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b�rSl}nGr=£�n�_ac�npu b�c)q�rAt�q�c]tSnp{yw�npu r=t�tacxn}¦'rA{p§ml4u�t[qy_�w�{��=c*r�£©q�rA��� c]q�npu ta�w�t����muvlonp{�u��asanpu ta��aw�nyw�w�b�r=t��
�auM)8cx{�cxtSn�s�lpcx{ylx¨ >as�{on�_acx{�b�r={�c=Ëw�n�w@b�w=qx{prSlpqxr=�auvqe��c]¡=cx�L�s�lpcx{yl�q�rAtatac]q�npc:�¢n�rOw@qxr=� ��c:q�n�tacxn}¦'rA{p§
w={pc)�=cxrA�={yw��a_�u q]w�� ��k!qx��rSloc)r=tac�n�r!c:w=qy_�r�n�_acx{I*Î£¯rA{'u t�lon�w�t�q�c�u t�wl�w�b�c)qxr=satSn�{pk
,�¨¬^*_ac�npr=�1r=� r=�Aker=£
w�q�rA��� c]q�n�tac�n}¦/r={�§�u l]mu�t���{yl}n�w����a{prÀ®mu b�w�npu r=tËSwenp{�cxcAC¦�u n�_@�1rAl�lpu��a� k[q�{�rAl�l'��u ta§ml�w�n*u�tSn�cx{�b�c:�muvw�npc
� cx¡Acx�vlx¨ ;�r=npc�n�_�w�nXnp_ac�cx®mu lonpc]t�q�c�r=£8qxr=� ��c:q�nXt�c�n}¦/r={�§t�w�n�sa{yw�� ��ke�a{pr�¡Cuv�mc]l¬np_ac��A��rA��w���¤¥tAn�cx{�tac�nG¦�u�np_
w�lob�w=���4¦'rA{p�v�Olonp{�s�q�n�sa{pcA¨�d'rA��� c]q�n�tacxn}¦'rA{p§ml�w�{�c!�mcxt�loc�tac�n}¦/r={�§ml�q�rAtatac:q�npc:�NrAtacn�r�c]wAqy_Nr�n�_acx{
¡Cuvw�_au��A_@lp�1cxc]�@� u�t�§Cl*�1c�n}¦/cxc]tZ_au��A_@q]w���wAq�u�n}k[{�r=smn�cx{ylx¨
¤¥t np_�u l���w��1cx{:X¦/c�£¯rmqxs�l�r=t np_acZn�r=�1r=� r=�Ak �mu l�q�r�¡Acx{�k r�£�q�r=� � c]q�n�tacxn}¦'rA{p§ml]¨Y-°_au � cZnp{yw�t�lpu n

t�c�n}¦/r={�§Cl�w�{�c q�rAb���rSloc:�,r�£ewT{pc]� w�npu ¡=cx� k,lob�w�� �htSs�b!�1cx{@r�£{�r=smn�cx{ylx*n�_ac-lonp{�s�q�npsa{�c¢r=£!q�r=� � c]q�n
t�c�n}¦/r={�§Clhuvlbes�qy_�b�rA{pc�u tSnp{�u q]w�npc[w=t��-u�tC¡Ar=� ¡=c]l�w@�vw�{��=c�tCsab!�1cx{!r�£�{prAsmnpc]{�l�u t wZ{�w�np_ac]{lob�w=���
�AcxrA�={yw��a_auvqxw=��w={pc:wa¨¬^*_achnprA��rA��rA�=k�r�£¬lps�qy_@w�tacxn}¦'rA{p§�uvl*tar=n�c�®aw=q�np� k�wenp{�cxc��asmn�n�_au l�b�rm�mc]��qxw=t
�1c)s�loc:��w=lXw���{yl}n'w=�a�a{�rÀ®mu�b�w�n�u�rAt�¨Ë¤¥t��mcxc:�©A¦�_�cxt[u tm£¯cx{�{�u�ta�np_ac)npr=�1r=� r=�Ak!r=£Ëw�tac�n}¦/r={�§8=¦/c�_�wÀ¡Ac
n�rOn�w=§=c�u tSnpr¢wAqxq�rAsatSne�mu")1c]{pc]tSn£Òw=q�npr={yl]�u t ��w�{pnpuvq�s�� w={�np_ac�u�t�l}nyw��au ��u�n}k-r�£���u ta§ml]�n�_ac[�1rAl�lou �au ��u�n}k
n�_�w�nXlpr=b�c*{�r=smn�cx{yl4�arht�r�nG{�c]lp��rAt��n�r�np{yw=qxcx{�r=smn�c'{�cHGSsac:l}nylx�cxn�q=¨4^*_Cs�l]�¦/c�w�{�c'� c]�enpr�b�w=§=c�lorAb�c
¦/r={ylon'qxwAloc)wAlplpsab��mn�u�rAt�lXrAt�np_�c��1cx_�wÀ¡Cu r={Gr=£�np_�c)tacxn}¦'rA{p§8¨ � l�losab�u ta�ewnp{�cxchl}n�{ps�q�npsa{�c�w=b�r=satSn�l
n�r lpsa�a�1rAlpu�t�� np_�w�n�n�_ac qx{prSlpl�� u ta§ml�w�n�u tAn�cx{�b�c]�muvw�n�cN��c]¡=c]� l�qxw�t�tar�n@��c-loc]cxt°�Ck°w np{yw=qxcx{�r=smn�c
cx®m�a��rA{�w�npu r=t�¨	^*_Cs�l]Cw=tCk�np{yw=q�c]{prAsmnpc�b�c]l�lpw=�=c)_�w=l'npr��=resa��n�r�np_ach{prCr=n/u t�rA{��acx{'npr��mu l�q�r�¡Acx{'np_ac
� u ta§ml�w=��rAta�[n�_ace��w�np_ ��cxn}¦'c]cxt¢w@lpr=sa{yq�c!w=t��¢w��mc]lonpu t�w�npu r=tN� rmqxw�n�c]�¢u�t-w�{�c]w=l�q�rAtatac]q�npc:�Znpr�np_ac
¤¥tSn�cx{�tac�n��Ck�n}¦/r��auM)8cx{�cxtSn)lpr=t�l*r=£Ënp_�c�{prCr�n�tarm�mcA¨

--c�qxr=t�lpu �acx{Xw�t�r=t Lî_ar=b�rA�=cxt�cxr=s�l4np{�cxc�tacxn}¦'rA{p§eu�t�¦�_au qy_�n�_ac��acx�={�cxc�r=£�w�tarm�mc)b�wÀk��mcx�1cxt��
s���rAtOnp_ac��mcx�anp_¢w=t��O�a�vw=qxc!�mu")1c]{pc]tAn�np{yw=qxcx{�r=smn�cqxw���w��a� c_arSl}nyl�{yw�t��mrAb���k@r=tOn�_ac!� c]wÀ¡Ac]l�r=£¬np_ac
n�{pc]c=¨ - c/losa����rSlocXnp_�w�nËnp_�c]lpcX_arSl}nyl�c�®aqy_�w=ta�=cGnp{yw=q�c]{prAsmnpc¬b�c:lpl�w��Ac]l�w=t���¦/c'q�rAb��asmnpcXnp_ac'tCsab!�1cx{
r=£/� u ta§ml�muvlpqxr�¡=cx{�c]�¢�CkNnp_�c�np{yw=q�c]{prAsmnpc��a{�rmq�c:�msa{�c=¨ --c�lo�1c]qxu��1qxw�� � k¢lo_�r�¦ np_�w�nn�_ac�tCsab!�1cx{r=£
� u ta§ml��au l�q�r�¡Acx{�c]� {yw��auv�m� k u�t�q�{�c]w=lpc]l!£¯r={�b�rm�mcx{yw�n�c�¡�w=��sac:l�r�£)n�_acZtCsab!�1cx{�r�£h_arAlon�l��asan�lp� r�¦���k
u t�qx{pc:w=lpc]l'¦�_acxt@np_�c�tSs�b!�1cx{�r�£4_arAlon�l*�1c]qxr=b�c]l/�vw�{��=cA¨	^*_�u l*u t��muvqxw�npc]l/n�_�w�n�n�_ac��muvlpqxr�¡=cx{�k�r�£4np_ac
qxr=b��a� c�n�c¬nprA��rA��rA�=k�r=£�w*tac�n}¦/r={�§){�cHGSsau {pc:l�w*b�w=l�lou ¡=cG�acx�a� r�kCb�c]tSnËr�£m_arSl}nyl©c�®aqy_�w=ta�=u ta�*np{yw=qxcx{�r=smn�c
b�c:lpl�w��Ac]l]¨
^*_ac�r={��Aw�t�u��:w�npu r=t r�£*np_�u l!��w��1cx{uvl!wAl�£¯r=� � r�¦�l�¤¥tTjmc]q�n�u�rAt �m�np_ac[b�w=u�t ¡�w�{�uvw��a� c]l�w=t��-np_ac

n�r=�1r=� r=�Au�c:l©r�£mn�{pc]c]l4w�{�cGu�tSn�{prm�ms�qxc]�©¨	jCc]q�npu r=t & �=u ¡=c:lËw�t�cx®m�a��uvq�u�n	c�®m�a{�c]l�lou r=th£¯r={�np_�cXb�c]w=ttCsab!�1cx{
r=£�tarm�mc]le�mu l�q�r�¡Acx{�c]� �Ck-wZn�{�wAq�c]{prAsmnpc��a{�rmq�c]�asa{pc�s�loc:���Sk�wNlpc�n!r=£�l}nyw�npu r=t�lx¨ � qxr=tatac:q�n�u�rAt u l
c:l}nyw��a� uvlo_ac:�[¦�u�np_Zq��vw=l�louvqxw=�©q�r=s���rAt�q�rA��� c]q�nprA{'�a{�r=����c]b�l]¨	¤¥t�rA{��acx{'npr�_�wÀ¡=c�lpr=b�c�u t�lpu��A_Sn/u tSnpr�np_ac
u b���w=q�n)r�£	n�_acn�r=�1r=� r=�=k�r�£¬tacxn}¦'rA{p§ml]�jCc]q�npu r=tN���mc]w=� l�¦�u�np_ w=lpkSb��mn�r�n�u q�{�c]lpsa��n�l]�¦�_ac]tOnp_�c!lou��xc
r=£Xn�_ac[tacxn}¦'rA{p§Zn�cxt��al�nprZu�t���tau�n}k=�£¯r={�np_�c�£¯r={�b!sa�vw=lhr=�an�w�u tac:� u t jCc]q�npu r=t & ¨�¤¥t���w={on�u qxsa� w={�np_ac
{yw�n�c�r=£��A{pr�¦*n�_[r�£�np_ac�tCsab!�1cx{�r=£��muvlpqxr�¡=c]{pc:��{prAsmnpc]{�l/uvl*w�t�w=��k��xc:�[u t��A{pc:w�n��mc�nyw�u �Q¨¬¤¥tOjCc:q�npu r=tZ�m
¦/c!u tC¡=c:l}n�u��Sw�npcnp_ac��mcx�A{pc]cr�£Xw�tarm�mc=©¦�_�u qy_Nuvlh�mu l�q�r�¡Acx{�c]�Z�Ck@np_acenp{yw=qxcx{�r=smn�c�a{�rmq�c]�asa{pcA¨�^*_ac
{�c]lpsa��n�l�r=�mnyw�u tac]�!u�tenp_�c'�a{�cx¡Cu r=s�l4lpc]q�n�u�rAt�l	w�{�c'qxr=b���w�{�c]�u�t�jCc]q�npu r=t���w=�Aw�u t�lon4lpr=b�cXcx®m��c]{pu b�cxtSn�l
rAt�{pc:w����aw�n�wh£¯{�r=b2np_ac�jaqxw�t��IQ�s�qxcxtSnGb�w���r=�an�w�u tac:�!£¯{�r=b2np{yw=qxcx{�r=smn�c]l¬q�rA��� c]q�npc:���Sk!np_ac)¤¥tAn�cx{�tac�n
g¢w��a�au ta���a{pr=|}c]q�n�w�n Q�s�qxcxtSn 4/c]��� QËw=��rA{�w�npr={�u c]l]¨�d'r=t�qx��s��au�ta��{pc]b�w�{�§ClËw�{�cX�a{�c]lpcxtSnpc:��u�t�jCc]q�npu r=t O
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^*_�{prAsa�=_arAsmn	np_auvl¬��w=��c]{]A¦'c�wAlplpsab�c/np_�w�nGnp_�c��={yw��a_�r�£1np_ac)tac�n}¦/r={�§uvlGw���w�{pnpuvw�� � k_ar=b�rA�=cxt�cxr=s�l
n�{pc]c�¦�u n�_�_acxu �=_Sn

n ≥ 2
¨ >arA{

1 ≤ j < n
Aw�t�rC�ac�r�£1np_ac

j
n�_���c]¡=c]�a_�w=l

dj
lpr=t�lx¨	^*_ac*npr=n�w=�atCsab!�1cx{

r=£�tarm�mc]l/w�n'��c]¡=cx�
j
u l/�mc]tar�n�c]���Ck

lj
w�t��

N
u lXnp_ac)npr=n�w��1tCsab!�1cx{/r�£�{�r=sanpcx{yl¬u t[n�_ac)tacxn}¦'rA{p§8¨ - c

qx��c:w�{���k�_�wÀ¡=c

l1 = 1, j > 1, lj =

j−1
∏

k=1

dk
w�t��

N =

n
∑

j=1

lj .

>�r={
p ≥ 1

4np_�c�lpc�n
S
r=£�np{yw=qxcx{�r=smn�c[qxw���w��a� c[_arSl}nyl!uvl!qxr=b���rSloc:� r�£

p
cx� cxb�cxtSn�l]	n�w=§=c]t w�n

{yw�t��mr=b±rAt�n�_ac�vw=lon/*
n
np_�,*��c]¡=c]��r�£�np_ac�n�{pc]c"!mn�_ac�tarm�mc:l�r�£4np_auvl��vw=lon���c]¡=cx��w�{�ch{�c�£¯c]{p{�c]�[npr[wAl*np_ac

� c]wÀ¡Ac]l4r�£8n�_ac*np{�cxc�tacxn}¦'rA{p§8¨	jCcx¡Acx{yw��Cnp{yw=qxcx{�r=smn�c�qxw���w��a� c*_arAlon�l¬b�wÀk�1c)w�non�wAqy_ac]�!nprw�lpu ta�=� c���c:w�£}¨
¤¥t¢�a{�wAq�n�u qxc=8¦�_acxt q�r=t�louv�mcx{�u ta��w�t � ��j Q qxr=� ��c:q�nhtac�n}¦/r={�§8�n�_ac!� c]wÀ¡Ac]l�r=£¬np_acenp{�cxcetac�n}¦/r={�§Zw�{�c
n�_ac�w=qxqxc]l�l){�r=sanpcx{yl�n�r�n�_ac�¤¥z ��wAqy§C��rAtac!tacxn}¦'rA{p§8¨I- c�wAlplpsab�cn�_�w�nhnp_ac]{pc�uvl�t�r�{�c]lonp{�u q�npu r=tNrAt
n�_ac�tCsab!�1cx{�r=£4_�rAlon�l]m¦�_au qy_Zqxw=t��1cw�npn�wAqy_ac]��npr[w�{�r=smn�cx{:¨
^*_ac�np{yw=qxcx{�r=smn�c�qxw=��w��a� c)_�rAlon�l/w�{�c�npc]{pb�u t�w��vlXr=£Ëq�s�lonprAb�cx{ylxS¦�_ar!�1cx{p£¯r={�b�c]��n�{�wAq�cx{�r=sanpc��a{�r�L

qxc]�ms�{pc:lx¨G¤¥t@n�_ac�£¯r=� ��r�¦�u ta��ac]wAqy_�r=£�n�_ac]lpc�s�lpcx{yl*§St�r�¦�l/np_ac¤¥z wA�a�m{�c]l�loc:l/r�£4np_acr=np_ac]{�l*u tZr={y�mcx{
n�r¢�1cx{p£¯r={�b wOn�{�wAq�cx{�r=sanpc=¨�^*_auvl!u b��a� u qxu n���kTwAlplpsab�c]lnp_�w�nen�_acx{�c@c�®mu lon�l�w-loc]{p¡Acx{¦�_auvqy_T§Ctar�¦�l
n�_ac¤¥z wA�a�m{�c]l�l*r�£¬c]wAqy_Zs�loc]{)¦�u ��� u ta��npr��1cx{p£¯r={�b�w�np{yw=q�c]{prAsmnpc#!an�_au l�loc]{p¡Acx{�uvl�{�cHGSsau {pc:�Zlou t�q�c�¤¥z
wA�a�m{�c]l�loc:l'£¯r={ � ��j Q qxs�l}n�r=b�cx{yl�w�{�c��mkCt�w�b�uvq�¨

;)r�npchu�n'uvl/w=� lpr�1rAl�lou �a� c�n�_�w�n*w�tCk�_arAlon�l'b�wÀk�lpcxt��[np{yw=qxcx{�r=smn�c�b�c]l�lpw=�=c]l¬npr!_�rAlon�l'u n��mrCc]l'tar�n
§Ctar�¦°cx®m�a��uvq�u�np� k[�asan/�Ck��=s�c]l�lou ta�n�_ac�¤¥z wA�a�m{�c]l�lx¨	^*_auvl/b�wÀk�_�r�¦'c]¡=cx{'�=c]tacx{yw�n�c�w�vw�{��=c�tCsab!�1cx{
r=£�npc:l}n���wAqy§=cxn�l�w�t��T¡=cx{�k sata{�cx� uvw��a� c�u tm£¯rA{pb�w�n�u�rAt�¨ ^*_auvl�¦�_Ck ¦'cZw=l�los�b�c�np_�c@cx®mu lonpc]t�q�c@r�£�w
lpcx{�¡=c]{'u tOqy_�w�{��=chr�£¬q�rA��� c]q�npu ta��np_ac�¤¥z wA�a�m{�c]l�loc:lXr=£4_arSl}nyl*��c]{o£¯rA{pb�u ta��np{yw=qxcx{�r=smn�c=¨

-°u�np_@np_�cw��1r�¡=c�w=l�losab��mn�u�rAt�l]Cw=tCk���w�u {�r�£4_arAlon�l*u t
S
c�®aqy_�w=ta�=c:lX��w=qy§=cxn�l'npr��mcxnpc]{pb�u tac�np_ac

t�rC�ac]lh��cxn}¦'c]cxtOn�_acxbZ¨!^*_�ce{�r=smn�cx{yl��au l�q�r�¡Acx{�c]�Oqxw=tNcxbe��c:�a�mc:�¢u tSnpr�w�b�u�t�u�b�w��¬lpsa�mn�{pc]cer=£Gnp_ac
n�r�nyw��8�={yw��a_ËS{�c�£¯c]{p{�c]��npr�w=l'np_ac�lp��w�t�tau�t��!n�{pc]c�r=£�np_ac��muvl�q�r�¡=c]{pc:��{�r=smn�cx{ylx¨4¤în�l/_ac]u��A_An�uvl*�mcxtar=npc:�
�Ck

H(N, p)
¨Xd'��c:w�{���kAS£¯r={

j ≤ n
mrAtach_�w=l

H(N, p) < n− j
¦�_ac]t�tarAtac�r=£�np_�ch{�r=sanpcx{yl/w�n*��c]¡=cx�

j_�w=l*�1cxcxtO�muvl�q�r�¡=c]{pc:�©¨
f�tac��acxtar=npc]l	�Ck

D(N, p)
np_�c*npr�nyw��atCsabe��c]{¬r�£8tarm�mc]lG��cxn}¦'c]cxt���c]¡=cx�

1
w=t�����c]¡=c]�

n
�muvlpqxr�¡=c]{pc:�

�Ck�n�_ac�np{yw=qxcx{�r=smn�c���{prmq�c:�msa{�c=¨

���$� �%��&�����'��()��*+���,(-����.�/102��.3��4�/1��*���()/5�/5�6�3�7084���	#��	
^*_�c){yw�t��mrAb ��� wAq�cxb�c]tAn/r�£©n�_ac)n�{�wAq�c]{prAsmnpc�q]w���w=�a��c�_arAlon�l'w�n'np_ach��c:wÀ¡=c:l¬r�£©n�_ac)n�{pc]c)tacxn}¦'rA{p§�qxw=t
�1c�loc]cxt wAl�w��mkCt�w=b�u q]w��	l}n�rCqy_�w=lonpuvq!�a{�rmq�c:lplhw=l)£¯r=� ��r�¦�l �)u tau�npuvw�� ��kZn�_ac

p
�1r=u tSn�l�w�{�cew�n�n�_ac�{prCr=n

r=£Gnp_�cen�{pc]c=8n�_acxt¢np_ac]k¢w�{�cn�_a{pr�¦�t {�w=t��mrAb�� kZr=t¢np_ac
d1
lpr=t�l9!�w�n�n�_acet�c�®Cnl}n�cx�Nn�_ac�los���locxnhr=£

�1r=u tSn�l*w�n*� cx¡=c]�
2
w�{�c�n�_a{�r�¦�t[{�w=t��mrAb�� k�w�b�r=t��np_�c

d2
lorAt�l]Sw=t���lprerAtN¨x¨]¨osatSn�u��8n�_acxk�{�c]wAqy_�np_ac

� c]wÀ¡Ac]l/r�£�np_ac�n�{pc]c=¨
-°u�np_ np_�u l��mc:lpqx{pu �mn�u�rAt�X¦�_ac]tTn�_acZ��rAu�tSnyl�w�{�c@w�n�� cx¡Acx�

j
X� c�n

(X1j , . . . , Xljj)
�mcxt�r�npc:l�np_ac

¡Ac]q�npr={@�mc]l�q�{�u �au�t�� np_ac-tCsab!�1cx{@r�£�1r=u tSn�l@w�n@c]w=qy_ r�£�np_�c
lj
tarm�mc:l�w�n�� cx¡Acx�

j
¨ ^*_auvl�¡Ac]q�npr={

Ã�Ã ¾AZ�Þ�[�é�[
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Routers

Stations

p points

>4u��Asa{pc=8��¬z	w={on�u w=��� k���rAb�r=�=c]tacxrAs�l*^Ë{�cxc�¦�u�np_
d1=d2=2


d3=4


d4=6

_�w=lhw[b!s�� n�u�tarAb�u w=�4�muvlonp{�u��asanpu r=tN¦�u�np_ ��w�{yw�b�c�n�cx{
p
w�t��

(1/lj , . . . , 1/lj)
¨�^*_au l�b�c]w=t�l�n�_�w�n�£¯r={

(n1, . . . , nlj ) ∈ N
lj
los�qy_�n�_�w�n

n1 + · · · + nlj = p


P
(

(X1j , . . . , Xljj) = (n1, . . . , nlj )
)

=
p!

n1! . . . nlj !

1

lpj
.

¤¥t n�_ac[£¯rA��� r�¦�u ta�Nloc:q�n�u�rAt�lx4¦/c�lonps��mk np_�c��a{�r=�1cx{pnpu c]l�r=£�np_ac�{�w=t��mr=b�¡�w�{�u w=�a� c
D(N, p)

�ac�L
l�q�{�u �au�t���np_achtCsab!�1cx{/r�£�t�rC�ac]l/�mu l�q�r�¡Acx{�c]���Ck�np_ac�np{yw=qxcx{�r=smn�c��a{�rCqxc]�ms�{pcAAu t���w={on�u qxsa�vw�{Xu�n�l'b�c]w=t
¡�w=��sac�w=lG¦/cx� ��wAlGu�n�l/w=lpkCb��anpr�n�u q���c]_�wÀ¡Cu�rA{G¦�_acxt[np_ac�_�cxu �=_Sn

n
r�£©n�_ac�n�{pc]c�npc]t��alXnpru t ��t�u n}k�¦�_au ��c

n�_ac{yw�n�u�r�r�£	n�_actCsab!�1cx{)r�£Gl}nyw�n�u�rAt�l
p
n�r�np_ac�n�r�nyw���tCsabe��c]{)r�£	{�r=smn�cx{yl

N
u�tZn�_actacxn}¦'rA{p§[uvl�r=£

n�_ac�r={y�mc]{/r=£4lpr=b�c �a®mc]�
λ > 0

¨

����� � 4�/ 	�4�� � / �708��4�/1��/ �����7.��
^*_�c�w=��r�¡Achnp{�cxc�b�rC�acx��r�)1c]{�l*lpr=b�c
	�c�®mu �au�� u�n}k�¦�u�np_Z{pc]�Aw={��[npr�np_aclonp{�s�q�npsa{�c�r�£4np_ac�tacxn}¦'rA{p§8Cu t
��w�{pnpuvq�sa�vw�{�¡Cuvw!n�_ac!qy_arAu qxc�r�£4np_ac�tCsabe��c]{�r�£¬lorAt�l�r=£	w�tarm�mc!w�n���c]¡=c]�

j
1�mcxt�r�npc:�@�Sk

dj
¨X¤}�mc]w=��� k=

n�_auvl)tCsabe��c]{�lp_ar=sa�v�Z�1cew�{yw�t��ar=b ¡Àw={puvw�����c!w=t��@np_�cnp{�cxc!¦'rAsa� �O�ac]l�q�{�u��1cew�n�_ace�akSt�w�b�u q]l�r=£¬w
V�w=� n�r=t L�-�w�n�lpr=tZ�a{yw�t�qy_au�t����a{prmqxc]l�lx¨*¤¥tOn�_au l)��w��1cx{:1¦'c{�c]lonp{�uvq�n�n�_ac!w�t�w�� kClpuvl*npr�np_ac!q]w=lpc¦�_ac]t
dj
u l��mcxnpc]{pb�u tau lonpuvq�¨
¤¥t@lo�au�npchr�£©n�_ac�w��1r�¡=c�{�c]lonp{�u q�npu r=t�Sr=t�c)b�wÀk�q�r=t�louv�mcx{/�mu")1c]{pc]tAn/np{�cxchl}n�{ps�q�nps�{pc:l¬£¯r={'np_�c��A{�w=�a_

r=£Ën�_ac�tac�n}¦/r={�§8¨ - clp_�w�� ��lp��c:q�u���qxw=��� k�w�t�w�� k �]c)n�_ac�mu")1c]{pc]tSn)qxw=lpc]l*�mc��tac:�@wAl/£¯r=� ��r�¦�l]¨
�@³����� � �Ò·�������� ��� 	 ��� ����� � �J� � ���M#�� �

n
�

� B � � ��# 
 �"	A����� ����� ��� �
d
� � ����� � � �J� ����#�� ���

d
� � � 
 �$�?� � 	A�

dj = d ≥ 2
� ∀j ∈ {1, . . . , n− 1} B

Ì¯Í4Ã�ÌÎ»
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	������������������������� ��!
���"�$#�% O

� B��D� �7���/�"	�� ��� ����� � �J�?���������
α > 0

�
1 ≤ j < n

�

� � � �J�?��� ���$�$	A���� #=#��$� � �J�?� 	����������
	
α
��� ���� �=� �

dj = bjαc �

� � � �J� ������� ��	A����� #=#�� ��� � �F� 	A� � �����
�
α
��� ���� �=� �

dj = b(n − j)αc �

� � �J� byc �N� � �/���W����# ���T! 	A��D� � y ∈ R
B

� lËu�nË¦�u ���S��c'loc]cxt�u t�np_acG£¯r=� ��r�¦�u ta��:cx¡Acxt��Ckh{pc:l}n�{puvq�n�u�ta�*n�r�np_�cXqxwAlocGr=£a�mc�n�cx{�b�u tauvl}n�u q¬np{�cxc]l]:np_ac
u b���w=q�n/r=£�np_�c)n�r=�1r=� r=�=k�uvl/qx{ps�q�uvw��1u�t�np_ac�lo�1cxc:��w�n/¦�_auvqy_�t�rC�ac]l/r�£©n�_ac�tac�n}¦/r={�§�w={pch�muvlpqxr�¡=cx{�c]��¨
^*_acNnp{�cxcNlonp{�s�q�n�sa{pcO¦�u�np_°t�rC�ac]l�_�wÀ¡Cu ta� w �mcx�A{pc]cZ�={�r�¦�u�ta� wAl[w���r�¦/cx{��vwÀ¦ u l�b�r=npu ¡Àw�npc:�

�CkZb�c]wAlosa{�cxb�c]tAnyl)r=£¬np_ac�¤¥tSnpc]{ptacxn]¨�Gw�{�u r=s�lhl}n�s��mu c]l�_�wÀ¡=c�w�� {pc:w=�mkZlp_ar�¦�tOnp_�w�nhnp_ac�sat��mc]{p� kCu�t��
�A{�w=�a_�l4r�£�np_ac�¤¥tSn�cx{�tac�nGw�t��!r=£�np_�c�¦'c]�ecx®C_�u��au�n¬np_�c/�1r�¦/cx{	� wÀ¦ �a{�r=�1cx{pn}k�£¯r={	np_�c��mcx�A{pc]c'r=£�tarm�mc:lx¨
jmcxc�>�w=��rAsmn�lprAl ��� 	��"B 6 & :î¨

� � (�*�4
"!� � ��� �-�*� �� ���x�Ë�/��(�*�	��� �@���@���

����� � ��	#��. ��� ����� ��� �70 ��4�/ � ���� / . �70 ������/5	 ����	�()���6/ .�/5��� & ����� 	#������� �6��	
¤¥t�w ��{ylon¬lonpc]��=¦/c�c�®aw=b�u tac*n�_ac�qxwAloc*r�£1n}¦/r�lon�w�npu r=t�lG�a� wAq�c:�ew�nG{�w=t��mr=b w�n¬np_�c���c:wÀ¡=c:l�r=£�n�_ac*np{�cxc
t�c�n}¦/r={�§!w�t����1cx{p£¯r={�b�u�ta�whn�{�wAq�c]{prAsmnpc*�a{�rmq�c]�asa{pcA¨ --c)lp��c:q�u���qxw=��� keqxr=b��asmn�c*np_ac��mu lonp{�u �asmnpu r=t�r=£
n�_ac!tCsabe��c]{�r=£Gtarm�mc]l)¦�_auvqy_¢w�{�c!�muvlpqxr�¡=c]{pc:���Ck@np_�cn}¦/r�l}nyw�n�u�rAt�lx¨h^*_acelon�w�npu r=t�l�w�{�c{yw�t��mrAb���k
w�nonyw=qy_ac:�,npr np_ac�� c]wÀ¡Ac]l[r=£np_�c n�{pc]c=�¦�_au qy_ w�{�c¢tCsabe��c]{pc:�°£¯{�r=b

1
n�r

ln
¨ jSn�w�npu r=t

1
loc]t��al

n�{�wAq�c]{prAsmnpc	��wAqy§=c�nyl1npr*n�_acGr�n�_acx{�l}nyw�npu r=tË¨Ë^*_acGtCsabe��c]{�r�£m{�r=smn�cx{yl©�mu l�q�r�¡Acx{�c]�)¦�u n�_�np_auvl��a{�rmq�c:�msa{�c
uvl��mc]tar�n�c]�@�Ck

D
¨T>a{�r=b np_ac!{prCr�n�r=£4n�_ac�n�{pc]c=arAtac�mcxt�r�npc:l��Ck

H
np_�cb�w�®mu�b�w=����c]¡=c]�Ëlos�qy_�n�_�w�n

n�_ac�n}¦/r�lon�w�npu r=t�l/sat��mcx{)qxr=t�lpuv�mcx{yw�n�u�rAt�w�{�c�q�r=tSnyw�u tac]��u�t@n�_aclpw=b�c�lpsa�mn�{pc]c *Òlpcxc�>4u��Asa{pc��,�¨

1 J
Level n

Level H(J)

>4u��Asa{�c����¬~�r=smn�cx{yl��muvlpqxr�¡=cx{�c]���Ck�n}¦'r�lon�w�npu r=t�l]¨

-°_ac]tOnp_�c�n}¦'r[lon�w�npu r=t�l�w�{�c�q�r=tSnyw�u tac]�Zu tNw�los��mnp{�cxcAanp_�c!{�rSr=n�r�£	np_�u l�losa�anp{�cxcuvl�� rCq]w�n�c]�Ow�n
� cx¡Acx�

H
¨	¤în/uvl'r=�C¡Cu�rAs�l¬n�_�w�n

P(H ≥ 1) = 1
¨ --c)_�wÀ¡Ac

H ≥ 2
u £4w�t���r=ta� k�u £�n�_ac�n}¦/relon�w�npu r=t�l/w�{�c

qxr=tSn�w=u�t�c]�Ou tNn�_ac�l�w�b�c�losa�anp{�cxc!uvl�losac:�O£¯{�r=b�r=t�cer=£¬np_ac
d1
lpr=t�l�r�£Xnp_ac�{prCr=n]¨�^*_ace��{prA��w��au � u n}k

n�_�w�n*n�_achn}¦'r�l}nyw�n�u�rAt�l�w�{�c�u tZlos�qy_@w�losa�anp{�cxc�u l/c�GAs�w��8npr
1/d2

1

¨XjCu t�q�chnp_�cx{�c�w={pc
d1
�1rAl�lpu��au � u n�u�c:lx

Ã�Ã ¾AZ�Þ�[�é�[
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¦/ch_�wÀ¡=c
P(H ≥ 2) = 1/d1

¨¬gOrA{pch�=c]tacx{yw�� ��kAA¦/ch_�wÀ¡=c
H ≥ k

u�£Ën�_achn}¦'r�l}nyw�n�u�rAt�l'w={pc�q�rAtSn�w�u tac:�
u t�w�lpsa�mn�{pc]ceuvlplpsac:�O£¯{�r=b&rAtacer=£Gnp_�c�t�rC�ac�w�nh� cx¡Acx�

k
¨�jCu�b��a� c�w�{��=sab�cxtSnylhlp_ar�¦ n�_�w�n�¦/c!n�_acxt

_�wÀ¡=c
P(H ≥ k) =

1

lk
=

1

d1...dk−1
.

jCu t�qxc�¦/c��mc:w��8¦�u�np_�wnp{�cxcAAn�_achtSs�b!�1cx{/r�£Ë{�r=smn�cx{ylX�muvl�q�r�¡=c]{pc:���Cken�_achn}¦'rel}nyw�npu r=t�l'q]w�t[nyw�§Ac
n�_ac�¡Àw=��s�c]l

2k + 1
£¯r={

k = 0, ..., n − 1
w=t��O¦/ceq�� c]w={p� k@_�wÀ¡=c�CkO�mc��tau�npu r=t

D = 2(n − H) + 1
¨

4/k�qxr=be�au�t�u�ta��n�_ac�mu")1c]{pc]tAn�w=��r�¡Ac�w={p�Asab�cxtSn�l]C¦'c�c:w=lpu�� k�q�rAb�chs��@¦�u�np_@n�_ac�£¯r=� ��r�¦�u ta��{pc:los�� n:¨
� � ·��X· � � � �Ò·������ � �
� ��
 � ����� �S��� � 
 ������� �A� �������A��� ��� ��%K���7�K���	�� ��� �
� !��9	�������	��T�$	�������� 	A�1�J�
�
�9�$	������ 	A� � � �/��� ��� � ��� �7�A��� �
	A��� � �1! � � ��	 ��� �P� ��%���� ������ �
 � ��� �

k = 0, ..., n − 1, P(D ≤ 2k + 1) =
1

d1 . . . dn−1−k
.

>�{prAb np_ac�w��1r�¡=c�{pc:los�� n:S¦/c�qxw�t�c]wAlou ��k[�ac]�ms�qxc)n�_ach£¯r=� ��r�¦�u ta�!£¯r={�b!sa�vw�£¯rA{'n�_ac�b�c]w�t�¡�w�� sac�r=£
D
¨

� · � · ���Ò�m� ´���� ��� � �=��	��	��	�� 
 � � ���J�
�/� 	�� �����
�A	A���	����"�
D

� �+#������� ��%

E(D) = 2n + 1 − 2

n−1
∑

k=1

1

d1 . . . dk

* 8�,

>�r={)w�{�cx�Asa� w={*np{�cxcA�¦/c�_�wÀ¡=c
dj = d > 1

£¯rA{)w�� �
j
w�t��Olpu b�����cqxr=b��asmnyw�npu r=t�l�lo_�r�¦ n�_�w�n�n�_ac

b�c:w�t[tCsabe��c]{'r=£Ë{prAsmnpc]{�l'�muvlpqxr�¡=cx{�c]���Ck�n}¦'r�l}nyw�n�u�rAt�lXcx®aqy_�w�ta�Au�t���np{yw=qxcx{�r=smn�c�b�c]l�lpw=�=c]lGu l/�=u ¡=c]t
�Ck

E(D) = 2n +
d + 1

d − 1
− 2

(d − 1)dn−1
.

-°_�cxt
n
uvl��vw�{��=cA�¦/c_�wÀ¡=c

E(D) ∼ 2n
¨�¤¥t w=�a�mu�npu r=tË�sat��mcx{�np_ac�lpw=b�c!q�rAt��mu�npu r=t��np_ace¡�w�{�u w=t�q�c

r=£Ën�_ac�{�w=t��mrAb±¡�w�{�u w=�a��c
D
lpw�npuvl ��c]l

Var(D) ∼ 4n
d + 1

d − 1
.

^*_ac�w=��r�¡Achlpu�b��a� c�q�rAb���smn�w�npu r=t�l*lp_ar�¦°np_�w�n�¦�_acxt
n
uvl*�vw�{��=c=Sn�_ac�b�c:w�t@��c]ta��n�_�r=£Ën�_ac���w�n�_

*Òu�t@n�cx{�b�l*r=£	�au l�q�r�¡Acx{�c]�[{�r=sanpcx{yl�,Guvl�q�� rAlpc]��npr�n�_ac���rAta�=c:l}n���w�np_@np_�{prAsa�=_�np_ac�t�c�n}¦/r={�§1Cc�GAs�w��8npr
2n − 1

¨ �)cxt�qxc=ac]¡=c]t@u�£4np_ac{yw�n�u�r�r=£�n�_ac�tCsab!�1cx{�r=£	�muvl�q�r�¡=c]{pc:�[{�r=smn�cx{yl'npr�np_�c�npr=n�w��©tCsabe��c]{�r�£
{�r=sanpcx{yl/u�t@n�_ac�tac�n}¦/r={�§�uvl�lob�w�� � �

E(D)

N
∼ 2n(d − 1)

dn
,

n}¦/relon�w�npu r=t�l/�a�vw=qxc]��w�n�{�w=t��mrAb q]w�t@�mcx{�u�¡Achw!£Òw�u {*c]lonpu b�w�npchr�£Ënp_ac��muvw�b�c�n�cx{*r�£�np_ac�tacxn}¦'rA{p§�¡Cu w
wen�{�wAq�cx{�r=sanpch�a{prmqxc]�msa{�c=¨
^*_acl�w�b�c��a{�r=�1cx{pn}k�u l)lpw�npuvl ��c:�[£¯rA{���r�¦/cx{*�vwÀ¦ n�{pc]c]l�lpu�t�qxc

∞
∑

k=1

1

d1 . . . dk
< ∞.
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p

4���	#��	
-°_�u�� c�u t�np_ac��a{�cx¡Cu�rAs�llpc]q�npu r=t�	¦/c[_�wÀ¡=c�u tC¡=c:l}n�u��Sw�npc:�-¦�_�w�n�¦'c�q]w�t � c]w={pt-£¯{�r=b wOnp{yw=qxcx{�r=smn�c
��{prmq�c:�msa{�c�u tZw!n�{pc]c�tac�n}¦/r={�§��Sk�s�lou ta��r=t���k�n}¦/r�_arAlon�l]C¦'c�q�rAt�lpu �mc]{/np_acq]w=lpc�¦�_ac]t�n�_acx{�c�w�{�c

pn�{�wAq�c]{prAsmnpc/qxw���w��a� c'_�rAlon�l4�a�vw=q�c:�ew�n4{yw�t��mr=b w�n4n�_ac*��c:wÀ¡=c:lËr=£�np_�c'n�{pc]c't�c�n}¦/r={�§1¨ - c�wAlplpsab�cXn�_�w�n
p
lon�w�npu r=t�l�w={pc�c�®aqy_�w=ta�=u ta�enp{yw=qxcx{�r=smn�c�b�c]l�l�w��=c:l*w�t���¦'cw={pchu tAn�cx{�c]lonpc:��u t@np_ac�n�r�n�w=��tCsab!�1cx{�r=£
{�r=sanpcx{yl*�muvlpqxr�¡=cx{�c]���Ck[b�c]w�t�l*r�£Ën�{�wAq�c]{prAsmnpcA¨ --clp��c:q�u���qxw=��� k[_�wÀ¡Ac)n�_ac�£¯r=� ��r�¦�u ta��{�c]lpsa� n:¨
� � ·��X· � � � �Ò·���� � � � � 	��A��� 	�# � ��
 � �$���

D(N, p)
�S� � ��
 � �������A� �������A���$�$��� � � �

p
���	�� ��� �
� � �D#�������

��%

E(D(N, p)) =

n
∑

j=1

lj

(

1 −
(

1 − 1

lj

)p)

−
n
∑

j=2

1

lp−1
j

.
*Q��,

�1� �H�S��B >�r={
1 ≤ j ≤ n

aw�tarm�mc
A
w�n/n�_ac

j
np_Z� cx¡=c]�©_�w=l*t�r�n��1cxcxtO�muvl�q�r�¡=c]{pc:��u�£	c]u n�_acx{

i ¦�u n�_Onp_�c!�mkCt�w�b�uvq��auvq�n�sa{pcA�¦�_ac]tZnp_ace��rAu�tSnyl)w�{�cw�n���c]¡=cx�
j
1tarAtac�r�£	np_�cxb�u l�w�n)t�rC�ac

A
¨

^*_ac��a{�r=��w=�au ��u�n}k�r�£4np_auvl�c]¡=cxtSn�uvl*�=u ¡=cxt@�Ck
(

1 − 1

lj

)p

i w�n)� cx¡Acx�
j < n

1w�� ��n�_ac
p
�1r=u tSn�l�w�{�cw�n)tarm�mc

A
w�t��Ow=���Ër�£¬np_�cxb�qy_arAlpc�np_ac�lpw=b�closa�anp{�cxc

��c]��r�¦
A
¨Xjmcxc�>4u��Asa{pc & ¨

A l  −1j

p points

p points j

>4u��Asa{pc & �	^*_�c^Ë¦/r[jCu n�s�w�n�u�rAt�l*¦�_ac]{pc�;�rm�mc
A
uvl*tar=n)�)uvlpqxr�¡=c]{pc:�

jCu t�q�c�n�_acx{�c�w�{�c
dj
los�qy_�np{�cxc:lxCn�_ac��a{�r=��w=�au ��u�n}k�r�£4np_auvl�c]¡=cxtSn�uvl*�=u ¡=cxt@�Ck

dj
1

lpj

1

dp
j

= dj
1

lpj+1

Ã�Ã ¾AZ�Þ�[�é�[
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^*_acwÀ¡Acx{yw��Ac)tCsab!�1cx{�r=£�tarm�mc:l��muvlpqxr�¡=c]{pc:��u l�np_Cs�l*�=u ¡=c]t��Ck

n
∑

j=1

lj

[

1 −
(

1− 1

lj

)p

− dj
1

lpj+1

�

{j<n}

]

=

n
∑

j=1

lj

[

1 −
(

1 − 1

lj

)p]

−
n
∑

j=2

1

lp−1
j

,

w=t�� 07GSs�w�n�u�rAt *L��,'£¯r=� � r�¦�lx¨
-°_ac]t

p
uvl�� w={p�Ac=au�n�uvl�tar=n)�mu ª[qxsa� n�npr[lpcxc�n�_�w�n�n�_ac!lpc]qxr=t���npc]{pb r=t@np_�c{pu �=_Sn�_�w=t��Olpu �mc�r=£

0TGAs�w�npu r=t *L��,Gu l'tacx�A��u �=u �a� c *Òlpu t�q�c
lj ≥ 2j−1 ,�¨	¤în/u l'b�r={�cxr�¡=c]{Gq�rAtS¡Acxtau cxtSn¬n�r!¦�{�u n�c�np_ac ��{yl}nXnpcx{�bwAl

n
∑

j=1

ljP

(

mp ≤ 1

lj

) * & ,

¦�_�cx{�c
mp = inf(Ui, 1 ≤ i ≤ p)

w�t��
(Ui)

w�{�ceu t��mc]��c]t��mc]tAn{yw�t��mr=b&¡�w={puvw��a� c]lhsat�u £¯rA{pb�� k¢�muvl L
n�{pu �asmn�c]��rAt

[0, 1]
¨@^*_auvl�cx®C��{pc:lplpu�rAt uvlu t�£Òw=q�new�t�c�GAs�u�¡�w�� cxtSn!r=£

E(D(N, p))
¦�_acxt

p
u l��vw�{��=cA¨

«)t��mc]{*np_auvl�q�rAt��mu�npu r=t�Cn�_ac�¡Àw={puvw�����c
pmp

q�rAtS¡Acx{��=c:lGu t@�muvlonp{�u��asanpu r=t�npr�np_ac�{yw�t��ar=b ¡�w�{�u w=�a� c
X


¦�_�u qy_@u l)w�t@c�®m��rAtacxtSn�u w=��� k��muvl}n�{pu �asmn�c]�@{yw�t��mrAb ¡�w�{�u w=�a��c�¦�u�np_Z��w={�w=b�cxnpc]{
1
�

P (pmp ≥ x) =

(

1 − x

p

)p

∼ e−x.

¦�_�cxt
p
npc]t��alhn�r�u t ��tau�n}k=¨�d'r=t�qxcx{�tau�t��[np_�c�lp��w=tatau ta�[n�{pc]cer=£/�muvlpqxr�¡=c]{pc:�Z{prAsmnpc]{�l]8¦'c�_�wÀ¡=c!np_ac

£¯rA��� r�¦�u ta�e{�c]lpsa��n]¨
� · � · ���Ò�m� ´ � � � �A�

0 ≤ j < n
	 ���

p > 1
�T�J�
�=��� ������ �
 � ��� � �S� �J�
��� ���M#�� � �S�/�J�
� ��! 	����W��� # ��� ���

�S�/�A� �������A���$�$� � � 
 ������� � �@#����A� � ��%

P(H(N, p) ≤ n − j) =
1

lp−1
j+1

,

	 ���K� � �1! � �$! �A�������� � � � �H���� �S� �"� �A���
j
�A� �������A��� ��� � �+#����A�� ��%

1 −
(

1 − 1

lj

)p

− dj
1

lpj+1

�

{j<n}.

�1� �H�S��B ^*_�cXloc:q�rAt���u �acxtSnpu�n}k�uvlËqx��c:w�{©£¯{�r=b np_�c'w��1r�¡=c	�a{�rCr�£}¨4^Ër���{pr�¡Ac�n�_ac ��{�lonËr=t�c=:u n4u l�losmª[qxu�c]tAn
n�r[{�cxb�w�{�§[n�_�w�n:�u tNr={y�mc]{�npr�_�wÀ¡=c�tar�tarm�mc!r=£	� cx¡Acx�

j
�au l�q�r�¡Acx{�c]�©mn�_acxt w�� ��np_�c!�1r=u tAnyl�bes�l}nh��c

u tOlorAb�c�lpsa�mn�{pc]c�¦�_arAlpc�{prCr�n*uvl�w�n*np_�c
(j + 1)

np_Z��c]¡=c]�Q¨

Ì¯Í4Ã�ÌÎ»
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���"�$#�% 8�8

����� ��� ����� ����� ��*,* /5(-���7.3�
����* ����&
� � � � � ����³ �=�a� ³N·
	 � ´ � � ³ �x� � � �4³ � ¶!· �����
QËc�n

Dj(N, p)
�acxtar=npc�n�_ac�tCsab!�1cx{Xr�£©{prAsmnpc]{�l¬w�nG��c]¡=c]�

j
¦�_�u qy_�_�wÀ¡Ac���c]cxt[�muvlpqxr�¡=c]{pc:�¦�_ac]t�np_ac]{pc

w={pc
p
np{yw=q�c]{prAsmnpc[q]w���w=�a� c[_arAlon�l]¨O^*_ac�{yw�t��mr=b ¡Àw={puvw�����c

Dj(N, p)
u l!cHGSs�w��XnprOn�_ac�tCsabe��c]{!r=£

�auM)8cx{�cxtSn�t�rC�ac]l)lpcxc]tO¦�_acxt
p
tarm�mc:l)w�{�cu t��mc]��c]t��mcxtSn���kO�m{ywÀ¦�tNw�b�r=t��

lj
tarm�mc]l]¨)^*_auvl){yw�t��mr=b

¡�w={puvw��a� c�qxw�t@�1c�¦�{pu�non�cxtOw=l

Dj(N, p) �� �����=

lj
∑

i=1

�

{i∈{A1,A2,...,Ap}},
*¯� ,

¦�_�cx{�c
(Ai)

w�{�cuL¨ uL¨ ��¨�sat�u £¯rA{pb�� kZ�au lonp{�u���smnpc:�O{�w=t��mrAb ¡�w�{�uvw��a� c]l)r=t {1, . . . , ln−1}
¨h^*_au l�uvl)�a{�c�L

qxu lpcx� k@np_ac�q��vw=l�louvqxw=��qxr=sa�1r=t¢qxr=� ��c:q�n�r={)¡�w={puvw��a� c=¨ *QjCc]c�d'rAbn�c�n 6 � :4£¯r={�w[�Acxtac]{�w=�Ë�a{�c]lpcxtSnyw�npu r=tOr=£
n�_acq�rAsa�1r=tZq�r=� � c]q�n�r={*�a{�r=�a� cxbZ¨3,
¤¥t��acxc]���w=l�losab�c¬n�_�w�n�¦'c'_�wÀ¡=c

lj
�mu")1c]{pc]tSnËn}kC��c:lËr=£aq�r=s���rAt�lxÀ¦�_auvqy_w�{�cX�m{ywÀ¦�t�u�t��mcx�1cxt��acxtSnp� k

w=t���satau�£¯r={�b���kA¨4^*_�c�{�w=t��mrAb ¡�w�{�uvw��a� c
Dj(N, p)

{�cx�a{�c]lpcxtSn�l¬np_ac�n�r�nyw���tCsabe��c]{Xr=£©�auM)8cx{�cxtSnGn}kC�1c]l
r=£4qxr=sa�1r=t�l�w�£Înpc]{

p
np{�u w=� l]¨ >a{�r=b n�_acq�rAsa��rAt@qxr=� ��c:q�n�r={ � l/�a{�r=�a� cxbZmu�n�u l�§St�r�¦�t�n�_�w�n

P(Dj(N, p) = lj) =

lj !

{

p − 1
lj − 1

}

lpj

*Q��,

¦�_�cx{�c
{

n
k

}

=
k
∑

`=1

(−1)k−``n−1

(k − `)!(` − 1)!

*Ò��,

uvl�w�jSnpu {���u ta��tCsab!�1cx{�r=£�n�_ac�loc:q�rAt���§Cu t��©¨G^*_ac:loc�tCsabe��c]{�l�l�w�n�u lo£¯k�n�_ac�{pc:q�sa{ylpu�rAt
{

n
k

}

=

{

n − 1
k − 1

}

+ k

{

n − 1
k

}

w=t���np_ac]u�{��Acxtac]{�w�npu ta�e£¯sat�q�n�u�rAt�m£¯rA{��a®mc]�
k
auvl*�=u ¡=cxt@�Ck

∞
∑

n=0

{

n
k

}

xn =
xk

(1 − x)(1 − 2x) . . . (1 − kx)
.

*LjCcxc�-°u ��£ 698]��:Ë£¯r={��mcxn�w�u �vl$,�¨
^*_ac@GSs�w=tSnpu�n}k

P(Dj(N, p) = lj)
uvl4np_ac��a{�r=��w��au ��u�n}k�np_�w�nG¦�u�np_

p
n�{�wAq�c]{prAsmnpc*qxw=��w��a� c/_arAlon�l]=w�� �

n�_ac/tarm�mc]l	w�n¬� cx¡Acx�
j
w�{�c'�muvl�q�r�¡=c]{pc:�©¨4d'rAtS¡Acx{yloc]��kA]rAtac/b�wÀk�qxr=t�lpu �acx{4np_ac/�a{�r=�a� cxb r=£��mcxnpcx{�b�u�t�u�ta�

n�_ac�tCsab!�1cx{*r�£�np{yw=qxcx{�r=smn�c�_arSl}nyl/r=tachtacxc:�al/npr��muvl�q�r�¡=c]{'w=���8n�_ac�tarm�mc]l�w�n/� cx¡Acx�
j
¨ Q�c�n

νj
�mcxt�r�npc

n�_auvl�{�w=t��mrAb ¡Àw={puvw�����cA¨
>�{prAb n�_ac�q�r=s���rAt¢q�rA��� c]q�npr={��a{�r=�a� cxbZ1np_ac��a{�r=��w=�au ��u�n}k

P(νj = p)
uvl��Au�¡AcxtO�CkF>arA{pbesa� w<*Q��,�¨

^*_�chb�c:w�tZ¡�w�� sac�r�£4np_ac�{yw�t��ar=b ¡�w�{�u w=�a� c
νj
uvl��=u ¡=c]t��Ck

E(νj) = 1 +
lj

lj − 1
+

lj
lj − 2

+ · · · + lj
2

+ lj

Ã�Ã ¾AZ�Þ�[�é�[
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w=t���u nyl�l}nyw�t���w�{y���mc]¡Suvw�n�u�rAt��Ck

σ2
j = l2j

lj
∑

i=1

1

i2

−
(

1 +
lj

lj − 1
+

lj
lj − 2

+ · · · + lj
2

+ lj

)

.
*�O�,

¤în�uvl�¦/r={pnp_�t�r�npu ta��n�_�w�n:�w=l
lj
�1c]q�rAb�c]l*�vw�{��=c=

E(νj) = lj

(

log lj + γ + O

(

1

lj

))

,
*�R�,

¦�_�cx{�c
γ
uvl*n�_ac 0Gsa� cx{)qxr=t�lon�w=tAn:¨	¤¥tZwA�a�mu�npu r=t�m¦/c�_�wÀ¡Ac)n�_aced'_acx{�tar�)N��rAsat��@��u §=ch£¯r={�b!s�� w

lim
lj→∞

P(νj > lj log(lj) + xlj) = 1 − e−e−x

.

^*_�c)w��1r�¡=c*� u�b�u�nX�=u ¡=c:l	np_ac��mcx¡Cuvw�npu r=t�r=£1n�_ac�{yw�t��ar=b2¡�w={puvw��a� c
νj
¦�u n�_[{�c]lp��c:q�n¬npr!u nylGb�c]w=t�¡�w=��sac

¦�_�cxt
lj → ∞ ¨>�{prAb n�_ac�w��1r�¡=c�{�c]lpsa��n�l'r=t�n�_achqxr=sa�1r=t�q�r=� � c]q�n�r={'�a{prA�a� cxbZC¦'c�r=��lpcx{�¡=c�n�_�w�n'£¯r={*�muvlpqxr�¡=cx{�u ta�

n�_ac
lj
{�r=sanpcx{ylËw�n�� cx¡Acx�

j
�¦/c'w=�a�a{�rÀ®Cu b�w�n�cx� k)tac]c]�

lj log lj
np{yw=qxcx{�r=smn�cXqxw=��w�����cG_�rAlon�l]¨Ë¤¥t!wA�a�mu�npu r=t�

£¯rA{��muvlpqxr�¡=cx{�u ta�n�_ac�_�w���£	r�£Ën�_ac�tarm�mc:lxa¦/c�_�wÀ¡=c

E(#
_arSl}nyl�tacxc:�mc]��£¯r={��au l�q�r�¡Acx{�u�ta�

lj/2
tarm�mc:l

)

= lj log 2 + O(1).

^*_�u l©u t��muvqxw�npc:l8np_�w�nËu t�r={y�mcx{8n�r��mu l�q�r�¡Acx{©w�� ��n�_acGtarm�mc:l�w�n�� cx¡Acx�
j
À¦'c¬t�cxc]��w*tCsabe��c]{�r�£Cnp{yw=qxcx{�r=smn�c

q]w���w=�a� c�_arAlon�l]S¦�_au qy_�u l'b!s�qy_[� w={p�Acx{¬n�_�w�t[np_achtCsab!�1cx{/r�£�tarm�mc:lx¨¬^4w�§Ac�£¯r={/u�t�l}nyw�t�qxc�w!qxr=t�lon�w=tSn
�acx�={�cxc

d
mnp_�cxtZnp_�ctCsab!�1cx{�r=£4tarm�mc:l�u tZnp_ac�tacxn}¦'rA{p§�u l

N = (dn − 1)/(d − 1)
w�t��

ln = dn−1 ¨
--cn�_acxt¢_�wÀ¡=c

ln = ((d − 1)N + 1)/d
w�t��Nw�� �Ën�_ac!t�rC�ac]l�u tNn�_ac!t�c�n}¦/r={�§�w�{�c!�muvl�q�r�¡=c]{pc:�@u £Xw=���

n�_ac�tarm�mc:l�w�n���c]¡=c]�
n
w={pc��muvlpqxr�¡=c]{pc:�©¨�^*_auvl�{�cHGSsau {pc:l*wetCsabe��c]{

νn
r�£	_arAlon�l�lps�qy_�np_�w�n

E(νn) ∼ (d − 1)N

d
log N

¦�_�cxt
N
uvl)�vw�{��=cA¨�^*_actCsabe��c]{�r=£G_arAlon�l){pc�GAs�u�{�c]��npr@�muvlpqxr�¡=cx{�w�� ��np_�c!tarm�mc:l)u tOnp_�c!tacxn}¦'rA{p§�u l

_�cxt�qxchbes�qy_Z�={�c]w�npcx{'np_�w�t@np_ac�tCsabe��c]{�r�£	tarm�mc]l*u t@np_ac�¦�_�r=� cht�c�n}¦/r={�§1¨
� l'wqxr=t�lpcHGSsac]t�q�cASw!q�r=b��a� c�n�c�n�r=�1r=� r=�=k��muvlpqxr�¡=cx{�k!{�cHGSsau {�c]lGw�b�wAlplpu�¡Ac)�mc]�a��r�kCb�cxtSnXr=£©_arAlon�l

cx®aqy_�w�ta�Au�t���n�{�wAq�cx{�r=sanpc!b�c:lpl�w��Ac]l]¨�^*_auvl�¦�u ���¬�1c�£¯sa{pnp_ac]{�u�� � s�l}n�{�w�npc:� u t np_ac�tacx®Cn!loc:q�npu r=t-¦�_ac]t
qxr=t�lpuv�mcx{�u�t���w=���8n�_ac�tarm�mc]l*u t@np_ac�t�c�n}¦/r={�§1¨

� � � � � ����³ �=�a� ³N·
	 �a� ´ � � ³ �x� � � ��³ � ¶!· �����
jmrN£Òw�{:G¦/c�_�wÀ¡Ac�wAlplpsab�c]��n�_�w�n�np_�c�tacxn}¦'rA{p§-uvl�qxr=b��a� c�n�cx� k�lpkCb�b�cxnp{�u q=¨�¤¥tT{�c]w�� u�n}k=¬_ar�¦/cx¡Acx{:
n�_auvl�uvl){yw�{�cx� k�np_�ceqxwAlocA¨*¤¥tO£Òw=q�n]8q�r=� � c]q�n�tac�n}¦/r={�§ml�w�{�c_au �=_a� k@wAlokCb�b�c�n�{puvqxw=�Q¨1>arA{)u t�l}nyw�t�qxc=�np_ac

Ì¯Í4Ã�ÌÎ»
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tCsabe��c]{	r�£�s�lpcx{yl�u�t�w)qxu n}kK*Q�mcxt�lpc�w�{�c]w ,©uvl�bes�qy_!�vw�{��=c]{�n�_�w�t!np_ac*tCsab!�1cx{	r=£�s�lpcx{ylËrAtnp_�c*qxr=satSn�{pk
lpuv�mcK*Òlp��w�{ylpc�w={pc:w�,�¨ ��c]t�q�cA�¦�_ac]tZqxr=t�lpuv�mcx{�u�t��en�_ac!�muvl�q�r�¡=c]{pk�r=£	qxr=t�qxcxtSnp{yw�n�u�rAt�{�r=sanpcx{yl]m��rmqxw�npc:�
w�n)u tAn�cx{�b�c]�muvw�n�c!� cx¡=c]� l]�l�wÀk=���c]¡=c]�

j < n
�np_ace�a{�r=��w=�au�� u�n}k�n�_�w�n�w�s�lpcx{)�1cx� r=t��Al�n�r�w[�acxt�lpc!w�{�c]w

uvl*�vw�{��=cx{/n�_�w�t@np_�ch��{prA��w��au � u n}k�n�_ac�s�lpcx{�uvl*u�tOw�lp��w�{yloc�w�{�c]w�¨
��c]cx�au ta��u tOb�u t��@n�_ac!w�t�w�� r=�=k�¦�u�np_Zn�_ac!qxr=sa�1r=tNqxr=� ��c:q�nprA{�� l*�a{�r=�a� cxbZa¦/c�tar�¦ w=l�los�b�c�n�_�w�n

n�_ac�a{�r=��w��au ��u�n}k[r=£	�m{ywÀ¦�u ta��w�q�r=s���rAt@r=£�n}kC�1c
r
u l��acxtar=npc]�Z�Ck

pr
¨ -°u n�_ar=san)��rSlpl*r=£4�Acxtac]{�w=��u�n}k=

¦/c�w=l�los�b�chn�_�w�n
p1 ≤ p2 ≤ . . . ≤ plj

¨
¤î£�np{yw=q�c]{prAsmnpc/qxw=��w��a� c/_arAlon�l	w�{�cX��� wAq�c]��w�n	{yw�t��mrAb w�n	np_ac*� c]wÀ¡Ac]l�r�£an�_ac*tac�n}¦/r={�§8]n�_ac*tCsab!�1cx{

r=£�_arSl}nyl*tacxc:�mc]��n�r��au l�q�r�¡Acx{�w�� �8np_ac�{�r=sanpcx{yl*w�n�� cx¡Acx�
j
uvl�lps�qy_�n�_�w�n)wAl

lj → ∞ 

log P(p1νj − bj ≤ z) ∼ −
lj
∑

r

exp

(

−pr

p1
(z + bj)

)

,

¦�_�cx{�c
bj
uvl�qy_arAlpcxt@lor�n�_�w�n

lj
∑

r=1

exp

(

−pr
bj

p1

)

< ∞

wAl
lj → ∞ ¨@*Qjmcxc���� wAw=l�loc]t�698�8�:�£¯r={��mcxn�w=u��vlx¨3,
^*_ac�w��1r�¡=c�{�c]lpsa��n�lo_�r�¦�l*np_�w�n)n�_ac�={�r�¦*np_Z{yw�n�cr�£

νj
uvl)�mcxnpc]{pb�u tac]�O�Ck�np_ac!��c:lpl��mcxt�lpc!w={pc:w

lpu t�q�c
νj ∼ bj/p1

¦�_ac]t
lj → ∞ ¨T^*_auvl�u�t��mu q]w�n�c]l!np_�w�n�n�_acZ�mu l�q�r�¡Acx{�k r=£){�r=smn�cx{yleqxr=tatac:q�n�u�ta�lp��w={�lpcew={pc:w[uvlIGSsau�npc�cx®C�1cxt�lou ¡=c�u £/_arAlon�l�w={pc��a�vw=q�c:�¢w�nh{yw�t��ar=bZ¨¤în�£¯r=� ��r�¦�l)np_�w�n�np_ac��muvl�q�r�¡=c]{pk

r=£*w=t w=lpkCb�b�cxnp{�u q]w��¬tacxn}¦'rA{p§N¦�u�np_ lp��w={�lpc�w�{�c]w=l�{�cHGSsau {�c]l�wOq�rCrA{��mu t�w�npu r=t-��cxn}¦'c]cxt�np{yw=qxcx{�r=smn�c
q]w���w=�a� c�_arAlon�l]¨N^*_arAlpc�_arSl}nyl!qxw=tatar=n!��c@�m{ywÀ¦�t�w�n!{yw�t��mrAb �asan!np_�cxu {e�a�vw=qxcxb�cxtSnelp_arAsa� �-nyw�§Ac
u tSnpr�w=q]q�rAsatSn/n�_ac�mc]t�lou�n}k[r=£�n�_acw�{�c]wAl'qxr=tatac:q�n�c]�@�Ck�q�rA��� c]q�n*{�r=sanpcx{yl]¨
^�r/GSs�w�tSnpu�n�w�npu ¡=c]��ku � ��s�lonp{yw�n�c/np_ac�w=��r�¡Ac'�a_�cxtarAb�c]tar=tËAw=l�lpsab�c'n�_�w�n¬n�_ac��1r=�asa�vw�n�u�rAt�w�nonyw=qy_ac:�

n�rN{�r=smn�cx{yl�u l!�a{�r=�1r={pnpu r=t�w=�¬npr
αj £¯r={elorAb�c α > 1

¨Z¤¥t n�_au l�qxwAlocA�¦/c[_�wÀ¡Ac
pr = p1α

r−1 w�t��
1/p1 = (αlj − 1)/(α − 1)

¨<- c@qxw�t n�w�§Ac
bj = 1

lor¢np_�w�n
νj ∼ αlj /(α − 1)

¦�_acxt
lj → ∞ ¨--c�_ac]t�q�clpcxchnp_�w�n�np_�c�tSs�b!�1cx{�r�£	_arSl}nyl*tacxc:�mc]��npr[�au l�q�r�¡Acx{/{prAsmnpc]{�l�qxr=� ��c:q�npu ta��lp��w�{yloc�w�{�c]wAl/u l

cx®m�a��rSlou ¡=cA¨

� � � � � ����³���³ ���]�m� � � � � ´ ·
	 � �4³ � · � �X·�� � · ��� ³ ��� · ��� � � � ·���´
jmr*£Òw�{:]¦/c¬_�wÀ¡=c¬qxr=t�lpu �acx{�c]�)np{�cxcGtacxn}¦'rA{p§ml]¨ ��r�¦/cx¡Acx{:�np_ac'q�r=s���rAt�qxr=� ��c:q�n�r={�w�t�w�� r=�=k�l}n�u�� ���1cx{pn�w�u t�l
£¯rA{	b�rA{pc/q�rAb�����cx®�npr=�1r=� r=�Au�c:l�wAl4��rAta�hwAl�np_ac*tacxn}¦'rA{p§��a{�c]lpcxtSn�l4w�_au�c]{�w={�qy_�u q]w��Alonp{�s�q�npsa{�c=¨4¤¥t��mc]c]�©
u�£�np_�c�tacxn}¦'rA{p§ u ler={��Aw=tau��xc]�-u tT�vwÀk=c]{�lK*Òr={e��c]¡=cx�vl�,w�t���u £�w¢tarm�mc�w�n�wO�Au�¡Acxt � cx¡Acx�*q�r=t�tac]q�n�l!w
qxcx{pn�w=u�t@��rA�asa�vw�n�u�rAt�r=£�s�lpcx{ylxm¦/c�c]wAlou ��k�loc]c�n�_�w�n�¦/c�qxw=t@lonpu ���Ës�loc�n�_ac�q�rAsa��rAtOq�r=� � c]q�n�r={�w�t�w�� r=�=k
£¯rA{/qxr=b��asmn�u�t��!n�_ac�tCsabe��c]{*r�£Ë_arSl}nylXt�cxc]�ac]��n�r��au l�q�r�¡Acx{Gn�_ac�tarm�mc]l/w�n�we�=u ¡=cxt���c]¡=cx�L¨¬gOr={�cxr�¡Acx{:
u t�¡Su cx¦Tr�£�n�_ac*�a{�c]q�c:�mu ta�hlpc]q�npu r=t��¦/c�loc]cXn�_�w�n	n�_ac*��rA�asa�vw�npu r=t�l4w�nonyw=qy_ac:��nprhn�_ac��muM)8cx{�cxtSn	{prAsmnpc]{�l
q]w�t��1c)w=lpkCb�b�cxnp{�u q=¨�^*_ac)w=�a�a� u q]w�n�u�rAt�r=£�n�_auvlGr=��loc]{p¡�w�n�u�rAt!n�rb�r={�c�q�r=b��a� c�®�tac�n}¦/r={�§�n�r=�1r=� r=�=u c]l
¦�u � ����cwA�a�m{�c]l�loc:�[u t@£¯sa{on�_acx{�lonps��mu�c:lx¨
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^�r�sat��acx{yl}nyw�t��hb�r={�cGq�� rAlpcx� k�n�_acG��wAlouvq	�a{�r=�1cx{pnpu c]l8r�£Cn�r=�1r=� r=�=k��mu l�q�r�¡Acx{�k��Ck�b�c]w=t�l©r=£An�{�wAq�cx{�r=sanpc=
u�nGuvlGw=l�los�b�c:��u�t�np_�u l'loc:q�npu r=tenp_�w�nGn�_ac�{�w�npu r�r�£8np_ac�tCsabe��c]{

p
r�£1np{yw=qxcx{�r=smn�c�qxw���w��a� c*_arAlon�l	n�r�np_ac

n�r�nyw��1tSs�b!�1cx{
N
r�£Ë{�r=smn�cx{yl¬u t[np_�c)tacxn}¦'rA{p§�u l �a®mc]��w�t���c�GSs�w���npr�w!q�rAt�lon�w�tSn

λ
w=t���¦/c)los��a��rSloc

n�_�w�n
N
�ArSc:l4npr�u t ��tau�n}k=¨ --c�w�{�c*lp�1c]q�u���q]w�� ��keu�tSnpc]{pc:l}n�c]�eu�t�n�_ac���c]_�wÀ¡Cu�rA{¬r�£

E(D(N, p))/N
¦�_acxt

N
npc]t��al	n�r�u�t ��tau n}kA¨¬^*_au l GSs�w=tSnpu�n}k�=u ¡=c:l�u tm£¯rA{pb�w�n�u�rAt�w=��rAsmn	np_ac�{yw�n�u�r�r=£�np_�c�tSs�b!�1cx{¬r�£1{prAsmnpc]{�l

�au l�q�r�¡Acx{�c]��n�r�np_ac�n�r�n�w=�©tCsab!�1cx{�r=£4tarm�mc:l*u�t@n�_ac�tac�n}¦/r={�§8¨

����� � / �6��* � . ��.�/ /5	
¤¥tZw ��{�lon�l}n�cx��m¦/c�u tC¡=c:l}n�u��Sw�npc)np_ac�q]w=lpc�¦�_ac]t�n�_ac��mcx�A{pc]c)r=£�tarm�mc:l'uvl�q�rAt�lon�w�tSn:Sc�GSs�w��1npr

d ≥ 2
¨

� � ·��X· � � � �Ò·�� � � � ��� 	 � ��# 
 �"	A� ��� ��� � � �J� ����#�� ���
d ≥ 2

� � �
��
N → +∞ 	 ���

p/N → λ
�

E(D(N, p))

N
∼ T �����

d
(λ)

�
	���
=

+∞
∑

j=1

d − 1

dj

(

1 − exp

(

− λdj

d − 1

))

.
* � ,

�1� �H�S��B «�lou ta��n�_�w�n
N ∼ dn/(d−1)

w�t���n�_ac)c�GSsau�¡�w=��c]tAnI* & ,Gw=l
N
�=rCc]l¬npru t ��tau�n}k=Sr=t�c��=cxn�l¬n�_�w�n

1

N
E(D(N, p))

∼ (d−1)
n
∑

j=1

dj−1

dn
P

(

pmp ≤
bλ dn

d−1c
dj−1

)

w=t���np_ac]t�
1

N
E(D(N, p)) ∼ (d − 1)

n
∑

j=1

1

dj
P

(

X ≤ λ

(d − 1)
dj

)

¦�_�cx{�c
X
u l	w�tec�®m�1r=tac]tAn�u w=��� k�muvl}n�{pu �asmn�c]�e{�w=t��mrAb ¡Àw={puvw�����c'¦�u n�_esat�u n¬b�c]w=t�=lpu�t�qxc/wAl4b�c]tSnpu r=tac:�

u tNjCc]q�npu r=t & Cn�_ac�{�w=t��mrAb±¡�w�{�u w=�a��c
pmp

qxr=tC¡=c]{p�Ac]l'u�tO�muvl}n�{pu �asmn�u�rAt�n�r
X
¨

--c't�r�¦�n�w�§AcX�1cxtac�an4np_ac*q�� rAlpc]��£¯rA{pb r=£anp_ac/{yw�npu r�r=£��muvlpqxr�¡=cx{�c]��t�rC�ac]l��=u ¡=cxt!�Sk�c�GAs�w�npu r=t * � ,
u t¢rA{��acx{�npr@u�� ��s�l}n�{�w�npcenp_ac�lo�1cxc:�¢r=£Gnp_�cecx®C����rA{�w�npu r=tN�a{�rmq�c:lpl]¨�>ar={hn�_au lh�as�{p�1rAlpc=©¦/celonps��akOnp_ac
�acx�1cxt��mc]t�q�c�r=£Ën�_ac�tCsab!�1cx{�r=£4�muvl�q�r�¡=c]{pc:�[tarm�mc:l*r=t@np_�c�{�w�npu r

λ ∼ p/N
¦�_�cxt

N
uvl��vw�{��=ch¦�_au ��c

λ
uvl�lpb�w=���L¨�¤în!�mc]l�q�{�u��1c]lhu t-lpr=b�c�lpcxt�lpc!n�_ac�u tau n�u w=�Glo�1cxc:�¢r=£Xn�_ac�c�®m�a� r={yw�npu r=t �a{�rCqxc]l�l�np_a{�r=sa�A_

n�_ac�tac�n}¦/r={�§8¨�¤¥t��mc]c]�©8n�_acew=t�w�� kmlouvl��Au�¡Ac]l)np_ace{�w�npu r�r�£X�au l�q�r�¡Acx{�c]�@tarm�mc]l�¦�u�np_ w�lob�w=���4tCsab!�1cx{
r=£Ën�{�wAq�cx{�r=sanpc�qxw���w��a� c�_arAlon�l]¨
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� � ·��X· � � � �Ò·���� � � �A��	��$��# 
 �"	�� ��� ��� � � �J� ����#�� ���
d ≥ 2

�
� � � �
λ
� � � ���K� �

0
� � �F	��%��+!�� �A�����

! � �$! �A�������� � �/��� ���$������� ������������� ��	�� � ��� ����J�
�N����� �"� � ��� # ��� 
 ���A	A�9� � �$�

T �����
d
(λ) ∼ −λ logd(λ).

* 8:��,
�1� �H�S��B � l�u n�qxw=tTc]wAlou � k-�1cZloc]cxt�¬n�_acOw=lpkCb��anpr�n�u q���c]_�wÀ¡Cu�rA{er=£+07GSs�w�npu r=t *S8]��,!¦�_ac]t

λ
npc]t��al

n�r
0
uvlIGAs�u n�c��mc]��uvqxw�npc�lou t�q�c!np_ac�loc]{pu c]l)u lh�mu ¡=c]{p�AcxtSn]¨)^*_�cnpc:qy_atau GSsac!s�lpc]�Onpr��Ac�n�w�tNcx®C��w�t�lpu�rAt

{�cx� u c]l�rAtNw�qxr=tC¡=c]tau�c]tSn�{pc]¦�{pu�npu ta�[r=£¬np_acecHGSs�w�n�u�rAtZnprA�=c�n�_acx{�¦�u n�_Nn�_ac!s�lpc!r=£N>asa�au tau � l�^*_ac]r={�cxb
£¯rA{�tar=t
LLtac]�Aw�npu ¡=c�£¯sat�q�n�u�rAt�l]¨@*QjCc]c~�r=�1cx{pn�6"8À��:�£¯r={�w��Acxtac]{�w=�8�ac]l�q�{�u��mn�u�rAt�r=£Ën�_ac�b�c�np_�rC��¨ ,

--c�_�wÀ¡=c

+∞
∑

j=1

1

dj

(

1 − exp

(

− λdj

d − 1

))

=

+∞
∑

j=1

1

dj

∫ +∞

0

�
n

u≤ λdj

d−1

oe−u du

=

∫ +∞

0

+∞
∑

j=1

1

dj

�
n

u≤ λdj

d−1

oe−u du,

¦�_�cx{�c�¦/c�_�wÀ¡=c@s�loc:�Y>�sa�au tau�� l�n�_acxrA{pc]b npr-c�®aqy_�w�t��=c�np_acOlpsab w�t�� np_�c@u tSnpc]�={yw���lou �=t�lx¨T^*_�u l
c]tSn�w�u �vl/np_�w�n

+∞
∑

j=1

1

dj

(

1 − exp

(

− λdj

d − 1

))

=
d

d − 1

∫ λa

0

e−udu

+
1

d − 1

∫ +∞

λa

1

dblogd(u(d−1)/λ)c
e−u du,

*S8�8�,

¦�u�np_
a = d/(d − 1)

¨
^*_ac���{�lon�npc]{pb r=t@np_�c{pu �=_Sn�_�w=t��Zlouv�mcr=£ 0TGAs�w�npu r=t *S8�8�,/¡�w=tau lp_ac:l�¦�_acxt

λ
npc]t��al*n�r��a¨ >ar={

n�_ac!lpc]qxr=t���npc]{pbZ�¦'c�tar=npc�n�_�w�n�¦�u�np_¢{pc]�Aw�{y��n�r�np_�c!w=lpkCb��anpr�n�u q��1cx_�wÀ¡Su r={*£¯rA{
λ
q�� rAlpc�n�r��a�np_ac

u tSnpc]�={yw�npu r=t�u�tSnpc]{p¡�w=�
[λa,∞]

qxw=t��1c�{�cx��� wAq�c]���Ck�w=tCk�u�tSnpc]{p¡�w=�
[λa, b]

¦�u n�_
b > λa

¨G^Ër�lou b��a��u�£¯k=
¦/chn�w=§=c

b = a
lpr�np_�w�n

∫ +∞

a

1

dblogd(u(d−1)/λ)c
e−u du ≤ λ(1 − e−a),

lpu t�q�ch£¯r={
u ≥ a


blogd(u(d − 1)/λ)c ≥ − logd λ.
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¤în)£¯r=� ��r�¦�l�np_�w�n�np_ac!£¯sat�q�npu r=t
T �����

d
(λ)
�mc ��tac]�O�Ck�07GSs�w�n�u�rAtE* � ,�_�wAl*np_�c£¯r=� � r�¦�u�ta��c�GSsau�¡�w=��c]tAn

u t@np_ac�t�cxu �=_C��rA{p_�rSrm��r�£
0

T �����
d
(λ) ∼

∫ a

λa

d{logd(u(d−1)/λ)} λe−u

u(d − 1)
du

=
λ

d − 1

(
∫ 1

λ

d{logd u/λ} e−au − 1

u
du

+

∫ 1/λ

1

d{logd u}

u
du

)

,
*S8:��,

¦�u�np_ byc uvl/np_ac�u tSnpcx�Acx{���w={on�r=£ y ∈ R
w=t�� {y} = y − byc u�n�l�£¯{�wAq�npu r=t�w��©��w={on:¨^*_acew=lpkSb��mn�r�n�u q��1cx_�wÀ¡Su r={)r�£	np_ac£¯sat�q�n�u�rAt

T �����
d
(λ)
¦�_�cxt

λ
npcxt��al�n�r[��uvl)�mcxnpcx{�b�u�t�c]�Z�Ck

n�_ac�lpc]qxr=t��-n�cx{�b rAt�np_ac�{pu �=_Sn!_�w�t�� lpuv�mc[r�£D07GSs�w�npu r=t *S8:��,x¨ ��c]t�q�cAGw=l
λ ∼ 0

	¦/c[_�wÀ¡=c[np_ac
c�GSsau�¡�w=��c]t�q�c

T �����
d
(λ) ∼ λ

d − 1

∫ 1/λ

1

d{logd u}

u
du.

¤î£
λ = 1/(xdm)

¦�u n�_���®Cc:�
1 < x ≤ d

w=t��
m ∈ N

Cn�_acxtOwAl
λ → 0

∫ 1/λ

1

d{logd u}

u
du ∼

∫ 1/λ

x

d{logd u}

u
du

=

m−1
∑

k=0

∫ xdk+1

xdk

d{logd u}

u
du

=
m−1
∑

k=0

∫ d

1

d{logd(xu)}

u
du

= − logd(λx)

∫ d

1

d{logd(xu)}

u
du.

^*_�ch�vw=lon�u tAn�cx�A{�w=�8q]w�t@��c�cx®m�a{pc:lplpc]��w=l/£¯rA��� r�¦�lxm{�c]q]w�� �1np_�w�n
λ = 1/(xdm)

¦�u�np_
x ∈ [1, d]



∫ d

1

d{logd(xu)}

u
du

=

∫ d/x

1

d{logd(xu)}

u
du +

∫ d

d/x

d{logd(xu)}

u
du

=

∫ d/x

1

dlogd(xu)

u
du +

∫ d

d/x

dlogd(xu)−1

u
du

= x

(

d

x
− 1

)

+
x

d

(

d − d

x

)

= d − 1.

0TGAs�u�¡�w�� cxt�q�c * 8:��,/uvl/np_ac]{pcx£¯r={�chc:l}nyw��a� uvlo_ac:�©¨
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>�{prAb±cHGSsau ¡�w�� cxt�qxc *S8]��,�mu n�uvl/¦'rA{on�_�tar=npu ta��np_�w�n*np_ac�{yw�n�u�r
T �����

d
(λ)/λ

u l*t�r�n�q�rAt�l}nyw�tSn*�asmn
uvl�cHGSs�w���npr − logd(λ)

¨�^*_Ss�lx8¦�_ac]tNnp_�c!tCsab!�1cx{
p
r=£Gnp{yw=qxcx{�r=smn�cqxw=��w��a� c!_�rAlon�l�u lhlob�w=���4¦�_acxt

qxr=b���w={pc:�@npr�np_ac�tCsab!�1cx{
N
r=£Xtarm�mc]l�u t w�n�{pc]cet�c�n}¦/r={�§1�np_�cetCsabe��c]{�r=£Xtarm�mc]lh�muvlpqxr�¡=c]{pc:�Zu l

b�rA{pc�n�_�w�t � u tac]w={u�t np_ac[{yw�n�u�r
λ = p/N

¨N^*_au l!u�t��mu q]w�n�c]l�n�_�w�nenp_ac�lo�1cxc:� r�£*np_�c�c�®m�a� r={yw�n�u�rAt
��{prmq�c:lplu l GSsau n�c[£ÒwAl}n�¦�_acxt n�_ac�tCsabe��c]{!r=£�_arAlon�l!u l�lob�w=���L¨¢^*_auvlc]t�q�rAsa{�w=�=u ta�Or=��loc]{p¡�w�n�u�rAt�u l
_�r�¦'c]¡=cx{8n�r)�1c'qxr=satSnpc]{p��w��vw�t�qxc]�h�Ck�n�_acG£ÒwAq�n�n�_�w�n:��CkI0TGAs�w�npu r=tK* � ,�Ànp_ac/lo�1cxc:��r�£Cnp_�c'cx®C����rA{�w�npu r=t
��{prmq�c:lplËu l4tac]¡=c]{on�_acx� c]l�lË�mc:q�{�c]wAlou ta��cx®C�1r=t�cxtSnpuvw�� ��k�£ÒwAl}n4¦�u n�_e{�c]lp�1c]q�n�npr

λ
¨4¤¥tewA�a�mu�npu r=t�Àn�_ac*lo�1cxc:�

�acx�1cxt��alËr=t�n�_ac'�mc]�={�cxc¬r=£Ct�rC�ac]l�¡Cuvw
logd λ

¨�^*_auvlËu t��muvqxw�npc:l©np_�w�n�n�_acX�A{pc:w�npc]{8np_ac/�mcx�A{pc]c¬r�£mtarm�mc:lx
n�_aclpb�w=��� cx{*uvl*np_�clo�1cxc:��r=£�n�_ac���c:w�{�tau ta�e��{prmq�c:lpl]¨
^*_ac�w=��r�¡Ac*{pc]b�w={p§ml	lp_ar�¦ n�_�w�nX¦/c*{�w=�auv�m��ke��c:w�{�t�w=��rAsmn¬np_�c*npr=�1r=� r=�Akr�£©w�np{�cxc�tacxn}¦'rA{p§�¦�u�np_

w�lob�w=���4u�t�u n�u w=�4tCsabe��c]{�r=£G_arAlon�l��asmnhnp_�c�lp��c]c]�¢r�£G� c]w�{�tau ta���mc:q�{�c]wAloc:l)w=l)np_�cetCsabe��c]{�r=£G_arAlon�l
u t�qx{pc:w=lpc]l]¨

���$� � � � /5. * � � ��.�/ / 	
� � � � � �)·C¶!³ ���'� ¶ �x� ³C³ � ¶�� � � � � ��� ³ �a� � � � ¸ ³ � � ³C³
>�r={��1r�¦'c]{*� wÀ¦ np{�cxc]l*¦�u�np_Zu t�q�{�c]wAlou ta���mcx�A{pc]c=C¦/c�_�wÀ¡=c�np_ac�£¯rA��� r�¦�u ta�e{�c]lpsa��n]¨
� � ·��X· � � � �Ò·���� � � �A�K	 ! � �7��� �"	�� � � ����� � � � ��� ���$�$	A���� # ����#��$�$� �+�J�
� !�� ��!
���� ��� � � �K��� ���$������� ���
� �H������ � � 
 �$�F� � 	A�

lim
N→+∞,
p/N→λ

D(N, p)

N
= T ���	�

α
(λ)

�
	���
= 1 − e−λ.

*S8 & ,

�1� �H�S��B >�r={���r�¦/cx{)np{�cxc]l�¦�u�np_Nu t�q�{�c]wAlou ta���acx�={�cxcA�¦/c!_�wÀ¡=c
ln+1 ∼ (n!)α ¨)¤în�u l)np_�cxt<GSsau�npcec]wAlok

n�r�loc]c�n�_�w�n
N ∼ ln

w=t��@u £
p ∼ bλNc anp_ac]t

D(N, p)

N
∼

n
∑

j=1

lj
ln

P

(

pmp ≤ λ
ln
lj

)

.

-°_�cxt
n → +∞ Ëw=���	n�_ac�npcx{�b�l�r�£'np_ac[lpcx{�u�c:lh¡Àw=tauvlo_-c�®aq�c]�mn�np_ac��vw=lon�r=tac�¦�u�np_�u�t��mc�® n

¨[f�tac
qxr=t�lpcHGSsac]tSnp� k¢r=�an�w�u t�l]��Ck {pc:qxw�� � u�ta�Zn�_�w�n

pmp
q�rAtC¡=cx{��=c:lhu�t �muvlonp{�u��asanpu r=t�npr w�t c�®m�1r=tac]tSnpuvw�� ��k

�au lonp{�u���smnpc:��{yw�t��mr=b ¡�w�{�uvw��a� c�¦�u n�_@��w�{yw�b�c�n�cx{
1
¦�_acxt

p → +∞ 

lim
N→+∞,
p/N→λ

D(N, p)

N
= 1 − e−λ,

w=t���np_ac�{�c]lpsa��n/£¯rA��� r�¦�l]¨
07GSs�w�npu r=tF* 8 & ,4uvl¬tar�nG{�c]w=��� k�u tm£¯r={�b�w�npu ¡=c�lpu�t�q�c�u�nX�mrCc]l	tar=nX�mcx�1cxt���rAt!n�_ac��={�r�¦*np_���w={�w=b�cxnpc]{

α
¨¬^*_auvlXuvlXt�r�nXn�_ac�q]w=lpc�£¯r={'{pc]�=sa�vw�{Gnp{�cxc]l]Cloc]c+07GSs�w�npu r=t * � ,¬¦�_auvqy_[�Au�¡Ac]l¬n�_ac)�A{pr�¦*n�_�{�w�npc�r=£©np_ac
tCsabe��c]{*r�£4�au l�q�r�¡Acx{�c]��{�r=smn�cx{yl'¦�u�np_@{�c]lp��c:q�n/npr

d
*¯¡Cu wen�_ac

logd

npc]{pbK,�¨ � tZw=lpkSb��mn�r�n�u qhw�t�w=��kmlpu l
r=£Ën�_au l�cHGSs�w�n�u�rAt�¦�u � ���=u ¡=c�£¯sa{pnp_ac]{�u�t�lou �=_Sn�u�t@n�_au l)qxw=lpc=¨
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8�R ����� 	�� 	��	��
 � � �"�� �������+��������

� � � � � �)·C¶!³ ���'� ¶ �x� ³C³ � ¶�� � � ¸ ³ �=� ³ ��� ��� � ¸ ³ � � ³C³
--c�qxw=t@lon�w�npchnp_acw=t�w�� r=�Asac)r=£�zG{�r=�1rAlpu�npu r=tO��£¯rA{���r�¦/cx{*�vwÀ¦°np{�cxc:l*¦�u n�_Z�ac]q�{�c]wAlou ta���mcx�A{pc]c=¨ - c
lp�1c]q�u���q]w�� ��k[_�wÀ¡=c �
� � ·��X· � � � �Ò·���� � � ��� 	 � ���

α
� �$�$� � � �
��

N → +∞ 	����
p/N → λ

�7� � � �

D(N, p)

N
→ T �����

α
(λ)

� � �J�

T �����
α
(λ) =

+∞
∑

j=1

1

H(α)(j!)α

(

1 − e−λH(α)(j!)α
) *S8x� ,

	 ���

H(α) =

+∞
∑

j=1

1

(j!)α
.

�1� �H�S��B >�r={�w�z7Q��
α
n�{pc]c=m¦/c�_�wÀ¡=ch£¯r={��vw�{��=c

n

lj ∼ ((n − 1)!/(n − j)!)α

N

((n − 1)!)α
∼

+∞
∑

j=1

1

(j!)α
= H(α).

¤î£ 07GSsau ¡�w�� cxt�qxc * & ,	uvlGs�lpc]��w=�Aw�u t��rAtac��Ac�n�l¬np_�w�n]S¦�_acxt
N
�ArSc:l	npr!u�t ��tau n}kA=n�_ac�{yw�n�u�r

D(N, p)/Nuvl*cHGSsau ¡�w�� cxtSn*npr
n
∑

j=1

1

H(α)(n − j)!
P (pmp ≤ λH(α)((n − j)!)α) .

w=t�� 07GSs�w�n�u�rAt *S8x��,'£¯rA��� r�¦�l]¨

����� � 4�/ �7. � � ��4 .�����/1��0 ��4�/ /�����*��7.������ ��� ��.���()/5	�	
� l�1c�£¯rA{pcA�np_�c[��c]_�wÀ¡Cu�rA{r�£

T �	��

α
(λ)
w=t��

T �	���
α
(λ)
¦�_ac]t

λ
uvl!lpb�w=���Xu l!u�tC¡=c:l}n�u��Sw�n�c]�©¨ >�{prAb

0TGAs�w�npu r=t * 8 & ,�ar=tac��mu {�c]q�n���k�q�r=t�q�� s��mc]l/n�_�w�n
T �	���

α
(λ) ∼ λ

¦�_ac]t
λ
�=cxn�l�lpb�w=���L¨

>�r={�w�z7QË�
α
n�{pc]c=m¦/c�_�wÀ¡=c�np_ac�£¯rA��� r�¦�u ta�e{�c]lpsa��n]¨

� � ·��X· � � � �Ò·��� � � �A�+	 ���
�
α
��� ��� � � � � �

λ
� � � ���1���

0
�J�
� 	��%��+!�� �A����� ! � �$! �A��������?� �@��� ����������� ���

� �H���� ��	A��� ���T����� � �7����� �"� � ��� #F� �
 ���A	A�"������

T �����
α
(λ) ∼ λ log(1/λ)

α log log(1/λ)
.

*S8:��,

�1� �H�S��B 0TGAs�w�npu r=t * 8]� ,/�Au�¡Ac]l

1

λ
T �	���

α
(λ) =

+∞
∑

j=1

1

(j!)αλ̃

(

1 − e−(j!)αλ̃
)

,

Ì¯Í4Ã�ÌÎ»



���������
	������������������������� ��!
���"�$#�% 8 �

¦�_�cx{�c
λ̃ = λH(α)

¨G¤î£
h
uvl/np_ac�£¯s�t�q�n�u�rAtZ�ac ��tac:�@�Sk

h(x) = −1 − e−x

x
,

0TGAs�w�npu r=t * 8]� ,*lp_ar�¦�l'np_�w�n�np_ac/GSs�w=tSnpu�n}k
T �	���

α
(λ)/λ

u l*�Au�¡Acxt@�Ck

+∞
∑

j=1

∫ +∞

0

�

{λ̃(j!)α≤u}h
′(u) du.

* 8:��,

QËc�n�s�l�u tSnp{�rm�ms�q�chn�_acq��vw=l�louvqxw=� 0Gsa� cx{ � l@V�w=b�b�we£¯sat�q�npu r=t
Γ
�mc��tac]�@�Ck

Γ(x) =

∫ +∞

0

ux−1e−u du

rAt
(0, +∞)

*¯{�c]qxw=���Xnp_�w�n
Γ(n + 1) = n!

¦�_acxt
n ∈ N

,�¨ ^*_ac�£¯sat�q�npu r=t
Γ
uvl�wO�au |}c]q�n�u�rAt £¯{�r=b

[2,∞) → [1,∞)
!mu�n�l�u�tC¡=c]{�lpchu l��mc]tar�n�c]�@�Ck

Γ−1 ¨
4/k >�sa�au tau � l�^*_�cxr={�cxbZ 07GSs�w�npu r=t * 8:��,*qxw=t��1c�{pc]¦�{pu�non�cxtOw=l

∫ +∞

λ̃

+∞
∑

j=1

�
{

j + 1 ≤ Γ−1

(

(

u

λ̃

)1/α
)}h′(u) du

=

∫ +∞

λ̃

⌊

Γ−1

(

(

u

λ̃

)1/α
)

− 1

⌋

h′(u) du.
*S8�O�,

jSn�u�{�� u�ta� � l7>ar={�b!s�� wh£¯rA{¬np_acIV�w�b�b�wh£¯sat�q�n�u�rAt��=u ¡=c:l	np_�w�n
Γ(x) ∼ xx−1/2e−x

√
2πx

£¯r={Xw��vw�{��=c
x
¨G^*_acx{�c�£¯rA{pcACu £

y = Γ(x)
�rAtac��=cxn�l/np_�c�{pc]� w�npu r=t

log y ∼ x log x.

¤î£	¦/ch¦�{�u�npc
x = φ(y) log y

mn�_acxt
1

log x
∼ φ(y)

_�cxt�qxc
φ(y) → 0

wAl
y → +∞ ¨G^*_acx{�c�£¯rA{pcASrAtac��=cxn�l

1 ∼ φ(y) log φ(y) + φ(y) log log y,

wAl
y
�=cxn�l*�vw�{��=cAClpr

φ(y) log log y ∼ 1
¨G^*_Cs�lxCn�_ac�u tS¡Acx{yloc�£¯sat�q�npu r=tOl�w�npuvl ��c]l/n�_ac�cHGSsau ¡�w�� cxt�qxc

Γ−1(y) ∼ log(y)

log(log(y))

¦�_�cxt
y
npc]t��al*n�r�u�t ��tau n}kA¨

Ã�Ã ¾AZ�Þ�[�é�[



�=� ����� 	�� 	��	��
 � � �"�� �������+��������

jCu t�qxc

h′(x) =
1 − (1 + x)e−x

x2
,

u�n�uvl[c:w=lpkTn�rTloc]cZnp_�w�n�n�_acNu tAn�cx�A{�w=� * 8AOA,�uvl��mu ¡=c]{p�Au�t�� ¦�_acxt
λ
npc]t��al�n�r

0
¨ gOrA{pc]r�¡=cx{:Xu�n�uvl

c�GSsau�¡�w=��c]tAn*n�r
∫ +∞

λ̃a

⌊

Γ−1

(

(

u

λ̃

)1/α
)

− 1

⌋

h′(u) du,

£¯rA{ew=t w�{��au n�{�w={pk
a > 1

¬lpu�t�qxc�np_�c�{�cxb�w�u tau ta�O��w�{pn!r=£/n�_ac�u tSnpc]�={yw��Xqxr=tC¡=c]{p�Ac]l�w=l
λ → 0

¨ 4/k
qy_�rSrSlou ta�

a
lpsmª[q�u cxtSnp� k��vw�{��=c�lor�np_�w�n]a£¯r={

ε > 0


1 − ε ≤ Γ−1(x)

log(x)/ log(log(x))
≤ 1 + ε, x ≥ a,

u�n�uvl�losmª[qxu�c]tAn�n�r�l}n�s��mk[n�_ac�c�®m��w=t�lpu�rAt�r�£4np_�c/GAs�w�tSnpu�n}k

I(λ̃) =

∫ +∞

λ̃a

log(u/λ̃)/α

log
(

log(u/λ̃)/α
)h′(u) du.

* 8�R�,

QËc�n�s�l�u tSnp{�rm�ms�q�c
φ(λ̃) = log

(

λ̃−1
)/

log log
(

λ̃−1
)

^*_�chu tSnpc]�={yw��N* 8�R�,*qxw=t��1c�{�cx¦�{�u npnpcxtZw=l

I(λ̃) =
1

α

∫ +∞

λ̃a

log(u) + log(λ̃−1)

D(u)
h′(u) du,

¦�_�cx{�c

D(u) = − log(α) + log(log(λ̃−1))

+ log
(

1 + log(u)/ log(λ̃−1)
)

.

jmu�t�qxc
log(u)h′(u)

u l*u tSnpc]�={yw��a� c�r=t
R+
mn�{pu�npc�u tacHGSs�w=��u�npu c]l)w�t���Q�c]��c:lo�Asac�� l�^*_ac]r={�cxb lp_ar�¦ n�_�w�n

I(λ̃)/φ(λ̃)
q�rAtS¡Acx{��=c:lGn�r

∫ +∞

0

h′(u) du = 1

wAl
λ̃ → 0

w�t���n�_ac��a{�r=�1rAlpu n�u�rAt[£¯r=� � r�¦�lx¨

��� � � ��	�( ��	�	�� ���
� � � � � ����³ �a� ´ � � � · � � � � � ·�� � ³O· 	 �]� ³S³ �x�]� �4��� �Ë� ³ �
¤¥t rA{��acx{�n�r¢�=u ¡=c[w=t u�tSn�sau n�u�¡Ac�cx®C��� w=t�w�n�u�rAt £¯rA{n�_ac�u tau�npuvw��X�A{pr�¦*n�_�r�£�np_�c[c�®m�a� r={yw�n�u�rAt-��{prmq�c:lpl
lpcxc]t�u t@np_acw=��r�¡Achlpc]q�npu r=t�m¦/c ��{yl}n�u tSnp{�rC�as�q�chnp_�cq�r=t�q�cx�an*r=£�n�_ac��a{�r ��� chr�£¬w!n�{pc]c=¨
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�@³����� � �Ò·�� � � ��� �=	��%��@! ����� ���@! � � �7�"� �S� 	 ��� ����� �+#������� ��%K�J�
�/��� �
 ������
(pk)

��� � ��������%

pk = lim sup
n→+∞

∑n−1
j=n−k lj

N
= lim sup

n→+∞

∑n−1
j=n−k lj
∑n−1

j=1 lj
.

>�r={
k ≥ 1

4n�_ac GSs�w=tAn�u n}k
pk
u lnp_ac��a{prA��rA{on�u�rAt�r�£�tarm�mc]ler�£*n�_ac[n�{pc]c[u�t�n�_ac��vw=lon

k
� cx¡Acx�vlx¨

¤¥t np_�ce£¯rA��� r�¦�u ta��8n�_ac�tar�nyw�npu r=t
pk(X)

lo_�w=���	�1c�s�loc:�©©¦�_ac]{pc
X
uvlhr=tac�r=£Gnp_ac�qx� wAlplpc]lhr�£Xnp{�cxc]l �

~@0TV
d
az7Q�¤

α
w=t��@z7QË�

α
¨G^*_ach£¯r=� ��r�¦�u ta���a{�r=�1rAlpu n�u�rAt�uvl@GSsau n�c�l}n�{�w=u��A_Anp£¯r={�¦/w={���npr��a{�r�¡=c=¨

� � ·��X· � � � �Ò·���� � � ���
k ≥ 1

�

pk(
��� �

d) = 1 − 1

dk
,

pk(
���
�

α) =
k
∑

j=1

1

(j!)α

/

+∞
∑

j=1

1

(j!)α
,

pk(
���
	

α) =
�

{k=1},

^*_ac!u�tau�npuvw����={�r�¦*np_@{�w�npc�r=£�n�_acc�®m�a� r={yw�n�u�rAt���{prmq�c:lpl�r�£4np_ac�n�_a{�cxc�np{�cxcnpr=�1r=� r=�Au�c:l*�a{�r�¡=c]��u t
jmc]q�n�u�rAt���¨ & uvlG{�c]qxw=��� c]��=¦�_ac]t�np_ac��a{prA��rA{on�u�rAt

λ
r=£©lon�w�npu r=t�lXu�tC¡Ar=� ¡=c]��u t�np_�c�c�®m�a� r={yw�n�u�rAt���{prmq�c:lpl

uvl�lpb�w=���L¨ --clo�1c]qxu���q]w�� ��k�_�wÀ¡=c

T �����
d
(λ) ∼ λ log(1/λ),

T �	��� (λ) ∼ λ log(1/λ)

α log log(1/λ)
,

T �	��
 (λ) ∼ λ

¦�_�cxt
λ
npc]t��al/n�r[�a¨

>�r={�np_acez7Q�¤
α
np{�cxcA1b�rSl}nhr�£¬np_�c

N
t�rC�ac]l)w={pc�w�n�np_ace��r=nonprAb r�£¬n�_ac!tacxn}¦'rA{p§��

p1 = 1
w�t��

pk = 0
u £

k 6= 1
¨¬jCr�whnp{yw=qxcx{�r=smn�c'��{prmq�c:�msa{�c*u�tau�npuvw�n�c]���Ck!wh_arAlonX�muvlpqxr�¡=c]{�l�c]l�loc]tSnpuvw�� ��k�n�_ac�{�r=smn�cx{

n�_ac�_arAlon�l/uvl*w�nonyw=qy_ac:��n�r�¨G^*_auvl/c�®m�a�vw�u t�l'np_ac�� r�¦ lo�1cxc:��r=£Ën�_ac�u�tau�npuvw��©��_�w=lpc�r=£�np_�chcx®m�a��rA{�w�npu r=t�¨
jmcxchnp_aclpc]q�npu r=t@r=t@np_�cq�r=s���rAt@qxr=� ��c:q�nprA{�w�t�w=��rA�=k=¨
f�t-np_�c[q�r=tSn�{�w={pkA�loc]c�zX{prA��rSlou�npu r=t Rm�£¯rA{�{pc]�=sa�vw�{hn�{pc]c]l�w�t�� zTQË�

α
np{�cxc:lxËw@tarAt Lîtacx�A��u �=u �a� c

��{prA��rA{on�u�rAt r=£*t�rC�ac]l!w={pc�u t�np_�c[sa�a�1cx{e��c]¡=cx�vl�r=£/n�_ac�t�c�n}¦/r={�§1¨ZjCu t�q�c�wOnp{yw=q�c]{prAsmnpc��a{�rmq�c:�msa{�c
�au l�q�r�¡Acx{ylGloc]¡=c]{�w=�a{prAsmnpc]{�lXu�t[np_ac:loch� wÀkAcx{ylx=u n�lo�1cxc:�al'sa��np_�c�{yw�n�c�r�£�n�_ac��au l�q�r�¡Acx{�k!�a{�rmq�c]l�l]¨ ;)r�npc
n�_�w�n¬£¯rA{	np_ac)�a{prA��rA{on�u�rAt!r=£1tarm�mc:l¬w��1r�¡=c/np_�c

k
�vw=lon¬��c]¡=c]� l¬uvl	r�£1np_ac�rA{��acx{¬r�£

1/dk £¯rA{G~D0TV
d
np{�cxc]l

w=t��
1/((k + 1)!)α £¯rA{z7Q��

α
np{�cxc]l]4¦�_au qy_�cx®C��� w=u�t�l�np_�w�nnp_ac�c�®m�a� r={yw�npu r=t-�a{�rmq�c]l�l�uvlu tau n�u w=��� k

lp� u��A_An���k[£Òw=lonpcx{*£¯rA{�{pc]�=sa�vw�{'np{�cxc:lx¨

� � � � � � � ·C¶ � � ���m� ³ 	î· � �Ò�a� �1³
λ

>�r={�b!sa�vw * � ,)lp_ar�¦�l*n�_�w�n�np_ac��={�r�¦*np_Z{yw�n�cr�£¬n�_acecx®m�a��rA{�w�npu r=tZ�a{�rmq�c]l�l)�ac]q�{�c]wAloc:l�c�®m�1r=tac]tSnpuvw�� ��k
£ÒwAl}nh¦�u n�_ {�c]lp�1c]q�n�npr

λ
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�au l�q�r�¡Acx{�c]�-w=l!wO£¯sat�q�n�u�rAt r�£*n�_ac�{yw�n�u�r
λ
¨N¤îneqx��c:w�{���k�w��a�1c]w={�l�£¯{prAb n�_au l����=s�{pc�n�_�w�nenp_ac[npr�nyw��

�au l�q�r�¡Acx{�k�r�£8np_ac�tac�n}¦/r={�§{�cHGSsau {pc:lGw��vw�{��=c�tCsab!�1cx{Xr�£©_arAlon�l]¨	^*_ac)lonp{�s�q�n�sa{pcA=¦�_auvqy_�{�cHGSsau {pc:l	np_ac
lpb�w�� ��c:l}n/tCsab!�1cx{'r�£Ë_arSl}nylxSuvlGn�_ac�{�cx�Asa�vw�{¬n�{pc]c)¦�_au ��c)np_ach�a� r�¦'c]{X�vwÀ¦,u�t�qx{pc:w=lpu�t��!l}n�{ps�q�nps�{pc�uvl'np_ac
b�rSl}n��mc]b�w=t��mu ta��¨

�������
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�
α = 2 �

�����
d = 2 �
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>4u �=sa{�ch���	zG{�r=�1r={pnpu r=t�r=£4�muvl�q�r�¡=c]{pc:��tarm�mc:l*�Sk�s�lou ta�
p = bλNc lon�w�n�u�rAt�l'£¯r={�~D0TV d

mz7QË�
α
w�t��

zTQ�¤
α
np{�cxc:l*¦�u n�_

d = 2
w�t��

α = 2
¨

� $&��"��	��� �!� �@�����'�)(�*�4��� �����@���

¤¥t n�_au l�loc:q�npu r=tË'¦/cOu�tC¡Ac]lonpu �Aw�n�c@np_acN�mc]�={�cxcZr�£�w-{�w=t��mrAb tarm�mcOu t n�_acNtacxn}¦'rA{p§ lpcxc]t,�SkTnp_ac
cx®m�a��rA{�w�npu r=t��a{�rmq�c:lpl'¦�u n�_

p
np{yw=qxcx{�r=smn�c�q]w���w=�a��c�_arAlon�l]¨¬^*_�w�n��mc]�={�cxc)uvl*�mcxt�r�npc:�[�Ck�np_�ch{yw�t��mr=b

¡�w={puvw��a� c
L
¨F4/c�£¯rA{pc��Au�¡Cu ta�@np_ac@�mu lonp{�u �asmnpu r=tË�� c�n!s�lu tAn�{prm�ms�q�c[lpr=b�c�w=���mu n�u�rAt�w��Xtar�nyw�npu r=t ��£¯r={

a ≥ 1
w=t��

0 < k ≤ a

(a)k = a(a − 1) . . . (a − k + 1)


(a)0 = 1

w=t��
(a)k = 0

£¯r={
k > a

¨
gNr={�cxr�¡=c]{]S� c�n

b(p, n, lj)
�1c�np_�c/4'c]{pt�r=sa� ��u©��{prA��w��au � u n�u�c:l��mc ��t�c]�@�Ck

b(p, n, lj) =

(

p

n

)(

1

lj

)n(

1 − 1

lj

)p−n

.
*S8 � ,

� � ·��X· � � � �Ò·���� � ��� � ����#��$�$�
L
�S�+	 � �H��� ��� ����������� ��� ��%��J�
�I����! �"�A� 	�� ��� � ��% � �$	 �
�+� �@� � 	������ � 
 ���

� �+#������� ��%�� ���A�
k ≥ 1

�

P(L = k) =

n
∑

j=1

lj
N

(dj)k

δj

p
∑

m=k

b(p, m, lj)

dm
j

×
{

m
k

}

(

1 − �

{k=1,m=p}

)

,
*L����,
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δj

� �
�J�
�D!��$� ��	 ��� �P� ��% � � � �A�7������� #?	 ������� 	A�7�9� �A���

j
� #����A� � ��%

δj = 1 −
(

1 − 1

lj

)p

− dj

lpj+1

.
*L� 8�,

�1� �H�S��B QËc�n�s�l��auvqy§ sa�,w-tarm�mcOw�n�{�w=t��mr=bZ¨ ^*_au l�t�rC�ac@�1cx� r=t��Alenpr�� cx¡=c]�
j
¦�u n�_ ��{prA��w��au � u n}k

lj/N
¨@jms�qy_ wZtarm�mc�uvltar=n!�mu l�q�r�¡Acx{�c]� u £�tarZn�{�wAq�c]{prAsmnpc�_arSl}nylw�{�c�w�nonyw=qy_ac:� nprN_auvl�tarm�mc�r={�u�£

w=����np_�ce_arSl}nyl�£Òw=���	u tAn�r[n�_ac�l�w�b�c�losa�anp{�cxcew�nonyw=qy_ac:�@npr�np_auvl)t�rC�ac=¨�^*_ac!��{prA��w��au � u n}k
δj
�Au�¡AcxtO�Ck

c�GSs�w�n�u�rAt *L� 8H,'n�_acxtZ{�c]w=�au�� k�£¯r=� � r�¦�lx¨
>�r={)w[�au l�q�r�¡Acx{�c]�[t�rC�ac!w�n)� cx¡Acx�

j
���cxn

M
�mc]tar�n�c�np_�ctCsab!�1cx{�r=£¬_arAlon�l�u tZnp_�c!los��mnp{�cxc!wAlplpr�L

qxu w�npc:�[n�r!n�_au l*t�rC�ac=¨G^*_ac��a{�r=��w=�au ��u�n}k
P(M = m)

uvl*�=u ¡=c]t��Ck�n�_ac�4'c]{pt�r=sa� ��u8�a{�r=��w��au ��u�npu c]l *S8 � ,�¨
� lplpsab�u ta�

M = m
¬n�_acZ�mcx�A{pc]c�lpcxcxtT¡Suvw¢np{yw=q�c]{prAsmnpc�u l�cHGSs�w=�Xn�rNn�_acZtSs�b!�1cx{�r�£�lpr=t�ler�£)np_ac

t�rC�ac!q�rAt�louv�mc]{pc:��wAlplprmq�uvw�npc:��npr�n�_ac�np{yw=qxcx{�r=smn�c�_arAlon�l]¨*jmu�t�qxc�np_�c!�mcx�A{pc]c�r�£Gw�tarm�mc!w�n)� cx¡=c]�
j
u l

dj
�np_auvl)tCsabe��c]{]8�mc]tar�n�c]�Z�Ck

Lj
�uvl�c�®aw=q�np� k�c�GAs�w���n�r�np_�c!tCsab!�1cx{�r�£GtarAtacxb��mn}kZq�c]���vl�¦�_�cxt

mrA�m|}c]q�n�l�w={pc��muvl}n�{pu �asmn�c]� u�tSnpr
dj
�auM)8cx{�cxtSnq�c]���vlx¨�^*_ac��muvlonp{�u��asanpu r=t�r�£'np_auvl�tCsab!�1cx{�uvl��=u ¡=c]t¢�Ck

*Qloc]c�~�u�rA{���w�t 6"8 & a��¨ 8:�=�A:J,

P(Lj = k) =
(dj)k

dm
j

{

m
k

}

.
*L�=��,

4/k��ac]q�rAt��mu�npu r=tau ta�� 07GSs�w�n�u�rAt *L����,'£¯rA��� r�¦�l]¨
^*_ac�b�c:w�t@¡Àw=��s�c�r�£Ën�_ac�mc]�={�cxc

L
r�£4w��muvl�q�r�¡=c]{pc:�[tarm�mc�uvl*�=u ¡=c]t��Ck�n�_ac�£¯r=� � r�¦�u�ta��{�c]lpsa� n:¨

� · � · ���Ò�m� ´ � � ��� � �=��	��	��	�� 
 � � ���J�
�/� 	�� �����
�A	A���	����"�
L

� �@#����A� � ��%

E(L) =

n
∑

j=1

ljdj

N

1 −
(

1 − 1
dj lj

)p

− 1
lp
j+1

1 −
(

1 − 1
lj

)p

− dj

lpj+1

.
*L� & ,

�1� �H�S��B ^*_�c�b�c:w�t-¡�w�� sac�r�£'np_ac�{yw�t��ar=b&¡�w�{�uvw��a� c
Lj
¦�u�np_-n�_ac[�muvl}n�{pu �asmn�u�rAt��ac ��tac:�-�Sk�07GSs�wAL

n�u�rAt *L�=��,/u l*�Au�¡Acxt@�Sk

E(Lj) = dj

(

1 −
(

1 − 1

dj

)m)

.

4/k��ac]q�rAt��mu�npu r=tau ta�� 07GSs�w�n�u�rAt *L� & ,'£¯rA��� r�¦�l]¨
¤¥t�np_�c�qxw=lpc*r�£8w�{pc]�=sa�vw�{	�={yw���_!¦�u�np_�q�rAt�l}nyw�tSnG�mcx�A{pc]c

d
=¦/c�_�wÀ¡Ac'¦�_ac]t

n → ∞ w=t��
p = λN



E(L) ∼ (d − 1)

∞
∑

j=0

1

dj

1 − eλdj

1 − eλdj+1
.

-°_�cxt
λ
n�cxt���lXn�r���C¦'ch_�wÀ¡=c

E(L) ∼ 1
¨¬^*_auvl/b�c:w�t�lXnp_�w�n�w�n/np_ach�1cx�=u tatau ta��r�£�n�_ac�c�®m�a� r={yw�n�u�rAt

��{prmq�c:lpl]Snp_ac�t�rC�ac]l�lpcxcxtZu tOwe{�cx�Asa�vw�{/np{�cxc�tacxn}¦'rA{p§[w={pc�loc]cxtZr=t���k[rAt�q�cA¨
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jmcx¡=c]{�w=�ac�®m�1cx{�u�b�c]tAnyl¬¦/cx{�c)q�rAt��ms�q�npc]��rAt[w�locxn'r=£8{�c]w=�a�={yw���_�lx¨ - c�s�lpc]��np_�chjmq]w�t �IQËs�q�c]tAnGb�w=�
¦�_�u qy_Ouvl�w[b�c]{p�Acr�£Xw[b�w=�O£¯{�r=b np_ace¤¥tAn�cx{�tac�n�gNw����au�t��[�a{�r�|}c]q�n�w�nIQ�s�qxcxtSnI4/cx� � QËw��1r={yw�n�r={�u�c:l
rAtK;�r�¡Acxb!�1cx{D8 � � � w=t���w�b�w���rA�mn�w=u�t�c]��£¯{�r=b n�_ac�gNcx{yqxw�n�r={Glpr�£În}¦*w�{�c=¨4^*_ac�jmq]w�t �IQËs�q�c]tAnGb�w=�
qxr=tSn�w=u�t�l/��R���RA���{�r=sanpcx{yl]=n�_ac��mcx�A{pc]c)r�£�np_achtarm�mc:l'{yw�t��=c]lX£¯{�r=b

1
*
150397

l}nyw�npu r=t�l$,Gnpr
1978

*
1lon�w�npu r=tW,¬¦�u n�_�w�t[wÀ¡Acx{yw��=c*r=£

3.02
w�t��[w¡Àw={puvw�t�q�c�r�£

8.624
¨ >�u �=s�{pc)���=u ¡=c:lXw=t�u�t��au q]w�npu r=t�r=£�_ar�¦

£Òw={*np_ac�au lonp{�u���smnpu r=t@r�£4np_ac�acx�={�cxchuvl*£¯{prAb w���r�¦/cx{*�vwÀ¦ �muvlonp{�u��asanpu r=t�¨
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>4u �=sa{�c� �G^*_ach£¯sat�q�npu r=t
x → P(

��cx� ≥ x)
r=tZw���rA�Aw�{�u�np_ab�uvqhl�qxw=��c�r=£	jmq]w�t �IQËs�q�c]tAn��A{�w=�a_�l

4/khs�lou ta��n�_acXc:�m�=c:l�r=£Sn�_auvlË�A{�w=�a_�Àloc]¡=cx{yw���lp��w=tatau ta��np{�cxc:l�_�wÀ¡Ac¬��c]cxt!qxr=t�lonp{�s�q�npc]��{�c]qxsa{ylou ¡=c]��kA¨
~�rSr=n'tarm�mc:l*w�{�c�qy_arSloc]t[cxu�np_ac]{�w�n'{yw�t��mr=b r={*w�{�c�n�_achtarm�mc]l/¦�u�np_[n�_ac�_au �=_ac:l}n*�mcx�A{pc]c=Anp_ac�r�n�_acx{
� cx¡Acx�vl�w�{�ch�ac ��tac:�@{pc:q�sa{ylou ¡=c]��k�u t�np_ac�£¯rA��� r�¦�u�t���¦*wÀk��

� 4/r=sat��ac]���mc]�={�cxc �4u�£Ëw�tarm�mc�uvlGu t�np_�c�np{�cxcA=rAta��k
d
r=£©u nyl'lpr=t�l'w�{�c�qy_arAlpcxt�u t�np_�c)tacx®Sn'��c]¡=cx�L¨

� «�tC�1r=sat��ac]� �Xw=���©u�n�l)lorAt�l*w�{�c�nyw�§Acxt@u�t@np_�c�tac�®Cn���c]¡=c]�Q¨
-°u�np_�n�_auvlXb�c�n�_arm�©Sr=tac��mrCc:lGtar=n]=r=£�q�r=s�{�lpc=A{pc:q�r�¡=c]{4np_ac)qxr=b��a� c�n�c��={yw��a_Ë¨ 4/smn]Cw=lXtar�n�c]��u t�np_ac
u tSnp{�rm�ms�q�n�u�rAt��n�_auvl��=u ¡=c:lhw=t�sa�a�1cx{�1r=sat��mc]�-r=t-n�_ac�{pc:w��G�muvl�q�r�¡=c]{pkO��{prmq�c:lplhu�£*np_ac:loc[lp��w�t�tau�t��
n�{pc]c]l�w�{�c�s�loc:�¢u t�lonpc:w=� r�£Xn�_ac��o{pc:w����!�={yw��a_�¨�¤în�b!s�lon���c�b�c]tAn�u�rAtac]�¢np_�w�n]Ëu�t�r=s�{hcx®m��c]{pu b�cxtSn]
rAta� kewlpb�w�� �a£¯{yw=q�n�u�rAt�r�£©c]�m�Ac]lGqxr=tat�c]q�nylGtarm�mc:l¬�1cx� r=ta�Au�ta�npr!�mu")8cx{�cxtSn'lpsa�mnp{�cxc:l¬r�£8n�_ac�nprA����c]¡=c]�Q¨
^*_�c�c:�m�=c:lh¦�_au qy_�w�{�c��mu l�qxw={��ac]�¢qxr=tat�c]q�n�c:lplpcxtSnpuvw�� � k@t�rC�ac]l�r�£*�mu")1c]{pc]tAn��vwÀk=c]{�l�¦�u n�_au t n�_ac�nprA�
lpsa�mn�{pc]c]l]¨

>4u �=sa{�c��hlp_ar�¦�l]�w=l4c�®m�1c]q�npc]��Aw�l}n�c]wA�mk��={�r�¦*np_�w�n	np_ac�rA{pu �=u t!¦�_�cxtenp_ac��mc]�={�cxc/u l¬�1r=s�t��mc]�!npr
2
r={

4
¨ -°_ac]t[n�_ac��mc]�={�cxc�uvlXt�r�nX�1r=sat��mc]�©Sn�_ac)u tau�npuvw��1�={�r�¦*np_�los��=�=c:l}nylGwzTQ�¤	np{�cxc�w�{yqy_au n�c]q�npsa{�c=¨

¤în�b!s�l}n��1c�tar�n�c]�On�_�w�n�n�_ac]lpc�c�®m��c]{pu b�cxtSn�l�w={pc�u t�q�rAb�����cxnpc�lou t�qxc!n�_ac�lou��xc�r�£'np_ac��aw�n�w@locxn�l
wÀ¡�w=u��vw��a� c!uvlhtar�nlpsmª[q�u cxtSnp� kN�vw�{��=c!npr@u�tC¡=c:l}n�u��Sw�n�c!¦�u�np_�w�{�c]wAlorAt�w�����c!wAqxqxsa{�wAq�k@np_�c���w�{yw�b�c�n�cx{yl
r=£Ën�_ac���r�¦/cx{��vwÀ¦°£¯c:w�nps�{pc:l*r�£4np_ac:loc�w�{yqy_au�npc:q�nps�{pc:lx¨
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--c�_�wÀ¡Ac�u tC¡=c]lonpu �Aw�npc:��u t@np_auvl���w=��c]{*np_ac�n�r=�1r=� r=�=k��mu l�q�r�¡Acx{�k�r�£¬w�qxr=� ��c:q�n�tacxn}¦'rA{p§8C{�cx�a{�c]lpcxtSnpc:�
�Ck�b�c]w=t�l*r�£	wn�{pc]c�tac�n}¦/r={�§8A¦�_ac]t�s�lou ta��u �ac]w��1n�{�wAq�cx{�r=sanpch�a{prmqxc]�msa{�c]l]¨ - c�_�wÀ¡Ac�rA�mn�w=u�tac:�©S£¯r={
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