l&�WXw{�nq�(��dG{yp�fgXw{|X���T(XW{���T�X�v�r dsvgp|jui�jkrIpoXW{�ns� poju£
f�� XW¥z�(iudG{|nqpojkdsr�XWp\fgX�¢zjklov(nqikjmlonqpojkdsr fgX�fgdsr�r(hWX�l�l|�Wnsiknsju{|X�l��s¦¯_ T ª\p V ¬
&('�� � ;�p)-�� p�� 09s��:07=)<�� 8 /���+���0
� �WX���dsv�{;t�ikX�l���Tzxglojk�WjuX�r(l�¢zjklov(nsiujmlyX�rIp�X;loloXWrIp|juX�iuikXWVYXWrIp�ikX�l�fgdGr�r�h�X�l��s¦¯_ X�r {|h�nsiujml|nqrIp�v�r�X�jkrGp|h ¦
�G{|nqpojkdsr�loXWikdsr.fgXWv�¥�fgX�l�}Iv(nqpo{|X\¢Pnq{|jkns��ikX�l�¬z� � nR@���T(nq�GX\lyX�{|h�fgv(j³p�fgdsr�� �4v�r�X&jkVYns�sX��§¦©_ T dsv.v�r�X
¢zjmfghWdeX�r � dGr(lojkfgh�{|nsrIp�ikX�p|XWVY�(l V ¬���X���{|ds�(iuU�V4X�X�lypw}Iv�X�podGvgpoX;l�ikX�l�V4hWpoT�dgfgX;l�fgX�¢Ijmlov(nqikjkl|nPp|judGr
��nslohWX�l´lyv({�fgX;l�jkrIpoh��s{�nPpojkdsr�lWtG��{ods��X�� pojkdsr(l�dsv��Wdsv��MX�l´��dGv�{�{oh;fgv�jk{oX^iknwfgjuVYX�r(lyjkdsr���fgX�vg¥�dsv�p|{odGjkl
r(X^�MXW{|VYX pyp|XWrIp�hW¢zjkf�XWVYVYXWrIp��(nsl�f� nqr(nsiuxgloXW{�iuX;l´lov��gp|juikj³p|h�l�f� v�r!��T�hWr(dsVYUWr�X�� dGVY��iuXW¥gX&f�nsr(l�lydGr
jkrIpoh��s{�nqikj³p|hs¬

_^X�l�p|X���T�r(jk}Iv�X;l�fgX�¢zjklov(nqikjmlonqpojkdsr?lo�Mh�� ju°�}Iv�X;l�nqvg¥?��iknGlyV�nGl^dGrIp�h pohY��{|ds�MdGlohWX;l&�(nq{�ikX��(nsl|loh
L ]KÅ��

+
�I�zt��] &�R�I�WQ¯¬�]Knqjml.�WX�l!poX;��T�r�jm}Iv�X�l loXK�(nGlyX�rGpelov�{efgX�l lojuVwv�iknqpojkdsr(l!�(ns{.ns����{|dz��T(X

~��o�^¬�_&nqr(l^v�r¶�WnGfg{|X�~E�o�^t�ikX�l\X���ds{op|lRloX��Wdsr(�WXWrIpo{|XWrIp\lov�{yp|dsvgp&lyv�{^i�� n
@���T(ns�sX�fgX;lR�(ns{yp|jk�Wv�iuX;lRX�r
�WdsVw��jur�nqrIp´v�r(X^¢zjmlyv(nsiujml|nPpojkdsr��(nq{���dGjurIpRn§¢sX;��v�r�X&¢zjklov(nsiujmlonqpojkdsr�¢Gdsikv�VYjk}Iv�XG¬(�´X�l´V4hWpoT�dgfgX;l�lydGrIp
f�dsr(��jkrIpo{|jur�lyU;}Gv(XWVYXWrIp\jkr(nsf(nq�gp|hWX�l ��r�dqp|{oX���{odG��ikhWV�nPp|jk}Iv�XGt�ikn�r(nPp|v�{oXwfgX�i�� jkrg£¤ds{|V�nPp|judGrer�� hWp|nsrGp
��nsl�imnwV ?�V4XG¬

� r�dspo{|X �Wdsr�r�nqjmlol|nqr(�WXst�juiRl	� ns�sjupYf(nqr(l��WX!{�nq���Mds{op�f� v(r ��{|XWVYjkXW{4po{�n§¢Pnqjki�� dsr�lonG� {|h��?ikn?¢zj³¦
lov(nsiujmlonqpojkdsrefgXYfgdsr(r�hWX;lR��imnsloV�n�jkl|lov�X�l^f� v(r�X4lojkV�v�imnPp|judGre�q¦©_�ª\p&�(nq{&fgjkl|� {|h p|jkl|nPp|judGr¶fgX�i�� X�lo�(ns�WX
f�X�l´��T(nsloX�l�tIiknG}Gv(XWikiuXR�MXW{|VYX p�fgX\¢zjmlyv�nqikjkloXW{´iudg�WnsiuX�VYXWrIp´i�� X�r(loXWV��(iuX&fgv�{|h�lov�iup|nPp�f� v�r�X�lyjkV�v�imnPp|judGr
�WdsrIpo{�nqjk{|XWVYXWrIp�nqvg¥��({ods��X���p|judGr(l�vgpojkikjklohWX;l���v(lo}Iv�� nqikds{�l�¬

��n�lydGiuv�pojkdsr¶}Iv�X�r�dGv(lR�({odG��dIlydGr(lRloX��(nsloX�lov�{\v�r(Xw� dGV���jkr(nsjklodsr XWrIp|{oX�ikX&±�£¤dg� v(l�ª �WdsrIpoXW¥zp�²
T XWr vgpojkiujml|nqrIp4v(r�X!ikdsv(��X.¢zju{opov�X�iuikX V X p�imnep|X���T�r�jm}Iv�X�±� �ds{|ikf¡ �j³p|T�jur  ´dG{oimf�l�² T ¢sdGju{YloX���p|judGr hWp|nPp
f�X�i�� ns{yp&��dGv�{^v(r�XwfgX;lo�W{ojk�gp|judGr¶��ikv(l^f�h p|nsjuikikhWXwf�X4�WX�lRVYhWpoT�dgfgX;l V ¬��#X���{|jkr(� jk��X4�sh�r�hW{�nqi#XWrKX;l�p&iuX
lov�jk¢PnqrIp S(X�r¶fgXWT�dG{|l\fgX�imn�iudGv��MXst�imn�fgdGr�r�hWX�X�lyp\n
@���T�hWX���nq{\lojuVY��ikX�jkrIpohW�G{|nqpojkdsr¶�§¦©_ �WdsVYVYX�iuX
£¤dGrIp�iuX;l���Tzxglojk�WjuX�r(l�ns� pov�X�iuikXWVYX�rGp;¬�]¶nsjklwnqv¡loXWjkr¡fgX�imn iudGv��MXst���T(ns}Iv�X���nsloX�fgX���{|dq��X;��pojkdsr¡�P¦¯_
�WdsrIpojkXWrIp�i�� XWr(loXWVw��iuX�f�v lydGv(l�X;ly�(nG� X!�P¦¯_-iuv�j�� dG{o{|X�lo�Mdsr(f�nsrIp�¬�ZRdGv(l�nR@���T�dsr(l�fgdsr(��v�r·VYdsr(fgX
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�P¦¯_¨f�nsr(l�v(r�VYdsr(f�X&�§¦©_wtz�WX^}Iv�j��MXW{|V4XWp�f�� nR@���T(XW{�i�� XWr(loXWVw��iuX�fgX^ikn�£¤dsr(� pojkdsr��s¦¯_¨f�nsr(l�imn�º�dsr�X
f�hWikjuVYjupohWX^�(nq{´ikn�iudGv��MXs¬z� � n
@���T(nq�GXRlyX\£Énqjup�lodsv(l�ikn�£¤ds{|V4X&f� v�r�X^��nq{opoX\f�X\T(nsvgpoX�v�{�tzfgdGr(��XWr!¸P¦©_�¬
ÅgXWikdsr ikn�p|nqjkikiuX�f�X�iknYikdsv(��XGt(ikX�r�dsVw��{|X�fgX�po{|jmnqr��GiuX;l��sh�r�hW{|h�l��MXWvgp�fgXW¢GXWr�jk{RXW¥g�WX�l|lyju£�¬��\v(l|lyj�r(dsv(l
�({odG��dIlydGr(lWt���dGv�{�iujkVYj³p|XW{�iuX;l���{ojkVYj³p|ju¢GX�l��s{�nq��T(jk}Iv�X;l �\nR@���T�XW{;t�v(r�X�ns����{|dg��T�XEV�v(i³p|j³¦¯{oh;lydGiuv�pojkdsr�fgX
¢zjmlyv�nqikjkl|nPp|judGr4fgXR��nq{opoX;l�fgX�T(nqv�poXWv({|lEf�ju{|X�� poXWVYX�rGpEikjkhWX ��imn�fgh��WdsVY��{|X�l|lyjkdsr�¬G�´X;� j�r(dsv(l��MXW{|VYX p´fgX
r(XE¢zjklov(nqikjmlyX�{#}Iv�� v(r�XE�(ns{yp|juX�f�X�l#f�dsr�r�h�X�l#XWr�T(nsvgpoXW¦8{|h�lodsikvgpojkdsr&p�nqr(fgjml#}Iv�X�iuX;l#nqv�po{|X�l�lodsrIp�nR@���T(hWX�l
�¡v�r r�jk¢sX;nqvfgX fgh p�nqjki�jurg£¤h�{ojkXWv({�t�lonsr(l�p|dsvgp|X £¤dGjkl�rIv(ju{|X � ikn·¢zjmlyjk��jkiujupoh»fgv�(T�hWr�dGVYUWr�XG¬�Z\dsv(l
VYdGrGp|{odGr(l�hW�InqikXWVYXWrIpR}Iv�� v�r�X�{|XW��{|h�loXWrIp�nPpojkdsr���v(fgjm� jkXWv(loX�fgX�i�� jur�£¤ds{|VYnqpojkdsr.��X�{oVYXWp^fgX�V�nqjkrIpoXWr(ju{
v(r�X��MXW{o£¤ds{|V�nqr(�WX�poX�V4��l^{|hWX�i#V�nqik�s{|U�l\v�r?��T�nq{|�sXWVYX�rGpR�MXW{|V�nqr�X�rIp�����nq{opojk{^f� v�r?f�jkl|}Iv�Xs¬�� � X;l�p
f�� nsjuikiuX�v�{�l�i �(tgikn4��{|jur�� jk�(nqikX�� dsrIp|{ojk��vgp|judGr.fgX��WX popoX�nq���({odg��T�XG¬

&('�� �,= <>- ��� ;�< ��� +(;5/
��nKlov�jupoX fgXe� X.{|ns����dG{yp4lyX fgh��Wdsv��MX.XWr �Wjur�}»�(nq{opojkX�l�¬�_^nsr(l4v�r ��{|XWVYjkXW{wpoX�V4��lWt�v�r ��{|X £\hWp|nPp
f�X�i�� ns{ypYfgX�lYfgX�vg¥¡fgdsV�nqjkr�X;l�jkrg£¤ds{|V�nPp|jk}Iv�X;l�r�h;� X;lol|nqjk{oX;l �?iknK{oh;nqikjkl|nPp|judGr¡f� v(r dsv�pojki´jkrIpoXW{�ns� poju£
f�� XW¥z�(iudG{|nqpojkdsr�fgX���T(nqVY�(l�lo��nqimnqjk{oX;l«�q¦©_�ª\p�lyX�{|nR��{odG��dIlyhGt	�^lon§¢Gdsjk{«iuX;l�p|X���T�r�jm}Iv�X�l�fgX´¢Ijmlov(nqikjkl|nPp|judGr
XWp�fgX�� dGV4�({oX;lolojudGr?fgX�fgdGr�r�h�X�l�¬#�#n.lyX;� dGr(fgXY�(nq{opojkXYX�lyp�XWr(lov�jupoX�� dGr(l|ns� {|hWX �.ikn fgX;lo�W{ojk�gp|judGr fgX
r(dqpo{|XRr�dGv�¢sX�iuikX\VYhWpoT�dgfgX&fgX\¢zjmlyv(nsiujml|nPpojkdsr#ts��v�jml´ikn�po{|dsjmlyjkUWVYX ��iknwfgX�l|� {|ju��pojkdsr�fgX^r�dqp|{oX^V4hWpoT�dgfgX
f�X\� dGV4�({oX;lolojudGr�fgju{|X�� poX�V4X�rIp�jurIp|hW�s{|hWX�XWp�nGf�nq�gp|hWX ��ikn�¢zjmlyv�nqikjkl|nPp|judGr�¬sZRdGv(lE{|h���nq��jupov(iudGr(l�XWr�lyv�jupoX
i�� XWr(loXWVw��iuX�f�X�ikn4VYh p|T�dgfgXstM� � X�lypy¦ �P¦©fgju{|X&i�� nqik�sdG{ojupoT�VYX�}Iv�j#nYhWpoh�VYjklRXWr dzXWv�¢z{|Xs¬�\Er�°(r�t�n§¢PnsrGpRfgX
�Wdsr(�Wiuv({oXGt�iknKfgXW{|r�jkUW{|X��(nq{opojkX�fgv¡{�nq�(��dG{yp�loX���{|ds�MdGloX�fgX���{|h�loXWrIp|XW{�XWp4f� nqr(nsiuxgloXW{�ikX�l�{oh;lyv(i³p�nPp|l
dG�gpoX�rzv(lW¬

� � ��	��¹1.�*"���	��#�

l�')& � p s���<>=)p sd<i/�p +�- �	� =r/�p � p � 09-:s1p)+.-:-:09=)=)0
\�r�¢zjklov(nqikjmlonqpojkdsr�l|� jkXWrIpoju°�}Iv�Xst�iuX´��{|ds��ikUWVYX�fgX�fgdsr(r�hWX;l��q¦©_�ª\p�lyX�V���ikX �R��{ojkds{|js�(juX�r�� dGr�rzv�fgXW��v(jkl
ikdsr(�qpoX�VY�(lW¬#�©i�X ¥gjml�p|X�XWr·X	�MXWp4fgX�r�dsVw��{oX�v(loX�l�VYh p|T�dgfgX�l�t#x»� dGVY��{ojml�fgX;l�dsv�pojkiklw� dsVYVYXW{�� jmnqv�¥�t
�MXW{|VYX pop|nqrIp�v�r(XE¢zjklov(nqikjmlonqpojkdsr�fgX�fgdGr�r�hWX;l«fgjupoX�l��§¦©_�¬���XE��T(nsV4��l«¢zjklov(nqikjmlyhE�Wdsr(lojklypoX��GhWr�h�{|nsiuX�V4X�rIp
X�r v(r }Iv�jkrIpov��(iuXWp�fgX ikn?£¤ds{|VYX

(x, y, z, u, t)
tElodsjkXWrIp

3
�WdIdG{|f�dsr�r�h�X�lYf� X�lo�(ns�WXst�v�r(X f�juVYXWr�lyjkdsr

�(TIxglojk}Iv�X T �(ns{|nsVYU po{|X´�WdsVYVYX´imn�p|XWVY�MhW{�nPpov({oXGt;imnR�({oX;lolojudGr�t;X p|�s¬u¬k¬Pf�nqr�l�ikX��Wnsl�fgX�ikn^VYh p|hWds{|dsikds�GjuX VXWp^imn�fgjkVYXWr(lojudGrepoX�VY��dG{oX�iuikXs¬��´X�p�xz��X4fgXwf�dsr�r�h�X�l^lyXw¢Ijmlov(nqikjkloX�£ÉnG� jkiuX�V4X�rIp^XWr?¸P¦©_�t�XWr¶vgp|juikjmlonsrGp
imn��MdGloj³p|judGre��dGv�{

(x, y, z)
X p^imn��Wdsv�ikXWv�{ T XWp�
§dGveikn�p|nsjuikiuX V �Mdsv�{^XWr(�WdgfgXW{^iuX���nq{�nqVYU p|{oX��(TIxglojk}Iv�X

u
¬��´XWimn4{oX�¢zjuX�rGpRnsjur(loj��4¢zjklov(nqikjmlyX�{�v(r�X�£¤dsr(� pojkdsrenqikimnqrIpRfgX�i�� X�lo�(ns�WX

R
3 + t

f�nqr(l�i�� X�lo�(ns�WX
R + t

¬
�´X���X�r(f�nqrIp;t�f�nqr(l�ikX��WnGl�fgX�l���imnsloV�nsl��q¦©_�ª\p�tziknYfgdGr�r�h�X �w{|XW��{|h�loXWrIpoX�{�X�lyp�v(rY±y¢z{|nsj ²^��T(nsVY�

l|�Wnsiknsju{|XY� ds{|{|X�lo��dGr(f�nqrIp � v�r�XY£¤dGr(��p|judGr �e�Wjur�}KfgjkVYXWr(lojudGr(l�fgX�imn!£¤ds{|VYX
d = f(x, y, vx, vy, t)

¬
�´XWpyp|X^£¤dGr(��p|judGr {oX���{oh;lyX�rIpoX&ikn4fgXWr�lyjupoh�fgX��(ns{yp|jk�Wv�ikX�l �4v�r.jur(lyp|nsrIp\fgdsr�r(h&X�r!v(r.�MdsjkrIpRfgh °(r(j��(nq{
2
� dzdG{|fgdGr�r�h�X�l�f�� X;ly�(nG� X&X p

2
�WdIdG{|f�dsr�r�h�X�l�fgX&¢IjupoX;loloXs¬z�©i«l	� ns�sjup�nsiudG{|l´fgX�¢Ijmlov(nqikjkloXW{�v�r�X^£¤dsr���pojkdsr

nsiuimnqrIp�fgX\i�� X;ly��ns� X
R

4 + t
f�nqr(l´i�� X;ly�(nG� X

R + t
¬g_\X&V�nqr�jkUW{|XRjkrg£¤ds{|V�nPp|jk}Iv�XGtGjki«l � nq�Gj³p´f�� v�r�p|ns��iuX;nqv

�s¦¯_�ª U ¦©_bfgX�{|hWXWiml�¬

Ð�Ðwv
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��nR¢zjklov(nsiujmlonqpojkdsr�fgX�fgdsr(r�hWX;l#X�r^±�¢z{�nqj³²E�q¦©_�ª\p�r�� X;l�p;t;�WdsrIpo{�nqjk{|XWVYXWrIp�nsv�}Iv�jurIp|v���ikX p��({oh;� h�f�XWrIp�t
��nslEjkrIpov�jupojk¢sXG¬1\Er�X	�MXWp�tIjui�X�lyp�f�j @�� jkikX^fgX&lyX^{oX���{oh;lyX�rIpoXW{´v�r�X&fgdsr�r(hWX^f�X^fgjkVYXWr(lojudGr�lov���h�{ojkXWv({oX �
3
tsimn�� dGv�ikXWv�{´dsv�imn�p|nsjuikikX\r�X&lyv5@�l|nqrIp��(nGl ��X�r(� dgfgX�{�v�r(X\¢sh�{ojup|ns��ikX\}Iv(nPp|{ojkUWVYX\fgjkVYXWr(lojkdsr�¬ Ã {´� X

p�xz�MXRfgX\fgdGr�r�h�X�l��MXWvgp4? po{|X�{|XWimnPpojk¢sX�VYXWrIpE� dsv({|nsrGp;tq� � X�lypE��dGv�{�}Gv(dsj(fgX�r(dsV��({oX�v(lyX;l�poX;��T�r�jm}Gv(X�lEfgX
¢zjmlyv�nqikjkl|nPp|judGr¶fgj³p|X�l^V�v�iupojmfgjkVYXWr(lojudGr�r�X�iuikX�l&dsrIp�fgh�� ��h pohYfgh�¢sXWikds�(��h�X�lR��nq{&iuX4�(nsl|lohs¬��´XYfgdGVYnsjur(X
r(X�£ÉnqjupR�shWr(hW{�nqikXWVYXWrIp��(nsl���nq{opojkX�f�X�iknY¢zjmlyv(nsiujml|nPpojkdsr.lo�WjuX�rIpoju°�}Iv�Xst�V�nsjkl�£Énsj³pR�(ns{yp|juX�f�X�� X�}Iv�X�ikn
�WdsVYV�v(r(nqvgp|h�nq���MXWikiuX�imn�±�¢zjmlyv�nqikjkl|nPp|judGr!f� jur�£¤ds{|VYnqpojkdsrz²�¬

�#X�lep|X���T�r(jk}Iv�X;lKfgX¡¢zjmlyv�nqikjkl|nPp|judGr¨Vwv�iupojmfgjuVYX�r(lyjkdsr(r�XWikiuX lydGrGp¶X;loloXWrIp|juX�iuikXWVYXWrIp?f�hW¢sX�iudG���MhWX�l
�Mdsv({�v�r r�dsVw��{oX�fgX�fgjkVYXWr(lojkdsr(l�p|{oU;l��s{�nqr(f T ��jkXWrelov��MhW{|juX�v�{ �

5 V S
��� ½ ��� ½ �"Y D B A � ½ ��� X�� DiD�½ � ��I � dGV4VYX#±olo��nPpopoXW{|��ikdqp«V�nPp|{oju¥I²4L ������S��s¸gt;�´ikX	�G¸gtC[�]¶]?Å
� U Q¯t±)[�{|v(loT�jur(�P² L [R�����CQ¯t#±�Tzxz�MXW{�lyikjk�WX�² L ¢z¢
�s¸"QRXWpw±�Tzxz��X�{o�Md§¥I² L �\��� U Q\�(ns{YX ¥gXWVY��ikXst�p|{|nsr(ly£¤ds{o¦

VYXWrIp´v�r�X�lo�(ns�WX
nD

XWr�v(r�XWr(loXWVw��ikX\f� X�lo�(ns�WX�l´�P¦¯_@nq���MXWikh�l´�(nsr�r�X�nsvg¥«¬�\EikikX�lE�MXW{|VYX popoXWrIp
��{|jur(�Wju��nqikXWVYXWrIp�fgX�VYX popo{|X�XWr»h�¢IjmfgX�r(� X�fgX;l�� dG{o{|hWimnPp|judGr(l^XWrIpo{|X��(nqjk{|X�l�fgX�¢Pnq{|jmnq��ikX�l�¬��´X�l
poX;��T�r�jm}Gv(X�lRloXWVw��iuX�rIp�f�dsr(�&�MXWvensf�ns�gpoh�X�l �4i�� hWpov(fgX�f�X�l���imnsloV�nsl��q¦©_w¬

��� ½ �@� ½ �"Y D B A � ½ �7BA� Á D�Á j��§��XiYiB A � ½ � dsrIp¶�Mdsv�{¶�(vgp?f� n
@���T�X�{¶v�r�X¡jm��Gr�X·dsv±y�sikxz��Tz²
L ~4P��s��t�P&~ ����gt�Å�PM[�� U t´�#XW¢
� U Q�fgdGrIp�iuX;l��(ns{|nsVYU po{|X�l�f�XK{|XW��{|h�loXWrIp|nqpojkdsr(l��Wds{|{oX;ly�Mdsr�¦
fgXWrIp�nqv�¥»¢PnsiuX�v�{|lYfgX;l4¢§ns{ojmnq�(iuX;l�fgX imn¶£¤dGr(��p|judGr �Knsr(nqikxglyX�{�¬���X;l4¢§nsiuX�v�{�lwfgX.imn¶£¤dGr(��p|judGr
lydGrIpwnqikds{�l�nGlolodg� jkhWX�l��¶fgX�lwnPpopo{|ju��v�p|lw�s{�nq��T�jm}Iv�X�l�� dsVYVYX�imn £¤dG{oVYXst�ikn¶p|nsjuikiuXGt#imnK�Wdsv�ikXWv�{
dsv imn���dIlyjupojkdsr#¬(]¶nqjml�imn�fgj!@��Wv�iupoh�n§¢GX���� X�p�xz�MX�f� nq����{|dg��T�X�� dGr(lyjmlypoX �4po{|dsv(¢sXW{�v(r�X�jk��sr�X
�Wns�(nq��ikX�fgX��Wns{|nG��p|hW{|jkloXW{�iknw£¤dGr(��p|judGr��4h p|v(fgjkXW{;¬

��� ½ ��� ½ �"Y D B A � ½ ��� H � ½ YiB � �P�g�P�"Y�B A � ½4dsrIpE�Mdsv�{´��vgp�fgXRT�jkhW{�nq{���T�jmlyX�{�ikn�¢zjmlyv(nsiujml|nPpojkdsr�fgX
fgdsr(r�hWX;l#Vwv�i³p|jkf�juVYXWr�lyjkdsr�r(XWikiuX;l�XWr�£¤dsr(� pojkdsr�fgX�fgj �Mh�{oX�rGp|X�l#¢§ns{ojmnq�(iuX;lW¬;_\j �Mh�{oX�rIpoX�l�VYh p|T�dgfgX�l
dsrIp^hWpoh�h�ikns��dG{oh�X�lRlov�{&� X��({ojkr(� jk�MX�Sz±onP¥gX;l�T�jkhW{�nq{���T�jk}Iv�X;l©² L ] P�SRÅ
�s�(t�� � ���s�gt�]¶SRÅ
� U ngt]¶SRÅ
� U �5Q¯t#±yf�juVYXWr�lyjkdsr%l�p�ns��µzjur(�P² L � � ���G�gt �»nq{��q�
QRXWp�±y �ds{|ikf  �j³p|T�jur% �ds{|ikf�l�² L NO[��G�q�«t
NO[��G�sn"Q¯¬�]¶nsjklY�WX�l4poX;��T�r�jm}Iv�X�l�f�X.¢zjmlyv�nqikjkl|nPp|judGr loX.ikjkV4jupoX�rIp��sh�r�hW{�nqikXWVYXWrIp�nqvg¥%fgdsr�r(hWX�l
fgdsrIpRimnYfgjkl|� {|h p|jkl|nPp|judGr�X;l�p\nGloloXWº&�s{|dGl|lyjkUW{|Xs¬

��� ½ ��� ½ �"Y D B A � ½ ��� HM½ ���5I ½ � D�Á D �s�g�§� � �WB ½1D � {oX;fgh °(r(jkl|lyX�rIp�f�X�lEnq¥zX;l�r�dsr���nq{opoh�lojkXWr(l�nP°�r
f� ds�gp|XWr�jk{�v�r X�lo�(ns�WX

nD
nR@���T�nq��ikX�XWre�§¦©_�¬5\EikikX�lRlodsrIp�{oX���{|h�loXWrIpoh�X�l´�(nq{�ikX�l�p|X���T�r�jm}Iv�X�l �

±y�Wdzds{�fgdsr�r(hWX�l��(ns{|nsiuikUWikX�l�²gL ���R�����Gt���_^���It(��_��s�"Q���X�{oVYX pop|nsrGp^v�r�X�nqr�nqikxzloX�fgX�imnY�shWdGVYh po{|jkX
fgX�l!ds����X p|l!V�v(i³p|jkfgjkVYXWr(lojkdsr�r�X�ikl�t�X p iuX;l�p|X���T�r�jm}Iv�X�l��?±o� dzdG{|fgdGr�r�h�X�l�X�rh p|dsjkiuX ² L ��nsr(�s�WQ
� dGr(lyjmlyp|nqrIp ��{|h�ns{o{�nqr��GXW{EikX�l�nq¥zX;l�{|XW�({oh;lyX�rGp�nqrIp´ikX�l�fgjkVYXWr(lojkdsr(l�fgX���T(ns}Iv�X^¢Pnq{|jkns��iuX&lyv({�v(r
� X�{|�WiuX�f�nsr(l�v�r X�lo�(ns�WX��§¦©_�¬

~Eikv(l�{|h�� X�VYV4X�rIp´imn�¢zjklov(nsiujmlonqpojkdsr�f� jkrg£¤ds{|V�nPpojkdsr�l	� X�lyp´¢zv�X^loX\{�nq�(��{odg��T�X�{�fgX^ikn�¢Ijmlov(nqikjkl|nPp|judGr
l|� jkXWrIp|j³°�}Iv�X¶¸q¦¯_w¬ � ½ � 
 � �CY Á Â ½ ����� Á � �����Ä� Á D � ½ I«��� L �R���q�(t��IZ\�G�gt´_MP! \�s¸RQ\�(ns{�X ¥gXWV4¦
�(iuX�loX��(nsloXWrIp�lov�{�i�� vgp|juikjmlonqpojkdsr¡f� v�r»��dGjurIp�£¤dg��nqi��MXW{|V4XWpyp�nqrIp � i�� vgp|juikjmlonqpoXWv({�fgX�r(n§¢zjk�sv�X�{�f(nqr(l
i�� X�lo�(ns�WX4fgXYfgdGr�r�hWX;l&X p�fgX4{oh;nqikjkloXW{&v�r ºWdzdsV lov�{�v�r�XY�Mds{opojkdsr?f�h�loju�Gr�hWX4fgX�l�fgdGr�r�h�X�l�¬�[\r�X�nq�g¦
�({odg��T�X�p|{oU;l\{|h��WXWrIpoX$L ��\��s�RQ�vgpojkiujmloX�imn�¢zjklov(nqikjmlonqpojkdsr ¢sdGiuv�VYjm}Iv�X��Mdsv�{&n
@���T�XW{&fgX�l\jur�£¤ds{|VYnqpojkdsr(l
Vwv�iupojmfgjuVYX�r(lyjkdsr(r�XWikiuX;lYXWr%{ohW¦8XW¥g��{ojkV�nqrIpwv(r�Xe�(nq{opojkX fgX�l�fgdGr�r�h�X�l4XWr ¸P¦©_w¬���n V4hWpoT�dgfgX�±�p|ns��iuX
ikXWr�l©²�L �R���q�gt���S����CQE�(ns{�nqjkiuikXWv�{�l�� dGr(lyjmlypoX ��¢zjmlyv�nqikjkloXW{�i�� jkrg£¤ds{|V�nPp|judGr f�nsr(l�v�r�XY�G{ojkiuikX�fgX4p|nsjuikiuX
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¢Pns{ojmnq��ikXst�nqikds{�lR}Iv�X�imn�VYh poT(dzf�X&±y{|nGfgjknsi«£¤dg� v(l�ª � dGrGp|X ¥zp�²$L ]¶�R��� U t N�v�{�� � t �IZ\�G�"Q�dG{o�Inqr�jmlyX�ikX�l
n

fgjkV4X�r(lojudGr(l�f�nqr�l�v�r.V4dgfgX�{�nsf�jknsiA¬

Z\dqpo{|X�nq���({odg��T�X�lyX���{|ds�MdGloX�fgX�� dsVw��jkr�XW{�ikX&�({ojkr(� jk�MX�f�v�±�£¤dg� v(l�nsr(f��WdsrIpoXW¥zp�²�n§¢GX��^� XWikv�j#f�v
±y �ds{|ikf�l� �jupoT(jur¡ �ds{|imf�l©²�¬#��ne��{|jur(�Wju��nqikX�fgj @��Wv�i³p|h!�Wdsr(lojklypoX!nqikds{�l �e�sh�{oX�{�ikn¶VYnGloloX�fgX.fgdsr�r(hWX�l
f�X\£Én � dsr����Inq{�nqrIpojk{�v�r(X&�MXW{o£¤ds{|V�nqr(�WX^f� n
@���T(ns�sX�p|XWVY�(l�{|hWX�i(p|dsvgp�XWr!��{|h�loXW{|¢§nsrIp´v�r�X&��{|h��WjklojudGr
rzv�VYh�{ojm}Iv�X�hWikXW¢sh�Xs¬��©i�l � nq�Gj³pRns� pov�X�iuikXWVYX�rGp\f�� v�r(X�poT�h�V�nPpojm}Iv�X�jkV4�Mds{op|nsrIpoX�X pR{|h��WXWrIpoX�X�r ¢Ijmlov(nqikj³¦
l|nPp|judGrelo�WjuX�rGp|j³°M}Gv(Xst(imnYV�nsl|lyX�f�X�fgdsr(r�hWX;l�r�X��WX�l|lonsrGp\f�X�� {|d
]mpo{|X�{|ns��jmfgXWVYXWrIp\n§¢GX��&iuX;l\��nq�(nG� jupoh�l
f�X���nqim� v�iml�X p\f�X�lyjkV�v�imnPp|judGr�¬

l�'ml *,+ � �:;�09s1s1p +�- �:0 �:+.-:-:8309s �	�:= /�p �:p � 09-:s1p +�-:-�0�=)= 0�s
��n?�WdsVY��{|X�l|lyjkdsr%fgXefgdsr(r�hWX;lYX�lypYv(r%fgdGV�nqjkr�XefgX {oX;��T�XW{���T�X�p|{oU;lY¢PnslypoXelyj��(juX�r%}Iv�� v�r�XehWpov(fgX
XW¥gT(nqv(lypojk¢sX^fghW�(nGloloXW{�nqjup�po{|U�l�ikns{o�GXWVYXWrIp�ikX^��nsfg{|X\fgX&� XR{�nq�(��dG{yp;¬GZRdGv(l´��{odG��dIlydGr(l�jm� j�fgX^lov�{|¢sdGiuX�{
�({ojkUW¢GXWVYXWrIp�iuX;l�poX;��T�r�jm}Iv�X�l�}Iv�j´lydGrGp�ikX���ikv(l�X�r·{oX�iknqpojkdsr»n§¢sX��4r�dspo{|X4po{�n§¢§nsjui8¬9P&ikds�(nsiuX�V4X�rIp�t�ikX�l
nsiu�Gds{|j³p|T�VYX�l4fgX � dsVY��{|X�l|lojudGr fgX fgdsr�r(hWX�l4�MXWv�¢GXWrIp�lyX fgjk¢zjkloXW{YXWr%fgXWv�¥ ��{|jur(�Wju��nqikX�l4�WnPp|hW�Gds{|juX;l
}Iv�j^lydGrGp�imn � Á 
 X�� ½ �;�CB ÁED �;� D � X ½ �§� ½ X p�imn � Á 
 X�� ½ �;�CB ÁED � H�½ � X ½ �§� ½�¬´�#n·� dGVY��{oX;lolojkdsr
l|nqr�l��MXW{opoX �MXW{|V4XWp4imn?{oX;� dsr�l�p|{ov(� pojkdsr �Ki�� jmfgXWrIpojm}Iv�XefgX�lYfgdGr�r�h�X�lY� dGV4�({oX;lolohWX;lWt#p|nqr�fgjklY}Iv�X.ikn
�WdsVY��{|X�l|lyjkdsr¶n§¢GX����MXW{opoX4jkV4�(iujm}Iv�XYv�r�XYfgh p|hW{|judG{|nqpojkdsr¶fgX;l&f�dsr�r�h�X�l�¬M_&nqr�l&�WXw��nsl�tMikX4��vgp�X�lyp�fgX
VYjkr�jkV4jmloXW{&dsv?f�X4�WdsrIpo{�sikXW{^i�� XW{|{oX�v�{\jkrIpo{|dgfgv�jupoXs¬«Z\dsv(l&r�X4��{|h�loXWrIpodGr(lRjm� j�}Iv�X4iuX;lRp|X���T�r�jm}Iv�X�l�fgX
�WdsVY��{|X�l|lyjkdsr¡n§¢GX�����X�{yp|Xst�� X�iuikX�lYl|nqr(l4�MXW{opoX.r�� hWp|nsrGpY�(nGl4nGf�nq��pohWX;l � fgX;l4��T�nqVY�(lYlo��nqimnqjk{oX;l�fgX
�G{|nsr(fgX^p|nsjuikiuXG¬(��X;l�po{|dsjml���{|jur(�Wju��nqikX�l´poX;��T�r�jm}Gv(X�l�lodsrIp�iuX;lRlyv(ju¢PnqrIp|X�lMS

��� ½ � 
 � �CY Á Â ½ � X��g� A ��� D �CB����G�g�CB ÁED L �9[�P��s��tE��Å �q�s�«t���Å
�s�Gn"QR}Iv�j�po{�nqr�l�£¤dG{oVYXWrIpYfgX�l
fgdsr(r�hWX;l�{|XW�({oh;lyX�rGp|hWX;l«�(nq{�fgX��s{�nqr(f(l#r�dGV���{|X�l#�(nq{�fgX;l��(iuv(l��MX pojup|l�loX´�Wdgf�nqrIp�lyv�{�v�rwX�lo�(ns�WX
��ikv(l«£Énsju��ikXs¬�]¶nqikT�XWv({oX�v(lyX�VYXWrIp#� X;l«VYh poT(dzf�X�l«�MXWv�¢GXWrIp#X�r��sX�r(fg{|XW{�fgX;l«��X�{yp|X�l�f�� jkrg£¤ds{|V�nPp|judGr(l
juVY�Mds{op|nsrGp|X�l�XWpRiuX��WdsrIpo{�sikX&f�X&i�� XW{|{oX�v�{�r�� X�lyp���nsl�nqjmlohs¬

��� ½ � 
 � �WY Á Â ½ �eÂ ½ � Á 
 X�� ½ ���WB Á D X���� Á D Â ½ � ½ ��� ½ � L _^nsv(�s�gt�_ �I� �I�zt�]¶XWx
�G�zt���X�  �G�zt
��[ � �"Q�}Iv�j�� dGr(lojklypoX�rGp��e��T(dsjmlyjk{�v�r�X�dGr(fgXWikX popoX�dGv?£¤dGr(��p|judGr¡f� dsr(fgXGt#nq�(��X�iuh�X�ÁED Â ½ � ½ ��� ½

��I� ½�¬��´X pyp|X�dsr�fgXWikX popoX�VYUW{|X�loXW{op�fgX��(nsloX �ei�� X;ly��ns� X�¢GX�� pods{|jkXWiEfgX;l�£¤dsr(� pojkdsr(l�t�}Iv�j�lydGrIp
X ¥g��{|juVYh�X�l�lydGv(l�ikn�£¤ds{|VYX&f�X��WdsVw��jur�nqjmlydGr(l�ikjkr�h�nsju{|X�l�fgX&i�� dsr�fgXWikX popoX�VYUW{|X��4v�r�X&h���T(XWikiuX�X p
po{�nqr(loimnPpojkdsr.��{|U�l�¬

Z\dqpo{|X�VYh p|T�dgfgX�Tzxz��{ojmfgX�fgX��WdsVY��{|X�l|lyjkdsr!X�lyp\�(nGlyh�X�f(nqr(l�v(re��{oX�VYjuX�{�poXWVY�(l^lyv({Rv�r�X�p|{|nsr(l�¦
£¤dG{oVYh�X�XWrYdsr(f�XWikX pyp|X\fgX  ^nsnq{´fgX�podGv(l�ikX�l�lodsv�l�¦¯X�lo�(ns�WX�l��§¦©_fgv�f�jkns�sr�dIl�p|jk}Iv�XG¬q[Rr�loX�� dGr(f4r�jk¢sX�nsv
f�X^� dGVY��{oX;lolojkdsr�X�lyp´X�r(lov�j³p|X\�(nGlyh&lyv({´v�r(X^}Iv(nqrIp|j³°���nPp|judGr��(nq{�lyX�v�jkiMf� XW{|{|XWv�{�lE�Mdsv�{´poX�r�jk{��WdsVY�gpoX
f�X�l�� dG{o{|hWimnPp|judGr(l�X�rIpo{|X!ikX�l�lodsv(ly¦¯X�lo�(ns�WX�lY�§¦©_ f�� v�r V ?WVYXefgjmnq�Gr�dGlypojm}Iv�Xs¬�~�dsv�{�fgX;lY{|nsjklodsr�lwfgX
�MXW{o£¤ds{|V�nqr(�WXstqimn��WdsT�h�{oX�r(� XRpoXWVY�Mds{|XWikiuX\r�� X;l�p��(nsl���{|jkloXRXWr!� dsVY�gp|X\XWp�nqv�� v�r�X&� dGV4�({oX;lolojudGrYr�� X;l�p
X	�MX;��p|v�hWX�loXWikdsr � XWpypoX�f�juVYXWr�lyjkdsr�¬
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Z\dsv(l&fghWp|nqjkikiudGr(l\jm� j�imn�VYhWpoT�dgfgXYfgX4¢Ijmlov(nqikjkl|nPp|judGr¶}Iv�Xwr(dsv(l&n§¢sdGr(l\fgh�¢sX�iudG����h�Xw�Mdsv({^�MXW{|VYX pyp|{oX
v(r�X!nsr(nqikxglyX��({oh;� jmlyX�X�r¡p|XWVY�(lw{oh�XWi�fgX�l4fgdsr(r�hWX;lwl|�Wnsiknsju{|X�l��s¦¯_�ª\pwjml|lyv�X;l�fgX!ikn?lyjkV�v(iknqpojkdsr fgX
�(iknGlyV�nsl�¬W~�dGv�{��WXWimnRr�dGv(l�nqikiudGr(l«p|dsvgp�f� nq�Mds{�f�fgh��W{ojk{|XEiuX���jk��X�iujkr�X��s{�nq��T(jk}Iv�XGtW��v�jml�r�dsv�l�fgh;� {|ju{|dsr�l
imn4VYh poT(dzf�X\±©£¤dg� v�l�nqr(f � dGrIpoX ¥zpy²&}Iv�X�r�dsv�l�n§¢sdsr�l´�({odG��dIlyh�Xs¬

��')& �,p�� 09= p)-:0 6(;�< ��� p�� ��0
��n?lojkV�v�imnPp|judGr fgX ��imnsloV�nslw£¤dsv�{|r�jup���dGv�{���T(ns}Iv�X.�(nsl�f�X�p|XWVY�(l

t
fgX�lYfgdGr�r�hWX;lYlo��nqimnqjk{oX;l��s¦¯_

��nqim� v�ikhWX;l �»�(nq{opojk{�fgXe�s{|juikikX�l4v�r�ju£¤ds{|VYX�l�f� v�r ¢sdGiuv�VYX.podsp|nsiRfgX p|nsjuikiuX
N4

¬��#n ���W� ���q�	��� ½ Â ½
��� Á ������j ½!{oXWpoX�rIv(X���dGv�{\�WX�l\f�dsr�r�h�X�l\X�lyp\v�r p|ns��ikX�nqvK�P¦¯_ fgX�fgjkVYXWr(lojkdsr

N × N
r�dqp|h

Dt
�Mdsv�{

f�jkns�sr�dIl�p|jk}Iv�X4nqv?poXWVY�(l
t
¬��´T(ns}Iv�X4hWikhWVYXWrIp�dsv»�WnGlyXYfgX

Dt
X;l�p�v�r(X4jkV�nq�GXY�P¦¯_wt«XWikiuXW¦8V ?�V4X�fgX

f�juVYXWr�lyjkdsr
N×N

t�r(dqpoh�X
Dt

u,v

n§¢sX;�
(u, v) ∈ [1, N ]

¬§ZRdGv(l�nq���MXWikikXW{|dsr(l�� X popoX�juV�ns�sX � Á ��� ¿|½ �CX���� ½
f�v�fgjmnq�sr(dGlypojm}Gv(X

Dt
¬P[Rr�h�iuh�VYXWrIp

Dt
u,v[i][j]

fgX�� X´lodsv�l�¦¯X�lo�(ns�WXstWn§¢GX��
(i, j) ∈ [1, N ]

t§� dG{o{|X�lo�Mdsr(f �
v(r4l|�Wnsiknsju{|X´{|XW�({oh;lyX�rGp�nqrIp�ikn Â ½aD �WB¤� � Â ½ X��g�§�WBÉ����� ½ � �Mdsv�{�v(r�X���dIlyjupojkdsr

(u, v)
tPv�r(X�¢IjupoX;loloX

(i, j)XWp�v�r poX�V4��l
t
fgdGr�r�hG¬�~�dsv�{�fgX;l�{|nsjklodsr�l&f�X�iujmlyjk��jkiujupoh�r(dsv(l�jk�sr�dG{oX�{odGr(l^iuX��(ns{|nsVYU po{|XwpoXWVY�Mds{|XWi

f(nqr(l�� XY}Iv�jElov�j³p�XWp&r�dGv(l&r�dqp|XW{|dsr(l&ikX4f�jkns�sr�dIl�p|jk}Iv�X
D

nsvKikjuX�v fgX
Dt

¬�~�nq{�nqjkikiuX�v�{|l�t�ikn.fgX�r(lyjupoh
VYdPxGXWr�r�X

Du,v

f� v�relydGv(ly¦8X;ly�(nG� X
Du,v

X�lyp\fgdsr�r(hWX��(nq{ S

Du,v =
1

N2

N
∑

i=1

N
∑

j=1

Du,v[i][j]

��nw°(�sv�{|X U juikiuv�l�p|{oX�� XWpyp|X�l�p|{ov(� pov�{|X�fgX�fgdGr�r�hWX;lW¬

j

Densité de particules

u

i

Sous−espace
v

Diagnostique

x

y

Du,v

D

Du,v[i][j]

vx

vy

N�jk�sv�{|X U S�ÅIp|{ov���pov({oX D
fgX�l�f�dsr�r�h�X�l�fgX�i�� nq����ikjm�WnPp|judGr

~�dsv({^i�� nR@���T(nq�GX�fgv?��T(nsVY�Klo��nqimnqjk{oX
D
��}Iv(nPp|{oXwfgjuVYX�r(lyjkdsr�lWtMr�dsv�l\vgp|juikjmlydGr(l\v(r�Xwns����{|dz��T(X

±�£¤dg� v(l�nqr(f��WdsrIpoXW¥zp�²E� dsVw��jkr�hWX�n§¢GX���v�r(X�VYh p|T�dgfgX�±y ´dG{oimf�l« �jupoT�jkr� �ds{|ikf(l©²�¬W��X�±©£¤dg� v�l©²�X�lyp�V�nPp|hW{|j³¦
nsiujmloh��(nq{�v(r�X � Á ��X ½R}Iv�js�MXWv�p�? p|{oXEf�hW��imns�WhWX�jkrGp|XW{�ns� pojk¢sXWVYX�rGp���nq{�i�� v�pojkiujmlonqpoX�v�{�¬§�´X pyp|XEikdsv��MXEr�dspohWX
LuL,vL,SL

� dG{o{|X�lo��dGr(f��4v�r X�r(lyX�V���ikX�{oX;��p�nqr��Gv�iknsju{|X�fgX�lydGv(l�¦¯X�lo�(nG� X�l�fgX
D

fghW°(r�j��(ns{ S
LuL,vL,SL

= {DuL+k,vL+l}
n§¢sX;�

(k, l) ∈ [1, SL]
X p

(uL, vL) ∈ [1, N − SL + 1].
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SL

fghW°(r�jup&nsjur(loj�imn4p|nsjuikiuXwfgX�imnYiudGv���X�X p
(uL, vL)

ikn��MdGlojupojkdsrefgX�lodsre� dGjur¶lov��MhW{|juX�v�{R�Inqv(��T�X�nsv
loXWjkr fgvefgjkns�sr�dIl�p|jk}Iv�X

D T �(ns{yp|juX��Inqv(��T�X�fgX�imn4°(�sv({oX�� V ¬
~�dsv({4v(r �(nGlYfgX.poXWVY�(l

t
fgdsr�r(hst�iuXefgjmnq�Gr�dGlypojm}Iv�X

D
X�lyp�¢zjklov(nqikjmlyh!XWr ¸P¦©_ f�X.imn?VYnsr�jkUW{|X

lov�jk¢PnqrIpoX S
� S#dGvgp�lydGv(l�¦¯X�lo�(nG� X

Du,v

X ¥zpoh�{ojkXWv�{ ��imn�ikdsv(��XGt���� X;l�po¦ �q¦¯f�ju{|X�poX�i�}Iv�X
Du,v /∈ LuL,vL,SL

tMX;l�p
n
@���T�h�lodsv�lRimnY£¤ds{|VYX�f� v�r!±o}Gv�nsfI²��Wns{o{|h�fgdGrGp^ikn��Wdsv�ikXWv({

cu,v

X�lypR£¤dsr���pojkdsr?fgX�imn�fgX�r(lyjupoh
VYdPxsXWr(r�X

Du,v

¬�Z\dsv(lYn§¢Gdsr(lwnqikds{�l
cu,v = F

(

Du,v

) t�d�k
F

fgh�loju�Gr�X.v�r�X � ÁED �q�WB Á D Â ½
�W�P� D �	� ½ �§� }Iv�j�nsl|lodz�WjuX �wpodGvgp\l|�Wnqimnqjk{|X^v�r!po{|jk��iuXWp\fgX�� dGv�ikXWv�{

(R, V, B)
¬

� �Rv lyX�jur fgX�imn�ikdsv��MXst���� X;l�po¦ �q¦¯f�ju{|X\�Mdsv�{
Du,v ∈ LuL,vL,SL

tzv�r n
@���T(nq�GX^�WdsVY��ikX pRfgv lydGv(l�¦
X�lo�(ns�WX

Du,v

X�lyp�X���X�� pov�h�lodsv(l�ikn!£¤ds{|VYX�f� v�r�X���nq{opoX�fgX�T(nsvgpoX�v�{�� dGiudG{oh�XwX�r»vgpojkiujml|nqrIp�ikn
V ?WVYX�£¤dsr(� pojkdsrefgX&po{�nqr�l�£¤X�{yp

F
¬

��n�°��sv�{|X���jkikiuv(lypo{|X�i�� nR@���T�nq�sX�}Iv�X�r�dsv�l�¢sXWr(dsr(l�fgX�f�h�� {|jk{oXG¬

N

N

Carte de hauteur
Densité moyenne

Loupe LuL,vL,SL

uL

vL

SL
Loupe

SL

N�jk�sv�{|X��5SP�\jmlov(nqikjkl|nPp|judGrw¸q¦¯_ fgv�fgjmnq�Gr�dGlypojm}Iv�X
D

X�rwvgp|juikjmlonsrGp�v�r(X�iudGv���X�{|X�� p|nqr(�sv�imnqjk{oX
LuL,vL,SLf�X^p�nqjkiuikX

SL × SL

�MdGloj³p|judGr�r�hWX�nsv.loXWjkr fgX
D

XWr
(uL, vL)

� � X�r(lyX�V���ikXRfgv���jk�MXWikjur�X^�s{�nq��T(jk}Iv�X�fgX\�WXRlyxglypoU�V4XRf�XR¢zjklov(nqikjmlonqpojkdsr4�q¦©_ X�lyp´fgh;� {|j³p���nq{�imn�°(�q¦
v({oX�¸g¬P� � vgpojkiujml|nPpoX�v�{�lyh�iuX;��pojkdsr(r�X�ikX��(nGl�f�X�p|XWVY�(l

t
t;XWp�ikX�f�jkns�sr�dIl�p|jk}Iv�X

D
� dG{o{|X�lo��dGr(f�nsrGp#f�dsjup�? p|{oX

nR@���T�h�lydGv(l�iknw£¤dG{oVYX�fgh��W{ojupoX���nq{�ikn4°��sv�{|X��z¬�~�dsv�{R�WXWimn�tgv�r(X���{oX�VYjuU�{oX��(ns{yp|juX�fgX�i�� jkrg£¤dG{oV�nPp|judGr
�WdsVY��{|X�l|lyh�X�X�lyp���T(nq{|�sh�X�fgXW�(v�jkl^ikX4fgjml|}Gv(X4fgv({�¬#�´X popoX4jur�£¤ds{|VYnqpojkdsrK�Wdsr(�WXW{|r�X�i�� X�r(loXWV��(iuXYfgv?f�j³¦
ns�sr�dIl�p|jk}Iv�X

D
¬��´X pyp|X�jur�£¤ds{|VYnqpojkdsr»X�lyp�fgh;� dsVY��{|X�l|lohWX4XWr»VYhWVYdsjk{oX�¢zjk¢sXYX p�ikX�{|X�lypoX�{|n�p|nsrGp�}Iv�X

i�� vgpojkiujml|nPpoX�v�{�r�X���T(nqr��GX��(nGl�f�X´�(nGl�fgX�p|XWVY�(l�¬§~Ev�jmlWtqloXWikdsr�imn^��dIlyjupojkdsr
(uL, vL)

f�X´imn\ikdsv(��X
L
t§v�r�X

nsvgpo{|XY�(nq{opojkX�fgXYi�� jkrg£¤ds{|V�nPpojkdsr»� dGr(� X�{or�nqrIp&v(r�jk}Iv�X�VYXWrIp�� XWpypoX�ikdsv(��XYX�lyp���T(ns{o�GhWXs¬#�´XWpypoX���nq{opojkX
{|X�lypoX�{|n��WdsVY��{|X�l|lyh�X�X�r�VYhWVYdsjk{oXG¬R\EikiuX\r�� X;l�p�fgh��WdsVY��{|X�l|lyh�X�}Iv�X��Mdsv({E£Énqjk{|X�i�� n
@���T(ns�sX�fgX�imn��Wns{yp|X
f�X&T�nqvgp|XWv�{\�Wds{|{oX;ly�Mdsr�f�nqrIpoXG¬

�%��{|judG{ojIikX´r�dGV���{|X
NT

fgX�p|{ojmnqr(�sikX�l��shWr(hW{|h�l���dGv�{�n
@���T�XW{�imn^��nq{opoX´f�X�T�nqvgp|XWv�{��MXWvgp>? p|{oX�po{|U�l
jkVY��dG{yp�nqrIp�n§¢sX;�

NT = 2N2S2
L

¬�� � X�lyp��Mdsv�{�}Iv�dsjEr(dsv(l���{odG��dIlydGr(l�f� nsf�ns�gpoX�{�imn {oh;lydGiuvgp|judGr·fgX�l
lodsv�l�¦¯X�lo�(ns�WX�l

Du,v

�wikXWv({���dIlyjupojkdsrenqv loXWjkr.fgX�imn4iudGv���X�nsjur�lyj�}Iv�� �4ikn4�MdGloj³p|judGr.fgX�i�� dG�(loXW{|¢§nqpoX�v�{�¬
�#XYV4h;�Wnsr�jkloVYX�fgX�fgh��WdsVY��{|X�l|lyjkdsr }Iv�XYr�dsv(l�v�pojkiujmlydGr(l T ¢sdsjk{��(nq{�nq�G{|ns��T�X4lyv�jk¢PnqrIp V �MXW{|VYX p���{|h ¦
�WjklohWVYX�rGpRfgX��WdsrIpo{�sikXW{�� XWpyp|X�{oh;lydGiuvgp|judGr�¬

Ð�Ðwv
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~�nq{ nqjkikiuX�v�{|l�t�ikds{�l|}Gv(Xei�� vgpojkikjkl|nPp|XWv�{ fghW�(iknG� X¶imn¡ikdsv��MX?l|nqr�l���T(nsr��sX�{�fgXK��nsl.fgX¶p|XWVY�(l�t´ikX�l
jkrg£¤dG{oV�nPp|judGr(l��Wdsr(�WXW{|r(nqrIp�ikX�l�r(dsv�¢GX�nqv�¥

Du,v

lohWikX�� pojkdsr�r(h�l�lodsrIpw��T(ns{o�GhWX;l���v�jmlwfgh;� dGV4�({oX;lolohWX;l
X�r�£¤dGr(��p|judGrefgX�ikn4{|h�lodsikvgpojkdsr.fgX�i�� nR@���T�nq�sX�fgX�imnY�Wnq{opoX�fgX�T(nsvgpoX�v�{�X p\nsjur�lyj�fgX�lov�jupoXG¬

RAM CPU GPU

Mouvement de la loupe

Temps de
décompression

et génération des
coordonnées des triangles

Temps de 
rastérisation

chargement
Temps de

Changement de pas de temps

D
t1
ui,vi

D
t1

D
t2

D
t2
ui,vi

N�jk�sv�{|X�¸�Sg~Ejk��X�iujkr�X��G{|ns��T�jm}Iv�X&f�X�r�dqp|{oX�loxzlypoU�VYX�f�X&¢zjmlyv�nqikjkl|nPp|judGr!�s¦¯_�ª\p�±�dGvgpy¦¯dq£®¦©� dG{oX ²

��n�°(�Gv�{oXw¸�VYX p�nqjkr(loj�X�rKn§¢PnqrIp\ikX�l^po{|dsjmlR��{|jkr(� jk�(nqv�¥ �Gdsv�ikX p�l\f� h p|{|nsr��sikXWVYX�rGp&fgv?loxgl�p|UWVYXuS
ikX^poXWVY�(l�VYjml��Mdsv�{�ikX^��T(ns{o�GXWVYXWrIp´f�hW�MXWr(f�nsrIp�fgv.fgjmlo}Iv�X&X p�fgX&ikn�p|nqjkikiuX�fgX�l�°���T�jkXW{�l�£¤dsr(� pojkdsr!f�v
p�nqvg¥YfgXR� dGVY��{oX;lolojkdsr�tPikX�poX�VY�(lEfgX\f�h�� dGVY��{oX;lolojkdsrYfghW�MXWr(f(nqrIp�fgv���{|dg� X�l|loXWv�{�XWp�fgXRimn&poX���T(r�jk}Iv�X
f�X4�WdsVY��{|X�l|lyjkdsr�t�X p�iuX4p|XWVY�(l&VYjkl&�(ns{^imn!��nq{opoXw�s{�nq��T�jm}Iv�Xwf�hW�MXWr(f�nsrIp�fgv?r�dsVw��{|XwfgXwpo{|jknsr��sikX�l
X�rz¢sdPxsh;lW¬��#X�lRpo{|dsjml�poX�VY�(l^�Wv�V�v(iuh;l^fgdGju¢GXWrIp\{|hW�Mdsr(f�{oX�nsvK� {|j³p|UW{|X�fgX�p|XWVY�(l^{oh�XWi8¬MZ\dqp|dsr(l^}Gv(X�ikn
�MXW{o£¤ds{|V�nqr(�WX�X�lyp�imn���ikv(l�f�hW�s{�nsf�hWX�ikds{�lo}Iv�X�i�� v�pojkiujmlonqpoX�v�{�VYdgfgju°(X\ikX\�(nGlEfgX\poXWVY�(l�¬a\Er�X���X p;tI��� X;l�p
i ��}Iv�X^iuX&��ikv(l�fgX&f�dsr�r�h�X�l�lydGrIp �w��T�nq{|�sXW{�X p �wfgh��WdsVY��{|X�l|lyX�{�¬IZRdGv(l�¢GdPxsdGr(lEf�nsr(l�ikX&�(nq{�nq�G{|ns��T�X
lov�jk¢PnqrIp�iknwpoX;��T�r�jm}Iv�X�vgpojkikjklohWX��Mdsv�{RnR@���T�XW{�imn4��nq{opoX�fgX�T(nsvgpoX�v�{;¬

��'ml � 89-:83;�<i/�p +.- ��0�s /5;�p <>-:6.= 09s��:0 = <�� <O;5/50���0 ��< ��/50 �:;
��n iudGv��MX

L
fghWikjuVYjupoX�ikX�fgdGV�nqjkr�X�fgv¡fgjmnq�Gr�dGlypojm}Iv�X

D
f�dsrIp�i�� nR@���T�nq�sXYX;l�p�{|h�nsiujmlyh�fgX�VYnsr�jkUW{|X

f�h p|nsjuikikhWXst���� X;l�po¦ �q¦¯f�ju{|X&lodsv�l�iknw£¤ds{|VYX�f� v(r�X��Wns{yp|X�f�X�T(nqvgp|XWv�{�X�r.¸q¦¯_ T ¢sdGju{�°(�Gv�{|X�� V ¬_^X�po{|U�lRr�dsVw��{oX�v(loX�l�VYh p|T�dgfgX�lRf�X�¢zjklov(nqikjmlonqpojkdsr!f�X��Wns{yp|X�l�fgX�T(nsvgpoX�v�{RdGrGpRhWpoh�f�hW¢sX�iudG���MhWX�l
��nq{�ikX��(nGloloh T jki´l	� ns�sjup�f� v�r fgdGVYnsjur(X�nq���MXWikh�¢zjklov(nsiujmlonqpojkdsr·fgX�p|XW{|{|nsjur�l V ¬�~�nq{|V4j�iuX;l�VYh p|T�dgfgX�l
ikX�l���ikv(l´�Wdsr�rzv�X;lEr�dGv(lE�Mdsv(¢sdsr�l�� jupoX�{��(ns{�XW¥zX�VY��iuX\iuX&� Ã �\] L _�� Å

+
���CQ T ��X;nqiu¦Ap|juVYX Ã ��pojkVYnsiuikx

��f(nq�gp|jur��%]eX�loT�X;l V }Iv�j�� dsr�lyjml�p|X �%nsf�ns�gpoX�{!ikX r�dsVw��{oX?X p ikn¡p|nsjuikiuX»fgX;l�p|{ojmnqr(�sikX�l�� imn¡�MdGloj³¦
p|judGr?fgX4i�� dG�(lyX�{o¢PnqpoXWv({�¬«�´XW�MXWr(f�nsrIp^p|dsvgp|X�l�� X;l^VYhWpoT�dgfgX;l\£¤dGrIp�fgX;l��Wnqim� v(ikl T X;loloXWrIpojkXWikikXWVYXWrIp�fgX�l
VYX;lyv�{|X�l�f� XW{|{oX�v�{ V }Iv�jI�MXWv�¢GXWrIp�?Wpo{|X�� d��gpoX�vg¥«¬ Ã {#imn\f�h�� dGVY��{oX;lolojkdsr�}Iv�XEr�dGv(l�lodsVYVYX�l#� dsrIp|{|nsjurIp|l
f�� ns����ikjk}Iv�X�{�VYdGr�ds�MdsikjkloX�fgh�� �&i�� X;loloXWrIp|juX�i�fgX�l�{|X�l|lydGv�{�� X�l��´~�[�tslyjg�(juX�rY}Iv�� jkigr�� X;l�p�V�nPp|hW{|juX�iuikXWVYX�rGp
��nsl��MdGl|lyjk��ikX�f�� ns����ikjk}Iv�X�{R� X&p�xz��X�f� nqik�sdG{ojupoT(V4X;lW¬

_^X���ikv(lWtsr�dsv(l��({odG��dIlydGr(l�fgX�r�dsv�l�lyX�{o¢zjk{�f�X�ikn�� dGVY��{oX;lolojkdsr��Mdsv({�� dGrGp|{ GiuX�{�imn�{|h�lodsikvgpojkdsr4fgX�l
��nq{opoX;lEfgXRT(nsvgpoX�v�{ ��n
@���T�XW{;tqi�� nR@���T(nq�GX�loXRikjuVYjup|nsrGp�nqikds{�l ��� dGr(lypo{|v�ju{|X�po{|jk¢IjmnqikXWVYX�rGpEv(r�r�dsVw��{|X
f�XRpo{|jmnqr��GiuX;lEhW�Inqi ��fgXWv�¥4£¤dGjkl´ikX\r�dGV���{|X\fgX^��j³¥gX�ikl�fgX\imn���nq{opoX T fgXWv�¥4p|{ojmnqr(�sikX�lE��nq{��(j³¥gXWi V ¬(�´XWpypoX
�WdsVY��{|X�l|lyjkdsr#tM��nslohWXYlyv�{�ikX�l�dsr(fgX�iuXWpyp|X�l�fgX  ^nsnq{ T ¢sdsjk{��(nq{�nq�G{|ns��T�X4lyv�jk¢PnqrIp V XW¥g��{ojkVYXYiuX;l�lydGv(l�¦
X;ly��ns� X;l

Du,v

lodsv�lEv�r�X\£¤ds{|VYXRT�jkhW{�nq{���T�jk}Iv�X T �zxI{�nqVYjmf�nqikX V ¬IÅzdGj³p Hm[i][j]
imn���nq{opoX\f�X\T(nqv�poXWv({´fgX

i�� hWikhWVYXWrIp
Du,v[i][j]

�Mdsv({�v�r�r�jk¢sX;nqv
m

fgX\{oh;lydGiuvgp|judGr�lydGv�T(nqjupohG¬
Hm[i][j]

X�lyp´fghW°(r�jkXRXWrY£¤dsr���pojkdsr
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f�� v�relodsv(ly¦¯X�lo�(ns�WX
Du,v

�(ns{ S

H0[i][j] = Du,v[i][j], Hm[i][j] =
1

4

1
∑

k=0

1
∑

l=0

Hm−1[i + k][j + l].

~�dsv({^imn�¢zjmlyv(nsiujml|nPpojkdsr#t(ikX�r�jk¢sX;nqv¶fgX4{oh;lydGiuv�pojkdsr
m

X�lyp\°�¥gh�X�re£¤dsr���pojkdsr fgv¶�MdsjkrIp&fgX4¢zv�XwfgX
i�� ds�(loXW{|¢PnPpoX�v�{�X p�XWrY£¤dGr(��p|judGr�fgX\imn��MdGloj³p|judGr�nqv�lyX�jur!fgXRimn�iudGv��MX\fgv�lodsv(ly¦¯X�lo�(ns�WX

Du,v

� dsr�lyjmfghW{|hs¬
�\jur�lyj���ikv(l´iuX&lydGv(l�¦¯X�lo�(nG� XRX;l�p���{odg��T�X&fgv��WXWrIpo{|X^fgX&imn�ikdsv��MXstI��ikv(l�ikn�{oh;lydGiuvgp|judGr�X�lyp�h�iuX�¢sh�XstsV�nsjkl
�(iuv(l�i�� ds�(loXW{|¢PnPpoX�v�{�X�lypRhWikdsjk�sr�h���ikv(l�imnY{oh;lydGiuv�pojkdsr�X;l�p�£Énsju�(iuXG¬

� � vgp|juikjmlonqpojkdsr f�X!imnKikdsv(��X �KfgX;l4{oh;lydGiuvgp|judGr fgj �Mh�{oX�rIpoX�l4�MXW{|VYX p�nqjkr(lyj�fgX.VYX pyp|{oX X�r ¢PnqikXWv�{
ikX�l�f�h p|nsjuiml�fgv ��T�h�r�dsVYUWr(XYf�X�VYnsr�jkUW{|Xwikdg�Wnqikjmlyh�XwX�r»�Wdsr(�WXWrIpo{�nqrIp�iuX;l�{oX;lolodsv({|�WX�l&�´~´[ X p P&~�[
v(r�jk}Iv�X�VYXWrIpwlov�{�ikX�l��Mds{opojkdsr�l�fgX�imnelojuVwv�iknqpojkdsr ��v��GhWX;l�juVY�Mds{op|nsrGp|X�l��(nq{�i�� vgpojkiujml|nPpoX�v�{;t�podGvgp�X�r
�Wdsr(loXW{|¢PnqrIp�v�r�X�¢zjklojkdsr.�sikds�(nsiuX�fgv ��T�h�r�dsVYUWr(X�nsv!¢Gdsjmlyjkr(ns�sX�fgX�ikn4�(ns{yp|juX��Wju��ikhWXG¬

� � X;loloXWrIpojkXWi´fgv po{�n§¢§nsjui´fgX�¢zjklov(nqikjmlonqpojkdsr»lyX�loj³p|v�X�fgdGr(��nqv»r�jk¢sX;nqv»fgX�imnefgh��WdsVY��{|X�l|lyjkdsr fgX�l
lodsv�l�¦¯X�lo�(ns�WX�l�fgvefgjmnq�sr(dGlypojm}Gv(Xs¬(� � X;l�p\�WX�}Gv(X�r�dsv(l�f�h p|nsjuikikdsr(l�f�nsr(l�ikX��(nq{�nq�G{|ns��T�X\lov�jk¢§nsrIp�¬

$ � ��/ ,.�������# ���Ä1!���-1.���.������� $���' )¹�

Z\dsv(l4fgh;� {|ju¢Gdsr(l4f�nqr�lw�WX!�(ns{|ns�s{�nq��T(X�ikn¶poX;��T�r�jm}Gv(X.fgX � dGVY��{oX;lolojkdsr¡}Iv�X.r�dsv(lYn§¢Gdsr(l�V4jmloX!X�r
dzX�v�¢z{oXG¬R�´XWpyp|X?p|X���T�r(jk}Iv�X �Gns{|nsrGp|j³p.v�r@p|nqv�¥@fgX·� dGV4�({oX;lolojudGrjkV4�Mds{op|nsrIp!p|dsvgpeXWr@��{|h�loXW{|¢§nsrIp
v(r�X!�G{|nsr(fgX!��{oh;� jmlyjkdsr#¬�\EikikX.�MXW{|VYX p�v�r%��T(nq{|�sX�V4X�rIpw{�nq��jmfgX!f�X!i�� jkrg£¤dG{oV�nPp|judGr�t�X pYX�lyp�nsf�ns�gpoh�X
�!imn!VYhWpoT�dgfgX�T�jkhW{�nq{���T�jm}Iv�XwfgXY¢zjmlyv(nsiujml|nPpojkdsr }Iv�XYr�dsv(l�¢GXWr�dGr(l�fgX�fgh��W{ojk{|Xs¬#�´X popoX�� dGVY��{oX;lolojkdsr
l	� nq����ikjm}Gv(X �.��T(ns}Iv�X4fgjkns�sr�dIl�p|jk}Iv�X

D
�Mdsv({&��T(nG}Iv�Xw��nsl&fgX�p|XWVY�(l�fgXw£Én � dsr?jur(f�hW�MXWr(f�nsrIpoXs¬ \Er

X	�MXWp�t§�Mdsv�{�fgX;l�{�nqjmlodsr(l�fgX´�MXW{o£¤ds{|V�nqr(�WX�r�dGv(l�r�X�p|XWr�dGr(l��(nsl�� dGVY�gpoX�fgX�ikn^� dsT(hW{|XWr(�WXEpoX�VY��dG{oX�iuikXs¬

~�dsv({R��T(ns}Iv�X�fgjmnq�Gr�dGlypojm}Iv�X
D

t�iknY�WdsVY��{|X�l|lyjkdsr.lyX&£Énqjup �YfgXWv�¥!r�jk¢sX;nqvg¥ S
� � v�r D B H�½ � � � Á �s� � t�� � X�lypy¦ �P¦©fgjk{oXw��dGv�{���T(nG}Iv�X4lodsv�l�¦¯X�lo�(ns�WX

Du,v

¬��´T(ns�Wv�r»fgX�� X;l�lydGv(l�¦
X�lo�(ns�WX�lR�Wds{|{oX;ly�Mdsr�f��Yv(r�X�jkV�nq�sX��P¦¯_ }Iv�j#�MXWvgph? p|{oX��WdsVY��{|X�l|lyh�X��(nq{\v�r�X�p|X���T�r�jm}Iv�Xw�P¦¯_
� imnsl|lyjm}Iv�Xs¬P~�dGv�{�r�dqp|{oX��(ns{yp;tPr�dsv�l�vgpojkiujmlodsr(l�v�r(XR� dsVY��{|X�l|lojudGr��(nq{�dGr(fgX�iuXWpypoX;l�fgX  \nGnq{��Mdsv�{
X���X�� pov�X�{RiknY�WdsVY��{|X�l|lyjkdsr.fgX���T(ns�Wv�r fgX�� X�l�lodsv�l�¦¯X�lo�(ns�WX�l�¬

� � v(r D B H�½ � � j � Á ��� � tG�Mdsv({�p|XWr�jk{�� dsVY�gp|X^fgX&imn�� dGT�hW{|XWr�� X\X�rIpo{|X\ikX�l
N ×N

lydGv(l�¦¯X�lo�(nG� X�l
f� v�r Vg?�VYX�fgjkns�sr�dIl�p|jk}Iv�X

D
¬

_&nqr(l\� X�}Iv�j#lov�j³p;t�r�dGv(l�fgh��W{ojk¢sdGr(l�� X;l�fgXWvg¥.��{|dz�Wh�fgv({oX;lW¬

�:')& *,+ � �:;�09s1s1p +�- �:09s sa+ � s��W09s �:< � 09s �:<O; +.-���09=)0 /1/10�s���0�� <O<O;
�#X���{|jur�� jk��X�f�X�� XWpypoX4� dGV4�({oX;lolojudGr!X;l�p�lyjkVY��ikX�X p^�Wdsr�rzv L ]ev�i ���CQ¯t�fgX�� X�£Énqjup^r�dGv(l�r�X4fgh p�nqjkiuikdsr(l
��nsl^jk�Wj�i�� X�r(loXWV��(iuXYfgXw�WXw�({odg� X;lolov(l\VYnsjkl&loXWv�ikXWVYXWrIp&iuX;l^�G{|nsr(fgX;lRh p�nq�MX�l�¬M�#Xwlodsv(ly¦¯X�lo�(ns�WX

Du,v

t
}Iv�j�X;l�p�v�r�X�jkVYns�sX��§¦©_�tzX�lyp�podsv�p�f� nq�Mds{�f�{|h ¦¯h��W{ojup�lodsv�l�imn�£¤dG{oVYX�fgX&V4dPxGXWr�r(X�l´X p�fgX&f�j ��hW{|XWr(�WX�l

Ð�Ðwv
x(Özy�y�y
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X�rK��{|dg� h;f�nqrIp\ikju�Gr�X4�(nq{&iujk�sr(Xw��v(jkl&� dGiudGr�r�X���nq{�� dsikdsr(r�Xs¬«��Xw{oh;lyv(i³p�nPp&f�X4�WX pyp|X�p|{|nsr(ly£¤ds{|V4h�X�X�r
dGr(fgX�iuXWpypoX;l�fgX  \nsns{EX�lyp�v�r(XRr�dsv(¢sXWikikX�juV�nq�GX^�§¦©_fgX^V ?WVYX�p|nsjuikikX

N ×N
tIfgdsrIp�imn�¢PnqikXWv({�fgv�� dGjur

lov��MhW{|juX�v�{&�Gnqv���T�Xw�Wds{|{oX;ly�Mdsr(f ��imn�¢PnqikXWv({&VYdPxGXWr�r�X4lyv({\p|dsvgp|X4i�� juV�nq�GX�dG{ojk�sjkr(nqikXs¬�ZRdGv(l&r�dqp|dsr(l
H(Du,v)

imnwpo{�nqr(ly£¤ds{|VYhWX&XWr dsr�fgXWikX popoX�l\fgX  \nsns{RfgvelydGv(ly¦8X;ly�(nG� X
Du,v

¬
�#X&lodsv(ly¦¯X�lo�(ns�WX

Du,v

�MXWv�pZ?Wpo{|X\{|X��Wdsr(lypo{|v�jup ����nq{opojk{�fgX
H(Du,v)

XWr.nq����ikjm}Gv�nqrIp´imn�p|{|nsr(ly£¤ds{o¦
V�nqpojkdsr�jkrI¢GXW{�lyXG¬sZRdspodGr(l�}Iv�XGtI�WdsVYVYXRikn�{oX���{|h�loXWrIp|nqpojkdsr�fgX  ^nsnq{´X�lyp�T�jkhW{�nq{���T�jm}Gv(X T XWr�lyX�V���ikX^fgX
VYdPxGXWr�r�X;l V t�jki#X�lyp\�MdGl|lyjk��ikX�fgX�r�X�{oX;� dsr�l�p|{ov�jk{|X&ikX�lodsv(ly¦¯X�lo�(ns�WX&f� ds{|jk�sjkr�X�}Iv�X���v(l|}Iv�� ��v�rer�jk¢sX�nsv
m

f�dsr�r�h�}Iv�j���X�vgp ? p|{oXY��ikv(l�dGv?VYdsjkr(l�h�iuX�¢shG¬���XYr�jk¢sX�nsv?ikX���ikv(l�hWikXW¢Gh�fgX�ikn.�zxz{|nsVYjkfgX��Wds{|{oXW¦
lo�Mdsr(f ��v(r�XR{|h�lodsikvgpojkdsr�fgX

1
X p�imn�¢PnqikXWv�{´nqikds{�lE�Wnsik�Wv�iuh�X�{oX���{|h�loXWrIpoX�imn�VYdPxsX�r�r�XRlov�{�podGvgp´ikX\lodsv(l

X;ly��ns� XG¬(�©i�X�lyp&nsjur(loj�nsjklohwf�XwloX�{oX�r(fg{|Xw�WdsVY�gpoXw}Gv(X�ikX�poX�VY�(l�fgXw��nqim� v�i�fgXw�WX pyp|X�{|X��Wdsr(lypo{|v(��p|judGr
f�hW�MXWr(f»fgjk{oX;��p|XWVYXWrIp�fgXYikn.{|h�lodsikvgpojkdsr lydGv�T(nsj³p|hWX�S«��ikv(l�imn!{|h�lodsikvgp|judGr?fgXYimn!{|X��Wdsr(lypo{|v(� pojkdsrKX;l�p
£Énsju�(iuXGts� � X�lypy¦ �P¦©fgjk{oX���ikv(l�ikXRr�jk¢sX�nsv4f(nqr(l�imn��zxI{�nqVYjmfgX�X�lypEhWikXW¢Gh�X pEVYdsjkr(l�ikX�l�p|XWVY�(l�f�XR�Wnqim� v(i(lydGrIp
jkVY��dG{yp�nqrIp|l�¬

_ � nsvgpo{|X\��nq{op�tz� dsVYVYX\i�� XWr(loXWVw��iuX&fgX�l�¢PnqikXWv({|l�jkl|lyv(X�l�fgX\imn�p|{|nsr(l�£¤dG{oVYh�X
H(Du,v)

�Wds{|{oX;ly�Mdsr�¦
f�XWrIp ��fgX;l�fgj �Mh�{oX�r(� X;lWtG� XWikikX�ly¦¯�Wj(lydGrIpE��{odg��T�X;lEfgXRº�hW{|d(¬s��n�� dGV4�({oX;lolojudGr4�Wdsr(lojml�p|XRnqikds{�l �&°�¥gXW{�v(r
loXWv(jui�r�dspoh

ε0
t�X p�fgXwVYXWpypo{|X ��º�hW{|d�i�� X�r(lyX�V���ikXwf�X�l&¢PnqikXWv�{�l^f�X

H(Du,v)
jkrg£¤hW{|juX�v�{|X�l �

ε0
¬«Z\dsv(l

ns���MXWikdsr(l
H′(Du,v)

iuX�{|h�lov�iup|nqp�f�X�� X popoX�VYjmlyX �4ºWh�{od�¬

0,2

0

0,1

−0,2

0,1

−0,1

−0,1

−0,1

0,2

0

0,1

−0,2

0,1

−0,1

−0,1

−0,1

0,2

0

0,1

−0,2

0,1

−0,1

−0,1

−0,1

0 0,1

0,1−0,05

0 0,1

0,1−0,05

0,2

0

0,1

−0,2

0,1

−0,1

−0,1

−0,1

0 0,1

0,1−0,05

0,2

−0,20

−0,2 0

0

0

0

0

0

0

0

0

0,1625

1,01875

−0,125

0

0

0 0

0

1 1 1

1

0

0

01

0

10

1,01875 −0,2 0,2 0,1625 −0,125 −0,2

différencemoyenne

di
ff

ér
en

ce
m

oy
en

ne

différencemoyenne

di
ff

ér
en

ce
m

oy
en

ne

1,1 0,9 1,3 1,2

1 1 1,1 1,2

10,910,8

0,9 0,8 1 1,1

1 1,25

1,151

1,05

0,9 0,95

0,85

1

0,875

1,2

1

1,1

0,9375

−0,2

−0,125

−0,21,01875

0,1625−0,125

Filtre avec

H′(Du,v) H(Du,v)

Du,v

Du,v

Tu,v

Nu,v = 6

Bu,v

ε0 = 0, 1

N�ju�Gv�{|X&�ES5\�¥gXWVY��ikX�fgX�� dGVY��{oX;lolojkdsr!f(nqr(l�ikX��WnGl�f� v(r lodsv�l�¦¯X�lo�(ns�WX^fgX�p�nqjkiuikX
N = 4

¬

È¤Ò�Ð�È"!
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��n�po{�nqr(ly£¤ds{|VYhWX
H′(Du,v)

X�lyp#XWr(lov�jupoX�{|X��Wdzf�hWXElodsv(l�imn�£¤ds{|VYXEf� v(r�� dsv(��iuX
(Bu,v [N ][N ], Tu,v[Nu,v])

¬
Bu,v

X�lyp&v(r�XwV�nqpo{|jk�WXwfgX4��jup|l�}Iv�j�jur(f�jk}Iv�X4iuX;l&¢§nsiuX�v�{�l\rzv�ikiuX;l\dGvKr�dGrKfgX
H′(Du,v)

tMp|nsr(fgjml&}Iv�X
Tu,v

X�lypRv�r p|ns��iuX;nqveikjur(h�nqjk{|X�� dsrIp|XWr(nsrGpRv(r�jk}Iv�X�VYXWrIp\ikX�l
Nu,v

¢PnqikXWv�{�l�r�dGrerzv�iuikX�l\fgX
H′(Du,v)

¬
 ^v(XWim}Gv(X�lodsjup�ikX�lydGv(l�¦¯X�lo�(nG� X

Du,v

� dGr(lojkfgh�{ohGt�ikX���iknsrwfgX���jup|l�dg�W�Wv��MX�nsjur(lojzv�r4X�lo�(ns�WX�VYhWVYdsjk{|X�fgX
p�nqjkiuikX

N2/8
dz� poXWp|l�tgp|nsr(fgjml�iuX�r�dsVw��{oX�f� dg��p|X p|lRr�h��WX�l|lonsju{|X�l�nqve�Wdzf(nq�sX�fgv.p�nq��ikX�nsv

Tu,v

fghW�MXWr(f
ikv�j(f�ju{|X�� poXWVYX�rGp�f�X

Nu,v

fgh���X�r(f�nsrGp´iuv�ju¦¯Vg?�VYXRfgv�lyX�v�jui
ε0

¬q~�nq{�nsjuikikXWv�{�lWtPi�� nsl|lydg� jmnPp|judGr�X�rGp|{oX
Tu,vXWp

Bu,v

lyX�£Énsj³pRX�re�(nq{�� dGv�{|nsrIp´imnYVYnqpo{|jk�WX
Bu,v

fgX��Gnsv(��T�X �Yfg{odGj³p|X�X p\fgX�T�nqvgpRX�r.��nsl�¬(�Rjkr(loj�iuX
�({oX�V4jkXW{���jup\fgX

Bu,v

r�dsr.rzv�i�� dG{o{|X�lo��dGr(f �4imn���{|XWVYjkUW{|X^X�rIpo{|hWX�f�nqr�l
Tu,v

tgX p\nsjur(loj«fgX�lyv(j³p|Xs¬��#n
°��sv�{|X��4{|h�lov�VYX�� XWpypoX��({odg� h;fgv�{|X&f(nqr(l�ikX��WnGl�f� v(r lodsv�l�¦¯X�lo�(ns�WX^fgX�p�nqjkiuikX

4 × 4
¬

�:'ml *,+ � �:;�09s1s1p +�- 6�= +�� <O=)0 < � -:p q.03< � ��� � p <O6.-:+.sd/5p � ��0
�\��{|U�l�imn¡�(T(nsloXKfgX � dsVY��{|X�l|lojudGr%��nq{�dGr(fgX�iuXWpypoX;l�fgX  \nGnq{;tEpodGv(l�ikX�l.lodsv(l�X�lo�(ns�WX�l

Du,v

lydGrIp
{|XW�({oh;lyX�rGp|h�l\�(nq{�fgX;l&lypo{|v(� pov�{|X�l^��dzdGiuh�XWr�r�X;l

Bu,v

nGlolodg� jkhWX�l �!f�X�l^p|ns��iuX;nqvg¥
Tu,v

� dGrIpoXWr�nqrIp^ikX�l
¢PnsiuX�v�{|l�r�dGr rIv(iuikX�l�fgX

H′(Du,v)
¬

�´XR�({oX�V4jkXW{�r�ju¢GX�nsvYf�X\� dGV4�({oX;lolojudGrYr�X�pojkXWrIp���nslE�WdsVY�gpoX^fgX�l´� ds{|{|hWimnPpojkdsr�l�}Iv�� jki��MXWvgp´x4n§¢Gdsjk{
X�rIpo{|X�ikX�lYfgj �Mh�{oX�rGp�lwlodsv�l�¦¯X�lo�(ns�WX�lwf� v(r V ?WVYX fgjkns�sr�dIl�p|jk}Iv�X

D
¬�� � X;l�pY�Mdsv�{�}Iv�dsj8t�v(r�X.loX��Wdsr(f�X

�(T(nsloX�fgX�� dsVY��{|X�l|lojudGr�X�lypR{|h�nqikjmlyh�X^X�r f�XWvg¥�hWp|ns��X;l S
U ¬�� � � �g�WB Á D Â�� � D ÂiBÉ�s�CB Á DiD ��BÉ� ½ � Á 
 
 � DX�r £¤v�lyjkdsr�r�nqrIpwp|dsvgp|X�l4ikX�lwp|ns��iuX;lYfgX!¢PnsiuX�v�{|l

r�dsr?rzv�iuikX�l
Tu,v

�
ε1

��{|U�l�t�nP°(rKf�X�£¤dG{oVYXW{^v�r�X4v�r�jm}Iv�X�p�nq��ikX
TD

�WdsVYV�v�r(X ��i�� XWr(loXWVw��iuX
fgX�l\lydGv(l�¦¯X�lo�(nG� X�l�fgvefgjmnq�Gr�dGlypojm}Iv�Xs¬

�g¬��wÁ 
 X�� ½ ���WB Á D Â�� ÂiBÉ�s�CB ÁEDiD ��B¤� ½ � Á 
 
 � D
TD

�(nq{´v�r�nsiu�Gds{|j³p|T�VYXRfgXR�(ns{yp|j³p|judGr�r�XWVYX�rGp
f� XW{|{oX�v�{

ε2
¬

~�dsv({^X	�MX;��pov(XW{&ikn �����WB Á D Â ½ �!���g� � ½ �
Tu,v

t�� X�l\p|ns��ikX�l\lodsrIp^podsv�p&f� nq�Mds{�f po{|jkhWX�l\�(nq{^ds{�fg{|X
f�h�� {|dsjml|lonsrGp;t���v�jml�XWikiuX;l�lodsrIp���{|ds�s{|X�l|loju¢GXWVYXWrIp\£¤v�lyjkdsr�r(hWX�l��(nq{�jkrIpoXW{o¦©� imnsl|lyX�V4X�rIp�X�r»{oXWpojk{|nsrGp�ikX�l
f�dsv���ikdsr�l��

ε1
��{|U�l�¬;�´X´��{odg�WX�l|lyv(l��MXW{|VYX p�f� dG�gpoX�r�jk{#imn�p|ns��iuX

TD

fgX�p|nsjuikiuX
NTD

t�f�dsrIp#ikX�l�h�iuh�VYXWrIp|l
lodsrIp�po{|jkh�l��(ns{Eds{�fg{|X�fgh��W{odGjkl|lonsrIp�tPlydGj³p

∀k
t
TD[k] > TD[k+1]

¬q~�nq{EnqjkikiuX�v�{|l�tqimn&£¤v(lojudGrYf�X�l�¢PnqikXWv({|l
{|hWX�iuikX�l�hWp|nqrIpR{|h�nsiujmlyh�X��

ε1
��{|U�l�tgr�dsv�l�n§¢sdsr�l

∀k
t
TD[k] ≥ TD[k + 1] + ε1

¬
\Er¡po{|jknsrGpwiuX;l�p�nq��ikX�l

Tu,v

t#r(dsv(lwn§¢sdsr�l���X�{|f�v·ikne{|XWimnPp|judGr¡}Iv�� jki�x·n§¢Pnqjup�XWrIp|{oX�ikX�l���dzdGiuh�XWr(l
f�Xeikn·V�nqpo{|jk�WX

Bu,v

XWp�ikX�l�h�iuh�VYXWrIp|l�f�X
Tu,v

¬��©i^X�lyp�fgdsr��er�h��WX�l|lonsju{|X f� jkrIpo{|dgfgv�jk{oXev�r(Xep|ns��iuX
jkrIpoX�{oVYh�f�jknsju{|X\f� jur�fgX ¥

Iu,v

�MXW{|VYX pyp�nqrIp�fgX\{|X�lyp|nsv�{oX�{´�WX pyp|X^{|XWimnPp|judGr�¬z�´X;� jM{oX�¢zjuX�rGp�r�dqp�nqVYVYXWrIp �
X	�MX;��p|v�XW{Rv(r nGfg{|X�l|lons�sX&jur(f�ju{|X�� p�¬

Iu,v

X�lyp\fgdsr���fgh °(r(juX�fgX�p|XWikiuX�lods{opoX�}Iv�X
TD[Iu,v [k]]

lodsjupRhW�GnsiuX
�

Tu,v[k]
�

ε1
��{|U�l�¬g�Rjkr(loj«�(nq{�� dGr(lypo{|v(��p|judGr�tzikn�p|nsjuikiuX�fgX;l�jur(f�X ¥

Iu,v

¢Pns{ojkX^X�r�£¤dGr(��p|judGr!fgX
Nu,v

¬
\�rK��{�nPp|jk}Iv�XGtMfgX;l\X�rIpojkXW{�l\� dgfgh;l^lov�{

24
��jup|l�lodsrIp&lov5@�l|nqrIp|l�t(��v(jkl|}Iv�� jkiml\�MXW{|VYX pyp|XWrIp�i�� ds�gp|XWrIpojkdsr

f�X
224 = 16 777 216

X�rIpo{|hWX�l&�MdGl|lyjk��ikX�l�f�nsr(l
TD

¬«~�dGv�{�{|h�lov�VYXW{;t � �WXYlyp|nGfgXYfgv»��{odg�WX�l|lyv(l�fgX
�WdsVY��{|X�l|lyjkdsr#tIv(r.lodsv(ly¦¯X�lo�(ns�WX

Du,v

X�lyp �4��{|h�loXWrIpRfgh °(r(j�lydGv(l�iknw£¤dG{oVYX�f� v�re� dsv(��iuX
(Bu,v , Iu,v)nGlolodg� jkh&nsv.f�jk� pojkdsr�r(nsju{|X

TD

� dGVYV�v�r �wpodGv(l�iuX;lRlodsv(ly¦8X;ly��ns� X;l´f�v.V ?�V4X�fgjmnq�Gr�dGlypojm}Iv�X
D

¬
Z\dsv(lYX	�MX;��pov(dsr(lYX�r(lyv(j³p|X.imn � Á 
 X�� ½ �;�CB ÁED Â��-Â�BA�q�WB Á D�D ��B¤� ½ � Á 
 
 � D

TD

¬�~�dsv({Y�WXWimn�t
r(dsv(l�vgp|juikjklodsr�l�v�r.�(ns{yp|j³p|judGr�r�XWVYX�rGp��(nGlyh&lyv�{�i�� T(jklypodG�s{�nqVYVYX^fgX�fgjml�p|{ojk��vgp|judGr!fgX;l�¢§nsiuX�v�{�l´fgX

TD

Ð�Ðwv
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X�r.�Wdsr(lojmfghW{�nqrIp´r(dqp|nsVYV4X�rIp�ikX&£ÉnqjupR}Gv(X&ikX�l�h�iuh�VYXWrIp|l�fgX
TD

lodsrIp�po{|juh;l��(nq{�dG{|fg{|X�fgh��W{odGjkl|lonsrIp´X p
}Iv�X�imn4¢§nsiuX�v�{

TD[0]
{oX���{|h�loXWrIpoX�nqjkr(loj«iuX�V�nP¥gjkV�v�V fgX�l�¢PnsiuX�v�{|l�fgX

TD

¬
��n�p|ns��ikX

TD

X�lyp\£¤{�ns��p|judGr�r�h�X�XWr
K

�(nq{opojupojkdsr(l^fgdsrIp&iuX;lR�Mds{|r�X�l
vl

n§¢sX;�
l ∈ [0, K − 1]

tMlodsrIp
f�h °(r�jkX�lw�(ns{

vl = TD[0] − l × ε2 × 28
¬�_^X.��iuv�lWt�lyj

TD[k]
loX�p|{odGv�¢sX.nqv loXWjkr fgX!iknK�(nq{opojupojkdsr

l
t�� � X�lypy¦ �P¦©fgju{|X�loj

vl ≥ TD[k] ≥ vl+1

t�nsiudG{|lwjki�XW¥gjklypoX fgXWv�¥ XWrIpojkXW{�lw��dIlyjupoju£Él
am

XWp
am+1

n§¢sX;�
am < am+1

poXWimlR}Iv�X S
vl − am × ε2 ≥ TD[k] ≥ vl − am+1 × ε2.� � jmfgh�X �Wdsr(lojml�p|X nsiudG{|l �»lypodg��µsX�{

TD[0]
XWpYi�� XWr(loXWVw��iuX¶f�X�lYXWrIp|juX�{|l

am

t���iuv�p qp�}Iv�XeikX�lY¢PnsiuX�v�{|l
{|hWX�iuikX�l\X ¥g��ikjk�Wj³p|X�l

TD[k]
¬��\ve°(r(nsiAtMimn�p|ns��ikX

TD

� dGV4�({oX;lolohWX�f�XW¢zjuX�rIp^v�r�XwiujmlypoXwf�X��(ns{yp|j³p|judGr(lRddk
��T�ns}Iv�X.�(nq{opojupojkdsr%X�lyp�v�r�X¶lypo{|v(��p|v�{|X.�WdsrIpoX�r(nqrIp�v�r�Xe¢PnqikXWv({�VYnq¥gjuV�nqikX.jur�jupojmnqikXeX p�v(r p�nq��ikX�nsv
f�� X�rGp|juX�{|l�¬z�©i�X�lyp �wr�dqp|XW{�}Iv�X&iuX&r�dsVw��{|X&fgX�lov��Mf�ju¢zjmlyjkdsr(l�nsv!loXWjkr!f� v�r�X��(ns{yp|j³p|judGr�X�lyp�{oX;l�p|{oX�jurIp �
256

ikjuVYjup|nsrGp�nqjkr(lojziuX�r�dsVw��{|X´fgX´��j³p�l�r�h��WX�l|lonsju{|X�l#nqvwlypodg��µPnq�GX�fgX;l
am

¬P�#nRp|nq�(iuX�nqjkr(lojz�WdsVY��{|X�l|lyh�X
X;l�p�r(dqpoh�X

T ′

D

¬��#n.°(�Gv�{oX��!jkiuikv(lypo{|X�v�r»X ¥gXWVY��ikX�XWr»��{|XWr(nsrIp
ε2 = 0.01

�Mdsv�{�v(r�XYp|ns��iuX
TD

fgX
p�nqjkiuikX

NTD
= 15

n§xInqrIp��WdsVYVYX�¢PnqikXWv�{�lhS
TD = {9.9 ; 9.8 ; 9.07 ; 9.03 ; 9 ; 8.7 ; 7.4 ; 7.1 ; 7.09 ; 7.08 ; 7.05 ; 7 ; 4.6 ; 4 ; 3.9}.

v2 = 4.78 v3 = 2.22v1 = 7.34v0 = 9.9

N�jk�sv({oX��5S�\E¥zX�VY��iuX�f�X&��nq{opojupojkdsr�r�X�VYXWrIpR��dGv�{�v�refgjm��p|judGr�r(nqjk{|X&fgX�p�nqjkiuikX
NTD

= 15
¬

Z\dsv(l�n§¢Gdsr(l«nsjur�lyjPp|{odGjkl���nq{opojupojkdsr(l
{9.9 ; 9.8 ; 9.07 ; 9.03 ; 9 ; 8.7 ; 7.4}

t
{7.1 ; 7.09 ; 7.08 ; 7.05 ; 7}XWp

{4.6 ; 4 ; 3.9}
fgh�iujkVYj³p|hWX�l��(nq{�ikX�l�fgj ��hW{|XWrIp|X�lY�Mds{|r�X�l

v0 = 9.9
t
v1 = 7.34

t
v2 = 4.78

X p
v3 = 2.22

¬gZ\dsv(l��Mdsv(¢sdsr�l�nsiudG{|l�XW¥z�({ojkVYXW{�imnw�({oX�V4jkUW{|X��(nq{opojupojkdsr lodsv(l�imn4£¤ds{|V4X S
{v0 = 9.9 ; v0 − 10× ε2 ; v0 − 83× ε2 ; v0 − 87× ε2 ; v0 − 90× ε2 ; v0 − 93× ε2 ; v0 − 107× ε2}

dGv¡XWr�� ds{|X
{9.9 ;−10 ;−83 ;−87 ;−90 ;−93 ;−107}

¬ \Er £ÉnqjmlonsrIp4� XWpyp|X�V�nqr�jk��v�imnPp|judGr¡�Mdsv�{
i�� XWr(loXWVw��iuX�fgX;l��(ns{yp|j³p|judGr(lWtzr�dGv(l�dG�gpoX�r�dsr(l�imn4p|ns��iuX��WdsVY��{|X�l|lyh�X

T ′

D

lyv�jk¢PnqrIpoX S
T ′

D = {9.9 ;−10 ;−83 ;−87 ;−90 ;−93 ;−107 ; 7.1 ;−1 ;−2 ;−5 − 10 ; 4.6 ;−60 ;−70}.

Z\dqpodGr(l�}Iv�X�� XWpyp|X�poX���T(r�jk}Iv�X�f�X�� dsVY��{|X�l|lojudGr�r�X&£¤dsr���pojkdsr(r�X�}Iv�X�lyj«i�� h��Wns{yp�X�rGp|{oX�ikX�l�¢PnsiuX�v�{|l
f�X

TD

lyX�f�jklypo{|ju�(v�XWrIp\fgX�V�nqr�jkUW{|X�r�dsr�¦8v�r(j³£¤dG{oVYX�n§¢sX;�&f�X�l�nq�G{oh��Gnqp|l�juVY�Mds{op|nsrGp�l�fgX�¢PnqikXWv�{�l´po{|U�l
�({odg��T�X;lW¬

� � ��
�	�, ����." 	���W� 1!�*" 	 / ��� �.��1.��,.����,?��� ���

��n�°(�Gv�{oX � {|h�lov�VYXEiuX;l�f�j ��hW{|XWrIpoX;l#hWp|ns��X;l#fgX´i�� nqik�sdG{ojupoT�VYX�}Iv�jznRhWpoh´V4jml�XWr�dzXWv(¢I{|XEXWp�ikXEp|ns��ikX�nqv Ui�� XWr(loXWVw��iuX�fgX;lRloxIVw��dGiuX;l�XWVY��ikdPxsh�l�¬

È¤Ò�Ð�È"!



���������
	������
����
���������������� 	!�"��#$� U �

Génération des triangles

Affichage au sein de la loupe

Reconstruction des 

Transformation en ondelettes
inverse des

à un niveau de résolution m

Création des cartes
de hauteur

Boucle itérative de la visualisation 

Sélection d’un pas de temps t Déplacement de la loupe

sous−espaces de 
Chargement des moyennes des 

Affichage des quad non sélectionnés

Décompression en mémoire

nouvellement sélectionnés
Chargement des 

Phase de pré−calculs :
génération des fichiers des données compressées (dictionnaire et sous−espaces pour chaque pas de temps)

Lancement de l’outil de visualisation 4D+t

commun

par la loupe

de 

Chargement du dictionnaire 

(pour tous les sous−espaces)

nouvellement sélectionnés)
(pour les sous−espaces

H
′(Du,v)

H
′(Du,v)

Hm
u,v

Dt

(Bt
u,v, I

t
u,v)

T t
D

T ′t
D

N�jk�sv�{|X � S(Åg��T(hWV�nYnqik�sds{|jupoT�VYjm}Gv(X&fgX�i�� XWr(loXWVw��iuX�fgX�imn4��{|dz�Wh�fgv({oX&VYjkloX�XWr ��imns�WX
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� ¾ 
?� Á � ½ � �9B�j D B����G�g�CB ÁED �
r _^juVYX�r(lyjkdsr fgX�i�� X;ly��ns� X T f�nqr(l�r(dqpo{|X��WnGl�r���� VZ ��h;lydGiuv�pojkdsr fgX�ikn�fgjml|� {|h pojml|nPpojkdsr
t

S�XWVY�(l
~x

��X�� poX�v�{RfgX��MdGloj³p|judGr
~v

��X�� poX�v�{RfgX�¢zj³p|X�l|lyX
f(~v, ~x, t)

N�dGr(��p|judGr.fgX�f�jklypo{|ju�(vgpojkdsr fgX��(ns{yp|jk�Wv�iuX;l���T(nq{|�sh�X�l
(u, v)

�´dzds{�fgdsr(r�hWX;l´f�nsr(l�imn4�s{|juikiuX�fgX�i�� X;ly��ns� XM\Ev�� ikjkfgjkXWr
(x, y)

(i, j)
�´dzds{�fgdsr(r�hWX;l´f�nsr(l�imn4�s{|juikiuX�fgX�i�� X;ly��ns� X�fgX;l�¢zj³p|X�l|lyX;l

(vx, vy)
Dt

dsv
D

_^jkns�sr�dIl�p|jk}Iv�X�nqv.p|XWVY�(l
t

Du,v

ÅzdGv(ly¦8X;ly�(nG� X&fgvefgjkns�sr�dIl�p|jk}Iv�X
D

Du,v[i][j]
\EikhWVYX�rGp\f�v lodsv�l�¦¯X�lo�(ns�WX

Du,v

dGv.fgX�r(loj³p|h�fgX��(nq{opojm� v(iuX;l
Du,v

_^XWr(lojupoh�VYdPxsX�r�r�X�fgvelydGv(l�¦¯X�lo�(nG� X
Du,v

LuL,vL,SL

�#dsv��MX
SL

S�nqjkiuikX�fgX�imnwikdsv(��X
(uL, vL)

~�dGlojupojkdsr fgX�iknYikdsv��MX�f�nqr�l
D

cu,v

�´dGv�iuX�v�{�fgv�±y}Iv(nGfI²���nq{|{oh
(u, v)

F
N(dsr(� pojkdsr fgX�po{�nqr(ly£¤XW{op

NT

Z\dsV��({oX�fgX�po{|jmnqr��GiuX;l´�GhWr�h�{oh;l
m

Z\ju¢GX�nqv fgX�{|h�lodsikvgpojkdsr
Hm[i][j]

��ns{yp|X&fgX�T�nqvgp|XWv�{RfgX
Du,v[i][j]

H(Du,v)
S�{|nsr(ly£¤ds{|V4h�X^X�r!dGr(fgX�iuXWpypoX;lRfgX  \nGnq{RfgX

Du,v

ε0
ÅzX�v�jki#fgv!°(i³p|{oX�f�X�V4jmloX �4º�hW{|d

H′(Du,v)
��h;lyv(i³p�nPpRfgX�imnwVYjmlyX �4º�hW{|d4fgX

H(Du,v)
Nu,v

Z\dsV��({oX�fgX�¢PnqikXWv�{�l�r�dGr!rzv�ikiuX;l�fgX
H′(Du,v)

Tu,v

S�nq��ikX�nsv!fgX;l�¢PnqikXWv�{�l�r�dGr!rzv�ikiuX;l�fgX
H′(Du,v)

Bu,v

]¶nqpo{|jk�WX�fgX���j³p�lRfgX
H′(Du,v)

ε1
\E{|{|XWv�{�nsl|lodz�Wjuh�X��Yimnw£¤v(lojudGr.fgX;l�p|ns��ikX�l

TD

_^jk� pojkdsr�r�nqjk{oX�� dGVYV�v�r fgX
D

NTD

S�nqjkiuikX�fgvefgjm��pojkdsr(r(nqjk{oX��WdsVYV�v�r
TD

Iu,v

S�nq��ikX�f� jur(f�X ¥!¢GXW{�l�iuX�fgjm��p|judGr�r(nsju{|X&�WdsVYV�v(r
TD

ε2
\E{|{|XWv�{�nsl|lodz�Wjuh�X��YimnY� dGV4�({oX;lolojudGr!fgX

TD

K
Z\dsV��({oX�fgX��(ns{yp|j³p|judGr(l�fgvefgjm��pojkdsr(r(nqjk{oX��WdsVYV�v�r

TD

vk

[�ds{|r�X;l�f�X�l��(ns{yp|j³p|judGr(l�fgvefgjm��pojkdsr(r(nqjk{oX��WdsVYV�v�r
TD

ak

Åzv(�Mfgjk¢zjklojkdsr(l�fgX;l��(ns{yp|j³p|judGr(l�fgvefgjk� pojkdsr�r�nqjk{oX�� dGVYV�v�r
TD

T ′

D

_^jk� pojkdsr�r�nqjk{oX�� dGVYV�v�r � dGV4�({oX;loloh&f�X
D

ε
\E{|{|XWv�{��sikds��nqikX�f�v.l|��T�hWV�nYfgX��WdsVY��{|X�l|lyjkdsr

S�nq�(iuX;nqv U S(��h;�Wnq�(j³p|v�iknqpoju£�fgX;lRloxIVw��dGiuX;l�XWVY��ikdPxsh;l
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�#X���{|dg� X�l|lov(l�fgh���vgpoX.�(ns{�v�r�X!��T(nGlyX�f�X���{|h ¦©�Wnsik�Wv�ikl�}Gv(j´r�� X�lyp4f�dsr(��{oh;nqikjklohWX�}Iv�� v�r�X.lyX�v�iuX
£¤dGjklY�Mdsv({�v�r�XelyjkV�v(iknqpojkdsr fgdsr�r(hWXs¬´�´XWpyp|Xe��T(nsloX jur(j³p|jknsiuXe� dGr(lojklypoX �?X���X���p|v�XW{�ikn»� dGVY��{oX;lolojkdsr
f�X4i�� XWr(loXWVw��iuX�fgX;l�fgdsr(r�hWX;l��q¦©_�ª\p;t«��dGv�{�XWr(lov�jupoXYikX�l�lypodg��µsX�{�f(nqr(l�fgX;l&°���T�jkXW{�lW¬��©i�X;l�p��.r�dspoXW{
}Iv�X.ikX�lYfgjmnq�sr(dGlypojm}Gv(X�l

Dt
lydGrIpwp|{|nsj³p|h�l4jur�fghW�MXWr(f(nqVYVYXWrIp4ikX�l4v�r�l�fgX�lYnqv�po{|X�l�¬�� � X lyp|nsf�X.fgX

i�� jur�jupojmnqikjmlonqpojkdsr�tgr�dGv(l�n§¢sdGr(l�nqjkr(loj«��dGv�{R��T(ns}Iv�X�fgjmnq�Gr�dGlypojm}Iv�X
Dt

S
� v�refgjm��pojkdsr(r(nqjk{oX��WdsVYV�v�r

T t
D

lypodg��µGh&lodsv(l�v(r�X�£¤ds{|VYX��WdsVY��{|X�l|lyh�X&f(nqr(l�v�r.°���T(juX�{�t
� X p�v�r�X�r(loXWV��(iuX&fgX^�Wdsv���ikX�l

(Bt
u,v , It

u,v)
hWimnq�Mds{|h�l���dGv�{���T�ns}Iv�X\lodsv(ly¦¯X�lo�(ns�WX

Du,v

fgv.fgjmnq�q¦
r�dGlypojm}Iv�X

D
¬M�´X;l�� dsv(��iuX;l�lydGrIp�h��GnsiuX�V4X�rIp�lypodg��µGh�l�f�nqr�l�fgX�l�°M��T�juX�{|l�¬

~�dsv({�hW¢zj³p|XW{;tEf�nqr�lwikX¶�WnGl4d�k
N

X;l�p��s{�nqr�f«t�ikn»� {|h�nqpojkdsr%f� v(r%r(dsV��({oX!po{|ds�%juVY�Mds{op|nsrGp�fgX
°M��T�juX�{|l´}Iv�j��MhWr�nqikjkloXW{�nqjup�ikX�l�ns�W�WU�l´fgjkl|}Iv�XstIikX�l�lydGv(l�¦¯X�lo�(nG� X�l

(Bt
u,v , It

u,v)
lodsrIp´{|XW�G{odGv���h;lEf�nsr(l�v(r

V ?�V4X�°M��T�juX�{��(nq{�ikdqp�lRfgX
4 × 4

lodsv(ly¦8X;ly��ns� X;lW¬

[\r�X�£¤dsjml��WX popoX���{|XWVYjuU�{oX´��T(nGlyX�{oh;nqikjklohWXGt�i�� nq����ikjm�WnPp|judGr��MXWvgp>?Wpo{|X´XW¥zh;� vgp|hWXG¬q� � vgpojkiujml|nPpoX�v�{�� dGVw¦
VYX�r(� X�p|dsvgp&f� ns��dG{|f.�(ns{\lohWikX���p|judGr�r�X�{Rv�re�(nGlRfgX�p|XWVY�(lRXWp&fgdGr(��v�r¶fgjmnq�Gr�dGlypojm}Iv�X �Y¢zjklov(nsiujmlyX�{�¬
�©i#X�lyp �wr(dqpoX�{\}Iv�� jur�jupojmnqikXWVYX�rGp;t(nqv�� v�r�X�jkrg£¤dG{oV�nPp|judGr!r � X;l�pRX�r.VYh�V4dGju{|Xs¬��´X&r � X;l�p^f�dsr(��}Iv�� ��� X p
jkr(lyp|nsrGp�}Iv�XYiuX�loxgl�p|UWVYX4��T�nq{|�sX�ikX�fgjm��pojkdsr(r(nqjk{oXY� dGVY��{oX;loloh

T ′

D

�Wdsr(�WXW{|r�h4X p�iuX�fgh;� dGV4�({oX;loloX�X�r
p|XWVY�(l´iujkr�h;nqjk{oXR�Mdsv({�ds��poXWr(ju{´iuX&fgjk� pojkdsr�r�nqjk{oX\�WdsVYV�v(r

TD

¬
TD

{oX;l�p|XW{�n�XWr(lov�jupoX\X�r�VYhWVYdsjk{|X�p|nsrGp
}Iv�Xwi�� vgp|juikjkl|nPp|XWv�{&r�XY��T(nqr(�sX��(nGl\fgX4�(nGl^fgX�poX�V4��lW¬�~�nq{&nqjkiuikXWv�{�l�t�v�r(X�jkVYns�sX4fgX�l^VYdPxsXWr(r�X�l^fgX�l
lodsv�l�¦¯X�lo�(ns�WX�l�loX�po{|dsv�¢PnqrIp�f�nsr(l�ikXRV ?WVYX�°���T�jkXW{;tqX;l�p�h��GnsiuX�V4X�rIp���T(nq{|�sh�X´�MXW{|VYX pyp�nqrIp��(ns{Eimn�lyv�jupoX
imn4�sX;l�p|judGr.fgX�i�� nR@���T(nq�GX^X�r f�XWT�dG{|l�fgX�imnYiudGv��MXs¬

\Er�lyv�jupoXGt�f�nqr�l^v(r�X4loX��Wdsr(f�X���T(nGlyXGt�ikX�l&ikdqp�l&f�X�l&lydGv(l�¦¯X�lo�(nG� X�l\{oX;� dGv�¢sX�{yp�lR�(ns{^imn�ikdsv(��XYlydGrIp
��T�nq{|�sh�l�¬��©i�X;l�p � r(dqpoX�{e}Gv(X loXWikdsrikX»��T�dsju¥ fgX�l.ikdqp�lWt�jki&�MXWv�p xn§¢Gdsjk{���ikv(l fgX»lydGv(ly¦8X;ly�(nG� X;l
��T�nq{|�sh�l�}Iv�� jki(r�� xwX�r�n�X���X�� pojk¢sX�V4X�rIp´nqv�loXWjkr�fgXRimn�iudGv��MXs¬s~�dGv�{�podGv(l��WX�l´lydGv(l�¦¯X�lo�(nG� X�l�t§iuX^� dsv(��iuX
(Bt

u,v, I
t
u,v)

X;l�p�vgp|juikjmlyh��WdsrP��dGjurIpoX�VYXWrIp�n§¢sX���ikn fgjm��p|judGr�r(nsju{|X
TD

��dGv�{�{|X�� dGr(lypo{|v�ju{|XstMr�dGr?�(nGl�iuX
lodsv�l�¦¯X�lo�(ns�WX

Du,v

V�nsjkl.lon·po{�nqr(ly£¤ds{|VYhWX¶X�r dsr�fgXWikX popoX?f�X  ^nsnq{
H′(Du,v)

¬\�´X�l�po{�nqr(ly£¤ds{|VYhWX;l
�Wds{|{oX;ly�Mdsr�fgXWrIp ��fgX;l�jkV�nq�GX�l´�P¦¯_@fgXRp�nqjkiuikX

N ×N
fgX\r�dGV���{|X�lE{oh�XWimlEXWr���{oh;� jmlyjkdsr�f�dsv���ikXs¬��´X popoX

jkrg£¤dG{oV�nPp|judGr!{|X�lypoX�X�r!VYhWVYdGju{|X&p|nqrIp\}Iv�X�i�� vgp|juikjmlonqpoXWv({�r�X�fghW�(iknG� X��(nsl�imn4iudGv��MXs¬
��n�p|{odGjklojkUWVYX���T(nsloX�� dGr(� X�{or�X �Y��{|h�loXWrIp�i�� n
@���T(ns�sXs¬g_ � ns��dG{|f.ikX�lE±o}Iv(nsfI²&r�dsre� dGr(� X�{or(h�l��(nq{

imn.iudGv��MXYlodsrIp�n
@���T�h;l&XWr vgpojkiujml|nqrIp�iuX;l�¢PnqikXWv�{�l&V4dPxGXWr�r(X�l&��{|h�nqimnq�(iuX�V4X�rIp���T(ns{o�GhWX;l\XWp�lypodg��µGhWX�l
�Mdsv({�i�� XWr(loXWVw��ikX�fgvefgjkns�sr�dIl�p|jk}Iv�XG¬5\Er(lov�jupoX�loXWv�iml�ikX�l�lodsv(ly¦¯X�lo�(ns�WX�l�� dGr(� X�{or�h;l��(nq{�imn4iudGv��MX�lydGrIp
f�h�� dGVY��{oX;loloh�lEXWr�ns����ikjk}Iv(nsrGp´v�r�XRp|{|nsr(ly£¤ds{|VYnqpojkdsrYXWr�dsr(fgX�iuXWpyp|X�l�f�X  \nGnq{´jurz¢sX�{|loXstsVYnsjkl�v�r�jm}Iv�X ¦
VYX�rGp���v�r¶r�jk¢sX;nqv T�jkhW{�nq{���T�jm}Gv(X

m
fgdGr�r�hstM}Iv�j#X;l�pR£¤dGr(��p|judGrKfgX�imn��MdGloj³p|judGr¶fgX�i�� dG�(loXW{|¢§nqpoX�v�{RX p

£¤dGr(��p|judGr�fgX\imn��MdGloj³p|judGr�fgv�lodsv�l�¦¯X�lo�(ns�WX�nqv�loXWjkr�fgX\imn�ikdsv��MXs¬��´X��Wj��MXW{|VYX p�fgX\� {|hWX�{�ikX�l´�Wnq{opoX;l�fgX
T�nqvgp|XWv�{

Hm
u,v

��fgX;l\{|h�lodsikvgp|judGr(l
m

¢Pns{ojmnq��ikX�l�¬�\�rg°(rK�WX�l\��nq{opoX;l\fgXwT(nqvgp|XWv�{&lydGrIp\vgpojkikjklohWX;lR�Mdsv�{
�GhWr�h�{oX�{�iuX;l�po{|jknsr��sikX�l�XWrz¢GdPxsh�l´°(r�nqikXWVYXWrIp �4iknY�Wns{yp|X��s{�nq��T�jm}Iv�Xs¬

�#ds{�lo}Iv�X�i�� v�pojkiujmlonqpoX�v�{�fgh���iknG� X�imneikdsv��MX�fgX�r(dsv�¢GX�nqv�¥Kiudsp|l�lodsrIp�h�¢sX�rGp|v�XWikikXWVYXWrIp���T(ns{o�Gh�l�X p
f�h�� dGVY��{oX;loloh�l�¬([\rKlyxglypoU�V4XwfgXw��ns��T�X��MXW{|VYX p&f�X�VYjur(juVYjmlyX�{\ikX�l&ns�W�WU�lRl|ns��T�nqrIp\}Iv�X�imn�ikdsv��MX�r�X
loX\fgh���imns� X\podGvP��dsv�{�l�}Iv�X^f� v(r!lodsv(ly¦8X;ly��ns� X ��ikn�£¤dGjkl´¢sX�{|lEiuX^T(nqvgp;tGikX\��nsl�tsimn��Gnsv(��T�X�dGv�ikn�fg{odGj³p|Xs¬

�#ds{�lo}Iv�X�i�� vgpojkiujml|nPpoX�v�{w��T�nqr��GX�fgX���nsl�f�X�poX�VY�(lWt�� � X�lypwi�� XWr(loXWVw��iuX.fgX�imne��{|dg� h;fgv�{|X�}Iv�j´X;l�p
{|hWjupoh�{ohGt��Wdsr(lypojupov(nsrIpwikX�p�xz��X.f� jurIpoX�{|nG��p|judGr¡}Gv(j��Wd �gp|X�ikX���ikv(lY��T�XW{wXWr·p|XW{|VYX!fgX!��X�{y£¤dG{oV�nqr�� Xs¬

Ð�Ðwv
x(Özy�y�y
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S�dsv�poX £¤dGjkl�t«v�r¡��T�dGj³¥���v(fgjm� jkXWvg¥ ��dGv�{�ikXYp|nqv�¥ fgX��WdsVY��{|X�l|lyjkdsr?X p�imn!p|nqjkikiuX�fgX�ikdsv(��X��MXW{|VYX p�fgX
V�nsjurIpoX�r�jk{�v�r�X��MXW{o£¤ds{|VYnsr(� X^poX�VY�(l�{|hWXWi«V ?�V4X�ikds{�l�f� v�re��T(nqr��GXWVYXWrIpRfgX�fgjmnq�Gr�dGlypojm}Iv�Xs¬

Z\dqpodGr(l^�(nq{�nqjkiuikXWv({|l^}Gv(X�r�dGv(l\r(X4lodsVYVYX�l\�(nsl^iujkVYj³p|h�l&�(ns{\ikXwr�dGV���{|X�fgXw�(nsl&fgXwpoX�V4��lWtMikn
loXWv(iuX´iujkVYj³p|X���Tzxglyjm}Iv�X�hWp|nsrGp�� XWikikX´fgX´ikn^�Wnq��ns� jupoh´fgv�fgjmlo}Iv�X�fgv�{;¬;��nR�MXW{o£¤ds{|V�nqr(�WXEfgX´i�� nq����ikjm�WnPp|judGr
X;l�p�nsjur�lyj���nq{�nqVYh p|{oh�X���nq{�imn&p|nqjkikiuX

N
fgX�imn�lojuVwv�iknqpojkdsr�tsiuX�p�nqvg¥YfgXR� dGVY��{oX;lolojkdsr4ds�gp|XWrzvY��dGv�{

TDXWp�imn�fgjuVYX�r(lyjkdsr�fgX\ikn�ikdsv��MXRXWp´fgX�lEiudsp|lEfgX^lydGv(l�¦¯X�lo�(nG� X�l�¬"\E¢zjkf�XWVYVYXWrIp�tIiuX;l�¢zj³p|X�l|lyX;lEfgX;lEfgjmlo}Iv�X;lWt
f�v¶��{|dz�WX�l|lyX�v�{RXWp�fgXwikn!�Wns{yp|X��s{�nq��T(jk}Iv�X���dGv�XWrIp&hW�GnsiuX�VYXWrIp\v�r¶{�sikXs¬M]¶nqjml&� � X�lyp^XWr¶£¤dsr(� pojkdsrKfgX
�WX�l�fgdGr�r�h�X�l���Tzxglyjm}Iv�X�l�}Iv�� jki�£Énqvgp�°�¥gX�{�iuX;l��(nq{�nqVYUWpo{|X�l�}Gv(X�r�dsv(l�¢GXWr�dGr(l�f� hWrzv�VYhW{|XW{;¬

_&nqr(l^ikX��(ns{|ns�s{�nq��T�X�}Iv�j�lov�j³p&r�dsv�l\X	�MX;��pov(dsr(l^v�r�X4nqr(nsiuxgloX�fgh p�nqjkiuikhWX4fgX�l^{oh;lyv(i³p�nPp|l\ds�gp|XWrzv(l
��nq{�r�dspo{|X�ns����{|dg��T�Xs¬

� � �����!"���	����

Z\dsv(l�¢GXWr�dGr(l´f�X^¢Gdsjk{´X�r!fghWp|nqjkiml´ikX�l�fgj ��hW{|XWrIp|l�VYh���nqr�jmlyVYX;l´fgX&i�� dGvgpojki«fgX�¢Ijmlov(nqikjkl|nPp|judGr�}Iv�X^r(dsv(l
n§¢Gdsr(lEjuVY��imnqrIpoh&nP°(r!f� nsr(nqikxglyX�{´fgX;l´f�dsr�r�h�X�l��q¦©_�ª\p�jkl|lyv(X�l�f� v(r�X^lojuVwv�imnPpojkdsr!fgX\��imnsloV�nsl�¬GZ\dsv(l
nsiuikdsr�l�fgh�lods{|V�nqjml���{|h�loXWrIpoX�{�ikX�l�f�j ��hW{|XWrIpoX;l�¢zv�X;l�d ��XW{opoX;l��(ns{w� XWp�dsv�pojkiAt�nqjkr(loj´}Iv�X�ikX�l�p|nqv�¥»fgX
�WdsVY��{|X�l|lyjkdsr.}Iv�X�r�dsv(l�n§¢Gdsr(l�dG�gpoX�rIv�l���X�{oVYX pop|nsrGpRv(r�X�nq���(iujm�Wnqpojkdsr�p|XWVY�(l�{|hWX�iA¬

��')& �g0 � �:- p�� ��0���07q�p)s���<>= p)sa<i/5p)+.-
~�ns{RlydGv(� jml�fgX�� dGV4�({oh�T�XWr(lojkdsr�tgr�dGv(l�n§¢sdGr(l���v(l|}Gv � �4��{|h�loXWrIpR� dGr(lyjmfgh�{oh�v�r�jm}Iv�XWVYX�rGpRikX��WnGl�d�k.iuX
f�jkns�sr�dIl�p|jk}Iv�X

Dt
X�lyp�XW¥z�({ojkVYh�f�nqr�l�i�� X;ly�(nG� X$\Ev�� ikjkfgjkXWr

(x, y)
n§¢sX;��lyX;l�lydGv(ly¦8X;ly�(nG� X;l

Dt
u,v

X ¥z¦
�({ojkVYh�l\f(nqr(l\i�� X�lo�(ns�WX�fgX;lR¢zj³p|X�l|lyX;l

(vx, vy)
¬�]¶nqjmlRi�� X�r(loXWV��(iuX�f�v¶VYh��Wnsr�jmlyVYX�X;l�p&XWr £Énqjup^{|h�nsiujmloh

�Mdsv({�}Iv(nqpo{|X\X�lo�(nG� X�l�f� jurIp|hW�s{�nPp|judGr�fgj �Mh�{oX�rIp|l
(x, y)

t
(vx, vy)

t
(x, vx)

X p
(y, vy)

nGlolodg� jkh�lE{|X�lo�MX���¦
p|ju¢GXWVYXWrIpRnqv�¥!}Iv(nPp|{oX�lodsv(ly¦8X;ly��ns� X;l

(vx, vy)
t
(x, y)

t
(y, vy)

X p
(x, vx)

¬
��nK°��sv�{|X��¶��{|h�loXWrIpoX.imnK¢zjmlyv(nsiujml|nPpojkdsr%f� v�r%f�jkns�sr�dIl�p|jk}Iv�X.lyX�iudGr%}Iv(nqpo{|X.fgj ��hW{|XWrIp|l4X�lo�(nG� X�l

f�� jkrIpohW�G{|nqpojkdsr�¬

N�jk�sv�{|X �5S��^jklov(nqikjmlonqpojkdsrKf� v�r fgjkns�sr�dIl�p|jk}Iv�XwlyX�iudGrKfgj �Mh�{oX�rGp�l\X;ly��ns� X;l\f� jkrGp|hW�G{|nqpojkdsr�t�{oX;ly�MX�� pojk¢sX ¦
VYX�rGp

(vx, vy)
t
(x, y)

t
(x, vx)

X p
(y, vy)

�©i�X�lyp\nqjkr(lyj#��dIloloju�(iuXGt�XWre� dGv�{�l�f� XW¥gh�� v�pojkdsr�t(f�X�VYdzf�j³°(X�{RikX���T�dsju¥!fgX�i�� X�lo�(ns�WX�f�� jkrIpohW�G{|nqpojkdsr�¬
�´X���T�dGj³¥�X;l�p\�Wiknsju{|XWVYX�rGp�jmfgXWrIpoju°�ns��iuX�lov�{�i�� ns����ikjk��nPpojkdsr.�(ns{�v(r.X�r(�WnGfg{|h^{|dsv��GX T h p|jk}Iv�XWpypoX T)UWV fgX
imnK°(�sv�{|X!� V t�nqjkr(loj�}Gv(X!ikX�lYnP¥gX;l4��T(dsjmlyjml��Mdsv({4i�� X�lo�(ns�WX!fgX {|XW��{|h�loXWrIp|nqpojkdsr·XWpYikX�lYlodsv(lwX�lo�(nG� X�l
T h p|jk}Iv�XWpypoX;l!f�X T � V � T � V)V ¬´~�ns{!nqjkikiuX�v�{|l�tEikX�l!h p|jk}Iv�XWpypoX;l T � V XWp T ¸ V jkr(fgjm}Iv�XWrIp!ikX�l!�(nsiuXWpypoX;l�fgX

È¤Ò�Ð�È"!



���������
	������
����
���������������� 	!�"��#$� U �

�Wdsv�ikXWv({|l4nqjkr(loj�}Iv�X.iuX;l4¢§nsiuX�v�{�l�VYjkr�juVwv�V XWp4V�nP¥gjkV�v�V f�X!i�� X;ly��ns� X.f� jurIpoh��s{�nPp|judGr � dGv�{|nsrIpwX p
f�XYloX�l�lodsv�l�¦¯X�lo�(ns�WX�l�¬��©i�£Énsvgp�hW�InqikXWVYXWrIp�r�dqp|XW{�}Iv�X�ikX�l&°(�Gv�{oX;l���XWp��!�({oh;lyX�rGp|XWrIp�i�� jurIp|XW{o£Éns� X�fgX
i�� nq����ikjm�WnPp|judGr�ikds{�lo}Iv�X^ikn4ikdsv��MX�r�� X�lyp���nsl�ns� pojk¢shWXG¬g� � nq����ikjm�WnPp|judGr��MXW{|VYX pRnqikds{�l�v(r�X�¢Ijmlov(nqikjkl|nPp|judGr
f(nqr(l�ikX�VYdzf�X&T�nq��jupov�X�iuikXWVYX�rGpRv�pojkiujmlyh���nq{�ikX�l���Tzxglyjm� jkXWr�lW¬

(7) Axe horizontal des sous−espaces

(8) Numéro du diagnostique

d’intégration courant

(6) Axe vertical des sous−espaces

(5) Axe vertical de l’espace d’intégration

(4) Axe horizontal de l’espace d’intégration

(1) les quatre espaces

pour l’analyse
d’intégration proposés

(3) Palette de couleurs
des valeurs de l’espace

(2) Palette de couleurs
des valeurs des

sous−espaces courants

N�jk�sv({oX���S���ns�gpov({oX�f� h��W{|nsr.fgX�i�� ns����ikjk��nPp|judGr.n§¢GX��&fgh�l|ns� pojk¢§nqpojkdsr fgX�imnwikdsv(��X

��nY°(�sv({oX���VYdGrGp|{oX�XWr(lov�jupoX�i�� jkrIpoX�{y£ÉnG� X�fgX�i�� nq���(iujm�Wnqpojkdsreikds{�lo}Iv�X�imn�ikdsv��MX�X�lyp^nG��pojk¢sh�Xs¬(�\nq�g¦
�MXWikdsr�l4}Iv�� nqv loXWjkr fgX imnKikdsv��MXst�ikX�lYlodsv(ly¦¯X�lo�(ns�WX�lw¢Ijmlov(nqikjkloh�l4� dG{o{|X�lo�Mdsr(fgX�rIp4nqv�¥ fgdsr�r(hWX�l4�s¦¯_
f�dsrIpRfgXWvg¥.¢Pnq{|jkns��iuX;l�dsrIp�h poh�°(¥zh�X�l�¬

(2) Support de visualisation
du repère

(1) Intervalle défini par la loupe

(5)

(3) (4)

N�jk�sv�{|X���SM��nq��pov�{|X�f� h;� {�nqr.fgX�i�� nq�(��iujm�Wnqpojkdsr n§¢sX;�^nG��pojk¢PnPp|judGr.fgX�imn4iudGv��MX

� � hWpojm}Gv(X pyp|X T)UWV f�X!� XWpyp|X�°(�Gv�{oX���{oh;lyX�rIpoX�ikX�l���ikns�sX;l�fgX!¢§nsiuX�v�{�l�}Iv�j�lodsrIpw�Wdsv�¢GXW{opoX;l��(nq{wikn
ikdsv(��X.f�nqr(lwi�� X;ly�(nG� X.f� jkrIpoh��s{�nPpojkdsr¡f�X.fgh��(nq{op�¬�~�nq{4nqjkiuikXWv�{�l�t�v�r%lyv(����dG{ypwpo{�nqr(lo�(ns{oX�rGpwX�lypwXWV4¦
�(iudPxGh�nsv¶� X�rGp|{oX�f�X�iknYikdsv(��X��Mdsv({\jkr(fgjm}Gv(XW{RikX�l^nP¥gX�l�fgv¶lodsv�l�X�lo�(ns�WX�� dGr(lyjmfgh�{oh T h pojm}Iv�X popoX T � V V ¬

Ð�Ðwv
x(Özy�y�y



�s� �G���
�����O��� ��� � ���	��
5	!�	�

\�rg°(r�tgr�dGv(l´��dGv�¢sdGr(l�ds�(loXW{|¢sX�{�lyv({��WX popoX^°(�sv�{|X&v�r�X&¢§ns{ojmnPp|judGr�fgX&ikn4fgX�r(lyjupoh�fgX&�(nq{opojm� v(iuX;l�X�rGp|{oX
ikX�lodsv(lRX�lo�(ns�WX���{oh;lyX�rIpoh��(ns{Ri�� h p|jk}Iv�XWpyp|X T ¸ V X p�� XWikv�j�fgX�i�� h p|jk}Iv�XWpyp|X T � V ¬M�Rjkr(lyj�XWr T ¸ V imn�fgX�r(lyjupoh
X;l�pR�WXWrIpo{|hWX�XWr

(0, 0)
nqikds{�l�}Iv�� XWr T � V v�r�X�fgjkVYjurzvgp|judGrefgX�iknYfgX�r(loj³p|h���X�vgp:? p|{oX�dG�(lyX�{o¢GhWX�f�nqr�l�ikn

�Mds{opojkdsr4r�h��GnPp|ju¢GX�fgX�l
vx

tsnqjkr(loj�}Iv�� v(r�X\nqv(�sVYXWrIp|nqpojkdsrw��dIlyjupojk¢sXRf�nsr(l�ikXWv�{E��nq{opojkX��MdGlojupojk¢sXs¬G� � dsvgp|jui
jkVY��imnqrIpoh��MXW{|V4XWpRnqjkr(lyj«fgX�lov�jk¢I{|X&i�� hW¢Gdsikvgpojkdsr.fgX�l��(ns{yp|jk�Wv�ikX�l�nqv � dGv�{|l�fgX�imnwlojkV�v�imnPp|judGr�¬z�©i«X�lyp �
r(dqpoX�{�}Gv(X^imn4{oX���{oh;lyX�rIp|nPp|judGr�T(ns��j³p|v�XWikikXWVYXWrIp�XWVY��ikdPxsh�X\r�X�ikX&�MXW{|VYX p��(nGl´�(v�jkl|}Iv�� XWr T � V nqv�� v�r�X
¢Pns{ojmnPp|judGr!fgX��Wdsv�ikXWv�{�l�nqve� X�rIpo{|X�f�X&imn4�s{|juikikX&r � X;l�pR¢zjmlyjk��ikXs¬

\Er�°(r�t§iknR°(�sv({oX U ��VYdsrIpo{|X�i�� jurIpoX�{y£ÉnG� X�f�X�i�� ns����ikjk��nPpojkdsr�iudG{|l|}Iv�X�ikn\iudGv��MX�X p�i�� dGvgpojkiIf�X��MdsjkrGp�nq�GX
lodsrIpRns� pojk¢sh;lW¬

(1) Position dans le sous−espace

(2) Valeur pointée par l’outil

(3) Valeur moyenne

N�jk�sv�{|X U ��S§��ns�gpov�{|X�f� h��W{|nsr�fgX�i�� ns����ikjk��nPp|judGr�V4dGrIpo{�nqrIp�iknRiudGv���X�X p�i�� dsvgp|juizfgXE�MdsjkrIp|nq�GXEfgX�¢PnsiuX�v�{|l

� � dGvgpojki#fgX��MdsjkrIp|nq�GX���X�{oVYX p\f�X�� dsr(r(n"]mpo{|X&n§¢GX��&��{|h��WjklojudGr�imnY¢PnqikXWv�{RfgX�imnYfgXWr�lyjupoh T h pojm}Iv�X popoX
T � V V �Mdsv�{�v�r��MdsjkrIp�fgdGr�r�h´f�v�lydGv(ly¦8X;ly�(nG� XE�Wdsr(lojkf�hW{|h T h p|jk}Iv�XWpyp|X T)UWV)V ¬P_\X´��iuv�lWt;ikn\¢PnqikXWv�{�V4dPxGXWr�r(X
f�XKimn¡fgXWr�lyjupoh nqv loXWjkr fgv lodsv�l�¦¯X�lo�(ns�WX¶fgh °�r�j^��nq{�ikX?�Wv��MXKXWr ��iknsr(�qt�X�lyp!h��GnsiuX�V4X�rIp!n
@���T�h�X
T h p|jk}Iv�XWpypoX T ¸ V V ¬

��'ml *,+ � �:;�09s1s1p +�- �:09s �:+.-:-:8309s
�#X�l\{oh;lyv�iup|nqp|l^��{|h�loXWrIpoh;lRjm� j�dsrIp^hWpoh�dG�gpoX�rzv(l^lov�{^v�rK~��¨lyp|nsr(f�ns{|fefgdspoh4f� v(rK��{|dg� X�l|loXWv�{\�^]¶_
��p|T�ikdsr��\~·¸s�G�s�Iª%n§¢GX��

1
P&d

300
]eT�º´_^v(nsiM�´T(nqr(r�XWig_&_^� fgX�VYhWVYdGju{|Xst§X pEn§xInqrIp�v(r4fgjml|}Gv(X�f�v�{

Å���S���fgX
160

P&dYn§¢sX;�
8
]ed�fgX��Wns��T(X&XWpRv�r�X���S������P�G�q~E{|dY��P&~ �q¥!� dGVYV4X���nq{opoX��s{�nq��T(jk}Iv�XG¬

�#X�lYVYX�lov�{|X�lYfgX ��X�{y£¤dG{oV�nsr(� X;lwdGrIpYhWpoh {|h�nqikjmlyh�X�lw��dGv�{�}Iv(nPp|{oX lyjkV�v(iknqpojkdsr(l4��Tzxglyjm}Iv�X�l�f�j³£®¦
£¤h�{oX�rIpoX�l�tEXWp!�Mdsv�{���T�ns� v(r�X¶f� XWrIpo{|X ¦¯XWikiuX;l��Mdsv�{.}Gv�nPpo{|XeX�lo�(nG� X�l�f� jkrIpoh��s{�nPpojkdsr fgj ��hW{|XWrIp|l�¬�]¶nsjkl
ikX�lY{|h�lov�iup|nqp|l�dG�gpoX�rIv�lYh p|nsrIp�lyjkVYjuimnqjk{oX;lY��dGv�{�i�� X�r(lyX�V���ikX¶fgX¶�WX�l�}Iv(nPp|{oXelojuVwv�imnPpojkdsr�lWt�r�dGv(l�r�X
�({oh;lyX�rGp|dsr(lwjm� jR}Iv�X.iuX;lY{oh;lyv�iup|nqp|lw{oX�iknqpoju£Él �?i�� v�r�X fgXe� X�lYlojuVwv�imnPpojkdsr�lwX�r%�Wdsr(lojmfghW{�nqrIpwi�� X�lo�(ns�WX
f�� jkrIpohW�G{|nqpojkdsr

(x, y)
¬

È¤Ò�Ð�È"!
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�´X;l�}Iv(nqpo{|X�lyjkV�v(iknqpojkdsr(l#dsrIp�hWpoh�XW¥gh�� v�pohWX;l#lov�{�fgX�l#�s{|juikiuX;l��s¦¯_%fgX�i�� X�lo�(ns�WX�fgX�l���T(nGlyX;l#fgX�p|nsjuikiuX
64×64×64×64

�Mdsv�{
40

��nsl#f�XEpoX�VY�(lWt§� X�}Iv�jG{|XW�({oh;lyX�rGp|X�v�r�¢Gdsikv�VYX�fgX�fgdsr�r(hWX�l�fgX
128

]¶d���dGv�{
v(r f�jkns�sr�dIl�p|jk}Iv�X�fgdGr�r�hs¬��R°(r¶fgX�lojuVY��ikju°(XW{�imnY�(nq{�nqVYhWpo{|jkl|nPp|judGr!fgX�imnY� dsVY��{|X�l|lojudGr�tzr�dsv(l\n§¢sdsr�l
°(¥zh�iuX;l�po{|dsjml�X�{o{|XWv�{�l ��v�r(X�lyX�v�ikX�V ?WVYX�¢PnqikXWv�{ T ε0 = ε1 = ε2 = ε V ¬�\E¥z�MhW{|jkV4X�rIp|nqikXWVYX�rGp;t(r�dGv(l
n§¢Gdsr(lEds�(loXW{|¢sh\}Iv�X^i�� XW{|{|XWv�{�nq�(lodsikv�XRdG�gpoX�rIv(X\X�lyp´jkrg£¤h�{ojkXWv�{|X ��i�� XW{|{|XWv�{

ε
°�¥gh�X\�Mdsv�{�iuX�l|��T�hWV�n�fgX

�WdsVY��{|X�l|lyjkdsr#¬
Z\dqpodGr(lR}Iv�X�imn4��T(nsloX�fgX���{|h ¦©�Wnsik�Wv�i�fgv�{|X�XWrz¢zju{|dsr

2 − 3
l��Mdsv�{\�WdsVY��{|X�l|lyX�{�v�refgjkns�sr�dIl�p|jk}Iv�X

f�dsr�r�h��(nq{w{|ns����dG{yp��¶v�r·X�lo�(ns�WX�f� jurIp|hW�s{�nPp|judGr»�(nq{opojm� v�ikjkXW{;¬��#ne�WdsVY��{|X�l|lyjkdsr·fgX!iknKlyjkV�v�imnPp|judGr
X�rIpojkUW{|X�f�v�{oX�nsjur(loj«VYdsjkr(l�fgX

6
VYjurzvgp|X�l��Mdsv({R}Gv�nPpo{|X�X�lo�(ns�WX�l�f� jurIp|hW�s{�nPp|judGr.f�j ��hW{|XWrIp|l�¬

Åzv({�ikn^°(�Gv�{oX U�U r�dGv(l���dGv�¢sdGr(l�¢sdGju{�}Iv�X�iuX�p�nqvg¥�fgX��WdsVY��{|X�l|lyjkdsrwds�gp|XWrzvwX;l�pElov��MhW{|juX�v�{ �
90 �V ?�V4XY�Mdsv�{�fgX;l&��{oh;� jmlyjkdsr�l\£Énsju�(iuX;l T ε = 10−8 V ¬��#Xw¢Gdsikv�VYX4f�XYf�dsr�r�h�X�l&�Mdsv�{�v�r»fgjmnq�sr(dGlypojm}Gv(X

f�dsr�r�h^X�lyp�nsiudG{|l�� dsVY��{|jml�X�rGp|{oX
3
]ed T ε = 1 V X p 11

]ed T ε = 10−8 V tz�MXW{|V4XWpyp�nqrIp�f�X^��T(ns{o�GXW{EX�rGp|{oX
{|X�lo�MX���p|ju¢GXWVYXWrIp

5
X p

25
�(nGl´f�XRpoX�VY�(l��(nq{�lyX;� dsr�fgX^loj�r(dsv(l�� dGr(lyjmfgh�{odGr(l�v�r�X&�(nsr(fgX\��nsl|lonsrGp|X\fgX

f�jkl|}Iv�X�fgv�{\fgX
50

]ed�
qlW¬

Taux de compression de Haar

T
au

x 
de

 c
om

pr
es

si
on

T
ai

lle
 d
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 d

on
né
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 e

n 
M

o

 1e−08  1e−07  1e−06  1e−05  0.0001  0.001  0.01  0.1  1

 5

95%

 10

 15

 20

 25

 30

Précision

80%

85%

90%

100%

Taux de compression final

Taille finale des données
Taille après la compression de Haar

ε

N�jk�sv�{|X U�U SgS�nqvg¥.fgX�� dsVY��{|X�l|lojudGr�X p�¢sdGiuv(V4X�fgX�fgdGr�r�h�X�l�f� v�refgjkns�sr�dIl�p|jk}Iv�X&XWr ]edYnq��{|U�l�n§¢Gdsjk{
X	�MX;��p|v�h�v�r�X��WdsVY��{|X�l|lyjkdsr�f�� v�r(X�XW{|{oX�v�{

ε
�Mdsv�{�i�� X;ly��ns� X�f� jkrGp|hW�G{|nqpojkdsr

(x, y)

Z\dqpodGr(lY�(ns{�nqjkiuikXWv�{�l�}Iv�X iuX p|XWVY�(l�fgX¶f�h�� dGVY��{oX;lolojkdsr f�v f�jk� pojkdsr�r(nsju{|X � dsVYVwv�r X�lyp�f�� nsv
VYdGjur(l

11− 12
V�l T ε = 10−8 V ¬��n4°(�sv�{|X U �w��{|h�loXWrIpoX�ikX�poX�V4��lR�(nGloloh���dGv�{RX���X�� pov�X�{Rimn�p|{|nsr(ly£¤ds{|V4h�X�jurz¢sX�{|loX�fgX� \nGnq{��Mdsv�{

f�j ��hW{|XWrIpoX;l�{|h�lodsikvgpojkdsr(lRXWr.£¤dsr(� pojkdsr¶fgX�iknY��{|h��Wjklojkdsr
ε
¬��´X�poX�VY�(lWtM� dGr(l�p�nqrIpR�Mdsv�{^iuX;lRfgj �Mh�{oX�rGp|X�l

�({oh;� jmlyjkdsr(l���T�dGjklojuX;lWtIX�lypR� dGV4�({ojml�X�rIpo{|X
426

V�l T �Mdsv�{�v�r(X^{|h�lodsikvgpojkdsr
64× 64 V X p 2

V�l T �Mdsv�{�v�r(X
{|h�lodsikvgp|judGr

4 × 4 V ¬

Ð�Ðwv
x(Özy�y�y
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T
em

ps
 e

n 
m

s

 1e−08  1e−07  1e−06  1e−05  0.0001  0.001  0.01  0.1  1

 500

 400

 300

 200

 100

 0

Précision

Résolution 16

Résolution 4
Résolution 8

Résolution 32
Résolution 64

ε

N�jk�sv�{|X U ��S#S�XWVY�(l�X�r·VYl��(nsl|lohYnsv¡lyX�jur·fgX�ikn.p|{|nsr(l�£¤dG{oVYh�X�jurz¢sX�{|loX�fgX  \nGnq{��Mdsv({�fgj �Mh�{oX�rGp|X�l
{|h�lodsikvgp|judGr(l

(64, 32, 16, 8, 4)
loXWikdsr.ikn4��{|h��Wjklojkdsr

ε
��dGv�{�i�� X;ly�(nG� X�f� jurIp|hW�s{�nPp|judGr

(x, y)

��n&°(�sv�{|X U ¸�VYdGrGp|{oX�ikX�l�poXWVY�(l´fgX\��T(ns{o�GXWVYXWrIpEfgX;lElydGv(ly¦8X;ly�(nG� X;l�lohWikX�� pojkdsr�r(h�l��(ns{Ev�r�X\iudGv���X
f�X�p|nqjkikiuX

8 × 8
t(nsjur(loj�}Iv�X�ikX�poXWVY�(l\fgX�� dGr(l�p|{ov���pojkdsr fgX;lR�Wns{yp|X�l�fgX�T(nsvgpoX�v�{�l���dGv�{Rimnw{|h�lodsikvgp|judGr

V�nq¥zjkV�nqikX T {|X�� dGr(lypo{|v(��p|judGr4fgX
H′(Du,v)

ª po{�nqr�l�£¤dG{oVYhWX�jkrz¢sXW{�loX�f�X  \nq{|{ V ¬s��n\p|{odGjklojkUWVYXR� dGv�{o�MX�l
T lydGVYV4X�f�X�lRfgX�vg¥!�({oX�V4jkUW{|X�l V {oX���{|h�loXWrIpoX�ikX�poXWVY�(l�podqp�nqi�r(h�� X;lol|nqjk{|X&ikds{�l�fgvefgh���iknG� X�V4X�rIp\fgX�ikn
ikdsv(��XG¬

Construction des cartes de hauteurs

T
em

ps
 e

n 
m

s

Précision
 1e−07  1e−06  1e−05  0.0001  0.001  0.01  0.1  1

 14000

 12000

 10000

 6000

 8000

 4000

 2000

 0

Cartes de hauteurs + chargement des sous−espaces

Chargement des sous−espaces sélectionnés

ε

N�jk�sv�{|X U ¸�SGS�XWVY�(l´V�nP¥gjkVYnsi T XWr�V�l V �(nGloloh\}Iv(nqr�fYikn�ikdsv(��X T 8× 8 V X�lyp´fgh���imns� h�X^loXWikdsr�i�� X�{o{|XWv({
ε

È¤Ò�Ð�È"!
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�\v�°(r(nsiAtGv�r�X\£¤dsjml�imn���T(nGlyX&fgXR��{|h ¦©�Wnsik�Wv�i(X	�MX;��p|v�hWXGtGr�dspo{|XRVYh p|T�dgfgX^�MXW{|VYX p�fgX\¢zjmlyv(nsiujmloXW{EX�r
p|XWVY�(l�{oh�XWiIfgX�l�fgdsr(r�hWX;l#�s¦¯_ fgX�imn�£¤dG{oVYX

f(x, y, vx, vy)
jkl|lov�X�l�f� v�r�X´lojkV�v�imnPp|judGr�fgX���imnsloV�n�¬q�´dsrg¦

lojmfghW{|dsr(l�f�h�lods{|VYnsjkl�i�� X�VY��iudGj(f� v�r�X�ikdsv��MX\fgX�p�nqjkiuikX
8×8

��dGv�{EhW¢Pnsiuv�X�{�iuX;l�£¤{|h�}Iv�XWr�� X�l�f�� nR@���T�nq�sX
f�X&r(dqpo{|X&dsvgp|jui8¬M�´X popoX�ikdsv��MX�fgjklo�MdGloX�f�� v�r(X&{|h�lodsikvgp|judGr�V�nP¥gjkVYnsiuX�fgX

64× 64
X�r.lodsr.� X�rGp|{oXGt�}Iv�j

f�h�� {|d
]mp��s{�nsfgv(XWikiuX�V4X�rIpR¢sXW{�l�ikX�l��Mds{�f�l�XWrev(r�X�{oh;lydGiuv�pojkdsr.V4jkr�jkV�nqikX�fgX
16 × 16

¬���X�l�£¤{oh;}Gv(XWr(�WX�l
f�� nR@���T�nq�sX;l�nqikds{�l�VYX;lyv�{|hWX;l#lodsrIp�f�X S

15−20
£¤�(l«ikds{�l�fgvw��T(nqr��GXWVYXWrIp�fgX´fgjmnq�Gr�dGlypojm}Iv�Xst

15−20
£¤��l

ikds{�l�fgve��T(nqr(�sXWVYX�rGpRfgX�i�� X;ly��ns� X�f� jkrGp|hW�G{|nqpojkdsr�XWp
25 − 34

£¤�(l�}Iv(nsr(f!ikn4ikdsv��MX�X�lypRfghW��imns�WhWXG¬

� � ���.
´" �.�#W��� ��� , �����#,?��
���������

�#X�l�fgj ��hW{|XWrIp|lE�WdsVY�MdGl|nqrIp|l�f� v�rYdsv�pojki(fgX�¢zjklov(nsiujmlonqpojkdsrYfgXRfgdGr�r�hWX;l��q¦©_�ª\pEjml|lyv�X;l�fgXRlojuVwv�iknqpojkdsr(l
f�X�l���imnsloVYnGl�dGrIp�hWpoh�� X�{or�h;lW¬��´X p�dGvgpojki«lyX��Wns{|nG��poh�{ojmloXR�(nq{�lodsr���T(dsju¥�f�nqr(l�imn�{|XW�({oh;lyX�rGp�nPp|judGr�fgX�l
f�dsr�r�h�X�l��s¦¯_�ª\pRX pR�(ns{Ri�� jkVY��iknsrIp|nPp|judGref� v(r�X�VYh poT(dzf�X�fgX�� dGVY��{oX;lolojkdsr�p|dqp�nqikXWVYXWrIp\fgh;fgjuh�X��4ikn
¢zjmlyv�nqikjkl|nPp|judGr�¬

�#XYloxgl�p|UWVYXYfgXw¢zjmlyv�nqikjkl|nPp|judGr¶X�lyp��(nslohwlov�{�i�� XWVY��ikdsjEf�� v�r(Xwikdsv��MX4£ÉnqjmlonsrIp�ns���(nq{�n"]mpo{|X�ikdg�WnqikX ¦
VYX�rGp�ikX�l�fgh p�nqjkikl�fgX�imnR£¤dGr(��p|judGrwfgX�fgjml�p|{ojk��vgp|judGr��(ns{�i�� XWVY��ikdsjgfgX��Wnq{opoX;l�f�X´T(nsvgpoX�v�{�lW¬P��X;l�fgdsr�r(hWX�l
X�rKfgX�T�ds{�l\fgXwikn�iudGv��MXw� dG{o{|X�lo�Mdsr(fgX�rIp�t(}Iv(nsrGp ��XWikikX�l�tMnsvg¥¶fgXWr(lojupoh�VYdPxGXWr�r�X;l\nR@���T(hWX�l ��i�� nsjkfgX
f�� v�r(X4��nq{opoXwf�X4�Wdsv�ikXWv�{�l�¬M�#X�l��Wns{|nG��poh�{ojmlypojm}Gv(X�l\f�Xwimn�ikdsv��MX T p|nsjuikikXst«{|hW�(ns{yp|j³p|judGrKfgX�l^{|h�lodsikvgpojkdsr(l
XWp�{oh��(nq{opojupojkdsr fgX�imn.}Iv(nsiujupoh�f�X�{oX�r(fgv V �MXWv�¢GXWrIp��(nq{�nsjuikikXWv�{�lM? p|{oX�nsf(nq�gp|hWX�l�X�r £¤dsr(� pojkdsr·fgXYikn
V�nG��T�jur(X&X�VY��iudPxGhWX�nP°(refgX�¢zjmlyv(nsiujmloXW{�v�r �s{�nqr(f!¢sdGiuv(V4X�fgX�fgdGr�r�h�X�l�XWr.p|XWVY�(l�jkrIpoXW{�ns� poju£�¬

\Er�lyv�jupoXGt�jkiq£Énsvgp#r�dspoX�{#}Iv�XEikX���{ojkr(�Wju�(nsis��{|ds�(iuU�V4X��Mdsv({�iuX´fghW¢GXWikds���MXWVYXWrIp#f� v�r�dGvgpojkisjkrIpoXW{�ns� poju£
p|{|nsj³p�nqrIp�v�r�X�V�nsl|lyX&fgX�fgdsr�r(hWX�l�fgX���ikv(lojuX�v�{�l´�Gju�InP¦¯dg��poXWp|l´{oh;lyjmfgX�f�nqr�l´ikX��sdGv�iudsp�f�� hWpo{�nqr��GiuX�V4X�rIp
}Iv�Xe�Wdsr(lypojupov�X imn?po{�nqr(loVYjkl|lyjkdsr%fgX�l�fgdsr�r(hWX�l4X�rGp|{oX ikX�lYjkrIpoXW{o£Éns�WX�l�fgXelypodg��µPnq�GX!XWp�ikn VYhWVYdsjk{|X
�WXWrIpo{�nqikXwf�� v�r(XwV�ns��T(jur�XG¬«��X�l^p|XWVY�(l�fgXwpo{�nqr(ly£¤XW{op|l^{|XWr(fgX�rIp&X�rKX���X p�jkVY��dIloloju�(iuX4ikn.l|nPpojmly£Éns��p|judGr
f�X�l�� dGrIpo{�nqjkrGp|X�l�fgX�poX�V4��l�{oh�XWi8¬s� � X;l�p��Mdsv�{�}Iv�dsj8t§r�dsv(l�n§¢Gdsr(l���{|ds�MdGloh´v(r4l|��T�hWV�n&fgXR� dGVY��{oX;lolojkdsr
f�X�l�fgdGr�r�hWX;lEn§¢sX;���MXW{opoXGtsnP°�rYf�X��(nqikjuX�{�iuX��({odG��iuU�VYX�f�X�ikn�ikXWrIpoX�v�{EfgX;l�po{�nqr(ly£¤XW{op|l�X�rIpo{|X�jkrIpoX�{y£ÉnG� X�l
f�X�l�p|dg��µ§ns�sX;l�X p�VYhWVYdGju{|X�� X�rGp|{|nsiuX�f�X�l�V�ns��T(jur�X;lW¬��´X�lo��T(hWV�nefgX��WdsVY��{|X�l|lyjkdsr ��{|h�loXWrIpoX�fgX�vg¥
r(ju¢GX�nqv�¥�fgXR� dGV4�({oX;lolojudGr�¬P��X���{|XWVYjkXW{�r�jk¢sX;nqvYlyX��(nGlyX�lov�{�ikn^p|X���T�r�jm}Iv�XR� imnsl|lojk}Iv�X�fgXR� dGVY��{oX;lolojkdsr
��nq{EdGr(fgXWikX popoX;lEnP°(r�fgX^� dsVY��{|X�l|loXW{�iuX;l�fgj ��hW{|XWrIp|lElodsv�l�¦¯X�lo�(ns�WX�l�f� v�r�fgjmnq�Gr�dGlypojm}Iv�XRfgdsr(r�hstPp�nqr(f�jkl
}Iv�X�ikX�lyX;� dGr(f�r(ju¢GX�nqv.X���X�� pov�X�v(r�X�� dsVY��{|X�l|lojudGr��sikds��nqikX�f�v.fgjmnq�Gr�dGlypojm}Iv�Xs¬

� � dGvgpojki#fgh�¢sXWikds�(��h�X;l�p\nsjur(loj�v�r dGvgpojki��MXW{o£¤ds{|VYnsrIp�t�lodsv���ikX�X p�£ÉnG� jkiuX�f�� vgp|juikjmlonqpojkdsr�¬��©i�pojk{oX��(ns{y¦
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