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x
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_bj�T0e'�¯t�`bj�owch_bowc�` x'owc'cmg4_�x=tuc'_���t�xmU4ibcmj�S4iaU5r=tui¬`ªj�U�®
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� U$iaU4yHt����[Q'U�ibU `bQ'UL�=tu_bjly$U4kfe=t�`bj�owcm_�ou§�¡ ¤�¥{j�c t�_aj�TVr'��U _aU�`a`ªj�cm�)(J_bU�U+*Í�-,Y§¨owi
x'U�`ªtuj��l_�.�®0/�U�`�e'_Ry4ouc'_bjlx'U4i�`bQ'U[§¨ow���lo���j�c'��ThoFx'U4�Æ®

X
j�_�thZ³tui21�o¿�*yzQ=tuj�cO¦©`zt-1Fjlc'��jl`b_

�ut���e'U�_Rj�c
R

d
¦}t�c'x ��j�`ªQ�`ªQmU�§¨ou����o���jlc'��xm^Fc=tuTVj�y�_�3

Xk+1 = f(Xk) + σwk,
(Ö�4.

��Q'U4iaU[`ªQ'U
wk

tuibU[jlc'x'U�r�U�c'x'U4c�`dtucmx�j�x'U�cf`bj�y4tu����^�x'j�_¬`ªiaj��'em`bU4x5(¨jÊ®æjÊ®æx)®6.á¦F��Qmow_bU5��t�� jl_
1Fcmo¿��cO® qYiaU71Fcmo¿��c tu_R� U����)`ªQmU

f
§¨e'c'y�`ªjlowc tuc'x
`ªQ'U��¯tH� ou§

X0

¦}x'U4cmou`ªU�x
P0

®98[c
`ªQ'jl_RQ'j�x'xmU4c r'iboFy4U�_b_R� U��wU�`�ThU4tu_be'iaU4_dou§¹`ªQ'U5§¨owiaT:3

Zk = h(Xk) + vk,
(Æ�;.

��Q'U4iaU�`bQ'U
wk

tuiaU�jÊ®æjÊ®æx)®�¦)ou§é`ªU�c=<�tuem_b_bj�tuc)¦ t�c'xLj�c'x'U�r�U�c'x'U�cf`�ou§
X
®�PRQ'U4cL� UVtuiaU

j�c�`ªU�ibU4_¬`ªU�x³jlc U�_a`bj�Tht�`ªjlc'�0`ªQmU�`biªt¿paU�y�`bowia^
ou§
X
¦æe'_bjlc'��`ªQ'U�TVUHtu_ae'ibU�ThU�c�`ª_

Zk

®
� U���ibjl`bU�Q'U4iaUV`bQ'Uh¡ ¤�¥ U4kfe=t�`ªj�ouc'_�jlc$`ªQ'U�§¨iªt�ThU�� owi>1 ou§ U4kfe=t�`bj�owc'_?(Ö�4.5tuc'x

(Ê�;.á® W ou`bU `bQ=t�`V`ªQ'jl_VTVU�`bQ'oFx j�_Vou§é`bU4c em_bU4x j�c�r'iªtuy�`ªjly4Uu¦ §¨owihUá¢mtuThrm��U�`ªo `ªiªt�y�1
Tho��Fj�c'��ou�FpaU4y�`ª_4®

q _b_ae'ThU�`ªQ't�`
X̂k−1

jl_�`bQ'U�r'ibU��©jlowe'_�U4_¬`ªjlT�t�`bU�ou§#`bQ'U�_a`zt�`ªUu¦vtucmx
Pk−1

t�y4ouibibUáº
_brvowc'x'jlc'�³rm_bU4emx'o�º ��tuiaj¯tucmy4U�(Æt@1Fjlc'x!o�§7A��uU4ia^ iboue'�wQBA�U4_¬`ªj�Tht�`bUVo�§ `ªQmUV��tuiaj¯tuc'y�U".á®
� U5«=ia_a`d��jlc'UHtuiaj�­�U `ªQmU�_¬`zt�`bU�U4kfe=t�`bj�owcC3

Xk ' X̂−

k
+ Ak(Xk−1 − X̂k−1) + σwk−1,

��jl`ªQ

Ak =
∂f

∂X
(X̂k−1)

tuc'x
X̂−

k
= f(X̂k−1).

� U�x'o�`ªQmU�_btuTVU[��jl`ªQ
`ªQmU�ou�'_bU�ia��t�`ªjlowcC3

Zk ' h(X̂−

k
) + Hk(Xk − X̂−

k
) + vk,

��jl`ªQ

Hk =
∂h

∂X
(X̂−

k
).

Xd_bjlc'�V¤�t���Thtuc©ºED e'y�^V«=�l`bU4iRU�kFe't�`ªjlowc'_F(¨��Qmj�yzQ y4owTVr'��U�`ªU��l^h_bow���wU4_R`bQ'U�r'ibow�m��U4T
`ªQ'Uhj�c��lj�c'U4tuiG<�tuem_b_bj�tuc!y4tu_bUH*JI
,K.�� U*y4tuc ow�m`ªtuj�c!t³c'U�� _¬`zt�`bU*U4_¬`ªjlT�t�`bU

X̂k

tuc'x
t c'U�� r'_bU�e'x'o�ºÊ��tuibj�tuc'y4U

Pk

jlc�`»� o�_a`bU4r'_�®L/ U�`he'_�x'U�c'ou`bU
Q = σσT

`bQ'U _a`zt�`ªU
U4kfe=t�`bj�owc���tuibj�tuc'y�Uu¦=tucmx

R
`ªQ'U�ow�m_bU4i¬��t�`ªjlowc
c'owj�_aU5�ut�ibj¯t�c'y4U�®
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X̂−

k
= f(X̂k−1)

tuc'x
P−

k
= AkPk−1A

T

k
+ Q.

� · �¿� ² �u�	� ·�


X̂k = X̂−

k
+ Kk(Zk − h(X̂−

k
))
tuc'x

Pk = (I − KkHk)P
−

k
,

��Q'U4iaU
Kk

j�_�`ªQmU��wtuj�c 3

Kk = P−

k
HT (HP−

k
HT + R)−1.

Wdou`ªU�`bQ=t�`�U��wU4c jl§ jl`[y4owTVU4_[§¨iaowT t���jlc'UHt�i5tu���uowibj�`ªQ'T ¦v`bQ'U�¡°¤�¥ jl_5jl`b_bU4��§ c'owc
��j�cmUHtui�®
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PRQ'U�r'iaow�'��U�T;emc'x'U4i.j�c��wU�_a`ªjl��t�`bj�owc�Q'U4iaURj�_.TVou`bjl��t�`ªU�x0��^�_bt�`ªU����ljl`ªU°y�owThT0e'c'j�y4t�`ªjlowc)®
� Uhtu_b_ae'TVU�t
_bjlThr'�lU�yzQ=tuc'cmU4� ThoFx'U4�#��jl`ªQ c'o0/»cf`bU4i0]F^FT��vow��/»cf`bU4i¬§¨U4ibU�c'y4UH(1/¬]./ .á¦
tuc'x0`bQ'U�owc'��^�r'ibow�m��U4T jl_#`ªoYU4��jlThjlc=t�`bU°`bQ'U�iaU4_bjlx'e=tu�Fr'Q=t�_bUu®.PRQ'j�_£jl_#�uU4ia^0j�TVr�ouia`zt�cf`
tu_Y� Uht�_b_bemThU�`bQ=t�`[`bQ'U�`ªibtuc'_bTVjl`a`ªU�x ThU�_b_btu�wU�j�_325e'tux'iªt�`ªj�y0n-Q=tu_bUh]©Qmjl§é`5¤5U�^©jlc'�
(425n ]m¤F. ThoFx'e'��t�`ªU�x)®£qY�l�O`ªQmj�_RTVUHtuc'_R`bQ=t�`R`ªQmU�ou�'_bU�ia��t�`ªjlowc'_�tuiaU�ou§#`bQ'U5§¨owibT 3

Zk = ake
iθk + Wk,

��Q'U4iaU*`ªQ'U*`biªtuc'_aThj�`b`bU4x�_¬^©T0��ow�l_
ak

tuiaU*j�c {1, i,−1,−i} ¦ θk

j�_�t ibtuc'x'owT (Jemc©º
1Fcmo¿��c�.�r'Q'tu_bU�¦.tucmx

Wk

tucLjÊ®æjÊ®æx)®�_bU�kFemU4c'y�U*ou§ y4owTVr'��Uá¢5<�tue'_a_bj¯t�c ibtuc'x'owT��ut�ibj�º
tu�'��U�_4® PRQ'U!�'j�`ª_�`ªo _a^FT��vow��_
Thtur'r'jlc'� j�_
x'owcmU!tu_
§¨ow�l��o���_�3 jl§�`ªQ'U �'j�`ª_=(¨��j�`ªQ
�ut���e'U�_

0
owi

1
.�`boh�vU5`ªibtuc'_bTVjl`a`ªU�x tuiaU

b1, . . . , bl, . . . , bN

¦'� U��wiboue'r `bQ'U4T?jlc
r=tuj�ia_
(b1, b2), . . . , (b2∗k−1, b2k), . . . , (bN−1, bN)

¦w`ªQ'U�c�§¨owi.`ªQmU
kth

r=t�j�i#`bQ'URy4ouibibU�_brvowc'x'jlc'�
_a^FT��vow� j�_R�wj��wU�c ��^ 3

5 jl§
(b2∗k−1, b2k) = (0, 0)

`bQ'U4c
ak = 1

¦

5 jl§
(b2∗k−1, b2k) = (1, 0)

`bQ'U4c
ak = i

¦
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5 jl§
(b2∗k−1, b2k) = (1, 1)

`bQ'U4c
ak = −1

¦

5 jl§
(b2∗k−1, b2k) = (0, 1)

`bQ'U4c
ak = −i

®
X _be'tu����^³`bQ'U�e'c�1fc'o���c r'Q=tu_aUVjl_[U4_¬`ªjlT�t�`bU4x `bQ'ibowem�wQLt
n°Q'tu_bU / o©y�1�/ o©owr+(Jn /N/N.á®
W ou`bU `ªQ't�`�n /B/�_ yHtuc��vUY�Fj�U�� U�x³t�_�tuc
¡.¢F`ªU�c'x'U4x ¤�tu�lT�tuc�¥.j���`ªU�i°��j�`ªQ
t0y�owc'_¬`ztuc�`
��tuj�cO®

PRQmU�xm^Fc=t�ThjlyHtu��ThoFx'U4��§¨owi�`ªQ'U�ibtuc'x'owT8r'Q=tu_aU�jl_�`ªQ'U�_btuThU�tu_Rjlc5*Ë�
,%3

θk+1 = θk + δθ + σθBk,
(J� .

��Q'U4iaU
δθ

jl_ y�owc'_a`ªtuc�`��'em`�e'c 1Fcmo¿��cO¦
σθ

ThtH^��vU 1fc'o���c³oui�c'ou`4¦'tuc'x�`bQ'U
Bk

�Í_�tuiaU
jÊ®æjÊ®æx�_a`zt�c'x=tuiaxH<�tue'_a_bj¯t�c ibtuc'x'ouT ��tuibj�tu�'�lU4_4®

/»c *Í�
,�`ªQ'U[cmowc���jlc'UHtui°«=��`ªU4iaj�c'��tur'r'iao�tuyzQ*� tu_Rtu�libUHt�xm^*t�r'r'��jlU4xV`ªo�r'Q=t�_bU[`ªibtuy�1wº
j�c'�'¦de'_aj�c'��`bQ'ULr=tuia`bj�y���U³«'�l`ªU�i�j�TVr'��U�ThU�c�`zt�`bj�owc)® PRQmU t�em`ªQ'ouib_
y4owcm_bj�xmU4ibU�x owc'�l^
e'c'y4oFx'U�x x't�`ztm®-PRQmU5o¿�uU4ibtu����y4owc'y���e'_aj�owc*� tu_�`bQ=t�`Rjlc*`ªQ'jl_ yHt�_bU5`ªQ'jl_Rtur'rmibo�tuyzQ�rvU4iÖº
§¨owibTVU4x _bjl�wc'jl«'yHtuc�`ª��^ �vU�`a`ªU4i�`ªQ'tuc `bQ'Uh_¬`ztucmx=tuibx!n /N/ _�T�t�j�c'��^$t�`�`ªQmUh�vU4�wjlc'c'jlc'�
(J_bThtu�l��U4i0tuy4kfe'jl_bj�`ªj�ouc�`ªj�TVU".á® ¥=ibowT _bowTVU
ou§Youe'i�U�¢©r�U�ibjlThU�cf`b_�c'ou`Vr'ibU�_bU�cf`bU4x�jlc
`ªQ'jl_Yr=turvU4i�¦�`bQ'U�ibU4tu_bouc$_bU4U�Th_[`bo*�vU0`ªQ=t�`5n /B/�_YQ=tH�wU�y4ouc'_a`ªtuc�`5��tujlc'_4¦v��Q'j�yzQLtuiaU
yzQ'ow_bU�c `bo
Q=tH�wUV�wo©oFxLtu_¬^©TVrm`bou`ªjly@(Ætucmx cmou`5`ªibtuc'_bjlU4c�` .[r'iaowrvU4ia`bj�U�_4® / § � U�`ªt$1uUVt
�ut�ia^Fj�c'����tujlch�wj��wU�c*��^V`bQ'U5¡°¤�¥ ¦�`ªQ'U�c*j�chThou_a` yHtu_aUY`ªQ'U�ibU j�_ c'ou`�T0e'yzQ*x'j � U�ibU4cmy4U
��U�`»� U�U4c$`ªQ'U0r=tuia`bj�y���U�«=�l`bU4i[t�c'x `ªQmU�¡°¤�¥ ®�q ��_bo�c'ou`ªU�`ªQ=t�`Y`ªQmU�j�x'U4th`ªo�e'_bU�¡°¤�¥
§¨owi�r'Q=t�_bU*`ªibtuy�1fj�c'�$jl_�c'ou`�c'U���¦ tu_�j�`���t�_�tu��iaUHtuxm^ r'iaowr�ou_bU4x jlc *�� ,Ê¦°�'em`�j�`0� tu_
y4owc'_aj�x'U�ibU�x `bo©o�y4ouThr'�lU�¢*�f^�`ªQ=t�`�`bj�TVUY`ªo��vU�jlThrm��U4TVU4c�`bU4x�j�c
t�ibU�y4U�jl�wU�i4®

���4� � #�'�$%!��
� Uhy4owc'_aj�x'U�i0jlc!`ªQ'jl_�r'tur�U�i�`bQ'U*����D°ºÖs��R]�c'owiaT (J_bU�U *Í~4,K.�¦-tucmx�ThouibU�rmibU4y�j�_aU4�l^
owc'U0o�§-jl`b_YP¹e'ib�vo�º	� oFx'U�j�TVr'��U�ThU�cf`ªt�`ªjlowc'_�®RP#e'ia��o�º	� oFx'U4_�¦�«=ia_a`[jlc�`ªiboFx'e'y�U4x ��^ *æ�-,
tuibU5�wU�ia^
iaow�'e'_¬`d`boh�lo�� ]mW sd_G(Jemc'x'U4i �ux�D9. �'em`d`ªQ'U�^
tuibU�tu�l_bo 1fc'o���c `ªo��vU5�wU4i¬^
_bU4cm_bjl`bjl�uU³`ªo r'Q=tu_aU U�ibibouib_4¦R_ao � U c'U�U4x tuc U�
Vy4jlU4c�`�tu�l�wowiajl`ªQmT `ªo U4_¬`ªj�Tht�`bU
`bQ'U
iªtuc'xmowT8r'Q'tu_bU�U4iaibowi���Q'jlyzQ � owi>1F_�� U4����t�`R�wU4i¬^
��o�� ]mWYs�®

PRQmU P¹e'ib�vo�º	� oFx'U j�c ��� D ºÖs��R] j�_�x'U�r'j�y�`ªU4x j�c «=�we'iaU!�w® / `he'_bU�_*t x'owe'�'�lU
� j�iby�e'�¯t�i�s�U4y4emib_bj��wU ]F^F_¬`ªU4Tht�`bj�y�� owc��uow��em`bj�owc'tu��(
��sY]�� .�y4oFx'Uu® PRQ'U*«=ia_a`��'j�`�ou§
`ªQ'U ThU�_b_ªt��wUd`bo0�vUYy�o©x'U�x*j�_ tu_a_bjl�wc'U4xh`ªo0q�¦F`bQ'Ud_bU4y�owc'x�owcmUd`bo DY¦©tuc'xh_bo�owche'c�`ªjl�
`ªQ'U�U4cmx³ou§¹`ªQmU�_aU4kfe'U�c'y4U�® PRQ'U�r�ou�l^Fc'owTVj¯tu�l_ yzQ'tuiªtuy�`ªU�ibj�­�j�c'��`bQ'U�y4owc'cmU4y�`bj�owcm_ t�ibU$3
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A

B

Systematic part

Redondancy part
W

S1 S2 S3

Y

¥#j��we'iaU��;3°¡-c'y4oFx'U�id�m��oFy�1*x'j¯t��wiªtuT

§¨U4U�x'�=tuy�1��'ibtuc'yzQC3
1 + D + D3

¦
� r=tuiajl`»^*�mjl`ª_ 3

1 + D2 + D3
¦

� r'tuibj�`»^��'jl`b_�3
1 + D3

®
� U[yzQmow_bU5`ªQmU[iªt�`bU����w��_ao�`ªQ'U5rme'c'y�`be'ibjlc'��r=t�`a`ªU�ibc@1uU�U4r'_�owc'��^�`ªQ'U�� r'tuibj�`»^��'j�`ª_�®
PRQ'U��'jl`b_�tuibU0ThoFx'e'��t�`ªU�x$tuc'x$`ªibtuc'_aThj�`b`ªU�x$j�c$y�owe'r'�lU4_4¦ jlc$c=t�`be'iªtu�#owibxmU4i4¦)`bQ=t�`5jl_
`ªQ'U�y4oue'r'��U�_

(A, B)
«=ia_a`�� _a^F_a`bU4Tht�`ªjlyVr'tuia`��v¦¹tucmxL`bQ'U4cL`ªQmUVy�owe'r'�lU4_

(Y1, Y2)
ou§

`ªQ'U�`»� ohibU�x'e'c'x=t�cf`Y_bU�kFemU4c'y�U4_��
Y1

�f^
y�o©xmj�c'��`ªQ'U�owiaj��wjlc=tu�O_aU4kfe'U�c'y4U�¦ tuc'x
Y2

��^
y4oFx'j�c'��`bQ'U�_bU�kFemU4c'y�U�t�§é`bU4iR`ªQ'U�rvU4iaT�em`zt�`ªj�ouc)®

����� 	 +�
�� #�
���!�� ��
 #�!�$�� � -.$%#�!
q�`���o�� ]©WYs�¦�n /N/ _ x'o�c'o�`�r'ibo��Fj�x'U-�uo©oFx5U�
Vy4jlU4c'y�^[`ªo��vU-e'_bU�x�jlc�y4owc�paemc'y�`bj�owc[��j�`ªQ
r�o�� U4ia§¨em�OP¹e'ib�vo�º	� oFx'U�_4®-PRQ'U[Thtujlchr'iaow�'�lU4TAj�_°`ªQ=t�`��vou`ªQ*r'tuia` ou§)`ªQmUYe'c�1fc'o���c��
�'jl`b_ tucmx�r'Q=t�_bU���tuibUdU4_¬`ªjlT�t�`bU4xhj�c'x'U�r�U�c'x'U�cf`b�l^Vou§ U4tuyzQ*ou`bQ'U4i�®-¥=ibowTAt�_a`ªt�`ªjl_a`ªjlyHtu�
r�owjlc�`�ou§��Fj�U���¦°`bQ'j�_0j�_0§Jtui�§¨ibowT owrm`ªjlT�t���jl`»^u® PRQ'U
iaj��wQ�`�t�r'r'ibowtuyzQ _bQ'owem��x ��Uh`ªo
U4_a`bj�Tht�`ªU ��ou`bQ��'jl`b_ t�c'x�r'Q=tu_aU£paouj�c�`ª��^w®£Xdcm§¨owi¬`ªe'c=t�`ªU4��^0`bQ'j�_-_aU4U4TV_°_a`bj����©j�c�`ªibtuy�`ªtu�'�lU
��jl`ªQ t�ibU4tu_bouc=tu�'�lU�y�owTVr'em`zt�`ªj�ouc=tu�v�'e'ibxmU4c)®

q «'ib_a`�jlx'UHt0`bo�o��wU4iay4owTVU5`ªQ'jl_�x'j 
hy�e'�l`»^�j�_ `bo�e'_bU5`bQ'U5j�c�`ªU�ibTVU4x'j�t�`ªU owem`br'em`�ou§
`ªQ'Udx'U4y�o©xmU4i t�` UHtuyzQ*P¹e'ia��o�jl`bU4iªt�`ªj�ouc�`bo�iaU�º U4_a`bj�Tht�`ªU�`bQ'Udr'Q=tu_aUu®-PRQ'jl_ jl_°`bQ'Ud�=tu_bjly
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j�x'U4t�ou§#��Q't�`�j�_Rr'iaU4_aU4c�`ªU�x j�c*`bQ'U���j�`ªU4ibt�`ªemibU[t�_dP¹e'ia��o�ºÖ]F^Fc'yzQ'iaowc'j�­4t�`ªjlowc)¦mtuc'x
jl`Rjl_
t 1fj�c'x$ou§ ¡.¢©rvU4y�`ªt�`ªjlowc Z t�¢©jlThjl­Ht�`bj�owc (Æ¡ ZH.Yt����wowiajl`bQ'T (J_aU4U�*��-,K.�®5qY_[`bQ'U�P¹e'ib�vo
jl`ªU�iªt�`bj�owcm_�tuiaU[r�U�ia§¨owiaThU�x)¦m`bQ'U5�'jl`b_RtuiaU5��U�`b`ªU�i�U4_¬`ªjlT�t�`bU4x)¦'tuc'x�_boVtuiaU��hQ'owrvU�§¨e'�l�l^
� `ªQ'U�r'Q=t�_bUu®�PRQmj�_�tur'rmibo�tuyzQLThtH^ �vU�§¨owe'c'xLj�c$_aU��uU4iªt�� r'tur�U�ib_�¦¹U�®Í�m®�*��H�©¦£�¿�F¦��-,Æ®
PRQ'j�_�tu�l�wowiajl`ªQmT?�wjl�uU4_5�wU�ia^$�woFoFx$ibU4_ae'�l`b_5�'em`�owcm�l^ §¨oui5t�y4owc'_¬`ztuc�`�r'Q'tu_bU�® � Q'U4c
`ªQ'U�r'Q=tu_aU�j�_d�ut�ia^Fj�c'�m¦v`bQ'U�U4_¬`ªjlT�t�`bU�o�§-`ªQ'U0«'ib_a`YP#emib�vo�jl`ªU�iªt�`bj�owc Tht�^ �vU�`bo©oV§Jtui
t�� tH^�§¨ibouT `bQ'U�`ªiaem`ªQ�`ªo5U�_a`bj�Tht�`ªU�y�owibiaU4y�`ª�l^�`ªQ'URrmQ=tu_bU�¦Ftuc'x�`ªQfe'_-`bQ'URThU�`ªQ'oFx�Tht�^
c'ou`�y4oucf�uU4ia�wUu®

<5owjlc'� owcmU�_a`bU4r §¨e'i¬`ªQ'U�i�`ªo�� tuibxm_�`ªQ'U5paowj�c�`�U�_a`bj�Tht�`ªjlowc o�§dtu���-`ªQmU*e'c�1fc'o���c'_
� U�yHt�c iaU�º»U�_a`bj�Tht�`ªU0`bQ'U�r'Q=tu_aU�j�c `ªQmUVxmU4y4oFx'U�i4¦¹t�`�UHt�yzQ jlc'_bjlx'U�_a`bU4r � `bQ=t�`�jl_�t�`
U��wU�ia^Lc'U�� TVUHtu_ae'ibU�ThU�c�`H®�Wdou`ªU�`ªQ't�`5§¨ibowT:t*_a`bo©yzQ=t�_a`ªjly�«=�l`bU4ibjlc'�*rvowj�c�`�ou§°�Fj�U���¦
`ªQ'jl_�ThtH^LibU4kfe'jlibUht³r=t�ia`ªjly4�lU�«'�l`ªU�i5`ªo U�_a`bj�Tht�`ªU�`ªQ'UVr'Q=t�_bUu¦.UHtuyzQ�r'tuia`bj�y4�lU�Q=tH�©jlc'�
t�`b`ªtuyzQ'U4x�t5x'U4y�o©x'U�i `boRpaouj�c�`ª��^�U4_¬`ªjlT�t�`bU�`ªQ'U��'j�`ª_�®-X cm§¨ouia`ªemc=t�`ªU��l^�`bQ'j�_-jl_°_a`ªjl���=t��'j�`
e'c'ibU4tu��jl_a`bj�yu®

q�` `ªQ'jl_ _a`ªtu�wU[j�` jl_ e'_aU�§¨e'�v`ªo�c'o�`ªU `bQ=t�` `ªQ'UY`»� o�y4ouThrvowc'U�cf`b_ �V�'j�`ª_ tuc'x�r'Q=t�_bU
� Q=tH�wU*�wU�ia^ xmj � U4ibU�c�`�xm^Fc=tuTVj�y�_�3�`ªQ'U��'j�`ª_�t�ibU*yzQ=t�c'�wj�cm� T�e'yzQ §Jtu_¬`ªU4i�`ªQ=tuc�`bQ'U
r'Q=tu_aUu®YPRQmj�_YTVUHt�c'_ `bQ=t�`Y� U�y4tuc e'_aU�t�r=tu_¬`[U�_a`ªjlT�t�`ªU�owc `ªQmU0r'Q=t�_bU0`bo*U4_¬`ªj�Tht�`bU
`ªQ'U�y4emibibU�c�` �mjl`H¦'tuc'x
`ªQ'U�c³e'_aU5`ªQ'jl_�`bo�ibU�º U4_¬`ªj�Tht�`bUY`ªQ'U�r'Q'tu_bU�®

PRQmj�_£jlx'UHtYjl_.e'_aU4x�j�c *��
,'e'c'xmU4i.`bQ'U `ªU�ibT P#U�c�`zt�`bjl�wU�� U4y4jl_bjlowc'_ (¨P���.�¦���Q'j�yzQ�� tu_
«=ib_¬` jlc�`ªiboFx'e'y�U4x�§¨owi-r'Q=t�_bUdU4_a`bj�Tht�`ªjlowc�j�c *Ý�w��,Æ®£PRQ'jl_ jl_°tu��_ao5`ªQ'U�j�xmUHt5� U�e'_aU jlc�`bQ'U
_bU4kfe'U��Ê¦'��j�`ªQ*`ªQmU5x'j � U4iaU4c'y�U[`ªQ=t�`R� U5y4ouc'_bjlx'U4i�t�x'j � U�ibU4c�`�_aU�`ªemr)¦}tuc'x�jlc'_a`bUHtux
ou§#t
n�/B/!`bo�U4_¬`ªjlT�t�`bU�`bQ'U0rmQ=tu_bU�¦�� U0e'_aU�tuc ¡ ¤�¥ ® /»c'_aj�x'U�`ªQ'U�x'U4y�o©xmU4i4¦v� U0tu��_ao�e'_aU4x
D����ws tu���uowibj�`ªQ'T j�c'_¬`ªU4tuxho�§�]©ou§é` 8[em`br'em` �[j�`ªU4ia�'jÊ® � U�U�_a`ªjlT�t�`ªU�xm^Fc=tuTVj�y4tu����^�`bQ'U
r'Q=tu_aU�owc'��^�j�c�`bQ'U §¨owi¬��t�ibx�r=t�ia`£o�§'`ªQ'U x'U4y�o©x'jlc'�[t����wowiajl`bQ'T³¦¿t�c'x�e'_bU jl`#e'c'yzQ=t�c'�wU4x
§¨owi�`ªQ'U��=t�y�1f� tuiax r=tui¬`H®

� U xmj�x0cmou`£x'U�_bjl�wc'U4x�`ªQ'U ¡ ¤�¥
`ªoYxmUHtu�f��jl`bQ
δθ
¦wt�_.jl`¹jl_£t y�owc'_¬`ztuc�`.`bQ=t�`.yHtuc��vU

owc'�l^�U4_a`bj�Tht�`ªU�x�t�§é`ªU4i°_aU��wU�iªtu��P#emib�vo�j�`ªU4ibt�`ªjlowc'_�® /»c'_¬`ªUHt�x�� Ud_bU�`�e'rV`ªQ'U ¡°¤�¥L��j�`ªQ
t���tuib�wU���tu�le'U�ou§

σθ

tuc'xVU4_¬`ªj�Tht�`bU�`bQ'Ud��j�cmUHtui£`bibU4cmx*t�§é`bU4i°_bU��wU4ibtu�vP#e'ia��o�jl`bU4ibt�`ªjlowc'_4®
qYcVU�¢mtuTVr'��URou§�r'Q=t�_bU�U4_¬`ªj�Tht�`bU�tu��owcm�5owc'U�_bjlc'�w��URr'tuy�1uU�`�t�§é`bU4i£`bQ'Udtu���wouibjl`bQ'T Q=tH�wU
y4owc��wU�ib�wU�x jl_�_bQmo¿��c�j�c «=�we'iaU � (Ê]mW s j�_��w®Ë� x�D .�®£PRQmU�x=tu_bQmU4x ��jlc'U�_aQ'o���_�`bQ'U
��j�cmUHtui `bibU�c'x t�_RU4_a`bj�Tht�`ªU�x)®

Wdou`ªU*tu��_ao `ªQ=t�`�t�`�UHt�yzQ�P¹e'ia��o$j�`ªU4ibt�`ªjlowc�j�`�j�_0c'U4y�U4_b_btuia^!`ªo$ibUáº»U�_a`ªjlT�t�`ªUh`bQ'U
r'Q=tu_aU�§¨oui£`ªQ'U�_a^FT��vow�l_-y4owiaibU4_ar�ouc'x'j�cm��`bo5`ªQ'U�_a^F_¬`ªU4Tht�`bj�y�r=tui¬`°e'_bjlc'�5`ªQ'U��'j�`-r'ibou�©º
tu�'j��ljl`bj�U4_�§¨iaowT�`ªQmU0�¯t�_a` P#e'ia��o�jl`ªU�iªt�`bj�owcO¦�t�c'x `ªQmU4c `bo*e'_bU�`ªQ'U�_bU�r'Q'tu_bU�U4_a`bj�Tht�`ªU�_
`ªo�ibU�y4owTVr'em`bU�`bQ'U�r'ibou�=tu�'jl��jl`bj�U�_ ou§¹`ªQmU�_¬^F_a`ªU�T�t�`ªj�y�r=t�ia`H®
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¥.jl�we'iaU�� 3°¡.¢'t�Thr'�lU5ou§#r'Q=tu_aU�U�_a`bj�Tht�`ªU

� � � 2 ����� �����¹
�������� 	����¹
�����&

/»c `bQ'j�_�_bU�y�`bj�owc
� U��wjl�uU�ThowiaU5x'U�`ªtuj��l_Rou§.`bQ'U�r'iªtuy�`ªjlyHtu�)jlThrm��U4TVU4c�`ªt�`ªjlowc)®°¥.jlib_a`R� U
��ibjl`bU[`ªQ'U�¡°¤�¥�§¨owiR_a^Fc'yzQ'iaowc'jl­Ht�`bj�owc)®

� ��� ����� ��� +���-.$%#�! �
	 # 
�� � ���.� -�
 � ��
�$%!��
qY_b_ae'TVU�«=ia_a`d`ªQ=t�`d`bQ'U�`ªiªt�c'_bTVjl`a`ªU4x
_¬^©T0��ow�l_dtuibU71fc'o���c)¦�tuc'x³`bQ=t�`

δθ = 0
®RZ³em��º

`ªj�rm�l^Fj�c'�h`ªQ'U�ow�m_bU4i¬��t�`ªjlowc'_5��^
a−1

k

¦)`ªQ'U�x©^©c'tuThjlyHtu�#ThoFx'U��.§¨owiY`bQ'U�r'Q=tu_aUVThtH^ �vU
��ibjl`a`ªU�c³t�_�3

θk = θk−1 + σθBk,

Zk =

[

cos(θk)
sin(θk)

]

+
√

RWk,

��jl`ªQ
B
tuc'x

W
ibU�_br)®;� tuc'x � x'j�TVU4cm_bj�ouc=tu�R_a`ªtuc'x=t�ibxL<�tue'_a_bj¯t�c ��Q'j�`ªU cmowj�_aU4_

j�c'x'U�r�U�c'x'U�cf`dou§#UHt�yzQ ou`bQ'U4i�®�/»c�`bQ'j�_�_bU�`b`bj�c'�'¦'¡ ¤�¥ U4kfe=t�`ªj�ouc'_dtuibU-3
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θ̂−
k

= θ̂k−1

P−

k
= Pk−1 + σ2

θ
.

� · �¿� ² �u�	� ·�


θ̂k = θ̂−
k

+ Kk

(

Zk −
[

cos(θ̂k

−

)

sin(θ̂k

−

)

])

Pk =

(

1 − Kk

[

− sin(θ̂k

−

)

cos(θ̂k

−

)

])

P−

k
,

��Q'U4iaU
Kk

j�_�`ªQmU��wtuj�c 3

Kk = P−

k

[

− sin(θ̂k

−

) cos(θ̂k

−

)
]

(

P−

k

[

sin2(θ̂k

−

) − sin(θ̂k

−

) cos(θ̂k

−

)

− sin(θ̂k

−

) cos(θ̂k

−

) cos2(θ̂k

−

)

]

+

[

R 0
0 R

])

−1

.

� �4� ����� 
 ��,%, ��,	��# 
 $ -.� (
PRQ'U�o��wU�iªtu�l�°tu���uowibj�`ªQ'T�j�_�x'U4rmj�y�`bU4x�jlc xmU�`zt�j���_5jlc «'�we'ibUh�m®�/ j 1uUhtuc�^ `be'ib�vo _a^Fc©º
yzQ'ibowcmj�­Ht�`ªj�ouc r'iao©y�U4x'e'iaUu¦O`bQ'U0ouc'�l^ j�c©§¨owibTht�`ªjlowc
r=tu_a_bU4x$§¨iaowT owc'U0xmU4y4oFx'U�iY`ªo�`bQ'U
ou`ªQ'U�i5j�_[`bQ'U�U�¢F`ªiaj�c'_aj�y�j�cm§¨ouibTht�`ªjlowc)®�W ou`bU�`ªQ=t�`�QmU4ibUVjl`[j�_5c'U�y4U4_a_ªtui¬^L`ªo
r=tu_a_�`bQ'U
U�¢F`ªiaj�c'_aj�y�jlcm§¨owibTht�`bj�owc `ªo*`ªQmUV_¬^Fc'yzQ'ibouc'j�­4t�`ªjlowc$ou§ `ªQ'U�_¬^©_¬`ªU�T�t�`bj�y�r=t�ia`H¦)`bo�e'_bU�j�`
`ªo j�TVr'ibo��wU
`ªQmU³r'Q'tu_bU U4_¬`ªj�Tht�`bU
§¨ouiV`bQ'j�_�r=tui¬`H® /»c�`ªQ'U r'jly�`ªemibUu¦

π
x'U�c'ou`bU4_h`bQ'U

r�U�ibT�em`ªt�`ªjlowc�e'_aU4x³§¨oui�`ªQ'U[`be'ib�vohy�o©xmUu®

� ��� 
 ��� -.� (*��- $�� � � 
.-
¥}oui `ªQmU0_a^F_¬`ªU4Tht�`bj�y�r=t�ia`Y`bQ'U4iaU�j�_ c'o�tuy�`ªe=tu�#j�cm§¨ouibTht�`ªjlowc
j�c `bQ'U��'j�`ª_ ��Qmj�yzQ$Tht�^
��UVe'_bU�x�`ªo³_a^Fc'yzQ'iaowc'j�­�Uu® ]©o � Uh«=ia_a`�y�owTVr'em`ªU�`ªQmU�r'Q=t�_bUu¦-em_bj�cm�³`ªQmU�U4kfe=t�`ªj�ouc'_
ou§ _bU4y�`ªjlowcL�m®��w¦O��Q'U�ibU�`ªQ'U�`biªtucm_bTVjl`b`bU4x$_¬^©T0��ow�#j�_[U�_a`bj�Tht�`ªU�x$e'_bjlc'�*`ªQ'U�Uá¢F`ªibjlc'_bjly
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Iteration
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Systematic
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Systematic
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Decoding
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red

π

π π

π

π

−1

P

P
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red,2

P

P

fwd
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Z

Z

¥.j��ue'ibU5� 3 � j¯tu�wibtuT ou§}paouj�c�`R`ªe'ia��o�_¬^©cmyzQ'ibowcmj�­Ht�`ªj�ouc³t�c'x³xmU4y4oFx'jlc'�
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j�cm§¨owiaT�t�`ªj�ouc�ou§=`bQ'UR�¯t�_a`£xmU4y4oFx'U�i-jl`ªU�iªt�`bj�owc (Jowi#owc'��^�`bQ'URow�'_aU4ia��t�`bj�owcm_-t�`.`bQ'U�«=_¬`-jl`¬º
U4iªt�`ªj�ouc .�¦�tuc'x�`ªQ'U�c0`ªQmj�_�U4_¬`ªj�Tht�`bU4x�r'Q=tu_aU j�_�e'_aU4x0`boYx'U�ThoFx'e'��t�`ªU-`bQ'U ou�'_bU�ia��t�`ªjlowc'_�¦
�wjl�Fj�cm� `bQ'U*_a^F_¬`ªU4Tht�`bj�y�rmibow�=t��'j��ljl`ªjlU4_

Psys

® P¹o U�_a`ªjlT�t�`ªU�`ªQ'U*_¬^FT���ou�Ê¦#� U*_aj�TVr'�l^
`zt$1�Uh`ªQmUhTht�¢©j�T�emT ou§ `bQ'U��lj 1�U4��jlQ'oFo©x �'tu_bU�x�owc'��^Lowc `bQ'UhUá¢F`ªibjlc'_bjlyhjlcm§¨owiaT�t�`bj�owc
tuc'x�`ªQ'U�y�e'ibiaU4c�`YTVUHt�_be'iaU4TVU4c�`
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/�j 1uU�j�c t�_a`ªtuc'x=tuiax³`be'ib�vohxmU4y4oFx'U�i4¦=`ªQ'U�ibU�tuibU5`»� o�x'U�y4oFx'U4ia_ xmUHtu�lj�c'��ibU�_brvU4y�`ªjl�uU4��^
��jl`ªQ�`bQ'U�x=t�`zt5tuc'x�`bQ'U�rvU4ibT0em`ªU�xVx't�`ztm¦wtuc'x�_bU�c'x'jlc'�5`ªo5UHt�yzQVo�`ªQ'U�i.`ªQ'U�j�i£Uá¢F`ªibjlc'_bjly
j�cm§¨owiaT�t�`ªj�ouc)® ¡ t�yzQ x'U�y4oFx'U4i j�_�x'jl�Fjlx'U4x j�c³tV§¨owi¬��t�ibx r'tu_b_ tuc'x th�=tuy�1�� tuibx r=tu_b_�®
PRQ'U��=tuy�1�� tuibx�r=t�_b_-j�_#_a`ªtuc'x=tuiax)¦�tucmx�owc'�l^�`bQ'U §¨owi¬��tuiax�r=tu_a_£x'UHt���_.��j�`ªQ0`bQ'U�r'Q=t�_bU
U4_a`bj�Tht�`ªjlowc)®

PRQmUY§¨owia� tuiax�r'iao©y�U4_b_aj�c'�0j�_ x'U4r'jly�`bU4x�j�c�«=�wemibU[�'® / ` jl_ `ªQmUYTVow_a` `ªiaj�y�1�^Vr=tuia` ou§
`ªQ'U5��Q'ow�lU5ThU�`ªQ'oFx)®

q _b_ae'ThU$«=ia_a`�`bQ=t�`*� ULQ=tH�wU tuc U4_¬`ªjlT�t�`bU
â
ou§�`ªQ'U$y�e'ibiaU4c�` _a^FT��vow�Ê® PRQ'U4c

tu_b_ae'Thjlc'�h`bQ'U0y�e'ibiaU4c�`5_¬^©T0��ow�¹j�_Ytuy�`be=tu�l�l^
â
¦Otuc'x e'_aj�c'�h_bU�y�`ªjlowc$�m®��0� U�y4ouThr'e©`ªU

t c'U��?U4_¬`ªjlT�t�`bU�§¨owi�`ªQ'U r'Q=tu_aU³��^ tur'rm�l^Fj�c'�LowcmU³_¬`ªU4r ou§Y`bQ'U³¡ ¤�¥ ®°PRQ'jl_��wjl�uU4_
tucLU4_a`bj�Tht�`ªU

θ̂
o�§ `bQ'U�y4e'iaibU�cf`�r'Q=t�_bUu¦ ��Q'jlyzQ jl_5e'_bU�x `bo
x'U4TVo©xme'�¯t�`bU0`ªQmUVy�e'ibiaU4c�`

ow�'_bU�ia��t�`bj�owc)®-PRQmj�_Rj�_Rxmowc'U���^�`ªQ'U�ibjl�wQ�`�Q=tuc'x
r=t�ia`dou§¹`ªQ'U�r'jly�`ªemibUu®
P¹o Q=tH�wU tuc U4_¬`ªjlT�t�`bU$ou§�`ªQ'UL_¬^©T0��ow�Æ¦R� U yzQ'ow_aU y�owTVr'em`ªULt�c t�r'r'iboH¢©j�Tht�`bU
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â
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r'Q=tu_aU�U�_a`bj�Tht�`ªjlowc)®

� ��� � $%!��9� 
 -�
 �9!�'
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/ § `bQ'U[r'Q'tu_bU[U�_a`bj�Tht�`ªUdx'oFU4_�c'o�`�_a`ªtu�'jl��j�­�U4_�¦Foui x'oFU4_ `bo©o��¯t�`bUu¦f� UYyzQ'ow_bU[`bo�_a`bowr

`ªQ'U�tu�l�wowibj�`ªQ'T t�§é`bU4i
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� U�_bQmo¿�Ajlc$`ªQ'jl_�_aU4y�`ªj�ouc _aowThU�_aj�T�e'��t�`ªjlowc$ibU�_be'��`ª_�®�PRQ'UVyzQ'owjly4U�ou§ `bQ'UVx'j � U4iaU4c�`
r=tuiªt�ThU�`ªU4ia_�j�_[`ªQmUV§¨ow�l��o���j�cm�'®�¥=owi[`ªQ'UViªt�c'x'owT rmQ=tu_bUVxm^Fc=tuTVj�y�_4¦ � Uhx'U�y4jlx'U4x `ªo
`ªe'c'U-`bQ'U tu���wouibjl`bQ'T `ªo�x'UHt��f��j�`ªQ�_bU��wU�ibU y�owc'x'j�`ªjlowc'_4¦�`bQ=t�`�j�_

δθ = 0.0063
iªt�x���Qmj�yzQ

y4owiaibU4_ar�ouc'x'_-`ªo�t
2π

r'Q'tu_bU�_bQmjl§é`-U��wU4i¬^
1000

_a^FT��vow��_�® � URT�t�x'U�`ªQ'URUá¢©r�U�ibj�TVU4c�`b_
owc�r=tuy�1uU�`ª_ ou§ ~�����^f`ªU�_ �lU4c'�u`bQ:(Jq-PdZ3y�U4�l��_�.á®£Wdou`ªU�`bQ=t�` _a^Fc'yzQ'iaowc'jl­Ht�`bj�owcVowc�_bThtu���
_bU4kfe'U�c'y4U�_ jl_£kfe'jl`bU�x'j 
hy�e'�l`4® � U�tu_b_ae'TVU `ªQ=t�`£`ªQ'URjlc'jl`bj¯tu�fr'Q'tu_bURjl_01fc'o���cVemr�`bo�tuc
U4ibiaowiRou§.�m®��4Iw~0iªt�x (Ö����x'U4�uibU4U�_�.á® � j�`ªQ*`ªQmU�_btuTVU5_bU�`a`ªjlc'�w_4¦'� U�iªtuc�`bQ'U�tu���wouibjl`bQ'T
§¨owi�xmj � U4ibU�c�`���tu��e'U�_0ou§

δθ = 0.0063, 0.0025, 0
®³PRQ'U*ibU�_be'��`ª_@(J¥=iªtuTVUhU�ibiaowi0ibt�`ªU

tuc'x5D jl`�U�ibiaowi5iªt�`bU".[tuiaU�r'ibU�_bU�cf`bU4x�oucL«'�we'ibU�_�~ tucmx �©® � U�_aQ'o��Atu��_ao�owcL`ªQ'U�_bU
«=�we'iaU4_�`ªQ'U�ibU�_be'��`ª_���Q'U4c `ªQ'UVr'Q=t�_bUVj�_�r�U�ia§¨U�y�`ª��^ 1fc'o���c�tu_�t
��o�� U�i���owemc'x)¦#tuc'x
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r�U�ia§¨owiaT8�vU�`b`bU4iR`ªQ'tuc t�_aj�TVr'��U�iR�[¥0/-®

PRQmU0r'iaowr�ou_bU4x tu���wouibjl`bQ'T8rvU4i¬§¨owibTVU4x³tV§¨ibtuTVU�U�ibiboui ibt�`ªU���o�� U4i�`ªQ=tuc
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2π
r'Q=t�_bUd_bQ'j�§é`°U��wU�ia^

1000
_a^FT��vow��_�¦Fouchr=t�y�1uU�`b_

ou§ ~u�*��^f`ªU4_��lU4c'�u`bQ (Jq-PdZ y�U4���l_�.á®�Wdou`ªU�`ªQ=t�`Y§¨ibowT UHt�yzQ r'tuy�1uU�`�`bo*`ªQ'U0c'U�¢F`H¦)`bQ'U
r'Q=tu_aU U�_a`bj�Tht�`ªjlowc[��t�_¹iaU4_¬`ztui¬`ªU4x�§¨ibouT _by�iªt�`byzQ)¦���Qmj�yzQ0ThtH^[�vU°y4owc'_aj�x'U�ibU�x0tu_�_aU��wU�ibU
_a^Fc'yzQ'iaowc'j�­�j�c'�Vy4ouc'x'jl`bj�owcm_4®
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